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Abstract

This thesis deals with assessing optimal decision strategies and error rates for the task of binary quantum
channel discrimination, where the main focus lies on proving optimal asymmetric error exponents (both
asymptotically and non-asymptotically) for different variants of this problem.

The task of binary quantum channel discrimination is to distinguish a quantum channel (a quantum device
with a quantum input and a quantum output), of which n identical copies of are given, into one of two classes.
In the simplest instance the task is just to recognize the channel as one of two possible options. Even when
the n copies of the channel are assumed to be independent and identically distributed (i.i.d.), the optimal
joint input states will often be entangled, and hence this becomes a highly non-trivial non-i.i.d. hypothesis
testing problem, which in certain cases can also be shown to require adaptivity for optimal discrimination
performance. This thesis works on exploring the landscape of when adaptivity is helpful, and what can be
said about optimal asymmetric error rates in various regimes.

Concretely, first, in the already mentioned simple case of distinguishing between two single options, and for
arbitrary (finite) number of channel uses, we prove a relation between the error rates of optimal adaptive and
non-adaptive (so called parallel) strategies, with a mostly explicit construction of a “good” parallel strategy
(in a certain quantified sense) given an adaptive one. Additionally, we show how optimal parallel strategies
and error rates can be computed as a semi-definite program (SDP) that grows only polynomially in n.

Next, we study the problem of composite channel discrimination, where the two classes to distinguish
between can now be very general sets of channels, and which to our knowledge has so far not been studied
even classically, despite its broad applicability to real-world discrimination tasks. Also here, we establish
asymptotic asymmetric error exponents in multiple scenarios, together with some conditions on when they
are equal (or not equal) between adaptive and non-adaptive strategies, and hence are able to give conditions
under which adaptivity is asymptotically (not) helpful.

Finally, we lift many of these quantum channel discrimination results (and also the information theoretical
toolbox they are based on), so far studied only in finite dimensions, to the infinite-dimensional setting of
general separable Hilbert spaces, and establish a general theory of quantum channel discrimination also in
this setting. For this, we prove (among many other things) the chain rule for the geometric Rényi divergences
in infinite dimensions, and then establish relations between error rates of adaptive and parallel strategies
similar to the finite-dimensional case. While in finite dimensions we can establish asymptotic equality of the
asymmetric error exponent for adaptive and parallel strategies for all pairs of channels, in infinite dimensions

we can do this only under an additional finiteness condition, and we discuss this condition in detail.
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1 Introduction

1.1 The Problem of Quantum Channel Discrimination

One of the most fundamental tasks of statistics and information theory is hypothesis testing, where one
has to distinguish between multiple hypotheses based on observed data. This task is ubiquitous in many
daily applications: “Does this drug have a measurable effect?”, “Are two individual features correlated in
the human population?”, “How do financial markets react to certain kinds of events?”, “Are traces of a
fundamental particle visible in experimental data?”, just to name a few examples. Generally, hypothesis
testing and statistics come in whenever certain observables are random (or sufficiently complex that they
can be effectively treated as random), and allow one to say something about the underlying object with a
guaranteed (high) probability.

In quantum mechanics, such uncertainty or randomness is inherent; the only way to find out anything
about a quantum state is to perform a measurement, whose outcomes will in general be random. Thus, any
certification of a quantum process (any answer to the question “Is this quantum thing really what I think it
is?”), and most ways of learning something about a quantum device, involve some form of hypothesis testing.

The most prototypical quantum hypothesis testing task is binary quantum state discrimination (Helstrom
1969, Holevo 1972), which involves determining the state of a quantum system, given the side information
that it is in one of two possible states. This is done by performing suitable measurements on the state. The
task has been studied in both the n-shot regime, in which a finite number (n) of identical copies of the
unknown state are available, and in the asymptotic limit in which one assumes that an infinite number of
copies are available (i.e., n — o0). This is also a fundamental primitive of quantum information theory
since many other information processing tasks can be reduced to it. Known results for this problem now
include optimal decision strategies and the behavior of the error probabilities of misidentification in both
these finite and asymptotic regimes (Helstrom 1969, Kholevo 1979, Hiai and Petz 1991, Ogawa and Nagaoka
2000, Nagaoka 2006, Audenaert et al. 2007, Hayashi 2007, Audenaert et al. 2008, Nussbaum and Szkota 2009,
Audenaert, Mosonyi, and Verstraete 2012, Bae and Kwek 2015).

This thesis deals with quantum channel discrimination. The basic idea is the same; one wants to distinguish
a quantum object between multiple different options, but instead of these objects being quantum states which
are then measured, these quantum objects are now quantum channels, i.e. they take an input quantum state
before outputting a quantum state to be measured. This might not seem like much of a different problem,
since after choosing an input state one gets back a quantum state discrimination problem, and surely there
must be a “best” input state to choose. Classically, (at least for the problem where one only has to distinguish
between exactly two completely specified channels) this is indeed true, there exists a best input state, and

even if one is allowed to use the channel multiple times, there is nothing better to do than to keep using this
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input state every time (Hayashi 2009). Quantumly, however this is not true, essentially due to the presence of
quantum entanglement, and so an optimal input state for multiple uses of the channel will (in general) be a
big globally entangled (i.e. correlated) state, which makes the problem a lot harder to treat (Fang et al. 2020).
In fact, in the quantum problem one can show that it is generally beneficial to pick input states one by one
based on the previous outputs; this is called adaptivity, or an adaptive strategy (Harrow et al. 2010, Salek,
Hayashi, and Winter 2022). These complexities have made it very hard to both gain an understanding of, and
also obtain tangible bounds on, (optimal) quantities for quantum channel discrimination, and it is the main
contribution of this thesis to make some progress in that regard.

To illustrate our results, let us introduce some aspects of the problem in slightly more detail. Whenever one
has to distinguish between two possible hypotheses, there are two possible errors (or error probabilities; we
will use these terms exchangeably) that can be incurred: We can infer the first hypothesis when the second
is true (type I error) or vice versa (type II error). It is not hard to see that one can always change the way in
which one settles on a hypothesis to reduce one of these errors by increasing the other (such as for example
by always claiming the first hypothesis, this will never incur a type-II error), and hence in every case one has
to find some kind of trade-off between these two errors. Generally, there are two main ways of doing this,
either by treating the two errors symmetrically (i.e. minimizing the average), this is known as the symmetric
setting, or by prioritizing one over the other and just requiring the other to be less than some fixed threshold
(usually called €), this is called the asymmetric setting. The symmetric setting might seem more natural, but
the asymmetric setting has important applications when there is legitimate reason to consider mistakenly
claiming one of the hypotheses to be worse than mistakenly claiming the other hypothesis.

In this thesis, for quantum channel discrimination, we will be exclusively looking at this asymmetric setting.
The reasons for this are mostly technical: Since quantum entanglement exists, many asymptotic quantities
in quantum information theory are hard to characterize (very roughly speaking, classical correlations are
always mixtures of product distributions, whereas this is not true for quantum entanglement, and hence
multipartite states on quantum systems can be very tricky to study). This turns out to be true also for the
asymptotic error exponents of quantum channel discrimination, yet for the asymmetric error exponent (and
pretty much only the asymmetric error exponent) the theory turns out in such a way that it is treatable
with the methods currently available (for a slightly more in-depth discussion of why symmetric channel
discrimination is hard, see Section 3.4.2 below).

In this asymmetric setting, the key object we consider is the asymmetric error probability (i.e. the minimum
type-II error probability under a constraint on the type-I error), or more precisely its negative logarithm,
which is called the hypothesis testing relative entropy (see Section 2.4 for a more thorough introduction of
this quantity). For a quantum state-discrimination problem between the two quantum states p and o we
write it as:

D% (pllo) = _IOgogj\I}[fgn {Tr(cM) | Tr(pM) >1—c}. (1.1.1)

We can now express the asymmetric error probability of various channel discrimination setups through
this hypothesis testing relative entropy of state discrimination. We already mentioned earlier, that classically
there is always a single optimal input state even when the channel is used multiple times, whereas this is

not true quantumly, where for optimal strategies channel inputs have to be entangled, or adaptively picked.
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1 Introduction

We call a strategy with adaptively picked input states an adaptive strategy, and one where no adaptivity is
present (but input states can still be entangled) a parallel strategy. For two quantum channels £ and F the

asymmetric error probability for a parallel strategy with n channel uses can be written as:

sup  D(EW)IFE (1)), (112)
VED(Am An)

see Section 2.1 for a precise definition of all the notation used. This quantity is the main practically relevant
object for characterizing channel discrimination with parallel strategies, and generally difficult to treat because
of the optimization over a large space of input states. Remarkably though, we show in Theorem 5.5.2 that this
quantity (i.e. the minimal asymmetric error probability for every € € [0, 1], and also the corresponding optimal
input state) can be phrased as a semi-definite program (SDP) in a way that makes it possible to calculate in
time polynomial in n, which is remarkable since the naive complexity of this problem is exponential in 7.
Hence, this makes the computation of these optimal error probabilities for parallel strategies tractable for
any given channels £ and F, even in the regime where 7 is not very small.

While we cannot show a similar computability result also for adaptive strategies, we can bound the
difference there can be between a parallel and an adaptive strategy. For this, for any given adaptive strategy,
we construct a parallel one and bound the difference in asymmetric error probability of this new parallel
strategy and the given adaptive strategy (Corollary 3.3.1). This bound works in such a way that when the
number of channel uses goes to infinity, the exponential decay rate of the asymmetric error probability of
adaptive and parallel strategies becomes equal. This purely asymptotic statement was known before (Fang
et al. 2020), although our results add significantly more understanding to it, in that we show explicitly what
parallel strategies can be used to approximate given adaptive strategies, and also how the errors behave for
finite number of channel uses. In particular, this result can be combined with the previous computability
result for parallel strategies to obtain a bound on the best possible performance of adaptive strategies for
finite number of channel uses, in a way that becomes asymptotically tight (on the level of decay rates) as the
number of channel uses goes to infinity.

So far in this introduction, we have only been talking about channel discrimination in a setting where one
should discriminate between two options for the channel (which we labeled £ and F). This is the simplest
and most prototypical situation, although by far not the most practical one. In many cases, one does not know
exactly which channel one could be given, quite often also just because of the presence of noise. This leads
to the theory of composite hypothesis testing, where the hypotheses are given by sets of possible objects
(like in this case two sets of channels, between which we should decide). This task of composite channel
discrimination has surprisingly not been studied much, even in the classical literature, and so we are the first
to provide some detailed results for the asymmetric error probability and corresponding decay rate when the
number of channel uses goes to infinity (we call this the asymmetric error exponent). In the case of classical
channels we are able to characterize this exponent depending on some properties of the involved sets (see
Table 4.1 for an overview of our results). In particular, we can show that adaptive and parallel strategies
are asymptotically equivalent if the sets are convex, but in general differ if the sets are non-convex. For the

corresponding quantum problem, we give an expression for the asymptotic asymmetric error probability for
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parallel strategies, together with a bound on adaptive strategies, but we cannot fully answer the question
whether adaptive and parallel strategies are equivalent for convex sets of hypotheses.

Finally, we also study the problem of quantum channel discrimination in what are called infinite-dimensional
systems (concretely, infinite-dimensional separable Hilbert spaces), which can be seen as the quantum
analogue of continuous-variable classical probability distributions. While the prototypical quantum system
is finite-dimensional, there are many important infinite-dimensional quantum systems (most notably in
photonics and quantum optics), and so a theory of quantum channel discrimination is relevant there too
(arguably the most relevant example of a quantum channel for quantum communication, a glass fibre, is
an infinite-dimensional quantum system). Treating the problem in infinite-dimensions comes with some
technical challenges, most notably that the general framework of quantum information theory is substantially
less developed in this setting. Nevertheless, we are able to prove key results for simple (i.e. non-composite)
channel discrimination also in this infinite-dimensional setting, in particular the relation between adaptive
and parallel strategies (Corollary 5.5.1), and hence also a characterization of the asymptotic error exponent
(known as the Stein’s lemma for quantum channels, Theorem 5.6.1). With this, we can again establish the
asymptotic equivalence of adaptive and parallel strategies (when considering the asymmetric error exponent),
but unlike the finite-dimensional case, not quite for all quantum channels, but only those which satisfy an
additional condition that a certain key quantity is finite. We subsequently give explicit (and non-classical)
examples of channels, both for the cases where this condition is, and is not satisfied, and for which the
corresponding quantum channel discrimination problem seems to be non-trivial. Some of these examples
illustrate, that it would at least be possible that in infinite dimensions there exist channels for which the
asymptotic asymmetric error exponent is not equal between adaptive and parallel strategies, although we
also cannot prove that this is indeed the case for any of the channels we construct, and solving that question
for these examples, which are chosen somewhat pathologically for our approach, seems to require quite

different technical methods.

1.2 Structure of the Thesis and Main Results

In Chapter 2 we introduce all the required background, including previous results on quantum hypothesis
testing, and all the different quantum divergences which we will make use of. Besides that, we also prove
new technical lemmas about these divergences which are required for our later results.

In Chapter 3 we treat asymmetric quantum channel discrimination with simple hypotheses. After another
more in-depth introduction of the problem, we prove our main computability result for the parallel n-shot
error exponent (Theorem 3.2.1). Subsequently, we prove our main result regarding the conversion of a finite
adaptive strategy into a parallel one (Theorem 3.3.4 and Corollary 3.3.1), and give an example illustrating this
result in Section 3.3.3.

In Chapter 4 we extend our treatment to asymmetric quantum channel discrimination with composite
hypotheses. We prove various results regarding classical and quantum asymptotic error exponents with
composite hypotheses. for an overview of our results in this section see Table 4.1.

Finally, Chapter 5 deals with channel discrimination in infinite-dimensional (separable) Hilbert spaces,

12
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for which we give a separate mathematical introduction of all the key quantities, aiming to highlight the
subtleties that can arise in this setting. In general in this chapter, we give infinite-dimensional proofs of
all the many small results required for our main statements, unless we could find explicit references. Our
main results of the chapter are then the chain rule for the geometric Rényi divergence (Theorem 5.3.6), again
a one-shot conversion result between adaptive and parallel strategies (Theorem 5.5.2 and Corollary 5.5.1),
and the quantum Stein’s lemma for channels in infinite dimensions (Theorem 5.6.1). Finally, as mentioned
previously for the equivalence of adaptive and parallel strategies in infinite dimensions, we need an additional

condition, which is discussed in detail in Section 5.6.3.
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2 Mathematical Introduction and Preliminaries

This chapter introduces the key mathematical objects of this thesis in the finite-dimensional setting (which
will be used in Chapters 3 and 4). The infinite-dimensional setting is introduced in Chapter 5. While this
section is written with the aim of giving the reader an overview of relevant ideas and includes all required
definitions, it can in no way give an exhaustive treatment of all the concepts that are introduced, for which
we refer to the relevant literature. Good general treatments of quantum information theory can be found in
e.g. Nielsen and Chuang (2010), Khatri and Wilde (2020), and Hayashi (2006).

2.1 Fundamental Objects of Classical and Quantum Information Theory

2.1.1 Probability Distributions and Density Matrices

The fundamental object of quantum information theory is that of a density matrix, a positive semi-definite
operator of unit trace. Let us introduce a bit of notation: Throughout this thesis, we write H for a complex
Hilbert space (finite-dimensional outside of Chapter 5), and I3 () for the set of bounded linear operators
acting on ‘H. We use 1 for the identity operator on B (), and sometimes use a subscript 1 to emphasize
the underlying Hilbert space. We write &?(H) for the set of positive semi-definite operators acting on H, and
will also write A > 0iff A € &?(H). For A, B € Z(H), we further write A < B if supp(A) C supp(B)
and A £ B if supp(A) € supp(B). D (H) C Z(H) then denotes the set of density matrices, i.e., the set of
positive semi-definite operators with trace one. When talking about density matrices, we will also use the
term “quantum state” interchangeably.

In many cases we will study states of multipartite systems, i.e. systems which are composed out of more
than one subsystem. We will label different quantum systems by capital Roman letters (A, B, C, etc.) and
often use these letters interchangeably with the corresponding Hilbert space or set of density matrices (i.e.,
we write p € D (A) instead of p € D (H 4)). We will also concatenate these letters to mean tensor products
of systems, i.e. we write p € D (RA) for p € D (Hpr ® Ha), and include a superscript for tensor powers of a
system, i.e. we write p € D (A") for p € D (HG").

In classical information theory, the analogous object to the density matrix (in finite dimensions) is a
probability distribution, i.e. a function P : X — [0, 1] on some finite discrete sample space X’ that satisfies
> wex P(z) = 1. To simplify and harmonize notation, we will often use quantum notation throughout
this thesis even when talking about a purely classical problem, where we will use the following embedding
of probability distributions into density matrices: For a discrete sample space X, let {|z)},cx be a fixed

orthonormal basis of CI*l. A probability distribution P is then written as the density matrix

p="> Px)lz)z| . (2.1.1)

reX

14



2 Mathematical Introduction and Preliminaries

With slight abuse of notation, we also write the set of all density matrices that are diagonal in this basis as
D (X), i.e. the set D (X) contains all probability distributions on X" written as diagonal density matrices.
Throughout this thesis, we will use the calligraphic letters X', ), Z to denote such classical systems, i.e. a
density matrix on these three systems is automatically assumed to be diagonal in some fixed basis, and thus
corresponds to a classical probability distribution. These three systems can also be paired with quantum

systems to form classical-quantum states, i.e. a density matrix py4 € D (X' A) is a state of the form:

pra= Y p(a)|eial ® oy (212
reX

where p : X — [0, 1] is a probability distribution, and pff) €D (A)foralz e X.

2.1.2 Quantum Channels

A quantum channel (in this thesis often denoted as £ or F) is a completely positive trace preserving linear
map between density operators, for example £ : D (H4) — D (H ). To simplify notation, and analogously
to the previously introduced notation for density matrices, we will often write £ : A — B instead of
E :D(Ha) — D (Hp). We further write CPTP(A — B) for the set of all quantum channels from D (H 4)
to D (Hp). As previously stated, we denote classical systems using the calligraphic letters X', ), Z, and any
density matrix on these systems is assumed to be diagonal in a fixed basis. We assume also any channel acting
on (or mapping into) one of such classical systems to respect this structure, and in particular then any channel
in CPTP(X — ) corresponds to a classical channel (i.e. it is equivalent to a stochastic matrix operating
between probability distributions, via the mapping between density matrices and probability distributions

introduced earlier).

Implicit Identities

Throughout this thesis, we will often be in a setting where a channel acts only on a part of an input state
(with the untouched part often being called a “reference system”, and often bearing the letter R). In this case,
writing the output state as (idr ® £)(rvgra) (for a channel £ : A — B) is often quite verbose. To simplify

notation we will often make the identities implicit and thus write
(idR@g)(l/RA) = g(VRA) = E(V) . (2.1.3)

To avoid any ambiguity with this notation, we will always do the following:

« We will always give labels to the input and output systems of any channel we use, i.e. we will always

specify £ : A — B.

« We will always specify the systems on which a state is defined, i.e. we will always specify vr4 € D (RA),

although we might replace vp 4 with v in subsequent equations to further simplify notation.

There will then be an implicit identity in £(v) if (and only if) the state v has any subsystem on which the

channel £ does not act.
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Choi Matrices

Every quantum channel £ : A — B is uniquely described by its so-called Choi matrix, which is defined as
follows. Let R = A be another system identical to A, and let {|i) 5 }¢_;, {|7) 4}, be orthonormal bases of R
and A. Then, with the maximally entangled state on RA:

d
ra) = = > [Dsli)s (214)
i=1
Pra = [PRANPRA| (2.1.5)
the Choi matrix of £ is defined as
IG5 =dE(@ra) =d(idr ® E)(PRa), (2.1.6)

where the factor d is included for convenience. In particular, the action of the channel on any input state

p € D (A) can be reconstructed from the Choi matrix as

E(p) = Trr(Tip(pk © 18)), (2.1.7)

where we write p = pr to emphasize how p? ® 1 g becomes an operator on the joint system RB, and the
transposition of p is performed in the same basis that we used for the definition of the maximally entangled

state ®p 4 (since transposition is not a basis-invariant operation).

2.1.3 Measurements and POVMs

A general measurement in quantum mechanics can be described by a positive operator valued measure (POVM),
where we will restrict ourselves to POVMs with finitely many outcomes (corresponding to discrete measures
with finitely many atoms). Such a discrete POVM is a finite collection of positive operators (M; € Z(A)),,
such that ), M; = 1. This specifies a measurement of a quantum state p, such that outcome ¢ is obtained
with probability Tr(pM;). To any POVM specified by (M; € Z(A))}-,, we can associate a quantum-classical
channel M : A — X (where |X| = n) via

n

M(pa) = Tr(pab) li)il (2.18)

=1

where {|i)}7_, is the fixed orthonormal basis in which classical states are encoded in X'. Throughout this
thesis, we will usually specify and refer to any measurements and POVMs in terms of their quantum-classical

channels.
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2.1.4 Distances Between States
Schatten p-norms
For any operator A € B (#), and any p € (0, 00), the Schatten p-norm of A is defined as

1/p

A1, = Te(jAP) P = (T | (a2 ) (2.9

Special cases of this include the one-norm (also called trace norm) for p = 1, or the infinity norm for p — oo,
which can also be written as ||A||, = Amax(A), i.e. the largest singular value of A (or largest eigenvalue if
A is diagonalizable).

Trace Distance

The most commonly used distance in quantum information theory is the trace distance, which is the quantum
analogue of the total variation distance in classical information theory. For two density matrices p,o € D (H),
their trace distance is defined as

T(p,0) = 5 lo—oll; (2.10)

The trace distance satisfies the properties of a metric, and also the data-processing inequality, i.e. it is

contractive under the action of any quantum channel £ : D (H4) — D (Hp), so

T(pa,04) > T(E(pa),E(pB)) (2.1.11)

(see, e.g., Khatri and Wilde (2020) for a proof).

Fidelity and Purified Distance

Another often used distance measure (which also has a classical analogue, but is actually a lot more natural
in quantum information theory than in classical information theory) is the fidelity, which can be seen as a
mixed state generalization of the inner product between pure states. For two quantum states p, o € D (H),
we define the fidelity as (Uhlmann 1976)

F(p,o) = Tr< ﬁpﬁ). (2.1.12)

Note that this is sometimes also called the square root fidelity due to different conventions on whether to
include a square or not. The fidelity itself is not a metric, but one can derive one from it via (Rastegin 2002,
2003, Gilchrist, Langford, and Nielsen 2005, Rastegin 2006)

P(p,0):=+/1—F(p,0)2, (2.1.13)

which satisfies the properties of a metric (especially the triangle inequality) and also the data-processing

inequality (again, see e.g., Khatri and Wilde (2020)). This quantity was originally introduced as the sine
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distance, although is mostly known as the purified distance. The trace distance and purified distance satisfy

the following relations, which are known as Fuchs-van de Graaf inequalities (Fuchs and van de Graaf 1999)

1- \% 1- P(p70)2 < T(,O, U) < P(pv U) : (2-1'14)

2.2 Classical and Quantum Entropies and Divergences

2.2.1 Quantum Divergences

Quantum divergences will be the key mathematical objects used in this thesis to prove our results regarding
quantum channel discrimination. Generally, we understand a quantum divergence D to be a function of two
(usually not necessarily normalized) positive operators D : &Z(H) X Z(H) — R U {oo} that also satisfies

the following two properties:
« Positivity: Whenever p and o are normalized (i.e. p,o € D (H)), D(p||o) > 0.

« Data-Processing Inequality: Whenever p is normalized and £ : Z(H) — Z(H’) is a quantum channel,
D(&(p)[€(e)) < D(pllo).

As seen already in the statement of the data-processing inequality, we generally want a quantum divergence
to be defined not only on one particular Hilbert space #, but on all (in this section finite-dimensional) Hilbert
spaces H. Generally speaking, divergences often quantify the degree to which the two inputs p and o are
“different”, although not directly in a metric sense (divergences usually don’t satisfy the triangle inequality),
but in a more “entropic” sense, which is usually related to certain applications (the most famous one being
the (quantum) Stein’s Lemma for the relative entropy, which is discussed in Section 2.4).

The prototypical, and by far the most important, quantum divergence is the quantum relative entropy,

which can be defined as:
D(pl|o) = Tr[p(log(p) — log(c))] - (2.2.1)

Throughout this thesis all logarithms are understood to be base 2.

Formal Definitions and Support Conditions

The equation (2.2.1) is not obviously well-defined whenever p and o are not full-rank. This turns out to
be a generic issue with most (not only quantum) divergences. There typically is no actual issue with the
first argument having a kernel (in the case of (2.2.1), the fact that the real function  — zlog(x) can be
continuously extended to x = 0 implies that also the matrix function p — Tr(plog(p)) can be continuously
extended to positive semi-definite matrices), although there can be singularities when the second argument
o is not full-rank.

In general, all quantum and classical divergences we consider in this thesis will be given by formulas which
are without issues whenever the second argument is a full-rank (i.e. positive definite, and hence invertible)

state. Furthermore, all divergences considered here are continuous when mixed with the identity in the
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second argument, i.e. in all cases they can be defined for only positive semi-definite p, o as
D(p|lo) == lim D(p|loc + 1), (2.2.2)
e—0

where D is any of the divergences considered in this thesis, and this limit is allowed to be co. In many cases
we will also specify what these limits exactly are equal to. In particular, all divergences considered here are
such that whenever p < o, i.e. the support of p is contained in the support of o, then one can ignore the
kernel of o completely, and apply all formulas as if everything was defined on the reduced Hilbert space of
the support of 0.

Note that while we use (2.2.2) as a definition for all our divergences, these divergences are usually not
continuous (that means jointly continuous). For most of them it is not hard to find two (not full-rank) states
p, 0, and a sequence of full rank density matrices (o), such that

1
lim D<p—i— —1
n

n—o0

o+ :Lon> # D(pllo), (2.2.3)

and similarly also if one was to normalize the two arguments on the left-hand side.

Finally, let us remark that we will define all our divergences on positive semi-definite operators, i.e. both
arguments need not be normalized. Note also, that we do not divide by the trace of the first argument in any of
our definitions (this is sometimes done in the literature, in particular in certain axiomatic characterizations).

2.2.2 The Quantum Relative Entropy

For p € D (H) and 0 € & (H) the (Umegaki) quantum relative entropy can be defined as (Umegaki 1962)

D(pllo) = Tr[p(log p — log o)], (2.24)

if p < oand D(p||o) == o0 if p & 0, and it famously satisfies the data-processing inequality (Lindblad 1975).
One particular consequence of that is that it is also jointly convex, i.e. for any two finite sets of states {p; }}"_;,
{oi}"_; C D (H) and a probability distribution {p;}" ; it holds that

D(mei me) <> piD(pilloi) .- (2:25)

The Measured Relative Entropy

We can also define the measured relative entropy as the maximal classical relative entropy when measuring
both states with a POVM. Specifically,

Du(pllo) = sup  D(M(p)[|M(0)), (2.2.6)
M POVM

where M is a POVM (with arbitrarily many outcomes) interpreted as a quantum-classical channel as outlined

above. Crucially, the quantum relative entropy and the measured relative entropy are different in general
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(this is very well-known, but see e.g. Berta, O. Fawzi, and Tomamichel (2017) for an exhaustive treatment).

The von Neumann and Shannon Entropy

The von Neumann and Shannon entropies can be seen as child quantities of the above-defined quantum
relative entropy.

For any density matrix p € D () we can write its von Neumann entropy as (Von Neumann 1932)

H(p) = =D(p[|13) = —Tr(plog(p)) - (2.2.7)

Equivalently, for a classical probability distribution P : X — [0, 1], we can define its Shannon entropy via
the above-mentioned embedding of classical probability distributions into quantum states, which leads to
(Shannon 1948)

H(P)= - P(x)log(P(z)). (2.2.8)

TEX

Binary Entropy Function

In multiple places below, we will make use of the binary entropy function, which is the Shannon entropy of a
classical random variable that takes two possible values. It is uniquely specified by the probability p € [0, 1]

of one of the values and is given by

h(p) == —plogp — (1 — p)log(1 —p). (2.2.9)

It satisfies
0<h(p) <1 Vpel0,1]. (2.2.10)

Properties of the Quantum Relative Entropy and Measured Relative Entropy

The following two Lemmas establish some continuity properties of the relative entropy which we will use

later on. Both statements are well known, but included here for the sake of completeness.
Lemma 2.2.1. The quantum relative entropy D(p||o) is a lower semi-continuous function of p, 0.

Proof. It is easy to see that
D(pllo) :liﬁ)lD(pHO'—l—Eﬂ), (2.2.11)
3

and since the function x — zlog(x) is continuous on [0, c0), for all ¢ > 0 the function D(p|lc + 1)
is well-defined and jointly continuous in p and ¢. Since the logarithm is operator monotone, we have

D(p|lo1) < D(pl|o2) whenever 01 > 03, and hence
lim D(p|lo + e1) = sup D(p||lo 4+ €1) (2.2.12)
el0 e>0

and the supremum of lower semi-continuous functions is lower semi-continuous. O
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Note that the only property of D that we used is that D(p||o) is fully continuous on sets where the
minimum eigenvalue of ¢ is bounded from below by a positive value, and this property is similarly satisfied
for many other divergences in this thesis, which are therefore also all lower semi-continuous.

The following Lemma establishes the continuity of the relative entropy when evaluated on the (potentially
measured) outputs of two different channels with the same input state. It uses some concepts introduced later
in this chapter (such as the max-divergence from Section 2.5, or the Petz—Rényi divergence from Section 2.3.1),

but is still included here since it is in essence a continuity statement for the quantum relative entropy.

Lemma 2.2.2. LetE, F € CPTP(A — B) be such that Dyax (E||F) < oo, and let R be an arbitrary auxiliary
system. Then the function
(M,v) = DMoE(v)|[|Mo F(v)) (2.2.13)

is continuous on CPTP(B — C) x D (R ® A).
Proof. 1t is easy to see that for 0 < av < 1 the Petz-Rényi divergence (defined below in Section 2.3.1)

1 (0% —Q
D, (pllo) = 1 log Tr(p ol ) (2.2.14)

is jointly continuous in p and o. Using the continuity bound from Lemma 2.3.1, together with D, (p|/o) > 0
and D, (pl|o) < Dmax(pl|o) (see (2.5.3) for the latter) we find

[Dalpllo) = Dipllo)] < (1= a)log? (2Pm<(el) 4. 2) . (2.2.15)

As Dpax(M o E(v)||M o F(v)) < Dmax(E]|F) which is independent of M and v, we get that D, (M o
E()||M o F(v)) converges to D(M o E(v)|| M o F(v)) uniformly in v and M as « T 1. Hence, also the
limiting function (M, v) — D(M o E(v)|| M o F(v)) is continuous. O

See also Mosonyi and Hiai (2024) for a more exhaustive treatment of similar continuity properties of many
quantum divergences.

We say that a divergence D satisfies the direct-sum property, if

n n n
D <@Pi,0i @pm) =Y " piD(pilloi). (2.2.16)
=1 =1 =1

whenever {p; }i, {o;}i C H,; are two sets of density matrices and {p;}}" ; is a probability distribution.

It is easy to see from its definition, that the quantum relative entropy satisfies the direct-sum property.

The same is also true for the measured relative entropy:

Lemma 2.2.3. The measured relative entropy D) satisfies the data-processing inequality, is lower semi-

continuous, and satisfies the direct-sum property.

Proof. For the data-processing inequality it is easy to see that concatenating a POVM M (treated as a classical-
quantum channel as explained in Section 2.1.2) and an arbitrary quantum channel £ as M o £ yields another

POVM, and hence D), satisfies the data-processing inequality, as the supremum over all POVMs of the form
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M o £ can only be smaller than the supremum over all POVMs. D)y is also lower semi-continuous as a
supremum of lower semi-continuous functions is lower semi-continuous, and D is lower semi-continuous.
For the direct-sum property, let # = @' | H;, and {p; }, {o:}s C D (H;) be two sets of density matrices,
{M,}; be a set of POVMs each on H; and {p; }; be a probability distribution, where all indices are in the
range i = 1,...n. Define p = @, pipi, 0 = P}, pio; and M = P | M,. It is easy to see that

M (@ pipz’) = P riMi(p:) (2.2.17)
=1 =1

o) )
(@Pz L Mz(m)> (2.2.19)

Z i(pi)IMi(oi)), (2.2.20)

and hence

n
Dy (@ Pipi
i=1

n
@sz’) >D
i=1

which leads to the > direction in the direct-sum property after optimizing over the M;. For the reverse
direction, let M be an arbitrary POVM on ‘H. Then

( ( )HM (sz ZpiM(Jz ) < sz pz ||M Uz < szDM pl”az)

(2.2.21)

where we used the joint convexity of the relative entropy. The claim follows by optimizing over all M. O

2.2.3 Divergences Between Channels

For every given divergence D between quantum states, one can define an associated channel divergence (Led-
itzky et al. 2018) by performing a (so-called stabilized) maximization over all input states. Concretely, with

&, F : A — B being quantum channels, we define

D(&||F) = sup  D((idr ® €)(p)||(idr ® F)(p)). (2.2.22)
pRﬁeg(tR@A)
arpbitrary

Since D satisfies the data-processing inequality by definition, the supremum can in fact be restricted to pure
states such that the reference system R is isomorphic to the channel input system A. This is a standard

argument, but also shown here again as a slightly more general statement we will make use of below:

Lemma 2.2.4. Let D be a quantum divergence satisfying the data-processing inequality, and let S, T C
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CPTP(A — B) be two arbitrary sets of channels. Then,

sup glng D(Ew)||F(v)) = sup glng D(&E(v)||F(v)), (2.2.23)
ey 5 ion 55

i.e. the size of the system R can be restricted to be isomorphic to A. Furthermore, the supremum can be restricted

to pure states.

Proof. Let R be an arbitrary reference system, and consider a state vr4 € D (R ® A). Let v have a purification
vprA-. Furthermore, take the state v4 = Trg v4Rr and a purification vg4, where S = A (it is well known
that such a purification always exists). Then, as also vpp4 is a purification of v4, vpr4 and vg 4 are related
by a partial isometry V : PR — S. As the channels £ and F all act as identity on these systems, the partial

isometry commutes with them, and so we get from the data-processing inequality that

D(E(vra)llF(vra)) < D(E(vpra)|F(vPra)) = D(E(Vsa)llF(vsa))) (2.2.24)

and hence the supremum can be restricted to pure states and reference systems isomorphic to A. Note that
theset D (S ® A) =D (A ® A) is compact. O

Furthermore, for most divergences D, the supremum in the corresponding channel divergence is also

achieved. The following Lemma establishes this for the cases we need in this thesis:

Lemma 2.2.5. Let £, F € CPTP(A — B), and R be an arbitrary auxiliary system. Then, if D is either D or
Dyy:

3w DEW)IFE) = 9 D(E()|F(v) (2.2.25)

i.e. the supremum is achieved and R can be chosen isomorphic to A.

Proof. The restriction to R isomorphic to A follows from Lemma 2.2.4. What remains to show is that the
supremum is achieved. Consider first the case where D ax (E||F) = 00 (Diax is introduced in Section 2.5). As
shown in Wilde et al. (2020), Dimax(E[|F) = Dumax(E(Q)[|F(Q2)) where = Qg4 is a maximally entangled
state. It is well known that (in finite dimensions) Dpax(p||o) = 0o = D(p||o) = oo for all states p, o, and
hence if D = D the value of infinity is achieved in this case. It is also not hard to see that if D(p||o) = oo
also Dys(p||lo) = oo (in this case o will have a smaller support than p, so a POVM built from the projection
onto the support of ¢ will achieve infinity). Hence in this case also with D = D, the supremum is achieved.
So assume Dpax(E||F) < 0o. If D = D, then by Lemma 2.2.2, the function is continuous in v and hence,
since the set of density matrices optimized over is compact, the optimum value is achieved. If D = D), we

have the expression

sup Dy (EW)||F(v))= sup sup D(Mo&(v)||Mo F(v)) (2.2.26)
vED(R®A) veD(R®A) M POVM

Again, by Lemma 2.2.2 the expression optimized over is continuous in v and M. Also, by Berta, O. Fawzi,

and Tomamichel (2017) the optimization over M in the measured relative entropy can be restricted to von
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Neumann measurements (i.e. projective rank-1 measurements), and the set of these measurements is compact
(as such a measurement is uniquely specified by a unitary matrix). Hence, also here the optimum value is
achieved. O

Regularized and Amortized Divergences

We can also define the regularized and amortized (Wilde et al. 2020) channel divergences as

1
D™8(&||F) == lim —D(E%"||F®™), (2.2.27)
n—oo n
DA(&[|F) = sup [D(E(p)[[F(o)) —D(pllo)]. (2.2.28)
it
arbitrary

Note that the limit in (2.2.27) only exists if the divergence D is superadditive on states (i.e. D(p; ® pa||o1 ®
o2) > 32 D(pil|o;)), which is the case every time when we consider D¢ in this thesis, otherwise one
would have to replace the lim with a lim sup or lim inf. Note also, that for the amortized divergence, there is

no known way in which the size of the reference system can be restricted.

2.3 Rényi Entropies and Divergences

Rényi entropies and divergences can be seen as a one-parameter generalization of the above mentioned
(relative) entropy. In particular, Rényi (1961) showed that all classical functions of two probability distributions
that satisfy certain properties (properties satisfied by the relative entropy introduced above) are given by
Rényi divergences (see also Tomamichel (2016) for a “quantization” of this axiomatic approach). The classical
Rényi divergences form a one-parameter family, parametrized by « € [0,1) U (1, 00), and are defined for

two probability distributions P, () on a finite sample space as

1
Da(P|Q) = —— log

(%

¥ o). 23)
x
with the value being possibly oo if @ > 1 and if there exists an x, such that Q(z) = 0, but P(z) > 0.

a — 1 Limit

The expression (2.3.1) is not well-defined for o = 1, although one can calculate the limit o — 1 of it, and this

happens to be equal to the previously defined relative entropy;, i.e.
lim Da(P[Q) = lim Da(PQ) = lim Da(P|Q) = D(P[Q). (232)
a—1 atl all

Hence, the expression (2.3.1) can be continuously extended to « € [0, 00). It turns out that this will also be
the case for all (classical and quantum) Rényi divergences we introduce in this section and consider in this

thesis. To simplify notation (i.e. to be able to write “for all « > 0” instead of “for all € (0,1) U (1, 00) and
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additionally in the limit”), from here on we will consider it understood that for any Rényi divergence D,,
introduced in this section
D; (pllo) = lim Dalplo) (233)
a—1

and while this limit might not need to exist in general, it will for all Rényi divergences considered in this
thesis.
Common Properties of Quantum Rényi Divergences

We will subsequently introduce multiple quantum generalizations of this classical Rényi divergence. These are
then again quantum divergences that are parametrized by a parameter o which can take values in the positive
real line (or maybe only a subset of it). We usually write “Rényi ” divergence for the family parametrised by
a, and a-Rényi divergence for the member of that family for a specific a. What we require for a divergence

to be called a “quantum a-Rényi divergence” is that

1. Itis equal to the classical a-Rényi divergence when evaluated on classical states (via the embedding of

classical states into density matrices discussed in Section 2.1.1)
2. Tt satisfies the data-processing inequality (as introduced in Section 2.2.1)

We then call a family of quantum a-Rényi divergences a quantum Rényi divergence.

2.3.1 The Petz-Rényi Divergence

The Petz—Rényi divergence is the most immediate quantum generalization of the classical Rényi divergence
(2.3.1). For every p € Z(H), full rank 0 € Z(H),and a € [0,1) U (1, 00), it is defined as (Petz 1986):
1

D, (pllo) = ] log Tr(pao*l_a) . (2.3.4)

For general (non full-rank) o, it can be defined by the limiting expression specified above. It is monotonically
increasing in o whenever p € D (H) is normalized, and satisfies the data-processing inequality for o €
[0,1) U (1, 2], but not for any o > 2 (see e.g., Khatri and Wilde (2020) and Hiai and Mosonyi (2017)).
Additionally, whenever p € D (H) is normalized, its limit & — 1 is given by the Umegaki relative entropy
(2.2.4), and in fact, one can give explicit bounds on how fast this convergence happens (Tomamichel 2012).
For some of our later results, we will require such a bound for both « converging from above and below,
which we prove here (this Lemma is a slight refinement of Tomamichel (2012), Lemma 6.3, see Remark 2.3.2

for more details on how they compare):

Lemma 2.3.1 (Petz—Rényi Continuity Bound in «). Let p,o € D (H) be normalized quantum states. For
v € (0,1], define
C‘/(pHU) = l 10g<27D1+7(PHU) + 9—71D1-~(pllo) + 1) . (2.3.5)
v
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Then, for ally € (0,1] and é € (0, 3]:

(pllo) +1n(2)d(cy(pll0))? (2.3.6)

Dy 5(pllo) < D(p
< D(pllo) + d(ey(pllo)). (2.3.7)

Furthermore, if D(pl||o) < oo, then for ally € (0,1] and é € (0, 3]

Di-5(pllo) = D(pllo) — n(2)8(cy (pllo))? cosh(In(2)de (pllr)) (23.8)

and for all § € (0, %]:
Dy_s(pllo) > D(pl|o) — In(2) cosh(log(3)/2)5(c (pl|o))? (239
> D(pllo) — 8(cx (pllo)?. (23.10)

Proof. Note first that for (2.3.6), where we did not explicitly require D(p||o) < oo, we can restrict to that
case, as otherwise also D15(p||o) = 0o and the statement is trivial. Hence, we can assume o to be invertible
(otherwise restrict to the subspace where o is supported). Additionally, we can also assume p to be full-rank on
the support of o, as D115(p||o) = lim._,0 D145(p +¢€ll,||o) forall § € (—1, co] (where II, is the projection
onto the support of o), and hence the statement for non-full-rank p follows after taking limits. Let {|i) }; be
an orthonormal basis of #, then define the operator X = p ® (0~1)7, with the transpose taken in that basis,

and the corresponding canonical purification of p on H ® H:

) =>_ Valiy®|i), (2.3.11)
where |7) is an orthonormal basis of . Then, for all 6 € [—1, 1]:
1
Diss(pllo) = 5 log (91716} (23.12)
and
D(pllo) = (¢|log(X)[¢) . (2.3.13)

For all t > 0 and 6 € R, the first term in the expansion of #’ around § = 0 is ¢ In(¢). Hence let us write
0 =14 §1n(t) 4 r5(t) where r5(t) == t° — §In(t) — 1. Since 1 + x < €” for all 2 € R we see that

rs(t) =10 — n(t) — 1 (2.3.14)
<0 40t _ 9 (2.3.15)
= () 4 o=0In(t) _ 9 (2.3.16)
= 2(cosh(d1n(t)) — 1) = s45(t). (2.3.17)

It is easy to see that s_s(t) = s5(t) and s5(t) = s,4(¢t'/7) for all v € R. Also, it is easy to verify that s;(t) is
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monotonically increasing in ¢ for t > 1. It also turns out to be concave in ¢ if § < % and ¢t > 3. To see this,

note that )

d o
w cosh(d1In(t)) = t—2[5 cosh(d1In(t)) — sinh(d In(t))] . (2.3.18)
For all 6 < 1 this function eventually becomes negative as ¢ — 00, and so we are looking for when it crosses
the origin, which turns out to happen at In(t) = % In (1 + %)' The right-hand side of this last expression

is increasing as a function of 4, since its derivative is given by

ii1 1+725 (2 1 1+725 (2.3.19)

25 T\ " 1-6) 22\1-2 "\ T1-0 >
and the positivity of this right-hand side can be seen from the well-known bound In(1 + z) < ﬁ Thus,
if we require § < 1, then s;(t) will be convex for all ¢ that satisfy

1 26

1
0=3

and thus ¢t > 3.
For all ¢ > 0, either ¢ or 1/t will be larger than or equal to one, and so we can always use the monotonicity

to write

1 1
s5(t) = s_s(t) = ss <t) < ss (t + t> . (2.3.21)
Using this, we get for all t > 0 and y € (0, 1]
55(t) = 85/, (1) < 55/, (87 +177) < 55/, (87 4+ +1). (2.3.22)

It is easy to see that the real function  + 1/z has a global minimum for x > 0 at x = 1 and hence the
argument on the right hand side is guaranteed to be larger than 3. Hence we can use the concavity of 5/,

whenever 6 < 7/2, to write
(01s5(X)|8) < (Blss/n (X7 + X7+ 1)|¢) < 55/, (G| X7 + X7 + 1)) = 55, (27701)), (23.23)

where the second inequality is a well-known property of concave functions (Jensen’s inequality) and c, is

defined in (2.3.5). Finally, we use Taylor’s theorem with the Lagrange form of the remainder to bound

d 1d? )
s5(t) = so(t) + d—és(g(t)‘azoé + 5d73285(t)|5=56 (2.3.24)
= 6%(In(t))? cosh(£ In(t)) < 6%(In(t))? cosh(d In(t)), (2.3.25)

for all ¢ > 0 and some & € (0, 5), where we have used that s(t) = &s5(t)|5—0 = 0. Hence,

(Blss(X)[@) < 55/,(27717)) < (51n(2)es (pll))? cosh(5 In(2)e, (p]lo)) - (2.3.26)
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To finally prove our claims, let us start with the case where § > 0. Then,

Dy s(pllo) = 5 log((61X°16)) = 5 Toa(1 +51n(2) (6] log(X)|6) + (6lrs(X)|6))  (2327)
= log(1+ 5D () + {lra(X)16) (23.28)
< og(1 + 5(2)Dlpll0) + (6ls5(X)[6) (23.29)
= %log(l +5In(2)D(p|lo)) + ;log<1 +1 +<?li(};§(l;|$||a)) (2.3.30)
< D(pllo) + 5 log(1 + (9lss(X)I9) 2331)
< D(p|lo) + %log(l + (o 11(1(2)07(;)”0))2 cosh(d 1n(2)c7(p||a))) (2.3.32)
< D(pllo) + 5 1n(2) e, (pllo))2, (233)

where the third-to-last inequality uses log(1 + z) < ﬁ, the fact that 0 and D(p||o) are non-negative, and
that the logarithm is monotone. The final inequality follows from the fact that k* — In(1 + k* cosh(k)) is

monotonically increasing in k¥ when k£ > 0 and hence positive. This can be seen by noting that

d o 9 cosh(k) + £ sinh(k)
— —1In(1 h = 1-— 3.
e [k* —In(1 + &k cosh(k))] 2k[ T+ K2 cosh(F) (2.3.34)
and
ko i~ Jo2n+2 2n+2 i~ 22 on+3
cosh(k) + 5 sinh(k) = 1+ nz:% [(Zn o 20+ 1)!] =1 nz:% @i 2@n+ Dizn +2) &%)
0 k2n+2 )
< — = . 3.
<1+ ;} ] 1+ k2 cosh(k) (2.3.36)

If 6 < 0, the issue arises that 1 + ¢ In(2)D(p||o) no longer has to be greater than 1 (it might in fact be

negative) and so we have to apply a slightly different argument. Starting analogously, we get

Dy 5(plr) = 5 Tos(1 + 5(2)D(pll0) + (6lrs(X)|6)) (2:3.37)
> L loa(1+ () D(pllo) + (lss(X)16) (2.3.38)
> D(pllo) + 5lj<2) (@l35(X)|6) (2:3.39)
> D(p|l) + 51n(2)(cy (pl|o)? cosh (5 n(2)c, (]| ), (2:3.40)

where we used log(1 + z) < ﬁ in the second inequality. Finally, In(2) cosh(In(3)/2) < 1, and so if we

assume that || < ;1983 then
%1 (pl10)

Dis(pllo) = D(pllo) + 6(cy (pllo))*. (23.41)
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Note that since ¢, (p[|o) > 10g7(3) the condition |4| < /2 is automatically fulfilled. O

Remark 2.3.2. The previously known bound (Tomamichel 2012, Lemma 6.3) states only an analogue of
(2.3.7) and follows from Lemma 2.3.1 after setting v = 1/2. Note that in its analogue of (2.3.7), Tomamichel

(2012), Lemma 6.3, also has a stronger constraint on the range of d, which turns out not to be necessary.

2.3.2 The Sandwiched Rényi Divergence

The second quantum generalization of the classical Rényi divergence, which is often considered and used, is
the so-called sandwiched Rényi divergence (Miller-Lennert et al. 2013, Wilde, Winter, and Yang 2014), which
is for p,0 € Z(A), o full rank, defined as

1 l1—a

Da(pllo) = p— log Tr (01277&/)0%)0‘ , (2.3.42)

and can be defined for non full-rank ¢ by a limiting expression as specified for general divergences above.
It satisfies the data-processing inequality for all & € [1/2,00), and additionally whenever p € D (A) is
normalized, it is monotonically increasing in « and also converges to the quantum relative entropy for o« — 1
(Miiller-Lennert et al. 2013, Beigi 2013, Frank and Lieb 2013). One can show that it is equal to the regularized

measured Rényi divergence (Mosonyi and Ogawa 2015), i.e.

1 ~
lim = sup Da(Ma(p™) M (05") = D(po), (23.43)
N0 T My An— X
(where the supremum goes also over all classical systems X), and thus for each o € [1/2, 00) the sandwiched
Rényi divergence is the smallest quantum «-Rényi divergence that satisfies the data-processing inequality

and is additive on tensor powers of the same state (this is also called weak additivity).

2.3.3 The Geometric Rényi Divergence

The geometric Rényi divergence is another quantum Rényi divergence, which gets its name due to its
similarity to a weighted matrix geometric mean. For A, B positive definite matrices, and o € R, we define

the weighted matrix geometric mean as
A#,B = A3 (A*%BA*%)Q A3 (2.3.44)

This was defined in Kubo and Ando (1979) originally only for v € [0, 1], and has many desirable properties
of a matrix mean only in this range, but the definition perfectly makes sense for all o, and we will make use
of it also for «v outside of [0, 1]. For p,0 € Z(H), p < o and o € (0, 00) then define the geometric trace

function as
Qu(pllo) = Tr(0c#ap) = Tr (a%(afépafé)o‘a%> . (2.3.45)
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Similar to the discussion above, this can be extended to general p, 0 € &?(H) by setting (Matsumoto 2018)
Qu(pllo) = lim Qa(p|lo +el). (2.3.46)
e—0

This limit can potentially be infinite, and will be so if &« > 1 and p € o, whereas for « € (0, 1] the limit
is always finite and explicit expressions for it can be found in Matsumoto (2018), Hiai and Mosonyi (2017),
and Katariya and Wilde (2020). For « € (0,1) U (1, 00) one then defines the geometric Rényi divergence as
(Matsumoto 2018, Petz and Ruskai 1998, Fang and H. Fawzi 2021, Katariya and Wilde 2020)

Dalpllo) = log Qa(pllo) - (2.3.47)

a—1

This reduces to the classical a-Rényi divergence for commuting states and satisfies the data-processing
inequality for a € (0, 1) U (1, 2] (Matsumoto 2018). Further, it is known (Matsumoto 2018, Tomamichel 2016,
Katariya and Wilde 2020) that for p € D (H) and 0 € P (H)

N o~ 11
lim D, (p|lo) = D(p|lo) = Tr(plog(p?a 1p2>>, (2.3.48)
a—1

the Belavkin-Staszewski relative entropy (Belavkin and Staszewski 1982).

The geometric Rényi divergence was originally introduced by Matsumoto (2018) coming from a slightly
different angle, namely trying to find the largest quantum Rényi divergence for each «, going through a
construction he called reverse tests. For p,o € D (H), we say that a tuple (X, P, Q, A) of a classical sample
space X, two probability distributions P, Q) on X, and a classical-quantum channel A : X — H, forms a
reverse test of (p, o), if A(P) = p, A(Q) = o. Then, consider the following expression

D(p|lo) = N 'glf A{ D, (P||Q) | (X, P,Q,A) form a reverse test of (p,0) } , (2.3.49)
where D, (P||Q) is the classical a-Rényi divergence, i.e. we look for the smallest classical a-Rényi divergence
between two probability distributions which are such that one can recover the states p and o from them via a

classical-quantum channel. This construction ensures that:

1. ﬁamax reduces to the classical a-Rényi divergence when evaluated on classical probability distributions.
In this case one optimizing reverse test is to pick P and () as exactly these two classical distributions, and

A the direct embedding of the classical system & into the Hilbert space H as explained in Section 2.1.

2. f)glax satisfies the data-processing inequality for all & € (0, 00), since, for any quantum channel &,
whenever (X, P,(Q, A) forms a reverse test of (p, o), then (X, P,Q,E o A) forms a reverse test of
(E(p),E(0)), and since these reverse tests have identical Ps and (s, they achieve the same value in

the optimization problem.

3. Forevery a € (0, 00), ﬁgax is the largest quantum a-Rényi divergence that satisfies the data-processing
inequality. This can be seen as follows: Let D, be any quantum «-Rényi divergence (as defined

in Section 2.3, in particular that that means D, satisfies the data-processing inequality), and let
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(X, P,Q, A) be a reverse test of (p, o) that gets d-close to achieving the optimal value. Then

D.(pllo) = Da(A(P)A(Q)) < Da(P|Q) = Da(P|Q) = D2(p|lo) + 6 2% D*(p]|o)
(2.3.50)

where we used that all quantum a-Rényi divergences are identical on classical input states.

We hence call ﬁglax(pﬂa) the maximal Rényi divergence. Matsumoto (2018) showed that for a € (0, 2]
(but only for this range of «) this maximal Rényi divergence is equal to the geometric Rényi divergence
as defined explicitly above, i.e. for a € (0, 2], ﬁga"(pﬂa) = Dq(p||o). Hence, these two names are often
used interchangeably, although we would like to emphasize that the maximal Rényi divergence satisfies the
data-processing inequality for all o, whereas the geometric Rényi divergence (when defined using the explicit
formula above) does not for > 2.

One of the key properties of the geometric Rényi divergence is that its channel version satisfies a chain
rule (Fang and H. Fawzi 2021, Thm 3.4). If ppa,0ra € D (RA) are two quantum states, and £, F : A — B

are two quantum channels, then it holds that
Da(E(P)IIF(0)) < Dalpllo) + Dal€]IF) (23.51)
where the last term on the right-hand side is the corresponding channel divergence, as defined in (2.2.22).

2.3.4 The Sharp Rényi Divergence

The sharp Rényi divergence is yet another quantum Rényi divergence, defined by H. Fawzi and O. Fawzi

(2021) in terms of a convex optimization problem. For o € (1, 00), set:
Qf(pllo) = inf { Tra| p<opia}, (2.3.52)

and then define the sharp Rényi divergence of order « in terms of it as follows:

1

Df (pllor) = ——

log (QZ (pllo)) . (2:3.53)

H. Fawzi and O. Fawzi (2021) proved that this quantity satisfies the data-processing inequality, and also that it
reduces to the classical a-Rényi divergence for commuting states. Further, they showed that this divergence
has several desirable computational properties such as an efficient semi-definite programming representation
for states and quantum channels, and a crucial chain rule property which can be exploited to obtain results
concerning quantum channel discrimination and quantum channel capacities. Note that unlike other Rényi
divergences though, the sharp quantum Rényi divergence is not monotonically increasing in .

H. Fawzi and O. Fawzi (2021) originally, left the question of “What is lima_,1 D (p||c) 7 open, although
we were able to show that this limit is given by the Belavkin-Staszewski relative entropy (see Theorem 2.3.9
below).

To address the limit of & — 1 we want to make use of the following alternative characterization of the

sharp trace function and sharp Rényi divergence.
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Proposition 2.3.3. Fora € (1,00) and p,o € Z(H)

Q¥ (pllo) = min Qa(Afl0), (2:3.54)
>p
D (pllo) = min Da(Al0). (2.3.55)

Remark 2.3.4. Note that the A in the above expressions are in general unnormalized states and we use
the definitions of the geometric trace function and the geometric Rényi divergence as in (2.3.45) and (2.3.47)

without additional normalization factors.

For what is going to follow, we prove a slightly stronger version of the above statement, given by the

following lemma.

Lemma 2.3.5. Fora € (1,a), witha € (1,00), and p,0 € P (H),
Q¥ (pllo) = min Qa(Al0), (2:3.56)
>p

and the minimization can be restricted to A € K where K is a compact subset of { A€ Z(H) | A< o}

depending only on p, o, a, but not on c.

Proof of Lemma 2.3.5. It is easy to see (and shown in H. Fawzi and O. Fawzi (2021)) that if p < o, Q7 (p||o) =
400 since the minimization is infeasible. Moreover, if p € ¢ and A > p then also A € o, hence
mings, Qu(Allc) = +oc and the statement holds. Thus, we can assume p < . Recall the definition
of Qﬁ(p“a) for o > 1 (H. Fawzi and O. Fawzi 2021):

Q7 (pllo) {TrA ’ p < a%(a_%Aa_%)éa% } . (2.3.57)

= inf

A>0
H. Fawzi and O. Fawzi (2021) showed that the minimization can be further restrictedto0 < A < o1 Tr(p)Il,,
where ¢ = Ha_% pa_% || is the spectral norm, and II,; is the projection onto the support of . In the following
we will perform several redefinitions of the dummy variable A in this optimization problem, where the
inequalities between the different lines always arise from the fact that we have enlarged the space over which

is optimized. Let us define C' := Tr(p) sup ae1,q) c®~1, which is always finite. We then get:

Qf(pllo) = min { T A1 | p < oo b A0 H)70t, Ay < Tr(p)e 1L, } (2.3.58)
1=
> }‘ni%{ Tr A, ] p<oi(o 3 A0 3)a03, A < CIL, } (2.3.59)
1=
S 1
Azi=o” 2A1072 I£n1>rb { TI‘<O'%A20'% ‘ p < U%Aé1 O'%, Ay < Cafél_[gafé } (2.3.60)
22
1
> }lni>rb { Tr(a%Aga%) ’ p < O‘%Afo‘%, Ay < Cllo~ Y1, } (2.3.61)
22
Ay=AZ
= 12111;%){ Tr(a%f@a%) ‘ p < O'%Ago'%, AS < Cllo~ YT, } (2.3.62)
3=

32



2 Mathematical Introduction and Preliminaries

where we redefined the dummy variable A multiple times, and understand ||c~!|| as the operator norm
1
of the pseudo-inverse. For « > 1, A — A= is operator monotone, and thus A < C||o~!||II, implies
1
Az < (C|loe~Y|)=IL,. Thus, we get:

” . 1,1 1 1 —1ypyd
Q% (pllo) = }3;12%{ Tr<a2A3a2) ‘ p < o3 Az, Ay < (Cllo™ )3 1L, } (2.3.63)

1 1
A=02 Az02

=47 min{ Qa(All0) | p< A, A< (Cllo™ 703,04 < (Cllo s |0, } . (2364

With C' = supae[l,a](CHU_lH)éHU , which exists, and K := { Ae P(H) | p < A< CII, }, which is

compact, we have for all a € (1, al:

Q% (pllo) > min Qu(Al0). (2.3.65)

For the reverse direction, note that for every o > 1 the geometric trace function is the largest a-Rényi trace
function that satisfies the data-processing inequality, and hence Q¥ (p||o) < Qa(p||o) (alternatively it is easy
to see this explicitly, by noting that o#¢(o#p) = o#«p forall s,t € R, and hence A = o#,p is feasible in
(2.3.52)). Moreover, from the definition (2.3.52) it is easy to see that

: # — O# — i #
Ijlélg Qa (A”O') - Qa (pHO') - fﬁnelll} Qa (AHO-) ’ (2366)
and hence, also
Q¥ (pllo) < min Qa(Allo). (2.3.67)
eK
O

Since the logarithm on R is monotone, Lemma 2.3.5 implies that also DY (p||o) = ming>, Dy (Al|o) for
all @ > 1. This completes the proof of Proposition 2.3.3. Note, that for o > 2 the geometric divergence does

not satisfy the data-processing inequality, while the sharp divergence does.

The o — 1 limit

We show in Theorem 2.3.9 at the end of this section that the limit « — 1 of the sharp divergence is the
Belavkin-Staszewski relative entropy. The key step in the proof is to show that %Qf (p||o)|a=1 exists and is
equal to %Q\a (p|lo)|a=1. Conditions for such an exchange of minimization and taking a derivative have
been established in the literature. The following statement directly fits our purposes, and seems to have been
among the earliest of such theorems, although the authors seem to leave some parts of the proof up to the
reader. Later generalizations which imply this statement (and also with more explicit proofs) can for example

be found in Clarke (1975), Theorem 2.1, and also in the references therein.

Theorem 2.3.6 (Dem’yanov and Malozemov (1971), Theorem 2.2.1). Let U C R™ be open, K C R™
compact, and f: U x K — R continuous and also that V,, f (u, k) is (jointly) continuous. Then, the function

g(u) = mingeg f(u, k) has for every u € U a one-sided directional derivative along every v € R™, which can
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be computed as

lim 7 “ Y min (Vf(u,k),v), (2.3.68)

where R(u) = {k € K | f(u,k) = g(u) }.1
The following lemmas establish the properties of @a which are necessary in order to apply Theorem 2.3.6.

Lemma 2.3.7. Let ) be a subset of R™ and h: Q x [0,00) — [0, 00) be a jointly continuous function. Then, the
corresponding matrix function h: Q x P (H) — P (H) is jointly continuous on  x Z(H).

Proof. For a fixed a € (2, the continuity of the matrix function h(«, p) in p follows from the continuity of
h(c, z) in z, for z € [0, 00), by Horn and Johnson (1991), Theorem 6.2.37. To see joint continuity, let p,, — p
be a converging sequence in &#(#H) and «,, — « be a converging sequence in €2, as n — oo. Then, taking

operator norms,

1P an, pn) = W, p)|| < [[B(em, pn) = hla, pu) [ + 1A (v, pn) — hlev, )| - (23.69)

The second term on the right hand side goes to zero as n — oo by the continuity of A, p) in p, as established
above. For the first term, note that h(a,, py,) and h(c, p,) commute and the operator norm can be evaluated

as

max |h(an, ) — h(a, \)|. (2.3.70)
A€Espec(pn)

Since the limit o, — « exists, oy, is eventually bounded, so there exists a compact subset K of €2, such that
an € K for all large enough n. Analogously, the limit p,, — p exists, and hence there exists a compact subset
K’ of [0, 00) such that spec(p,,) C K’ for all large enough n. Since K x K’ is compact, h is in fact uniformly

continuous on K x K'. Hence, (2.3.70) goes to zero as n — oo. This shows that
lim ||h(am, pn) — h(a, p)|| =0, (2.3.71)
n—oo

which completes the proof. O

Lemma 2.3.8. Foro € & (H) fixed, the functions f,(o) = f(a,p) = Qa(pllo) and fola) = f(a,p) =
%Q\a(pHa) are jointly continuous on (0,00) x { A€ Z(H) | A< o }.

Proof. We have:
@a(pHU)ZTr(g%(g—%pg—%) %) (2.3.72)
%@a(p\\a) Tr(aﬂog(a 2p0~ 2)(0 2 po 2) a%). (2.3.73)

It is easy to check that the real functions (o, z) +— z® and (o, ) — 2®log(x) are jointly continuous
n (0,00) x [0,00). Also, for A € { A € Z(H) | A < o} the expression o~2 Ao~ 7 is continuous in A

'In Dem’yanov and Malozemov (1971) the theorem is phrased with a maximum instead of a minimum, but it is easy to see that this
is equivalent upon setting f +— —f.
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(remember that the inverses are all pseudo-inverses). Hence, the continuity follows from Lemma 2.3.7, the

continuity of the matrix product and the continuity of the trace. O

Theorem 2.3.9. Forp € D(H) ando € P (H):
lim DY (pl|o) = D(p|lo) (2:3.74)
a—

the Belavkin-Staszewski relative entropy.

Proof. As the sharp Rényi divergence, D¥ . is only defined for av > 1, all there is to prove is a limit from
above. Let us fix p € D (H) and 0 € Z(H). We can restrict our proof to the case p < o, since otherwise
D¥ (pllo) = D, (pl]lo) = oo for all a > 1 and the statement clearly holds. By Lemma 2.3.5 there exists a
compact set K C { A € #(H) | A < o }? such that for a € (1,2],

Q% (pllo) = min Qu(All). (2.3.75)

For o € (0,00),® we define
fla, A) = Qa(Allo) (2.3.76)
9(a) = min f(a, 4) = min Qu(4||o). (2.3.77)

By Lemma 2.3.8, f(«, A) is jointly continuous on (0,00) x K and has a jointly continuous derivative in c.

Hence by Theorem 2.3.6, g(«) has the the following one-sided derivatives:

_g(e) —g(1) :

lim =——+———~ = — A 2.3.
T T @l ) (2378)
lim M = — min fif(a, A) , (2.3.79)
a1 a—1 AER(1) da =1

where R(a) := {A € K | f(a, A) = mingek f(e, B) }. Recall that the sharp Rényi divergence is only
defined for & > 1 and so all we really need here is the limit from above (2.3.78). However, establishing that
this is also equal to the limit from below makes things slightly simpler, as we are then able to directly use the
chain rule later in (2.3.82).

For o = 1 the set R(«) only contains p, since

i Qi(Ao) = min Tr(4) = Tr(p), (2.3.80)

and A > p, together with Tr(A) = Tr(p), imply that A = p. Hence, the two one-sided derivatives are equal

K depends on p and o, but since they are fixed in the entire proof we do not make this dependence explicit.
*To apply Theorem 2.3.6 we require an open interval in o which includes 1.
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and
d d d ~
4 - & - 0, 2.3.81
9@ - A . 1g Qalrllo) . (2.3.81)
We further have g(a) = Q% (p|o) for a € (1,2], and g(1) = Tr(p) = 1, so
# —
a\/1 a1 a—1 a\/1 a—1
d g, d
=1 e 2.3.82
As the same argument also gives
lim Do (p]0) = —Qa(pl0) (23.83)
lim apa—daapaa:1, 3.
we get by using (2.3.81)
lim D¥(p||lo) = lim Dy (pllo) = D(p|lo). (2.3.84)
a—1 a—1
O]

Relations between different quantum Rényi divergences

All of the introduced quantum Rényi divergences are generally different whenever the two states p, and o
don’t commute. Regarding relations between them, in the range o € [1/2, 2] one can show the following

(see e.g. Khatri and Wilde (2020) and references therein for the original arguments):

Da(pllo) < Dalpllo) < Dalplo). (2.3.85)

2.4 Hypothesis Testing and Error Exponents

Hypothesis testing is one of the most fundamental tasks in statistics and information theory. Throughout this
thesis we will only be dealing with binary hypothesis testing, i.e. where one has to decide between exactly
two different hypotheses, usually called the null hypothesis and the alternative hypothesis, which we will
denote as Hy and H respectively. The essence of hypothesis testing is that one is presented with some data
(i.e. samples from a probability distribution) and the task is to identify which of the two hypotheses produced
this data. In general, given a hypothesis, the data one obtains from it will not be deterministic, and so also
one will not always be able to perfectly identify the hypothesis given the data, but one can still try to find an
identification strategy that (in a certain sense) minimizes the probability of making an error. Given a fixed

procedure through which one claims Hy or Hj to be true (we call this a decision strategy), one can define the
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following two errors associated with this strategy:

a = P|claim Hy|Hy is true] called the type-I error, (2.4.1)
B = P[claim Hy|H] is true] called the type-1I error. (2.4.2)

Throughout this thesis we will use the phrases “type-I/Il error” and “type-I/Il error probability” interchangeably.
The exact values of these errors of course depend on both the decision strategy, and also the actual hypotheses
and what data they produce with what probability. It is easy to see that there almost always exists a trade-off
between the two errors, for example one could choose a strategy that always claims Hy, and thus never
makes a type-I error. Hence, when one talks about minimizing these two errors, one has to specify in what

sense one wants to achieve this. There are typically two main ways to minimizes errors:

+ The so-called symmetric setting, which corresponds to minimizing the average (or sometimes also the

p-weighted average) of the two errors, i.e.

}(a + ) (2.4.3)

Perr = 9

+ The so-called asymmetric setting, where one considers one of the two errors more grave than the
other (say in a medical setting, where claiming an ill patient to be healthy is usually worse than falsely
identifying a healthy patient to be potentially ill, since in this case additional investigations would
then usually be used to confirm this diagnosis with higher certainty). In this case, one minimizes only
one of the errors (typically the type-II error, although this is arbitrary, since one can also exchange the
two hypotheses), and only requires that the other error (typically then the type-I error) stays below a

certain threshold, which is usually called ¢.

Throughout this thesis we will almost exclusively focus on the asymmetric setting. For a summary on the
currently encountered challenges when dealing with the symmetric setting in quantum channel discrimination,

see Section 3.4.2.

2.4.1 Simple Classical Hypothesis Testing

In the classical setting, the two hypotheses typically correspond to two probability distributions, from which
samples are observed and then form the basis of a decision. The decision strategy is then determined by a
subset B C & of the possible sample outcomes, such that whenever the observed sample is in this subset
one will claim Hy (and conversely one will claim H; if a sample is observed that is not in the subset). If
the null hypothesis Hy is that our samples are distributed according to a probability distribution P, and
the alternative hypothesis is that the samples are distributed according to (), then we have the following
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expression for the two error probabilities

a=3" P) (2.4.4)

¢ B

8=30Q(), (2.4.5)

zeB

and the corresponding optimal asymmetric error probability for type-I error threshold ¢ is then given by:

min Z Q(z) Z P(z)<e » . (2.4.6)

Bcx
z€eB ¢ B

2.4.2 Simple Quantum Hypothesis Testing

In simple quantum hypothesis testing (also called quantum state discrimination), instead of being given
samples from a classical probability distribution we are given a (usually mixed) quantum state. This might
seem counter-intuitive, since the quantum states we are given are fixed, and not drawn from some probability
distribution, however we cannot use the state itself to make a decision, but rather have to perform a
measurement on it first, whose outcomes will then again be probabilistic. The analogue of the classical decision
region is thus an operator 0 < M < 1y, which can be completed to a 2-outcome POVM {M, 14 — M }. If
we again say that if Hy is true we are given the quantum state p € D (H), and if H; is true we are given

o € D (H), then we can calculate the two error probabilities as follows

a=Tr((ly — M)p) =1—Tr(Mp), (2.4.7)
g =Tr(Mo), (2.4.8)

and we have the following expression for the optimal asymmetric error probability for type-I error threshold

€:
i — < = i 4.
ogrj\I/}flgn]LH {Te(Mo)|1—-Tr(Mp) <e} Ogr]\%gl]l;{ Tr(Mo) (2.4.9)
Tr(Mp)>1—¢

where the minimum is achieved since the set of operators bounded by the identity (in finite dimensions) is

compact.

2.4.3 The Hypothesis Testing Relative Entropy

The optimal asymmetric error probability is one of the key quantities considered in this thesis, however we

will usually consider not the quantity itself, but the negative logarithm of it:

€ . : — _
D% (p|lo) == —log oD, Tr(Mo) o log(Tr(Mo)) . (2.4.10)
Tr(Mp)>1—e Tr(Mp)=1-—e
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which is known as the hypothesis testing relative entropy (L. Wang and Renner 2012). It has been given
this name, since it shares some properties with the quantum relative entropy, in particular it satisfies the
data-processing inequality (L. Wang and Renner 2012).

Additionally, it satisfies the following relation with the Umegaki quantum relative entropy:
Lemma 2.4.1 (Upper bound on D5;). Let p,o € D (H) be quantum states. Then for alle € [0, 1)

1
1—¢

Di(pllo) < (D(pllo) + R(e)), (2.4.11)

where h(e) is the binary entropy function.

This is a very well-known consequence of the data-processing inequality of the relative entropy and has
been widely used in converse proofs in information theory. A statement and proof using our notation can be
found for example in L. Wang and Renner (2012), although the essence of the statement can already be found
much earlier, for example in Hiai and Petz (1991), Theorem 2.2 and also Hayashi (2006), (3.30).

2.4.4 Asymptotics and the (Quantum) Stein’s Lemma

One often considered case in hypothesis testing is the probability distributions (or quantum states) associated
to the hypotheses being independent and identically distributed (i.i.d.), i.e. one obtains multiple independent
samples from the same probability distribution. In that case, the asymmetric error probability will decay
exponentially in the number of samples (usually denoted as n), and one can study the asymptotic rate of this
decay, which is given by

Jim %D%(p@)n |®™). (2.4.12)

In fact, what one often considers is the following

1
lim lim — D5 (p®"|c®"), (2.4.13)

e—~>0n—ocon

which is the optimal achievable decay rate of the type-II error, such that also the type-I error goes to zero
asymptotically (the limit ¢ — 0 filters out all type-II error decay rates which would only be possible with
type-I error that does not go to zero asymptotically). The quantum Stein’s lemma states that this limit is

given by the relative entropy between p and o, i.e. (Hiai and Petz 1991)

1
lim lim — D% (p®"||c®™) = D(p||o). (2.4.14)

e—>0n—ocon

In fact, this equality is even true if one drops the limit ¢ — 0, i.e. for alle € (0, 1):

1
lim — D% (p®"|c®") = D(p|lo). (2.4.15)

n—o0o N

which is known as the strong-converse property (Ogawa and Nagaoka 2000). This means that even if one was

to allow a very high type-I error probability (just not exactly 1), then the decay rate of the optimal type-II
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error still cannot exceed the relative entropy asymptotically. Note that this is an asymptotic statement, for
finite n the type-II error will of course be smaller if one allows for a higher type-I error.
The quantum Stein’s Lemma forms the basis of all of asymmetric quantum hypothesis testing, and also

gives the quantum relative entropy an operational meaning.

2.5 The (Smoothed) Max-Divergence

Yet another quantum divergence is the so-called quantum max-divergence. It is the quantum analogue of the

classical maximum log-likelihood ratio, and defined as follows (Datta 2009):
Diax(pllo) =loginf{ A\ eR|p< Ao }. (2.5.1)

The quantum max-divergence satisfies the data-processing inequality (Datta 2009) and is the unique quantum
generalization of the classical &« = oo Rényi divergence. Precisely, if we define for P, () classical probability

distributions

Doc(PQ) = lim Da(P||Q) (25.2)

then Dyax reduces to D, when evaluated on classical states, and it also is the only such quantum divergence
that also satisfies the data-processing inequality (see Tomamichel (2016) for a proof of this statement). In
particular, this implies that for any a-Rényi divergence D, and any two quantum states p, o € D (H) we
have

Da(pllo) < Di™(pllo) < lim DF*(pllo) = Dimax(pllo) (2:53)

where we used the maximal a-Rényi divergence from Section 2.3.3 and the fact that it is monotonically
increasing in o (which follows from the fact that the classical Rényi divergence is monotonically increasing

in ).

Max Channel Divergence

Specifically relevant later will also be that the the max channel divergence has the following simple represen-
tation, where the optimal input state is always given by a maximally entangled state (for a proof see Diaz
et al. (2018), Definition 19 and Wilde et al. (2020), Lemma 12):

Drax(E]|F) = Zup Diax ((idr @ €) ()] (idr @ F)(1)) (2.5.4)
= Dmax((idR ® 5)((I))||(1dR ® ‘F)((I)))7 (2.5.5)

where R ~ A and ® = ® 4 is a maximally entangled state. Hence, the max channel divergence is easily

computable as a semi-definite program (SDP).
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2.5.1 Smoothing and Different Smoothing Conventions

The max-divergence can often be quite large, since it has a fairly strict requirement: p has to be dominated

by Ao everywhere. One can try to relax this to only requiring “almost everywhere”, which is usually done by

smoothing the state p (Renner 2005, Tomamichel 2012), i.e. considering Dy« (p||c), where p € B.(p) lies
within an e-ball of p (in a certain distance, see below). There are different conventions employed throughout
the literature, regarding which distance is chosen and what exactly the ball is, with the differences usually
being whether one includes only normalized or also sub-normalized states, and whether one uses the trace
distance or purified distance as a metric. Throughout this thesis we will be using the purified distance as
a metric, and smooth only over normalized states. For normalized states, we can use the purified distance
as defined in with the purified distance as defined in (2.1.13), and we will then write the e-ball in purified
distance of normalized states around p as B:(p) (in some other works this is also written as BF °(p), or

B2(p)) , and then define the smoothed max-divergence between a normalized p € D (H), and 0 € P (H) as:

Drax(pllo) = _inf  Dmax(pllo) - (2.5.6)
PEB:(p)

Relation to the Hypothesis Testing Relative Entropy

The smoothed max divergence turns out to be very closely related to the hypothesis testing relative entropy,

in particular they are in some sense “asymptotically equivalent”. This is made precise by the following lemma:

Lemma 2.5.1 (Anshu et al. 2019, Theorem 4). Let p € D(H) and o € P (H). Then, fore € (0,1) and
§€(0,1—¢e%):

—e%— 4(1 - 52 € —€
Dy ¥lo) ~ tos( 5 ) < Do) < D= pll) ~lox(1 = ). 2s)

Note that Anshu et al. (2019) defines the smoothed max-divergence using sub-normalized smoothing;
however, the proof of this lemma goes through also when restricting to normalized states. Note also that the
arXiv version (v1) of Anshu et al. (2019) has a typo in the admissible range of §, which has been corrected in
the published version. For similar bounds, although with a slightly different structure and thus not directly

comparable to the ones above, also see Datta et al. (2013).

2.5.2 The Quantum Asymptotic Equipartition Property (AEP)

In classical information theory, it is known as the asymptotic equipartition property (see e.g. Cover and
Thomas (2012)), that the only sample strings from an i.i.d. distribution that “happen” (with high probability)
are those where the average log probability of the individual sample outcomes is close to the entropy of the
distribution, and of those strings that “happen”, all “happen roughly equally likely”. Analogously, for two

classical probability distributions P and (), the average log-likelihood ratio log (gg%) of n samples drawn

from P will concentrate around D(P||Q) (i.e. values outside of a small region around this will occur with
vanishing probability as n — 00), and all values in a region around D(P||Q) will occur “roughly equally

often”. This means that asymptotically for large n, for all sample strings x,, but some with total mass (under
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P (zp)
Q" (zn) i
P"™ on those x,, which have mass at most ¢) such that % log (52%23) ~ D(P||Q) now for all x,,. Thus, then
%DE (P™|Q™) ~ D(P||Q), and one can show that indeed

max

P™) of at most ¢, + log ( ) ~ D(P|Q) and hence there exists a P, ~° P" (which only deviates from

lim Dy (P"|Q") = D(P|Q) (2.5.8)
n—oo
(this explanation was aimed at bridging the gap between the classical origin of the term AEP and the quantum
statements below, but was of course in no way rigorous; for a rigorous treatment of the classical asymptotic
equipartition property we refer to e.g. Cover and Thomas (2012)). It turns out that this last statement has a
quantum analogue, namely the asymptotic equipartition property for the quantum smoothed max-relative
entropy, which states that (Tomamichel, Colbeck, and Renner 2009, Tomamichel 2012)
1
lim — Dy

n—oooq X

(p*"|e®") = D(pllo) Ve € (0,1). (2.5.9)

2.5.3 Non-Asymptotic Bounds for the Smoothed Max Divergence

For the proof of one of our main theorems later (Theorem 3.3.4), we will require a bound on the speed of this
convergence. Results in this direction have appeared before in the literature; however, none of the previous
results turn out to be directly applicable for our purposes (see Remark 2.5.3 and Remark 2.5.4 below). To
prove our result we follow the established path of using quantum Rényi divergences. One key ingredient is
the previously established bound on the distance between the Petz-Rényi and the Umegaki relative entropy
(Lemma 2.3.1), using which we can establish a bound on the convergence speed in the asymptotic equipartition
property. Since we want to apply this to obtain n-shot bounds, where constants are (unfortunately) not
completely irrelevant, this Lemma also goes to a bit of length to optimize the appearing constants in the

argument.

Lemma 2.5.2 (AEP Convergence Bound). Let p,o € D (H) be quantum states, and for v € (0, 1], take
cy(pllo) as in (2.3.5). Then, foralle € (0,1) andn € N:

ipfm@@"ua@n)zD@H@—“%") {m@);og(zs) cosh<10g2<3)> 43) 10g< L )} (2.5.10)

;D;axm@"ro@")<D<pua>+%%"> [1“@);%(3)+10g4(3)1og<1)]+jllog< ! ) (25.11)

which implies

1 ey (pllo) 2

=D (p®"e®™) > D - 1 2.5.12
— Druax (0 l07") = D(pllr) Jn o8l ) (2.5.12)
1 4c(pllo) 2 1 1

—D¢  (p®"|c®™) < D T log| = ~1 . 2.5.13
- Drnax (07 l077) < D(pllor) + N Y Rl G e (2.5.13)
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These bounds can be tightened by adding a condition on n to be large enough. Define first the numerical constants

1
K = 2\/ 21n(2) cosh< °g2(3)) < 2.72, (2.5.14)
Ky :=24/21In(2) <2.36. (2.5.15)
Then, if
> log[ — 8 i (2.5.16)
n 5.
=8\ \1 ¢ log(3)K1 )’
we have the stronger bound
1 . Qi _8n K 1
- > - =L — 5.
i 10°7) 2 Dlpllr) ~ Skes (plo)y log( 1= ) 2517)
and similarly, if
n> 1og<1> (8)2 (2518)
- \e/\ey(pllo)Ka ) o
it holds that
1 Ky 1 1 1
Xn Xn
Diaslo™ 0% < D(plo) + 2 ol log(5> " nlog<1_52> C @s)

Remember that ~yc(pl|o) > log(3), and hence (2.5.18) is also always satisfied if

2
n> 10g<1> <8) | (2.5.20)
e ) \log(3) K>

Proof. We start with the proof of (2.5.17). We use X. Wang and Wilde (2019a), Prop. 4, which states that for
alla € [0,1) and alle € [0, 1)

2 1
Dislolle) = Dalpllr) + -2 tog (12 ). @521
Note that the statement in X. Wang and Wilde (2019a) is given for smoothing in trace-distance, but since
the trace distance is always less than the purified distance, for fixed ¢ the trace-distance-smoothed max-
divergence is smoothed over a larger ball, and hence also always smaller, which is why the statement for the
purified-distance-smoothed max-divergence is implied. We apply this to p®™ and 0™ and use the additivity

of the Petz-Rényi relative entropy to get:

1 1 2 1
=DE . (p¥"e®™) > D ——1 . 2.5.22
A Dh( 1% = Dalpllo) + 2o (1) 2522
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Now, we combine this with (2.3.9) of Lemma 2.3.1 to get

Lo ®n|| .®n log(3) 2 1 2 L
— > — — -
anaX(p le“™) > D(p|lo) + In(2) cosh( 5 cy(pllo) (o —=1) + T log T ) (2.5.23)

together with the condition0 <1 —a < %. We are now free to choose « to optimize the right-hand
Y

side. It is easy to see that the right-hand side will be maximal if both terms are equal, which is achieved for

210g(ﬁ) 4 log(ﬁ>

l—a= = (2.5.24)
n1n(2) cosh(logz(:i))cy(p\]a)? Kicy(pllo) n
Hence we get
1 K, 1
— D%k (p%"]|0®™) > D -—= log —— 2.5.25
A Dhs(7 0% = D(plo) = e (oo flos( 1 ). (25.25)
together with the condition
n > log[ Ly (25.26)
=8 \1—¢ )\ K, log(3) ) -

In order to get an expression without a condition on n we have to choose a different a. Choosing

_ log(3)
2¢y(pllo)v/n

satisfies the condition on 1 — « for all n and gives:

%Dfnax(p‘@"Ha@") > D(p|lo) — Cv(\//’g") {ln(2);og(3) cosh<10g2(3)> + 10g4(3) log<1 i 5)] . (2.5.28)

The simplification (2.5.12) follows from log(3) > 1 and

ln(2);0g(3) COSh<10g2(3)> <1 (2.5.29)

1 -« (2.5.27)

The second equation (2.5.19) is proved very analogously. We start again with a relation to a Rényi relative

entropy for a > 1 (Khatri and Wilde 2020, Prop. 4.61):

2 1 1
po— log<8> + log<1 — 52> . (2.5.30)

Note that Khatri and Wilde (2020), Prop. 4.61 uses the sandwiched Rényi divergence, which however is

Drnax(pllo) < Dalpllo) +

always less than the Petz, and hence the above statement is implied. We again apply this to n tensor powers

of p and o and combine it with (2.3.6) from Lemma 2.3.1 to obtain:

1 2 1 1 1
Dias(°"0°) < Dlpllo) + mC2)es ol 1)+ o) + Lo (25 ). @san
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together with the condition
a—1<

D[ =2

(2.5.32)

The right hand side is minimized again for

_ 21og(1) B 4 log (1)
a-t= \/nln(Q)cv(pHg)? ~ Kaey(pllo) n (2.5.33)

which gives

1 Ky 1 1 1
Rn || ~Qn
L Di "0 < D(plo) + £ e ol flog( 1)+ Thow(1 25 ). (s

as well as the condition
n > log(1> <8 i (2.5.35)
- e) \vey(pllo)Ka ) o

_ log(3)
2¢y(pllo)v/n

will again give (2.5.11), and the simplified form (2.5.13) follows by the same argument that log(3) > 1 and

Alternatively, choosing

a—1 (2.5.36)

In(2) log(3)

<1. 2.5.37
5 (2537)

This concludes the proof. d

Remark 2.5.3. Our Lemma 2.5.2 can be seen an extension of Tomamichel (2012), Theorem 6.4, where a
similar bound to (2.5.19) is shown (however with a worse constant and different smoothing convention). Note
that Tomamichel (2012) uses the notation S(p||o) := —D(pl||o) and S;,;, (pllo) = —D;

m max

(p||o), and hence

£

Tomamichel (2012), Theorem 6.4, while looking like a lower bound, actually is an upper bound on D5, , .

(although slightly worse than our upper bound (2.5.19)). An equivalent of (2.5.17) is shown in Tomamichel
(2012) only for the smoothed conditional min-entropy and not for the (more general) smoothed max-relative

entropy.

Remark 2.5.4. Another already existing bound for the AEP convergence is the so-called second-order
expansion (Tomamichel and Hayashi 2013, K. Li 2014), which gives a tight asymptotic characterization also of
the second-order /n term in the convergence to the relative entropy. There, the second-order term is shown

to be proportional to the square root of the relative entropy variance

V(pllo) = Tr(p(log(p) — log(a) — D(pll0))?). (2.5.38)

Later in the proof of Theorem 3.3.4, we want to apply these convergence bounds to a case in which p = p,
and ¢ = o, are the states in an adaptive discrimination protocol, and we would like to obtain a bound on the

convergence parameter in n. We will see that by using chain rules for the geometric relative Rényi entropy
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(or the max-relative entropy) we will be able to show that ¢, (p,||oy) = O(n), while we are not aware of any
way of obtaining such a bound for V' (p,||o,,), and hence cannot directly use second-order asymptotics to

bound the AEP convergence in this application.

2.6 Symmetries and Permutation Invariance

We say that a state p,, € D (H®") is permutation invariant, if for any permutation of n systems 7 € &(n)
and associated unitary operator Py () it holds that Py (7)p, Py (7)! = p,. We say that a channel &, €
CPTP(A™ — B") is permutation covariant if £,(Pa(7)pn,Pa(m)") = Pp(7)&En(pn)Pp(m)! for all input
states p, € D (A"™) and all permutations 7 € &,,. We say that a set of channels S,, C CPTP(A" — B") is
closed under permutations, if for any &,, € S, and any permutation 7 € &,,, also the channel with permuted
input and output systems p — Pg(m)Ey, (Pa(m)pPa(m)T) Pp(m)! is an element of S,

The simplest examples of permutation invariant states are just tensor power states, although the set of
permutation invariant states is significantly bigger than that. Similarly, the simplest examples of permutation
covariant channels are channels which are tensor powers, i.e. £, = £®", although again the set of permutation
covariant channels is significantly bigger than that. The main reason for permutation invariance being
important in this thesis is the following Lemma, which establishes that if a sequence of channels is permutation
covariant (e.g. because it is an i.i.d. string of channels), then also the optimizing input state will be permutation

invariant.

Lemma 2.6.1. Let &, F,, € CPTP(A™ — B"™) both be permutation covariant and let D be D or Dys. Then,

sup  D(&(v)[|Fn(v)) = max — D(E V)| Fn(v)) (2.6.1)
veD(RoA®™) veD(RE"@A®")
R arbitrary R=A

v permut. invariant

i.e. the supremum is achieved for a permutation invariant state vgn aon = V(g a)» Where R is isomorphic to A.

Note that we mean permutation invariant with respect to permutations permuting the n copies of (RA).

Proof. This can be seen as a special case of Leditzky et al. (2018), Proposition 1.4, although for this special case
we provide a slightly simpler proof. We use the above introduced notation for permutations and associated
unitary operators, for T € &,, the action of e.g. P4(m) will only permute the n copies of the system A and
ignore any additional (reference) systems. Let v = vg 4n € D (Ro ® A®") be an arbitrary state, where Ry
is an arbitrary reference system, and let 7 € &,,. Then by unitary invariance of D (which follows from the

data-processing inequality):

D (&, (v)||Fa(v)) = D(Pp(m)En(v) Pp(m)!|| Pp(m) Fo(v) Pp(r)T) (2.6.2)
- D(Sn (PA(W)VPA(W)T) H Fon (PA(W)VPA(W)T)) . (2.6.3)
Define )
WPRoAn = > m)r| @ Pa(m)vmean Pa(m)', (2.6.4)
' reG,
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where the first register is classical and stores the permutation 7. By the direct sum property we have

D (& (0)|1Fan(v ,Z D (& (PamwPa(m)) | Fu(Patmvpam)))  @63)
=D(&n (WPROA”) [ Fn(wpryan)) - (2.6.6)

Let wspryan be a purification of wppr,a~. Note that

Wan = % Z PA(m)van Pa(m)T (2.6.7)
LSSy
is permutation invariant, and hence by Christandl et al. (2007), Lemma IL5, there exists a system K isomorphic
to A, and a permutation invariant purification w(g 4)» € D (K ®" @ A®") where the permutations act on
w(k 4)» by permuting the copies of (K A). Now the two purifications w(x 4)» and wsppg,an Will be related by
a partial isometry V' : K™ — S PRy which commutes with &, and F,, (since they only act on A™). Hence,

A

D(&n(wprpar)||Fn(wprear)) < D(En(wsproan) || Fn(wspryan)) (2.6.8)
= D(En(wikay) I Fn(wiray)) (2.6.9)

by the data processing inequality and isometric invariance. The fact that the supremum is also achieved

follows from the same argument as in Lemma 2.2.5. O

The significance of these restrictions to permutation covariant channels and permutation invariant input
states comes from the fact that both terms &, (vy,) and F,, (vy,) will then be permutation invariant, and this

allows us to use:

Lemma 2.6.2 (Berta, Brandao, and Hirche 2021, Lem. 2.4). Let p,, 0, € D (H®") with o, permutation

invariant. Then,
D(pn|lon) —logpoly(n) < Dar(pnllon) < D(pnllon) , (2.6.10)

Additionally, we have the following lemma (essentially a variant of Berta, Brandao, and Hirche (2021),
Lemma 2.5) which allows us to remove a convex hull in the infimum over the first argument, if the states
also all lie in a sufficiently small linear subspace. This is for example the case if all states are permutation
invariant, as the subspace of permutation invariant density matrices in D (%®") lies in a linear subspace of
B (#®™) whith dimension upper bounded by (n + 1)(dim#)?,

Lemma 2.6.3. Let 0 € D (H), and let S C W ND (H) be a set of density matrices, where W is a linear
subspace of B (H). Then,

1g{S)D(pHJ) > 1nf D(pllo) — log(dimW + 1), (2.6.11)
pE

where C(S) is the convex hull of S.
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Proof. By Caratheodory’s theorem, we can write any element p € C(S) as Y ;- ; p;p;, where p; is a probability
distribution, p; € S and n = dim W + 1. We can assume p; < o for all i, as otherwise D(p|lc) = oo and
there is nothing to show. For € > 0 fixed, let p; :== p; + €ll,, where 11, is the projection onto the support of
o. Then,

(szm )z <Zmpi> log ijp] — log(0) (2.6.12)

=Tr szpz log Zp;p; — log(0) (2.6.13)
> Tr| > pipi(log(pipi) — IOg(U))] (2.6.14)
= sz‘ Tr[p;i(log p; — log o + log p;)] (2.6.15)
=Y piD(pillo) = H(p) =Y _piD(pillo) —log(n), (2.6.16)

where for the first inequality we used the operator monotonicity of the logarithm and that > | ;PiPj = Dipi
for every i. Now, by the already mentioned continuity of D in the first variable (when restricted to density

matrices on the support of ), we can take the limit ¢ — 0 on both sides to get
D(3110) = Y- piD(pilr) ~ log(n) > inf Dipl) — log(n). (2617)

d

2.7 Semi-definite Programs (SDPs)

This section aims to very briefly introduce the fundamental aspects of semi-definite programs used in this
thesis. For a more exhaustive treatment of semi-definite programs (in general and in quantum information
theory), see e.g. Watrous (2018), Vandenberghe and Boyd (1996), De Klerk (2002), and Anjos and Lasserre (2012).
Throughout this section we write the Hilbert-Schmidt inner product using (-, ), i.e, (4, B) := Tr(A'B).
A semi-definite program (SDP) is a convex optimization program, where one optimizes a linear objective

function over an affine subspace of the convex cone of positive semi-definite matrices.

Definition 2.7.1 (Primal SDP). For K =Ror C,C € B(K") and A, € B(K"), by, € Kfork =1,...,m, we

call an optimization problem of the form
minimize (C, X)
X e B(K")
subject to  (Ax, X)=br Vk=1,...m
X>0

(2.7.1)
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a semi-definite program (SDP) in primal standard form in dimension n with m constraints.
Note that it is pure convention to write the primal optimization problem as a minimization, one can replace

C — —C to turn the minimization into a maximization.

We say that the SDP is feasible, if there exists an X that satisfies the constraints of the problem. We also
write S C Z(K™) for the set of feasible X.

Duality

To a primal SDP as in (2.7.1) one can associate a dual optimization problem

maximize bryk
S eB(K"),y €K™ ; g
“ 2.7.2
subject to Z ypAr + 5 =C, ( )
k=1
S>0

It is known as weak duality that the optimal value of the dual problem is always at most as large as the
optimal value of the primal problem. Under some additional conditions also strong duality holds, which states
that the optimum value of the primal and dual problem are equal. One such condition under which strong
duality holds (known as Slater’s Condition) is that there exists a strictly feasible solution for one of the two
problems, i.e. an X > 0 that satisfies the constraints of the primal problem, or an S > 0 that satisfies the

constraints of the dual problem.

Complex and Real SDPs

In this thesis we will want to treat complex SDPs, while the SDPs in the computer science literature are

usually considered to be real. Fortunately, there is a fairly straightforward way to map between them:

Lemma 2.7.2 (J. Wang 2024). A primal complex SDP in dimension n with m constraints is equivalent to a

primal real SDP in dimension n. = 2n with m = 2m constraints.

Theoretical Complexity

SDPs are generally considered efficiently solvable, given that one can ensure that a feasible solution exists.
The following lemma states some rigorous results regarding the complexity of solving SDPs. Note that (being
a result from theoretical computer science) the following lemma assumes the bit-model of computation, and
hence that all coefficients in the problem can be represented as integers. If one starts with an SDP where C,

A}, and by, are specified by rational numbers, one can rescale to obtain such an integer SDP.

Lemma 2.7.3 (see e.g. De Klerk (2002), Section 1.9 and references therein, or also e.g. Jiang et al. (2020) for
more recent developments and algorithms). Consider a real SDP in primal standard form (2.7.1) in dimension

n with m constraints, where C and the Ay and by, contain only integers. Given an R > 0 and the knowledge
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that either the problem is infeasible, or there exists a feasible X such that | X ||, < R, then for every (rational)
e > 0 there exists an algorithm with runtime polynomial in n, m,log(R),log(1/¢), and the bit-length of the
input, that either:

« Returns a guarantee that the feasible set S does not contain a ball of radius € (in ||-|| )

« Returns an X that is at most € away from the feasible set S (in ||-|| . ), and that satisfies |(C, X) — p*| < ¢,

where p* is the optimal value of the problem.

When dealing with SDPs in this thesis, we will generally disregard the aspects of representing numbers
through bits and issues of numerical accuracy, with the essence of Lemma 2.7.3 then being that given some rep-
resentation of an SDP on a computer, there exists an algorithm with at most O(poly(n, m, log(R),log(1/¢)))
fundamental steps (i.e. addition/multiplication etc.) that approximates a solution up to € (or certifies that no

such solution exists).
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In Section 2.4 we introduced simply binary quantum hypothesis testing, where the task was to distinguish
two different quantum states (i.e. density matrices). The task of binary quantum channel discrimination is
similar, but now instead of being given a density matrix, we are given quantum channels, so the task is the
following: Given an unknown quantum channel as a black box and the side information that it is one of two
possible channels, determine the channel’s identity (Chiribella, D’Ariano, and Perinotti 2008, Duan, Feng,
and Ying 2009, Hayashi 2009, Harrow et al. 2010). The additional complexity here comes from the fact that,
on top of finding the best measurement to perform on the output of the channel, we also have to figure out
which quantum states to send as input to the channel.

Even more so, when we are given access to more than one copy of the channel (say we are given n identical
black boxes, each of which can be used once), then there are different strategies (sometimes also called
protocols, we will use these two terms interchangeably) in which we could set up our decision experiment —
the so-called parallel and adaptive strategies. In a parallel strategy one prepares a joint state, usually entangled
between the input systems of all the n copies of the channel and an additional reference (or memory) system.
This state is then fed as input to all the n channels at once (with the state of the reference system being left
undisturbed). In an adaptive strategy, on the other hand, one prepares a state of the input system of a single
copy of the channel (again usually entangled with a reference system) which is fed into the first copy of
the channel, with the state of the reference system being left undisturbed. The input to the next use of the
channel is then chosen depending on the output of the first channel and the state of our reference system.
This is done, most generally, by subjecting the latter to an arbitrary quantum operation (or channel), which
we call a preparation operation. This step is repeated for each successive use of the channel until all the n
black boxes have been used. See Figure 3.2 for a depiction of an adaptive strategy. Adaptive strategies are also
sometimes called sequential, which however should not be confused with the setting of sequential hypothesis
testing (Martinez Vargas et al. 2021, Y. Li, Tan, and Tomamichel 2022, Y. Li, Hirche, and Tomamichel 2022),
where samples (i.e., states or channels) can be requested one by one.

One particularly interesting question is whether and to what degree adaptive strategies give an advantage
over parallel ones. Note that any parallel strategy can be written as an adaptive strategy by taking all but one
channel input as part of the reference system, and then choosing each preparation operation such that it
extracts the next part of the joint input state for the next channel use and replaces it by the output of the
previous channel use. However, the converse is not true, and so adaptive strategies are more general. Parallel
strategies are conceptually a lot simpler than adaptive ones — aside from the measurement, everything is
specified just by the joint input state — in contrast to adaptive strategies, in which after each channel use we
can perform an arbitrary quantum operation to prepare the input to the next use of the channel. It is thus

interesting to determine to what degree parallel strategies can still be optimal. It is known that in certain cases
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adaptive strategies can give an advantage over parallel ones. In Harrow et al. (2010) the authors constructed
an example in which an adaptive strategy with only two channel uses could be used to discriminate the
channels with certainty, which is not possible with a parallel strategy, even if arbitrarily many channel uses
are allowed.

Interestingly, asymptotically, there are multiple known cases in which adaptive strategies give no advantage
over parallel ones, i.e., the optimal exponential decay rate of the error probability per channel use is the same
in the asymptotic limit. For example, this is the case both in the symmetric and asymmetric settings when
the channels are classical (Hayashi 2009) or classical-quantum (Wilde et al. 2020, Salek, Hayashi, and Winter
2022). For arbitrary quantum channels, the recently shown chain rule for the quantum relative entropy (Fang
et al. 2020) and the characterization of asymmetric channel discrimination in terms of amortized relative
entropy (Wilde et al. 2020, X. Wang and Wilde 2019b), also imply that in the asymmetric setting, in the
asymptotic limit where we require the type I error to vanish, adaptive strategies give no advantage over
parallel ones (i.e., the optimal asymptotic exponential decay rate of the type II error per channel use is the
same for parallel and adaptive strategies; see Section 3.1.1 below for more details). This is in contrast to the
symmetric setting in which the example of Salek, Hayashi, and Winter (2022) shows that there can be an
advantage of adaptive strategies, also in the asymptotic limit.

In our main result of this section, we move from these purely asymptotic results to statements comparing
adaptive and parallel strategies for finite n. Our main result (Corollary 3.3.1 and Theorem 3.3.4), relates the
type I and type II errors of an arbitrary adaptive strategy with those of a suitably chosen parallel strategy.
Specifically, given an adaptive strategy with n channel uses, we construct a parallel strategy with m channel
uses (where m can be chosen at will), such that for arbitrary fixed type I errors of the two strategies, we find
an explicit bound on the difference between their type II error decay rates. This difference goes to zero in a
suitably chosen asymptotic limit m,n — oo if also the type I error vanishes, hence also implying the known
asymptotic equivalence in the asymmetric case. Our result answers the following interesting question which
is of practical relevance: Given an adaptive strategy involving n uses of the channel, if one instead employs a
parallel strategy with m channel uses, how much worse are the errors going to be?

Note that the asymptotic results obtained in Wilde et al. (2020) and X. Wang and Wilde (2019b) do not
purely come from finite-length considerations, and hence results analogous to ours are not directly obtainable
from these references.

Our main result becomes particularly interesting considering that we additionally show that one can
optimize over all parallel strategies in time polynomial in the number of channel uses (Theorem 3.2.1),
whereas optimizing over all adaptive strategies seems to require exponential time. Hence, we can also use our
theorem to give a bound related to the following practically relevant question: Given that one computed the
optimal parallel strategy involving m uses of the channel, how much better could the errors of the best adaptive

strategy with n channel uses possibly be?
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3.1 Parallel and Adaptive Strategies

In this section we will more formally introduce channel discrimination and the two different kinds of strategies
we consider. Note that for any chosen channel discrimination strategy, at the end, once all black-box channels
have been used, one will be left with some kind of quantum state which will (hopefully) depend on the identity
of the black-box, and so the problem then reduces to the state-discrimination problem of discriminating these
two possible quantum states. As discussed in Section 2.4, for this problem one will then perform a binary
POVM measurement that optimizes errors in a certain way. As already mentioned, we will be exclusively
focusing on the asymmetric setting in this thesis, and so the quantity of interest will be the hypothesis testing
relative entropy (as defined in (2.4.10)), which includes the optimization over this POVM measurement. In
particular, we will usually be interested in the hypothesis testing relative entropy divided by the number of
channel uses n, as this is the analogue of the previously used division by the number of received samples,
and it behaves appropriately as n becomes large. We will then specify in this section how different channel
discrimination strategies lead to different expressions involving this hypothesis testing relative entropy.
Throughout this section, we will assume that we have to discriminate between the hypotheses, where
we are given n copies of an unknown channel that is either £ or F, where £, F : A — B are two quantum

channels, and so we can specify the hypotheses as

Hy : we are given £ | 3.1.1
g

H; : we are given F®" (3.1.2)

Parallel Strategies

As stated in the introductory section, the simple and naive approach to quantum channel discrimination is to
use a parallel discrimination strategy, where the input state to all the channels is fixed at the beginning and
does not (adaptively) depend on channel outputs. A parallel strategy is depicted in Figure 3.1, and it is specified
by a joint input state vgan € D (RA™). On the output side, we are then left with the state %™ (vgan) or
FE"(vpan) (remember our convention to not write out identity channels on reference systems as explained
in Section 2.1.2). The corresponding asymmetric error exponent per channel use (which as stated above

includes the state-discrimination part of the problem), is then given by
1
;D%(g(g}n(VRA") | FE™(vran)) (3.1.3)

and thus the optimal achievable asymmetric error exponent (per channel use) with a parallel strategy is given
by:

1 1
cp(me . F) = DRETIFN = s DE0)IF W), (3.1.9)
ve m

53



3 Simple Binary Quantum Channel Discrimination

E|F

E|F

VAnR E\F M

Figure 3.1: Illustration of a general parallel strategy with n uses of the black-box channel, and a joint binary
POVM measurement { M, 1 — M} at the end.

Adaptive Strategies

The most general possible channel discrimination strategy (that uses the channels in a causal order, see
Section 3.4.3 for a discussion on possibly more general strategies) will choose input states based on the
outputs of previous channel uses. This is called an adaptive strategy (Cooney, Mosonyi, and Wilde 2016). A
general adaptive channel discrimination strategy with n uses of the black-box channel (£ or F), can be fully
specified by an initial state p; = 01 € D (RA), aset of n — 1 CPTP maps A; : RB — RA, that transform the
state before it is fed into the next black-box channel, and a final binary POVM {M, 1 — M} on RB. We will

assume the size of reference system R to be fixed and identical throughout the protocol (this is without loss

E|\F E|F E|F E|F
Ao As Ay, M

Figure 3.2: lllustration of a general adaptive protocol with n uses of the black-box channel. The top row
makes use of the given black-box &|F, which is either £ or F, while the bottom row depicts the
memory system R. At various stages in the protocol, the green states p occur if the channel is £
and the purple states o occur if the channel is F.
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of generality). The protocol consists of alternating applications of the black-box channel and the preparation
CPTP maps A; (see Figure 3.2). We define for i € {2,...,n}:

pi = Ai(g(pifl)), o; = Ai(}-(difl)), (3.1.5)

and so the final state before the action of the POVM will be £(py, ) if the channel is £ and F(o,,) if the channel
is F. The distinguishability of the channels then comes down to the distinguishability of the two states £(p,,)
and F(0,,), and so the asymmetric error exponent per channel use will be given by 1 D5, (E(py)[|F (07)).

We write the optimal adaptive type II error rate for a given finite number of channel uses n as

1
ealn,e, &, F) = sup —D%H(E(pn)||F(on)) (3.1.6)
p1eD(RA) N
{A;:RB—RA}_,

s 05 ( | O 080 (El00) H OFen)|Fm)  61)
pr€D(RA) T i=2 i=2
{A;:RB—RA}Y,

where the supremum is over every initial input state p; = o1 and all subsequent input preparation CPTP
maps {A;}!" ,, and the ()j_, in the last line denotes successive function (left-)composition. It was shown in

Katariya and Wilde (2021), Prop. 3, that this is computable as a semi-definite program.

Adaptive Strategies include Parallel Strategies

Every parallel strategy is also an adaptive strategy. This can be seen as follows: For a given parallel strategy,
specified by an input state v an, define the system R’ as R’ & RA" ! B" which will be the reference system
of the adaptive strategy we construct, and let w4 and wp be two arbitrary constant states on A and B (these
will be placeholders for parts of the reference system that are not yet, or no longer used, since we assumed the
size of the reference system to stay constant throughout the protocol). We write A™ = A} for all n copies of
the A system, and AY for the (n — 1) copies without the first one. We then identify vpan = v AP = VRAZ A,
and pick the starting state of our adaptive strategy as p1 = 01 = Vr/Ap 4, ® W which is a state on D (R'A).
After the application of the first black box, we will then have a state on D (RA"_IBB”), and we will
choose the preparation operation Az to do the following: First, discard one the B systems (they all hold the
placeholder state wp), and add one A system in the placeholder state w 4, finally pick one of the A systems
that is left from the original state v and put this into the input register for the next channel, and put everything
else (which will have system signature RA™ ! B™) into the reference slot. This can then be repeated n-times,
where we always keep all the B systems that are channel outputs, and only discard those systems that still
hold the placeholder state. It is easy to see that this procedure leads to the state A®"(vgan) ® wfl_l, at
the end, where A is either £ or F, and discriminating this is obviously equivalent to just discriminating
A®"(vgan ), which is the output of the parallel strategy. Thus, every parallel strategy can be written as an
adaptive strategy, however the converse is not true, as the example from Harrow et al. (2010) shows that

there are things one can do with an adaptive strategy that are not possible with a parallel one.
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3.1.1 Asymptotic Equality in the Asymmetric Setting

For general adaptive strategies, it has been shown in Wilde et al. (2020) and X. Wang and Wilde (2019b) that
asymptotically, when the number of channel uses goes to infinity, the best exponential decay rate of the
type II error (per channel use) such that the type I error still goes to zero is given by the amortized Umegaki

channel divergence, i.e.

L o 1. _pA
lim lim ea(n,e, €, F) = ;grg)gggopf&g}i — D (E(pa) | F(on)) = DUENIF) (3.1.8)
where
DAE|IF) = sup  [D(E(p)|F(0)) = D(pllo)]. (3.1.9)
p,0€ED(RRA)

Note that the dimension of the reference system R in this last supremum can be arbitrarily large.
The chain rule from Fang et al. (2020) states that this amortized divergence is in fact equal to the regularized

channel divergence, i.e.

DAE|F) = D5(E||F) = lim ~  sup  DEW)|FEW)), (3.1.10)

N0 N e D(RONQA®™T)
the latter of which can be achieved by parallel protocols, as a consequence of X. Wang and Wilde (2019b),
Theorem 3. Note that the reference system R in the latter optimization can be chosen isomorphic to A.
Hence, asymptotically (and in the regime in which the type I error goes to zero) adaptive strategies offer no
advantage over parallel ones. In Section 3.3 we provide a finite n version of this statement, by giving explicit
bounds on how much the error probabilities of adaptive and parallel strategies can differ for a finite number

of channel uses.

3.2 Computing n-Shot Error Exponents

Before we show in the next section how the n-shot error exponents of adaptive and parallel strategies
are related, let us study how and to what degree one can actually compute these n-shot error exponents.
As already mentioned, both the adaptive and parallel error rates ep and e4 can be phrased in terms of a
semi-definite program (X. Wang and Wilde 2019b, Katariya and Wilde 2021), although the size of this program
grows with the dimension of the Hilbert space of the joint channels £9™ and F®™ and is thus exponential
in n. In this section we show that for the parallel error rate e p one can use the permutation invariance of
the problem to actually reduce the size of the SDP to something polynomial in n, and thus also calculate
the asymptotic error exponent (and the optimal parallel strategy) in time O(poly(n)). This procedure does
not work for the adaptive error rate e 4, as the flow of causality breaks the permutation invariance of this
problem (applying permutations to adaptive strategies can lead to non-physical strategies where outputs
of later channel uses are used as inputs for previous channel uses), and so we are not aware of any way to

calculate the adaptive error rate e 4 in time O(poly(n)). Our main result is the following:
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Theorem 3.2.1. Let £, F : A — B be two quantum channels such that Diax(E||F) < co. Then, for a fixed
e € [0, 1), the quantity

sup D5 (E%" () || FZ"(v)) (3.2.1)

1
ep(n,e, &, F) = —D5 (EX™|| F®™) =
n GD(R®"®A®")

SRS

can be computed up to an additive error § > 0 in time O(poly(n)log (%)) asn — oo and § — 0.

Throughout this section, the system R is understood to be isomorphic to A. The starting point of our proof

is the following Lemma:

Lemma 3.2.2 (X. Wang and Wilde 2019b, Prop. 2). The quantity 2~ Pn (ESMIFE") can be expressed as the
following semi-definite program over operators Qpnpn € B (H3" @ HE") and prn € B (HE")
o . . ®n
minimize (QRanFRan)
Qpnpn, pRr

subject to Tr(Qpupn e ) > 1 -, (3.2.2)

0 < Qpnpn < prn @ Ipn,
Tr(pRn) = 1,

where I'G,  is the Choi matrix of € and it is easy to see that I“gﬁ%n = (I'%5)®".

The operators Q2rnpn and pgn in this SDP have a number of parameters exponential in n, but we will
show that we can use the permutation symmetry of this problem to rephrase it as an SDP polynomial in n.
Throughout this section we use H to denote a general Hilbert space, which we will then choose to be either
Hr, Hp, or Hr ® Hp in different situations. We will denote any objects that depend on the chosen Hilbert
space with a subscript or superscript H (such as Py in the following paragraph), where we then replace the
subscript or superscript with R, B, or RB whenever we choose a specific Hilbert space; e.g., we write Pg,

Pp, or Prp. The next few subsections establish all the necessary properties for the proof of Theorem 3.2.1.

3.2.1 Permutation Invariant Operators

Remember our notation for permutations and permutation invariant objects: For any permutation 7 € &,
(where &,, is the symmetric group) we write Py (7) for the permutation matrix corresponding to the action
of m on H®" by permuting the n copies of H. It is then easy to see that these permutation matrices are

unitary and Py ()" = Py (7~ 1). For any operator X € B (H®") we also write the group average as

)X Py ( ) (3.2.3)

7'('66”

and the subspace of all permutation invariant operators as

End®" (H¥") == {A € B(H®") | Pu(n)APy(r)! = A, V1 € &,,} . (3.2.4)
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Such subspaces of permutation invariant operators will be useful, since it is not hard to see that the

optimizers in Lemma 3.2.2 can always be chosen from within them:

Lemma 3.2.3. The minimum in the SDP of Lemma 3.2.2 can be restricted to permutation invariant operators
Qpapn € End®" ((RB)™), pre € End®"(R™).

Proof. Let (Qrnpn, prn) be feasible for the optimization problem; i.e., they satisfy the constraints of (3.2.2).

Let 7 € G,, be any permutation; then
Tx (Pa(m) prn Pr(m)t) = Te(ppn) (3.25)
since the Pg(7) are unitary, and thus also Tr(pgn) = Tr(pgn). Similarly, we get
0 < Prp(m) Qrnpn Prp(m)! < Pr(n)pra Pr(m)T @ 1pn (3.2.6)
since positivity is preserved under unitary conjugation, and we also used
Prp(m) = (1gn ® Pp(m))(Pr(7) ® 1pn) (3.2.7)
which is immediate from the definition. This again implies that
0< Qpupn < Ppre @ Lpn. (3.2.8)

By the cyclicity of the trace, and the fact that the Choi matrix of £%™ is the tensor product of the Choi matrix
of € (i.e. I’fﬁ;n = (F%B)‘g”), we also see that

TI'(QRanF%%an> = TI'(QRanF%%an) 5 (3.2.9)
Tr(QRanrﬁfgn) = Tr(QRanrﬁfgn) . (3.2.10)

Hence, also (2gnpn, prn ) are feasible for the optimization problem (i.e., they satisfy the constraints) and also
achieve the exact same value as ((gp)», prn) does. The group averages are elements of End®((RB)") and
End®~ (R™) respectively, and hence we can restrict the optimization in (3.2.2) to such permutation invariant

operators. O

While the dimension of the subspace of these permutation invariant operators is polynomial in n, this
does not yet show computability in poly(n) time using standard SDP solvers, as the problem is not phrased
using matrices of size poly(n). In order to rephrase our problem in this way we follow the approach of
O. Fawzi, Shayeghi, and Ta (2022), where a similar statement has been shown for the sharp Rényi divergence
D¥ (E®™||FE™). The key idea is to construct a suitable basis of the permutation invariant subspaces and

then rephrase the SDP as one in which we minimize over (now only O(poly(n)) many) basis coefficients.
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Basis of Permutation Invariant Operator Subspace

As explained in O. Fawzi, Shayeghi, and Ta (2022), page 7352 (see also de Klerk, Pasechnik, and Schrijver
(2007) and Anjos and Lasserre (2012)), one can construct such an orthogonal basis C, r € {1,...,my}
of End®n» (H®™) (where orthogonality is with respect to the Hilbert-Schmidt inner product, and my =
dim End®" (H®")) as follows: Let {|z>}§lj1 be an orthonormal basis of ‘H. Then, for any multi-index i €
{1,...,dy}" define the associated vector |i) = @) _; |ix) on the tensor-product system H®", and it is
immediate that the set of all these vectors forms an orthonormal basis of H®". For any pair of such multi-
indices (i, j) - this pair should be thought of as indexing a matrix element of an operator on H®" — we write

the group orbit of these indices under the action of G,, as

O,j) ={(r(i),7(§)) | 7€ &, }, (3.2.11)
where 7(i) permutes the components of i, i.e., w(i)r = i1z for k € {1,...,n}. There are exactly my, =
dim End®" (H®") such group orbits, which we will label as O, » € {1,...,my}, and a representative

element of each such orbit (i.e., a pair (i,j) € O7) can be efficiently computed given r, as shown in O.
Fawzi, Shayeghi, and Ta (2022), page 7352. This corresponds to the intuition that for A € End®" (H®") we
require Ajj = Ar(j)r(j) for any m € G,,; hence the matrix elements of A have to be constant on each group
orbit, and so the number of group orbits is equal to the dimension of End®" (H®"). The basis elements

CH € End®" (H®") are now defined by specifying their matrix elements as

1 if(i,j) € O¥
(C)s5 = (1) € Or r=1,...,my. (3.2.12)
0 otherwise.

It follows immediately from the definition that the C* are orthogonal, and since we have m4 = dim End® (H®")
of them, they form a basis.

As explained in O. Fawzi, Shayeghi, and Ta (2022), page 7353, for any matrix A®™ € End®» (H®"), its
coefficients with respect to the basis C?* can be computed straightforwardly from a description of A by picking
a representative of each orbit, and these coefficients are hence computable in O(poly(n)) time. Specifically,
one can show that for any r and any pair of indices in the group orbit (i,j) € O, the corresponding basis

coefficient is given by

n
k=1
Le., we get
my
A®m ="y Cf (3.2.14)
r=1

This can be applied to the Choi matrix F%%%n = (T'%)®", and hence we write

MRB

(Thp)®" = > _AECHP (3.2.15)
r=1
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and similarly when £ is replaced by F.

Algebra Isomorphism

While the previously introduced basis allows for an efficient parametrization of the elements of the permutation
invariant operator subspace, we need to also ensure that we can efficiently treat the positivity condition
in the SDP. This can be done via the following algebra isomorphisms: For any finite-dimensional Hilbert
space H, there exists a *-algebra isomorphism from End®» (H®") to block-diagonal matrices (Gijswijt 2005,
Theorem 1)

Iy
¢3¢ - End®n (HO") — @ Crmixm (3.2.16)
i=1
where
ty < (n+4 1), (3.2.17)
dy = dim(H), (3.2.18)
iy
3" m? = dim(EndS" (H®")) < (n+ 1)%. (3.2.19)
=1

Introducing the notation My = 3 _:%, m;, for any A € End®" (H®") we have that ¢3,(A) € CMuXMx,
and we write [¢3(A)]; for the i-th block of ¢4 (A). Crucially, by O. Fawzi, Shayeghi, and Ta (2022), Lemma
3.3, Polak (2019), Prop. 2.4.4,

A>20 on(A) 20 [on(A)]; 20Vie {1,...,ty}. (3.2.20)

From Gijswijt (2005), Theorem 1 it also follows that ¢4, preserves orthogonality (i.e., if Tr (ATB) = 0 then
also Tr(ng(A)Tqu(B)) = 0) and that ¢y is unital (i.e. oy (Lyen) = Lag,,).
Efficient Calculation of Coefficients

After expanding our states in the above basis of the permutation invariant subspace and using the above
introduced algebra isomorphism, our SDP will contain some coefficients including these two objects. Here

we show that all of these coefficients can be computed efficiently.

Lemma 3.2.4 (O. Fawzi, Shayeghi, and Ta (2022), pages 7352-7353, see also Litjens, Polak, and Schrijver
(2017)). Foreveryr € {1,....,myu}, andi € {1, ...ty }, [¢(CI*)]; can be computed in time O(poly(n)), and
hence also ¢ (CIt) can be computed in time O(poly(n)).

We will require a slight extension of this result, that also applies to a joint isomorphism ¢rp only being

applied to a basis element CT, of a subsystem:

Corollary 3.2.5. Foreveryr € {1,....,mg}, pre(CE @ 1gn) can be computed in time O(poly(n)).
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Proof. As 1pn = 15", the coefficients of 1z~ with respect to the {CZ} basis can be computed efficiently
just as for the Choi matrices above. Additionally, from the construction of the C’Z{, there is an obvious
one-to-one mapping C* ® C’T{B = C’ﬁ,B for some " for every pair of (r,7”), and the result then follows from
Lemma 3.2.4. O

Lemma 3.2.6. For everyr € {1,...,my}, Tr(Ct) can be computed in time O(poly(n)).

Proof. As explained above, for every r € {1, ..., m4,} one can efficiently find a representative (i, j) of the orbit
OX. Given the definition of C*, its trace is then given by counting the number of different k& € {1,...,n}
where i = ji. O

Lemma 3.2.7. Foreveryr € {1,...,my}, Tr((C}*)TCH) can be computed in time O(poly(n)).

Proof. From the construction of the C/'%, it is immediate that the norm Tr((C/*)TC*) is given by the size
of the group orbit, which is equal to the number of distinct permutations of an element (i, j) in the orbit.
Concretely, if £ € {1,...,d3,} indexes all pairs of single-system indices (i, ), ¢, j € {1,...,dy}, then given
(i,j) € O, let K; denote the number of occurrences of £ = (4, j) in the multi-index (i, j), i.e., the number of

different k values (k € {1,...,n}) for which iy, = i, jy = j. The size of the group orbit is then given by

n
Tr((Cﬂ*)TC;*‘) = |0} = (3.2.21)
K]_, ey Kd2
H
and this multinomial coeflicient can be calculated in time O (d?H); see, e.g., Araujo, Sansio, and Vale-Cardoso
(2021). O

3.2.2 Additive and Multiplicative Error

The SDP in Lemma 3.2.2 does not actually calculate D5, (£%"|| F®") directly, but only 2~ Dy E"IF™) and
so standard SDP error bounds (i.e. Lemma 2.7.3) directly apply only to this latter quantity. Here, we show
that due to the scaling of D5, (E£®™||F®™) with n, one can recover a similar error scaling also for this quantity
(we will show in the proof of Theorem 3.2.1 below explicitly that D5, (E£®"™||F®™) satisfies the conditions of

this Lemma):

Lemma 3.2.8.
Let Ry, be the solution of an SDP that can be computed up to additive error § in time O(poly(n)log(1/9)). Then, if
—log(Ry) = O(poly(n)), also — log(R;,) can be calculated up to additive error d in time O(poly(n) log(1/9)).

Proof. By assumption, we can compute R,, up to additive error ¢’ in time O(poly(n)log(1/4’)). Now, for
any given § > 0, let us pick the error we want to allow in the solution of R,, as 8 := (2% — 1)R,,. This error

then propagates to — log(R,,) via

—log(Ry +6') = —log (Rn25) — —log(Rn) — 6 (3.2.22)
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and hence this leads to an additive error of § for the problem of calculating — log(R,,)." It is easy to see
that log(2° — 1) = log() + O(1) as § — 0, which implies log(1/§') = —log(R,) — log(2° — 1) =
O(poly(n)) + O(log(1/6)) = O(nlog(1/0)) and hence — log(R,,) can be calculated up to an error ¢ in time
O(poly(n) log(1/&')) = O(poly(n) log(1/5)).

O

3.2.3 Proof of Theorem 3.2.1 (Poly-Time Computation of Optimal Parallel Strategy)

We now have all the required tools to complete the proof of Theorem 3.2.1.

Proof of Theorem 3.2.1. We start with Lemma 3.2.2, and its expression of 2~ #(EZMIFE") as an SDP. By
Lemma 3.2.3 this SDP will always have optimizers in the permutation invariant operator subspaces. Remember
that {Cﬂ}re{17.._7mﬂ} is a basis for End®" (H®"), and hence we can expand Qnpgn € End®"(R"B"™) and
pre € End®"(R™) as follows:

MRB

Qpnpn = Z y, CFB. (3.2.23)

r=1
MR

prn =Y %CF, (3.2.24)

r=1

where {y, € C}"P and {z, € C}, are the respective basis coefficients. Note that since the C, are not
necessarily Hermitian, the coefficients are not necessarily real. Since optimizing over elements of a vector
space is obviously equivalent to optimizing over their basis coefficients, we can rephrase our SDP from

Lemma 3.2.2 as follows:

MRB
minimize Z yr(v1)* Tr((CEB)TCRB
0 P S T i p ( )
subject to
MRB
£k RB\t ~RB
r\'Ir Tr Cr Cr >1- g,
rz:; o) <( : ) (3.2.25)
tr
> T (CF) =1,
r=1
MRB mRpR
0< Z yT[[QSRB(CﬁB)Hi < Z:ZT’[[(,ZSRB(C;{12 & ﬂB”)Hz Vi e {1, A ,tRB}
r=1 r=1

where we also used (3.2.20) and (3.2.15).
We will show that this is an SDP in poly(n) variables with poly(n) constraints by casting it into standard

form. To simplify notation we will write the Hilbert-Schmidt inner product using (-, ), i.e., (4, B) =

!The signs here are chosen as the errors appear in practice for our application: the SDP (3.2.2) is a minimization, so any numerical
approximation will be larger than the true value and the additive error hence positive, which then translates to a value smaller
than the true value for our original problem (3.2.1).
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Tr(ATB) and also write M = Mpgp (i.e., M = My as below (3.2.19) with H = Hr ® Hp). For s € C,
consider the following (2M + 1) X (2M + 1) block-diagonal matrix

MRB mp MRB
X = [Z yrdre(CEP)| @ | D 2wérp(Cl @ 1pn) = > yrdrp(CFP)| @ s (3.2.26)
r=1 r'=1 r=1

where s is a slack variable that turns the one inequality constraint into an equality constraint (see further
below). From here on, we write (- ) @ (-) @ (- ) to specify a block-diagonal matrix with block sizes equal to

the ones in (3.2.26). The constraint X > 0 now implies

MRB mp

0< > wlors(CFP)i <) zérs(CF @ 1pa)ls (3.2.27)
r=1 r=1
fori=1,...,trp. Additionally, since ¢ pp preserves orthogonality, we can recover the coefficients y, and

zyr from X by taking inner products with suitable operators. Specifically, with

Y, = ¢rp(CEBY®0®0, (3.2.28)
Y,
A (3.2.29)
(Y, Yr)
forr € {1,...,mgrp}, and with
Zy = ¢rp(CF @ 1pn) ® ¢prp(CH @ 1pn) 90, (3.2.30)
Z
A L — (3.2.31)
(Zy, Zy)
forr € {1,...,mp}, we have
yr = (¥, X), (3.2.32)
2 = (Z,, X). (3.2.33)

Hence we can rephrase the expressions in (3.2.25) as inner products with X. Specifically,

PR (T <mZ n<vf>*Tr(<cﬁB>*cﬁB),X> (3230
r=1 r=1

and one can do the same with £ replaced by F.
We want to transform our SDP into one where we optimize over X, and for that we need to impose the
necessary block-diagonal structure of X (including the block-diagonal substructure that comes from its parts

being images of ¢ ). For this, consider the following linear space

{ [0rB(Q)] @ [orB(p @ 15n) — drRB(V)] @ s | Q € End®"(R"B"), p € End®"(R"), s € C} (3.2.35)
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and define A to be a set of matrices that form a basis of the orthogonal complement of this linear space,
where we take the orthogonal complement within CEM+1)X2M+1) "It s then easy to see that Al <
dim(CEMHDXCM+1)) — (20 +1)% = O(poly(n)).

With S := (0 ® 0 & 1), we can then introduce the following SDP

MRB

min}énize < Z Y, () Tr((CﬁB)TC’ﬁB) , X>
r=1

subject to

< (nf 1@@,‘?)*%((053)@7{%3)) _ S,X> —1-e,
r=1

X € C2M+1)X(2M+1) (3.2.36)

X >0,

tr

<Z Z, Tr(cﬁ),X> =1,
r=1

(4,X)=0 VAedA

which is in standard form with O(poly(n)) many constraints and matrices of size O(poly(n)).

This new SDP is equivalent to (3.2.25), which can be seen as follows: From (3.2.26) and the calculations
thereafter it follows that for every feasible ({y, },-%%%, {2, }:% ) in (3.2.25) there is a corresponding feasible
X in (3.2.36) which achieves the same value. Conversely, every X that satisfies the constraints of (3.2.36) has
to lie in the subspace (3.2.35), and it is then immediate that it can be represented as in (3.2.26) for suitable y,
and z,. These .- and z, then also achieve the same value in (3.2.25) as X did in (3.2.36).

It now only remains to show that we can also efficiently calculate all that is required to parameterize this
SDP. For the Y, this follows from Lemma 3.2.4, and for the Z, from Corollary 3.2.5. Tr (Cﬁ) can be calculated
efficiently by Lemma 3.2.6, Tt ((C*P)TC/P)) by Lemma 3.2.7, and the 7¢ and +; by the discussion around
(3.2.15). Finally, since we can calculate ¢ (CFP) and ¢pp(CE ® 1pn), we can calculate a generating set
of the subspace (3.2.35), and a basis for its orthogonal complement .4 (which is an orthogonal complement
within a O(poly(n)) dimensional space) is then also computable in O(poly(n)) time.

As a last step, we would like to show that the problem is feasible for an X with bounded operator
norm. For the SDP in Lemma 3.2.2, it is easy to see that Qpnpgn = ﬁ]l rnpn and pgpn = ﬁ]l Rn, satisfy
Tr (Q Rn B’!LF%%an) = 1, and so the problem is feasible. Now, since ¢rp is unital, these choices of 2gnpn
and ppn translate to X = (ﬁﬂ) ® 0 @ ¢ (via the definition of X in (3.2.26)), which satisfies || X ||, < 1.

Assuming that we can disregard issues of numerical representation and accuracy, Lemma 2.7.3 then tells
us that we can calculate

R, = 9= D5 (E2™|| FEm) \ (3.2.37)

up to additive error ¢ in time O(poly(n)log(1/4)). To show that we can also accurately calculate D5, (%™ || F®™),
we apply Lemma 3.2.8, for which we have to show that —log(R,,) = O(n) as n — oo. This follows from
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Lemma 2.5.1, which states that for all v € (0,1 — ¢)

D5 (EF™|F®™) < DYL=77(E9™| F&™) + log<w> (3.2.38)
< Dinax(EC™|FE™) + log<4(€;2r7)> (3.2.39)
= nDnax(E||F) + 10g<4(€;2_7)) =0(n). (3.2.40)

Note that also the case ¢ = 0 (while not directly covered by Lemma 2.5.1) follows immediately by first using
that DY, (£]|F) < D5;(E||F) forall ¢’ € (0,1). O

3.3 Parallelizing an n-Shot Adaptive Strategy

After proving the computability of the n-shot parallel exponent in the previous section, our main result in
this section is a theorem which links the n-shot parallel and adaptive exponents. We will state this main
result in two forms, first in a simple manner that illustrates the main idea and structure of the result, and
secondly in a more detailed theorem that gives a tighter bound, and which states in detail what one can
choose as a parallel input state.

Remember that there is a trade-off in minimizing the type I and type II errors. In the context of a strategy,
for a given type I error o we will write the best achievable type II error as 3(«). We are especially interested
in the exponential decay rate of the type II error with the number of channel uses; i.e., if some strategy
involving n uses of the channel has type II error 3(t), we are interested in the quantity —< log(3(c)). Our

main result compares this error decay rate per channel use between adaptive and parallel strategies:

Corollary 3.3.1 (Main result, simple version). Let £, F : A — B be two quantum channels such that
Dax(E||F) < 0. Let there be given an adaptive discrimination strategy with n channel uses, and that — for
an arbitrary type I error o € [0, 1] — achieves type II error 3, (cv,), and thus type-II error rate = log(Ba(cta)).-
Then, for all o, € (0, 1] there exists a parallel strategy with m channel uses and type II error 3,(cv,) such that
for all a, € |0, 1] the type II error rates per channel use obey the following relation:

L iog(By(ap)) =~ 2 10g(Bula)) - fj%bg(fp) -2, (331)

That is, the type II error rate of the parallel strategy is essentially at least as good as the adaptive one modulo an

additional error term, which decays as m — oo. The constant C' is given by
C =Tlog (2D2(g”f) + 2) < 710g<2Dm‘“"‘(5H]:) + 2) . (3.3.2)

Remark 3.3.2. If we take the limit m — oo in (3.3.1), then n — o0, and finally o, — 0 and o, — 0, we
find that asymptotically there exist parallel strategies with better or at least equal type II error decay than
any adaptive one, and hence our result also implies the known result (Fang et al. 2020) that, asymptotically

(and with o — 0), adaptive strategies offer no advantage over parallel ones.
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Remark 3.3.3. It is known that for small n and m, and suitably chosen v, and «,, the type II error rates for
adaptive and parallel strategies can be arbitrarily far apart (see Section 3.3.3 below for an example). From the
asymptotic equivalence, we know that this difference has to vanish as n and m go to infinity, but the purely
asymptotic statement does not tell us how exactly this vanishes, and what the required relationship between
n and m is (in principle the required m to reach a similar rate as a given adaptive strategy with n channel
uses could grow arbitrarily fast with n). Corollary 3.3.1 now tells us that the difference of type II error rates
between an adaptive strategy and the corresponding parallel one will become arbitrarily small if m = w(n?)
(i.e., m has to grow faster than n?). Hence, given a sequence of adaptive strategies with n channel uses, we
can convert these into parallel strategies using at most quadratically (or a little bit more than quadratically)
as many channel uses each, and will achieve matching rates once n gets large enough. This quadratic
relationship is universal in the sense that it holds for all pairs of channels £, F with Dyax(E||F) < oo (where
only the prefactor depends on the value of Dy ax (|| F)).

Note again that we are not comparing type II errors in Corollary 3.3.1, but rather decay rates of the type II
error per channel use. When we say that the rates of a parallel strategy with m = w(n?) channel uses and an
adaptive strategy with n channel uses are roughly equal, the parallel strategy will have much smaller type II

error because it has many more channel uses.

The following is the more refined version of our result, with a tighter bound and a description of the

parallel input state:

Theorem 3.3.4 (Main result, technical version). Let £, F : A — B be quantum channels such that
Diax(E]|F) < oo. Given the original input state p1 € D (R, ® A) and the CPTP preparation maps {/\; :
R, ® B — Rq ® A}, of an arbitrary adaptive protocol with n channel uses, we write p;,0; € D (Rq ® A),
i € {1,...,n} for the states that are input into the channel during the adaptive protocol (p; if the channel is €,
and o; if the channel is F; see Section 3.1 and Figure 3.2 above for a more detailed explanation of this notation,

we also write R, to denote the fixed (and potentially arbitrary large) reference system associated to this adaptive

protocol). We define ¢ € {1,...,n} as the step in the protocol where the distinguishability increases the most,
ie.,
¢:= argmax [DEPIIF (1) = Dipillo)| (3:33)
e{l,...,n

Then, for all i, € (0,1], and m € N, there exists a state v € D (R®™ ® A®™) — where one has an amount of

choice in picking it’s reference system R, see below — such that for all o, € [0, 1]:

D (£ ) FEM (W) > 1 D (E )| F (o)) \/%[lg<> +K]

1 1 a h(ag)
— m[log(@p) —log< — Z)] - (3:3.9)

K = M COSh<1Og2(3)

where

3 ) <0.29 (3.3.5)
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and c; depends on the pair of channels €, F and can be bounded as follows:

/ 4 .
= f 3.
= a2 o EPOIF (1) + e orlo) (3:39)
8¢
< inf ¢, (& 3.3.7
— 10g(3) 'yér(l(),l] C’Y( ”‘F) ( )
< 5 p e ElF) (3.3.8)
= log(3) ve(01 ’ -
where
— L iog(27D144(0ll0) 4 9=7D1-(ll0)
ey (pllo) = 5 log (2 v +2 v + 1), (3.3.9)
& (ENF) = ilog(ﬁﬁw(‘gf) + 2) : (3.3.10)
Moreover, if
2
m > log<4) 4 , (3.3.11)
ap ) \ log(3)y/2In(2)

then we have the following tighter bound

1

D (e )| FE ) >

Dt (E(pu) | F (o))

) ae) )

where ¢, is defined in a similar way as ¢, but with different numerical constants K1 and Ko:

]
Ky = 2\/2 In(2) cosh(og2(3)> <2.72, (3.3.13)
Ky = 2y/2In(2) < 2.36, (3.3.14)
co= inf [Kicy, (E(pe)||[F(0)) + Kacy, (pelloe)] (3.3.15)
~1,72€(0,1]
< UKL+ Ky) inf &(E 33.16
< UKy + 2)7611(10,1}67( |F) ( )
< n(Ky +K2) inf & (E||F). (33.17)
76(071]

The parallel input state v can be chosen as either:

- An optimizer in the smoothing of the max-divergence D%, (0™ 08™), wheree = % (1 — /T — ),
ie.,
V= URmam = argmin Dmax(ﬁHUZ@m) . (3.3.18)
pEBL (™)
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Note that the reference system R, depends on the adaptive protocol and can be arbitrarily large, and hence

also U might have an arbitrarily large reference system.

« The canonical (or any other) purification of the A™-marginal Vam = Trgm(Vrm am). That is, we can

choose v = |thpm Am YW gm am |, with

where R is isomorphic to A and |® gm g4m) is an unnormalized maximally entangled state.

Remark 3.3.5. Even though the second choice for the parallel input state v might seem preferable in most
cases (due to the control over the size of the reference system R), it is not necessarily so. This is because
even though the reference system of the first choice for v could be very large, it might not always be. Since
the overall state can be mixed, it might actually be smaller than the canonical purification of its marginal.
Additionally, with the first choice for v/, one gets a bound that this parallel input state is e-close to the input
state of the adaptive strategy, which might be useful in cases where one wants to show that some property of
the adaptive strategy (e.g., a satisfied energy constraint for the input states) is (approximately) satisfied also

for the parallel strategy.

Remark 3.3.6. The constraint Dy,,x(E||F) < oo is necessary in general, as the example of Harrow et al.
(2010) (see also Salek, Hayashi, and Winter (2022)) serves as a counterexample to our statement without this
constraint. Specifically, Harrow et al. (2010) construct two channels &€, F for which its authors then show
that there exists an adaptive strategy with only two channel uses that achieves perfect discrimination, i.e.,

both o = 0 and 3, = 0. In our terminology this implies that for all o, € [0, 1]
Dt (E(p2)||F(02)) = 0. (3.3.20)

On the other hand, Harrow et al. (2010) show for these two channels that with a parallel strategy, even with
arbitrarily many channel uses, perfect discrimination can never be achieved (i.e., o, and 3, cannot both be
zero), which in our notation implies that for all m and for all v € D (R ®@ A®™)

DY (E2™ ()| FE™(v)) < 0. (3.3.21)
Since it is well-known (see, e.g., Khatri and Wilde (2020), Prop. 4.66) that for all states p, o

Jim Dy (pllo) = Dy (pllo) (3.3.22)
this means that for all m, one can find a sufficiently small o, such that for all v € D (R ® A®™)

Dy (E9™ ()| FO™ () < oo. (3.3.23)

and thus a relation like (3.3.12) cannot hold for these two channels. Note that, even in this example, the Stein

exponent, i.e., the optimal exponential decay rate of the type II error such that the type I error still goes
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to zero, is still identical for the parallel and adaptive strategies, as it is infinite also for the optimal parallel

strategy. This follows from
Dpax(E||F) =00 = D(E||F) =D"®(E||F) =o0. (3.3.24)

Computability

The usefulness of finite-length bounds often crucially depends on whether the quantities involved can actually
be efficiently computed (Hayashi and Watanabe 2020, Watanabe and Hayashi 2017, Hayashi and Watanabe

2016). To demonstrate this for our bound, we consider the following two applications:

1. We are given an adaptive strategy, where we know (potentially only a lower bound on) D37 (£ (pn) || F (o)),
and want to employ the theorem to get a lower bound on the performance of the best-possible parallel

strategy (i.e., we want to know how much worse could a parallel strategy potentially be).

Such a lower bound can be computed using Theorem 3.3.4 in time O(1) (i.e., the computational
complexity is independent of the number of channel uses n and m), by using the bound on ¢, from
(3.3.17). A potentially much tighter bound, obtained by finding ¢ explicitly and then calculating ¢y, can
be computed in time O(n).

2. We want to upper bound the performance of the best possible adaptive strategy with n channel uses, by
finding the best possible parallel strategy and then using Theorem 3.3.4. In Theorem 3.2.1 we showed
that the best possible parallel strategy with m channel uses can actually be calculated in O(poly(m))
time, and hence by choosing m = n?*¢ for £ > 0 we also obtain asymptotically tight upper bounds on

any adaptive strategy with n channel uses in O(poly(n)) time.

To our knowledge this is the first such poly-time bound obtained in the literature. Specifically, computing
the best parallel strategy and then using our bound is exponentially faster than any currently known
way of optimizing over all adaptive strategies. While the authors of Katariya and Wilde (2021) showed
that optimizing over all adaptive strategies can be phrased as an SDP, the size of this SDP grows
exponentially in n, and there is no obvious symmetry (like the permutation invariance in the parallel

case) that allows one to reduce the number of variables.

Proof Overview

The remainder of this section proves Theorem 3.3.4. The general idea of the proof is the following: We
will start by moving from the hypothesis testing relative entropy of the adaptive strategy to the Umegaki
relative entropy, using Lemma 2.4.1. Then, we will see that by using an amortization argument (equations
(3.3.33)—(3.3.36) below), we can bound the performance of the adaptive strategy by the performance of just
one of its steps, the step where the distinguishability of the two states (that occur if the channel is either
& or F) increases the most. We then consider m parallel copies of this step and construct a parallel input
state using a chain rule for the smoothed max-relative entropy (Lemma 3.3.7); see Figure 3.3 below for an

illustration of this step. The smoothed max-relative entropies can be related to the Umegaki relative entropies
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we used in the amortization argument by the non-asymptotic bounds presented in Lemma 2.5.2. Finally we
connect to the hypothesis testing relative entropy of a parallel protocol using Lemma 2.5.1.

This next subsection presents a key lemma we will use as part of our proof of Theorem 3.3.4.

3.3.1 A Simple One-Shot Version of the Chain Rule

The following is a variant of Fang et al. (2020), Prop. 3.2, where our different convention of smoothing the
max-divergence (smoothing only over normalized states) leads to a tighter and simpler bound, and restricting

to the case of a single input system also makes things a bit simpler.

Lemma 3.3.7. Let £ and F be arbitrary quantum channels from system A to system B, and let p € D (A),
o € P(A). Then foralle,e’ € [0, 1] there exists a state v € BZ(p) such that

DS (E(P)IF(0)) < Doy (pllo) + Do (EW) | F()) . (3.3.25)
Moreover, v can be chosen as

v = arg min Dy« (p]|0) . (3.3.26)
pEBL(p)

Proof. Let v € BZ(p) be an optimal choice for D5, .. (p||o); ie.,
v S 2Dr€nax(p”o')0-_ (3327)
Since F is a positive map, this implies that

F(v) < 2Paax(ello) F () . (3.3.28)

Furthermore, let 7 € B%(£(v)) be an optimal choice for D5, (€ (v)||F(v)), so that

max

’
1>

7 < 2Paax(EWIFW)) F () (3.3.29)
Combining the last two inequalities leads to
7 < 2PiaxEW)IFE)+Diax(Pl9) F (Y | (3.3.30)
It remains to show that P(7,&(p)) < € + &’ (where P is the purified distance). This follows from
P(1,&(p)) < P(1,£(v)) + P(E(v),E(p)) <€’ + P(v,p) <&’ +¢, (3.3.31)

where we used the triangle inequality and the data-processing inequality for the purified distance (see, e.g.,
Khatri and Wilde 2020). O
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XRm Xm

Ag A£—|—1 M

R 5|f . —
Ag A£—|—1 M

— E|F I
Ag A£—|—1 M

v ™ st. Dpax(v]|o)™) = minimal

Figure 3.3: Illustration of a key step in our proof, the construction of the parallel input state. We start by
picking a single step £ € {1,...,n} out of the adaptive strategy, where the distinguishability
increase D(E(pg)||F(0¢)) — D(pello¢) is maximal (this corresponds to the step from the orange
to the dotted grey line in the diagram). Now consider m copies of the adaptive strategy in parallel.
We construct our parallel input state v starting from m copies of the input state of the adaptive
strategy at this step £ if the channel was & (this is p?m) The state v is then smoothed a bit to
reduce its distance to UZ@m (which is the input state that we would have if the channel was F). The
degree to which we smooth depends on the type I error o, we want to achieve with the parallel
strategy. Having a small type I error means that the state v is very close to p?m, whereas allowing

for a larger type I error will move the state closer to Ug@m.
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3.3.2 Proof of Theorem 3.3.4
Proof. We start by applying Lemma 2.4.1 to D77 (E(pn) || F (00)):

1 1 1
—D%7 <=
n_ H (E(pn)l|F(o0)) < nl—og

(D(E(pn)IIF(o0)) + h(w)) - (3.3.32)

Note that a classical version of this equation in the context of channel discrimination was previously obtained
in Hayashi (2009), Eq. (33). Note now that we can write

D(E(pn) I F(on)) = D(E(pn)| F (o)) — D(pnllon) + D(pnllon) (3.3.33)
= D(E(pn)|1 F(on)) — D(pnllon) + D(An(E(pn-1))[|An(F(on-1))) (3.3.34)
< D(E(pa)1F () = D(pullon) + D(E (o) F(on_1)) (3.3.35)
<. 2 Y [DEEIIF@R) - Dipillon) |, (3.3.36)
k=1

where we used the definition of pj, and oy, the data-processing inequality, and the fact that p; = 0. Let us

use the index ¢ for the step in the adaptive protocol where this amortized difference is the largest, i.e.

¢ = argmax [D(c‘:(pk)H}"(ak)) — D(pkHUk)] . (3.3.37)
ke{l,...,n}
Then, )
S D(E(pn) [ F(on)) = D(E(p)lIF (0)) = Dlpelloe) (33.38)

We can convert this to smoothed max-relative entropies by using Lemma 2.5.2. We will proceed with the
bound requiring a condition on m (or n as it is called in Lemma 2.5.2); the m-independent bound is achieved

in complete analogy by just taking the alternative statements from Lemma 2.5.2. We get:

DEG)IF(0)) ~ Dprllor) < - (Ditae (EZM (GF™)IFZ™(0F™)) ~ Ditue (0™ l07™))

1 1
+ — log< 2) (3.3.39)
m 1—¢€3

where 71,72 € (0,1] and €1, 2 € (0, 1) are arbitrary. It will be very convenient to choose 1 —e; = g9 =: ¢,

+ = [K (Elo0F(o0) g (12— ) + Kacrapelon) fog( )

which is almost optimal as K1 &~ Kj and ¢ (E(pe)||F(0¢)) =~ ¢(pel|oe) for large £ (which is the regime we

are most interested in). Then,

DE(p)|F(00)) — Dlprllor) < - (D (€5 (oF™)I o (™) - D:;ax( o) )

U —|— — og 2), (3.3.40)
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where

co = inf [ch% (g(pe)”]:((fg)) + Kscy, (ngJg)], (3.3.41)
’)’1,')’2€(0,1]

and the conditions on m from Lemma 2.5.2 will be satisfied if

m > lo (1><8>2 (3.3.42)
B\e) \log3)Kz ) >

Taking € < 1/2, we can apply Lemma 3.3.7 to (3.3.40). We then get a state 7 € B2 (p$’"™) such that

DE@IF () = Diprlor) < - DL (€7 () |Fo (7)) og(2) + o122 ).

(3 3.43)

Note that 7 = Urm am € D (Rj'A™) is the first of the two possible choices for v given in Theorem 3.3.4.

For the other one, let Up/ RmAm be a purification of VRm Am, and hence also a purification of U4m. As the

smoothed max-divergence satisfies the data-processing inequality (see, e.g., Khatri and Wilde 2020, Prop. 4.60)
we have

Do (E™ (DR am ) | FZ™ (TR am)) < Do (E™ (s g am )| FE™ (P iy am)) - (3.3.44)

max max

Now, let v be the canonical purification of 74m, as specified in Theorem 3.3.4. Since all purifications are
equivalent up to a partial isometry on the purifying system (see, e.g., Khatri and Wilde 2020) on which
the channels £9™ and F®™ act as an identity, and since the smoothed max-divergence is invariant under

isometries, we have

Dy (EE™ (TR am ) | F2™ (FRrRyp am)) = Dy (E™ ()| FE™ () - (3.3.45)

max max

We will proceed with v as the chosen state, but note that everything works analogously by choosing . We

now further apply the upper bound from Lemma 2.5.1 to find:

1T 1-(1-292 com m ce | 1
%DH (5® ()| F® (1/)) + ﬁ log<€>
+ % [log(l _1€2> + log<1_(11_26)2>} . (3.3.46)

To get our desired expression we set ¢ := (1 — /1 — ), which is equivalent to a;, = 1 — (1 — 2¢)?. Using

the estimates
1—y/1-ap o,

D(E(pe)l|F(or)) — D(pelloe) <

> P 3.3.47
2 — 4 ( )
and
1+./1—«
1—52:%+%21—%, (3.3.48)
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we arrive at the expression

(g@m )Hf@m

log log > log( p)} , (3.3.49)
ap ay 4

which we can insert into (3.3.38) and then (3.3.32) to get

1
m

D(E(po)l| F(ar)) — D(pelloe) <

1

a

D8 (E (o) | Flow)) < £ -

- ;(log<;p> — log(l — OZ’)) + h(:“)] . (3.3.50)

[;D;‘éf (EmWIFm )+ L o

which leads to the desired statement in (3.3.12).

For the bounds on ¢y, we start with

ey (E(po) | F (o)) = log(2'YD1+'y(S(PZ)H]:(UZ)) + 27 YD1—(E(po)lIF(o2)) 4 1)

L= 2=

log(2731+7(5(ﬂe)\\]:(0£)) + 2) 7 (3.3.51)

where we used (2.3.85) for the inequality and the fact that 1, is positive on normalized states. Now, by

repeated use of the chain rule for the geometric Rényi divergence (2.3.51) we get

D11 (E(pe) | F(00)) < D14 (E)F) + Drys(pelloe) (3.3.52)
= D1 (E]IF) + Droy (Ao E(pe- )| Ae(F(00-1))) (3.3.53)
< D1 (EIF) + Drgo(E(pr-1) || Fo0-1)) (3.3.54)
< ... <UDy (E||lF). (3.3.55)

Defining the corresponding channel quantity

1 ~
(& F) = > log (me(suf) + 2) ’ (3.3.56)
we find that
(D144 (E]1F) ¢ Dir (E]1F) _a
ey (E(pe) | F(00)) < log(2 - +2) 1og(2 + +2) — (2, (E]|F). (3.3.57)

Using the same argument, we find that also ﬁ1+7(p3”0'5) < Eﬁl_w(é’ﬂ]:) and hence also

e (pelloe) < 07 (€| F). (3:3.58)
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Thus,

</U(K;+ Ky) inf ¢ /(& <n(K;+ Ky) inf /(& 3.3.59
o0 < UK+ Ka) inf @ (E]1F) < n(K 4+ Ka) inf ) (€]1F). (3359)

concluding the proof. O

Proof of Corollary 3.3.1

Proof. Corollary 3.3.1 follows from (3.3.4) by making the following estimates

foa) <1, (3.3.60)
K<1, (3.3.61)
8n
= ¢ ~5.06n¢ <6nc 3.62
¢ < log(3)cl(€H’F) 5.06nc1(E||F) <6nei(E|F), (3.3.62)
_1Og< - %) =1 (3.3.63)

Combining all of these we can bound the error term by

6n 8 1 2 1 ™ 8 1

——C 1 — —1 — — < —=C 1 — — 3.3.64

el e )+ voe( 2 ) 41 < TEaElHmoe( ) 1. Gasy
where we used that ¢, (€||F) > 1 for all v € (0, 1]. Note finally that Dy (&||F) = Do(E||F) < Dax(E||F),
which leads to the desired expression of C' in (3.3.1). O

3.3.3 An Explicit Example

In this section we provide an example that illustrates how adaptive and parallel strategies can differ in the
finite-length regime, and how our result bounds this difference. Specifically, we construct an example where
the number of channel uses required by a parallel strategy to match a specific adaptive strategy turns out
to be arbitrarily large. This demonstrates that the relation between adaptive and parallel strategies in the
finite-length regime is in general complex, and one cannot expect a substantially simpler relationship between
adaptive and parallel strategies than what we obtain in Corollary 3.3.1 and Theorem 3.3.4.

Our example is inspired by the already mentioned example from Harrow et al. (2010) and Salek, Hayashi,
and Winter (2022) that shows a separation between the asymptotic error decay rate of adaptive and parallel
strategies in the symmetric setting. For a specific pair of channels (£, F), they construct an adaptive strategy
with two channel uses that achieves perfect discrimination (i.e., type I and type II error are equal to zero),
whereas for parallel strategies they upper bound the symmetric error exponent by a finite value (i.e., they upper
bound the rate at which both errors can simultaneously go to zero); so in particular, perfect discrimination
is never possible with parallel strategies. Looking at this example in the asymmetric setting, one finds that
there exists an input state v € D (A) such that for any arbitrary type I error «, there exists an m such
that D37 ((E(v))®™||(F(v))®™) = oc; i.e., already with a parallel strategy with product inputs one can
achieve zero type II error with an arbitrary small type I error if one only makes m large enough. Hence,

unlike the symmetric setting, in the asymmetric setting there is no asymptotic gap between adaptive and
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parallel strategies, but there is still a significant difference for finite m, as the adaptive strategy achieves
aq = 0,8, = 0 with only two channel uses, whereas the parallel strategy requires a large m to achieve
ap < &,6p, = 0. As mentioned in Remark 3.3.6, the two channels £ and F used in this example have
Diax(E||F) = oo and hence Theorem 3.3.4 does not immediately apply. What we are going to do though, is
use a slightly noisy version of this channel F, which makes Dp,ax(&||F) finite.

Define the channels £, F : D (C? ® C?) — D (C?) for « € [0, 1] as follows:

£(p® ) = 001 (0110} + [0X0] 0]10) (1]l + 5 (11]p @ w]11) (3:3.65)

Flpow) = (1= )| FCH (Ol0) + 1K1 ) (Lolt) + 5 (-1lp 90]-1) | 45,
It is easy to see that

5(5( 100)00] ) @ |1)(1] ) — |0)0], (3.3.66)
J-“(]-"( 100)00] ) ® \1><1\) — (1= 8(k)) |1)1] + 6(%) 0)XO] - (3.3.67)

where §(k) = (3k — k2)/4. For k = 0 (which corresponds to the original example in Harrow et al. (2010)) we
find 5(0) = 0 and hence the above gives an adaptive strategy that makes the channels perfectly distinguishable
with just two channel uses. The exact same strategy will become arbitrarily good if « is nonzero but small,

specifically , '
3 D1 (E(p) |1 F(02)) = = log(8(x)), (3.3.68)

where the adaptive strategy has py = o1 = [00)}00| and po = |01)01
k/2|—1)—1|. We also find:

oy = (1= w/2)[+1)(+1] +

D(E(p1)[IF(a1)) = D(prllor) = DE(pu) || F(p1)) = D(IOXO[ |(1 = £/2) [+)+| + £/2[=}~1)

_ _% [1og(g) +log(1- g)} , (3.3.69)
DIE(p2) | F(02)) — D(pallon) = loa(6(w)) + 5 [log(5) +1os(1~ 5 )] (33.70)

where interestingly (3.3.69) is always larger than (3.3.70), and so it is the first step that increases the dis-
tinguishability the most (when measured in terms of relative entropy). This also implies that this adaptive

strategy is not asymptotically optimal, as

SDE@)IF(02) < DEG)|IF(p)). (3371)

and hence it is asymptotically better to just use a parallel strategy with tensor copies of p; as an input state.
Nevertheless, we will see that the adaptive strategy is still far superior in a regime where the number of

channel uses m is not too large: It is well known (see, e.g., Khatri and Wilde 2020, Prop. 4.66) that for all
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states p, o
. o 0 0
al;r_r:o Dy} (pllo) = Dy (pllo) = —log(Tr(p’0)) . (3.3.72)

In this specific example, for all input states v € D (Hp ® C* ® C?), it can be shown that
DY (EW)IF(v)) < 2. (3.3.73)

To see this, we start by observing that the second input system of our channels (previously called w) can be
treated as classical, and hence the maximum is attained at either w = |0}0| or w = |1)(1] (this follows from
joint convexity). If we choose the former, the channel output does not depend on the remaining input state

and one finds
Dy (E(pra®|0)0))||F (pra@|0)0])) = —log Tr (|0X0] (|+)+] (1 —#/2)+|=X~| (5/2))) = 1. (3.3.74)

For the second choice of w one finds that DY (£(v)[| F(v)) = 0 unless v = pr ® [0)0] @ |1)(1] and then
D (E(10)X0] @ [1)X1)) [ F(j0)X0] © [1)(1])) = —log Tr (|0X0] (1/4(1 + &))) < 2. (3.3.75)

An analogous argument also immediately yields D% (€™ (v)|| F®™(v)) < 2m for any (potentially entangled)
v. Hence, for fixed m, the rate )
— Dl (€ (W)[[F" () (3.3.76)
of any parallel strategy can be brought down to 2 by making the type I error threshold ¢, small enough,
whereas the mentioned adaptive strategy achieves zero type I error and a type II error rate that becomes
arbitrarily large as k — 0.

To actually calculate the performance of a parallel strategy where the input p; is used m times, we can use
the second-order asymptotics of hypothesis testing relative entropy to relative entropy (this only works here

because our input state is a product state). Define p = £(p1), 0 = F(p1). Then K. Li (2014), Thm. 5 implies

1 ap, omi _cam IV 1 OoT3
— > — - 3.
m DH (p HU ) - D(ﬂHU) + @ O‘p \/m\/ﬁ ) (3 3 77)
1 [V 1 [/CT?
Ap XM XM < -1 N
—mDH (™| o®™) < D(p|lo) + m(I) <ozp + Tm <\/73 + 2)) , (3.3.78)

where @1 is the inverse of the cumulative distribution function of the standard normal distribution, C' <
0.4784, and

V =V (pllo) == Tr[p(log p — log o — D(pHU))z], (3.3.79)
7% =T(pllo) = > Nil(wily;)*[log(\i) —log(;) — D(pllo)? (3.3.80)
2%

for spectral decompositions p = >, A; |zi}zi| and o = 3, p1; [y; {y;]-
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Note that, instead of comparing the type II error decay rate of a parallel strategy with m channel uses to
the corresponding rate of an adaptive strategy with two channel uses, it might be more intuitive to compare
the parallel strategy to a setup where the adaptive strategy with two channel uses is repeated m /2 times in
parallel (so that the adaptive and parallel strategies have the same number of channel uses, and comparing
rates is the same as comparing type II errors). For this example, since the type I error of the adaptive strategy

was chosen to be zero, this is actually equivalent, as

DR () ¥ (F(02))7) = 5 DI (Epa) | F(02) = — 5 1oB(5()). (3381

1
2

2k
Our theorem (Theorem 3.3.4) gives an upper bound on the extent to which all finite-length parallel strategies
can have worse type Il errors compared to the adaptive strategy, or equivalently how large m has to be chosen
to achieve similar performances. For this example specifically, due to (3.3.69) and (3.3.70) we can choose
¢ = 1 in Theorem 3.3.4, and hence also the parallel input state v in Theorem 3.3.4 will just be v = p$™.
Figure 3.4 depicts our lower bound (from Theorem 3.3.4) on the performance of a parallel strategy for
the given adaptive strategy, together with the actual performance of the parallel strategy choosing p{"™ as
the input state. For the figure we chose k = 2799 o, = 0, and ap = 275 The parameters are chosen to
make the following features nicely visible simultaneously in one plot: (i) the range of m where the parallel
strategy is worse, (i7) the range of m where it surpasses the adaptive strategy, and (ii7) our bound. For ¢,
in Theorem 3.3.4 we used (3.3.15) with a numerical optimization over 7;. One finds that there is a range of
values for m for which the adaptive strategy is better, and the parallel strategy is lower bounded fairly tightly
by our bound. As the given adaptive strategy is not asymptotically optimal it is eventually surpassed by the
parallel strategy.

3.4 Outlook

3.4.1 Potential Variants of Our Result and Strong Converse Property

In this section we start by discussing several pathways through which one could hope to improve or extend
our results of this chapter, together with a discussion of obstacles we encountered on these pathways, and
their relation to different open problems in quantum channel discrimination.

First of all, one might hope to be able to remove the factor of 1 — o, appearing in (3.3.12), perhaps at the
cost of an additional error term proportional to log(1 — ). If this additional error term decays in m and n
(say, as long as «, is bounded away from one), this would prove the strong converse property for quantum
channel discrimination. To see this, suppose we could show something along the lines of the following
inequality:

D €l Fon)) - Smtog( ) - Ciog (2 ). ean

Qp

LD (e )| FEm ) >

S|

Now, fixing any «, € (0, 1) and taking limits (in this order) m — co,n — 00, a;, — 0, we would find that
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-1 log(Bm)
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— Sequential with 2 channel uses — 2nd order upper bound on (i) 2nd order lower bound on (ii)

Lower bound (i) from our theorem

Figure 3.4: lllustration of the type Il error decay rate per channel use of a simple adaptive and parallel strategy

for a specific pair of channels (see (3.3.65) and (3.3.66) for the definitions of the channels £ and
F, respectively, where x = 27°°). We compare a fixed adaptive strategy with two channel uses
(constant black line) to (i) our lower bound on the performance of a parallel strategy (yellow line)
and (ii) the actual performance of a parallel strategy (red and green lines), which are plotted as
functions of the number of parallel channel uses m. The black line shows the value of (3.3.68), i.e.,
the type II error exponent for the given adaptive strategy with two channel uses and type I error
o, = 0. This can alternatively be thought of as the rate of repeating the two-step adaptive strategy
m/2 times in parallel. The yellow line shows the lower bound on the parallel strategy from our
theorem (i.e., the right-hand side of (3.3.12)), choosing a, = 27°. For this specific example we
can calculate the parallel input state v of our theorem, and while we cannot explicitly find the
optimal POVM and corresponding type II error (i.e., we cannot explicitly calculate the left-hand
side of (3.3.12)), we can bound it from above and below using the second-order asymptotics of the
hypothesis testing relative entropy, which is shown in the red and green lines, corresponding to
the values of (3.3.78) and (3.3.77). We see that for small m there is a gap between the adaptive
and parallel strategies; i.e., the adaptive strategy offers an advantage. This advantage disappears
once m gets larger and in this specific example the chosen adaptive strategy even eventually gets
surpassed by the parallel strategy, as the adaptive strategy turns out not to be asymptotically
optimal.
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for an arbitrary o, € (0, 1)

o
DRE(E|F) = Jim, T DY (€57 7°") > limsup » D (£(on) | 7o), (342)
i.e., allowing a finite type I error a,, € (0, 1) does not improve the best achievable type I error rate. This
is precisely the strong converse property. Establishing the strong converse property for quantum channel
discrimination is an important and very interesting open problem, which is still unsolved despite serious
efforts. Significant progress has been made in H. Fawzi and O. Fawzi (2021), and another recent attempt was
made in Fang, Gour, and X. Wang (2022); see also Berta et al. (2023).

One might hope to obtain such a variant of our bound without the factor 1 — a, by, instead of transitioning
from hypothesis testing entropy to relative entropy in (3.3.32), moving to an a-Rényi relative entropy instead
and subsequently employing the known relations between Rényi relative entropies and smoothed max-relative
entropies. It turns out that this will at some point require bounding the difference between Rényi relative
entropies of order 1 — o and 1 4 «. This is possible using Lemma 2.3.1, however at the cost of an error term
(cy(pnllon))?, which will scale quadratically in n. As this does not pick up any dependence in m, such an

approach will not lead to anything useful in the asymptotic limit, and is hence unsuccessful.

One further interesting question deals with the relation between ¢ and n in Theorem 3.3.4. One might hope

that an optimal adaptive strategy achieves the maximum possible distinguishability gain per channel use, i.e.

DAE|F)= sup  D(E(p)|F(e)) — Dlplo), (3.4.3)
p,0€D(RDA)

after some finite number of channel uses, or at least comes very close to it. If that was the case, one could
bound ¢ by a constant and would remove the dependence on n in (3.3.1). However, note that the supremum
in (3.4.3) goes over arbitrarily large reference systems R and hence does not need to be achieved, and we
are not aware of any bounds on the system size R to get close to the optimum value. Alternatively, since
DA(E||F) = D™&(&||F) also a bound on the speed of convergence of the regularized channel divergence
would do, which we are however also not aware of (H. Fawzi and O. Fawzi (2021) prove such a bound for
the sandwiched Rényi divergence, which unfortunately cannot be extended straightforwardly to relative
entropy). Hence, for now we have to assume that ¢ can in general be n, and that to adequately simulate an
adaptive strategy with n channel uses, one might need to employ more than n? parallel channel uses to keep
the error term in our bound small.

While our result becomes quite powerful in the asymmetric asymptotic setting, Theorem 3.3.4 can in
principle be applied for any combination of type I and II errors. Hence, it could be interesting to apply it to
scenarios where the type I error decays with m, say as a;, = 2™ for some constant k. In this case, one
would want to apply (3.3.12), to have at least a chance of the error term being bounded; however — depending
on k — the corresponding condition (3.3.11) might not always be fulfilled. It would be interesting to see
whether this condition on m could perhaps be relaxed, to allow for a wider range of k in this specific scenario.

As mentioned already in Remark 2.5.4, our bounds could be significantly tightened if we were able to

employ second-order expansions, which however requires controlling the variance of the relative entropy
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V(pnllon) in n, which we are unable to do. This seems to be again related to the strong converse problem,
as second-order expansions for the hypothesis testing relative entropy imply the strong converse property.

Already for the parallel case, if one was able to show
V(EF W) FE"(v)) = O(n), (3.4.4)

where v € D (R®" @ A®"), and R = A. is the optimal joint input state, this would be a very significant step
towards proving the strong converse for quantum channel discrimination. Conversely, examples where this
scales faster than linearly in n are quite likely to lend themselves to counterexamples for the strong converse

property. We are not aware of any such examples: we leave this question open for further studies.

3.4.2 The Challenge of Treating Symmetric Channel Discrimination

This chapter has dealt exclusively with asymmetric quantum channel discrimination, however finding
asymptotic error rates for the symmetric channel discrimination task is of course also interesting and relevant.
While the example from Harrow et al. (2010) and Salek, Hayashi, and Winter (2022) demonstrates that
the symmetric asymptotic error exponent cannot be equal for adaptive and parallel strategies, this is also
essentially the only thing we know about asymptotic symmetric error exponents (unless we restrict to some
special classes of channels, like classical-quantum channels). There currently aren’t any kind of “entropic”
expressions for one of either the adaptive and parallel symmetric asymptotic error exponents.

The natural conjecture would of course be that the parallel exponent is equal to the regularized Chernoff
divergence (the Chernoff divergence is the asymptotic error rate for symmetric quantum state discrimination
Audenaert et al. 2007, Nussbaum and Szkota 2009), and the adaptive exponent equal to the amortized Chernoff
divergence, however proving this has not been possible so far. The issue here is the non-i.i.d. structure of
the problem once one chooses correlated input states. In the asymmetric setting, the reason we are able to
deal with this non-i.i.d. structure is the converse bound from Lemma 2.4.1, which works for all (possibly
entangled) states. On the achievability side, we do not have such a strong bound, but since for achievability
we only have to show that one strategy exists that achieves the rate, we can choose blocked i.i.d. strategies
(with a certain block size, that we can eventually send to infinity) to which we can apply the i.i.d. machinery
already established.

In symmetric quantum hypothesis testing, the situation is reversed: The main result of Audenaert et al.
(2007) gives very strong one-shot achievability bounds by (essentially) the asymptotic rate (the Chernoff
divergence), even for arbitrarily correlated states, while then for the converse proof, one has to rely heavily
on the ii.d. structure to show that one cannot do better (Nussbaum and Szkota 2009). Unfortunately now, we
cannot apply a blocking argument to the converse direction of the proof, since this would only show that we
cannot exceed the conjectured asymptotic rate with blocked strategies, but we have to show that we cannot
exceed it with any strategy. This is where symmetric quantum channel discrimination is currently stuck, and
it looks like it requires a significant jump in understanding of (maybe even classical) converse bounds for
non-ii.d. symmetric hypothesis testing to solve this.

Some progress was made recently, in using the geometric Rényi divergence to obtain a converse upper
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bound that is somewhat closer to the conjectured asymptotic rate (Ji et al. 2024), but still known to be larger

in general.

3.4.3 Strategies Beyond Adaptive - Non-causal Strategies and the Quantum Switch

In this thesis we consider adaptive strategies as the most general channel discrimination setups, and for
practical applications where the channels are given as black-boxes, that is indeed correct. However, in
principle one could think of more general strategies, which replace the causal iterative structure of an
adaptive strategy with an arbitrary super-channel taking in the n black-boxes as an input, and which in
principle do not have to obey to any causal structure (i.e. channel inputs can be influenced by any other
channel output), see e.g. Chiribella (2012), Aragjo et al. (2015), Chiribella and Ebler (2016), and Wechs
et al. (2021). Such non-causal structures can sometimes appear in certain models of quantum gravity, but
can also be implemented probabilistically (i.e. with a certain chance of failure) on “normal” causal devices
(Chiribella et al. 2013), or sometimes be implemented in a way where the channels are selected (or one could
say programmed) coherently (i.e. channels are selected or specified through a quantum register, which may
be in a superposistion state, Oreshkov 2019). It is known that such non-causal strategies (assuming they
can be implemented perfectly) can lead to smaller error probabilities in channel discrimination tasks with
finite number of channel uses (Bavaresco, Murao, and Quintino 2021), but nothing is known yet about the
asymptotic error exponent. The natural conjecture would be that for the asymmetric error exponent, also the
most general strategies do not lead to any asymptotic advantage, however we have not been able to prove

this so far, and leave this question open to further work.
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While the last chapter dealt with binary quantum channel discrimination with simple hypotheses (we
discriminate between two single channels), this chapter looks at composite quantum channel discrimination,
where we are no longer guaranteed to only encounter two possible channels, but channels which come from
two sets, and the task is to determine the set the channel came from. Arguably, this is much more practically
relevant than the simple case, as this first of all includes the noisy regime, where the previously exactly
specified two channel hypotheses are now turned into small sets of channels due to noise, but also much
more general settings, i.e. questions of discriminating big sets with a certain structure (for states this could
for example be sets of separable (Brandao et al. 2020) or coherent (Berta, Brandao, and Hirche 2021) states).

We will start with introducing the problem for discriminating two sets of states, and give an overview of
previous results in the literature, before moving on to the problem of discriminating two sets of channels.
To our knowledge, the task of composite binary quantum channel discrimination has not been studied at
all thus far (even in the classical literature). Throughout our analysis, we will not restrict ourselves to the
composite i.i.d. setting, i.e. we will also allow the provided objects (states or channels) to vary within the sets
corresponding to the hypotheses.

What we show is the following: For binary asymmetric composite channel discrimination in this fairly
general setting: (7) a characterization of the Stein exponent for parallel channel discrimination strategies
(Theorem 4.3.1), and (i7) an upper bound on the Stein exponent for adaptive channel discrimination strategies
(Proposition 4.4.1). We further show that already classically this upper bound can sometimes be achieved
and be strictly larger than what is possible with parallel strategies (Example 4.4.3), and hence there can
be an advantage of adaptive channel discrimination strategies with composite hypotheses. We go on to
show that classically this advantage can only exist if the sets of channels corresponding to the hypotheses
are non-convex, and additionally assuming this convexity makes parallel strategies asymptotically optimal
(Theorem 4.4.4). We leave the question open whether an adaptive advantage can exist in the quantum case
when the sets of channels are convex. Table 4.1 gives an overview of what we are able to show regarding
composite channel discrimination, and illustrates in which cases an adaptive advantage exists.

As a consequence of our more general treatment which is not limited to the composite i.i.d. setting we also
obtain a generalization of the composite state discrimination results of Berta, Brandao, and Hirche (2021)
(Theorem 4.1.6). Note, however, that while we do not require provided states or channels to be identical, we
still require them to be independent. Hence, our theorems do not directly imply or relate to the (in)famous
generalized Stein’s lemma (Brandao and Plenio 2010, Berta et al. 2023, Hayashi and Yamasaki 2024, Lami
2024), although one might be able to drop the independence requirement and thus extend our results using the
new techniques employed in the very recent proofs of the generalized Stein’s lemma (Hayashi and Yamasaki
2024, Lami 2024).
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Summary of Main Results

. Asymptotic
Asymptotic . Upper .
Hypotheses Adaptive Shown in
Parallel Exponent Bound
Exponent
Quantum o/ ] e .
‘ Dree(E||F) = DA(E||F) Sec. 3.1.1
Simple
Classical
Composite max min D(E(v)||F(v)) = | min D(E||F) | = | minD(E||F) | Thm. 4.4.4
v EeS Ees £es
Convex Sets FET FET FET
Classical Prop. 4.3.2
. < .
Composite | max min D(EW)||F(v)) | . ? < | min D(E||F) | Ex. 443
v € 1.g. €
Finite Sets FEeT & FET Prop. 4.4.1
Thm. 4.3.1
uantum . 1 . < < . Ex. 443
ot |t i D) | ? T ECE N
omposite | PN E,eC(Sn Lg. Lg. € rop. 4.4.
P Fn€C(Tn) g & | Fer P
Rem. 4.4.2

Table 4.1: llustration of the relation between adaptive and parallel type II error exponents for various channel
discrimination tasks. For the composite problems the task is to discriminate between two sets of
channels S and 7 and the table also includes an upper bound based on the worst-case simple i.i.d.
problem. “Quantum Simple” refers to the quantum channel discrimination problem with simple
hypotheses. With “Classical” we mean that all channels are classical, and “Convex Sets” or “Finite
Sets” refers to whether the sets of channels S and 7 are convex or finite. Please see the respective
theorems for a general formulation of the results and a precise definition of the quantities involved;
C denotes the convex hull. We write i.g. to denote that these inequalities will be strict in general,
although there exist specific examples where equality holds.

4.1 Composite State Discrimination

In simple quantum state discrimination (as discussed in section Section 2.4.2), we are given n identical copies
of an unknown state which is promised to be either p or o, and the task is then to decide which of the two
options it is. In composite quantum state discrimination however, we are only promised that the states are all
from one of two sets S or T', and the task is now to only decide which set they come from (but not to further
identify which state exactly was provided). Since there are now multiple states for each hypothesis, there are
multiple possible scenarios how the n input states one receives are related: We could still be given n identical
copies of a state, or alternatively, we could be given n completely different states but all from the same set .S
or T, or something in between, where the states are non-identical but still related. We would like to cover
all these different scenarios in our analysis, and hence we will describe composite hypotheses as sequences
of sets \S;, which include all the possible combinations of n states we could get. We will make some small

assumptions on these sets:
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4 Composite Classical and Quantum Channel Discrimination

Definition 4.1.1. For the purpose of this work, a composite quantum state hypothesis (in the asymptotic

setting) is a sequence of sets of states

S = (8, C D (H®)),

such that

1.

2.

Each set S, is topologically closed.

Each element p,, € S,, is a tensor product of states p, = p) @ ... ® p(, with each p() € D (H) for

1=1,...,n.

The sets S, are closed under tracing out any subsystem, i.e. for any ¢ = 1,...,n and p, € S,, we have

that Tr;(py,) € Sp—1, where Tr; denotes the partial trace over the ith subsystem.

Each set S, is closed under permutation of the n subsystems, i.e. for any permutation 7 € &,, and

associated canonical unitary representation Py (7), we have for all p,, € Sy,: Py/(7)pnPy(m)T € S,

Interesting examples of this include:

1.

The composite ii.d. case: We have two sets S, T' C D (H), and are given n identical copies of an
element from S if the null hypothesis is true, and n identical copies of an element from 7' if the alternate

hypothesis is true. This corresponds to:

Sp o= { p®" ’ peS}, (4.1.1)
T, ={o®"|oceT}. (4.1.2)

. The arbitrarily varying case: This is similar to the composite i.i.d. case, but we are not given n identical

copies, but n (potentially different) elements from S or 7". This corresponds to:

Sn={pP®...0pn|p1,...,pn €S}, (4.1.3)
T, ={01®...Q0, | 01,...,0n €T }. (4.1.4)

The slightly-varying case: This is an example of a scenario that lies in between the arbitrarily varying
case (where there is no correlation between the samples, except for them all being in the same set)
and the composite i.i.d. case (where there is maximal correlation between the samples, as they are
all identical). For any given ¢ € [0, 1] (which might depend on n) and any distance function d :
D (H) X D(H) — [0,1] (e.g. trace distance or purified distance) set

Sn::{p1®...®pn\pl,...,pHGS, d(pi,pj)SEV’L',j}, (4.1.5)
Th={01®...Q,0n|01,...,0n €T, d(os,0;5) <eVi,j}. (4.1.6)

. The simple i.i.d. case: The simple i.i.d. case can be seen as a special case of the above where S and T

each contain one element.
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Lemma 4.1.2. If S is a quantum state hypothesis, then performing a measurement on any (joint) k subsystems
of a state p,, € Sy, and conditioning on the measurement result, yields a state p,,_, on the remaining subsystems
that is an element of Sy,_y,. Precisely, letk € {1, ...,n}, p, € S, C D (H®") and0 < M < 1 € B (H®*). If

wWp—g = Try g [(M X ]lHkJrl X...Q ]lHn)pn] (4.1.7)

then either Tr(wy,—x) = 0 or wy—/ Tr(wp—k) € Sp—-

Proof. This follows immediately from the fact that each element p, € S, is a tensor product, and that

removing an element in the tensor product gives an element in .S,,_;. O

Remark 4.1.3. Note that while we state the results below with the assumptions of Definition 4.1.1, we could
replace the required tensor product structure (point 2 in Definition 4.1.1) with the statement of Lemma 4.1.2.
While this might be more general, we find the assumptions of Definition 4.1.1 to be more natural. Similarly,
later on when talking about hypotheses in the context of channel discrimination, we could replace the tensor
product structure for channels (point 2 in Definition 4.2.1) with the statement of Lemma 4.1.2 for any tensor

product input state.

For our discrimination problem, given an n and an unknown state in D (H®™) we will still want to perform
a binary POVM (fully specified by one of its elements, which we write as M) to decide between the two
hypotheses. In the end we want to avoid making an error, i.e. claiming that our state comes from 5,, when
it actually comes from T, and vice-versa, and these two error probabilities are again what we call type-I
and type-II error now in this setting (see below for a formal definition). If we settle on a measurement M,
the probability of making an error might still depend on which particular state from either S,, or 7}, we
actually end up getting. Here, we will be focussing on minimizing the worst case errors, i.e. we want to
choose measurements which minimize the error uniformly over all states from S, and 7},. More formally, we

define the type I and type II error probabilities (also again called type I and type II errors) as:

a(M,S,) = sup Tr((1 — M)p) (4.1.8)
pESH

B(M,T,) = sup Tr(Mo). (4.1.9)
O‘ETn

Similarly to the rest of this thesis, we will be focussing on the asymmetric setting, where we want to minimize
the type II error, 3, under the constraint that the type I error « is below a certain threshold, and so the
main quantity of interest is again the negative logarithm of this minimal type II error under the type I error

constraint, which we also call the hypothesis testing relative entropy of the two sets S, and T},:

D% (SulTh) = — o<ij\1}1f<]1 log B(M,T),,) . (4.1.10)
a(M,Sp)<e

As the expression in (4.1.8) is linear in p, it is easy to see that

a(M,C(Sy)) = a(M, Sy,) (4.1.11)
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(where C is the convex hull) as the supremum will be achieved at an extremal point, and the same holds also
for 5.
Hence,

Dy (Sl Tn) = D (SnllC(Th)) = D (C(Sn)[[Tn) = Dy (C(Sn)[IC(Tn)) (4.1.12)

and hence the discrimination task considered is equivalent to discriminating between these convex hulls of
the sets S, and 7},. We are interested in the quantum Stein exponent for this discrimination task, i.e. the
optimal exponential decay rate of the type Il error in the limit n — oo (which corresponds to infinitely many

states being provided). Morally, the expression we are interested in is

1
lim “lim” ~ Dy (S| ) (4.1.13)

e—0 n—oo

However, due to the additional optimization over the elements from the sets S, and 7T}, for any fixed ¢ > 0,
D5, (Sy||T,) need no longer be super-additive in 7, and hence we are not aware of any way to show that the
limit n — oo exists in these expressions. However, in many cases we are able to show that after additionally
taking the limit ¢ — 0 outside, the final expression does not depend on whether one takes a liminf or a

lim sup inside. Hence, we introduce the following notation

Definition 4.1.4. For any function f(n,e) : N X (0,1) - R,and A € RU {—00, 00}, we write

lim lim f(n,e) = A (4.1.14)
e30n—oco

if
lim liminf f(n,e) = A (4.1.15)
e—=0 n—oo0

and

lim limsup f(n,e) = A. (4.1.16)

e—=0 nooo

To come back to (4.1.13), in Berta, Brandao, and Hirche (2021) this problem was studied specifically in the
composite i.i.d. case, i.e. with S, = { p®" | p€ S}, T, = {0®" | 0 € T }, where S, T C D (H) were also

assumed to be closed and convex, leading to:

Theorem 4.1.5 (Berta, Brandao, and Hirche 2021). Let S,T" be closed and convex, and define for all n:
Sp={p®" | peSLT,={0®"|oceT}. Then

e R A
lim i =D (Sn[[Tn) = T = inf, — D(pnllon)., (4.1.17)
on€C(Th)

where lim can be lim inf or lim sup (see Definition 4.1.4), and one can find cases where this is strictly smaller
than
inf D(pl|o). 4.1.18
inf D(p]o) (4118)
oeT
Remember that C stands for the convex hull, and it is precisely this convex hull in the infimum on the

right-hand side of (4.1.17) which prevents the regularization from collapsing, as the elements of .S,, and T,
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are tensor products, and the relative entropy is additive. Without this convex hull, the exponent (4.1.17)
would be exactly equal to the single-letter expression (4.1.18), which we call the worst-case i.i.d. exponent, as
it is equal to the exponent of the worst-case simple i.i.d. problem. Intuitively, one pays for the compositeness
by having to include convex combinations in the Stein exponent, and this makes the discrimination problem
strictly harder in some cases.

As a consequence of our channel discrimination result further below (Theorem 4.3.1), we will arrive at this

following generalization of Theorem 4.1.5:

Theorem 4.1.6. Let S = (Sy,)n, T = (T},)n be two composite quantum state hypotheses. Then

1 1

lim Iim —D%5(S,||T,) = lim = mi 1.

lim, lim D (SullTn) nggonpnrerg({lgn)l?(pn!\an), (4.1.19)
on€C(Th)

where lim can be lim inf or lim sup (see Definition 4.1.4). Furthermore, if each Sy, lies in the intersection of
D (H®™) with a linear subspace of B (H®"™) with dimension polynomial in n (this holds for example in the

composite i.i.d. case, where each p,, € Sy, is permutation invariant), then we can remove the first convex hull to

get

o= 1 1 :
lim lim — Dy (Sl Tn) = lim — Jnin D(pnllon) - (4.1.20)
on€C(Thn)
Proof. This follows as a special case of Theorem 4.3.1 below. O]

Remark 4.1.7. Our Theorem 4.1.6 generalizes the previous Theorem 4.1.5 in multiple ways: Already in the
composite i.i.d. setting it no longer requires the sets S and 7 to be convex. Additionally our theorem also

includes all the non-i.i.d. cases such as the arbitrarily (or slightly varying) cases defined above.

4.1.1 Classical Adversarial Hypothesis Testing

Similar to Brandéo et al. (2020) and Berta, Brandao, and Hirche (2021), our results are based on a reduction to
a classical problem, the one of adversarial hypothesis testing. The following is a brief recapitulation of the
treatment of adversarial hypothesis testing in Brandao et al. (2020). Let P, @ C R (for a finite domain §2) be
two sets of probability distributions. In the typical composite i.i.d. setting, we are presented with n samples
from a distribution in P or () and have to make a decision which set the distribution comes from. In the
adversarial setting, the adversary is allowed to change the distribution within P or () for each sample, and
he can make this change based on the samples we observed previously. Note that while the adversary has
access to the previous samples, he can only select a probability distribution p € P or ¢ € () (depending on
which hypothesis is true) for the next sample, but he cannot select the sample outcome itself. The adversary
is fully specified by two sets of functions py : Q¥~1 — P and g, : Q*~! — @, which for each k specify how
the adversary picks the next probability distribution based on the previous k — 1 sample outcomes. The
two hypotheses then correspond to whether the adversary uses pg, and hence always chooses a probability

distribution in P, or ¢, and always chooses a probability distribution in Q. If the null hypothesis is true (i.e.
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the adversary uses py), the probability of a sample string x € 2" is then given by
n
px) =[] pr(z1, - mem1) () (4.1.21)
k=1
and we define ¢(x) in a similar manner. For any decision region 4,, C Q", the type I and type II errors are

then going to be the worst-case errors over all adversarial strategies. We define the corresponding n-shot

error exponent as

advn (PllQ) = — loginf { sup G(An)
q

A, C Q" supp(AS) <e } (4.1.22)
D

The key statement of Brandio et al. (2020) is that if the sets P and @) are closed and convex, adversarial

hypothesis testing is asymptotically no harder than the worst-case i.i.d. setting, specifically:

Theorem 4.1.8 (Brandio et al. 2020, Theorem 2). Let Q) be a finite domain and P,Q C R be two closed,
convex sets of probability distributions. Then, for any e € (0,1):

1
lim — D¢ P = min D . 4.1.23
neoo N adv,n( HQ) pEP.GEQ (qu) ( )

Note that since we are taking the supremum over all adversaries, by picking an adversary that determinis-
tically picks states in a certain sequence, this result implies that also any composite problem is classically
asymptotically equally as hard as the worst-case i.i.d. problem (it is also easy to see that the composite

problem cannot be simpler than the worst-case i.i.d. problem).

4.2 Composite Channel Discrimination

The task of composite channel discrimination is defined in a very analogous way to composite state discrimi-
nation: Given an unknown quantum channel as a black box and the side information that it comes from two
sets of possible channels, the task is again to determine the set (but not necessarily the exact identity) of the
channel.

The strategies one employs to come to a decision for this task are exactly the same as the ones we described
for simple channel discrimination in Section 3.1: One has to find input states for the n channels given, either
in a parallel or adaptive way, and then finally apply a binary POVM on the state one is left with. Similarly to
the previous section on composite state discrimination, also for channels we will be looking at worst-case
errors, and so the key difference to simple channel discrimination is that one has to make sure that the choice
of input states and final measurement work well for all possible sequences of channels one could receive.
In particular, also for channels we want to allow for the case where the channels we receive can vary from
within the set.

Similar to the previous chapter, we will again mostly focus on comparing adaptive and parallel strategies,

and in particular how the asymptotic error exponents compare. This turns out to be surprisingly complex,
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as we will see that the asymptotic equivalence of adaptive and parallel strategies (when considering the
asymmetric error exponent) does no longer always hold when considering composite hypotheses, already
classically.

Specifically, in this section we will study the following: 1. We start with a treatment of parallel channel
discrimination strategies, where we provide matching achievability and converse bounds for the Stein
exponent in terms of a regularized expression (Theorem 4.3.1), in analogy to what has previously been
shown (Berta, Brandao, and Hirche 2021) for state discrimination (i.e. Theorem 4.1.5). 2. We prove an upper
bound on the Stein exponent for adaptive strategies (Proposition 4.4.1), where we show that this upper bound
can sometimes but not always be achieved, and can also be larger than the parallel exponent (Example 4.4.3),
hence demonstrating that adaptive strategies can sometimes be advantageous (we show this even classically).
3. We show that classically, under an additional convexity assumption which was not satisfied in the previous
example, parallel and adaptive strategies are asymptotically equivalent in the asymmetric composite setting,
and the Stein exponent is given by a single-letter entropic formula (Theorem 4.4.4). 4. We further show
classically, and in some further restricted setting, that if we replace the convexity assumption with a finiteness
assumption, we can still get a single-letter entropic expression for the Stein exponent for parallel strategies
(Proposition 4.3.2).

Following the above discussion for composite state discrimination, we want to apply a similar level of
generality to discriminating channels, where we want to allow the n black-boxes not be identical. Hence, in

analogy with Definition 4.1.1 we will work with general hypotheses satisfying the following conditions:

Definition 4.2.1. For the purpose of this work, a composite quantum channel hypothesis (in the asymptotic

setting) is a sequence of sets of channels
S = (S, C CPTP(A" — B")),

such that
1. Each set S, is topologically closed.

2. Each element &, € S, is a tensor product of channels &,, = EV ... @M witheW e CPTP(A —
B),fori=1,...,n.

3. Forevery &, = £V ® ... ® €M € S, removing any element in the tensor product (i.e. discarding

one of the n provided channels) yields an element in §,,_;.

4. Fach set S, is closed under permuting the n subsystems of the input and output systems of a channel,
i.e. for any permutation 7 € G,, and associated canonical unitary representations P4 (7) and Pg(7) on
A™and B", we have forall £, € S,, that also the permuted channel p — Pg(7)&,(Pa(n)pPa(n)!) Pg(m)f

is an element of S,,.

One can then define the same scenarios, such as the composite i.i.d. setting, the arbitrarily varying setting,
and slightly varying settings, as we did for composite state discrimination (below Definition 4.1.1) in a

completely analogous way for composite channel discrimination. Note that since the n channels one receives
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in the composite hypothesis testing problem need not all be equivalent, one might think that (in particular in
an adaptive strategy) one might want to order the channels in a certain way, however it is not hard to see
that this does not give any advantage, and so we can restrict to strategies that just take the channels in the
order they are given. To see this, note that we assumed the sets of channels to be closed under permutations
and we are looking at worst-case error probabilities. Hence, for every reordering one would perform for a
given sequence of channels, there exists another sequence in the set that inverts this reordering, and hence

in the worst-case one cannot gain anything.

4.2.1 Minimax and Exchange Lemmas

Before we study both parallel and adaptive strategies in detail, we use this section to introduce some of the
technical Lemmas we use to prove our results. One key technical result here is Proposition 4.2.4, which
allows us to exchange an infimum over sets of channels with a supremum over input states, if the sets of

channels are convex.

Lemma 4.2.2. For any two sets of states S and T, and any ¢ € [0, 1],
Dy(S|IT) < inf Dy (pllo), (4.2.1)
oeT

where the intuition is that the left-hand side corresponds to choosing one measurement for all pairings of p and

o, and the right-hand side allows for a different measurement for each pairing.

Proof. One finds that

2~ Du(SIT) — inf sup Tr(Mo) > su inf  sup Tr(M 4.2.2
0<M<I aeg (Mo) = pekls3 0<M<1 aeg)“ (Mo) (4.2.2)
Sup,cg Tr(Mp)gs Tr(]\_Jp)ga
>supsup inf Tr(Mo) = sup 2~ Di(ello) (4.2.3)
peS oeT 0SM<I pES
Tr(Mp)<e g€T

where we used the notation M = 1 — M, and the first inequality can be seen as follows: For any p € S, if an
M is chosen such that sup ¢ g Tr (M o ) < ¢, then obviously also Tr(M p) < ¢ and hence the infimum on
the right-hand is over a set of M which can only be larger, and hence the expression can only be smaller.
The second inequality is just a very basic property of infima and suprema, and the desired statement then

follows by taking negative logarithms. O

Lemma 4.2.3 (Generalized minimax theorem Farkas and Revesz 2006, Theorem 5.2). Let X be a compact
and convex subset of a Hausdorff topological vector space and let Y be a convex subset of a linear space. Let

f: X xY — RU{oo} be lower semi-continuous on X for fixedy € Y, convex in x and concave in y. Then

sup inf f(z,y) = inf su r,y). 4.24
y@l;xexf( . Y) yeyme;?f( Y) (4.24)
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Remember that we say that a divergence D satisfies the direct-sum property, if

D<@pim e]apiai> => piD(pilloi) . (4.2.5)
=1 =1 =1

whenever p;, 0; € H,; are two sets of density matrices and {p;}!" ; is a probability distribution.

Proposition 4.2.4. Let S,T C CPTP(A — B) be two closed, convex sets of channels. Let D be a quantum
divergence that satisfies the data-processing inequality, is (jointly) lower semi-continuous, and also satisfies the

direct-sum property. Then

inf sup D(E@W)||F(v))= sup inf D(EWV)||F(v)). (4.2.6)
;g«% veD(RA) vED(RA) ]“@E‘%

Proof. This proof is inspired by the proof of the similar minimax result in Brandao et al. (2020), Lemma 13.
The > direction follows immediately from very basic properties of inf and sup. For the < direction, let x be

a discrete measure on the set of density matrices D (RA), and consider the function:
F((& 7)) = E DEWF@)). (4.2.7)

where we write VE for the expectation value with respect to the measure p (this is the same as integrating v
with respect to theumeasure ). It is easy to see (for any divergence) that the data-processing inequality and
the direct-sum property together imply joint convexity (see e.g. Khatri and Wilde 2020). Hence the function
f is convex in its first argument, and it is clearly also linear (and hence concave) in the second argument.
Note also that the set of channels CPTP(A — B) is bounded (for example in diamond norm, i.e. the trace
distance of the channel outputs evaluated on the same input state, then taking the supremum over input
states; this yields a norm on quantum channels which is always upper bounded by 2) and hence compact,

and so are the closed subsets S and 7. Then, by Lemma 4.2.3 we have

inf sup E D(E(v)||F(v)) =sup inf E D(E(v)||F(v)). (4.2.8)

Ees o v o EES v
FeT FeT

We can lower bound the left-hand side by restricting the supremum to singular (i.e. Dirac) measures (this

is in fact an equality), which recovers the left-hand side of (4.2.6). For the right-hand side, note that by

Caratheodory’s theorem we can write the expectation value as a convex combination with a finite number of

terms. For a given u we will write

E D(EW)|F(v) pr (V) | F (v2). (4.2.9)

vep

Now define the new state
UXRA = Y pe|)z] @ vy (4.2.10)
x
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By the direct-sum property of D (note that £ and F act with an identity on the new system X)
D(E(D)|F () pr (v2) | Fva)) (4.2.11)
and so the supremum over measures can be replaced by a supremum over states vx ga. Finally, by Lemma 2.2.4
the supremum can further be restricted to states v 4 where R = A. (]
For the next Lemma, remember our definitions of permutation covariant channels from Section 2.6.

Lemma 4.2.5. Let S,, T, C CPTP(A™ — B") be closed convex and also closed under permutations, and let

D be lower semi-continuous and satisfy the data-processing inequality. Then,

inf sup D(&.(v)||Fn(v)) = min sup D (&, (v)||Fn(v)) (4.2.12)
En€Sn e (RpA) En€Sn veD(RRA®™)
Fn€Tn ¥ Fn€Ty
R arbitrary En,Fn perm. covariant. R arbitrary

i.e. the infimum is achieved for permutation covariant elements of S,, and Ty,.

Proof. First, the infimum is achieved since the infimum of a lower semi-continuous function over a compact
set is achieved, and the supremum of multiple lower semi-continuous functions is lower semi-continuous.

Let &, € S, and F,, € T, be two channels, and consider the permuted versions:

Enlp) = — Z Pp(m)En(Pa(m)pPa(m)!) Py ()t (4.2.13)
‘TK'EGn

Falp) = — Z Py () Fo(Pa(m) pPa(m)1) Pp()t (4.2.14)
'WEGH

These two permuted versions can also be seen as a permutation super-channel having been applied to &£, and

Fn, and it is known that any channel divergence can only decrease under the action of such super-channels

(see e.g. Gour 2019), however, we will still show this explicitly again here for the reader’s convenience:
Define the channel A : A" — A" ® R’

A(p) = 37 (PampPa(m)!) © il (@:2.15
" reG,

where R’ is some additional classical register storing the permutation 7. Defining B : B™ ® R’ — B™:

=Y Po(m) (7lp p|m)p Po(m)f (4.2.16)
7T€6n
we find that
E,=Bo (& ®idp)o A (4.2.17)
Fn=Bo(F,®idp)o A. (4.2.18)
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Hence

sup  D(EW)[Fa(v)) = sup  D(E(AW))[Fa(A))) < sup  D(E&(v)[|Fa(v))
veD(RRA®™) vED(RRA®™) veD(RRA®™)
R arbitrary R arbitrary R arbitrary
(4.2.19)

where the first inequality is the normal data-processing inequality (we omitted the idp/), and the second
inequality uses that all the states A(v) are itself included in the supremum. As it is easy to see that the
channels &, and F,, are permutation covariant and are also included in S,, and 7T, (as they were assumed to

be closed under permutations), the minimum will be achieved for permutation covariant channels. O

4.3 Parallel Discrimination Strategies

Parallel discrimination strategies for composite channel discrimination are essentially the same as in simple
channel discrimination (Section 3.1). While the black-box channels need no longer all be identical, the parallel
strategy is still fully specified by a joint input state (see Figure 4.1 for an illustration) and a measurement at
the end.

Figure 4.1: Illustration of a parallel protocol with n not necessarily identical black-box channels.

Given a set of channels A and an input state v € D (RA) (where R could be any system, possibly also just

trivial), we define the set of all output states as

A ={(i[dp®@&E)(v) |E€ A} . (4.3.1)
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Since we want to be looking at worst-case errors again (as introduced for composite state discrimination in
Section 4.1), we will be looking for the best input state v, and measurement M, such that for all £, € S, the
error of claiming it coming from 7, (i.e. the type I error) stays below some threshold € and we otherwise
minimize the worst case type Il error, i.e. we want to make sure that the probability of claiming an element
Fn € T, to be from S, is as low as possible uniformly over all F,, € 7,. Given a joint input state v, the
parallel channel discrimination problem turns into a state discrimination problem, and so we define the

following type II error exponent for any S,, and 7,, which satisfy the properties of Definition 4.2.1:

DY(ST) = s DRSWIT) = s s (ClogSOLTL)) (432
veED(RA) veD(RA) a(]?/[ﬁ‘éw[%%<€

ep(n,e, 8, To) = - D5y (SlTo). 433
It is easy to see that C(A[v]) = C(A)[v], and hence (as above) for any two sets of channels S, T
Dy (S|IT) = Du(SIC(T)) = Dy (C(SIT) = Dy (C(S)IC(T)) - (4.3.4)

Our main theorem of this section is the following:

Theorem 4.3.1. Let S = (Sp,)n, T = (Tn)n be two composite quantum channel hypotheses (as defined in
Definition 4.2.1). Then, the quantum Stein exponent of discriminating these two hypotheses with a parallel
strategy is given by:

1
gg%nlgrolo DH(S I7) = lim — . gg({lsn) VGD?;&@”)D(&(V)HR(V)), (4.3.5)
Fn€C(Tn)

where lim can be lim inf or lim sup (see Definition 4.1.4). Additionally, on the right-hand side the min and max
can be exchanged, and one can choose the reference system R to be isomorphic to A®™ for all n.

Furthermore, if each S,, lies in the intersection of CPTP(A™ — B"™) with a linear subspace, with dimension
polynomial in n, of the space of linear maps A™ — B™ (this is for example the case in the composite i.i.d. setting,

where all the £, € S,, are permutation covariant), we can also remove one convex hull:

1
ln iy D517 Tt et &g, PECIIZ0D, (430
ne n

where we however cannot say whether min and max can be exchanged.

Proof. This proof is very much inspired by the results for composite state discrimination from Berta, Brandao,
and Hirche (2021), Theroem 1.1, and Brandao et al. (2020), Theorem 16.

Achievability For the achievability part, let £ € (0, 1), fix an integer k, and let 1, € D (RA¥) be an
input state, where R is isomorphic to A*. Additionally, let M}, be a POVM measurement on RB* (where

we interpret My, as a quantum-classical channel that maps to the probability distribution of measurement

95



4 Composite Classical and Quantum Channel Discrimination

outcomes, as specified in Section 2.1.3). Define the two sets of classical probability distributions P =
{ Mp(Ex(vr)) | &k € Sk } and Q = { My(Fi(vx)) | Fi € Ty }. The operational procedure is now to take
an unknown channel from either S, or T, feed it with the input state V}?" and apply the measurement
MP™ to the outcome. Crucially, due to the assumed structure of the (S,), and (7,), (as specified in
Definition 4.2.1), the measurement result of each of the individual n POVM measurements will be distributed
according to ap € P or ¢ € (). Hence, the overall structure of classical outcomes can be seen as an instance
of adversarial hypothesis testing with a particular adversary’. For this classical problem, by Theorem 4.1.8,
the exponent

inf D 43.7
et (pllg) (4.3.7)

is asymptotically achievable as n — oo, which just means that

1
liminf — D% (Spkl|Tnk) > inf D = inf DM M , 438
m inf — 7 Skl Tok) ot (rllq) p’“e‘%w (Me(pr) Mk (ok)) (4.3.8)
oLE k| VK

where dividing by k yields:

P S 1 .
- > - . 3.
lim inf nkDH(Snklmk) e pkelg]f[yk]D(Mk(Pk)\le(Uk)) (4.3.9)
0, €Tk V]

Now, to obtain a procedure for discriminating m channels where m is not a multiple of %k, we can just
ignore at most k — 1 channels so that we are left with a multiple of & channels and then do the above. This
yields a strategy to distinguish S,,, and 7, for any m and asymptotically the & — 1 discarded channels do not

matter, so we get:

1 1 1
liminf — D% (S ||Tm) > —  inf  D(M My (o)) > inf —D(M M(or)),
mint - D5(S,lT) = 1 int DM IMAo) = inf | DM [ M ()
ok €Tk [VE] ok €C(Tr[vk])

(4.3.10)
where we added convex hulls on the right-hand side (this just makes the infimum smaller). We can now take
the supremum over all measurements M, on the right-hand side, and by Brandéao et al. (2020), Lemma 13,

we can exchange this supremum with the already present infimum, to find

1 1

liminf — D% (S, || Tm) > inf -D k) - 4.3.11

mint - D5(SulT) = _inf ZDulpulon) 3.1
0, €C(Tk[vk])

Note that Brandio et al. (2020), Lemma 13, requires the infimum to be over a convex set, which is why we

'In fact, this problem can also be seen to be at most as hard as a composite hypothesis testing task in the arbitrarily varying case,
and a similar statement as Theorem 4.1.8 for this composite arbitrarily varying task would be sufficient for our purposes.
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introduced convex hulls in the previous step. Additionally, we now take the supremum over v, to find

1 1
liminf —D% (Sml|Tm) > sup inf  —Dy(prllok) (4.3.12)
m—oo M €C(Sklv)) k
etz
. 1
= sup El(rfl(fS : 7 D (& (i) [| 7 (ve)) (4.3.13)
ukeD(RAk)]__IZGC(TZ)
) 1
= . GHCl(fS ) sup 7 Do () |7k (Vi) (4.3.14)
fl;ec(T';) v €D(RAF)

where the first equality is just a rewriting, and for the second equality we used that by Proposition 4.2.4
(since the infimum is over convex sets, and Dy satisfies the direct sum property) we can exchange infimum

and supremum. We take the lim sup over k to get

1 1
liminf — D% (S5,.||7) > limsu inf su — D (Er(vi)|| Fr(vg)) - 4.3.15
im inf — 1 (SmllTm) msup inf_ ukeD(gAk) ? M (Ex (Vi) | Fk (k) ( )
FreC(Ty)

Now, by Lemma 4.2.5 the infimum is achieved for permutation covariant channels &, F, and by Lemma 2.6.1
the supremum is achieved for a permutation invariant state (note that the channels & and F}, are of course
also permutation covariant with regards to permutations within R, as they act with the identity on the

reference system). Hence the state F (1) is permutation invariant, and thus by Lemma 2.6.2 we get

1 1

liminf — D% (S,,||7) > limsup min max  —D(Ep(vp)|| Fr(v 4.3.16
i D (SulT) 2 limsnp iy max D@D 6319

Fr€C(Ty)

1
=1i i —D(EL||Fr) . 4.3.17
imsup min, o (Ekl|Fk) (4.3.17)

Fr€C(Ty)

Converse For the converse part, let R = A, and then note that by Lemma 4.2.2:

Dy(SnllTa) = sup  Dy(Sulvall|Tulvn]) < sup inf - Dy (pnllon) . (4.3.18)
vn€D(R™A™) vn€D(R™A™) png_n an}

By Lemma 2.4.1 we have that for any two states p, o:

1

D5 <
1(pllo) <

(D(pllo) + h(e)). (4.3.19)
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Thus,
(43.4)
;grg)h;ggganH(S 1 7n) gglg)hnrgmf DH( (Sn)IC(Tn)) (4.3.20)
1
= limliminf —  sup  DH(C(Sn)[vnlllC(Tn)[vn]) (4.3.21)
€0 n=00 My, eD(Rn AR
(4.3.18) 1
< limliminf  sup min  —D%(pnllon) (4.3.22)

£0 n=00  ep(RrAn) pr€C(Sn)lvn] T
Unec(Tn)[Vn]

= lim inf sup min fD En(p) || Fn(vn (4.3.23)
Fn€C(Ty)
1
“2Y himinf min —D(&, || Fn) (4.3.24)
n—oo £,eC(Sy,) N
Fn€C(Ty)

where the optimizations are achieved by the same argument as above. Equivalently, one finds the same with

lim inf replaced with lim sup:

1
lim lim su D‘E S, Tn) <limsup min —D(&E,||F) . 4.3.25
lig imsup D5 (S, 7)< mswp _min LD(€, 1) (4329
Fn€C(Tn)

Combining (4.3.24) with the achievability result (4.3.17), we find

1

liminf min  ~D(E|F) > lim lim inf = D% (S, | 7) > I LplF 4.3.26

it o (€nl|Fn) 2 lim lim inf — Dy (Snl|7n) msup min | (EkllFr)  (43.26)
Fn€C(Ty) FreC(Tk)

and hence both inequalities in this line are in fact equalities. Also, combining this again with (4.3.24) and
(4.3.25) we find

1 1
. 1 < T T i L e
Jim o i | 3 D(EkllFi) < lim liminf — Dy (S| ) (4.3.27)
FreC(T)
< i%llgsolianH(S nl[Tn) < nlgrolog Ier(ljl(l‘lgn) —D(& || Fn), (4.3.28)
Fn€C(Ty)

and hence all of these expressions coincide, and we get the desired statement with lim.

Finally, the second part of the theorem that applies if S,, also lies in a linear space with dimension polynomial
in n, can be seen as an immediate consequence of the first part of the theorem after using Proposition 4.2.4
and Lemma 2.6.3. Note that after the application of Lemma 2.6.3 we do no longer satisfy the convexity
assumption necessary for another application of Proposition 4.2.4, and hence we cannot conclude that the

min and max can be exchanged again at this point. O
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4.3.1 Classical Parallel Exponent for Finite Sets in the Composite IID Setting

The characterizations of the asymptotic error exponent in Theorem 4.3.1 are generally hard to calculate, and
we would like to find scenarios where one can instead find single-letter formulas. One case in which one can
do so (and which will be useful for upcoming examples) is in the classical composite i.i.d. case when the two

sets S and T are also assumed to be finite.

Proposition 4.3.2. LetS, T C CPTP(X — ) be two finite sets of classical channels. In the composite i.i.d

setting, i.e. with

e EeS} (4.3.29)

Sp e
To={F"|FeT} (4.3.30)

the Stein exponent of distinguishing these two hypotheses with a parallel strategy is given by

lim lim 6,80, Tn) = in D(E(v)||F(v)), 4.3.31
6133)”%061:(7%6 Tn) Verg(ggsx)%g (EWIIF@)) (4.3.31)

where X' is another classical system with the size of X, and lim can be lim inf or lim sup (see Definition 4.1.4),

Proof. We split the proof into the achievability and converse part.

Achievability Picking any classical input state v € D (X’'X) and feeding identical copies of it into the
n classical channels, turns this problem into the classical composite i.i.d. hypothesis testing problem of
distinguishing the sets P = S[v], @ = T [v]. Since they are both finite, we can apply Mosonyi, Szilagyi, and
Weiner (2022), Theorem III.2, which states that the optimal exponent of this composite state discrimination

problem is given by
Lanin D(P|Q) = glglg DEW)|IF))- (4.3.32)

Taking the supremum over all input states v yields the desired achievability result, and the supremum is
achieved by an argument similar to Lemma 2.2.5, as the minimum over a finite number of elements does not

affect any of the required continuity properties.
Converse It follows immediately from the definition (4.3.2), Lemma 4.2.2 and Lemma 2.4.1 that

1 1
*D%(Snu,ﬁz) = - sup D%(‘Sn[yn]”lﬁz[yn]) (4~3~33)
n T v, eD(RA™)

1
S =g, Sup ol DES ) [FE"(vn) + o(1). (4.3.34)
n(l—e) vmeD(RX™) EES (5" ()| FZ" (vn)) + 0(1)

where strictly speaking R could be a quantum system, and hence v,, a quantum-classical state of the form

d'VL
o= pip) @ i)y (4.3.35)
i=1
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where {p;}", is a probability distribution and the pg) are density matrices on R.
By using the joint convexity of relative entropy and additivity under tensor products, it is easy to see
though that for any such state v, there exists a probability distribution {g; }¢_, such that for all channels £

and F:
d
D(E ) |IF o)) < S aiDEQiNINIF (i) = DEW)IF)). (43:36)
i=1

where v = 3. ¢; |1)(i] y» ® |i)i| ,. Hence, we can upper bound the last part of (4.3.34) with the single-letter

expression

T s DEG)IF0) ol )
v FeT

and the statement follows in the limit n — oo, ¢ — 0.

4.4 Adaptive Discrimination Strategies

As for simple channel discrimination, the most general setup of the channels will allow for channel inputs to
depend on previous channel outputs, and thus be adaptive. Let n be fixed and let A, = AV @ ... @ A
be n black-box channels given to us, where the task is to determine whether they come from S,, or 7,
where S, and 7,, are part of quantum channel hypotheses as specified in Definition 4.2.1. We write just
the first i channels as A; .= A1) ® ... ® A® for i = 1,...,n. A general adaptive channel discrimination
protocol for these A,,, can now be fully specified by an initial state wyg € D (R ® A), a set of n — 1 CPTP
maps V; : R® B — R ® A, that transform the state before it is fed into the next black-box channel, and a
final binary POVM {M, 1 — M} on R ® B. We will assume the size of reference system R to be fixed and
identical throughout the protocol (this is without loss of generality). The protocol consists of alternating

applications of a black-box channel and the preparation CPTP maps N; (see Figure 4.2). We define:
wi(Ag) = AD(NG(wis1(A—1))),  forie{2,...,n}, (4.4.1)

where we do not make identities on reference systems explicit (as previously), and wi (A1) :== A™ (wp). With
our notation, the final state before the action of the POVM will be w,, (A,). Note that since the sets S,, and T,
were assumed to be permutation invariant, there is no advantage to be gained from reordering the black-box
channels and so this is indeed the most general setup.

For a set S,, corresponding to a hypothesis, we write w,,(S,,) = { wn(Er) | En € Sy, }. Given an w,,, the
problem then reduces to the composite state-discrimination problem wy, (Sy,) vs. wy, (7). Note that w, (S,,) C
D (R ® B), so this state discrimination problem will not be an instance of a many-copy discrimination

problem as studied above, the n just indicates how many channel black-boxes were used in obtaining the
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NQ N3 Nn

Figure 4.2: llustration of a general adaptive protocol with n not necessarily identical black-box channels. The
top row makes use of the given black-boxes while the bottom row depicts the memory system R.

states in the set. We can again define the corresponding worst-case type II error exponent as

1 1
ea(n .80 T) = 1 sup Dig(eon(S)llon(T)) = sup sup  [~log (M (T))]  (442)
! " (Mo (Sn))<e

where the supremum over w,, goes over all adaptive strategies, i.e. all initial states wg and all preparation

maps N, i = 2,...,n.

4.4.1 An Upper Bound for Adaptive Strategies

We can prove the following upper bound on the Stein exponent for discriminating two composite channel
hypotheses with adaptive strategies. This captures the intuition that if the sets S,, and 7, are such that they
include the i.i.d. problem, then the error exponent has to be less than the worst-case i.i.d. error exponent (for

a similar statement for composite state discrimination, see e.g. Mosonyi, Szilagyi, and Weiner 2022).

Proposition 4.4.1. Let S = (S,,)n, T = (Tn)n be two quantum composite channel hypotheses (as in Defini-
tion 4.2.1). Then, for alln and ¢ € [0, 1], it holds that

ea(n,e,Sn, Tn) < ging ea(n,e, En, Fn) . (4.4.3)
ne n
Fn€Tn

Furthermore, let S .= 81 and T := 7. If the hypotheses are such that for all n

E¥e S, VEES (4.4.4)
F e T, VYFeT (4.4.5)

then the Stein exponent for distinguishing these two composite hypotheses by an adaptive strategy is upper
bounded by
lim limsup e4(n, &, Sn, Tn) < min D(E[|F) = min D™A(E].F) (4.4.6)
FeT FeT

Proof. As mentioned above, we write wy,(A,,) for the state at the end of an adaptive strategy w,, with n
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channel uses, when the n black-box channels are given by A,,. With Lemma 4.2.2 we get:

1 1
ea(n, €,Sn, T) = — sup Dy (wn(Sn)llon(Ta)) < Sup ei;nf( Dy (pnllon) (4.4.7)
" " UZEwZ(’ﬁ:)

= Laup inf D5 (wn(E)llon(Fa)) < = inf sup D5 (wn(En)lwn(Fa))  (4.48)

N w, En€Sn N En€Sn w,
Fn€Tn Fn€Tn
= inf9 ealn,e, &En, Fn) (4.4.9)
=

which proves the first claim. For the second claim, if the requirements are satisfied, we get

inf ea(n,e,&n,Fpn) < inf ea(n,e, EC", FE) . 4.4.10
£.cs, A( n n) = fes A( ) ( )
Fn€Tn FeT

The known characterization of the adaptive asymptotic error exponent of i.i.d. channels (see Section 3.1.1)
thus implies
lim limsup ez (n, &, Sy, Tp) < inf DA(E||F) = inf D™8(E||F). (4.4.11)
Sl 7 7
Finally, the sequence D(£®™||F®") is superadditive in n, and hence is monotonically increasing in n, and
hence by Fekete’s Lemma we can replace the limit n — oo in the regularized divergence with a supremum
over n. Thus, the regularized divergence is lower semi-continuous (as the supremum of lower semi-continuous
functions is lower semi-continuous), and hence the infimum is achieved (and the same also for the infimum
in D4, since DA = D). O

We will give a classical example in the next section where this upper bound is achieved and is strictly
larger than the achievable exponent of parallel strategies. Hence this demonstrates an advantage of adaptive

strategies for composite channel discrimination even if everything is classical.

Remark 4.4.2. While the upcoming example demonstrates that this upper bound can sometimes be achieved,
it cannot always be achieved. Hence, it is not a candidate for the optimal asymptotic exponent of adaptive
strategies. This can be seen by taking all channels to be replacer channels?. In this case the task of channel
discrimination reduces to that of state discrimination, for which adaptive and parallel strategies are equivalent.
In the composite i.i.d. setting (i.e. when S, = { p®" | p € S } and T, = { 0®™ | 0 € T }) it has been shown
that there exist sets S and 7" such that

. 1

o I .

lim lim Dy (Sn||Tn) = lim — pnég(fsn> D(pnllon) < ;ggD(pIIU), (4.4.12)
on€C(Th) oeT

and different examples exist where S and T are either convex (Berta, Brandao, and Hirche 2021, Section 4.2)

or discrete (Mosonyi, Szilagyi, and Weiner 2022, Section IV.A).

’A replacer channel is a quantum channel which outputs a fixed quantum state regardless of the input.
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4.4.2 A Classical Example of an Adaptive Advantage

In the following, we give a fully classical example that demonstrates how adaptive strategies can be (also

asymptotically) beneficial with composite hypotheses in the composite i.i.d. setting.

Example 4.4.3. There exist classical composite channel hypotheses S = {£1,&2} and T = {F1, Fa},
such that the adaptive error exponent in the composite i.i.d. setting is strictly larger than the parallel one.

Specifically, we show that

1 — 1
lim lim —ea(n,&,Sp,Tn) = min  D(&||F;) =21lim lim —ep(n,e, Sy, Tn) (4.4.13)

e=0p 00 M i,5€{1,2} e 0nsco
whereSn:{é’i@" ’i:1,2},7}b: {]-"Z.®" !i:1,2}.

When defining the channels, we will use quantum notation for convenience, but everything should be
seen as classical, i.e. all states are diagonal in the computational basis.

The channels used in our example are then:

&i(p) = 7 ® |0X0] (4.4.14)
Ep) =7 ® |[1(1] (4.4.15)
Fi(p) = % [T+ (0[p[0) [0)XO] + (1]p[1) 7] ® |0)O (4.4.16)
Fa(p) = % [T+ (0[p|0) 7 + (1]p[1) |OXO[] @ |1)1] (4.4.17)

Where 7 = 13/2 is the maximally mixed state. For notational simplicity, we denote £(0) := E£(]0)
£(1) = E([1)X1)).

0),

The adaptive strategy The channels are constructed to allow for the following adaptive strategy: Given a
black-box channel, we first use it with an arbitrary input state. Depending on the second output bit we will
be able to determine with certainty the “index” of the channel, i.e. we will know that the channel is either &;
or F if the second bit is zero, or alternatively if the second bit is one we will know that the channel is either
&y or Fo. It is easy to see that the optimal input state to discriminate £ from F; (optimal in the sense of

asymptotic type II error decay rate) is |0)(0

, whereas the optimal input state to discriminate & from F» is
|1)(1]. Hence, in our adaptive strategy, for all subsequent channel uses, we input the value of the second bit

we received out of the first channel use. This will lead to the following exponent:

Mnin pg;%)l?(&-(p)llfi(p)) = D(&1(0)[|F1(0)) = D(E2(1)]| F2(1)) = logy(4/3)/2. (4.4.18)

It is easy to see that this is also equal to

i D(&(p)||F; 4.4.19
nin, - max, D(E(p)lI75(0)) (4.4.19)
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since this minimum is always achieved for ¢ = j, as otherwise the second output bit allows for the two
channels to be distinguished with certainty, which makes the relative entropy infinite. Since this is equal to
the upper bound from Proposition 4.4.1 (for classical channels the regularized channel divergence collapses

to the single-letter channel divergence), this is an asymptotically optimal adaptive strategy.

The best parallel strategy By Proposition 4.3.2, the optimal parallel exponent is given by

uegl(%(}g)() min D(EW)|F()). (4.4.20)
FeT

Similarly to the argument used in the proof of Proposition 4.3.2, by using the joint convexity of the relative

entropy we find that for any state v € D (X’X) there exists a p € [0, 1] such that for any i, j:
D(&i(v)|| Fj(v)) < pD(&i(0)[F;(0)) + (1 — p) D(&i(1)[|F;(1)), (4.4.21)
and picking v = p|00)(00| y + (1 — p) [11){11| 4/, achieves the right-hand side. Hence, we can write:

VX %gD(f(V)If(V)) = gnax i,fél{iﬂz} (pD(E(0)]|F;(0)) + (1 = p)D(&()IIF;(1))) . (4.4.22)

Similarly to above, the minimum will be achieved at ¢ = j, and it is easy to see by explicit computation that
the optimum value of p is 1/2. Since D(E2(0)||F2(0)) = D(E1(1)||F1(1)) = 0 the parallel exponent is thus

%D(Sl(O)H]-"l(O)) (4.4.23)

which is half the exponent we were able to achieve with the adaptive strategy. It is also easy to see that a
way to asymptotically achieve this parallel exponent is just to alternate the two input states 0 and 1. This
captures the intuition that since we do not know the “index” of the channel in advance, we have to balance
between the two optimal input states, and half of the time we will have chosen the wrong one, which means

that half the channel outputs will be useless, and hence we can only achieve half the rate.

4.4.3 Classical Equality under Convexity

Looking back at the previous example, one finds that the advantage of the adaptive strategy can be seen
as coming from the fact that the order of the maximum over input states and minimum over channels
(for example in (4.4.18)) matters: The parallel strategy has to find a good input state for all channels (this
corresponds to taking the maximum over states outside), whereas the adaptive strategy can reduce the
problem to a simple discrimination problem between just two channels and then tailor the input state to
these two channels (this corresponds to taking the infimum over channels outside). Indeed, one also finds
that an application of our exchange result Proposition 4.2.4 (or similar minimax theorems) is not permitted in
this example, as the sets of channels S and T are not convex. We show subsequently that, in the classical

case, convexity of these sets is indeed sufficient for there not to be an advantage of adaptive strategies.
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4 Composite Classical and Quantum Channel Discrimination

Theorem 4.4.4. Let S = (S,, C CPTP(X"™ — V")), T = (T, C CPTP(X"™ — V")), be two composite
classical channel hypotheses (still satisfying the properties of Definition 4.2.1). If S == &1 and T = Ty are

convex, and additionally for alln

E®e S, VEES (4.4.24)
FOn e T YFeT (4.4.25)

then the Stein exponent of distinguishing these two composite hypotheses (with a possible adaptive strategy) is
given by
lim lim = mi D 442
lim lim e(n, &, Sn, Tn) = mmin e (EWIFV)) (4.4.26)
FeT
where lim can be lim inf or lim sup (see Definition 4.1.4), and this optimal exponent can be achieved with a

parallel strategy.

Proof. We split the proof in to the achievability and converse parts.

Achievability Picking any classical input state v € D (X) and feeding identical copies of it into the n
classical channels, turns this problem into the classical composite hypothesis testing problem which is at
most as hard as distinguishing the sets P = S[v], Q = T [v] in an adversarial setting (this follows from the
properties of a composite channel hypothesis as specified in Definition 4.2.1). Then, by Theorem 4.1.8, the
exponent

i D 4.4.27
Lnin (rllg) ( )

is achievable, and hence, by optimizing over v, also the exponent

sup msin D(pllq) = sup rgmgl D(EW)||F(v)) (4.4.28)
veD(X) SETH veD(x) €5

is achievable. Now, since S and T are convex, we can apply Proposition 4.2.4 and exchange the minimum

and the supremum (where the supremum is also achieved, e.g. by Lemma 2.2.5).

Converse From Proposition 4.4.1 we get:

lim lim e(n,e, Sy, Tn) < min D™®(E||F). (4.4.29)
e—+0n—o0 ;g?

If all channels £ and F are classical, the regularization is not necessary (Hayashi 2009). This can be easily seen
as follows: Since the relative entropy is jointly convex, the optimization over the input state is achieved at an
extreme point of the convex set of input states, and classically all extreme points are product distributions,

which makes the regularization collapse and also eliminates the need for any reference system. Hence

lim I Sn, ) < mi D(EW)|F 4.4.30
lim lim sup e(n, &, Sn, Tn) %‘gyggg) (EWIIF®@)) (4.4.30)
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which is what we wanted to prove.

4.5 Outlook

We have been able to provide new insight into the relation between adaptive and parallel channel discrimina-
tion strategies, by studying such strategies for composite channel hypotheses and demonstrating that there
is a gap in the asymptotic setting. However, there are still many open questions regarding composite channel
discrimination, as can be seen by the number of cells in Table 4.1 for which we cannot give a definitive answer.
Here, we want to briefly describe some of these problems and elaborate on possible solutions.

First of all, for classical composite hypotheses which are non-convex, we currently do not have an entropic
expression for the optimal achievable rate of adaptive strategies, so far we have not even been able to prove
that the worst-case i.i.d. upper bound cannot always be achieved®. Intuitively though, we consider it to be
unlikely that this bound is always achieved, and we are also not particularly hopeful that there will be a simple
entropic formula for the adaptive exponent. This comes from imagining generalizations of Example 4.4.3:
In our example, determining the index of the channel within the two sets was possible perfectly after only
one use, and hence one was able to use the optimal input state for all subsequent channel uses. One could,
however, think about examples where determining this index is not perfectly possible, and hence one is
expected to have to pay a certain (asymptotically non-vanishing) number of channel uses to distinguish the
individual elements of the sets and then prepare the best input state, which should make the upper bound of
Proposition 4.4.1 not achievable in this case. This procedure of determining which channels in the set we
seem to be provided with also becomes significantly more complex once one stops having the symmetry
between the sets S and 7 which we have in Example 4.4.3, and in the general case it is not obvious at all how
one could capture in a simple entropic expression the intricacies of gaining knowledge about which elements
in this set one might be given.

Additionally, we would like to see if there is an advantage for adaptive strategies in the quantum composite
ii.d. case when the sets of channels S and 77 are convex (recall that we showed that this is not possible
classically). Given that the regularization is necessary in general in the quantum case, and the sets S,, and 7,
will not be convex even if S and 77 are, we consider it not unlikely that there will again be an asymptotic

gap between adaptive and parallel strategies.

*Mosonyi, Sziligyi, and Weiner (2022) provide an example where discriminating states is not possible with this upper bound. This,
however, requires continuous probability distributions (i.e. the analogue of infinite-dimensional Hilbert spaces), which we do not
consider here.
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5 Infinite-Dimensional Quantum Channel Discrimination

5.1 Introduction — Why Infinite Dimensions?

This chapter deals with channel discrimination in infinite dimensions, extending many of the previous results
to the infinite-dimensional setting, and establishing the theory of error exponents for asymmetric quantum
channel discrimination also in this setting. While the prototypical system in quantum information theory is
often considered finite-dimensional, infinite-dimensional, or continuous variable (CV), quantum systems
are still of huge technological and experimental relevance. This is because quantum optics, which utilizes
continuous quadrature amplitudes of the quantized electromagnetic field, has been shown to be a promising
platform for efficient implementation of the essential steps in quantum communication protocols, namely,
preparation, (unitary) manipulation, and measurement of (entangled) quantum states, (see e.g. Braunstein
and van Loock 2005 for a review). Examples of such systems include collections of electromagnetic modes
traveling along an optical fibre, and massive harmonic oscillators. Infinite-dimensional quantum channels
which are of particular relevance include bosonic Gaussian channels (see e.g. Guha (2008) and references
therein) and bosonic dephasing channels (see e.g. Lami and Wilde (2023)). The study of quantum information
in infinite dimensions has found applications in quantum communication (Holevo and Werner 2001, Wolf,
Pérez-Garcia, and Giedke 2007, Takeoka, Guha, and Wilde 2014, Pirandola et al. 2017, Wilde, Tomamichel,
and Berta 2017, Rosati, Mari, and Giovannetti 2018), the most noteworthy of them being the experimental
realization of quantum teleportation for optical fields. Other applications include quantum computing and
quantum error correction (Gottesman, Kitaev, and Preskill 2001, Guillaud and Mirrahimi 2019, Ofek et al.
2016, Michael et al. 2016, Guillaud and Mirrahimi 2019), quantum simulations (Flurin et al. 2017) and quantum
sensing (Aasi et al. 2013, Zhang et al. 2018, Meyer et al. 2001, McCormick et al. 2019).

5.2 Quantum Information Theory in Infinite-Dimensional Hilbert Spaces

5.2.1 Operators on Infinite-Dimensional Hilbert Spaces

This section will very briefly introduce some of the fundamental concepts of infinite-dimensional Hilbert
spaces. For a more thorough introduction, including proofs of all the statements, we refer to the literature,
e.g. Pedersen (1989) and Reed and Simon (1980). Throughout this section we assume H to be a separable
(in general infinite-dimensional) Hilbert space, that means there exists a countable orthonormal basis of
‘H, in the sense that every vector in H can be approximated arbitrarily well with finite linear combinations
of basis elements. For any operator A € Lin(H — H), we write its operator norm as ||A|| = ||A], =
SUPy ey flof=1 [[Av]], and write B (H) :== { A € Lin(H — H) | [|A]| < oo } for the set of bounded operators.
For any A € B(H), let At € B(H) be the adjoint of A in the inner product of the vector space (i.e. for
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|9),[v) € M, (¢|ATy) = (Ag|1b)). We call a bounded operator A € B (H) self-adjoint if AT = A, i.e. for all
|6), [1) € H, (¢|Av) = (Ad|)). We write Bs, (H) for all bounded self-adjoint operators, and similar to the
finite-dimensional notation, for A, B € Bs, (H) we say A < B if (¢)|Ay) < (| By) for all |¢) € H. For a
self-adjoint operator A € By, (H) that is also positive (i.e. A > 0), we can define its trace as

o0

Z (ei| Ale;) s (5.2.1)

=1

where {|e;) }2°, is an orthonormal basis of H (which exists since # is separable). Note that the positivity
of A implies that this infinite sum always exists (although it can be 00), and is independent of the chosen
orthonormal basis. Furthermore, for any A € B (H), let |A| := v/ AT A, where the square root can be defined
e.g. by acting on the spectral decomposition of AT A. Then, we say that an operator A € Lin(H — H) is trace-
class, and write A € By (H), if Tr(|A|) < oo. Furthermore, if A is trace-class, we can again define Tr(A) as in
(5.2.1), and one can show that this limit is always finite and also does not depend on the chosen orthonormal
basis. More generally, for p € [1, 00) we define the Schatten p-norm for A € B (H) as [|A|, = [Tr(\A]p)]l/p,
and then write B, (H) = { AeLin(H—H) ‘ | A, < o0 } One can show that lim,, o [|A|, = [| 4| is
the operator norm defined above. Finally, write (1) .= { A € B1(H) | A > 0 } for all positive trace-class
operators, and the set of all density matrices is then givenby D (H) :={p € Z(H) | Tr(p) =1 }.

Relation to Concepts in General von Neumann Algebras

When defining and using properties of many quantum divergences, we will cite heavily from the works
Hiai (2021), 2018, 2019 where many of these objects are introduced in the even more general setting of von
Neumann algebras. Let us briefly discuss how the definitions and statements there correspond to the objects
we will use in our simpler case of operators on a separable Hilbert space (note that this is not meant as an
introduction into the theory of von Neumann algebras, for more details see e.g. Hiai (2021), Appendix A). For
a general von Neumann algebra M, thought of as an “observable algebra” (the analogue of our B (#)), the
corresponding state-space then lies within its pre-dual M, (the analogue of our B1(H)), in particular in the
positive cone M of the pre-dual (the analogue of our &?(H)), and the normalization constraint (analogous
to our definition of D (H)) corresponds to w(1) = 1 forw € M.

For a given state w € M, one then often considers a representation of the von Neumann algebra M on a
Hilbert space H,,, given by m,, : M — B (H.,), such that there exists a vector |2) € H,, which satisfies that
w(z) = (Q| 1y () |2) for all z € M (such a representation is for example given by the GNS construction).
If M = B(H), then we can construct such a representation where #,, and m,, are actually independent
of w, in particular we can choose H,, := Ba(#H) the space of Hilbert-Schmidt operators (note that Ba(H )
forms a Hilbert space with the inner product (4, B) = Tr(A'B)), and the corresponding vector |() for any
w € D(H) C Bi(H) is then given by |\/w) = /w € Ba(H). The representation 7, then acts on a state
|o) € By(H) via operator (left-)multiplication, i.e. 7, (x) |o) = |zo), where 2z € B (H) guarantees that also
xo € Ba(H). Furthermore, given such a representation (one can in fact show that the final construction is

independent of the chosen representation), one can construct the Haagerup L spaces LP(M ), which in our
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case will correspond to the Schatten spaces 3,(#). One can then show that there exists a bijection between
the pre-dual M, and L'(M), written as ¢ € M, + hy, € L' (M), which in our case is just the identity on
B1(H). While we write AT for the adjoint of an element A € B (), we will usually write B* for the adjoint
of an operator B € B (H,,) = B (B2(H)) on the representation space.

Unbounded Operators

We will occasionally also have to deal with unbounded operators, for example the relative modular operator
defined below is such an unbounded operator on the representation space. Such an operator in general need
not (and cannot) be defined on the entire space H, so we write A : D(A) — H, where D(A) C H is a linear
subspace called the domain of A. We say A is densely defined, if D(A) is dense in H. For unbounded operators,
one also has to take slightly more care when defining the adjoint of A. Let A be a densely defined operator,
then a vector |¢)) € H will be in the domain of the adjoint A* if |¢) € D(A) — (| A¢) is a continuous
linear functional on the domain of A. For any such |¢)) € D(A*), there then exists an extension of this linear
functional to the entire space H (and this extension is unique since A is densely defined), and by the Riesz
representation theorem this linear functional can be written as |¢) — (w|®), for some w € H, and one then
defines A* 1)) := |w). We call a densely defined operator A self-adjoint if D(A) = D(A*) and A = A* on
their (now equal) domain. Note that the condition on the domains to be equal is necessary, the fact that A is
equal to its adjoint A* on its domain D(A) does not imply that the domains are equal.

We call an operator A closed if its graph I'(A) = { (|¢),A|¢)) | |v) e H} C H & H is closed, or
equivalently if for all sequences (|¢,))n C D(A) such that |¢,) — [¢) € H and A |[¢p,) — |¢) € H it holds
that 1)) € D(A) and A |¢)) = |¢) (note that if D(A) is closed this is equivalent to A being continuous on its
domain, otherwise the notions of continuity and closedness are different). From the definition of the adjoint
above, it is not hard to see that the adjoint of any operator A is always closed, and hence also any self-adjoint
operator is always closed.

We call an operator A closable if A is the restriction of a closed operator from a larger domain onto D(A).
One can show that a densely defined operator A is closable if and only if its adjoint A* is densely defined, in
which case the closure of A is equal to (A*)*. Furthermore, if A is densely defined and closed then A* A is
densely defined and self-adjoint.

5.2.2 Quantum Channels

Quantum channels can in general be defined analogously to the finite-dimensional setting, for details and
proofs of the following statements, see e.g. Holevo (2001) and references therein. For any C* subalgebra (that
is, any norm-closed linear sub-algebra, that is also closed under taking adjoints) U C B (H 4) we call a linear
map € : U — B (Hp) positive if £(A) > 0 whenever A > 0. With M,, the set of n X n matrices, we say that
& is completely positive if € @ idpy,, : U @ M,, — B(Hp) @ M,, is positive for all n € N. IfU = By (H ),
we say that & is trace-preserving if £ : U — Bi1(Hp) and Tr(E(p)) = Tr(p) forall p € B1(Ha). We call €
a quantum channel if it is completely positive and trace-preserving. One can show (Davies 1976) that any

quantum channel is bounded as an operator between 31 (# 4) and B () and hence norm-continuous.
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5.2.3 Distance Metrics
Trace Distance

The trace distance in infinite dimensions is defined analogously as

1
T(p,0) =3 ool . (5.22)

The trace distance satisfies the data-processing inequality since the trace norm is contractive under quantum
channels. The latter can be seen by a standard argument which also works in infinite dimensions (throughout
this section we write again (4, B) = Tr(A'B) for the Hilbert-Schmidt inner product): It is well-known
that the dual space of B;(#) is B (#), i.e. any continuous linear functional B1(#) — C can be written as
A € Bi(H) — (B, A), where B € B (H). For any channel A : B1(H4) — B1(Hp), and any B € B (Hp),
A — (B,A(A)) is a continuous linear functional on B (#H 4), which can hence be written as A — (C, A),
for some C' € B (H 4). We then set A*(B) := C, which defines a linear map A* : B(Hp) — B(Ha). Itis
easy to see from the definition that A* is completely positive iff A is, and A* is unital (i.e. A*(1p) = 14) iff
A is trace-preserving (and vice-versa). In particular, if A is completely positive and trace-preserving, then
—1p < B < 1pimplies —14 < A*(B) < 14, and hence A* is contractive in ||-|| ,-norm. We can then use
the dual representation of the trace-norm (for X € By (Hp)):

Xy = sup [(B,X)] (5.23)
BeB(Hp)
1Bl oo =1
to conclude that (for A € By (H4))
AL = swp (A B A< swp |4 A)] = Al (524
BeB(Hp) A'eB(Ha)
1Blloo=1 47| =1

and hence any quantum channel A is contractive in ||-||,-norm.

Fidelity and Purified Distance

We can also define the fidelity in infinite dimensions completely analogously to the finite-dimensional case
via (for p,o € D (H))
F(p,o0) = H\fp\/gul . (5.2.5)
A key property of the fidelity is Uhlmann’s Theorem, which in the infinite-dimensional context can be
expressed as follows: For a state p € D (1) we call an element |¢)) € By(H) a purification of p, if for all
AeB(H)
p(A) = Te(pA) = (] Alw) . (5.26)
Intuitively, one can easily see that this will be satisfied for |1)) = }WU >, for an arbitrary unitary U on H,

and in fact from the polar decomposition it follows that it is satisfied for only such |¢). This corresponds
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to the statement in the finite-dimensional setting that all purifications can be written as (Ur ® 1/p) [I') g4,
where |I') , 4 is an unnormalized maximally entangled state.
Uhlmann showed that (Uhlmann 1976)

F(p,o) = sup (oY) - (5.2.7)

|¢) purification of p
|¢) purification of &

While expressing the purifications in terms of Hilbert-Schmidt vectors is theoretically appealing, we can also
express things more in the spirit of the finite-dimensional approach including an additional reference Hilbert
space. Let {|e;) }; be an orthonormal basis of H, and for \/pU € Ba(H) define the state

Tp) =Y (VU ler)) @ les) e HOH (5.2.8)

7

and it is easy to see that this is indeed a well-defined state with norm 1 on H ® H. We find that

Tra (W, X W) = D VU leiXei| UTy/p = p (5.2.9)

i

and in this sense, then also |¥,) is a purification of p. Furthermore, if |\/pU) ,|/aV) € Ba(H) are two
purifications of p, o in the original sense, and |¥,) , |®,) € H ® H are the corresponding constructions in

the latter sense, then

(VAVIVAU) g0 = Tr(VIVEVRU ) = (@5 1W,),0, (5.2.10)

and so the two notions are equivalent. One can show that the fidelity satisfies the data-processing inequality
also in infinite dimensions (Alberti and Uhlmann 1983).

The purified distance of two states p, o € D () is again defined as
P(p,0) :=+/1—F(p,0)?. (5.2.11)

A Fuchs-van de Graaf Inequality

For completeness, we show here that one of the Fuchs-van de Graaf inequalities we will subsequently be
using also holds in infinite dimensions, by a very straightforward adaption of the finite-dimensional proof
(see e.g. Khatri and Wilde 2020). If |¥,,) , |®,) € H ® H are two purifications of p, 0 € D (H), then we have

1 1 5
T(p.0) = 5 llo =l < 5 W KT,| = 120Xl = /1= (T, ]2,) (52.12)

where we used the data-processing inequality for the trace-distance, and for the second equality note that

the problem is essentially two-dimensional at this point, and so we can evaluate the trace norm using
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finite-dimensional methods. Now taking the infimum over all such purifications, we get

T(p,0) <+\/1—F(p,0)%2=P(p,o0) (5.2.13)

5.3 Quantum Divergences in Infinite Dimensions

While already in finite dimensions we had to occasionally be careful when defining quantum (and classical)
divergences, the situation is even more tricky in infinite dimensions, where the naive expressions are often
not well-defined. In particular also, the condition p < ¢ (again defined by the support of p being contained
in the support of o) will no longer be sufficient for the divergences in this thesis to be finite (see Section 5.6.3
for an exhaustive discussion of this).

Fundamentally though, we want a quantum divergence D to have similar properties as in finite dimensions:
For all separable Hilbert spaces 7, it should be defined for pairs of positive trace-class operators D :
P(H) x P(H) — RU{oo}, such that it is again positive on states (i.e. for p,o € D (H), D(p||c) > 0), and
satisfies the data-processing inequality (i.e. for p,o € D (H), and a quantum channel £ : Z(H) —» Z(K) it
holds that D(E(p)||E(0)) < D(pl|o)).

Generally also, for any divergence D on states, and any two channels £, F : Z(Ha) — Z(Hp) we will

define the associated channel divergence

D(E|F) = GD(;upw )D(E(V)HJ-“(V)), (5.3.1)

where H 4/ is isomorphic to H 4, and we use the same notation regarding implicit identities as in finite
dimensions (see Section 2.1.2).
5.3.1 Standard f-Divergences and the Relative Modular Operator

To see why the definition of some of the previously encountered divergences can be tricky in infinite

dimensions, remember the finite-dimensional definition of the Petz—Rényi divergence:

1 —«
Dy (pllo) = o] log Tlr(po‘a1 ). (5.3.2)

We see that for o > 1 the definition will include o with a negative exponent, which, (even if we restrict it to
the support of o) will in infinite dimensions not be a bounded operator, and hence troublesome to deal with.
One way to deal with the associated problems, and give a well-defined definition of such divergences is to
define them through what is called the relative modular operator. One advantage of this treatment is that the
relative modular operator can be defined in general von Neumann algebras (see e.g. Hiai (2021) and Araki
(1975)), although we will be introducing it here in a slightly more explicit way for the infinite-dimensional
Hilbert space setting (this section is largely taken from and/or inspired by Androulakis and John (2023), Hiai
(2021), and Araki (1977)).

Let p,o € D (H) be two given states, and let II,, be the projection onto the support of o, and IT- be the

projection onto the orthogonal complement (i.e. the kernel of ¢). The relative modular operator will be an
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operator acting on “vectorized operators” (or in the von Neumann algebra setting, on the representation
space), i.e. it is a linear operator on By (). Throughout this section all kets (like |/0)) will refer to such
elements of the Hilbert space By (#). Consider the subset

D(S) = { ‘Xﬁ+ YH§> ‘ X € B(H),Y € Bay(H) } C Bo(H) (5.3.3)

which is dense, since every element of By(#H) can be approximated by an operator supported on a finite-
dimensional subspace, and all such operators are included in D(.S). Now, define S : D(S) — Ba(#) as (this

S depends on p and o but we will still write S instead of S, , to not overload the notation too much):
S ‘X\/E + YH§> — )HC,XT\@ . (5.3.4)
Note that this is not a linear, but an anti-linear operator. Additionally, consider the set
D(S*) = { ‘ﬁX + H§Y> ‘ X €B(H),Y € By(H) } C Ba(H), (5.3.5)

and the anti-linear operator

S*

JoX + HULY> - ‘\/ﬁxTHJ> , (5.3.6)

which is again densely defined.

Note that for an anti-linear operator A, the defining equation for the adjoint is that (A*¢|v) = (p|Ap) =
(Av| @), where the overline denotes complex conjugation. This can be seen by following the argument for
the definition of the adjoint for linear operators in Section 5.2.1, and noting that if A is anti-linear, then
|t) — (¢ Ar)) will be a continuous linear functional, and hence can be written as (w[y) =: (A*¢[¢), and A*

will be then again an anti-linear operator. One then also obtains analogous results for the theory of anti-linear

operators, in particular any adjoint is automatically closed, and a densily defined anti-linear operator is
closable if and only if its adjoint is densily defined. We can verify that S* is indeed (possibly a restriction of)
the adjoint of S:

<ﬁx2 + H(J;Yg‘ S ’Xl\/E + Y1Hj> <ﬁX2 + H(iYQ‘H(,XI \/;)> — Tr (X;ﬁxj \/ﬁ) (5.3.7)
Tr(ﬁXI prg) (5.3.8)
X1vo + ITt \/5X2TH0> (5.3.9)

= (XVo|s"|Voxs + W ) (53.10)

Hence, since S* is densely defined, S is closable, and thus we can define the relative modular operator as

Ay =SS, (53.11)

where S is the closure of S, and A p,o is thus a self-adjoint operator. One then finds that the domain of A,
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at least contains the set
{ ‘XU +YIIE) ‘ X € B(H),Y € By(H) } C By(H) (5.3.12)
and for A € B (H) it holds that

Ao |Ac) = §*S |AVa/a) = 5°5 |AVa /o) = S*

ﬁAT\/ﬁ> = |pAIl,) (5.3.13)

where we used that the state |Ao) already lies in the domain of S. In that sense, this generalizes the finite-
dimensional definition A, ,(X) := pXo~'. In fact, (5.3.13) allows us to conclude that if p = >, a; P, and
o =), b;Q; are two spectral decompositions (where we assume without loss of generality the a; and b; to

be non-zero), then
Ao ) = Zaibj_l |PQ;) (5.3.14)
.3
and this is a (potentially degenerate) spectral decomposition of A, ,, since the map |¢) — |PQ;) is a

self-adjoint projection on By (H) (it is a projection since the P; and Q; are, and the self-adjointness follows

from (¢|P,yQ;) = Tr (6 PipQ;) = (PidQ;[¥))-
Subsequently, we will denote the spectral measure of A, ; as ERvo e Ays = f[o 00) AdE2e.(\). From

the explicit expression (5.3.14) it follows that

(Vo|dgbnr (N) 25 aib; ! = ) Tr(Pi/oQ;\/o Za aib; ' = Nb; Te(P,Q;)  (53.15)

—chazb- STHAPEQ) = 5 WAl IVE) . (5316)

where § is the Dirac measure’. This also implies that if p, 0 € D (H), the measure

A(ValdgBre (V) [Va) = (ol dEBre () [Vp) (5.3.17)

is a probability measure.

For a convex (or concave) function f : (0, 00) — R its standard f-divergence is defined as (Hiai 2018, 2021)

Dy (pllo) = £(0) Trfo{p = 0}] + f'(00) T[p{o = 0}] + /0 T WG N VE), (6:3.18)

= 0) Tl lp = O)) + £/(o0) Tl = 0)] + [~ T Jolae>= v . 5319)

where {0 = 0} is the projector onto the kernel of o, f'(c0) := lim;_, & ,and f(0) := limy_ f(¢). In
this thesis, we will consider functions f for which always f(0) = 0, but often f'(c0) = co. In that case,

p < o (i.e. the support of p being contained in the support of ) is a necessary condition for D¢ (p||o) = oo.

!Strictly speaking these statements should be understood in terms of Radon -Nikodym derlvatives, i.e. if we introduce the two
real-valued (and positive) measures du(\) = (\/a| dé*»7 (\) |v/@), dv()\) = <\f’ de®r7 (N) |\/P). then %(A) =\
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5.3.2 The Quantum Relative Entropy

The Umegaki Quantum Relative Entropy in infinite dimensions is the standard f-divergence associated to the
function f(\) = Alog A. This is a convex (even operator convex) function with f(0) = 0 and f’(c0) = oo,
thus we can write

(Vpllog A, sly/p) ifp <o

00 otherwise

D(pllo) := Dy(pllo) = (53.20)
Note that the expression (,/p|log A, ,|\/p) need not be finite, and is hence somewhat formal, and should

really be understood as the corresponding integral

/O T log(M) (vl € (M) [v) (5.3.21)

which converges (possibly to co) due to (5.3.17) and the convexity of f(A) = Alog(\). We will use similar
expressions below also for other f-divergences which should also strictly speaking be understood as their
corresponding integrals.

As a standard f-divergence associated to an operator convex function f, the quantum relative entropy
satisfies the data-processing inequality (Hiai 2019), more direct proofs of this statement can also be found
in Lindblad (1975) and Miiller-Hermes and Reeb (2017). We can relate it to the finite-dimensional quantum

relative entropy as follows:

Lemma 5.3.1 (Martingale convergence, Hiai 2018, Theorem 4.1(v) and Theorem 4.5). Let {M,}, be an
increasing net of unital von Neumann subalgebras of B (H) such that (\J, M,)" = B(H). Then, for every
p,o€ Z(H)

lin D(plag, lolas,) /* Dl (53.22)

In particular, for every increasing sequence of projections (ey, ), in B (H) such that e, %% 1, one can construct
such a sequence of subalgebras as M,, = e, 3(H) e, ® C(1 — ey).

In this sense we can approximate the quantum relative entropy by taking projections onto larger and larger
finite-dimensional subspaces, and adding one additional matrix element for the normalization. This allows
for fairly straightforward generalizations of some finite-dimensional results, such as the following, which is

known as “almost-concavity”.

Lemma 5.3.2. Let o € D (H) be a density matrix, {\;}, i = 1, ...,n be a normalized probability distribution,
and p; € D(H),i =1, ...,n be a set of density matrices. Then,

D <i Aipi
i=1

where H () is the Shannon entropy of \.

a) +H(\) = > AiD(pil|o) (5.3.23)
=1

Proof. We thank Milan Mosonyi for pointing out that this can be seen as a straightforward consequence

of the above martingale convergence property. Let (e, ), be an increasing sequence of finite-dimensional
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projections on B (H) such that lim,, ,o, ¢, = 1. Then, with M,, constructed as in Lemma 5.3.1, pl(.") =

pila, = enpien ® Tr(pi(1 — e,)), and 0™ = |y, = epoe, ® Tr(o(1 — e,)) are finite-dimensional, and

so the finite-dimensional version of “almost-concavity” (see e.g. Khatri and Wilde 2020) implies

(Z ipt o > +HN) =S LD 0™) (5.3.24)
i=1
and the desired statement follows by taking limits n — 0o on both sides. O

5.3.3 The Petz—Rényi Relative Entropy

The function f,(\) = A% is concave for o € [0, 1] and convex for o € [1,00), with f,(0) = 0 for all .
Futhermore, f!(c0) =0if a € [0,1), and f/,(00) = oo for @ € (1, 00). Hence, we get (Hiai 2021)

2
HA;{TQ |ﬁ>H ifae[0,1],or |a € (1,00) and p < 0 and |\/o) € D(Ag/z

£ (pllo) = 2] R

00 otherwise.

where the domain condition corresponds to the finiteness of the integral in (5.3.18), and due to the concavity
(and positivity) of f, for o € [0,1) it is not hard to see that the integral will always be finite in that case.
We can then define the a-Petz-Rényi divergence for o € [0,1) U (1, 00) as

1
Da(pllo) = —— log Dy, (plo). (5.3.26)

We also have the following further characterization, which can be seen as analogous to the finite-dimensional

case

Lemma 5.3.3 (Hiai 2021, Theorem 3.6). If0 < « < 1, then

1
Da(pllo) = — . log Tr [paal_o‘] . (5.3.27)

Ifa > 1and p < o, then \/p € D(A}, ) (and hence D, (p|lo) < o) if and only if there exists a unique
n € Ba(H) with support and image in the support of o, such that \/p® = nV o1, and then

1
Dalpllo) = —— log [nl}3 = —— log Tr(nfr) (5.3.28)

In particular, this also implies that the Petz-Rényi divergence is additive on tensor products. As shown
in Hiai (2018), the Petz—Rényi divergence is monotonically increasing in o on (0, 1) U (1, 00), and satisfies
limyt1 Do (pllo) = D(pl|o), and lim, 1 Do (pllo) = D(pl|o) if there exists an oy > 1 such that Dy, (p||o) <
oo. Similar to the finite-dimensional case, D, satisfies the data-processing inequality for (and only for)
a € [0, 2], which corresponds to the range where f,, is either operator convex or operator concave (see e.g.
Hiai 2018).
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Continuity of the Petz-Rényi divergence in «

Since our finite-dimensional proof of a one-shot relation between adaptive and parallel strategies relied on
the continuity estimate Lemma 2.3.1 of the Petz—Rényi divergence, we will also need a similar estimate in

infinite dimensions.

Lemma 5.3.4. Lemma 2.3.1 also holds in infinite dimensions. In particular, let p,oc € D(H) be any two states
on a separable Hilbert space H and ~y € (0, 1]. Define

e (pllo) =~ log (2wm<p||o> 4 9D (pllo) 1) , (5.3.29)
y
Then, for ally € (0,1] and § € (0, 3]:

Di4s(pllo) < Dlpllo) + In(2)5(c (pllo))? (53.30)
< D(pllo) + 3(c (pllo))™ (5331)

Furthermore, if D(pl|o) < oo, then for ally € (0,1] and é € (0, 3]

Dy_5(pllo) > D(pllo) — In(2)5(cy (pllor))? cosh(in(2)de, (o) (5:332)

and for all § € (0, %]:
Di1-s(pllo) = D(pllo) — In(2) cosh(log(3)/2)d(c, (pll))* (53.33)
> D(pllo) = 8(cy(pllo))?. (5.3.34)

Proof. This generalization of the finite-dimensional proof Lemma 2.3.1 was found in joint discussions with
Jan Kochanowski. Recall the definitions of the Umegaki relative entropy and the Petz-Rényi relative entropies

via the relative modular operator as

D(pllo) = /( . EMVRIES T IV = (V18 Byl V) (53.35)
Da(pllo) = — log /(0 )A“‘1<\/ﬁld€A”(A)lﬁ>= - log(\/plAGL Vo), (5.3.36)
Diss(pllo) = log | Ntplag ()1vp) = N INENG) (5337)

To prove the lemma, we follow the proof of Lemma 2.3.1, essentially only replacing X = p® (c~)7 by A
and [¢) = >, \/pli) ® |i) € H ® H with |/p) € Ba(H).

We write t° = 1 4+ §In(t) + 75(t), where the first two summands are the Taylor-coefficients of ° when
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expanding in 6 around § = 0. Set rs(t) := t° — §In(¢) — 1. Using * > 1 + z we can upper bound it by

rs(t) =10 — 0In(t) — 1 <0 4 70 g — @) 4 =0l _ 9 (5.3.38)
= 2(cosh(d1n(t)) — 1) =: ss(t). (5.3.39)

It is easy to check that ss(t) is monotonically increasing in ¢ on [1, 00), concave in ¢ on [3, 00) if § < % and
1

satisfies s_5(t) = s5(t) = s,5(t7), see the proof of Lemma 2.3.1 for more detailed explanations of this. We

get for ¢t > 0 and vy € (0, 1]

() <ss(t"+t77)<ss(tT+t77+1). (5.3.40)

s
=~

ss(t) =s

2>
2>

It is easy to see that t7 +¢~7 + 1 > 3 forall ¢ € (0, 00). Thus, we can use Jensens inequality to get

(/P135(D ) \/B) = /O 55(\) dpiy (V) < /0 55 (074 X7 4+ 1) digy (V) (5.3.41)
Jensen S
< s </0 A+ X7 +1) dup(A)> =5 <2W(PHU)) . (5.3.42)

where we wrote du,(\) = (,/p| dé277 () |\/p), where d€277 () is the spectral measure of the relative

modular operator A, ;. Now using Taylor's theorem with the Lagrange remainder we can bound

d 1 d? 9
s5(t) = s0(t) + —555(t)l5=00 + 5 — 55 56(t) 5= (5.3.43)
= 6%(In(t))? cosh(£ In(t)) < 6%(In(t))? cosh(d In(t)) (5.3.44)

for allt > 0 and some £ € (0, ), where we used that so(t) = d%‘% (t)|5=0 = 0. Hence,

(Vlss (D) lVB) < 55 (297017) < (8 1n(2)e, (pl]o))? cosh(3 In(2)e (p|o))- (5.3.45)

We can now apply this to derive the upper bound in the Lemma. For § > 0 have

Dy s(pllr) = 5 108(/pIASIV7) = 5 Tos(v/al1 +In(2) 108 By +75(B,0)lV5)  (5346)
= Llog(1 + 3D (o) + (VAlrs(Ape) V7)) (5347)
< S Tog(1+ () D(pllo) + (V7lss (Bp) V7)) (5.3.48)
= %log(l +61n(2)D(pl|o)) + %log (1 + i‘fgﬁig;gi‘pﬁi) (5.3.49)
< D(pllo) + 5 1o (1+ (V7lss (Bp) V7)) (53.50)
< D(pllo) + 5 1og (1 + (31n(2)ey (pllo)? cosh(3 In(2)e, (o)) (5351)
< D(pllo) + 6 1n(2)(c;(pllo))?, (5.3.52)
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where in the fifth line it was used that log(1 + z) < ﬁ and ¢ > 0. The final inequality follows from the
fact that k — k? — ln(l + k2 cosh(k)) is monotonically increasing and hence positive (see again the proof
of Lemma 2.3.1 for a proof of this monotonicity). For the lower bound in the Lemma, i.e. the case 6 < 0, a

slightly different argument has to be applied.

Dys(pllo) = 5 To{y/AIAL 1) = +Tog(v/all +0In(2) og Apy +rs(Ap)lVA) (5359
> < log(1+ () D(pllo) + (V7lss(Bp) V7)) (5.3.54)
> D(pllo) + 7 (VA1 B0V (5359
> D(pllo) + 6 1n(2) e, (p]}0))? cosh(d n(2)e (pllo)), (5.3.56)

where in the second inequality again log(1 + z) < fm( was used. If now 0] < 223%5\3\)0) < 7, then
In(2) cosh(In(3)/2) < 1 and thus

Diys(pllo) = D(pllo) + 8(cy (pllo))*. (5.3.57)

O]

5.3.4 The Geometric Rényi Divergence

The most natural way to define the geometric Rényi divergence in infinite dimensions is by generalizing the
reverse-test characterization (see Section 2.3.3). Similar to the finite-dimensional case, we call the divergence
obtained from the axiomatic characterization the maximal Rényi divergence, and call it the geometric Rényi
divergence only for @ € (0, 2]. The infinite-dimensional definition of the maximal Rényi divergence then
goes as follows:

For p,o € &(H), we say that (T, g, h, 1) is a reverse test of (p, o), if (X, 11) is a o-finite measure space,
g,h € LY (X, p) with g, h > 0, and T is a positive trace-preserving map I' : L*(X, 1) — By (H) such that
I'(g) = p,T'(h) = o. By I being positive, we mean that I'(f) > 0 for any f > 0, and by I being trace-
preserving we mean that Tr(I'(f)) = [ fdu. Throughout this section we will encounter some expressions
of the form h(A) f(g(X)/h(\)), where h(X) can potentially be zero, for which we will use the following

conventions

of (g) —0,  of (g?)) — g(N)f(00) = g() lim & f(2). (5.3.58)

T—00

Definition 5.3.5 (for equivalence to other definitions see Hiai (2019), Theorem 6.3). In infinite dimensions,
for p,o € Z(H) and any a € (1, 00), the maximal Rényi trace function can be defined via the following

optimization problem

ga(p]\a) = Fmihn {SE(g||h) | (T, g, h, ) is a reverse test of (p, o)} (5.3.59)
95hp
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where o
Sg(th)—/h<Z>adu—/h(/\) (igig) du(\) . (5.3.60)

For a € (0, 1), the minimization is replaced with a maximization

Salpllo) = max {Sk(g||h) | (T, g,h,p) is a reverse test of (p,0)}. (5.3.61)
g5hap

The maximal Rényi divergence is then defined as

Dau(pllo) = log Sa(pl|o) . (5.3.62)

a—1

This can be seen as a special case of what is called a maximal f-divergence for f(\) = \*. A lot is known
about these divergences when f is operator convex (e.g. if & € [1, 2], or by considering — f, if a € (0, 1]), in
which case the solution to the optimization problem can be explicitly characterized (Hiai 2019), and as stated
above, we refer to the divergence as the geometric Rényi divergence in this range of a € (0, 2].

Our main theorem of this section is the following:

Theorem 5.3.6. Foralla € (0,1) U (1, 2], the geometric Rényi divergence satisfies the chain rule, i.e. for all
states p,o € D (H) and any two channels £, F : Z(H) — P (K) we have that

Da(E(p)|F(0)) < Dalpllo) + Dal€]1F). (53.63)

This also directly implies the additivity of the geometric Rényi channel divergence, i.e. for all channels &1, F; :
P(H1) = P(H) (K1), E2, F2 : P(Ha) — P(K2) it holds that

Do(&1 ® &||F1 ® Fo) = Da(&1||F1) + Do(E|| Fa). (5.3.64)

We show this by proving that at least for some restricted set of states, the optimization in the reverse
tests can be restricted to probability distributions on a countable set, rather than L' functions (although
the optimum might not necessarily be achieved anymore in this case), which then allows us to adapt the
finite-dimensional chain rule proof of Berta and Tomamichel (2022) to show the desired result. To simplify
the argument also in the case where a € (0, 1), we show this first step in the slightly more general setting of
maximal f-divergences for an operator convex function f : [0,00) — R, where such maximal f-divergences

are defined as follows:

§f(p|\a) = Fmihn {S?(g”h) | (T, g, h, p) is a reverse test of (p, o)} (5.3.65)
95hop

where

sptalm = [ g (§) au= [ 10 (457) dutn. (5360

Furthermore, for p, o € Z(H), we say (T, p, q) is a discrete reverse test for (p, o), if p, g € ¢1,p,q > 0, and
I' : ¢1 — B(H) is a linear, positive, and trace-preserving (in the sense of Tr(I'(r)) = >, r; for all r € £;)
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map such that I'(p) = p, I'(q) = o.

Lemma 5.3.7. Let p,o € D (H) be such that 3c > 0 s.t. p < co < c2p. Let f be a continuous operator convex

function on [0, 00). Then, the maximal f divergence can expressed as the following optimization problem:

gf(pHO') = Finf {S¢(pllg) | (T, p,q) is a discrete reverse test of (p, o)} (5.3.67)
7p7q

where

St(plla) : Zqz < ) (5.3.68)

Proof. For any measure x on [0, 1], we say (I', g, h, j1) is a piecewise reverse test of (p, o) if (I', g, h, p) is a
reverse test, and additionally there exists a countable partition of [0, 1] into disjoint p-measurable sets { A;}

of non-zero measure, such that

g=> g4 A=) h01,. (5.3.69)
i=1 =1

where the g() and h(") are constants. We first show the following statement:

§f(pHU) 1nf {S”(th) | (T', g, h, ) is a piecewise reverse test of (p, o)} (5.3.70)

777

Since any piecewise reverse test is also a reverse test, we only have to show that there exists a sequence of
piecewise reverse tests that converges to the optimum value. Additionally, we can restrict to 5 t(pllo) < oo,
since otherwise we know that no reverse test can achieve a finite value, and we are done. By Hiai (2019),
Theorem 6.3, since the function f is operator convex, we can further restrict to the case where the measure
space X is [0,1], and furthermore the optimum reverse test can be chosen as g(t) = ¢, h(t) =1 —t,t € [0,1],
for some suitable I" and p (see Hiai (2019) for the exact expression of I' and p).

For n > 2, consider the following piecewise aproximation g, of g(t) = t:

= 1
Z; n kj—}— n(k+l) nk t + Z nl (i/n,(i+1 /n]( ) (5.3.71)

This satisfies the following properties:
Lo lga(t) —g(t)| <% Vte€[0,1]
2. Lg(t) < gat) < g(t)  Vteo,1].

As h(t) = g(1 —t), we then set h,(t) := g, (1 — t). See Figure 5.1 for an illustration of g, (t).

The motivation for this approximation is that we want g,, and h,, to approximate g and h from below, but
we also would like g,, /hy, to be well-defined everywhere except for ¢ = 1 (where also g/h is infinite), hence
the need for an infinite series at least in the definition of h,,. Note that the measurability of these functions

follows from the measurability of g and h, and (since n > 2) we also have T < 2%. These approximations
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Figure 5.1: [llustration of the piecewise approximation gy, () of g(t) = t.

will no longer form a reverse test, since for example in general I'(g,,) < p, but the goal is now to modify

these further to construct a (I'y,, gy, hy,) that does form a piecewise reverse test. Define

Al :=T(g) = T'(gn) (5.3.72)
A" = T(h) = T(hn). (5.3.73)

By the linearity and positivity of I, we have that these are positive operators. Moreover,

1+e¢

p+o)< 0. (5.3.74)

. 1 1 1
Al =T(g—gn) <T (n1[0’1]> = EF(9+ h) = ﬁ(
and similarly for Agn) (remember that g(t) = ¢, h(t) = 1 — t). Subsequently we will want to ensure
that Agn) < A,(ln). This will generally not be satisfied, but we can achieve this by replacing h,, with
hy = (1 — ﬁ) hy. This is still a piecewise approximiation of h that converges pointwise in the limit

n — 00, but also

~ 1 1 1 1 1 NLD
A = T(h—hy) = (1- == |T(h—hn)+—=T(h) = (1 - = | AV 4 —6> —0o> AM
=) = (1= J e+ e = (1= o) A4 o> o>
(5.3.75)
For n large enough, 1—‘{@ > 1 and then Aén) < A}%n). We will construct our piecewise reverse test by

extending g,, and h,, to functions on [0, 2] and setting suitable values on (1, 2]. As a measure on [0, 2], we

choose v := u @ A, where \ is the Lebesgue measure on (1, 2], and we mean by the notation that when
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integrating functions w.r.t. v, we integrate with p over [0, 1] and with A over (1, 2], i.e.

2 1 2
/ fdv = / fdp + / fdA. (5.3.76)
0 0 1
Let
Tr <A§n)>
x=——% €]0,1] (5.3.77)
Tr <A§{L))
and if < 1, define the state w by:
A A 1
. h g _ (n) n
(1 —2)w:= — (A" =AMy >0 (5.3.78)

Tr(al) ”fTr(AgM) " m(al)

which satisfies Tr(w) = 1. We employ the convention § = 0, i.e. if Aén) = 0, the term (Aé")/ Tr (Agn)>) is
zero. If z = 1, w turns out to be irrelevant, so we can just pick any w € D (H). Define further the following

two normalized functions on [0, 2]:

Tr Aé") (n)
gn = gnl[o,l] + Tl(l,l—&-m] = gnl[(),l] + Tr (A;L )1(171_’_37} (5.3.79)
hn = halgy + Tr (A%”)) 112 (5.3.80)

and the following map from L' functions on [0, 2] to bounded operators

_ Aé") 14z 2
Co(f) =T (fljo) + (n)/ fdx+ w/ fdX. (5.3.81)
Tr (Ag ) 1 1+z
This is positive, in the sense that I',,(f) > 0 if f > 0, and normalization-preserving in the sense that
- 2
Tr(Tn(f)) = /0 fdv. (5.3.82)
It also satisfies
B Tr <A§~Ln)>
T0(gn) = T(gn) + Az o =Tlon) + Al = p (5.3.83)
Tr <Ag )
) Tr(Al ) A
T (hn) = T(hn) + Af2 ( - ) + (12w Te(A") =T(h,) + T (AV) — P =g
g (n) (n)
Tr (Ag ) Tr (AE )
(5.3.84)
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and hence (I',,, Gn, hn, ) is a piecewise reverse test of (p, o). It remains to show that

S%(Gnllhn) === 5% (g]lh). (5.3.85)
On (1, 2], we have

2 . 2 Tr(A) 1 100

/ ha f <g>‘ / Tr(AE")> f ( L ) i P (5.3.86)
1 h 1 h T}(Aﬁ”))
h
1 ~
< CTr(AS”)> =C [ (h=hy)dp—0 (5.3.87)
h 0

by monotone convergence, where C' = max{|f(0)|,|f(1)|} < oc.
For the bound on [0, 1], we will now first show some properties of f. For this, note that it is quite immediate

from the definition of S + (see also e.g. Hiai (2019), Example 2.14) that for s(z) = a + bz
8142(0ll0) = S5(pllo) + aTx(o) + b T(p) = By(pllo) +a+b (5.3.88)

and similarly for S;. Hence, one easily sees that showing our claim (5.3.67) for any such shifted f + s is
sufficient, since it directly implies the claim for the original f. Since f was assumed to be continuous and
convex, in particular its epigraph is a closed convex set, and so by the supporting hyperplane theorem we
can pick an s such that (f + s)(z) > 0 for all € [0, 00). In particular, for any point zo € (0, 00) there
exists such an s that additionally achieves (f + s)(xo) = 0 (note that we cannot pick z¢p = 0 as the tangent
there might be vertical). Thus, without loss of generality f > 0, f(1) = 0. This then also implies that f is

monotonically increasing for x > 1, since with 1 < a < b

f(b) > Z:if(b) = Z_if(b)qt <1— Z:Df(l) (5.3.89)
_f<a_1b+1—z_i>—f<z_1(b—1)+1> f(a). (5.3.90)

Equivalently, f is monotonically decreasing for x < 1, as witha < b < 1 we have 1 —a > 1 — b, and hence

by the same argument

F@)2 120 = e f@+ (1= 120 ) 1) (5391)
>f< —b +1—i:b>f<i:2(a—1)+1>—f(b). (5.3.92)

Hence, f(z) < f(0) for all z € [0, 1], and thus, combining this with the monotonicity for z > 1, we get that
forall0<a<bd

f(a) < f(b) + £(0). (5.3.93)

Additionally, we want to show that there exist constants A, B > 0 such that for every A > land = € [0, c0),
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f(Az) < A%(f(z) + Az + B). For this we will use the operator convexity of f. It is well-known (see e.g. Hiai
(2018) and references therein) that every operator convex function has the following integral representation

onz € [0,00):

r—1)2
F@) = at b —1) +clz —1)°+ / = ), (5.3.94)

[0,00) T+

with a,b € R, ¢ > 0, and § is a positive measure on [0, 00). Since we assumed f(0) < co we know that
/ s7ldE(s) = D < 0. (5.3.95)
[0,00)

For all A > 1, using (Az — 1)2 = A2(z — 1)2 4+ 20(A — D)z + (1 — A2) < A%(z — 1)2 4 2\%2, and
(A + 5)7! < (2 + 5) ! we then find:

FO2) < A2 (@) +a(l =A%)+ b(a(A =A%) + (A = 1)) + c2\°2 +/[ A%:ixs
0,00)

< N2f(z) + A2 |a| + A2 6| (z + 1) + 202z + 2X\2 Dz (5.3.97)

de(s) (5.3.96)

from which one can infer the existence of the desired constants A and B.

If we assume n > 4, then we have on [0, 1] that

2
1—

n

<

IN
S
SRS

(5.3.98)

SRS

3

S
e

and so, using the positivity of f as well as the two previous bounds, we see that

hnf (%Z)‘ = hnf <Z:> < h[f (4%) + f(o)] < h4? [f (%) + A% +B+ f(o)] . (5.3.99)

Integrating the right-hand side with respect to  gives a finite value, since h and gh~'h = g are normalized
(cancelling h~1h here is justified by (5.3.58) with f(z) = x), and §f(p|]0) = S}‘(th) < 0. Note also that

hn(t) > 0forallt € [0, 1), and hence the continuity of f implies that for all ¢ € [0, 1)

P gn(t) | n—oo g(t)
P (2) f (Bn(t)> LimaoN h(t)f(h(t)> . (5.3.100)
Additionally, at £ = 1 we have
(1) f (Ziﬂ) = u(1)(00) 25 g(1)f(00) = h(l)f<z8;> | (5.3.101)

Hence, by dominated convergence we get

/o1 fnf <gn> = /01 hi (%) dp = S5 (gllh) - (5.3.102)

n
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This completes the proof of (5.3.70). Finally, we still have to show that the formulation in terms of piecewise
reverse tests is equivalent to the formulation in terms of discrete reverse tests. Let (I, p, ¢) be a discrete reverse
test of (p, o). Then, let 1 be the Lebesgue measure on [0, 1], and {A4;}5°, be a countable collection of disjoint
measurable subsets of [0, 1], such that ;1(A;) > 0, for all i and >, u(A;) = 1. Define ¢ == ), %pi,
=%, %qi and I'(f) = >, T fAi fdu for any f € L'. Then, I'(¢') = I'(p) = pand I'(K) =
I'(q) = o, and so (I, ¢', I, j1) is a piecewise reverse test, and additionally also S¢(pllg) = S%(g'[|).
Conversely, if (I, ¢/, I/, 11) is a piecewise reverse test as in (5.3.69), then define p, ¢ € £ by p; == ¢’ u(A4;),
g =W Du(A), and T == @F’ (14,), which defines a discrete reverse test again achieving the same value
in the optimization problem.

O]

Lemma 5.3.8. For any o € (0,00), any states p,o € Z(Ha), and any two positive real numbers p, q the

geometric trace function satisfies
Sa(ppllgo) = p*¢"~*Salpllo). (5.3.103)

Proof. For any two functions g and h and any measure p, it is easy to see that
SH(pgllqh) = p“q' ~*S(g||h) . (5.3.104)

The statement then follows from the variational expression of §a and the fact that if (I, g, h, 1) forms a

reverse test of (p, o), then (T, pg, ph, i) form a reverse test of (pp, qo) and vice versa. O

Proof of Theorem 5.3.6. Let p = pa,0 = 04 € D (H,) and fix € > 0. Then, define p4 = pa + c(pa + o4),
da=o0a+¢e(pa+oa). Let (T, p, q) be a discrete reverse test of (54,5 4). We write I'; = I'(1;) € By, where

1; € £, is the sequence that is one at index ¢ and zero otherwise. We then have
pa= pli  Ga=) ali. (5.3.105)
7 %
Hence, taking R an additional infinite-dimensional system with countable basis {]i) };, we can define

PRA :sz"i><i’R®Fi ORA = Zqi|i><i’R®Fi (5.3.106)
) 7

such that p4 = Trr(pra),04 = Trr(Gra). We start with the case where o € (1, 2], for which it is
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well-known that the function f(z) = x® is operator convex. We have,

Sa(EPAIF(54)) < SalE(prA)IF(GRA)) (5.3.107)
:§a< il @ € quz (il @ F(T )) (5.3.108)
=3 Su(pi€(T)||g:F (T)) (5.3.109)
= p2al O Ba (S| F(T) (5.3.110)
<D pa " sup Sa(EW)|F 3.
2T s SaEWIFW) (53111)
= Sa(pllg) sup Su(EW)|F(v)) (53.112)

veD(A)

where the first inequality follows from the data-processing inequality for the geometric trace function
(Hiai 2019, Theorem 2.9) (remember that the channels act only on system A), the third line follows from
Lemma 5.3.13, and the fourth equality is Lemma 5.3.8.

We write S, (£ F) = SUP,ep(a) So(E()|| F(v)). Taking the infimum over all discrete reverse tests, we
find by Lemma 5.3.7 that

SalEDIIF(5)) < Salpl|5)SalE]IF) - (5.3.113)

It remains to show convergence in the limit ¢ — 0. For the right-hand side, by Hiai (2019), Definition 2.8
lim S, (p||6) = Salpllo) . (5.3.114)
e—0

For the left-hand side, by Hiai (2019), Theorem 2.9, we have

Sa(EPF(5)) = Sal(p) +eE(p + 0)) | F(o) +eF(p+ ) (5.3.115)
< Sa(E(P)F(0)) +e8alE(p + o) | F(p + 0)) (5.3.116)
< S (EP)F(0)) + eSa(E]|F). (5.3.117)

Now, if §a(5 ||F) = oo the statement of our theorem is empty, so we can assume it to be finite. In that case

we get

limsup S.(E(D)IF @) < SalE@IF (). (53.118)
The opposite direction

lim inf 5, (£(7) | F(5)) > 5a (€)1 7(0)) (53.119)

follows by the lower semi-continuity of Sa (Hiai 2019, Theorem 5.5). The statement then follows upon taking
the logarithm and dividing by o — 1 (which is positive).
For a € [0,1), f(z) = —a“ is well-known to be operator convex, and in that case we can apply all the

above reasoning to S = -5, (all the properties from Hiai (2019) we used apply to S + with an operator
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convex function f). We then find that

Sy (E(pa) I F (7)) < Salpllo) sup, )Sf< W)IF @) (5.3.120)
which corresponds to
SalE(pa)|IF (o)) > Salplo) dnf SalEW)IFW)). (5.3.121)

The desired statement follows again after taking logarithms and dividing by o« — 1 (which is now negative, so

it turns around the inequality and changes the infimum into a supremum).

To see how the chain rule implies additivity, let &1, F1 : Z(Ha,) — P (Hp,), E2,F2 : P (Ha,) —

Z(Hp,) be channels, and consider any joint input state v = v, 4,. Then, (supressing identities as before)

Do((&1© &) W)||(F1 ® Fo)(v)) = Da(E1(E2(0)) | F1(Fo(v)) (5.3.122)
< Dy (E1||FL) 4 Da(E(v) || Fa(v)) (5.3.123)
< Do (&1l F1) + Da(&]|7) (5.3.124)
where we used the chain rule in the first inequality. This implies
Do(&1® & F1 @ Fo) < Da(&1[|F1) + Da(& F2), (5.3.125)

and the other direction follows by just restricting the supremum over input states ¥r 4, 4, to product states. [

Remark 5.3.9 (Chain Rule for the Belavkin-Staszewski Relative Entropy). By using a very similar argument
as in Theorem 5.3.6, one can also show that the Belavkin-Staszewski relative entropy, which is defined as the
maximal f-divergence for the operator convex function f(x) = x log z, satisfies the chain rule. To see this,
note that now instead of Lemma 5.3.8, we have ) §f(pipiniai) = §f(qu) + Zipigf(piHUi), and the p;
are normalized. Using also an adaptation of Lemma 5.3.13, the remainder of the argument is then almost

identical to Theorem 5.3.6.

Additional Properties of the Geometric Rényi Divergence

Below are some additional properties of the geometric Rényi divergence, some of which we have already used
above, and some of which we will also make use of later on. We write s(p) for the support of any operator p,

and II,, for the orthogonal projection onto the support of p.

Proposition 5.3.10 (Alternative definition of the geometric Rényi trace function, Hiai (2019)). Ifp,0 € Z(H)
are such that p < co for some 0 < ¢ < 00, then there exists a unique bounded operator A with support and
image in 5(0), such that p*/? = Ac'/?, and this operator also satisfies ATA < cIl, and hence || Al < v/c. If
furthermore bo < p for some 0 < b < co we additionally have bII, < AT A. We will subsequently also write
A= p20712 and ATA = 6712 po=1/2. We can then, for any o € (0, 00) define the geometric Rényi trace
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function between p and o such thatbo < p < co as
Salpllo) = Tr(a(ATA)O‘> =Tr (0(071/2p071/2)°‘) . (5.3.126)
which can be extended to general p, o, via
Salpllo) = lim Sa(p+elp+o)|o+elp+o)). (5.3.127)

For o € (0,1) U (1, 2] this definition agrees with the one given above in terms of minimal reverse tests.

Lemma 5.3.11 (Martingale convergence, Hiai 2019, Theorem 5.6). Let {M,}, be an increasing net of unital
von Neumann subalgebras of B (H) such that (|J, M,)" = B (H). Then, for every p,o € Z(H,)

lim Da(plar, o1a1,) /* Dalpllo) - (53.128)

In particular, for every increasing sequence of projections (ey, ), in B (H) such that e, %% 1, one can construct
such a sequence of subalgebras as M,, = e, 3(H) e, ® C(1 — ey).

Lemma 5.3.12. Ifo; < 09, and o € (0,1) U (1, 2], then
Da(pllor) = Da(pllo2)- (53.129)

Proof. We thank Mildn Mosonyi for pointing out that this can be seen easily from the above martingale
convergence property, and so our original, more involved, proof is not necessary. It is well-known that that
the desired statement holds in finite dimensions (see e.g. Matsumoto (2018)). Now, with some sequence of pro-
jections onto finite-dimensional subspaces (e, ), and M, defined through the construction in Lemma 5.3.11,
we have for i = 1,2: 04|y, = enoien @ Tr(o;(1 — ey,)). It is then immediate that oy |y, < o2, for all n,

and so the statement follows from the finite-dimensional result and Lemma 5.3.11. O

In Hiai (2019), Proposition 2.11, it was shown that if (s(p1)Us(o1)) L (s(p2)Us(o2)) then Sy (p1+pal|loy +
02) = Sa(p1]|o1) + Sal p2||o2). We require a similar statement for an infinite orthogonal decomposition,
which is not directly implied, so we give a proof here. The argument is still essentially equivalent to the one

given for a finite orthogonal decomposition.

Lemma 5.3.13. Fori € N, let p;, 0; € By be such that (s(p;) U s(04)) L (s(p;) U s(a;)) foralli, j, and such
that ), p; and ), o; converge. Then, we have for o € (0,1), (1, 2]:

Sa ( ol > az-> =" Salpilloi). (5.3.130)

Proof. In light of Proposition 5.3.10 we can show the statement in the case where there exists a ¢ < oo

such that p; < co; for all 4, and the full statement follows by taking limits. For each ¢ pick A; such that

pl-l - Aioil /2, By Proposition 5.3.10 we can pick such an A; with image and support contained in s(o;)
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which are all orthogonal, and so we get the following three statements
1/2 1/2
(£9)"- (£ (EA) (£ - (S4)(52) " oo

((;AD <ZA >> Z(ATA) (5.3.132)

o Z (AT 4;)" Z i (Al 4;)" (5.3.133)

which imply the desired equality. O

5.3.5 The (Smoothed) Max-Divergence

The max-divergence is defined analogously as in finite dimensions (Section 2.5)
Diax(pllo) =loginf { N e R |p< Ao }. (5.3.134)

It also again satisfies the data-processing inequality (this follows immediately from the positivity of channels).

Similarly also, we again write the e-ball in purified distance of normalized states around p as BF (p) =
B2(p) = B:(p), and then define the smoothed max-divergence between a normalized p € D (H), and
o€ P(H)as

max(p”U) = 1nf( )Dmax(pHo—) (5.3.135)

The data-processing inequality for the smoothed max-divergence also immediately follows from the data-

processing inequality for the max-divergence, and for the fidelity.

5.3.6 The Hypothesis Testing Relative Entropy

The definition of a (finite) POVM in infinite dimensions is equivalent to the finite-dimensional definition, and

so we can define again

D5 = — = - . 3.
7 (pllo) log o< 1]{1/[1<111H Tr(Mo) Oﬁ%aﬁ}%ly log(Tr(Mo)) (5.3.136)
Tr(Mp)>1—¢ Tr(Mp)>1—e

where the optimizations are still achieved since the functions M — Tr(Mp), M — Tr(Mo) are weak*-
continuous, and the set we optimize over is hence a weak”-closed subset of the unit-ball, which is weak*-
compact. The hypothesis testing relative entropy again satisfies the data-processing inequality by the same

exact operational argument as in finite dimensions (see e.g. L. Wang and Renner 2012). Also, the relation

1
1—=¢

Dy (pllo) < (D(pllo) + h(e)) (5.3.137)
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still holds in infinite dimensions, since it is only based on the data-processing inequality of the quantum
relative entropy.

One can prove the quantum Stein’s Lemma for state discrimination (i.e. the analogue of (2.4.14)) also in
infinite dimensions, in fact even in general von Neumann algebras (Jaksic et al. 2012), with the strong-converse
property (2.4.15) also holding under some additional finiteness assumptions (Mosonyi 2023). We will in fact
not use these statements, and at least the weak-converse version can also be seen as a consequence of our

results on quantum channel discrimination (Theorem 5.6.1).

5.4 Lemmas on Smooth and Rényi Entropies in Infinite Dimensions

One fairly recent approach to proving statements using smoothed max- and hypothesis testing relative
entropies is to relate them to certain Rényi divergences (see e.g. Khatri and Wilde (2020) for an overview). In
this section we prove that some of these relations also hold in separable Hilbert spaces.

This first lemma is a very famous lemma that states that if a measurement has one outcome with very high
probability, then the post-measurement state is close to the original state (originally this was introduced as

Tender measurement lemma in Winter 1999).

Lemma 5.4.1 (Gentle Measurement Lemma). Lete € [0, 1] andp € D (H) be a quantum state. Let F' € Bg, (H)
be such that 0 < F < 1 and Tr[Fp] > 1 — €. Then the post-measurement state

r_ \/Fp\/ﬁ

T(F)) (5.4.1)

satisfies P(p, p') < /e

Proof. The finite-dimensional proof of Khatri and Wilde (2020) is only based on the ideas of purification and
the data-processing inequality for the fidelity, and hence also works in infinite dimensions: For a pure state
|1) the squared fidelity between it and its post-measurement state is given by
2
VERWIVE | WVE)

(Y| F [4) > (Y|F|Y) > 1—¢ (54.2)

where we used that F' < 1 implies F' < V'F. Now, if |V) pa € H ® H is a purification of p, then

1 F
V) pa = —F 2V s (5.4.3)
(Y1 ® Fl)
is a purification of p/, and hence
P(p,p') < P(YrA,YRa) < Ve (5.4.4)
by the data-processing inequality for the purified-distance/fidelity. O

This second lemma forms the basis of many estimates involving the smoothed max divergence. It essentially
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originally appeared in Datta (2009), Lemma 15, but with a different smoothing convention (smoothing over

sub-normalized states close in trace-distance), hence we obtain a slightly different result.

Lemma 5.4.2. For two states p,c € D(H) on a separable Hilbert space and for any \ € (—00, Dmax(pl|o)], if
e="Tr[(p— 2"0)4], then
DY (pllo) < X —log(1 — ). (5.4.5)

max

Additionally, for everye € (1—Tr(pIl,), 1) thereexistsaX € (—00, Dimax(pl|0)) such thate = Tr[(p — 2%0) 4],
where 11 is the projection onto the support of o.

Proof. This proof was found together with Jan Kochanowski, following the lines of Tomamichel (2016), Lemma
6.21, and incorporating some ideas from Regula, Lami, and Datta (2025). Let A := 2%, ¥ := (p — 2*¢); and
B:=((A+ E)%A(A + 2)%) 3. Since obviously A < A + ¥ we also get B < A + ¥, and hence by the first
part of Proposition 5.3.10 (that is essentially just Douglas’ range inclusion theorem (Douglas 1966)) there
exists an operator A € B (H) with support and image contained in supp(A + X) such that ||A|| < 1 and
A(A + E)% — B2. We define G = AT A, and find that 0 < G < 1. Now, observe that

A+E—p= (2 —p)+(p—2%)1 = (20 —p)y = (2*0 —p)- + (20 —p)- = (2'0 —p)s >0,
(5.4.6)

and hence p < A + X. Thus, it follows that
GpG' < G(A+%)GT = ATBA. (5.4.7)

Now, let |1) , [12) € im((A + Z)%) be two vectors in the image of(AJrZ)%, so there exist |¢1) , [p2) € H
such that [¢1) = (A + )2 |¢1), [1h2) = (A + £)2 |$y). We then find

(1] ATBA ) = (¢1] (A + )2 ATBA(A + £)7 |¢2) = (] B |2) (5.4.8)
= (B1] (A + 2)2A(A + )2 |¢ha) (5.4.9)
= (1| Afep2) (5.4.10)

By continuity this extends to the closure of the image, i.e. to all all [¢)1) , [1)2) € im(A + X). Since
im(A + %) = [ker(AT + XN+ = [ker(A + )] = supp(A + %) (5.4.11)

and since both AT BA and A are self-adjoint and supported only on supp(A -+ ), this implies that ATBA = A
everywhere, and hence G(A + £)GT = ATBA = A as well as

GpGt < ATBA = A = 2%. (5.4.12)
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Furthermore,
1-Tr [chp} =Tt [(11 - GTG)p} S [(11 —Gle)(A + 2)} (5.4.13)
= Tv[A + 5] — Tr [GTG(A + 2)] = Tv[A + 5] — Tr [G(A + 06t (5.4.14)
=Tr[A+ 3] — Tr(A) = Tr (%) (5.4.15)

where we used the cyclicity of the trace in the third-last step, which is allowed since G is bounded and

G(A + ) is trace-class. Thus, Tr[GTGp] > 1 — Tr[] = 1 — €. Defining the state j := % € D(H), it

then holds by the Gentle Measurement Lemma (Lemma 5.4.1) that P(p, p) < y/e. We also have that

2o _ 2
p_Tr[GTGp]_l—e

o =2 leel=6) 5 (5.4.16)
and thus the desired result follows immediately:
DYix(pllo) < Dimax(pllo) < A —log(1—¢). (5:4.17)

For the second part of the statement, note that A — Tr [(p — 2/\0)+] is continuous (this follows from the
continuity of z — (z)4+ = max{0, z} on R), and additionally

lim Tr [(p - 2>‘0)+] =1 (5.4.18)
A——00

li Tr|(p — 27 =1—Tr(pll,). 5.4.19

o r[(p 0)+] r(plly) ( )

d

We can use this result to derive upper bounds on the smoothed max divergence in terms of the Petz-Rényi
and the hypothesis testing divergences. The following lemma is the infinite-dimensional analogue of the upper
bound in Lemma 2.5.1, see also O. Fawzi, Gao, and Rahaman (2023) for an alternative infinite-dimensional

proof of such a statement.

Lemma 5.4.3. Forany e € (0,1) and two states p,o € D(H) on a separable Hilbert space H the following
inequality holds:
Diyas(pllo) < D (pllo) —log(1 — %) (5.4.20)

Proof. This proof was found by Jan Kochanowski. First of all, if Tr(pll,) = 1 — § < 1, then for e < 6 we
have
_e? _ _
Dy = (pllo) > Dy *(pllo) > D} (pllo) = oo (5.4.21)

since {II,, 1 — II,} is a suitable measurement that achieves zero type-II error. Hence, in this case the
statement holds, and we can in the following restrict to ¢ > 1 — Tr(pIl,). Then, by Lemma 5.4.2 there
exists some A such that e = Tr[(p — 2’\U)+]. Let P, = {p — 20}, be the projector onto the support of
(p — 2*0),. Now consider the POVM {P,, P_} as the decision rule for a hypothesis test between p and o.
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The associated type I and II errors are, respectively,

226>0

a=Tr[P.pl=1-Tr[Pip] < 1-Tr|P(p—2%)|=1-Tr[X]=1—¢ (5.4.22)
B = Tr[Po] < 27 ATY[Pyp] <27, (5.4.23)
Py (p—210)20
Therefore, it follows that
Dy “(pllo) = — logog%fql {Tr[Fo]| Te[(1 — F)p] <1—€} > —log2™ = \. (5.4.24)

Thus the claim follows immediately from Lemma 5.4.2 when substituting e by €2:

Difilplo) <2~ tog(1 — 9 < Dl (o) +10s (). (5.4.25
— €

O]

Lemma 5.4.4. Foranye € (0,1) and « € (1,00) and two states p,o € D(H) on a separable Hilbert space H

2 1 1
1 - 1 . 4.2
a—10g<e>+0g<1—62> (5.4.26)

where D, can be any quantum «-Rényi divergence, i.e. any function on quantum states that satisfies the data-

the following inequality holds:

Dfnax(pHU) S Da(pHO—) =+

processing inequality, and reduces to the classical a-Rényi divergence when evaluated on commuting states.

Specifically, the result will hold for the Petz-Rényi divergence.

Proof. The proof follows the lines of Tomamichel (2016), Proposition 6.5, although the core of the argument
can also already be found much earlier, as e.g. in Ogawa and Nagaoka (2000), Section II. Let D, be a quantum
Rényi divergence, and let us assume that D, (p||o) < oo, as otherwise there is nothing to prove. This then
implies that Tr(pIl,) = 1, and hence by Lemma 5.4.2 there exists some A such that e = Tr[(p — 2*0),|. We
will start by constructing classical probability distributions from p and o, by pinching them in the eigenbasis
of (p — 2*0). Since p — 2*o is a trace-class (and hence compact) operator, it has a countable eigenbasis,
which we shall denote by {|v;) }ics and write S, := {i € S|(v;|(p — 2*0)|v;) > 0}. Set p; := (v;|p|v;) and
qi = (vi|o|vi), then P := {p;}ics and Q := {¢; }ics are probability distributions on S. Additionally, we

have with the channel that implements the measurement in the basis {|v;) }

M(w) = i)l w viuil (5.4.27)

i€S

that M(p) = >, p; [vi)(vi| and M(o) = >, qi |vi)(vs|, and hence

Da(PIQ) = -

i - log (Zp?q}‘a> = Da(M(p)|M(0)) < Dulpllo) < oo, (5.4.28)

i€S
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where D,, is the classical a-Rényi divergence. Now, if ¢ € S, then p; — 2’\%’ > 0 and so %Q_A > 1. For
a € (1,00) we have that

a—1
e:Tr[(—QA } sz—qugzpl_Z <p12> (5.4.29)

1€S4 1€S4+ €S ¢

_ 2)\(1 ) Zpaql @< 2)\(1 a szaqzl a’ (5.4.30)
€S €S

and this is finite since D, (P||Q) is finite. Thus,

loge < —A(aw—1) + log (pr‘qzl O‘) (5.4.31)
i€S
and hence
A< ——lo > pgle L ojog (L < Do(P||Q) + L ojog (2 (5.4.32)
g|Q_ria, " | +——Flog (=)< Da —log (-] 4.
€S
With the previous Lemma 5.4.2 we thus have
(pllo) <A +1 b < Dq(pllo) +1 ! + = 1 E (5.4.33)
Dyas(pllo B\1¢) = Falplio)Tioe | T a—1%\¢c)" -
and the result then follows after replacing € with 2. O

We can also construct the following lower bound of the smoothed max divergence by a Rényi divergence,

which is an infinite-dimensional variant of Proposition 4 from X. Wang and Wilde (2019a).

Lemma 5.4.5. For any two states p,o € D(H) on a separable Hilbert space H and any e € (0,1),a € [0,1) it

holds that
2 1o L (5.4.34)
— Jo ) 4.

Proof. This is a very slight adaptation of the proof in X. Wang and Wilde (2019a). Let us start by showing
that if po, p1,0 € D(H) ares.t. p < o, € (0,1),and 5 := 2 — a € (1, 2), then it holds that

2 1 2
1 1—= — >
2 tog (1 Jlm =il ) 2 2

For this we can assume that Dg(po||o) is finite, as otherwise there is nothing to prove. Hence then, by

Dinax(pllo) = Dalpllo) +

Dg(pollo) = Da(pillo) = —log(1 = P(po, p1)). (5.4.35)

g g1
Lemma 5.3.3 there exists an 1 € By(#H) such that p5 = no s . Moreover, since 2 € [0, 1], we can use the

famous result from Audenaert et al. (2007)

1 B8 1_8
log[l = 5 llpo = p1lly] < log Tr [pé 2 2} ; (5.4.36)
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which (as stated in Audenaert et al. (2007), see also Audenaert et al. (2008) and Jaksic et al. (2012)) holds also

in infinite dimensions. Also, using the Cauchy-Schwarz inequality we get

g 5] _1 g -8\ L1 e 1-81Y’
log Tr | pg py = §log Tr|pg py = §log Trno =2 p, (5.4.37)
1 -1 1-8 1 l-a &
< slos (110 "% ol *18) = giox(InlBlo’ =" oF18)  5a39)

Hence, using also the Fuchs-van der Graaf inequality (5.2.13) we get

2
g—1
2
= 5—1 log [Inll5 —
Secondly, let us show that for any p, o € D (H), Dmax(p|lo) > D2(p||c). For this assume that Dax(p||o) =
log(c) < oo, i.e. there exists a ¢ such that p < co. Then, by the first part of Proposition 5.3.10, there
exists an A € B(H) such that \/p = A\/o and ||A| < c. Now, n = |/pA satisfies n\/o = p, and also
Tr (nTn) = TY(\/EA\/,B) < ¢, son € By(H). Hence, 1) is the unique 7 of Lemma 5.3.3 for @ = 2, and thus

we have

log[1 — P(po, p1)] <

1 1 loa &
log[1 = Sllo — plli] < 5= log (Il [13) (5439)

<3
1 .
— log Tr[pfo’ =] = Dy(pollo) = Da(prllo) . (5.4.40)

P
51

Da(pllo) < 10g(c) = Dax(pllo) (5.4.41)

Finally, for the actual statement of the Lemma, fix & € (0,1) and p € B(p), thenfor 8 =2 — a € (1, 2)
we have, by the monotonicity of o — D, (p||o) on (1, 2], that

Dunax(pllo) > Da(pllo) > Ds(fllo) > Dalpllo) +

T, log(1 = P(p, 7)) (5.4.42)

2 1
>D 1 . 4.4
> Dalpllo) + 2 1og (1) (5449

Optimizing over all p € B¢(p) yields the desired statement for a € (0, 1). Taking the limit &« — 0 gives the

statement for v = 0. O

5.4.1 Asymptotic Equipartition Property

Using all of the above, we can conclude that our finite-n AEP error bound (Lemma 2.5.2) also holds in infinite

dimensions:

Lemma 5.4.6 (Finite n AEP). Lemma 2.5.2 also holds in infinite dimensions. In particular, if p,o € D(H)
are states on a separable Hilbert space H, and for v € (0,1] let cy(p||o) be defined as in (5.3.29), then, if
¢ (pllo) < oo, it holds that for alle € (0,1] andn € N

1 ey (pllo) 2

=Dt 1) g®my > D S — 1 4.44
- max (P le®™) = D(pllo) n g\ 1) (5.4.44)
1 4e(pllo) 2 1 1

—D¢ . (p®"|e®™) < D 2 log | = —1 . 5.4.45
Do (07 l077) < D(pllor) + NV +olog | 7 ( )
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Proof. The proofis identical to the proof of Lemma 2.5.2, since, as established in this section, all the statements

used in that proof also hold in infinite dimensions. O

Remark 5.4.7. The authors of O. Fawzi, Gao, and Rahaman (2023) also recently proved a different version of
an AEP for the smoothed max divergence in infinite dimensions. However, their version is not suitable for
our applications. Specifically, they show what is known as second-order asymptotics, where the second order
term is controlled by the relative entropy variance V (p||o). For our result we subsequently need to upper
bound the error terms in the AEP by something that satisfies a chain rule (we will use the geometric Rényi
divergence for this purpose), and we are not aware of any way to do this for the relative entropy variance,

which is why we cannot make use of the results from O. Fawzi, Gao, and Rahaman (2023).

5.5 One-Shot Error Exponents of Adaptive and Parallel Strategies

Throughout this section, we will assume that H 4, H p are two separable Hilbert spaces and £, F : Z(H 1) —
P (Hp) are two CPTP maps such that D, (€]|F) < oo for some o > 1, where we will discuss this last
condition in detail towards the end of this section. We then get the following result regarding the discrimina-
tion of these two quantum channels in infinite dimensions, which is the infinite-dimensional analogue of
Corollary 3.3.1:

Corollary 5.5.1 (Infinite-dimensional version of Corollary 3.3.1). Let &, F : P(Ha) — P(Hp) be two
quantum channels between separable Hilbert spaces H 4 and Hp, s.t. lA)a(SH}") < 00 for some a > 1. Let there
be an adaptive discrimination protocol with n channel uses, that — for an arbitrary type I error o, € [0,1] —
achieves type Il error (3,(c,), and thus type-II error rate —- log(B4(ca)). Then, for all ay, € (0, 1] there exists a
parallel protocol with m channel uses and type II error [3,(cy,) such that for all o, € [0, 1] the type II error rates

per channel use obey the following relation:

1 1—a, Cn 8 1
—— > — ———log(—)-~. 5.
m log(/@p(ap)) - n log(ﬁa(aa)) \/mlog<ap> n (5 5 1)
That is, the type II error rate of the parallel protocol is essentially at least as good as the adaptive one modulo an

additional error term, which decays as m — oo. The constant C' is given by

1 ~

C:=7 inf ~log (2D1+7(5”7 ) + 2) (5.5.2)
y€(0,1] 7Y

Similarly to our finite-dimensional result, this corollary comes with an associated theorem that states the

tight bound we are able to obtain. This theorem is the infinite-dimensional version of Theorem 3.3.4, and

essentially identical, with the exception of one additional term (% 1) coming from the fact that optimizations

over input states are in general not achieved in infinite dimensions (see also Lemma 5.5.3 below).

Theorem 5.5.2 (Infinite-dimensional version of Theorem 3.3.4). Let £, F : Z(Ha) — P (Hg) be two
quantum channels between separable Hilbert spaces Ha and Hg, s.t. Do(E||F) < oo for some a > 1. Given an
arbitrary adaptive protocol with n channel uses, we write p;,0; € D (R, ® A), i € {1,...,n} for the states
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that are input into the channel during the adaptive protocol (p; if the channel is £, and o; if the channel is F; see
Section 3.1 above for a more detailed explanation of this notation). We define { € {1,...,n} as the step in the

protocol where the distinguishability increases the most, i.e.,

¢ = argmax [D(c‘:(pk)H]:(ak)) - D(pkHak)] . (5.5.3)
ke{l,...,n}

Then, for all oy, € (0,1], m € N and o > 0, there exists a separable Hilbert space Hr and a state v €
D (R ® A®™) such that for all o, € [0, 1]:

LD (EWIF W) 2 LD (Sl Flow) - < [l°g< ,) ]

[ (;) ) + u] — h(f;a) ., (5.5.4)

K = ln(2)180g2(3) COSh<10g2(3)) <0.29 (5.5.5)

and c; depends on the pair of channels €, F and can be bounded as follows:

where

/ 4 .
- g £ 5.5.6
T 10g(3) v1meo.1] [cy, (E(pe)[|F (00)) + s (pelloe)] (5.5.6)
8¢
= . i 5.5.7
< g 1 S ENF) s
&n
= : 5.5.8
< a3 00, BEL), -
where
cy(pllo) = }ylog <27D1+W(P||0) 1 9=¥D1—(pll0) 1)’ 559
&(ENF) = }ylog(ﬂﬁlﬂ(ff) +2). 510
Moreover, if 2
"= log< 4 ) ) (5.5.11)
log(3)/21n(2)

then we have the following tighter bound

1 l—«

Dy (5 W)IF*™(v)) = =“Dit (E(pn) 1 F (0n))

¢y 4 1 1 a h(ag)
— ﬁ log<ap> - [log(%) — log(l — Zp> + ,u] - (5.5.12)
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where ¢, is defined in a similar way as ¢, but with different numerical constants K1 and Ko:

K = 2\/2 In(2) cosh(10g2(3)> <272, (5.5.13)
Ky == 24/21n(2) < 2.36, (5.5.14)
cg: = inf [Kicy, (E(pe)|| F(or)) + Kacy, (pelloe)] (5.5.15)
71,72€(0,1]

< UK, + K3) inf € 5.5.16

< UKy + 2)761151011]07(5”f) (5.5.16)

< n(Ki+K») inf @ (E]|F). (5.5.17)

v€(0,1]

The parallel input state v can be chosen as either:

- A pi-close optimizer in the smoothing of the max-divergence D%, .. (p5™ ||o7™), wheree = 3 (1 — /T — ay),
ie.,

Dana V][ 0F™) = Dy (6™ 05™) + . (5.5.18)

In this case the reference system is equal to m tensor copies of the reference system of the original adaptive

strategy. We refer to this input state as v.

« Any purification of the A™-marginal U gm = Trgm (Ugm am), in which case the reference system is the

purifying system.

We will use Theorem 5.5.2 to prove the asymptotic equivalence of adaptive and parallel strategies in
Theorem 5.6.1, which means that unlike the original argument in finite dimensions (Fang et al. 2020, X. Wang
and Wilde 2019b), we do not go the way of establishing an amortized expression for the adaptive exponent
and then applying a chain rule. However, we still consider the chain rule for the quantum relative entropy to

be of independent interest, and will establish it separately in Theorem 5.6.5.

Proof of Theorem 5.5.2

Our way of proving our one-shot result proceeds by a similar strategy as the proof of the finite-dimensional
result Theorem 3.3.4. In the previous sections we have established most of the necessary lemmas in the
infinite-dimensional setting, the last one that is remaining is an infinite-dimensional version of the one-shot

chain rule:

Lemma 5.5.3 (An extended infinite-dimensional version of Lemma 3.3.7, see also Fang et al. (2020), Prop. 3.2).
LetE, F : P(H) — P(K) be two quantum channels, where H., KC are separable Hilbert spaces and p,c € D(H)
be some states. Then for any €, €, > 0 and any m € N, there exists a state v = v(m, i, p, o) € Be(p) s.t.

DEES((E()P™I(F(0)®™) < Do (E@NE™ [(F (@) ™) + mDm (pllor) + . (5.5.19)
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Additionally it holds that:

D ((E() ™| F(0))*™) < sup Dy ((E@) ™ I(F()*™) + mDyi(plo) (5.5.20)
veD(H)

Proof. The proof is essentially the same as in Lemma 3.3.7, just that we cannot assume that the infimum in

the smoothed max-relative entropy is achieved, as the underlying Hilbert space being infinite-dimensional
means that B,(p) is not a (norm-)compact set.

Assume the requirements on &, F, p, 0, €, €, 1 as stated in the Lemma. Pick v € B¢/ ™(p) s.t.

DY (Pl0) = Duax(vlo) = 2=, (5.5.21)
i.e. close to ’the optimal smoothing state’. Note that this implies
p&m < gmDUZpllo)+5 yom (5.5.22)
Similarly pick 7 € B (E(v)®™) s.t.
Dl EW)° I F )™ 2 D7l F()°™) — & (5:529)

Now,

r< 2Dmax(7\\}'(u))®mf(y)®m < 2Dfﬁax(s(u)®m\\f(v)®m)+% QmDS{;Z(pHUH%}“(g)@m, (5.5.24)
where we used that w > &0 = £(w) > £(®) for any two states w, @. Now, by the triangle inequality and
DPI for the purified distance we have

P(1,E(p)®™) < P(r,E(1)®™) + P(E(W)®™, E(p)®™) < € + P®™, p°™) . (5.5.25)

Now, we have (this in fact works for any distance that satisfies the triangle inequality and monotonicity
under CPTP maps)

P&, p®m) < P®™, v @ p®" 1) + Pv @ p® 1 p¥m) < P@EL p¥m ) + P(v,p) - (5.5.26)
<..<mP(v,p)=c¢ (5.5.27)

where we used that P(p ® v,v ® v) < P(p, v), since the states on the left-hand side can be generated from
the states on the right-hand side by the application of a channel that adds a system in the state v. Note that
by using a different argument involving directly the definition of the purified distance, this can actually be
tightened to /mP (v, p), which would then also improve our result. However, since the only application of
Lemma 5.5.3 where we don’t set m = 1 is Theorem 5.6.5, where this tightening is of no consequence (and
only leads to slightly more writing effort), we keep the statement as it is.

The second inequality of the statement then also immediately follows by taking the supremum over v on
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the right-hand side and then the limit ¢ — 0. Ul
With this we can then complete the proof of Theorem 5.5.2:

Proof of Theorem 5.5.2. As the proof is almost identical to the proof of Theorem 3.3.4 we will not repeat
everything but just highlight the one occasion where things slightly differ. First note that the assumed
finiteness condition implies that ¢, < co. We can follow the proof of Theorem 3.3.4 completely analogously
(using the corresponding infinite-dimensional technical lemmas established previously in this chapter) until
(3.3.42), after which we use Lemma 5.5.3 instead of Lemma 3.3.7 to obtain a slight variation of (3.3.43), namely
that for every y > 0 we obtain a 7 € B-(p;"™) such that:

DE(p)|F(00) = Dipdlo) < - D€ P () oot oo ow () 4 - voe (1= 5.

(5.5.28)
The subsequent discussion regarding purifications of the A -marginal of 7 still applies also to any purification
of this infinite-dimensional 7. The rest of the proof the proceeds identically, and the additional term % 7

stays around until the end. O

Proof of Corollary 5.5.1. Note that in the statement of Theorem 5.5.2, i > 0 can be chosen at will and can
depend on any of the other parameters. Hence, for Corollary 5.5.1 it can be absorbed into any estimate that is
a strict inequality. Looking at the proof of Corollary 3.3.1 (the corresponding finite-dimensional statement),
this is the case for example for K < 0.29 < 1. Corollary 5.5.1 then follows from Theorem 5.5.2 by the same
estimates as Corollary 3.3.1. O

5.6 Asymptotic Error Exponents

In this section we use the finite-n results and general techniques established in the previous sections to
prove some asymptotic results for quantum channel discrimination, as these have also not previously been

established in the infinite-dimensional setting.

5.6.1 Quantum Stein’s Lemma for Channels in Infinite Dimensions

Our main asymptotic result is the following characterization of the Stein exponent for asymmetric channel
discrimination, which establishes the role of the regularized channel divergence as the asymptotic asymmetric

error exponent of asymmetric channel discrimination also in infinite dimensions.

Theorem 5.6.1 (Stein’s lemma for infinite-dimensional channels). Let &, F : Z(Ha) — P (Hp) be two
quantum channels between separable Hilbert spaces H 4, H p. Then, the asymmetric asymptotic error exponent

of discriminating these two channels with a parallel strategy is given by

lim lim D% (9| FEM) — DFE(E|F) . (5.6.1)

e—=>0n—ocon
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Moreover, lfﬁa (E]|F) < oo for some o > 1, then this is also equal to the asymptotic error exponent using

adaptive strategies and hence adaptive strategies offer no asymptotic advantage.

To prove this, we will first establish that this rate is achievable and optimal for parallel strategies, and
then use the one-shot conversion theorem Theorem 5.5.2 to establish the same also for adaptive strategies
(assuming the finiteness condition).

The achievability part for parallel strategies goes via the path of constructing a blocked strategy, and then

exploiting the emerging i.i.d. structure using the additivity of Rényi divergences:

Proposition 5.6.2. LetE, F : Z(H) — P (K) be two quantum channels, where H, IC are arbitrary separable

Hilbert spaces. Then the asymptotic error exponent with parallel strategies satisfies:

1
lim lim inf — D§; (£®™(|F®™) > D™8(&||F). (5.6.2)
n

e—0 n—oo0

Proof. Combining Lemma 5.4.3 and Lemma 5.4.5 we get for any two states p,o € D (H), and any « € [0, 1),

Dia(plo) = Dulplle) 1o (1) + 2 10w (=) (5:63)

for any « € (0, 1) and for any states p, 0 € D(H ). Since the a-Petz-Rényi divergence is additive it follows

that
1 1 2 1 1
Z D5 (p®"|a®" > D, — [ ——1 B — . .6.4
LD (0o o) > <P”">+n<a_1 og<1_ fe) g(>) (5.64)

The trick is now to apply this to a blocked input state, i.e. an entangled state on m systems that is repeated
n times. Since all separable Hilbert spaces are isomorphic, we can restrict ourselves to a single reference

system H g in this derivation. We then get:

1 nm nm 1 € nm nm
TLmD;{(g@ HF® ) = 7nm sup DH(5® (l/RAnm)H.F.(8 (VRAnm)) (565)
VRAnNM
1 ®n ®n
p— DS @m m H ®@m m 5.6.6
> o b H((E (VRaAm)) (FE™(vgam)) ) (5.6.6)

1 1 2 1 1
> D ®@m F®m _ - . 6.
- m (£ )+nm <a—110g(1—\/1—e> log<€>> (5.67)

Taking the lim inf,,,,,—o, on both sides yields

1
lim inf — D§, (E¥™™ || F&"™) > DI8(E||F) (5.6.8)

nm—o00 M

for any « € [0,1). Now, as already mentioned, also in infinite dimensions, the Petz—Rényi divergence is

increasing in «, and converges to the quantum relative entropy as o 1 1, i.e.

lim Dapllo) = sup Da(pllo) = Dipllo) (569
aftl ae(0,1)
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and hence it follows that

1
lim DX8(E||F) = sup DXE(E||F) = sup sup sup — Dy (E¥" (vram )| FE™ (vRam)) (5.6.10)
atl ae(0,1) a€(0,1) meEN vgam ™M
1 1
— sup Sup U — Do (€5 (vpam) | FE (vpan)) = sup —D(ES|FEM) (5.6.11)
meN Vram ag(0,1) meN T
= D™"8(&||F). (5.6.12)

Thus, we have the desired result

1
lim inf —— DS, (E27 (| FE"™) > sup DRS(E||F) = D5(E||F). (5.6.13)
nm=—o0 NIm a€e(0,1)

The converse bound is an immediate application of (5.3.137):

Lemma 5.6.3. Let £, F : (H) — P (K) be two quantum channels, where H, KC are arbitrary separable
Hilbert spaces. Then
1
lim lim sup — D% (E®™ || F®") < D™8(&||F). (5.6.14)
n

€0 poo

Proof. For any input state v 4n, (5.3.137) gives

1 1 1
D (E ) [F (an) € - [DE pan ) |F wpan)) + ()] (6619)
and hence ) L1
— D3 (E%™|Fo™) < —=——[D(E®|F®™) + h 5.6.16
D5 (€7 F) < - [DE|F) + h(e)] (5.6.16)
from which the statement follows by taking lim._,¢ lim sup,,_, ., in that order. O

These two statements together prove the parallel quantum channel Stein’s lemma. The statement of the
adaptive quantum Stein’s lemma for channels is that the same error exponent is also optimal for adaptive
discrimination strategies. In the finite-dimensional setting it was proved by combining a statement that the
asymptotic optimal adaptive scaling is given by the amortized relative channel divergence (X. Wang and Wilde
2019b), instead of the regularized one, and a chain rule for the quantum relative entropy (Fang et al. 2020)
which implies that the amortized and regularized quantum channel divergences are indeed equivalent. Here
we use our one-shot result Theorem 5.5.2 to show this equivalence directly and without going through the
amortized channel divergence. Note that as mentioned and discussed in Section 5.6.3, in infinite dimensions,
we are not able to show this equivalence for all channels, but only under the condition that the geometric

Rényi divergence between the channels is finite for some v > 1.

Proposition 5.6.4 (Quantum Stein’s Lemma for adaptive strategies in infinite dimensions). Let £, F :

P(H) — P(K) be two quantum channels (CPTP maps) where H, K are arbitrary separable Hilbert spaces. If

143



5 Infinite-Dimensional Quantum Channel Discrimination

there exists o > 1, s.t. Do (E]|F) < o0, then

lim lim  sup lD§{(<€’(pn)H]—"(Un)) = D"8(&||F). (5.6.17)

e0n=0e0 p1=01;{A:i}s n

Proof. Since adaptive strategies are more general than parallel ones, it follows that

1 1 1
sup  —Dy(E(pn)|[F(o4)) > sup —Dy (E" (p) | FE"(p)) = =Dy (EX| FE). (5.6.18)
pr=o1;{A;}; T p T n

which implies
1
D™8(&||F) < limliminf sup  —Dy(E(pn)||F(on)) - (5.6.19)

e—0 n—oo plZUly{A'L}z n

If Dy (€]|F) < oo for some o > 1, then Theorem 5.5.2 holds. In Theorem 5.5.2, taking the supremum over

parallel input states v, and then the limits m — 0o, n — 00, &g — 0, @, — 0 in this order, we find that:

1 a
lim limsup — D% (E(pp) | F (o)) < lim limsupsup D3 (E9™ (v | FE™ (vm)) = D™8(E||F)

ag—0 pnaco N ap—=0 m—oco v,
(5.6.20)
which allows us to conclude that the limit exists without requiring lim inf or lim sup, and:

1
DRY(E|F) <lim lim  sup  ~ Dy (E(pn) | F(om) < D(E|F). (5.621)

e—»0n—o0 | _ _rA1. T

plfa'lv{Az}l

O

These two propositions together prove Theorem 5.6.1.

5.6.2 Chain Rule for the Quantum Relative Entropy

While we did not require it to prove the asymptotic equivalence of adaptive and parallel strategies, we
still believe the chain rule for the quantum relative entropy to be of independent interest. Also in infinite

dimensions, it can be be proved quite straightforwardly combining Lemma 5.4.6 and Lemma 5.5.3:

Theorem 5.6.5. Let H, KC be separable Hilbert spaces, and €, F : P(H) — P (K) be two quantum channels,
such that Do (E||F) < oo for some a > 1. Then, for any two states p, o € D(H) it holds that:

D(E(p)|F (o)) < D(pllo) + D*5(E]F). (5.6.22)

Proof. Applying the second statement in Lemma 5.5.3 with p < p®", g < 0®", £ < £ and F + F&"

we get

DS ((E(p) 2™ |(F(0))®m™) < e;?qu) Do (EZ" @)™ (FE"(0))E™) + mDLI (0% 0™ .
(5.6.23)
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Now, dividing my nm and using Lemma 5.4.6 we get

D(&(p)|| F(0)) — O (xﬂi*m)

sup (D<5®"<u>uf®"<u>>+
vED(HO™)

LefEP T (

o
+ D(pllo) + O (log (2?) 1n> +0 (711) (5.6.24)

<

SEE

Similarly to Theorem 3.3.4, we now have that

& (X" (W) |F2" () < &, (€| F") = ne, (€] F) < né(€]|F) (5.6.25)
where
1 ~
& (E||F) = =log(27P1++CEIF) 1 9 CE|IF) = inf &(E||F). 5.6.26
2 (€]17) = - log +2)  AENF) = it &(EF) (5.6.26)

and the equality in the first line follows from the chain rule for the geometric Rényi divergence (Theorem 5.3.6),
which implies additivity of the channel divergence. Now, by assumption, ¢(€||.F) is finite. Hence, we can take

m = n? and then in the limit n — oo all error terms will disappear, so that we get the desired expression. [

Remark 5.6.6. In the updated version of O. Fawzi, Gao, and Rahaman (2023) the authors prove this chain rule
under the stronger condition Dyax(E]|F) < 00, and hence Theorem 5.6.5 can be seen as an improvement of

their result. Please see our following remarks on why this less restrictive finiteness condition can be relevant.

5.6.3 Finiteness Condition

As mentioned previously, we are able to show the equivalence of adaptive and parallel discrimination strategies
in infinite dimensions only under the condition that Dy (€| F) < oo for some o > 1, whereas in finite
dimensions no such condition was needed. The reason for this is that in finite dimensions, most relative

entropies are infinite at the same time, and only if a support-condition is violated. Specifically,
D(p|lo) = 00 & Dq(pllo) = o0 Va > 1< Dpax(pllo) =0 & p LK o (5.6.27)

where D, is any quantum a-Rényi divergence (i.e. any function that satisfies the data-processing inequality
(DPI) and reduces to the classical a-Rényi divergence on commuting states). Hence, if our finiteness condition
D4(E||F) < oo is violated in finite dimensions, also D(£||F) = oo, which then implies that a parallel
strategy (even a product strategy that just repeats the same input state) can achieve an asymmetric error
exponent of infinity, and hence there cannot be any asymptotic adaptive advantage.

In infinite dimensions, however, while the divergences in (5.6.27) will also all be infinite if the support
condition is violated, this is not the only possibility, and additionally infinity will occur if “one of the two

states decays faster than the other”. This appears already classically. As an example, consider the following
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three (unnormalized) classical probability distributions on N: p = {p,, }, ¢ = {¢»} and r = {p, }, with

o 2-"m . Pn . _on
Pn=—7 gn = Tn = Pp2 (5.6.28)
n n

We could easily make these three probability distributions normalized by redefining them with a normalization
factor, however this does not change the finiteness of the divergences, so we omit the normalization factors to
keep the following calculations simpler. We have p,,, ¢, m, > 0 for all n, and hence they satisfy the support

condition. On the other hand, it is easy to see that p,, /¢, = n is unbounded, and hence D« (p|lq) = oo,

whereas . N )
Pn Ch a3
D = 1 — | = 1 27"n® 5.6.29
ol = o () = Epes 2 (5629
is finite for all a > 1. Similarly,
Da(plr) = —log ) 27V "2 (5.6.30)
a_
n

is clearly infinite for all & > 1, whereas

D(pllr) = 3 plog <p> =Y L (5.631)

n

is finite. Roughly speaking, in infinite dimensions the finiteness of these divergences is governed by how
the tails of the distributions p and q are related to each other. Finiteness of Dy, ,x requires ¢, to be at most a
constant factor smaller than p,,. Assuming, that p,, is such that also the sequence p, = pnn? is summable
for some 5 > 0, then D,(pl||q) will be finite for some o > 1 if g, is at most a polynomial in n smaller

than p,, (i.e. p/gn = O(nP/®)), and D(p||q) will be finite if g, is at most exponentially smaller than p,,, i.e.
Pnlan = O2").

Different conditions for quantum channel discrimination

Given that in infinite dimensions finiteness conditions involving different relative entropies are no longer
equivalent, we would like to demonstrate, in this section and the next, that there are examples of quantum
channels (which are interesting in the context of channel discrimination) that satisfy some but not all of
the finiteness conditions. Specifically, given two quantum channels £ and F we will be looking at the the

following three finiteness conditions
(@) Dmax(€||F) < o0
(b) Da(&]|lF) < oo for some o > 1
(c) D*8(E[|lF) < o0

In the context of comparing adaptive and parallel strategies, the third condition would be the desired one,

as it amounts to imposing no condition at all. This follows from the fact that D™® = oo implies that both
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adaptive and parallel strategies are able to achieve a rate of infinity, and so one then obtains asymptotic
equivalence of adaptive and parallel strategies for all channels.

By choosing replacer channels (i.e. channels that output a specific state independent of the input) outputting
classical states corresponding to the probability distributions p, ¢ and r defined above, we see that there exist
classical channels for which these three finiteness conditions are not equivalent. However, these channels
are not particularly interesting from the perspective of channel discrimination and for studying the relation
between adaptive and parallel strategies. This is because for replacer channels, the input state and hence
also the chosen strategy is irrelevant already on the one-shot level. Additionally, for classical channels also
on continuous systems (which form the classical analogue of an infite dimensional quantum systems) it is
known that adaptivity does not give any asymptotic advantage, without requiring any finiteness conditions
(Hayashi 2009).

Hence, in the next subsection, we give examples of fully quantum channels that are not replacer channels
for which the three finiteness conditions are not equivalent. This illustrates first, that there are interesting
channels satisfying only condition (b) but not (a), and hence being able to establish the equivalence of
adaptive and parallel strategies under condition (b) is significant. Additionally, we find channels for which
only condition (c) holds and for which we are currently unable to show the equivalence.

We conjecture that, in fact, no condition is necessary also in infinite dimensions, and the asymptotic
equivalence of adaptive and parallel strategies does hold for all channels also in infinite dimensions. However,
we currently do not have the necessary tools to prove this conjecture. We would also like to highlight that we
believe the condition (a) to be very restrictive in practice. Specifically, with this condition the data-processing
inequality implies that in all bases the diagonal elements of £(v) and F(v) have to decay while differing at
most by a constant factor, and this too for all input states v. For channels which do not just output states on

some finite-dimensional subspace we expect this to be the case only for very specific examples.

Fully quantum examples

For any state 7 € D (H 4) and any \ € [0, 1], define the generalized depolarizing channel A} : Z2(H 4) —
P (Ha) as
AMNw) = (1 — Nw + A Tr(w)7. (5.6.32)

Lemma 5.6.7. For any two states p,o € D (H4), any A € [0, 1] and any quantum divergence D (i.e. any
function of two positive trace-class operators that satisfies the data-processing inequality) and anyn € N, it
holds that

D((A7)#"[I(A7)®") < D(p*"||o®") (5.6.33)

where the channel divergence on the left-hand side is defined as in (5.3.1).

Proof. For the sake of illustration, consider first the case n = 1. For any normalized density matrix w = wg4
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we then have

D(p||o) = D(wr ® pllwr ® o) (5.6.34)
> D(AL (wr ® p)l|AL (wr © 0)) (5.6.35)
=D(AMwr ®p) + (1 = NwralMwr ® o) + (1 — \)wpra) (5.6.36)
= D((idg ® A))(wra)|(idr ® A))(wra)), (5.6.37)

where the first line also follows from the data-processing inequality, by using channels that add or trace out
the additional state wpg. As this holds for all states wp 4, it then also holds for the supremum over all states.

For n > 1, the argument is essentially the same. For a subset S C {1,2,...,n} and a state T4n = 74,4,
we write 744 for Tra. (74n), where we trace out all the systems A; whose index is not in S, and 5¢ is the

complement of S. Given any state wgn 4n, we can then define a channel M : A" — R"A" via

M(Tyn) = Z )\‘S‘(l — )\)‘SCITAS ® WRg ® WRge Age » (5.6.38)
Sc{1,...,n}

with the idea being that

(idg ® AY)®™ (wprnan) = M(p™") (5.6.39)
(idp @ AN (wgnan) = M(a®") (5.6.40)

and hence the claim follows again from an application of the data-processing inequality:
D(p®"|c®") > D(M(p®")[|M(c®")) = D((idg ® A))*™ (wrnan)||(idr @ AY)®" (wrran)) . (5.6.41)
O]
Note specifically that for any divergence D that is additive on states (e.g. D = D), this implies
D™5(A)|A}) < D(pllo). (5.6.42)

To continue constructing our examples, given any orthonormal basis {|a;) }7, of a Hilbert space, we

construct the basis {|b;) }32 as

L (14, A -
|b;) = vallad) +lais)) i even (5.6.43)

%(|ai,1> — |CL@>) ’LOdd

For any classical probability distribution p € ¢; we then define the states

ppi= Y pilaifail  opi= pilbibil - (5.6.44)
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Lemma 5.6.8. Let D be one of D, ﬁa (with a € (1,2]) or Dpax, and p,q € {1 be normalized probability
distributions. Then, for all A € (0, 1]

D(ppllog) = 00 = D(A} [IA7,) = <. (5.6.45)

P

Proof. Throughout this proof we will write p := p, and o := o, for simplicity. Let us start with just choosing

the reference system of the input state as trivial and picking the input state w = o. Then
D (A} (w)[[A5(w)) = D((1 = N)o + Ap|lo) (5.6.46)

If D = Dpyax we can use the monotonicity of Dy, in the first variable to conclude that
D((1 = Ao+ Mpllo) > D(Ap|lo) = . (5.6.47)

If D = D, we can use the almost-concavity of D in the first argument (we provide a proof in Lemma 5.3.2) to
find
D((1 — Ao+ Mpllo) > (1 = A\)D(o|lo) + AD(p|lo) — h(\) = 00 (5.6.48)

where h is the binary entropy. Note that so far we have not used any of the structure of the states p and o.

For D = D, we could use a similar monotonicity argument for o € (0, 1], but for & > 1, the function ¢ — ¢t
is unfortunately not operator monotone, so we need a different argument, which is where the assumptions
on the states come in. Let j be such that ¢; > 0 and then pick the state w = |b;)(b;|. Let also k1, k2 be the
odd and even index of the block associated to j, i.e. k1 = 2 {%J ko =2 % + 1. Consider the subspace of
our Hilbert space spanned by {|a;) }i=, &, and its orthogonal complement (this is the same as the span of
{|bi) }i=k, k, and its orthogonal complement), and let M be the POVM measurement channel between these
two subspaces, i.e. M(v) = Zi:1,2 II;v11;, where the II; projects onto the subspace, and 115 projects onto

its orthogonal complement. Then,

D(A)(w)][A} (w)) = D(M o A)(w)[|M o Aj(w)) (5.6.49)
> D (oA (w)TT2 | TT2AS (w)TTo) (5.6.50)
= D(Allzplly || AlI2o]ly), (5.6.51)

where we used the data-processing inequality, Lemma 5.3.13, and the fact that w lies in the kernel of IIs.
Since D(p||o) is infinite and p and o are block-diagonal in the decomposition, either the term in (5.6.51) has
to be infinite (which proves our statement), or D(II; pII; || II; 011} ) is infinite, which (since the subspace is
finite-dimensional) implies that IT; pIT; & II;01l;, which implies p & o. Since g; > 0, we have w < o, and

hence this also implies A;‘(w) # A)(w) and so also the channel divergence has to be infinite. O

Lemma 5.6.9. Let D be one of D, lA?a (with o € (1,2]) or Diax. Let p,q € {1 be positive, and define the

following variants of q, which take the minimum/maximum over a block of two indices:

qzT = max{qQL%J,QQL%JH} Qj = min{Q2L%J7Q2L%J+1}' (5.6.52)
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Then,
D(pllq") < D(pyllog) < D(pllg*). (5.6.53)

Proof. All the three divergences we consider are anti-monotonous in the second variable. For Dy, this
is obvious from the definition, for D this is shown in Hiai (2019), Theorem 4.1, and for ﬁa we show it in

Lemma 5.3.12. It is easy to see that o <0o4<0 but Tgl = Pgts and Tqt = Pgts which implies the desired

qT b
statement. O

The probability distributions p, ¢, r defined in the previous section are such that the three terms in (5.6.53)
are all either finite or infinite at the same time. Hence, all these lemmas together imply that for D one of

D, D, (with o € (1,2]) or Dpyax, A € (0,1] and p, g one of these three probability distributions it holds that
D(A) ||A7,) = 00 < D(pllq) = . (5.6.54)

Additionally, since D < D"® and the upper bound in Lemma 5.6.7 also includes the statement for tensor

products of the channels, we get
D™E(Ay ||A) = 00 & D(pllg) = oo (5.6.55)

Specifically, for A € (0, 1] and

27"~ 27"n
B VTR VER

we have lA)a(A;‘p HA{}q) < oo for all @ € (1, 2], while DmaX(A;\p HAéq) = 00. Similarly, for

(5.6.56)

2 n9—2" 2
S 2 ko2 2

I (5.6.57)
we have Dreg(Az‘p |A ) < oo, while ﬁa(Ag‘p |A2) = oo for all o € (1,2] (and hence also for all & > 1, as

the geometric Rényi divergence is easily seen to be increasing in «) and also DmaX(A;‘p HA{}q) = .

5.7 Outlook

In this final section we discuss certain limitations of our results, and ways in which they could be extended.

Recall that we stated our main theorems under the condition that our two channels satisfy Do (€| F) < 0o
for some o > 1. As discussed in Section 5.6.3, this condition is not required when restricting to classical
channels or finite-dimensional quantum channels. We would hence conjecture that it is unnecessary also
in the infinite-dimensional quantum case, however we do not currently know how one would be able to
prove that. In particular, requiring no condition at all would imply that one can not use the well-established
approach of bounding the desired quantity by a Rényi divergence for a > 1, and then taking a limit « | 1, as

this limit in infinite dimensions converges to the quantum relative entropy only under a finiteness condition,
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which is exactly what one wants to avoid. Hence, proving such a statement seems to require a fairly different
approach.

In addition to maybe relaxing the restrictions, it would already be interesting to obtain simple charac-
terizations of channels for which D, (€ ||F) < oo holds for some o > 1. In Section 5.6.3 we establish a
simple condition for generalized depolarizing channels, but we leave finding such conditions for more general
channels open to further work.

Finally, we have shown our results in the setting of a separable Hilbert spaces, and not the more general
setting of von Neumann algebras, where quantum hypothesis testing and state discrimination have also
already been studied (Hiai and Petz 1991, O. Fawzi, Gao, and Rahaman 2023, Berta, Scholz, and Tomamichel
2018, Jencova 2018, 2021, Jaksi¢ et al. 2012, Mosonyi 2023). The main motivation for this was that many
of our technical ingredients are considerably easier to generalize to the infinite-dimensional Hilbert space
setting, and proving the equivalent statements in von Neumann algebras is often not obvious. Nevertheless,
we have tried to cite results from the von Neumann algebra literature wherever we were aware of them,
and often employed tools and techniques which are also available in that setting to facilitate such a future

generalization.
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