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A B S T R A C T 

Theoretical models of accretion discs and observational data indicate that the X-ray emission from the inner parts of an accretion 

disc can irradiate its outer regions and induce a thermal wind, which carries away the mass and angular momentum from the 
disc. Our aim is to investigate the influence of the thermal wind on the outburst light curves of black hole X-ray binary systems. 
We carry out numerical simulations of a non-stationary disc accretion with wind using upgraded open code FREDDI . We assume 
that the wind launches only from the ionized part of the disc and may turn off if the latter shrinks fast enough. Our estimates of 
the viscosity parameter α are shifted downward compared to a scenario without a wind. Generally, correction of α depends on 

the spectral hardness of central X-rays and the disc outer radius, but unlikely to exceed a factor of 10 in the case of a black hole 
low-mass X-ray binary (BH LMXB). We fit 2002 outburst of BH LMXB 4U 1543 − 47 taking into account the thermal wind. 
The mass-loss in the thermal wind is of order of the accretion rate on the central object at the peak of the outburst. New estimate 
of the viscosity parameter α for the accretion disc in this system is about two times lower than the previous one. Additionally, 
we calculate evolution of the number of hydrogen atoms towards 4U 1543 − 47 due to the thermal wind from the hot disc. 

Key words: accretion, accretion discs – radiation mechanisms: thermal – X-rays: binaries – X-rays: bursts – X-rays: individual: 
4U 1543 − 47. 
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 I N T RO D U C T I O N  

-ray Binary (XRB) is a binary system featuring an accreting 
ompact object, which can be either a neutron star or a black hole
BH). Up to now, about several hundreds of XRBs are known in
ur Galaxy (Avakyan et al. 2023 ; Fortin et al. 2023 ; Neumann et al.
023 ). 1 , 2 XRB population is typically categorized into two groups: 
ow-mass X-ray binaries (LMXBs) and high-mass X-ray binaries 
HMXBs), based on the properties of the counterpart. In contrast to 
he HMXB case, the donor companion in an LMXB is a low-mass
tar, typically a main-sequence star or a white dwarf. In an LMXB,
he matter coming from the donor star usually forms an accretion disc
round the compact object. As the material falls on to the compact
bject through the disc, it releases a large amount of energy in the
orm of X-rays. The majority of LMXBs are X-ray transient sources,
hich occasionally show outburst behaviour. 
During an outburst of an LMXB, almost all the energy is radiated as 

-rays, so the ‘X-ray Novae’ are some of the brightest objects in the
-ray sky. X-ray outbursts last much longer and repeat less frequently 

han outbursts in systems with accreting white dwarfs. Apparently, 
 E-mail: c ygnusxone xray@gmail.com , artur.avak yan@astro.uni- 
uebingen.de 

 http:// astro.uni-tuebingen.de/ ∼xrbcat/ 
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his can be related to central X-rays illuminating the outer disc during
utbursts (Meyer & Meyer-Hofmeister 1984 ; King & Ritter 1998 ;
asota 2016 ). Currently, few dozens of LMXB systems with BHs are
nown in our Galaxy (see e.g. Cherepaschuk 2013 ; Tetarenko et al.
016 ; Avakyan et al. 2023 ), from which bright X-ray outbursts were
etected, implying episodes of high accretion rate in these systems. 
In this work we presume that during an outburst an outflow from an

ccretion disc takes place. The presence of such a wind in the LMXBs
s supported by modern observations indicating the expansion of 
onized matter. Outflows from accretion discs are observed as blue- 
hifted X-ray absorption lines (e.g. Ueda, Yamaoka & Remillard 
009 ; D ́ıaz Trigo & Boirin 2016 ), as emission lines broadening
n the optical range (e.g. Casares et al. 2019 ; Charles et al. 2019 ;

u ̃ noz-Darias et al. 2019 ), and P-Cygni profiles (Miller et al. 2016 ;
i ̌sko vi ̌co v ́a et al. 2016 ; Mu ̃ noz-Darias et al. 2016 ; Fijma et al.

023 ). In most cases, X-ray absorption lines of highly ionized Fe
re observed in systems with an inclination of more than ∼50 ◦.
herefore, the absorbing plasma should have a higher density closer 

o the equatorial plane, which suggests that it is a substance flowing
ut of the disc (Higginbottom & Proga 2015 ). 
The nature of such winds and their physical characteristics are an

pen question. Namely, in addition to the model of thermal heating
f matter by central radiation in optically thin regions of the disc
Begelman, McKee & Shields 1983 ; Shields et al. 1986 ; Woods
t al. 1996 , hereinafter B83, S86, and W96, respectively), other
echanisms are considered: hydromagnetic winds (Blandford & 
is is an Open Access article distributed under the terms of the Creative 
h permits unrestricted reuse, distribution, and reproduction in any medium, 
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ayne 1982 ; Pelletier & Pudritz 1992 ; Fukumura et al. 2010 , 2017 ;
cepi, Begelman & Dexter 2023 ), local radiation pressure at super-
ddington accretion rates (Shakura & Sunyaev 1973 ; Proga &
allman 2002 ), and radiation pressure in spectral lines (‘line driven’
inds) (Shlosman, Vitello & Shaviv 1985 ; Murray et al. 1995 ;
uleimanov 1995 ; Feldmeier & Shlosman 1999 ; Proga & Kallman
004 ). 
The observational rates of mass-loss in the wind for the

ntermediate-mass X-ray binary Her X-1 are obtained by Kosec
t al. ( 2020 ). They find that the estimates strongly depend on the
ssumed wind geometry. According to them, if the wind mo v es
long the disc, then the rate of mass-loss in the wind in Her X-1 is
pproximately equal to the accretion rate on to the compact object.
o we ver, if the wind is spherically symmetric, then the estimated
ass-loss rate increases by an order of magnitude. Ponti et al. ( 2012 )

rovide observational estimates of the outflow rate in several X-ray
ransients; it follows that the ratios of the mass-loss rate in the wind
o the accretion rate on to compact objects are in the range from 1
o 10. In hydrodynamical numerical simulations of thermally driven
isc winds (Luketic et al. 2010 ; Higginbottom et al. 2017 , 2019 ),
his ratio is obtained to lie in the range from 2 to 15. Apart from
bservational spectral signatures of outflowing matter, an outflow
ak es aw ay angular momentum and mass and thus affects the long-
erm dynamical disc evolution. 

In the standard model of disc accretion (Shakura 1972 ; Shakura &
unyaev 1973 ), the dimensionless parameter of the turbulent viscos-

ty α � 1 is introduced, which characterizes the angular momentum
ransfer rate in the disc. Parameter α determines the viscous time
f the accretion disc and can be estimated for cataclysmic variables
nd X-ray novae (Smak 1984 ; Dubus, Hameury & Lasota 2001 ;
otko & Lasota 2012 ). It was found that two values of α are needed

o e xplain observ ed long-term evolution: αhot , which determines
utb urst ev olution, and αcold , quiescent times. For particular X-
ay novae outbursts parameter αhot was estimated by Lipunova &
hakura ( 2000 ), using analytical time-dependent solution for α-
isc (see Lipunova & Shakura 2000 ; Suleimanov 2008 , Lipunova &
hakura ; Tetarenko et al. 2018b ). 
During an outburst, inner parts of the accretion disc irradiate its

uter parts. This self-irradiation plays a crucial role in the evolution
f the disc, as pointed out by King & Ritter ( 1998 ) and Dubus,
ameury & Lasota ( 2001 ). Consequently, if a disc is irradiated, αhot 

annot be determined uniquely from the X-ray outburst decay alone
ithout analysing the optical light curves (Lipunova & Malanchev
017 ; Lipunova et al. 2022 ). 
Using a disc instability code, Dubus et al. ( 2019 ) have analysed

he effects of thermal wind on light curves of X-ray novae. The
uthors used the analytical model of the thermal wind from W96 and
ssumed that self-irradiation of the disc is enhanced due to scattering
n the optically thin wind. They argue that thermal wind (by affecting
elf-irradiation) plays an important role in the outburst dynamics.
o we ver, there is still inconsistency between analytic estimates of
-ray illumination from scattering in the wind and the observed data,

ven in combination with direct illumination (Tetarenko et al. 2020 ).
etarenko et al. ( 2018b ) suggest that winds influence estimates of α
btained from the light curves. 
Our open code FREDDI calculates X-ray and optical light curves

f soft X-ray transients outbursts, solving the evolution equation for
 viscous α-disc of variable size (Malanchev & Lipunova 2016 ;
NRAS 527, 3709–3727 (2024) 

e  

3

h

v akyan, Malanche v & Lipunova 2019 ; Avakyan et al. 2021 ). 3 Main
nput parameters of FREDDI are the turbulent parameter α, BH mass
 x ≡ M x / M odot , and Kerr parameter a Kerr . Self-irradiation of the disc

s taken into account and the degree of irradiation can vary with time.
alculated light curves or Ṁ ( t) can be used to fit the observed ones

o deliver an estimate of α-parameter (see Lipunova & Malanchev
017 ; Lipunova et al. 2022 ). For this, it is essential to perform a
pectral analysis of data to try to obtain as accurately as possible the
volution of bolometric luminosity or accretion rate. 

In this work, we report the results of implementing the Compton-
eated wind to our code. For X-ray transients, the wind model is
aken into account following W96. We analyse how the action of
he wind imitates large parameter α and show that a high value
f α parameter, potentially obtained from observed light curves,
orresponds to a smaller α if the wind is acting. 

We also apply the model to 2002 outburst of X-ray transient
U 1543 − 47 (V 

∗ IL Lup). The system is a BH LMXB that
emonstrates outbursts about every decade (Kitamoto et al. 1984 ;
armon et al. 1992 ; Miller & Remillard 2002 ; Negoro et al. 2021 ).
ipunov a & Malanche v ( 2017 , hereafter LM17) have obtained the
volution of the central accretion rate Ṁ ( t), using archi v al X-ray
pectral observations by Proportional Counter Array aboard the
ossi X-ray Timing Explorer observatory ( RXTE /PCA; Jahoda et al.
996 ). In particular, it was demonstrated that a reflare around the
2th day after the maximum is an artefact of spectral evolution and
nderlying dependence of Ṁ ( t) is monotonic during almost 30 d
fter the maximum, when the source was in the ‘high/soft’ state
McClintock & Remillard 2006 ) according to Park et al. ( 2004 ). 

For 4U 1543 − 47, we compare the central accretion rate Ṁ acc ( t)
ith the model taking the thermal wind into account. As a result, we
btain new estimate of the α-parameter, comparing to LM17. Value
f the self-irradiation parameter in 4U 1543 − 47 is determined from
he V optical light curve obtained by Buxton & Bailyn ( 2004 ). 

The structure of the paper is as follows. In Section 2 , the physical
odel of a thermal wind is briefly described. A viscous disc evolution
odel, which takes into account the wind, is re vie wed in the same
ection 2 . In Section 3 , we explain how we take into account the
isc self-irradiation and irradiation of the companion star. Thermal
ind model from W96 and S86 and numerical method of solving
isc evolution equation are described in Section 4 . In Section 5 ,
e present the results of disc modelling, as well as the fitting of

he BH LMXB 4U 1543 − 47 outburst in 2002. The discussion and
onclusions are given Sections 6 and 7 , respectively. In Appendix A ,
e study the numerical-solution stability of the non-linear diffusion-

ype equation of the disc evolution. Appendix C describes how we
ested the work of our code FREDDI by reproducing S86 results on
uminosity oscillations. Appendix D o v erviews analytical solutions
o some of the wind models that are used in the code to test it.
omparison of the two different self-irradiation models is given in
ppendix E . 

 T H E R M A L  W I N D  A N D  T H E  V I S C O U S  DISC  

Y NA MIC S  

.1 Compton-heated wind 

heoretical models of accretion discs and observational data supply
vidence that the radiation flux from the centre of the disc can irra-
 FREDDI can be freely downloaded from the web page https://github.com/ 
ombit/ freddi/ . 

https://github.com/hombit/freddi/
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Figure 1. Schematic representation of an LMXB system with accretion disc 
wind. Angles i and θ are the disc inclination and polar angle, respectively. 
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Figure 2. Schematic disc thermal equilibrium curve (basing on a figure from 

Higginbottom et al. 2017 ). The triangle denotes the position of the maximum 

value of the pressure ionization parameter � c,max , at which the gas is in a 
cold state. The asterisk corresponds to the minimum value � h,min in the hot 
state. The dotted part of the thermal equilibrium curve shows the instability 
zone. 

t

T

w  

k  

l
 

w  

o  

a  

μ  

o  

h  

c

R

w  

o  

w  

w  

t

L

w  

l
d

L

w
w  

r  

o  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/527/2/3709/7339776 by EM
BL user on 06 D

ecem
ber 2024
iate its outer surface. In the standard accretion model by Shakura &
unyaev ( 1973 ) the disc is concave, and becomes geometrically 

hicker with radius. As a result, the accretion disc’s surface (mostly
ts outer parts) is exposed to the central radiation, which heats the disc
aterial. Schematic picture of a disc in a binary system is presented

n Fig. 1 . 
In the atmosphere of the outer disc, the energy of the incident pho-

ons transfers to the energy of particles through different processes: 
hotoabsorption, photoionization, scattering, and bremsstrahlung. 
he heating rate per particle is proportional to the radiation intensity. 
he cooling rate per particle depends on the two-particle processes 
nd, therefore, it decreases with density, that is, with the distance from 

he equatorial plane of the disc. When the density drops to a critical
alue, the heating exceeds cooling, and the gas heats up to a high
emperature determined by a balance between the principal processes 
t such conditions: the Compton and inverse Compton scatterings. In 
articular, for X-ray binaries and quasars hosting compact objects, 
he central radiation is sufficiently hard and the gas can be heated to
emperatures exceeding 10 7 K. 

Let us briefly recall the model proposed by B83 and introduce 
asic parameters to describe winds from a disc irradiated by an X-
ay or ultraviolet continuum. The thermal state of the irradiated gas 
s determined by the shape of the X-ray spectrum along with the
ressure ionization parameter (B83): 

 ≡ P rad / P gas = F / ( c P gas ) , (1) 

here P rad and P gas are the radiation and gas pressure, respectively, 
 is the radiative flux and c is the speed of light. Thermal equilibrium
f a stellar atmosphere gas exposed to ionizing X-ray radiation was 
alculated by Basko & Sunyaev ( 1973 ) and London, McCray & Auer
 1981 ). Fig. 2 shows the schematic dependence of the equilibrium
emperature on a value, which is proportional to the pressure 
onization parameter � (the picture is adopted from Higginbottom 

t al. 2017 ). It follows that there are two stable phases of gas
epending on the value of � : ‘cool’ and ‘hot’, when � < � c,max 

nd � > � h,min . In the cool phase, close to the disc photosphere,
he photoionization is balanced by the recombination, so the gas 
s maintained at the temperature T ≈ 10 4 K. Away from the disc
urface, the pressure and density drop, consequently the pressure 
onization parameter gro ws, e v entually e xceeding the critical � c,max ,
hich leads to the heating of gas. This heating is quenched when

he Compton heating by energetic photons is balanced by the inverse 
ompton cooling by softer photons. 
The equilibrium temperature in this state is generally close to 

he ‘inverse Compton temperature’ (hereinafter the term ‘Compton 
emperature’ will be used), which is defined as 

 IC ≡ 1 

4 k 
〈 ε〉 = 

1 

4 k 
L 

−1 
∫ +∞ 

0 
hν L ν d ν, (2) 

here <ε > is the mean photon energy, h is the Planck constant,
 is the Boltzmann constant, ν is the radiation frequency, L ν is the
uminosity per frequency interval, and L is the bolometric luminosity. 

B83 also introduce the ‘escape temperature’: T g ≡ GM x μm p /( kr ),
hich follows from the equality of the thermal and escape velocities
f a particle. Here, M x is the mass of the compact object, r is the
xial distance from the centre of the disc, m p is the proton mass, and
is the mean mass of ions, and electrons per particle (we use value

f 0.61 as for the solar abundances). If the medium temperature is
igher than T g , it expands. Thus, the characteristic ‘Compton radius’
an be defined as follows (B83): 

 IC ≡ GM x μm p 

kT IC 
= 

1 . 0 × 10 10 

T IC8 

(
M x 

M 


)
cm , (3) 

here T IC8 = T IC /10 8 K. B83 suggest that the matter begins to flow
ut of the disc in the form of a wind at radii greater than 0.1 × R IC ,
here the height of the corona is already significant. The upper layer,
hich is heated up to the Compton temperature T IC , expands with

he sound speed c IC = 

√ 

kT IC / ( μm p ) . 
B83 also define some critical luminosity: 

 cr ≡ 1 

8 

(
m e 

μm p 

)1 / 2 (
m e c 

2 

kT IC 

)1 / 2 

L Edd = 0 . 030 × T 
−1 / 2 

IC8 L Edd , (4) 

here m e is the mass of an electron, L Edd is the Eddington luminosity
imit, which characterizes the efficiency of overcoming the gravity 
irectly by the radiation pressure: 

 Edd ≡ 4 πGM x μe m p c 

σT 
≈ 1 . 5 × 10 38 

(
M 

M 


)
erg s −1 , (5) 

here σ T is the Thomson cross-section and μe is the mean molecular 
eight per election (which we set to be equal 2 μ). Thus, if the

atio L / L Edd specifies the ef fecti veness of the radiation pressure in
 v ercoming gravity, the ratio L / L cr characterizes the efficiency of
MNRAS 527, 3709–3727 (2024) 
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 v ercoming the gravity by electromagnetic radiation via the heating
f the matter by the Compton processes. 
On the other hand, at smaller radii and/or lower luminosity, most

f the material of the disc remains gravitationally bound, forming
 hydrostatic corona (Jimenez-Garate, Raymond & Liedahl 2002 ;
83; S86; W96). 

.2 Viscous disc evolution 

he evolution of the accretion disc with the wind is described by a
odified equation of the diffusion type (for example, S86): 

∂ 
 

∂ t 
= 

1 

4 π

( GM x ) 2 

h 

3 

∂ 2 F 

∂ h 

2 
− 
̇ w ( F , h ) , (6) 

here h = 

√ 

GM x r is the specific angular momentum of the
ccretion disc’s material, 
 is the surface density, F is the torque
f the viscous forces acting on a given disc ring, which is expressed
s F = 2 π W rϕ r 

2 using the height-integrated viscous stress tensor
 r ϕ (assumed to be positive, see e.g. Lyubarskij & Shakura 1987 ).

unction 
̇ w is a local wind mass-loss rate, the outflow of mass per
nit disc surface area per unit time, and 
̇ w > 0 if the wind is present.
n the upcoming Section 4 , we will discuss the form of this function
n more detail. 

The surface density 
 and viscous torque F are related in the
eplerian disc as follows (e.g. Shakura et al. 2018 , chapter 1): 

 = 3 π h νt 
, (7) 

here ν t is the kinematic coefficient of turbulent viscosity, whose
ependence on the radius r and surface density 
 is determined
y physical processes underlying the viscosity. It follows from
onservation of angular momentum: 

˙
 = 

∂ F 

∂ h 

. (8) 

To ef fecti v ely describe a comple x phenomenon of the turbulent
iscosity, Shakura ( 1972 ) introduced the dimensionless turbulent
arameter α (see also Shakura & Sunyaev 1973 ). It relates the total
ressure in the disc and the viscous stress tensor component: 

 

t 
rϕ = α P tot , (9) 

here P tot is the sum of the gas pressure P gas and radiation pressure
 rad . The height-integrated viscous stress tensor W r ϕ is as follows: 

 rϕ ( t, r) = 

∫ + z 0 

−z 0 

w 

t 
rϕ ( t, r, z ) d z , (10) 

here z 0 is the disc half-thickness at the radius r . 
The condition at the inner boundary of the disc (corresponding to

he last stable orbit) is the zero viscous torque F (Shakura & Sunyaev
973 ): 

 ( h in , t) = 0 , (11) 

here h in is the specific angular momentum at the inner edge of the
isc. We set outer boundary conditions in two different ways. First,
hen we assume that the outer radius of a viscously evolving disc is
xed, we set the external boundary condition of the second type: 

∂ F 

∂ h 

∣∣∣∣
h = h out 

= Ṁ out , (12) 

here Ṁ out is the mass rate of matter entering the disc, and h out is the
pecific angular momentum at its outer edge. This approach is used
or the oscillations test (see Appendix C ), which we use to verify our
ode. 
NRAS 527, 3709–3727 (2024) 
Alternatively, we assume that a disc consists of two zones: an
onized ‘hot’ inner part and a ‘cold’ one with recombined hydrogen.
resumably, the y hav e dif ferent v alues of the viscosity parameter
, αhot , and αcold for the ‘hot’ and ‘cold’ zones, respectively. The
iscous evolution in the colder part has a much longer time-scale,
ince αcold � αhot . This means that the viscous evolution in the
older part has almost no effect on the central accretion rate during
n outburst. Near the outer boundary of the hot zone r hot , the viscous
orque F reaches an e xtremum. F or all simulated outbursts, we thus
ssume that the mass flow rate vanishes at the boundary: ∂ F / ∂ h ( h =
 hot ) = 0, where h hot corresponds to r hot . 
Finally, the initial distribution of the viscous torque must satisfy

he boundary conditions: 

 ( h, 0) = F 0 ( h ) . (13) 

The numerical technique of solving the system of equations ( 6 ),
 11 ), ( 12 ), and ( 13 ) is described in detail in Appendix A . 

 SELF-I RRADI ATI ON  A N D  O P T I C A L  FL UX  

.1 Self-irradiation of the disc and the radius of the hot zone 

e assume that during an outburst there are generally two zones in
he disc, with ionized and neutral material, separated at R hot – the
radius of the hot zone’. If the accretion rate is very high, the hot
one can reach its outer radius, close to the Roche lobe radius. In the
inaries with large P orb , ho we ver, the hot zone is often smaller than
he whole disc, and it shrinks during an outburst decay. 

We find radius of the hot zone follo wing Lipunov a et al. ( 2022 ),
onsidering irradiating and viscous heating rate: 

 irr = C irr 
L x 

4 π r 2 
, (14) 

 vis = 

3 

8 

√ 

GM x 

π r 7 / 2 
F , F ≈ Ṁ acc h, (15) 

here L x = η ( a Kerr ) Ṁ acc c 
2 is the X-ray luminosity, Ṁ acc is the

entral mass accretion rate, η ( a Kerr ) is the accretion efficiency, which
epends on the dimensionless Kerr parameter a Kerr , and C irr is the
rradiation parameter. Note that for the ‘hot’ and ‘cold’ parts of the
ccretion disc, the value of irradiation parameter can be different.
elo w, C irr denotes the v alue of the irradiation parameter for the

hot’ part of the disc, while C cold 
irr corresponds to the ‘cold’ one. Let

s define the ‘viscous temperature’ T vis from Q vis ≡ σSB T 
4 

vis , where
SB is the Stephan–Boltzmann constant. By analogy, the ‘irradiation

emperature’ T irr is defined from Q irr = σSB T 
4 

irr . 
We assume that disc at radius r is in the hot state if irradiation

emperature is higher than T hot = 10 4 K (Tuchman, Mineshige &
heeler 1990 ; Dubus et al. 1999 ; Tavlee v, Lipunov a & Malanche v

023 ). Thus, radius of the hot zone R hot ( t ) can be calculated from the
entral accretion rate: 

SB T 
4 

hot = C irr 
η ( a Kerr ) Ṁ acc c 

2 

4 πR 

2 
hot 

. (16) 

hen Q irr > Q vis . 
Due to gradual cooling of the disc, shrinking of the hot zone, and

igher radial dependence of the viscous flux, eventually irradiation
eases to be important. If the irradiation parameter was constant,
ondition Q irr > Q vis would break down at some radius, independent
f the accretion rate, since one can write the ratio Q irr / Q vis as
Suleimano v, Lipuno va & Shakura 2007 ): 

Q irr 

Q vis 
= 

4 

3 
η( a Kerr ) C irr 

r 

R grav 
, (17) 
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Figure 3. Visualization of the binary system 4U 1543 − 47 at the peak of 
the 2002 outburst. Ef fecti ve temperature is colour coded. The circle on the 
disc shows the border between the hot and cold zones. 

Table 1. Parameters used in fitting of the 2002 outburst of 4U 1543 − 47. 

Parameter Value Ref. 

Mass of the BH, M x 9 . 4 M 
 [1], [2] 
Orbital period, P 1.116 d [3] 
Inclination, i 20.7 ◦ [3] 
Mass of the companion, M opt 2 . 5 M 
 [1], [2] 
Distance to the system, d 8.6 kpc [4], [5] 
Kerr parameter, a Kerr 0.4 [6] 
Pressure ionization parameter, � 7.53 [7] 
Compton temperature, T IC 1.5 × 10 7 K Fig. 10 
Wind efficiency, ηwind 1.0 —
Ef fecti ve temperature of the star surface 8600 K [8] 
Bolometric albedo of the star surface 0.5 [9] 
Roche-lobe filling factor of the star 1.0 —

Note. [1] Orosz et al. ( 1998 ), [2] Orosz et al. ( 2002 ), [3] Orosz ( 2003 ), 
[4] Gandhi et al. ( 2019 ), [5] LM17, [6] Morningstar & Miller ( 2014 ), [7] 
Higginbottom et al. ( 2017 ), [8] Che v alier & Ilo vaisk y ( 1992 ), [9] Basko, 
Sunyaev & Titarchuk ( 1974 ). 
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here the gravitational radius R grav = 2 GM x / c 2 . 
Later, the irradiation-controlled evolution is superseded by an 

volution determined by the cooling-front propagation, in accordance 
ith the disc instability model (DIM; Dubus, Hameury & Lasota 
001 ; Lasota 2001 , LM17). To find a position of R hot one can take into
ccount results of a cooling-front parameter study in the framework 
f DIM (Ludwig, Meyer-Hofmeister & Ritter 1994 ). To determine 
f a radius belongs to the hot zone, we check if any of the following
onditions is met: (1) T irr > T hot ; (2) 
 > 
 

−
crit (Lasota, Dubus &

ruk 2008 ); (3) r < R hot ( t − 
 t ) − v front 
 t , where the cooling front
elocity is calculated following Ludwig, Meyer-Hofmeister & Ritter 
 1994 ). 

Regarding the irradiation parameter C irr in ( 14 ), one can estimate
ts value by the following analytic expression (e.g. Suleimanov, 
ipunova & Shakura 2007 ): 

 irr = �( θ ) (1 − A ) 
z 0 

r 
q, where q ≡

(
d ln z 0 
d ln r 

− 1 

)
, (18) 

here z 0 is the semi-thickness of the disc, q ( z 0 /r) is the angle
f incident rays, (1 − A ) is the portion of absorbed and thermally
eprocessed incident flux, and �( θ ) = 2cos ( θ ) ≈ 2 z 0 / r is the angular
istribution of the irradiating flux from the central plane disc, where 
is the polar angle (see Fig. 1 ). 
To take into account the radial dependencies of the irradiation 

arameter (see also discussion in Appendix E ) we use auxiliary 

onstant parameters ˜ C irr and ˜ C cold 
irr , for the hot and cold parts of the

isc, respectively. Using them, the genuine parameters C irr and C cold 
irr 

re expressed as follows: 

C irr = 

˜ C irr 
(

z 0 /r 

0 . 05 

)k 

�( θ ( r)) , k = 1; 

 

cold 
irr = 

˜ C cold 
irr �( θ cold ) . (19) 

.2 Obser v ed flux from the disc 

oth parts of the accretion disc (hot and cold) contribute to the total
ptical flux of the system. Observed flux from the outer disc, which
alls in the optical range, is determined by the contributions from the
iscous heat Q vis and self-irradiation Q irr . Thus, the local ef fecti ve
emperature can be expressed as 

 

4 
eff = T 4 irr + T 4 vis . (20) 

Accordingly, the observed flux from the disc in a band is calculated
y the formula: 

 disc = 

2 π cos i 

d 2 

∫ νmax 

νmin 

d ν
∫ R hot 

R in 

B ν( T eff ( r) ) r d r, (21) 

here d is the distance to the source, i is the disc inclination, νmin and
max are the limits of the observational spectral band, and B ν is the
lanck intensity. The viscous temperature is found from the viscous 

orque: 

T 4 vis = 

3 ( G M) 4 F 

8 π h 

7 
. (22) 

here F is a solution to the viscous evolution equation ( 6 ). 
Due to the fact that we do not find a solution for the vertical

tructure of the cold disc, its relative semi-thickness assumed as 
 0 / r = 0.05 ( θ cold = const) and its viscous temperature T visc is set to

ero. Value of ˜ C cold 
irr parametrizes all associated uncertainty. 
.3 Flux from the companion star 

he central X-ray source impacts not only the disc but also the
ptical component of the binary system, if the latter is not completely
hadowed. Code FREDDI is capable of calculating orbit-modulated 
ight curv es (Lipuno va et al. 2022 ) of a companion star irradiated with
n X-ray flux when there is no self-occultation in the system. The
f fecti ve temperature distribution in a close binary system (namely,
H LMXB 4U 1543 − 47) is shown in Fig. 3 . Model parameters are

isted in Table 1 for the outburst in Fig. 11 . 

 W I N D  M O D E L S  A N D  M E T H O D S  

n order to take into account the effect of the wind, it is required
o specify a physically substantiated form of the inhomogeneity 
unction 
̇ w in equation ( 6 ). The modified version of the FREDDI

ode can take into account any user-specified wind model. In the
ubsection below we only describe the main thermal wind model 
dopted from S86 and W96 used to fit X-ray Novae light curves.
ll other available wind model options are listed and described in
ppendix D . We also verify the work of our code with the ‘toy’
MNRAS 527, 3709–3727 (2024) 
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M

Figure 4. Distribution of the surface flow rate due to wind along the radius 
for S86 ( B8 ) and W96 ( 23 ). The Compton temperature T IC = 1.5 × 10 7 K, 
M x = 10 M 
, and bolometric luminosity L = L Edd . 
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ind model adopted from S86. In this ‘toy’ model, wind’s impact
reates oscillations in luminosity if the constant inflow of matter into
he disc occurs in the system ( Ṁ out = const, see equation 12 ). In
ppendix C , we describe this model in detail and compare FREDDI

nd S86 results, reproducing Ṁ acc oscillations. 

.1 Thermal wind model 

he dynamics of the Compton-heated wind and corona have been
nalytically studied in B83 (see basic definitions in Section 2 ). The
uthors have estimated the mass-loss rate as a function of distance
long the disc’s radius. They consider the flow carried away by
he wind as a set of streamlines and solve equations of momentum
nd energy conservation along them. S86 have proposed analytical
pproximation for the results obtained in B83 (see equations B1 –B8
n Appendix B ). 

In a later w ork, W96, tw o-dimensional magnetohydrodynamic
alculations have been performed and the results of B83 and S86,
eneralized. W96 take into account the various processes contribut-
ng to X-ray heating and radiation cooling, while B83 consider
eating and cooling only through the Compton processes. Secondly,
hile B83 suggest a disc is geometrically thin, W96 take into account

he structure of the upper layers of the disc in an optically transparent
pproximation. The wind model elaborated by W96, applicable for
inds in AGNs, is also added to the FREDDI ’s list of choices. 
To model a viscous evolution of a disc with a wind in the current

tudy, we take the function 
̇ w ( h ) as the approximation to the results
f S86 in a form provided by W96: 

 ̇
 w = 2 ηwind ṁ ch ×
(

1 + ((0 . 125 l + 0 . 00382) /ξ )) 2 

1 + ( l 4 (1 + 262 ξ 2 )) −2 

)1 / 6 

×

× exp [ −
(

1 − (
1 + 0 . 25 ξ−2 

)−1 / 2 
)2 

/ (2 ξ ) ] , (23) 

here ξ = r / R IC and l = L / L cr , see equations ( 3 ) and ( 4 ), and the
haracteristic mass-loss rate per unit area ṁ ch ( � ) can be found in Ap-
endix B . Value of the pressure ionization parameter � at the wind–
isc interface is assumed to be equal to � c,max on definition (W96, see
ig. 2 ). We also introduce parameter ηwind – a dimensionless factor
llo wing easy wind-po wer adjustment. Corresponding distribution,
s well as the function ( B8 ) from S86, is shown in Fig. 4 . 

Thus, parameters of the wind and its rate are controlled by
arameters T IC , L , and � (see Appendix B ). The mass-loss rate
NRAS 527, 3709–3727 (2024) 
er unit area abo v e is to be used in equation ( 6 ) whose method of
olution is described in the next subsection. 

.2 Methods 

sing an implicit difference scheme, we reduce the solution of
he differential equation ( 6 ) with boundary conditions to sequential
olution of a system of algebraic equations at each time-step, which
s carried out using the tridiagonal matrix algorithm described in
ppendix A . The new scheme supersedes the original one in the

ode FREDDI (Malanchev & Lipunova 2016 ; LM17), described also
n Shakura et al. ( 2018 ). 

The thermal wind model described abo v e is applicable for an
utburst of the accretion disc in the case of X-ray nova, triggered by
 critical accumulation of mass during a quiescent state or by a short-
erm mass transfer. As the initial condition, we take the distribution
ound by Lipunova & Shakura ( 2002 ) for a disc without wind. It
mplies a zero inflow of matter ( Ṁ out = 0) at the external boundary
nd, thus, the zero first deri v ati ve of F ( h ) there (see equation 12 ). This
uasi-stationary distribution describe hot parts of α-discs without
inds after the peak of a fast-rise exponential-decay outburst, as
ointed out by Lipunova ( 2015 ). Recall that the inner boundary
ondition is the same for all models, namely: the zero value of the
iscous torque F (Shakura & Sunyaev 1973 ). 

 RESULTS  

.1 The impact of wind on the course of the outburst 

o analyse the wind effect during an outburst in an LMXB, we
se the wind model ( 23 ). Outbursts are simulated for two values of
he peak accretion rates: Ṁ acc , 0 = Ṁ Edd and Ṁ acc , 0 = 0 . 1 × Ṁ Edd ,
here Ṁ Edd = 1 . 4 × 10 18 ( M x / M 
) g s −1 for a compact object of
ass M x = 10 M 
. We also vary the turbulent viscosity parameter α

nd the self-irradiation coefficient of the disc C irr . For the calculations
escribed in this subsection, the temperature T IC is fixed at 10 8 K.
arameter � = 7.53 is taken from simulations of the heating and
ooling processes (Higginbottom et al. 2017 ). 

Resulting accretion rate evolution is shown for models with and
ithout wind in Fig. 5 . Figs 6 and 7 show the evolution of the radius
f the hot zone R hot and the ratio of the mass-loss rate due to wind to
he accretion rate C w ≡ Ṁ wind / Ṁ acc (where Ṁ wind > 0), respectively.

Fig. 5 shows that the effect of the wind, accelerating the evolution
f the central accretion rate, is more pronounced in models with
igher values of the initial accretion rate Ṁ acc , 0 and self-irradiation
arameter of the disc C irr . This is explained as follows. Higher
ccretion rate means higher luminosity and a more powerful wind,
ccording to its prescription ( 23 ). Furthermore, higher accretion rate
nd irradiation parameter, they both result in a bigger hot disc,
nhancing the role of the wind and the mass lost with it (see Fig. 6 ).

In the presence of a wind the outburst duration decreases: ‘wind
odels’ demonstrate shorter characteristic times as if the turbulent

arameter α was higher. In Fig. 8 , we plot an ‘ α-correction’: the value
f the turbulent parameter αnw in a disc without wind, divided by
he viscosity parameter αw in a disc with thermal wind and the same
ecline rate. The wind force is parametrized by the dimensionless
uantity ηwind (see the formula ( 23 )). For each ηwind and αw , we
alculate a model with wind. Afterwards, we fit the resulting Ṁ ( t)
urves with models without wind and find best-fitting value of
iscosity parameter αnw . Since the wind tak es aw ay disc’s mass and
ts angular momentum, the ratio αnw / αw is al w ays > 1 (because with
he same decline rate the viscosity processes contribute less when
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Figure 5. Evolution of an accretion disc central accretion rate in the presence 
of the thermal wind and without it. Two sets of curves are shown for 
different initial peak accretion rates, namely: Ṁ acc , 0 = Ṁ Edd and Ṁ acc , 0 = 

0 . 1 Ṁ Edd , where Ṁ Edd = 1 . 4 × 10 18 ( M x / M 
) g s −1 . Other parameters are 
M x = 10 M 
, the external radius is the tidal one, � = 7.53, and T IC = 10 8 

K. Two grey dash–dotted line indicate levels, where the accretion rate drops 
by e times from the initial one. 

Figure 6. Hot (ionized) zone radius R hot versus the time after the peak of 
a light curve. The parameters and curves styles (legends) are the same as in 
Fig. 5 . Grey dash–dotted line represents wind launching radius 0 . 1 R IC . 
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Figure 7. The ratio between the mass-loss rate due to the thermal wind and 
the central accretion rate ( C w ≡ Ṁ wind / Ṁ acc ) versus the time after the peak 
of a light curve. Parameters are as in Figs 5 and 6 . 

Figure 8. Dependence of the thermal wind α-correction on the wind’s power 
ηwind . This correction is the inverse ratio between calculated α parameter 
value in disc simulations with the wind presence ( αw ) and without it ( αnw ), 
while the same resulting decline rate of the central accretion rate is considered. 
All light-curve simulations are made with αnw = 1.0, M x = 10 M 
, and 
Ṁ acc , 0 = 1 . 4 × 10 19 g s −1 . 
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he wind acts). An apparent de generac y between parameters α and
wind is discussed in the beginning of Section 6 . 
In the framework of the thermal wind, the spectrum hardness plays

 crucial role in changing the rate of an outburst decline (Fig. 8 ),
ecause increasing the Compton temperature leads to the increase of
he area where the wind is launched (see equation 3 ). For parameters
wind = 1 and T IC = (0.15 −1) × 10 8 K, the estimate of the turbulent
iscosity parameter α can be o v erestimated due to neglect of the
nfluence of the thermal wind by approximately 1.4 −4 times. 

It is expected that the wind ‘ α-correction’ depends on the disc size.
hus, we have calculated a number of models for different values of

he outer radius. Fig. 9 shows α-correction for outbursts in discs of
ifferent sizes and Compton temperatures. It can been seen that until
ome point α-correction grows with the accretion disc size. This is
xplained by the fact that the area, where the wind operates, grows as
he square of the external (tidal) radius ( R 

2 
tid ). But it continues until

he outer radius is smaller than R hot ( 16 ). The α-correction curve
e vels of f for bigger discs because the hot disc area is limited and
efined by Ṁ acc , 0 and C irr . Thus, the α-correction value never exceeds
 few for a moderate Compton temperatures, for any binary periods.

The wind power, which can be set by ηwind , affects simultaneously
he shape of a light curve and the value of C w . Thus, it is theoretically
ossible to impose restrictions on the wind strength relative to the
ccretion rate, namely, on the value of C w (see fig. 16 in Section 6 )
rom a light-curve profile. 

.2 Modelling outburst of 4U 1543–47 in 2002 

o illustrate the effect of the wind for an outburst of a real transient,
e fit the evolution of the central accretion rate and optical flux of

he 2002 outburst of the X-ray nova 4U 1543 − 47. The observed
entral accretion rate Ṁ acc ( t) is obtained from spectral modelling of
he archi v al data of RXTE /PCA (LM17). The optical light curves in
he V and J bands used in the current work are also described there.
he system parameters are listed in Table 1 . 
Fig. 10 shows the evolution change of the T IC during the outburst

U 1543 − 47 (2002) obtained using results of the spectral modelling
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Figure 9. Thermal wind α-correction versus the outer radius of an accretion 
disc for the different Compton temperatures. This correction is the inverse 
ratio between calculated α parameter value in disc simulations with the wind 
presence ( αw ) and without it ( αnw ), while the same resulting decline rate of 
the central accretion rate is considered. All models are calculated for αnw = 

1.0, M x = 10 M 
, and Ṁ acc , 0 = 1 . 4 × 10 19 g s −1 . All solid curves correspond 
to ˜ C irr = 2 . 0 × 10 −3 , while dashed ones to ˜ C irr = 1 . 0 × 10 −3 . 

Figure 10. Inverse Compton temperature T IC calculated for the 2002 outburst 
of 4U 1543 − 47 (see equation 2 ). 
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Figure 11. Central accretion rate evolution Ṁ acc ( t) during the 4U 1543 − 47 
outburst (2002). The plot shows Ṁ acc ( t) dependence based on the observa- 
tions (black ‘X’), which is fitted by two models, presented by the curves 
‘Wind is on’ and ‘Wind is off’, meaning that the corresponding simulation 
fit takes or does not take thermal wind presence into account respectively. 
Empty circles are excluded from the fitting due to them not being a part of the 
decay. The ‘Wind itself’ curve shows the rate of the mass-loss in the thermal 
wind ( Ṁ wind ( t)). All parameters used in simulations are listed in Table 1 . 
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f the RXTE data. To simulate the 4U 1543 − 47 light curve in the
resent work, we take the average value of T IC o v er the shown time
nterval: 1.5 × 10 7 K or 1.3 keV. The bump in the interval between
he 10th and 20th day after the peak happened due to a turn-on of
n additional spectral component, possibly, a jet (Buxton & Bailyn 
004 ; Russell et al. 2020 , LM17). To assess impact of the variation
n T IC , we make auxiliary fits, adopting maximum and minimum 

alues of T IC during this 30-d period for wind model. The resulting
parameter estimate change within 15 per cent at the very worst. 
Fits for models with and without thermal wind along with 

he observational data are presented in Fig. 11 . To fit modelled
ccretion rate to Ṁ acc ( t) obtained from observational data, we use 
evenberg–Marquardt non-linear least-squares minimization curve 
tting method from the PYTHON package LMFIT (Newville et al. 
023 ). We exclude seven middle points from the fit because the spec-
ral modelling for these data was carried out with frozen distance’s
alue while all other points were modelled with thawed distance 
arameter (see LM17 for details). Nevertheless, it is remarkable 
ow these seven data points lie neatly on the light curve. Tetarenko
t al. ( 2018a ) presented a bolometric light curve for this outburst,
ut its slope differs from that of our Ṁ ( t), apparently, because the
olometric corrections applied by them cannot correctly reflect the 
pectral evolution. 

As expected, to explain the temporal e volution, lo wer v alue of
he turbulent parameter is needed in the model with the thermal
ind. The fit results are: the initial accretion rate onto the BH is

˙
 acc , 0 = 1 . 4 × 10 19 g s −1 , the viscosity parameter α for cases with

nd without wind is about 0.7 and 1.1, respectively. It should be also
oted that in the absence of the wind the best-fitting value of the
urbulent parameter α is lower than the value found in LM17 for
he same BH parameters. The explanation of this effect is given in
ppendix E . 
Fig. 12 shows the hot radius evolution corresponding to Fig. 11 . It

an be seen that the radius R hot ( t ) in the wind model (the red curve)
ecomes less than 0.1 × R IC (the grey horizontal line) on the 21st day.
his leads to a complete shutdown of the thermal wind from the hot
one (see also Fig. 13 ). We note that first ∼30 d after the outburst’s
aximum, hot radius of the disc is controlled by irradiation. This is

rue for the both models (with and without wind). Thus, our resulting
stimate of the alpha-correction due to wind is mostly free from
ffects of the later disc evolution when the cooling front advances. 

The self-irradiation parameter C irr can be determined from the 
ptical data. Within the framework of our model, three components 
ontribute to the optical flux of the system: a hot disc, a cold disc, and
n irradiated donor star (see Sections 3.1 –3.3 ). Figs 14 and 15 show
he observed optical data in the V and J bands obtained by Buxton &
ailyn ( 2004 ), as well as the model light curves, corrected for the

nterstellar absorption with A V = 1.6 mag and A J = 0 . 282 A V (see
M17). 
It can be seen that the emission from the hot disc alone cannot

 xplain the observ ed data, in accordance with results of LM17. To
MNRAS 527, 3709–3727 (2024) 
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M

Figure 12. Modelled evolution of hot zone radius during the 2002 outburst of 
4U 1543 − 47 (see Fig. 11 ). Grey dash–dotted line represents wind launching 
radius 0 . 1 R IC . 

Figure 13. Evolution of the ratio of the mass-loss rate due to wind to the 
accretion rate on to the BH ( C w ≡ Ṁ wind / Ṁ acc ), corresponding to the ‘Wind 
is on’ model in Fig. 11 . 
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Figure 14. Observed and modelled optical/IR light curves in V (top panel) 
and J (bottom panel) bands during the 2002 outburst of 4U 1543 − 47. The 
plots show two types of modelled light curves: ‘hot’ and ‘hot + cold disc’, 
which means that either the simulation considers that only the hot part of the 
disc emits optical/IR flux or its cold part does that as well, respectively. 
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xplain the optical flux in V , it is necessary to take into account either
e-emission from a cold disc or from irradiated optical companion
or maybe both). The self-irradiation parameter ˜ C irr for the hot part of
he disc is set to 1.6 × 10 −3 . In Appendix E , we discuss distinctions
etween irradiation parameter prescriptions in this work and LM17.
t the same time, in the J band, full agreement cannot be reached.
erhaps this happens due to the fact that the contribution of the jet of

he system is noticeable in this band (Buxton & Bailyn 2004 ; Russell
t al. 2020 ; LM17). 

 DISCUSSION  

nalysis of the LMXBs light curves observed during outbursts shows
hat α lies in the range of ∼0.2 −1 (Lipunova & Shakura 2002 ;
uleimano v, Lipuno va & Shakura 2008 ; Malanchev & Shakura 2015 ;
ipunova & Malanchev 2017 ; Tetarenko et al. 2018a ; Martin et al.
019 ; Lipunova et al. 2022 ). However, three-dimensional simulations
f the magnetorotational instability as a source of momentum transfer
NRAS 527, 3709–3727 (2024) 
nd matter in a disc yield values that are an order of magnitude
maller: α � 0.1 (Balbus & Ha wle y 1991 ; Hirose et al. 2014 ).
o a certain de gree, this discrepanc y could be explained by an
 v erestimate of the value of the parameter α from observations,
hich, in turn, can be caused by the presence of non-viscous
echanisms of the momentum transport in the accretion discs. 
Tetarenko et al. ( 2018b ) pointed to the importance of wind and

he issue of o v erestimating the α parameter when analysing the light
urves of the X-ray binaries. According to the authors, outburst’s
ast evolution in the considered systems can be interpreted either as a
trong intrinsic rate of angular momentum transfer in the disc, which
an be achieved if a large-scale magnetic field threads the disc, or as
 direct indication of mass outflow in the system. 

Both α and ηwind influence the decay rate of an outburst (see Fig. 8 ).
o test the degree of degeneracy between them, we fit the same data
or 4U 1543 − 47 changing ηwind . Fig. 16 shows fits’ results for
he same 2002 outburst of 4U 1543 − 47, obtained using different
alues of ηwind , which parametrizes the wind power (see equation
3 ). On the top panel, reduced chi-square value is presented, while
ower panel shows corresponding mean of mass-loss ratio 〈 C w 〉 =
Ṁ wind / Ṁ acc 

〉
during the outburst. From the o v erall behaviour of fit

tatistics, one can conclude that there is a dependence of the shape
f a modelled light curve on the wind power, which may help to
esolv e a de generac y between parameters α and ηwind . F or particular
utb urst, Fig. 16 fa v ours the model with the wind comparing to the
odel of disc evolution without a wind, when ηwind = 0. As one can
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Figure 15. Observed and modelled optical/IR light curves in V (top panel) 
and J (bottom panel) bands during the 2002 outburst of 4U 1543 − 47. The 
plots show two types of modelled light curves: ‘hot’ and ‘hot + star’, which 
means that either the simulation considers that only the hot part of the disc 
emits optical/IR flux or the irradiated donor star counterpart does it as well, 
respectively. 
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Figure 16. Reduced chi-square for the best-fiting models of 2002 
4U 1543 − 47 outburst (top panel) and mean value of wind to accretion 
ratio 〈 C w 〉 = 

〈
Ṁ wind / Ṁ acc 

〉
(bottom panel) depending on the wind’s power 

parameter ηwind . Model dependencies are taken with different values of T IC . 
Value of α parameter without wind αnw = 1.1 and self-irradiation C irr = 

1.6 × 10 −3 is constant for all fits. 
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ee on the top panel, reduced chi-square curves all have a minimum
ear the value ηwind ∼ 1, i.e. the original wind model. This fact, while
ould be a coincidence, is quite remarkable. 

Observational manifestation of an outflow depends on the incli- 
ation of the disc to our line of sight. Let us estimate the number of
ydrogen atoms in the wind along the line of sight. In a simplified
icture, the wind starts at disc radius R w ≡ 0.1 × R IC , but at a
reater distance we can consider that it has spherical geometry with 
ensity depending solely on the angle i with the disc normal. For
he density distribution, we suppose that the number of particles 
ecreases exponentially with the cosine of i . With all that in mind,
e get the following expression for the number of the hydrogen 

toms N H : 

 H ( t, i) = 

∫ R max ( t) 

R w 
sin i 

n H ( t, R, i) d R, (24) 

here the hydrogen number density n H is given by 

n H ( t, R, i ) = 

k 

1 − exp ( −k) 
× exp ( −k cos i ) ×

× 1 

4 πR 

2 v out ( R) μm p 

∫ R out 

R w 


̇ w 

(
r, t − t fly 

( r 

sin i 
, R 

))
2 πr d r. (25) 

The upper limit R max ( t ) is the external radius of the envelope, which
xpands with velocity v out ( R ). The mass-loss per unit area 
̇ w =
˙
 w ( r, t) is given by equation ( 23 ). The time delay t fly is calculated as
he time required for the matter to mo v e from ‘a start of expansion’
 /sin i to R . In our case of constant velocity, t fly = ( R − r /sin i )/ v out .
he first two multipliers in equation ( 25 ) are the damping factor

or the density distribution o v er polar angles with a dimensionless
arameter k and its normalization. 
The abo v e estimate leav es out the comple xity of density and

treamlines’ configuration in the proximity of the disc. Time delay 
etween the moment when matter leaves the disc and the moment
hat we consider as the ‘start of expansion’ is ignored, so the accuracy
f the estimate should deteriorate for very small angles i . 
For a typical wind velocity ∼500 km s −1 (Higginbottom et al.

019 ), a spherical layer expands to ∼10 13 cm in 3 d, which shows that
or not very small inclination angle i the simple spherical geometry
hould be satisfactory. During first days after the peak of an outburst,
he estimate is rough, since we ignore the matter lunched before the
eak. 

Fig. 17 shows the column density versus the system inclination at
he 10th day after the 2002 outburst of 4U 1543 − 47 for different
amping parameters k . It can be seen that the number of particles
orresponding to the uniform angular distribution ( k = 0) hardly
epends on i . Its mild variation is explained by the dependence of
he starting radius of the envelope R w /sin i on the inclination i . In
ig. 17 , the black dash–dotted line shows the dependence calculated 
ollowing equation (6) from Done, Tomaru & Takahashi ( 2018 ), with
MNRAS 527, 3709–3727 (2024) 
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M

Figure 17. Column density at 10th day of an outburst with parameters as in 
Fig. 11 versus the inclination of a binary for various values of the damping 
coefficient k in the angular distribution of wind density (equations 24 and 25 ). 
Black dash–dotted line shows the dependence calculated following Done, 
T omaru & T akahashi ( 2018 , see equation 26 ). Grey line indicates the adopted 
value of inclination for 4U 1543 − 47 (20.7 ◦). 

Figure 18. Column density versus the time after the peak of the 2002 outburst 
of 4U 1543 − 47 for damping coefficient k = 2, see equation ( 24 ), ( 25 ). Black 
dash-dotted line shows the dependence calculated following Done, Tomaru & 

Takahashi ( 2018 ) with i = 20.7 ◦ (see equation 26 ). 
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 proper normalization applied: 

 

Done18 
H = 

Ṁ wind (1 − cos i) 

2 πR w v out μm p 
, (26) 

ith the same v out = 500 km s −1 and R w = 0.1 × R IC . 4 

As the envelope expands, the number of atoms along the line of
ight should decrease due to spherical divergence principle. Fig. 18
hows the column density N H ( t ) versus time for the same set of
he wind parameters as in Fig. 17 and fixed k = 2. Different
urves correspond to different values of the binary inclination.
pproximately on the 21st after the peak, all curves show a break
ue to the thermal wind shutdown, which happens after the hot
NRAS 527, 3709–3727 (2024) 

 Done, Tomaru & Takahashi ( 2018 ) adopt the angular density distribution 
( R , cos i ) = ρ0 ( R )(1 − cos i ). From the mass conservation law, Ṁ wind = 

 

2 v out 
∫ 

�
ρ( R, cos i )d �, one obtains ρ0 ( R) = Ṁ wind / (2 πR 

2 v out ). 

p  

f  

t  

c  

d  
one radius becomes less than R w (see Section 5.2 and Fig. 12 ). This
haracteristic trend is explained by the fact that the main contribution
o the number of N H comes from the wind matter close to the disc. 

Done, Tomaru & Takahashi ( 2018 ) have analysed effects of the
pectral evolution (with spectrum parametrized using bolometric
uminosity) on the wind using the analytical model for the thermal
ind by W96. This work neglects the spectral evolution because we

ssume the constant Compton temperature (based on observational
ata; see Section 5.2 ). Thus, we focus on the effects of the thermal
ind on the viscous disc evolution. Naturally, to apply our scheme to
 source with strong spectral evolution, one should take into account
volution of T IC . 

Fig. 18 demonstrates that the column density is not proportional
o the mass accretion rate, or the luminosity, as in Done, Tomaru &
akahashi ( 2018 ), but drops faster following the mass-loss rate.
he difference between our results apparently results from different

reatment of the wind-launching zone. We assume that the wind
perates only in the hot zone (because it affects disc evolution only
here), while Done, Tomaru & Takahashi ( 2018 ) assume constant
uter radius of the launching zone. Actually, the outer recombined
isc can be shadowed by the thicker inner parts of the disc and this
ould explain no thermal wind there. On the contrary, if scattered but
f fecti ve irradiation works, the thermal wind is expected from the
uter disc part as well (see Dubus et al. 2019 ). 
The dash–dotted line in Fig. 18 shows N H ( t ) calculated using ( 26 )

rom Done, Tomaru & Takahashi ( 2018 ) for i = 20.7 ◦. It demonstrates
hat slightly different angular distributions of mass in the wind (our
 = 2 and formulation of Done, Tomaru & Takahashi 2018 ) does not
ffect the evolution of N H . More crucial is how the wind-launching
one changes. 

When the cooling front reaches the innermost wind-launch radius
6 × 10 10 cm), N H ( t ) changes remarkably. At late times this evolution
as the asymptotics t −2 expected for an envelope expanding with the
onstant speed and mass. As a result, if such deceleration of N H ( t ) is
bserved, that will confirm the concept of the evolving viscous disc
nd shadowing of the outer disc at the same time. Ho we ver, if N H ( t ) is
roportional to luminosity, this will indicate the whole surface of the
isc persistently launches the wind. A hardening of X-ray spectrum
ill result in the increase of N H (Done, Tomaru & Takahashi 2018 ). 
In spectral modelling of the X-ray data (LM17), the absorption of

oft X-rays by ISM was accounted for with Xspec model TBabs
ssuming column density N H = 4 × 10 21 cm 

−2 (absorption by
hotoionization in gas, molecules and grains of ISM). This number
s less than expected in the wind during the first ∼15 d after the peak
see Fig. 18 ). This fact bears no conflict, since, if the wind material
s highly ionized, the absorption is mainly due to electron scattering.
he optical depth of the wind by the Thomson scattering is 0.04 near

he peak of the outburst. 
Approximate evolution of the ionization parameter ξ (cf. pressure

onization parameter � , ξ = 4 π � k T c = L 

( i) 
x / ( n H R 

2 ), n H = n H ( t ,
 , i )) in the distant spherical wind along the assumed line of sight
f 4U 1543 − 47 is shown in Fig. 19 . Here, L 

( i) 
x = 4 πd 2 F 

obs 
x is

he isotropic luminosity derived from the flux in 0.5 −50 keV. A
onstancy of ξ over radii close to the origin is explained by an
ssumed constant speed of expansion (see also equation 7 in Done,
omaru & Takahashi 2018 ). At first, ξ rises at each radius, since the
ass-loss rate drops faster than accretion rate (and L x ). Along the

articular line of sight, no lines can be produced in the distant wind
or such high values of the ionization parameter. After the 21th day
he wind stops: it is seen as an outward shift of the left edge of the
urves since the wind material moves away. The black line shows a
istribution of ξ parameter just near the disc surface at the base of the
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Figure 19. Radial distribution of ξ = L 

( i) 
x / ( n H R 

2 ), where n H is given by 
( 25 ). Colour lines show profile of ξ along the line of sight of the observer 
( i = 20.7 ◦) for an indicated number of days after the peak. Line ranges show 

expansion of the wind. Dash–dotted grey line marks the semimajor axis. 
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orona, where n H 

= 
̇ w / (2 v out μm p ). The corona base distribution
f ξ is plotted for constant i corresponding to z 0 / r = 0.05 at time t =
d and co v ers the radial range from R W 

to R hot . This value has a very
eak time dependency and evolves as ∼1/log L X . Evidently, sources

t high inclination would be better candidates to observe spectral 
ines produced in the wind matter. 

It would be reasonable to assume that all the material ejected 
n the thermal wind, not only increases N H , but can also influence
he process of self-irradiation of the disc through scattering of X- 
ays. Dubus et al. ( 2019 ) have actually shown that including a
ependence of C irr on the mass-loss in the wind can lead to a more
omplicated form of light curves of X-ray no vae. F or instance, it is
heoretically predicted that C irr is proportional to the column density 
n the wind material. This could affect the α-correction that we 
btain and requires a dedicated study. As of now, we can e v aluate
he irradiation parameter according to equation ( 10 ) of Dubus et al.
 2019 ). Resulting C irr is about 6 × 10 −2 at the maximum of the
utburst which is about 2 orders higher than the irradiation parameter 
btained from comparison of observed and model optical flux in V ,
 irr � 3 × 10 −4 (see Fig. E2 in Appendix E ). A similar result was
btained in LM17, where it was shown (for the same BH parameters),
hat C irr cannot be significantly higher than (3 −6) × 10 −4 . This is
lso consistent with the results of Tetarenko et al. ( 2020 ) for BH
MXB GX 339 − 4 on analytic estimates of self-irradiation from 

cattering in thermal wind. Namely, in the beginning of an outburst
f GX 339 − 4, the value of C irr is highly o v erestimated ev en from
he scattering in thermal wind alone (fig. 6 in Tetarenko et al. 2020 ,
ollowing Dubus et al. 2019 ). And this is despite the fact that after
ransitioning to the intermediate state the situation actually reverses, 
hich is pointed out by the authors. 

 C O N C L U S I O N S  

n this work, we studied how the course of the viscous evolution
f an accretion disc changes in the presence of the thermal wind.
 numerical method for solving this problem was developed and 

mplemented as a part of the open code FREDDI . 
We have incorporated stationary thermal wind models of B83, 

86, and W96 into FREDDI . 

/  
We have simulated typical light curves during LMXB outbursts 
ith the thermal wind by W96 and compared them with light

urves obtained for accretion discs without wind. All simulations 
re conducted through solving the evolution equation for a viscous 
-disc. It was found that in the presence of the thermal wind, the
volution of accretion disc noticeably accelerates, which is especially 
ronounced for brighter outbursts. This is due to the fact that the
ower of the wind increases with the accretion rate as well as with
he disc size. 

Ignorance of the thermal wind can lead to an o v erestimation of
he viscosity parameter α determined from observations. A factor of 
everal is suggested by Fig. 8 ; it depends on the spectral hardness of
entral X-rays. This change may not be enough to fully explain the
iscrepancy between MHD calculations and observations concerning 
he magnitude of the turbulent parameter; ho we ver, the change is
ignificant and must be taken into account when modelling disc 
 ursts ev olution. 
We have tested our method by comparing its results with those

f S86 in the context of the accretion disc luminosity oscillations.
scillations of luminosity arise and do not decay if the rate of mass-

oss in the wind is proportional to the rate of accretion onto a compact
bject and the ratio C w = Ṁ wind / Ṁ acc is large enough, namely, C w 

 12.8, which is reasonably consistent with the results of S86. 
Using implemented thermal wind model W96, we have fitted 

˙
 acc ( t) of the BH LMXB 4U 1543 − 47 outburst of 2002. We find

hat, when the thermal wind is ignored, the observational value of
he turbulent viscosity parameter α for the particular outburst is 
 v erestimated by about a factor of 1.6. Moreo v er, the fits to the
˙
 acc ( t) dependence are in fa v our of a model-predicted power of the

hermal wind. 
With an updated version of FREDDI now also capable of repro-

ucing more complex optical/IR light curves, we simulated these as 
ell. We have compared observed optical/IR ( V and J ) light curves
f the 2002 4U 1543 − 47 outburst with our model ones. Ultimately,
e conclude that, while V band flux could be explained within our
odels, the emission from the hot disc, cold disc and irradiated by
-rays optical companion still cannot fully account for J band flux.
his may be a sign of the presence of some unaccounted by us source
f additional optical/IR radiation, possibly a jet. 
We have calculated the wind column density N H evolution along 

he line of sight. The model predicts that after the wind stops (when
isc hot-zone radius becomes smaller than the wind launch radius), 
he number of hydrogen atoms along the line of sight undergoes a
reak of a temporal evolution. At the same time, the residual envelope 
s hardly observable due a very high ionization parameter. 

It should be said that if during an outburst the accretion rate
ecomes higher than the super-Eddington accretion rate, an outflow 

tarts from the central, radiation-dominated region of the disc 
Shakura & Sunyaev 1973 ), that can partly screen the outer parts
f the disc from central X-rays. Such outbursts should be modelled
ith another wind function 
̇ w . 
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pectral parameters evolution obtained by modelling the archival 
ata from RXTE observations of 4U 1543 − 47 in 2002 is available
t https://vizier .u-str asbg.fr/viz- bin/VizieR- 3?- source = J/MNRAS 

468/4735 . Optical data from Buxton & Bailyn ( 2004 ) is available
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rom us upon request. The FREDDI code is available at https://github
com/hombit/ freddi/tree/ dev . 
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PPEN D IX  A :  N U M E R I C A L  SOLUTION  O F  T H E  

O N L I N E A R  DIFFUSION  EQUATION  

1 Formulation of the problem 

t is necessary to construct a method for the numerical solution 
f equation ( 6 ) and study it for stability, taking into account the
nfluence of the wind. Let us consider the problem in a more general
orm which is equi v alent to the task of solving the equation ( 6 ) with
oundary ( 11 ), ( 12 ), and initial ( 13 ) conditions. This problem can be
resented as the following system of equations: ⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

∂ Z( U ( x, t) , x) 

∂ t 
= 

∂ 2 U ( x, t) 

∂ x 2 
+ V 

(
∂ U 

∂ x 
,U,x 

)
, x ∈ [ a, b],t ∈ [0 , T ]

U ( a, t) = 0; 

∂ U ( x, t) 

∂ x 

∣∣∣
x = b 

= 0; 

U ( x, 0) = � ( x); 

(A

here T is the considered evolution time of the disc, V and Z are
nown functions of their variables, U is the desired function, � ( x ) is
he initial condition. The functions Z , U , and � are strictly positive
n the interval x ∈ [ a , b ]. 

We represent the function V in the form: 

 

(
∂ U 

∂ x 
, U, x 

)
= A ( x ) 

∂ U ( x , t) 

∂ x 
+ B( x ) U ( x , t) + C ( x ) , (A2) 

here A , B , and C are the expansion coefficients, which in a known
anner depend on x . Then, taking into account ( A2 ), the first

quation in the system ( A1 ) will look as follows: 

 

∂ Z( U ( x, t) , x) 

∂ t 
= 

∂ 2 U ( x, t) 

∂ x 2 
+ A ( x ) 

∂ U ( x, t) 

∂ x 
+ 

+ B( x) U ( x, t) + C( x) . (A3) 

Note that the functions Z , U , and V from the first equation of system
 A1 ) correspond to the functions 
, F , and −
̇ w from equation ( 6 ),
espectively. 

2 Constructing a solution to equation ( A3 ) 

e introduce a difference scheme by constructing a grid: 

x 0 < x 1 < ... < x n < ... < x N −1 < x N , 

h n = x n − x n −1 , n = 1 ..N ; 
t 0 < t 1 < ... < t m 

< ... < t M −1 < t M 

; 
τm 

= t m + 1 − t m 

, m = 0 ..M −1 . 

(A4) 

Thus, the initial functions Z , U , and � are replaced with the
orresponding grid ones: 

Z( U ( x n , t m 

) , x n ) → z m 

n , (A5) 

U ( x n , t m 

) → u 

m 

n , 

� ( x n ) → φn . 

First, we write the difference equations for the boundary and initial 
onditions. In our case of a BH, the internal boundary condition of
he first type is written as 

 

m 

0 = 0 , ∀ m. (A6) 
n turn, the initial condition is as follows: 

 

0 
n = φn , ∀ n. (A7) 

In order to write down an external boundary condition of the
econd type, we expand u 

m + 1 
N −1 in a Taylor series at the point x N : 

 

m + 1 
N −1 = u 

m + 1 
N − h N 

∂ U 

∂ x 

∣∣∣∣
x N 

+ 

h 

2 
N 

2 

∂ 2 U 

∂ x 2 

∣∣∣∣
x N 

+ o( h 

2 
N ) . (A8) 

If we substitute the value of the second derivative u 

m + 1 
n with respect

o x , expressed from the initial equation ( A3 ), into the equation ( A8 ),
hen, in terms of differences up to the second order h N inclusively,
e can write the outer boundary condition (third equation in A1 ) as

ollows: 

 

u 

m + 1 
N − u 

m + 1 
N −1 

h N 
+ 

h N 

2 

z m + 1 
N − z m 

N 

τm 

− A N 

2 
( u 

m + 1 
N − u 

m + 1 
N −1 ) −

− B N 

2 
u 

m + 1 
N h N − C N 

2 
h N + o( h 

2 
N ) + o( τm 

) = 0 . (A9) 

Here, the time deri v ati ve of the function Z ( x N , t ) is written as 

∂ Z( x N , t) 

∂ t 
= 

z m + 1 
N − z m 

N 

τm 

+ o( τm 

) . (A10) 

enceforth, in the expression for the external boundary condition, 
he terms of order of smallness o( h 

2 
N ) + o( τm 

), ∀ m and higher will
e omitted. 
Now, we obtain the difference form of the differential equation 

 A3 ) itself. We write the Taylor series expansion of the function
 

m + 1 
n for x n + 1 and x n − 1 at the point x n . 

u 

m + 1 
n + 1 = u 

m + 1 
n + h n + 1 

∂ u 

m + 1 

∂ x 

∣∣∣∣
x n 

+ 

h 

2 
n + 1 

2 

∂ 2 u 

m + 1 

∂ x 2 

∣∣∣∣
x n 

+ o( h 

2 
n + 1 ) , 

u 

m + 1 
n −1 = u 

m + 1 
n − h n 

∂ u 

m + 1 

∂ x 

∣∣∣∣
x n 

+ 

h 

2 
n 

2 

∂ 2 u 

m + 1 

∂ x 2 

∣∣∣∣
x n 

+ o( h 

2 
n ) , (A11) 

here n = 1.. N –1 and m = 0.. M –1. 
Hence, omitting terms of order o ( h 

2 
n + 1 ), o ( h 

2 
n ) and higher, we

btain that the first deri v ati ve ∂ u 

m + 1 / ∂ x at the point x n : 

∂ u 

m + 1 

∂ x 

∣∣∣∣
x n 

= 

u 

m + 1 
n + 1 

h 

2 
n 

h n + h n + 1 
+ u 

m + 1 
n ( h n + 1 − h n ) − u 

m + 1 
n −1 

h 

2 
n + 1 

h n + h n +
h n h n + 1 

(A12

nd the second deri v ati ve: 

∂ 2 u 

m + 1 

∂ x 2 

∣∣∣∣
x n 

= 2 
u 

m + 1 
n + 1 

h n 

h n + h n + 1 
− u 

m + 1 
n + u 

m + 1 
n −1 

h n + 1 

h n + h n + 1 

h n h n + 1 
. (A13) 

Finally, substituting the values of the derivatives ( A10 ), ( A12 ),
nd ( A13 ) into the differential equation ( A3 ) and replacing the outer
oundary condition from ( A1 ) with its difference analogue ( A9 ), we
MNRAS 527, 3709–3727 (2024) 
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et a difference scheme for our problem: ⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

z m + 1 
n − z m 

n 

τm 

= 2 
u 

m + 1 
n + 1 

h n 

h n + h n + 1 
− u 

m + 1 
n + u 

m + 1 
n −1 

h n + 1 

h n + h n + 1 

h n h n + 1 
+ 

+ A n 

u 

m + 1 
n + 1 

h 

2 
n 

h n + h n + 1 
+ u 

m + 1 
n ( h n + 1 − h n ) − u 

m + 1 
n −1 

h 

2 
n + 1 

h n + h n + 1 

h n h n + 1 
+ 

+ B n u 

m + 1 
n −1 + C n , 

u 

m + 1 
N − u 

m + 1 
N −1 

h N 
+ 

h N 

2 

z m + 1 
N − z m 

N 

τm 

− A N 

2 
( u 

m + 1 
N − u 

m + 1 
N −1 ) −

−B N 

2 
u 

m + 1 
N h N − C N 

2 
h N = 0 , 

(A14

here n = 1.. N –1 and m = 0.. M –1, with internal boundary condition
 A6 ) and initial condition ( A7 ). 

Note that the accuracy of the resulting system ( A14 ) is of the order
f o( h 

2 
max ) + o( τmax ), where h max = max ( h n ), and τmax = max ( τm 

).
To find the values of function u at the next time step m + 1, it is

ecessary to solve system ( A14 ). Consider the transition from the
no wn v alues of u at t = t m 

to the unkno wn v alues of u at t = t m + 1 .
F or conv enience, we denote 

u n ≡ u 

m 

n , ˜ u n ≡ u 

m + 1 
n ; 

z n ≡ z m 

n , ˜ z n ≡ z m + 1 
n ; 

τ ≡ τm 

. 

(A15) 

We also introduce the new grid function ̃  λ: 

 n ≡ ˜ z n ˜ u n 
. (A16) 

Note that due to the strict positiveness of the functions Z and U
rom the system ( A1 ), ̃  λ is also a positive definite function. 

We transform the first equation of system ( A14 ) using the new
otation: 

 

(
2 h n + 1 

h n + h n + 1 
− A n 

h 

2 
n + 1 

h n + h n + 1 

)˜ u n −1 −
(

2 + 

h n h n + 1 

τ
˜ λn 

)˜ u n −

− ( −A n ( h n + 1 − h n ) − B n h n h n + 1 ) ̃  u n + 

2 h n + 1 

h n + h n + 1 ̃
 u n + 1 + 

+ A n 
h 

2 
n + 1 

h n + h n + 1 ̃
 u n + 1 = −h n h n + 1 

τ
z n − C n h n h n + 1 , (A17) 

here n = 1.. N –1. We also rewrite the initial and boundary conditions
or the grid function u : ⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

u 0 = 0 , (
1 − A N h N 

2 

) ˜ u N −1 −
(

1 + 

h 

2 
N 

2 τ
˜ λn − A N h N 

2 
− B N h 

2 
N 

2 

) ˜ u N = 

= − h 

2 
N 

2 

(z N 

τ
+ C N 

)
, 

u 

0 
n = φn . 

(A18

3 Solution of a system of nonlinear equations 

quations ( A17 ) and ( A18 ) form a system of nonlinear equations.
o find the values ˜ u and ̃  z at the next step of time, we will use the

teration method. Thus, it is necessary to solve the system of N –1
NRAS 527, 3709–3727 (2024) 
inear equations: 

 

(
2 h n + 1 

h n + h n + 1 
− A n 

h 

2 
n + 1 

h n + h n + 1 

) ˜ u 

(s + 1) 
n −1 −

−
(

2 + 

h n h n + 1 

τ
˜ λ(s) 

n − A n ( h n + 1 − h n ) − B n h n h n + 1 

) ˜ u 

(s + 1) 
n + 

+ 

(
2 h n + 1 

h n + h n + 1 
+ A n 

h 

2 
n + 1 

h n + h n + 1 

)˜ u 

(s + 1) 
n + 1 = − h n h n + 1 

τ
z (s) 

n − C n h n h n + 1 ,

(A19) 

here n = 1.. N –1 and s is the number of iteration step. The initial and
oundary conditions for this system of linear equations are defined
n ( A18 ). 

This system is solved using the tridiagonal matrix algorithm (see
ection A4 ). 
Iterations stop when the criterion is met: 

max 
n = 1 ..N −1 

| ̃  λ(s + 1) − ˜ λ(s) | ˜ λ(s + 1) 
< ε, (A20) 

here ε is the requested relative accuracy. 

4 Tridiagonal matrix algorithm for solving a system of linear 
quations 

et us consider a system of equations, where the desired variables
re y n : ⎧ ⎨ 

⎩ 

D n y n −1 − E n y n + F n y n + 1 = −G n , n = 1 .. ( N − 1) 
y 0 = μ1 + k 1 y 1 , 

y N = μ2 + k 2 y N −1 . 

(A21) 

To resolve this system, we use the tridiagonal matrix algorithm
Kalitkin 1978 ). 

The forward sweep allows finding auxiliary coefficients αn and
n : 

α1 = k 1 , 

β1 = μ1 ; 
αn + 1 = 

F n 
E n −αn D n 

, n = 1 ..N −1 ; 

βn + 1 = 

βn D n + G n 
E n −αn D n 

, n = 1 ..N −1 . 

(A22) 

Back substitution gives the desired values y n : 

y n = αn + 1 y n + 1 + βn + 1 , 

y N = 

μ2 + βN k 2 

1 − αN k 2 
. (A23) 

Sufficient stability conditions for the system ( A21 ) are as follows
Kalitkin 1978 ): 

| E n | ≥ | D n | + | F n | , n = 1 ..N −1 ; 
| k 1 | ≤ 1 , | k 2 | ≤ 1 ; 
| k 1 | + | k 2 | < 2 . 

(A24) 

Using this method to solve the system of linear equations ( A19 ),
ith initial and boundary conditions ( A18 ), we find that the criterion

or stability of the system ( A19 ) is the condition: 

 n ≤ ˜ λn / τ , n = 1 ..N −1 . (A25) 

This condition is satisfied automatically for the case

 

(
∂ U 

∂ x 
, U, x 

)
= V ( U ) = B( x ) U ( x , t), because ˜ λ, τ and U are

trictly positive, and the coefficient B of the expansion of the function
 ( A2 ) in this case should be ne gativ e (the function V corresponds to

he function −
̇ w , 
̇ w > 0 from ( 6 ), thus V < 0). 
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In the general case, the condition ( A25 ) may not be fulfilled (the
unction V may be ne gativ e for positiv e B and ne gativ e A and/or C ).
ut, for our set of wind patterns (see Section 4 and Appendices B , C ,
 ), the condition is al w ays satisfied, because the functions 
̇ w from

hose sections do not simultaneously contain more than one term in 
ecomposition ( A2 ). This means that the solution of system ( A19 )
s stable for all models presented in the manuscript. 

PPEN D IX  B:  E QUAT I O N S  O F  T H E  T H E R M A L  

O M P TO N  W I N D  

83 have proposed the following model. The rate of mass-loss per 
nit area ṁ = ρV y 〉 β〉 is constant along a streamline, and its value
epends on the sonic point position, pressure and temperature there, 
s well as on a divergence parameter β. Here, V and ρ are the
elocity and density of the flo w, respecti vely. An increase in the
ross-sectional area of streamlines is described by function y < β > , 
 = r ′ / r , and ( r ′ − r ) is the distance along the streamline from the
ase of the corona/wind, where y = 1. Spherical flow corresponds to
= 2. 
B83 have established that the mass-loss rates are insensitive to 

he trajectories of streamlines. At the same time, the complexity of
he model follows from the fact that the escape, characteristic, and 
ompton temperatures relate to each other differently, depending on 

he disc radius and luminosity. S86 have proposed a formula that 
pproximates the results obtained in B83. It can be written in terms
f dimensionless rate as follows: 

˙  ∗ ≡ ṁ 

ṁ ch 
= M 

c ch 

c s ( r ′ ) 
p( r ′ ) 
p 0 

y 〈 β〉 , (B1) 

here the characteristic mass-loss rate per unit area ṁ ch ≡ p 0 /c ch 

s expressed from the gas pressure at the base of the corona/wind
 0 ≡ L/ (4 πr 2 � c) and a characteristic speed c ch such that a flow,
hich has been moving at this speed along a streamline to a height

qual to the radius of the streamline’s base r , is heated to temperature
 ch ≡ μ c 2 ch /k. Since the optically thin heating rate at radius r : 

 = 

kT IC 

m e c 2 

σT L 

πr 2 
(B2) 

etermines the characteristic temperature as follows: 

T ch = � 

r 

c ch 
, (B3) 

t is possible to obtain the exact expression for the characteristic 
ass-loss rate per unit area (see also Middleton et al. 2022 ): 

˙  ch = 

1 

2 8 / 3 � 

m e c 

σT R IC 

(
μe 

μ

)2 / 3 

l 2 / 3 ξ−5 / 3 , (B4) 

here ξ = r / R IC and l = L / L cr , see the definitions ( 3 ) and ( 4 ). In ( B1 ),
he isothermal Mach number M ≡ V /c s ( r ′ ) = 

√ 

ρV 

2 /p and c s ( r ′ )
s the speed of sound at location r ′ along the streamline. 

Ultimately, S86 propose the following relations that approximate 
he result of B83 in different zones of the wind: 

/p 0 ≈ 0 . 5 exp [ −(1 − y −1 ) 2 / (2 ξ )] , (B5) 

M 

c s /c ch 
= 

[
1 + ( l + 1) ξ−1 

1 + l −4 (1 + ξ 2 ) −1 

]1 / 3 

, (B6) 

 

〈 β〉 = y 2 = 1 + 

1 

4 ξ 2 
+ 

ξ 2 

1 + ξ 2 

[
1 . 2 ξ

ξ + l 
+ 

2 . 2 

(1 + l 2 ξ ) 

]2 

. (B7) 
Substituting the abo v e e xpressions into ( B1 ), one obtains the mass-
oss rate from two sides of the disc: 

˙
 w = 2 ṁ = 2 ṁ ch ( ξ, l) ṁ 

∗( ξ, l) . (B8) 

PPENDI X  C :  VERI FYI NG  T H E  C O D E  WITH  

H E  S8 6 ’TOY’  W I N D  M O D E L  

86 have shown that the instability arising in accretion discs under
he influence of a wind can lead to oscillations in the brightness of
n object. This phenomenon occurs only if the wind from a disc is
uite powerful compared to the accretion rate. 
Therefore, in order to test our code and verify the presence of

scillations, we use the following wind term from S86: 

˙
 w = 

1 

2 π

(
C w ( t) Ṁ acc 

ln ( R out /R w ) r 2 

)
, (C1) 

here R out is the outer radius of the accretion disc, R w is the inner
adius of the wind launching zone, and C w ≡ Ṁ wind / Ṁ acc . The wind
ccurs only in the area outside the radius R w (i.e. r ≥ R w ) in other
arts of the disc the function 
̇ w is assumed to be zero. 
The physical reasoning of the parameter C w here is the following.

hermal wind is caused by the irradiation of the disc photosphere by
 central source of X-ray (or UV) flux. Presumably, the mass-loss rate
ue to the wind rises with the accretion rate on to a compact object.
ence, parameter C w formalises an assumption that the rate of wind
ass-loss is proportional to the accretion rate on to a compact object.
Note that this ‘toy’ wind model does not include the notion of

he hot and cold zone in the disc (Section 3.1 ). We rather fix the
uter radius of an evolving disc zone, i.e. R hot = R out . Furthermore,
 constant inflow of matter into the disc is required. Thus, we set
 non-zero external boundary condition ( Ṁ out = 10 17 g s −1 ). An
nitial condition should comply with boundary conditions. Thus, a 
tationary, linear dependence of F on h is chosen, F 0 ( h ) = Ṁ acc , 0 ×
 out ( h − h in ) / ( h out − h in ). 
In the end, to test our numerical method, we reproduce oscillations

f the accretion rate on a compact object arising in the disc in the
resence of a sufficiently strong Compton thermal wind (S86). For 
his, we use the wind function ( C1 ), which contains a dependence
n the luminosity (or the rate of accretion on the central object),
he parameter windtype in FREDDI is ‘ShieldsOscil1986’. The 
ccretion rate evolution is calculated for various values of the 
arameter C w (Fig. C1 ). The launch radius of the wind R w is set
qual to 0.9 × R out . 

When the central luminosity L increases, the rate of the wind mass-
oss also increases. If the wind dominates, the disc mass decreases,
nd, after a short delay, L and Ṁ acc decline, as well as Ṁ wind , which
llows the disc mass to increase again, starting a new cycle of
scillations. The authors give the critical value C 

crit 
w , abo v e which

he oscillations of the central accretion rate grow with time (see their
g. 1). The critical value C 

crit 
w depends on the functional form of the

iscosity. F or e xample, C 

crit 
w = cosh π ≈ 11 . 6 for the viscosity law

t ∝ r . 
The oscillations that we obtain confirm the results of S86 for

he OPAL opacity (Iglesias & Rogers 1996 ), approximated by the
ower law ∝ ρ T −5 / 2 (see the last row in table 1 of S86), when
t ∝ r 
 

1/2 . For such viscosity law, S86 give the critical value C 

crit 
w =

5 . 2. To find C 

crit 
w , we have calculated the relati ve dif ference in

mplitudes of the central accretion rate deviation at the first and
eventh oscillation cycle for dif ferent v alues of the parameter C w 

paced by 0.1. Examples of resulting evolution are shown in Fig. C1 .
esulting C 

crit 
w ≈ 15 . 5, which is in a very good agreement with
MNRAS 527, 3709–3727 (2024) 
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M

Figure C1. The time dependence of the central accretion rate for a disc with 
wind ( C1 ). The innermost wind launch radius is 0.9 × R out . The top, middle, 
and bottom panels show the cases for C w ≡ Ṁ wind / Ṁ acc ratio: C w = 12.8, 
C w = C 

crit 
w = 15 . 5, and C w = 17.8, respectively. 
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hat found by S86. We note, that this also agrees with possibility
f appearance of accretion rate oscillation suggested by Shakura &
unyaev ( 1973 ). 
Additional wind models to verify FREDDI work are described in

ppendix D . These tests reproduce the radial structure of stationary
iscs with different types of wind. All solutions for the corresponding

˙
 w ( h ) functions were found analytically. 

PPENDIX  D :  VA LIDATION  O F  T H E  

U M E R I C A L  M E T H O D  BY  A NA LY T I C A L  

O L U T I O N S  F O R  STATIONA RY  DISC  

o validate the numerical method, we have checked that a numerical
olution converges successfully to an analytical one in the case of
he constant Ṁ out . 

A solution for a stationary accretion disc can be found from
quation ( 6 ) with ∂ 
/ ∂ t = 0: 

1 

4 π

( GM x ) 2 

h 

3 

∂ 2 F 

∂h 

2 
= 
̇ w ( F , h ) . (D1) 
NRAS 527, 3709–3727 (2024) 
n every test, we set an initial condition, which did not satisfy ( D1 ),
nd run a simulation long enough to reach a stationary solution. For
ll the tests, it takes up to a hundred time iterations to reach relative
ccuracy of F ( h ) of 1 per cent. Below, we describe different wind
ypes and find corresponding analytical solutions. 

1 S86 ‘toy’ wind model 

his type of wind is described by Section C and equation ( C1 ). The
olution of equation ( D1 ) for such a wind is 

 ( h ) = 

⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

Ṁ out h 

1 + C W 

(
1 − h in 

h 

)
, h 〈 h W 

; 

Ṁ out h 

1 +C W 

(
1 − h in 

h 

+C W 

ln ( h/h W 

) + h W 

/h − 1 

ln ( h out /h W 

) 

)
, h ≥ h W 

,

(D2) 

here C W 

〈 C 

crit 
W 

. Here, we use the fact that for the asymptotic solution
˙
 acc = Ṁ out / (1 + C W 

). 

2 Wind term is proportional to local accretion rate 

n view of Equation ( 8 ), we define 

˙
 w ( F , h ) = k 

( GM x ) 2 

4 π h 

3 

h − h in 

( h out − h in ) 2 
∂F 

∂h 

, (D3) 

here k is a dimensionless coefficient. 
This case corresponds to a non-zero value of A coefficient and

ero values of B and C coefficients in equation ( A3 ). In other words,
˙
 w ( h, l) ∝ ∂ F / ∂ h ∝ Ṁ . The corresponding solution of equation

 D1 ) is 

 ( h ) = Ṁ out ( h out − h in ) 

√ 

π

2 k 
e −k/ 2 erfi

(√ 

k/ 2 
h − h in 

h out − h in 

)
, (D4) 

here erfi is the imaginary error function. 

3 Wind term is proportional to viscous torque 

e define 

˙
 w ( F , h ) = 

( GM x ) 2 

4 π h 

3 

k 

( h out − h in ) 2 
F ( h ) , (D5) 

here k is a dimensionless coefficient. This case corresponds to a
on-zero B coefficient and zero A and C coefficients in equation ( A3 ),
hat is, 
̇ w ( F , h ) ∝ F ( h ). The corresponding solution of equation
 D1 ) is 

 ( h ) = Ṁ out ( h out − h in ) 
1 √ 

k sinh 
√ 

k 
sinh 

(√ 

k 
h − h in 

h out − h in 

)
. (D6) 

PPENDI X  E:  RELATI ON  BETWEEN  T H E  

ELF-I RRADI ATI ON  PRESCRI PTI ON  A N D  

STIMATE  O F  α

he estimate of α, obtained from comparison with observations,
epends on the assumed self-irradiation model. In this work, we
arametrize the irradiation parameter taking into account its depen-
ence on the thickness of the disc that comes from the changing
ncident angle and the angular distribution of the central radiation (see
quation 19 ). The relative thickness determines the angle of incident
hotons and also enters in the angular distribution of the central
mission. In LM17, the irradiation parameter was taken constant
hroughout the modelled time interval. 
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Figure E1. Models and observed Ṁ acc ( t) during the 2002 outburst of 
4U 1543 − 47. Models care calculated with different prescription for C irr : 
k = 1 and plane irradiation (the blue line) and k = 0 and isotropic irradiation 
(the green line, as LM17 suggests), see equation ( 19 ). 
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Figure E2. Irradiation parameter of the hot disc versus time (see equation 
19 ) shown for models with and without wind, see Fig. 11 ). Horizontal line 
shows constant C irr from LM17 model of the 2002 outburst of 4U 1543 − 47. 
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Consequently, this leads to different resulting estimates of α: 
n LM17 the estimate of the viscosity parameter α was about 1.4 
or the 2002 X-ray nova outburst of 4U 1543 − 47 for binary
arameters as in Table 1 . In this work, αnw = 1.1 is obtained, when
o wind is present (Fig. 11 ). Fig. E1 shows two fits of the accretion
ate evolution of 4U 1543 − 47 (2002) for such prescriptions of
 irr . Fig. E2 shows corresponding parameters C irr : constant, as

n the modelling by LM17, and the one changing with z 0 / r (see
quation 19 ). 
The Author(s) 2023. 
ublished by Oxford University Press on behalf of Royal Astronomical Society. This is an Open
 https://cr eativecommons.or g/licenses/by/4.0/), which permits unrestricted reuse, distribution, and rep
Ho we ver, it is important to keep in mind that processes involving
cattering in a media abo v e the disc may infringe a simple geomet-
ical approach like ( 19 ). Also, the evolution of the X-ray’s albedo is
 non-trivial matter (Tavleev, Lipunova & Malanchev 2023 ). Thus, 
 decision cannot be made yet, which description of C irr is more
f fecti ve for modelling: constant C irr or thickness dependent. In
REDDI , both options are available. Meanwhile, the robust conclusion 
s that an estimate of α becomes lower if we take into account
MNRAS 527, 3709–3727 (2024) 
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