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Abstract
The Lipkin and Agassi models are simplified nuclear models that provide natural test beds for quantum simulation methods.
Prior work has investigated the suitability of the variational quantum eigensolver (VQE) to find the ground state of these
models. There is a growing awareness that if VQE is to prove viable, we will need problem inspired ansätze that take into
account the symmetry properties of the problem and use clever initialisation strategies. Here, by focusing on the Lipkin and
Agassi models, we investigate how to do this in the context of nuclear physics ground state problems. We further use our
observations to discus the potential of new classical, but quantum-inspired, approaches to learning ground states in nuclear
problems.

1 Introduction

Nuclei, as interacting systems of spin-1/2 and isospin-1/2
fermions, are natural candidates for simulation on quantum
hardware. Moreover, since they are composed of an interme-
diate number of particles, too many for exact diagonalisation
and too few for the thermodynamic approximation, they often
prove challenging to simulate accurately by other methods.
Nuclei are further characterised by the presence of the strong
nuclear interaction which in principle includes many-body
forces. In contrast to molecules, nuclei have a single cen-
tre but can exhibit deformation and some quasi-molecular
structure.

The configuration interaction form of the nuclear shell
model features the use of single particle orbitals as basis
states, truncated suitably to accommodate only low energy
excitations. The nuclear Hamiltonian, renormalised for the
truncated basis, is then diagonalised to obtain the nuclear
spectrum. Depending on the truncation details, Hamiltonian
dimensions can exceed 1020 (Dean et al. 2008), and instead
methods which target the interesting extremal eigenvalues,
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such as the Lanczos method, are usually employed. Nev-
ertheless, the method is still prohibitive for many cases of
interest, and alternative algorithms with more efficient scal-
ing are called for. Exact solutions are known for simplified
versions of the shell model, such as the Lipkin model (Lip-
kin et al. 1965) (also known as the Lipkin-Meshkov-Glick
model) and the slightly more complex Agassi model (Agassi
et al. 1966), which we detail later in the present manuscript,
and so form natural test beds for new methods.

To overcome the exponential cost of ab-initio calculations
of quantum many-body systems, there is growing interest
in the use of quantum computers to simulate nuclear struc-
ture (Dumitrescu et al. 2018) and reactions (Roggero et al.
2020). One recently proposed method for finding ground
states for nuclear problems is the variational quantum eigen-
solver (VQE) (Peruzzo et al. 2014). The VQE algorithm uses
a hybrid quantum classical optimisation loop (Cerezo et al.
2021; Bharti et al. 2022), where the energy of a trial quantum
state with respect to a given target Hamiltonian is evaluated
on a quantum computer, while a classical optimiser trains
a parameterised quantum circuit to minimise this energy. If
successfully trained, the state that minimises the energy of
the Hamiltonian will be an estimate of its ground state, and
the corresponding energy will be an estimate of the ground
state energy. Core to the success of such methods will be the
choice of ansatz for the parameterised quantum circuit.

Prior work has explored finding the ground state of
the Lipkin model via VQE with a Bethe solution-inspired
circuit ansatz (Robbins and Love 2021), VQE with uni-
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tary coupled cluster (UCC) ansatz (Chikaoka and Liang
2022), ADAPT-VQE (Romero et al. 2022), a Hamiltonian-
learning VQE method (Robin and Savage 2023), and hybrid
classical-quantum algorithms targeting excited states (Hob-
day et al. 2023; Hlatshwayo et al. 2022; Grossi et al. 2023).
Exploratory quantum computing calculations of realistic
shell model Hamiltonians using VQE have been undertaken
for 6Li (Kiss et al. 2022), isotopes of He, Be, and O (Stetcu
et al. 2022), and 58Ni (Bhoy and Stevenson 2024). A method
tailored to two valence particles has been applied to 6He,
18O, and 42Ca (Yoshida et al. 2024), and a series of oxy-
gen isotopes calculated out to the neutron drip line (Sarma
et al. 2023). Other work has explored the components of
the VQE process for the Agassi model (Pérez-Fernández
et al. 2022), a more compact encoding of the Agassi model
using qudits (Illa et al. 2023), and future larger quantum
shell model calculations (Pérez-Obiol et al. 2023) with the
ADAPT-VQE ansatz. Here, we investigate the Hamiltonian
variational ansatz (Wecker et al. 2015) (HVA) as applied to
nuclear problems, beginning with the highly simplified and
very symmetric Lipkin model, then moving on to the Agassi
model, where we deliberately add a perturbation to explore
breaking symmetries of the Hamiltonian.

A major obstacle for executing variational quantum algo-
rithms at scale is the problem of barren plateaus (BP) and
exponential concentration (McClean et al. 2018; Cerezo et al.
2021; Holmes et al. 2021; Arrasmith et al. 2022; Marrero
et al. 2021; Wang et al. 2021), which exponentially increases
the resources required to train a parameterized quantum cir-
cuit. These phenomena were initially studied for generic
hardware-efficient ansätze (McClean et al. 2018; Holmes
et al. 2022). Subsequent work studied more specific circuit
structures (Schatzki et al. 2024) and found that encoding
symmetries into the ansätze (Meyer et al. 2023; Le et al.
2023) has a positive impact of trainability by increasing the
variance of gradients (Larocca et al. 2022; West et al. 2023).
Recently, this relationship has been formally proven (Ragone
et al. 2024; Fontana et al. 2023). Specifically, it was shown
that if the Dynamical Lie Algebra (DLA) is polynomially
scaling, the parameterised quantum circuit has guaranteed
trainability as the cost function variances will decay at worst
polynomially with system size.

Techniques for encoding symmetries into the ansätze of
quantum neural networks, also known as “geometric quan-
tum machine learning” (Larocca et al. 2022), have been
explored for encoding classical data (Meyer et al. 2023;
Chang et al. 2023; Umeano et al. 2023; Tüysüz et al. 2024),
condensed matter physics (Sauvage et al. 2024; Lyu et al.
2023), and circuit synthesis (Perrier et al. 2020). Here, we
study the effect of encoding symmetries into the ansätze for
the VQE applied to nuclear Hamiltonians. In particular, we
study two simplified nuclear models, the Lipkin model and

Agassi model, and develop ansätze tailored to these models’
symmetries. We numerically demonstrate that these sym-
metrised models, in contrast to a non-structured VQE ansatz,
exhibit non-exponentially vanishing gradients and further
show the resulting improvements to training. Figure1 shows
a cartoon representation of the VQE algorithm applied to the
Agassi model, with its Hamiltonian variational ansatz design
made explicit.

While our work here shows that incorporating symme-
tries provides a simple solution to the BP problem in the
context of nuclear problems, this comes at the expense of
alsomaking the problem easier to classically simulate. Given
the link established in Refs (Ragone et al. 2024; Fontana
et al. 2023) between cost variance and DLA scalings, our
work indirectly implies that the Lipkin models and Agassi
models have poly DLAs (something which would be chal-
lenging to compute directly by othermeans). It is then known
that systems with a small DLA are efficient to simulate clas-
sically (Goh et al. 2023; Cerezo et al. 2023; Kökcü et al.
2022). Thus, our work can also be viewed as opening up new
quantum-inspired avenues for classically simulating these
models, whereDLA scaling can be determined from comput-
ing loss function variances on the quantum computer, as an
alternative to the brute-force and exponentially scaling classi-
cal calculation. Alternatively, one can note that more realistic
nuclear models will be less symmetric and thus not possible
to treat exactly with the fully symmetrised ansätze advo-
cated here. We suggest in such contexts our approach will
provide a valuable (either classical or quantum) pre-training
strategy to obtain a good initialisations for more complex
models. We present a demonstration of using symmetrised
training to warm-start the VQE of a non-solvable model, by
successfully finding an initialisation with the narrow gorge
of strong gradients, despite the landscape suffering from a
barren plateau.

2 Lipkinmodel

The Lipkin model was introduced in Lipkin et al. (1965) as
a simplified model of a nuclear two-level system, in which n
spinless fermions are arranged in two n-fold degenerate lev-
els. The particles interact with a two-body interaction which
either scatters pairs up or down or promotes one particle
while lowering another. As a simplified nuclear shell model,
it largely serves as a test case for approximation methods.
This model can also be mapped onto a system of n spin-1/2
particles. When expressed in this way (Vidal et al. 2004), the
Hamiltonian is written as

H = −λ

n

∑

i< j

Xi X j − h
∑

i

Zi , (1)
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Fig. 1 The Hamiltonian variational ansatz for the Agassi model. a
Cartoon representation of the VQE algorithm using a Hamiltonian vari-
ational ansatz, shown with 3 gate blocks and 2 ansatz layers. b The
unitaries in each layer of the ansatz are rotations with the hermitian
generators corresponding to the three terms in the Agassi model Hamil-
tonian Eq. 5. (We note that in practise, the gates in b would need to

be Trotterised to be implemented with a standard gate set, but we do
not consider this additional source of error here.) c A pictoral repre-
sentation of the operators in the Hamiltonian. Each term is a sum over
magnetisation values, and we show the creation/annihilation operators
for m = 2

where Xi and Zi are the Pauli X and Z spin matrices acting
on the ith particle, and λ and h are strengths of the two terms
in the Hamiltonian. The inverse scaling of the first term with
respect to the number of particles, n, was introduced in Vidal
et al. (2004) to ensure a finite free energy per spin in the
thermodynamic limit. Throughout our study, we set λ = 1
and h = 0.5.

The HVA was introduced in Wecker et al. (2015) as a
problem-tailored ansatz template for the variational quantum
eigensolver. For a Hamiltonian expressed as a sum of non-
commuting terms, H = ∑

k Hk , where an L layered HVA
ansatz here is
U (θ) = ∏L

l=1
∏

k e
−iθl,k Hk

For close to identity initializations, the HVA has substan-
tial loss variances (Park and Killoran 2024); however, for
Hamiltonians with an exponentially growing dynamical Lie
algebra, the full landscape has a barren plateau (Fontana et al.
2023; Ragone et al. 2024).

An L-layered HVA for the Lipkin model is given by

U (θ) =
L∏

i=1

⎛

⎝exp(−i
∑

j

γi, j Z j ) exp(−i
∑

j<k

θi, j,k X j Xk)

⎞

⎠ (2)

=
L∏

i=1

⎛

⎝
∏

j

exp(−iγi, j Z j )
∏

j<k

exp(−iθi, j,k X j Xk)

⎞

⎠ .

(3)

The Lipkin model, Eq. 1, is manifestly symmetric with
respect to qubit relabelling and is therefore permutation-
ally symmetric. To exploit this property, we can correlate
the parameters of an HVA layer such that γi, j = γi and
θi, j,k = θi . For clarity, this condition fixes the rotation angles
for each generator to be all the same within one layer, and
the ansatz is therefore permutationally invariant.

We investigate the trainability of performing VQE using
this ansatz by computing the average cost function vari-
ance across the parameterised landscape. Figure2 shows a
comparison of computing cost function variances, where the
cost function for VQE is the energy expectation value. We
consider this ansatz in two forms: the first being the permuta-
tionally symmetric ansatz with the correlated parameters and
the same ansatz structure but un-symmetrised, where all the
gate parameters are independent and uncoupled. For both,
we use a number of layers equal to the number of qubits.
For each system size, we evaluate the cost function 32 times,
with randomly chosen each parameters from a uniform dis-
tribution in the interval [−2π, 2π ], which we use to calculate
the variance in log-space (i.e. the geometric variance).

The unsymmeterised ansatz exhibits a stereotypical barren
plateau, signified by the exponential suppression of energy
expectation variances as a function of system size. The mag-
nitude of cost function variances is significantly different for
the fully permutationally symmetric ansatz. As opposed to
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Fig. 2 Variance of VQE cost function landscape for the Lipkin model.
Here, we show the scaling of the VQE cost function (E(θ) =
〈ψ(θ)|H |ψ(θ)〉) variances for random initialisations in the parame-
ter space of the ansatz specified in Eq. 3. The “uncorrelated” ansatz is
the parameterised circuit given in Eq. 3 with all rotation gates taking
independent parameters; for the “correlated” ansatz, in each layer, the
parameters for each gate type are constrained to be equal to preserve
the permutation symmetry. We also plot the normalised cost function
Ê(θ) given in Eq. 4 to ensure the cost function is bounded

exponentially decaying with system size, we find they in fact
increase with system size.

These increasing variances could be criticised as unphys-
ical and an artifact of the increasing size of the eigenspectum
of the Hamiltonian as the number of qubits increases. Simi-
larly, doubling the numerical coefficients of the Hamiltonian
would cause the calculated variances to increase by a factor
of 4. Tomost comprehensively remove the effects of the scale
of the Hamiltonian on our numerical results, we also use the
following normalised and bounded cost function:

Ê(θ) = 〈ψ(θ)|H |ψ(θ)〉 − E0

Emax − E0
(4)

where E0 and Emax are theminimumandmaximumeigenval-
ues of the Hamiltonian, respectively, to ensure Ê is bounded
via 0 ≤ Ê(θ) ≤ 1. We still find that for the unsymmeterised
ansatz, the cost function variances exponentially decay with
system size, while for the symmetrised ansatz rather than
increasing with system size due to the fixed upper bound of
1, they now do not significantly decrease with system size.

While these results give optimism that VQE on the Lip-
kin model could be performed at scale, it has recently been
shown that the ground state energy of permutationally sym-
metric Hamiltonians can be computed efficiently classically
(Anschuetz et al. 2023), meaning this is not a path to near-
term quantum advantage over classical approaches. It is
possible that the ground state outputted by the symmeterised
VQE could be used as an input for another quantum algo-
rithm; however, this cannot involve evolving the ground state

by a permutationally symmetric Hamiltonian; otherwise, this
will also be classically simulable (Anschuetz et al. 2023).
Although the Lipkin model is potentially too symmetric for
its study to gain a quantum advantage, this motivates the
search for other Hamiltonians with weaker symmetries that
can be also exploited for improved trainability.

3 The Agassi model

The Agassi model is an extension of the Lipkin model, with
an extra pairing interaction giving more real physics of a
nuclear two-level system. It is typically expressed as

H = ε J 0 − V

2
[(J+)2 + (J−)2] − g

∑

σ,σ ′=−1,1

A†
σ Aσ ′ . (5)

Here, J 0 and J± are defined as

J 0 = 1

2

j∑

m=− j

c†1,mc1,m − c†−1,mc−1,m (6)

J+ =
j∑

m=− j

c†1,mc−1,m = (J−)† . (7)

Similarly, A0 and A1 take the form

A0 =
j∑

m=1

c1,−mc−1,m − c1,mc−1,−m (8)

A1 =
j∑

m=1

c1,−mc1,m (9)

A−1 =
j∑

m=1

c−1,−mc−1,m . (10)

Tomap the fermionic creation/annihilation operators to Pauli
spin operators, we use the Jordan-Wigner transform (Jordan
and Wigner 1928). Throughout our study, we set ε = 0.5,
V = 1.5, and g = 1.

For performing VQE to produce the ground state of the
Agassi model, as done for the Lipkin model, we use the
HVA design, which we find to be efficient in the number
of trainable parameters required to prepare the ground state
for increasing system sizes. For convenience, let H1 = J 0,
H2 = (J+)2 + (J−)2, and H3 = ∑

σ,σ ′=−1,1 A
†
σ Aσ ′ . Then,

our ansatz with L-layers is defined by

U (θ) =
L∏

i=1

3∏

j=1

exp(−iθi, j H j ) . (11)
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Wenote that each gate exp(−iθi, j H j ) is in general an n-qubit
operator and will require decomposing into 2-qubit gates for
execution on a quantum computer, e.g. via a Trotter decom-
position. For our numerical results, we do not consider this
step and exactly apply the operator via sparse matrix expo-
nentiation.
We choose to target the ground state in the half-filling sec-
tor, where the system of 4 j orbitals has a total occupation of
2 j fermions. To do this, we add an extra penalty term to the
Hamiltonian to target the correct particle number sector, e.g.

HHalf-Filling = H + β(N̂1 + N̂−1 − 2 j)2 (12)

for a sufficiently large β, where Nσ = ∑ j
m=− j c

†
σ,mcσ,m .

The β value must be greater than the energy gap between
the half-filling ground state and ground states of other filling
numbers, and we set this to 100 which satisfies this condition
for the systems considered. As the HVA is inspired by adia-
batic computing (Tilly et al. 2022), the initial state is chosen
to be the ground state of one of the terms in the Hamiltonian.
A natural starting initial state is |ψ0〉 = |1〉⊗2 j |0〉⊗2 j , which
is the ground state of the J 0 operator and is easily preparable.
We use the same qubit ordering as in Ref. (Pérez-Fernández
et al. 2022), where this state corresponds to the 2 j particles
filling the bottom level of the 2-level system.

Compared to the Lipkin model, the Agassi model has a
weaker form of permutation symmetry. The Lipkin model
has a full permutation symmetry, whereas the Agassi model
requires the same permutation applied to the two subsets
of qubits with σ = +1/ − 1. Also, due to the fermionic
nature of the Hamiltonian, exchanging particles introduces
wavefunction phases. As a result, the results for provable
trainability of permutation symmetric ansätze (Schatzki et al.
2024) do not directly apply to the Agassi model.

We first study the trainability of this ansatz and Hamilto-
nian combination by quantifying the severity of the barren
plateau phenomenon. We note the ansatz design described
in Eq. 11 requires 3L parameters for a maximum spin of
j . For increasing system sizes of the Agassi model, we
randomly sample the cost function landscape 1024 times
and compute the variance of the measured energy expec-
tation value. We set the number of layers to equal to j
(and therefore linearly increasing with system size). Often
parameterised gates in variational ansätze are exponentia-
tions of single qubit Paulimatrices, and therefore, their action
with respect to the rotation angle has a period of 4π , e.g. if

G2 = 1 and R(θ) = e−i θ
2G = cos( θ

2 )I − i sin( θ
2 )G, then

R(θ+4π) = R(θ). The gate generators used in Eq. 11 do not
square to the identity, so it does not have the same 4π period-
icity. Therefore, we increase the parameter range uniformly
sampled to [−10, 10].

Fig. 3 Variance of VQE cost function landscape for the Agassi model.
We plot the variance for both the standard energy expectation value
and the normalised expectation value. We find that the variance of the
standard energy expectation value grows super-polynomially with sys-
tem size. The normalised cost function variance decreases polynomially
with system size, proportional to n−1.6

Figure 3 shows these results. Similar to the Lipkin results
presented in Sect. 2, we again find cost function variances
that increase with system size. Plotting the normalised cost
function 1 to remove the effect of the increasing size of the
spectrum, the variances do now decrease with system size
but polynomially scaling as n−1.6.

We now demonstrate the ability of this ansatz to produce
the ground state of the Agassi model. The top row of Fig. 4
shows the results of 100 training runs with random initial-
isations for increasing system sizes. Plotted in blue are the
traces of individual optimisations, where the percentage error
from the exact ground state energy is plotted as a function
of optimisation steps. The red curve and shading represents
the mean and standard deviation of this data. The ansatz is
compact in the number of parameters, as empirically we find
we need only a linear circuit depth and number of parame-
ters as a function of system size to prepare the ground state
to within a 1% error.

We also investigate the benefit gained from warm-starting
the training. A feature of the ansatz is that the number of
parameters in one layer is independent of system size, as
each of the gates is n-qubit operator. We can hypothesise
there is a similarity between the solutions in parameter space
for neighbouring values of j , particularly for larger system
sizes as the thermodynamic limit is approached. Specifically,
for a maximum spin j , we randomly sample from the j-1
warm-started solutions that achieved a percentage error less

1 We stress that this normalisationwould not be implemented in practise
when performing the algorithm on real quantum hardware. Indeed, it
would require already knowing the ground state energy. Therefore, the
growing cost function variances indicate this ansatz is highly trainable,
even at scale.
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Fig. 4 VQE training of the Agassi model. (Top) The ansatz described
in Eq. 11 is optimised to prepare the ground state of the Agassi Hamil-
tonian, for increasing maximum spin j , requiring a number of qubits
n = 4 j . Plotted in blue are the traces of 100 training runs with random
initialisations, and the percentage error from the exact ground state

energy is plotted as a function of optimisation steps. The red curve
and shading represents the mean and standard deviation of this data.
(Bottom) Here, we use a warm-start initialisation, where we randomly
choose one of the solutions from the j−1th warm-started training, with
an extra layer of identity gates added

than 2% and use the output parameter vector for the initiali-
sation. To keep the linearly increasing circuit depth, we also
append one layer of gates initialised close to the identity.
The rotation angle is uniformly sampled from a small range
[−10−4, 10−4] to avoid potentially initialising at a saddle
point and aid escaping local minima. For the optimisation
of the parameterised quantum circuit, we use the gradient-
based ADAMoptimiser (Kingma and Ba 2015).We note that
the parameterised-shift rule (Schuld et al. 2019) commonly
used for evaluating gradients in parameterised quantum cir-
cuits only applies to gates with generators that have at most
two unique eigenvalues, which is not true for the gates in
this Hamiltonian variational ansatz. More general rules for
exact gradient evaluation have been explored in the litera-
ture (Izmaylov et al. 2021; Wierichs et al. 2022; Kyriienko
and Elfving 2021) that could be used here instead.

It is clear that the warm-starting aids the training process,
both in reducing themean and standard deviationof the termi-
nation of the optimisation. Specifically, for j = 2, 3, 4, upon
termination of the optimisation, we find the mean energy
value is reduced by 85.12%, 30.08%, and 34.29%, respec-
tively, and the standard deviations are reduced by 94.05%,
42.05%, and 63.85%.We note that in these implementations,
we did not include the effect of shot noise. Thus, in contrast
to our loss variance analysis in Fig. 3 where we demonstrate
the loss gradients do not exponentially vanish with system

size, here we are predominantly exploring the effect of local
minima.

4 Warm-starting non-solvable models via
parameter transfer

As well as studying our ansatz design to warm-start VQEs
of increasing size systems, we also investigate warm-starting
non-solvable models. The extension Hamiltonian with a bro-
ken symmetry we target is

HBroken = ε J 0Broken−
V

2
[(J+)2+(J−)2]−g

∑

σ,σ ′=−1,1

A†
σ Aσ ′

(13)

where J 0Broken is defined as

J 0Broken = 1

2

j∑

m=− j

(1 + αm)(c†1,mc1,m − c†−1,mc−1,m). (14)

The α parameter adds a linear m dependence to the single
particle energies and breaks the permutation invariance of the
originalAgassimodel. For our results,wefix the value ofα =
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2.We note that a constantα causes the breaking of the permu-
tation symmetry to be increasingly strong with system size.
To prepare the ground state for HBroken, it is no longer possi-
ble to use G = {J 0, (J+)2 + (J−)2,

∑
σ,σ ′=−1,1 A

†
σ Aσ ′ } as

the gate generators as they can not express the new broken
symmetry of the non-interacting ground state. We instead
replace the J 0 generator with independent gates acting on
eachm value, {J 0m} jm=− j where J

0
m = c†1,mc1,m−c†−1,mc−1,m .

This new “Broken” ansatz, with gate generators GBroken, is
now able to fully express the ground state for HBroken.

To take advantage of our previous results demonstrat-
ing the strong VQE gradients found for the standard Agassi
Hamiltonian, we investigate the potential for warm-starting
VQE of HBroken using parameter transfer from symmetrised
training. By parameter transfer, we first perform energy min-
imisation against HBroken using the gate generators G, which
finds some reduction in energy but converges prematurely
due to limited expressibility. Then, we transfer these param-
eters over to the ansatz design using generators GBroken, and
the optimization is continued, where the initial symmetrised
training may find a region in parameter space with strong
gradients.

Figure 5 shows the results of this parameter transfer
via warm-starting. The warm-starting results are compared
against the global variance found by computing energy
expectation values of the Hamiltonian HBroken when ran-
domly sampling the ansatz using the gate generatorsGBroken,
and we find these variances to decay exponentially with sys-
tem size. Then, running VQE against the same Hamiltonian
but using the symmetrised ansatz of gate generators G, we

Fig. 5 Warm-starting the Broken Hamiltonian via parameter trans-
fer. Data showing the warm-starting with a symmetrised ansatz can
find regions in the parameterised landscape with strong gradients,
even when the average properties of the landscape exhibit a barren
plateau. The black line shows random sampling of the loss function
〈ψ(θ)|HBroken|ψ(θ)〉 using the Broken ansatz, with an exponential
decay in loss function variances.When initialising the ansatz via param-
eter transfer from symmetrised training, we randomly sample 1024 loss
function values in a hypercube of varying radii r , shown by the thin
blue lines. The maximum of these variances for a value of n is given by
the thick red line, leading to non-exponentially decaying loss function
variances

copy the parameter vector over to the Broken ansatz. For our
example, only the parameter for the J 0 generator needs trans-
forming. Since the individual terms in J 0 mutually commute,
the gate in the ansatz is transformed from exp(−i J 0θ0) to∏ j

m=− j exp(−i J 0mθ0), i.e. the exp(−i J 0mθ) gates are all ini-
tialised to the same value found after symmetrised training,
but then are allowed to vary independently.

We then uniformly sample a hypercube around this point
found by symmetrised training to study the parameterised
landscape.We note that for a very large hypercube radius, the
samples will be far from the warm-start, and the loss function
varianceswill see the samedecay rate as the global landscape.
Also, for a very small hypercube radius, all samples will
be very close in the landscape, so again find a small loss
function variances. Therefore, we expect an intermediate size
hypercube radius where the largest loss function variances
are found. We will also expect the optimal hypercube radius
to decrease with system size, as the hypercube volume will
increase with the number of parameters in the ansatz. To
test this, for each system size, we sample the loss function
around the warm-started point with differing radii, similar
to that studied in other work on warm-starting (Puig et al.
2024).

In Fig. 5, the thin blue lines respectively show the loss
function variances when uniformly sampling a hypercube
with increasing radius. We note that for the largest radius,
r = 1, the variances closely match that of a global sam-
pling across the full landscape, shown by the thick black line.
The thick red line shows the maximum variances across the
range of widths and shows increased and non-exponentially
decaying loss function variances. This demonstrated that
the symmetrised training was able to warm-start VQE of
HBroken by finding an initialisation close to the narrow gorge
of strong gradients. As the system size increased, the optimal
hypercube radius giving the largest loss function variances
decreased. In practise, this optimal hypercube radius could be
determined heuristically; however, this relationship has been
studied in more detail analytically (Puig et al. 2024). It was
found thatwhenwarm-starting an iterative variational Trotter
compression, for an ansatz with M parameters, a hypercube
of radius O( 1√

M
) around the warm-start supported polyno-

mially large gradients.

5 Discussion

Here, we presented a practical study of the trainability of
symmetrised ansätze for two nuclear Hamiltonians: the Lip-
kin model and the Agassi model. For both Hamiltonians, we
employ a variant of the Hamiltonian variational ansatz which
has beenmodified to fully respect the symmetries of the target
Hamiltonian. Rather than observing decaying cost variances
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(as would usually be expected), or indeed the exponential
decay of a barren plateau, we instead find that the variances
increase with system size. This effect can be attributed to
the fact that the models’ Hamiltonian eigenspectrum range
grows with system size. On artificially normalising the cost
to account for this, we observe that the normalised cost vari-
ance decays at worst polynomially. Thus, we see that the
symmeterised ansatz can indeed be used to avoid the barren
plateau phenomenon.

For both the Lipkin and Agassi models, we empirically
find that a linearly increasing number of trainable gates is
sufficient to prepare the ground state, and hence our ansatz
design seems to be efficient in circuit depth and trainable
parameter, requiring a number of parameters scaling linearly
with system size. Furthermore, we stress that the number of
parameters in each layer of the ansatz does not scale with the
number of qubits. This observation allowed us to motivate a
simple parameter transfer strategy for using solutions from
smaller system sizes to provide a warm-start initialisation.
Our numerics indicate that this strategy has a positive effect
of the success of the optimisation.

To motivate utility beyond the ground state preparations
of Hamiltonians with a polynomially scaling DLA, we study
the potential for symmetrised training to warm-start VQEs
of more complex Hamiltonians. We consider a variant of the
Agassi model with a broken symmetry resulting in a global
exponential decay in loss function variances for the HVA.
Pre-training with a symmetrised ansatz is able to find regions
of the strong gradients, allowing a parameter transfer to ini-
tialise within the narrow gorge of strong gradients. These
results are in line with other works that have investigated
alternate approaches for efficient pre-trainingwhich allow an
initialisation in landscape regions with strong gradients (Goh
et al. 2023; Rudolph et al. 2023).

Determining the scaling of the dimension of the DLA is
a critical parameter for understanding both the trainability
of the parameterised quantum circuit and the classical simu-
lability of the target problem; however, in practise, this is a
challenging task.While the DLA can be studied numerically,
the brute-force calculation is costly and scales exponentially
with system size, limiting its application .2 In some cases, the
DLA scaling has been determined analytically (Wiersema
et al. 2023; Schatzki et al. 2024); however, this is a difficult
task for more general Hamiltonians. As a result, although
there is a clear relationship between the DLA and both train-
ability and classical simulability, in reality, determining the
DLA scaling has been performed for few systems.

If the recently derived relationship between the size of the
DLA subspace and cost function variances is inverted, our
results indicate that the Agassi model has a polynomially

2 see Appendix E of Larocca et al. (2022) for a discussion of the algo-
rithm.

scaling DLA, implying the system will be efficiently classi-
cally simulable by techniques that exploit this property (Goh
et al. 2023). This provokes the use of new quantum-inspired
classical algorithms for studying nuclear Hamiltonians.

Moving forward, it would be interesting to study how
symmeterized ansätze could be applied to ground state com-
putations of more complex nuclear models. In particular, it
is natural to investigate whether a symmeterised solution to
one of the simpler models studied here might provide a good
initialisation for future larger nuclear shell model calcula-
tions (Pérez-Obiol et al. 2023). A natural test case could
be along an isotopic chain for a magic number of protons,
e.g. in oxygen as neutrons are added across and beyond the
sd shell (Brown 2017). For such models, it would be valu-
able to further explore whether one could not only upper
bound the ground state energy but also lower bound it via
Dual-VQE (Westerheim et al. 2023), a semidefinite program-
ming inspired variational quantum algorithm using slack
variables (Chen et al. 2023).
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