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Abstract. LF-µSR studies have previously been used to study the diffusive 1D motion
of solitons and polarons in conducting polymers. This type of study was also applied to
investigating the diffusive motion of spinons in spin-1/2 antiferromagnetic chains. Recently the
method has been extended to examples of 2D layered triangular spin lattices which can support
quantum spin liquid states, such as 1T-TaS2 and YbZnGaO4. These systems are found to show
spin dynamics that matches well to 2D spin diffusion, such a model being found to provide a
much better fit to the data than previously proposed models for spin correlations in such systems.
In YbZnGaO4 the diffusion rate shows a clear crossover between classical and quantum regimes
as T falls below the exchange coupling J . That the spin diffusion approach works well in the
high T classical region might be expected, but it is found that it also works equally well in the
low T quantum region where quantum entanglement controls the spin dynamics. Measurement
of the diffusion rate allows a T dependent length scale to be derived from the data that can be
assigned to a quantum entanglement length ξE. Another entanglement measure, the Quantum
Fisher Information FQ can also be obtained from the data and its T dependence is compared
to that of ξE.

1. Introduction
LF-µSR studies of low-dimensional electronic spin diffusion originated with conducting polymers,
where the muon was used to probe the motion of solitons in trans-polyacetylene [1] and the
motion of polarons in polymers such as polyaniline [2, 3] and polyphenylenevinylene [4]. Spin-
1/2 antiferromagnetic chains can also support diffusive spin excitations in a certain parameter
range of the XXZ model [5, 6] and diffusive models for spin dynamics have been used in µSR
investigations of various quantum magnets, including spin chains [7, 8] and spin liquids [9, 10].
Theoretical work has focused mainly on 1D systems and the XXZ model, where diffusive spin
transport is expected for exchange anisotropy on the Ising side of the Heisenberg point [5, 6].
With XY anisotropy, the transport has been suggested to switch over to ballistic character [5, 6]
and examples of ballistic spin dynamics have also been identified in µSR studies of spin chain
systems [11, 12].
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Figure 1. Comparison between the properties of simple localised spin fluctuations and spin
fluctuations diffusing on lattices of varying dimensionality. (a) The exponential autocorrelation
function for simple localised fluctuations (BPP model) and (b) the corresponding Lorentzian
form for the spectral density. (c) The spin autocorrelation function for different types of diffusive
processes and (d) their corresponding spectral densities.

The relaxation measured in a LF-µSR experiment can be expressed as being proportional to
the spectral density of the spin fluctuations J(ω) with the probe frequency ω being proportional
to the applied field [13]. Depending on the nature of the coupling between the muon and the
spin fluctuations, the constant of proportionality between probe frequency and applied field
may be either the muon gyromagnetic ratio or the electron gyromagnetic ratio. The spectral
density is the Fourier transform of the spin autocorrelation function S(t) and the functions S(t)
and J(ω) are compared in Fig.1 for diffusion on lattices of different dimensions. The case of
random fluctuations which are localised and not correlated with those of neighbouring spins can
be described by the model of Bloembergen, Purcell and Pound (BPP), also commonly called
Redfield theory [13]. This is regarded here as an example of zero dimensional diffusion. The
autocorrelation function in this case takes the form

S0D(t) = exp(−νt). (1)
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For diffusion in an anisotropic lattice, the autocorrelation function takes the form [14]

S(t) =
3∏

i=1

exp(−2Dit)I0(2Dit), (2)

where Di are the diffusion rates in the three different lattice directions and I0 is a zero order
modified Bessel function of the first kind. Where there is uniform fast diffusion in n = 1 to
3 dimensions and slow diffusion in the other 3 − n dimensions, one can rewrite Eq. 2 as an
autocorrelation function reflecting the dominant n-dimensional diffusion

SnD(t) = [exp(−2DnDt)I0(2DnDt)]
n[exp(−2D⊥t)I0(2D⊥t)]

3−n, (3)

where DnD is the fast diffusion rate and D⊥ is the slow diffusion rate. The spectral densities of
the 0D to 3D cases all have quite different field dependences (Fig. 1b,d), which allows them in
principle to be distinguished in experiment, provided the relaxation rate can be measured over
the appropriate field range for the diffusion process.

Figure 2. Demonstration that the 2D diffusion model provides the best description of the
measured LF-µSR relaxation rates for two different examples of triangular lattice quantum spin
liquids. (a) Plot of the LF dependent relaxation rate of 1T-TaS2 measured at 120 K with fits
shown for different dimensionalities of spin diffusion. The 2D model clearly provides the best
fit. The inset shows χ2

r (i.e. χ2 reduced by normalisation to the number of degrees of freedom)
evaluated over fourteen LF scans made at different temperatures. These are plotted versus the
dimensionality of the spin diffusion model. The horizontal dashed lines indicate the expected
width of the distribution of χ2

r for a good model description, showing that the 2D model is the
only one that falls within this range. (b) A single high statistics LF scan at the base temperature
of a dilution fridge was reported by Li et al. [15] for YbMgGaO4 and the solid points shown on
the plot are obtained from our re-analysis of their raw data. The different lines show best fits
for three alternative models, along with the 2D diffusion model. The alternatives however all
give much worse fits than the 2D diffusion model and their χ2

r values are compared in the inset.
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2. 2D diffusion in triangular-lattice quantum spin liquids
Recent LF-µSR studies of layered triangular lattice quantum spin liquid (QSL) materials such as
1T-TaS2 [9] and the pair of isostructural compounds YbZnGaO4/YbMgGaO4 (YZGO/YMGO)
have shown spin dynamics that is extremely well described by the 2D spin diffusion model [10],
with this model fitting much better than previously proposed models for spin correlations. This
is illustrated first in Fig. 2a, where the data points for 1T-TaS2 [9] are compared against the local
fluctuation and spin diffusion models summarised in Fig. 1. That the 2D model is optimum is
shown by both the individual LF scan shown in the main plot and the χ2

r values from combined
analysis of data between 6 K and 180 K are shown in the inset.

In the case of YMGO a high statistics LF scan was previously reported by Li et al. [15]
at 70 mK. The data from this measurement allows a detailed comparison to be made against
different models for the spin fluctuations. For consistency of approach, we have re-analysed
their raw data, fitting to a stretched exponential with optimal exponent 0.635. The relaxation
rate we obtain is plotted as the points in Fig. 2b. The field dependence of the relaxation rate
we obtain is then tested against several different models that have been proposed for the spin
fluctuations [10] (Fig. 2b). Model 1 is the simple localised fluctuation model expressed by the
BPP/Redfield formula based on Eq. 1. Model 2 is a simple power law in field, as used by
Majumder et al. [16] to fit their data. We obtain the power law 0.28, which is consistent with
the value of order 0.3 reported by Majumder et al. [16]. Model 3 is based on an approach first
used for spin glasses [17] and describes S(t) as the product of an exponential and a power law.
This model was presented by Li et al. [15] as the best description of their data. We obtain the
power law 0.63(1) for this model, which is fully consistent with the value 0.66(5) reported by Li
et al. in their analysis [15]. Model 4 representing 2D diffusion (Eq. 3 with n = 2) is shown as
the final model for comparison with the others. The inset plot shows the χ2

r values for the four
different model fits on a log scale, which clearly demonstrates that the 2D spin diffusion model
for spin correlations is the only acceptable representation of this data out of these proposed
models. A component of the relaxation rate following the characteristic field dependence of 2D
diffusion was also found in the analysis of LF-µSR data for YZGO [10] and the properties of
this component will be discussed in more detail in section 4.

3. Low energy excitations of the QSL states in 1T-TaS2 and YZGO
The two QSL systems 1T-TaS2 and YMGO/YZGO were presented in the previous section as
having low energy spin excitations that are well described by a 2D diffusion model. We discuss
here the origin of the gapless character of these excitations and their apparent robustness in
YZGO/YMGO, even in the presence of short range disorder of the non-magnetic metal atom
sites that is a key property of this system. This is illustrated in Fig. 3. The standard resonating
valence bond (RVB) picture for the QSL in a triangular lattice (Fig. 3a) involves a ground
state that is the superposition of many tilings of short-ranged valence bonds. For YZGO and
YMGO the random disorder of the Ga and Mg/Zn sites leads to two different values for the
nearest neighbour coupling strength due to different Yb-O-Yb bond angles. The RVB ground
state is now a superposition of the subset of tiling states that just include the stronger couplings
(Fig. 3b). Although the degeneracy is reduced compared to that of the non-disordered case, the
essential character of the RVB state is expected to be retained. The experimental picture for
1T-TaS2 and YMGO/YZGO is that they are effectively gapless QSL states (any gap, if present,
must be small compared to the minimum experimental T ). In this case the RVB picture can be
modified to reflect much weaker long-ranged valence bonds (Fig. 3c). Such states are expected
to be even less susceptible to the effects of short-ranged non-magnetic site disorder than the
short-ranged RVB state would be.

The character of QSL states can also be described by the spinon dispersion spectrum
calculated via an appropriate mean-field Hamiltonian and defined over the Brillouin zone of
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(b) Effect of non-magnetic site disorder

+ + ...
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(c) Long-ranged RVB (gapless linear or quadratic spin excitations)

+ + ...

(d) Brillouin zone for the triangular lattice

M

(e) Gapless spinon dispersion for 1T-TaS2
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Z2 state (d + id pairing)

(f) Two different nodal points for YZGO/YMGO

M U1A11 state
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Figure 3. (a) Picture of the the RVB ground state for a triangular lattice. (b) Effect of non-
magnetic site disorder in YZGO and YMGO. (c) The RVB model can be extended to weaker
long-ranged valence bonds to account for the gapless QSL states found in many experiments.
An alternative picture of the QSL state is provided by the spinon dispersion, which is calculated
over (d) the Brillouin zone of the triangular lattice. (e) For 1T-TaS2 a Z2 paired spinon state
with quadratic band touching at the Γ point [18] was suggested to be the ground state [9]. (f)
For YZMO/YMGO a predicted U(1) state with two different nodal points [19] was found to be
consistent with experiment [10].

the triangular lattice (Fig. 3d). In the case of 1T-TaS2 a gapless paired spinon state with
quadratic band touching at the Γ point was suggested to be the ground state [9] (Fig. 3e). Such
a Z2 QSL state with d+ id spinon pairing was found to be stable within the weak Mott insulator
parameter range of the Mott-Hubbard model in a variational study by Mishmash et al. [18].
For YZGO/YMGO a theoretical study taking into account the the strong spin-orbit coupling
leads to three possible U(1) states for the QSL [19]. One of these states, labeled U1A11, has a
particular type of dispersion with regions showing both quadratic and linear dispersion around
gapless points in the spectrum (Fig. 3f). The gapless regions in the dispersion are point nodes
located at the Γ and M points in the Brillouin zone (Fig. 3d). The predicted properties of this
U1A11 state were found to match well with a range of experimental results [10].

4. Crossover and entanglement
In YZGO the 2D spin diffusion rate [10] shows a clear crossover between classical and quantum
regimes as T falls below the exchange coupling J (Fig. 4a). For the classical paramagnetic region
where T is above the characteristic scale defined by J the fluctuations reflect single uncorrelated
spin flips, whereas for T below J the cooperative nature of the spin fluctuations sets in. That
the spin diffusion approach works well in the high T classical region might be expected, but the
measurements also show that it works equally well in the low T quantum region. The right hand
side of Fig. 4 compares the diffusion processes in the two regions. In the high T classical region
the spin diffusion follows a random walk process with the mean free path being a, the distance
between nearest neighbour magnetic sites. The hopping rate is determined by the exchange
frequency corresponding to the nearest neighbour coupling. For the low T quantum region the
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Figure 4. (a) The 2D spin diffusion rate in YZGO [10] showing crossover between quantum and
classical regimes around J = 2.0(2) K. The 10 K and 15 K points are consistent with the inverse
time scale defined by J/h (horizontal dotted line). (b) The quantum entanglement length ξE
obtained from Eq. 4. (c) The FQ values derived by applying Eq. 6 to the fitted J2D(ω). The
right hand side of the figure compares the diffusion processes in the two regions. In the high T
classical region the spin diffusion follows a random walk process with the mean free path being
a, the distance between nearest neighbour magnetic sites and hopping rate determined by the
exchange frequency corresponding to the nearest neighbour coupling. In the low T quantum
region the diffusion process for an unpaired spin is expected to have an effective mean free path
of the same order as the quantum entanglement length.

spins are highly entangled and the motion of a free spinon requires reorganisation of all the spins
within the entanglement region, producing a diffusion process with an effective mean free path
on the same order as the entanglement length and leading to a diffusion rate that is much lower
than the nearest neighbour exchange frequency that governs the classical diffusion region.

The high velocity spinons expected to dominate the spin transport are those at the M
points having linear dispersion (Fig. 3f). These have T independent velocity which leads to
the measured diffusion rate being inversely proportional to the mean free path, which can in
turn be associated with the entanglement length ξE in the quantum region. Hence an estimate
of the entanglement length can be obtained, as shown in Fig. 4b [10], given by the inverse of
D2D, normalised to the high T classical behaviour, i.e.

ξE/a = (J/h)/D2D. (4)
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An alternative approach to estimating entanglement is given by the Quantum Fisher
Information metric, FQ, that can be expressed in terms of the imaginary part of the dynamical
magnetic susceptibility as [20]

FQ =
4

π

∫ ∞

0
tanh

(
h̄ω

2kBT

)
χ′′(ω, T )dω. (5)

Using the fluctuation-dissipation theorem this can be expressed in terms of the spectral density
function measured by the muon probe

FQ =
4

π

∫ ∞

0
tanh2

(
h̄ω

2kBT

)
J2D(ω)dω. (6)

The spectral density function J2D(ω) fitted to the data can be used to extrapolate and evaluate
this infinite integral and produce the T dependence of FQ shown in Fig. 4c. In comparison to
ξE, FQ is found to fall off more rapidly with increasing T , becoming very small by the time
the exchange coupling J is reached. On the other hand ξE remains large over the whole of the
quantum region and only falls for T significantly above J . One reason for the difference may
be that ξE is derived directly from diffusion, an inherently non-local process, whereas it has
been argued that FQ should only be sensitive to local entanglement [20]. Our FQ was however
derived from a diffusive spectral density function, so this argument may not be valid here. In
any case, it is clear that further work on a range of quantum magnets is needed to gain a better
understanding of how these two alternative entanglement measures reflect the properties of such
systems.

5. Conclusion
Spin diffusion in 2D layered spin systems is found to provide a good description of the field
dependent relaxation in LF-µSR studies. Such a description is a natural extension of the 1D
diffusion models previously used to describe the dynamics of solitons and polarons in conducting
polymers and spinons in Heisenberg spin chains. For the triangular lattice QSL system 1T-
TaS2, even though the relaxation rate is low, the 2D diffusion model emerges clearly from a
global analysis of the LF-µSR data as the best description of the data. In the case of YZGO
and YMGO the 2D diffusion model is also shown to provide an excellent description of the
LF-µSR. A detailed study of the diffusion rate versus T in YZGO enabled us to observe a
crossover at J = 2 K between a low T quantum region and a high T classical region. The
relatively low value of the exchange coupling J is an important factor here in enabling us to
see this fundamental crossover so clearly. A temperature dependent mean free path for the
spin diffusion was extracted from the data and assigned to the quantum entanglement length
ξE, a property that becomes significantly enlarged in the quantum region. Derivation of the
Quantum Fisher Information from the muon data was also explored as an alternative measure
of quantum entanglement in this type of system, producing a noticeably different result for the
T dependence of entanglement from that given by ξE and raising some questions about the
interpretation of these different measures. This suggests that, although our studies indicate
that there are interesting possibilities for studying quantum entanglement via LF-µSR, further
work will be required to fully understand and refine the process of extracting information about
quantum entanglement from such muon data.
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