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I present a review of the theory and basic equations for charge transport in superconducting
alloys starting from the Keldysh formulation of the quasiclassical transport equations de-
veloped by Eilenberger, Larkin and Ovchinnikov, and Eliashberg. This formulation is the
natural extension of Landau’s theory of normal Fermi liquids to the superconducting state
of strongly correlated metals. For dirty metals the transport equations reduce to equa-
tions for charge diffusion, with the current response given by the Drude conductivity at
low temperatures. The extension of the diffusion equation for the charge and current re-
sponse of a strongly disordered normal metal to the superconducting state yields Usadel’s
equations for the nonequilibrium quasiclassical Keldysh propagator. The conditions for the
applicability of the Usadel equations are discussed, the pair-breaking effect of disorder on
the current response, including the nonlinear current response to an electromagnetic field in
the dirty limit, T < A/A, are reported. The same nonlinearity is shown to lead to source cur-
rents for photon generation and nonlinear Kerr rotation driven by the nonlinear response
to excitation of the superconductor by a multi-mode electromagnetic field. The potential
relevance of the nonlinear source currents to superconducting radio-frequency cavities as
detectors of axion-like dark matter candidates is briefly discussed.

Subject Index 150, 160, 161, 168, 181

1. Introduction

Strongly interacting fermions can form a “Fermi-liquid state” in which the physical properties
at low temperatures are dominated by low-lying excitations (quasiparticles) which are compos-
ite objects but have basic features (e.g. charge, spin, fermion number) in common with nonin-
teracting electrons [1]. At the heart of Landau’s theory is the distribution function n(p, r; ¢, )
[2] describing the dynamics of an ensemble of quasiparticles in phase space (p, r) governed by
the Boltzmann—Landau transport equation. Derivations of this transport equation from first
principles use many-body Green’s function techniques, and lead to explicit expressions for the
various terms of the transport equation in terms of self-energies [3,4]. The self-energies describe
the effects of electron—electron, electron—phonon, and electron—-impurity scattering. The set of
Feynman diagrams for the relevant self-energies are shown in Fig. 1. Note that the hatched
circles are block vertices representing renormalized quasiparticle—quasiparticle, quasiparticle—
phonon, and quasiparticle-impurity interactions. These interactions, together with the Fermi-
surface properties (i.e. Fermi momentum, p, Fermi velocity, vp, topology of the Fermi surface),
can in principle be calculated from the full many-body theory, but are often treated as param-
eters of the Fermi-liquid theory, and are obtained by comparison of theory with experiment.
© The Author(s) 2022. Published by Oxford University Press on behalf of the Physical Society of Japan.
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Fig. 1. Leading-order electronic self-energy diagrams of the Fermi-liquid theory of superconductivity.
These terms are first order in the expansion parameter s. The diagrams describe: (a) the zeroth-order self-
energy which determines the Fermi surface and Fermi velocity, (b) the coupling of an external field to
low-energy quasiparticles, (¢c) Migdal’s leading-order quasiparticle-phonon self-energy, (d) the mean-
field interaction energy of quasiparticles and Cooper pairs, and (¢) the leading-order quasiparticle—
impurity scattering self-energy diagrams.

Landau’s theory predicts a number of universal results for the temperature and magnetic field
dependencies of thermodynamic and transport properties at low temperature. The universal
laws can provide signatures for Fermi-liquid behavior. A detailed discussion of these normal-
state properties can be found in various review articles and textbooks, e.g. Ref. [5].

The classical phase-space structure of Landau’s Fermi-liquid theory for normal metals is ab-
sent in the microscopic theory of superconductivity by Bardeen, Cooper, and Schrieffer (BCS)
[6] and the quantum field theory formulations by Bogoliubov [7] and Gorkov [8]. It was more
than ten years after the BCS breakthrough before Landau’s theory of Fermi-liquids and BCS
theory were cast into a common theoretical framework. The quasiclassical theory of super-
conductivity was formulated in a series of publications starting with Eilenberger’s reduction of
Gorkov’s equations to transport-like equations for the normal and anomalous Greens functions
for equilibrium states of type II superconductors [9]. Larkin and Ovchinnikov independently
derived the quasiclassical transport equations [10]. Eliashberg[11] and Larkin and Ovchinnikov
[12] generalized the quasiclassical theory to nonequilibrium states of superconductors with
strong electron—phonon interactions. This theory allows one to calculate essentially all super-
conducting phenomena of interest, from transition temperatures, excitation spectra, Josephson
effects, and vortex structures to the response of superconductors to electromagnetic fields [13].
In quasiclassical theory the dynamics of quasiparticles is described partly by classical statistical
mechanics, and partly by quantum mechanics. The classical degrees of freedom are the motion
of quasiparticles in p—r phase space; i.e. quasiparticle wavepackets move along classical tra-
jectories. Quantum coherence between particle and hole states is the key quantum-mechanical
degree of freedom encoded in the BCS theory of superconductivity, and is the origin of the non-
classical phenomena associated with the superconducting state, e.g. persistent currents, perfect
diamagnetism, the Josephson effect, and branch-conversion (Andreev) scattering. Particle-hole
coherence is described in the quasiclassical theory by grouping particle excitations, occupied
one-electron states with energy above the Fermi energy (¢ > 0), and hole excitations, empty
one-electron states with ¢ < 0, into an isospin doublet. The particle-hole doublets (Nambu
spinors) span a two-dimensional space of quasiparticle excitations (Nambu space). The quan-
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tum statistics of the internal state of quasiparticle excitations is described by a 2 x 2 density
matrix for the particle-hole degree of freedom.!

Here I focus on the theory of superconductivity in metals with impurity disorder in the “dirty
limit” defined by electron-impurity scattering mean free paths short compared to the supercon-
ducting coherence length, £ < &. As an introduction, in Section 3 I discuss the reduction of the
nonequilibrium transport equations for disordered normal metals to a transport equation for
the Keldysh propagator, and the corresponding charge response functions. In Section 4 I de-
velop the the nonequilibrium Keldysh—Eilenberger equations as an expansion in the parameter
8 = £/¢, and obtain nonequilibrium quasiclassical equations as a generalization of Usadel’s
equations for equilibrium states of inhomogeneous superconductors [14]. For a complemen-
tary development of the nonequilibrium Usadel equations based on a functional integral for-
mulation see Ref. [15]. The sensitivity of conventional “s-wave” superconductors to disorder
is discussed in the context of the Usadel equations, highlighting the insensitivity of the transi-
tion temperature and excitation gap to disorder (Section 4.3) in contrast to the strong suppres-
sion of the supercurrent to impurity disorder (Section 4.4). In Section 5 I derive the nonlinear
current response to the gauge-invariant condensate momentum, p, = (A, — ¥A), and in
Section 5.2 obtain the field dependence of the London penetration depth from the nonlinear
screening currents (nonlinear Meissner effect) at a vacuum-superconducting interface with an
external field parallel to the interface. In Sections 5.3 and 5.4 the nonlinear Meissner response is
extended to microwave frequencies. The nonlinear response leads to a number of novel effects,
including photon generation at the third harmonic and photons at intermodulation frequen-
cies for multi-mode excitation of the superconductor, as well as nonlinear Kerr rotation. In
Section 5.5 I discuss the potential relevance of the nonlinear current response to supercon-
ducting radio-frequency (SRF) cavities as possible detectors of axion-like dark matter. I begin
with a review of the quasiclassical transport theory based on the leading-order self-energies for
disordered superconductors.

2. Theory
The central objects of the theory are the propagators, 8R’A’K(p, r; €, 1), where the superscript
on the propagator identifies its microscopic significance; &" denotes the Keldysh propagator,
which is a 4 x 4 matrix generalization of the classical Boltzmann—Landau distribution function
to the superconducting state.> The matrix structure encodes the spin and particle-hole isospin
degrees of freedom. The matrix elements of & in particle-hole space are

~K ~K

& = <€’K fK) , ()
I8

'T consider spin-singlet superconductors and neglect spin—orbit interactions and paramagnetism, in
which case the four-dimensional density matrices describing the combined spin and particle-hole degrees
of freedom reduce to 2 x 2 matrices in particle-hole space.

’In the “energy representation” the traditional variables of the distribution function, {p, r, ¢}, are re-
placed by the equivalent set {py, &, r, #}. The three-dimensional momentum variable p is replaced by the
two-dimensional Fermi momentum, p,, which is defined by the direction normal to the Fermi surface for
the momentum p nearest to py, and the excitation energy, ¢ = E(p, r; 1) — E. For a review of transport
theory, including the energy representation, see Refs. [13,16]. I use the energy representation throughout
this paper, in which case I drop the subscript on the momentum variable, so hereafter p is understood to
be a value of the momentum on the Fermi surface.
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where the off-diagonal element, %K(p, r; &, 1), 1s the anomalous (Gorkov) propagator, which en-
codes the dynamics of Cooper pairs and is the source of particle-hole coherence. For the case of
strong disorder only conventional isotropic spin-singlet pairing survives the random potential.
In this case the spin structure of the anomalous propagators reduces to %R’A'K = io, f**K, where
o, is the antisymmetric Pauli spin matrix.! The conjugate anomalous propagator, fK = io, fK,
is related to %K by particle-hole conjugation symmetry, fK(p, r;e,1) = —f%(—p,r; —e, 0)*. All
of the relevant propagators and the symmetry relations connecting them are summarized in
Appendix A.

The diagonal elements, §°** = gR*¥ 1 and " = g"*K 1, determine the distribution
functions, n, and n, for particle and hole excitations, respectively:?

1
4—7”.(9K —(g" = g") =m N(p,r; ,1), )

1
@ - @ =g =mNpre ), (3)
i
where gR* and gR’A are the corresponding diagonal components of the retarded (R) and ad-

vanced (A) quasiclassical propagators, E’SR’A, which determine the local space-time-dependent
quasiparticle spectral function,

1
N(p,x;e,t) = Ny [—Elm gt (p.r; ¢, t)] : “4)

where Ny = m*py 12723 is the density of states of the normal metal at the Fermi energy, Dr
(v) 1s the magnitude of the Fermi momentum (velocity), and m* = p, /v is the quasiparticle
effective mass. For equilibrium states at temperature 7 the Keldysh propagator is given by g* =
tanh(Bs/2) [gR — g*], in which case the particle and hole distribution functions reduce to the
corresponding Fermi distributions, n,' = f(¢) = 1/(eP* + 1), n)* = f(—e) =1 — f(¢), and B
= 1/kgT.

Measurable properties such as the charge density, n(r, 7), and charge-current density, j(r, ),
are obtained from the diagonal components of the quasiclassical Keldysh propagator. If I ne-
glect the Landau mean-field self-energy term (the diagonal contribution from the diagram in
Fig. 1(d)), the charge density is given by

n(r,t) = n"*(r,1) + 2eNys / dzp/ %QK(p, rie,t), (5)
where n'¢ = ny + 2¢? Ny ®(r, 1) is the local equilibrium charge density of electrons in the pres-
ence of an electrochemical potential ®. The integral over the Keldysh propagator is the charge
density from deviations from local equilibrium. The corresponding current density is given by

. de
j(r, 1) = 2eNf/d2p/ el g<(p.r; e, 1), (6)

where vj is the Fermi velocity. Equations (2) and (3) can be used to separate the charge density
and charge-current density into contributions from the particle and hole distribution functions,
n, and n;, and the spectral functions, g® — g* and g® — g*. The charge and current densities
include contributions from particle and hole excitations, represented by 7, and n;, and con-
tributions from the superconducting condensate, represented by the nonequilibrium spectral

31,0 (P, T; €, t) de d*p d* R is the number of particle (hole) excitations with excitation energy £, momen-
tum p on the Fermi surface, and position r in the phase space element de d*p d>R.
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functions. Note that for spatially varying superconducting states the local equilibrium super-
currents are encoded in the Keldysh propagator.

The central equations of the nonequilibrium theory of superconductivity are transport-like

. ~R.AK . . . .

equations for & , which generalize the Landau—Boltzmann equation to the superconducting
state [9,12]. They are a set of coupled integral-differential equations of first order in the spatial
derivatives and, in general, of infinite order in time derivatives. The equation for the Keldysh
propagator is

12 S @K(p, r;e,t)— & o ﬁA(p, r;e, t)+ " o fK(p, r;e,t) @)
3% @A(p, r;e, t)+ ihvy - V,@K(p, r;e,t) =0,
where the operators

Hpoein )=t —Wpr ) — S (peir, 1) ®)
are defined by the excitation energy, ¢, the coupling to external fields, v, and the retarded and
advanced self-energies, " The directional derivative corresponds to propagation along clas-
sical trajectories defined by the Fermi velocity, vp, and arises from the quasiclassical approxi-
mation to the inhomogeneous Gorkov equations, which takes advantage of the separation in
scale for spatial variations of the superconducting order parameter, set by the Cooper pair cor-
relation length, &g = hv/2mkgT. , and the atomic scale set by the Fermi wavelength, A, = h/p,
i.e. the derivative term is of order A/&( with corrections of order ()Lfléo)z or smaller. For a more
detailed discussion of the quasiclassical approximation see Ref. [17].

The o-product represents 2 x 2-matrix multiplication in Nambu space combined with a con-
volution product in the energy—time variables defined by

Tob(e, 1) = exp [%(a;a}’ - a;‘a;’)]a(e, 1)b(s, 1), )

where the superscrlpts a (b) on the partial derlvatlves indicate derivatives with respect to the
arguments of @ (b) The solution of Eq. (7) for & requlres the external potentials V(p, r; 7);
the advanced, retarded, and Keldysh self-energies, bk (p, r; &, t); and the advanced and re-
tarded quasiclassical propagators, &"". The latter are solutions of the retarded and advanced

Eilenberger equations,
=RA AR,A]

(A8

In addition, the physical solutions of Eqgs. (7)-(10) satisfy the normalization conditions,

4 ihvy - V8 N (psir, 1) = 0, (10)

~RA =R, A -

& o® -1, (11)

& 0B +6 08" =0. (12)
The normalization condition was derived by Eilenberger for the equilibrium propagators [9],
and is the constraint that enforces the normalization provided by the source term of Gorkov’s
equation. The extension of the normalization conditions to nonequilibrium retarded, ad-
vanced, and Keldysh propagators was done by Larkin and Ovchinnikov [12]. In particular,
Eq. (12) provides the starting point for transforming the Keldysh propagator into nonequilib-
rium distribution functions for Bogoliubov quasiparticles for long-wavelength, low-frequency
disturbances from equilibrium [18].
The quasiclassical transport equations, Eqgs. (7)—(10), require as inputs the self-energies,

SRA, . . . .
DR K, which are defined by the resummed perturbation expansion in terms of renormalized
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electron—electron, electron—phonon, and electron—-impurity interactions [13,19]. The leading-
order self-energies are represented in terms of Feynman diagrams in Fig. 1. Each self-energy
is defined in terms of renormalized interactions, shown as block vertices which couple to the
low-energy quasiclassical propagators. The self-energies are functionals of the quasiclassical
propagators, and are computed self-consistently with the propagators obtained as solutions of
Egs. (7)—(12). The zeroth-order diagram, Fig. 1(a), is independent of the quasiclassical propaga-
tors and represents the band-structure self-energy; it is parametrized by the Fermi momentum,
p, Fermi velocity, vp, and quasiparticle spectral weight, a(p) = [1 — dReXZ“(p, &)/de].—o] "
The latter is absorbed into the definition of the renormalized vertices [13]. The first-order self-
energies shown in Fig. 1 represent (b) the coupling of an external field to low-energy quasipar-
ticles, (c) the leading-order electron—phonon self-energy, (d) the mean-field electron—electron
interaction energy of quasiparticles and Cooper pairs, and (e) the electron—-impurity scattering
processes.

Here I consider the combined electron—electron and electron—phonon self energies, Figs. 1(c)
and (d), in the “weak-coupling limit,” kg 7. < ¢, < Er, where ¢, is the bandwidth of attrac-
tion for Cooper pair formation. For conventional electron—phonon-mediated superconductiv-
ity, the bandwidth is determined by the maximum phonon energy, or “Debye energy,” &, =
hQp. The corresponding self-energies are independent of energy in the low-energy bandwidth,
in which case 3" = 2" = /E\Jmf(p, r;t) = Gue(p,1; )73 + K(p, r; t). The diagonal term is the
Landau molecular field self-energy,

/ / d8 /
Surlpri) = [ @ app) [ o @rien) (13)

where A(p, p) is the forward scattering limit of the quasiparticle—quasiparticle scattering am-
plitude for momenta on the Fermi surface [13]. The off-diagonal self-energy for s-wave, spin-
singlet pairing takes the form

~ 0 ioy, A(r; t)
A(p,r;t) = ! 14
(b ;1) (l.ay rwn o ) (14)
with the mean-field order parameter given by
d
awn=g [ @ [ $LiG e (15
4mi

where g = A — u* is the s-wave pairing interaction from the combined electron—phonon—
electron (1) and electron—electron (u*) interactions in the Cooper channel in the weak-coupling
limit. Note that g > 0 corresponds to a net attractive interaction.

The effects of impurity scattering on the properties of superconductors are determined to
leading order in s = h/p €, where £ = v, T is the mean free path due to quasiparticle scattering
off a random distribution of impurities, by the self-energy diagrams in Fig. 1(e). This series
defines the quasiparticle-impurity T-matrix, TRAK(p, p’; €), with the self-energy given by the
T-matrix in the forward scattering limit,

SRAK
S (T £,1) = iy TN (p, o1 6, 7). (16)

where 7y, 1s the mean impurity density, and the T-matrices are the solutions of the equations

/ 0 / 717 i\ wRA L, "o
’T“"A(p,p,r;e,r)=U(p,p)+fod2p Up.p) & (0" 6. 0) o TP, p s 2, 1), (17)

:I'\K(p, p.r;e t) =Ny / a’p" TR(p,p’.r; e, 1) o @K(p”, r;e,t) o:I:A(p”, p.r;e, 1) (18)
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The impurity T-matrices are determined by the electron—impurity vertex, U(p, p’), and the qua-
siclassical propagators. To leading order in S the corresponding self-energies also depend only
on the mean impurity density, n;n,. Multiple scattering by more than one impurity, quantum
interference, and coherent backscattering of conduction electrons are higher order in s [16].

The nonequilibrium quasiclassical equations, normalization conditions, and self-consistency
equations represented by the self-energy diagrams in Fig. 1 form a set of nonlinear integro-
differential equations that determine the nonequilibrium quasiparticle distribution functions,
the dynamics of the order parameter, and the nonequilibrium charge and current response.
These equations are accurate to leading order in the expansion parameters of Fermi-liquid
theory (e.g. s = {ksT/E, Ii/pséo, h/ps€, h/TEs, hw/Ey, .. .}). In the following I discuss the
effects of disorder on charge transport in normal and superconducting alloys.

3. Charge diffusion

For the normal Fermi-liquid state the quasiclassical equations reduce to the Landau-—
Boltzmann transport equation, which can be expressed as a transport equation for the Keldysh
propagator. For the particle sector this equation is given by
K
(%5 W) — 4 G = 20 (6 g, (19)
The left-hand side of Eq. (19) describes the smooth evolution of the quasiparticle distribution
function in phase space under the action of external fields, v(p, r; ¢), and the molecular field
self-energy in Eq. (13).

The terms contributing to the collision integral are grouped together on the right-hand side
of Eq. (19), and are proportional to &% and &, = (GR — &*). In the example that follows I
evaluate the impurity self-energies in the second-order Born approximation, i.e. the first- and
second-order diagrams shown in Fig. 1(e),

GRAK(p 16, 1) = / a*p w(p, p) ¥ @, r; e, 1), (20)

where w(p, p') = nimp Ny [u(p, p')|? is the impurity-scattering rate for quasiparticles with mo-
mentum p scattering to a final state with momentum p on the Fermi surface in the Born
approximation.*

Quasiparticle transport results from the coupling to the electromagnetic field represented
by the vector and scalar potentials, v = 2v, - A(r, 1) — e®(r, 7). For weak fields I obtain the
linearized transport equation,

dgk « (985 8 re «
where the collision integral on the right-hand side of Eq. (21) reduces to
1= [ @9 w. ) [6*0.rie.0) — Kb 0)]. 22)

The collision integral describes the net change in the distribution function for quasiparticles
of momentum p resulting from the “scattering out” of and “scattering in” to the state p. For
simplicity I assume the quasiparticle-impurity scattering rate is dominated by scattering in the
s-wave channel, in which case w(p, p) ~ 1/t, independent of the initial and final momenta
on the Fermi surface. Solutions to the transport equation for the linear response function

“Note that the first-order term u(p, p) drops out of the normal-state transport equation.
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Sg¥(p,r;e, 1) =g®(p,r; e, 1) — gfjl(p; ¢) determine the charge and current density response to
electromagnetic (EM) fields. The linearized transport equation can be Fourier transformed to
obtain the linear response function §g*(p, q; &, w). The Fourier amplitudes for the EM field are
E(q, w) = iTwA(q, w) — iqd(q, w). The charge density response is given by

sn(q, w) = e Ny [(8g°)(q, ) — e®(q, w)] (23)

where (8g%) = [d°p [ m(S g" is the Fermi-surface average of the equal-time Keldysh distribu-
tion function.
The solution to the linearized transport equation for (§g*) is given by

—iw e
(8g") = —(—eq)(q, w) T x(q, w)+—A(q,w)-x>, (24)
1 —x(q, ») c
where the scalar and vector response functions are defined by
1 L
— d2 , — d2 P , 25
x / P ior+iq-g, X / P it +iq - £, @3)

and £, = v,7 is the mean free path for quasiparticles propagating along the classical trajectory
defined by the Fermi velocity vp. For long-wavelength (¢ ¢ < 1), low-frequency (vt < 1) EM
fields I expand the scalar and vector response functions to leading order in wt and q - £,. In
this limit the charge density is governed by a diffusion pole of the charge response function,
%q%q] o(q. ). (26)
Equivalently, the Fermi-surface averaged Keldysh propagator obeys an inhomogeneous diffu-
sion equation,

dn(q, w) = —Nfe2 [

0 00
(5 - ViDijVj) (8g®)(r, 1) = e (27)

where
Dy =t / D (p)i(%p); (28)

is the diffusion tensor, reflecting the anisotropy of the Fermi surface and Fermi velocity. For
an isotropic Fermi surface I obtain the standard result, D;; = %vfft&- .
A similar analysis of the charge current response defines the conductivity tensor,

i(q, w) = Ny (ev, 8g°)(q, ®) = 6(q, ») - E(q, w). (29)
For ¢ — 0 the frequency-dependent conductivity reduces to Drude’s result,
Nye*D
o)=L (30)
1 —iwt

and Einstein’s relation, o (0) = e2N r D, relating the static field conductivity and diffusion ten-
sors [20].

4. Usadel’s equations

The timescale for Cooper pair formation in the superconducting state is t.,;, = hl2wkgT,.
The corresponding spatial scale for the pairing correlations in the clean limit is then given by
& = vy t.op for ballistic electrons moving with the Fermi velocity. In a disordered metal the
ballistic estimate for the pair correlation length breaks down if £ < &g. Thus, for “dirty” super-
conductors the correlation length is reduced by the diffusive motion of the quasiparticles. The
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pairing correlation length now becomes &2 = 3Dt or

3rD
¢= g = Ve (1)

In the limit ¢ <« & Usadel obtained a simplified set of diffusion-type equations for the qua-
siclassical propagators averaged over the Fermi surface [14]. Diffusive motion of quasiparti-
cles in disordered metals has dramatic effects on the transport properties of disordered super-
conductors [15,16,21,22]. Below, I derive the Usadel equations for the Keldysh formulation of
nonequilibrium quasiclassical theory following the method developed in Ref. [22].

4.1 Expansionint | &

A key feature of the “dirty limit” is that the impurity self-energy is the dominant term compared
to all other terms in the transport equations. If I assign § = £ / & « 1, then the dominant
contribution to the self-energy is of order

(i) = 2 = 572 (2)
relative to the superconducting energy scale, 27 7...° Similarly, other terms in the transport equa-

tion are of order
vy - Vil=6"",  [3—A] =45 (33)

The quasiparticle coupling to a magnetic field via the vector potential is of order

Svp A~ L A%g—om,/g—oza‘l (34)
c? 2nT.c ¢ £ 14 ’

The expansion in powers of § is used to reduce the quasiclassical transport equations to the
Usadel diffusion-type equations. The procedure is to formally expand the propagators in pow-

ers of §,
ARAK ~R.AK ~R.AK ARAK

. ~RAK . . . .
with [, "] = 6", then separate the transport and normalization equations into terms corre-

sponding to powers in §. The leading-order terms contributing to the transport equations in
powers of § are

2 [She 8] =0, (36)
571 il 9,80 — [ o é%‘f’*] —0, (37)
50 : [5?3 ~A. 6§’A] + vy - 3,07 — [z;‘; LBy A] =0, (38)
where
3, X = ViX — i [A% X]. (39)
C

is the covariant derivative of X with respect to local gauge transformations. These equations are
supplemented by the expansion of the normalization condition in powers of §:
~RA  ~RA

80 B, 08, = -1, (40)

SCentral to this estimate is that T is nearly insensitive to nonmagnetic disorder for s-wave supercon-
ductors [23].
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sl: 0 By 08, 48, 08y =0, (41)
2. B lomtrated et o = 0. (42)

The impurity self-energy is isotropic in momentum space, and to leading order is proportional
to the Fermi-surface average of the propagator,

~rA 1

> = —(@R’A(p, e, 1))p. (43)

imp = 7
Equation (36), combined with the normalization conditions in Egs. (40)-(42), im-
ply that 6§’A(r; e, 1) = (@R’A(p, r;e,1))p, and the higher-order angular averages vanish,
(@E’A(p, r; e, 1)), =0, where (...)p = [d %p (...) is the angular average over the Fermi surface.
Equations (37), (40), and (41) can be used to obtain the first-order correction to the propagator,

—~ 1 —~ —~
B porse 1) = —— Y- (®§’A ° aresoR’A) . (44)

Usadel’s equation for E’SOR’A is then obtained by inserting Eq. (44) for @?’A into Eq. (38) and
integrating all terms in the resulting transport equation over the Fermi surface,
1 _ ~ PP
—3,-D- (8" 08,8, ) + [¢ts - 3.8, | =0, (45)
v o
where D is the normal-state diffusion tensor given by Eq. (28). Note that the term involving
the commutator of the impurity self-energy with the second-order correction to the propaga-
tor, Qil;’A, drops out of the transport equation upon averaging over the Fermi surface since

(@E’A)p =0forn>1.
A similar analysis carried out for @é( yields
1 ~R ~K 1 ~K ~A .~ =K
—~9,-D- (8 08:8;) + —~9,-D- (86 08, 8y) + et - A,@O]O ~0, (46)

By 0By + 6" o0&, = 0. 47)
The latter condition is satisfied by introducing the Nambu matrix distribution function (75\ ,

B B og—god (48)
In the low-frequency, long-wavelength limit, w < A, vy < A, Shelankov’s projection operators
for the local particle and hole sectors can be used to derive transport equations for Bogoliubov
quasiparticle distribution functions in the diffusive limit [24]. See also Ref. [15] for applications
of the Keldysh—Usadel theory to collective modes in disordered superconductors. For a detailed

derivation of the kinetic equations and interpretation of $ in the weak-scattering (ballistic) limit
see Ref. [18].

4.2 Equilibrium Usadel equations

The first observation on the structure of the equations for @(‘} AK 1s that, in contrast to Eilen-
berger’s transport equation, Usadel’s equations are second-order differential equations of the
diffusion type. For inhomogeneous equilibrium states the energy—time convolution operator
drops out and Eq. (45) can be analytically continued (¢ — i ¢,,) to obtain Usadel’s equation for
the Matsubara propagator,

%a, D - (B8, &) + [ieats — A, By] =0, (49)
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which also obeys the Eilenberger normalization condition,

[@O(r; 8,1)]2 - (50)

4.3 Anderson’s theorem

The second observation is that the impurity self-energy has disappeared. Disorder appears in
Usadel’s equation only via the normal-state diffusion coefficient multiplying the second-order
derivative term. Thus, for a dirty superconductor with a homogeneous order parameter in the
absence of magnetic fields, the solution of Egs. (49) and (50) for the equilibrium propagator is
independent of disorder and given by

o~

i, T3 — A
The implications of this result are that the bulk thermodynamic properties in zero field are
insensitive to disorder. In the weak-coupling limit the mean-field pairing self-energy is deter-
mined by Eq. (15). From Eq. (51) and analytic continuation to Matsubara energies, the gap
equation becomes

80(8,1) =-7 (51)

_—nT Z 82+|A|2 (52)

The logarithmic dependence on the cutoff is regularized by subtracting the kernel of the lin-

earized gap equation that determines 7. to express the gap equation as a convergent Matsubara
sum, as well as to remove the cutoff and pairing interaction in favor of 7,

= 1 1

Similarly, the quasiparticle density of states obtained from analytic continuation of Eq. (51) to
the real energy axis, i ¢, — ¢ + i 0", means the spectral function defined by Eq. (4) reduces to

Thus, the superconducting transition temperature, 7., gap amplitude, A(7), excitation spec-
trum, and thermodynamic potential are insensitive to disorder for isotropic s-wave pairing,
which is often referred to as Anderson’s “theorem” [23].% These results were derived indepen-
dently by Abrikosov and Gorkov [26] based on a field-theoretical formulation of the pairing
theory and the impurity averaging technique of Edwards [27], the latter of which generates the
T-matrix theory for the electron—-impurity self-energy defined by Egs. (16)—(18). Note that for
pairing that is isotropic on the Fermi surface, the insensitivity of the gap and 7. do not depend
on the strong disorder limit, i.e. A/t > 27 T,.. However, conventional superconductors in the
clean limit typically have anisotropic pairing interactions even in the 4;, pairing channel, and
as a result impurity scattering that samples different gap amplitudes on the Fermi surface leads
to Andreev scattering, pair breaking, and, for weak impurity scattering rates h/2rt 7, < 1, to
a weak suppression of 7. [28-30] that persists until the impurity scattering rate is sufficiently
fast to average the anisotropic pairing interaction over the bandwidth of attraction, 1/ > w,

[19].

®For an extension of the Anderson theorem to a specific class of anisotropic unconventional supercon-
ductors with anisotropic impurities see Ref. [25].
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4.4 Current response
Significant differences between the clean and dirty limits appear for inhomogeneous supercon-
ducting states, even spatially uniform current-carrying states. Persistent currents, i.e. equilib-
rium supercurrents, are described by a spatially varying phase of the order parameter. The
order parameter for spin-singlet, s-wave pairing can be expressed in terms of the amplitude,
|A(r)|, and phase, ¥ (r),

A(r) = |A(r)|(ioy) [e+“’<')a + e—"l’(”?,] : (55)

where T, = (7] & i1)/2 combined with 73 represent the circular basis for the Nambu matrices
(see Appendix B). In this basis the matrix propagator can be expressed as

Bors ) = g0 )% + o [f(r: )% + (s 1) |. (56)

Given the zeroth-order Matsubara propagator that satisfies Eqgs. (49) and (50) for a spatially
varying order parameter, or “pair potential,” the leading-order correction to the propagator
can be calculated from the analytic continuation of Eq. (44),

~ T -~ ~
Gi(p.rien) = — [BoVp - 8: Bo], (57)

which yields Usadel’s result for the supercurrent in the dirty limit [14],

1 ~ N D h h
iO=NTY f d’p (evy) 5 Tr{T&1(p. 1: &)} = ——1 TZ[E;«‘irf—f;aIi] (58)

v

where the covariant derivative reduces to 8, = V, — i %A.

The dependence on the Matsubara energy encodes both the spectral resolution of the
fermionic states contributing to macroscopically occupied Cooper pair condensate and the re-
duction of the current due to thermal excitations out of the condensate. These features of the
current are revealed by transforming to the real energy axis (see Appendix C),

N/D [t 1 h h
i(r) = gy / de f(e) [—;Im{fR(r; €) = 9, (r; &) — (s ¢) = 8IfR(r; 6‘)}] , (59)

o

where f{(¢) is the Fermi distribution. This result has the wave-mechanical structure for the cur-
rent of charge 2e Cooper pairs, but spectrally resolved in terms of the fermionic states that
contribute to the current carried by the Cooper pair condensate. At 7= 0 the negative energy
states which comprise the Cooper pair condensate determine the maximum current density,
with thermally excited particles and holes leading to a reduction of the supercurrent governed
by the Fermi distribution.

For slow spatial variations of the phase on the scale of the coherence length, £|V#| < 1, the
currents are small in magnitude compared to the maximum sustainable supercurrent, i.e. the

bulk critical current, and the magnitude of the order parameter is, to a good approximation,
constant and given by the bulk equilibrium value. In this London limit the order parameter is
given by A(r) = |A| exp i (r), and the corresponding anomalous propagator is given by
fR _ n|A|e+iﬂ(r)

VIAPR = (e +i0+)?
with fR (r; €) = f*(r; —&)*. The resulting spectral current density becomes

1 R, . R, Roo \Paie, 1 42| A)?
‘;Im{f (15 8) 3 8T 0) = £) 2O 0) = | = Imem s | P
=2m*|A[[8(e — |A]) = (e + [AD] ps. (61)

(60)
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where
1 2
p== (hvrz? = —eA> , (62)
2 c

is the gauge-invariant momentum per particle of the condensate. Note that the structure of
the spectral current density in the dirty limit leads to a cancellation of the contribution from
states represented by the branch cuts, leaving only the contributions from isolated poles at &,
= 4|A|. This result is in sharp contrast to the spectral current density in the clean limit where a
branch cut ensures that the entire negative energy spectrum with ¢ < —|A| contributes to the T
= 0 supercurrent. My interpretation for only the states at ¢ = | A| contributing to the spectral
current density is that for any realization of a random distribution of impurities, Tomasch
oscillations [31,32] induced in the spectral current density due to impurity-induced Andreev
scattering by the spatially varying phase destructively interfere for all energies except ¢ — £|A]
where the Tomasch wavelength Ar(e) = hwvs/(/e? — |A|? diverges.
Thus, in the dirty limit the resulting supercurrent obtained from Eq. (59) becomes

A
j(r) = 2w eN;D |A| tanh (%) ps = eny(T) vy, (63)

and thus a superfluid fraction given by

¢ |A| |A
() ().

where Ay = |A(0)], n = %N v rpyis the total electron density comprising the Fermi sea, and & o

= hvy Im Ay is the zero-temperature coherence length in the clean limit. Note that I have intro-

duced the superfluid velocity field v, = p, /m*, where the quasiparticle effective mass is defined

by m* = py/vs. Thus, although T, and the amplitude, A, of the condensate order parameter are

insensitive to disorder, the current that can be transported by the condensate is dramatically

reduced in the dirty limit, £ / £, < 1, due to destructive interference for states with ¢ < —|A|.
The superfluid fraction determines the London penetration depth,

1 4mnge® 1 [¢ A A
— = lf S— (_> (U) tanh (u) , (65)
AL m*c ALO En Ag 2T

where 1/){0 = 4mrne? /m*c? determines the zero-temperature penetration length in the clean
limit. Disorder weakens the Meissner screening current, and thus increases field penetration
relative to that in the clean limit. Strong disorder also shortens the coherence length so that the

Ginzburg-Landau ratio,
AL &o
Kdirty = ? N Kclean (? ) (66)
increases with disorder. As a result, superconducting alloys in the dirty limit are generally type I1
superconductors, even for superconductors that are type I in the clean limit, i.e. Kgean = A1, /0 <

1/+/2[33].

5. Nonlinear current response
The current given by Eq. (63) can be extended beyond the linear response limit. The key step is
to first “remove” the spatially varying phase of the order by a local gauge transformation,

A(r) = U O] A U9 (1)), (67)

where A’ = |Alio, T and U [9(r)] = exp[i? (r)T3/2] generates a local gauge transformation by
phase angle 9(r). This representation is used to transform Eq. (49) to the gauge in which the
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order parameter is real, hereafter the “real gauge.” The propagator and covariant derivative
operator in the new gauge are defined by

Bo(r: £,) = UMD ()] Bo(r; £,) U (1)), (68)

88(r; &) = U'[2 ()18, Bo(r; &) UL (1), (69)
where 3;? =V.X —i [ps'f}, X ], and p; is the condensate momentum in Eq. (62). Usadel’s equa-
tion in the real gauge is given by Eq. (49), but with @0 replaced by 80 and 9, replaced by a,.

For the special case of spatially uniform condensate momentum the Usadel equation in the
real gauge reduces to

2D PPN
[ma———ﬁa—AZ%]=0 (70)
T

The resulting solution to Egs. (70) and (50) for the Usadel propagator, transformed back to the
original gauge, can now be expressed as

i€,T3 — A(r)

@ I, &, = —7 , 71
or: £,) R (71)
with the renormalized Matsubara energies defined by
5,, = Z(Sn, ps) En, (72)
Z
Z=142Dp ————. (73)
JZ2E2 4+ AP
Note that Z is real for all ¢,,, and scales to the limit Z — 1 for |¢,| — oo.
Equation (58) for the current response depends on the anomalous propagators
I A| e+i§(r) .
f=n — . j=T (74)
VZ(en; p)el +1A]
and their covariant derivatives,
h h
—d.f = +2p,f. , and -dlf= —2p,f. (75)
i i "= =

The resulting supercurrent is then given by the nonlinear function of the condensate momen-
tum,

. A7
js=4eN/D (nT Ps (76)
Y ( — Z(ew poV ey + A7)
where Z is obtained from the solution of Eq. (73) for each Matsubara energy. In the nonlinear
regime, the amplitude of the order parameter, |A| = A(p,), also depends on the condensate
momentum and diffusion constant. The gap equation for the self-consistent, mean-field order

parameter becomes

ln%:nTZ[ ! ! } (77)

— | VZ(En: p el + A(p)? el

5.1 Perturbative nonlinearities
The leading-order nonlinear correction to the current-field equation is obtained by expanding
Egs. (76) and (77) to order p? and p?, respectively. The expansion parameter is 2Dp? < |A|.
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Fig. 2. Generalized Yoshida functions, V= (7'), that determine gap suppression and the nonlinear Meiss-
ner effect.

Setting Z = 1 on the right-hand side of Eq. (73) gives

Z~142Dp (78)

1
NCESYNES
As a result, the condensate flow field suppresses the gap quadratically in p,. Writing A(T, p,)*> =
A(T)* + A3(T, ps) and solving the gap equation, Eq. (77), perturbatively determines the
leading-order correction to the gap amplitude:

A2 4D p\ | V2 (T3 A) = V(T3 A)
_2 — S 2 2 , (79)
A A Y3(T; A)
where I have introduced the generalized Yoshida functions,
Am—l
Vu(T; Ay=nT —_— m>2. (80)
2 Z (67 +A2)”
In terms of the dependence of the gap amplitude on p;,
2
A(T: p) = A(T) [1 ~prin) (2) } , 1)
2 AN | Y(T) = Vs(T)
T:7)= — A — 2 2 , 82
B(T:7) = — (xTA) (m){ 5T (82)

where p. = Alvy, Ag = A(0) is the zero-temperature gap for p, =0, 7t Ag=£/& 5, and YV (T) =
Yu(T; A(T)). Several relevant Yoshida functions are plotted in Fig. 2.
Similarly, the nonlinear correction to the supercurrent can be expressed as

2
js = ens(T) |:1 - G(T; T) (;ﬁ) j| Vs, (83)
and n,(T; t) is the zero-field superfluid fraction,

A(T)

sy =n e (S50 ) 29 (84

which is equivalent to Eq. (64), and is plotted in Fig. 3. The coefficient of the nonlinear correc-
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Fig. 3. The superfluid fraction, n,(7)/n, determines the London penetration depth in the low-field limit.
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Fig. 4. The nonlinear current response is determined by the product (n(T; t)/n) x 6(T; 7).

tion is given by

0(T:;7) = % (rtho) (%)

x |:(y§(T) V1) /Y@y + (1) - vy / yg(T)] . 89)

Note that the scales of n,/n, 6, and g are determined by 77 Ay.

The zero-temperature limits for the order parameter suppression and nonlinear correction to
the current are obtained by setting A(0) = Ag >~ 1.78 kg T and transforming Eq. (80) into an
integral representation for the Beta function [34],

N—

. Lt ol /m=1 1\ 105 T(3)

The resulting zero-temperature limits for the order parameter and current response are given
by ny(0) = n(wrtAp), B(0) = %(ﬂIAo), and 6(0) = %[% + %](T[TA()) ~ 0.257 (mrt Ap), which
agree with the 7 — 0 limits computed numerically and shown in Fig. 4.

16/25

2202 Idy Gg uo Jasn AS3Q UoJ0IyouAg usuoipialg sayosineq Aq ZeSE£S9/€01£€0/€/220Z/a101e/deid/woo dnoolwspeoe//:sdpy wol papeojumo(q



PTEP 2022, 033103 J. A. Sauls

5.2 Nonlinear Meissner effect

In the Meissner state supercurrents screen an external magnetic field from penetrating into
the bulk of the superconductor. For weak magnetic fields the screening current is linear in the
condensate momentum, Eq. (63). Increasing the external field drives the current response into
the nonlinear regime defined by Eq. (76). For weak nonlinearity the current response is given
by Eq. (83), and when combined with Ampére’s equation and charge conservation, I obtain the
nonlinear London equation,

Ps — )»_2 - Q(T, T) F Ps = 01 (87)

L c
where Ap, defined in Eq. (65), is the London penetration depth which defines the field penetra-
tion length in the low-field, linear response limit.

For a planar vacuum-—superconducting interface, with z being the distance into the supercon-
ductor normal to the interface, and external field at the surface given by H = HX, the screening
current and condensate momentum flow parallel to the interface, p; = ps(z)¥y. The local mag-
netic field in the superconductor is then given by B = B(z)X = §‘%§( Continuity of the field at
the vacuum-superconducting interface requires

dpy e

H. 88
dz |._, ¢ %)

In addition, the magnetic field, and thus the screening current, also vanishes deep inside the
superconductor, lim, _, o, B(z) = 0. It is convenient to introduce the dimensionless condensate
momentum, u = v/0p,/p., and the scale distance, { = z / Ar.. The differential equation for u(¢)
becomes
d*u
— —u(l —u*) =0, 89
g =) (89)

d
with b = d_:“l = /6 B(z)/H., supplemented by the boundary conditions

du :@gzh, Wt — 00) =0, (90)

az |,

%vﬁ = —%_ 5 the thermodynamic critical field, &y = hc/2e is the flux quantum,
AL TEAML

and & o = hvy /m A is the pair correlation length. The solution for the magnetic field,

2
b= het o 1)
[h?/4 4+ (1 — h?/4)e* ]

is derived and discussed in detail in Ref. [35, Appendix B]. Note that if I drop terms of order
h? 1 recover the linear response solution to the London equation, B = H ¢~“/*L. Increasing the
field at the interface suppresses the screening current leading to increased field penetration, as
shown in Fig. 5. The penetration depth can be defined in terms of the initial decay rate of the
field into the superconductor,

1 1T 1db 1 3 H\?
W)~ [‘MLO " [l —#T0 (E) ] | -

Note that A(H) increases with the field as expected, and that this definition of A(H) is equivalent
to identifying the penetration depth with the surface reactance, i.e. A(H) ™o (0)/H.

where H,. =
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Fig. 5. Enhancement of the magnetic field relative to the linear London field, H e~*/*L, from the nonlinear
correction to the Meissner screening current as a function of depth, z/ Ay, for a range of scaled external
fields, h = /OH/H_, from Eq. (91).

5.3 Microwave photon generation

The nonlinear screening current in Eq. (83) is valid for low-frequency EM fields, i.e. v < 2A.
For niobium with 7, =~ 9.3K, 2A(0)/h >~ 700 GHz, in which case for EM fields at gigahertz
frequencies the nonlinear screening current at a vacuum-superconducting interface is to a very
good approximation given by Eq. (83) with n; and 6 given by their static limits. The dissipative
current response from unpaired quasiparticles is exponentially small for T« T,.

Thus, the dominant contribution to the current response is given by Eq. (83), for any A(r,7)
in the limit w <« A. The incident EM field can be strong, i.e. the number of photons in any
mode N, > 1, but below the threshold for vortex generation. In this limit I can absorb the
phase gradient into the vector potential, A + Z—;Vz?—>A, and work in the transverse gauge. The
corresponding current response just below the vacuum-superconductor interface can then be
expressed as

. c 0 5
]s——m{l—A—%Vﬂ }A, 93)
where A, = H,. AL.

For a vacuum-superconducting interface with incident photons from the vacuum side in two
modes, the current response of the superconductor in the linear response limit is to shield the
EM field and reflect the radiation back into the vacuum. Thus, for photons in two modes with
frequencies w| and w, the superconductor provides nearly total reflection of incident photons.
However, the nonlinear term in the current response of Eq. (93), proportional to |A|> A, leads
to current sources at the vacuum—superconductor interface with frequencies

wy € 3w, 3w, 2w £ wy, 207 £ w1}, (94)

that can radiate photons back into the vacuum.
Consider an incident EM field with photons in modes w » with polarizations e; > and am-
plitudes

Air = A12(2) e p Ree™ 95)

that penetrate into the London penetration depth region of the superconductor. The nonlinear
term in the current response then generates current sources that can radiate photons at any of
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the frequencies w,,

. c 0

is(wq) = 47_[)\% A_%G(wa)a (96)
where G(w,) are the sources generated by the incident EM fields at w; and w, that radiate
photons at the third harmonics and the intermodulation frequencies,

1 )
GQ@w)) = 2 A% e Re el3w]t7 7)
1 .
G(3a)2) = Z A% (%) Re €l 3w2t, (98)
1 2 1 i(2w1iw2)z
GQRw; +wy) = 5 Al Ar|(e;-er)e + Eez Ree s (99)
1 1 .
GQRwr + w)) = 3 A3 Ay [(e1 ey) ey + 5el] Re ¢iZe2Eenr (100)

Note that third harmonic generation is guaranteed with a polarization state referenced to that
of the relevant incident photon. For radiation at the intermodulation frequencies the polariza-
tion states of the emitted photons depend on the polarization states of both incident photons.

5.4 Nonlinear Kerr rotation

In the linear response limit, incident photons are reflected by the superconductor back into
the vacuum at the same frequency and, if the superconductor is nonchiral, with the same po-
larization [36]. However, if two modes with nonorthogonal (e; - e, # 0) and nonparallel (e; -
e, # 1) polarizations are incident on the superconductor, the nonlinear coupling generates a
source current at the incident frequencies that radiates photons in a superposition of the two
incident polarization states,

3 1 .
G(w)) = [(Z A+ 5Al Ag) ey + Ay A5 (e - ez)ezi| Re e, (101)
3 1 .
G(w) = [(Z A% + EAz A%) e+ A A% (eg - ez)el] Re "', (102)

Thus, the nonlinear Meissner current, driven by a beam of photons in two modes, can induce
a polar Kerr effect, i.e. rotation of the polarization state for the reflected photons. Observation
of this effect would be a direct signature of the nonlinear Meissner current with the mixing
between the two polarization states proportional to the nonlinear coupling 6.

5.5 SRF cavities as axion detectors

Superconducting RF cavities with state-of-the-art quality factors [37], Q =~ 10!, have been pro-
posed as detectors for light weakly coupled particles such as low-mass axions [38,39]. The idea
is based on a symmetry-allowed coupling of the dark-sector axion field to the visible-sector
EM field, Lin = g4y aE - B, where a(r, ¢) is the amplitude of the axion field and g, is the
axion—photon coupling. The combination of an axion field in the presence of a radiation field
with E - B #£ 0 can provide a current source for radiating photons with frequency w; = 2w; — ws,
where w_, are the frequencies of the photons in two resonant modes of the SRF cavity and w;
is the frequency of the signal photon generated by the axion—photon coupling. If the cavity is
designed such that w; is a resonant frequency of the cavity then there is a large mode density at
the signal frequency for the detection of axion conversion [38]. Central to this axion detection
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scheme is that there are no visible-sector sources of photons at the signal frequency, w,. Thus,
it seems essential to suppress the source current from the nonlinear screening current response
at the signal frequency, e.g. w; = 2w; — w,. The restrictions on the cavity geometry and mode
selection for the spectator photons and signal photons are that w; » ; are all resonant modes, but
G(w,) = 0 for selected spectator modes of the SRF cavity geometry.” For a geometry such as
that of the Tesla cavities [40], even a small region of the cavity surface in which |G(w,)| &~ 434,
will lead to radiation into the signal mode that will likely swamp even an optimistic estimate of
the number of photons generated by axion-like dark matter if the nonlinear coupling parame-
ter & ~ (0(0.1). An analysis of the possible modes satisfying these constraints for high-Q Tesla
cavities, or possibly other geometries, as well as the level of disorder that can be tolerated in
order to suppress surface radiation into the signal mode, is needed. If it is not possible to select
modes with G(w,) = 0 everywhere on the cavity surface then an alternative approach would
be fabrication of an ultra-clean SRF cavity, and operation of the cavity detector at ultra-low
temperatures under excitation of the two spectator modes. In the ultra-clean limit at ultra-low
temperatures the nonlinear coupling is exponentially suppressed, 8 ~ ¢~ 20/%87 [35]. Feasibil-
ity studies for suppressing visible-sector photons from the nonlinear surface current response
at the signal frequency for axion detection are underway.
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A. Propagators and symmetries

The central feature in the theory of superconductivity is quantum-mechanical coherence be-
tween normal-state particle and hole excitations. Particle-hole coherence is responsible for
most of the unique properties of superconductors, including the Josephson effect, the prox-
imity effect of superconducting-normal metal interfaces, and branch conversion scattering be-
tween particle- and hole-like excitations, i.e. Andreev scattering. The internal space of states

"This constraint cannot be satisfied for photons at normal incidence on a plane vacuum-—
superconducting interface, as is evident from Eq. (99).
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for fermions in systems with pairing correlations is the 4 x 4 space of particle-hole ® spin or
Nambu space.

A.1 Nambu Green’s functions

Following Nambu [41] and Gorkov [8] I introduce particle-hole coherence into the Green’s
functions for Fermi systems by enlarging the usual two-component spinors for the creation
and annihilation of spin-up and spin-down fermions,

T
Yir. 1) = @I) Ve = (ﬁ) (Al)

into four-component spinors which incorporate the particle-hole (“isospin”) degree of

freedom,?
(2
W(r,t>=<$)= vl ven=(e) =(vine) @
}
v

Coherent mixing of the “particle” (¢') and “hole” () amplitudes is then accomplished by the
off-diagonal self-energy (“pairing potential”) that fixes the amplitudes for mixing of particle
and hole excitations.

It is convenient to introduce a shorthand notation for the space-time labels: i = (r; , ¢;). Then,
the outer products of the four-component Nambu spinors can be written in particle-hole space
as a 2 x 2 matrix of outer products of two-component spinors,

i
V(') ¥y )  ww) - ( V() v ) 43)
v (DHY'(2) ¥'(DHy(2) v QY1) y)y'(1)

The matrix structure of the four types of propagators is as follows. The retarded (R), advanced
(A), and Keldysh (K) propagators encode information about the nonequilibrium excitation
spectrum and occupation of states. The Matsubara (M) propagators provide information about
the equilibrium quasiparticle and pairing correlations. The corresponding propagators are de-

v(Hwi2) = (

fined as follows:

G*(1,2) = =0 — L) ({Wr, 1), Wi, 1)), (A4)
GA(1,2) = +iO(t, — 1) ({W(r1, 1), W(r2, 1)}), (A5)
GX(1,2) = —i([W(r, 1), ¥i(r2, 1)), (A6)
GM(1,2) = — (T, W(ry, 1) ¥ (r2, ), (A7)

where [Z, §] — AB — BA and {Z, §} — AB+ §Z, and the expectation values are taken in a
restricted grand canonical ensemble that allows for broken symmetry.

The Matsubara propagators depend on the imaginary-time variable, 1 — —it, confined to the
strip —8 < t < B. Note that the adjoint is defined for imaginary times by W(r, ) = Wi(r, —1).

8In constructing Green’s functions and propagators I form outer products of the Nambu spinors, and
thus in any bilinear product such as WT(1)¥(2) it is assumed that the spinor on the left is a column spinor
while the spinor on the right is a row spinor.

21/25

2202 Idy Gg uo Jasn AS3Q UoJ0IyouAg usuoipialg sayosineq Aq ZeSE£S9/€01£€0/€/220Z/a101e/deid/woo dnoolwspeoe//:sdpy wol papeojumo(q



PTEP 2022, 033103 J. A. Sauls

Finally, the imaginary-time ordering operation is defined as

+W(HW(2), 1 > 0,
—v2)v(l), 1 <r1n.
The compact Nambu matrix notation can be expanded as a 2 x 2 matrix in particle-hole space,

_ _(G(1,2) F¥(1,2)
(;(Lz)_'<ﬁxa,2>éﬂlﬁb)’

T. (W) W(2) = { (A8)

(A9)

with x = (R, A, K, M) and each entry being a 2 x 2 spin matrix. In particular, G*and G*
are the “conventional” diagonal Green’s functions, and F¥and F* are the anomalous (Gorkov)
functions which define the pairing correlations of the superconducting state.

A.2 Mixed representation
The most convenient set of variables in which to express the propagators is the mixed represen-
tation obtained by first transforming to center-of-mass and relative space-time coordinates,

R =(r +1)/2, r=r;—n, (A10)

t=(t+10)2, s=t—t, (A1)

then Fourier transforming with respect to the relative coordinates,
ax(p, R 1) = f d3r/+oo ds e (Pr=es) @x(R +r/2,t+s/2;R—r/2,t—5/2), (Al2)
forx =(R, A, K). Similarly, for;;oe Matsubara propagator in the mixed representation I obtain
GM(p, ex; R) = / &r / :9 dt e~ @ =0 GM(R +¢/2, 7: R —1/2, 0), (A13)

where ¢, = (2n 4+ 1)wkpT are the fermion Matsubara frequencies.

A.3 Quasiclassical propagators

Finally, I define the Nambu matrix form for the quasiclassical propagators, obtained by inte-
grating the full Green’s functions with respect to the magnitude of the momentum perpendic-
ular to the Fermi surface, or equivalently over the normal-state excitation energy,

=" (|p| _Pf)- (Al4)
The quasiclassical propagators depend on the position on the Fermi surface defined by the Fermi
momentum, p. [t is also conventional to premultiply the full propagators by the Nambu matrix

a:@ﬂ) (A15)

in particle-hole space,”’and to renormalize the propagators by dividing by the spectral weight
of the normal-state quasiparticle pole. Thus,

~x 1 o~
& (p,e;R 1) = - / d&, T3 GY(p, &; R, 1), (A16)

L oax g* fx _l G~ Fx
LB = (f‘ gx> - a/dgp <—FX —c';x)’ (A17)

9This definition is connected with Eilenberger’s reduction of Gorkov’s equations to transport-type
equations.
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are the quasiclassical propagators that satisfy the Eilenberger transport equations and normal-
ization conditions. Note that the momenta are evaluated at the Fermi surface on the left-hand
side of Eq. (A16) for all quasiclassical propagators.

A.4 Particle—hole and conjugation symmetries
By using fundamental symmetries under particle-hole (conjugation) and fermion exchange I
can derive the following matrix identities relating components of the quasiclassical propaga-

tors:
&"(p,e; R, 1) = +[?1 6" (—p, —&: R, t)*?l], (A18)
8" (p.e: R.1) = —[78" (-p. —e; R0 71| (A19)
8" (p. e R) = +[218" (-p, +0, R)" 71| (A20)
B (p. &R, 1) = +[?36A(p, &R, z)T%], (A21)
3 (p, &R, 1) = —[a@“(p, e; R, z)Ta}, (A22)
8" (p. e R) = +[B8" (0.~ B B) (A23)

B. Nambu matrix algebra
The Nambu matrices obey the algebra of the generators of SU(2),

/‘L'\i%\j:(sij/l\-i-l.ﬂjk%;(, i,jG {X,y, Z}. (Bl)
In the “circular” basis,
1 1
n=50+7m). Tn=50-9) (B2)
Fr?l=%. (H.1)=1 (B3)
(T3, o] = £27%, {13, 72} =0, (B4)

where [’@i/b\] — b — ba and {E/b\} —=ab + ba.

C. Analytic continuation

Matsubara sums for equilibrium properties such as the current in Eq. (58) can be transformed
to an integration over all energies weighted by an appropriate spectral density and the Fermi
distribution function. In particular, consider transforming the sum 7" ), G(e,) to an integra-
tion over the real axis. First, Cauchy’s theorem allows us to represent the Matsubara sum as a
contour integral enclosing all the poles of the Fermi function, as shown in Fig. Cl1,

1
Ty Glen) = —5— dz f(2) G(z), (C1)

[ CL+Cy

provided G(z) is analytic in the neighborhood of the imaginary axis. Then, if G(z) is a piecewise
analytic function in the upper and lower half plane, and vanishes faster than 1/z for |z| — oo,
I transform the integration over contours Cp 4+ Cy to the contours C.. just above and below the
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1€n
—|A] Cq
w w
C_ +|A]
G

Fig. C1. Contour integration for analytic continuation to real energies. In the dirty limit the spectral
current density is dominated by poles at 6. = £|A|.

real axis, and thus to a single integration along the real axis,
1 [t
T;G(en) =5 /_Oo de f(g) [GR(e) — GA(s)], (C2)

where GRA(e) = G(z — ¢ £ i 0™).
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