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Accessing the 3D structure of nucleons
through TMD phenomenology

Abstract

The three-dimensional structure of nucleons and transverse polarisation phenomena at high
energy are subjects of very intensive researches. While collinear QCD at leading twist is not
able to describe such kind of events, more extended approaches including intrinsic transverse
momentum effects have turned out to be more suitable in this context.

In this thesis, phenomenological studies on transversemomentumdependent (TMD) func-
tions are presented. By adopting a TMD approach, we enlight the current knowledge on
some of the leading twist polarised TMD functions, such as the (quark and gluon) Sivers
distributions, the transversity and the Collins functions. The role of the underlying choices
in phenomenological analyses, together with the assessment of TMD signals in the data, is
particularly emphasised.

Indeed, some of the assumptions made on the phenomenological model can influence the
outcome of an analysis. In the case of the quark Sivers function, suitable choices on the set of
parameters result in a more accurate uncertainty evaluation, while for the TMD transversity
relaxing some initial hypothesis eases the tension between phenomenology and lattice QCD
estimates of the isovector tensor charge. The poorly known gluon Sivers function (GSF) are
also analysed, both in the framework of the Generalised Parton Model (GPM) and its colour
gauge invariant extension (CGI-GPM), where two independent GSFs are defined. A first
constraint on the size and the sign of these functions, as well as a new GPM extraction, are
showed.

The extracted TMDs are also adopted to study the single-spin asymmetries observed in
polarised proton-proton and lepton-proton processes. The latter reaction is analysed, high-
lighting the role of the quasireal photon exchange in the unpolarised cross sections and in
the asymmetries. Theoretical predictions compared against existing data show a very good
description of the measured asymmetries. By means of the estimated gluon Sivers functions,
single-spin asymmetries for inclusive J/ψ and photon production in polarised proton-proton
reactions are also estimated. At the moment, no clear discrimination between the GPM and
the CGI-GPM is possible.

A novel Horizon 2020 project, aiming to create an online platform for hadronic and nu-
clear physics is also presented. In future, it would represent a valuable tool,and its potential
extension to TMD physics could become beneficial also for the TMD community.

New data from colliders and fixed target experiments will come in the future. In the quest
for understanding polarisation phenomena, a more agnostic, transparent and thorough ap-
proach in phenomenological analyses would help in preparing the TMD community to be
ready for the next generation of experiments.
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1
Introduction

Our knowledge on the building blocks of nature and of ourselves keeps evolving with time.
Starting from Mendeleev’s periodic table of 19th century, we now know that all the elements
are composite structures of protons and neutrons, forming the atomic nucleus, surrounded
by electrons balancing the charge to form neutral atoms.

Protons and neutrons, i.e. the nucleons, are examples of hadrons. Back in the 1960s, Gell-
Mann [1, 2] and Zweig [3, 4] developed, based on an SU(3) flavour symmetry, the so-called
constituent quark model, that helped in classifying the large plethora of hadrons. In the mean-
while, to describe observables for high energy processes, Feynman, Bjorken and Paschos
[5, 6] introduced the parton model. Thanks to these studies, some of the hadrons already
observed in particle detectors, that showed a composite nature, could be identified, and the
existence of other hadrons that formed later the “particle zoo” was predicted.

The quark model postulates the existence of elementary particles called quarks, and the
underlying SU(3) symmetry brings to three elementary quarks called up, down and strange.
Their existence was confirmed later by the SLAC measurements [7, 8], where deep-inelastic
scattering of electrons off protons and neutrons revealed the presence of up anddownquarks.
In the meanwhile, theoretical developements moved on. On one side, the works of Cabibbo
[9], Kobayashi andMaskawa [10] predicted a total of six quarks, whose existencewas later as-
sessed. On the other side, it was proposed that the quarks are bound together inside hadrons
by the strong interaction, mediated by the exchange of gluons, that were indirectly observed
at DESY [11–14]. All these theoretical works and experimental findings finally led to the
identification of quarks, antiquarks and gluons as partons.

The description of nucleons then evolved to the quantumfield theory language. In fact, the
quantum theory of the strong interaction, called Quantum Chromodynamics (QCD), was
developed. This is a non-Abelian (or Yang-Mills) theory, whose bosons, the gluons, carry
colour charge. So, differently from Quantum Electrodynamics (QED), where photons are
electrically neutral, gluons can interact between each others, thus showing a richer andmore
extended dynamics with respect to QED.

One of the consequences of the non-Abelian nature of the strong force is that the strength
of the interaction between partons increases as the distance between them increases. So, at a
certain point, the condition that makes the production of a qq̄ pair favourable is reached, thus
resulting in an impossibility of detecting free partons in experiments. Viceversa, this makes
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us observe only colourless combinations of partons, i.e. the hadrons, or jets. This behaviour
is known as colour confinement. On the other hand, if nucleons are probed at an high energy
scale Q2 ≫ M2, where M is a typical hadronic mass, one would observe them as a bunch of
free, non-interacting partons. The more Q2 is enhanced, the less partons interact with each
other. This behaviour is the so-called asymptotic freedom of QCD, described in 1973 by Gross,
Wilczek and Politzer [15, 16].

Asymptotic freedom reflects in the behaviour of the QCD coupling constant. In fact, as
depicted in Fig. 1.1, the energy dependence of αs shows this QCD feature: the lower (higher)
Q is, the more (less) quarks and gluons interact with each other. The asymptotically free
regime can be described via perturbation theory, while for the confined regime the pertur-
bative approach cannot be applied, so we have to model the nonperturbative behaviour.

QCD αs(Mz) = 0.1181 ± 0.0011

pp –> jets
e.w. precision fits (N3LO)  

0.1

0.2

0.3

αs (Q
2)

1 10 100
Q [GeV]

Heavy Quarkonia (NLO)

e+e–   jets & shapes (res. NNLO)

DIS jets (NLO)

April 2016

τ decays (N3LO)

1000

 (NLO

pp –> tt (NNLO)

)
(–)

Figure 1.1: Summary of αs measurements as a function of the energy scale Q (in GeV units), updated to April 2016. Figure
is from [17].

QCD relies on factorisation theorems. For a given high-energy collision where at least one
hadron is involved (either in the initial or final state), the corresponding cross section is in
fact written in terms of perturbatively calculable hard parts and nonperturbative functions
that parametrise the hadronic internal structure. These functions are called parton distribu-
tion functions (PDFs) for partons inside the hadrons in the initial state of the reaction, and
fragmentation functions (FFs) for partons fragmenting into the observed hadrons in the final
state, and are both fitted to the data. Historically, they were first introduced by Feynman as
collinear PDFs, within the parton model. These distributions encode a one-dimensional in-
formation, depending only on x, the longitudinal momentum fraction of the parent hadron
carried by the partons. So, fi/p(x) describes for example the probability density to find par-
tons of type i carrying a longitudinal momentum fraction x inside their parent proton. In this
picture, the proton is described as a collection of partons, each of them moving collinearly to
the parent hadron, carrying a given fraction of its longitudinalmomentum, while the partons
intrinsic transverse momentum is integrated over.

PDFs and FFs shapes and values depend also on the energy scale at which they are eval-
uated. Their Q2 dependence is nowadays well-known and established: starting from an
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initial energy scale Q2
0, one can calculate the value of a given PDF or FF at an higher energy

Q2 thanks to the evolution equations developed by Dokshitzer, Gribov, Lipatov, Altarelli
and Parisi, now known as DGLAP evolution equations [18–20]. Moreover, as they do not
depend on the given hard scattering process, PDFs and FFs are universal objects. This im-
plies that they can be extracted from a specific reaction, and used to described another one.
Universality of distributions, together with factorisation theorems, renders QCD a predictive
theory.

1.1 From collinear PDFs to TMDs

Our knowledge on the nucleon internal structure still keeps evolving. Indeed, even if very
successful, collinear QCD phenomenology is not able to describe some of the nucleon prop-
erties, such as its spin.

Since the first, pioneering measurements of the EMC Collaboration [21], it is well-known
that the intrinsic spin of the valence quarks is not enough to generate the total proton1 spin.
Conversely, we have to take into account contributions coming from both sea quarks and
gluons, and also from orbital angular momentum of the partons inside the proton. The lat-
ter quantity cannot be described by a simple, one-dimensional collinear framework, but can
be accessed indirectly via different kinds of multidimensional partonic functions. Here, we
will focus on a specific class of such functions, the so-called transverse momentum depen-
dent distributions and fragmentation functions (TMD-PDFs and TMD-FFs, or more gener-
ally TMDs).

TMDs are multidimensional objects that depend on both x and k⊥, the latter quantity be-
ing the intrinsic tranverse momentum of partons inside the proton. k⊥ is a two-dimensional
vector defined on the transverse plane with respect to the direction of motion of the highly
energetic parent nucleon, thus TMDs are three-dimensional objects. They encode the correla-
tion between the parton intrinsic transverse momentum and the spin polarisation of partons
and/or nucleons, and describe, in momentum space, the azimuthal distribution of partons
inside (un)polarised nucleons.

TMDs usually manifest themselves through several angular modulations observed in dif-
ferent processes. Some of them will be analysed later, and belong to a specific class of pro-
cesses, where two energy scales are detected. Some others, characterised by a single hard
scale, can still be ascribed to effects related to the parton intrinsic transversemomenta. Plenty
of evidences of nonzero TMD effects are now present, such as the azimuthal modulations in
Semi-Inclusive Deep Inelastic Scattering (SIDIS) first measured at HERMES [22] and COM-
PASS [23, 24], or the transverse single-spin asymmetries (SSA or AN) observed in inclusive
hadroproduction from polarised proton-proton collisions. These asymmetries have been ob-
served since the mid 1970s at Argonne [25–27], and confirmed later by the E704 Collabo-
ration [28–31] and, more recently, by measurements at RHIC [32–40] at different center-of-
mass energies. The azimuthal modulations in SIDIS give separate access to TMD functions
such as the Sivers distribution or the Collins fragmentation function, that also contribute
together to generate AN in polarised pp processes.

1In the following we will mostly cite protons, but all the considerations apply in general to nucleons,
i.e. (anti)protons and (anti)neutrons.
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As for the collinear case, in order to keep QCD predictive we need factorisation theorems.
But, differently from the collinear QCD case, where only a single energy scale is needed to
separate the perturbative and nonperturbative phases, TMD factorisation relies on the exis-
tence of two energy scales, a small and a large one. This renders TMD-factorisable only a
series of processes, namely SIDIS, Drell-Yan and hadron pair production from e+e− annihi-
lation. Moreover, in the expression for a TMD factorised cross section, two quantities are
present: a factorisation scale and a rapidity scale, the latter being absent in the collinear case.
This reflects also in the evolution of TMDs, whose evolution equations are more involved
than the DGLAP ones for collinear PDFs and FFs. Since the last few decades, starting from
the original works of Collins, Soper and Sterman [41, 42], a lot of progress has been made
on TMD factorisation and evolution. For example, TMD evolution equations are now well
established in the language of the Renormalisation Group. More recent works covering these
topics can be found in Refs. [43–53].

Another feature that distinguishes collinear PDFs and FFs fromTMDs is the fact that, while
the former are strictly universal, the latter are not. This is due to the role of Wilson lines (or
gauge links), needed to define a proper gauge-invariant TMD. Nonetheless, universality is
not completely broken, but is actually modified, leading to a process dependence of some TMD
functions [54–60]. This dependence is foreseeable, and is one of the key predictions of TMD
theory. Its experimental confirmation would be then a milestone for assessing the validity of
the TMD approach in terms of factorisation and evolution.

Finally, TMDs are interesting not only for their ultimate role in explaining the proton spin
decomposition. In fact, studies at the most powerful hadron colliders can be influenced by
considering TMD effects, as for example the impact of intrinsic k⊥ effects in measuring the
electroweak W boson mass [61], or by looking at some quantities accessible via TMDs like
the so-called transversity, whose relative charges are related to beyond Standard Model ob-
servables [62–64].

1.2 This thesis

This thesis is partly based on the following publications:

1. U. D’Alesio, C. Flore and F. Murgia
Transverse single-spin asymmetries in `p↑ → hX within a TMD approach: role of quasi-real
photon exchange
Phys. Rev. D95 (2017) 094002 – arXiv:1701.01148 [hep-ph]

2. M. Boglione, U. D’Alesio, C. Flore and J. O. Gonzalez-Hernandez
Assessing signals of TMD physics in SIDIS azimuthal asymmetries and in the extraction of the
Sivers function
JHEP07 (2018) 148 – arXiv:1806.10645 [hep-ph]

3. U. D’Alesio, C. Flore, F. Murgia, C. Pisano and P. Taels
Unraveling the Gluon Sivers Function in hadronic collisions at RHIC
Phys. Rev. D99 (2019) 036013 – arXiv:1811.02970 [hep-ph]

The complete list of publications, including conference proceedings, is available on the In-
Spire database.
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In the following, wewill discuss TMDs from a phenomenological point of view. In order to
give the thesis a consistent logic, we do not present the results of the aforementioned papers
in chronological order, but we rather start from the last two papers, regarding phenomeno-
logical extractions. Throughout the whole thesis, we will try to underline the current actual
knowledge on TMDs and what we can really learn from experimental data. By adopting a
TMD approach, we will go through some fits of polarised TMDs, and we will then see their
impact on other observables, comparing our predictions, when possible, to existent measure-
ments.

In what follows, we will adopt natural units, h̄ = c = 1. The thesis is organised as follows:

• in Chapter 2, wewill introduce TMDphysics, giving a brief overview of themost impor-
tant (un)polarised TMD distributions and fragmentation functions, focussing on the
Sivers, transversity and Collins functions. Moreover, we will cover an extension of the
parton model that embeds intrinsic transverse momentum effects, the so-called Gener-
alised PartonModel (GPM). We will also give all the expressions for TMD observables
and TMD functions parametrisations within the chosen model.

• Chapter 3 will illustrate a thorough updated study of the quark Sivers function, to-
gether with a preliminary study on the transversity and Collins extraction. The role of
different choiches in phenomenological analyses and their impact on other observables
will be particularly emphasised.

• In Chapter 4, the less known gluon Sivers function (GSF) will be carefully analysed,
both in the GPM framework and in its colour gauge invariant extension, where two
independent GSFs are defined. First bounds on these functions, together with an up-
dated GPM fit of the GSF will be presented.

• Chapter 5 will present the results of some phenomenological analyses for single-spin
asymmetries in inclusive processes. AN inclusive lepton-proton scattering and the role
of the exchanged photon will be analysed, together with the inclusive production of a
photon or a J/ψ in polarised pp processes.

• In Chapter 6 wewill introduce a new project, so far not directly related to TMD physics
(but easily extendable to it), developed in the framework of an Horizon 2020 proposal
called STRONG-2020.

• Finally, conclusions will be drawn in Chapter 7.
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2
Transverse Momentum Dependent physics

The three-dimensional structure of the proton is nowadays the subject of very intensive re-
search. Even if very successful, collinear QCD at leading twist fails in explaining transverse
polarisation phenomena in hadronic processes. Since the pioneering works of Feynman and
collaborators [65, 66], the inclusion of intrinsic transverse momentum effects in the descrip-
tion of such observables helped to shed light on the internal three-dimensional structure of
nucleons. Transverse momentum dependent functions have now a pivotal role in describing
the rich and involved dynamics of the confined quarks and gluons. At variancewith collinear
partonic distributions, TMDs are multidimensional objects, encoding, in momentum space,
the information about the three-dimensional structure of the nucleon. Their interesting prop-
erties can be studied in experimental measurements and phenomenological analyses.

This Chapter is organised as follows. In Section 2.1 we will introduce TMD functions and
give more details on some specific functions, while in Section 2.2 we will analyse some pro-
cesses related to TMD physics, enlighting the existence of different classes sensitive to TMD
effects. Finally, in Section 2.3, we will focus on a particular phenomenological model, the
Generalised Parton Model (GPM), which will be used throughout all this thesis.

2.1 Transverse Momentum Dependent functions

This Section is devoted to the Transverse Momentum Dependent functions, which are the
subject of analysis all through this thesis. In collinear QCD, looking at the possible different
polarisations of partons and nucleons, we have only three independent partonic distribu-
tions: f1(x), g1(x) (or g1L(x)) and h1(x) (unpolarised, helicity and transversity respectively),
that correspond to an unpolarised , longitudinally or transversely polarised parton inside
an unpolarised, longitudinally or transversely polarised nucleon. These three functions en-
codes one-dimensional information. In fact, besides their scale dependence, they depend
only on x, the longitudinal momentum fraction of the hadron carried by the parton. Includ-
ing the intrinsic motion of partons inside the nucleon, i.e. being sensitive to their intrinsic
transverse momentum k⊥ (defined on the transverse plane with respect to the direction of
motion of the nucleon), allow us to introduce new functions that depend on x and k⊥, the
TMD distributions (also indicated as TMD-PDFs or simply TMDs). These functions encode
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information on the three-dimensional structure (in momentum space) of protons and neu-
trons. A generic TMD distribution, e.g. the unpolarised quark TMD, is usually indicated as
fq/p(x, k⊥), where k⊥ = |k⊥|, and is related to its collinear counterpart upon integration over
k⊥:

fq/p(x) =
∫

d2k⊥ fq/p(x, k⊥) . (2.1)

At leading order and leading twist1, we have a total of eight independent quark TMDs:

Nucl.
Quark

U L T

U f1 h⊥1
L g1L h⊥1L

T f⊥1T g1T h1, h⊥1T

Table 2.1: The eight independent leading twist quark TMDs. The indices U, L, T correspond to unpolarised, longitudinally
or transversely polarised quarks (columns) and nucleons (rows) respectively. Functions in blue are the ones that survive
upon integration over k⊥ , and are T-even along with the ones in black. Functions in red are T-odd.

According to the possible combinations of quark and nucleon polarisation, we have dif-
ferent TMDs with different properties. The three functions in blue in Table 2.1 are the ones
that survives in the collinear limit, i.e. upon integration over k⊥, while the ones dyed in red,
the Sivers function [69, 70], f⊥1T(x, k⊥), and the Boer-Mulders (BM) function [71], h⊥1 (x, k⊥),
are T-odd objects, so that they change sign upon a time-reversal transformation. The Sivers
function describes the asymmetry in the azimuthal distribution on the transverse plane of
unpolarised quark inside a transversely polarised proton, while the Boer-Mulders function
is related to the net transverse polarisation of quarks inside an unpolarised proton. The black
functions in Table 2.1 are T-even objects; h⊥1T is called pretzelosity, and is somehow related to
the non-sphericity of the nucleon shape [72]. The two other functions are related to trans-
versely polarised quarks in a longitudinally polarised nucleon (h⊥1L), and to longitudinally
polarised quarks inside a transversely polarised nucleon (g1T); they are often referred to as
worm-gear functions.

Among the eight independent leading twist TMDs we also have the transversity function,
h1(x, k⊥), often referred to as ∆Tq(x, k⊥). This chiral-odd function is one of the three TMDs
that survive when integrated over k⊥, and is related to a transversely polarised quark inside
a transversely polarised proton. Its corresponding collinear counterpart is subject to the so-
called Soffer bound [73]. This bound relates the three nucleon collinear distributions, i.e. the
collinear counterparts of the three TMDs in blue in Table 2.1, and reads:

|h1(x)| ≤ 1
2
[

f1(x) + g1L(x)
]

. (2.2)

1Twist is defined in the Operator Product Expansion as t = d − s, where d is the dimension of the operator
and s its spin [67]. A working definition of twist for a matrix element of a bi-local operator can be found in [68]:
it is the order in M/Q atwhich the element contributes to the cross section of deep inelastic processes. A generic
twist-t matrix element contributes as (M/Q)t−2.
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The last inequality can be also used to put a bound on the tensor charge, δq, defined as

δq =
∫ 1

0

[
hq

1(x)− hq̄
1(x)

]
dx . (2.3)

This quantity is related to another important quantity, the isovector or nucleon tensor charge

gT = δuv − δdv , (2.4)

with δuv and δdv being respectively the tensor charge for valence u- and d-quark, and whose
magnitude can put limits on observables related to beyond Standard Model (BSM) physics
[62–64].

As in the quark case, we have eight independent, leading-twist gluon TMDs:

Nucl.
Gluon

U Circ. Lin.

U f g
1 h⊥g

1

L gg
1L h⊥g

1L

T f⊥g
1T g⊥g

1T hg
1 , h⊥g

1T

Table 2.2: The eight independent leading twist gluon TMDs. The indices U, L, T correspond to unpolarised, longitudinally
or transversely polarised nucleons respectively. U, Circ. and Lin. correspond to unpolarised, circularly or linearly polarised
gluons. As in Table 2.1, functions in blue are the ones with a collinear counterpart, and are T-even along with the ones in
black, while functions in red are T-odd.

Likewise towhat happens for quarkTMDs,wehave T-odd and T-even functions, and some
of them have a collinear counterpart. Differently from the quark case, here we have only two
functions that survive under k⊥-integration, the unpolarised and the helicity distributions,
and the number of T-odd gluon TMDs is twice the quarks ones. The gluon transversity-like
function, although sharing a similar name to the quark one, has not a corresponding collinear
function, and is also T-odd. Again, we have a gluon Sivers function (GSF), f⊥g

1T , still a T-odd
object, and a gluon Boer-Mulders function, h⊥g

1 , now a T-even quantity. These functions have
an analogous physical interpretation as for the quarks ones, upon considering the proper
polarisation for the gluon (e.g. the gluon BM function describes the azimuthal asymmetry
in the distribution of linearly polarised gluons inside an unpolarised proton).

It is worth noticing that these gluon distributions are much less known with respect to the
quark TMDs. Nonetheless, they currently attract huge interest. In fact, it has been shown that
they can be accessed in high-energy collisions at the LHC [74, 75], and especially at future
experimental facilities like the Electron-Ion Collider (EIC) [60, 76, 77] or the proposed fixed-
target experiments at the LHC [78–81], that will help us to improve our knowledge on gluon
TMDs.

So far, we have focussed only on TMD functions in the distribution sector, but one can
be also sensitive to transverse momentum effects in the fragmentation sector, i.e. the one
describing the hadronisation of a parton into a colourless hadron. For spin-1

2 hadrons, we
have eight independent quark TMD fragmentation functions (FF):
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Nucl.
Quark

U L T

U D1 H⊥
1

L G1L H⊥
1L

T D⊥
1T G1T H1, H⊥

1T

Table 2.3: The eight independent leading twist quark TMD-FFs. The indices U, L, T correspond to unpolarised, longitudinally
or transversely polarised quarks (columns) and nucleons (rows) respectively. As in Table 2.1, functions in blue are the ones
with a collinear counterpart, and are T-even along with the ones in black, while functions in red are T-odd.

Table 2.3 has the same colour code as the previous tables. Here, we recognize the unpo-
larised fragmentation function, D1(z, p⊥), that describes the fragmentation of an unpolarised
quark into an unpolarised hadron, and the Collins function [82], H⊥

1 (z, p⊥), that is related to
the fragmentation of a transversely polarised quark into an unpolarised hadron, and the polar-
ising fragmentation function, D⊥

1T, which can be viewed as the analogue of the Sivers function
in the fragmentation sector.

2.1.1 Properties of T-odd TMDs

The TMD functions introduced in Section 2.1 come from proper projections of unintegrated
quark and gluon correlators, that satisfy QCD properties (see for example [71, 83], or [84]
for a comprehensive review). Moreover, as already mentioned in Section 2.1, they have dif-
ferent properties upon time-reversal transformation, and they are subject to some bounds,
coming from a theoretical request of positivity of the spin density matrix eigenvalues [85]
(see Section 2.1.2).

Here we focus on some interesting aspects of T-odd TMD distributions and fragmentation
functions, namely the Sivers and Boer-Mulders functions in the distribution sector, and the
Collins function in the fragmentation sector.

Let us start from the two T-odd distributions. The probability to find an unpolarised quark
with light-cone momentum fraction x and transverse momentum k⊥ inside a transversely
polarised nucleon is given by [86, 87]:

fq/N↑(x,k⊥) = f1(x, k2
⊥)−

(
P̂ × k⊥

)
·ST

M
f⊥1T(x, k2

⊥) , (2.5)

where P̂ ≡ P/|P | is a unit vector, P is the nucleon momentum, M its mass and ST its spin
transverse component. The asymmetric azimuthal distribution of quarks in the transverse
plane with respect to the direction of motion of the nucleon is then

fq/N↑(x,k⊥)− fq/N↓(x,k⊥) ≡ fq/N↑(x,k⊥)− fq/N↑(x,−k⊥)

= −2

(
P̂ × k⊥

)
·ST

M
f⊥1T(x, k2

⊥) ,
(2.6)

so it is proportional to the Sivers function f⊥1T. A nonzero Sivers function means that unpo-
larised quarks inside a transversely polarised nucleon have a preferred direction of motion.
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More specifically, considering a nucleon moving along +ẑ with a transverse polarisation in
the +ŷ direction, f⊥1T > 0 signals right moving unpolarised quarks, that is towards −x̂.

Likewise the Sivers case, the distribution of a transversely polarised quark inside an unpo-
larised nucleon is [86, 87]

fq↑/N(x,k⊥) =
1
2

[
f1(x, k2

⊥)−
(
P̂ × k⊥

)
·SqT

M
h⊥1 (x, k2

⊥)

]
, (2.7)

where SqT is the quark spin transverse component. The relative asymmetry is

fq↑/N(x,k⊥)− fq↓/N(x,k⊥) = −
(
P̂ × k⊥

)
·SqT

M
h⊥1 (x, k2

⊥) (2.8)

and is proportional to the Boer-Mulders (BM) function, h⊥1 .
The T-odd nature of the Sivers and Boer-Mulders functions comes respectively from the

correlations
(
P̂ × k⊥

)
· ST and

(
P̂ × k⊥

)
· SqT. This time-reversal property implies a so-

calledmodified universality or process dependence. This feature comes from the important role of
gauge links in the operatorial definition of TMDs. Without entering into details, we mention
that it is possible to write an operator definiton of the Sivers function:

f⊥1T(x, k2
⊥) ∼

∫
dξ−

∫
d2ξT e i(xP+ξ−−k⊥·ξT)

× ⟨P, ST|ψ̄(0)γ+W [0, ξ]ψ(ξ)|P, ST⟩|ξ+=0 .
(2.9)

Here, light-front coordinates are used: ξ± =
(
ξ0 ± ξ3) /

√
2 and ξ

µ
T = (0, ξT, 0). The quantity

W [0, ξ] is the gauge link orWilson line. This object is used to ensure a proper gauge invariant
definition of thematrix element. If theWilson line is set to unity, the Sivers operatorial defini-
tion, Eq. (2.9), changes sign upon time reversal, therefore the Sivers function itself would be
zero [82]. On the other hand, by properly considering the gauge link in Eq. (2.9), it has been
shown that the Sivers function is nonvanishing [56]. More specifically, since W [0, ξ] con-
tains transverse links to infinity that do not reduce to unity in the light-cone gauge, and since
time reversal changes a future-pointing Wilson line into a past-pointing one, T-invariance
gives a relation between the gauge links probed in different processes, the Semi-Inclusive
Deep Inelastic Scattering (SIDIS) and the Drell-Yan (DY) process (see Section 2.2). In these
reactions, the probed Wilson lines point in opposite time directions, and this indicates the
existence of initial and final state interactions (ISI and FSI). In SIDIS the Sivers asymmetry is
generated by a final state interaction between the outgoing quark and the remnants in the
final state, while in DY production an initial state interaction between the spectator and an
incoming quark takes place. This difference in the gauge link structure induces the following
relation between the Sivers function probed in SIDIS and DY:

f⊥1T(x, k2
⊥)SIDIS = − f⊥1T(x, k2

⊥)DY . (2.10)

This is the so-called process dependence or modified universality of the Sivers function, and
its experimental confirmation is one of the goals of TMD physics. Very recently, some first
hints of the Sivers sign change have been observed in DY Single Spin Asymmetries [88, 89],
but more data and with higher accuracy are necessary to verify this important relation. Note
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that a relation like Eq. (2.10) holds for the Boer-Mulders function [56] as well.
Differently towhat happenswith the T-odd distributions (Sivers and Boer-Mulders), there

seems to be no modified universality for the Collins fragmentation function: this TMD is
expected to be universal [90, 91]. The Collins function, a chiral-odd one, is probably themost
noteworthy TMD FF appearing in Table 2.3. As said before, it describes the fragmentation of
a transversely polarised quark into an unpolarised hadron. The relative asymmetry is given
by [86, 87]:

Dh/q↑(z,p⊥)− Dh/q↑(z,−p⊥) = 2

(
p̂q × p⊥

)
· sq

zmh
H⊥

1 (z, p2
⊥) , (2.11)

where pq and sq are the quark momentum and spin, respectively, mh is the mass of the pro-
duced hadron with momentum ph ≃ zpq + p⊥. A positive H⊥

1 corresponds to hadrons that
prefer to be emitted on the left side of the jet if the quark spin points upwards. This func-
tion usually couples to other chiral-odd functions, originating the so-called Collins asymme-
tries. For example, it allows to measure the TMD transversity distribution (not measurable
in DIS processes due to its chiral-odd nature) in the SIDIS azimuthal modulation Fsin(ϕh+ϕS)

UT
(see Section 2.2). Moreover, two coupled Collins functions are accessible in the azimuthal
modulations measured in e+e− → h1h2X processes [92].

Moments of TMDs

Before focussing on some useful constraints on TMDs, we introduce the k⊥(p⊥)-moments of
TMD distributions (fragmentation functions). Generally, we define a k⊥(p⊥)-moment as

f (n)(x) =
∫

d2k⊥

(
k2
⊥

2M2

)n

f (x, k2
⊥) ,

D(n)(z) = z2
∫

d2p⊥

(
p2
⊥

2m2
h

)n

D(z, z2p2
⊥) .

(2.12)

Note that these definitions only hold up to renormalisation.
Starting from these last expressions, we can construct the n-thmoment of every TMD.Here

we focus only on the first moments of the Sivers and the Collins functions.
The first moment of the Sivers function, f⊥(1)

1T (x), is defined as

f⊥(1)
1T (x) =

∫
d2k⊥

k2
⊥

2M2 f⊥1T(x, k2
⊥) , (2.13)

while the Collins first moment, H⊥(1)
1 (z), is given by

H⊥(1)
1 (z) = z2

∫
d2p⊥

p2
⊥

2m2
h

H⊥
1 (z, z2p2

⊥) . (2.14)

It is worth mentioning that these moments are intimately related to collinear twist-3 func-
tions. The first moment of the Sivers function, Eq. (2.13), is proportional to the Qiu-Sterman
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(QS) function [93–97] via a model-independent relation [58], while the first moment of the
Collins function is related to a twist-3 fragmentation function (see e.g. [98]). As first noted
in [58], the relation between the Sivers first moment and QS functions implies that, if one of
them is nonzero, then also the other is.

2.1.2 Constraints on TMDs

The TMD functions introduced in Section 2.1 are subject to useful constraints given in terms
of positivity bounds and sum rules. The bounds come from a theoretical request of positivity
of the spin-matrix eigenvalues [85], while the sum rules come as usual from conservation
laws.

Apart from the Soffer bound for the transversity distribution, Eq. (2.2), we have two posi-
tivity bounds for the (quark and gluon) Sivers function and the Collins function:

k⊥
M

∣∣∣ f⊥q(g)
1T (x, k2

⊥)
∣∣∣ ≤ f q(g)

1 (x, k2
⊥),

p⊥
zmh

∣∣∣H⊥
1 (z, p2

⊥)
∣∣∣ ≤ D1(z, p2

⊥) . (2.15)

These bounds hold for every value of x(z) and k⊥(p⊥), and put a constraint on the size of
these functions. They have been widely used in phenomenological analyses, but it is also
interesting to test them while analysing experimental data, as we will see in Chapter 3.

At the same time, we can constrain these TMDs using sum rules. A sum rule for the Sivers
function was first derived by Burkardt [99, 100], who showed that, at leading order, the sum
of all contributions (quarks, antiquarks and gluons) to the average transverse momentum of
unpolarised partons inside a transversely polarised nucleon must vanish:

∑
a=q,q̄,g

⟨ka
⊥⟩|Sivers = 0 , (2.16)

that, in terms of the Sivers first moment, Eq. (2.13), becomes [101]

∑
a=q,q̄,g

∫ 1

0
dx f⊥(1)a

1T (x) = 0 . (2.17)

A similar constraint on the Collins function, derived by Schäfer and Terayev [102], comes
from the request of intrinsic transverse momentum conservation in the quark fragmentation
process. It is written in terms of the Collins first moment, Eq. (2.14), and is given by

∑
h

∫ 1

0
dz z2H⊥(1)

1 (z) = 0 . (2.18)

2.1.3 A small dictionary

So far, we have used a specific notation, called “Amsterdam” notation. This notation is proba-
bly the most widely used in literature. But, another equivalent notation exists, and is usually
referred to as “Torino-Cagliari” notation. The latter has beenwidely used, especially in the con-
text of the Generalised Parton Model, and will also be used in a very large part of this thesis.
Luckily enough, a dictionary that brings from one notation to the other one has been devel-
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oped, the so-called “Trento conventions” [103]. It is then worth to report some expressions for
the polarised TMDs we have seen so far that relate the two notations.

For example, we can either refer to f⊥q
1T or ∆Nfq/p↑ as the “Sivers function”. The relation

between the two functions is

∆Nfq/p↑(x, k2
⊥) = − 2 k⊥

M
f⊥q
1T (x, k2

⊥) . (2.19)

Similarly, the Boer-Mulders function in the Torino-Cagliari notation can be related to the one
in the Amsterdam notation as

∆Nfq↑/p(x, k2
⊥) = − k⊥

M
h⊥q

1 (x, k2
⊥), (2.20)

while for the Collins fragmentation function we have:

∆NDh/q↑(z, p2
⊥) =

2 p⊥
z mh

H⊥q
1 (z, p2

⊥) . (2.21)

Using these equations, we find that the bounds on TMDs, Eq. (2.15), can be rewritten as∣∣∣∆Nfq(g)/p↑(x, k2
⊥)
∣∣∣ ≤ 2 f q(g)

1 (x, k2
⊥) ,∣∣∣∆NDh/q↑(z, p2

⊥)
∣∣∣ ≤ 2 Dq

1(z, p2
⊥) ,

(2.22)

and, regarding the first k⊥-moment of the Sivers function, a very simple relation between the
two notations holds:

∆N f (1)q/p↑(x) =
∫

d2k⊥
k⊥
4M

∆N fq/p↑(x, k2
⊥) = − f⊥(1)q

1T (x) . (2.23)

In the rest of this Chapter we will use both notations. Particularly, in Section 2.2, we will
give the expressions in terms of TMDs in the Amsterdam notation, while in Section 2.3 the
expressions for the TMD parametrisations will be given using both representations.

2.2 Two-scale and single-scale processes

In this Section we will take a look at some of the processes sensitive to TMD physics. In
particular, we will examine two different classes of processes, categorised according to the
number of different energy or momentum scales.

TMD factorisation has been proven for a specific class of processes, in which we detect a
soft and a hard energy (or momentum) scale [41–53]. These processes are the Semi-Inclusive
Deep Inelastic Scattering (SIDIS), a lepton-nucleon scattering with the observation of a pro-
duced hadron and the scattered lepton in the final state, the Drell-Yan (DY) process, lepton
pair production from quark-antiquark annihilation (with the quark-antiquark pair coming
from two colliding hadrons), and e+e− → h1h2X, where the two hadrons are produced al-
most back-to-back. In this class of processes, the intrinsic transverse momentum of partons,
k⊥, and the observed hadron (or lepton pair) transverse momentum, PT, are small (of order
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ΛQCD), and the virtuality of the exchanged vector boson, Q2, is large. That is, we can observe
an ordering of the form (e.g. for SIDIS):

k2
⊥ ≃ Λ2

QCD ≃ P2
T ≪ Q2 . (2.24)

It is important to notice that these are electromagnetic processes, meaning that the cross
section can always be separated into a convolution of a leptonic tensor and an hadronic tensor.
This separation also indicates that the colour flow in the process is well isolated (the leptonic
part contains no QCD colour flow), hence TMD factorisation theorems can be applied.

Contrary to these two-scale processes, there are hadronic processes inwhich only one hard
scale (usually the transverse momentum of the produced hadron) is observed. These are
single-scale processes, for which a proof of TMD factorisation does not exist. Nonetheless,
phenomenological approaches including intrinsic transversemomentumeffects (e.g. theGen-
eralised Parton Model, GPM, see Section 2.3) succeeded in describing observables related to
inclusive processes. One example of these observables are the transverse single-spin asym-
metries (often referred to in literature as TSSAs, SSAs or AN) measured for inclusive hadron
production (typically a pion) from polarised proton-proton scattering. Note that, at large
hadron transverse momentum, the size of such asymmetries are not explainable in collinear
perturbative QCD at leading twist [104].

It is also worth noticing that single-scale processes can be described in the context of
collinear twist-3 (CT3) factorisation, where twist-3 parton correlation functions that couples
quark fields and gluon field strenghts are used [93–97, 105–108]. Even if for these processes
only a collinear approach at higher twist in pQCDcould be used, it is very important to under-
line that twist-3 correlation functions and k⊥-moments of TMD functions are related. Indeed,
another interesting link between collinear twist-3 and TMD physics is represented by the so-
called Colour Gauge Invariant Generalised Parton Model (CGI-GPM) [109, 110]. Under a
one-gluon-exchange approximation (that corresponds to the first order in the perturbative
expansion of the gauge link used in TMD definition, Eq. (2.9)) the process dependence of
the Sivers function, Eq. (2.10), can be included into GPM and, up to a prefactor associated to
initial/final state interactions, the same form of CT3 partonic cross sections can be recovered
as well.

In the following, wewill take a closer look at two examples, one for a two-scale process, the
Semi-Inclusive DIS, for which TMD factorisation applies, and one for a single-scale process,
inclusive hadron production in hadronic collisions, for which no proof of TMD factorisation
exists, and in principle the collinear twist-3 approach should be used. Another two-scale pro-
cess, the e+e− annihilation into two hadrons, will be briefly illustrated later in Section 3.3.1.

2.2.1 Semi-Inclusive Deep Inelastic Scattering

We now briefly take a look at one of themost important processes for TMDphysics, the Semi-
Inclusive Deep Inelastic Scattering. This process has a historical role in this context. It allows
for several kind of measurements, thanks to the existence of different azimuthal modula-
tions that give access to various combinations of TMD functions. For this reason, SIDIS data
are widely used in the extraction of TMD functions like the unpolarised, transversity and
Sivers functions (in the distribution sector) and the unpolarised and Collins fragmentation
functions [111–120].
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This process is characterised by the detection of a hadron in the final state, along with the
observation of the scattered lepton, while the target nucleon in the initial state could be either
polarised or unpolarised. The reaction is:

`(l) + N(P, S) → `(l′) + h(Ph) + X (2.25)

where ` denotes the beam lepton, N the nucleon target with four-momentum P and polar-
isation S, and h the produced hadron with four-momentum Ph and transverse momentum
Ph⊥ ≡ PT. We denote by M and mh the masses of the nucleon and of the hadron h, respec-
tively. Moreover, we define q = l − l′ the momentum of the virtual photon, and Q2 = −q2.
With these definitions, we can identify the following invariant variables:

x =
Q2

2 P ·q , y =
P ·q
P · l , z =

P ·Ph
P ·q , γ =

2Mx
Q

. (2.26)

where x is the so-called Bjorken-x, and it is often indicated as xBj.
The cross section for SIDIS processes depends on the variables in Eq. (2.26), and on Q2,

PT and ϕh, the azimuthal angle of the produced hadron in the final state. In the case of a
transversely, it also depends on ϕS, the azimuthal angle of the transverse component ST (or
S⊥) of the nucleon polarisation.

Following the Trento conventions [103], we consider the γ∗−p center of mass frame, with
the virtual photon moving along the positive direction +ẑ of the z-axis, the proton along −ẑ,
and the nucleon has transverse polarisation ST with azimuthal angle ϕS with respect to the
lepton plane, as showed in Fig. 2.1.

y

z

x

hadron plane

lepton plane

l0
l S

?

Ph

Ph?

φh

φS

Figure 2.1: Kinematics of polarised Semi-Inclusive DIS according to the Trento conventions [103]. The azimuthal angles are
defined in the target rest frame. Ph⊥ ≡ PT and S⊥ ≡ ST are the transverse component of Ph and S with respect to the
photon momentum.

As mentioned before, this process represents a great source of information for TMD phys-
ics. The dependence on the two azimuthal angles ϕh and ϕS generates several azimuthal
modulations in the cross section so that, isolating every modulation, we have access to differ-
ent contributions to the cross section, related to a specific effect. In a single photon exchange
approximation, the SIDIS cross section can be written in terms of 18 independent structure
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functions as [121]

dσ

dx dy dz dϕS dϕh dP2
T
=

α2
em

xyQ2
y2

2 (1 − ε)

(
1 +

γ2

2x

)

×
{

FUU,T + ε FUU,L +
√

2 ε(1 + ε) cos ϕh Fcos ϕh
UU + ε cos(2ϕh) Fcos 2ϕh

UU

+ λ
√

2 ε(1 − ε) sin ϕh Fsin ϕh
LU

+ SL

[√
2 ε(1 + ε) sin ϕh Fsin ϕh

UL + ε sin(2ϕh) Fsin 2ϕh
UL

]

+ SL λ

[√
1 − ε2 FLL +

√
2 ε(1 − ε) cos ϕh Fcos ϕh

LL

]

+ ST

[
sin(ϕh − ϕS)

(
Fsin(ϕh−ϕS)

UT,T + ε Fsin(ϕh−ϕS)
UT,L

)

+ ε sin(ϕh + ϕS) Fsin(ϕh+ϕS)
UT + ε sin(3ϕh − ϕS) Fsin(3ϕh−ϕS)

UT

+
√

2 ε(1 + ε) sin ϕS Fsin ϕS
UT +

√
2 ε(1 + ε) sin(2ϕh − ϕS) Fsin(2ϕh−ϕS)

UT

]

+ ST λ

[√
1 − ε2 cos(ϕh − ϕS) Fcos(ϕh−ϕS)

LT +
√

2 ε(1 − ε) cos ϕS Fcos ϕS
LT

+
√

2 ε(1 − ε) cos(2ϕh − ϕS) Fcos(2ϕh−ϕS)
LT

]}
,

(2.27)

where αem is the electromagnetic fine structure constant, λ is the helicity of the lepton beam,
ST ≡ |ST| and all the structure functions dependon x, z, Q2 and PT. The subscript of the struc-
ture functions are referring to the beam and target polarisation (with respect to the photon
direction), respectively, while the third subscript in FUU,T, FUU,L and Fsin(ϕh−ϕS)

UT,T , Fsin(ϕh−ϕS)
UT,L

corresponds to the polarisation of the exchanged virtual photon. ε represents the ratio of the
longitudinal and transverse photon fluxes in Eq. (2.27) and is given by

ε =
1 − y − 1

4 γ2y2

1 − y + 1
2 y2 + 1

4 γ2y2
. (2.28)

Integrating the master formula, Eq. (2.27), over the outgoing hadron transverse momentum
PT we than obtain the Semi-Inclusive DIS cross section
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dσ

dx dy dϕS dz
=

2α2
em

xyQ2
y2

2 (1 − ε)

(
1 +

γ2

2x

) [
FUU,T + ε FUU,L

+ SL λ
√

1 − ε2 FLL

+ ST

√
2 ε(1 + ε) sin ϕS Fsin ϕS

UT

+ ST λ
√

2 ε(1 − ε) cos ϕS Fcos ϕS
LT

]
,

(2.29)

where the structure functions on the r.h.s. are integrated versions of the previous ones, i.e.

FUU,T(x, z, Q2) =
∫

d2PT FUU,T(x, z, P2
T, Q2) (2.30)

and similarly for the other ones.

Azimuthal asymmetries

Starting from the PT-dependent SIDIS cross section, Eq. (2.27), we can defineweighted ratios
of structure functions to construct physical observables, the azimuthal asymmetries, that give
access to convolutions of transverse momentum dependent distributions and fragmentation
functions. Hence, by studying these ratios, we can extract the TMDs we are interested in.

To identify these asymmetries, keeping only terms at leading order in 1/Q we can rewrite
Eq. (2.27) as [122]

dσ

dx dy dz dϕS dϕh dP2
T
=

α2
em

x y Q2

(
1 − y +

y2

2

)
FUU(x, z, P2

T)

×
[

1 + cos(2ϕh) p1 Acos(2ϕh)
UU + SL sin(2ϕh) p1 Asin(2ϕh)

UL + λ SL p2 ALL

+ ST sin(ϕh − ϕS) Asin(ϕh−ϕS)
UT + ST sin(ϕh + ϕS) p1 Asin(ϕh+ϕS)

UT

+ ST sin(3ϕh − ϕS) p1 Asin(3ϕh−ϕS)
UT + λ ST cos(ϕh − ϕS) p2 Acos(ϕh−ϕS)

LT

]
,

(2.31)

where FUU ≡ FUU,T. The kinematical prefactors are given by

p1 =
1 − y

1 − y + 1
2 y2

, p2 =
y
(

1 − 1
2 y
)

1 − y + 1
2 y2

, (2.32)

and the asymmetries AW(ϕh, ϕS)
XY are defined in terms of structure functions FW(ϕh, ϕS)

XY as fol-
lows:

AW(ϕh, ϕS)
XY ≡ AW(ϕh, ϕS)

XY (x, z, PT) =
FW(ϕh, ϕS)

XY (x, z, PT)

FUU(x, z, PT)
. (2.33)
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The first subscript X = U(L) refers to the unpolarised beam (longitudinally polarised
beam with helicity λ), while the second subscript Y = U(L or T) represents the unpolarised
(longitudinally or transversely polarisedwith respect to the virtual photon) target. W(ϕh, ϕS)
denotes the azimuthal dependence; if no W(ϕh, ϕS) is specified, the structure function or the
asymmetry are independent of ϕh.

The asymmetries defined in Eq. (2.31) are also denoted as “twist-2” asymmetries. On
the other hand, subleading asymmetries in 1/Q exist too. The latter contain a factor M/Q
in their definition, and we refer to them as “twist-3” asymmetries. For our purposes, we
only consider twist-2 asymmetries, but we notice that the subleading asymmetries can give
access to other interesting functions as well, that can play a role in the framework of the
collinear twist-3 factorisation, now widely used to describe inclusive production of hadrons
in polarised hadronic collisions [106–108].

Throughout this thesis we will particularly concentrate on the following SIDIS azimuthal
asymmetries:

Asin(ϕh−ϕS)
UT =

Fsin(ϕh−ϕS)
UT

FUU
,

Asin(ϕh+ϕS)
UT =

2 (1 − y)
1 + (1 − y)2

Fsin(ϕh+ϕS)
UT

FUU
.

(2.34)

The first asymmetry is related to the Sivers effect, while the second asymmetry contains in
Fsin(ϕh+ϕS)

UT the convolution between the transversity and the Collins functions. More specifi-
cally, using the following notation for convolutions [121, 122],

C
[
ω f D

]
= x ∑

a=q,q̄
e2

a

∫
d2k⊥d2p⊥δ(2)(zk⊥ + p⊥ −PT)

× ω
(
k⊥,−p⊥

z

)
fa(x, k2

⊥) Da(z, p2
⊥) ,

(2.35)

we can write the structure functions in Eq. (2.34) as convolutions of TMDs with a proper
weight:

FUU = C
[
ω{0} f1 D1

]
,

Fsin(ϕh−ϕS)
UT = C

[
−ω

{1}
A f⊥1T D1

]
,

Fsin(ϕh+ϕS)
UT = C

[
ω

{1}
B h1 H⊥

1

]
,

(2.36)

where the weights are given by:

ω{0} = 1, ω
{1}
A =

P̂T · k⊥
M

, ω
{1}
B =

P̂T · p⊥
zmh

. (2.37)

The Collins asymmetry in Eq. (2.34) is defined as the one measured by the HERMES Col-
laboration. It is important to notice that theCOMPASSCollaborationmeasures Asin(ϕh+ϕS−π)

UT =

Fsin(ϕh+ϕS−π)
UT /FUU, where the depolarisation factor DNN = 2 (1 − y) /[1 + (1 − y)2] is di-

vided out and, due to the extra π factor in the azimuthal phase, the asymmetry has a different
sign with respect to the one measured by HERMES.
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2.2.2 Single inclusive hadron production from hadronic collisions

In this part we will concentrate on the inclusive production of a single hadron coming from
the scattering between two hadrons, that is AB → CX. Let us start considering hadroproduc-
tion with a transversely polarised colliding particle. For these processes, a transverse single-
spin asymmetry AN (often indicated also as single-spin asymmetry or left-right asymmetry)
is measured. This asymmetry is defined as

AN =
dσ↑ − dσ↓

dσ↑ + dσ↓ =
d∆σ

2dσunp , (2.38)

where the differential cross sections are usually measured as a function of PT, the transverse
momentum of the produced hadron as well as the only hard scale of the process (typically
PT ≳ 1 GeV), and of the Feynman variable xF = 2PL/

√
s, with PL being the longitudinal

momentum of the hadron in the final state.
It is well known since very long time that the large single-spin asymmetries observed in

polarised pp collisions at large xF cannot be described in the framework of collinear, leading
twist perturbative QCD, where AN appears only as the imaginary part of interference terms
between spin-flip andno-spin-flip partonic scattering amplitudes. These are real quantities at
LO, and since helicity is conserved for massless partons, it was naively expected that AN ≃
αsm/

√
s [104]. That is, in the high-energy regime, AN ≃ 0. This result is opposite to the

experimental observation, that showed sizeable and persistent asymmetries at high energy
and over a large range of xF and PT [29, 37–40], as showed in Fig. 2.2.
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Figure 2.2: Transverse single-spin asymmetry measurements for charged and neutral pions at different center-of-mass
energies as a function of Feynman-x, xF .

According to the collinear QCD factorisation theorems [42, 45, 123] the differential cross
sections for inclusive production of a single, unpolarised hadron at large PT can be written
as a convolution of different objects [87]:

dσ(S) = ∑
abc

∑
λaλ′

a,λcλ′
c

ρa/A,S
λaλ′

a
fa/A(xa)⊗ fb/B(xb)⊗ dσ̂λaλ′

aλcλ′
c
⊗DC/c

λcλ′
c
(z) . (2.39)

In this expression we see the convolution between two distributions, fa/A and fb/B, of
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parton a inside hadron A and parton b inside hadron B, respectively, the helicity density
matrix ρa/A,S

λaλ′
a

of parton a, the fragmentation matrix DC/c
λcλ′

c
of parton c into the unpolarised

hadron C and the partonic cross section dσ̂, that is a perturbatively computable object (at
lowest order it represents the cross section for the elementary two-body scattering ab → cd).
The convolutions ⊗ in Eq. (2.39) are on the partonic light-cone momentum fraction xa, xb
and z.

In the case under consideration (or when the produced hadron is spinless), the only non-
zero elements of DC/c

λcλ′
c
are the diagonal ones, so DC/c

λcλ′
c
∼ δλcλ′

c
DC/c(z), with DC/c(z) being

the unpolarised fragmentation function. Moreover, requiring helicity conservation in the
partonic process, implies λa = λ′

a. That is, the differential cross section, Eq. (2.39), is in-
dependent of the hadron A spin, therefore every single-spin asymmetry is zero [104]. So,
as said at the beginning of Section 2.2, we need to use other approaches, such as the GPM
or the twist-3 approach. In the case of GPM, one is able to probe some of the TMDs de-
fined in Section 2.1, namely the Sivers, Boer-Mulders and transversity distributions and the
Collins fragmentation function, while in the framework of CT3 approach the asymmetries
are described in terms of various quark-gluon correlators, both in the initial and in the fi-
nal state. It is important to stress that, differently from SIDIS, where one can isolate specific
convolutions of TMDs, here all the allowed effects add up to contribute to AN, and so they
cannot be disentangled.

2.3 Generalised Parton Model

We finally go through the phenomenological model that will be used throughout this the-
sis, the Generalised Parton Model (GPM). This model, first developed during mid 1990s, is
an extension of early attempts to deal with the intrinsic motion of partons and with TMD
distributions and fragmentation functions [124–127]. This formalism presents its own ad-
vantages:

• it is a QCD-improved, generalised parton model approach, with direct inclusion, in
the spirit of the parton model itself, of spin and transverse momentum (k⊥) effects
(see Appendix A for the detailed k⊥ kinematics);

• the partonic interpretation of all soft, leading twist TMDs is preserved;

• the helicity formalism used in the approach plainly shows the connection among polar-
isation states of the involved particles and the role of spin effects in the soft and hard
processes;

• the inclusion of k⊥ effects in the kinematics is exact, with no approximation.

Of course, as every theoretical approach, it also has some drawbacks:

• it is somehow used assuming the validity of TMD factorisation for single-scale pro-
cesses, for which no proof exists;

• it is limited to leading-twist distributions and fragmentation functions, so its applica-
tion to single-spin asymmetries has to be considered as an effective approach;
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• initial and final state interactions, which induce themodified universality of TMDs (e.g.
for the Sivers function, Eq. (2.10)) are not taken into account.

Despite these problems, its phenomenological results are still quite remarkable. Let us
also note that the GPM is essentially equivalent to the full TMD approach in the limit where
neither evolution nor soft factors are taken into account.

2.3.1 Single inclusive hadron production in the GPM

Let us now take a look at the single inclusive hadron production from hadronic collisions in
the framework of the Generalised Parton Model. For completeness, let us consider the pro-
cess inwhich both hadrons in the initial state could be polarised, that is A(SA)+ B(SB) → C+
X, at high energy and moderately large transverse momentum PT of the produced hadron,
measured with respect to the direction of the colliding beam. The spin states of the generic
hadrons A, B, C are SA, SB, SC respectively, and the generic hadron h can have Sh = 0, 1

2 , 1.
Using the helicity formalism, we can write down the following master formula for the invari-
ant differential cross section for the production of an unpolarised hadron C in the polarised
process A(SA) + B(SB) → C + X [86, 125–128]:

EC
dσ(A,SA)+(B,SB)→C+X

d3pC
= ∑

a,b,c,d
∑
{λ}

∫ dxadxbdz
16π2xaxbz2s

d2k⊥a d2k⊥b d3k⊥C

× δ (k⊥C · p̂c) J(k⊥C) δ
(
ŝ + t̂ + û

)
× ρa/A,SA

λaλ′
a

f̂a/A,SA(xa,k⊥a) ρb/B,SB
λbλ′

b
f̂b/B,Sb

(xb,k⊥b)

× M̂λcλd,λaλb M̂∗
λ′

cλd,λ′
aλ′

b
D̂λCλC

λcλ′
c
(z,k⊥C) .

(2.40)

Eq. (2.40) is written as a factorised convolution of all possible hard elementary tree-level pro-
cesses, ab → cd, with soft, spin and k⊥ dependent distributions and fragmentation functions.
In this formula we can recognize the following elements:

(i) A and B are the initial, spin 1
2 hadrons in pure spin states denoted by SA and SB and

corresponding polarisation (pseudo)vectors PA and PB, respectively;

(ii) in the hadronic center-of-mass frame, hadrons A and B move respectively along the
±Zc.m.-axis direction, and the hadron C is produced in the (XZ)c.m. plane, with (pC)Xc.m.
> 0; transverse polarisations for hadrons A and B are along the Yc.m. direction, and the
following notation is often used:

↑ for PA
Ycm

= 1 and PB
Ycm

= −1 , ↓ for PA
Ycm

= −1 and PB
Ycm

= 1 ; (2.41)

(iii) the notation {λ} refers to a sum over all helicity indices, while

xa =
p+a
p+A

, xb =
p+b
p+B

, z =
p+C
p+c

(2.42)
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are the light-cone momentum fractions of partons a, b inside the initial hadrons A, B
and of hadron C produced in the fragmentation of parton c; the parton transverse mo-
menta are, as usual, k⊥a and k⊥b, while k⊥C is the generic three-momentum of hadron
C in the hadronic c.m. frame. The delta function δ (k⊥C · p̂c) in Eq. (2.40) ensures the
orthogonality between the transverse momenutm of the produced hadron, k⊥C, and
the parton c three-momentum, pc;

(iv) the factor (16π2xaxbs)−1, with s = (pA + pB)
2 being the hadronic Mandelstam s vari-

able representing the total energy of the colliding beams, collects phase space factors
related to the elementary cross section and the corresponding flux factors for the out
of hadronic plane parton scattering process;

(v) the phase-space factor J(k⊥C) /z2 is the invariant TMD Jacobian factor for massless
particles connecting the parton momentum pc with its parent hadron momentum pC
(see for example [126], Appendix A); the Jacobian factor for massless particles is given
by:

J(k⊥C) =

(
EC +

√
p2

C + k2
⊥C

)2

4
(
p2

C − k2
⊥C

) ; (2.43)

(vi) ρa/A,SA
λaλ′

a
(ρb/B,SB

λbλ′
b

) is the helicity density matrix of parton a(b) inside hadron A(B), that
describes the polarisation state of the particle in its helicity rest frame. In the case
of massless particles, no such frame exists, hence the helicity frame is defined as the
frame, reached from the hadronic c.m. frame, in which the particle four-momentum is
pµ = (p, 0, 0, p) [129];

(vii) f̂a/A,SA(xa,k⊥a) ( f̂b/B,Sb
(xb,k⊥b)) is the leading-twist TMD-PDF for the unpolarised

parton a(b) inside the polarised hadron A(B)2.

(viii) the M̂’s are the helicity amplitudes for the partonic tree-level process ab → cd, and are
normalised so that the unpolarised cross section, for a collinear collision, is given by

dσab→cd

dt̂
=

1
16πŝ2

1
4 ∑

λaλbλcλd

|M̂λcλd,λaλb |
2 , (2.44)

where again t̂ = (pa − pc)2 is a partonic Mandelstam variable. Note that these am-
plitudes are computed in a natural reference frame, the center-of-mass (c.m.) frame
of the colliding hadrons. The collision axis, along with the direction of the produced
hadron, forms a plane, the hadronic plane. Due to the inclusion of intrinsic transverse
momentum, the hard scattering induce a nonplanar kinematics, out of this hadronic
plane. So, the helicity amplitudes are first calculated in the partonic c.m. frame, ob-
taining the canonical amplitudes M̂0’s, and then connected to the one in the hadronic
c.m. frame, the M̂’s, using a proper succession of Lorentz transformations. Hence, the
nonplanar geometry of the partonic process and the Lorentz transformations induce

2The convention used here indicates with a “hat” function with full vectorial dependence on k⊥. The ones
indicated without a “hat” have a k⊥ ≡ |k⊥| dependence, with a factorised azimuthal dependence.
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nontrivial phases in the distribution and fragmentation matrices (see Appendices A
and B for more details).

(ix) D̂λCλC
λcλ′

c
(z,k⊥C) is the product of nonperturbative fragmentation amplitudes for the po-

larised fragmentation process c → C + X.

(x) when C is a massless particle or a light hadron (e.g. a pion), a regulator mass µ0 is in-
troduced. This is needed to cure the infrared divergences appearing in the propagators
when k⊥ effects are included and when PT is around 1 − 2 GeV. At larger PT, no such
problem is present.

The master formula, Eq. (2.40), could be also written in the following condensed form:

EC
dσ(A,SA)+(B,SB)→C+X

d3pC
= ∑

a,b,c,d

∫ dxadxbdz
16π2xaxbz2s

d2k⊥a d2k⊥b d3k⊥C

× δ (k⊥C · p̂c) J(k⊥C) δ
(
ŝ + t̂ + û

)
Σ (SA, SB)

ab→cd ,

(2.45)

where we have defined the general kernel

Σ (SA, SB)
ab→cd = ∑

{λ}
ρa/A,SA

λaλ′
a

f̂a/A,SA(xa,k⊥a) ρb/B,SB
λbλ′

b
f̂b/B,Sb

(xb,k⊥b)

× M̂λcλd,λaλb M̂∗
λ′

cλd,λ′
aλ′

b
D̂λCλC

λcλ′
c
(z,k⊥C) .

(2.46)

This kernel encodes the complete information about the polarisation states of partons and
hadrons. Moreover, upon assigning the proper polarisation to the initial hadrons A and B,
kernel combinations provide an explicit expression for the numerator and the denominator
of the transverse single-spin asymmetry AN, Eq. (2.38). For example, considering single
inclusive hadroproduction from polarised proton-proton scattering, p↑p → hX, we have,
respectively for the numerator and the denominator of AN

d∆σ ∼ ∑
abcd

∑
{λ}

[Σ(↑, 0)− Σ(↓, 0)] ,

dσunp ∼ ∑
abcd

∑
{λ}

[Σ(↑, 0) + Σ(↓, 0)] ,
(2.47)

and the sums are extended over all the possible elementary contributions. In this case, eight
different partonic processes can take place:

qaqb → qcqd , gagb → gcgd , gagb → qq̄ , qq̄ → gcgd ,

qg → qg , gq → gq , qg → gq , gq → qg ,
(2.48)

where q can be either a quark or an antiquark. The subscripts a, b, c, d for quarks, when neces-
sary, identify the flavour, of course only in processes where different flavours can be present,
while for gluons these labels identify the corresponding hadron (a → A, b → B, c → C).

As an illustration, let us take a look at two general kernels. The one for the elementary
contribution qaqb → qcqd is given by [127]:
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Σ(SA, SB)
qaqb→qcqd =

1
2

DC/c(z, k⊥C) f̂a/SA(xa,k⊥a) f̂b/SB(xb,k⊥b)

×
{(

|M̂0
1|2 + |M̂0

2|2 + |M̂0
3|2
)
+ Pa

z Pb
z

(
|M̂0

1|2 − |M̂0
2|2 − |M̂0

3|2
)

+ 2M̂0
2 M̂0

3

[(
Pa

x Pb
x + Pa

y Pb
y

)
cos(φ3 − φ2)

−
(

Pa
x Pb

y − Pa
y Pb

x

)
sin(φ3 − φ2)

]}

− 1
2

∆NDC/c↑(z, k⊥C) f̂a/SA(xa,k⊥a) f̂b/SB(xb,k⊥b)

×
{

M̂0
1 M̂0

2

[
Pa

x sin(φ1 − φ2 + ϕH
C )− Pa

y cos(φ1 − φ2 + ϕH
C )
]

+ M̂0
1 M̂0

3

[
Pb

x sin(φ1 − φ3 + ϕH
C )− Pb

y cos(φ1 − φ3 + ϕH
C )
]}

,

(2.49)

while the one for qg → qg processes reads

Σ(SA, SB)
qg→qg =

1
2

DC/q(z, k⊥C) f̂q/SA(xa,k⊥a) f̂g/SB(xb,k⊥b)

×
{(

|M̂0
1|2 + |M̂0

2|2
)
+ Pq

z Pg
z

(
|M̂0

1|2 − |M̂0
2|2
)}

− 1
2

∆NDC/q↑(z, k⊥C) f̂q/SA(xa,k⊥a) f̂g/SB(xb,k⊥b)

×
{

M̂0
1 M̂0

2

[
Pq

x sin(φ1 − φ2 + ϕH
C )− Pq

y cos(φ1 − φ2 + ϕH
C )
]}

.

(2.50)

Without entering into details, we can say that Eqs. (2.49) and (2.50) show the explicit
dependence on the polarisation states of partons a and b, along with the aforementioned
nontrivial phase dependences due to the fact that the hard process takes place out of the
hadronic plane. Moreover, we see the presence of combinations of canonical helicity ampli-
tudes, M̂0’s, the ones calculated in the partonic c.m. frame. Their subscripts refer to helicity
amplitudes with different helicity combinations. All the details can be found in Appendix B.

Upon assigning the proper polarisation, one can then construct the contribution to the
asymmetry for every partonic channel. As an illustration, we consider the case in which only
the initial hadron A is transversely polarised, while the hadron B is unpolarised. In such
case, the single-spin asymmetry AN will receive the contributions, among all the partonic
channels, from the two subprocesses qaqb → qcqd and qg → qg. Here we show explicitely
their contributions to the numerator and the denominator of the asymmetry, that respectively
read:
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[Σ(↑, 0)− Σ(↓, 0)]qaqb→qcqd =

1
2

∆f̂a/A↑(xa,k⊥a) fb/B(xb, k⊥b)
[
|M̂0

1|2 + |M̂0
2|2 + |M̂0

3|2
]

DC/c(z, k⊥C)

+
[
∆− f̂ a

sy/↑(xa,k⊥a) cos(φ1 − φ2 + ϕH
C )− ∆f̂ a

sx/↑(xa,k⊥a) sin(φ1 − φ2 + ϕH
C )
]

× fb/B(xb, k⊥b) M̂0
1 M̂0

2 ∆NDC/c↑(z, k⊥C)

+ 2
[
∆− f̂ a

sy/↑(xa,k⊥a) cos(φ3 − φ2)− ∆f̂ a
sx/↑(xa,k⊥a) sin(φ3 − φ2)

]
× ∆f̂ b

sy/B(xb,k⊥b) M̂0
2 M̂0

3 DC/c(z, k⊥C)

+
1
2

∆f̂a/A↑(xa,k⊥a)∆f̂ b
sy/B(xb,k⊥b) cos(φ1 − φ3 + ϕH

C ) M̂0
1 M̂0

3 ∆NDC/c↑(z, k⊥C) ,

(2.51)

[Σ(↑, 0)− Σ(↓, 0)]qg→qg =

1
2

∆f̂q/A↑(xq,k⊥q) fg/B(xg, k⊥g)
[
|M̂0

1|2 + |M̂0
2|2
]

DC/q(z, k⊥C)

+
[
∆− f̂ q

sy/↑(xq,k⊥q) cos(φ1 − φ2 + ϕH
C )− ∆f̂ q

sx/↑(xq,k⊥q) sin(φ1 − φ2 + ϕH
C )
]

× fg/B(xg, k⊥g) M̂0
1 M̂0

2 ∆NDC/q↑(z, k⊥C) ,

(2.52)

and

[Σ(↑, 0) + Σ(↓, 0)]qaqb→qcqd =

fa/A(xa, k⊥a) fb/B(xb, k⊥b)
[
|M̂0

1|2 + |M̂0
2|2 + |M̂0

3|2
]

DC/c(z, k⊥C)

+ 2 ∆f̂ a
sy/A(xa,k⊥a)∆f̂ b

sy/B(xb,k⊥b) cos(φ3 − φ2) M̂0
2 M̂0

3 DC/c(z, k⊥C)

+
[

f̂a/A(xa, k⊥a)∆f̂ b
sy/B(xb,k⊥b) cos(φ1 − φ3 + ϕH

C ) M̂0
1 M̂0

3

+ ∆f̂ a
sy/A(xa,k⊥a) f̂b/B(xb, k⊥b) cos(φ1 − φ2 + ϕH

C ) M̂0
1 M̂0

2

]
∆NDC/c↑(z, k⊥C) ,

(2.53)

[Σ(↑, 0) + Σ(↓, 0)]qg→qg =

fq/A(xq, k⊥q) fg/B(xg, k⊥g)
[
|M̂0

1|2 + |M̂0
2|2
]

DC/q(z, k⊥C)

+ ∆f̂ q
sy/A(xq,k⊥q) fg/B(xg, k⊥g) cos(φ1 − φ2 + ϕH

C ) M̂0
1 M̂0

2 ∆NDC/q↑(z, k⊥C) .

(2.54)

where again q can be either a quark or an antiquark.
Let us briefly comment about these last expressions. After having assigned the polarisa-

tion in Eqs. (2.49) and (2.50), one can calculate sums and differences of kernels in order to
build the expression for the single-spin asymmetry. In doing this, one obtains the “∆” func-
tions relative to the different effects that can contribute to AN. Explicit expressions for these
functions and their relationswith the TMDs presented in Section 2.1 are given in Appendix B.

Regarding the numerator of the SSA, in the qaqb → qcqd case, Eq. (2.51), we observe in the
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first term the contribution of the Sivers effect, while in the second term we have the Collins
effect coupled with the two pieces of the TMD transversity distribution. Moreover, we have
two more pieces: the third one is relative to the Boer-Mulders ⊗ TMD transversity distribu-
tion; the last one represents a combination of Sivers, Collins and Boer-Mulders effect. In the
case of qg → qg, Eq. (2.52), we only have the contribution of the Sivers effect (first term)
and of the TMD transversity coupled to the Collins function (second term). Looking now at
the contribution to the unpolarised cross section, that enters in the denominator of AN, we
have a similar overall structure as for the asymmetry numerator. In both cases, Eqs. (2.53)
and (2.54), the first piece corresponds to the unpolarised contribution, and the second one
to a double Boer-Mulders (or Boer-Mulders-like) effect, respectively. The third and fourth
lines of Eq. (2.53) represent a mixed term in which the Boer-Mulders and Collins (or Boer-
Mulders-like and Collins-like) effects come out together.

The explicit expressions for the numerator and the denominator of the transverse single-
spin asymmetry show their richness in terms of transverse momentum dependent distribu-
tion and fragmentation functions. On the other hand, their structure exhibits the composite
nature of the single-spin asymmetry in hadronic processes. Differently from Semi-Inclusive
DIS, where, thanks to different azimuthal modulation (see Eqs. (2.27) and (2.31)), the con-
volution of specific pairs of TMDs can be isolated, in the case of single inclusive hadroproduc-
tion from hadronic collisions one has to deal with an entangled, complicated structure. The
advantage offered by SIDIS processes has always been exploited to extract TMDs from phe-
nomenological analyses. We will see this in the next Section and in Chapter 3. Nonetheless,
as we will see in Chapter 4, single inclusive hadron production in hadronic processes can
help in estimating, in some particular kinematical region, the size of the less known gluon
TMDs, like the gluon Sivers function.

2.3.2 TMD parametrisation and SIDIS in the GPM

In this Section we finally head to TMD parametrisation. Throughout this Section we will
see, in the framework of the Generalised PartonModel, how unpolarised and polarised TMD
PDFs and FFs are usuallymodeled and derive the expressions for the azimuthal asymmetries
measured in Semi-Inclusive DIS. In particular, we will introduce the standard parametrisa-
tion used through the past years in the GPM approach, and we will see how the expressions
for the azimuthal asymmetries, Eq. (2.34), can be written in a factorised form under a Gaus-
sian Ansatz (GA). Under this ansatz, we can write a generic TMD PDF or FF with factorised
x and k⊥(p⊥) dependences as:

f (x, k2
⊥) = f (x)

e−k2
⊥/⟨k2

⊥⟩

π⟨k2
⊥⟩

, D(z, p2
⊥) = D(z)

e−p2
⊥/⟨p2

⊥⟩

π⟨p2
⊥⟩

. (2.55)

Before diving into the GPM expressions for SIDIS azimuthal asymmetries, is it worth to
comment about the Gaussian Ansatz. This approximation became popular for different rea-
sons. One of them is that all convolution integrals of the type in Eq. (2.35) can be solved
analytically within the GA. But, it is much more important to underline its good accuracy in
many practical phenomenological applications [86, 111, 114, 116, 118, 130–132]. It is obvious
that, as any approximation, it can be inconsistent in some cases, e.g. with respect to general
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matching expectations at large k⊥ [133]. Nonetheless, in the appropriate kinematic regime,
i.e. the one in which the observed transverse momenta are small with respect to the hard
scale in the process, the GA gains quantitatively a good success.

Let us now introduce the parametrisation adopted for five TMD distributions (for quarks
inside a proton) and fragmentation functions (of a quark into an unpolarised hadron) that
will be used throughout the following Chapters. These five TMDs are the two unpolarised
PDF and FF, the transversity function, the Sivers function and the Collins fragmentation
function. As mentioned in Section 2.1, Eq. (2.34), these functions show up in the expres-
sions for some specific SIDIS azimuthal asymmetries, namely Asin(ϕh−ϕS)

UT and Asin(ϕh+ϕS)
UT . To

begin with, let us remind that, to order O(k⊥/Q), the following relation between intrinsic
transverse momenta and observed transverse momentum holds:

PT = zk⊥ + p⊥ . (2.56)

The first structure function in Eq. (2.36), FUU, can be written within the TMD factorisation
scheme as

FUU(x, z, PT) = x ∑
q

e2
q

∫
d2k⊥d2p⊥δ(2)(zk⊥ + p⊥ −PT)× fq/p(x, k2

⊥)Dh/q(z, p2
⊥)

= x ∑
q

e2
q

∫
d2k⊥d2p⊥ fq/p(x, k2

⊥) Dh/q(z, (PT − zk⊥)2) ,
(2.57)

where the sum is both over quarks and antiquarks. Under the GA, the unpolarised TMD
distribution and fragmentation functions are written in a factorised form, with separated x
(z) and k⊥ (p⊥) dependences, the latter being assumed to be Gaussian, with the Gaussian
width as the only free parameter:

fq/p(x, k2
⊥) = fq/p(x)

e−k2
⊥/⟨k2

⊥⟩

π⟨k2
⊥⟩

, (2.58)

Dh/q(z, p2
⊥) = Dh/q(z)

e−p2
⊥/⟨p2

⊥⟩

π⟨p2
⊥⟩

. (2.59)

In the last expressions, the integrated (collinear) PDF and FF are usually taken from available
fits to world data. The Gaussian widths could be in principle functions of x and z, and also
flavour dependent (see e.g. [84, 119, 132]). In the following, flavour independence and constant
widths are always used. Under these assumptions, using Eqs. (2.58)–(2.59) into Eq. (2.57),
we obtain a simple expression for the structure function FUU:

FUU(x, z, PT) = x ∑
q

e2
q fq/p(x) Dh/q(z)

e−P2
T/⟨P2

T⟩

π⟨P2
T⟩

, (2.60)

where x ≡ xBj, and where
⟨P2

T⟩ = ⟨p2
⊥⟩+ z2⟨k2

⊥⟩ . (2.61)

In order to construct the SIDIS azimuthal asymmetries, we now need to parametrise the
polarised TMDs, namely the Sivers and transversity functions, and the Collins fragmentation
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function. Here, we meet another assumption usually made within GPM: the Q2 dependence
of the (un)polarised TMDs is only due to the collinear unpolarised distribution and fragmen-
tation functions, that evolve according to the DGLAP equations.

Let us start first with the quark Sivers function. This function is usually parametrised as

∆Nfq/p↑(x, k2
⊥) = −2 k⊥

Mp
f⊥q
1T (x, k2

⊥)

= 2Nq(x) h(k⊥) fq/p(x, k2
⊥) ,

(2.62)

where

Nq(x) = Nq xαq(1 − x)βq
(αq + βq)

αq+βq

α
αq
q β

βq
q

, (2.63)

h(k⊥) =
√

2e
k⊥
MS

e−k2
⊥/M2

S , (2.64)

and MS is a free parameter with mass dimension.
Note that, upon choosing |Nq| ≤ 1, the positivity bound for the Sivers function, Eq. (2.15),

is automatically satisfied. Substituting Eqs. (2.58), (2.63) and (2.64) into Eq. (2.62), we get

f⊥q
1T (x, k2

⊥) = −
√

2e
Mp

MS
Nq(x) fq/p(x)

e−k2
⊥/⟨k2

⊥⟩S

π⟨k2
⊥⟩

, (2.65)

where Mp is the proton mass and where we have defined the Sivers width

⟨k2
⊥⟩S =

⟨k2
⊥⟩M2

S
⟨k2

⊥⟩+ M2
S

. (2.66)

With these expressions, the Sivers first moment becomes [118]

f⊥(1)q
1T (x) = −∆Nf (1)q/p↑(x) = −

√ e
2⟨k2

⊥⟩M3
S

Mp
(
⟨k2

⊥⟩+ M2
S
)2 Nq(x) fq/p(x)

= −
√ e

2⟨k2
⊥⟩2

S
MpMS⟨k2

⊥⟩
Nq(x) fq/p(x) ,

(2.67)

where in the last line we have substituted the definition of ⟨k2
⊥⟩S, Eq. (2.66). The structure

function Fsin(ϕh−ϕS)
UT can be written in terms of the Sivers first moment as [122]

Fsin(ϕh−ϕS)
UT (x, z, PT) = −x

2Mp z PT

⟨P2
T⟩S

∑
q

e2
q f⊥(1)q

1T (x) Dh/q(z)
e−P2

T/⟨P2
T⟩S

π⟨P2
T⟩S

= x
2Mp z PT

⟨P2
T⟩S

∑
q

e2
q ∆Nf (1)q/p↑(x) Dh/q(z)

e−P2
T/⟨P2

T⟩S

π⟨P2
T⟩S

,

(2.68)

28



where
⟨P2

T⟩S = z2⟨k2
⊥⟩S + ⟨p2

⊥⟩ . (2.69)

Using now Eqs. (2.60) and (2.68) we can write, under the Gaussian Ansatz, the Sivers az-
imuthal asymmetry in SIDIS, Eq. (2.34), as

Asin(ϕh−ϕS)
UT (x, z, PT) =

Fsin(ϕh−ϕS)
UT

FUU

= −2Mp z PT
⟨P2

T⟩
⟨P2

T⟩2
S

e−P2
T/⟨P2

T⟩S ∑
q

e2
q f⊥(1)q

1T (x) Dh/q(z)

e−P2
T/⟨P2

T⟩ ∑
q

e2
q fq/p(x) Dh/q(z)

= 2Mp z PT
⟨P2

T⟩
⟨P2

T⟩2
S

e−P2
T/⟨P2

T⟩S ∑
q

e2
q ∆Nf (1)q/p↑(x) Dh/q(z)

e−P2
T/⟨P2

T⟩ ∑
q

e2
q fq/p(x) Dh/q(z)

.

(2.70)

We can now turn to the second SIDIS azimuthal asymmetry of our interest, the Collins
asymmetry Asin(ϕh+ϕS)

UT . Its corresponding polarised structure function Fsin(ϕh+ϕS)
UT is written

in terms of a convolution of the TMD transversity function and the Collins fragmentation
function. Within the GPM and adopting the GA, the x-dependent part of the transversity
function has been usually parametrised in terms of the Soffer bound:

hq
1(x, k2

⊥) = hq
1(x)

e−k2
⊥/⟨k2

⊥⟩T

π⟨k2
⊥⟩T

, (2.71)

hq
1(x) =

1
2
N T

q (x)
[

fq/p(x) + g1L(x)
]

, (2.72)

where

N T
q (x) = NT

q xαT
q (1 − x)βT

q
(αT

q + βT
q )

αT
q +βT

q

αT
q

αT
q βT

q
βT

q
. (2.73)

The Collins function is also usually parametrised in terms of the corresponding collinear
unpolarised fragmentation function:

∆NDh/q↑(z, p2
⊥) =

2 p⊥
z mh

H⊥q
1 (z, p2

⊥)

= 2N C
q (z) h(p⊥) Dh/q(z, p2

⊥)

(2.74)

where mh is the mass of the produced hadron, and where

N C
fav,unf(z) = NC

fav,unf zγ(1 − z)δ (γ + δ)γ+δ

γγ δδ
, (2.75)
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h(p⊥) =
√

2e
p⊥
MC

e−p2
⊥/M2

C , (2.76)

and again we have a free mass parameter, MC.
In Eq. (2.75) we have introduced the distinction between favoured and unfavoured Collins

fragmentation function. The distinction origins from the definition of favoured and un-
favoured unpolarised FFs, that is relative to the flavour content of the different hadrons and
is based on isospin symmetry. For example, in the case of charged pions, we have:

Dπ+/u = Dπ+/d̄ =Dπ−/d = Dπ−/ū ≡ Dπ
fav ,

Dπ+/d = Dπ+/ū = Dπ−/u =Dπ−/d̄ = Dπ±/s = Dπ±/s̄ ≡ Dπ
unf .

(2.77)

As in the case of the Sivers function, by choosing |NT
q | ≤ 1 and |NC

q | ≤ 1, transversity and
Collins function automatically satisfy their corresponding bounds, i.e. the Soffer bound and
the positivity bound, respectively.

Substituting now Eqs. (2.75) and (2.76) into Eq. (2.74), we get

H⊥q
1 (z, p2

⊥) =
√

2e
zmh
MC

N C
q (z) Dh/q(z)

e−p2
⊥/⟨p2

⊥⟩C

π⟨p2
⊥⟩

, (2.78)

where we now have defined the Collins width

⟨p2
⊥⟩C =

⟨p2
⊥⟩M2

C
⟨p2

⊥⟩+ M2
C

. (2.79)

The Collins function can be also expressed in terms of its first moment, H⊥(1)q
1 (z), as follows:

H⊥q
1 (z, p2

⊥) = H⊥(1)q
1 (z)

2 z2m2
h

π⟨p2
⊥⟩2

C
e−p2

⊥/⟨p2
⊥⟩C , (2.80)

where H⊥(1)q
1 (z) is given by [122]

H⊥(1)q
1 (z) =

√ e
2 ⟨p2

⊥⟩M3
C

zmh(⟨p2
⊥⟩+ M2

C)
2
N C

q (z) Dh/q(z)

=

√
e
2
⟨p2

⊥⟩2
C

⟨p2
⊥⟩

1
zmhMC

N C
q (z) Dh/q(z) .

(2.81)

Now, the structure function Fsin(ϕh+ϕS)
UT can be written as [122]

Fsin(ϕh+ϕS)
UT (x, z, PT) = x

2zmhPT

⟨P2
T⟩C

∑
q

e2
q hq

1(x) H⊥(1)q
q (z)

e−P2
T/⟨P2

T⟩C

π⟨P2
T⟩C

, (2.82)

where
⟨P2

T⟩C = z2⟨k2
⊥⟩T + ⟨p2

⊥⟩C . (2.83)
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So, under the GA, the Collins azimuthal asymmetry (as measured by the HERMES Collabo-
ration, Eq. (2.34)) is given by

Asin(ϕh+ϕS)
UT (x, z, PT) =

2(1 − y)
1 + (1 − y)2

Fsin(ϕh+ϕS)
UT

FUU

=
4 z mhPT (1 − y)

1 + (1 − y)2
⟨P2

T⟩
⟨P2

T⟩2
C

e−P2
T/⟨P2

T⟩C ∑
q

e2
q hq

1(x) H⊥(1)q
q (z)

e−P2
T/⟨P2

T⟩ ∑
q

e2
q fq/p(x) Dh/q(z)

.

(2.84)
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3
Polarised quark TMD distributions

In this Chapter we will go through some phenomenological studies about polarised quark
TMDs. In particular, wewill focus on some details that affect the various stepswhile perform-
ing a phenomenological analysis. We will see that the assumptions made within a specific
chosen model can impact on the interpretation of the results of a fit. Nonetheless, they can
also help in assessing signals of TMD physics in the experimental data and in pinning down
the actual knowledge about TMDs.

3.1 Available TMD data

We will now take a look at the available TMD data for polarised quark PDFs and FFs, es-
pecially for the Sivers and transversity TMD distribution and for the Collins fragmentation
function.

It is worth to start by pointing out some important aspects on the available TMD data.
Generally speaking, the amount of information on TMD functions at our disposal is less
than the one available for collinear PDFs and FFs. If we roughly measure it as the number of
datapoints used in a phenomenological extraction of a PDF or a FF, we can instantly notice a
difference between the collinear and the TMD cases. In fact, we usually have O(103) points
for fitting collinear PDFs and FFs, while for TMDs, when data are available, this number goes
down to O(101 − 102) (or also O(100) in the gluon case, see Chapter 4). So, in principle this
means that we have less available information on TMDs.

Actually, we are still at an early stage of TMD extractions. Noticeable exceptions to this
numbers are surely represented by the Torino 2014 fit [114] (over 6000 datapoints from SIDIS
multiplicities data for unpolarised TMDPDFs and FFs), and the first global fit of unpolarised
quark TMDs made by Pavia group [119], which used a total amount of 8059 datapoints. No-
tice that these numbers are finally comparable to the ones used in collinear PDFs extractions.

Obviously, it is not always true that the larger number of datapoints we have, the more we
gain in terms of information on TMDs, since this generally depends on the covered kinemati-
cal regions (e.g. in x and Q2, see Fig. 3.1 as an example for Sivers asymmetry data) and on the
precision of the data. Nevertheless, the fact that wider x and Q2 ranges have now been and
will be explored in the near future will allow us to better constrain TMDs in some specific
regions, currently unconstrained in the phenomenological analyses [76, 134, 135].
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Figure 3.1: Kinematic coverage in x and Q2 for the Sivers asymmetry for past, current, and future experiments. PT and z
ranges are also shown in the legend. Note that the latest COMPASS data [135] at higher Q2 is missing. Figure is from [76].

Keeping in mind these preliminary observations, let us now have a look at the measure-
ments we have at our disposal. To start with, let us consider the Sivers asymmetry data. The
Sivers effect is accessible in polarised SIDIS and Drell-Yan processes. For the latter, very first
preliminary data are available: few points measured by the STAR Collaboration at RHIC for
AN in p↑p → W±/Z0 + X at

√
s = 500 GeV [88], and somemore recent measurements from

COMPASS Collaboration at CERN for pion induced Drell-Yan asymmetries with a 190 GeV
π− beam [89]. These first data seem to point towards a confirmation of the predicted sign
change of the Sivers function, Eq. (2.10), but much higher statistics is surely needed to claim
an experimental validation of the sign change.

Conversely to the Drell-Yan case, the Sivers azimuthal asymmetries in SIDIS have histori-
cally represented the only source of information for extracting the quark Sivers function. As
seen in the previous Chapter, this TMD is accessible via the Asin(ϕh−ϕS)

UT azimuthal asymme-
try (see Eqs. (2.34) and (2.36)). Currently, we have data from the HERMES, COMPASS and
the JLab Hall A Collaborations, covering different x, z, PT and Q2 ranges, as shown in Fig. 3.1.
More specifically, let us briefly list the latest data from these Collaborations:

• the HERMES Collaboration measured Sivers asymmetries for π±, π0 and K± SIDIS
production off a polarised proton target [136];

• the COMPASS Collaboration measured the asymmetries for π±, K0 and K± on LiD
(deuterium) [137] and for charged hadron production on NH3 targets [135] with z >
0.2. The latter corresponds to a recent reanalysis of the 2010 COMPASS run, with a
novel Q2 binning, similar to the one used in Drell-Yan measurements [89];

• JLab Hall A data are for π± production off a 3He (neutron) target [138].

These data are provided as a function of x, z or PT, except for JLab data, whose are only
x-dependent. Note that, in presenting a specific dependence on a kinematical variable, the
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other ones are integrated over. The different kinematical coverage and the usage of different
targets give access to the Sivers function for different flavours. Due to the flavour content of
proton targets, we usually havemore information about the u-quark Sivers function. Neutron
data, for isospin symmetry, gives more information on the d-quark Sivers function, while on
a deuterium target the contribution to the azimuthal asymmetries are in principle balanced
between u and d quarks. Moreover, studying kaon production one could in principle infer
the size of the sea quark Sivers function. At the moment, proton data are the most precise
ones, while the uncertainties affecting themeasured asymmetries off deuterium and neutron
targets are still quite large. So, it is expected to have a smaller uncertainty on the fitted u-
quark Sivers function. In future, new proposed runs, as the one for 2021 at COMPASS on
deuterium target [139], will certainly help in reducing the uncertainties on the d-quark Sivers
function extraction.

Moving now to the Collins asymmetries, we have two different sources of information:
the Asin(ϕh+ϕS)

UT azimuthal asymmetry in SIDIS, Eqs. (2.34) and (2.36), and the azimuthal
modulations AUL(C)

0 and AUL(C)
12 in e+e− → h1h2X processes. The former gives also access

to the TMD transversity distribution, while the latter can be measured with two different
methods, namely the “hadronic-plane” (AUL(C)

0 ) and the “thrust-axis” methods (AUL(C)
12 ),

that are respectively related to the cos(2ϕ0) or cos(ϕ1 + ϕ2) modulations in the cross section
(see Section 3.3.1). At the moment, the latest data come from the HERMES, COMPASS and
JLab Hall A Collaborations (for SIDIS) and from the Belle, BaBar and BESIII Collaborations
(for e+e−). More in detail:

• the HERMES Collaboration observed the Collins asymmetries for π±, π0 and K± off a
polarised proton target [140, 141];

• the COMPASS Collaboration measured Asin(ϕh+ϕS)
UT for π±, K0 and K± off proton [142]

and deuteron [137] targets;

• JLab Hall A measurements are performed for π± production off a 3He (neutron) tar-
get [138];

• the Belle Collaboration measured the azimuthal modulations AUL(C)
0 and AUL(C)

12 for
ππ production [143];

• the BaBar Collaboration observed AUL(C)
0 and AUL(C)

12 for both ππ, πK and KK produc-
tion [144];

• the BESIII Collaboration recently measured AUL(C)
0 for ππ production [145].

SIDIS data for Collins are measured as a function of x, z or PT (apart from JLab data, that
are only x-dependent, and again integrating over the two other variables), while e+e− data
are obtained by isolating the azimuthalmodulation in the cross sections via subsequent ratios.
These asymmetries are usually measured as a function of z1 and z2, respectively the two
momentum fractions of the produced hadrons h1 and h2, or as a function of PT, as in the case
of BaBar and BESIII Collaborations. These last sets of data are very interesting, because they
give direct access to the transversemomentumdependence of theCollins function. Moreover,
they aremeasured at a different Q2 values, so in principle they could be used for testing TMD
evolution.
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3.2 Quark Sivers function and signals of TMD physics in SIDIS data

In this Section we head to a thorough study on the extraction of the quark Sivers function
from SIDIS data within the GPM framework. Specifically, we study the role of an alterna-
tive, simpler parametrisation with respect to the one used in previous works, and we assess
the visibility of TMD signals in the experimental data. All the results presented here are
based on Ref. [120]. In the following, the Torino-Cagliari notation for the TMDs is used, but
the relations with the Amsterdam notation can be easily recovered using Eqs. (2.19), (2.65)
and (2.67).

3.2.1 General strategy and new Sivers parametrisation

Let us directly start from the new parametrisation. The chosen functional form is very sim-
ilar to the one adopted in recent works [111, 113, 118, 128] and presented here in Eqs. (2.65)
and (2.67), with factorised x and k⊥ dependences. The main difference is that here the x-
dependent part of the Sivers function is no more taken to be proportional to the correspond-
ing unpolarised collinear distribution. So, the new parametrisation reads

∆Nfq/p↑(x, k⊥) = 4Nqxαq(1 − x)βq
Mp k⊥
⟨k2

⊥⟩S

e−k2
⊥/⟨k2

⊥⟩S

π⟨k2
⊥⟩S

. (3.1)

where Nq, αq, βq and ⟨k2
⊥⟩S are free parameters.

Using this parametrisationmakes us renounce to the automatic fulfillment of the positivity
bound for the Sivers function, Eq. (2.22). However, using the parametrisation in Eq. (3.1),
allow us a realistic determination of the uncertainties that affect the extraction of the Sivers
function, and also to test in themost agnostic possible way aspects of the data related to TMD
physics, like flavour separation and scale dependence.

Additionally, the new model is directly parametrised in terms of the Sivers width, ⟨k2
⊥⟩S,

and is arranged in such a way that we can study the Sivers function by directly parametrising
its first moment. In fact, it is easy to see that, within the model in Eq. (3.1), the Sivers first
moment is simply:

∆Nf (1)q/p↑(x) =
∫

d2k⊥
k⊥

4Mp
∆Nfq/p↑(x, k⊥) = Nqxαq(1 − x)βq = − f⊥(1)q

1T (x) , (3.2)

where on the r.h.s. we have given the relation with the Amsterdam notation.
Regarding the unpolarised TMD PDFs and FFs we adopt the usual functional forms of

Eqs. (2.58) and (2.59), choosing as collinear PDFs and FFs the CTEQ6l1 [146, 147] and DSS
[148] leading order sets, respectively. The unpolarised PDF and FF witdhs, ⟨k2

⊥⟩ and ⟨p2
⊥⟩,

are fixed according to the values extracted in Ref. [114]. As discussed in Section 2.3, the un-
polarised TMDs depend on Q2 only via their collinear parts, that obey the DGLAP evolution
equations [18–20]. Therefore, in the following, the structure function FUU will always evolve
in Q2 via the same evolution equations.

Within this model, by using the definition of the convolution in Eq. (2.35), and recalling
that

Asin(ϕh−ϕS)
UT =

Fsin(ϕh−ϕS)
UT

FUU
, (3.3)
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the Sivers structure functions Fsin(ϕh−ϕS)
UT is given by

Fsin(ϕh−ϕS)
UT (x, z, PT) = x

2Mp z PT

⟨P2
T⟩S

∑
q

e2
q

(
Nqxαq(1 − x)βq

)
Dh/q(z)

e−P2
T/⟨P2

T⟩S

π⟨P2
T⟩S

, (3.4)

where ⟨P2
T⟩S is given in Eq. (2.61), and FUU is written as in Eq. (2.60). Note that this form

is exactly the same as in Eq. (2.68), with the Sivers first moment written as in Eq. (3.2);
consistently, the asymmetry in Eq. (3.3) then has the same expression as in Eq. (2.70).

In what follows we will analyse different possible scenarios. Particularly, we will build
our starting point, a reference best fit, by fixing αq = 0, taking a constant ⟨k2

⊥⟩S in Eq. (3.1),
and considering only u and d flavour contributions. Then, by modifying some of the starting
assumptions, we will address different aspects regarding data sensitivity to some chosen
features. In particular, we will study the low-x region and the sensitivity of experimental
measurements to Q2 and x correlations.

Data selection and unpolarised width choice

Before going into the fitting results, it is important to highlight the choices we make on the
data selection and on the unpolarised PDF and FF widths.

Regarding the data, we fit all the latest available data on the Sivers SIDIS asymmetries, but
excluding some specific data subset. More specifically, we fit all the Sivers SIDIS data listed
in Section 3.1, that are the ones coming from HERMES off a proton target [136], COMPASS
on LiD [137] and NH3, and JLab off a 3He (neutron) target [138]. Since in our analysis we
do not separate valence and sea contributions, we exclude K− data, that is mainly driven by
the sea contribution itself. Moreover, even if HERMES and COMPASS data are provided as a
function of x, z or PT (JLab provides only the x dependence of Asin(ϕh−ϕS)

UT ), we do not include
z-dependent data, as in our model this dependence is driven only by the FFs, and we do not
have any sensitivity to z in our free parameters. This results in a total of 220 datapoints.

The fit is carried out with a usual χ2 minimisation procedure using MINUIT [149], while
uncertainties estimation is made by carefully exploring the parameter space and considering
a 2σ confidence level (CL), that corresponds to a coverage probability of 95.4%. We then
accept parameter configurations whose χ2’s lie in the range

[
χ2
min, χ2

min + ∆χ2], where ∆χ2

depends on the number of considered parameters. More details on this procedure are given
in the Appendix A of Ref. [113].

As mentioned before, for the unpolarised TMD PDFs and FFs we use the values of ⟨k2
⊥⟩

and ⟨p2
⊥⟩ extracted in Ref. [114]. In that work, SIDIS multiplicities from HERMES and COM-

PASS were analysed and fitted within the GPM scheme, and it was found that, within the
Gaussian Ansatz, the two datasets could be well reproduced, but only if fitted separately:
no simultaneous extraction was possible. This results in two different widths pairs for HER-
MES and COMPASS, respectively. So, we consistently use the results of Ref. [114] for each
individual experiment. Moreover, for the JLab data, we adopt the unpolarised widths fitted
from HERMES data, as the two experiments were shown to be compatible [114].

In order to support this choice, we first perform simple compatibility tests, where we com-
pute the effects of using different widths for the calculation of FUU (that is, the unpolarised
cross section) for HERMES and COMPASS. In these tests, we compare two hypotheses:
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(i) usage of the same unpolarised widths, namely the ones extracted from HERMES, for
both HERMES and COMPASS asymmetries;

(ii) usage of the corresponding unpolarised widths for each experiment.
In each case, we perform three fits on π+ production from a proton target, considering only

the u-quark Sivers contribution and setting all other flavour contributions to zero: HERMES
data only, COMPASS data only, or a simultaneous fit of HERMES and COMPASS data. The
results for the correlation between Nu, βu parameters are shown in Fig. 3.2, where scatter
plots are at a 2σ CL.

Figure 3.2: Compatibility tests on π+ production from a proton target using only the u-contribution (all others flavours be-
ing set to zero) for the Sivers function, as described in the text. In each panel, we show the scatter plot of the allowed values
of βu and Nu , corresponding to a 2σ CL, for three cases: HERMES data(red), COMPASS data(blue), HERMES+COMPASS(black).
Le t panel: same unpolarised widths (⟨k2

⊥⟩ = 0.57 GeV2 and ⟨p2
⊥⟩ = 0.12 GeV2 as obtained from HERMES multiplicities).

Right panel: different unpolarised widths for each experiment (⟨k2
⊥⟩ = 0.57 GeV2 and ⟨p2

⊥⟩ = 0.12 GeV2 for HERMES data,
⟨k2

⊥⟩ = 0.60 GeV2 and ⟨p2
⊥⟩ = 0.20 GeV2 for COMPASS data).

Looking at the red and blue areas on the left panel in Fig. 3.2, we note that the usage of
the same unpolarised widths for HERMES and COMPASS data results in a tension between
the two sets, as the two fits populate different, well separated regions in the parameter space.
Consequently, the joint fit of HERMES and COMPASS data (black area), although still giv-
ing a good value of the χ2, has to compromise between the two datasets, rendering values
of the normalisation parameter Nu “half-way” between the red and blue regions. Instead,
when we use the corresponding widths for the two experiments (right panel), the explored
parameter space overlap, visibly reducing the tension shown on the left panel. This effect
can be mostly attributed to the difference in the ⟨p2

⊥⟩ values (see Fig. 3.2 caption and Tables
below) extracted from HERMES and COMPASS SIDIS multiplicities. Furthermore, this also
supports our choice in using the appropriate unpolarisedwidths for each experimental set in
our analysis, and also denotes the importance of having a good knowledge of the unpolarised
TMD-PDFs and FFs while analysing any polarised observable. Moreover, as the two datasets
cover different Q2-ranges, this effect could also be interpreted as a signal of TMD evolution
effects. Without getting into it, this is clearly an issue that deserves further investigation.

3.2.2 Fitting the quark Sivers function

We now head to the actual different fits that will allow us to assess signals of TMD physics
in the SIDIS azimuthal asymmetries and in the extraction of the quark Sivers function. We
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recall that our starting point is the Sivers model in Eq. (3.1) with αu = αd = 0. The choice
of the two full u and d flavours, with no valence/sea separation, is the one that has rendered
the lowest value for χ2

min. With these choices, the first moment of the Sivers function reduces
to

∆Nf (1)q/p↑(x) = Nq(1 − x)βq , (3.5)

and the full parametrisation reads

∆Nfu/p↑ = ∆Nfuv/p↑ + ∆Nfū/p↑ = 4 Nu(1 − x)βu
Mp k⊥
⟨k2

⊥⟩S

e−k2
⊥/⟨k2

⊥⟩S

π⟨k2
⊥⟩S

, (3.6)

∆Nfd/p↑ = ∆Nfdv/p↑ + ∆Nfd̄/p↑ = 4 Nd(1 − x)βd
Mp k⊥
⟨k2

⊥⟩S

e−k2
⊥/⟨k2

⊥⟩S

π⟨k2
⊥⟩S

. (3.7)

This results in a fit with a total of 5 free parameters: Nu, Nd, βu, βd, ⟨k2
⊥⟩S, We refer to these

choices as “reference-fit”. In this first, simple extraction, no Q2 evolution is applied to the
Sivers function, and the corresponding plots will be labeled by “no-evolution”; the fitted
function will then represent the Sivers function at the average Q2 scale of the experimental
data.

Reference fit - no evolution
χ2

tot = 212.8 n. of points = 220

χ2
dof = 0.99 n. of free parameters = 5

∆χ2 = 11.3

HERMES ⟨k2
⊥⟩ = 0.57 GeV2 ⟨p2

⊥⟩ = 0.12 GeV2

COMPASS ⟨k2
⊥⟩ = 0.60 GeV2 ⟨p2

⊥⟩ = 0.20 GeV2

Nu = 0.40 ± 0.09 βu = 5.43 ± 1.59

Nd = −0.63 ± 0.23 βd = 6.45 ± 3.64

⟨k2
⊥⟩S = 0.30 ± 0.15 GeV2

Table 3.1: Best fit parameters and χ2 values for the reference fit. The parameter errors correspond to a 2σ CL. Notice that
these errors are well in agreement with the uncertainties on the free parameters shown in the scatter plots of Fig. 3.3.

Table 3.1 shows the best fit values of the parameters, together with the minimal χ2 value
and the total number of datapoints included. The quoted errors in Table 3.1 are MINUIT
errors, and correspond to a 2σ CL, that is a coverage probability of 95, 4%.

The top panels in Fig. 3.3 show the χ2
tot profiles as functions of the normalisation parame-

ters Nu and Nd. In these plots, the correlations between the two parameters are colour-coded,
with yellow corresponding to lowest, green to intermidiate and purple to highest allowed
values of Nd (top left panel) and Nu (top right panel). From these plots it is also quite evi-
dent that these profiles are well approximated by a quadratic function, confirming that the
Hessianmethod adopted to evaluate the errors on the parameters is reliable. The errors in Ta-
ble 3.1 are indeed in very good agreement with the uncertainties on the parameters that can
easily be inferred by looking at the scatter plots.
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Figure 3.3: Scatter plots representing the parameter space of the reference best fit. The shaded regions correspond to our
estimate of the 2σ CL error band.

Figure 3.4: Allowed values for the width of the Sivers function ⟨k2
⊥⟩S as a function of χ2

tot . The displayed region corresponds
to our estimate of the 2σ CL error band.

The lower panels of Fig. 3.3 represent the correlations between the parameters Nu, βu
(lower left) and Nd, βd (lower right). Here it is the corresponding χ2

tot which is colour-coded,
with yellow corresponding to the lowest, green to intermediate and purple to the highest χ2

tot
values. The correlations among parameters shown in these plots cover regions of reasonably
regular ellipsoidal shapes, confirming again the consistency of the Hessian approximation
used by MINUIT in the χ2 minimisation.

Fig. 3.4 shows instead the χ2
tot profile of the Sivers width, ⟨k2

⊥⟩S, and its correlation with
Nu. Colour code is the same as in the top panels of Fig. 3.3. Also in this case the uncertainties
indicated by the scatter plots of the parameter space are perfectly consistent with the errors
estimated by adopting the Hessian approximation, reported in Table 3.1.

Plots of the extracted Sivers functions and their uncertainty bandswill be shown later along
with the ones for the second fit, the so-called “α-fit”, and their differences will be discussed
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later as well. Here, we limit ourselves to pointing out that the reference fit, even with a very
small number of free parameters, is able to reproduce all the existing SIDIS experimental
measurements in a satisfying manner. Furthermore, it provides a successful extraction of
the Sivers function as well as a reliable estimate of the uncertainties, over the kinematic re-
gion covered by the bulk of experimental data (i.e. approximately 0.03 < x < 0.3). Below
this region, where only very few data points are present, the error bands from the reference
fit are at risk of being artificially small.

Even if the reference fit seems to be already quite satisfying, we have to recall that the bulk
of experimental measurements lies in a quite narrow region in x. In order to explore in more
detail the low-x kinematic region, we move on performing another fit, the α-fit, where now
we let vary the αq parameters in Eq. (3.1). In particular, the only difference with respect to
the reference fit is represented by the addition of twomore parameters, αu and αd. The Sivers
first moment now generally reads

∆Nf (1)q/p↑(x) = Nqxαq(1 − x)βq . (3.8)

α fit - no evolution
χ2

tot = 211.5 n. of points = 220

χ2
dof = 0.99 n. of free parameters = 7

∆χ2 = 14.3

HERMES ⟨k2
⊥⟩ = 0.57 GeV2 ⟨p2

⊥⟩ = 0.12 GeV2

COMPASS ⟨k2
⊥⟩ = 0.60 GeV2 ⟨p2

⊥⟩ = 0.20 GeV2

Nu = 0.40 ± 0.09 βu = 5.93 ± 3.86 αu = 0.073 ± 0.46

Nd = −0.63 ± 0.23 βd = 5.71 ± 7.43 αd = −0.075 ± 0.83

⟨k2
⊥⟩S = 0.30 ± 0.15 GeV2

Table 3.2: Best fit parameters and χ2 values corresponding to the α-fit. Notice that, despite the presence of two extra
parameters with respect to the reference fit presented in Table 3.1, the value of χ2

tot remains practically unchanged. However,
the uncertainty on the free parameters increases considerably. This generates much larger uncertainty bands in the low-x
region, as shown in Fig. 3.5.

The results of this newfit are shown in Table 3.2, wherewe can quickly notice some aspects:

• the χ2
dof is unchanged, so the overall quality of the fit does not improve with respect to

the reference fit;

• the values of the α parameters are compatiblewith zero, as first guessed in the reference
fit;

• the central values of the fitted parameters do not change much with respect to the ref-
erence fit, while the parameter errors increase (see Table 3.1).
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The last point could suggest that the experimental data currently used are not sensitive to
the particular choice of value for αu and αd, and consequently, further constraining the low-
x behaviour of the Sivers function seems at the moment unlikely. However, one can notice
that the increase of the parameter errors translates into an effect on the uncertainty bands, as
shown in Fig. 3.5, where the light-blue bands correspond to the reference fit, while the wider,
grey bands refer to the “α-fit”.
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Figure 3.5: The extracted Sivers distributions for u = uv + ū and d = dv + d̄. Upper panels: the first moments of the
Sivers function, Eqs. (3.5) and (3.8), as a function of x. Middle panel: relative uncertainties, given by the ratio between the
upper/lower border of the uncertainty bands and the best-fit curve for the reference fit. Lower panel: k⊥-dependence of
the Sivers functions, Eq. (3.1), at x = 0.1. No Q2 dependence is taken into account here. The shaded bands correspond to
our estimate of 2σ CL. In all panels, the light blue bands correspond to the uncertainties of the reference fit (only Nu(d)
and βu(d) as free parameters), while the large grey bands correspond to the uncertainties for the fit which includes also
the αu and αd parameters.

The inclusion of the α parameters generates also a modification in the parameter space, as
shown indetail in Fig. 3.6. The toppanels show the χ2

tot profiles as functions of the parameters
Nu (top-left) and Nd (top-right), with same colour code as in Fig. 3.3. We instantly notice
that the inclusion of the α parameters generates a significant distortion of these profiles, and
therefore, in this case, the Hessian method adopted to evaluate the errors on the parameters
cannot be trusted. Indeed, theMINUIT errors reported in Table 3.2 largely underestimate the
uncertainties on the free parameter determination: by looking at the plots in Fig. 3.6, it is easy
to see that, to 2σ CL, Nu can go as low as 0.1 and as large as 4.0, over a very asymmetric range.
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A similar situation happens for Nd, which can span over an even larger range, from 0 to−45,
on an extremely asymmetric range. Nonetheless, we have a clear indication on the sign of
the Sivers function: Nu is positive and Nd is negative, therefore the data favour a positive u
and a negative d Sivers function (in the Torino-Cagliari notation). This confirms the findings
of previous works, where the Sivers function was extracted within different approaches [115,
118].

The upper panels of Fig. 3.6 shows also the colour-coded correlations (Nu,αu) and (Nd, αd):
the very evident structure in bands of the same colour points to extremely strong correlations.
This strong behaviour is even more explicit in the lower panels of Fig. 3.6, where we show
Nu vs. αu (bottom left) and Nd vs. αd (bottom right). In these plots we no longer observe any
ellipsoidal shape as in the case of the reference fit (see Figs. 3.3 and 3.4), but we can clearly
see thin and stretched distributions, indicating that an extremely large number of equally
good fits can be obtained provided that the N, α (and β) parameters are in the appropriate
ratio among each others. In other words, if N is large enough, even very large values of α and
β (for which the function goes much more quickly to zero in the limits x → 0 and x → 1)
can result in an acceptable value of the χ2. Conversely, low values of α and β are also equally
appropriate if N is small enough. So, the strong correlation introduced by α, in fact, make it
cumbersome to find a good fit by a simple minimisation procedure.

Figure 3.6: Parameter space scatter plots for the α-fit, which includes the αu and αd free parameters. The regions displayed
correspond to our estimate of the 2σ CL error band. Notice that the uncertainties on the parameters which can be inferred
from the scatter plots are much larger than the errors reported in Table 3.2.

One can then conclude that the inclusion of α parameters in the fit represents a high price
to pay. It is true that the dramatic changes in the parameter space seem to shuffle and throw
the situation into disorder. Nonetheless, as already mentioned before, this also allows for a
more realistic estimate of the uncertainty bands in the low-x region, as shown in Fig. 3.5. As
expected, the two fits have very similar bands over the region 0.03 < x < 0.3, i.e. the bulk of
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experimental data, while the α-fit uncertainties grow larger outside this range, where very
few datapoints are present. Not surprisingly, the Sivers width, ⟨k2

⊥⟩S, is not significantly
affected by the strong broadening of the uncertainty bands. Its central value does not change
at all (see Tables 3.1 and 3.2), and the error bands show no significant change, as it is plainly
evident in the bottom panels of Fig. 3.5, where the k⊥ dependence of the u and d Sivers
function is plotted at x = 0.1.
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Figure 3.7: The results obtained from the reference fit and the α-fit are compared to the HERMES measurements of the
SIDIS Sivers asymmetry for π± production off a proton target [136] (upper panels), to the COMPASS measurements of the
SIDIS Sivers asymmetry on a LiD target [137] for π± production (middle panels), and to the JLab data for π± production
on a 3He target [138] (bottom panel). Only x dependence is shown. The shaded regions correspond to our estimate of the
2σ CL error bands. As in Fig. 3.5, the light-blue bands correspond to the uncertainties of the reference fit (only Nu(d) and
βu(d) free parameters), while the (larger) grey bands correspond to the uncertainties of the α-fit, which includes also the
αu(d) parameters.

It is also interesting to look at the comparison between the fits and the data. Fig. 3.7 shows
the results obtained from the reference fit compared to older data, which have historically
been used in previous Torino-Cagliari-JLab group fits (see e.g. [113, 118]). These measure-
ments come from HERMES-proton [136] (top panels), COMPASS-deuterium [137] (middle
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panels), and JLab-neutron [138] (bottompanels) analyses. The uncertainty bands are shown
as in Fig. 3.5: the light-blue bands and the central lines are related to the reference fit, while
the grey bands are the ones for the α-fit. As for the Sivers function itself, the introduction of
the α parameters provides a more sensible uncertainties at low-x. This is especially clear for
COMPASS-deuterium data (middle panels of Fig. 3.7), where we can observe a deterioration
of the agreement of the light-blue bands with the data at small values of x, while the α-fit
bands improve the compatibility with these experimental measurements.

We also note that, since valence/sea separation is not possible with the current data, the
effect on the uncertainties introduced by allowing for α ̸= 0 also reflects our ignorance about
the sea contributions, that are expected to dominate at small x. This fact supports the need
to learn more about the Sivers function in the low-x region and, consequently, its sea contri-
butions. This is one of the main objectives of the future EIC [76], which is planned to be built
in the next decade in the USA.

While waiting for new EIC data to get more information about the Sivers sea distribu-
tion, let us stress the importance of the deuteron target measurements as those performed
by COMPASS [137]. Indeed, proton data are dominated by the u-quark Sivers contribution,
whereas SIDIS Sivers asymmetries on deuteron are also sensitive to the d-quark Sivers func-
tion. Looking at Fig. 3.5, we can clearly note that, for the α-fit, the uncertainty bands on the
extracted d Sivers function are larger than the u Sivers ones. So, an improved statistics on
deuteron data would bring twofold advantages: it would constrain more the d-quark Sivers
distribution providing, at the same time, a stronger constraint on the size of the sea distribu-
tions. Projections for the 2021 COMPASS run on deuteron [139] point in this direction: it is
expected to gain a factor of 2 in precision on the d Sivers function in the region x < 0.1, as
shown in Section 4 of Ref. [120].

Coming back to the comparison with data, we now take a look at Fig. 3.8, where we com-
pare the results obtained from the reference fit, together with the bands for the α-fit, to a
selection of new COMPASS data on the SIDIS Sivers asymmetry for charged hadrons pro-
duction on a NH3 target [135]. In particular, only x and PT dependences are presented, as
the z dependence of the data is not included in the fit. Nonetheless, we have checked that
all z-dependent asymmetries are successfully reproduced. As in Fig. 3.7, the shaded regions
correspond to the 95.4% CL error band.

We recall that this newdata set comes from a reanalysis of the COMPASS-proton data from
the 2010 run, and overcomes the previous published set [142], where no Q2 binning was
present. Conversely, the newly re-analysed data are not only binned in x, z and PT, but also
in four bins of Q2, that are also the same bins used for the Drell-Yan analysis [89]. One can
then expect that, the increased degree of information represented by the Q2 binning could
help in the accuracy of the extraction. This is what we slightly observe in Fig. 3.9, where we
show a comparison between two sets of extracted Sivers first moments for u and d, one in
which the old dataset with no Q2 binning is used (2015) and the other where Q2 binning is
present (2017).

One of the most important features of the new binning is the separation of data in different
Q2 ranges. This allow us, for the first time, to explore the possibility of accessing the scale
dependence in the Sivers function, i.e. the visibility of scale dependence in the experimental
measurements, as we will see in Section 3.2.3. Before addressing this issue, it is then impor-
tant to summarise our current knowledge on the Sivers function, to see the impact of some
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choices made in building the model, and to look at the large-x uncertainties, i.e. in the region
x ≳ 0.3.
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Figure 3.8: The results obtained from the reference fit and the α-fit are compared to the COMPASS Collaboration measure-
ments of the SIDIS Sivers asymmetry on a NH3 target [135] for h+ production. x and PT dependences are shown. The
shaded regions correspond to our estimate of the 2σ CL error band. The light-blue bands correspond to the uncertainties
of the reference fit (only Nu(d) and βu(d) free parameters), while the (larger) grey bands correspond to the uncertainties
of the α-fit which includes also the αu(d) parameters.
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It is worth noticing that in this region the Sivers function should approach zero according
to the positivity bound, Eq. (2.22), which should hold at every value of x and k⊥ for any par-
tonic flavour. Aswe have already seen in Fig. 3.5, middle panels, the Sivers function is largely
undetermined at large x. At the same time, also the integrated unpolarised PDFs are largely
undetermined in the large-x region, undermining the significance of any phenomenological
application of the positivity bound itself.

To render the large-x uncertaintiesmore visible, and to compare differentmodels, we show
in Fig. 3.10 the ratio |∆Nf (1)d/p↑(x)|/|∆Nf (1)u/p↑(x)|, together with the central line of the previous
extraction of the Sivers function [118]. As one could expect, in the region where data are
present, the agreement between the two fits is acceptable. But, as soon as one moves outside
this region, the two extractions exhibit very different behaviours. This is clearly evident in
the low-x region, where the central line of the previous Sivers extraction lies outside the
error bands of the current fit. This difference is essentially due to the distinct assumptions
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made in the fit. In fact, at variance with this study, where the Sivers function is independent
of the unpolarised collinear PDF, in the previous extraction the Sivers function was taken
proportional to the collinear distribution (see Eqs. (2.62) and (2.65)), so its shape is partially
modeled by the unpolarised part itself. This difference is milder in the large-x region, where
the two extractions seems to be more compatible. This point is then very important: it is
a signal of our early-stage situation in TMDs extractions. More data are definitely needed
to have stronger constraints on the TMD distributions and, in turn, to improve our models.
Surely, future measurements at JLab at 12 GeV will help in this direction, allowing us to shed
light on the large-x behaviour of the unpolarised TMDs and the Sivers function, and giving
us a much clearer signature for the flavour separation of the valence contribution.

3.2.3 Signals of scale dependence

Even if no Q2 dependence of the Sivers function has been considered yet, the reference fit and
the α-fit seem to be already quite useful to pin down a lot of information from the existent
experimental measurements. Nonetheless, thanks to new COMPASS data [135], we now
have the possibility to study potential signals of scale dependence in the data and, in turn,
see whether this scale dependence can affect the analysis made so far. To do so, we will
consider two different approaches:

• a collinear twist-3 evolution scheme, based on Refs. [150–153];

• a TMD-like Q2 evolution similar to the one described in Ref. [154].

As alreadymentioned in Section 2.2, in the collinear twist-3 approach, spin and transverse
momentum correlations are included in the higher-twist collinear correlators. These func-
tions have no probabilistic interpretation, but they represent quantum interferences between
a collinear active quark state in the scattering amplitude and a collinear quark-gluon com-
posite state in its complex conjugate amplitude. Moreover, there is no k⊥ dependence, since
every intrinsic transverse momentum is integrated over. Therefore, twist-3 Q2 evolution af-
fects only the x-shape of distributions and fragmentation functions.

In the TMD factorisation approach, correlations between spin and intrinsic k⊥ are encoded
in the TMD distributions or fragmentation functions, which preserve their probabilistic in-
tepretation. Therefore, Q2 evolution affects their x-dependent part, as well as their k⊥-shape.

Even if defined in a different context, TMDs and collinear quark-gluon correlation func-
tions are closely related to each other. As we already mentioned in Section 2.1.1, the first
k⊥ moment of the Sivers function is proportional to the collinear twist-3 quark-gluon correla-
tion function Tq,F(x, x) [153], via amodel independent relation [58]. Moreover, the evolution
equations for the QS function are known. So, by adopting them in our study, it is possible
to investigate possible signals of scale dependence in the Sivers data. Specifically, in the fol-
lowing we will adopt as initial scale for the evolution Q2

0 = 1.2 GeV2, which coincides with
the lowest Q2 value of the fitted experimental measurements.

The implementation of the collinear twist-3 evolution is made via the Higher Order Per-
turbative Parton Evolution Toolkit (HOPPET) code [155], properly modified to include the
kernels corresponding to the Sivers function [156], that read [150–153]
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∂Tq, F(x, x, µ)

∂ log µ2 =
αs

2π

∫ 1

x

dξ

ξ

{
Pqq(z)Tq, F(ξ, ξ, µ)

+
Nc

2

[1 + z2

1 − z
(
Tq, F(ξ, x, µ)− Tq, F(ξ, ξ, µ)

)
+ z Tq, F(ξ, x, µ) + T∆q, F(x, ξ, µ)

]
− Nc δ (1 − z) Tq, F(x, x, µ)

+
1

2Nc

[
(1 − 2z)Tq, F(x, x − ξ, µ) + T∆q, F(x, x − ξ, µ)

]}
.

(3.9)

where z = x/ξ and T∆q, F(x, x) is defined in Eq. (16) of Ref. [150]. We underline that we do
not include off-diagonal terms in the twist-3 evolution case, as the QS function Tq,F(x1, x2)
is not known for x1 ̸= x2. This approximation should be enough for our purposes, since
we will test whether current data can distinguish between a no-evolution approach (as in
the reference fit) and another in which a scale dependence is included for the Sivers first
moment.

The results of this “CT3-evolution fit” are presented in Table 3.3, where we can immediatly
notice a slight improvement of the χ2

min, while Fig. 3.11 shows the comparison between the
u and d Sivers first moments extracted in the reference best fit with no Q2 evolution (solid,
black lines) and those extracted in the CT3-evolution fit (blue lines). The latter are plotted
at three different values of Q2: Q2 = 1.2 GeV2 (long-dashed) and Q2 = 40 GeV2 (dotted),
that represent the lowest and largest Q2 values of the COMPASS measurements, and Q2 =
3.5 GeV2 (short-dashed), which is approximately the mean Q2 value of the full data sample.

Collinear twist-3 evolution
χ2

tot = 201.5 n. of points = 220

χ2
dof = 0.94 n. of free parameters = 5

∆χ2 = 11.3

HERMES ⟨k2
⊥⟩ = 0.57 GeV2 ⟨p2

⊥⟩ = 0.12 GeV2

COMPASS ⟨k2
⊥⟩ = 0.60 GeV2 ⟨p2

⊥⟩ = 0.20 GeV2

Nu = 0.39 ± 0.08 βu = 3.55 ± 1.26

Nd = −0.65 ± 0.27 βd = 4.77 ± 3.41

⟨k2
⊥⟩S = 0.33 ± 0.14 GeV2

Table 3.3: Best fit parameters and χ2 values for the collinear twist-3 evolution case. The parameter errors correspond to
2σ CL. Notice the reduced value of χ2

tot with respect to that of the reference fit in Table 3.1.

By looking at Fig. 3.11, we can notice that the central value of the functions extracted in
the reference fit are quite analogous to those obtained using the collinear twist-3 evolution
scheme at the experimental average value Q2 = 3.5 GeV2. They are indeed very similar in
the region that represents the bulk of data, 0.03 < x < 0.3, while they grow progressively
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Figure 3.11: Extracted first moments of the Sivers function for u = uv + ū (le t panel) and d = dv + d̄ (right panel).
The results corresponding to the reference fit with no Q2 evolution (solid, black line) are compared to those obtained by
applying a collinear twist-3 evolution (blue lines), as described in the text, for three values of Q2: 1.2 GeV2 (long-dashed),
3.5 GeV2 (short-dashed) and 40 GeV2 (dotted). The bands correspond to the uncertainty on the reference fit with no Q2

evolution.

apart when Q2 varies to reach its lowest and largest values.
Bearing in mind that the whole Q2 dependence occurs only through x, leaving the k⊥ part

of the Sivers function unchanged, we can draw some conclusions about signals of evolution
in the data. As we see in Fig. 3.11, for the u flavour, we observe that the Q2 variation of the
first moment due to the CT3 evolution is larger than the uncertainty band coming from the
no-evolution reference fit. This could then represent a possible signal of evolution effects in
the data, and it is a positive message about the precision of the data, specifically about the
new binning of COMPASS asymmetries. We then observe an opposite situation for the d
flavour which, as already observed in Section 3.2.2, is affected by a larger uncertainty. In fact,
the Q2 variation of ∆Nf (1)d/p↑ lies into the error band of the reference fit. Again, an improved
precision on the deuteron data by COMPASS would certainly help in exploring evolution
effects for the d-quark Sivers function.

We can finally focus on TMD evolution effects. A proper Sivers extraction within a full
TMD scheme is made by exploiting an “input function”, that is the value of the Sivers func-
tion at the initial scale Q2

0. Then, a TMD factorisation scheme as the one described in in
Ref. [46], and successively implemented in Refs. [154, 157], can be applied to compute the
Sivers function at any larger value of Q2.

Within this approach, the shape of TMD-PDFs and FFs changes in k⊥ as Q2 varies: more
precisely, their k⊥-distributions broaden and dilute as Q2 increases. While the TMDs them-
selves (and their first moments) experience variations in their x- and k⊥-distributions as Q2

increases, these effects are expected to partially reduce in the azimuthal asymmetries, as
they are essentially ratios of TMDs. Another complication of this type of analysis is the lim-
ited knowledge of the unpolarised functions in the kinematic region of the available Sivers
asymmetries. In fact, recent studies have suggested that the errors of factorisation, at these
kinematics, may not be under control [158–162]. This may affect all of the SIDIS analyses.

While waiting for further studies to clarify this situation, onemay ask to what extent TMD-
evolution effects are visible in the data. To pin down this issue, we slightlymodify ourmodel,
giving a scale dependence to the width of the Sivers function, ⟨k2

⊥⟩S, according to

⟨k2
⊥⟩S = g1 + g2 ln

Q2

Q2
0

, (3.10)
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where g1 and g2 are two free parameters to be determined by a fit, and Q0 = 1 GeV.
This particular choice is a minimal attempt to mimick the mean feature of TMDs scale de-

pendence, i.e. the broadening of the k⊥-distribution with varying Q2. Within the full TMD
scheme, this feature is partly regulated by the non-perturbative, universal function gK (see,
for instance, Eq. (44) in Ref. [46]). Herewe just use Eq. (3.10) as a proxy to study the sensitiv-
ity of the data to TMD effects, without making any precise correspondence between gK and
our parameter g2. Indeed, a full implementation of evolution would require to go beyond a
pure Gaussian dependence.

The values of the χ2 and of the best fit parameters obtained within this “TMD-like fit” are
presented in Table 3.4. We can instantly notice that the value of χ2

tot presents no reduction
with respect to the reference fit one in Table 3.1, although one extra parameter has been added
to the fit. So, we do not expect to see any major difference with respect to the results of the
reference fit.

TMD-like fit
χ2

tot = 212.8 n. of points = 220

χ2
dof = 0.99 n. of free parameters = 6

∆χ2 = 12.9

HERMES ⟨k2
⊥⟩ = 0.57 GeV2 ⟨p2

⊥⟩ = 0.12 GeV2

COMPASS ⟨k2
⊥⟩ = 0.60 GeV2 ⟨p2

⊥⟩ = 0.20 GeV2

Nu = 0.40 ± 0.09 βu = 5.42 ± 1.70

Nd = −0.63 ± 0.26 βd = 6.45 ± 3.89

⟨k2
⊥⟩S = g1 + g2 log

(
Q2/Q2

0
)

g1 = 0.28 ± 0.29 GeV2 g2 = 0.01 ± 0.20 GeV2

Table 3.4: Best fit parameters and χ2 values for the TMD-like fit , in which our reference model is modified according
to Eq. (3.10). The parameter errors correspond to 2σ CL. Notice that there is no reduction in the value of χ2

tot with respect
to that of the reference fit in Table 3.1.

It is interesting to take a look at the correlation between the g1 and g2 parameters. This is
shown in Fig. 3.12, where we have the same colour-code as in the lower panels of Figs. 3.3
and 3.6. As it is clear both from this plot and the results in Table 3.4, g1 and g2 are both
affected by a rather large uncertainty. Moreover, we note that the central value of g1 is quite
close to the fitted value of the constant ⟨k2

⊥⟩S of the reference fit, while its error is significantly
increased. The correlation between the two parameters is strong and, provided that g1 is
small enough, equally good descriptions of the data can be achieved by using very large and
positive values of g2. Paradoxically, even negative values of g2 are acceptable if g1 is allowed
to grow large and positive, in such a way that the combination in Eq. (3.10) remains overall
positive.

The situation described so far for the TMD-like fit is also confirmed by looking at the ef-
fects of TMD-like evolution on the k⊥-distributions of the Sivers functions for u and d flavours.
Fig. 3.13 shows indeed the two fitted Sivers functions at x = 0.1, with blue lines represent-
ing the Sivers function at three different Q2 values (the same used in Fig. 3.11 for the CT3-
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Figure 3.12: Scatter plots showing the correlation between the g1 and g2 free parameters of Eq. (3.10). The χ2
tot corresponding

to this fit is colour-coded: yellow corresponds to its lowest values while red and purple to the highest accepted values.
The black square corresponds to the fitted values of g1 and g2 of Table 3.4.
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Figure 3.13: Extracted Sivers distributions for u = uv + ū (le t panel) and d = dv + d̄ (right panel). The central line of
our reference fit (solid black), is compared the Sivers function, extracted with the modified model according to Eq. (3.10),
at a fixed value of x = 0.1 (blue lines), for three values of Q2: 1.2 GeV2(long-dashed), 3.5 GeV2(short-dashed) and
40 GeV2(dotted). For comparison, we show the error bands corresponding to the reference fit with no Q2 evolution.

evolution fit). As expected, the small best fit value of g2 renders virtually no visible effect
in the Sivers function. So, as partially expected, we can conclude that at the moment we
do not observe in the data any TMD-like evolution effect for the Sivers function. Moreover,
these results suggest that in a full TMD analysis, the current Sivers asymmetries will proba-
bly not constrain strongly the function gK. On the other hand, due the large uncertainties on
g2, good compatibility between the Sivers asymmetries and the values of gK extracted from
other observables are likely to be achieved.

3.3 Transversity distribution and pion Collins fragmentation functions from SIDIS and
e+e− data

In this Section we move to some preliminary results obtained in fits for the TMD transversity
distribution and the Collins fragmentation functions for pions. Here we will particularly
emphasise the role of the underlying assumptions, that represent, together with the choice of
the model, the basis of every phenomenological analysis. Furthermore, we will concentrate
on the impact of the outcome of a fit on other observables, that connect TMD physics to other
areas of Particle Physics.

As already done in the previous Section, we will work in the GPM framework, using the
Torino-Cagliari notation for the TMDs. The relations with the TMDs in Amsterdam notation
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can be easily reobtained, e.g. for the Collins function, via Eqs. (2.21), (2.74) and (2.78). All
the details that will be presented have as touchstone the global fit of pion Collins functions
from SIDIS and e+e− data published in Ref. [116].

3.3.1 Azimuthal correlations in e+e− → h1h2X processes

Before presenting some preliminary results, it is useful to take a look at the GPM expres-
sions for the azimuthal correlations in e+e− → h1h2X processes. We recall that, contrary to
the Sivers case, where essentially we have only SIDIS data, independent information on the
Collins functions can be obtained in unpolarised e+e− processes, by looking at the azimuthal
correlations of hadrons produced in opposite jets [92]. As we have seen in Section 3.1, we
have data from the Belle [143], BaBar [144] and BESIII [145] Collaborations, which have
measured azimuthal hadron-hadron correlations for inclusive charged pion production in
e+e− → ππX processes. These correlations involve the convolution of two Collins function,
and therefore can be interpreted as a direct measurement of the Collins effect.

Two different methods have been adopted in the experimental analysis of the e+e− →
h1h2X data [92, 143, 144, 163, 164]:
(i) the “thrust-axis method”;

(ii) the “hadronic-plane method”.

Figure 3.14: Kinematics of e+e− → h1h2X processes. Le t: thrust-axis method; right: hadronic-plane method. Figures are
from Ref. [143].

In the thrust-axis method the jet thrust axis, in the e+e− c.m. frame, fixes the ẑ direction
and the e+e− → qq̄ scattering defines the x̂z plane; here, φ1 and φ2 (ϕ1 and ϕ2 in Fig. 3.14,
respectively) are the azimuthal angles of the two hadrons around the thrust axis, while θ is
the angle between the lepton direction and the thrust axis. At leading order, in this simplified
reference frame, and with unpolarised leptons, the cross section can be written as [116, 163]:

dσe+e−→h1h2X

dz1 dz2 p⊥1 dp⊥1 p⊥2 dp⊥2 d cos θ d(φ1 + φ2)
=

3π2α2
em

s ∑
q

e2
q

{
(1 + cos2 θ) Dh1/q(z1, p⊥1) Dh2/q̄(z2, p⊥2)

+
1
4

sin2 θ ∆NDh1/q↑(z1, p⊥1)∆NDh2/q̄↑(z2, p⊥2) cos(φ1 + φ2)
}

.

(3.11)
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By normalising Eq. (3.11) to the azimuthal averaged cross section,

⟨dσ⟩ ≡ 1
2π

dσe+e−→h1h2X

dz1 dz2 p⊥1 dp⊥1 p⊥2 dp⊥2 d cos θ

=
3π2α2

em
s ∑

q
e2

q (1 + cos2 θ) Dh1/q(z1, p⊥1) Dh2/q̄(z2, p⊥2) ,

(3.12)

one can define a first ratio:

R12(z1, z2, p⊥1, p⊥2, θ, φ1 + φ2)

≡ 1
⟨dσ⟩

dσe+e−→h1h2X

dz1 dz2 p⊥1 dp⊥1 p⊥2 dp⊥2 d cos θ d(φ1 + φ2)

= 1 +
1
4

sin2 θ

1 + cos2 θ
cos(φ1 + φ2)

∑
q

e2
q ∆NDh1/q↑(z1, p⊥1)∆NDh2/q̄↑(z2, p⊥2)

∑q e2
qDh1/q(z1, p⊥1) Dh2/q̄(z2, p⊥2)

·

(3.13)

To eliminate false asymmetries, i.e. to correct for acceptance effects, one then takes the
ratio of unlike-sign (π+π− + π−π+) to like-sign (π+π+ + π−π−) or charged (π+π+ +
π+π− + π−π+ + π−π−) pion pair production, denoted respectively with indices U, L and
C. For instance, in the case of unlike- to like-pair production, one has

RU
12

RL
12

=
1 + 1

4 cos(φ1 + φ2)
sin2 θ

1+cos2 θ
PU

1 + 1
4 cos(φ1 + φ2)

sin2 θ
1+cos2 θ

PL

≃ 1 +
1
4

cos(φ1 + φ2)
sin2 θ

1 + cos2 θ
(PU − PL)

≡ 1 + cos(φ1 + φ2) AUL
12 (z1, z2, p⊥1, p⊥2, θ) ,

(3.14)

where

PU ≡ (PU)N

(PU)D
=

∑
q

e2
q [∆NDπ+/q↑(z1, p⊥1)∆NDπ−/q̄↑(z2, p⊥2) + ∆NDπ−/q↑(z1, p⊥1)∆NDπ+/q̄↑(z2, p⊥2)]

∑q e2
q [Dπ+/q(z1, p⊥1) Dπ−/q̄(z2, p⊥2) + Dπ−/q(z1, p⊥1) Dπ+/q̄(z2, p⊥2)]

,

(3.15)
PL ≡ (PL)N

(PL)D
=

∑
q

e2
q [∆NDπ+/q↑(z1, p⊥1)∆NDπ+/q̄↑(z2, p⊥2) + ∆NDπ−/q↑(z1, p⊥1)∆NDπ−/q̄↑(z2, p⊥2)]

∑q e2
q [Dπ+/q(z1, p⊥1) Dπ+/q̄(z2, p⊥2) + Dπ−/q(z1, p⊥1) Dπ−/q̄(z2, p⊥2)]

,

(3.16)
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and the asymmetry reads

AUL
12 (z1, z2, p⊥1, p⊥2, θ) =

1
4

sin2 θ

1 + cos2 θ
(PU − PL) . (3.17)

Similarly, for AUC
12 (z1, z2, p⊥1, p⊥2, θ) we have

AUC
12 (z1, z2, p⊥1, p⊥2, θ) =

1
4

sin2 θ

1 + cos2 θ
(PU − PC) , (3.18)

where
PC =

(PU)N + (PL)N

(PU)D + (PL)D
· (3.19)

In order to obtain the z1, z2-dependent asymmetries, in Eqs. (3.15) and (3.16), one has first
to integrate separately numerators and denominators over p⊥1 and p⊥2, and then calculate
the ratios.

Differently from the thrust-axis method, in the hadronic-plane method one of the pro-
duced hadrons, e.g. h2, identifies the ẑ direction, and the x̂z plane is determined by the lep-
ton and the h2 directions; the other relevant plane is determined by ẑ and the direction of the
other observed hadron, h1, at an angle ϕ1 (ϕ0 in Fig. 3.14) with respect to the x̂z plane. Here
θ2 is the angle between h2 and the e+e− direction. In this reference frame, the elementary pro-
cess e+e− → qq̄ does not occur in the x̂z plane, and thus the helicity scattering amplitudes
involve an azimuthal phase φ2 [116, 163]. The analogue of Eq. (3.11) now reads

dσe+e−→h1h2X

dz1 dz2 d2p⊥1 d2p⊥2 d cos θ2
=

3πα2
em

2s ∑
q

e2
q

{
(1 + cos2 θ2) Dh1/q(z1, p⊥1) Dh2/q̄(z2, p⊥2)

+
1
4

sin2 θ2 ∆NDh1/q↑(z1, p⊥1)∆NDh2/q̄↑(z2, p⊥2) cos(2φ2 + ϕh1
q )
}

,

(3.20)

where ϕh1
q is the azimuthal angle of the detected hadron h1 around the direction of the parent

fragmenting quark, q. That is, ϕh1
q is the azimuthal angle of p⊥1 in the helicity frame of q. It

can be expressed in terms of the following integration variables, p⊥2 and P1T, the transverse
momentum of the h1 hadron. At lowest order in p⊥/(z

√
s) we have [116]

cos ϕh1
q =

P1T

p⊥1
cos(ϕ1 − φ2)−

z1

z2

p⊥2

p⊥1
,

sin ϕh1
q =

P1T

p⊥1
sin(ϕ1 − φ2) .

(3.21)

The integration over p⊥2 is performed explicitly, using the parametrisation of the Collins
function given in Eq. (6) of Ref. [116]. Moreover, as p⊥1 = P1 − z1q1, we can replace d2p⊥1
with d2P1T. We then obtain
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dσe+e−→h1h2X

dz1 dz2 d2P1T d cos θ2
=

3πα2
em

2s

{
Dh1 h2 + Nh1 h2 cos 2ϕ1

}
, (3.22)

where

Dh1 h2 = (1 + cos2 θ2) ∑
q

e2
qDh1/q(z1) Dh2/q̄(z2)

e−P2
1T/⟨ p̃2

⊥⟩

π⟨ p̃2
⊥⟩

, (3.23)

Nh1 h2 =
1
4

z1 z2

z2
1 + z2

2
sin2 θ2 ∑

q
e2

q ∆̃NDh1/q↑(z1) ∆̃NDh2/q̄↑(z2)

×
2e P2

1T
M̃2

C + ⟨ p̃2
⊥⟩

e−P2
1T(1/M̃2

C+1/⟨ p̃2
⊥⟩)

π⟨ p̃2
⊥⟩

,

(3.24)

and

M̃2
C = M2

C
(z2

1 + z2
2)

z2
2

, ⟨ p̃2
⊥⟩ = ⟨p2

⊥⟩
(z2

1 + z2
2)

z2
2

· (3.25)

Note that the function ∆̃NDh/q↑(z) is given by [116]

∆̃NDh/q↑(z, Q2) = 2N C
q (z, Q2)Dh/q(z, Q2) , (3.26)

and it is easy to verify, using the parametrisation of theCollins function in Eq. (2.78), together
with Eq. (2.81), that

∆̃NDh/q↑(z) = 2H⊥
1h/q(z) =

2z mhMC⟨p2
⊥⟩√ e

2⟨p2
⊥⟩C

H⊥(1)
1h/q (z) , (3.27)

with H⊥
1h/q(z) as defined in Eq. (A.10) of Ref. [122].

Again, to eliminate false asymmetries, unlike, like and charged combinations are built:

DU = Dπ+ π− + Dπ− π+ NU = Nπ+ π− + Nπ− π+

DL = Dπ+ π+ + Dπ− π− NL = Nπ+ π+ + Nπ− π−

DC = DU + DL NC = NU + NL ,

(3.28)

so that
PU,L,C

0 =
NU,L,C

DU,L,C , (3.29)

and finally

RU,L,C
0 = 1 + PU,L,C

0 cos(2ϕ1) . (3.30)

As in the thrust-axis method case, ratios of unlike/like and unlike/charged asymmetries
are built:
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RU
0

RL(C)
0

=
1 + PU

0 cos(2ϕ1)

1 + PL(C)
0 cos(2ϕ1)

≃ 1 + (PU
0 − PL(C)

0 ) cos(2ϕ1)

≡ 1 + cos(2ϕ1) AUL(C)
0 ,

(3.31)

and AUL(C)
0 is the quantitymeasured by the experimental Collaborations towhichwe directly

compare with.

3.3.2 Global fit of transversity and Collins functions and role of the Soffer bound

We now head towards presenting a selection of preliminary results from a global fit of TMD
transversity and pion Collins functions from SIDIS and e+e− data. We will see that, with-
out making any major modification to the model, but just relaxing some initial assumptions,
we can learn more about the data we are fitting, and we can also observe some interest-
ing outcomes, that have an impact on the predictions for quantities like the isovector tensor
charge, Eq. (2.4).

To completely set the ground, we underline that, with respect to Ref. [116], some slight
modifications on the dataset and on collinear PDFs and FFs have been done. Specifically, the
dataset is represented by all the available data for pions mentioned in Section 3.1, namely
SIDIS azimuthal asymmetries from HERMES off a proton target [140] and COMPASS off
proton [142] and deuteron [137] targets, and Belle [143], Babar [144] and BESIII [145] data
for e+e− → ππX AUL(C)

0 azimuthal correlations. Moreover, in order to compute the Soffer
bound, we adopt the most recent extraction of the collinear helicity distributions, namely the
NLO DSSV set of Ref. [165]. For consistency, for the collinear PDFs and FFs we adopt the
NLO CTEQ66 PDFs set [166] and the NLO DSS 2014 pion FFs set [167].

It is useful to briefly recall the parametrisation for the TMDs involved in this analysis. As
usual, unpolarised TMD PDFs and FFs are parametrised according Eqs. (2.58) and (2.59).
The corresponding Gaussian widths are fixed to the value obtained by fitting HERMES mul-
tiplicities in Ref. [114]:

⟨k2
⊥⟩ = 0.57 GeV2, ⟨p2

⊥⟩ = 0.12 GeV2 . (3.32)

For the TMD transversity function the functional form in Eqs. (2.71) and (2.72) is adopted.
The transversity width is taken equal to the unpolarised one, i.e. ⟨k2

⊥⟩T ≡ ⟨k2
⊥⟩, and, at the

initial scale Q2
0, the collinear part of transversity is parametrised in terms of the Soffer bound

(SB), Eq. (2.2), as

hq
1(x, Q2

0) = N T
q (x, Q2

0)SB(x, Q2
0)

= N T
q (x, Q2

0)
1
2

[
fq/p(x, Q2

0) + gq
1L(x, Q2

0)
]

.
(3.33)

Then, a transversity DGLAP kernel is employed to carry out the evolution up to the proper
value of Q2, by using an appropriately modified version of HOPPET [155]. The Soffer bound
is built in by using the CTEQ66 and the DSSV helicity distributions at the input scale Q2

0 =

56



1.69 GeV2, with αS(MZ) ≃ 0.118 according to the CTEQ66 scheme. The N T
q (x) factor in

Eq. (3.33) is now given by

N T
q (x) = NT

q xα(1 − x)β (α + β)α+β

ααββ
(q = uv, dv) (3.34)

with the same α and β parameters for uv and dv transversity functions. Thus, the transversity
distributions depend on a total of four parameters: NT

u , NT
d , α and β.

The Collins function is parametrised as in Eq. (2.74). More specifically, the N C(z) factors,
Eq. (2.75), are the following: the favoured contribution reads

N C
fav(z) = NC

fav zγ(1 − z)δ (γ + δ)γ+δ

γγδδ
, (3.35)

while the unfavoured contribution is simply

N C
unf(z) = NC

unf. (3.36)

The complete favoured and unfavoured pion Collins functions can be found in Eqs. (24), (25)
of Ref. [116]. By adopting−1 ≤ NC

fav, NC
unf ≤ 1, the positivity bound for the Collins function

is automatically satisfied. Furthermore, notice that theCollins functions evolve in Q2 through
the collinear FFs. The free parameters for the Collins functions are then NC

fav, NC
unf, γ, δ and

MC, the latter related to the Collins width via Eq. (2.79).

Role of the Soffer bound and its impact on the tensor charge

By requiring |NT
uv(dv)

| ≤ 1, the transversity functions automatically satisfy the Soffer Bound.
This choice has been always adopted in the past, e.g. in Refs. [116, 163, 164]. Relaxing this
initial hypothesis allow us to test whether we do really observe the fulfillment of the Soffer
bound in the data, as well as what is the impact of this choice on the tensor charge and the
isovector tensor charge, Eqs. (2.3) and (2.4) respectively.

In order to tackle these issues, we performed two different extractions of transversity and
Collins functions from a global fit of SIDIS and e+e− data, via usual χ2 minimisation using
MINUIT [149]. Numerical integration for e+e− z1z2-dependent data is performed using the
CUBA library [168]. These two fits have as basis the model presented at the beginning of the
Section. The only difference is that in one we assume that transversity automatically fulfills
the SB, with the constraint |NT

uv(dv)
| ≤ 1, while in the other one no such constraint is imposed.

That is, we assume that the transversity distribution is proportional to its SB at the initial scale
Q2

0, but we no longer ensure the automatic fulfillment when the function is evolved to higher
values of Q2. We stress that the results we are going to present are purely preliminary, and
this issue should be pinned down in future studies.

Given its preliminary characther, we do not present any numerical value of the fitted pa-
rameters. Moreover, we will not show any result on the Collins functions, as we checked
that the extracted functions are completely compatible between the two fits and with respect
to the latest one reported in Ref. [116]. This agreement is largely expected, since the only
difference in the dataset is the addition of the latest BESIII data [145], that does not imply a
change in the z- and p⊥-shape of the Collins function. In the following, the results related to
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the fit where the SB is automatically fulfilled are labeled as “using SB”, while the ones related
to the fit with the relaxed assumption are labeled as “no SB”.

Fig. 3.15 shows the results of the two estimates. The extracted transversity functions for uv
and dv flavours, together with their 2σ CL uncertainty bands, are plotted at Q2 = 2.4 GeV2.
As in the Sivers fit case (see Section 3.2.1), the bands are computed according to the proce-
dure described in the Appendix A of Ref. [113]. The Soffer bound at Q2 = 2.4 GeV2 for the
two flavours is also shown, with a ±10% variation representing an uncertainty estimate on
their central values, while the grey areas are the ones outside the bulk of the data, that lies
in the range 0.035 < x < 0.278.

First of all, let us observe that, since the helicity distribution for the dv quark flavour is
negative, the corresponding SB results much more stringent with respect to the uv one. So,
in a fit, there is less room for the parameters to vary for giving the best fit shape. We also
mention that, in the previous fits, NT

dv
was basically always saturating its lower bound [116,

164]. On the left panel of Fig. 3.15, as expected, we observe two extracted functions that
respect their SB, while on the right panel we can note the following:

(i) while relaxing the constraint on Nuv
T , the corresponding transversity function does not

essentially change with respect to the one in the left panel;

(ii) conversely, the transversity function for dv flavour seems to violate its Soffer bound,
especially in the region where data are present;

(iii) while the uncertainty bands of the two extracted huv
1 are quite similar, there is a huge

difference between the ones relative to hdv
1 .
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Figure 3.15: Preliminary results for transversity functions for uv (red) and dv (blue) flavours from a global fit to SIDIS and
e+e− data at Q2 = 2.4 GeV2. Le t panel: results with automatic fulfillment of the Soffer Bound (|NT

uv(dv)
| ≤ 1). Right

panel: results with no constraints on NT
uv(dv)

. Error bands on the fitted functions are at 2σ CL. The corresponding Soffer
bound, built with CTEQ66 [166] and DSSV [165], is also shown for uv (green) and dv (orange), together with a±10% variation.
The white area represents the bulk of the data; outside that region no datapoints is present in the fit.

One may now wonder whether we are really observing a violation of the SB in the data.
To have a rough quantitative estimate of this apparent violation, we can use a simple z-score
to measure whether we are observing a statistically significant deviation from our zero hy-
pothesis, i.e. the fulfillment of the SB by the dv transversity function. The z-score is generally
defined as

z =
x − µ

σ
, (3.37)
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and tells us how many standard deviations σ we are far from the mean µ for the point x. In
the case of the extracted dv transversity function, the z score is less than 1σ (especially in the
region where the uncertainty is large. Thus, statistically speaking, no violation of the Soffer
bound is observed in the data. In other words, data are compatible with the hypothesis of
fulfillment of the SB.

Furthermore, the huge difference in the uncertainty bands for the two dv transversity func-
tions is probably teaching us that the automatic imposition of the SB does not allow the min-
imiser to explore some configurations in the parameter space that are potentially compatible
with the 2σ CL we adopt, thus rendering an artificially small uncertainty band on the fitted
function.

What is the effect of these extraction on the tensor charge? We recall that, upon integrat-
ing over the whole x range the collinear transversity function, we obtain the tensor charge
δq, Eq. (2.3). Moreover, the difference between δuv and δdv represent an important quan-
tity for BSM physics, the isovector tensor charge gT [62–64]. It is useful to define truncated
charges as follows:

δq =
∫ xmax

xmin

[
hq

1(x)− hq̄
1(x)

]
dx , (3.38)

gT = δuv−δdv , (3.39)

i.e. charges calculated using as lower and upper limits the lowest and largest value of x in
the data, xmin and xmax respectively.

The full tensor charges are calculated not only from phenomenology, but also by the lat-
tice QCD community. In lattice QCD, the tensor charge is directly calculated as a matrix
element over the full range of x, 0 ≤ x ≤ 1. Without entering into details, it is worth men-
tioning a tension observed between phenomenology and lattice QCD calculations. In fact,
δuv values from phenomenology seem to be incompatible with lattice ones, and gT values
calculated on the lattice are found to be higher than the ones in phenomenological analy-
ses [169], approximately in the range 0.95 ≲ gT ≲ 1.1. For a comprehensive review of lat-
tice results, see Ref. [170] and references therein. A summary of the lattice results for gT at
Q2 = 4 GeV2, calculated with different discretisation schemes, lattice spacings and volumes
is shown in Fig. 3.16.

Figure 3.16: Collection of lattice QCD results for the isovector tensor charge gT = δuv − δdv , at Q2 = 4 GeV2. Note
that the values lies approximately in the range 0.95 ≲ gT ≲ 1.1, and are computed with different discretisation schemes,
lattice spacings and volumes. Figure is from Ref. [170].
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Figure 3.17: Preliminary results for tensor charges calculated using the transversity functions in Fig. 3.15 at Q2 = 4 GeV2.
Top panels: full tensor charges (integrated over the range 0 < x < 1) for uv (red) and dv (blue) flavours. Bottom panels:
truncated tensor charges, integrated over the experimental x range (0.035 < x < 0.278). Le t panels: results based on
the fit with automatic fulfillment of the Soffer Bound (|NT

uv(dv)
| ≤ 1); right panels: results with no constraints on NT

uv(dv)
.

Error bars are calculated propagating the error on the fits at 2σ CL.

How does the effect of relaxing the automatic fulfillment of the SB translate into the values
of the tensor charges and the isovector tensor charge? Fig. 3.17 shows the results for the
tensor charge at Q2 = 4 GeV2 calculated from integrating the extracted transversity functions
of Fig. 3.15. The upper panels show the results for the full tensor charges for uv (red) and dv
(blue) flavours, while the lower panels are related to the truncated tensor charges, Eq. (3.38),
for uv (green) and dv (orange). Moreover, the left panels represent the results of the fit with
automatic fulfillment of the SB, while the ones on the right are relative to the “no SB” fit. The
chosen Q2 value is intended to be used for a comparison with lattice measurements. We will
not show results at different Q2 values, since this would not add more information to the
message we would like to deliver with these tests.

From Fig. 3.17 we can notice that, while the uv tensor charge seems not to be affected by
the change in the initial hypothesis on the SB, δdv presents quite a large variation, both for
its central value and its error bar. Indeed, the error bar for the “no SB” fit is much larger
than the one for the other fit. This huge variation reflects the observed enlargement of the
uncertainty affecting the dv transversity function.

The difference in the computed values of δuv and δdv consequently translates into a differ-
ent value and, more importantly, a different uncertainty for gT. Fig. 3.18 shows the results for
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Figure 3.18: Preliminary results for the isovector tensor charge calculated using the fitted transversity functions in Fig. 3.15
at Q2 = 4 GeV2. Le t panel: full isovector tensor charges (calculated over the range 0 < x < 1) for constrained fit
with Soffer Bound (red) and unconstrained fit (blue). Right panel: truncated isovector tensor charges, calculated over the
experimental x range (0.035 < x < 0.278); colour code is the same as the le t panel. Error bars are calculated propagating
the error on the fits at 2σ CL.

the isovector tensor charge, calculated over the full x-range (left panel) and over the range
covered by the data used in the fit (right panel). The red (green) point on the left (right)
panel is related to the (un)constrained fit, while the blue (orange) one is related to the “no
SB” extraction.

As expected, we can note that the larger uncertainty band on hdv
1 generates a larger error

over the isovector tensor charge gT, both over the full one and the truncated one. This fact
has a twofold meaning: even if the uncertainty grows, we actually get an error band that
covers the region where lattice QCD results lie. That is, a larger uncertainty signals a relax-
ation of the tension between phenomenology and lattice QCD estimates, or in other words,
a compatibility between these two results.

A word of caution and some comments are in order. From a certain point of view, all
these results seem to be promising. Nonetheless, we need to bear in mind that, since the x
range in which experimental datapoints are present is limited, all the results for the full ten-
sor charges and isovector tensor charge are obtained by performing an extrapolation outside
this range. Extrapolations depend of course on the model and all the assumptions made at
the beginning of any phenomenological analysis. So, again, we see that even a slight modifi-
cation in the initial hypotheses can lead to very different results and, in turn, very different
interpretations. Moreover, let us stress that lattice calculations also need their assumptions,
and that are for matrix elements over the full range of x. Therefore, the comparison between
phenomenological and lattice results should be always done prudently.

On the other hand, we showed that, with a more agnostic approach, we can interrogate
the data about our theoretical expectations. We know indeed that the Soffer bound should
be preserved by the Q2 evolution at higher orders [171]. Based on our observation, we can
say that the expectation seems to be satisfied by the data, at least considering the effect of Q2

evolution. Of course, in order to stress-test the theory, more data over a broader x-range are
needed. Again, the future EIC [76] would be an ideal tool to pursue this issue, but also an en-
hanced precision on SIDIS Collins measurements off deuteron targets would help in further
constraining the dv transversity function and, consequently, would offer stronger constraints
on gT.
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3.4 Outlook of the chapter

To close this Chapter, let usmake some final remarks about thework presented in Sections 3.2
and 3.3.

As we emphasised at the beginning of Section 3.1, we are at a relatively early stage of TMD
extractions. So, as we have seen in the past Sections, phenomenological analyses may render
some counterintuitive results, making their final interpretation quite involved. Moreover,
we have seen that any assumption made for a model can somehow bias the analysis (e.g. the
artificially small error bands for transversity, see Fig. 3.15).

We believe that the work presented in Ref. [120] and the preliminary results presented
in Section 3.3 can give a more agnostic point of view that, in the spirit of a careful data anal-
ysis, would help to test in a deeper way any theoretical expectation we have about TMD
effects.

Regarding the quark Sivers function, we have showed that, even with a very small amount
of parameters, we are able to describe the current data on SIDIS azimuthal asymmetries.
Moreover, we have shown that the usage of datasets that contain a higher amount of infor-
mation, e.g. a Q2 binning as in the latest COMPASS data, helps in making more refined stud-
ies, that include a scale dependence. Future projections for deuteron data are also promising
for reducing the uncertainties on the extracted d-quark Sivers function. A word of caution is
in order: the kinematical range covered at the moment by the experiments is not enough to
discriminate between different models. We are anyway confindent that, in the future, new
data coming from future experiments, such as the future Electron-Ion Collider, COMPASS
and JLab at 12 GeV will help us to go further in phenomenological extractions of the Sivers
function.

Other interesting results, although preliminary, have also shown that, by relaxing an ini-
tial hypothesis on the parametrisation of the transversity distributions, we obtain a more
accurate error estimate, reducing the existent tension between phenomenology and lattice
calculations for the isovector tensor charge. Moreover, it allow us to further test our theoret-
ical expectations, like the validity of the Soffer bound for transversity at different Q2 scales.
The latter hypothesis is indeed compatible with the current data. Finally, we remark that,
while comparing lattice results and calculations made on the basis of phenomenological ex-
tractions, it would be useful to stress that extrapolations are present, and that the truncated
charges are the only quantities onwhichwe really have information, based on the kinematical
coverage of the experiments.
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4
Pinning down the gluon Sivers function(s)

Recalling what we stated in Section 2.1, TMD gluon distributions are surely the TMDs on
which our knowledge is currently limited the most. Nevertheless, TMD community is very
attracted by studying these functions, and future experimentswill have a very important role
in tackling these distributions [60, 74–77, 79, 80, 172].

In this Chapter we will concentrate only on one of the eight independent gluon TMDs, the
poorly known gluon Sivers function (GSF). Specifically, we will see how we can estimate its
size by using AN data for inclusive p↑p processes, measured in a specific kinematic region,
where its contribution to the single-spin asymmetries is the dominant one. Moreover, we
will also see that, by using an extended version of the GPM, the Colour Gauge invariant
GPM [109, 173, 174], where two independent GSFs are defined, one can constrain their size
by using two ormore independent datasets, trying also to discriminate between the twoGPM
versions.

4.1 Colour Gauge Invariant Generalised Parton Model

In this Section we briefly review the so-called Colour Gauge Invariant Generalised Parton Model.
ThisGPMmodification has been introduced inRef. [109] for quarks, and then extended to the
gluon case in Refs. [110, 175] for inclusive hadron and photon production in p↑p collisions.

In this model, initial- and final-state interactions (ISIs and FSIs) between the struck quark
and the spectators from the polarised proton are taken into account via a single, eikonal gluon
exchange approximation, i.e. the leading order contribution, in an expansion in the coupling
constant g, to the gauge link used in the definition of a gauge invariant TMD-PDF. It is then
the imaginary part of the eikonal propagator that provides the phase needed to generate
the asymmetry. In doing this, the process dependence of the Sivers function, Eq. (2.10), is
recovered. One then can keep it formally in the function itself, defining a process dependent
Sivers function, f⊥a, ab→cd

1T , or shift it to the partonic cross sections, that are then modified
with proper colour factors.

It is worth noticing that, within the CGI-GPM, quark and gluon cases present some differ-
ences. While the process dependence of the Sivers function can be absorbed into the partonic
hard functions in both cases, the number of independent Sivers functions is different. In fact,
in the quark case, we still have one independent quark Sivers function, that is assumed to
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be the one from SIDIS data. However, in the gluon case, one has to introduce two universal,
totally independent Sivers functions, because of the two different ways of forming a colour-
singlet state for three coloured gluons. Specifically, there are the totally antisymmetric colour
combination, even under charge conjugation, that is commonly referred to as an f -type state,
while the symmetric combination, odd under C-parity, is referred to as a d-type state. Cor-
respondingly, an f -type and a d-type GSFs are introduced. Note that these two independent
GSFs are related, at least at tree level, to the two distinct twist-3 trigluon Qiu-Sterman func-
tions T( f /d)

G [176, 177], from which they inherit their name. For a comprehensive review
illustrating the properties of these GSFs, we refer the reader to Ref. [172].

4.1.1 Initial and final state interactions: an example

All the details regarding the quark case can be found in Ref. [109]. Here, to illustrate the way
these two independent GSFs emerge, we minimally report the outline of the calculations for
the simpler p↑p → γX process, where we will see that only ISIs contribute. To do that, we
follow the computation outlined in Refs. [109, 110].

For p↑p → γX, the only partonic process sensitive to the gluon Sivers effect is

g(pa) + q(pb) → γ(pc) + q(pd) , (4.1)

where the particles four-momenta are given between brackets. At leading order in perturba-
tive QCD, this process is described by the Feynman diagrams in Figs. 4.1a–4.1d. All these
diagrams have the same colour structure and contribute to the unpolarised cross section, that
is the denominator of the Sivers contribution to AN, with the same colour factor

CU =
1

2Nc
, (4.2)

with Nc being the number of colours.

(a) (b) (c) (d)

Figure 4.1: Cut diagrams for the partonic process gq → γq at LO in perturbative QCD. Feynman diagrams are made with
Jaxodraw [178, 179].

In order to show how the ISIs and FSIs are taken into account within the CGI-GPM, let us
consider for instance the ISIs for the diagram in Fig. 4.1a. The gauge link is approximated
by an insertion of a single, eikonal gluon. This insertion is represented by a longitudinally
polarised gluon A+, with momentum kµ ≈ k+ and colour index c, as depicted in Fig. 4.2a.
The corresponding amplitude, assuming massless fermions, is calculated from the Born one,
by making the following replacement for the spinor of parton b, u(pb):

64



a

i

c a
′

i
′

(a)

a

i

c a
′

i
′

(b)

a

i
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(c)

Figure 4.2: Initial and final state interactions in gq → γq for the cut diagram in Fig. 4.1a: (a) initial state interactions,
(b)-(c) final state interactions for the undetected parton d. Colour indices are shown. Feynman diagrams are made with
Jaxodraw [178, 179].

u(pb) → −ig
i
(
/pb + /k

)
(pb + k)2 + iε

γ−tc u(pb)

≈ g /pb
2p−b k+ + iε

γ−tc u(pb)

≈ g
−γ−/pb + 2p−b

2p−b k+ + iε
tc u(pb)

= g
[

1
k+ + iε

]
tc u(pb) ,

(4.3)

where tc are the generators of SU(Nc) in the fundamental representation. Since we are inter-
ested in the pole of the propagator at k+ = 0, in the second line of Eq. (4.3)we have neglected
the term /k ≈ k+γ−. Furthermore, in the last step of the calculation, we have used the Dirac
equation for massless fermions /pbu(pb) = 0. By using the following relation

1
k+ ± iε

= P
1

k+
∓ iπδ(k+) , (4.4)

where P refers to the principal value, we find that the imaginary part of the quark propa-
gator, 1/(k+ + iε), is given by −iπδ(k+). While calculating the full diagram, such term is
multiplied by the Born amplitude, taken with a different colour factor because of the extra
gluon attachment. The new colour factor can be computed by adopting the methods de-
scribed in Refs. [176, 177, 180], that have been developed in the collinear twist-3 framework
for the three-gluon correlation functions.

Recalling that, since we have twoways to neutralise the colour, i.e. with symmetric and an-
tisymmetric structure constants of the colour group SU(Nc), two different kinds of modified
colour factors will emerge, corresponding to the two independent gluon Sivers functions,
the f - and d-type ones. For the f -type GSF, the colour is neutralised by (Tc)aa′ = −i fcaa′ ,
where fcaa′ are the fully antisymmetric structure constants for SU(Nc), and the corresponding
colour factor is computed by contracting the colour indices of the diagram in Figs. 4.2a–4.2c
with the colour projector (see Appendix C for the colour rules for the projectors)

T c
aa′ = NT (Tc)aa′ , (4.5)

65



where the normalisation factor NT is given by [181]

NT =
1

Tr(TcTc)
=

1
Nc (N2

c − 1)
. (4.6)

Therefore, the modified f -type colour factor for Fig. 4.2a is given by [175]

C( f )
I = T c

aa′(t
c)ji(ta)kj(ta′)i′k

δii′

Nc

=
1

Nc (N2
c − 1)

(Tc)aa′Tr(tcta′ ta)

= − 1
4N2

c (N2
c − 1)

Tr(TcTc)

= − 1
4Nc

.

(4.7)

In deriving the last result, Eq. (4.7), the following relations have been used [181]:

Tr(tatbtc) =
1
4
[(Da)bc − (Ta)bc] , Tr(TaDb) = 0 , Tr(TaTb) = Ncδab , (4.8)

where (Da)bc = dabc are the symmetric structure constants of SU(Nc) and δab is theKronecker
delta.

To calculate the modified colour factor for the d-type GSF, we need to contract the colour
indices of the same Feynman diagram with another projector:

Dc
aa′ = ND(Dc)aa′ , (4.9)

where now [181]
ND =

1
Tr(DcDc)

=
Nc

(N2
c − 4) (N2

c − 1)
. (4.10)

The corresponding colour factor is then [175]

C(d)
I = Dc

aa′(t
c)ji(ta)kj(ta′)i′k

δii′

Nc

=
Nc

(N2
c − 4) (N2

c − 1)
(Dc)aa′Tr(tcta′ ta)

=
Nc

4 (N2
c − 4) (N2

c − 1)
Tr(DcDc)

=
1

4Nc
.

(4.11)

It is easy to verify that, by repeating the same calculation for all the other Born diagrams
in Figs. 4.1b–4.1d, the same colour factors C( f /d)

I are obtained.
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What about the final state interactions in Figs. 4.2b–4.2c? One can show that, in the case
of p↑p → γX, no FSI contribution to the polarised cross section is present. In fact, since the
photon does not interact with the remnant of the polarised hadron, i.e. the eikonal gluon, triv-
ially C( f /d)

Fc
= 0. Moreover, parton d is not observed, and so it also holds C( f /d)

Fd
= 0. This last

point is actually a general property of inclusive processes. For instance, it can be explained
noticing that in the computation one has to take into account both diagrams in Figs. 4.2b–
4.2c, that have the same topology apart from the fact that, in one of them, parton d is on shell
with p2

d = m2
d, while in the other one d is off shell with (pd − k)2 = m2

d. Since d is undetected,
one should consider both cases. It turns out that the pole contributions of the two diagrams
cancel [109, 176, 177]. To see it explicitly, we have respectively from Figs. 4.2b–4.2c that:

−ig tc ū(pd)γ
− i(/pd − /k)
(pd − k)2 + iε

δ(p2
d) ≈ g tc ū(pd)

[
1

−k+ + iε

]
δ(p2

d)

→ −iπ δ(p2
d) δ(k+)×

C( f /d)
Fd

CU
× [BornAmplitude] ,

(4.12)
and

−ig
i/pd

p2
d − iε

γ−tcu(pd − k) δ((pd − k)2) ≈ g
[

1
p2

d − iε

]
tc u(pd) δ(k+)

→ +iπ δ(p2
d) δ(k+)×

C( f /d)
Fd

CU
× [BornAmplitude] ,

(4.13)
with

C( f )
Fd

= C(d)
Fd

=
1

4Nc
. (4.14)

So, they cancel out as expected.
Moving now to the gq̄ → γq̄ process, whose corresponding Feynman diagrams are obtain-

able by reversing the arrows direction in Figs. 4.1a–4.1d, we can compute as before the colour
factors for initial and final state interactions, C( f /d)

I and C( f /d)
Fd

, by reversing the fermion lines
in the diagrams in Figs. 4.2a–4.2b, respectively. This leads to an important consequence: the
pole contributions to the imaginary part will have opposite signs with respect to the quark
case. So, it can be shown that [175]

C( f )
I =

1
4Nc

C(d)
I = − 1

4Nc
C( f )

Fd
= − 1

4Nc
C(d)

Fd
= − 1

4Nc
, (4.15)

which all have opposite signs as compared to the gq → γq case.
As a cross check, it is useful to calculate the gluonic pole strengths defined as [182]

CG =
CI + CFc + CFd

CU
=

CI + CFd

CU
(4.16)

and compare them with the ones given in Table B.4 of Ref. [183] for gq → γq.
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D CU C
(f)
I C

(f)
Fd

CInc (f) C
(d)
I C

(d)
Fd

CInc (d)

1
2Nc

− 1
4Nc

1
4Nc

− 1
4Nc

1
4Nc

1
4Nc

1
4Nc

Table 4.1: Colour factors for the LO diagrams contributing to the process gq → γq [175]. CU is the unpolarised colour
factor for the diagram D, while CI , CFc and CFd , respectively for the f - and d-type, are the colour factors obtained when
an extra gluon is attached in D to parton b (CI ), parton c (CFc ) or parton d (CFd ). Furthermore, CInc = CI + CFc . CFc
factors are not presented, as they are all zero in this case (no interaction between the photon and the polarised proton
remnants). For the gq̄ → γq̄ process, the f -type colour factors are the same, while the d-ones have an overall minus sign.

The two calculations, while adopting two different methods1 agree, giving

C( f )
G = 0 , C(d)

G = 1. (4.17)

This shows that the one-gluon approximation is enough to recover the exact gluonic pole
strengths in any partonic process calculated at leading order in perturbative QCD [182].

All the colour factors for the gq → γq process are listed in Table 4.1. For the partonic
subprocess involving antiquarks, gq̄ → γq̄, the f -type colour factors are the same, while the
d-ones have an overall minus sign.

Hard factors and Single-Spin Asymmetries in p↑p → γX

After having computed the modified colour factors, we can now present the results obtained
for the hard factors and the numerator of AN related to the gluon Sivers effect. Schematically,
the latter quantity for an inclusive process is generally written in the GPM as [110, 175, 184]

d∆σ ∝ ∑
abcd

(
−k⊥a

Mp

)
f⊥a
1T (xa, k⊥a) cos ϕa ⊗ fb/p(xb,k⊥b)⊗ HU

ab→cd ⊗ Dh/c(z,p⊥) , (4.18)

where, as seen in Section 2.3.1, ⊗ indicates a convolution over light-cone momentum frac-
tions and over transverse momenta. In the case of inclusive photoproduction, Dh/c(z,p⊥)
is replaced by δ(1 − z)δ2(p⊥) in Eq. (4.18). The hard functions HU

ab→cd are related to the
usual unpolarised partonic cross section for ab → cd subprocesses, and can be calculated
perturbatively.

Formally, when parton a inside the polarised proton is either a quark or an antiquark (a =
q), the numerator of AN in the CGI-GPM is obtained from Eq. (4.18) by performing the
following substitution [109]:

f⊥q
1T ⊗ HU

qb→cd → f⊥q
1T ⊗ HInc

qb→cd , (4.19)

where the modified partonic functions, denoted by HInc
qb→cd are obtained by using the tech-

1Results in Ref. [183], have been derived by looking at the full gauge link structure and taking the derivative
of the gauge link.
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niques presented in Ref. [109].
As already mentioned, when parton a is a gluon, we have two independent gluon Sivers

functions, the f - and d-type GSFs. Differently from Eq. (4.19), here the GSF contribution of
the GPM is replaced by a linear combination of the f⊥g( f /d)

1T , as [110, 175, 184]

f⊥g
1T ⊗ HU

gb→cd → f⊥g( f )
1T ⊗ HInc ( f )

gb→cd + f⊥g(d)
1T ⊗ HInc (d)

gb→cd . (4.20)

The HInc( f /d)
ab→cd are the hard factors with modified colour factors, calculated following the

rules presented in Section 4.1. In the case of inclusive processes, they are related to the un-
polarised hard factors HU

ab→cd by

HInc ( f /d)
ab→cd =

CInc ( f /d)

CU HU
ab→cd ≡

C( f /d)
I + C( f /d)

Fc

CU
HU

ab→cd. (4.21)

Using the modified hard functions, we can then write more explicitly the cross section
in Eq. (4.18) as [175]

d∆σCGI−GPM =
Eγ dσ↑

d3pγ
− Eγ dσ↓

d3pγ
≃

2αemαse2
q

s ∑
abd

∫ dxa dxb
xa xb

d2k⊥a d2k⊥b

×
(
−k⊥a

Mp

)
f⊥a
1T (xa, k⊥a) cos ϕa fb/p(xb, k⊥b)

× HInc
ab→γd (xa, xb, ŝ, t̂, û)δ(ŝ + t̂ + û) ,

(4.22)

where a = q, q̄, g. As we have showed that, in the case of inclusive γ production there is
no FSI contribution (see Eqs. (4.12)–(4.14)), the modified hard functions are simply

HInc( f /d)
ab→γd =

C( f /d)
I
CU

HU
ab→γd, (4.23)

where CU and the C( f /d)
I ’s are presented in Table 4.1 for the gluon case [175], while the quark

and antiquark ones were derived in Ref. [109]. The unpolarised hard factors are normalised
so that the partonic cross sections read

dσ̂

dt̂
=

παemαse2
q

ŝ2 HU
gq→γq . (4.24)

Having now all the elements at our disposal, we can calculate the modified hard factors
HInc( f /d)

ab→γd . First, we recall that, in the case of unpolarised scattering, one has the well-known
results:

HU
qg→γq =

1
Nc

(
− t̂

ŝ
− ŝ

t̂

)
HU

qq̄→γg =
N2

c − 1
N2

c

(
t̂
û
+

û
t̂

)
(4.25)

HU
gq→γq = HU

gq̄→γq̄ =
1

Nc

(
− û

ŝ
− ŝ

û

)
, (4.26)
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where ŝ, t̂, û are the usual Mandelstam variables. For the Sivers effect in gluon initiated
subprocesses, we have that the f - and d-typeGSF contributions are respectively given by [175,
185]

HInc ( f )
gq→γq = HInc ( f )

gq̄→γq̄ = −1
2

HU
gq→γq ,

HInc (d)
gq→γq = −HInc (d)

gq̄→γq̄ =
1
2

HU
gq→γq ,

(4.27)

The modified hard factors for quark initiated subprocesses were calculated in Ref. [109]. We
present them below again for completeness:

HInc
qg→γq = −HInc

q̄g→γq̄ = −N2
c − 1
N2

c

(
− t̂

ŝ
− ŝ

t̂

)
,

HInc
qq̄→γg = −HInc

q̄q→γg =
1

N2
c

(
t̂
û
+

û
t̂

)
.

(4.28)

4.1.2 CGI-GPM and single-spin asymmetries in p↑p → πX

As theywill be used in the following Section, wepresent here the results obtained inRef. [175]
for inclusive pion production in polarised pp collisions. These resultswill be then used in Sec-
tion 4.2 to put some constraints on the size of the two independent gluon Sivers functions.
Within the framework of the CGI-GPM, the numerator of AN for the p↑p → πX process is

d∆σCGI−GPM ≡ Eπ dσ↑

d3pπ
− Eπ dσ↓

d3pπ

≃ 2α2
s

s ∑
abcd

∫ dxa dxb dz
xa xb z2 d2k⊥a d2k⊥b d3k⊥πδ(k⊥π · p̂c) J(k⊥π)

×
(
−k⊥a

Mp

)
f⊥a
1T (xa, k⊥a) cos ϕa fb/p(xb, k⊥b)

× HInc
ab→cd(xa, xb, ŝ, t̂, û) δ(ŝ + t̂ + û) Dπ/c(z, k⊥π) ,

(4.29)

where a = q, q̄, g, J(k⊥π) is the kinematical factor introduced in Section 2.3.1, Eq. (2.43),
and ŝ, t̂, û are again the usual Mandelstam variables for the partonic subprocess ab → cd.
fb/p(xb, k⊥b) is the unpolarised TMD-PDF for parton b, while Dπ/c(z, k⊥π) is the fragmen-
tation function of an unpolarised parton c into a pion. Again, HInc

ab→cd are the perturbatively
calculable hard scattering functions; the ones for which a is a quark or an antiquark, are well-
known and can be found in Ref. [109], while the remaining ones, when a is a gluon, have
been evaluated for the first time in Ref. [175], along the lines of Ref. [110].

Differently from the inclusive γ production case, in the case of π production parton c can
interact with the polarised quark remnants, and so one has also final state interaction contri-
butions. Moreover, we have now that the CFd factors sum up to zero, so as before they do not
play any role in the single-inclusive hadron production.

Specifically, with q being either a quark or an antiquark, the gluon initiated subprocesses
are now

gq → gq gg → qq̄, gg → gg. (4.30)
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The explicit results for the colour factors calculated within CGI-GPM for these subprocesses
are shown respectively in Tables 4.2–4.4. All the tables present the same structure as Table 4.1,
with the only difference represented by the presence of the nonzero C( f /d)

Fc
factors.

For each process, the sum of all diagrams, taken with the new colour factors C( f /d)
I and

C( f /d)
Fc

, gives H( f /d)
I and H( f /d)

Fc
, respectively, and we have that

HInc ( f /d) = H( f /d)
I + H( f /d)

Fc
. (4.31)

Alternatively, HInc ( f /d) can be obtained directly by summing the diagramswith the colour
factors

CInc ( f /d) ≡ C( f /d)
I + C( f /d)

Fc
. (4.32)

Finally, we have checked that, for each diagram D, the gluonic pole strengths defined by

C( f /d)
G =

C( f /d)
I + C( f /d)

Fc
+ C( f /d)

Fd

CU
, (4.33)

are in full agreement with the ones given in Ref. [182] for less inclusive processes like p↑p →
π π X, for which the FSIs of parton d need to be taken into account as well.

Using the calculated colour factors, the explicit leading order expressions for the hard func-
tions corresponding to the gluon Sivers distribution f⊥g ( f )

1T read

HInc ( f )
gq→gq = HInc ( f )

gq̄→gq̄ = − ŝ2 + û2

4ŝû

(
ŝ2

t̂2 +
1

N2
c

)
, (4.34)

HInc ( f )
gq→qg = HInc ( f )

gq̄→q̄g = − ŝ4 − t̂4

4ŝt̂û2 , (4.35)

HInc ( f )
gg→qq̄ = HInc ( f )

gg→q̄q = − Nc

4(N2
c − 1)

t̂2 + û2

t̂û

(
t̂2

ŝ2 +
1

N2
c

)
, (4.36)

HInc ( f )
gg→gg =

N2
c

N2
c − 1

(
t̂
û
− ŝ

û

)
(ŝ2 + ŝt̂ + t̂2)2

ŝ2 t̂2 , (4.37)

where Nc is, as usual, the number of colours. For the other gluon Sivers function f⊥g (d)
1T , one

has

HInc (d)
gq→gq = −HInc (d)

gq̄→gq̄ =
ŝ2 + û2

4ŝû

(
ŝ2 − 2û2

t̂2 +
1

N2
c

)
, (4.38)

HInc (d)
gq→qg = −HInc (d)

gq̄→q̄g = − ŝ2 + t̂2

4ŝt̂

(
ŝ2 + t̂2

û2 − 2
N2

c

)
, (4.39)

HInc (d)
gg→qq̄ = −HInc (d)

gg→q̄q = − Nc

4(N2
c − 1)

t̂2 + û2

t̂û

(
t̂2 − 2û2

ŝ2 +
1

N2
c

)
, (4.40)

HInc (d)
gg→gg = 0 . (4.41)
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Table 4.2: Colour factors for the LO diagrams contributing to the process gq → gq. CU denotes the unpolarised colour
factor for the diagram D, while CI , CFc and CFd , respectively for the f - and d-type, are the colour factors obtained when
an extra gluon is attached in D to parton b (CI ), parton c (CFc ) or parton d (CFd ). Furthermore, C

Inc = CI + CFc .

For comparison, we also show here the corresponding, well-known unpolarised hard func-
tions,

HU
gq→gq = − ŝ2 + û2

2ŝû

(
ŝ2 + û2

t̂2 − 1
N2

c

)
, (4.42)

HU
gg→qq̄ =

Nc

N2
c − 1

t̂2 + û2

2t̂û

(
t̂2 + û2

ŝ2 − 1
N2

c

)
, (4.43)

HU
gg→gg =

N2
c

N2
c − 1

(ŝ4 + t̂4 + û4)(ŝ2 + t̂2 + û2)

ŝ2 t̂2û2 , (4.44)

defined in such a way that the partonic cross section, which appear in the denominators of
the asymmetries, reads

dσ̂

dt̂
=

πα2
s

ŝ2 HU
ab→cd . (4.45)

All the results presented here for inclusive pion production, along with the results for D-
meson obtained in Ref. [110], will be used in Section 4.2 to put a constraint on the size and
the sign of the two independent gluon Sivers functions, f⊥g( f /d)

1T . Moreover, using the results
of Refs. [110, 175], predictions for inclusive γ production, along with comparisons and pre-
dictions for future experiments for inclusive J/ψ production will be presented in Chapter 5.
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Table 4.3: Colour factors for the LO diagrams contributing to the process gg → qq̄. Notation is the same as in Table 4.2.
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Table 4.4: Colour factors for the LO diagrams contributing to the process gg → gg. Notation is the same as in Table 4.2. In
this case all C(d) colour factors are zero for symmetry reasons.
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4.2 Gluon Sivers functions from hadronic collisions

We now move towards a more quantitative analysis of the gluon Sivers functions. Specifi-
cally, we will present an updated fit of the GSF within the GPM approach and, by using two
independent datasets, we will try to put some constraints on the size and on the sign of the
CGI-GPM f - and d-type gluon Sivers distributions. The work presented here is based on
Ref. [175].

4.2.1 GPM fit of the gluon Sivers function

Let us first take a look at the results obtained for the updated GPM fit of the gluon Sivers
function. We recall that a first extraction of the GSF has been published in Ref. [186], using
the knowledge on the quark Sivers function at that time, and analysing AN data for pion
production at midrapidity. Here, by adopting the same approach, we present an update to
this extraction.

Notice that, as mentioned in Section 3.1, the available amount of information for polarised
quark TMDs is generally limited to, at most, hundreds of datapoints. The situation dramat-
ically worsen when moving to gluon TMDs. This is due to the fact that, in the case of the
GSF, the corresponding effect can be accessed in polarised hadronic collisions where, as we
showed in Section 2.3.1, a plethora of different effects come into play all together. So, one
has to somehow disentangle and magnify the gluon Sivers effect, i.e. by analysing data mea-
sured in specific kinematical regionswhere all the effects but it are negligible. Aswas already
pointed out in Refs. [186, 187], this is the case for the extremely precise and accurate data on
SSAs in pp collisions for inclusive pion production at midrapidity, measured by the PHENIX
Collaboration at RHIC, Ref. [40], and used in Ref. [175] to extract the GSF. Although this is
the only dataset available, we can use it to put some constraints on the GSF, thanks to its very
high precision, with order of per mille errors on the data.

Onemaywonderwhy such a reanalysis has been done. Weunderline that, in Ref. [186], the
same value for quark and gluon Gaussian widths, ⟨k2

⊥⟩ = 0.25 GeV2, has been used. In this
updated analysis, by following the results of Ref. [110], a different value for the unpolarised
gluon width, namely ⟨k2

⊥⟩ = 1 GeV2 is adopted. This, indeed, gives a better account of the
unpolarised cross sections for inclusive J/ψ production in pp collisions at not so large pT
values, still allowing a good description, for instance, of the inclusive pion production.

As usually done within the GPM, a Gaussian-like and factorised parametrisation for the
GSF is adopted:

∆Nfg/p↑(x, k⊥) = −2 k⊥
Mp

f⊥ g
1T (x, k⊥) = 2Ng(x) fg/p(x) h(k⊥)

e−k2
⊥/⟨k2

⊥⟩

π⟨k2
⊥⟩

, (4.46)

where fg/p(x) is the standard unpolarised collinear gluon distribution, the Ng factor is

Ng(x) = Ngxα(1 − x)β (α + β)(α+β)

ααββ
, (4.47)

with |Ng| ≤ 1, and
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h(k⊥) =
√

2e
k⊥
M′ e−k2

⊥/M′2
. (4.48)

Alternatively, one can also define the parameter

ρ =
M′2

⟨k2
⊥⟩+ M′2 , (4.49)

such that 0 < ρ < 1, and then Eq. (4.46) becomes

∆Nfg/p↑(x, k⊥) = 2

√
2e

π
Ng(x) fg/p(x)

√
1 − ρ

ρ
k⊥

e−k2
⊥/ρ⟨k2

⊥⟩

⟨k2
⊥⟩3/2

. (4.50)

This results in a total of four parameters for the GSF: Ng, α, β and ρ. With these choices,
assuming that the unpolarised TMD gluon distribution is given by

fg/p(x, k⊥) = fg/p(x)
e−k2

⊥/⟨k2
⊥⟩

π⟨k2
⊥⟩

, ⟨k2
⊥⟩ = 1 GeV2 (4.51)

the Sivers function automatically fulfills its proper positivity bound for any (x, k⊥) values.
Analogously, for the unpolarised TMD fragmentation function (for a parton c) we use [111]

Dπ/c(z, k⊥π) = Dπ/c(z)
e−k2

⊥π/⟨k2
⊥π⟩

π⟨k2
⊥π⟩

, ⟨k2
⊥π⟩ = 0.20 GeV2. (4.52)

In this analysis we adopt the CTEQ6l1 LO parametrisation [146] for the unpolarised gluon
distribution, fg/p(x), with the factorisation scale equal to the pion transverse momentum,
pT, and the leading order DSS collinear fragmentation function set [148]. As mentioned
in Section 2.3.2, within this model all TMDs evolve with the hard scale through the scale
dependence of the collinear distributions entering in their parametrisations, that is following
a DGLAP evolution [18–20].

Using the parametrisation in Eqs. (4.46) and (4.48), we can write the first k⊥-moment of
the Sivers function

∆Nf (1)g/p↑(x) =
∫

d2k⊥
k⊥

4Mp
∆Nfg/p↑(x, k⊥) ≡ − f⊥(1)g

1T (x) , (4.53)

as
∆Nf (1)g/p↑(x) =

√ e
2 ⟨k2

⊥⟩M′3

Mp(⟨k2
⊥⟩+ M′2)2

Ng(x) fg/p(x)

=

√
e
2

√
⟨k2

⊥⟩
Mp

√
ρ3(1 − ρ) Ng(x) fg/p(x) .

(4.54)

This quantitywill be used to compare the results for the GPM and the CGI-GPMgluon Sivers
functions.
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With these choices, the aforementioned dataset has been reanalysed within the GPM ap-
proach, getting results very similar to those reported in Ref. [186], although with slightly
different parameters:

Ng = 0.25 , α = 0.6 , β = 0.6 , ρ = 0.1 . (4.55)

The correlations between these parameters are very strong, hence an equally good descrip-
tion of pion AN data can be obtained even with different sets of the above parameters. While
this could imply very different k⊥ dependences of the GSF, as one could expect, its first k⊥-
moment remains almost unchanged in the range of x probed by data (10−3 ≤ x ≤ 0.4).
The results for the first moment of the GSF in the GPM approach will be shown in the next
Section, along with the f - and d-type GSFs obtained by using the CGI-GPM approach.

4.2.2 First constraints on f - and d-type GSFs

As we have seen in Section 4.1, by using a single, eikonal gluon exchange approximation, we
can define two independent gluon Sivers functions, according to the two different ways in
which colour can be neutralised. As the quantity of independent functions is larger than one,
a single dataset would be not enough to simultaneously constrain the f - and d-type gluon
Sivers distributions. In fact, at least two independent datasets are needed, and possibly sensi-
tive to these two GSFs in a different way. Hence, in addition to the AN data for inclusive pion
production in pp collisions at midrapidity [40], we will also use those for D-meson produc-
tion [188] measured by the PHENIX Collaboration at RHIC. Notice that they also collected
SSA data for J/ψ production [189], to which we will compare our estimates in Chapter 5.
From the phenomenological point of view, it is worth noticing that for the latter process, in
the CGI-GPM approach, only the f -type contribution appears [110]. Therefore, as it will be-
comemore clear in the following, it is important to consider additional processes, where also
the d-type GSF plays a role.

We stress that all these processes have a common feature: the gluon initiated subprocesses
dominate over the quark ones. The SSA for inclusive pion production in pp collisions at
midrapidity is directly sensitive to the gluon Sivers distribution [186, 187]. In fact, the contri-
bution involving the quark Sivers functions, as extracted from SIDIS azimuthal asymmetries,
is totally negligible, and all other effects, like the one driven by the Collins function, are
washed out by integrations over the azimuthal phases. Concerning the SSAs in D-meson
production, as discussed in Ref. [110], one has a clear and direct access to the GSF, due to
the dominance of the gg → cc̄ channel.

Within our strategy, the first issue we address is to which extent the f - and d-type con-
tributions are effectively relevant in the process under consideration. More specifically, we
observe that the numerators of AN, Eqs. (4.22) and (4.29), contain three fundamental quan-
tities: the azimuthal factor of the gluon Sivers function, cos ϕa (with ϕa to be integrated over),
the perturbatively computable hard functions, Hab→cd, and the unknown GSF, f⊥g

1T . In order
to explore the role played by the first two factors, and noticing that the amount of avail-
able data do not allow us to extract precise information on the x- and k⊥-dependence of
the two GSFs, we adopt, as a first attempt, the same parametrisation for the f - and d-type
GSFs, Eqs. (4.46) and (4.50). Moreover, in order to maximise the effects of the two functions,
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Figure 4.3: Le t panel: maximised gluon Sivers contributions (Ng(x) = +1) to AN for the process p↑p → π0 X at√
s = 200 GeV and midrapidity as a function of pT within the GPM (green dashed line) and the CGI-GPM approaches:

f -type (red solid line) and d-type (blue dot-dashed line). The quark Sivers contribution within the CGI-GPM scheme, as
extracted from SIDIS data, is also shown (red dotted line). Right panel: AN estimates, in the moderate pT range, obtained
adopting a suitably reduced f -type GSF (N ( f )

g (x) = 0.1) and a negative saturated d-type GSF (N (d)
g (x) = −1). Shaded

area corresponds to a ±20% uncertainty on N ( f )
g . Notice the different scale on the y-axis. Data are from Ref. [40].

we saturate the positivity bound for their x-dependent parts (i.e. we take Ng(x) = ±1) and
adopt the value ρ = 2

3 [190] in Eq. (4.50).
Regarding the x-dependent part of the GSF, we also introduce the following notation

∆Nfg/p↑(x) = 2Ng(x) fg/p(x) , (4.56)

which, for Ng(x) = ±1, implies ∆Nfg/p↑(x) = ±2 fg/p(x).
Fig. 4.3 (left panel) presents the maximised (Ng(x) = +1) gluon Sivers contributions

to AN for the process p↑p → π0 X at
√

s = 200 GeV and midrapidity as a function of pT,
together with PHENIX data [40], for the f -type (red solid line) and d-type (blue dot-dashed
line) contributions. For completeness we also show the maximised gluon Sivers term in the
GPM (green dashed line). As already mentioned, it turns out that the quark Sivers contri-
bution, even within the CGI-GPM scheme and adopting the parametrisation as extracted
from SIDIS data [113], is totally negligible (red dotted line). From this plot we realise that
while the d-type contribution, for this process and in this kinematical region, is dynamically
suppressed, the f -type one can be potentially large. This is due to the fact that, for the d-
type term, the hard functions for the processes initiated by gq and gq̄ pairs enter with a
relative sign (see Eqs. (4.38) and (4.39)) and at midrapidity the quark and anti-quark un-
polarised TMD PDFs are equally important. On top of that, there is no gg → gg contri-
bution (see Eq. (4.41)), that is the dominant channel at moderate values of pT. This is in
contrast with the f -type term, which indeed could be potentially very large. Notice that the
corresponding effect in the GPM approach results even larger: the reason is that its partonic
contributions are exactly those entering the unpolarised cross section, all positive and unsup-
pressed.

These first elements allow us to move to the second step of our strategy, i.e. the attempt
to describe reasonably well the AN data for π0 production at midrapidity within the CGI-
GPM approach, by adopting simultaneously the most conservative (that is less stringent)
bounds on the f - and d-type GSFs. Notice that in the kinematical region where they are
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Figure 4.4: Maximised (Ng(x) = +1) AN for the process p↑p → D0 X at
√

s = 200 GeV and different pT values
(between 1 and 6 GeV) as a function of xF , within the CGI-GPM approach: d-type (le t panel) and f -type (right panel)
contributions.

more precise, i.e. the region pT ≲ 5 GeV, the data are positive and tiny, with central values
of the order of per mille. So, it is clear that the most conservative scenario that could lead
us to a good comparison with AN data implies a cancellation between the two independent
gluon Sivers contributions, with a positive, strongly suppressed f -type GSF and a saturated,
negative d-type one, which is still supposed totally unknown. Under these hypothesis, the
corresponding results, for N ( f )

g (x) = +0.1 and N (d)
g (x) = −1, are shown in the right panel

of Fig. 4.3, together with an estimated overall uncertainty band of ±20% on N ( f )
g . Notice

that a smaller d-type GSF (in size, that is either positive or negative) would imply an even
smaller f -type GSF. This issue will be addressed in the following.

We now consider AN for D0 production at
√

s = 200 GeV in the kinematical region rele-
vant to carry out the corresponding analysis for its muon decays, for which data from the
PHENIX Collaboration are available [188]. To be more general, we consider an even larger
region both in xF = 2pL/

√
s (where pL is now the D meson longitudinal momentum) and

pT. Fig. 4.4 shows the results for AN as a function of xF and for different pT values, com-
puted by separately maximizing the d- (left panel) and f -type (right panel) contributions,
as explained above. One can see that in the forward region, differently from the π0 produc-
tion case, while the d-type term could be potentially sizeable, the f -type one is, persistently,
relatively small. This is due to the fact that, since for D0 production at leading order one
consistently considers only the dominant fragmentation of the charm quark into the heavy
meson, the cancellations between the gq and gq̄ initiated processes, affecting the π0 case, are
not present anymore. Furthermore, the hard parts favour now the d-type w.r.t. the f -type
term: as one can see from Eq. (41) of Ref. [110], besides some common factors, the hard
function for the f -type GSF contains a factor t̂2/ŝ2, whilst that for the d-type GSF contains a
term (t̂2 − 2û2)/ŝ2. Since, as xF increases, |t̂| becomes smaller and smaller, the first piece is
relatively suppressed with respect to the second one. On the other hand, in the backward
region, where the two hard parts are similar, both contributions are relatively suppressed by
the integration over the Sivers azimuthal phase, which for xF < 0 is less effective in the hard
parts.

Using now the information extracted from the analysis of the other independent dataset,
i.e. the π0 AN data, the f -type contribution in Fig. 4.4 should be accordingly reduced by a fac-
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tor of about 0.1 (coming from the corresponding GSF), thus becoming essentially negligible.
We are then safe in considering the d-type contribution as the only active one for D0 produc-
tion; therefore, it can be constrained by a comparison with the available data. Analogous
considerations, within the CGI-GPM approach, apply also to D̄0 production, as discussed in
Ref. [110], where it is shown that the f -type contribution to AN is the same as the one for D0

production, while the d-type gets an opposite sign.
At this point, since D-meson data in Ref. [188] are provided for its relative muon decay

products, one has to convert the estimates for D-meson production to the corresponding AN
for muon production [191]. It is important to point out that, in this leading order approach,
the SSAs for D0 and D+ production (leading to the µ+ results) are equal; the same happens
for those for D̄0 and D− production (µ− results).

Since the amount of muon AN datapoints is still quite small, and since they are yet affected
by a relatively large uncertainty, we refrain from performing a proper fit, and consider a sim-
ple, constant, x-independent N ( f ,d)

g (x) ≡ N( f ,d)
g . In what follows, in order to put a first con-

straint on the size and sign of the two independent f - and d-type GSFs, we discuss different
possible scenarios for these functions, taking into account the information coming from the
two independent, complementary dataset on π0 and D-meson, i.e. µ±, single-spin asymme-
tries. It will turns out that, even from this very conservative approach, we can extract some
important information on these two unknown gluon TMDs.

Fig. 4.5 shows that, for both µ+ (left panel) and µ− (right panel) production, the data
are compatible with zero, with only one datapoint, the one at the largest xF value, slightly
positive for the µ+ case. Clearly, the maximised d-type GSF contributions (thin red solid
line: N (d)

g = +1, thin blue dot-dashed line: N (d)
g = −1) largely overestimate the positive xF

experimental data in size. Notice also that the value N (d)
g = −1, together with N ( f )

g = +0.1,
was adopted in order to reasonably reproduce the π0 SSA data (see Fig. 4.3, right panel). On
the other hand, to get a fair account of the muon data, one has to take indicatively |N (d)

g | ≤
0.15, with a mild preference for positive values, because of the positive µ+ data point. As an
example, the results obtained adopting N (d)

g = +0.15(−0.15) are shown as thick red solid
lines (thick blue dot-dashed lines) in Fig. 4.5 both for µ+ (left panel) and µ− (right panel)
production.

Taking into account this new piece of information on the d-type GSF, we can reconsider
the pion SSA data more accurately. Specifically, we find that by varying N (d)

g in the range
−0.15 ÷ +0.15, while keeping ρ = 2/3, a very good description of both the µ± and π0 data
can be obtained by taking N ( f )

g in the corresponding range +0.05 ÷ −0.01; in other words:

N (d)
g = −0.15 → N ( f )

g = +0.05

N (d)
g = +0.15 → N ( f )

g = −0.01 .
(4.57)

This means that, a stronger suppression of the f -type GSF is required by the combined
analysis of muon and pion SSA data. On the contrary, in the GPM approach, the extracted
value of the parameters from the π0 SSA data, see Eq. (4.55), leads to a gluon Sivers asym-
metry for µ± leptons in very good agreement with available data, as clear from the green
dashed lines in Fig. 4.5. For completeness, in Fig. 4.6 we also show the corresponding AN
estimates as a function of pT in the positive and negative xF regions.
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It is worth recalling that a similar analysis of single-spin asymmetries for D-meson pro-
duction, within the collinear twist-three approach, was carried out in Ref. [192], and the
corresponding predictions for µ± production were compared against the data in Figs. 5 − 7
of Ref. [188], showing a fairly good agreement.

Some comments on the adopted procedure are in order. First of all, using a fixed ρ value
implies a fixed k⊥ dependence of the GSF, therefore no such information has been extracted
within the CGI-GPM approach. On the other hand, the adopted value leaves the size of the
GSF practically unconstrained. Then, by tuning the parameter Ng against the data we can
control and estimate its size. We also have to remind that there are strong correlations be-
tween these parameters. As already underlined, the scarce amount and the limited precision
of available data prevent us from performing a proper fit.
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Bearing all of this in mind, in what follows we only present the first k⊥-moment of the
GSF, Eqs. (4.53) and (4.54), which better represents its size in an almost unbiased form (at
least in the x region probed by the data, 10−3 ≤ x ≤ 0.4), without speculating on its detailed
k⊥ or x dependences. Further studies in this respect will surely be necessary.

Fig. 4.7 shows the results for the absolute value of the first k⊥-moment of the GSFs as
extracted from our analyses for the GPM (parameters in Eq. (4.55), green dashed line) and
the CGI-GPM approaches, d-type (|Nd

g = 0.15|, blue dot-dashed line) and f -type (N( f )
g =

0.05, red solid line), togetherwith the positivity bound (Eq. (2.22), black dotted line). We can
observe that the most stringent bound is the one on the extracted GSF in the GPM approach,
since in this case there are no relative cancellations between the hard partonic parts, being
them all positive. In contrast, within the CGI-GPM scheme, among the two independent
GSFs the d-type one is the less bounded, as it was expectable from the above observations
on the size and sign of this function.
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Figure 4.7: Upper values for the first k⊥-moments of the gluon Sivers functions in different approaches and scenarios at
Q2 = 2 GeV2: GPM approach (green dashed line), CGI-GPM d-type (blue dot-dashed line) and f -type (N( f )

g = 0.05, red
solid line). The positivity bound (black dotted line), Eq. (2.22), is also shown.

4.3 Outlook and future developements

Before concluding, it is worth commenting on the results presented throughout this Chap-
ter. In Section 4.1 a colour gauge invariant extension of the Generalised Parton Model has
been presented. Here, taking into account, in the one-gluon exchange approximation, the
initial and final state interactions of the active parton with the remnants of the polarised
proton, we were able to recover a process dependent Sivers function. Notice that the work
presented in Section 4.1 extends to the gluon sector the computations of the expression for
the single-spin asymmetries in inclusive pion and photon production from polarised pp col-
lisions. In this way, we completed the study of Ref. [109], in which only the correspond-
ing quark-induced subprocesses were analysed. Recalling also that the CGI-GPM and the
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collinear twist-3 approach present strong analogies, it is surely worth going deeper while
investigating their relationship in future studies.

On the phenomenological side, the combined analysis of AN data for the processes p↑p →
π0 X [40] and p↑p → D X → µ X [188], measured by the PHENIX Collaboration at RHIC,
helped us in putting some first, preliminary constraints on the two (so far) unknown f - and
d-type gluon Sivers distributions. As presented in Sections 4.2.1 and 4.2.2, the world data
for fitting the GSF is limited to tenths of datapoints, partially affected by relatively large un-
certainties, belonging to a specific kinematical regime, where (at least in these approaches)
quark contributions can be neglected. Nevertheless, we have shown howPHENIX data on in-
clusive pion and D-meson production allow us to partially disentangle and considerably con-
strain the size of these two GSFs, which could be much smaller than their positivity bounds
(see Fig. 4.7). This can be considered the first significant attempt towards a quantitative
extraction of these process dependent gluon Sivers functions.

Finally, a last remark. These exploratory studies compared the two GPM approaches,
namely the original one and the CGI-GPM. Although the results are encouraging, it is not
yet possible to plainly discriminate between the two approaches. As we will see in Chap-
ter 5, we expect that in future new measurements at planned experiments like the EIC and
the fixed-target proposals at the LHC will help in shedding light on the poorly known gluon
Sivers functions.
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5
Phenomenology of single-spin asymmetries

In this Chapter we finally head to some applications of TMDs extractions to transverse single-
spin asymmetries. Specifically, we will go through comparisons with data and predictions
for ongoing and future experiments, based on the GPM and its CGI version. Wewill see that,
even without using the TMD approach in its full glory, very interesting results can be ob-
tained within the GPM ansatz. In fact, we will focus on single scale processes, i.e. inclusive
hadron and photon production in polarised processes, for which single-spin asymmetries
will be calculated and compared, when possible, to available data. In Section 5.1 wewill anal-
yse a simple inclusive process, `p → hX, that represents a bridge between Semi-InclusiveDIS
and pp → hX processes. Finally, the asymmetries for inclusive J/ψ and photon production in
polarised pp reactions will be analysed in Section 5.2, by adopting the gluon Sivers functions
presented in Section 4.2.

5.1 Single-spin asymmetries in inclusive `p↑ → hX processes: role of quasireal photon
exchange

Wewould like to present here the results of an updated study of transverse single-spin asym-
metries for inclusive production of hadrons in polarised lepton-proton scattering. This pro-
cess represents a sort of bridge between SIDIS and inclusive pp processes. In fact, it is single
inclusive, with a single large energy scale (as the pp → h X process) and, at the same time,
at leading order, is controlled by the colour-blind electromagnetic interaction (as the SIDIS
process). This should reduce the role of initial and final state interactions, that can lead to-
wards potential factorisation breaking effects. On the other hand, by adopting the relevant
TMDs, i.e. Sivers, transversity and Collins functions, as extracted from SIDIS and e+e− data,
this reaction represents a test towards a unified TMD scheme.

This process has indeed attracted the interest of various research groups. For instance,
it was considered in Refs. [193, 194] in the framework of the collinear twist-3 approach,
while inclusive jet production was studied, in the same framework, in Ref. [195]. These
single-spin asymmetries were also studied in within the GPM formalism in Refs. [196, 197].
Both Refs. [194, 197] tried to describe the asymmetries measured by the HERMES Collabo-
ration [198], and both studies presented results with quite a lot of analogies on the size and
sign of the asymmetries. In particular, in Ref. [197] the leading order GPM estimates were
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compared with a selection of the experimental data by the HERMES Collaboration, show-
ing a good agreement in sign and size. In spite of this, it was also pointed out that some of
the discrepancies still present between theory and experiment could be ascribed to effects
neglected in a LO treatment.

In this Section, we present the updated work of Refs. [199, 200], developed in the frame-
work of the GPM. The updated study extends the leading order one by including the con-
tribution from quasireal photon exchange, in the so-called Weizsäcker-Williams approxima-
tion, potentially relevant in the small Q2 kinematical region. In particular, we will provide
the complete calculation, within a TMD formalism, of the quasireal photon exchange in
` p → h X and ` p → jet X processes, and compute the unpolarised cross sections and AN
for various experimental setups.

5.1.1 Formalism and Weizsäcker-Williams approximation

Let us start by first recalling some detail about the GPM formalism. We consider the trans-
verse single-spin asymmetry, AN, for the process p↑` → h X in the proton-lepton c.m. frame,

AN =
dσ↑(PT)− dσ↓(PT)

dσ↑(PT) + dσ↓(PT)

=
d∆σ(PT)

2 dσunp(PT)
,

(5.1)

where we used the shorthand notation

dσ↑,↓ ≡ Eh dσp↑,↓ `→h X

d3Ph
(5.2)

and Ph and PT are respectively the three-momentum of the final hadron and its vector trans-
verse component. In analogy to what we have seen in Section 2.2.2, the polarised proton (or
nucleon) is in a pure transverse spin state S, and moves along the positive Zc.m. axis, while
the lepton is unpolarised. The proton transverse polarisation is along the Yc.m. direction, with
↑ and ↓ respectively for protons polarised parallel or antiparallel to Yc.m., and the Xc.m. axis is
defined in such away that a hadron h with (Ph)Xc.m. > 0 is produced to the left of the incoming
proton, as shown in Fig. 5.1.

Figure 5.1: Kinematical configuration and conventions for the p↑` → hX process. Figure is from Ref. [196].

Notice that for a generic transverse polarisation, ST, along an azimuthal direction ϕS in the
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chosen reference frame, in which the ↑ direction is given by ϕS = π/2, one has:

A(ϕS, ST) = ST · (p̂× P̂T) AN = ST sin ϕS AN , (5.3)

where p is the proton momentum, and AN is the quantity in Eq. (5.1) that we will consider
in our predictions.

In order to include effects from quasireal photon exchange, we adopt the so-called Weiz-
säcker-Williams (WW) approximation, and write AN as follows:

AN =
d∆σLO + d∆σWW

2[dσLO + dσWW]
, (5.4)

where the WW contributions will be presented below, while the LO contributions, to which
the elastic scattering q` → q` is the only partonic subprocess to contribute, were calculated
in Refs. [196, 197], and are given by:

d∆σLO = ∑
q

∫ dx dz
16 π2x z2s

d2k⊥ d3p⊥ δ(p⊥ · p̂′q) J(p⊥) δ(ŝ + t̂ + û) [Σ(↑)− Σ(↓)]q`→q` (5.5)

2 dσLO = ∑
q

∫ dx dz
16 π2x z2s

d2k⊥ d3p⊥ δ(p⊥ · p̂′q) J(p⊥) δ(ŝ + t̂ + û) [Σ(↑) + Σ(↓)]q`→q` ,

(5.6)

with q = u, ū, d, d̄, s, s̄ and the kernels combination are

[Σ(↑)− Σ(↓)]q`→q` =
1
2

∆Nfq/p↑(x, k⊥) cos ϕ
[
|M̂0

1|2 + |M̂0
2|2
]

Dh/q(z, p⊥)

+ h1q(x, k⊥) M̂0
1 M̂0

2 ∆NDh/q↑(z, p⊥) cos(ϕ′ + ϕh
q)

−
k2
⊥

2M2
p

h⊥q
1T (x, k⊥) M̂0

1 M̂0
2 ∆NDh/q↑(z, p⊥) cos(2ϕ − ϕ′ − ϕh

q) (5.7)

[Σ(↑) + Σ(↓)]q`→q` = fq/p(x, k⊥)
[
|M̂0

1|2 + |M̂0
2|2
]

Dh/q(z, p⊥)

− k⊥
Mp

h⊥q
1 (x, k⊥) M̂0

1 M̂0
2 ∆NDh/q↑(z, p⊥) cos(ϕ − ϕ′ − ϕh

q) . (5.8)

Eqs. (5.7) and (5.8) have an analogous structure to the kernels presented in Eqs. (2.51)–
(2.54). Proper definition of all functions and variables appearing in the above Equations can
be found in Ref. [196] and its Appendices and in Ref. [127]. Here, we just limit ourselves
in pointing out the presence of all the elements introduced in Section 2.3.1: the azimuthal
phases, that arise from the out of hadronic plane partonic process q` → q`, the helicity
amplitudes M̂0’s, calculated in the partonic c.m. frame, and the (un)polarised TMD-PDFs
and FFs (see also Appendix B). Regarding the different contributions to the numerator and
denominator of the LO parts, we see in Eq. (5.7) the contribution of the Sivers effect (first
line), the transversity ⊗ Collins effect (second line) and the convolution of Boer-Mulders
and Collins functions (third line). In the denominator for the LO term, Eq. (5.8), we see the
usual unpolarised piece, with the unpolarised TMD distribution and fragmentation func-
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tion (first line), and again the Boer-Mulders ⊗ Collins contribution (second line). Notice
that, even saturating their positivity bounds, due to the integration over the corresponding
azimuthal phases, the pieces proportional to the Boer-Mulders functions were all found to
be numerically negligible [197].

Quasireal photon exchange

In order to include the quasireal photon contribution to the SSA for the process under con-
sideration, we need to find a suitable approximation. As showed in Ref. [201], in a NLO
treatment of the inclusive process `p → hX, the collinear lepton singularities could be regu-
larised, and opportunely redefined, by introducing a QED parton distribution for the lepton,
in strong analogy with the usual nucleon PDFs, where now the photon and the lepton itself
are the partons. Without going into details, we underline that, at order α2

emαs, there will be a
contribution from the photon acting as a parton inside the parent lepton, that enters into the
hard scattering process. This can be represented under the so-called Weizsäcker-Williams ap-
proximation [202, 203], in which the lepton (more specifically an ultrarelativistic charged lep-
ton) is seen as a source of real photons (see also Refs. [204–206]). Under this approximation,
by considering the kinematical configuration in which the angle between the (unobserved)
scattered lepton and the emitted photon is small (i.e. when the transverse momentum of
the photon is small, and therefore the photon is almost on its mass shell, −q2 = Q2 ∼ 0 –
see Fig. 5.2), one can define a collinear leptonic PDF for photons into a lepton, with a partonic-
like interpretation.

Figure 5.2: Weizsäcker-Williams contribution at O(α2
emαs). The quasireal photon with −q2 ≡ Q2 ∼ 0 enters the hard

scattering being treated as a parton inside the parent lepton. Figure is from Ref. [201].

Under theWWapproximation, we assume the following factorised expression for theWW
contribution to the process ` p → h X

σWW(`p → h X) =
∫

dy fγ/`(y) σ(γp → h X) , (5.9)

where fγ/`(y) is the number density of photons inside the lepton, carrying a lepton-momen-
tum fraction y (pγ = yp`) and σ(γp → h X) is the cross section for the process γp → h X
initiated by a real photon.

For the WW distribution we follow Ref. [201], adopting

fγ/`(y) =
αem

2π

1 + (1 − y)2

y

[
ln

(
µ2

y2m2
`

)
− 1

]
+O(α2) , (5.10)
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where αem is as usual the electromagnetic coupling constant, µ the factorisation scale and m`

the lepton mass. As this is not the only existent parametrisation for the WW distribution,
we have also tried an alternative form, like the one proposed in Refs. [204–206] and used
for SSA studies in Refs. [207, 208]. In both cases we have considered two choices of the
factorisation scale, namely µ = PT or µ =

√
s/2, and we observed no significant differences.

So, in the following, all the results we present are calculated by using the form in Eq. (5.10)
with µ = PT.

5.1.2 Weizsäcker-Williams contribution to AN for `p↑ → hX processes

Now, in order to calculate the WW contribution to AN, based on the factorised ansatz (5.9),
we start by adapting the formalism presented in Section 2.3.1 for the cross section, in the
GPM framework, of the large-PT inclusive polarised process A(SA) B(SB) → C X [127]. The
master formula now reads [199]

Eh dσ
p(S) `→h X
WW
d3Ph

= ∑
acd

∑
{λ}

∫ dx dy dz
16π2xyz2s

× d2k⊥ d3p⊥ δ(p⊥ · p̂c) J(p⊥) δ(ŝ + t̂ + û)

× ρ
a/p,S
λaλ′

a
f̂a/p,S(x,k⊥) ρ

γ/`
λγλ′

γ
fγ/`(y)

× M̂λcλd,λaλγ
M̂∗

λ′
cλd,λ′

aλ′
γ

Dλh,λh
λc,λ′

c
(z,p⊥) , (5.11)

where {λ} is a shorthandnotation for the sumover all the helicities, and thewhole expression
can be written as usual by adopting the kernel Σ(S) as

dσWW(S) = ∑
acd

∫ dx dy dz
16π2xyz2s

d2k⊥d3p⊥δ(p⊥ · p̂c) J(p⊥) δ(ŝ + t̂ + û)Σ(S)aγ→cd . (5.12)

We stress that in Eq. (5.11) we have consistently considered a collinear WW distribution,
as properly defined for the case of a scattered lepton, and a photon, almost collinear with the
initial lepton. Now a, c can be a quark (antiquark) or a gluon. Therefore, at variance with
respect to the LO piece, also gluon TMDs are now involved.

The notation and the meaning of the quantities entering Eq. (5.11) are analogous to the
one defined in Section 2.3.1 (see e.g. Eqs. (2.40)–(2.46) and Appendix B). It is worth notic-
ing that the Mandelstam variables for the process aγ → cd are defined using pγ = yp`, and
that now we also have the helicity density matrix ρ

γ/`
λγλ′

γ
for photons inside an unpolarised

lepton, whose explicit form is similar to the one for the gluon case (see Eq. (B.6)). The
elementary processes are now qγ → qg and gγ → qq̄, and the corresponding helicity am-
plitudes are related to the M̂’s, defined in the proton-lepton c.m. frame, where the aγ → cd
processes are not planar. They can be expressed in terms of the corresponding canonical
helicity amplitudes M̂0’s in the a-γ c.m. using the relations in Eq. (B.11).

By performing the sum over the helicities, using the proper definition of the helicity den-
sity matrices for spin-1

2 and spin-1 partons, Eqs. (B.1) and (B.6), and exploiting the parity
properties of the helicity amplitudes, Eq. (B.15), we obtain the following expressions for the
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kernels Σ(S)aγ→cd [199]:

1. qγ → qg processes

Σ(S) =
1
2

f̂q/p,S(x,k⊥) fγ/`(y)
{

Dh/q(z, p⊥)
[
(|M̂0

1|2 + |M̂0
2|2) + Pq

z Pγ
z (|M̂0

1|2 − |M̂0
2|2)

]
− ∆NDh/q↑(z, p⊥) M̂0

1 M̂0
2

[
Pq

x sin(φ1 − φ2 + ϕh
q)− Pq

y cos(φ1 − φ2 + ϕh
q)
] }

,

(5.13)

where q can be either a quark or an antiquark and

|M̂0
1|2 = −16

3
g2

s e2e2
q

ŝ
û

, |M̂0
2|2 = −16

3
g2

s e2e2
q

û
ŝ

M̂0
1 M̂0

2 =
16
3

g2
s e2e2

q . (5.14)

2. qγ → gq processes

Σ(S) =
1
2

f̂q/p,S(x,k⊥) fγ/`(y)
{

Dh/g(z, p⊥)
[
(|M̂0

1|2 + |M̂0
3|2) + Pq

z Pγ
z (|M̂0

1|2 − |M̂0
3|2)

]
+ ∆NDh/T g

1
(z, p⊥) M̂0

1 M̂0
3

[
T γ

1 cos(φ1 − φ3 + 2ϕh
g) + T γ

2 sin(φ1 − φ3 + 2ϕh
g)
] }

,

(5.15)

where again q can be either a quark or an antiquark and

|M̂0
1|2 = −16

3
g2

s e2e2
q

ŝ
t̂

, |M̂0
3|2 = −16

3
g2

s e2e2
q

t̂
ŝ

, M̂0
1 M̂0

3 =
16
3

g2
s e2e2

q . (5.16)

3. gγ → qq̄ processes

Σ(S) =
1
2

f̂g/p,S(x,k⊥) fγ/`(y)Dh/q(z, p⊥)
{ [

(1 − Pg
z Pγ

z ) (|M̂0
2|2 + |M̂0

3|2)
]

+ 2 M̂0
2 M̂0

3
[
(T g

1 T γ
1 + T g

2 T γ
2 ) cos(φ2 − φ3) + (T g

1 T γ
2 − T g

2 T γ
1 ) sin(φ2 − φ3)

] }
,

(5.17)

where

|M̂0
2|2 = 2 g2

s e2e2
q

û
t̂

, |M̂0
3|2 = 2 g2

s e2e2
q

t̂
û

, M̂0
2 M̂0

3 = 2 g2
s e2e2

q . (5.18)

4. gγ → q̄q processes
These can be obtained from the gγ → qq̄ processes by interchanging in the two above
equations t̂ with û (that is M̂0

2 ↔ M̂0
3 and φ2 ↔ φ3) and Dh/q with Dh/q̄.

In the above equations gs is the strong coupling constant, e2 = 4παem is the electromagnetic
coupling, Pq,g,γ

i stand for the quark, gluon and photon polarisation vector components and
T g,γ

i for the gluon and photon linear polarisation ones, while φi are the azimuthal phases of
the helicity amplitudes (see Appendix B for more details).
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With all these elements, we can now compute the WW contributions to AN. By choosing
ϕS = π/2 in the adopted reference frame, we have that the WW contributions appearing
in Eq. (5.4) are

d∆σWW = ∑
acd

∫ dx dy dz
16 π2x yz2s

d2k⊥ d3p⊥ δ(p⊥ · p̂′q) J(p⊥) δ(ŝ + t̂ + û) [Σ(↑)− Σ(↓)]aγ→cd

(5.19)

2 dσWW = ∑
acd

∫ dx dy dz
16 π2x yz2s

d2k⊥ d3p⊥ δ(p⊥ · p̂′q) J(p⊥) δ(ŝ + t̂ + û) [Σ(↑) + Σ(↓)]aγ→cd ,

(5.20)

where the sum over the partons is extended to

∑
acd

[Σ(↑)± Σ(↓)]aγ→cd = [Σ(↑)± Σ(↓)]qγ→qg + [Σ(↑)± Σ(↓)]qγ→gq

+ [Σ(↑)± Σ(↓)]q̄γ→q̄g + [Σ(↑)± Σ(↓)]q̄γ→gq̄

+ [Σ(↑)± Σ(↓)]gγ→qq̄ + [Σ(↑)± Σ(↓)]gγ→q̄q ,

(5.21)

with

[Σ(↑)− Σ(↓)]qγ→qg = fγ/`(y)
{

1
2

∆Nfq/p↑(x, k⊥) cos ϕ
[
|M̂0

1|2 + |M̂0
2|2
]qγ→qg

Dh/q(z, p⊥)

+ h1q(x, k⊥)
[

M̂0
1 M̂0

2

]qγ→qg
∆NDh/q↑(z, p⊥) cos(ϕ′ + ϕh

q)

−
k2
⊥

2M2
p

h⊥q
1T (x, k⊥)

[
M̂0

1 M̂0
2

]qγ→qg
∆NDh/q↑(z, p⊥) cos(2ϕ − ϕ′ − ϕh

q)

}
,

(5.22)

[Σ(↑) + Σ(↓)]qγ→qg = fγ/`(y) fq/p(x, k⊥)
[
|M̂0

1|2 + |M̂0
2|2
]qγ→qg

Dh/q(z, p⊥)

− k⊥
Mp

h⊥q
1 (x, k⊥)

[
M̂0

1 M̂0
2

]qγ→qg
∆NDh/q↑(z, p⊥) cos(ϕ − ϕ′ − ϕh

q) ,

(5.23)

[Σ(↑)− Σ(↓)]qγ→gq =
1
2

fγ/`(y)∆Nfq/p↑(x, k⊥) cos ϕ
[
|M̂0

1|2 + |M̂0
3|2
]qγ→gq

Dh/g(z, p⊥) ,

(5.24)

[Σ(↑) + Σ(↓)]qγ→gq = fγ/`(y) fq/p(x, k⊥)
[
|M̂0

1|2 + |M̂0
3|2
]qγ→gq

Dh/g(z, p⊥) , (5.25)

[Σ(↑)− Σ(↓)]gγ→qq̄ =
1
2

fγ/`(y)∆Nfg/p↑(x, k⊥) cos ϕ
[
|M̂0

2|2 + |M̂0
3|2
]gγ→qq̄

Dh/q(z, p⊥) ,

(5.26)

[Σ(↑) + Σ(↓)]gγ→qq̄ = fγ/`(y) fg/p(x, k⊥)
[
|M̂0

2|2 + |M̂0
3|2
]gγ→qq̄

Dh/q(z, p⊥) , (5.27)
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and once again in Eqs. (5.22)–(5.25) q can be either a quark or an antiquark, while for the
gγ → q̄q channel one can use the last two relations replacing Dh/q with Dh/q̄. In Eqs. (5.22)
and (5.23) we have redefined φ1 − φ2 = ϕ′ − ϕ, consistently, and in agreement, with the
notation adopted in the LO expressions [196].

In Eqs. (5.22) and (5.24) we recognize the Sivers and Collins effects. Once again, as for the
LO contributions, the terms involving the pretzelosity in Eq. (5.22) and the Boer-Mulders
function in Eq. (5.23) are numerically negligible (even saturating their positivity bounds).
On the other hand, having now access to gluon initiated partonic subprocesses, differently
from the LO case in Eq. (5.26) we also have a potential contribution from the gluon Sivers
function. Finally, notice that all contributions from linearly polarised gluons (T g) appearing
in Eqs. (5.15) and (5.17) disappear since they are coupled to linearly polarised photon (T γ)
distributions that are identically zero for an unpolarised initial lepton.

SSAs in single-inclusive jet production at large transverse momentum

Inclusive production of hadrons from lepton-proton collisions represents a helpful tool. In
fact, its relative simplicity (in terms of partonic processes)with respect to the pp case is one of
its advantages. This process probably becomes more important when taking into account in-
clusive jet production. Althoughmore difficult tomeasure, this could be an invaluable tool to
access the Sivers effect, as the lack of any fragmentation process forbids other contributions.
In Ref. [196] this case was discussed and some results for a high-energy electron-nucleon
collider were presented. In the same spirit we extended this analysis including the quasireal
photon contribution. The relative expressions are easily obtainable from the case of inclusive
hadron production by exploiting the replacement Dh/q,g(z,p⊥) → δ(1 − z) δ2(p⊥). For com-
pleteness, we report here the main results for the WW contribution, while the LO piece can
be found in Ref. [196]. Starting from the master formula for the hadron case, Eq. (5.11), we
can write the analogous one for inclusive jet production as

Ejdσ
(p,S) `→jet X
WW

d3Pj
= ∑

acd
∑
{λ}

∫ dx dy
16π2xys

d2k⊥ δ(ŝ + t̂ + û)

× ρ
a/p,S
λaλ′

a
f̂a/p,S(x,k⊥) ρ

γ/`
λγλ′

γ
fγ/`(y) M̂λcλd,λaλγ

M̂∗
λcλd,λ′

aλ′
γ

, (5.28)

while for the contributions to AN(jet) we have

d∆σWW
jet = ∑

acd

∫ dx dy
16 π2x ys

d2k⊥ δ(ŝ + t̂ + û) [Σ(↑)− Σ(↓)]aγ→cd
jet (5.29)

2 dσWW
jet = ∑

acd

∫ dx dy
16 π2x ys

d2k⊥ δ(ŝ + t̂ + û) [Σ(↑) + Σ(↓)]aγ→cd
jet , (5.30)

with Eq. (5.21) still valid also for inclusive jet production. Sums and differences of kernels
are straightforward, since we can use the same expressions as given in Eqs. (5.22)–(5.27)
replacing the fragmentation functions Dh/q,g(z, p⊥) with 1 and ∆NDh/q↑(z, p⊥) with 0. In
doing this, obviously, we are assuming that the jet coincideswith a single final parton (further
comments on such approximation will be made later on, at the end of the Chapter). Such
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approximation guarantees that there is no fragmentation process and only the Sivers effect
contributes to AN. Hence, the inclusion of WW contribution to AN (see Eq. (5.26)) renders
this process a key one to directly access the poorly known gluon Sivers function.

5.1.3 Phenomenological results and comparison with data

We now head to the presentation of our theoretical estimates of unpolarised cross sections
and SSAs for `p → hX collisions. Specifically, we will focus on inclusive pion production,
and we will particularly examine the role of the WW contribution and its relevance with
respect to the LO pieces. Moreover, we will discuss in some detail HERMES kinematics, for
which transverse SSA data are available, and we will then give predictions for experiments
at Jefferson Lab at 12 GeV, for COMPASS at CERN, and for the future Electron-Ion Collider.
In this last case we will also show some estimates for inclusive jet production.

Before presenting our results, it is worth giving some comments on the adopted kinemat-
ical configuration with respect to usual experimental setups. For example, HERMES anal-
ysis [198] assumes the lepton to be moving along the positive Zc.m. axis, so that we should
consider the processes ` p↑ → h X, rather than p↑` → h X. In this reference frame the ↑ (↓)
direction, i.e. the polarisation direction, is still along the +Yc.m. (−Yc.m.) axis and, keeping
the usual definition of xF = 2PL/

√
s, where PL is the longitudinal momentum of the final

hadron, only the sign of xF is reversed.
The azimuthal dependent cross section measured by HERMES is defined as [198]:

dσ = dσUU[1 + ST Asin ψ
UT sin ψ] , (5.31)

where
sin ψ = ŜT · (P̂T × k̂) (5.32)

coincides with our sin ϕS of Eq. (5.3), as p and k (respectively, the proton and the lepton
three-momenta) are opposite vectors in the lepton-proton c.m. frame and one has:

Asin ψ
UT (xF, PT) = Ap↑`→hX

N (−xF, PT) , (5.33)

where Ap↑`→hX
N is our SSA estimate, and Asin ψ

UT is the quantity measured by HERMES [198].
In the following, for convenience and to keep uniform the presentation of our results, we

will show our predictions adopting the HERMES setup also for JLab and COMPASS exper-
iments, while we keep the other configuration (with the proton moving along the positive
Zc.m. axis) for the future EIC, as it will allow us to emphasise the strong analogies with the
transverse single-spin asymmetries observed in p↑p → h X processes.

Moreover, a word of caution about the kinematical regions we will explore is in order.
Notice that at relatively low PT, around 1 - 2 GeV, due to the inclusion of intrinsic transverse
momentum effects one or more of the partonic Mandelstam variables might become smaller
than a typical hadronic scale. This configurationwould then correspond to a situationwhere
the propagator of the exchanged particle in the partonic scattering becomes soft. To avoid
such region, following Ref. [125], we have introduced an infrared regulator mass (µ0 = 0.8
GeV). Notice that the effect of introducing such a regulator is almost negligible in AN, being
ratio of cross sections. We have checked that shifting the partonic Mandelstam invariants by
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this quantity squared or cutting them out below it gives similar results. Estimates will be
then shown adopting the shifting procedure, that is:

ŝ → ŝ + 2µ2
0 , t̂ → t̂ − µ2

0 , û → û − µ2
0. (5.34)

Finally, a small disclaimer is necessary. In the following, the predictionswe showhave been
calculated by adopting extractions for Sivers, transversity and Collins functions from some
older analyses, following our work published in Ref. [199]. We will not use neither the latest
Sivers fit presented in Section 3.2, nor the updatedGSF extraction of Section 4.2.1. The results
we will present are based on the so-called SIDIS1 [112, 163] and SIDIS2 [113, 209] extractions
for the polarised quark TMDs (Sivers, transversity and Collins)1, and the GSF extraction of
Ref. [186]. SIDIS1 and SIDIS2 sets differ for the adopted set of fragmentation functions, as
we will see later. Surely, in future, it would be useful to check whether the latest extractions
give the same results we are going to present. Nonetheless, we expect that the conclusions
would not change that much, as the latest extracted functions are quite compatible with the
older ones.

Predictions for unpolarised cross sections

Let us start by showing the predictions for the unpolarised cross sections at HERMES, JLab
at 12 GeV, COMPASS and the future EIC. Here, we will particularly concentrate on the role
of the WW contribution to the unpolarised cross section, i.e. the denominator of AN, and we
will try to address the questionwhether this effect could be visible bymeasuring unpolarised
cross sections themselves.

As already mentioned, we adopted some former TMD fits for computing our predictions
in [199]. In particular, for the computation of the unpolarised cross sections, we adopted
the usual factorised expressions for the unpolarised PDFs and FFs, Eqs. (2.58) and (2.59),
taking as unpolarised Gaussian widths ⟨k2

⊥⟩ = 0.25 GeV2 and ⟨p2
⊥⟩ = 0.2 GeV2 as extracted

in Ref. [111]. Following the SIDIS1 and SIDIS2 extractions, as collinear functions we adopted
the GRV98 LO PDF set [210], and the Kretzer [211] and DSS [148] LO sets for fragmentation
functions. The reasons for this choice are the following: these sets were adopted in the extrac-
tion of the Sivers and Collins functions we used for the calculation of AN; they differ for the
role of the gluon fragmentation function, that could have an impact on theWW contribution.

HERMES

We start by presenting in Figs. 5.3 and 5.4 our estimates for the unpolarised cross sections
at HERMES for π+ (left panels) and π− (right panels) production at

√
s ≃ 7.25 GeV, re-

spectively at fixed xF = 0.2 as a function of PT, and at fixed PT = 1.4 GeV as a function of
xF. The thin curves refer to the LO calculation, while the thick ones to the total (LO+WW)
contribution. In particular, the blue dashed lines are obtained adopting the Kretzer set for
the fragmentation functions, while the red solid lines with the DSS set.

One can immediatly notice that, while at LO there are almost no differences between the
estimates based on the two FF sets, these become more significant when also the WW piece

1A test made with the more recent Sivers [118] and Collins [116] fits will be also shown.
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HERMES, √s = 7.25 GeV
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Figure 5.3: Estimates of the unpolarised cross sections at xF = 0.2 as a function of PT for π+ (le t panel) and π− (right
panel) production in ` p → π X, at HERMES,

√
s = 7.25 GeV, adopting two sets for the fragmentation functions: Kretzer

set (blue dashed lines) and DSS set (red solid lines). The thin curves represent the LO calculation, while the thick curves
the total (LO+WW) result.
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Figure 5.4: Estimates of the unpolarised cross sections at PT = 1.4 GeV as a function of xF for π+ (le t panel) and π−

(right panel) production in ` p → π X, at HERMES,
√

s = 7.25 GeV. Curves have the same meaning as in Fig. 5.3.

is included. This is the effect of the much larger gluon fragmentation function in the DSS set
with respect to the Kretzer one, that enters through the γq → gq partonic subprocess.
Moreover, from Fig. 5.3 we note that the WW piece is more relevant for smaller PT values,
being almost three times bigger than the LO term around PT = 1 GeV. This behaviour is
easily explained by checking the probed y values of the WW distribution, Eq. (5.10): we
checked that, in this kinematical configuration, the lower the value of PT is, the smaller value
of y is probed, hence having an enhancement factor coming from the WW distribution. Fur-
thermore, as one can see in Fig. 5.4, its contribution is strongly asymmetric in xF (more than
the LO term), being more important for (large) positive xF values of the final hadron. This
last feature could appear surprising, since in such a configuration the lepton undergoes, on
average, a backward scattering, and one would expect a lesser role from quasireal photon
exchange. On the other hand for large positive xF, when the final hadron (as well as its par-
ent parton c) is produced in the backward proton hemisphere, |û| ≪ |t̂|, where t̂ = (pa − pc)2

and û = (pγ − pc)2 for the aγ → cd process. This is the region favoured by the WW contri-
bution with respect to the LO piece, since the latter goes like 1/Q2 ≡ 1/t̂2, while the former,
in terms of the partonic cross section for the dominant subprocess qγ → qg (see Eqs. (5.14)
and (5.23)) goes like 1/ŝû.
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Jefferson Lab at 12 GeV

As seen in Section 3.1, at Jefferson Lab at 12 GeV a 3He target is used. Here, we consider the
process ` 3He → πX and, adopting SU(2) symmetry, we show our estimates at the corre-
sponding

√
s = 4.84 GeV for the cross section per nucleon. More specifically, we plot

d2σ

dxFdPT
=

2πPT√
x2

F + x2
T

Eπ
d3σ

d3Pπ
(5.35)

where xT = 2PT/
√

s.
Figs. 5.5 and 5.6 show the unpolarised cross sections for π+ (left panels) and π− (right

panels) production at
√

s ≃ 4.84 GeV, respectively at fixed xF = 0.2 as a function of PT, and
at fixed PT = 1.5 GeV as a function of xF. The curves retain the same meaning as for the
HERMES kinematics. Same considerations as the HERMES case are still valid, and the only
extra remark is that even the LO calculation gives sizeably different results adopting the two
FF sets (see Fig. 5.6). We checked that this is driven by the more important role of the DSS
FFs in the very large-z region, as explored at this energies.

JLab-12, √s = 4.84 GeV
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Figure 5.5: Estimates of the unpolarised cross sections per nucleon at xF = 0.2 as a function of PT for π+ (le t panel) and
π− (right panel) production in ` 3He→ π X, at JLab-12,

√
s = 4.84 GeV. Curves have the same meaning as in Fig. 5.3.
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COMPASS

The COMPASS experiment uses a muon beam of lab-energy of 160 GeV, resulting in a c.m.
energy

√
s = 17.4 GeV. Following their setup, we use the c.m. pseudorapidity η of the pro-

duced hadron in the range−0.1 < η < 2 (as covered by the COMPASS spectrometer). As for
the HERMES configuration, pseudorapidity is counted as positive in the forward direction
of the incident muon, and we have

d2σ

dηdPT
= 2πPT Eπ

d3σ

d3Pπ
. (5.36)

Fig. 5.7 shows the unpolarised cross sections for π+ (left panel) and π− (right panel) pro-
duction at

√
s = 17.4 GeV and fixed PT = 2 GeV as a function of η. The curves have the same

meaning as in the previous figures. Differently from the former cases, the two FF sets give
almost the same LO results. Moreover, the WW contribution, even if still important, appears
here less relevant with respect to the HERMES configuration, resulting at most 65% (30%) of
the LO term for π− (π+), for the DSS set. Indeed, the muon mass is almost 200 times bigger
than the electron mass, thus reducing the size of the logarithmic piece entering Eq. (5.10),
partially cancelled by the finite term.
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Figure 5.7: Estimates of the unpolarised cross sections at PT = 2 GeV as a function of η for π+ (le t panel) and π− (right
panel) production in µ p → π X, at COMPASS,

√
s = 17.4 GeV. Curves have the same meaning as in Fig. 5.3.

Electron-Ion Collider

The future EIC [76] will be an unvaluable tool for TMD physics, and it would also allow us
to study the cross section for single-inclusive pion production in ep collisions at very high
energies, comparable to those reached in proton-proton reactions. In such a case, we prefer
to adopt the configuration in which the proton moves along the positive Zc.m. axis, defining
xF accordingly (more precisely, xF > 0 here will refer to the forward proton hemisphere).
This choice will appear more natural and helpful in the context of the analysis of transverse
single-spin asymmetries, Section 5.1.3, allowing an easier comparison with AN measured in
pp collisions. For the same reason we will consider neutral pion production.

Fig. 5.8 shows the predictions for the unpolarised cross sections for π0 production at
√

s =
100 GeV, respectively at fixed PT = 2 GeV as a function of xF (left panel) and at fixed xF = 0.2
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as a function of PT (right panel). The curves have again the same meaning as in Figs. 5.3–5.7.
Once again, the two FF sets give almost the same LO results. On the other hand, here the
WWcontribution resultsmuchmore relevantwith respect towhat happens at lower energies,
being up to four times larger than the LO term at PT = 2 GeV. The reason is that at such large
energies and not so large PT, for xF ≥ 0 one probes the small-y region of the photon spectrum
in the WW distribution, that behaves like 1/y, while for xF < 0 (the backward region here)
the WW partonic cross sections dominate the LO one, since |û| ≪ |t̂|.

EIC, √s = 100 GeV
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Figure 5.8: Estimates of the unpolarised cross sections in p ` → π0 X, at EIC,
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At EIC, given the large energy available, the interesting study of inclusive jet production
could be feasible. In Fig. 5.9 some estimates of the cross sections for jet production at fixed
PjT = 2.5 GeV as a function of xF = 2PjL/

√
s (left panel) and at fixed xF = 0.2 as a function

of PjT (right panel) are plotted. The slightly larger PjT value considered helps in keeping
better under control potential infrared divergences in the hard elementary scattering. Even
here theWW contribution heavily dominates the LO term over almost the full xF range (with
its characteristic asymmetric behaviour). Notice that in this case both at large positive and
large negative xF there is no dilution from the large-z behaviour of fragmentation functions
as happens in inclusive pion production.
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Predictions for transverse single-spin asymmetries and comparison with data

After having seen in the previous Sections the impact of the WW contribution to the unpo-
larised cross sections, we can now focus on the study of the role of quasireal photon exchange
in SSAs for inclusive particle production in `p collisions. To start with, we will make a com-
parison against the available data from the HERMES Collaboration [198].

Before showing the results, we comment again, and inmore details, about the choicemade
on polarised TMDs fits. In our computations, we considered two different sets of the quark
Sivers and Collins functions (the latter coupled to the transversity distribution), as previ-
ously obtained, within the GPM framework, in a series of papers from fits of SIDIS and e+e−

data [112, 113, 163, 209]. We recall that these sets, besides some differences in the initial
assumptions and in the data used for their extraction, differ in the choice of the collinear
fragmentation functions. More precisely, for the so-called SIDIS1 [112, 163] fits the Kretzer
FF set was adopted, while for the SIDIS2 fits [113, 209] the leading order DSS FF set was em-
ployed. Concerning the gluon Sivers function, still poorly determined, we adopted the first
GSF extractions of Ref. [186]. Notice that these are obtained assuming a specific set for the
quark Sivers functions, and therefore, for each “SIDIS” set, we will have an associated gluon
Sivers function. As we largely pointed out in the past Chapters, it is worth to recall that the
extractions of the quark and gluon Sivers functions (as well of the transversity distribution)
are well constrained only up to x ≃ 0.3, as showed also for the latest fits (see e.g. Fig. 3.5 for
the Sivers case).

In the followingwewill consider both the fully inclusive HERMES data, already discussed
in Ref. [197], as well as the subsample of the so-called “anti-tagged” data (with no detection
of the final lepton), for ` p↑ → π X processes at large PT. Since this process is inclusive, as
we have seen in Section 2.2.2, in both cases only one large scale (needed for a perturbative
calculation), the PT of the final pion, is detected. To be sure to explore a safe, perturbative
region, we only look at those data at PT ≥ 1 GeV.

Finally, we recall that, at variance with SIDIS azimuthal asymmetries, where the Sivers
and Collins effects can be accessed separately by looking at their corresponding azimuthal
modulations (see Eq. (2.34)), here the two effects could contribute together and mix up.
So, we will present for each SIDIS set the overall contribution, adding together the quark
Sivers and Collins effects, for both the LO and the complete (LO+WW) calculation. For the
latter, we will also show the overall statistical uncertainty bands given as the envelope of the
uncertainties on the quark Sivers and Collins functions, obtained following the procedure
described inAppendixA of Ref. [113]. For completeness, butwith aword of caution, we have
also computed the results obtained adding the contribution from the gluon Sivers function.
In the following we will show them explicitly only for HERMES kinematics.

HERMES: SSAs and comparison with data

Let us begin with the comparison against the available HERMES data. Fig. 5.10 presents our
predictions for Asin ψ

UT , for inclusive π+ (upper panels) and π− (lower panels) production, as
a function of xF at PT = 1.1 GeV, compared with the fully-inclusive HERMES data [198]. No-
tice that this is the only bin at relatively large PT we could consider in our calculation. More
precisely, we show the LO calculation, blue dashed lines, and the complete result adding the
WW piece, red solid lines, adopting the quark Sivers and Collins functions from the SIDIS1
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(left panels) and SIDIS2 (right panels) sets. The overall statistical uncertainty band is also
shown. The green dot-dashed lines represent the total contribution including also the gluon
Sivers effect.
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Figure 5.10: Theoretical estimates for Asin ψ
UT vs. xF at

√
s ≃ 7.25 GeV and PT = 1.1 GeV for inclusive π+ (upper panels)

and π− (lower panels) production in ` p↑ → π X processes, compared with the fully inclusive HERMES data [198]. The
SIDIS1 set (le t panels) and the SIDIS2 set (right panels) for Sivers and Collins functions are considered. More precisely, we
show both the LO (blue dashed lines) and LO+WW (red solid lines) quark contributions, as well as the total result including
the gluon Sivers effect (green dot-dashed lines). The overall statistical uncertainty band, obtained following the procedure
described in Appendix A of Ref. [113] is also shown.

Looking at Fig. 5.10, we can make the following remarks:

• the inclusion of the WW contribution that, in this kinematical region, dominates the
unpolarised cross sections (see Figs. 5.3 and 5.4), improves significantly the agreement
with the data;

• the Collins effect turned out to always be tiny or completely negligible (both in the LO
and WW contributions);

• the differences between the predictions adopting the SIDIS1 and SIDIS2 sets are due to
the distinct behaviour of the corresponding Sivers functions;

• the contribution coming from the GSF is almost negligible for the SIDIS2 set, while
for the SIDIS1 set is relatively more important, reducing the agreement with the data.
Nevertheless, it is important to point out that there is still a large uncertainty in the
gluon Sivers function extraction in the large-x region, as covered in such a kinematical
configuration.
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Fig. 5.11 shows, for the first time, our results for the anti-tagged category for Asin ψ
UT , com-

pared against HERMES data [198], at fixed xF = 0.2 (that is the average value of the data set)
as a function of PT. Once again, we consider the inclusive π+ (upper panels) and π− (lower
panels) production cases, adopting the SIDIS1 (left panels) and SIDIS2 (right panels) sets
for quark Sivers and Collins functions. The curves have the same meaning as for the fully
inclusive case showed in Fig. 5.10.
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Figure 5.11: Theoretical estimates for Asin ψ
UT vs. PT at

√
s ≃ 7.25 GeV and xF = 0.2 for inclusive π+ (upper panels) and

π− (lower panels) production in ` p↑ → π X processes, compared with the anti-tagged HERMES data [198]. Curves have
the same meaning as in Fig. 5.10.

From these results we can observe that, once again, the inclusion of the WW contribu-
tion leads to a very good improvement in describing the experimental measurements, even
if some sizeable discrepancy for the π+ data remains. The gluon Sivers effect is negligible,
except for the SIDIS 1 set in π− production. Moreover, the wider uncertainty bands are
due to the large-x region probed at such moderate energies, where the current extractions
of the Sivers function (that represent the dominant contribution to the SSAs) are still uncon-
strained.

SSAs at JLab

In the future, the 12 GeV upgrade of JLab will represent another valuable tool for TMD
physics, especially for studying the large-x region. Here, specifically, we focus on neutron
target, that represent a complementary measure for HERMES data. Indeed, as we have seen
in the case of the polarised quark TMD fits, Sections 3.2.2 and 3.3, the combined analysis of
proton and neutron target events helps in understanding the flavour decomposition and the
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role of the up and down quark contributions. The same would then happen having JLab AN
measurements on neutron target.

JLab-12, √s = 4.84 GeV
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Figure 5.12: Theoretical estimates for Asin ϕS
UT vs. xF at

√
s ≃ 4.84 GeV and PT = 1.5 GeV for inclusive π+ (red solid lines)

and π− (blue dashed lines) production, which will be measured at JLab operating on a polarised 3He (neutron) target, with
a beam energy of 12 GeV. The thin curves refer to the LO calculation, while the thick ones to the full, LO+WW, estimates for
the two sets for the quark Sivers and Collins functions: SIDIS1 (le t panel) and SIDIS2 (right panel). The overall statistical
uncertainty band, obtained following the procedure described in Appendix A of Ref. [113], is also shown.

Our estimates for the JLab SSAs, Asin ϕS
UT , for inclusive pion production off polarised 3He

(neutron) target are shown in Fig. 5.12 at fixed PT = 1.5 GeV as a function of xF. Here,
this somehow large PT value has been chosen for uniformity with what discussed for the
unpolarised cross section and because it allows to span a larger region in xF (in particular
its positive values). We recall that we keep adopting the HERMES configuration, with the
incoming lepton moving along the positive Zc.m. axis and plot Asin ϕS

UT ≡ Asin ψ
UT . Particularly,

we show for the SIDIS1 (left panel) and the SIDIS2 (right panel) the LO (thin lines) and the
LO+WW (thick lines) calculation, displaying also the uncertainty bands for the total contri-
bution. Moreover, we underline that the gluon Sivers effect is not included. We checked that,
apart from the π− production when adopting the SIDIS1 set, where it plays some role as in
the HERMES case, its contribution is completely negligible. In most cases the full, LO+WW,
estimates present the same behaviour, in size and sign, as the LO ones. Nonetheless one has
to keep inmind that, with theDSS FF set for instance, theWWpiece alone is about 50% (90%)
of the LO contribution for π+ (π−) production in this kinematical region. Finally, the wider
uncertainty bands are due to the large-x region probed at suchmoderate energies, where the
current extractions of the Sivers functions are still unconstrained.

SSAs at COMPASS

The COMPASS experiment is another place where AN for inclusive pion production from
polarised lepton-proton scattering could be surely measured. Here we present some pre-
dictions following their experimental setup. Fig. 5.13 shows Asin ϕS

UT vs. xF at
√

s ≃ 17.4 GeV
and PT = 2 GeV for inclusive π+ (red solid lines) and π− (blue dashed lines) production
in µ p↑ → π X at COMPASS. The curves have the same meaning as in the previous figures.
Here we expect the SSAs for π+ production to be sizeable, with quite narrow error bands.
Consequently, COMPASS would surely represent a clear test for this approach. Again we ob-
serve that the inclusion of theWW contribution changes only slightly the LO estimates. This
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is quite expectable, since AN is built as a ratio, and the role of quasireal photon exchange is
softened or balanced between numerator and denominator.

COMPASS, √s = 17.4 GeV
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Figure 5.13: Theoretical estimates for Asin ϕS
UT vs. xF at

√
s ≃ 17.4 GeV and PT = 2 GeV for inclusive π+ (red solid lines)

and π− (blue dashed lines) production in µp↑ → π X at COMPASS. Two sets for the quark Sivers and Collins functions
have been adopted: SIDIS1 (le t panel) and SIDIS2 (right panel). The overall statistical uncertainty band are also shown.
Curves have the same meaning as in Fig. 5.12.

SSAs at the future EIC

Once again, we stress that the future Electron-Ion Collider would be an unvaluable tool to ex-
plore transverse single-spin asymmetries in inclusive ep processes. Its high energy, 100 GeV,
would allow to study both inclusive production of a pion or a jet. Moreover, it lies in the
energy range where also AN for p↑p → πX processes is measured in hadron colliders like
RHIC. So, in order to see whether some analogies between the `p and the pp cases could be
observed at the EIC, it is more convenient to adopt the configuration where the polarised
proton is moving along the positive Zc.m. axis and positive xF values correspond to the for-
ward proton hemisphere. Of course, even in such configuration, it is also interesting to study
the role of quasireal photon exchange at the future EIC.

EIC, √s = 100 GeV
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Figure 5.14: Theoretical estimates for Asin ϕS
TU at

√
s = 100 GeV as a function of xF at PT = 2 GeV for inclusive π0

production (le t panel) and as a function of PjT at xF = 0.2 for inclusive jet production (right panel), adopting the
SIDIS1 set for the quark Sivers and Collins functions. The overall statistical uncertainty bands, calculated according to the
procedure described in Appendix A of Ref. [113], are also shown. Thick (thin) lines refer to the LO+WW (LO) calculation.
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Fig. 5.14 shows our estimates at
√

s = 100 GeV for Asin ϕS
TU ≡ AN for inclusive π0 production

in p↑` → π X vs. xF at PT = 2 GeV (left panel) and for inclusive jet production vs. PjT at xF =
0.2 (right panel), adopting the SIDIS1 set. This set indeed is the one that better reproduces the
behaviour of AN in p↑p → π X processes (see for instance Ref. [212]) and that is consistent
with the findings of a dedicated study performed in Ref. [213]. As in the previous figures,
thick (thin) curves represent LO+WW (LO) contributions. Some comments are in order:

• we explicitly checked that the gluon Sivers effect (not shown) is completely negligible;

• the corresponding results for π0 as a function of PT, not shown, are almost identical to
those for inclusive jet production. The same is true for AN for inclusive jet production
as a function of xF, not shown, almost identical to that for π0 production;

• as one can see the WW contribution does not change the LO behaviour. Again, this
behaviour could be quite expected, as both contributions enter with the same structure
in the single-spin asymmetry. This represent also a useful cross-check of the previous
work, Ref. [197], for which we confirm all findings concerning the xF behaviour. We
only add the extra important information that, at such energies and PT values, theWW
piece is the dominant one in the unpolarised cross sections;

• quite interesting, the PT behaviour, shown here for the first time, is almost flat (and
seems to be measurable) up to very large PT values. This is strongly analogous to what
happens in p↑p → π0 X as measured for instance by the STAR Collaboration [214] and
it would be another very important test of the full approach;

• the large error bands at large xF reflects the still poor knowledge of the Sivers function
in the large x region. This feature is still persistent also for latest fits (see Fig. 3.10).
Future measurements at JLab could definitely help in this respect.

Impact of some of the latest extractions of the Sivers and Collins functions

At the very last stage of the work we made in Ref. [199], a new extraction of the Sivers
functions from the latest SIDIS data, the so-called “sign change fit” (referred to as “fit016”
in Fig. 5.15), was released [118]. Together with the fit of the Collins and the transversity
functions of Ref. [116], they represented at that time the most updated information on the
relevant TMDs entering the analysis presented so far. So, it has been interesting to check
whether these fits were confirming the good comparison with HERMES data.

Among the main features of these extractions it is useful to mention that:

• different Gaussianwidths for the unpolarised TMDs, as extracted from SIDISmultiplic-
ities from HERMES [114], ⟨k2

⊥⟩ = 0.57 GeV2 and ⟨p2
⊥⟩ = 0.12 GeV2 (to be compared

with those used in SIDIS1 and SIDIS2 fits), along with the DSS LO FF set were used;

• the resulting size of the x-dependent part of the valence up and down Sivers distribu-
tions is reduced;

• a more flexible parametrisation of the Collins functions was adopted (i.e. the one used
in Section 3.3 for the tests on the transversity and Collins fit) allowing for a more accu-
rate extraction of their transverse momentum dependence;
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Figure 5.15: Theoretical estimates of the Sivers contribution to Asin ψ
UT vs. PT at

√
s ≃ 7.25 GeV and xF = 0.2 for inclusive

π+ (le t panel) and π− (right panel) production in ` p↑ → π X processes, compared with the anti-tagged HERMES
data [198] and adopting the quark Sivers functions of Ref. [118]. Curves have the following meaning: blue dashed lines for
the LO and red solid lines for the LO+WW contributions.

• for the fit of the Sivers functions, the CTEQ6l1 parton distribution functions [146, 147]
were used.

Bearing these elements in mind, we checked the impact of these new parametrisations on
the description of HERMES data. We summarise here the main results:

• the Collins contribution is practically negligible for the fully inclusive dataset and tiny,
but slightly improving the description, for the anti-tagged data category;

• while still confirming the good agreement with the fully inclusive data, the use of the
new Sivers parametrisation reduces significantly the discrepancies between the theo-
retical predictions and the anti-tagged data for π+ production (slightly overestimated
adopting the SIDIS1 and SIDIS2 sets, see Fig. 5.11, upper panels). This behaviour could
be ascribed to the role of different values of the Gaussian widths, as recently studied
in Ref. [215].

Fig. 5.15 presents the comparison of the new estimates calculated using the updated Sivers
and Collins fits with the anti-tagged data. We can clearly notice that, even at LO, one gets a
clear improvement in the description of π+ data, i.e. the ones to which our predictions had
the less good comparison. Furthermore, no significant differences appear in the unpolarised
cross sections, but the trend that sees theWWpiece comparable to (or even dominating) the
LO contribution is confirmed.

Analogous features show up also in the predictions for JLab and COMPASS kinematics:
almost no differences appear in the unpolarised cross sections, while a reduction in size
(almost a factor of two) of the SSAs for π+ production comes out. For AN in π0 and jet
production at EIC we find similar behaviours as those obtained adopting the SIDIS1 set
(see Fig. 5.14), with a reduction of our estimates by a factor of two at fixed xF vs. PT and
by a factor of about three at fixed PT vs. xF. In this last case we recall that one has to take into
account the poor knowledge on the Sivers function in the large-x region, that affects also the
latest extractions.
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5.2 CGI-GPM vs GPM: inclusive quarkonia and photon production in polarised pp pro-
cesses

After having analysed a simpler inclusive process involving leptons, let us move on by show-
ing predictions for inclusive production of hadron and photon in polarised pp collisions.
Here, we will particularly concentrate on the inclusive production of a specific quarkonia,
i.e. a bound state of a heavy quark-antiquark couple, the J/ψ, and on the inclusive produc-
tion of a photon. Both of these processes are very sensitive to the gluon Sivers effect, and
also represent an interesting test for discriminating between different versions of the GPM,
namely the traditional one and its colour gauge invariant extension introduced in Section 4.1.
Also here, when available, we will compare our predictions against data. The predictions
are calculated using the gluon Sivers functions extracted within the GPM formalism and the
ones estimated by the combined analysis of pion and D-meson production in the CGI-GPM
approach, see Section 4.2.1 and Eq. (4.55), and Section 4.2.2 and Eq. (4.57) respectively.

Let us start with the inclusive J/ψ production case. In addition to the CGI-GPM approach,
here we also adopt the so-called Colour Singlet Model (CSM), where the charm-anticharm
pair forming the bound state is produced in the hard partonic scattering directly with the
same quantum numbers as the J/ψ. Other possible J/ψ production mechanisms exist. We
refer the reader to Ref. [216] for a recent review. As discussed in Ref. [110], AN for J/ψ pro-
duction is directly sensitive to the gluon Sivers function and, within the CGI-GPM approach
and the CSM, only the f -type distribution contributes to the Sivers asymmetry. This is also
expected, for instance, in ep scattering at LO, that represents another ideal tool to single out
the f -type GSF [217]. In such a case, it turns out that the only contribution to AN comes
when the heavy quark pair is produced in a colour octet state (see also Ref. [218]).

Figs. 5.16 and 5.17 show a comparison of our estimates, evaluated adopting the so-called
transverse mass, M2

T = M2
J/ψ + p2

T, as factorisation scale, with PHENIX data [189] for AN in
p↑p → J/ψ X. Particularly, in Fig. 5.16, left panel, we show the maximised (N ( f )

g (x) = ±1)
contributions to AN at fixed pT = 1.65 GeV as a function of xF, both in the GPM (green
dashed lines) and the CGI-GPM (red solid lines) approaches. Similarly to the D-meson
production case (see Fig. 4.4, right panel), also in this case the integration over the Sivers
azimuthal phase strongly suppresses the asymmetry in the backward-rapidity region. In
Fig. 5.16, right panel, we present our corresponding predictions based on the present analysis:
GPM (green dashed line), CGI-GPM (red band: −0.01 ≤ N ( f )

g ≤ 0.05). Similarly, in Fig. 5.17
we show the corresponding estimates as a function of pT at xF = 0.1 (left panel) and xF =
−0.1 (right panel).

With the exception of the experimental point in the most backward rapidity region, data
are compatible with zero and our estimates describe them fairly well. We underline that, in
principle, by using a suitable x-dependent factor, N ( f )

g (x) (e.g. something like Ng (1 − x)β,
with Ng ≃ −1 and a large β), also the data points at xF < 0 could be accounted for. On the
other hand, this would prevent a description of pion SSAs at small pT, which require a strong
suppression of the f -type GSF, in particular in the small-x region (see Fig. 4.3, left panel). If
J/ψ measurements would be confirmed even in future higher statistics samples, this would
definitely represent a tension with the pion SSAs, at least within a TMD approach. In this
respect, more data, on a wider kinematical range and with better statistics, would be very
helpful.
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Figure 5.16: AN for the process p↑p → J/ψ X at
√

s = 200 GeV and pT = 1.65 GeV as a function of xF . Le t panel:
maximised AN in the GPM (green dashed lines) and the CGI-GPM (red solid lines) approaches adopting |Ng(x)| = 1. Right
panel: estimates within the GPM (green dashed line) and the CGI-GPM approaches, f -type (red band), obtained adopting
the GSFs from the present analysis (see Eqs. (4.55) and (4.57)). Data are from Ref. [189]. Notice the different scales in the
two panels.
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Figure 5.17: Estimates of AN for the process p↑p → J/ψ X at
√

s = 200 GeV and xF = +0.1 (le t panel) and xF = −0.1
(right panel) as a function of pT in the GPM (green dashed line) and the CGI-GPM approaches (red band), adopting the
GSFs as extracted in the present analysis (see Eqs. (4.55) and (4.57)). Data are from Ref. [189].

As the inclusive J/ψ production is a very interesting tool for studying the gluon Sivers
effect, it is worth considering the corresponding analysis for AN in J/ψ production for the
kinematics reachable at LHC in the fixed target mode with a transversely polarised target
(see the AFTER [78, 79] and LHCb [80, 81] proposals at CERN). In such a configuration one
could probe even larger light-cone momentum fractions in the polarised proton, accessing
the gluon TMDs in a very interesting and complementary region.

Fig. 5.18 presents our estimates for AN for pp↑ → J/ψ X at
√

s = 115 GeV, at fixed pT =
2 GeV, as a function of xF (left panel) and at fixed rapidity y = −2, as a function of pT (right
panel). Notice that in such a configuration the backward rapidity region refers to the forward
region for the polarised proton target. In particular, we show our predictions within the
GPM (thick green dashed lines) and the CGI-GPM (red bands) approaches, together with
the corresponding upper/lower positivity bounds (thin lines). As already largelymentioned
throughout the past Chapters, we can again say that, from these results, we see that any
further experimental information would be extremely useful.
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Figure 5.18: AN for the process pp↑ → J/ψ X at
√

s = 115 GeV and pT = 2 GeV as a function of xF (le t panel) and at
rapidity y = −2 as a function of pT (right panel). Notice that here negative rapidities correspond to the forward region
for the polarised proton. Predictions are for the GPM (thick green dashed lines) and the CGI-GPM (red band) approaches
(see Eqs. (4.55) and (4.57)). The corresponding maximised contributions for the GPM (thin green dashed lines) and the
CGI-GPM (red solid lines) schemes are also shown.

Finally, we take a look to another interesting observable, i.e. AN in p↑p → γ X. Also this
process could give direct access to the gluon Sivers effect. We recall that this reaction can
be studied both in the GPM and CGI-GPM approaches, as we have shown in Section 4.1.1,
where we have given the complete expressions in the CGI-GPM scheme. Here, we present
some estimates for both approaches, saturating their contribution as well as adopting the
results of the phenomenological analysis presented in Sections 4.2.1 and 4.2.2. As in the
case of inclusive `p scattering (see Section 5.1.3 and Eq. (5.34)), the estimates have been
performed adopting µ0 = 0.8 GeV as the value of the regulator for theMandelstam variables.
As explained in Section 2.3.1, this ensures avoiding infrared divergences in the propagators.

The most interesting regions are the same for the SSAs for π0 production, i.e. those at mid
and slightly backward rapidity and not so large values of |xF|. We concentrate on these re-
gions because, at large negative values of xF, the integration over the Sivers azimuthal phase
washes out the effect. This would partially spoil the analysis proposed in Ref. [219], where
the authors discussed this process as a clear tool to access the GSF, also in this kinematical
region.

In the top panels of Fig. 5.19 we show the maximised contributions to AN for inclusive
γ production at xF = 0 (left) and xF = −0.1 (right). As one can see, the d-type term at
xF = 0 is dynamically suppressed, as for the π0 production case: the reason is indeed the
same, that is the partial cancellation between the hard gq → γq and gq̄ → γq̄ processes
(see Eq. (4.27), second line). Indeed, this suppression is less pronounced at xF = −0.1,
where the unpolarised quark and anti-quark TMDs inside the unpolarised proton are probed
at larger x values and therefore are not equally important. Furthermore, in the small pT range
(up to 3 GeV) the maximised estimates at xF = −0.1 are more suppressed with respect to
those at xF = 0: this is once again due to the integration over the Sivers azimuthal phase.
Finally, lower panels of Fig. 5.19 show our estimates adopting the results discussed in the
previous Chapter for GPM and CGI-GPM estimates. In all cases the values are very small
and compatible with zero. Despite of this, a measure of AN for direct photon production
would be extremely important to test the consistency of the whole approach.
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Figure 5.19: Estimates of AN for the process p↑p → γ X at
√

s = 200 GeV as a function of pT within the GPM and the
CGI-GPM approaches. Upper panels: maximised contributions (Ng(x) = +1) at xF = 0 (le t) and xF = −0.1 (right);
lower panels, estimates based on the present analysis (see Eqs. (4.55) and (4.57)): GPM (green dashed line), CGI-GPM (red
band).

5.3 Summary and outlook

In this Chapter we have finally discussed some applications to single scale processes of the
GPM (and the CGI-GPM) extractions of polarised TMDs. Specifically, in Section 5.1, we
saw that, by considering the kinematical configuration in which the (unobserved) scattered
lepton is almost collinear to the emitted photon, one can define a Weizsäcker-Williams dis-
tribution for the photon into the lepton, in analogy with the partonic distributions of quarks
and gluons into nucleons. Moreover, by approximating the lepton as a source of real photons,
we could write an ansatz for the WW contribution to transverse single-spin asymmetries for
`p↑ → hX processes. Using then the new computed contribution, we were able to improve
the descriptions of HERMES data, and for the first timewe could consider the so-called “anti-
tagged” data sample, the one dominated by quasireal photoproduction. In doing this, we
have adopted a specific parametrisation for the WW distribution, the one in Eq. (5.10). It
would be surely interesting to test some other distributions, maybe with different mathemat-
ical expressions. Aword of caution should be usedwhile thinking at a TMDWWdistribution,
as the definition of the leptonic PDF is strictly related to an integration over the “intrinsic”
transverse momentum of the photon, thus leaving a pure collinear function.

Still in the context of the WW contribution to AN for inclusive `p processes, we have also
seen that a measurement of inclusive jet production could be feasible at the future EIC. This
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would also allow to be sensitive to the gluon Sivers effect, whose corresponding TMD func-
tions are, as largely shown in the previous Chapter, quite unknown. In studying the inclu-
sive jet production, we have assumed that the jet coincides with the parton c produced in the
aγ → cd partonic subprocess. Such approximation is of course a leading order one. Surely, it
would be interesting to extend this study by using jet functions, that have recently attracted
a lot of interest in different approaches and for different processes (see e.g. Refs. [220–224]).
Finally, regarding inclusive `p processes, it would be also very interesting to extend the study
presented in this Chapter to the CGI-GPM approach. Again, such investigation would allow
to add more details to the study of the poorly known gluon Sivers function.

The other topic we covered in this Chapter is the comparison between the GPM and the
CGI-GPM in inclusive J/ψ and photon production from polarised pp processes. This, to-
gether with the GSFs study on D-meson production of Section 4.2.2, helped us to highlight
the role of quarkonium associated observables, that can represent a very useful tool for TMD
studies. Again, we have seen that a good description of the few existing experimental data-
points is obtained for inclusive J/ψ production within both the GPM and the CGI-GPM ap-
proaches. Further measurements at existing and future experiments, especially for inclusive
photon production, would certainly help in deepening our scarce knowledge on the gluon
Sivers effect.
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6
A tool for quarkonia

In Chapters 4 and 5we have seen that quarkonia represent another valuable tool for studying
spin and polarisation effects. They especially represent a direct way to access gluon TMDs
and so, eventually, they will be extremely useful to assess the gluon contribution to the nu-
cleon spin. Before getting to the conclusion, we would like to present a work in the context
of an upcoming project to which the author has contributed [225, 226]. So far, this work
does not include any TMD-related part, but in the future it would be certainly suitable for
TMD studies. Here, wewould like to briefly introduce the preliminary results for this project,
focussing on its quarkonia-related side.

6.1 The NLOAccess project

Let us start by introducing the NLOAccess project. This project is part of a broader European
Union Horizon 2020 (H-2020) submission, STRONG-2020, that has been recently approved.
STRONG-2020 consists in a total of 32 WorkPackages (WPs), and involves 44 institutions over
16 countries. Moreover, 7 Transnational Infrastractures will contribute to it: COSY, MAMI,
ELSA, GSI, LNF, CERN and ECT∗.

NLOAccess is one of the WPs included in the STRONG-2020 proposal. Its goal is to create
a virtual, automated and online platform, that will give access to a collection of automated
tools, generating scientific codes, thus allowing anyone to evaluate observables of scattering
involving hadrons, such as production rates or kinematical properties. Automation and ver-
satility are the key words of the project: indeed, there will be no need to pre-code any of the
tools. For instance, this would allow a random user to request, for the first time, the computa-
tion of a specific reaction which nobody thought about before. Moreover, NLOAccess will be
designed in such a way that any user would be able to test the code, demanding the NLOAc-
cess servers to make the computation, so with no direct CPU cost on the user machine. Of
course, if one user desires to download and use the code on its own computer, that would
be feasible. So, in the way that NLOAccess will be designed, it would essentially results an
online dynamical library.

NLOAccess is conceived in such a way that any code that could be compiled and executed
via bash, i.e. the Unix terminal, could be added to the library. At the moment, two codes are
planned to be part of NLOAccess:
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• the MADGRAPH ensemble, heavily used by the high-energy physics community, ex-
tended in such a way to deal with meson and heavy-ion beams, and including its NLO
version [227, 228];

• HELAC-Onia, amatrix element and event generator for heavyquarkoniumphysics [229,
230].

Although MADGRAPH is already available online, its web version is limited to LO calcu-
lations. The NLO computations are of course heavier, and their online implementation is
under consideration. NLOAccess is likely to include it in future. At the moment, the only
included code is HELAC-Onia, for which an online version already exists, as we will see in
the next Section.

Why NLOAccess?

As the time goes by, high energy physics moves towards higher and higher precision. This
requires new tools for the research. These tools are often related to numerical computation.
It is not a secret that, from the numerical point of view, the more one goes beyond leading
order calculation, the more CPU power is in principle required. Indeed, simulations in high
energy, nuclear and hadronic physics are often costly in terms of CPU and time consumption,
especially because most of the time Monte Carlo computations are required. Moreover, dif-
ferent tools are necessary to pin down different problems. With respect to this, NLOAccess
would then represent a very important tool to help future researches in high energy, nuclear
and hadron physics, by offering an automated, virtual access to numerous tools and codes.

6.2 HELAC-Onia and its web realisation

In this Section we shortly take a look at HELAC-Onia and its web realisation. HELAC-Onia’s
first version has been first released back in January 2013, and was described in Ref. [229]. Its
2.0 version has then been published in Ref. [230]. This code is a matrix element and event
generator for heavy quarkoniumphysics. It relies on an effective theory of QCD, the so-called
Non-Relativistic QCD (NRQCD) framework [231] and on off-shell recursion relations [232]
for calculating helicity amplitudes for general processes with n external legs.

For illustration, and without getting into details, we can say that within NRQCD factori-
sation one can write the cross section for inclusive production of an heavy quarkonium Q
from pp scattering in a factorised form, with perturbative, short distance components and
the nonperturbative, Long Distance Matrix Elements (LDMEs), as:

σ(pp → Q+ X) = ∑
ij

∑
n

∫
dx1 dx2 fi/p(x1) f j/p(x2) σ̂(ij → QQ̄[n] + X) ⟨OQ

n ⟩ (6.1)

where

• fi/p(x1) ( f j/p(x2)) is the collinear partonic distribution for the parton i (j) into the first
(second) proton in the initial state;

• σ̂(ij → QQ̄[n] + X) is the short distance cross section for producing a heavy quark pair
QQ̄ into a specific Fock state n;
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• n = 2S+1Lc
J represents the Fock state in the spectroscopic form, with S, L, J being the

spin, orbital momentum and total angular momentum, respectively; c = 1, 8 represent
the colour state of the intermediate QQ̄ pair (1 being colour-singlet – CS – and 8 being
a colour-octet – CO – state);

• ⟨OQ
n ⟩ is the LDME; their physical interpretation is, in analogywith fragmentation func-

tions, a probability for a heavy quark pair in the Fock state n to evolve into a quarkonium
Q.

LDMEs are usually estimated from phenomenological models and fitted from experimen-
tal data or calculated on the lattice (see e.g. Refs. [233–237]). As the number of Fock state n
is infinite, we could have in principle an infinite number of LDMEs. What really happens is
that, thanks to the power counting rules inNRQCD, there is only a finite amount of Fock state
n for a given quarkonium Q. That is due to the fact that NRQCD calculations are limited to
a specific order of v, the relative velocity of the heavy quark pair that forms the quarkonium,
that represents, together with αs, one of the two expansion parameters of NRQCD.

All the details regarding HELAC-Onia can be found in Refs. [229, 230]. Here we limit
ourselves in presenting the most interesting features of HELAC-Onia, that are:

• computations are made within the Standard Model, but the BSM extension is doable;

• different kinds of calculation are feasible, such as for instance multiple quarkonia pro-
duction, event generation, yields vs polarisation, angular distributions of quarkonia
decays;

• a reweighting method for estimating renormalisation/factorisation scale and PDF un-
certainties is implemented;

• the code is interfacedwith thewidely usedLesHouchesAccordPDF library (LHAPDF)
[238];

• interfaceswith parton showerMonteCarlo programs, suchPYTHIA 8 [239] for hadronic
showers and QEDPS [240–243] for QED showers.

6.2.1 HELAC-Onia Web

As already mentioned, HELAC-Onia is one of the codes that will be part of the NLOAccess
platform [225, 226]. To be more precise, the author contributed to the web realisation of
HELAC-Onia, which is already online, and it is reachable at the address https://nloaccess.
in2p3.fr/HO. HELAC-Onia is actually the first code available onNLOAccess, and its relative
online platform is explicative of the objectives that NLOAccess has in terms of automation,
versatility, and user-friendliness.

HELAC-Onia Web has been realised using Flask, a Python microframework1. This frame-
work is very interesting, relatively easy and flexible to use. Indeed, by realising a simple
Python application, that contains every route of the website (i.e. every single webpage) as
a function, one can easily design a site capable of accomplish many different tasks. Flask

1https://flask.pocoo.org
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Figure 6.1: Schematic representation of the two-steps registration process for HELAC-Onia Web: 1. registration request,
2. e-mail address validation, 3. registration completion.

has several extensions, manages automatically the server side and is naturally designed for
dealing with databases, e-mails, cloud storage, forms, login/logout management and many
more things. All of this is also done by using modern safety and encryption measures, that
guarantee the security of sensitive data.

Registration process

For safety reason, the registration procedure to NLOAccess is realised in two different steps,
as schematically depicted in Fig. 6.1. First of all, one has to request the registration via the
link present on the HELAC-Onia website, providing then his/her e-mail address. Note that
only institutional e-mail addresses (no Gmail or .com domains) are accepted. Then, one has
to validate his/her own address via the confirmation link provided in an e-mail message. Fi-
nally, after the e-mail address validation, the user is redirected to the page for the completion
of his/her registration to the NLOAccess platform.

After the registration is completed, the user is welcomedwith another e-mail, that informs
him/her of the account activation. In the same message he/she will find a link to a per-
sonal and encryptedOwnCloud (OC) folder. OwnCloud is an open source cloud file sharing,
available at https://owncloud.org/. The OC folder is used to upload the results of any
completed computation. Moreover, it is protected by a password, which is the same chosen
by the user during the registration process.

Process generation and run management

The process generation is also a quite simple procedure. Plenty of instructions and examples
are present in Refs. [229, 230], but some tips and the HELAC-Onia syntax for quarkonia and
SM particles are also illustrated on the website. The first way to launch a computation on the
NLOAccess servers is represented by a classic file input. Either the user can input his/her
own file, created following HELAC-Onia syntax, or either the file can be created online, with
a guided procedure. The guided creation of the input file is, at the moment, in a preliminary
version. An online guide is planned to be published in the near future. In broad terms, the
basic structure of the input file is the following:

generate { process }
set { parameter }={ value }

...
launch

where the braces indicate that a value has to be inserted. The first line contains the process
that the user wants to generate, and the value of process should be inserted following the
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HELAC-Onia syntax. Then, after specifying the process, one can modify the default values
of the parameters of HELAC-Onia itself, via the set command. Again, every parameter has
a specific name defined into the HELAC-Onia code. There are several parameters that can
be modified, that refers to many different features of the process and the code itself, such as:

• collisions parameters;

• theory parameters;

• variables for the Monte Carlo setup;

• PDFs related parameters;

• parameters governing kinematical cuts;

• quarkonium specific parameters (e.g. the values of different LDMEs);

• physical constants, both in the electroweak and in the QCD sector, (e.g. MZ or MW , the
masses of the Z and W bosons, or the quarks mass).

Moreover, the kind of output can be specified (ROOT, Gnuplot, Top Drawer or Les Houces
Event format are, at the moment, the available ones). After all the settings, one should put
the launch command, in order to let HELAC-Onia run the computation.

An example of an input file could be the one for the production of a double J/ψ plus a
gluon at the LHC at 14 TeV, that reads

generate p p > cc~(3S11) cc~(3S11) g
set energy_beam1 = 7.D3
set energy_beam2 = 7.D3
launch

where cc~(3S11) is the HELAC-Onia syntax for a J/ψ, and energy_beam1, energy_beam2
are the parameters (in GeV units) that control the energy of the two colliding proton beams.

Now, what about the results of a computation? As already mentioned, they are automati-
cally collected by the system, and uploaded on the personal OC user folder. The user is also
alerted via an e-mail notification, where the name of the new directory containing the results
is indicated. Unless the user themselves have set some specific flag for the output to be false,
the user will find the plots in .pdf format, ready to be seen.

Very recently, new functionalities, in a preliminary form, have been added toHELAC-Onia
Web. These refer both to the runs. Now the users have in fact the possibility to see the run
live status, i.e. how many jobs are running for a given requested process generation, and, if
needed, to remove a given run. E-mail alerts are also used to inform the user whether a com-
putation has failed. Moreover, the history of the past runs can be seen in the “run history”
in the user menu.

All of this represent the automated procedure that HELAC-Onia Web offers to its users.
Again, we stress that in doing this, the only effort that the user is required to make is to
decide which process has to be generated, specifying, if desired, some settings. Then he/she
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has just to wait for the results, and in going to see them he/she will find the plots, generated
on the fly, and ready to be used. Of course, also the raw output is given, so that one could also
make his/her ownplots following theirwished style. We underline that, since theOwnCloud
system is used, one can also send a run on the website and, if the NLOAccess personal folder
is synchronised on a personal device, the user will directly receive the results on his/her own
device.

6.3 Future developements

The features presented so far represent of course the first preliminary form of NLOAccess.
The STRONG-2020 project is starting now, so the workmade up to now for NLOAccess is still
at an embryonic stage. Nonetheless, HELAC-Onia Web is the first tool available on NLOAc-
cess, and shows the features of a working online platform. As it is still at its early stages, it
is important to understand what are the optimal functionalities that the users desire. So, the
user’s feedback is very important, and, at this stage, has a pivotal role in designing a user
friendly platform. We encourage the users to send e-mails to the NLOAccess team, in order
to have more points to work on and to improve.

Regarding future developements, while for the moment we refer the users to Refs. [229,
230], we hope to provide an online user guide. Moreover, we would like to have another
page, with a minimal interface where some specific physical settings can be modified by the
user. Hopefully, such interface will become available in the near future.
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7
Conclusions

By means of TMD distributions and fragmentation functions, polarisation phenomena and
transverse momentum effects allow us to study, in the momentum space, the three-dimen-
sional structure of the nucleons, as well as the hadroproduction mechanism. Since the early
1990s, TMD studies continuosly gained more and more interest on both theoretical and ex-
perimental sides. In the meanwhile, phenomenology, the brigde connecting theory and ex-
periment, advanced, and new ideas coming from the theory can now be tested against exper-
imental data. Phenomenological extractions are now trying to push for embedding the TMD
formalism in its full glory, and the study of single-spin asymmetries keeps being a fruitful
field for testing TMD theory itself.

Although the huge effort made so far, it is useful to underline that, phenomenological ex-
tractions of (un)polarised TMDs are still at an early stage, especially if we compare themwith
the situation for collinear PDFs and FFs. A careful assessment of phenomenological results
is so required to get more and more precise information on the distribution of partons inside
the nucleons and, ultimately, the nucleon spin decomposition. In this spirit, we presented
here some results about the extractions of polarised quark and gluons TMDs and their use
in comparing theoretical predictions against existing experimental data.

As illustrated in Chapter 3, current data on Sivers asymmetry give us only partial infor-
mation on the behaviour of the quark Sivers function. In fact, even by using a very simple
parametrisation, one is able to obtain very good results in fitting it. Moreover, by carefully
evaluating the uncertainties on the extracted function, we could underline the limited knowl-
edge we still have on the Sivers function. Emphasis has been put on the outcome of different
choices made on the chosen phenomenological model. As we have seen in Sections 3.2.1
and 3.2.2, letting some parameters to vary does not change the outcome of the fit, but allows
to have a more faithful error estimation on the extracted function, especially when looking
at the kinematical regions where data are scarce or absent.

With the same spirit, we could test whether any visible signal of scale dependence is
present in the current data. Some hints of evolution for the u-quark Sivers function have been
observed, while for the d-quark one the uncertainty is still too large to draw any definitive
conclusion. New data from the COMPASS Collaboration on deuteron target could certainly
help in this respect. Moreover, we expect that in future, both JLab data and EIC data will
help in covering respectively high- and low-x regions.
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Relaxing some initial assumptions for transversity distribution allowed us to test whether
its corresponding bound, the Soffer bound (SB), can be really observed in the SIDIS data.
It turned out that, while for the uv transversity function the situation is under control, dv
transversity seems to violate the SB. But, as explained in Section 3.3.2, statistically speak-
ing dv transversity fulfills its bound within the current uncertainty. At the same time, this
seems to have a positive effect on calculating the tensor charges. In fact, the tension between
phenomenological extractions and lattice calculation seems to ease, especially for the isovec-
tor tensor charge case. Again, having more experimental measurements would be certainly
helpful.

While the situation for quark TMDs is becoming more and more promising, and although
they represent a very appealing topic, polarised gluon TMDs are surely more difficult to
study. In fact, even if they can be accessed at present colliders like the LHC, only few data-
points are present for these kind of functions, such as the gluon Boer-Mulders or the gluon
Sivers function. The former has been recently analysed in Refs. [75, 244] (the last work in-
cluding TMD evolution), while the latter has been studied in Chapter 4, in the context of
the GPM and its colour gauge invariant version, the CGI-GPM. This last model is very inter-
esting for various reasons. For instance, it shows strong analogies with the collinear twist-3
formalism and, within this approach, one is also able to recover the predicted sign change of
the Sivers function probed in SIDIS and Drell-Yan processes.

In Section 4.1we have shown that, taking into account initial and final state interactions in a
one-gluon exchange approximation, two independent GSFs emerge in CGI-GPM, the f - and
d-type GSF (the name recalling the two different way in which colour can be neutralised).
Then, in Section 4.2.2, we have been able to put the first constraints on the size of such func-
tions, bymeans of analysing inclusive pion production data at midrapidity, together with the
ones for µ± production from D-meson decay. Unfortunately, we cannot draw any definitive
conclusion on the sign of the two GSFs, as we have found that two different combinations
(see Eq. (4.57)) can give a satisfactory description of the data. Nonetheless, these first hints
point to having an f -type GSFwith opposite sign and different size with respect to the d-type
one.

Phenomenological extractions then allowedus to compare ourGPMpredictions against ex-
isting data. Indeed, Chapter 5 covered two phenomenological studies. The first one regards
a very interesting process, `p↑ → hX, representing a bridge between SIDIS and inclusive
p↑p processes, and that could be tested at current experiments like COMPASS or future facil-
ities such as the EIC. By using phenomenological extractions of the (quark and gluon) Sivers
and Collins functions, we presented an updated work on the single-spin asymmetries in the
aforementioned process, concentrating on the role of quasireal photon exchange. Under the
Weizsäcker-Williams (WW) approximation, we could compute new contribution to AN, ob-
taining a very nice description of inclusive HERMES data and, for the first time, describing
(still with some discrepancies for π+ production), the so called anti-tagged data, the ones
dominated by quasireal photon exchange. Such discrepancies result mitigated by more re-
cent Sivers and Collins extractions. Predictions for ongoing and future experiments (JLab,
COMPASS and the EIC) were also given. It turned out that, in some specific cases, while in
the asymmetries this contribution is partially compensed by the ratio, the unpolarised cross
section is dominated by the WW contribution.
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The second phenomenological analysis presented in Chapter 5 completes the work on
GPM and CGI-GPM estimates of the gluon Sivers function(s). By using the GSFs extracted
within the GPM ( Section 4.2.1) and CGI-GPM ( Section 4.2.2), we compared our predictions
for inclusive J/ψ to RHIC data, and we showed the ones for photon production in polarised
pp processes. In doing this, we tried to see whether one could discriminate between the two
versions of the GPM. No definitive conclusion could be drawn, but surely future experiment
like the proposed ones at the LHC [78–81] would help in this respect.

Finally, in Chapter 6, a new project, at the moment not directly related to TMDs, has been
presented. NLOAccess and HELAC-Onia Web are still at an embryonic state, but the poten-
tial of this project for helping research in hadron, nuclear and particle physics is quite high.
Furthermore, quarkonia production studies represent a nice means to study gluon TMDs,
and an extension of HELAC-Onia to such kind of studies would be certainly fruitful for the
whole TMD community.

Outlook and future developements

Recalling that we have already given some outlooks and future developements at the end of
every Chapter, we would like to stress again some points here.

The path to the comprehension of the three-dimensional structure of nucleons is not yet
finished. So, every information thatwe can obtain from experimental data has to beweighted
and carefully analysed. At the same time, it is useful to refine, when possible, phenomeno-
logical analyses. To this extent, in future phenomenological analyses, improving the error
estimation method would be certainly helpful. Also, including more data containing infor-
mation on Sivers, transversity and Collins function would surely help in improving the mod-
elisation of such TMDs.

One example of possible improvements in TMD models is the inclusion of a kinematical
dependence of TMD Gaussian widths. As recently showed by Belle Collaboration measure-
ments [245], fragmentation function widths seem to depend on z, the collinear momentum
fraction. It would not be certainly surprising to start including such effects in the phenomeno-
logical extractions of the widths and, consequently, of the polarised TMDs, as already done
by Pavia group in the case of unpolarised TMDs extraction [119].

Phenomenological approaches can be improved as well. The CGI-GPM offers indeed a
way to improve the GPM itself. A deeper understanding of such model could maybe help
in understanding the analogies and the differences between different approaches, namely
GPM and collinear twist-3, having so a broader point of view in interpreting results from
single-spin asymmetries in inclusive processes.

The work presented here in this thesis helps in trying to take into account all the possible
uncertainties and the impact of any choice in phenomenological analyses. The more we will
better assess and reduce errors on the phenomenological extractions, themorewewill under-
stand about TMD effects in the existing data. In the medium/long term, a new Electron-Ion
Collider would most likely be built, and future fixed-target experiments at the LHC could be
developed. A careful, step by step, and down-to-earth approach in tackling TMD effects is
then required to be ready when new and (hopefully) more precise data will come.
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A
Kinematics and helicity frames

Here we briefly give some details about the full k⊥-dependent kinematics and the helicity
frames used in the context of the GPM.

Detailed k⊥ kinematics

Following Appendix A of Ref. [127], we give a detailed account of the partonic kinematics
with the inclusion of transverse momentum effects.

We recall that the hadronic reaction A B → C X is considered in the AB center of mass
frame, with A moving along the positive Zc.m.-axis, andwith the scattering plane fixed as the
(XZ)c.m. plane. All masses are neglected. The four-momenta of hadrons A, B, C are given by

pµ
A =

√
s

2
(1, 0, 0, 1) , pµ

B =

√
s

2
(1, 0, 0, −1) , pµ

C = (EC, pT, 0, pL) , (A.1)

with EC =
√

p2
T + p2

L and s = (pA + pB)
2.

For massless partons a, b inside hadrons A, B light-cone momentum fractions are intro-
duced

xa =
p+a
p+A

=
p0

a + p3
a

p0
A + p3

A
, xb =

p+b
p+B

=
p0

b − p3
b

p0
B − p3

B
, (A.2)

along with the transverse momenta k⊥a, k⊥b. Their four-momenta then read

pµ
a = xa

√
s

2

(
1 +

k2
⊥a

x2
a s

,
2k⊥a

xa
√

s
cos ϕa,

2k⊥a

xa
√

s
sin ϕa, 1 −

k2
⊥a

x2
a s

)
,

pµ
b = xb

√
s

2

(
1 +

k2
⊥b

x2
b s

,
2k⊥b

xb
√

s
cos ϕb,

2k⊥b

xb
√

s
sin ϕb, −1 +

k2
⊥b

x2
b s

)
,

(A.3)

where k⊥a,b = |k⊥a,b| and ϕa,b are the azimuthal angles of parton a, b three-momenta in the
hadronic c.m. frame.
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The four-momentum of the fragmenting parton c is given in terms of the observed hadron
momentum pµ

C, of the light-cone momentum fraction z = p+C /p+c and of the transverse mo-
mentum k⊥C of hadron C with respect to the parton c light-cone direction. In the hadronic
c.m. frame, k⊥C is generally written as:

k⊥C = k⊥C (sin θk⊥C
cos ϕk⊥C

, sin θk⊥C
sin ϕk⊥C

, cos θk⊥C
) , (A.4)

and impose the orthogonality condition k⊥C · pc = 0 via the δ-function δ(k⊥C · p̂c), where
p̂c is the unit vector along the direction of motion of parton c. The parton four-momentum,
pµ

c = (Ec,pc), can then be written as

pc =
Ec√

E2
C − k2

⊥C

(pT − k⊥C sin θk⊥C
cos ϕk⊥C

, −k⊥C sin θk⊥C
sin ϕk⊥C

, pL − k⊥C cos θk⊥C
),

Ec =
EC +

√
E2

C − k2
⊥C

2z
, (A.5)

and the orthogonality condition k⊥C · pc = 0 implies

d3k⊥C δ(k⊥C · p̂c) = k⊥C dk⊥C dθk⊥C
dϕk⊥C

√
E2

C − k2
⊥C

pT sin ϕ0
k⊥C

(A.6)

×
[
δ(ϕk⊥C

− ϕ0
k⊥C

) + δ(ϕk⊥C
− (2π − ϕ0

k⊥C
))
]

,

cos ϕ0
k⊥C

=
k⊥C − pL cos θk⊥C

pT sin θk⊥C

, 0 ≤ ϕ0
k⊥C

≤ π . (A.7)

This allows to perform directly the integration over ϕk⊥C
(notice that there are two possible

solutions to be considered).
The factor J(z, k⊥C) entering the master formula, Eq. (2.40)), is the Jacobian factor con-

necting the parton c to hadron C invariant phase space, defined as

d3pc

Ec
=

1
z2 J(z, k⊥C)

d3pC

EC
. (A.8)

With intrinsicmotion, formassless partons and hadrons, it takes the form of Eq. (2.43), while
for collinear and massless particles reduces simply to J = 1.

With the expression of parton momenta given in Eqs. (A.3) and (A.5) one can calculate
the partonic Mandelstam invariants:

ŝ = (pa+pb)
2 = xaxbs

[
1 − 2

k⊥ak⊥b
xaxbs

cos(ϕa − ϕb) +
k2
⊥ak2

⊥b
x2

ax2
bs2

]
, (A.9)

t̂ = (pa − pc)
2 =

T
z

, û = (pb − pc)
2 =

U
z

, (A.10)

ŝ δ(ŝ + t̂ + û) = z δ

(
z +

T + U
ŝ

)
, (A.11)
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where

T = −xa
√

s
EC +

√
E2

C − k2
⊥C

2
√

E2
C − k2

⊥C

×
{(

1 +
k2
⊥a

x2
a s

)√
E2

C − k2
⊥C − 2k⊥a

xa
√

s
cos ϕa(pT − k⊥C sin θk⊥C

cos ϕk⊥C
)

+
2k⊥a

xa
√

s
k⊥C sin ϕa sin θk⊥C

sin ϕk⊥C
−
(

1 −
k2
⊥a

x2
a s

)
(pL − k⊥C cos θk⊥C

)

}
(A.12)

U = −xb
√

s
EC +

√
E2

C − k2
⊥C

2
√

E2
C − k2

⊥C

×
{(

1 +
k2
⊥b

x2
b s

)√
E2

C − k2
⊥C − 2k⊥b

xb
√

s
cos ϕb(pT − k⊥C sin θk⊥C

cos ϕk⊥C
)

+
2k⊥b

xb
√

s
k⊥C sin ϕb sin θk⊥C

sin ϕk⊥C
+

(
1 −

k2
⊥b

x2
b s

)
(pL − k⊥C cos θk⊥C

)

}
. (A.13)

The phase space integrations must obey some constraints, originating from physical re-
quests. Besides the trivial bounds 0 < xa,b, z < 1, 0 ≤ ϕa,b ≤ 2π and 0 ≤ θk⊥C

≤ π, is
required that, even including intrinsic transverse momentum effects, a) each parton keeps
moving along the same direction as its parent hadron, pa(b) · pA(B) > 0, and b) the parton
energy is not larger than the parent hadron energy, Ea(b) ≤ EA(B). This implies the following
bounds

k⊥a(b)/
√

s < min
[

xa(b),
√

xa(b)(1 − xa(b))
]

. (A.14)

Analogously, for the fragmentation process c → C + X we require pc · pC > 0 and EC ≤ Ec

(both fulfilled by Eq. (A.5)), where the solution Ec =
[

EC −
√

E2
C − k2

⊥C

]
/(2z) is consis-

tently disregarded). The last constraint implies the following bound on k⊥C, at fixed z values:

k⊥C/EC ≤ 1 (z ≤ 1/2) k⊥C/EC ≤ 2
√

z(1 − z) (z > 1/2) . (A.15)

Finally, by requiring | cos ϕ0
k⊥C

| ≤ 1, see Eq. (A.7), a further constraint on k⊥C holds at fixed
θk⊥C

:
pL cos θk⊥C

− pT sin θk⊥C
≤ k⊥C ≤ pL cos θk⊥C

+ pT sin θk⊥C
. (A.16)

Helicity frames

Our physical observables are computed in the AB c.m. frame, with axes denoted by Xc.m.,
Yc.m., Zc.m.. The helicity frame of a particle with momentum p along the direction p̂ =
(sin θ cos φ, sin θ sin φ, cos θ), as defined in the hadronic frame, can be reached by performing
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on the overall frame the rotations [129]

R(φ, θ, 0) = RY′(θ) RZc.m.(φ) . (A.17)

The first is a rotation by an angle φ around the Zc.m.-axis and the second is a rotation by an
angle θ around the new Y′-axis, i.e. the axis obtained after the first rotation.

This results in the helicity frames with axes along the following directions (expressed in
the hadronic frame):

X̂A = X̂c.m. ŶA = Ŷc.m. ẐA = Ẑc.m. (A.18)

for a hadron A moving along +Ẑc.m.,

X̂B = X̂c.m. ŶB = −Ŷc.m. ẐB = −Ẑc.m. (A.19)

for a hadron B moving along −Ẑc.m.,

x̂ = ŷ × ẑ ŷ =
Ẑc.m. × p̂

|Ẑc.m. × p̂|
= Ẑc.m. × k̂⊥ ẑ = p̂ (A.20)

for a generic particle p. Notice that k̂⊥ is the unit transverse component (with respect to the
Zc.m.-direction) of p, and that it lies in the (xz) plane.
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B
Helicity formalism

Here we give some details about the quantities that appear in the helicity formalism. Specifi-
cally, we will take a look at the properties of the terms entering in the expression of the GPM
master formula for A(SA) + B(SB) → C + X processes, Eqs. (2.40) and (2.46), and for the
parts appearing in the single-spin asymmetries coming from sum and difference of kernels
with assigned polarisation, Eqs. (2.51)–(2.54). More details can be found in [126, 129].

Helicity density matrices

Let us start by briefly sketching the helicity density matrices for quark and gluon polarisa-
tions.

The helicity density matrix of quark a inside hadron A in a spin state SA can be written in
terms of the quark polarisation vector components,P a = (Pa

x , Pa
y , Pa

z ) = (Pa
T cos ϕsa , Pa

T sin ϕsa ,
Pa

L), as

ρa/A,SA
λa,λ′

a
=

ρa
++ ρa

+−

ρa
−+ ρa

−−


A,SA

=
1
2

 1 + Pa
z Pa

x − iPa
y

Pa
x + iPa

y 1 − Pa
z


A,SA

=
1
2

1 + Pa
L Pa

T e−iϕsa

Pa
T eiϕsa 1 − Pa

L


A,SA

,

(B.1)

where the x, y and z directions are meant in the helicity frame of parton a. The matrix ele-
ments satisfy the following general properties:

ρa
++ + ρa

−− = 1 , (B.2)
ρa
++ − ρa

−− = Pa
z = Pa

L , (B.3)
2 Re ρa

−+ = 2 Re ρa
+− = Pa

x = Pa
T cos ϕsa , (B.4)

2 Im ρa
−+ = −2 Im ρa

+− = Pa
y = Pa

T sin ϕsa . (B.5)

Similarly to the quark case, the helicity density matrix for a massless spin 1 particle (e.g. a
gluon) inside the hadron A in the spin state SA is defined as
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ρ
g/A,SA
λg,λ′

g
=

ρ
g
++ ρ

g
+−

ρ
g
−+ ρ

g
−−


A,SA

=
1
2

 1 + Pg
z T g

1 − iT g
2

T g
1 + iT g

2 1 − Pg
z


A,SA

=
1
2

 1 + Pg
circ −Pg

lin e−2iϕ

−Pg
lin e2iϕ 1 − Pg

circ


A,SA

.

(B.6)

Pg
circ corresponds to Pg

z , the gluon longitudinal polarisation, while the off-diagonal elements
are related to the linear polarisation of the gluons in the (xy) plane at an angle ϕ with respect
to the x-axis. The x, y and z axes refer to the standard gluon helicity frame, in which its
momentum is pµ = (p, 0, 0, p). Pg

lin is expressed in terms of the parameters T g
1 and T g

2 ,
which are closely related to the Stokes parameters used in classical optics; they play a role
formally analogous to that of the x and y-components of the quark polarisation vector in the
quark sector.

As in the quark case, the matrix elements of Eq. (B.6) satisfy some general relations:

ρ
g
++ + ρ

g
−− = 1 , (B.7)

ρ
g
++ − ρ

g
−− = Pg

z = Pg
circ , (B.8)

2 Re ρ
g
−+ = 2 Re ρ

g
+− = T g

1 = −Pg
lin cos 2ϕ , (B.9)

2 Im ρ
g
−+ = −2 Im ρ

g
+− = T g

2 = −Pg
lin sin 2ϕ . (B.10)

Helicity amplitudes

We now show some properties of the helicity amplitudes that enter in the expression of the
GPM master formula. We recall that the amplitudes appearing in Eq. (2.40), the M̂’s, are
calculated in the hadronic c.m. frame. They are connected to the M̂0’s, the amplitudes in
the partonic c.m. frame, by performing one boost and appropriate rotations, as described in
full detail in [126]. These transformations induces nontrivial phases in the helicity ampli-
tudes M̂’s, due to the nonplanar kinematics of the partonic process. The relation bewteen
these helicity amplitudes and the canonical amplitudes M̂0, defined in the partonic ab → cd
c.m. frame, is

M̂λcλd,λaλb = M̂0
λcλd,λaλb

e−i(λaξa+λbξb−λcξc−λdξd)

× e−i[(λa−λb)ξ̃a−(λc−λd)ξ̃c] ei(λa−λb)ϕ
′′
c ,

(B.11)

with ξ j, ξ̃ j (j = a, b, c, d) and ϕ′′
c defined in Eqs. (35-42) of Ref. [126].

The parity properties of the canonical c.m. amplitudes M̂0 are given by:

M̂0
−λc,−λd;−λa,−λb

= ηa ηb ηc ηd (−1)sa+sb−sc−sd

× (−1)(λa−λb)−(λc−λd) M̂0
λcλd,λa,λb

,
(B.12)

where ηi is the intrinsic parity factor for particle i. In the case of massless partons only three
independent elementary amplitudes M̂0 corresponding to the ab → cd processes exists, and
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appear in Eqs. (2.51)–(2.54). They are defined as

M̂++;++ ≡ M̂0
1 eiφ1 , M̂−+;−+ ≡ M̂0

2 eiφ2 , M̂−+;+− ≡ M̂0
3 eiφ3 , (B.13)

where the + and − subscripts refer to (+1/2) and (−1/2) helicities for quarks, and to (+1)
and (−1) helicities for gluons, and where

M̂0
+,+;+,+ ≡ M̂0

1 , M̂0
−,+;−,+ ≡ M̂0

2 , M̂0
−,+;+,− ≡ M̂0

3 . (B.14)

The phases φ1, φ2 and φ3 are given by replacing in Eq. (B.11) the appropriate value for the
helicities λi (i = a, b, c, d).

From Lorentz and rotational invariance properties [129] the following expressions that
relates canonical amplitudes by exchanging the particles in the initial (a ↔ b) or in the final
state (c ↔ d) hold:

M̂0, ba→cd
λcλd,λbλa

(θ) = M̂0, ab→cd
λcλd,λaλb

(π − θ) e−iπ(λc−λd) , (B.15)

M̂0, ab→dc
λdλc,λaλb

(θ) = M̂0, ab→cd
λcλd,λa,λb

(π − θ) e−iπ(λa−λb) , (B.16)

where θ is the scattering angle in the partonic c.m. frame.

“∆” functions and relations between different notations

Here we give the “∆” functions appearing in Eqs. (2.51)–(2.54) in terms of the TMDs intro-
duced in Section 2.1.

For the T-odd couple in the distribution sector, i.e. the Sivers and the Boer-Mulders func-
tions, the following relations with the “∆” functions appearing in the aformentioned equa-
tions holds [126]:

∆f̂a/ST(xa,k⊥a) = −2
k⊥a
M

sin(ϕSA − ϕa) f⊥1T(xa, k⊥a)

= ∆Nfa/ST(x, k⊥a)

(B.17)

∆f̂ a
sy/A(xa,k⊥a) = −k⊥a

M
h⊥1 (xa, k⊥a) = ∆Nfsy/A(x, k⊥a) (B.18)

where ϕSA is the azimuthal angle relative to the generic transverse polarisation direction
P̂A = (cos ϕSA , sin ϕSA , 0) and ϕa is the azimuthal angle of k⊥a in the hadronic c.m. frame.

The other “∆” functions, appearing in Eqs. (2.51) and (2.52), are related to combinations
of transversity and Boer-Mulders functions:

∆f̂sx/ST(xa,k⊥a) =

[
h1T(xa, k⊥a) +

k2
⊥a

M2 h⊥1T(xa, k⊥a)

]
cos(ϕSA − ϕa) , (B.19)

∆f̂sy/ST(xa,k⊥a) = −k⊥a
M

h⊥1 (xa, k⊥a) + h1T(xa, k⊥a) sin(ϕSA − ϕa) . (B.20)
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Finally, it is worth mentioning that the function ∆f̂ a
sy/SY

, can be decomposed in two terms,
the Boer-Mulders one (independent of the hadron transverse polarisation) and another one
that changes sign when the hadron polarisation direction is reversed:

∆f̂ a
sy/SY

= ∆f̂ a
sy/A + ∆− f̂ a

sy/SY
, (B.21)

with
∆− f̂ a

sy/SY
≡ 1

2

[
∆f̂ a

sy/↑ − ∆f̂ a
sy/↓

]
. (B.22)
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C
Colour projectors in CGI-GPM

As shown in Chapter 4, within the CGI-GPM one has to calculate modified hard factors,
related to the f - and d-type GSFs, that embed the process dependence of the gluon Sivers
function. To do that, new colour factors have to be calculated, by means of colour projectors.

As discussed in Section 4.1, in the case of the gluon Sivers function we have two different
colour projectors, namely the antisymmetric and the symmetric one, defined as

T c
ab = NT (Tc)ab , Dc

ab = ND(Dc)ab , (C.1)

with a, b, c being colour indices and where the normalisation factors are related to inverse of
traces of two (anti)symmetric structure constants of SU(Nc), and are given by

NT = Tr(TcTc)−1 =
1

Nc (N2
c − 1)

, ND = Tr(DcDc)−1 =
Nc

(N2
c − 4) (N2

c − 1)
. (C.2)

Another colour projector has been used in Refs. [109, 110], and is related to the quark case:

Qc
ij = NQ tc

ij , with NQ =
1

Tr(tctc)
=

2
N2

c − 1
. (C.3)

where tc
ij are the generators of SU(Nc) in the fundamental representation. For completeness,

the Feynman rules for the projectors are collected in Fig. C.1 [110]:

a

c

b

T a
cb

(a)

i j

c

tcji

(b)

i j

c

�tcij

(c)

T c
aa0 or Dc

aa0

a c a0

(d)

Qc
ij

i c j

(e)

Figure C.1: CGI-GPM colour rules for the vertices involving an eikonal gluon with colour index c: (a) three-gluon, (b) quark-
gluon and (c) antiquark-gluon. The colour projectors for the (d) gluon and the (e) quark Sivers functions are shown as
well.
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