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Abstract: A joint introduction of composite and background fields into non-Abelian quantum gauge
theories is suggested based on the symmetries of the generating functional of Green’s functions,
with the systematic analysis focused on quantum Yang-Mills theories, including the properties of the
generating functional of vertex Green’s functions (effective action). For the effective action in such
theories, gauge dependence is found in terms of a nilpotent operator with composite and background
fields, and on-shell independence from gauge fixing is established. The basic concept of a joint
introduction of composite and background fields into non-Abelian gauge theories is extended to
the Volovich-Katanaev model of two-dimensional gravity with dynamical torsion, as well as to the
Gribov-Zwanziger theory.
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1. Introduction

Composite [1,2] and background [3-5] fields are widely used in quantum gauge theories.
The attention to composite fields (see [2] for an overview) stems from the fact that the effective
action for composite fields suggested in [1] has been applied to quantum field models such as [6-8],
including the Early Universe, Inflationary Universe, Standard Model and SUSY theories [9-13].
The study of BRST-invariant renormalizability in Yang-Mills theories, which includes N = 1 SUSY
formulations [14-16], the functional renormalization group [17-21] and the Gribov horizon [22-24],
appears to be promising within the concept of soft BRST symmetry breaking [25-28] and the
local composite operator technique [29,30] as applied to arbitrary backgrounds [31]. In its turn,
the background field method [3-5] presents the quantization of Yang-Mills theories using background
gauges [5,32,33] in such a way that provides an invariance of the effective action under the gauge
transformations of background fields and reproduces physical results with essential simplifications
in the Feynman diagrams, thereby providing insight into diverse quantum properties of gauge
theories [34—43]; for recent developments, see [44-48].

The present article is devoted to quantum non-Abelian gauge models with composite and
background fields, whose consistent analysis isfocused on Yang—Mills theories quantized using the
Faddeev-Popov method [49] in a combined presence of composite and background fields. A joint
treatment of Yang-Mills fields A, with composite and background ones requires a systematic
consideration of these ingredients as interrelated. We forward the symmetry principle as such a
systematic concept. In fact, suppose that a generating functional Z (], L) of Green’s functions with
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composite fields is given, depending on sources ], for the quantum fields ¢*, as well as on sources
Ly, for the composite fields 0™ (¢). A question then naturally arises of how one can introduce some
background fields B;, in a way that leads to an extended functional Z (B, ], L) reflecting the possible
symmetries of Z (], L). Let us next suppose that a generating functional Z (B, J) of Green’s functions,
also with certain symmetries, is given in the background field method, and then the question is how
some composite fields o™ (¢, B) with sources Ly, can be introduced for the resulting Z (B, ], L) to inherit
the given symmetries. It turns out that these two approaches are equivalent in the following sense.
According to the first approach, a generating functional Z (], L) is given,

2,0) = [ dpexp { & [sie (9) + 1a0" + L (9)]}, )

corresponding to the Faddeev-Popov action Sgp (¢) of a Yang-Mills theory with composite fields
o™ (¢). A background field B, can then be introduced by localizing the inherent global symmetry of
Z (], L) under SU(N) transformations (rotations for J4 and tensor transformations for L,,) in such a
way that Z (B, ], L) defined as

Z(B,J,L) = Z(J,L)la,~p,(B) @

is invariant under local SU(N) transformations of the sources J4, L, accompanied by gauge
transformations of the field B, with an associated covariant derivative D, (B), where the precise
meaning of 9, — D, (B) in (2) is given by (19) of Section 2. The original Sgp (¢) becomes thereby
modified to the Faddeev-Popov action of the background field method, Sgp (¢, B), which is related to
Sep (¢) by so-called background and quantum transformations of this method (see Section 2.2).

According to the second approach, a generating functional Z (B, ]) is constructed using the
background field method for Yang-Mills theories,

Z(B,]) = /d47eXP {;z [SFP (¢, B) +]A¢A}}r 3)

which implies
Sep (¢, B) = Sep ()15, p,(5) -

Some composite fields o™ (¢, B) with sources L, can then be introduced on condition that the
resulting generating functional

2(8,1,0) = [ dpesp | [5m (9,5 + 19" + Luc™ (9,5)] } @

should inherit the symmetry of Z (B, ) under local SU(N) rotations of the sources J4 accompanied by
gauge transformations of the background field B, with the covariant derivative D, (B). This symmetry
requirement for Z (B, ], L) is satisfied by a local SU(N) tensor transformation law imposed on ¢™ (¢, B)
and is provided by B, entering the composite fields ™ (¢, B) by means of the covariant derivative
D, (B), which implies

0" (9,B) = 0™ (93, () ©)

for certain 0™ (¢), and thereby we return to the first approach. In the main part of the article,
we implement the first approach as a starting point of our systematic analysis, assuming the composite
fields to be local, whereas in the remaining part we show how the first and second approaches
can be extended beyond the given assumptions by considering the Volovich-Katanaev model of
two-dimensional gravity with dynamical torsion [50] and the Gribov-Zwanziger theory [23,24].
Two-dimensional models of gravity [50-61] and supergravity [62-65] are of interest in view of
their close relation to string and superstring theory. Simple two-dimensional models also provide a
deeper insight into classical and quantum properties of gravity in higher dimensions, while in some
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cases these models are exactly solvable at the classical level. One of the two-dimensional gravity
models that has been widely discussed at the classical [66-70] and quantum [71-75] levels is the
model [50] suggested in the context of bosonic string theory with dynamical torsion [76] in order
to address some problems of string theory. Thus, it has been shown [76], using the path integral
approach, that a string with dynamical torsion has no critical dimension. The model [50] presents the
most general theory of two-dimensional R?-gravity with independent dynamical torsion leading to
second-order equations of motion for the zweibein and Lorentz connection. The model also contains
solutions with constant curvature and zero torsion, thereby incorporating some other two-dimensional
gravity models [51,52,61] whose actions, as compared to that of [50], do not allow a purely geometric
interpretation. Being quantized in the background field method, the model yields a gauge-invariant
background effective action [75].

In quantum Yang-Mills theories using differential (e.g., Landau or Feynman) gauges,
the non-Abelian nature of the gauge group features the Gribov ambiguity [22] implying a residual
gauge-invariance due to Gribov copies, which are removed by means of a Gribov horizon [22]
implemented in the Gribov-Zwanziger model [23,24] being a quantum Yang-Mills theory in Landau
gauge and including an additive horizon functional in terms of a non-local composite field [77].
The issue of bringing the horizon functional to other gauges has been settled due to the concept of
finite field-dependent BRST transformations [26,28,78-84], which allows one to present the horizon
functional using different gauges in a way consistent with the gauge-independence of the path integral,
based on the Gribov-Zwanziger recipe [23,24] and starting from a BRST-invariant Yang-Mills quantum
action in Landau gauge. The horizon functional in covariant R¢ gauges has been given by [26,28,82,85]
(see also [86,87] for a BRST-invariant horizon) and later extended to the Standard Model in [88,89].

The article is organized as follows. In Section 2, a generating functional of Green’s functions
with composite and background fields in Yang-Mills theories is introduced, as well as a generating
functional of vertex Green’s functions (effective action). Analyzing the dependence of the generating
functionals of Green’s functions upon a choice of gauge-fixing, we find a gauge variation of the effective
action in terms of a nilpotent operator depending on the composite fields and determine the conditions
of on-shell gauge-independence. Besides, the effective action I's¢ (B, X), with a background field B,
and a set of auxiliary tensor fields X" associated with ¢”, is found to exhibit a local symmetry
under the gauge transformations of B, combined with the local SU(N) transformations of X™.
In Section 3, we examine the Volovich-Katanaev model [50] quantized according to the background
field method in [75]. As an extension of our second approach (3)-(5) beyond the Yang-Mills case,
the quantized two-dimensional gravity [75] is modified by the presence of local composite fields,
and the corresponding background effective action is found to be gauge-invariant in a way similar
to the Yang-Mills case. In Section 4, we modify the Gribov—Zwanziger model [23,24] by introducing
a background field, which extends our first approach (1), (2) beyond the Yang-Mills case with local
composite fields and thereby yields a gauge-invariant background effective action. Section 5 is devoted
to concluding remarks.

We use DeWitt’s condensed notation [90]. The Grassmann parity and ghost number of a quantity
F are denoted by € (F), gh (F), respectively. The supercommutator [F, G} of any quantities F, G with
definite Grassmann parities is given by [F, G} = FG — (—1)¢(F)(G)GF. Unless specified by an arrow,
derivatives with respect to fields and sources are regarded as left-hand ones.

2. Generating Functionals and Their Properties

Let us examine a generating functional Z (], L) corresponding to the Faddeev—Popov action
Srp (¢) of a Yang-Mills theory with local composite fields,

2,0) = [ dpexp { & [sie (9) + 1a0" + L (9)]}, ©
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where L, are sources to the composite fields o™ (¢),

1
o (p) = Y AR a0 0™ @)

n=2

and ] are sources to the fields ¢ = (Ai, b*, &%, c") composed by gauge fields Al, (anti)ghost fields
C—IX
ghost number:

, ¢, and Nakanishi-Lautrup fields b*, with the following distribution of Grassmann parity and

e(¢™) =(0,0,1,1), gh(¢p?) =(0,0,—1,1), e(Ja,Lm) = €(¢?, ™), gh(Ja, Lm) = —gh(¢”,o™).
The Faddeev—Popov action Sgp (¢),
Skp (¢) = S0 (A)+¥(9) 5,

is given in terms of a gauge-invariant classical action Sy (A), invariant, 0zSo(A) = O,
under infinitesimal gauge transformations (5§Ai = R (A)& with a closed algebra of gauge
generators R (A),

<_

R, ; (A) R (A) — Ry ; (A) Ry (A) = FLR! (A), FJ;=const, R, ;= R;@ ,

and a nilpotent Slavnov variation s applied to a gauge Fermion ¥ (¢), e (¥) =1,
Sp (¢) =So(A) + ¥ (9)S, ¥(#)=xa (), 5 2 =0, ®)
where
A5 = (R; (A)c*,0,b%,1 /2Fg7c7cﬁ) .
For the explicit field content
i = (x,pu), a=(xp), u=0,...,.D-1, p= 1,...,N*—1,
pt = (Aplu,bp, C-P,CP) (A", b,cc) = TP (AP‘V,bP,c‘P, CP) , (TP, T = fPT",

the field variations (PA<S— have the form
(Au,b,cc) S = ([Dy (A),c],0,b,8/2[c,c],), (Aﬁ,b”,c‘”,c”) 5 = (D;jq (A) 1,0, bp,g/Zf’chc’) ,

where
Dy (A) =0, +gAu, DL (A) =60, +gf"A,,

The classical action Sy (A) has the form (in the adjoint representation with Hermitian T7),
So(4) = o [dPxTe(FuF™) = L [dPx ElFP, Te(TPTI) = Lom 9
O() = @ xr(yv )—1 X Fyy ’ I‘( )—E ’ )
Fow = [Du(A),Dy(A)], Fi =oAL -0 A} +gfP"™ALA;,

and the gauge Fermion ¥ (¢) = ¢* x4 (¢) with some gauge-fixing functions x, (¢) = x? (¢ (x)) reads

¥ ()= [aPxery (9) =2 [dPx Telex (@), x(9) = T'A" (9). (10)
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The Faddeev-Popov action Sgp(¢) in (8), (9) is invariant under two kinds of global
transformations: BRST transformations [91-93], 6, ¢ ¢A<_/\ with an anticommuting parameter A,

€ (1) = 1, and SU(N) rotations (finite ¢** 4 ¢'# and infinitesimal 6.¢"') with even parameters ¢”,

(Au,b,¢,¢) 4 (Aub,¢, c)/ = U(Aub,cc) U-t, U=exp(—gTF¢P), ¢’ = const,
o (AR b7 2t er) = gf (A, 0,E,) o,

or, in a tensor form, via the adjoint representation with a matrix M (),
! 2
(Aﬁ,bp,c"’,cp) = M7 (¢) (AZ,bq &, Cq) , MPI(g) = 0P1 + gfPTCT 4 O (g )
The classical action Sq (A) in Sgp (¢) = So (A) + ¥ (¢) 5 is invariant under Ay Y Al asa
particular case (¥ (x) = const) of invariance under the finite form A, 1A A}, of gauge transformations
Al =VAV 147V (9, V1), Du(A) =VDy (A)V, V=exp(—gTFeP), & =¢(x), (11)

while the invariance of ¥ (¢) ‘s under o4 LS ¢'4 reflects the explicit form of ‘s and the fact that
the gauge functions x” (¢) are local and constructed from the fields ¢, structure constants fP7" and
derivatives d,, for instance, in Landau and Feynman gauges,

XL(9) =AY, xi(9) ="+ "4, (12)
so that, in particular, x? (¢) transform as SU(N) vectors, with ¥ (¢) being invariant under ¢~ LS P4,

x(¢) =Ux @)U, ox*(¢)=gf"x" (¢)¢

Due to the same reason, local composite fields o™ (¢) constructed from the fields ¢4,
structure constants fP1" and derivatives d,,

oM (¢) = PP (9(x)), mo= (x,pr P W),

in the path integral (6) for Z (], L) transform under ¢* Y ¢'4 as tensors with respect to the indices
P1s--s Pks

o PrepKBCIE = ML MPRIR ke
5ggm~~mlm~-w =g Y fpsrsqulmrsmpk\m Ml = gf{P}rqgmwrmpk\m el (13)
1‘56{71, g }

which generalizes the vector transformation. As a result, the exponential in the path integral (6) for

Z (J, L) is invariant under cpA g ¢’ A along with some global transformations of the sources [, Ly,

(]A/ Lm) g (]A/ Lm)// ]A = (](F]A)V/](ph)/](pc—)/]égc))/ L = Lpl ]‘ZIZ( 7 (14)
in a tensor and infinitesimal form,

,] ] ) _ Mpq(]‘m‘*qu ,]q_)’]q ) L‘;fl " = MPi1. MpquLzll ‘,Lk] ,

] (15)
P; )’](E)/](C)) fpfq(] ,](b,] ] )‘1/ 5gL51 IZ;;_ f{p}"inl'"r“'pkgq

(If’;
5 (1)

which entails the invariance of the source term [4¢? + L0 (¢).
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Let us introduce an additional field B;, = B T? having a gauge transformation as in (11),

By > B, = VB,V 4 g7V (9,v7"), (16)

with the inherent property
Dy (B') =VD, (B)V~", Dy (B)=0,+gB,, (17)

and subject the exponential in the path integral (6) to the modification

oxp {3 [5ve (0) + Jo + Lo (9]} = exp {4 (S (0.8) + Jo+ Lo (0,B))}, 9)

9,—Dy(B)
where the replacement 0, — D, (B) reads as
O = Dy (B): [0y, 0] = [Dy(B),e] = [Du(A),e] = [Dy(A+B),e], (19)

so that
Fuy (A) — [Dy (A+B),D, (A—l—B)] = Fu (A+B). (20)

Due to the transformation property (17) of the derivative D, (B), the generating functional
Z (B, ], L) modified by the field B, according to (18), (19),

z(8,J,1) = [ d4>exp{ [Sep (¢, B) + Ja¢” + Luo™ (¢,B)]}, @1
is invariant under a set of local transformations,
6:Bl, = DI7(B)¢,
Se (I Ty T T = &P Ty Ty Tie) )G, (22)
e

given by the gauge transformations (16) of the field B, combined with a localized form U (g) — V ({)
of the transformations (14), (15) for the sources J4, L, with infinitesimal parameters ¢?,

(B;u ]A/ Lm) X} (B;u ]A/ Lm), .

The invariance property Z (B/,]J',L') = Z(B,],L) can be established by applying to the
transformed path integral Z (B’, ], L") a compensating change of the integration variables:

o (AL bP, PP ) = gft" (A, b, ) &, (Aub,ee) 5 (Awbec),

whose Jacobian equals to unity in view of the complete antisymmetry of the structure constants.
The invariance of Z (B, ], L) can be recast in the form

—> —
...... 1)
D P‘i pi--fep
/d { D )Cq} +8qu{p}le i k(SLm Pk
Pl M1 M

K K K 7
+ g&afrm (I(’V +] _|_](C +] ) } Z(B,],L)=0. (23)

Sl
o 5] 5] 5]
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2.1. Effective Action and Gauge Dependence

Let us present a generating functional of vertex Green’s functions and examine its gauge-
dependence properties. To do so, we first introduce an extended generating functional Z (B, J, L, ¢*),

Z(B,J,L,9") = [ dpexp {; [Sext (¢, 9, B) + Jag™ + Lo (9, B) } : 4)

with an extended quantum action Sext (¢, ¢*, B) defined as

Sext (¢,9",B) = Sp (¢,B) + ¢4 (¢"5q), Sq="5|; .p,m)  Sa5q=0,

where ¢’ is a set of antifields introduced as sources to the variations ([)A s q- Given the properties
Sep (¢) s =0and s q?q = 0, the extended quantum action Sex (¢, ¢*, B) satisfies the identity

=0,

Sext (¢/ 4)*/ B) <?q = Spp (¢/B) <?C[ = Spp (¢) ?

9,—Dy(B)

having an equivalent form, implied by the antisymmetry of the structure constants:

i

, _ —(_qyelot) O 0 o
Aexp (i/h) S =0, &= (1) S5 a2 <0 (25)

In view of (24), (25), the variation é¢Z (B, ], L, ¢*) related to a change d¥ (¢, B) has the form

5yZ (B, ], L ¢") /d¢ exp {% a9 + Luc™ (9, B)] } dy exp [ oxt (0,97, B)} (26)
by exp (%sext> = %fw?q exp (%sext> =—A {(N’exp (%sext)] , ¥ = 0¥ 4(07 5 ),

which can be represented as

— .
S9Z = 6¥ 4 <h ;] B) 5; = hns‘if (h 5‘5] B)Z (27)
A

where the second equality is a result of integration by parts in (26), and @ is a nilpotent operator
(which is also found in the Ward identity @Z = 0), namely,

—
h 5 1)
A m A2
w = ]A—i—Lma,A( 3] B)] —(54)2, w”=0. (28)

In terms of a generating functional I (B, ¢, £, ¢*) of vertex Green’s functions with composite fields
(on a background By) given by a double Legendre transformation [94],

I (B,¢,%,¢*) =W (B,],L,¢*) — Ja¢™ — Lu [" (¢,B) +Z"] , W= (1/i)InZ, (29)

where

— — — —
A ﬂ,zm W_(,m<5W,B>,_]A S Lt (90B)) —Ln = T

<

5Ja 6L i SpA oxm



Symmetry 2020, 12, 1985 8 of 26

The variation éyI' (B, ¢, %, ¢*) induced by (27), with account taken of d¢I' = ¢ W, reads

Vi T 3T 3T
Syl = <<5‘F>>W@ - <<‘W>>MW + [0 (¢, B) — 0" (¢, B)] @W“&T))
— — — — — —
] ) N oT 0 ) . oT )
- ( M (@”&(M)W) ,df} s+ |Toam (o-”c'w,B)m) : a"<4>,B>} 52> (%))
— — —
j n D 0 . oT )
+%(71)6(U )+e(p >¢%(¢/B) r&:—m (qﬂé((P'B)‘S%) ,¢D} S ((6Y))
— R — —
_\e(@™)+e(pP)e(9?) | m S na n-1\4? o 6T\ o ({0Y)
(=D [o,D(qu),rJzn ¢A<¢,B>} G R P R (30)
S¢T = @r((6¥)), ((0F)) =3¥($,B), (31)
where
_>
A
q’sA — (PA + lh (G//—l> a 5&5)31 (I)a — ((PAer) ,
— — — —
0 1 5 4 1)

In (30), (31), @r is a Legendre transform of Wy = e /MW et/ with @ given by (28),
and therefore @&r inherits the nilpotency of &, namely, @} = &}, = 0. From (30) it follows,
according to [95,96], that the generating functional I' (B, ¢, %, ¢*) is gauge-independent, é¢I' = 0,
on the extremals

or or

spA ~ oz (32)

so that the effective action T = I'egr (B, X) with composite and background fields defined as
Tegr (B, X) = F(B,¢,Z,¢*)|¢:¢*:O (33)

is gauge-independent, 6yT st = 0, on the extremals (32) restricted to the hypersurface 2 = ¢% = 0 of
vanishing quantum fields ¢ and antifields ¢’ This result on gauge dependence, in fact, holds true
for general gauge theories, whose gauge algebra may be open, and whose gauge generators may
be reducible, given an appropriate field-antifield structure. Besides, since the restricted generating
functional Z (B, ],L), as we set ¢* = 0 in (24), satisfies the identity (23), which is also valid for
the related functional W (B, J,L) as we substitute Z = exp [(i/h1)W], the effective action I's¢ (B,X)
defined by (29), (33) obeys an equality resulting from a Legendre transform of (23) written in terms of
W(B,],L) = W(B,],L,¢")|4—o and then reduced to ¢4 =0,

r ; r
/ dPx § [D1 (B)g1] o + g fPHIEf L et LT (B, ) =0, (34)
SB] o[

as a consequence of the following identity implied by the notation f{P}'7 in (13), due to the
antisymmetry of the structure constants:

7 o 0
flovaghne 0 = _plptagpeien 2 (35)
AN Ly

The effective action is thereby invariant, 6z['ef = 0, under the local transformations

8:Bl, = D} (B) &1, 6;xplhk = gflpifaphi Pead, (36)
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which consist of the initial gauge transformations for the background field Bﬁ and of the local SU(N)
transformations for the fields Zﬁi'fji;. Note that we assume the existence of a “deep” gauge-invariant
regularization preserving the Ward identities (see, e.g., [14]), and expect the corresponding

renormalized generating functionals to obey the same properties as the unrenormalized ones.

2.2. Background Field Interpretation

In order to interpret the generating functional Z (B,],L) in (21), note that the modified
Faddeev-Popov action Sgp (¢, B) defined as (18)—(20) is invariant under the finite local transformations

(Aub,cc) 5V (Aybec) V', B, 5 VB,V 14+¢ vy, V! (37)
and acquires the form
Sep (¢,B) = So(A+B)+¥ (¢,B) 5, (38)
where
So(A+B) = So(Alf,e-[pyB)e] = 50 (Alp,(4)5D,(a48) -
o
Y@B) = Y@lpeopue] Sa= 5 b, a)-n,aem) - (39)
and the variation ?q reads explicitly
(Au,b,¢,¢) ?q = ([Du(A+B),c],0,b,8/2c,cl,) ,
(Ahvr,er,er)Sq = (DT(A+B)cl,0,b7,g/2fr7clc") . (40)

Thus, the Landau and Feynman gauges (12) are modified to the respective background gauges
X! (¢,B) = D} (B) A", XE (¢, B) = bP + D} (B) A"¥. (41)

In the background field method, a quantum action Sgp (¢, B) given by (38), (40) is known as the
Faddeev-Popov action with a background field B,,. The quantum action Sgp (¢, B) is invariant under
global transformations of ¢, with a nilpotent generator ?q and an anticommuting parameter A:

5\Sep (¢,B) =0, opt =951, e(A) =1. (42)

Infinitesimally, the local transformations (37) for the fields A,, B, are known as background
transformations, &}, (AH, B P), and the transformations of Ay, B, corresponding to the modified Slavnov
variation ?q in (38), (40), (42) are known as quantum transformations, dq(A, By),

5bA‘u =9 [A‘u, TP@'P] , 5bB}l = [
0qAu = [DH (A+ B) ,Tpé‘p] , 6qBy =0,

while the classical action Sy (A + B) is invariant under both types of such transformations. In this
regard, the family of background gauges x” (¢, B) = ¥ (A, B) + («/2) bP, parameterized by « # 0
and defined as (39),

X" (A, B) = xF (A)|[aw.}_>[DP(B),.] ’
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with the Nakanishi-Lautrup fields b? integrated out of (21) by the shift b? — b? + a~! ¥ at the vanishing
sources, | = L = 0, transforms the vacuum functional Z (B) to the representation (for the convenience
of Section 3, we denote A = Q),

i

Z(B) = /dQ dc de exp {h [50(Q + B) + 54¢(Q, B) + Sn(Q Bz, 0)| } ,

1 P ' D5 o
ng (Q/B) 75 /de XPXP; Sgh (Qr B) = / de c? 5qXp’§_,C ’ (43)
where the gauge-fixing term Sgf = Sg¢(Q,B) is invariant, 6,Sg = 0 under the background
transformations, due to d, ¥ = gf7"%"¢7, which can be employed as a definition for the quantum
action in background gauges x” (Q, B) depending on the quantum and background fields, with the
related background and quantum transformations (see also [5]),

dpBl = DY (B) &, 6,Ql = gf"" QL

44
54BL =0, 64Q% = DI (Q + B) &, (“44)

The quantum action and the integrand of Z(B) in (43) are invariant under the residual local
transformations (37),

(Qucc) 5V (Quec) V', B, % VBV '+g Vo, v, (45)

corresponding, at the infinitesimal level Oz (By, Qu, ¢, c) , to the background transformations J}, along
with some compensating local transformations of the ghost fields:

6 (B, Qi o, ) = (3B}, 65QL, 8f7"IC°E1, gfPICTEY).

In view of the above, we interpret Z (B, ], L) in (6), (18), (19), (21) as a generating functional of
Green'’s functions for Yang-Mills theories with composite fields in the background field method, or as
a generating functional of Green’s functions with composite and background fields in such theories.
As has been shown, this interpretation provides for such theories the existence of a corresponding
gauge-invariant (36) effective action, being gauge-independent on the extremals (32) for the extended
generating functional of vertex functions (29) when these extremals are restricted to the hypersurface
of vanishing antifields and quantum fields.

3. Volovich-Katanaev Model

Let us examine the model of two-dimensional gravity with dynamical torsion described in terms

of a zweibein e;, and a Lorentz connection wy, by the action [50]

1 g 1 .
Sole,w) = /dzx e (WRW”RW’I«]« - @THV’T”’Q - 7) , (46)

where «, 8, v are constant parameters, and the following notation is used:

e = det e;,
Ry = €/Ryy, Ry =0duwy— (p<v), (47)
Twi = ayei + sijwyevj — (o v).

Here, the indices of quantities transforming under the local Lorentz group are denoted by Latin
characters, 7, j, k... (i = 0,1), with el being a constant antisymmetric second-rank pseudo-tensor
subject to the normalization "' = 1. The indices of quantities transforming as (pseudo-)tensors under
the general coordinate transformations are labelled by Greek characters, A, y, v... (A = 0,1). The Latin
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indices are raised and lowered by the Minkowski metric #;; (+, —), and the Greek indices, by the
metric tensor g,y = nije;e{,. The action (46) is invariant under the local Lorentz transformations,

el — el
p 7 Cur

wy—>w/y,
el = (Aey)i,

(Q)} (AQATYE 4+ (A0 A, (O)F = Xy, (48)

or, infinitesimally, with a parameter (,
dcey = eleyl, S = =9, (49)

. . ! !
as well as under the general coordinate transformations, x — x = x (x),

. Lo It .
e, — eu(x) ax—,yel)\(x),
’ ’ axA
wy = w, (x)= ax—,yw;\(x), (50)

implying the infinitesimal field variations, with some parameters ¢¥,
0zel, = L0, + (0el )", Spwy = WDl + (Byewy ). (51)

The given model can be quantized using the Faddeev-Popov method, since the gauge
transformations (49), (51) form a closed algebra:

by o] = O
bz), z)] = z12) (52)
6, &) = oy,

where
&) =¢" 10" 2) — (0" (1))¢" 2, ¢ = (9u0)E".

In [75], a quantum theory for the gauge model (46), (49), (51), (52) has been presented according to
the background field method, by using an ansatz for the vacuum functional which corresponds to Z (B)
of (43) for a Yang-Mills theory with the Nakanishi-Lautrup fields removes using a background gauge,
see also [5]. Thus, the initial classical fields are ascribed the sets of quantum Q and background B fields,
to be denoted by Q = (q;,, gu)and B = (e;l, wy, ), with the expressions for g,,,, as well as e, (Q;,) ; in (47),
(48), being related only to the background fields. One also associates the gauge transformations (49),
(51) with two forms of infinitesimal transformations, background ¢, and quantum 44, being constructed
by analogy with (44), so that the action So(Q + B) in (46) remains invariant under both of these forms
of transformations,

Spely = ey 0+ eLdul” + (9uel)EY,  Goiy = €Tq,T + q10u8" + (9ug})E,
Spwy = =0l + wy0uGY + (dvwy)G”,  Sudu = quoud” + (9vqu)g",

5qei¢ =0, ‘Sq% = gij(eyj + qu)C + (e} +4)9ug" + (ave;; + al/q;'l)gvl
dqwu =0, dqqu = —0ul + (wy + q)0u8" + (dywy + dvgu)E".

(53)

(54)

One next introduces the Faddeev-Popov ghosts (¢, c), (c#, c#) according to the respective number
of gauge parameters g, ¢* in (49), (51),

e(c,cc,c') =1, gh(c,c') = —gh(c,e") =1,
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and considers an analogue [5] of the generating functional of Green'’s functions, (¢,c*,c,c#) = (C,C),
Z(B,]) = /dQ dC dC exp{ [SO(Q+B) + Sge(Q, B) + Sgn(Q, B;C,C) +]Q]} (55)

where ] = (JI', J#) are sources to the quantum fields Q = (q;, qu), and the functional Sg¢ = Se¢(Q, B)
is constructed using some background gauge functions x, x, (for the respective gauge parameters
¢, ¢¥) as one demands its invariance, 6, Sg¢ = 0, under the background transformations, whereas the
ghost term Sy, = S (Q, B; C, C) is then determined by

Sgh = /dzx (E5q)( +Ey5qxﬂ)’(g,§ﬂ)a(c,cﬂ)' (56)

Let us choose the gauge functions x = x(Q, B) and x; = xx(Q, B) to be linear in the quantum
fields Q = (qi,,qy) asin [75],
X = eg’“’quv s Xp = eg)\veyiv/\%'/ ’ g}mg)w = 51}/41 (57)

where e = det e;l, S = 771']‘3;434/ and V, is a covariant derivative acting on an arbitrary (psedo-)tensor

field T;}Z’kﬁfz, in terms of the connection (Qy);: = Hxjwy and the Christoffel symbols Fﬁv

1
r;y = Eg/\a(avgya + aygvv - aagyv)r (58)
by the rule
1/1 Yy jreen VeV fledn A vievp e plv} Vi Ay
vy wMkiedm J Tyl Pkiy.. dm V{ﬂ}Ty]...)\...}lkﬁ 1m+ Tyl Pk dpim
{1y jreepecjin P V1 j1eejn
(Ql‘) Tﬂi P‘Ikzi dm (Q ){ }Tﬂ} Vlkli...p...lm 4 (59)

with the shorthand notation, px € {p1,..., Pm}, vk € {V1,-- -, Vn},

P opH1pn _ Pk {m} P‘l"'V"'Pn _ Hepb Vi fin
k
{} igeeepees im _ lk i1+ Pk I v 11 I Vg i1 -=+im
BT = ZF T " Gl T, ZG LT i (60)

so that the covariant derivative V, features the standard properties (with F, G being arbitrary
(psedo-)tensor fields)

Vegu = Vog" =0, V,(FG) = FV,G + (V,F)G. 61)

The above objects make it possible to construct the gauge-fixing term S as a functional quadratic
in the background gauges x, x¥ (including some numeric parameters a, b)

1
Sgf = 5 /dzx e ! (axz + beX”) (62)
and invariant under the local Lorentz transformations

e]j = (Aey), %4 (A‘ht)
QW = (AOA DI+ (ARAT, g, = gy (63)
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. . !/ !
as well as under the general coordinate transformations, x — x = x (x),

re,o ax/\ P I I ax/\

i) = ek (1), W) = San(),
i, aXA P I I ax’\
u(x) = axi/y‘ﬁ\(x), qu(x) = m%(’f)- (64)

The field transformations (63) and (64) coincide infinitesimally with the background
transformations (53), which thereby implies the fulfillment of §,S;¢ = 0. Having this in mind,
as well as the fact that the non-zero quantum transformations (54), with account taken of (59), can be
represented as

Sqdy = €(eyj+ qu)c+ (€ + ) Vuc + (Voel, + Vg, )c” — ey (eyj + qu)c’,
Oy = —Vuc+ (wy +qu)Vuc" + (Vywy, + Vigu)c”

under § — ¢, ¢ — c¥, the ghost contribution Sgy, in (56) reads

Sgh = /dzx e {—CcV, VFc+eVF[(Vywy + Vigu)c” + (wy + qu) Ve
+eee, VY [(ey; + quj) (€ — wpc?)]

+ eV [(Vael + Vagh)eh + (eh +) Vuc']} (65)

The quantum action in (55) represented by (46), (57), (62), (65) turns out to be invariant (which is
also valid for the integrand in (55) once the sources are put to zero | = 0 under the assumption
6 (x) = 0,6 (x)|,_, = 0) with respect to the background transformations (53) accompanied by a set of
compensating local transformations for the ghost fields [75],

dc = (9,¢)GH, ot = —¢0, M + (0y0M)EY,

dc = —ct9, L + (9,c)¢lt, oct = —c"a,¢H + (dyct)EY. (66)

From (53) and (66), it follows that the generating functional Z(B, J) in (55) is invariant [75] under

the initial gauge transformations (49), (51) of the background fields B = (e;l,wy) along with the

following local transformations of the sources | = (JI', J#):
SJf = —efJI T — TYaug! +0u(JI'EY), 61" = —J'aug! +0u(J'"), € ="y, (67)

which implies the property

60Q) = [dxaur*, P ()= (Jigh+Ta.) &

for the source term [Q in (55) and extends an infinitesimal tensor transformation law for the sources
J 114 and [* by adding the contributions ]ly 0,¢" and J#9,¢Y, indeed,

oJf = [~ Ite — ot + @uINE | + 1Y, o1 =[]0 + (B8] + 0,

Given the invariance of Z(B, J) = exp{(i/h) W(B, ]) } under (49), (51), (67), one establishes the
invariance [75] of a functional I' = T'(B, Q) defined as

I(B,Q =W@BJ)-Jo, Q=L = —%,

5 Q = (g 4y) (68)
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under the background transformations (53) of the fields B and Q,

ST = [ x| 5B () + 5000 ()] =

which entails that the effective action I'w¢(B) of the background field method,

1-'eff(B) = F(Br Q)|Q:0 7

proves to be invariant, Oigeleit =0, under the gauge transformations (49), (51) of the background
fields B = (e}, wy).

Composite Field Introduction

Let us extend the generating functional (55) proposed in [75] to a functional Z(B, J,L), as we
introduce a set of local background-dependent composite fields o™ (Q, B) with sources L;;,

"(Q,B) =i (Q(x),B(x)), Lw=LE"M (x), m=(x,i,... i1 ),

i iy

and denote the entire quantum action by S(Q, B;C,C),
Z(B,J,L) = /dQ dC dC exp {;l [S(Q,B;C,C) + JQ + Luc™ (Q, B)] } . (69)

In this setting, we demand that the extended functional Z(B, J, L) inherit the local symmetry
of Z(B,]) under the transformations (49), (51), (67) of the background fields B = (ei u) and the

sources | = ( ]1-” ,J"). To do so, we impose the condition that the composite fields o, ” ll’fn(x) =
(7;}1 ’;’j’n (Q(x), B(x)) should behave as tensors with respect to the Lorentz (63) and general coordinate

(64) transformations of the quantum and background fields,

U;Z11 ;er (x) = A] : Almo-]]/lll ],Zln(x) ’
/ dx¥1 axvn / /
o) = S o), =x (). (70)

dx # dx Hn

Generally, a composite field (7;,11 Z;Tn (Q, B) transforming as (70) is multiplicative with respect to

the quantum fields Q = (qw qy) and the background field objects e » &uvs Ryy i, T,', see (47). Such a
field may also include some background covariant derivatives V, actmg as (59), (58) and having the
properties (61). Given this, any composite field limited by 0';,11 Zﬂn (Q,0) # 01is allowed to contain the
background fields B only via the covariant derivative V, defined in terms of FW’ (QH) and acting on

qy, qu as follows:
Vugy = ougy — Fﬁqu)\ + (Qu)l‘qjv + Viugy = 0uqy — Fﬁvq)\ .

The transformations (70) correspond infinitesimally to local tensor variations 50’m i \ith

7!

parameters ¢ and ¢¥,

b0, = e O 20+ @) @

Under these assumptions and the invariance of the vacuum functional in (69) with respect to the
background transformations (53), accompanied by the compensating local transformations (66) of the
ghost fields, the modified generating functional Z(B, ], L) in (69) is invariant under the initial gauge
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transformations (49), (51) of the background fields B = (e ,wy) along with the local transformations

(67) of the sources | = ( i 1;4 ] ") and some local transformations of the sources L?l r i: ",

(SLMl ‘Un _ }{5 L]/ll ‘Un é’_LV "'V"'Hna g{y}+a (Lﬂl Hng ), (72)

ip-edm i} i i ip-+-1p

which diverges from the infinitesimal tensor transformation law by the contribution Lﬁ IZ: "9y¢Y,

SL H1-Hn :|: LV] ‘Hn g_L "'V“'l/lna g{],{}_i_(a LH] Hn)écv] +L ﬂ] .”navéﬂ//

(AR {i} Zig-pevim i1im i

and provides for the source term L;,c™ in (69) the transformation property

6 (Lno™) = [ #xa,G*, GF =Ly aler.

11+ l
The invariance of Z(B, ], L) under (49), (51), (67), (72) can be represented as
dZ ij, . i 9, & ) i\xv 4 p) 9., & d v J
X {5 euiG + e, (9ug") + ( Vey)‘: } @‘f‘ (=00 + wy(9,8") + (Qywy)E"] @

[ @) 0] o 170 28] g

5}” (SIP‘
oD iy U nxv 4
— [y L, L+ L 0g ) — 9 (L) g )]W} Z(B,J,L)=0.  (73)
1 lm

Let us introduce a functional I' = T'(B, Q, X) given by the double Legendre transformation

T(B,Q,E) =W (B,],L) = JQ— Ly [0" (Q,B) +£"], W = (1/i)InZ (74)
in terms of additional fields X" = Z;}l ff?’ﬁn (x),
oW oW oW oT oo™ or
=—, X"=— - B — +L —Lp= .
T R G L A S SRUE
The effective action I'e (B, L) with composite and background fields,
Iﬂeff (B/Z) = F(Br QIZ)|Q=O ’ (75)

then satisfies the identity
[ d?x { [effewg +e,(9u8") + (ave;)gq % + [=08 + wu(0u8") + @uew)S'] 55

i (s (@, S+ (ByEgl T )& S | R Tegt (B,Z) =0,
{} 552,11.“,,#;;1,,1 + y,,( v‘: ) Z;}l-f:{--yn +( V&g yn)‘;’ 52;}1 1741;1 eff( )

due to integration by parts in (73), as written in terms of I'(B, Q, X), which is completed by setting
Q = 0™ (0, B) = 0. Using the latter identity for I'e¢s (B, X) and the following consequences, cf. (35), of
the notation (60),

o i}ire oo o
ll lm o o {Z} Ipim
{Z}Z (5211"”“'1}” = % - 52;}.“1};; ’
1 Hn
i~~~im 5 . Z““im v 5
Zﬁlmyn(aﬁg{u})w = Bt Q) o,

Uiy H1Hn
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by virtue of 5];'( = iy = 8’; () = el = -1, &) = el = 0), we find that T (B, L) is invariant,
(z,5)Letr = 0, under a set of local transformations comprised by the gauge transformations (49), (51) of
the background fields B = (e;, w,) along with the infinitesimal local tensor transformations

SgoyTih = ey Eh e 908" + (0T, e (76)

of the additional fields le l’”n, cf. (70), (71).

4. Gribov-Zwanziger Model

Let us examine the Gribov-Zwanziger model [23,24] implementing the concept of Gribov
horizon [22] in quantum Yang-Mills theories by using a non-local composite field. To this end,
we consider a Euclidean form of the Faddeev—Popov action Sgp (¢) in Landau gauge )(]’i (¢) = ot Aﬁ,
(8), 9), (10), and examine a non-local horizon functional H (A),

= 'y/de {/ dPy frg AT (x) (Kil)pq (x;y) fr g Al (y) + D <N2 = 1)} .77

where, in Euclidean metric A, = A¥, we use the signature 77, = (=, +,...,+) under the Wick rotation

xY — ix9, AP 0 5 jAP ‘0, Spp — iSpp and maintain the summation convention A, B, = A, B¥; besides,

K~ is the inverse,
/ Pz (K*l)pr (x:2) (K) (z;y) = / Pz (K)P" (x;2) (K*l)w (y) =6"M5(x—y),  (78)
of the Faddeev-Popov operator K in terms of the gauge condition o# Ap =0,
K (x3y) = (81102 + gfrrALd! ) o (x —y), KM (x;y) = K (y;%), (79)

while v is a Gribov thermodynamic parameter [23,24], introduced in a self-consistent way by using a
gap equation (horizon condition) for a Gribov—-Zwanziger action Sgz = Sz (¢),

agl‘;ac =0, exp (—hilEvac) = /d<p exp (—FFlSGZ) ,

where Ey, is the vacuum energy, and the action Sgz reads

Scz (¢) = Sep (¢) — H (A) . (80)

A generating functional of Green'’s functions Zy (]) for the quantum theory under study can be
given in terms of a Faddeev-Popov action shifted by a constant value, Sgp (¢) — H (0),

Zu ()= Zu U)oy, Zu (L) = [dp exp { =171 [Sip(9) = H(0) + a9 + Lo (4)] }, @D
where L = L (x), e (L) = gh (L) = 0, is a source to the non-local composite field
7 (A) (1) =7 [Py FPRAY (x) (R (xiy) fiigAh (y), 52)
with K1 being the inverse,

/dDZ (KD (x:2) (K)" (zy) = /dDZ (R)P" (x:2) (R (zy) = P16 (x —y),  (83)
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of an operator K defined for a quantity FP = FF (x),
[Py (R (x59) F1 (y) = [0, (D" (4), F)P (1), Au(x) = TPAL (x), F(x) = TPF (x),  (84)

which implies
RP (x;y) = 9D} (A)6 (x —y), (85)

and reduces to the operator K of (79) under the Landau gauge condition due to Sgp (¢) in the path
integral (81).

4.1. Formal Background Introduction

Let us now formally extend the generating functional Zy (], L) with a non-local composite field
(81)—(84) to the case of an additional background field B, with a covariant derivative D, (B) and the
gauge properties (16), (17), by using the approach (2), (19), as adapted to Euclidean QFT, which implies
a modification of derivatives d, — D, (B) in (81), according to

Zu (B,L) = Zut (1, Lla, e = [ ddexp {17 [Swe (9B) = H (0) + Jag" + Lo (4,B)]},
(86)
where Sgp (¢, B) is the Faddeev-Popov action in the Landau background gauge x| (¢, B) = 0, see (41),
and o (A, B) is a non-local composite field on a background,

7 (AB) (x) = [Py Frg A (x) (Rg) (xiy) fFIgAT (y). 7)

Here, Kgl is a modified operator K1 as in (78), with the related inverse Kp given by the
replacement K — Kp,

[Py (RF (i) 1 (v) = [Dy (B), [D" (A+B), FI)Y (x), F(x)=F ()T, (89)
and having the explicit form
()’ (x;y) = D} (B) D" (A +B)6 (x — ). (89)
In the particular case, cf. (81),
Zy (B,]) = Zu (B,],L)|;_; ,
we obtain the generating functional
u(B,)) = [dgexp {~17"[Scz(9,B)+Ja9"|}, Scz(#,B) =Sk (9,B) ~H(A,B), (%0)

with a non-local term H (A, B) given by
H(AB) =+ [ dPx | [ dPy frtgar (x) (K1) () fotgasl (y) + D (N2 -1 91
(4,B) =7 [ dPx | [Py frrigar, () (K5')" (uy) frigas () + D (N2 =1) . D)

Here, Kgl is the inverse of an operator Ky as in (83), which is identical with Kp in (88) being
expressed, due to Sgp (¢, B) in (90), by utilizing the gauge condition Dﬁq (B) A7l* = 0 and the properties
of fP1" including the Jacobi identity,

K () = [02 4§ (0uB") + g (Ay +2B,) 0"+ (A + B) B o (x—y), (9
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where Ay, B, are matrices with the elements (Aﬁq, qu) = fPH (AL, B;) and Kp (x;y) is related to

Kg (x;y) in (89) as follows:

Kg (x;y) = Kp (x;y) = & [Dy (B) , A"] 6 (x —y) = D" (A+B) Dy (B) 6 (x — ). (93)
The operator Kp extends the original operator K in (79) and exhibits the properties

Kglg_o =K, (Kp)" (x;y) = (Kp)" (y;x), (94)

which can be verified by a direct calculation:

[Py [(Ke)" (i) = (Ke)™ ()] F9 (4) = gf”"" [Df (B) A™W] F7 (x) = 0.

By virtue of (94), one may formally interpret Sgz (¢, B) as a Gribov—Zwanziger action on a
background By, with the corresponding non-local horizon term H (A, B) in (91), (93) and the generating
functional Zy (B, J) in (90). However, since the background introduction (2), (19) has been applied
to a non-local composite field it is natural to examine the consistency of the above interpretation
with the symmetries exhibited by Zy (B, J). To this end, it is useful to recast Zy (B, J) in a local form
by extending the configuration space according to [97], in such a way that one introduces a set of
commuting (¢},7, ¢},) and anticommuting (@}, w}’

complex-conjugate,

) auxiliary fields, where (ﬁﬁq and (pﬁl7 are mutually

((Py /‘Ppt /wzq/wy ) =(0,0,1,1), gh( (P}l ’wﬁq’wﬂ ) (0,0,-1,1).
This makes it possible to construct the parametrization
exp {hil [H(A,B)—H (O,B)}} = /d(;’) de dw dw exp {—7’17187 (A,B; ¢ o, a‘;,w)} , (95)

where
/dD PR gl @K 12 g ATl ((qu 4 (qu)} (96)

as we denote

Kol (x /dDyKW (xy) @i (v), Kilw!( /dDy K§T (x,y) wyl (y) .

In the configuration space ® = (¢, §, ¢, @, w), the functional Zg (B, J) of (90) takes the form

u(B,)) = [ dbexp {~n7" [Soz (@,B) + 49|}, ©7)

where the local action Sz (P, B) of the Gribov-Zwanziger theory on a background reads (note the
antisymmetry of fP1")

S6z(®,B) = Sep(#B) —H(0,B) + 5k (®,B) —in1%g [aPxTe 4" (g, — o},
Sk(®,B) = [dPxdPyTe [-¢" (1)Ks (x,y) 9} (1) + @ () Ks (v )k (1)] . 98)

Using the explicit form of Kp (x,y) in (93), the antisymmetry of fP7, and a repeated integration by
parts, one can remove the delta-function ¢ (x — y) absorbed in K (x, y) and present Sk (®, B) in (98)
as follows:

Sk (@, B) = /de Tr [~@"D, (A+B) D" (B) ¢ + @Dy (A+B) D" (B) w] . (99)
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The action Sgz (P, B) is invariant under the global SU (N) transformations

~ _ - u _ _ - —
(A‘M/ B]/l/ b/ Gc, q)]/ll (P};/ w]/l/ (U;) — u (A]l/ B]/l/ b/ (Y q)]/ll 4’;/ w]/l/ (UE) u 1' (100)

The infinitesimal form of (100)
rs prg -S rs ppr S = = T - T\ "1
S FP1 = gfPISFIIcS 4 gf"SFPTeS, FPI = (Ay,By,b, ¢, q)y,q)wwy,wy) (101)

produces a unit Jacobian (due to the antisymmetry of fP7") in the integration measure of (97) and
leaves the functional Zy (B, ) invariant under infinitesimal global SU (N) transformations for the
background field B, and the sources ]4, having the adjoint representation form

pa
5ngq — gfprsGrligs +ngTsGPrgS, GP1 = (B}U ]V(A)’](b)’](f)’l(c)> . (102)

This behavior of Z (B, J) obviously entails an invariance of the restricted generating functional
Zy (J) under the global SU (N) transformations of the sources; however, the global SU (N) invariance
of Zy (J) fails to translate itself into a local symmetry of the background functional Zy (J, B). Indeed,
let us apply an infinitesimal form of the local change of variables (U — V)

®% o, B, BB, =VB,V 14+glV (ayV*l) ) (103)

with a unitary matrix V = V (¢), ¢ = ¢ (x), to the integrand in (97), which produces a unit Jacobian
and a variation 6zScz = 6z Sk in (98), so that the presence of extra derivatives 9,V ! and 0>V~ in the
transformed expression

Sk (@,B) = /de Tr [~V§'D, (A+B) D' (B) gfV ™!+ V"D, (A+ B) D" (B) wl V]

” /de Tr [~V -1V@"D, (A + B) D' (B) g} + V" 'V@"D, (A+B) D" (B) w}|,
implies Sk (', B’) # Sk (®, B), also involving a local non-invariance of the background horizon term,
H(A',B") # H (A, B). Finally, in view of 6z (Ja¢*) = 0, the functional Zy; (B, ]) is not invariant under
the background gauge transformations of B;, with the local SU (N) transformations of ], since the
latter do not compensate the variation 6zSgz (®, B) # 0.

4.2. Modified Background Introduction and Effective Action

The local non-invariance of Zg (B, J) can be explained by the fact that the background field B,
has been introduced directly into the non-local horizon term H (A) by means of (93), while localizing
the resultant background term H (A, B) by the auxiliary fields (¢, ¢,) and (@j,, wy,) does not provide
them with a covariant derivative as in (19), which is evident from (99). In order to remedy this issue,
we examine an alternative introduction of a background field, i.e., by using a local parametrization
of the original horizon term H (A) at a point before a background has been switched on. To this end,
let us consider the expressions (95)-(98) when restricted to B, = 0 and recast the functional Zy ()
given by (81) in the form

Zu () = [ d® exp {~1" [Scz (@) + Ja9*] }, Scz (®) = Scz. (®,0), ® = (9,9, 9,@,).
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For a consideration of the auxiliary fields (¢, @) and (¢T,w?) on equal terms, note that the action
SGz (@) in the above integrand with the Landau gauge condition 9, A* = 0 encoded in exp [~7Sgp (¢)]
is equivalent to an action Sgz (®) which arises from replacing K (x,y) by K (x, y) defined as

1

K(xy) =35 [K(xy)+K(xy)], Kloy)=K(xy)+g[0,A']é(x—y). (104)

Using integration by parts, permutations under the sign of Tr, and the Landau gauge condition in
the path integral, one brings the equivalent action Sgz (P) to the form

Sz (®) = Sep(¢) —H(0)+ Sk (@) —ir'/%g / PxTe A" (u—g}), (105)

sc(@) = 5 [dxT{[D* (4), 02, + @9") [Du(4),4]]} - (9.0 > @),

which invites a natural introduction of a background, Sgz (®) — Sgz (P, B), according to (19),

Scz (@, B)

Sep (¢,B) — H (0) +Sic (0, B) =i %g [ aPx Te A (g, — o), (106)

Sc(@8) = o [aPxTe{[D"(A+B),¢" [Dy (B),g}] +1D" (B),¢"] [Dy (A +B),oF]}

(99— @w) = [ AP (— gl 4 I )
Let us consider the expression
1
(F,G) = —E/deTr{[DH (A+B),F] [D" (B),G) + [D, (B),F] [D* (A+B),G}, €(F)=¢(G),
and present it in the form
(F,G) = / dPx FPIichIeGrs — / 4P dPy V1 (x) KL (x39) G (1)
Then, due to the (anti)symmetry of (F, G) under the replacement F <+ G, we find
ICZWS (x;y) = IC;SW (y;x).

Given the above, we interpret Sgz (®, B) in (106) as an alternative local Gribov-Zwanziger action
on the background B, with the corresponding modified background horizon term H (A, B) defined as

exp {11 [H (4,B) — H (0,B)] } = /dq') dg do dwexp [~171S, (@,B)], #(0,B) = H(0), (107)

where

Sy (@) = Sc(®B)—in'%g [dxTr A" (¢~ o)

[Py [ g+ Kb iy 2g A (ol )]

By construction, the action Sgz (P, B) in (106) is invariant under the local transformations (103),
which implies a unit Jacobian in the infinitesimal case and leads to an invariance of the background
generating functional

Zu(B]) = [ 4@ exp {17 [Soz (@, B) + La®4] }, Zu @) =Zu (), (108
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with respect to local transformations of the sources and the background field:

0¢Bl = D' (B) S, & (Tuay: Ty Jiey Jie))P = 8F7" Uy Tioy Jioy Ty )€ (109)

The transformations (103) also provide a local invariance of the modified background horizon
term #H (A, B) in (107),

5:H (A,B) =0, 6:B, = D}, (B) &7, 6:Al = gfF"A;Z1.

Introducing the generating functionals of connected Wy, (B, ]) and vertex I'y; (B, ¢) Green’s
functions on a background,

_) (_
_ ) 1)
Zy = exp (17" Wy ), T (B,¢) = Wi (B,]) — Jag”, 9" = s Ja=Tugez,  (110)

one translates the invariance of Zy (B,]) under (109) into an invariance of I'y (B, $) under the
following local transformations, cf. (22), (23), (34), (36),

6:B} = D7 (B) &9, 6z(Au,b,¢,c)P = gfP (A, b,c,0)'EY, (111)

which consist of the gauge transformations for the background field B, and of the local SU(N)
transformations for the quantum fields ¢4, so that the background effective action Teg (B) for the
Gribov-Zwanziger model defined as

Tett (B) = T (B,¢)|pg (112)
is invariant, 6z T'eff = 0, under the gauge transformations of the background field B,,.

5. Conclusions

In the present article, we have approached the issue of a joint introduction of composite
and background fields into non-Abelian quantum gauge models on the basis of symmetries
exhibited by the generating functional of Green’s functions. Thus, we examine the Yang-Mills
theory, the Volovich-Katanaev model of two-dimensional gravity with dynamical torsion, and the
Gribov-Zwanziger theory.

Our systematic analysis of the problem focuses on quantum Yang-Mills theories and local
composite fields. As our first approach, we consider a theory quantized according to Faddeev and
Popov and including some composite fields (1), with the resultant generating functional Z (], L) having
an inherent symmetry under global SU (N) transformations of the sources J4, Ly, for the quantum
¢? and composite ¢ (¢) fields. As our second approach, we examine a theory quantized in the
background field method (3), with the background generating functional Z (B, ]) being inherently
invariant under local SU (N) transformations of the sources J4 accompanied by gauge transformations
of the background field B, with an associated covariant derivative D, (B). In the first approach,
we introduce a background field B, equipped with D, (B), whereas in the second approach we
introduce some composite fields o™ (¢, B) with sources Ly. In doing so, we demand that the

functional Z (B, ], L) givenby Z (], L) 5z (B,]J,L)and Z (B,]) Lz (B, ], L) reflect the symmetries
inherentin Z (J,L) and Z (B, J). The resultant Z (B, ], L) is thereby invariant under the local SU (N)
transformations of J4, Ly, combined with the gauge transformations of B, whereas our first and
second approaches are equivalent in the sense of (2) and (4), (5) with 0, — D, (B) given by (19).

In quantum Yang-Mills theories with composite and background fields, we have introduced an
extended (due to antifields ¢’ ) generating functional of vertex Green’s functions (24), (29), including
a background effective action (33), and investigated its properties. For the generating functional of
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vertex Green’s functions (effective action), gauge dependence has been obtained in terms of a nilpotent
operator with composite and background fields (30), (31), and conditions of on-shell independence
from gauge-fixing have been established. Thus, the generating functional of vertex functions is found to
be gauge-independent on its extremals (32), whereas the background effective action is is independent
of any specific choice of gauge-fixing at the extremals (32) restricted to the hypersurface of vanishing
antifields ¢% and quantum fields ¢*. The background effective action I (B, Z), depending on the
background field B, and a set of auxiliary fields £ associated with the composite fields ¢, is found
to be invariant under the gauge transformations of By, and the local SU(N) transformations of X",
see (36).

Introduction of composite fields in the approach Z (B, ) 5z (B, ], L) starting from a background
generating functional Z (B, J) has been extended beyond the Yang-Mills case by considering the
Volovich-Katanaev model [50] of two-dimensional gravity with dynamical torsion (in terms of a
zweibein e;, and a Lorentz connection wy) quantized using the background field method in [75]
and exhibiting a gauge-invariant background effective action. Thus, the quantum theory [75] has

been modified by introducing local composite fields /), with sources Lﬁ 11,12 ", as we demand for

Ui,ll'.'.',i i, to behave as tensors (70) under the Lorentz (63) and general coordinate (64) transformations
of background B = (elw wy) and quantum Q = (T qgu) fields. These transformations coincide
infinitesimally with the background transformations &, B and 4,Q in (53), constructed by analogy with
the Yang—Mills case (44). The corresponding background effective action I'egs (B, X) defined as (69),
(74), (75) has been found invariant under the gauge transformations (49), (51) of background fields B
combined with the local transformations (76) of additional fields Z;}l :f’P’,’n related to 0;411'.'.'.1' i, As in the

Yang-Mills case, (76) is an infinitesimal form of tensor transformations, cf. (70), (71).

Introduction of background fields in the approach Z (], L) 5z (B, ], L) starting from a generating
functional Z (], L) has been extended beyond the case of local composite fields by considering the
Gribov—Zwanziger model [23,24] implementing the Gribov horizon [22] for quantum Yang-Mills
theories in Landau gauge by means of an additive horizon functional H (A) which can be presented
in terms of a non-local composite field o (A). Direct introduction of a background field B, into
the composite field, o (A) — o (A, B), produces a formally consistent (94) background-modified
generating functional for the Gribov-Zwanziger theory, see Zy (B, J) in (90) with the corresponding
non-local horizon term H (A, B) in (91), (93). However, it has been shown that Zy (B, J) does not
inherit (in a localized form) the symmetry of the original Gribov—-Zwanziger functional Zg (J) in
(81) under global SU (N) transformations of the sources, as H (A, B) fails to be invariant under local
SU (N) transformations of quantum Yang-Mills field A, combined with gauge transformations of the
background field By,. Further, representing the original horizon term H (A) in a local parametrization
using auxiliary fields according to [97], we bring the related functional Z () to an equivalent (under
the Landau gauge) form with a modified horizon term H (A). This local parametrization admits a
natural introduction of a covariant derivative D, (B) as acting on the auxiliary fields by extension
d, — Dy (B) according to (19), which implies a background horizon term # (A, B) invariant under
the local SU (N) transformations of A, along with the gauge transformations of B;,. The resulting
modified background functional Z4; (B, ]) in (108) is consistent, Zy; (B, ])|z_y = Zn (J), and invariant
under the local SU (N) transformations of the sources combined with the gauge transformations of the
background field. The corresponding background effective action I'efs (B) for the Gribov-Zwanziger
model defined as (106), (108), (110), (112) proves to be invariant under the gauge transformations
6By = [Dy (B), ] of the background field By,. This effective action seems advantageous as a starting
point in approaching a renormalization analysis of the Gribov—Zwanziger model as one accounts for
the horizon in the background field method.

One should note, the calculations maybe independently done in the Computer Algebra Systems,
like Mathematica Singular or Maple. We checked the correctness some of the equations with use of
the Mathematica.



Symmetry 2020, 12, 1985 23 of 26

One more application of the suggested approach may be developed for QCD-gauge theory of
strong interactions with SU(3) gauge group [33,88]-to describe hadron (meson and baryon. e.g., proton,
neutron) particles as the composite fields, o (i, u, d, d, Ai), of up u and down d quarks (including left-
an right-handed spinors) of spin 1/2 and A%, @ = 1, ...,8 of spin 1 gluons fields. Here, the Grassmann
parity e(¢™) should equal to 1 for baryon and to 0 for meson particles.

Another interesting application of the presented background field method with composite fields
is a consideration of so-called Generalized Lagrange space (for metric fields) to exploit its properties
of curvature, torsion and deflection in order to take into account the asymmetries and anisotropies
arising from physical phenomena basically at the cosmological level.
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