New Journal of Physics

The open access journal at the forefront of physics

Deutsche Physikallsche Gesellschaft (I) DPG IOP Institute of Physics

PAPER « OPEN ACCESS

Quantum circuit optimization for arbitrary high-
dimensional bipartite quantum computation

To cite this article: Gui-Long Jiang and Hai-Rui Wei 2026 New J. Phys. 28 044502

View the article online for updates and enhancements.

You may also like

- Parallel use of a convolutional neural

network and bagged tree ensemble for the
classification of Holter ECG

Filip Plesinger, Petr Nejedly, lvo Viscor et
al.

- Automated detection of Chagas disease

from ECG signals using wavelet scattering
transform and RUSBoost classifier

Shivnarayan Patidar

- Enhancing ECG signal classification

through pre-trained stacked-CNN

embeddings: a transfer learning approach
Khadidja Benchaira and Salim Bitam

This content was downloaded from IP address 131.169.4.99 on 04/04/2026 at 01:54


https://doi.org/10.1088/1367-2630/ae55be
/article/10.1088/1361-6579/aad9ee
/article/10.1088/1361-6579/aad9ee
/article/10.1088/1361-6579/aad9ee
/article/10.1088/1361-6579/ae4b82
/article/10.1088/1361-6579/ae4b82
/article/10.1088/1361-6579/ae4b82
/article/10.1088/2057-1976/ad40b0
/article/10.1088/2057-1976/ad40b0
/article/10.1088/2057-1976/ad40b0

IOP Publishing

W) Check for updates

OPEN ACCESS

RECEIVED
9 October 2025

REVISED
15 February 2026

ACCEPTED FOR PUBLICATION
23 March 2026

PUBLISHED
2 April 2026

Original content from
this work may be used
under the terms of the
Creative Commons
Attribution 4.0 licence.

Any further distribution
of this work must
maintain attribution to
the author(s) and the title
of the work, journal
citation and DOL.

New J. Phys. 28 (2026) 044502 https://doi.org/10.1088/1367-2630/ae55be

Published in partnership
with: Deutsche Physikalische
Gesellschaftand the Institute
of Physics

Deutsche Physikalische Gesellschaft @ DPG

New Journal of Physics

The open access journal at the forefront of physics IOP Institute of Physics

PAPER

Quantum circuit optimization for arbitrary high-dimensional
bipartite quantum computation

Gui-Long Jiang"* and Hai-Rui Wei"*

1 School of Mathematics and Physics, University of Science and Technology Beijing, Beijing 100083, People’s Republic of China
% School of Mathematics, Harbin Institute of Technology, Harbin 150001, People’s Republic of China
* Author to whom any correspondence should be addressed.

E-mail: hrwei@ustb.edu.cn

Keywords: quantum computation, quantum circuit, universal quantum gate

Abstract

Implementation of high-dimensional (HD) quantum gates shows very promising perspectives for
HD quantum computation. A bipartite quantum system with arbitrary dimensions n and m is
termed a quNit—quMit. Here we propose a synthesis scheme to construct the quantum circuit for
general quNit—quMit gates with controlled increment (CINC) gates and local gates. This shows
that CINC gates combined with local gates form a universal gate set for HD quantum computa-
tion. An upper bound of O(n?) CINC gates is achieved for arbitrary quNit—quMit gate implement-
ation in the proposed scheme, which is the best known result. Especially for the controlled quNit—
quMit gates, our scheme requires only 2 CINC gates, whereas the previous scheme required 2.

1. Introduction

A high-dimensional (HD) quantum system, called qudit (d-level with d > 2), gradually exhibits remark-
able advantages over binary systems in quantum information processing, due to its higher informa-
tion capacity [1], better security against eavesdropping [2, 3], and boosted algorithmic efficiency [4-6].
The physical qudit platforms have been naturally achieved in photonic systems [7, 8], continuous spin
systems [9], ion traps [10, 11], and superconducting circuits [12—14]. Up to now, qudit-based quantum
communication tasks have been studied both theoretically and experimentally, including quantum key
distribution [15-17], quantum teleportation [18-20], and quantum cryptography [2, 21]. In the field of
qudit-based quantum computing, quantum algorithms [4, 6], quantum error correction [22, 23], and
HD quantum gates [24—33] have been widely discussed. By employing accessible qudits, qubit-based
circuit size, depth (the number of time steps required for quantum operations), and complexity (the
number of elementary gates required for the quantum computation) might be further reduced, and the
experimental setup for realizing qubit gates can be greatly simplified [34-38].

It is impractical to construct a different physical setup for the realization of each multi-qudit opera-
tion. A natural idea is to decompose arbitrary quantum operations into a sequence of simple-to-perform
quantum gates. A set of quantum gates is called a universal gate set if any quantum operation can
be synthesized from the gates in the set. It is well known that single-qubit gates and controlled-NOT
(CNOT) gates together form a universal gate set for multi-qubit computing [39]. For multi-qudit com-
puting, the collection of single-qudit gates together with a two-qudit imprimitive gate that maps a certain
product state to an entangled state is a universal gate set [40]. Some imprimitive gates for qudits, such
as controlled-double-NOT (CDNOT) gates [38], generalized controlled X (GCX) gates [41], and con-
trolled increment (CINC) gates [42], have been used to construct quantum circuits for implementing
any multi-qudit operation. A bipartite imprimitive gate is more difficult to realize than a local gate, as
it is generally more susceptible to environmental noise. This motivates using imprimitive gate counts to
quantify the cost of a quantum circuit.

Optimizing the circuit cost is important as it reduces the circuit operation time and the prob-
ability of gate errors occurring. For n-qutrit (3-level) systems, the current least-cost scheme requires

3 —4.3m ("72 4 — 2) GCX and CINC gates to synthesize a general n-qutrit gate [43].
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However, this scheme uses two types of imprimitive gates. For n-ququart (4-level) systems, Li et al [38]
proposed a scheme to construct a quantum circuit of general n-ququart gates, where 5(42("~1) — 47—1)
CDNOT gates are required. The theoretical lower bound of [d*" — n(d* — 1) — 1]/[4(d — 1)] GCX gates
for implementing a general n-qudit gate was derived by Di and Wei [44]. However, no existing synthesis
scheme has achieved the lower bound. Several techniques of matrix decomposition are used to construct
quantum circuits, such as quantum Shannon decomposition (QSD) [38, 41], QR decomposition [42],
cosine—sine decomposition (CSD) [44, 45], spectral decomposition [46], and Cartan decomposition [43,
47]. In these synthesis schemes [38, 41-43, 45], any two-qudit gate is first decomposed into a sequence
of the given imprimitive gates and single-qudit gates, and then any n-qudit gate is decomposed into
two-qudit and single-qudit gates. Thus, a quantum circuit for implementing general two-qudit gates is
important because its cost significantly affects the overall circuit cost. For qubits, the minimal cost of
quantum circuits for implementing general two-qubit gates is 3 CNOTs [48]. For qudits, the minimal
circuit cost for implementing general two-qudit gates remains an open challenge.

Here we focus on designing the quantum circuit for general quNit—-quMit unitary operations with
arbitrary dimensions n and m. In the paper, we choose a set that includes all single-qudit gates and a
CINC gate as a universal gate set. We first accurately implement a quNit—-quMit controlled unitary gate
using local gates and two CINC gates, and a quantum circuit for HD uniformly controlled unitary gates
is constructed in section 3. Subsequently, using CSD, we propose a synthesis scheme to construct the
quantum circuit for general quNit—quMit gates in terms of CINC gates and local gates in section 4. In
contrast to the synthesis schemes using GCX [41, 43, 44], our approach requires only a single type of
CINC gate. The controlled systems of all CINC gates in the quantum circuit are located on the same
subsystem. The number of universal gates required for our HD quantum circuits is the lowest currently
known (see table 1), with detailed calculations provided in section 5. The proposed synthesis scheme is
not dependent on the physical platform. As long as a physical system can realize CINC gates and local
gates, the arbitrary HD quantum computation can be achieved according to our scheme.

2. The concepts of HD quantum gates

2.1. HD quantum gates on single systems

Let H, be an n-dimensional quantum state space and {|1),...,|n)} be an orthonormal basis of H,,.
Throughout the paper, the letters i, j, k, and I denote positive integers. The identity operator Y _;_, |i)(i
on H, is denoted by I,,. For 1 <i < j< n, define three types of n X n Hermitian matrices as follows:

of = i)l =)l ol = )G+ )l oy, = =il Gl +ili . (1)

A (i,;on, 0)-rotation gate on H,, is defined as [41]

RZ” (0) = exp (—izain) , (2)
where 1 <i <j<n, ¢ € {x,y,z}, and the rotational parameter § € [0,27]. It is a natural generalization
of (p-axis rotation gates on a single qubit [49], as the action of R, (6) is to perform a ¢-axis rotation
gate with a rotational parameter ¢ on the two-dimensional state space spanned by {|i), |j)}. In addi-
tion, the (i,7; p,,0)-rotation gate can be physically implemented by using Mach—Zehnder interferometers
[50, 51].

A generalized Pauli-X operator on #, is defined as [29]

n—1
X = |1)(n+D_li+1){il. (3)
i=1

When n =2, the operator above is equal to the Pauli-X (NOT) gate on a single qubit. The operator X,
is also known as an increment gate, and 1 — 1 powers of X,, is equal to its conjugate transpose, i.e. X =
X'~!. Hereafter, 1 denotes the conjugate transpose operation. We define a unitary operator T, on H, as

T, = 1)1+ >l (n+2—il. (4)
i=2
It holds that
TN =T, T, X, -T,=X]. (5)

2
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Figure 1. Quantum circuit symbols. (a) Controlled unitary gate with the control system state |k)1. The circle represents the con-

trol system. (b) Relation between Cy (XJL,,) and Ci(Xm). (c) Relation between C,,(X,,) and Ci(Xim). (d) Uniformly controlled
unitary gate with the control system H_. The square (CJ) denotes the control system.

m

(a)
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2.2. HD quantum gates on bipartite systems
We write H} ® H2, to denote a bipartite quantum system composed of an n-dimensional state space H}
and a m-dimensional space H2,. Let {|i);|1 <i < n} and {|j),|1 <j < m} be orthonormal bases of H}
and H2,, respectively. The subscripts of |i); and |i), are omitted, and the notation |i) is used when the
context clearly distinguishes between the first and second quantum systems.

An operator on H} ® H2, is said to be a controlled unitary gate with the control system state |k);,
if its action is to perform a specific unitary operator on the target system H2, when the state of H} is
|k)1; otherwise, it does nothing. The mathematical representation of the controlled unitary gate with the
control system state |k); can be written as

CG(U) =k @U+ > i) @ L, (6)
i=1,i%k

where U is a unitary operator on H2, and I, is the identity operator on H2,. Its quantum circuit is
given in figure 1(a). Equation (6) implies the following properties

Cr (UV) =G (U) - Ci (V) -
Cr(U)-Ci (V) = C (V) - Cr (V)
Ce(VUVY) =L, V-G (U) I, ® VI
for every k#1€ {1,...,n} and any two unitary operators U and V on H2,.
Particularly, when U = X, in equation (6), it is defined as a controlled-X,, (i.e. CINC) gate [33]
Ch(Xm) = [K) (k| @ X+ D [i)(i] @ L. (8)
i=1,i%k
From equations (5) and (7), it holds that
Ce (X)) = Ci (T - Xn - T
() = Ce T T) N

=5L,&Ty Ci(Xin) I, @ Tpy.

Equation (9) means that Ci(X},) is equivalent to Ci(X,,) up to two local unitary operators T, as shown
in figure 1(b). Moreover, Ci(X,,) can be transformed into C,(X,,) by local gates on H}, as shown in
figure 1(c).

When the control system is a qubit (i.e. H ® H2,), Ci(X,n) or Cy(X,,) can be experimentally real-
ized effectively using only linear optical elements and the polarization degree of freedom of photons

3
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(33, 52]. However, for H} ® H2, where n> 2, it is extremely difficult to implement Cy(X,,) solely using
the photonic polarization, as photonic polarization is inherently insufficient to encode more than a two-
level system. Although this is not directly relevant to the main results of this paper, for the sake of com-
pleteness, we provide an experimental implementation of C,(X,,) where n>2 in appendix A.

The operator C(U) may be generalized as follows. Let {U,,...,U,} be a unitary operator set on
H2,. A uniformly controlled unitary gate with the control system #. is defined as

u, 0 --- 0
no 0 U - 0
> liNil@ U= T (10)
— Do e

0 0o - U,

The action of such a gate on H} ® H2, is to perform the unitary operator U; on the target system 2,
when the state of H} is |i);. The quantum circuit representation of such a gate is shown in figure 1(d).
Equivalently, the uniformly controlled unitary gate with control system H2, is defined in the same man-
ner as described above. For example, given a real diagonal matrix D,, = Y -, 0k|k) (k|, we find that

exp (ficrf;];” ®Dm) = exp ( Z9kiUZ” ® |k) <k|>

k=1

I
NE

exp (fﬂkiazn ® |k) (k|)

=
I

1

(11)

I
NE

exp (fﬁkiog,n) ® |k) (k|

=~
I
_

[
NE

R, (265) k) (K.

o~
Il

1

The second equality follows from the commutativity of UZ“ ® |k) (k| and o, & |[I)(]] when k#1, and the
last equality is due to equation (2). Hence, exp(—io(, ® D,,) is a uniformly controlled R, gate with
the control system 2. In the subsequent discussion, we denote R}, simply as R,,, if the indices ij are
unimportant in the context.

3. Quantum circuits for quNit—-quMit controlled unitary operations

3.1. Quantum circuits for controlled unitary gates

Brennen et al [42] uses 2n Ci(X,,) gates to implement Ci(U). Now we use local operations and only two
Ci(X) gates to implement Cy(U). Since the unitary matrix is diagonalizable, it may be assumed that
U= W-exp(iD,,) - W', where W is a unitary matrix and D,, = > i, 0x|k) (k| is a real diagonal matrix.
From equation (7), C¢(U) is equivalent to a controlled diagonal gate

Cr (eiD"') = exp (k) (k| ® iD,,)
- 12
— K @epDy)+ 3 )i © L, (2
i=1,ik

up to two local operations, as shown in figure 2(a). It therefore suffices to focus on the decomposition
of Cy(ePn).

We first express D, = diag{61,...,0,,} as a linear combination of a set of special diagonal matrices.
Let diagonal matrices E; = I, and for i € {2,...,m},

_ =1, i—1,i
E=o0 "~ X, ol M X1

i—li ikl e
oz, "t —on, ifie{2,....m—1} (13)
o m—1,m 1,m Ly
oz, 4oy, ifi=m.

4
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Since the set {I,,,02,%,...,04 """} is linearly independent and o3, = 3", o~ one can easily deduce
that {Ey,...,E,} is also linearly independent by the fact that
i—1,i . 1,m 1,m E;n:z(l_l)El
0% = ZEk =0, Og = m : (14)
k=i
Hence, there exist unique real numbers x1,...,x,, such that D,, = Z;ﬂ:lx,—E,—. Furthermore, one has that

exp (iDy) = H exp (ix;E;)
i=1

m

= ™ Hexp [i.x,- (aé;l’i — X - aé;l’i Xjn)]
i=2
m

= H [exp (iin;;]’i) ~exp (—ixi Xy - U;:l’i X,Tn)]

i=2

m m

_ ix : i—1,1 : i—1,i

—e [T v ) [[erp (e o217 )
i=2 i=2

m m
= e TR (—2x) - X [T RE ™ (2) - X, (15)
i=2 i=2

In the derivation of equation (15), the second equality follows from equation (13); the third and fourth
equalities follow the fact that X,, - o4 ' - X! is a diagonal matrix; in the last equality we use equation (2)

and the relation exp(B-A-B~') = B-exp(A) - B~", where B~! denotes the inverse matrix of B. Let RF =
1, R, (+2x;). From equations (15) and (7), we have

Ci (€P) = Ci (ML) - C (R - X - RY) - Ci (X1,) . (16)
By the definition of R? (6), it follows that (RY (6))T =RY (—6). Then, one has that
(R =r;. (17)
In addition, the first term Cy(e™1I,,) in the left-hand side of equation (16) is essentially a local diagonal

operator on H) through the following equation

n
Ce (1) = k) (Kl @™ L+ > [i)(i| @ L
i=1,ik (18)
=exp (iD) ® Ly,
Here the diagonal matrix D = x; |k) (k|. From equations (17), (7), and (18), we obtain
Ci (¢P) = exp (iD) ® R, - C (Xin) - I, ® R - Ci (X],) - (19)

Figure 2(b) shows an equivalent quantum circuit of Ci(e'’") based on equation (19). Here
Ci(X!,) can be implemented by Ci(X,,) and local operations from figure 1(c). Hence, combining with
figure 2(a), local operations and two Ci(X,,) are sufficient to implement Ci(U).

3.2. Quantum circuits for uniformly controlled unitary gates
Applying the above results, we can obtain a decomposition of the uniformly controlled unitary gate
>, |i)(i| ® U; with the control system H,. For every k € {1,...,n}, we have

Z|i><i|®U,-:HC,»(Ui)

n
:In®Uk'In®U}:'HCi(Ui)

i=1
n n
~1,o Ue-TTci(uf) - TTci
i=1 i=1

n
=1, @ Uy - H Ci(U;EUi)a
i=1,itk

(20)
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Figure 2. (a) Equivalent quantum circuit for C(U) composed of a controlled diagonal gate and two local operations. (b)
Equivalent quantum circuit for C¢(e’Pr) based on equation (19). Since Cy(X) - I @ R} - C (Xj,,) in equation (19) is a diagonal
matrix, the local operations in the dotted box can be moved to the left of Cy (Xj,,)

o) Y

?.“q \,‘9

Ju b Howl - oo How b - oo Ho

1

Figure 3. Equivalent quantum circuit for the uniformly controlled unitary gate ", |i)(i| ® U;. Here k € {1,...,n}. From
equation (7), the order of the n — 1 controlled unitary gates can be arranged arbitrarily.

(a) (b)

Figure 4. (a) Equivalent quantum circuit for the uniformly controlled RZ; gate with control system H2,. (b) Equivalent quantum
circuit for the uniformly controlled R}, gate with control system #2,.

where the last equality follows from the third and fourth formulas in equation (7). Hence, >, |i)(i| ®
U; is equivalent to (n — 1) control unitary gates {Ci(U;[ U))|1 <i < n,i7#k} under the action of one
local operation, as shown in figure 3. Together with figure 2, it is clear that a uniformly controlled
unitary gate with control system H} can be implemented by local gates and 2(n — 1) controlled-X,,
gates. ) )

Moreover, from equation (11), it is known that exp(—ioZ, ® D) is a uniformly controlled R, gate
with control system H?, where D,, = > /" 0k|k)(k|. By the definition of ¢7,, we have

exp (—io? @ D,,) = exp [i (|j) (jl — [i)(i]) ® Dy]
= exp ()| @ i) - exp i) @ (~iDy) (21)
= Cj (EID"') . Ci (e_‘D’") .

Thus, such an operator can be decomposed into a product of two controlled diagonal gates C;(e~ ")
and Cj(el”), as shown in figure 4(a). Moreover, we find

ol —RY (g) ol RY (_g). (22)

Together with (R;(%))T = R;jn(—g), we have

i i i i T
exp (—io, ©D,,) =R, (5) @1 exp (—io @ D,.) - K], (=3 ) @ L. (23)

Based on equation (23), one finds that a uniformly controlled Rz gate is equivalent to a uniformly con-
trolled RY, gate up to local Rj, gates, as shown in figure 4(b). From figure 2(b), 4 controlled-X,, gates
are sufficient to implement a uniformly controlled Rlzj (Rgn) gate with control system H2,. In addition,
when #n =3, only 3 controlled-X,, gates are sufficient, by applying figure 1(a) in [43].

6
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4. Quantum circuits for general quNit—quMit gates

Next, we show that C,(X,,) and local gates form a universal set for HD quantum computation. The CSD
provides an effective technique for synthesizing arbitrary multi-qubit quantum gates [49] as well as gen-
eral HD quantum gates [45]. In the following, we use CSD to give a recursive decomposition that breaks
down general unitary operations on H. ® H2, into a product of uniformly controlled unitary gates with
the control system #) and uniformly controlled R, gates with the control system H2,.

4.1. Synthesis algorithm of general quNit—quMit gates
Let U(n) denote the unitary group of n x n unitary matrices. A general unitary operation on H! @ H2,
can be recognized as an element of U(nm).

Cosine—sine decomposition (CSD).—Let X € U(nm) be a unitary matrix partitioned as

X1 Xp
X= , (24)
{ X0 X» }

where Xy is a |5 |m x | §]m matrix and Xy, is a (n— [5])m x (n— |5 |)m matrix. For convenience,
setting n; = [ 4] and ny = n— [ 5], we have 0 < n; <n; <n and n; + ny = n. The CSD [44, 45, 53] fac-
torizes X into a product of three matrices:

c =S 0 )
x_{Ul _0} s ¢ o {l{)l (_‘]’,} (25)
0 0 Ijynm 2

where Uy, U] € U(nmym), Uy, U) € U(nym), and C,S are nym X nym real diagonal matrices satisfying
C+8=1,.

In [45], the second matrix in the right-hand side of equation (25) can be expressed as a product
of uniformly controlled R, gates with the control system H?. Next, we make a slight modification to
equation (25) such that the second matrix becomes a product of uniformly controlled R, gates with the
control system 2.

The first decomposition of U(nm).—From equation (25), we can get a decomposition of X € U(nm) as

X=U-V-U' (26)
where
CcC —iS 0
V=| -iS C 0 . (27)

0 0 Ji,—n)m

U:|:U1 0:|’U2:l—]2'|:11n1m 0 ]’

0 U, 0 I(nzfnl)m
(28)
, U0 PR R V 0 =
U= [ 0 U |’ V2= 0 Iiy—n)m U

We now explain that V' can be expressed as a product of uniformly controlled R, gates. Without loss
of generality, we may assume

C = diag{cos01,...,c0801m,c0801,...,c080,,,}, (29)
29
S = diag{sinb,...,sinb,,,sinby,...,sinb, ,}.

One can verify that
V=exp {Z —ighm+i @ D) } =[[exr (—ioi’n”‘“ ® DS,?) ; (30)
i=1 i=1

where the first equality is obtained by letting the diagonal matrix D) = diag{0i1,...,0im}; the second
equality follows from the commutativity of two matrices 03" and ol

7



10P Publishing

New J. Phys. 28 (2026) 044502 G-L Jiang and H-R Wei

e | a2m| | pZm+2| | plm+l )
Rx” R-‘.Jl Rx"
g ) VJ‘V J‘!
Figure 5. Quantum circuit for the non-local operation V given by equation (30). Here n; = | § ].

From equations (11) and (30), V is equivalent to | 5] uniformly controlled R,, gates with the control
system H7, as shown in figure 5. Hence, combining with figures 2(b) and 4, local operations and 4|4 |
controlled-X,, gates are sufficient to implement V exactly.

From equations (25) and (28), Uy, U] € U(nmym) and U,,Uj € U(nym). If ny =ny =1 (i.e. n=2),

U and U’ are uniformly controlled unitary gates with the control system H}, which can be synthesized
by figures 3 and 2. In this case, the synthesis of X is completed. Otherwise, one can find that U, U’ €
U(nym) @ U(nym) can be further decomposed using equation (26) as follows.

The second decomposition of U(nm).— Here we take U as an example, and U’ will follow a similar

discussion to U. We first discuss the case where n; > 1. Applying equation (26) to decompose U; and

U,, we get
Uu; 0 | W0 ) Vi 0 . w0 (31)
0o U | 0o W | ) o w, |’

From equation (30), V; and V in equation (31) can be expressed as

%) o
Vi — Hexp(—ia;ﬁ”’e;Dgfv")), ke {12}, (32)
i=1

where D%‘ D is a real diagonal matrix. One can simply verify that

(Vi o] _[Vi 0] [L, O
0 Vo | | 0 I, 0 V|’

:
—

NE
-

Vi 00 exp (fia,ic’LTlHi ®D$’i)> , (33)
L 0 I, . "
B 1 0 T L%ZJ . (2 |+i
m _ i m—tim+| 5 | +i (27;‘))
= X, D .
0V, exp ( 10y, ® D,

1

From equation (33), the non-local operation V, @ V; in equation (31) is equivalent to |5 ] 4 [ %] uni-
formly controlled R,, gates with the control system H2,. Hence, it can be implemented by local opera-
tions and 4(| %3 | + [%]) controlled-X,, gates from figures 2(b) and 4.

As for W) @ W, (and similarly for W] @ W) in equation (31), from equations (26) and (28),

we have

Wy 0 0 0
w, 0] | 0 wy, 0 o0
{0 wz] 0 0 Wy, o |’ (34)
0 0 0 Wy

where Wy € U([ 5 ]m), Wi, € U((n1 — [ 5 |)m), Way € U(| 2 |m), and Wy, € U((ny — | B])m).
If ny=1and n, > 1 (i.e. n, =2), it is only necessary to decompose U,, in which W; = U; and W, =
Vi =1, in equation (31). For this case, since Uj, Wy, Wy, € U(m),

U o0 0
[ Vgl vg ]— 0 W, 0 (35)
2 0 0 Wy
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Figure 6. Quantum circuit for general unitary operations on Hi ® H2,. Appendix A provides a detailed explanation.

is a uniformly controlled unitary gate and its implementation is shown in figures 3 and 2. Thus, in this
case, the synthesis of X is completed.

Recursive decomposition of U(nm).— If equation (34) is not a uniformly controlled unitary gate, the
matrix in the right-hand side of equation (34) can be further decomposed following a similar argument
as described above. The decomposition terminates when all block matrices W13, W1,, W1, and Wy,
reduce to a m X m matrix (i.e. equation (34) is a uniformly controlled unitary gate with control system
). Generally, the complete process requires d = [log, 1] steps of decomposition:

u(
S u(meu((m-151)m)| e [u(zlm) e u((n-15])m)] (36)

where n; = [ 4], n, =n—[%], and @,, U(n) denotes the direct sum of m copies of U(n).

Example.— When n =5, for any X € U(5m), its quantum circuit obtained after 3 steps of decompos-
ition is shown in figure 6. This process is given in appendix B.

As shown in figure 6, we write V(¥ to denote the non-local operation in the form of the product
of uniformly controlled R,, gates with the control system 72, obtained by the kth decomposition. In
general, the final quantum circuit of X € U(nm) consists of 27 uniformly controlled unitary gates with
the control system 7} and 2¢ — 1 non-local operations {V("),..., V(). Finally, together with figures 2—4
and figure 1(c), X can be synthesized by controlled-X,, gates C,(X,,) and local operations.

4.2. Further simplification of quantum circuits for general quNit—-quMit gates
Note that the constructed quantum circuit of X € U(nm) is implemented by an arrangement of
ZVZV...ZVZ, where Z denotes a uniformly controlled unitary gate and V denotes the product of uni-
formly controlled R, gates in the circuit. An example is shown in figure 6. From figure 3, we know that
Z consists of n — 1 controlled unitary gates. Applying the commutativity of matrices, we can further
reduce the number of controlled unitary gates generated by the implementation of Z.

In particular, when 7 is odd, it follows from equations (27) and (30) that

n—1

vV o0 T i, =L i
=[5 2] Lo eone),

where V is a certain (n— 1)m X (n— 1)m unitary matrix. Indeed, it can be calculated that

n—1

V= { ¢ _CIS ] =1]exp (—ioi’””; +i®D,(1?). (38)
i=1

—iS -t
Hence, from equation (6), it holds that
C,(U)-V=V-C,(U), (39)

where U is a unitary operator on H2. From equation (39), C,(U) generated by Z can be transferred to
the right side of V, and then combined with Z’ in the next block to form a new uniformly controlled

9
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unitary gate. Thus, we can eliminate one controlled unitary gate, which reduces two controlled-X,, gates
in the circuit.

Here we still assume n =15 to explain how to eliminate some controlled unitary gates in figure 6.
From equations (49), (52), and (57), it follows that

. 0
V(’)[V(; Ii},v“){%’” '\7?3):|7 (40)

where i € {1,2} and
V) = exp (il © L)) -exp (—ioZ @ DY),
V) = exp <7iai42 ®D,(n3)> - €Xp (fiaif ®D$)) ) (41)
V3 = exp (—ia}cf ®D,(,f)> .

Thus, it holds that

Cs (U)- VI = VO . C5 (), i€ {1,2),

42

Cj(U)'V(S):V(3)'Cj(U),j€{1,2,3}. (42)
In figure 6, equation (42) implies that C5(U) (resp. C;(U)), which arises from the synthesis of Z
(k€ {2,3,4}) (resp. Z] (1€ {1,2,3,4})) on the left of V() (resp. V*)), can be absorbed by Z | (resp.
7)) on the right of V&) (resp. V(*)). Thus, for the implementation of Z; (k € {2,3,4}), we can omit one
controlled unitary gate; Z/ (I € {1,2,3,4}) can omit three controlled unitary gates. Therefore, 15 con-
trolled unitary gates in figure 6 may be omitted.

5. Quantum gate count

Below, we calculate the number of controlled-X,, gates required to synthesize a general unitary operation
X € U(nm) on H} ® H?2, by this scheme. For this purpose, it is only sufficient to identify the number
of uniformly controlled R, gates with the control system #2, required for the synthesis of V(¥), where
ke {1,...,d}, and the number of controlled unitary gates that can be eliminated.

Given a positive integer 7, let d = [log,n] and n(1,1) = n. Fix an integer k € {2,...,d}. For i €
{1,...,2k"1}, we define

n(k—1,21) |, if i is odd,
n(k,i) = L ( ) . (43)
n(k— 1,%) —|n (k— 1,%)], if i is even.
Then we get the decomposition n = Zf: n(k,i) for each k € {1,2,...,d}. For example,
5=2+3
(44)

=(1+1)+(1+2),

where one has 5(1,1) =5, 5(2,1) =2, 5(2,2) =3, 5(3,1) =5(3,2) =5(3,3) = 1, and 5(3,4) = 2.
For k€ {1,...,d}, let N denote the number of odd integers in the set {n(k,1),...,n(k,25" 1}, i.e.

21{71
N = Z [n(k,i) mod 2]. (45)

i=1

From the decomposition given in equation (26), quk) means the number of identity matrices I, in the
diagonal blocks of V(Y. For the case n=5, we have Nél) = Ngz) =1 and Nf-f) = 3. Comparing with
equation (40), it can be observed that Ngl), Ngz), and NES) indeed correspond to the number of the
identity matrices I, in the diagonal blocks of V(1), V(2| and V), respectively.

Based on the method described in section 4.2, the number of controlled unitary gates that can be
eliminated is equal to the number of identity matrices I,, in the diagonal blocks of V(Y. Therefore, the
number of controlled unitary gates that can be eliminated is 22:1 2k=1N) by the fact that there are

10
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Table 1. Comparison of the number of imprimitive gates required to synthesize a general unitary operation on . ® H?2 by several
schemes.

Synthesis Imprimitive Gate count for3 < n < 8

algorithm gates 3 4 5 6 7 8
QSD [44] GCX 26 90 176 355 618 980
QSD [38] CDNOT — 60 — — — —
QR [42] CINC & CINC™! 78 220 495 996 1708 2808
CSD [45] CINC & CINC™! 36 72 280 420 588 784
Our CINC 19 48 74 116 166 224

2k=1 non-local operations V%) in the quantum circuit of X. Moreover, the quantum circuit of V¥ con-
) VO .
sists of % uniformly controlled R, gates with the control system #2,.
There are 2¢ uniformly controlled unitary gates with the control system 7! in the quantum circuit
of X. Thus, the number of controlled-X,, gates required to synthesize a general quNit—-quMit gate X is at

most

[log, n]
(2n—1)2MoR+ —on — N 2N, (46)
k=1

Since 2/1°:"1+1 = O(n), the quantum circuit of X € U(nm) is implemented by O(n?) controlled-X,,
gates. Appendix C gives a code to calculate the number of CINC gates. Table 1 shows a comparison of
the number of quantum gates with the previous synthesis schemes.

Moreover, for H. @ H?, [54] shows that O(n*) controlled-phase gates &I ("I®m {1l are required to
implement a general unitary gate on H} ® H2. From equation (16) in [54], a controlled-X,, gate can be
implemented by n — 1 controlled-phase gates. Thus, our protocol requires at most O(n*) controlled-X,,
gates to implement a two-quNit gate, which establishes a better upper bound than the O(n*) complexity
in [54].

6. Conclusion

We have presented a recursive algorithm to exactly synthesize an arbitrary unitary operation on H} ®
H?2,. The constructed quantum circuit for a general unitary operation consists of the controlled-X,, gate
C,(X,n) and local gates without ancillary quantum systems. The control states of all controlled-X,, gates
in the quantum circuit are located on the system ). Since an arbitrary multi-quNit gate can be exactly
simulated by two-quNit gates [46], our scheme shows that C,(X,,) and local gates are universal for HD
quantum computation.

The number of C,(X,,) in the circuit is given by equation (46), which is determined by the dimen-
sion of H} and independent of #2. Combined with the trick of ignoring controlled unitary gates, the
number of C,(X,,) in the circuit is greatly reduced compared with previous works. As shown in table 1,
the result shows that the complexity of our circuit is the lowest currently known. Our scheme is not lim-
ited to a particular physical system, which has potential for HD quantum computation. Future research
directions include extending the quantum circuit to multi-component systems (involving more than two
systems) and designing experimental schemes for this quantum circuit.
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Appendix A. Experimental implementation of CINC gates

We now present an experimental scheme to implement the controlled-X,, gate C,(X,,) following the
method in [25]. Here we take C3(X3) on H} ® H3 as an example, while the generalization to arbitrary
dimensions follows similarly (see also supplementary material of [25]). We consider the orbital angular
momentum (OAM) degree of freedom of photons as the quantum states, which means that |/) denotes a
single photon with OAM value L.

DA D, M
), .4,

Control system H,

(0%, 1, 2} 1 o .
<1 des, L s,

a b

| W) =1/3(1 00}, | 000}, +/2| 10, OOO}cdeJ

++/2102), (| 300)+ | 050)+ 001)_,,)

c d e

Target system Hf

{D.13),] )} o v U S 5 O 0
\\ PS” . ~

~|PS, :IPS,
T B [ +)o3 | o5
! D, D, Dy
Figure 7. Experimental setup of controlled increment gates for 7} ® H3. Here PS; denotes a parity sorter, which transmits even
modes {|0),]2),...} and reflects odd modes {|1), |3),...}. PS; denotes a second-order parity sorter, which transmits modes
|2k x 2) (k=0,1,2,...) and reflects modes |(2k — 1) x 2). If the input is an odd mode, then PS, transmits the photon with a

probability of % and reflects the photon with equal probability. [+ )¢ x denotes a mode filter, which projects the photons into the
subspace {|0), |k) }. D; denotes a detector.

The experimental setup for implementing C3(X3) is shown in figure 7. The implementation requires
an ancillary quantum state

1 2 2
[Vanc) = 5|oo>ab\ooo>m + %|10>ab|ooo>cde + g\ozm (1300) + |050) + [001))_4, - (47)

The subscripts abcde here mean the photons are in the corresponding paths as shown in figure 7. The
desired quantum operation is heralded by the simultaneous clicks of all detectors and relies on post-
selection. The only difference between this setup and figure 2 in [25] is the ancillary quantum state.

Specifically, if the state of the control system #} is |2), the two detectors D; and D, click and the
output state is still |2), only when the photons state in the paths ab is |02),. In other cases, either
the detectors D; and D, do not all fire, or there is no photon in the output path (see also figure 2 of
[25]). Thus, if the input state is |2) and the detectors Dy and D, click, then [14nc) will collapse into
%(\300} + |050) + |001) )4, with a probability of 2/3. In this case, if detectors Ds—Ds all click, the state
of the target system 3 follows the transformations: |1) — |3),|3) — |5),|5) — |1) with a probability of
1/(2* x 3) (see figure 1 of [25]).

If the state of H} is |0) (resp. [1)), only |00),, (resp. |10),5) can cause both detectors D; and D, to
click and the output state to be |0) (resp. |1)). Thus, when the input state is |0) or |1) and detectors D,
and D; click, |thanc) collapses into [000).4 with a probability of 1/9. The state |000)4, activates detectors
D;3-Ds while leaving the output state of the target system unchanged with a probability of 1/2°.
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Therefore, when detectors D1—Ds click, the quantum gate Cs(X;3) is successfully implemented. The
success probability of the implementation for Cs(Xj3) is 1/(2° x 9) = 1/72, regardless of the input mode
of the control system.

Appendix B. Example: decomposition of elements in U(5m)

Assuming that X € U(5m), we will give the decomposition of X through the method described in
section 4.1.
Step 1: We use equation (26) to decompose X into

xX=U-v\V. U’ (48)
From equation (30), we have

VD —exp (—ic @ DM ) - exp (—ic2* @ D?) ), (49)
p Xs m X5 m

where Dﬁnl ) and D£,$ ) are real diagonal matrices. For U, it follows from equation (25) that

Ju o
o-[% 2] @

where U; € U(2m) and U, € U(3m). The treatment of U’ parallels that of U.
Step 2: We then use equation (26) to decompose U; and U,. From equation (31), we get

U=w-v®.w' (51)
By equation (33), V?) can be expressed as

V® —exp (—ic2 @D ) - exp (—ic* @ D) | (52)
p Xs m Xs m

where D£n3 ) and Dﬁ: ) are real diagonal matrices. Moreover, from equation (34), one has

Wi 0 0 0

o w, o o
=19 o W 0 |’ (53)

0 0 0 W,
where Wiy, Wi, Wyy € U(m) and W), € U(2m). An analogous discussion holds for W’.
Step 3: Finally, we just need to decompose W,,. Using equation (26) for Wp,, we get
21 0 - 12 (5) Z{ 0

Wy = > | -exp (o2 @ D)) - 2, 54
2 l 0 2 Xp Ox, 0 Z (54)

where {Z,,Z],Z,,7}} C U(m). Substituting equation (54) into equation (53), it immediately follows that

w=2z.v® .z (55)
where
Wy 0 0 0 o0
0 W, 0 0 0 Ly, 0 0
Z=1 0 0 Wy 0 0 | Z'=|0 Z o0 |, (56)
0 0 0 Z 0 0 0 Z
0 0 0 0 2
and

V(S) . I3m 0
| 0 exp (—ia}cf ®D,(3)>

(57)
= exp (—iaﬁf ®D§ns)> .
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Note that Z and Z’ are uniformly controlled unitary gates with the control system #2.

Hence, from equations (48), (51) and (55), we can obtain

x=u-vih.v’

=W1-V§2)-W{~V(l)-W2-V§2)-W2’
(Zl . Vf) Z{) .ng) . <Z2-V§3) Zzl) R0
: (Zs'Vgs) Zs/) ‘Vf) : (Z4'Vf13) 'Zzi)-

G-L Jiang and H-R Wei

(58)

Here Z; and Z! are uniformly controlled unitary gates with the control system #1. Based on

equation (58), we can get the quantum circuit of X, as shown in figure 6.

Appendix C. Algorithm for the CINC gate counts

Given an arbitrary dimension n, the Wolfram code to calculate the number of CINC required to accur-
ately implement a general quNit—quMit gate based on our scheme is shown in figure 8.

;= n = Input["Dimension of the first system n="];
d = Ceiling[Log[2, n]];
nij = Table[n, {i, d}, {j, 2" (i-1)}];

For[i =2,isd, i++,

For[j =1, <27 (i-1), e+,

nijfli-1, E]]
If[oddQ[j], niji, i1 = Floor[—z],
2
. I
nijri, 1 = nijl[i-l, %]] —Floor[w

]
Js

S = ConstantArray[0, d];
For[i=1,i=xd, i++,
For[j=1,3j<27(i-1), j++,

2

1f[0ddQ[nij[i, j11, S[il = Sl + 1, SCi] = S[Lil + @]

]
15

. (n-S[il)
N1 = Sum[Z"(l—l) —_"
2

> {1, d)];
N2 = 27 (d);

N3 = Sum[2” (i-1) S[il, {i, d}];
Column[nij, Center]

Print["The ", d, "-tuple determined by a positive integer n=", n, "
Print["The number of uniformly controlled Rx"ij gates is ", Nl]

Print["The number of uniformly controlled unitary gates is "
Print["The number of absorbed controlled unitary gates is "
Print["The total number of CINC gates is ", N1x4+N2%2 (n-1) -N3 2]

Figure 8. Code for calculating CINC gate counts in Wolfram Mathematica.
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