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Chapter 1

Introduction

Particle physics is concerned with the study of the elementary constituents of matter which 

make up the universe and their interactions. An elementary particle is a particle without 

any internal structure and is not composed of other particles. Elementary particles can 

be found in cosmic rays. They can be produced in the laboratory in collisions between 

high-energy particle beams in accelerators. For this reason Particle Physics is also called 

High-Energy Physics. Like much of fundamental research, it is impossible to know exactly 

what benefits might be realized from particle physics. However, it is worth noting that in 

1897, the quest to understand the universe led J.J. Thomson [1] to discover electron and 

this discovery undoubtedly created a history in particle physics.

1.1 The Standard Model of Particle Physics

At present, elementary particle physics is described by the Standard Model(SM) theory, 

which was developed during the last century. The Standard Model of Particle Physics 

(SM) is a quantum field theory, which describes the knowledge of the fundamental parti­

cles and three of the four fundamental interactions, namely the electromagnetic interaction, 

the weak interaction and the strong interaction. The fourth interaction, gravity, is not in-

1



1.1. The Standard Model of Particle Physics 2

eluded, due to its non-re-normalizable terms in the theoretical description of the interac­

tion. All fundamental particles forming matter in the SM are fermions with spin 1/2, while 

the interaction fields are mediated by bosons with an integer spin quantum number. The 

fermions can be divided into two classes, quarks and leptons. Quarks have an additional 

strong charge, colour and thus can interact through the strong force, while the leptons are 

colour neutral and not affected by the strong interaction. Both classes consist of 6 parti­

cles, divided into three hierarchic ordered generations, which differ only by their mass and 

their flavour quantum number. The first family of the leptons is formed by the electron (e) 

and the electron-neutrino (ve), the second family consists of the muonQi) and the muon 

neutrino (vp), and the heaviest generation are the tau leptonr and the r neutrino vT. The 

three interactions are introduced into the SM by a S' U(3)c x S U(2)L x U(1)Y gauge group. 

Here, C represents the color of the strong interaction and L denotes the fact, that the elec- 

troweak force couples only to the left-handed states of the particles. Y represents the weak 

hyper-charge, which results in the unification of the weak and electromagnetic interaction 

in the electroweak unified theory given by Glashow, Weinberg and Salam. The interactions 

are mediated by gauge bosons. The hypercharge acts as the carrier of the electromagnetic 

force, whereas W± and Zq mediate the weak force. The strong interaction is mediated by 

eight interaction bosons, the gluons.

1.1.1 The Particles that Constitute Matter: Quarks and Leptons

At present, the elementary particles that make up matter are thought to be the quarks and 

the leptons along with their antiparticles. We consider them to be elementary because, so 

far, we do not have any indication of other particles inside them. The up (u) quark, charm 

(c) quark and top (t) quark, all have electric charge +| (on a scale where the electron has 

charge -1), and the down (d), strange (s) and bottom (b) quarks, all have charge The 

three leptons all with charge -1 are the electron(e), muon Qi) and tau(r) leptons and the
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three corresponding neutrinos all with charge 0 are ve, vM and vT.

Quarks :

Leptons :

In the following Table(l.l), we tabulate the masses of the fundamental particles- the 

quarks and leptons. However, for the quarks we list two different masses. The current mass 

is the mass that appears in the Lagrangian to describe the self-interaction of the quark and 

is not directly observable. The constituent mass is the effective mass of the quark, when it 

is bound inside a hadron. The numbers for the constituent quark masses are approximate 

here because they depend on the hadron model used. The mass parameter is much like a 

coupling constant in quantum field theory and is technically dependent on the momentum 

scale and the renormalization scheme and is scale-dependent.

charge +1 : 

charge -1:

( \ ( ) f
u c t

9 9

d s bV J v ; v /

charge 0: 

charge -1:

/ N ( ) ( \
Ve Vr

9 9

, e ,
< V ,

, T ,

(1.1)

Table 1.1: Masses of the quarks and leptons. The current quark masses and lepton masses 
are taken from PDG[2]

Quark Quark Mass Lepton Lepton Mass
Current Constituent

u 23^1 MeV - 330 MeV Ve < 5.1 eV (95% CL)
c 1.275 ± 0.025 GeV ~ 1.5 GeV < 0.16 MeV (90% CL)
t 173 ± 0.6 ± 0.8 GeV ~ 180 GeV vT < 31 MeV (95% CL)
d 4.8^3 MeV ~ 330 MeV e 0.510998928(11) MeV
s 95 ± '5 MeV ~ 500 MeV 105.6583715(35) MeV
b 4.65 ± 0.03 GeV ~ 5 GeV T 1776.82 ±0.16 MeV

The masses of the quarks are generated through a symmetry breaking phase transition 

of the electro-weak interactions (a transition similar to that of a normal conductor to su­

perconductor in condensed matter physics, in which an effective mass for the photon is
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produced) in the standard model. The detailed aspects of the symmetry breaking, such 

as the existence of Higgs bosons are yet to be confirmed in experiments at high-energy 

colliders [3] though CMS [4] and ATLAS [5] in LHC have recently updated “a 125 GeV” 

particle as the Higgs boson.

Quarks are strongly interacting fermions and by convention of quark model, quarks 

have positive parity where as antiquarks have negative parity. In addition to their electric 

charge, each quark has an additional “charge” referred to as colour (but nothing to do with 

the colours of the everyday world). There are three possible values of a colour charge, plus 

three anti-colours for the antiquarks. It appears to be a property of nature that coloured 

objects cannot exist freely by themselves, so quarks are confined inside hadrons in config­

urations that produce an object without any colour.

1.1.2 The Hadrons

The six quarks and six leptons (plus their antiparticles) may make up matter but only three 

of them make up the everyday matter around us. We normally do not “see” the quarks and 

gluons in low-energy experiments. What we usually observe in experimental apparatus 

are hadrons and nuclei which are bound states of these basic building blocks. It was M. 

Gell-mann [6] and G. Zweig [7, 8] who in 1964, put forward the quark model according to 

which the hadrons are composed of a more variety of pointlike objects called quarks.

Baryons and mesons are the two groups to find under the classification of Hadrons. 

Baryons are made up of three quarks (qqq) and hence an anti-baryon would be made up of 

three antiquarks. The other known type of structure is the meson, which is made up of a 

quark and an antiquark, qq (so an anti-meson is just a meson). The complicated structure 

of QCD means that the groups of quarks can be bound together to form a hadron which is 

possible only for certain configurations which can have no net colour (so they are in a colour 

singlet state). It also means that the attractive force between coloured objects is huge, so



1.1. The Standard Model of Particle Physics 5

they are always confined together into colourless objects. This specific property of quark 

due to which the strong interaction has got its own importance is known as confinement.

Thus the colour part of the baryon’s state function is an S U(3) singlet, a completely 

antisymmetric state of the three colours. The ordinary baryons are made up of u, d, and s 

quarks and belong to the multiplets on the right side of

3®3®3 = 10©8©8©1.

The decuplet is symmetric in flavour, the singlet is antisymmetric and the two octets have 

mixed symmetry.

Following S U(3), the nine states (nonet) made out of a pair qq' (meson) states contain­

ing the u, d, and s quarks can be decomposed into the trivial representation of singlet and 

octet. The notation for this decomposition is

3®3 = 8©1.

The parity of a meson state is given by (-1)/+1, where l is the orbital angular momen­

tum and it’s spin is either 0 (antiparallel quark spins) or 1 (parallel quark spins). The C- 

parity(charge conjugation), which is defined only for the qq states is given by the relation 

C = (-iy«. The C-parity can also be generalised to the G-parity defined by G = (~l)1+l+s 

for the mesons made of quarks and their own antiquarks, where I is the isospin quantum 

number.

It can also be noted in this context that the mesons are classified in Jpc multiplets. The 

/ = 0 states give the pseudoscalar (0"+) and vector (1“) mesons where as l = 1 states are 

the scalars (0)++, the axial vectors (1++) and (l+~) and the tensors (2++). Depending upon 

the quark-antiquark combinations, three types of terminology to categorise the mesons are 

being widely used in the literature. They are:

a) Light-light mesons, where both the quark and antiquark are light (u,d or s only), n 

and K mesons play the dominant role in this sector.



1.1. The Standard Model of Particle Physics 6

b) Heavy-light mesons, where one quark or antiquark is heavy (c, b or t) and the other 

is light. D and B mesons are characterised in this category and

c) Heavy-heavy mesons, where both the quark and antiquark are heavy. The particles 

of the cutting edge study of Charmonium and Bottomonium spectroscopy like %, T, % etc. 

are studied under this category.

In this thesis work, however, we put our special emphasis on the pseudoscalar heavy- 

light mesons of / = 0 state. In Table. 1.2, we show the different heavy-light pseudoscalar 

mesons with their experimental masses which will be involved in this work.

Table 1.2: The pseudoscalar heavy-light mesons and their experimental masses from PDG 
[2]. Bc meson is included as a heavy-light meson due to its different flavour.

Mesons Quark composition Meson masses(in GeV)
Dti cu 1.8649
D± cd 1.8696
Ds cl 1.9685
B° db 5.2796
B± ub 5.2793
Bs sb 5.3668
Bc cb 6.277

1.1.3 Role of CKM in the Standard Model

In 1963, N. Cabibbo proposed the Cabibbo theory [9] of quark mixing to explain the sup­

pression of AS = 0 decay over AS = 1 decay. According to this theory, the weak eigen 

states can be represented as the combinations of flavour eigen states i.e. the quarks in strong 

interaction are not the same as the ones in the weak interaction. In 1972, Kobayashi and 

Masakawa [10] extended the idea of Cabibbo Model to six quarks. Thus in the Standard 

Model, quark flavour mixing is described by a 3 x 3 unitary matrix, the so called Cabibbo 

Kobayashi-Masakawa(CKM) matrix. The CKM matrix can be regarded as a rotation from 

the quark mass eigenstates d, s, and b to a set of new states d', s', and b' with diagonal
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couplings to u, c, and t. The standard notation of CKM matrix is

(1.2)

Although the quark couplings to the W-boson are non-universal, the departure from univer­

sality is constrained in the Standard Model by the unitarity of the CKM matrix. Unitarity is 

the only powerful constraint on CKM matrix Vckm- Without loss of generality, the matrix 

can be parametrised in terms of three mixing angles 0n, 023, On and one phase 6:

Vckm (1.3)

Ci2Cn S12C13 Sne~‘s

—S12C23 — CnS 23S i3e~‘s C12C93 — S12 S 23 S ne‘6 S 23C13 

_ S12S23 — C12C23S ne~‘s -CnS23-S12C23S ne~,s C23C13J 

where Cij = cos6tJ and S,j = sinOij for (ij = 12,23 and 13). The phase term 6 is 

the unique source of CP violation in quark flavour changing processes within the Standard 

Model. This term does not appear for two generation of quarks. The known values of 

CKM elements motivated Wolfenstein [11] to parametrise the CKM matrix in terms of 

four independent parameters A, A,p, tj:

/

Vckm -

AA3(l -p- iij)

A AA3(p - iif) 

1 - |/l2 AA2

-AA2 - 1

(1.4)

This parametrisation is based on the expansion of- the small parameter A = sinOc - 0.22, 

where 8C is the Cabibbo angle. The recent values of these parameters, provided by the 

CKMfitter and UTfit [12] groups for Particle Data group [2] are A = 0.22535 ± 0.00065, 

A = 0.817 ± 0.015, p = p( 1 - f + ...) = 0.136 ± 0.018 and rj = 0.348 ± 0.014.
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The unitarity condition of CKM matrix imposes the relations 2/ W = 6* and 

2; VijV*kj = $ik‘ The six vanishing combinations which are valid from these relations are

VudK + KvV; + Vtd\z = o, (1.5)

v„r+ + + vtsv;b = o, (i.6)

vudv;lb + vcdv;b + vldv;b = o, (i.7>

vudv;.d + vusv;s + vubv;b = o, (i.8)

vcdv;cl + vcsv;s + vcbv;b = o (i.9)

and

vudv;(l + vusv;s + vubv;b = o. (l.io)

By using the Wolfenstein parametrisation, these relations can be visualised as triangles 

of equal area (which are proportional to the magnitude of CP violation) in the complex 

plane (p, rj) as illustrated in Fig. 1.1 for the most commonly used Eqn.1.7.

Figure 1.1: Unitarity triangle from Eqn.1.7
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The three angles of this triangle are [13]

a = arg = tan V
Krf+p(fi~l)j (1.11)

fi = arg v«v;b_ = tan n
i-p

7 = arg
Vc*v;b

(1.12)

(1.13)

In general, the real side of the triangle from Eqn. 1.7, is normalised to one using

and results in sides

P + IT] = -
V«tV*
VcdV*b

Rb = ■\Jp2 + rf = —
A212
A

Vub

R, = -^(1 -p2) + r? = i

Vcb

Vtd
Vcb

(1.14)

(U5)

(1.16)

In the Standard Model, R, is the least known length of unitarity triangle, which can be mea­

sured through the mixing1 of B meson[14]. Considering the experimental average values 

of the CKM elements, from PDG2012 [2], we can express Vckm as:

0.9742 ± 0.0002

Vckm - 0.230 ±0.011

0.2252 ± 0.0009 (4.15 ± 0.49) x 10“3

1.006 ± 0.023 (40.9 ± 1.1) x 10“3

(8.4 ± 0.6) x 10-3 (42.9 ± 2.6) x 10"3 0.89 ± 0.07
/

(1.17)

The main aim of precession of CKM physics is threefold: (a) to measure the mixing 

and CP violating parameters of V as accurately as possible; (b) to test the self-consistency 

of the CKM picture for quark mixing and CP violation and (c) to search for possible new 

physics beyond the CKM mechanism. It is therefore, important to measure very precisely 

'Mixing of B and Bs mesons are discussed in Chapter 3
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the various entries of the CKM matrix.

1.2 Weak decay of Mesons

During a weak decay a fermion (quark or lepton) transforms into its doublet partners by 

emission of a charged boson W*. The W± can then either materialize into a fermion anti 

fermion pair or couple to another fermion and transform into its doublet partner. Therefore 

a weak decay can be represented as the interaction of two fermion currents, mediated by a 

charged W± bosonic current. Obviously, a weak decay can occur only if the parent fermion 

has a larger mass than the daughter fermion and hence the u quark and e lepton being the 

lowest mass quark and lepton do not decay. There are three types of weak decays which are 

extensively studied in the literature. They are leptonic decay, semileptonic decay and non- 

leptonic decay. In Table 1.3, we tabulate the three types of weak decays and their product 

particles.

Table 1.3: The three types of weak decay and their decay products.

Types of weak decay Products Example
Leptonic decay Leptons only D+ -> l+v

TVt —» Pv
JP -» Pv etc.

Semileptonic decay Both leptons and hadrons B+ -> Dl+v
B n°l~v

Bc —» J/t/d+v etc.
Non-leptonic decay Hadrons only B(> -> D~n+

——0B D+q~
B -* KJ/iff etc.

1.2.1 Leptonic and Semileptonic decay of mesons

In this section, we present an overview of leptonic and semileptonic decays, which are 

useful for both charm and bottom hadrons.
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In the diverse phenomenology of weak interactions, leptonic and semileptonic decays 

of hadrons have a special standing, since the final state particles include a single charged 

lepton, the clearest experimental signature for a weak process mediated by the W-boson. 

From the theoretical perspective, these decays are relatively simple and provide a means 

both to measure the fundamental Standard Model parameters and to perform detailed stud­

ies of decay dynamics.

Historically, the semileptonic process of nuclear decay opened the era of weak interac­

tion physics and presented physicists with the mystery of the electron’s undetected partner, 

the neutrino [15]. The process underlying (5 decay is the W-boson mediated weak transition 

d -» uW, W -* eve; where the decay of a d-quark into a u-quark transforms a neutron (udd) 

into a proton (uud). jd decay was the only known weak process from the turn of the century 

until the late 1930s and 1940s, when muons, pions and kaons were discovered in cosmic 

rays.

A key feature of leptonic and semileptonic decays is their relative simplicity, a con­

sequence of the fact that here the effects of the strong interactions can be isolated. The 

decay amplitude for either type of decay can be written as the product of a well-understood 

leptonic current for the system and a more complicated hadronic current for the quark tran­

sition. In leptonic decays, the hadronic current describes the annihilation of the quark and 

antiquark in the initial-state meson, whereas in semileptonic decays it describes the evolu­

tion from the initial to final state hadrons. Because strong interactions affect only one of 

the two currents, leptonic and semileptonic decays are much more tractable theoretically 

than hadronic decays, in which the decay products of the W are also hadrons. A further 

complication of hadronic decays is that the hadrons in the final state can interact strongly 

with each other. Leptonic and semileptonic decays therefore, provide a means for studying 

the strong interactions in a relatively simple environment. Perhaps more important, the 

effects of strong interactions in these processes can be understood sufficiently well that the 

underlying weak couplings of quarks to the W boson can be determined.
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The standard model successfully accounts for flavour-changing quark transitions in 

terms of a V-A charged weak current operator that couples to the W-boson according to 

the interaction Lagrangian [17]

Llnl = --^=(rw; + j^w;) (1.18)

where

r = zv,inj» = S5,yi(i -n)vmtd, (1.19)qi<l2uJ •

The indices i and j run over the three quark generations, so that the field operators u{ (i = 1, 

2, 3) annihilate (or create their antiparticles) and the dj annihilate. Thus the amplitudes of 

the decay processes are proportional to the CKM element Vqm.

Purely leptonic decays are considered to be the simplest and the cleanest decay modes 

of the pseudoscalar charged meson. To obtain transition amplitudes, the quark and lep­

ton current operators must be sandwiched between physical states [16]. For the leptons, 

this calculation yields directly an expression in terms of Dirac spinors. The hadronic 

current, however, cannot be so easily evaluated, since the quarks in the hadrons are not 

free and nonperturbative strong-interaction effects are important in describing the physical 

states. In general, the long-distance effects, present in the formation of the bound meson 

state (hadronisation) in hadronic interactions are parameterised with so called form factors. 

These form factors are functions of the momentum transfer and polarization states of the 

hadrons involved in the interaction. For leptonic decays, the initial state is unpolarised, and 

the momentum transfer is constant q2 = m2 and hence the form factor becomes a constant 

fp, the decay constant of the meson.

Mathmatically, the amplitude for a leptonic decay can be written as [17]

m. (MG?->rv) = -
.gf

(1.20)
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where the leptonic current If can be written in terms of Dirac spinors «/ and vv

If = u(f{\ - y5)vv. (1.21)

The hadronic current for leptonic decay is very simple, since the only four vector available 

to be constructed with the leptonic current is qu. i.e.

W = (0\qr(l - y5)Q\M) = ifp(f. (1.22)

Here fp is parametrised to absorb all the strong interaction effects, which is called the decay 

constant. Since the two initial quarks must annihilate, the matrix element is sensitive to fp, 

which measures the amplitude for the quarks to have zero separation.

For semileptonic decay of a meson M into a meson X, the amplitude takes the form 

[18,19]

&{MQ-q->XqqrV> = -i%VqQlfHp. (1.23)
V2

Here the hadronic current

H* = (X\qf(l-75)Qm (1.24)

is not calculated in a simple manner as is done in leptonic decay, since q2 is different from 

event to event. Thus HM can be expressed in terms of different form factors, which isolate 

the effects of strong interactions on the amplitude. Unlike the case of electromagnetic in­

teraction, here the normalisation of weak form factors are in general unknown. However, in 

the limit of infinitely heavy quark masses mQ -» oo, a new heavy flavour symmetry appears 

in the effective Lagrangian of the standard model which provides the model independent 

normalisation of the weak form factors and the necessity of HQET(Heavy Quark Effective 

Theory)[20] enters into the literature. In this heavy quark symmetry, the form factors (two 

for pseudoscalar to pseudoscalar transition and four for pseudoscalar to vector transition) 

of heavy-light mesons in semileptonic decay can be expressed in terms a single form factor

T1522.
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which is termed as Isgur-Wise function [21].

In heavy-quark decays, semileptonic modes are generally much more accessible exper­

imentally than leptonic modes, simply because semileptonic branching fractions are larger. 

Considering its simplicity and great importance, Leptonic and semileptonic decays have 

been widely studied in the literature [22, 23, 24, 25, 26, 27]. For a review one can see the 

Ref. [16] and the references there in.

1.2.2 Status of decay constant fp in leptonic decay

Measurement of purely leptonic decay branching ratios of heavy-light mesons are impor­

tant since it allows an experimental determination of the product WqQ\fp. If the CKM 

element VqQ is well known from other measurements, then fp can be well measured. If, on 

the other hand, the CKM element is less well or poorly measured, then having the theoret­

ical input on fP can allow a path to determine the CKM element. These decay constants 

are accessed both experimentally and through lattice Quantum Chromodynamics (1QCD) 

simulations. While for f„ , fK , fo , experimental measurements agree well with lattice 

QCD calculations, a discrepancy is seen for the value of fDs : The 2008 PDG average 

for fDs is 273 ± 10MeV[28], about 3cr larger than the most precise Nf = 2+1 1QCD 

result from the HPQCD/UKQCD collaboration [29], 241 ± 3 MeV. On the other hand, 

experiments and 1QCD calculations agree very well with each other on the value of fD , 

fD(expt) = 205.8 ± 8.9 MeV and f d(IQCD) = 207 ± 4 MeV. The discrepancy concerning 

fDs is quite puzzling because whatever systematic errors have affected the 1QCD calcula­

tion of fD , they should also be expected for the calculation of fD, [30]. It is being argued 

that for D+s decays, beyond the Standard Model there is existence of a charged Higgs boson 

or any other charged object which would modify the decay rates but would not necessarily 

be true for the D+ decay [31, 32].

However, the discrepancy is reduced to 2.4cr with the new (updated) data from CLEO
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[33, 34] and Babar [35], together with the Belle measurement [36] and the PDG(2010) 

average is fDi = 257.5 ± 6.1 MeV [37]. Lately the HPQCD collaboration has also updated 

its study of the Ds decay constant [37]. By including additional results at smaller lattice 

spacing along with improved tuning of the charm and strange quark masses, a new value 

for the Ds decay constant has been reported as fos = 248.0 ± 2.5 MeV which has lowered 

this discrepancy with the lattest PDG average fDi = 260.0 ±5.4 MeV [2].

In studying the leptonic branching ratio of B meson, the largest uncertainty arises from 

the unknown decay constant fB. In principle fB can be measured in the annihilation process 

of B~ —> Tv, since the decay rate is proportional to the product of fl\Vub\2. But it is a 

very difficult process to measure and even if this were done, the uncertainty on \Vub\ will 

not lead to a precise result. Thus the best hope is to rely on unquenched lattice QCD or 

Potential model, which can use the measurements of the analogous D+ —> ji+v as a check. 

The knowledge of fBi is also important, but it cannot be measured directly since Bs does 

not have leptonic decay and so the violation of fBs = fB must be estimated theoretically[2]. 

The decay of B and Bs mesons is also important for studying CP violation, which has 

nothing to do with D mesons. Thus determination of fB and fBs in conjunction with that of 

D mesons becomes crucial to study whether there is new physics[NP] [38, 39,40] beyond 

the Standard Model or not.

1.2.3 CP violation in meson decays

The CP transformation of a particle refers to the combination of charge conjugation C 

with parity P. Under C transformation a particle interchange to an antiparticle and vice- 

versa. Under P transformation, the handedness of space is reversed i.e x —» -x. Thus, for 

example the combined effect of CP transformation a left-handed electron e~ is transformed 

into a right-handed positron e+.

If CP tr ansformation were an exact symmetr y, the laws of Nature would be the same for
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matter and antimatter. Most of the observed phenomenon are CP symmetric. Particularly, 

the three interactions gravitational, eltromagnetic and strong respects these symmetries. On 

the other hand, the weak interactions, violate C and P symmetries in the strongest possible 

way. While C and P symmetries are violated separately, the combined effect of CP is 

still preserved in most weak interaction processes. However, in certain rare processes, as 

discovered in neutral K meson decays in 1964 [41] and in neutral B meson decays in 2001 

[42, 43], CP symmetry is found to be violated. The decay rate asymmetry for K meson 

decay is found to be at 0.003 level, where as this CP violating effect is quite larger for B° 

decays which is about about 0.70. Hence the study of CP violation in charmless charged 

B decays provides a stringent tests of the CKM picture of CP violation in the Standard 

Model. However, it cannot be excluded for the moment that CP violation is generated by a 

mechanism beyond the Standard Model [44].

1.2.4 Non-leptonic decay of mesons

Non-leptonic decays, in which only hadrons appear in the final state, are strongly influ­

enced by the confining colour forces among the quarks. Whereas in semileptonic tran­

sitions the long-distance QCD effects are explained by some form factors parametrising 

the hadronic matrix elements of quark currents, non-leptonic processes are complicated 

by the phenomenon of quark rearrangement which occurs due to the exchange of soft and 

hard gluons. The theoretical analysis involves matrix elements of local four-quark opera­

tors, which are more complex to deal with than current operators. These strong-interaction 

effects prevented the coherent understanding of non leptonic decays for a long time. How­

ever, a factorization prescription for reducing the hadronic matrix elements of four-quark 

operators to products of current matrix elements provided a path onto the dynamics of non- 

leptonic processes [45, 46]. Later on, non-leptonic two body decays of B and D mesons 

were studied in the approximation of factorisation method [47,48, 49, 26], where the com-
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plicated non-leptonic decay amplitudes are related to products of meson decay constants 

and hadronic matrix elements of current operators, which are similar to those encountered 

in semileptonic decays.

In many respects, non-leptonic decays of heavy mesons are an ideal instrument for 

exploring the most interesting aspect of QCD like CP violation. In studying CP violation 

for mixing of B and D mesons the best bounds come from the measurement of a particular 

non-leptonic decay. For example, in case of D-D mixing the bounds dome from the 

measurements of D —► K+n~ [50, 51].

Regarding the recent updates of non-leptonic decay in B meson, in March 2012, the 

LHCb collaboration reported an observation for CP violation in B± —> DK* decay. Re­

cently, in 2013 the same collaboration has announced a similar observation for the first 

time with a significance of more than 5cr marks for the Bs mesons [52].

1.3 Quantum Chromodynamics(QCD)

Quantum Chromodynamics, familiarly called QCD is the sector of the Standard Model(SM) 

which describes the action of the strong force. It is obtained from the full SM by setting 

the weak and electromagnetic coupling constants to zero and freezing the scalar doublet to 

its vacuum expectation value. What remains is a Yang-Mills(YM) theory with local gauge 

group S 1/(3) (colour) vectorially coupled to six Dirac fields (quarks) of different masses 

(flavours). The vector fields in the YM Lagrangian (gluons) live in the adjoint representa­

tion and transform like connections under the local gauge group whereas the quark fields 

live in the fundamental representation and transform covariantly. The QCD Lagrangian 

reads

(1.25)
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where {q} = u, d, s, c, b, t, F% = d,Aav - dvA° + gfabcAb̂ , Du = d, - iTaA%. fahc are 

the S U{3) structure constants and Ta form a basis of the fundamental representation of 

the S U(3) algebra. When coupled to electromagnetism, gluons behave as neutral particles 

whereas u, c and t quarks have charges +(2/3)e and d, s and b quarks have charges -(l/3)e.

The main properties of QCD follow:

• It is invariant under Poincare transformation2 , parity transformation, time reversal 

and (hence) charge conjugation. In addition, it conserves quark flavour.

• Being a non-abelian gauge theory, the physical spectrum consists of colour sin­

glet states only. The simplest of these states have the quantum numbers of quark- 

antiquark pairs (mesons) or of three quarks (baryons), although other possibilities 

are not excluded.

• The QCD effective coupling constant as(q) decreases, as the momentum transfer 

scale q increases (asymptotic freedom) [53,54]. This allows perturbative calculations 

in as at high energies.

• At low energies it develops an intrinsic scale, which is usually referred as Aqcd and 

provides the main contribution to the masses of most hadrons. At scales q ~ Aqcd, 

as(q) ~ 1 and perturbation theory cannot be used. Nonperturbative techniques are 

being used at this scale, the best established of which is lattice QCD(IQCD).

1.3.1 Perturbative and Non perturbative QCD

Asymptotic freedom turned out to be a useful tool in understanding high energy QCD. 

The short distance behaviour of quarks and gluons can be described with a perturbative

2Poincare transformation is the name sometimes (e.g., Misner et al., in Gravitation. San Francisco: W. 
H. Freeman, 1973.) given to what some other authors (e.g., Weinberg Gravitation and Cosmology: Principles 
and Applications of the General Theory of Relativity. New York: Wiley, 1972.) term an inhomogeneous 
Lorentz transformation jc,#i = AyXv + a11, where Ay is a Lorentz tensor.



1.3. Quantum Chromodynamics(QCD) 19

expansion in the small value of the coupling constant and allows the calculation of physical 

properties from first principles. However, understanding of the strong interactions are far 

from complete. Properties of medium and low energy QCD still present challenges to par­

ticle physicists and remain to be understood. Perturbation theory, which proved very useful 

for the high energy region, is not applicable at low energy scales and no other analytical 

tool has been developed so far. Quark confinement, chiral symmetry breaking, dynamical 

mass generation (ie. the hadron spectrum and the origin of the hadron mass), hadron high 

energy scattering are fundamental strong interaction phenomena at low energy but they 

are inherently non perturbative and have not yet been proven analytically from the QCD 

Lagrangian.

The only reliable method of studying the physical properties of low energy QCD is 

the lattice formulation of gauge theory proposed by Wilson [55] and independently by 

Polyakov [56, 57] and Wegner [58]. This theory provides a non perturbative description of 

QCD and indeed numerical simulations of QCD on Euclidean lattices give strong evidence 

for colour confinement and spontaneous chiral symmetry breaking as well as describing 

dynamical mass generation from the QCD Lagrangian [59, 60, 61]. But lattice QCD is 

limited to the Euclidean formulation of QCD and cannot be applied in Mihkowski space 

time to simulate high energy reactions in which the particles are inherently moving near the 

light cone. It is also difficult to understand from simulations the important QCD mecha­

nisms that lead to colour confinement. The numerical integrations required in this approach 

are also extremely computationally expensive. Even with the use of efficient Monte Carlo 

methods, approximations must be made in order to obtain results with the computational 

technology available today. Even then, however, several lattice gauge theory calculations 

are being performed and have already made an impact and preliminary understanding has 

been achieved on the sources of error in these studies.

The only other way to proceed in the non perturbative regime of QCD is by inventing 

and using phenomenological models that capture the most important features of strong
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QCD. A great variety of models have been developed during thirty years of QCD. Among 

them are the constituent quark models , light cone QCD [62], and various effective field 

theories such as Heavy Quark Effective Theory (HQET) and Chiral Perturbation Theory 

(ChPT) [63, 64] besides QCD Sum rules [65,66].

In Constituent quark models (CQM), hadrons are considered to be bound states of three 

valence quarks (baryons) and a quark and an antiquark (mesons). Those quarks are quasi­

particle degrees of freedom with the same quantum numbers as QCD quarks, but differing 

from the latter in their masses and in the fact that they could have an internal structure. 

Among CQM, non-relativistic quark models (NRQM) have shown to be phenomenologi­

cally very successful. In these models, constituent quarks are treated non relativistically 

and they interact through potentials that mimic QCD asymptotic freedom and confinement. 

In NRQM, the dynamical effects of gluon fields on hadron structure and properties are 

ignored. The quarks are considered as non relativistic objects interacting via an instanta­

neous adiabatic potential provided by the gluons. NRQM could account satisfactorily for 

the magnetic moments of the octet baryons [67]. Isgur and Karl [68, 69, 70, 71, 72, 73] 

studied baryon spectra within NRQM with the non relativistic point like quarks moving in 

a flavour independent confining potential and with the help of colour hyperfine interactions 

was able to explain the main features of the spectra. Meson spectra was explained within 

NRQM [74] by the generation of colour hyperfine interaction among quarks generated 

through the one gluon exchange potential introduced in [75].

1.3.2 Effective Field Theory(EFT) and Non-relativistic QCD (NRQCD)

In studying different static and dynamic properties of hadrons, relativistic and non-relativistic 

treatment of the quarks are found to be equally useful with their own success and failure. 

However, a proper relativistic treatment of the bound state based on the Bethe-Salpeter 

equation [76] has been found to be very difficult. The entanglement of all energy modes in
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a fully relativistic treatment is more an obstacle than an advantage for the factorization of 

physical quantities into perturbative and non perturbative contributions. To overcome this 

problem, semi-relativistic models have been adopted to study the hadronic properties, but 

due to the uncontrolled approximation it loses contact with QCD.

A non relativistic treatment, offered by the large mass of the heavy quarks on the other 

hand has clear advantages. The basis of non-relativistic treatment is that in the center of 

mass frame of the heavy quark-antiquark system, the momenta p of quark and antiquark 

are dominated by their rest mass. It can also be noted that the relativistic theory, like the 

light front approach, reproduces the results of nom-relativistic potential models under non- 

relativistic approximation [77].

Within the non-relativistic approach, three scale parameters are found to play an im­

portant role in studying the bound states of a heavy quark and antiquark. These scale 

parameters include the heavy quark mass m (hard scale), the momentum transfer mv (soft 

scale), which is inversely proportional to the typical size of the system r and the binding 

energy scale mv2 (ultrasoft scale), which is proportional to the typical time of the system. 

Here v is the typical heavy-quark velocity in the center of mass frame and the scales mv 

and mv2 are dynamically generated. For a non-relativistic system, v «: 1 and the above 

scales are hierarchically ordered: m » mv » mv2. For bottonium study v2 « 0.1 whereas 

for charmonium v2 » 0.3. It is useful to study the physics at each of these scales sepa­

rately. The wide range of involved energy scales also makes lattice calculation extremely 

challenging. Generally speaking, lattice QCD(IQCD) can encompass only a limited range 

of scale and hence, it become more tractable after scale separation.

Effective field theories(EFT) are the convenient quantum tool to separate these scales. 

It describes the low-momentum degrees of freedom in the original theory. To construct an 

effective field theory, the high momentum degrees of freedom are integrated out in that the­

ory. For low energy EFT, such integration is done in a matching procedure which enforces 

the equivalence between EFT and QCD at any given order of the expansion in v. Thus a
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prediction of the EFT is a prediction of QCD with an error of the size of the neglected order 

in v.

Non-relativistic QCD (NRQCD) [78, 79] is an effective field theory which follows 

from QCD and is obtained by integrating out the hard scale m [80,81]. Taking into account 

that m is much larger than the remaining scales of the system, the velocity of heavy quark is 

chosen as the expansion parameter [82] here. Thus, NRQCD has a UV cutoff scale A « m. 

Since m » Aqcd> it can be made equivalent to QCD at any desired order in 1/m. In a proper 

way of speaking, it can reproduce QCD for processes with p < Aqcd where as processes 

with p > Aqcd are not manifested in NRQCD. Thus AQCd becomes the factorization scale 

between the soft and hard physics.

Following NRQCD, there is another Effective Field Theory known as potential Non- 

relativistic QCD(pNRQCD), which integrates out the soft scale mv. It distinguishes two 

situations: 1) weakly coupled pNRQCD when mv » A qcd, where the matching from 

NRQCD to pNRQCD is performed in perturbation theory and 2) strongly coupled pN­

RQCD when mv « AQCd, where the matching is non perturbative [83].

It is not necessary that the heavy quarks Q and Q' in the bound state of mesons have 

similar masses in NRQCD but the masses must be large compared to Aqcd- In systems 

containing a heavy quark with mass much larger than the QCD scale (AQCD)i-e mQ -» oo, 

a new symmetry known as Heavy Quark Symmetry arises [84, 87, 88, 89, 90, 85, 86].

Heavy Quark Symmetry is an approximate S U(2NHF) symmetry of QCD, NHF being 

the number of heavy flavours (c, b,...) that appears in systems containing heavy quarks 

with masses much larger than the typical quantities (AQCD,mu,md,ms,....) which set up 

the energy scale of the dynamics of the remaining degrees of freedom. In that limit, the 

dynamics of the light quark degrees of freedom becomes independent of the heavy quark 

flavour and spin. This infinite mass limit of QCD leads to another well defined effective 

field theory-Heavy Quark Effective Theory (HQET) [20] that allows a systematic, order 

by order evaluation of corrections to the infinite mass limit in inverse powers of the heavy
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quark masses.

The concept of a new flavour symmetry for hadrons, containing a heavy quark was first 

introduced by Shuryak in 1980 [91], who later studied many properties of heavy mesons 

and baryons with QCD sum rules [62]. But a clear model independent formulation of the 

physical ideas of the spin flavour symmetry was developed by Nussinov and Wetzel [84], 

Voloshin and Shifman [87, 88], Politzer and Wise [89, 90], Isgur and Wise [85, 86] and 

Grinstein [92], until finally Georgi [20] reformulated the low energy effective Lagrangian 

for a heavy quark in a covariant way in a theory called Heavy Quark Effective Theory 

(HQET). Heavy Quark Symmetry and HQET have proved to be very useful tools to de­

scribe the dynamics of systems containing a heavy c or b quark [21, 93].

1.4 QCD Potential

QCD potential between a quark and antiquark has been one of the first important ingredi­

ent of phenomenological models to be studied in quarkonium physics. In a non-relativistic 

potential model, one ignores the dynamical effects of gluon fields on the hadron structure 

and properties. Quarks are considered as non-relativistic objects interacting via an instan­

taneous adiabatic potential provided by gluonsI94]. The force between a heavy quark and 

a heavy/light quark is due to the static quark antiquark potential, since the heavy quark is 

static with respect to the light quark. Vairo [95] defines the potential as the function V into 

the Schrodinger equation describing the quark-antiquark bound state f:

p being the momentum of the quark-antiquark pair in the centre of mass frame and E is its 

binding energy.

The QCD potential is based on the two important facts of QCD: confinement, which
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means that the force between quarks does not diminish as they are separated and asymp­

totic freedom, which means that in very high-energy reactions, quarks and gluons interact 

very weakly.

At low energy or large distance scale, colour confinement one of the prominent feature 

of QCD comes into play. In case of a quark antiquark pair in the colour singlet state, when 

one tries to separate the quark from the antiquark by pulling them apart then the interaction 

between the quarks gets stronger as the distance between them gets larger, similar to what 

happens in a spring. In fact, when a spring is stretched beyond the elastic limit, it breaks 

to produce two springs. In the case of the quark pair, a new quark-antiquark pair will be 

created when pulled beyond a certain distance. Part of the stretching energy goes into the 

creation of the new pair, and as a consequence, one cannot have quarks as free particles. 

To understand really what happens, one must make calculations in QCD at large distance 

scales where, according to the renormalization group equation, the coupling becomes very 

strong. At present time, such a calculation is found to be very difficult.

Figure 1.2: Electric lines between the positive and negative charges in QED.
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In contrast to QED, where the electric lines between positive and negative charges 

spread all over the space (as shown in Fig. 1.2) and generates a £ potential, in QCD the 

vacuum acts like a dual superconductor which squeezes the color electric field to a mini­

mal geometrical configuration-a narrow tube as shown in fig. 1.3.

Q

Figure 1.3: Flux tube due to chromoelectric lines of force in QCD.

The tube has approximately a constant cross section and constant energy density. Be­

cause of this feature, the energy stored in the flux increases linearly with the length of the 

flux. The qualitative picture is that the chromo-electric lines of force bunch together into a 

flux tube which leads to a distance independent force or a potential of the form

V(r) ~ constant x r (1.27)

for r > M~l, where M is a typical hadronic mass scale. For hadron size of 1 fm = 5GeV~l, 

M = 200MeV. Nambu provided a connection between linear energy density and a linear 

Regge trajectory with the string model of hadrons [96] and calculated the potential to be

V(r) = br (1.28)

where b is known as the QCD string tension which is also known as the slope of the po­

tential. The linear form for the long range part of the QCD potential has been validated by 

Lattice QCD calculations. Phenomenologically, almost all the potential models have found 

b = 0.18 GeV2.
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At short distance (in the weak-coupling limit), on the other hand quarks are free, which 

can be represented by a Coulomb potential with an asymptotically free coupling constant. 

In this scale the quarkgluon interaction is similar to the electronphoton interaction in quan­

tum electrodynamics with the Bom term for the qq or qq interaction being the familiar £ 

form.

V(r) ~ - (1.29)
r

The naive idea of this Coulomb like potential is that the exchange of a gluon gives rise 

to a force between the colour states. They are attractive in the color singlet channel and 

repulsive in the color octet channel but are spin and flavor independent. In contrast with 

QED the gluon self-coupling results in a slow decrease of the effective coupling strength 

at short distance. For hadrons, the one gluon exchange contribution in the colour singlet 

channel is given by:
4 ore

V(r) = --— (1.30)
3 r

where as is the strong running coupling constant and the factor | in Eqn.1.30 arises 

from the SU(3) colour factors.

It is, however not a proper justification to consider the dominating role of one gluon 

exchange at short distances. Indeed the studies of the static potential by using LQCD in 

Ref. [97] suggests that the one gluon exchange can dominate only at very small distances 

which is hardly accessible from the lattice data and even after including the perturbative 

higher order correction, only a small part of the static potential is described by perturbative 

QCD. Generally speaking, Coulomb like potential in phenomenological models covers a 

large range of distances and should probably be considered only as a phenomenological 

description that the Coulomb like potential together with the linear contribution provides 

the medium range potential responsible for the bound states. This is manifested by the fact 

that is not necessarily small. In the Cornell model of quarkonia, it is in fact large [98].
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Numerous variations of the resulting Coulomb plus linear potential exist in the litera­

ture. Some of the better known ones are

a) The Cornell potential

The Cornell Potential [99], which was initially proposed to describe masses and decay 

widths of charmonium states is given by

V(r) = J- + 4 + Vo (1.31)
r a1

where the coefficients a, 0 and V0 are adjusted to fit the charmonium spectrum.

b) Screened Cornell potential

To include the effect of saturation of the strong interaction at long distances, a variation 

of the Cornell potential, which is called the Screened Cornell potential also appears in 

Lattice as [100]

V(r) = (-/J/r + r/o2) (1.32)

where n is the screening parameter. This potential behaves like a Coulomb potential at short 

distances but, unlike in the previous model, it tends to a constant value for large r (namely, 

for r » 0 and (j. are intrinsic to the model, while a, mc and nib were fixed by the

authors. In this Potential the linearly growing confining potential flattens to a finite value 

at large distances, corresponding to the saturation of as to a finite value for decreasing Q2 

[101]. This effect should be due to the creation of virtual light quark pairs that screen the 

interaction between the bound quarks at long distances.

c) Richardson’s potential

The Richardson’s potential [102] incorporates the features of asymptotic freedom at short 

distances and linear confinement at long distances with a minimal interpolation between
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these two asymptotic behaviours given by:

V(r) =
8tt

33 - 2nf
Ar /(At)

Ar
(1.33)

Here tif is the number of light quarks relevant to the renormalization scale which is taken 

equal to three, while A is the scale interpolation between the two asymptotic regimes.

d) Power law potential

This potential belongs to the special choices of the generality of the potential [103, 104, 

105)

V(r) = -Cra + D^ + V0\ (1.34)

With Vq = 0 and a = -1, one gets

V(r) = — + D 
r

(1.35)

With the power/3 = 1, one obtain the simple Cornell potentialEqn.(1.31). However there is 

variation of /? in different models. Martin potential[106] corresponds to/? = 0.1, Heikkila, 

Tomqusit and Ono [107] potential corresponds to/3 = 2/3 where as Vinodkumar et al [108] 

explores within the range 0.5 < /? < 2.0.

Overall, the spin-independent features of quarkonium spectroscopy are well described 

by the potentials just described. The difficulty resulting from the consideration of different 

potentials is that the number of parameters to be fixed by comparison with experimental 

data is almost the same as the number of experimental data. Only qualitative arguments 

can be made to introduce a new potential form and hence it is more judicious to consider 

simpler models than to explain experimental data and to find out the limits of the models.

The Coulomb-plus-linear potential, so called the Cornell potential, has received a great 

deal of attention both in particle physics, more precisely in the context of meson spec-
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troscopy where it is used to describe systems of quark and antiquark bound states, and in 

atomic and molecular physics where it represents a radial Stark effect in hydrogen. The 

addition of the linear term in the potential makes the “funnel” of the potential narrower and 

can be seen in Fig. 1.4.

Figure 1.4: The potential ^as(coulombie), ^r(linear) and the potential ^ars + 
6r(Coulomb+linear), plotted against r (in GeV~l) with b = 0.183 GeV2 and as = 0.4.

This potential was used with considerable success in models describing systems of 

bound heavy quarks [109,110,111]. All of our results presented in this work will be based 

on the Cornell potential with a constant shift c

V (r) = ~—as + br + c. 
3 r

(1.36)

The parameter c which we call the constant shift of the potential is also known as the quarks 

self energy [112], This parameter is needed to reproduce the correct masses for heavy-light
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meson system and is found to have a variation in its numerical values. For example in the 

work of relativistic quark model by Faustov et ale = -0.3GeV[113] is used, in Ref.[99], 

it is taken to be c = 0.50805 GeV, Mao Zhi Yang has taken c = -0.19 GeV [114], Scora 

and Isgur [115] obtained c = -0.81 GeV, H M Choi et al in Ref. [116] have considered 

c = -0.5575, -0.6664GeV where as Grant and Rosner [117] considered a large negative 

value of c = -1.305GeV in a power law potential.

1.5 The Work of this Thesis

We mentioned above that perturbative QCD does not work at low energies, and that non- 

perturbative calculations have yet to produce detailed results.(In fact, the problem arises 

with any strongly-interacting field theory.) Until we can make quantitative predictions of 

hadronic properties using QCD, we cannot say that we understand the theory, nor can we 

make significant headway in this important regime. The main motivation for the present 

dissertation is to investigate meson properties in the quark model to understand the model 

applicability and generate possible improvements. Certain modifications to the model are 

suggested which have been inspired by fundamental QCD properties (such as running cou­

pling or spin dependence of strong interactions). These modifications expand the limits of 

applicability of the constituent quark model and illustrate its weaknesses and strengths.

The present work is an endeavour to formulate meson wave functions with Coulomb 

plus linear potential incorporating relativistic correction (in a free Dirac way) and thereby 

to study the static and dynamic properties of heavy-light flavoured mesons using this wave 

function. The wave function has been tested initially in Ref.[l 18,119] to study the proper­

ties of heavy-light mesons such as form factors, decay constants and charge radii. Further, 

the slope and curvature of Isgur-Wise function were studied in Ref.[120, 121] by incorpo­

rating two loop static potential in V-Scheme [122,123]. However, application of V-Scheme 

was found to be successful in studying the Isgur-Wise function of D and Ds mesons but
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was not so successful in studying the B, Bs and Bc mesons. Also the wave function shows 

singularity at the origin, which is required to study the leptonie decay constant in the non- 

relativistic limit.

Considering these two facts, we further improve the wave function and examine two 

general areas in the quark model: models of meson decay and final state interactions. The 

meson properties studied include meson masses, decay constants, form-factors and Isgur- 

Wise functions. The results are then compared to the experimental data, lattice gauge 

theory calculations (1QCD) and other theories.

Our motivation to study heavy-light tnesons, containing at least one heavy quark is 

natural not only because they are being intensively studied by current experiments, but also 

because their decay dynamics are significantly different from particles containing only light 

quarks.

In Chapter 2, we compute the ground state masses and Leptonie decay constants of 

Open flavour charm Mesons (D Ds and Bc using the QCD Potential model described 

above. Here we introduce a short distance scale to regularise the wavefunction at the origin 

and the strong running coupling constant is taken from the MS scheme with as = 0.39 for 

D and Ds mesons and as = 0.22 for Bc meson.

In Chapter 3, we try to incorporate the effect of short distance scale into the B sectors of 

mesons with a scale dependent as [125] and compute the Oscillation Frequency of Bd and 

Bs mesons.

In Chapter 4, we transform the wavefunction from co-ordinate space to momentum 

space by using Fourier transform and study the masses and Decay constants without ap­

plying the short distance scale. We use the same prescription of strong running coupling 

constant^) as is used in chapter 3 and compute the branching ratio for different leptonie 

channels to compare with the experimental data.

In Chapter 5, we study the Isgur-Wise function and its derivatives for B and D mesons in 

this version of our model. We put our special emphasis to study the semileptonic decay of
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B meson and compute the CKM element Vcfe by using HQET. In this chapter, we also show 

that the leptonic and semileptonic decay are not controlled by the same scale of parameter 

A QCD-

In Chapter 6, we explore Bc meson as a heavy-light meson and study its semileptonic 

decay to cc states. We also use another approach of the model with Coulombic part of the 

potential as Perturbation to study the same.

In Chapter 7, we present our concluding remarks as well as our future outlook.



Chapter 2

Open Flavour Charmed Mesons in a 

QCD Potential model

2.1 Introduction

As mentioned in chapter 1, the experimental measurements for the leptonic decay constant 

of D meson agree well with lattice QCD calculations but a discrepancy is seen for the value 

of fDs. A better understanding about the decay properties of D and Ds in this regard is quite 

important.

The properties of the Bc meson are of special interest [126], since it is the only heavy 

meson consisting of two heavy quarks with different flavours and due to this special feature, 

we include Bc meson in the list of heavy-light meson. A pecularity of Bc decays is that both 

the quarks may be involved in its weak decays. From an experimental point of view, study 

of weak decays of Bc meson is quite important for the determination of CKM elements. 

More detailed information about its decay properties are expected in near future at LHC 

and other experiments.

In this chapter, we modify the mesonic wavefunetion by using a short distance scale 

r0 in analogy with hydrogen atom and estimate the values of masses and decay constants

33
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of the open flavour charm mesons D, Ds and Bc within the framework of a QCD Potential 

model. We also calculate the leptonic decay widths of these mesons to study branching 

ratios and life time.

2.2 Formalism

2.2.1 The QCD Potential Model

The QCD Potential Model has its origin in the work of de Rujula, Georgi and Glashow 

[75]. Since then it has been applied to explain schematically the vast body of information 

available on mesons and baryons [127, 128, 129, 130]. The basis of this model is the 

Fermi-Breit Hamiltonian. This Hamiltonian, however has terms which are more singular 

than r~2 and is not exactly solvable. Godfrey and Isgur [131] improved upon the model 

by postulating a relativistic potential V(p, r) which differs from its non relativistic limit 

in two ways, i) the coordinate (r) becomes smeared at over distances of the order of the 

inverse quark mass and ii) the coefficients of the various potentials become dependent on 

the momentum of the interacting quarks. The smearing of the potentials results in taming 

of all their singularities.

The model was phenomenologically satisfactory but can be improved in a different 

manner. To that end, the original model was improved upon without additional parameters 

unlike [131].

The basis of the QCD potential model, to be discussed here is the non relativistic two 

body Schrodinger equation. The Schrodinger equation is then solved perturbatively and 

the first order wave function is obtained by using Dalgamo’s method [132] of perturba­

tion. Relativistic effects are then incorporated in the wave function by using standard Dirac 

modification in a parameter free way [133,134].
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2.2.2 Wave function in the model

In the ground state (l = 0), neglecting the contact term proportional to 63(r) the spin inde­

pendent Fermi-Breit Hamiltonian with confinement has the simple form,

H = -CF— + br + c. 
r

(2.1)

where
JV|

2Nc
(2.2)

Nc being the number of colours. Here CF is the Casimir operator AC.AC=CF, Ac being the 

generator of S U(NC). For Nc = 3, we obtain

H =
4a$
——h br+c 
3 r

(2.3)

so that

H' = br + c (2.4)

can be treated as perturbation to the unperturbed Hamiltonian

2m i 2m2 3r ’ (2-5)

where H0 is the Hamiltonian for two quarks of light and heavy flavour mq and mQ respec­

tively . The nonrelativistic two body Schrodinger equation then takes the form

HI# >= (H0 + H!)\\f/ >= E\iff > (2.6)

so that the first order perturbed eigenfunction if/w and eigenenergy W(1) can be obtained 

using the relation

H04f(l) + H>(0) = W<0V(1) + W(1V<0), (2.7)
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where

=< ^0)|/f>(0) > . (2.8)

From equation (2.7) we calculate t^(1) by Dalgamo’s method [132], which gives

pbaor2 exp <s>, (2.9)

where n is the reduced mass defined as

fi =
mqmQ 
mq + mg

(2.10)

and

Oq =
4fias 

3
(2.11)

as being the strong coupling constant. The corresponding eigenfunction with the 

pure Coulombic potential of Eqn.(2.5) is

«A(0)(r) exp "o . (2.12)

The normalized wave function with Coulombic plus linear potential is then

N |l - ijufcaor2j exp °oip-(r) = ij/(0)(r) + = (2.13)
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Taking into account the relativistic effects as given in [133,134], the relativistic version of 

equation (2.13)takes the form

ftrel+conf 0) = ~J== |l - -fiboot2j <f ^. (2.15)
■J7ra0 '

For non zero value of c, the wave function with its relativistic correction and confine­

ment effect can be obtained as1 [121],

ftrel+conf (f) —
N' =£

:e°o (2.16)

where

N'
2i

^1(22er (3 - 2e) C'2 - fribtfir (5 - 2e) C + ±M2b2a«T (7 - 2e))

C' = 1 + cAq

(2.17)

(2.18)

and with a correction [135]

e=l-a 1 (2.19)

2.2.3 The short distance scale and the wave function at the origin

In studying the pseudoscalar leptonic decay constants of mesons, we require the wavefunc- 

tion at the origin ft(0). But the wavefunction at the origin, develops a singularity at r = 0 

(Eqn.2.16). However singularities at r = 0, in relativistic and nonrelativistie approaches 

of quark models LI36, 137, 138] are not new and different regularisation procedures are 

being employed to remove these singularities. Here, in this work we use another way to 

regularise the wave function at the origin which have the quantum mechanical origin in 

derivation in Appendix A
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QED. It is well known that relativistic wave fraction of the hydrogen atom too has such 

singularities. However such effect is noticeable only for a tiny region[134],

/ l \ ___ 2 16300
2mzar < e I’17?' < e ~ 10 (2.20)

where z is the atomic number, m is the reduced mass of the hydrogen atom, a is the elec­

tromagnetic coupling constant and y = Vl - z2a2. Using such hydrogen like properties 

in QCD, m, a and 1 - y are to be replaced by fi, %as and e respectively. Here as is the 
strong coupling constant, e = 1 - -yjl- (fa)2 [135] and (mzar)7-1 changes to * lead­

ing to a cut off parameter r0 upto which the model can be extrapolated (r > ro). In analogy 

to the QED calculation (Eqn.2.20), using the typical length scale for the relativistic term 

(^) 6 ^ we obtain the cut off parameter as

r0 ~ a0e «. (2.21)

Unlike QED, r0 is found to be flavour dependent due to the term a0 in Eqn.2.21, which 

carries the flavours of the quark masses (Eqn.2.11).

With this cut-off parameter, we write the normalised and regularised wavefunction

[139]

i/f(r') = N' z<Le “o C fiba0(r')2
(2.22)

with

r' = r + r0. (2.23)

In the numerical calculations, we adopt as = 0.39 and as = 0.22 at charm and bottom mass 

scale from MS scheme [140,121]. The value of the undetermined factor A0, which appears 

in the series solution is so chosen that the consistency of the value of cAq = 1 GeV312 is 

sustained with the previous work [121]. The other input parameters in the calculations
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are mu = 0336GeV = md, ms = OAMGeV, mc = 1.550GeV and mb = 4.950GeV, b = 

0.183GeV2, c = -0.5GeV. With these values, we compute the short distance scale r0 for 

open flavour charmed mesons D, Ds and Bc and tabulate in Table (2.1).

Table 2.1: Values of cut-off parameter r0 for different mesons

Mesons Reduced mass Values of r0 in Gev 1
D(cu/cd) 0.2761 0.0073

Ds(cs) 0.3682 0.0055
Bc(bc) 1.1838 3.872 x 10“10

It is clear from Table. (2.1) that as the masses of the mesons increase, the value of 

the cut-off parameter r0 decreases. For heavy-heavy mesons like Bc it becomes as tiny as 

10_10GeV_1, which presumably infers that the relativistic effect is too small for this heavy 

meson.

2.3 Calculation and results

2.3.1 Masses and decay constants of open flavoured charm mesons

As stated in chapter 1, when quark and antiquark annihilate the leptonic decay constant fP 

could in principle be measured in the process q + q -» W~ -»/T + v. In Fig.2.1, we show 

the Feynman diagram for the annihilation of quark and antiquark in D and Ds mesons.

C l+

o+W)

d(s)

Figure 2.1: The decay diagram for D+s) —> f+v/.
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In the non-relativistic limit, the pseudoscalar decay constant fP and the ground state 

wave function at the origin if/ (0) is related by the Van-Royen-Weisskopf formula2 [24].

fp ~ (2.24)

With QCD correction factor the decay constant can be written as [25]

fpc = 1 - as/n 2-

mq-Wq

mQ + m-Q
(2.25)

where Mp is the pseudoscalar meson mass in the ground state and can be obtained as [141]

Mp = mQ + mQ + (H) (2.26)

where
(H) = {^) + (V(r)) (2.27)

2fi

In Table(2.2) and (2.3), we record the prediction of the model for masses and decay con­

stants.

Table 2.2: The masses of heavy-light mesons in GeV.

mesons^ masses experimental values
D(cu/cd) 1.860 1.869 ± 0.0016[37]

D(cs) 1.959 1.968 ± 0.0033[37]
Bc(bc) 6.507 6.277 ± 0.006[37]

2The derivation of this formula is given in Appendix.B



2.3. Calculation and results 41

Table 2.3: The decay constants of heavy-light mesons with and without QCD correction in 
GeV

Mesons Our work Other work

fp fpc
Dicu/cd) 0.240 0.225 0.205 ± 0.085 ± 0.025 [142][Exp] 

0.206 [143]
0.234 [136]
0.208 [144]
0.201 [145]
0.235 [146]

D{cs) 0.291 0.266 0.254 ± 0.059 [142] [Exp]
0.245 [143]
0.268 [136]
0.256 [144]
0.249 [145]
0.266 [146]

Bc(bc) 0.435 0.413 0.433 [176][Theory]
0.470 [147]

2.3.2 Leptonic decay rate and Branching ratio of D and Ds mesons

There are several reasons for studying the purely leptonic decays of charged mesons. Such 

processes are rare but they have clear experimental signatures due to the presence of a 

highly energetic lepton in the final state. The theoretical predictions are very clean due to 

the absence of hadrons in the final state. The total leptonic decay rate (width) of D, Ds 

mesons are given by

r(o;->/v) a\\v,Pji
8*

2mf
m. \2

Kq;
MD.q = d,s. (2.28)

where GF is the Fermi coupling constant, Vcq is the Cabibbo-Kobayashi-Maskawa (CKM) 

matrix element between the two quarks cd(s) in D+(D^), mi is the mass of the lepton, and 

MDq is the mass of the pseudoscalar D or Ds meson. Equation.2.28 shows an interesting
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dependence on the lepton mass m* . The factor (1 - -^) accounts for the phase space 

suppression when the mass of the lepton is close to the parent mass. In the limit of mi = 0, 

the D+ and D\ leptonic decays are forbidden which can occur only for the case of mi =£ 

0. This helicity suppression results from the fact that the charged weak interactions only 

couple the left handed fermions. In leptonic decay, the final state neutrino must be left- 

handed and hence the final lepton must also be left-handed, since only in this way one can 

obtain a final state with zero angular momentum component in the direction of motion of 

the leptons. This helicity suppression of the decay gives a larger decay rate for the final state 

with the lepton l = r and l = p than that for the final state with lepton l = e. The leptonic 

decay rate of the charged D and Ds mesons are obtained using Eqn.2.28 and employing 

the predicted values of the pseudoscalar decay constants fD and fDs along with the masses 

of the Mu and MDs from our work. The leptonic widths for separate lepton channels by 

the choice of mt=T^e are computed. Branching ratio of D and Ds mesons are calculated by 

using the relation

BR = T xt. (2.29)

The life time of these mesons rD = 1.04 ps and tDs = 0.5 ps are taken from the world 

average value reported by particle data group [37]. The present result of branching ratio, 

as tabulated in Table (2.4) are in accordance with the available experimental values.

Table 2.4: The leptonic branching ratio of D and Ds mesons. Values within the bracket 
represent the branching ratio for fp with QCD correction.

Mesons brt x ur3 BR„ x 10-4 BRe X 10"8
D(cu/cd) 0.78(0.68) 4.4(3.89) 1.05(0.92)
Expt.[37] < 1.2 3.82

B. Patel etal.,[147] 0.9 6.6 1.5
BRt x 10-* BRP x 10"3 BRe x 10“7

D(cs) 6.4(5.3) 7.0(5.9) 1.67(1.40)
Expt.[37] 5.6 ± 0.4 5.8 ± 0.4

B .Patel etal.,[147] 8.4 7.7 1.8
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2.3.3 Weak decay of B+ meson

Adopting the spectator model for the charm beauty mesons system [148], the total decay 

width of B+c meson can be approximated as the sum of the widths of ft-quark decay keeping 

c-quark as spectator and the c-quark decay with b as spectator and the annihilation channel 

B+c —» lvi(cs, us) for l = e,fi,r with no interference assumed between them. Accordingly, 

the total decay width is written as [148]

r(5c -> X) = T(b -> X) + T(c -> X) + T(anni). (2.30)

Neglecting the quark binding effects, the b and c inclusive widths in the spectator approxi­

mation are [148]

T(fc-»X) = 

T(c->X) =

9G2F\Vcb\2m5b
192tt3

5G2F\Vcs\2m5c
192tt3

(2.31)

(2.32)

Here we have used the model quark masses and the CKM matrix elements |VcS| = 0.957, 

\Vcb\ = 0.039 from the particle data group. Employing the computed mass and pseudoscalar 

decay constant from the present study, the width of the annihilation channel is computed 

using the expression [141,148]

r (Anni) =
Gl\Vlc

Sjt

Be nmq 1 - 'q, (2.33)

where Cq = 1 for rvr channel and Cq = 3| VCiS[2 for cs channel and mq is the mass of the 

heaviest fermions. The computed results of the annihilation decay rate and total decay rate 

are tabulated in Table 2.5. Our prediction for life time with these results are shown in Table 

2.5.
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Table 2.5: Decay width(in 10_4eV) and life time of Bc meson

Meson F (Anni) T{BC->X) r (inps)
Bd 1.17(1.06) 19.17(19.06) 0.344(0.346)
[37] 0.453 ± 0.041

[148] 1.40 14.00 0.47
[149] 0.67 8.8 0.75

2.4 Conclusion

In the present work, we have used a short cut-off parameter r0 to regularise the wave func­

tion near the origin. This wave function is then used to compute the masses and decay 

constants of heavy-light mesons. The short distance scale (or cut-off parameter) as well as 

the decay parameters are found to be very sensitive to the strong coupling constant as in 

the model. As expected, the magnitude of the short distance scale is far larger than its QED 

counterpart but still far smaller than the measure of finite size of hadrons or its constituents. 

It is however well within the reach of LHC [150], where distance down to a scale as short 

as 5 x 10~20m -10_21m will be explored. Theoretically, this short distance scale tq can be 

roughly associated with the ultra-violet regularisation scale of QCD.

The analysis with QCD correction is found to be closer to experiments and other the­

oretical results. In our calculation we have found ^=1.18 (with QCD correction) and 

^=1.21 (without QCD correction), which is in accordance with the lattest QCD Sum rule 

result 1.193 ± 0.025 ± 0.007 [143], PDG average fj± = 1.25 ± 0.06± [37], as well as with 

the recent lattice QCD results fojfo = 1.164±0.011 [151] and /d,//d = 1.20±0.02 [152].

Present study on the leptonic decay branching ratio of D and Ds mesons with QCD 

correction for r and fj, leptonic channels, presented in Table 2.4 are as per the available 

experimental limits. Large experimental uncertainty in the electron channel makes it diffi­

cult for any reasonable conclusion. The computed result within the framework of the QCD
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potential model for annihilation decay width as well as the lifetime of Bc meson is also 

found to be in good agreement with the available data as presented in Table 2.5. Probably 

in future, high luminosity, better statistics and high confidence level data sets will be able to 

provide more light on the spectroscopy and decay properties of these open charm mesons.

However, with MS scheme our results for Bd and Bs mesons are not found to be satis­

factory and is shown in Table 2.6.

Table 2.6: Masses and decay constants Bd and Bs mesons

Mesons Mass Exp mass Decay constant(fp) Other results
B 7.2351 5.279 0.0264 0.204[37] 

0.196[153]
Bs 6.769 5.366 0.0553 0.216[153] 

0.218 [136]

Thus the present approach shows a limitation towards the study of the leptonic decay 

constants of Bd and Bs mesons.

In the next chapter, we will study this feature under an alternative to MS scheme.



Chapter 3

Oscillation frequency of B and B mesons 

in the QCD potential model

3.1 Introduction

As stated in chapter 2, while calculating the masses and decay constants of Bd and Bs 

mesons with MS scheme, the results are not found to be satisfactory. The value of as in MS 

is taken to be independent of the light quark mass, for example the value of as = 0.39 for 

both the D and Ds mesons. It thus paves another way of considering a scale dependent as in 

the model. In this chapter, we use a scale dependent as to calculate the pseudoscalar masses 

MBq and decay constants fBq to compute the oscillation frequency AmBq, q = d,s within the 

frame work of the potential model. We also use the same regularisation procedure as is 

introduced in chapter 2 to regularise the wavefunction at the origin.

In the first part of this chapter, we compute the masses of Bd and Bs mesons with a 

different mass formula, which in fact depends upon the wavefunction at the origin and 

study the decay constant and oscillation frequency. However, to maintain a continuous 

evolution, we also study the same properties with the mass formula of chapter.2 in the 

second part of this chapter.
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3.2 Formalism

3.2.1 Mixing of Bd and Bs mesons

It is found that the weak eigenstates of neutral mesons are different to their mass eigen­

states. This leads to the phenomenon of mixing whereby neutral mesons oscillate between 

their matter and antimatter state. This was first proposed by Gell-man and Pais[154] in 

1955 for K° - j£° system. The first evidence of mixing of neutral B meson was found by 

the UA1 Collaboration at CERN [155] and thereafter ARGUS[156] Collaboration at DESY 

observed the mixing of Bd meson, where the production of e+e" -» Y(4S) -> BdBd ended 

up with two Bd mesons.

The neutral Bd and Bs mesons can mix with their antiparticles by means of box dia­

gram involving exchange of a pair of W bosons and intermediate u, c, t quarks leading to 

oscillations between the mass eigenstates. Although u, c and t quark exchange occurs, the 

t quark plays a dominant role mainly due to its mass, as the amplitude of this process is 

proportional to the mass of the exchanged fermion. A box diagram for mixing of B meson 

is shown in Fig.5.2.1.
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Figure 3.1: Feynman graphs for BdtS Bd s mixing. Quarks are shown as straight lines, while 
bosons are illustrated by wave-lines.

There are two mass eigenstate for the phenomenon of particle-antiparticle mixing in 

both the systems 5° - jS° and B°s - lfs, which are linear combinations of the two flavour 

states B and B. This evolution of B° or B° meson with time is given by a Schrodinger like
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equation

.am))
l~dt~ =

The mass matrix M is not diagonal and is given by,

M = m - -T 
2

Mii - fTn m\2 - ^12

k m2\ - fr2i m22 - ^r22

From the hermiticity condition of matrices, we get

m21 = m12 rM = rB

and CPF invariance gives the identity,

mn=m22, rn=r22.

Diagonalization of mass matrix M in Eqn.(3.1) gives,

i ^ z^
wn--rn-M = 

wn-|rn+^ = m2-^r2

where,

p2 = mn-  ̂r12, g2 = ^2 - fn-

The eigenstates are given by,

IBU2) = ' * ......[p|5°) T q\5°>]

VlFl2 + M2

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)
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Considering the real parts of Eqn.(3.5), we have

m\ = mu - Re(pq) 

m2 = mu + Re(pq). 

Ti = Tn+2lmpq 

r2 = Tn-2lmpq

Thus finally we have

Am = tn2 -mi = 2Re(pq),
m\ + m2

m =
2 = mu

r, + r2r =
2 = r*n

This mass difference Am = Ams is a measure of the frequency of the change from a B into 

a 5. The probability for a 5° meson to appear as a 5°, as a function of time is related to the 

oscillation frequency parameter by the relation [157]

P±(t) = 0.5IY~r,[l ± cos(Amt)]. (3.8)

The mass difference AmB is a measure of the frequency of the change from a B into a

B and is called the oscillation frequency. Since the first observation of particle-antiparticle
_o

transformations in neutral B mesons in 1987 [155, 156], the determination of BP - B 

oscillation frequency AmB from a time-dependent measurement of B° - B oscillations has 

been a major objective of experimental particle physics[158].

In the unitarity triangle, the least known length is R,. This length is proportional to the
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CKM matrix element \Vtd\ (Equation 1.16) and can be measured through Bd [14]

Amd = Const, x fBdBBd\V;bVtd|2, (3.9)

where, Const is a known constant factor, fBd is the decay constant of Bd and BBd is the bag 

parameter.

In the same way, the flavour oscillation in Bs systems can be used to extract the magni­

tude of |FW| in the Cabibbo-Kobayashi-Maskawa (CKM) matrix [159]. Most of the uncer- 

tainities in the measurement of oscillation frequencies can be cancelled out by calculating 

their ratio
£* = (3-10)
Amd MBd \Vtd\2

where the constant £ = 1.210+°^ has approximately 4% uncertainties left from lattice 

calculations [14].

It has been argued that recent tension between the Standard Model and flavor physics 

experiments could be alleviated by the presence of new physics in B mixing [160,161,162], 

while the latest analysis indicate that this may not be the case [163] and precise calculations 

of the theoretical inputs to B mixing are necessary for a thorough understanding of quark 

flavor physics [164].

3.2.2 Allowed range of strong running coupling constant as in the 

model

The modified wavefunction 2.16 with linear part of the Cornell Potential as perturbation is 

discussed in chapter.2. In chapter.2, we see that with MS scheme, the masses and decay 

constants for B and Bs mesons show a large discrepancy with the other theoretical results. 

This deviation allows us to think of an alternate way of choosing the strong running cou­

pling constant as in the model.
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The values of as and the constant shift c of the potential V(r) are found to vary from 

model to model. These two parameters are expected to be fitted from the mass spectroscopy 

of hadrons and then to study its other properties. Thus, a narrow range of the free parame­

ters in a potential model measures its success and applicability as well.

In Ref.[120], it is shown from the momentum transform1 of Eqn.(2.16) with C' = 1, 

that the confinement part of the potential can be treated as perturbation provided

(4 - e)(3 - e)tibal

2(1 + &lQ2)
« 1. (3.11)

For very low Q2, Q2 < Q^, the present method of perturbation breaks down, where Qfc is 

determined from the relation

(4 - e)(3 - e\ubal
2(1 + flSCg)

(3.12)

The values of Q2q with b = 0.183GeV 2 for B and D mesons are shown in Table 3.1.

Table 3.1: Values of Ql (in GeV2) for heavy-light mesons above which linear part can be 
treated as perturbation [118].

Mesons as = 0.65 as = 0.6 as = 0.5
D 3.5 . 4.1 5.5
Ds 3.5 4.2 5.8
B 1.4 1.7 2.3
Bs 3.9 4.4 5.5
Bc 0 0.4 2.0

To reduce the value of Qfa, either one has to consider a very small value of b or to 

increase the value of as. This is obvious, since in both the cases Coulombic part will 

be more dominant (Eqn.2.1). However, reality condition of e demands that as < | and 

hence one cannot go beyond as = 0.75 in this approach. The standard spectroscopic result 

'The wavefunction with momentum space is discussed in ehapter.4
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b = 0.183G<? V2[165] can be accommodated by a proper choice of c [120,121] so that the 

perturbative condition of Eqn.(3.11) becomes

(4 - e)(3 - e)fiba30 
2(1 + a2Q2)

«C. (3.13)

This possibility arises due to the arbitrariness of A0, which appears in the series solution 

(Ref. Appendix A). With this one can impose b = 0.183G6V2 with low Q2 value. The 

improved values of Ql with b = O.lBSGeV^for B and D mesons are shown in Table 3.2.

Table 3.2: Values of Ql (in GeV2) for heavy-light mesons with linear part as perturbation 
and mu/d = 0.33 GeV.m, = 0.483 GeV,mc = 1.55 GeV,mfc = 4.97 GeV

Mesons as = 0.65 as = 0.5 (x s — 0.4 as = 0.37
D -0.0001 0.0264 0.0362 0.037
Ds -0.0166 0.0304 0.0490 0.052
B -0.0057 0.0286 0.0412 0.043
Bs -0.0371 0.0300 0.0530 0.056
Bc -0.7045 -0.0219 0.0162 0.054

Thus to incorporate lower value of Q2 (Q2 < A2QCD), with linear part as perturbation in 

the improved version one expects a bound of as as 0.37 <as < 0.75.

The results of the slope and curvature of Isgur-Wise function with linear part as per­

turbation [121] in the Dalgamo method as well as in VIPT method [166], clearly indicates 

that with as = 0.6 one can expect high accuracy towards experimental and other theoretical 

values. Thus to treat linear part of the Cornell potential as perturbation, the allowed range 

of strong running coupling can be considered as 0.37 < as < 0.75 with cAq = lGeV312 in 

the model.
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3.2.3 Strong running coupling constant as in MS scheme

Traditionally, the strength of the quark gluon interaction is characterised by the coupling 

constant aj^iq2) and is defined in a particular dimensional regularisation scheme such as 

the MS (modified minimal subtraction) regularisation scheme [167]. In MS scheme, the 

higher order effects of QCD are conventionally expressed as a power series in the coupling 

constant ajjj. In inverse powers of ln(ji2), as(p) is written as [168]

a s(p) =
4 n

Polnip2/ A2)
2Piln [ln(p2/A2)]
ft2 ln(p2/A2) +

^ln[ln(p2/A2]-iJ

401
P*ln2(p2/A2)

P?Po _ 5
sp2 4 (3.14)

where,

Po = 11 (3.15)

Pi =51-—nf (3.16)

_ 5033 325 2Pi = 2857-----—nf + — nj (3.17)

and tif is the number of quarks with mass less than the energy scale p. The coefficients Pq 

and Pi of Eqn.3.14 are independent of the choice of renormalisation scheme but the form of 

p2, which is shown here in Eqn.3.17 is from the MS scheme. Taking n/ to be respectively 

4 and 5, the corresponding value of at the scale of the c and b quark mass are taken to

be or^j(mc) = 0.39 and a^m*) = 0.22 [169,121,140].

MS subtraction scheme is however, a quark mass independent renormalisation scheme. 

The ratios of quark masses are scale independent in such a scheme [168]. Further, there is 

no definite choice of p for such a scheme since the higher order corrections do not “fix” the 

scale, rather they render the theoretical predictions less sensitive to its variation.
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3.2.4 An alternate to MS scheme

To incorporate the scale dependance of quark masses, we consider the one loop expression 

for as appearing in the potential V(r) which in turn is related to the quark mass parameter 

as[125,137]

(3.18)

where, nf is the number of flavours, fi is the renormalistion scale related to the constituent 

quark masses as /i = 2—^- and A is the QCD scale which is taken as 0.200 GeV here. 

The background mass MB appearing in Eqn.3.18 is not an arbitrary parameter, rather it is 

a characteristic for a process to be considered. It can be calculated in the framework of 

Lattice QCD or background perturbation theory(BPTh) [170,171,172].

We consider that the background mass MB is related to the confinement term of the 

potential by the relation MB = 2.24 xb1/2 = 0.95GeV[125,137]. An advantage of choosing 

this relation is that on the perturbation procedure of the model, if one needs to change the 

confinement parameter b then that will make a change in the background mass MB which 

will correspondingly change the coupling as. Thus a change in the confinement term of the 

potential V(r) will contribute a change in the Coulombic term as such. With MB, thus we are 

able to incorporate the confinement effect so that with = A2, the strong coupling constant 

as becomes finite and with zero confinement (b = 0), Eqn. 3.18 becomes equivalent to that 

of the MS scheme in the leading order(LO).

Within this prescription (Eqn.3.18), we find as = 0.40 for Bd mesons and ors = 0.37 for 

Bs mesons, where as the corresponding value for Bd and Bs mesons was as = 0.22 in MS 

scheme.
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3.3 Calculation and results

3.3.1 Masses and Decay constants of B mesons

For studying oscillation frequency of B and B mesons the pseudoscalar decay constant and 

mass are the two important parameters to be predicted in a potential model.

The energy shift of mass splitting due to spin interaction in the perturbation theory reads 

[173]

AE= f T* (r) ilfd3r, (3.19)

so that

' <3-20>

Here the hyperfine term (Si.Sj) is motivated by the corresponding term in the one gluon 

exchange potential between quarks and the latter is proportional to a delta function at the 

origin from where we get the |i/K0) f dependence. Taking this energy shift into account, 

the pseudoscalar meson mass is expressed as [174]

Mp = nij + rrij - .ty (0) |2, * (3.21)
omiTflj

since (5,-.5;) = -3/4 for pseudoscalar meson.

To compute the decay constant of Bd and Bs mesons, we use the non relativistic ex­

pression given by equation 2.24 in chapter 2. To use Eqn.3.21 and 2.24, we need the 

regularisation length r0 as is defined in Eqn. 2.21 of chapter 2.

The values of rQ and corresponding wavefunction at the origin for Bd and Bs are calcu­

lated to study pseudoscalar masses and are shown in Table 3.3. The corresponding com­

puted values of decay constants for Bd and Bs mesons are presented in Table 3.4. The 

set of input parameters which are used to compute the results of Table.3.3 and 3.4 are 

md=036 GeV, ms=0.46 GeV, mb=4.95 GeV, c = 1 GeV and A0 = 1 GeV1/2 [135].
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Table 3.3: Values of r0 and Mp for Bd and Bs mesons.

Mesons |i/f (0) | in GeVi/2 Values of r0 in Gev 1 Mb in GeV
Bd 0.1266 0.0091 5.273[This work] 

5.279 [37] 
5.285 [176] 
5.279 [177]

Bs 0.1778 0.0022 5.370[This work] 
5.369[37] 
5.373[176] 
5.375[177]

3.3.2 Oscillation frequency of B-Bmesons
9

In the Standard Model, the oscillation frequency or mixing mass parameter (Aw) is given 

by [178,179]
G2m2MB f2AmB =..- t%nBq Bqg(*,)T}tW;qVtb\2B, q = d,s (3.22)

where q, is the gluonic correction to the oscillation and is taken to be 0.55 as in ref.[178], the 

last factor B is the bag parameter which represents the correction to the vacuum insertion 

and is taken as 1.34 [178]. The function g (x,) is given by[180]

1 ___9_________3________ 3x}
8 Xt ~ 4 +4(l-xt) 2(1 -x,)2 2(1 -jct)3 (3.23)

Here, xt = The values m, = 174 GeV, mw = 80.403 GeV and the CKM matrix
MW

elements \V,b\ = 1, \Vtd\ - 7.4 x 10~3, |V,,S| = 40.6 x 10~3 are taken from the particle data 

group [37].

We use the estimated values of masses and decay constants to compute the mixing mass 

parameters and present them in Table 3.4. The decay constants are found to be compara­

ble with the other theoretical values and mixing mass parameters are found to be in good
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agreement with the experimental values.

Table 3.4: Decay constant and oscillation freq. of B mesons

Mesons fB(in GeV) AmB(in ps *)
Bd 0.213 [This work]

0.189 [136] 
0.196(29)[153] 

0.190(7)!f[183] 
0.210(9)[184] 

0.216(9)(19)(6)[150,145]

0.55 [This work] 
0.50[37] 

0.547[181] 
0.515[181]

Bs 0.265[This work]
0.218 [136] 
0.216[153] 

0.217(6)!|[183] 
0.244(21)[184] 

0.259(32)[150,145]

17.34[This work] 
17 [37] 

17.77[185]

3.3.3 The results with the mass formula 2.26

In the above section, we have computed the masses of Bd and Bs mesons by using the 

relation (3.21) proposed by Halzen and Martin [174] in a sense to check the sensitivity of 

the wavefunction at the origin in the formula of mass and decay constant as well. This 

formula (Eqn.3.21) as is used in Ref.[135], however does not contain the eigenenergy term 

of the system [175], Therefore, in addition to the above results, we also compute the 

masses of B mesons using the formula (Eqn.2.26) of chapter.2, which contain the eigen 

energy term of the system (but not the hyperfine term). The corresponding change of decay 

constants and oscillation frequency are shown in the Tables 3.5 and 3.6. In the numerical 

computation, we use the input parameters as mu = md = 0.336 GeV, ms = 0.465 GeV,mb = 

4.97 GeV and c = -0.4 GeV with the consistency of cAq = 1 GeV3/2.
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Table 3.5: Values of r0 and Mp with Eqn.2.26 for Bd and Bs mesons (in unit of GeV).

Mesons Values of r0 in Gev1 A/# in GeV
Bd 0.009 5.273[our work with nf = 3] 

5.279 [37]
5.285 [176]
5.279 [177]

Bs 0.002 5.365[our work with n/ = 3] 
5.369[37]
5.373[176] 
5.375[177]

Table 3.6: Decay constant and oscillation freq. for Bd and Bs mesons

Mesons /s(in GeV) AmB(in ps *)
Bd 0.191[our work with «/ = 3] 

0.189 [136] 
0.196(29)[153]

0.190(7)^ [183] 
0.210(9)[184] 

0.216(9)(19)(6)[150,145]

0.45[our work with rif = 3] 
0.50[37]

0.547[181]
0.515[181]

Bs 0.268[ our work with rif = 3] 
0.218 [136] 
0.216[153] 

0.217(6)+||[183] 
0.244(21)[184] 

0.259(32)[150,145]

17.79[our work with rif = 3] 
17 [37]

17.77[185]

3.4 Conclusion

In the present work, we have computed the masses using two different formulae and calcu­

lated the corresponding results for fB, fBs, AmB and AmBs. The first set of results are shown 

in Table 3.3, Table 3.4 and the second set of results are tabulated in Table 3.5, Table 3.6. 

These results are found to be well within the other theoretical and experimental results. 

However a different set of input parameters needs to be fixed in each case.
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• The concluding remarks of this chapter can be summarised as:

• we are able to obtain satisfactory results for Bd and Bs mesons with a scale dependent 

as (Eqn.3.18) for a fixed value of «/ = 3 and AqCd = 200 MeV.

• The same regularisation procedure(as is used in chapter.2) within a short distance 

■scale is found to be effective in finding the value of the wavefunction at the origin.

• We have found from the calculation that generally the masses are not so sensitive 

to running coupling constants since the heavy quark constituent masses are domi­

nant here, but the decay constants are very much sensitive to the running coupling 

constants and therefore a slight change in as well as r0 deviates the results signifi­

cantly.

In the second part of the results of this chapter we see that the the oscillation frequency 

AmBi is slightly less [Table 3.6] than the experimental value. Considering this deviation to 

be a negligible one, we fix the model parameters here from the second part of this work 

and maintain a continuous evolution with our previous chapter (chapter 2). However, the 

computed value of AMBi in the two approaches are found to be in good agreement with the 

available data as well as within the experimental bounds 17 < AmBs < 21 ps~x at the 90% 

C.L.[182].

It would be interesting to test the predictive power of the model with this set of param­

eters (mu = md = 0.336 GeV, tns = 0.465 GeV, mb = 4.97 GeV and c = -0.4 GeV, 

cA0 = 1 GeVi/2, nf = 3, Aqcd ~ 200 MeV and MB = 0.95) in the next chapters to study 

the leptonic and semileptonic decay of heavy-light mesons.



Chapter 4

Leptonic decay of B and D mesons in the 

QCD potential model with relativistic 

correction

4.1 Introduction

In chapters 2 and 3, we have studied the masses and leptonic decay constants of heavy-light 

mesons within a short distance scale r0 and fixed the model input parameters in chapter 3. 

However, we are unable to explain the origin of such a scale r0, which leads us to adopt an 

alternate approach to evaluate the leptonic decay constants.

In this chapter, we have used the wavefunction with linear part as perturbation and 

transformed it to momentum space by applying Fourier transformation. This wavefunction 

is then used to study the decay constants in a formula with relativistic correction where 

the necessity of the wavefunction at the origin and hence the short distance scale does not 

arise. We also compute the leptonic branching ratio of B and D mesons to compare with 

the experimental and other theoretical works.
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4.2 Formalism

4.2.1 Wave function in the model

For completeness, we recall the wavefunetion with linear part of the Cornell potential as 

perturbation (Eqn.2.16) in co-ordinate space from chapter 2.

if/ir) (4.1)

The terms involved in the above equation are explained in Chater:2. The wavefunetion in 

momentum space can be obtained by using the Fourier transform as

^)=^F/rf3re^(r)' (4.2)

Separating the variable-dependence of the momentum space wave function as

(4.3)

one can obtain for l = 0 in the natural unit as [144]

*l'(p) = dr sin (pr)

Then using Eqn.4.1,4.4 and the standard result

xP le axsin(mx)dx =
T{p)sin(p9) 
(ia2 + m2)1/2 ’

(4.4)

(4.5)
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we obtain the normalised wavefunction in momentum space as

&(p) =
iVV2(2-e)T(2-e) c, (4 — e) (3 -e)nbal 

2(l + aoP2)
(4.6)

This simplified form of the wavefunction gives the momentum distribution of the quark and 

anti quark.

4.2.2 Masses and Decay constants of D and B mesons

The decay constant with relativistic correction can be expressed through the meson wave- 

function iffp(p) in the momentum space [186] by

fp -
d*p
{2nf

Eq + mq\1/2(Eq + mq\112 
2 Eq ) \ 2 Eq j 1 + Ap

[Eq + mql[Eq + mql 4fp(p),
(4.7)

where AP = -1 for pseudoscalar mesons and Eq = ^Jp2 + m2. The pseudoscalar mass

MP of the mesons in Eqn.4.7 are calculated by using the relation Eqn.2.26 and the strong

running coupling constant appearing in the potential V(r) in turn is considered to be related
2

to the quark mass parameter by Eqn.3.18. However, in the non relativistic limit ^ 0,

this expression (Eqn.4.7) reduces to the well known Van-Royen-Weisskopf formula given 

by Eqn.2.241.

The computed results of the pseudoscalar ground state masses of the heavy-light pseu­

doscalar mesons are compared with the experimental data in Table 4.1. Again, using these 

computed masses we employ Eqn.4.7 to obtain the pseudoscalar decay constants. The re­

sults are then compared with the available experimental and theoretical values in Table 4.2. 

The results are found to be compatible with available experimental and theoretical values. 

The same set of input parameters, as stated in the conclusion part of chapter 3 is used to 

evaluate the numerical results of this chapter.

'Appendix.C
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We note that the present result, ExchQm [187] and that from LC [188] give fB„ > 260 

MeV, while other results give fBs < 240 MeV. Hence, the experimental measurements for 

fBs can be a good testing ground for theoretical reliability of each model as shown here.

Table 4.1: Masses of heavy-light mesons in this work with md = 0.336GeV, ms = 
0.465GeV, mc = 1.55GeV, mb = 4.91 GeV and comparison with experimental data. All 
values are in units of MeV.

Mesons_ Present work Experimental masses [37]
D(cu/cd) 1870.82 1869.6 + 0.16

D(cs) 1966.62 1968 + 0.33
Bu(bu) 5273.50 5279 ± 0.29
Bs(bs) 5365.99 5366 ± 0.6

Table 4.2: Decay constants of pseudoscalar heavy-light mesons(in MeV) computed in this 
work and comparison with experimental [188, 192] and theoretical results from (2+1)- 
flavour asqdat action [193], HPQCD [194], extended chiral quark model(ExChQm) [187], 
Light cone wavefunction [188], light-front quark model (LQM) [189], field-correlator 
method (FC) [190], Bethe-Salpeter method (BS) [153, 191], relativistic quark model 
(RQM) [136], relativistic potential model(RPM) [144]

fo /o, fB fBs
Present work 205.14 241.84 201.09 292.04

Experiment [188,192] 206 ± 8.9 260.0 ± 5.4 204 + 31
LQCD [193] 218.9 + 11.3 260.1 ± 10.8 196.9 ± 8.9 242 ± 9.5
LQCD [194] 213 + 4 • 248 ± 2.5

ExChQm [187] 207.53 262.56 208.13 262.39
LC [188] 206 ± 8.9 267.4 ± 17.9 204 + 31 281 ± 54

LQM [189] 211 248 189 234
FC [190] 210+10 260 ± 10 182 + 8 216 + 8

BS [153,191] 230 ± 25 248 ± 27 196 ± 29 216 ± 32
RQM [136] 234 268 189 218
RPM [144] 208 ± 21 256 ± 26 198 ± 14 237 ± 17



4.3. Summary and Conclusion 64

4.2.3 Leptonie decay rate and Branching ratio of D, Ds and B mesons

The leptonie decay rate of the charged Pseudoscalar mesons are obtained by using Eqn.2.28 

and employing the predicted values of the pseudoscalar masses and decay constants fD, fDs 

and fB . We then use this result of decay rates to compute the branching ratio by using the 

Eqn.2.29 for separate leptonie channels with the choice of m/=w. The life time of these 

mesons td = 1.04/?$, rDs = 0.5ps, rB = 1.63ps and the CKM elements Vcej = 0.230, 

Vcs = 1.023, Vub = 3.89 x 10“3 are taken from the world average value reported by Particle 

data group [37]. The present results as tabulated in Table 4.3 are in accordance with the 

available experimental values.

Table 4.3: Leptonie branching ratio of D, Ds and B mesons for three leptonie channels and 
comparison with experiment and theoretical results.

mesons BRt x 10~3 BR„ x 10-4 BRe x 10“6
D(cd) 1.08 [present work] 3.89 [present work] 0.092[present work]

Expt. [37] < 1.2 3.82 ± 0.32 ± 0.09 < 8.8
B. Patel etal.,[195] 0.9 6.6 0.015

BRt x HT* BRU x 10~3 BRe x 10"4
Dies) 5.43 [present] 5.33 [present] 0.0013 [present]

HFAG [142] 5.38 ± 0.32 5.8 ± 0.43
Expt. [37] 5.6 ± 0.4 5.8 ± 0.4 < 1.2

B.Patel etal.,[195] 8.4 7.7 0.0018
BRt x 10~4 BRU x 10“6 BRe x 10~6

B(bu) 1.07 [present] 0.48 [present] 0.0001[present]
Wolfgang etal.,[196] 0.80 ±0.12

Expt. [37] 1.8 ±0.5 < 1.0 < 1.9

4.3 Summary and Conclusion

In this work, we have computed the Pseudoscalar masses and decay constants of heavy-

light mesons (B and D together). We have transformed the wavefunction from co-ordinate 

(r) space into momentum (/?) space and used it to obtain the weak decay constants with
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its relativistic effect. The condition of convergence of the model has been discussed in 

chapter 3, which demands that linear part of the potential can be considered as perturbation 

provided « C (Eqn.3.22). The values of the as, used in the computation also

follows this condition correctly. The computed masses and decay constants are then used 

to compute the branching ratio of D, Ds and B mesons for the three leptonic channels r, fi 

and e. Bs meson being neutral in nature, does not show leptonic decay and hence for Bs 

meson, we have not computed the leptonic branching ratio. The results of this chapter can 

be summarised as below.

• The ground state masses of D and B mesons computed in this approach are found to 

be well consistent with the experimental values.

• Both the values of fD and fDs in this work are safely below the upper limits 230 MeV 

and 270 MeV which have been determined using two point correlation function by 

Khodjamirian [197].

• We obtain the decay constants as fD,Ds,B,Bs = (205.14, 241.84, 201.09, 292.04) MeV 

which are qualitatively compatible with available experimental and theoretical val­

ues. Except fss, other values of the decay constants locate inside the experimental 

errors. However, with a variation of AQCd for D and B mesons one can obtain more 

compatible results with the data.

• In the present work, the computed value of = 1.178 is found to be in good 

agreement within the error limit of the recent Lattice(HPQCD) QCD result = 

1.164 ± 0.018 [194] and Lattice(FNAL and MILC) = 1.188 ± 0.025 [198]. How­

ever the result of ~ = 1.45 are found to be larger than the other theoretical values.

• The leptonic branching ratio calculated in the present work for three leptonic chan­

nels are comparable with their empirical and PDG average data. The large experi­

mental uncertainty in the electron channel makes it difficult for any reasonable con-
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elusion. Furthermore, the ratio of branching ratio in the present work is found to be 

R = = 10-18 which is not far from the experimental result 9.2 ± 0.7 and

Standard Model result 9.76[192].

Taking into account of all the results summarized above, we can conclude that the 

present theoretical framework of potential model is qualitatively successful to study the 

leptonie decay of heavy-light Pseudoscalar mesons.

From a phenomenological point of view, the present theoretical framework should be 

considerably useful to investigate various physical quantities for the heavy-light quark sys­

tems. In the next chapter, we shall extend the present model with its input parameters to 

study the semileptonic decay of heavy-light mesons with special emphasis to analyse the 

Isgur-Wise function.



Chapter 5

Isgur Wise function and CKM matrix 

element Vcj} in the QCD Potential model

5.1 Introduction

In chapter 4, we have reported the results of leptonic decay constants of heavy-light mesons 

in the QCD potential model with linear part of the potential as perturbation. The technique 

used was the quantum mechanical perturbation theory with plausible relativistic correction. 

In this chapter, we extend the QCD potential model with its input parameters towards the 

semileptonie decays to study the Isgur-Wise function.

Exclusive semileptonie decays of hadrons containing a bottom quark provide a path 

to measure the Cabibbo-Kobayashi-Maskawa(CKM) matrix elements Vcfc, an important 

parameter to test the Standard Model. It is well known in the literature that in case of heavy 

to heavy transitions like b —» c decays, all heavy quark bilinear current matrix elements are 

described in terms of only one form factor, which is called the Isgur-Wise (I-W) function 

in leading order. The I-W function, particularly its slope (£'(1)) at the zero recoil point is 

important since it allows a model independent way to determine the CKM element \Vct\ for 

the semileptonie decays —> D*lvj and > Dlvj. This method of obtaining the CKM

67
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element within the framework of Heavy Quark Effective Theory (HQET) was proposed by 

Neubert [199]. He observed that the zero recoil point is suitable for the extraction of CKM 

element \Vch\. The method basically relies on the existence of one universal form factor 

(Isgur-Wise function) and the fact that the form factor is unaffected from l/mQ (Q = b, c) 

corrections at zero recoil.

Here, we compute the slope p2 and curvature C of the Isgur-Wise funcion for B meson 

and then obtain the CKM element VCb with the input parameters of chapter 4.

5.2 Formalism

<

5.2.1 The Isgur-Wise function and Semileptonic decay

Figure 5.1: Feynmann diagram for semileptonic decay of B —> D, D*lv.

As stated in chapter 1, the amplitude of semileptonic decay like thefi -» Dlv (shown in 

Fig.5.1) can be expressed as a product of the hadronic weak current Hfl and the leptonic 

weak current with its vector and axial vector A^. Thus we write

A =
V2

Vcb<nki)Mk2)\LM x (D(nmB(P)>, (5.1)
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where = cyft( 1 - y5)b and LfI = 1^(1 - ys)vi.

Since both the B and D mesons are pseudoscalar (Jp = 0~), so from the consideration 

of Lorentz covariance and parity one has (D(P')\Ap\B(p)) = 0 and there remains the vector 

part

(Dip')mB(p)) = Ui)(p + p% + Uq2){p - p%, (5.2)

where f+(q2) andf~(q2) are two form factors.

Similarly for B —> D*lv, we get another four independent form factors

(D'(p',e)\urb\B(p))

(D*(p',e)\ur75b\B(p))

2ieflval3 7~~~~..V{q\
Mb + Md-

(Mb + Md.) Ax(qz)

-e • q (p + p'Y (Mb - MD-)<f
Mb + Mp* r

2 Mtn*
€ • qq A0(q2).

(5.3)

(5.4)

These weak form factors can be normalised by applying HQET. In the heavy-quark limit 

the masses of the heavy quarks and consequently, the masses of the heavy hadrons are 

taken to be infinite. This leads to an additional symmetry which is known as the heavy 

flavour symmetry. With the hadron masses their momenta also go to infinity but the hadron 

4-velocities stays finite in this symmetry. One is then interested in the dependence of 

form factors on the (finite) velocity product v^.v^. Moreover, the heavy quark symmetry 

is an approximate symmetry and correction arises since the quark masses are not infinite. 

This correction may be studied systematically in the framework of HQET. The leading 

symmetry-breaking corrections are from terms of order — and from the QCD corrections 

due to the coupling of hard gluons to the heavy quarks. The corrections are given as power 

series expansions in two small parameters:(a) as taken at the scale of the heavy quark 

(QCD corrections) ie.as(mQ<) and (b) the parameter where A is a scale of light degrees
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of freedom.

Although the relative corrections can be calculated using perturbative QCD, the mQ- 

corrections induce new incalculable functions. For B —* D*lv decay, there are four such 

incalculable functions. Hence the predictive power of the theory is reduced. Isgur, Wise, 

Georgi and others showed that in weak semileptonic decays of B -» Dlv or B -» D*lv, all 

the form factors that describe these decays are expressible in terms of a single universal 

function of velocity transfer, which is normalized to unity at zero recoil. This univer­

sal function is known as the Isgur-Wise function. It measures the overlap of the wave 

functions of the light degrees of freedom in the initial and final mesons moving with four 

velocities and respectively.

5.2.2 Isgur-Wise function in the model

The universal form factor, Isgur-Wise function, depends only upon the four velocities vM 

and of heavy particle before and after decay. This function is normalized to

unity at zero recoil. If we represent Y = v^. v', then, for zero recoil i.e (Y = 1), £ (v^.v') = 1. 

In an explicit form, the Isgur-Wise function can be written as :

fM,) =

= l-p2(T-l) + C(F-l)2 + ... (5.5)

The quantity p2 is the slope of I-W function at Y = 1 and known as charge radius :

(5.6)

The second order derivative is the curvature of the I-W function known as convexity pa­

rameter :

Y=l (5.7)
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For the heavy-light flavor mesons the I-W function can also be written as [200, 27]:

4/rr2 \ij/{r)\2 cos prdr, (5.8)

where

p2 = 2p2(Y- 1). (5.9)

Upon integration of Eqn.5.8 one obtains [200,121]

£(D=1-
N,2alp2(Y- 1) 4f(5 - 2e) 4pbalm - 2e) p2b2a60T(9 - 2e)

24~2e 26~2e 28-2e

AN'2ay (Y - 1)
25-2e

2" . . (5 - 2e 3 - 2e (3-2e)2 (3-2e)3'
r(4-2e)-(—— + —-— + -—^- +

8 24
pba3QT (6 - 2e) f 7 - 2e 5 - 2e (5 - 2ef (5 - 2e)3

l 8
+

24

+
p2b2a*T(8 - 2e) [9 - 2e 7 - 2e (7 - 2e)2 (7 - 2e)3M

64 1- 24
. (5.10)

Here, N' is the normalisation constant of the wavefunction with linear part as perturba­

tion. The normalised wave function naturally follows the zero recoil condition of the I-W 

function £(1) = 1 in the model.

5.2.3 The strong coupling constant as and determination of AQCd for 

semileptonic decay

We recall from chapter 3 that the value of as is allowed in the range of 0.38 <as< 0.75 to 

treat the linear part of the potential as perturbation with its model parameters.

In studying the leptonic decay of heavy-light mesons, the value of AqCd = 200MeV 

was fixed (in chapter 4) in the Eqn.3.18 to obtain the different values of as for different 

values of the renormalisation scale p. In case of leptonic decay of charged mesons, the
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quark and antiquark annihilate to produce a virtual W* boson so that q2 = M2 and hence 

we get only one form factor, the decay constant fp, which absorbs all the strong interaction 

effects. In semileptonic decay, however the case is different since q2 is different from event 

to event and hence more than one form factor appears. This decrease of q2 in semileptonic 

decay leads us to consider a larger value of A qcd than that of the leptonie decay which 

effectively increases the strong coupling constant as(jj).

The physically plausible range of effective A qcd should in principle be deduced from 

the allowed bands of the slope and curvature of the I-W function. Considering the theoret­

ical bounds on slope 3/4 < p2 < 1.51 [202, 203] and curvature C > ^ [203], we draw a 

curve for the variation of I-W function for B meson and is shown in Fig.5.2. The allowed 

range of p2 provides a range of Aqcd in the model as 382MeV < A qcd ^ 430MeV.

Figure 5.2: Variation of I-W function with Y for B meson.

In Ref.[201], it was analysed in the study of the freezing of QCD coupling effects that
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for running background coupling in V scheme, one can choose Av(tif = 3) = 410 MeV 

(Eqn.30 of Ref. [201]) and this value of Ay does not contradict with those which are com­

monly used in MS renormalisation scheme and give rise to as(Mz) = 0.118 ±0.001. Hence 

we justify ourself to choose AqCd = 0.410GeV in this work.

The input parameters used in the numerical calculation are the same as is used in our 

previous chapter 4, which are rif - 3,md = 0.336 GeV, mc = 1.55 GeV, mi, = 4.97 GeV 

with b = 0.183 GeV2 and cAo=lGeV2/3 with c = -0.4 GeV .

5.3 Results

5.3.1 Isgur-Wise function

Using Eqn.5.5 and Eqn.5.10, we compute the slope and curvature of the I-W function for 

B and D mesons and tabulate in Table.5.1.

Table 5.1: Slope and curvature of I-W function for B and D mesons.

Slope and Curvature With AQCD = 200 MeV With AQcd = 410 MeV
Pi 28.53 0.78
P% 28.73 1.23
p2b 28.42 0.993
pi 29.847 1.64
Cz> 403.18 0.698
Cds 447.87 1.71
CB 420.68 1.114
cBs 504.81 3.07

From Table.5.1, we see that with A geo = 200 MeV, the results overshoots all other 

theoretical upper bound 3/4 < p2 < 1.51 [202] where as the results with AQCd = 410MeV 

are found to lie within this bound. Thus, for the numerical calculation of Vcb, we consider 

the value of p\ and CB with AQCd = 410 MeV. We note that both the slope and curvature 

of the calculated Isgur-Wise function p| = 0.993 and CB = 1.114 satisfy all known lower
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bounds —g - p2 > | and —= C > || [202]. A comparison of the slope and curvature of 

the Isgur-Wise function of B meson in the present work is shown in Table.5.2.

Table 5.2: Comparison of slope and curvature of B mesons with other works.

work Pi CB
Present 0.993 1.114

Faustov etal; [204] 1.04 1.36
Lattice QCD [205] 0.83!£» ..

ALEPH [206] 0.92 ± 0.98 ± 0.36 ,,

Belle [207] 1.12 ±0.22 ±0.14 ,,

Le Youanc et al [208] >0.75 >0.47
QCD Sum Rule [209] 0.65 0.47

Relativistic Three Quark Model [210] 1.35 1.75
Neubert [211] 0.82 ± 0.09

Considering the theoretical range of 3/4 < p2 < 1.51 from Ref.[202, 203] which cor­

responds to the scale 382 MeV < AQCd < 430 MeV, we compute a wide range of the 

curvature C of the I-W function in the model as 0.563 < C < 3.52.

In Fig.5.3 and Fig.5.4, we show the variation of Isgur-Wise function with Y for the two 

scales Aqcd = 200 MeV and AQCd = 410 MeV.
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Figure 5,3: Variation of I-W function with Y for heavy-light mesons with A = 200 MeV.

Figure 5.4: Variation of I-W function with Y for heavy-light mesons with A = 410 MeV.
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5.3.2 Determination of CKM element Vcb

The differential semileptonic decay rate B —> Dlv for the massless leptons is given by 

[199,179]
% = |Vcfe|2 M°(Y2 ~ 1)3/2(Mfi + Md)2 ^(Y) ’ (5-U) 

where Y lies in the range 1 < Y <

The differential semileptonic decay rate B -» D* l v is defined by

dT
dY

G|_
48 tt3 

1 +

Web? (Mb - MD.f M3D. V(^-l) (Y + If 

4 Y <f(Y)
Y+ 1 (Mb-Md.? F(Y), (5.12)

where q2(Y) = M2B + M2D. - 2YMD-MB. By integrating the expressions for the differential 

decay rates

r = f Wcb?Ml(Y2-lf/2(MB + MDf?(Y)dY (5.13)

and

r = f ^\vj- (M„ - md.)2 Ml Vcr2 -1) (y +1)2

4 Y q2(Y)
X 1 +

T+l (Mb-Md.)2
FOOdY, (5.14)

we get the predictions for the total decay rates in our model as

T(B —» Dlv) = 6.82|Vrtl2ps-1, (5.15)

T(B-*D‘lv) = 28.40|Vcfe|2 ps-1. (5.16)

Taking the mean values of lifetimes from PDG2012 [2], rBo = 1.519 x 10 12 s and 

Tg+ = 1.641 x 10-12 s, and also using the experimental masses, we compute the semileptonic
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branching ratio by using the relation BR = T x r and find

BR(B° -»D+Rv) 

BR(B* -> D°Rv) 

BR(5° -> D,+rv) 

BR(B+ -* D*°l+v)

= io.40i|ycfe|2, 

= 11.101 Vcfc|2, 

= 43.31|Vci,|2, 

= 46.781V,*!2. (5.17)

The comparison of these theoretical results with the experimental branching ratios from 

the lattest PDG average [2], with the propagation of error gives us following values of the 

, CKM matrix element\Vcb\:

BR(B° -» D~Rvfxp = 0.0218 ± 0.0012 

BR(B+ -» D°Rvfxp = 0.0229 ± 0.0008 

BR(B° -» D*~Rvfxp = 0.0509 ± 0.0022 

BR(B+ -» D*°l+vfxp = 0.0558 ± 0.0026

1^1 = 0.0458 ±0.0013,

1V,*1 = 0.0454 ± 0.0008,

|VC*1 = 0.0342 ± 0.0007,

| V^l = 0.0345 ± 0.0008. (5.18)

Thus the averaged \ Vcb\ over all presented measurements of semileptonic decays B —> Dev 

and B D*ev is equal to

\Vcb\ = 0.0400 ±0.0009 (5.19)

and is in good agreement with the experimental result [2].

\Vcb\ = 0.0396 ± 0.0009 (exclusive).

For completeness, we also record the bounds on Vcb for the computed bound on AQCd 

due to I-W function of B meson (382 MeV < AQCd ^ 430 MeV):

BR(B? —» D+Rv) = (9.22- 11.763)|V^l2,
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BR(B+ -> D°tv) 

BR(B° -> D*+l~v) 

BR(B+ -+ D*°l+v)

(9.96 - 12.71)|Vc£,|2, 

41.92 -48.41)|VJ2, 

(45.29 - 52.33)|FCfc|2. (5.20)

Comparing this Eqn.5.20 with Eqn.5.18 and taking the average of Vcb, we obtain the range

0.0375 < \Vcb\ < 0.0410. (5.21)

5.4 Conclusion

In this work, we have studied the renormalisation scale dependance of Isgur-wise function 

by using a wavefunction with linear part of the Cornell Potential as perturbation. Consid­

ering the exclusive semileptonic decay of B -> Dev and B —> D*ev, we then compute the 

CKM elementlVcfcl in this approach. The result of the CKM element is found to be within 

the error limits of other results. The following features are observed in this work:

• The renormalization scale of the model was set to be AqCd = 410 MeV with the

approximation that the AqCd for the heavy-quark effective mass is the same as that 

for the light quark. In this scale, consideration of a relativistic Hamiltonian seems 

to be necessary for the light quarks of the meson. However, we consider that the 

plausible relativistic correction introduced by the term * is sufficient to overcome

this problem.

• The larger value of the effective scale aeff = 4n4./3 for semileptonic decay of B 

meson does not create any problem in the perturbation procedure, since the increasing 

value of as makes the Coulombic part of the potential more dominant to consider the 

linear term of the potential as perturbation.

• The slope and curvature of the Isgur-wise function for B meson is found to lie within
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all the range of limits found in the literature. For a theoretical bound of 3/4 < p2 < 

1.51, we predict a wide range of the curvature, C in the model as 0.563 < C < 3.52.

• The computed value of the CKM element from the exclusive semileptonic decay of 

B meson is obtained as \VCb\ = 0.0400 ± 0.0009. The result is to be well consistent 

with the lattice result |Vci,| = 0.0409 ± 0.0015 ± 0.0007[212].

• It becomes an worthy comment to note that the result with AqcD - 200 MeV (as 

is done in our previous work)is found to be very poor to study the branching ratio 

and \Vcb\, which implies that the decay and interaction process of hadrons are not 

controlled by the same mechanism.



Chapter 6

Bc meson as a heavy-light meson in the 

QCD potential model

6.1 Introduction

The Bc meson is a particularly interesting hadron, since it is the lowest bound state of two 

heavy (b, c) quarks with different flavors. Because of the fact that the Bc meson carries 

the flavor explicitly, there is no gluon or photon annihilation via strong interaction or elec­

tromagnetic interaction but decay only via weak interaction. Since both b and c quarks 

forming the Bc meson are heavy, the Bc meson can decay through the b -> q (q = c, u) tran­

sition with c quark being a spectator as well as through the c -* q (q = s, d) transition with 

b quark being a spectator. The former transitions correspond to the semileptonic decays to 

tjc and D mesons, while the latter transitions correspond to the decays to Bs and B mesons.

The CDF Collaboration reported the discovery of the Bc ground state in pp collisions 

already more than fourteen years ago [213]. More experimental data on masses and decays 

of the Bc meson are expected to come in near future from the Tevatron at Fermilab and 

the Large Hadron Collider (LHCb) at CERN. The estimates of the Bc decay rates indicate 

that the c quark transitions give the dominant contribution while the b quark transitions and

80
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weak annihilation contribute less. However, from the experimental point of view the Bc 

decays to charmonium are easier to identify. Indeed, CDF and D0 observed the Bc meson 

and measured its mass analyzing its semileptonic decays of Bc —> J/ij/lv.

There are many theoretical approaches to study the exclusive semileptonic decay of Bc 

meson. The paper by Bjorken in 1986, on the decays of long lived Bc meson is considered 

to be the pioneering work for Bc meson [214]. A lot of efforts was then directed to study this 

specific meson on the basis of modem understanding of QCD dynamics of heavy flavours 

in the framework of different approaches. Some of these approaches are: QCD sum rules 

[215, 216, 217], the relativistic quark model [218, 219, 220], the quasi-potential approach 

to the relativistic quark model [176, 221, 222], the non-relativistie approach of the Bethe- 

Salpeter(BS) equation [223], based on the BS equation, the relativistic quark model [224, 

225], the QCD relativistic potential model [226], the relativistic quark-meson model [227], 

the nonrelativistic quark model [228], the covariant light-front quark model [229] and the 

constituent quark model [230,231,232,149] using BSW(Bauer, Stech, and Wirbel) model 

[233] and ISGW (Isgur, Scora, Grinstein, and Wise) model [234].

The consequence of heavy quark spin symmetry is that the number of form factors 

which parametrize the matrix elements is reduced and simplifies the semileptonic tran­

sitions. However, spin symmetry does not fix the normalisation of the form factors at 

any point of the phase space. The normalisation of the form factors near the zero recoil 

point must be computed by some nonperturbative approach [235]. So far, Jenkins et al., in 

Ref. [236] estimated the universal form factors of semileptonic decays of Bc meson using 

non-relativistic meson wavefunctions and in Ref. [237], it is computed by employing the 

ISGW model at the zero-recoil point. In this chapter, we extend the QCD potential model 

and check its sensitivity in studying the universal form factor Isgur-Wise function for Bc 

meson with two different approaches: a) linear part of the Cornell potential as perturbation 

with Coulombic part as parent and b) Coulombic part as perturbation with linear part as 

parent.
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6.2 Formalism

6.2.1 The wavefunctions in the model

With Cornell potential one obtains the advantage of choosing the Coulombic part as per­

turbation with linear part as parent as well as linear part as perturbation with Coulombic 

part as parent. It is expected that a critical role is played by scale the r0, where the potential 

V(r) = 0. Aitchison and Dudek in Ref. [239] put an argument that if the size of a state 

(meson here) measured by (r) < r0, then the Coulomb part as the “parent” will perform 

better and if (r) > ro, the linear part as “parent” will perform better. Aitchison’s work also 

showed that the results with Coulombic part as parent (VIPT) for bottomonium spectra are 

well explained where as charmonium states are well explained with linear part as parent. 

Moreover in Ref. [240], we have analysed that the critical distance rQ is not a constant and 

can be enhanced by reducing b and c or by increasing as. Thus for a fixed value of b and c, 

as plays an important role in choosing the perturbative term. However in this manuscript 

we allow the same range of as obtained from the theoretical bounds of slope and curva­

ture of I-W function and check the applicability of the model wavefunctions in the two 

approaches for the semileptonic decay of Bc meson into cc (tjc, J/if/) states.

The wavefunction computed by Dalgamo method, with Coulombic part — ^ + c of the 

potential as perturbation and linear part br as parent has been reported in Ref.[241] and the 

alternate approach of choosing the linear part br + c as perturbation has been discussed in 

the previous chapters.

The main equations of the wavefunction with Coulombic part as perturbation and linear 

part as parent are discussed below.
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6.2.2 Wavefunction with Coulombic part as perturbation

The wavefunction with linear part as parent becomes an Airy function, which in fact makes 

the total wavefunction a complicated one since Airy function is a diverging function. Thus, 

the total wave function corrected upto first order and considering upto order r3 are given 

by[241,242]

ftcoui (r) i/r(0) (r) + i/r(1) (r)

Nr + p01)
2^?[ r

4as /Op 

3 \ r
+ ai+ a2r

(6.1)

(6.2)

where N\ is the normalisation constant for the total wave function i//coui (r) where sub­

script “coul” means Coulombic potential as perturbation and pon are the zeros of the Airy 

function which is given by [239,243]:

POn = ~
3n(4n -1)15 

8
(6.3)

_ 0.8808 (bp)* a2 4W1 x 0.21005 
a° (E-c) p(E~c) + 3 as (E - c)

ba0 4 x W1 x 0.8808 x(bp)* 0.6535 x(bp)* 
Ul ~ (E - c) + 3as(E - c) (E - c)

4/^x0.1183
a2 _-------- -------------

3(x$

J
n+oo

r^H' |i^(0) (r)|2 dr 
o

where #'=-% + c is the perturbed Hamiltonian and

E = - P0n-

(6.4)

(6.5)

(6.6) 

(6.7)

(6.8)

In the Ref.[241], the value of c = 1 Gev was taken where as here in this chapter, we choose
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c = -0.4 GeV in consistency with the chapters 4 and 5.

6.2.3 The strong coupling constant as in the Model

We use the same prescription of a„ as is used in our previous chapters (Eqn.3.18). In 

chapter 5, we discussed that the physically plausible range of effective AqCd can be deduced 

from the allowed range of the slope and curvature of the I-W function and considering the 

theoretical bounds on slope 3/4 < p2 < 1.51 [202, 203] and curvature C > ^- [203] 

of the I-W function, we obtained an allowed range of AQCd in the model as 382MeV < 

Aqcd ^ 430MeV for B meson. We extend this theoretical bounds of B meson to Bc meson 

in its semileptonic decay of charmonium states (Bc -» cc{l+ve)) and compute the slope and 

curvature of the Isgur Wise function.

6.2.4 Form factors and Decay rates of Bc —> cc{£+V() transitions

In the semileptonic transitions of Bc -» cc(6*v£) states, the hadronic part of the matrix 

element is contributed by the vector(V7' = cy^b) or axial vector (AM = cy^y5b) current 

between Bc and cc states. For transition between two pseudoscalar mesons (Bc -> 7]c), 

axial current AM vanishes and vector current W* only contributes. This hadronic current, 

between the two Jp = 0“ mesons is expressed in terms of two form factors f±(q2) as [179]

(rjc(p)\vp\Bc(p)) = f+(q2)(p + p)n + f~(q2)(p ~ P)fi (6.9)

where q is the four momentum transfer which varies within the range m2 < q2 < (mBc - 

tnnc)2 = q2nmx and f+(q2) and f-(q2) are two weak transition form factors.

For the transition of pseudoscalar to vector mesons (Bc —> J/if/(p, e)) both the vector
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and axial vector current contributes and we get four independent form factors as,

,e)\cfb\Bc(p)) = 2if?v& ®vPaPp 
Mgc + Mjjty

{Jlxltip ,e)\cf75b\Bc{p)) = {MBc + Mm)

V(q2)

e-q<f

(6.10)

Mq2)

-e-q

2Mji$

(p + p'Y (MBc - Mj/^q*
MSc + Mjiy

M tf)

(6.11)

In the present study we treat Bc system as a heavy-light one in analogy to D system as the 

ratio of the constituent quark masses in the Bc meson is very close to that of D meson and 

extend HQET for the study of Bc meson also. On the basis of HQET, the most general form 

of the transition discussed by Eqns.6.9 and 6.10 canbe expressed as [179,242],

. w bm) = (v+v'rm (6.12)
y{MBcMnc

-==={Jhp{v, esW^BM) = iYvafievv'av^(w) (6.13)

, * =<wv,*)mBc(v)) = id+wy-(6• vyv'nm. (6.14)

where v and v is the four velocity of Bc meson before and after the transition in the rest 

frame of the initial meson and £(oj) is the universal form factor known as Isgur Wise func­

tion.

For small, nonzero recoil, Isgur-Wise function can be written by the formula (Eqn.5.5 

of chapter 5):

f(yj) = m

= i-p2(F-i) + c(y-i)2 + ... (6.15)
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where Y is given by,
r v v- K + gfe-a2]

2mBcmCc
(6.16)

For heavy-light mesons, I-W function can also be expressed by another formula [244, 

245]:

where

HY) = Anr2 \if/ (r)|2 cos prdr

p2 = lp2{Y-l).

(6.17)

(6.18)

In Eqn.6.17, we employ the two wavefimctions (Eqn.2.16 and Eqn.6.1) to compute the 

slope and curvature of the Isgur-Wise function and present the results in Table.6.1. The 

input parameters used in the numerical calculations are the same as is used in our previous 

chapters. For the masses of Bc, jjc and J/f, we use the experimental masses from PDG2012 

[2].

Table 6.1: The slope p2 and curvature C of the I-W funcion with linear part as perturbation 
and Coulombic part as perturbation.

A Linear part as perturbation Coulombic part as perturbation
P1 c Pl c

382 MeV 9.59 117.783 3.78 0.057
430 MeV 5.45 31.39 3.83 0.051

In Ref.[235], the slope and curvature of the universal form factor for Bc meson is com­

puted in the framework of QCD relativistic potential model and is shown in Table.6.2.
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Table 6.2: Parameters of the form factors for the channel of Bc —> r/c(J/ij/) with A = 
397MeF(from ref.[235]).

Channel F(l)
---------X

P C
Bc rjc(J/if/) 0.94 2.9 3

The result of Table.6.1 is found to be closer to that of Ref.[235] in one of the approach 

of our model with Coulombic part as perturbation. Interestingly, the scale A = 397MeV 

(used in Ref.[235]) lies within our range of 382MeV < Kqcd < 430MeV. In Fig.6.1 

and Fig.6.2, we show the variation of Isgur-Wise function with its four velocity transfer 

(Y=vV) in the two different approaches.

Figure 6.1: Variation of I-W function with Y for different scales of A with linear part as 
perturbation.

Y
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Figure 6.2: Variation of I-W function with Y for different scales of A with Coulombic part 
as perturbation.

Applying HQET, the most general form of the transition discussed by Eqns.6.9 

and 6.10 can be expressed in terms of Isgur Wise function as [179]

/*(<r2) = m
mBc ± mVc 
2 ^mBcm%

(6.19)

and

1 -
{MBc + Mjf^)2

2. _ (MBc +
Ax{ql) =

4MBeMjf
m (6.20)

Here, we have applied the HQET to relate the form factors of the semileptonic transtions 

of Bc -»cc states with the Isgur-Wise ftmetion in Eqn.6.19 and Eqn.6.20. These equations 

are based on the heavy flavour symmetry and is broken in the case of mesons containing 

two heavy quarks[236]. Spin symmetry breaking effects can occur when the c-quarks recoil 

momentum is larger than mc. However, we expect that the equations are applicable to other
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kinematic point since the recoil momentum of cc state is small (ymax - 1 = 0.26) due to 

its heavy mass [246]. In Ref. [235], Pietro Colangelo and Fulvia De Fazio showed that the 

normalization of the form factor A describing the transition Bc —> J/if/t^ve is close to 1 

(- 0.94) at the zero-recoil point, as being the overlap of wave-functions, although it is not 

constrained by symmetry arguments.

The differential semileptonic decay rates can be expressed in terms of these form factors 

by

(a) Bc —> Pev decay (P = qc)

dT
d<f

(Bc -> Pev) =
G2A3\Vqb\2

24n3
l/+(^)l2. (6.21)

(b) Bc -» Vev decay (V = J/if/) The decay rate in transversely(T) and longitudinally(L) 

polarized vector mesons are defined by [247]

G|A|VV£il,„
dif 96n3 Ml H', q >' ’

dr, = drv dT_ = G|MVI2 q2 , , 2 , «
iq2 dq2 dq2 96n3 M| 11 + )

where helicity amplitudes are given by the following expressions

(6.22)

(6.23)

H±{cf)2n 2MBcA
Mb + My

2\ _ CMbc + My)2
V(q*)T

2MB A
■Aitf) (6.24)

H0(q2)
4 A/2 A2

(MBc + My){M\c -U\- ^Aiiq2) - —..f— A2(q2)
2MV V?

Thus the total semileptonic decay rate is given by

Mb + My
(6.25)

dT
d q2{(Be Vev) = )|2 + |H.tf)l2 + IHotf)!2),

B,
(6.26)
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where GF is the Fermi constant, is CKM matrix element,

A = |A|
(M +hfiPy- q2)2P,V Mpv-

Integrating over q2 of these formulas (Eqn.6.21 and Eqn.6.26), we compute the total decay 

rate of the corresponding semileptonic decay and present the results in Table.6 A In Fig.6.3, 

Fig.6.3, Fig.6.5 and Fig.6.6, we plot the differential semileptonic decay rates dT/dq2 for 

semileptonic decays Bc -> qcev and Bc —> Jj^/ev within the two approaches of our model.

Figure 6.3: Differential decay rates (lI\Vcb\2)dT/dq2 ofBc -> ijcev(mGeV~l) with linear 
part as perturbation. The red and blue curves correspond to A = 382 MeV and 430 MeV 
respectively.
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Figure 6.4: Differential decay rates (ll\Vcb^)dT/dq2 ofBc —»ijcev(mGeV~l) with coulom- 
bic part as perturbation. The red and blue curves correspond to A = 382 MeV and 
430 MeV respectively.
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Figure 6.5: Differential decay rates (1 /\ Vch[2)dT/dq2 of Bc —> J/if/ev(mGeV~l) with linear 
part as perturbation. The red and blue curves correspond to A = 382 MeV and 430 MeV 
respectively.
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Figure 6.6: Differential decay rates (l/\Vci,\2)dr/dq2 of Bc —> J/if/ev(inGeV~l) with 
Coulombic part as perturbation.The red and blue curves correspond to A = 382 MeV 
and 430 MeV respectively.

Table 6.3: Decay width for Bc —> cc(£*ve) decay. In the braces “linear” means the result 
with linear part as perturbation and “cour means Coulombic part as perturbation.

Channel Decay width(T)x 10 15GeV
A = 382MeV A = 430MeV

Others

Bc -* J]c{fve) 415(linear)
1.8 (coul)

32(linear)
1.7 (coul)

10.7[219] 
5.9[221] 
14.2[248] 
11.1 [225]

11 ± 1 [249]
Bc -> Jh!*fve) 424 (linear)

15 (coul)
51 (linear)
14 (coul)

28.2[219]
17.7[221]
34.4[248]
30.2[225]

28 ± 5[249]
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Table 6.4: Branching ratio for Bc —> ccii^vc) decay. In the braces‘7inear” means the result 
with linear part as perturbation and “coul” means Coulombic part as perturbation.

Channel Branching ratio(BR)xlO 2
A = 382MeV A = 430MeV

Others

Bc -» rtciPve) 28 (linear)
0.12 (coul)

2.3 (linear) 
0.11 (coul)

0.81 [220] 
0.42[221] 
0.76 [225] 
0.15[226] 
0.51 [227]

Bc -> J/iKPvt) 29 (linear)
1.0 (coul)

3.5 (linear) 
0.98(coul)

2.07 [220] 
1.23 [221] 
2.01 [225] 
1.47 [226] 
1.44[227]

The computed decay rates and branching ratios for the semilep'tonic decay of Bc —> 

ccit^vi) shows that the results overshoot in case of linear part as perturbation and falls short 

with Coulombic part as perturbation. With Coulombic part as perturbation, the decay rate 

and branching ratio for Bc —> J/if/(£+V{) semileptonic decay give comparable results with 

that of Ref.[221] for both A = 382MeV and A = 430MeV. However, with A = 382MeV 

the numerical result is more comparable to that of Ref.[221] and we consider this small 

difference of decay rate for A = 382MeV and A = 430MeV significantly. This is because 

the smaller value of the QCD scale A in Eqn.3.18 provides a smaller value in as and hence 

weakens the Coulombic part of the potential to treat the latter as perturbation. Thus the 

results with A = 382MeV for Coulombic part as perturbation is considered to be more 

comparable. This fact is even more clear when we check the status of perturbation in 

Table.6.5, where we show the dominance of parent term over the perturbation by comparing 

the numerical values for I-W function for the total wave function and parent term only. The 

result shows that, with linear part as perturbation the condition of &otai(Y) > £Parent(Y) 

is sustained for a narrow range of Y (1 < Y < 1.06) where as with Coulombic part as 

perturbation the range of Y is quite large Y (1 < Y < 1.22).
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Table 6.5: Variation of I-W function with total wavefunction and parent wavefunction only 
for A = 382 MeV.

Y Linear part as perturbation Coulombic part as perturbation
otalOO £parent(Y) £total(Y) %parent(Y)

1.01 0.916 0.509 0.962 0.959
1.06 0.848 0.772 0.773 0.757
1.08 0.9865 2.145 0.697 0.676
1.20 3.79 25.06 0.246 0.192
1.24 - - 0.096 0.031

6.3 Results and Discussion

In this chapter, we have computed the slope and curvature of Isgur Wise function for Bc 

meson, considering the Coulombic part of the Cornell potential as perturbation in one ap­

proach and linear part as perturbation in the other. The numerical calcultions are done for 

two different scales of QCD A = 382MeV and A = 430MeV. The values of slope and 

curvature of the I-W function seems to be acceptable with Coulombic part as perturbation 

where as with linear part as perturbation, the result overshoot the possible values. The for­

mer is also closer to the result of Ref. [235] obtained in a QCD relativistic potential model 

[250, 251]. For a slight lower value of AQCn < 382 MeV(A » 280MeV), one can obtain 

the values of slope p2 at par with the Ref.[235](p2 = 2.9), which lies outside the range.

Moreover, it conforms to the expectation of perturbation since with higher value of 

A, the coupling constant as increases making the Coulombic term of the potential more 

dominant to treat the linear part as perturbation. Similarly, with lower value of A (hence 

lower value of as), the Coulombic part of the potential becomes less dominant so as to be 

considered as perturbation.

To conclude, within the prescription of the strong coupling constant of Ref. [201,137], 

the predicted behaviour of Bc meson is closer to typical heavy-light mesons like B and D,



6.3. Results and Discussion 96

if the linear part of the potential is more dominant than the Coulombic part. It will be 

interesting to see if this feature is scheme invariant.

In a sense, the present work is complimentary to the work on leptonic decays (chapter 

4), where AqCd = 200 MeV was chosen with linear part as perturbation within the same 

prescription of running coupling constant [201, 137]. The apparent change of AGcz>(and 

hence equivalent strong coupling constant) in the present case is attributed to the decrease 

of available momentum transfer in semileptonic decays compared to leptonic ones.



Chapter 7

Summary and Outlook

The present work is devoted to a study of heavy and light flavoured pseudoscalar mesons in 

a QCD potential model. The model uses the non relativistic Schrodinger equation which is 

solved perturbatively and the first order wave function is obtained using Dalgamo’s method 

[132]. Relativistic effects are then incorporated in the wave function by using standard 

Dirac modification in a parameter free way [133,134]. The model is then used to calcu­

late the masses, Leptonic decay constants and Isgur Wise function and its derivatives-the 

convexity parameter and charge radius of heavy and light flavoured pseudoscalar mesons. 

The results are compared with available experimental data and also with the predictions of 

other models.

In chapter 2, we have calculated the masses and pseudoscalar decay constants of D, Ds 

and Bc mesons using the QCD potential model. The singularity of the wavefiinction at 

the origin was removed by introducing a short distance scale r0 in analogy with QED. For 

strong coupling constant as, we use the standard values in MS scheme- a-^{mc) - 0.39 

and cqjs(mb) = 0.22 [140] at the scale of the c quark and b quark masses mc = 1.55GeV 

and mb = 4.88GeV [252] respectively. The results are found to be in good agreement with 

the experimental and theoretical results. However, with MS scheme, the results of B and 

Bs mesons fall short in comparison with the other theoretical results. This aspect requires

97
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further study and modifications in the model.

The force between a heavy quark and a heavy/light quark is due to the static quark 

antiquark potential, since the heavy quark is static with respect to the light quark. An 

important ingredient of phenomenological models is the proper choice of the running of 

the coupling constant as which we discuss in following chapters.

In chapter 3, we have reported the results of masses and decay constants of B and 

Bs mesons by incorporating a scale dependent as of Ref.[201, 137] (Eqn.3.18) which is 

different from the standard MS scheme. We have also reported the oscillation frequencies 

of B and Bs mesons and compare the results with the experimental results.

In chapters 2 and 3, we used the non-relativistic Van-Royen formula to compute the 

decay constants of pseudoscalar heavy-light mesons where the cut-off scale r0 is required to 

remove the singularity of the wavefimction at the origin. However, we are unable to explain 

the origin of such a scale and an alternate way of finding the decay constants without such 

a scale becomes important for, the model.

In chapter 4, we have studied the consequences of applying the scale dependent as 

by computing decay constants of D and B mesons together in Eqn.4.7 with its relativistic 

effect. This formula however, does not carry any singular terms and the need of a cut-off 

scale To was removed from the wave-function. In this study, the renormalisation scale was 

set to be AQCd = 200 MeV

In chapter 5, we have studied the semileptonic decay of heavy-light mesons and com­

puted the CKM element Vcb in the QCD potential model. We have found in this analysis 

that a further increment of as is required to obtain the experimental branching ratio. We 

also compute an allowed range of A (382 MeV < A < 430 -MeV) from the theoretical 

bound of I-W function [202,203] and obtain a range for VCb (0.0375 < |Vc6| < 0.0410).

In chapter 6, we explored the possibility of treating Bc meson as a typical heavy-light 

meson like B or D within a QCD potential model, considering the Coulombic part as per­

turbation in one approach and linear part as perturbation in the other. As in chapter-5, we
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have taken the prescription of the strong coupling constant given by Eqn.3.18 with AQCd 

constrained in the range 382 MeV < Aqcd ^ 430 MeV.

When one chooses the perturbative term, there should be an underlying assumption 

that perturbative term should not have dominant impact, otherwise the result is not stable. 

To that end, we have calculated the I-W function for a different Y with contribution of 

linear parent and Coulomb parent alone for A = 382 MeV and A = 430 MeV. We see 

that both the process of perturbative is viable for a different range of Y. The linear parent 

dominates within the range 1 < Y < 1.22 where as Coulombic parent dominates very 

near to zero recoil (1 < Y < 1.06, refer Table.6.5). It indicates that the former one is 

perturbatively more stable than the latter (which is marginally stable). For Coulombic part 

to be progressively stable, one would expect a large scale of A > 430 MeV (or equivalently 

larger strong coupling constant) beyond the theoretical constraint discussed in this work. 

The reality condition of the model parameter (Eqn.2.19), however permits us to consider 

as{ji) < 3/4 and hence A < 460 MeV is the allowed limit in the model.

The necessity of two scales of AQCd (or equivalent two scales of strong coupling con­

stant) for heavy-light mesons was noticed earlier within V-scheme[122; 123] in Ref.[121] 

with linear term as perturbation. The present work too conforms to this conclusion in the 

scheme of Ref.[201,137] and hence appears to be a scheme invariant feature of the poten­

tial.

To summarise, an work in the context of the QCD potential model suggests a two scale 

picture of the strong coupling constant to accommodate both the leptonic and semileptonic 

decays of heavy-light mesons with the model parameters c = -0.4 GeV, b = 0.183 GeV2, 

rif = 3, mud = 0.336 GeV, ms = 0.465 GeV, mc = 1.55 GeV, m*, — 4.97 GeV and 

cAo = 1 GeV3,2.

Let us now discuss the future scope of the present work. In chapter 5 and 6, we have 

taken the experimental masses of pseudoscalar mesons to study the semileptonic decays 

since, the same mass input parameters and c (as is used in chapter 2,3 and 4) cannot



100

reproduce the experimental masses or nearest to the experimental masses. This, in fact 

arises due to the two scale pictures of A in leptonic decay and semileptonic decay. With 

the same mass input parameters, however with a different scale of c (c = 0.02 GeV 

and Aqcd = 410 MeV), we can reproduce a satisfactory results for masses (Ref. Ap- 

pendix.D). Thus a question arises that in this two scale picture where shall we put the 

mass, in AQCd = 200 MeV or in the range 382 MeV < A < 430 MeV or in an average of 

both the two scales? This needs attention in future.

In this work, spin-spin interactions which give mass splitting between pseudoscalar and 

vector mesons have been neglected since we have studied only pseudoscalar mesons. We 

have also not considered the orbitally and radially excited states of heavy-light mesons in 

this work. Properties of these mesons will be an important area of study in future.

In this work, we are also unable to use the relativistic Hamiltonian in the pertur­

bation procedure of Dalgamo method, which in fact seems to be necessary for at least 

the light quark in the qq states. The model can be studied with a relativistic or semi- 

relativistic Hamiltonian not only with the Dalgamo method of perturbation but also in 

VIPT(Variationally Improved perturbation theory)[239,253], WKB approximation (Wentzel- 

Kramers-Brillouin) [133] and FLZ(Friedberg-Lee and Zhao)[254] method of perturbation.

In the future, it will also be interesting to explore the feasibility of applying and reno­

vating the model to study baryons, pentaquarks, glueballs and other exotic hadrons which 

have received attention in recent years [255,256,257].



Appendix A

Calculation of the wavefunction with

linear part as perturbation

The Coulomb plus linear potential is given by

V(r) = -
4as 
3 r

+ br + c (A.1)

The first order perturbed eigenfunction and first order eigenenergy W(1) using quan­

tum mechanical perturbation theory (Dalgamo’s method) can be obtained using the relation

H0ip{l) + H>(0) = W(0)t/r(1) + W(1V(0), (A.2)

where

=< > . (A.3)

and

H' = br + c (A.4)

Then from (A.2),

(H0 - WV5 = (W(I) - (A.5)

101
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Putting

A =
4as_ 

3 ’

we obtain

and

=
yn

1 —r-
. . . . . . .  e. "o.

na3

(A.6)

(A.7)

(A.8)

(A.9)

where is the unperturbed wave function in the zeroth order of perturbation and a0 is 

given by equation. Also, we put W = W(1), where

W<» = (A. 10)

Then taking H2 = 1, equation (A.5) =>

(_J_V2 - - + ^) ^(1> = (W - for - c) 4 
\ 2fj. r 2 /
(v2 + ^ -//2A2)<A(1) = —(juA)^ (for + c - W)e^Ar 
\ r } yfn

—> fv2 + —----4 ^ (for + c - VP) e ao

V fl°r aii 4^
(A. 11)



103

Let

<//1} = {br + c)R(r) (A. 12)

(A. 11) => d2 2 d 2 1)+ +----------- Ubr + c)R{r) = D(br + c- W)e~~°
dr2 rdr aQr ay (A.13)

where we put

D = 2U
(A. 14)

Now,
d_
dr{br + c)R{r) = br + {br + c)

dR
dr (A. 15)

d? n . n sSR dR
—(br + c)R(r) = (br + c)-^ + 2b- (A. 16)

Using (A. 15) and (A. 16) in (A.13), we obtain

„ '(PR dR 2bR 2„ JR 2 , 1
{br + c]~TT + 2 b— + —— + -{br + c)— + —{br + c)R{r)---- - {br + c)R{r)dr2 dr dr an

= D{br + c - W)e a° (A. 17)

Putting

R{r) = F{r)e °o (A. 18)

dR . -JL 1 -JL 
= F'e •o - -F{r)e “o 

dr ao

SR
dr2 = F"{r)e °0 —F'{r)e ao + ~F{r)e ao 

ao

(A. 19) 

(A.20)

(A. 17) ==> (br + c)<F"{r) - —F'(r) + -U(r)l + 26(f'C/-) - — F(r)]
at, an

+—F(r) + -{br + c) (/^'(r) - —F(r)l + —{br + c)F(r)
an a0r

-\{br + c)F{r) = D{br + c-W) (A.21) 
at
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Let

Then,

and

(br + c)F"(r) +12b + -(br + c) - —£hr + c)\ F'(r)
r an

(2b_2b\ 
1 r ao)

*o

F(r) = D(br + c-W)

w

F(r) = ^A„r”
n=0

F'(r)=2nA„r”-'
n=0

VN»

F"(r) = ]Tn(n-l)An/‘-2

(A.22)

(A.23)

(A.24)

(A.25)
n=0

---- (br + c)

°° (2(A.22) =* (br + c) ^ n(n - l)A„r"~2 + -12h + -(hr + c)

,r" = D£br + c - W) (A.26)

I W W j I OO 00

c^n(n- l)An + 2c^nA„>r"-2 + 1)A„ + 4&^nA„-
n=0 n=0 } t n=0

2c ^ ^ . 1 . , 12b^ . 2b
n= 0 

00 \

a,0 n=0 n=0 0 n=0 0 n=Q j

= D(br + c-W)

(All)

Equating coefficients of r 1 on both sides of the above identity (A.27),

2cAj + 2bAq — 0 (A.28)
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(cAj + Mo) = 0

Equating coefficients of r° on both sides of the identity (A.27),

2cA2 + 4cA2 + AbA\------Ai + 2 bA\------Ao — D(c — W)an ao

==> 6 (cA2 + bAi) - — (cAi + M0) = D(c - W) 
«o

=> CA2 + Mi = \d(c - WO 
6

Equating coefficients of r1 on both sides of the identity (A.27),

Ac Ab
12cA3 + 12M2 - —A2----- A! = Db

ao ao

12(cA3 + M2) - — (cA2 + MO = Db
an

Using (A.32),

12(cA3 + M2) - —Die -W) = Db 
3 an

=> M3 + M2 = jfc + ^-D(c - W)j 

Equating coefficients of r2 on both sides of the identity (A.27),

Using (A.36),

z:
20(cA4 + M3)----- (cA3 + M2) = 0

an

Fir) — Aqt^ + Air1 + A3r2 +A3r^ + A4r^ + •••

(A.29)

(A.30)

(A.31)

(A.32)

(A.33)

(A.34)

(A.35)

(A.36)

(A.37)

(A.38)

(A.39)

From (A.23),
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Also, from (A. 12) and (A. 18),

ijP^ = (br + c)F(r)e "o 

= (br + c)(Aor° + Air1 + A2r2 + A$P + A4r4 + * • • )e “o 

= [cA0r° + (cAi + Mo) r1 + (cA2 + Mi) r2 + (cA3 + M2) r3

+ (CA4 + M3) r4 + • • • | e flo

Applying (A.29), (A.32), (A.36) and (A.38) to (A.40)

d) cA0 + |D(c - WOr2 + £ + ^-Z*c - W)| r*

£>
120oo

fe + —D(c-W)U e ao

Again, from (A. 10),

W= f ftm(br + c)lf/\ood.T

r
2r cn

(br + c)e “o fdr I sin Odd I d<p 
Jo Jo

b£° Se~%dr + c£° rV “orfrj

a;o
‘^+CM
*16 C 8

= -bao + c

Hence

b +
_2_
3a0

D(c-W) = 0

(A.40)

(A.41)

(A.42)

(A.43)



Therefore, (A .41) reduces to

= |cAo + ^D(c ~ - c)^! e ao

= jcA0 - ^D&aor2^ “o

cAq -
fiba0 ^ 

2
>e o (A.44)

where Ao is an undeterminable factor appearing in the series solution of the differential 

equation. Hence, the total wave function correct upto first order of perturbation using 

Dalgamo’s method is given by

iff = ff + ff

where ff and i^(1) are given by equations (A.9) and (A.44) respectively. Therefore,

Putting

C'(c) = 1 + cAq Jnal

we have finally

ff (r) = \C(c)

(A.45)

(A.46)

(A.47)



Appendix B

Derivation of Van Royen 

formula(Eqn.2.24) in chapter 2

We give a short derivation to show how the factor if/(0) enters the matrix element for the 

annihilation of a bound state. The creation operator for a bound system of a quark-antiquark 

pair

<C(°) = Zf ‘PpffpWr- sK(pK(~p) (B.i)

where d*m(0) describes the creation operator for the meson of zero momentum and a*(p)b*(-p) 

the quark and and antiquark with spin-unitarity spin components r,s. f(p) is the bound state 

wavefunction and the normalisation requires

f d3plf(p)f = 1 (B.2)

Now (2nf/2d*M(0)\0) is the correct normalised state vectors to calculate the decay of the 

meson if we require that there is one particle per unit volume. The amplitude for the 

annihilation is then

A = (27r)3/2<01/^(0)> = (2n)312 d3pf(pMr, s){0\Hinta* (p)b* (—/?)). (B.3)
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If the quarks move nonrelativistically in the bound state, then we can make a series expan­

sion of the matrix element in p and keep only the leading term,i.e.

(Wto4(p)Km- (B.4)

we then find

A = (2ff)3/2£ f <b.5)

Now from

Hr) = QnfH f f(P)exP^Pr^3P (B.6)

it follows then that

a - ax?m Y ^ mHima-r(,P)b:m- cb.7>

For mesons with zero spin the interaction Hamiltonian contributes only from its axial vector 

part and then this matrix elements are of the form

A = GAt//m(0) V2 (cosd, sinO) Wi(p)yQ(l + ys)Wv(-p) (B.8)

Here cosO stands for strangeness conserving, sind stands for strangeness changing transi­

tions.

It is interesting to compare this matrix element with the phenomenological one which is 

usually used for these reactions. One writes

A = Gvfm (cose, sine) ~^=ui(p)y0(l + y5)wv(-p) (B.9)
y2po
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Where pa is the momentum four vector of the meson and fm is a constant with the dimen­

sion of mass. Comparing the above equations we get the decay constant

<Am( 0)

mh
= 1.4 ^m(0)

1
ml

(B.10)



Appendix C

Derivation of Eqn. 2.23 from Eqn.4.7

Here, we show how the non relativistic limit of Eqn.4.7 reproduce Eqn.2.23. 

From Eqn.4.7, we get

fp -
P? r <Pp tEi + m,\',2fEq- + mi\,l2l P2

V.M, J (Inf l 2E, j l 2E; j l ’'[£, ++ mf] iffpiP)

(C.1)

We know from the relativistic formula of energy,

_ p2c2 + m2c4 (C.2)

In the natural unit c=l,

Eq = VP2 + m2 ' (C.3)

In the non-relativistic limit m2 » p2,

Eq = Vm2 = m. (C.4)
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Now replacing Eq = mq and Eg = mg and AP = -1 for pseudoscalar meson in Eq. C.l

_ ITT r d3p /m,+ m,\1/2 (mg + mg\m (
fp~VMPJ (2nf ( 2m, ) ( 2m,- j [l

[mq + mg][mq + mq]
| MP)- (C.5)

Neglecting the last term in the non-relativistic limit —> 0, we get

'■■MI
Again from the Fourier transformation

d3p
ij/p(p).

m
i

(2 nf'2 f ift(p)exp[ipr]d3 p

putting r = 0, we get

2^i2m = f Mptfp.

Hence from Eq.C.6 and Eq.C.8, we obtain the Eq.2.24

fp
12

]Mn !^(0)|

(C.6)

(C.7)

(C.8)

(C.9)



Appendix D

Masses of heavy-light mesons with

Aqcd ~ 410 MeV

Here, we tabulate the computed masses of heavy-light mesons for A = 410 MeV with 

c = 0.02 GeV and cA0 = 1 GeV3/2

Table D.l: Masses of heavy-light mesons in this work with md - 0.336GeV, ms = 
0.465GeV, mc - 1.55GeV, mb = A.91GeV and comparison with experimental data. All 
values are in units of MeV.

Mesons^ Present work Experimental masses[37]
D(cu/cd) 1873.02 1869.6 ±0.16

D(cs) 1674.20 1968 ± 0.33
Bu(bu) 5271.55 5279 ± 0.29
Bs(bs) 5340.20 5366 ± 0.6
Bc(bc) 6566.12 6277 ± 0.6
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Abstract. We modify the mesonic wave function by using a short distance scale ro in analogy 
with hydrogen atom and estimate the values of masses and decay constants of the open flavour 
charm mesons D, Ds and Bc within the framework of a QCD potential model. We also calculate 
leptonic decay widths of these mesons to study branching ratios and lifetime. The results are in 
good agreement with experimental and other theoretical values.

Keywords. Heavy-light mesons; masses; decay constants; branching ratio.

PACS Nos 12.39.-x; 12.39.Jh; 12.39.Pn

1. Introduction

Recently, we have reported a regularization procedure to avoid the singularity by intro­
ducing a flavour-dependent short distance scale at the origin to study the oscillation 
frequency of B and B mesons in a QCD potential model [1]. The purpose of this paper 
is to use the potential model to calculate the masses and decay constants of open flavour 
charmed mesons D, Ds and Bc and then to find the decay width and branching ratio of 
the same.

If the CKM element is well known from other measurements, then //> can be measured 
well. If, on the other hand, the CKM element is not known or poorly measured, having 
theoretical input on //> can allow a determination of the CKM element. These decay con­
stants can be accessed both experimentally and through lattice quantum chromodynamics 
(1QCD) simulations. While for f„, /*-, fD, experimental measurements agree well with 
lattice QCD calculations, a discrepancy is seen for the value of fos: The 2008 PDG aver­
age for fDx is 273 ± 10 MeV [2], about 3a larger than the most precise Nf — 2 + 1 
IQCD result from the HPQCD/UKQCD Collaboration [3], 241 ± 3 MeV. On the other 
hand, experiments and IQCD calculations agree very well with each other on the value

DOI: 10.1007/sl2043-012-0342-l; ^Publication: 15 August 2012 1385
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The Oscillation Frequency of B and B Mesons in a QCD Potential Model with
Relativistic Effects

Krishna Kingkar Pathak1**, D. K. Choudhury2 
1 Department of Physics, Arya Vidyapeeth College, Guwahati-781016, India 
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Wavefunction at the origin, with the incorporation of a relativistic effect, leads to singularity in a specific potential 
model. To regularize the wavefunction, we introduced a short distance scale and used it to estimate the mass 
and decay constants of Bd and Bs mesons within the QCD potential model. These values were then used to 
compute the oscillation frequency, Arris, of Bd and Ba mesons. The values were found to be in good agreement 
with experimental and other theoretical values.

PACS: 12.39.-x, 12.39.Jh, 12.39.Pn DOI:10.1088/0256-307X/28/10/101201

Investigations of weak decays of mesons composed 
of a heavy quark and an antiquark give us an im­
portant insight into heavy-quark dynamics. Research 
into the mixing and decay constants of B meson also 
provides us with useful information about the dynam­
ics of quarks and gluons at the hadronic scale. The 
weak eigenstates of neutral mesons are different from 
their mass eigenstates. This leads to the phenomenon 
of mixing, whereby neutral mesons oscillate between 
their matter and antimatter states. This was first ob­
served in the Kaon sector, and subsequently in Bd and 
Bs mesons. The mass difference A ms is a measure of 
the frequency of the change from a B into a B, and is 
called the oscillation frequency. The decay constants 
of heavy mesons, one of the input parameters for os­
cillation frequency, are crucial for interpreting data 
on particle-antiparticle mixing in the neutral B me­
son system, and for anticipating and interpreting new 
signatures for CP violation.

If the CKM element is well known from other 
measurements, then the pseudoscalar decay constant 
fp can be well measured. If, on the other hand, the 
CKM element is less well or poorly measured, hav­
ing theoretical input on fp can allow a determination 
of the CKM element A measurement of the decay 
constant fp is difficult, since B+ -A l+r?i is cabibo- 
suppressed in the standard model. Hence fpq has to 
be provided from theory.

In this Letter, we calculate the pseudoscalar 
masses Mpq and pseudoscalar decay constants fsq 
to compute the oscillation frequency Ams,, q = d,s 
within the framework of a potential model.!2-4! To in­
corporate the relativistic effect, the necessity of a short 
distance scale, in analogy to QED, is also pointed out.

For the fight heavy flavor bound system of qQ or 
qQ, the bamiltonian can be written as

H = -g + V(r), (1)

**Email: kkingkar@gmail.com
©2011 Chinese Physical Society and IOP Publishing Ltd

where V(r) is the spin-independent quark-antiquark 
potential.

V(r) = KoUi(r) + Fcc,nf(r), (2)

where !4oui represents the coulombic part of the po­
tential and Fconf represents the confining potential. 
The vector and scalar confining potentials in the non- 
relativistic limit reduce to!5,6!

^nf(r) = (l-e1)(6r + C), (3)
= <u(&r + C% (4)

reproducing

Konf (r) = Konf(r) + VcU(r) = br + C, (5)
Vcoul (f) = -Oic/r, (6)

where ac = with cr3 being the strong running cou­
pling constant, ei the mixing coefficient, and b and 
C the potential parameters as used in our previous 
work. I3’4!

Considering the linear part of the potential as per­
turbation, the coulombic part as the parent, and then 
using the dalgarno method, the wavefunction in the 
ground state is obtained, !2~41 i.e.

'0reH-conf(l') —
pba0r2 \

2 / V dQ'

N' = 21/,z • {(22T(3 - 2e)C/2 - ^pba30r{5 - 2e)C'

^1X7-2^))} 1/2, (8)

C = 1 + cAq\J-KCLq, (9)
rrum,

M = , , (10)t* fff'j
«o = (l/ra:*)-1, (11)

e = l-^l-(|as)2. (12)
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We study the masses and decay constants of heavy-light flavor mesons D, Ds, B and 
B.s in a QCD potential model. The mesonic wave function is used to compute the 
masses of D and B mesons in the ground state and the wave function is transformed 
to momentum space to estimate the pseudoscalar decay constants of these mesons. The 
leptonic decay widths and branching ratio of these mesons for different leptonic channels 
are also computed to compare with the experimental values. The results are found to be 
compatible with available data.

Keywords'. Heavy-light mesons; masses; decay constants; branching ratio.

PACS numbers: 12.39.—x, 12,39.Jh, 12.39.Pn, 12.38.Lg

1. Introduction

Heavy hadron spectroscopy has played a major role in the foundation of QCD. 
In the last few years, however, it has sparked a renewal of interest due to the 
numerous data available from the B factories, CLEO, LHCb, the Tevatron and 
by the progress made in the theoretical methods. The remarkable progress at the 
experimental side for the study of hadrons has opened up new challenges in the 
theoretical understanding of light-heavy flavor hadrons.

The study of the wave functions of heavy-flavored mesons like B and D 
are important both analytically and numerically for studying the properties of 
strong interaction between heavy and light quarks as well as for investigating the

1350010-1
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is Considering the allowed range of slope p2 and curvature C of Isgur-Wise function for B
is meson, we obtain an allowed range of strong coupling constant as as well as the QCD
17 scale parameter A in a specific prescription. The allowed range of A is then used to
is obtain the theoretical bounds on Vcj, in a potential model The recent available data of
19 Vcb are found to lie within this computed range 0.0375 < |Vcf,| < 0.0410.

20 Keywords: Mesons; I-W function; CKM elements; branching ratio.

21 PACS numbers: 12.39.-x, 12.39.Jh, 12.39.Pn

22 1. Introduction
23 In a recent communication,1 we have reported the results of pseudoscalax decay
24 constants of heavy-light mesons in a potential model with linear part of the potential
25 as perturbation. The technique used was the quantum mechanical perturbation
26 theory with plausible relativistic correction.
27 Exclusive semileptonic decays of hadrons containing a bottom quark provide a
28 path to measure the Cabibbo-Kobayashi-Maskawa (CKM) matrix elements Vcb, an
29 important parameter to test the Standard Model. It is well known in the literature
30 that in case of heavy to heavy transitions like b -> c decays, all heavy quark bilinear 
si current matrix elements are described in terms of only one form factor, which is
32 called the Isgur-Wise (IW) function in leading order. The IW function, particu-
33 larly its slope (£'(!)) at the zero recoil point is important since it allows a model

12

13

14
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Abstract. We find in the analysis that the linear part of the Cornell potential can be treated 
as perturbation for a set of larger values of aa in the range 0.4 < aa < 0.75 with a constant shift 
within the range of -0.4 GeV < c < —1 GeV. Moreover with the same range of constant shift 
in the Potential, we expect better results with Coulombic part as perturbation for a* < 0.4.

1. Introduction
In the potential models, the effective potential between a quark and antiquark can be taken as 
the Coulomb-plus-linear potential,

V (r) =----- - + br + c. (1)
r

This potential has received a great deal of attention in particle physics, more precisely 
in the context of meson spectroscopy where it is used to describe systems of quark and 
antiquark bound states.However, it has been found to be questionable about the numbers of 
free parameters (as, b, c) and numbers of findings in any potential model. The success of a 
phenomenological model depends on reducing the free model parameters to obtain more precise 
values with proper arguments and analysis.

In this letter, we put forward the comments on linear part of the Potential as perturbation 
with Coulombic part as Parent [1,2] as well as Coulombic part as perturbation with linear as 
parent [3] in a potential model and attempt to put some constraints on the model parameters.

2. The method of perturbation
It is well known that one cannot solve the Schrdinger equation in quantum mechanics with 
the QCD potential (equation (1)) except for some simple models. Perturbation theory has been 
helpful since the earliest applications of quantum mechanics in this regard. In fact, perturbation 
theory is probably one of the approximate methods that most appeals to intuition [4].
The advantage of taking Cornell Potential for study is that it leads naturally to two choices 
of “parent” Hamiltonian, one based on the Coulomb part and the other on the linear term, 
which can be usefully compared. It is expected that a critical role is played by ro where the 
Potential V(r) = 0. Aitchison and Dudek in Reference [5] put an argument that if the size 
of a state measured by (r) < ro, then the Coulomb part as the “Parent” will perform better

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution 
of this work must maintain attribution to the authoi(s) and the title of the work, journal citation and DOI.

Published under licence by IOP Publishing Ltd 1
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ISGUR—WISE FUNCTION IN A QCD POTENTIAL MODEL WITH 
COULOMBIC POTENTIAL AS PERTURBATION
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We study heavy light mesons in a QCD inspired quark model with the Cornell potential 
— + br + c Here we consider the linear term br as the parent and — + c, i.e. the
Coloumbic part as the perturbation. The linear parent leads to Airy function as the 
unperturbed wave function. We then use the Dalgarno method of perturbation theory 
to obtain the total wave function corrected up to first order with Coulombic piece as 
the perturbation. With these wave functions, we study the Isgur-Wise function and 
calculate its slope and curvature.

Keywords: Dalgarno method; Isgur-Wise function; slope and curvature.

PACS Nos.: 12.39.-x, 12.39.Jh, 12.39.Pn

1. Introduction
Considerable efforts have been made in understanding the physics of hadrons con­
taining at least one heavy quark since long.1-9 It is well known that the heavy 
quark symmetry in the heavy quark limit leads to a single form factor called the 
Isgur-Wise (I-W) function which can describe the heavy quark bilinear current 
matrix elements of weak decay. The basic ingradient of the I-W function is the 
hadronic wave function, the determination of which becomes such a crucial factor. 
The potential models for this purpose is quite helpful as they contain more input 
parameters and hence has its firm basis.

Under such circumstances the I-W function has been investigated3-9 with 
considerable success of valid degrees in different models. In the* potential models, 
“Cornell potential” is found to be more useful than the others. It leaves two options 
of choosing the parent (1) the Coulombic part — and (2) the linear potential 
part br.
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The slope and curvature of Isgur-Wise function for Bc meson is computed in a QCD 
potential .model, mJ>wo' different .~approaches£of^ckooOTg._the.perturba.tiye_term of the 
Cornell potential Based on heavy quark effective theory the exclusive semileptonic decay 
rates of Bc meson into the cc(t]c, J/ip) states are exploited. Spin symmetry breaking 
effects are ignored up to a paiticular point and the form factors are connected with 
Isgur-Wise function for other kinematic point since the recoil momentum of cc from Bc 
is small due to its heavy mass.

Keywords: Dalgarno method, Isgur-Wise function; form factors; decay width.

PACS numbers- 12 39.-x, 12 39.Jh, 12.39.Pn

1. Introduction
The Bc meson is a particularly interesting hadron, since it is the lowest bound 
state of two heavy (b, c) quarks with different flavors. Because of the fact that the 
Bc meson carries the flavor explicitly, there is no gluon or photon annihilation via 
strong interaction or electromagnetic interaction but decay only via weak inter­
action. Since both b and c quarks forming the Bc meson are heavy, the Bc meson 
can decay through the b -* q (q = c, it) transition with c quark being a spectator 
as well as through the c -> q (q = s,d) transition with b quark being a spectator. 
The former transitions correspond to the semileptonic decays to rjc and D mesons, 
while the latter transitions correspond to the decays to Bs and B mesons. The 
CDF Collaboration reported the discovery of the Bc ground state in pp collisions
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ABSTRACT
We present the semileptonic decay of Bc meson in a QCD potential model with the coulombic part of the Cornell poten- 

Acc
tial----- -+br+c as perturbation. Computing the slope and curvature of Isgur-Wise function in this approach, we

3 r
study the pseudoscalar and vector form factors for the transition of Bc meson to its S wave charmonium cc states. 
Numerical estimates of widths for the transitions of Bc —> J/y/(rjc )lv, are presented.
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1. Introduction

The investigation of weak decays of mesons composed 
of a heavy quark and antiquark gives a very important 
insight in the heavy quark dynamics. The exclusive se­
mileptonic decay processes of heavy mesons generated a 
great excitement not only in extracting the most accurate 
values of Cabbibo-Kobayashi Maskawa (CKM) matrix 
elements but also in testing diverse theoretical ap­
proaches to describe the internal structure of hadrons. 
The great virtue of semileptonic decay processes is that 
the effects of the strong interaction can be separated from 
the effects of the weak interaction into a set of Lorentz- 
invariant form factors, i.e., the essential informations of 
the strongly interacting quark/gluon structure inside ha­
drons. Thus, the theoretical problem associated with 
analyzing semileptonic decay processes is essentially that 
of calculating the weak form factors.

The decay properties of the Bc meson are of special 
interest, since it is the only heavy meson consisting of 
two heavy quarks with different flavor. This difference of 
quark flavors forbids annihilation into gluons. As a result, 
the excited Bc meson states lying below the BD meson 
threshold undergo pionic or radiative transitions to the 
pseudoscalar ground state which is considerably more 
stable than corresponding charmonium or bottomonium 
states and decays only weakly. The CDF Collaboration 
reported the discovery of the Bc ground state in pp

collisions already more than ten years ago [1]. However, 
up till recently its mass was known with a very large er­
ror. Now it is measured with a good precision in the de­
cay channel Bc -» J/y/n. More experimental data on 
masses and decays of the Bc mesons are expected to 
come in near future from the Tevatron at Fermilab and 
the Large Hadron Collider (LHC) at CEKN. The esti­
mates of the Bc decay rates indicate that the c quark 
transitions give the dominant contribution while the b 
quark transitions and weak annihilation contribute less. 
However, from the experimental point of view the Bc 
decays to charmonium are easier to identify. Indeed, 
CDF and DO observed the Bc meson and measured its 
mass analyzing its semileptonic and nonleptonic decays 
Bc -> Jjy/lv.

There are many theoretical approaches to the calcula­
tion of exclusive Bc semileptonic decay modes. Some of 
them are: QCD sum rules [2-4], the relativistic quark 
model [5-7] based on an effective Lagrangian describing 
the coupling of hadrons to their constituent quarks, the 
quasipotential approach to the relativistic quark model 
[8-10], the instantaneous nonrelativistic approach to the 
Bethe-Salpeter (BS) equation [11], the relativistic quark 
model based on the BS equation [12,13], the QCD rela­
tivistic potential model [14], the relativistic quark-meson 
model [15], the nonrelativistic quark model [16], the co­
variant light-front quark model [17], and the constituent 
quark model [18-21] using BSW (Bauer, Stech, and Wir-
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