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Because primordial black holes (PBHs) evaporate into all particle species in nature, PBHs
may emit several dark matter (DM) particle species with specific mass spectra. We assume
that PBHs are the only source of DMs, and DMs only interact with the standard model
particles gravitationally. We show a relation between the number of DM particle species
Npwm and initial PBH density 8 and mass MlignH. 5,Mli3nH curves for different Npy tend to
overlap with each other for heavy initial PBHs. We also show the allowed region of DM
masses for multiple DMs.

Subject Index B71, E70, E75

1. Introduction

A primordial black hole (PBH) is a kind of black hole that could have been formed in the early
Universe. PBHs are currently receiving a lot of attention even though there is no clear evidence
of their existence. For recent reviews, see Refs. [1-3].

One of the reasons for which PBHs are attracting attention is that their existence could lead
to a solution to the dark matter (DM) problem in cosmology. DM is an unknown gravitational
source in the Universe. DM may be made of single or multiple particle species. Because PBHs
emit particles via the Hawking radiation induced by gravity [4], PBHs evaporate into all particle
species in nature. The resultant Hawking radiation of PBHs is a possible explanation for DM
production [5-28].

In the literature, it is typically assumed that a single DM particle species is produced via
PBH evaporation. However, because PBH evaporation could produce any particle species in
principle, several DM species with specific mass spectra may be emitted from PBHs [24,25].

The phenomenology of PBHs with multiple DMs has already been studied in Refs. [5,24,25].
Some connections between the evaporation of PBHs and mirror matter as DMs have been
explored by Bell and Volkas in Ref. [5]. They found a connection between the effective number
of neutrinos and PBHs with multiple DM sectors; however, because they included the effects
of DM sectors in their analysis via the total energy density of the mirror matter sector, there
is no discussion about DM mass spectrum in Ref. [5]. In Ref. [24], Cheek et al. provided useful
analytical formulae for estimating DM relic abundance from BPH evaporation that included the
effect of the graybody factor (they also showed the result from precise numerical calculations).
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In addition, they assumed the existence of additional and unstable degrees of freedom emitted
by the evaporation of PBHs, which later decay into DMs. Because they estimated the final relic
abundance of DM with only one additional heavy particle, there was no detailed discussion of
the DM mass spectrum in Ref. [24]. Baker and Thamm proposed a new method for probing the
particle spectrum of nature with evaporating PBH remnants in today’s Universe in Ref. [25].
They assumed that the dark sector consists of N copies of standard model particles and that
all particles in the dark sector have common mass. For a PBH to survive in today’s Universe,
the initial PBH mass should be approximately 10'° g. Thus, only a case in which all DM species
degenerate with the same mass and PBHs have very large initial mass of approximately 10'° g
was discussed in detail in Ref. [25]. The discussions in these three interesting papers motivated
us to start our study.

In this paper, we study the effect of the DM mass spectrum on a PBH and vice versa. The
following four specific mass spectra of the DM sector are considered:

 Single DM with a mass mpy.
e Multiple DMs with a degenerated mass spectrum

m,m,m,...,m.
—_——
Npm

Multiple DMs with an arithmetic sequence-like mass spectrum

mo, mo + Am, mo +2Am, ..., M,

Npm
where my and M denote the minimum and maximum masses in the mass spectrum, respec-
tively. Am denotes the tolerance.
Multiple DMs with a geometric sequence-like mass spectrum

2
my, mor, mor~, ..., M,

Npm

where r denotes the geometric ratio.

This paper is organized as follows. In Sect. 2, we present a review of PBHs. Section 2 is mainly
based on Refs. [10,13,15,17,18,24]. In Sect. 3, we show the effect of DM mass spectra on the ini-
tial PBH density. In Sect. 4, we estimate the allowed region of DM mass. Section 5 summarizes
the study.

We use natural units (¢ = h = kg = 1) in this paper.

2. Primordial black holes
2.1  Early Universe
We discuss some fundamental knowledge of the early Universe. Our discussion is based on the
cosmological principle, that the Universe is homogeneous and isotropic, and we neglect the
curvature and cosmological constant in the early Universe. The evolution of the homogeneous
and isotropic Universe is described using the Friedmann equation
: 2

(%) =r =0, 0
where a(f), H(t), G, and p(¢) denote the scale factor, Hubble parameter, gravitational constant,
and energy density of the Universe, respectively.
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In the early Universe, the main ingredients were relativistic particles (these particles are called
radiation). The energy density of radiation is given by

71.2
prad(T) = %g*(T)T‘" (2)

where

\* 7 \*
g:(T) = Z gi(?) +§ Z gi(?) 3)

i=bosons i=fermions
denotes the relativistic effective degrees of freedom for the radiation energy density and 7T
denotes the temperature of the Universe. In the radiation-dominated era, we have pqoca™?,

acxt'?, and the Hubble parameter is obtained as

473G 1
H(T) =\ —==eT)*T? = ., “)

using Eqgs. (1), (2). The temperature—time relation is

45 \'* 1
T(t)= . 5
@) (167[3G> g (T)V/4¢1/2 )
The entropy density is given by
272
S(T) = S=g(DT, ©)

where

N\ 3 N\ 3
= ¥ g(é) Y g(é) %)

i=bosons i=fermions

denotes the relativistic effective degrees of freedom for the entropy density.

2.2 PBH formation
PBHs are produced in the early Universe through several mechanisms, such as the collapse of
large density perturbations generated from inflation [29-37], a sudden reduction in the pressure
[38,39], bubble collisions [40—44], a curvaton [45-48], and the collapse of cosmic strings [49].

We assume that PBHs are produced in the early Universe by large density perturbations
generated from inflation [29-37], PBH mass is proportional to horizon mass, and PBHs have
the same masses at their formation times. In addition, we assume that PBHs form during the
radiation-dominated era with a monochromatic mass function, and PBHs do not have angular
momentum and electric charge (we study Schwarzschild PBHs in this paper).

The initial mass of a PBH formed in a radiation-dominated era is evaluated as

Mgy = %Vﬂrad(ﬂn)H (Tiw)™, (8)

where T;, denotes the temperature of the Universe at the PBH formation time and y denotes a
numerical factor that depends on the details of the gravitational collapse. According to Carr’s
formula, y ~ 0.2 [50]. The temperature of the Universe at the PBH formation time is obtained

as
1/4 1/2
T :< aa >/ r (M.f3’1> )
1677)  e(Ti)* \ M,

using Eqgs. (1), (2), and (8), where Mp; = /1/G is the Planck mass.
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We introduce the dimensionless parameter

png M H”BH(Tm)
Prad( Tln) Prad(Tin)

to represent the initial energy density of PBHs at the time of their formation.

p= (10)

2.3 PBH evaporation
A black hole loses its mass by producing particles with masses below the Hawking temperature
(horizon temperature of the black hole),

1

Tgy = —————, 11
B = S G (11

via Hawking radiation [4]. The emission rate of particle species i is expressed as

d*N; g TW(E, Mpp)

ditdE — 2 eF/Ton — (—1)2"
where N; denotes the number of particle species i, E denotes the energy of the particle, Mpy
is the black hole mass, g; and s; denote the number of degrees of freedom and spin of particle
i, respectively, and I'; denotes the graybody factor. According to the parametrization of the
graybody factor proposed by Cheek et al. [24], we obtain

d’Ni g 21G* My, (E)(E* — m})
dldE 27'[ eE/Tsn _( 1)25, ’

where m; denotes the mass of particle i and 1, is the absorption cross-section normalized to
the geometric optics limit.
The time evolution of the black hole mass due to Hawking radiation is given by

dMBH_ B Mg,
)3 [ = - sy (14)

(12)

(13)

where

% (xX)(x* — 2%)
€(z) = 8192715/ xdx

— (=D
~ a {1 — [1 + exp(—b. logloz—i-ce)]_de}, (15)
Zi = mi/TBH, and [24]
7.61 x 107> (scalar) 7.798 84 (scalar)
0 = 4.12 x 10 (fermion) b, — 13.0496 (fermion) (16)
7 11.68x 1073 (vector) ¢ |14.0361 (vector)
1.93 x 107° (graviton) 21.5094  (graviton)
3.80742 (scalar) 0.4885 (scalar)
.- 991178 (fermion) g - 0.3292 (fermion) (17)
¢ 110.7138  (vector) ¢ ]0.3072 (vector)
20.5135 (graviton) 0.1734 (graviton)
The lifetime of the black hole can be evaluated as
ley 1 Mlian MZ
= foy — liy = dt = — — BH Mgy 18
‘ ¢ /, t Jo Z,‘giGi(Zi) o (19
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We assume that all PBHs evaporated completely during the radiation-dominant era. In this
case, the condition

Tey
B <B= T (19)
should be satisfied [10,13,15,17,18,24], where
45 \ /4 1 Moy 1/2
Tow>=T(1) = 20
® (16n3> g (To)'/? < . ) 0

denotes the temperature of the Universe at the time of PBH evaporation.
The total number of particle species i emitted from a single black hole is

dZN

Ni= / f drdE
_ g (M) [ W)

102474 (zin)° My Joo 2, g5€,002)

zdz, (21)

where
Vs, (X)(x —z )
Vi(z) =
o= [ e
~ ay{1 — [1 + exp(—by logy = + cu)] ™}, (22)
zi-“ =m;/T; é‘ﬁ (the ratio of particle mass to initial BH temperature), m1; = m;/m;, and [24]
2.457  (scalar) 7.50218 (scalar)
o — 0.897  (fermion) b — 12.3573  (fermion) (23)
Y7 102736 (vector) = Y |13.465  (vector)
0.0259 (graviton) 22.325  (graviton)
2.9437 (scalar) 0.4208 (scalar)
o — 8.7436 (fermion) do — 0.3045 (fermion) (24)
Y7 19.8134 (vector) ¢ ]0.3049 (vector)
21.232 (graviton) 0.1207 (graviton)

2.4 Constraints from observations
Because the Hubble parameter H(¢) at time ¢ is less than or equal to the Hubble parameter
during inflation, we obtain the lower limit of the initial mass of the PBH as ME‘H 20l1g
(cosmic microwave background radiation (CMB) constraint) [10]. In addition, because PBHs
should be evaporated before big bang nucleosynthesis (BBN)[10,51,52], the upper limit M}ing <
1 N 109 g is obtained (BBN constraint) [3]. Thus, we obtain 0.1g < Mt < 10%g (4.6 x 10> <
M /Mp < 4.6 x 1013) from the CMB and BBN constraints. We assume that all PBHs evap-
orated completely during the radiation-dominant era in the next section.

3. [Initial PBH density and DM mass spectrum

3.1 DM production by PBH

For simplicity, we assume that PBHs are the only source of DMs, and DMs only interact with
the standard model particles gravitationally. Discussion of specific dark matter scenarios is
beyond the scope of this study. We would like to perform a more detailed analysis of these
specific scenarios in a future study.
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The relic abundance of a DM particle species i is typically expressed in terms of the density

parameter as
. m .n .
Q =20 = T (25)
Pc Pc
where p. denotes the critical density. p; o, m;, and n; o denote today’s energy density, mass, and

number density of a DM particle species 7, respectively. According to the entropy conservation

@ — ni(Tev)’ (26)
50 S(T:ev)
we have
1 1 g (To)T;
Q) = ———mn(Tey) = _L())%mini(nv)- 27
pe s(Tey) pe &s(Tev) T3,
Because the DM particle species i is produced by PBH evaporation in our scenario, we obtain
ni(Tey) = Ningu(Tey), (28)

where ngy(7ey) denotes the PBH number density at the evaporation, which, for a monochro-
matic mass spectrum, can be related to the initial number density by

npn(Tey)a(Tey)® = npn(Tin)a(Tin ) . (29)
Thus, we find

1 g*s(TO)T03 a(]—{n)3 IO}i3nH mN: (30)

B Eg*s(nv)z—g\’/ a(’]—é:V)3 MII;IH

i

where pg‘H = MngnBH(I}n).

Because we assume that all PBHs evaporated completely during the radiation-dominant era,
the populations of PBHs remain a negligible component of the energy density of the Universe.
In this case, the following simple form of the relic abundance is obtained [24]:

Gl T (31)
Pe 8us(Tin) Ty M5,

i

Using Egs. (8) and (10), we obtain
1/4 3/2
12 (106.75 M, i
o = 1571107 (1) ( ) ( ) b (2 )
0.2 g (Tin) Mg, 1GeV

1/4 3/2
y \/2 [ 106.75 lg m;
~ 1. — - - is 2
93 <0.2> (g* (Té}g)) (M]‘;‘H> g (lGeV)N (32)

where s denotes the dimensionless Hubble parameter.
The total DM density should be the sum of the relic abundance of the DM particle species
I

Npm
Qomh’ = Qi; (33)
i=1
it should be consistent with the observed relic abundance of DM [53]:
Qpmh® = 0.11. (34)

3.2 Single DM
First, we study the phenomenology of PBHs with a single DM species (Npy = 1).

Recall that PBHs are the only source of DMs, and DMs only interact with the standard model
particles gravitationally. If there is a single DM particle species, the relic abundance of DM,
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Fig. 1. Single DM species. DM is a scalar particle. Top panel: Allowed initial PBH density 8 as a function
of the initial PBH mass Mglﬁ for observed DM relic density Qpm/? = 0.11. Bottom panel: the PBH
lifetime 7 as a function of the initial PBH mass M, for mpm = 1072,..., 10° GeV. The six lines for npm
=1072,..., 10° GeV are indistinguishable.

Qpwmh?, should be controlled by three main parameters as shown in Eq. (32): the DM mass
mpw, initial PBH density 8, and initial PBH mass M g‘H.

Figure 1 (top panel) shows the allowed initial PBH density 8 as a function of the initial PBH
mass M]i;lH for observed DM relic density Qpwm/® = 0.11, where we use the standard value of
g.(Tin) = 106.75, and we assume that DM are scalar particles. The observed DM abundance
is consistent with a point on the curves for each DM mass. A point above the curves leads to
an overproduction of DM for each DM mass. In contrast, a point below the curves leads to
underproduction. The behavior of the curves in Fig. 1 (top panel) is well understood; see, e.g.,
Ref. [24].

If the initial Hawking temperature 7; lgl‘{ is higher than the DM mass mpy, PBHs begin pro-
ducing DM particles immediately after formation and continue producing DMs during evapo-
ration. Because Tgyox1/Mpy, relatively light initial PBHs can start producing DMs at an early
stage, and the density of DM particles produced via PBH evaporation is linearly related to the
initial density of PBHs. Heavier initial PBHs produce fewer heavy DM particles, and leading
DM production can be started after crossing Tgy =~ mpwm. Thus, some curves go up at a point
for heavy DMs in Fig. 1 (top panel).

Because we assume that PBHs have been evaporated entirely in the radiation-dominated era,
the initial PBH density should be smaller than §.. If the initial PBH density is larger than S,
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the relic abundance of DM does not depend on the initial PBH density [15,17,18,24]. Thus,
some curves are vertical lines at a point, 8 = B, in Fig. 1 (top panel).

Figure 1 (top panel) shows that heavier DMs, up to approximately 10 GeV, significantly con-
tribute to the relic abundance and decrease the allowed initial PBH density in almost all ranges
of Mt =0.1-10° g. For heavier DMs, such as 10° GeV, the allowed initial PBH density in-
creases with initial PBH mass for large PBH masses. From the viewpoint of future observations
of PBHs, we are very interested in a case in which the initial PBH density is not very small.
Moreover, the semiclassical approximation used by Hawking to derive the evaporation spec-
trum fails at the Planck scale. At the end of the Hawking evaporation, the horizon of a black
hole enters a physical region where quantum gravity cannot be neglected [54,55].

We set the range of DM mass to 1072 GeV < mpy < 10° GeV to reduce the cost of numerical
calculations in this section. The lower mass 1072 GeV is used to avoid the warm DM consid-
eration with PBHs in this study [10,15,24]. The upper mass 10° GeV is sufficient to show the
existence of overlap of the curves in the B—M%, plane. (This is the aim of this section.) In the
next section, we will extend the range of DM masses to a wider region.

Figure 1 (bottom panel) shows the PBH lifetime 7 as a function of the initial PBH mass
M2, for mpy = 1072,..., 10° GeV. The six lines for mpy = 1072,..., 10° GeV are indistinguish-
able, and the PBH lifetime is almost independent of the DM mass. This independence of the
PBH lifetime may be understood by the following consideration. The evaporating PBHs pre-
dominantly radiate particles with mass less than the Hawking temperature. When the Hawking
temperature rises above the mass of the heavy particle, new radiation of the heavy particle can
be started. The PBHs considered in this paper (M]ig?H < 10° g) have a high initial temperature
(Tin > 10° GeV). The PBH lifetime is mainly determined by all standard model particle spectra.
Thus, the effect of heavy particles on the PBH lifetime may be small until the last stage of PBH
evaporation, and the PBH lifetime is almost independent of the DM mass.

3.3  Degenerated DM mass spectra
Next, we study the phenomenology of PBHs in the case of multiple DM particle species with
degenerated DM mass spectra:

m; = my (l= 1,2,...,NDM), (35)

where m; denotes the mass of a DM particle species in multiple DMs. All DM species have a
common mass 1. For a complete analysis, an extremely large number of DM species such as
Npm ~ oo should be considered; however, we would like to set the maximum number of DM
particle species to 100 and consider four cases of Npy = 1, 2, 10, and 100 to reduce the cost of
numerical calculations in this section.

Figure 2 is similar to Fig. 1 but shows multiple DM particle species with degenerated DM
mass spectra. Again, we assume that all DMs are scalar particles. As benchmark cases, we show
the curves for mpy = 10 and 10° GeV in the figure.

Figure 2 (top panel) shows that the allowed initial PBH density monotonically decreases
with Npy. Because PBHs emit multiple particles simultaneously if these particle species have
the same mass and spin, the total number of DM particles produced by Hawking radiation
monotonically increases with the number of DM species Npy (the effect of a lifetime on the
total number of DM particles produced is small, as we describe later). Thus, the allowed initial
PBH density monotonically decreases with Npy. Because of this simple reduction mechanism
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Fig. 2. Multiple DM species with degenerated mass spectra. DMs are scalar particles. Top panel: Allowed
initial PBH density 8 as a function of the initial PBH mass Mli;lH for observed DM relic density Qpm/h?
= 0.11. Bottom panel: the PBH lifetime 7 as a function of the initial PBH mass My}, for mpy = 10 and
10° GeV. The two lines for mpy = 1072 and 10° GeV are indistinguishable.

of initial PBH density, each of the four curves for Npy = 1, 2, 10, and 100 has the same shape.
As we have mentioned (see Fig. 1 (top panel) for the single DM case), the heavier DM reduces
the allowed initial PBH density for mpy < 10® GeV. Thus, the curves for mpy = 10 GeV are
below the curves for mpy = 10 GeV in Fig. 2 (top panel).

Figure 2 (bottom panel) shows that the PBH lifetime for mpy = 1072 and 10° GeV are indis-
tinguishable. Because the PBH lifetime is almost independent of DM mass (see Fig. 1 (bottom
panel) for the single DM case), the two lines for mpy = 1072 and 10® GeV almost overlap with
each other.

As the evaporation rate increases with the number of degrees of particle contents, the PBH
lifetime decreases with the additional DM particles. This short-lifetime effect is small, because
a heavy particle, such as DM, can accelerate the PBH evaporation rate only in the final stage of
the PBH’s lifetime. The lifetime of a PBH for Npy = 100 is slightly longer than that for Npy
=1, 2, and 10, and the three lines for Npy = 1, 2, and 10 almost overlap with each other.

We note that ,BfM]g“H curves for different Npy differ from one another in the degenerated
DM mass spectrum (top panel in Fig. 2). As shown in the following subsection, this picture for
the degenerated DM mass spectrum should be modified for the arithmetic sequence-like DM
mass spectrum.
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3.4 Arithmetic sequence-like DM mass spectrum
We set the range of DM masses to

my<m <M (i=12,...,Npm) (36)
and consider an arithmetic sequence-like DM mass spectrum
M — my
L= = 1) 37
m; = mygy + (i ) (Now — 17 (37)

for Npm # 1. For Npy = 1, we set m; = my. Because the parameter p controls the sparseness,
or denseness, of the DM mass spectrum, as we show below, we consider p as a sparseness
parameter.

In the case of p =0, we obtain a degenerate DM mass m; = M. In the case of p = 1, we obtain
an arithmetic sequence of DM masses

my = my,
my = my + Am,

msy = mgy + 2Am,

m; =my+ (i — 1)Am,

mNDM = M, (38)
where
M — my

Am=—""2
Npym — 1

(39)

for NDM ;ﬁ 1.

For any value of sparseness parameter p except for p = 0 and 1, an arithmetic sequence-like
DM mass spectrum is obtained. Figure 3 shows an arithmetic sequence-like DM mass spectrum
for Npm = 10 (top panel) and 100 (bottom panel) for p = 1/4, 1/2, 1, 2, and 4 with my = 100
GeV and M = 1000 GeV as benchmark cases. As shown in Fig. 3 (top panel), in the case of
p < 1, the mass differences are sparse for the lighter DM and dense for the heavier DM. In
contrast, in the case of p > 1, the DM mass spectrum becomes dense for the lighter DM and
sparse for the heavier DM. Figure 4 depicts a schematic image of an arithmetic sequence-like
DM mass spectrum for p = 0.25 (sparse light DMs and dense heavy DMs), p = 1 (DMs with
an arithmetic sequence mass spectrum), and p = 4 (sparse heavy DMs and dense light DMs).
Naturally, if the number of DM species is increased, the DM mass spectrum tends toward a
continuous distribution; see Fig. 3 (bottom panel).

Figure 5 shows the allowed initial PBH density 8 as a function of the initial PBH mass M{;‘H
for multiple DMs with an arithmetic sequence-like mass spectrum for observed DM relic den-
sity QpwmA? = 0.11. We assume that DMs are scalar particles again. The top two panels show
,B—M};‘H curves in the degenerated DM mass spectrum case for comparison. Under the top two
panels, the upper, middle, and bottom panels show ,BfM]g“H curves forp =0.25,p=1,and p =
4, respectively.

In each of the three bottom-left panels for 10 GeV < m; < 10° GeV, the upper black solid
curve shows the ,B—MlignH relation for a single DM with mass m; = my = 10 GeV. The three
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Fig. 3. Arithmetic sequence-like DM mass spectra for Npy = 10 (top panel) and 100 (bottom panel).
DM mass spectra for p = 1/4, 1/2, 1, 2, and 4 with my = 100 GeV and M = 1000 GeV are shown as
benchmark cases.

m;

A
dense sparse
sparse dense
]?:().25 p=1 1;:4

Fig. 4. Schematic image of arithmetic sequence-like DM mass spectra for p = 0.25 (sparse light DMs and
dense heavy DMs), p = 1 (DMs with an arithmetic sequence mass spectrum), and p = 4 (sparse heavy
DMs and dense light DMs).

dotted or dashed curves under the black solid curve show the /3—Mli3nH relation for two species
DMs (Npwm = 2) with masses m; = my = 10 GeV and my = M = 10° GeV, for 10 species DMs
(Npm = 10) with masses m; = 10,..., 10° GeV, and for 100 species DMs (Npy = 100) with
masses m; = 10,..., 10° GeV, respectively. Because a heavy DM species with m; = 10° GeV is
included in all three cases for Npyv = 2, 10, and 100, the three dotted or dashed curves go up to
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Fig. 5. Multiple DM species with an arithmetic mass spectrum. DMs are scalar particles. The top two
panels show ﬂfMng curves in the degenerated DM mass spectrum case for comparison. Under the top
two panels, the three left panels and right panels show the ,BfMg‘H curves for 10 GeV < m; < 10° GeV
and 10° GeV < m; < 10° GeV, respectively.

a point around ng = 10* g; see Fig. 1 (top panel). The three bottom-right panels for 10° GeV
< m; < 10° GeV are the same as the three bottom-left panels but for my = 10° GeV.

In contrast to the degenerated DM mass spectrum, some curves tend to be close to or overlap
with each other in the case of the arithmetic DM mass spectrum. For example, in the bottom-
left panel for 10GeV < m; < 10° GeV and p = 4, the three dotted or dashed curves for Npy
= 2, 10, and 100 for the light initial PBH (left side of the panel) are closer than those for the
heavy initial PBH (right side of the panel). The overlap of the curves is more obvious in the
three bottom-right panels for 10® GeV < m; < 10° GeV. For example, all four curves for Npy =
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1,2, 10, and 100 are indistinguishable for p = 0.25 and M, > 107 g. For p =4 and M2, > 107
g, the two curves for Npy = 1 and Npy = 2 overlap with each other.

The cause of the overlapping curves in Fig. 5 can be understated as follows. Because Qpwh?
tends to increase with DM mass and Boc1/(Qpwm#?), the solid black curve for the lighter DM
mass my shows an upper limit of 8. The three dotted or dashed curves for heavy DMs go up
to a point; however, these curves cannot exceed the same upper limit of 8. Thus, some curves
overlap with each other for relatively large M%,. In addition, the large 1 yields a low upper
limit of B, and some curves for my = 10° GeV overlap over a larger area than the curves for m
=10 GeV.

To illustrate these overlaps from a different perspective, we show the relation between  and
the sparseness parameter p for multiple DMs with an arithmetic sequence-like mass spectrum
for Qpmh? = 0.11 in Fig. 6. The four left and right panels show the f—p curves for 10 GeV <
m; < 10° GeV and 106 GeV < m; < 10° GeV, respectively. In Fig. 6, the initial PBH mass M1},
increases from the top panel to the bottom panel. In each panel, the horizontal axis shows the
sparseness parameter p, the left side of each panel corresponds to the case of sparse light DMs
and dense heavy DMs, and the right side of each panel corresponds to the opposite case. The
bottom-right panel in Fig. 6 shows that f—p curves for different numbers of DM species Npm
overlap with each other for sparse light DMs and dense heavy DMs with heavy initial PBHs.

The behavior of the curves in Fig. 6 can be understood as follows. Because a heavy initial
PBH cannot emit a heavy DM particle species 7 until the final stage of its lifetime and there are
several heavy DMs in the case of small p, the total number of heavy DMs Y N; decreases with
small p. From Egs. (32) and (33), we obtain 8 o« 1/ Y N;. Thus, as the initial PBH mass M]i;lH
becomes increasingly heavy, S—p curves tend to be close to the upper limit of 8 for small p.

3.5 Geometric sequence-like DM mass spectrum
Next, we hold the range of DM massesmy <m; < M(i=1, 2,..., Npm), but consider a geometric
sequence-like DM mass spectrum

M\ DN =1
m; = my (—) (40)
mg

for Npm # 1. For Npym = 1, we set m; = my.
In the case of p = 0, we obtain a degenerate DM mass m; = M. In the case of p = 1, we obtain
a geometric sequence of DM masses

mp = my,
myp = myfr,
ms = mOVZ,
m; = mori_l,
mNDM = M, (41)
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Fig. 6. Multiple DM species with an arithmetic mass spectrum. DMs are scalar particles. The four left
panels and right panels show the B—p curves for 10 GeV < m; < 10° GeV and 10° GeV < m; < 10° GeV,
respectively.

where
M 1/(Npm—1)
;= (_) (42)
my

for NDM ;é 1.

For any value of sparseness parameter p except for p = 0 and 1, a geometric sequence-like
DM mass spectrum is obtained. In Fig. 7, the geometric sequence-like DM mass spectrum for
Npm =10,p=1/4,1/2,1, 2, and 4, my = 100 GeV, and M = 1000 GeV are shown as benchmark
cases. Similar to the arithmetic DM mass spectrum, there are sparse light DMs and dense heavy

14/24

€20z Aenuer Gz uo Jasn uo}01yduAg usuoupd|3 sayosineq Aq 0622£89/109€2ZL/Z1/2z0z/210nie/dayd/wod dnoolwapede)/:sdiy woly papeojumoq



PTEP 2022, 123B01 T. Kitabayashi

1400 T T T T T T T T
Sz}g geometric like Npy =10
1200 - p=1 —e— my =100 GeV |
p=2 —=— M = 1000 GeV
1000 | P=4 ]

800

600

m; [GeV]

400

Fig. 7. Geometric sequence-like DM mass spectrum for Npy = 10. DM mass spectra for p = 1/4, 1/2, 1,
2, and 4 with my = 100 GeV and M = 1000 GeV are shown as benchmark cases.
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Fig. 8. p—p curves for M, = 0.1 gand M, = 10° g. The two left panels show B—p curves in the arith-
metic DM mass spectrum case. The two right panels show S—p curves in the geometric DM mass spec-
trum case.

DDMs in the case of small p. In contrast, in the case of large p, there are sparse heavy DMs and
dense light DMs.

Because of this similarity between the arithmetic sequence-like DM mass spectrum in Eq.
(37) and the geometric sequence-like DM mass spectrum in Eq. (40), we have obtained B~ M,
and B—p curves similar to Figs. 5 and 6, respectively, for the geometric sequence-like DM mass
spectrum. We would like to avoid showing all the results; however, we show four sample panels
to demonstrate this similarity in Fig. 8. Figure 8 shows the —p curves for E“H =0.1 g (top
panels) and M2, = 10° g (bottom panels) as benchmark cases. The two left panels show g—p
curves in the arithmetic sequence-like DM mass spectrum case for comparison. The two right
panels show B—p curves in the geometric sequence-like DM mass spectrum case. Because the
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sparseness of the geometric sequence-like DM mass spectrum for a fixed value of p is different
from that of the arithmetic sequence-like DM mass spectrum for the same value of p, the shapes
of their curves are different; however, the basic behaviors of the curves in the two left and right
panels are the same.

Thus, we finally conclude that, regardless of the detailed structure of the mass spectra of
multiple DMs, such as arithmetic sequence-like or geometric sequence-like mass spectra, -
Mg‘H and B—p curves for different numbers of DM species Npy may tend to overlap with each
other for heavy initial PBHs.

3.6 DM spin

We would like to comment on the DM spin. We have assumed that all DM species are scalar
particles (s = 0). According to Cheek et al., the initial PBH densities required to produce the
observed relic abundance of DM depend on the DM spin, varying by ~2 orders of magnitude
between a spin-2 and a scalar DM in the case of a Schwarzschild PBH [24]. Although this
variation of ~2 orders of magnitude may have a strong effect in some situations, the DM spin
effect does not make a significant difference in the conclusion of this paper. Thus, we have
shown only the case of scalar DMs in this section.

4. Constraint on DM masses in four categories

Up to now, we have focused on the DM for 1072 GeV <mpy < 10° GeV. This mass range is
sufficient to show the existence of the overlap of the curves in the B—Mp, plane. (The previous
section shows the existence of this overlap.)

In this section, we discuss the other cases with different DM masses and show the constraint
on the masses of multiple DMs by existing observations. For a single DM species, the limits on
DM mass providing the correct relic abundance in the four categories (which will be defined
soon) have been estimated by Lennon et al. [12]. Meanwhile, this study considers the constraint
on multiple DM masses in the same four categories by using the methods in Ref. [12].

4.1 Single DM species

According to Lennon et al. [12], we consider the “light” and “heavy” DM cases. For the “light”
DM, the initial temperature of the PBH Tj, is greater than all mass scales. On the other hand,
T;n 1s below the DM mass in the “heavy” DM case. The “slow” and “fast” decay cases have
also been considered. B(f) = ty/t4ec Was defined to introduce two categories of PBH decay
timescale. Here, 71(7) is the Hubble time and 7 g..(Mppu(?)) is the characteristic PBH decay time.
The “slow” decay case is defined as By, < 1, where By, is the initial value of B, and the “fast”
decay case is defined as B;, > 1.

This paper now has four categories: (1) light and slow, (2) light and fast, (3) heavy and slow,
and (4) heavy and fast. Moreover, good analytic solutions for these four categories are obtained
for a single DM species x [12].

Light DM and slow decay: In the case of light DM and slow decay, the temperature of the
standard model radiation bath at the end of PBH decay, the reheat temperature Try, and the
yield of DM x, Y, =n,/s are

61/2 M 3/2
. 1
TRy ~ 1.09%%1 (M; ) (43)
* BH
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Table 1. Limits on DM masses [GeV] for the correct relic abundance for the single DM case [12].

s Light and slow Light and fast Heavy and slow Heavy and fast
0 [2.6 x 1077,0.8] [3.1 x 1077,2.8 x 1013] [3.4 x 10°, Mp(] [2.9 x 10°, Mp(]
12 [3.6 x 1077, 1.1] [4.2 x 1077,3.9 x 1013] [3.1 x 10°, Mp] [2.6 x 10°, Mp]
[7.8 x 1077,24]  [92 x 107,85 x 10%3]  [1.1 x 10°, Mp] [9.6 x 108, Mp|]
2/3 2 x 1075, 6] [2 x 1076, 2 x 10'4] [5 x 108, Mp|] [5 x 108, Mp|]
2 [6.3 x 107, 19] [74 x 107°,6.8 x 1014]  [1.4 x 108, Mp] [1.2 x 108, Mp|]
and
172
yslow ~ 49& (ﬂ) (44)
— VU 02 i ’
g g*/ eT/,X Mng

respectively, where g, is the effective number of degrees of freedom of standard model particles
at Try and

ery = e + ek (45)
is the total emission coefficient for standard model particles, e%M ~ 4.38 x 1073, and single DM
species x, ¢} = e,g,. The numerical values of e, and f are given by

724 x 1075 (s =0) 6.66 x 1074 (s = 0)
4.09 x 1075 (s =1/2) 243x 1074 (s=1/2)
e, =1168x107° (s=1) ., f,=4740x10° (s=1) . (46)
55% 1076 (s=3/2) 21x 1075 (s=3/2)
1.92 x 1076 (s = 2) 553%x 106 (s=2)

Light DM and fast decay: For the light DM and fast decay cases, the reheat temperature and
the yield of DM y are given by

L\ 174
30 Tin) M35
T, ’:< o ) BH) @)
and
fg nost(To) 1/4 Ain 5/4
fast ~_ xX5x BH\ Zin BH
Y, 2 0.50—7 Ve o] (48)
8« €T,y Pl P
respectively.

Heavy DM: For the heavy DM case, the reheat temperature is similar to that of the light DM
case. The DM yield is
T2,
Yheavy = Ylight_lgds > (49)
mX
where d; is estimated as 3.2 and 3.6 for bosons and fermions, respectively.

Limits on DM mass: According to Lennon et al. [12], we require that the relations
Tru > 3 MeV (50)
and
m, Y, =0.42eV (51)
should be satisfied. The first and second requirements come from BBN [51] and Qpy/? =0.11,

respectively. Without a free-streaming constraint in the light case, the limits on DM masses for
a single DM species are obtained as shown in Table 1 [12].
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Lennon et al. discussed the initial DM velocities and their subsequent redshift when DM was
created by the evaporation of PBHs [12]. Consequently, the light DM mass case was found
to be significantly constrained by the free streaming of the ultra-relativistically emitted DM
particles and almost the entire parameter space for light DMs is excluded. However, this paper
also includes the light DM case in the numerical calculations, as presented in Sect. 3 in Ref.
[12].

4.2 Multiple DM species

In the multiple DM species cases, the method in the previous subsection should be extended
with the relations

my = mytmtmyt e+ myg, (52)
and
Npm
ery = +ef — er=eM4+ Z eigi. (53)
i=1

The required condition then becomes
Npwm
my Yy =042eV - ) m¥;=042¢eV =siipuYy, (54)
i=1
where an effective DM mass riipy was defined to compare the result of the multiple and single
DM cases.
For simplicity, f; = f, and g; = g, have been assumed. In this case, er = e%M + €5 Npm was
obtained and the effective DM masses can be estimated as

12
(eeT_TX) Zf\;DlM m; (light, slow),
. LLT_TX ZI,A%M m; 1 (light, fast), 55)
m = / _
() (2 k) (heavy, slow),
X - i
p— (ZfiDIM m%) (heavy, fast).

4.3  Degenerated DM mass spectra
In the degenerated DM mass spectrum case, all of the DMs have the common mass 1. We
obtain

e \ 172 )
<—X) moNpm  (light, slow),

ety :
o — ?eTmoll\fszn 0 (light, fast), (56)
(a) Mo (heavy, slow),
LiTX A’,’g(l’w (heavy, fast)
and require that the relations
mg(nin <my < mr)’(“a", mg(nin < MpMm < mr;a" (57)
should be satisfied, where mg(nin and m}** are the lower and upper limits of the DM mass in

Table 1, respectively.
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Table 2. Ratio of the effective DM mass and common DM masses, mip /1.

s Npwm Light and slow Light and fast Heavy and slow Heavy and fast
0 3 0.376 0.0472 2.66 21.2
5 0.618 0.0763 1.62 13.1
10 1.19 0.142 0.840 7.05
100 7.89 0.623 0.127 1.60
12 3 0.400 0.0531 2.51 18.8
5 0.653 0.0854 1.53 11.7
10 1.25 0.157 0.797 6.35
100 8.07 0.651 0.124 1.54
1 3 0.314 0.0328 3.19 30.5
5 0.517 0.0535 1.93 18.7
10 1.01 0.102 0.992 9.85
100 7.28 0.531 0.137 1.88
32 3 0.211 0.0148 4.74 67.4
5 0.350 0.0250 2.86 40.8
10 0.691 0.0478 1.45 20.9
100 5.78 0.334 0.173 3.00
2 3 0.140 0.006 53 7.14 153
5 0.233 0.0108 4.30 92.3
10 0.463 0.0214 2.16 46.6
100 4.24 0.180 0.236 5.56

For example, for Npy = 3 and s = 0, the effective DM mass is related to the common mass
as follows:
0.376my  (light, slow),
0.0472my (light, fast),

A 58
DM 2.66my (heavy, slow), (58)
21.2my (heavy, fast)
and the allowed regions of DM mass are
26x1077—-0.3 (light, slow),
-7 _ 13 (1
Fipm[GeV] ~ 3.1 x10 1.3 x 107 (light, fast), (59)

9.0 x 10° — 1.2 x 10! (heavy, slow),
6.1 x 101 — 1.2 x 10"  (heavy, fast).

It has been observed that for the light DM case, the upper limits of the DM mass decreased
from 0.8 to 0.3 GeV (light, slow) and 2.8 x 10'3 to 1.3 x 10'3 GeV (light, fast). For the heavy
DM case, the lower limits of DM mass increased from 3.4 x 10° t0 9.0 x 10° GeV (heavy, slow)
and 2.9 x 10° to 6.1 x 10'°GeV (heavy, fast).

Table 2 shows the ratio of the effective mass and common DM masses, riipw /119, for Npm
=3, 5,10, 100 and s = 0, 1/2, 1, 3/2, 2. Note that the analytic formulas, such as Eq. (44),
provide good solutions for Y g; <« gpm [12]. Therefore, the predictions for Npy = 100 may
need a correction. Table 3 shows the allowed region of DM mass for the degenerated DM mass
spectra for Npy = 3 and 10. The allowed regions of DM mass for Npy = 10 are wider than
those for Npy = 3. For the light DM case, the upper limit of DM mass increases with Npy. In
contrast, the lower limit of DM mass decreases with Npy; for the heavy DM case.
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Table 3. Allowed regions of DM mass [GeV] for the degenerated DM mass

spectra.
s Npm Light and slow Light and fast
0 3 [2.6 x 1077, 0.30] [3.1 x 1077, 1.3 x 10'?]
10 [3.1 x 1077, 0.80] [3.1 x 1077, 4.0 x 10'?]
1/2 3 [3.6 x 1077, 0.44] [4.2 x 1077, 2.1 x 10'?]
10 [4.5 x 1077, 1.1] [4.2 x 1077, 6.1 x 10'?]
1 3 [7.8 x 1077, 0.75] [9.2 x 1077, 2.8 x 10'?]
10 [7.9 x 1077, 2.4] [9.2 x 1077, 8.7 x 10'?]
3/2 3 [2.0 x 107°, 1.3] [2.0 x 107, 3.0 x 10'?]
10 [2.0 x 107°, 4.1] [2.0 x 107%,9.5 x 10'?]
2 3 [6.3 x 107°,2.7] [7.4 x 107, 4.4 x 10'?]
10 [6.3 x 107°, 8.8] [7.4 x 107%, 1.5 x 10"3]
s Npm Heavy and slow Heavy and fast
0 3 [9.0 x 10, 1.2 x 10'] [6.1 x 10'°, 1.2 x 10"]
10 [3.4 x 107, 1.0 x 10'%] [2.0 x 10'°, 1.2 x 10"]
1/2 3 [7.8 x 10°, 1.2 x 10'] [4.9 x 10'°, 1.2 x 10"]
10 [3.1 x 10°,9.7 x 10'8] [1.7 x 10'°, 1.2 x 10"]
1 3 [3.5 x 10°, 1.2 x 10'] [2.9 x 10'°, 1.2 x 10"]
10 [1.1 x 10°, 1.2 x 10'] [9.5 x 107, 1.2 x 10']
3/2 3 [2.4 x 10°, 1.2 x 10'] [3.4 x 10'°, 1.2 x 10"]
10 [7.3 x 108, 1.2 x 10'9] [1.0 x 10'°, 1.2 x 10"]
2 3 [1.0 x 10°, 1.2 x 10'] [1.8 x 10'°, 1.2 x 10"]
10 [3.0 x 10, 1.2 x 10'%] [5.6 x 107, 1.2 x 10']

4.4  Arithmetic sequence-like DM mass spectrum

For the arithmetic sequence-like DM mass spectrum, for instance, we obtain

”hDM:(

er,

o

e

Npm 1
o Z (l - (ND

M — 1

3 (5t}

(60)

for the light and slow case. For Npy = 3 and s = 0, the effective DM mass is related to the
minimum and maximum masses, my and M, in the arithmetic sequence-like DM mass spectrum

as follows:

Similar to the degenerated DM mass spectrum case, we require that the relations

mmm <myg< M < mrnax my

0.145my + 0.231M  (p = 1/4),
0.188m +0.188M (p = 1),
0.243m + 0.133M  (p = 4).

m
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in < mDM < mmax

(61)

(62)
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should be satisfied for the arithmetic sequence-like DM mass spectrum. For example, the al-
lowed regions of DM mass for Npy = 3 and s = 0 are given by

2,616 x 1077 —0.2929 (p=1/4),
mpm[GeV] = {2.600 x 1077 —0.2912 (p=1), (63)
2.603 x 1077 —0.2891 (p =4).
If mpy is calculated with two significant digits, similar to Table 1, we obtain
mpm[GeV] >~ 2.6 x 1077 —0.29 (64)
for p =1/4, p =1, and p = 4, and there is no significant p-dependence.

Tables 4 and 5 show the allowed regions of DM mass for the arithmetic DM mass spectrum
when Npym = 3 and 10, respectively. Similar to the degenerated DM mass spectrum case, the
allowed regions of DM mass for Npy = 10 are wider than those for Npy = 3. For the light
DM case, the upper limit of DM mass increases with Npy. In contrast, the lower limit of DM
mass decreases with Npy for the heavy DM case.

4.5 Geometric sequence-like DM mass spectrum

Because of the similarity between the arithmetic sequence-like DM mass spectrum and geo-

metric sequence-like DM mass spectrum cases as addressed in Sect. 3, almost the same allowed

regions of DM mass were obtained in the geometric and arithmetic DM mass spectrum cases.
For example, the allowed regions of DM mass for Npy = 3 and s = 0 are obtained as

2.607 x 1077 —0.2928 (p = 1/4),
pm[GeV] ~ 12.601 x 107 —0.2911 (p = 1), (65)
2.600 x 107 —0.2891 (p = 4)

for the geometric sequence-like DM mass spectrum case. If riipy is calculated with two signifi-
cant digits similar to Table 1, the same results shown in Table 4 are obtained even in the case of
a geometric sequence-like DM mass spectrum. Thus, showing all the results for the geometric
sequence-like DM mass spectrum case was avoided in this paper.

5. Summary
In principle, several DM species with specific mass spectra may be emitted from PBHs because
PBHs evaporate into all particle species in nature. In addition, PBHs were assumed to be the
only source of DMs, and DMs only interact with the standard model particles gravitationally.
The effects of DM mass spectra on PBHs and vice versa have been investigated. The following
four specific mass spectra of the DM sector have been considered: (a) single DM with a single
mass; (b) multiple DMs with a degenerated mass spectrum; (c) multiple DMs with an arithmetic
sequence-like mass spectrum; (d) multiple DMs with a geometric sequence-like mass spectrum.
The first finding shows that /3—Mli3nH curves for different numbers of DM species Npy are
distinguishable for degenerated DM mass spectra. On the other hand, for multiple DMs with
an arithmetic sequence-like or a geometric sequence-like mass spectrum, f—M%. curves for
different Npy tend to overlap with each other for heavy initial PBHs. It can be concluded that
/S—M]ian curves for different Npy may tend to overlap with each other for heavy initial PBHs
regardless of the detailed structure because of the similarity between the arithmetic and geo-
metric sequence-like DM mass spectra. Currently, both the DM spectra and PBH parameters
are independent and free parameters. If the initial density 8 and initial mass M, g‘H of PBHs are
determined precisely in future experiments and reliable connections between PBHs and multi-
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Table 4. Allowed regions of DM mass [GeV] for the arithmetic DM mass
spectrum for Npy = 3.

s P Light and slow Light and fast
1/4 [2.6 x 1077, 0.29] [3.1 x 1077, 1.3 x 10'?]
0 1 [2.6 x 1077, 0.29] [3.1 x 1077, 1.2 x 10'?]
[2.6 x 1077, 0.29] [3.1 x 1077, 1.2 x 10'?]
1/4 [3.6 x 1077, 0.43] [4.2 x 1077, 2.0 x 10'?]
1/2 1 [3.6 x 1077, 0.43] [4.2 x 1077,2.0 x 10'?]
[3.6 x 1077, 0.42] [4.2 x 1077, 2.0 x 10'?]
1/4 [7.8 x 1077, 0.73] [9.2 x 1077, 2.7 x 10'?]
1 1 [7.8 x 1077, 0.73] [9.2 x 1077, 2.7 x 10'?]
[7.8 x 1077, 0.72] [9.2 x 1077, 2.7 x 10'?]
1/4 [2.0 x 107°, 1.2] [2.0 x 107, 2.8 x 10'?]
32 1 [2.0 x 107°, 1.2] [2.0 x 107, 2.8 x 10'?]
4 [2.0 x 107¢, 1.2] [2.0 x 1074, 2.8 x 10'?]
1/4 [6.3 x 107¢,2.5] [7.4 x 107, 4.3 x 10'?]
2 1 [6.3 x 107°,2.5] [7.4 x 1076, 4.3 x 10'?]
[6.3 x 107°,2.5] [7.4 x 107, 4.3 x 10'?]

s P Heavy and slow Heavy and fast
1/4 [9.8 x 10°, 1.2 x 10"] [6.6 x 10'°,1.2 x 10"]
0 1 [9.7 x 10°, 1.2 x 10"] [6.6 x 10'°,1.2 x 10"]
[9.7 x 10°, 1.2 x 10¥] [6.6 x 10'°,1.2 x 10"]
1/4 [8.4 x 107, 1.2 x 10'] [5.3 x 10'°, 1.2 x 10"]
1/2 1 [8.4 x 10°, 1.2 x 10"] [5.3 x 10'°,1.2 x 10"]
[8.3 x 10°, 1.2 x 10"] [5.2 x 109, 1.2 x 10"]
1/4 [3.8 x 10°, 1.2 x 10'] [3.2 x 10'°, 1.2 x 10"]
1 [3.8 x 10°, 1.2 x 10'] [3.2 x 10'°, 1.2 x 10"]
[3.8 x 10°, 1.2 x 10"] [3.1 x 10'°, 1.2 x 10"]
1/4 [2.6 x 10°, 1.2 x 10"] [3.6 x 10'°,1.2 x 10"]
32 1 [2.6 x 10°, 1.2 x 10"] [3.6 x 10'°,1.2 x 10"]
[2.5 x 10°, 1.2 x 10'] [3.6 x 10'°, 1.2 x 10"]
1/4 [1.1 x 10°, 1.2 x 10"] [2.0 x 10'°,1.2 x 10"]
2 1 [1.1 x 10°, 1.2 x 10"] [2.0 x 10'°,1.2 x 10"]
4 [1.1 x 10°, 1.2 x 10"] [2.0 x 10'°,1.2 x 10"]

ple DMs are obtained in future theoretical studies, Npm, 8, and Mng may be connected. Even
if that is the case, the determination of Npy using 8 and M]ignH may be difficult for heavy initial
PBHs because of the overlap of f—M, curves.

Furthermore, according to Lennon et al. [12], multiple DMs were classified into four cate-
gories: (1) light and slow, (2) light and fast, (3) heavy and slow, and (4) heavy and fast. Good
analytic solutions of the DM mass were used for these four categories. Consequently, the DM
masses for multiple DMs were determined to be more constrained than in the single DM case.
For the light DM case, the upper limit of the DM mass increases with Npy. On the other hand,
the lower limit of the DM mass decreases with Npy for the heavy DM case.
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Table 5. Allowed regions of DM mass [GeV] for the arithmetic DM mass

spectrum for Npy = 10.

Light and slow

Light and fast

[3.4 x 1077, 0.8]
[3.3 % 1077, 0.8]
[3.3 % 107, 0.8]

[3.1 x 1077, 3.8 x 10'2]
[3.1 x 1077, 3.7 x 10'2]
3.1 x 10°7,3.7 x 1012]

1/2

[4.9 x 1077, 1.1]
[4.9 x 1077, 1.1]
[4.8 x 1077, 1.1]

[4.2 x 1077, 6.0 x 1012]
[4.2 x 1077,5.9 x 1012]
[4.2 x 1077, 5.8 x 1012]

[8.6 x 1077, 2.4]
[8.5 x 1077, 2.3]
[8.4 x 1077, 2.3]

[9.2 x 107, 8.4 x 1012]
[9.2 x 107, 8.3 x 1012]
[9.2 x 107, 8.2 x 1012]

3/2

[2.0 x 1076, 4.0]
[2.0 x 1076, 3.9]
[2.0 x 1076, 3.9]

[2.0 x 107°,9.1 x 10'2]
[2.0 x 1076,9.0 x 102]
[2.0 x 1079, 8.8 x 1012]

[6.3 x 10°, 8.4]
[6.3 x 1076, 8.3]
[6.3 x 1076, 8.2]

[7.4 x 1075, 1.4 x 1013]
[7.4 x 1076, 1.4 x 1013]
[7.4 x 1076, 1.4 x 1013]

Heavy and slow

Heavy and fast

[3.4 x 10°,9.7 x 10'%]
[3.5 x 10°,9.6 x 10'%]
[3.5 x 10, 9.4 x 10'%]

[2.2 x 10°, 1.2 x 10']
[2.2 x 10°, 1.2 x 10"]
[2.2 x 1019, 1.2 x 10']

172

3.1 % 10°,9.2 x 1019]
3.2 x 10%,9.1 x 10'%]
3.1 x 10%,9.0 x 10'9]

1.8 x 101, 1.2 x 101]
1.8 x 101, 1.2 x 101]
1.8 x 101, 1.2 x 10'7]

1.2 x 10°, 1.2 x 10]
1.2 x 10°, 1.2 x 10"]
1.2 x 10°, 1.2 x 10"]

1.0 x 10'°, 1.2 x 10"]
1.0 x 10'°, 1.2 x 10"]

[
[
[
[
[
[1.0 x 1019, 1.2 x 10']

32

[7.9 x 108, 1.2 x 10']
[7.8 x 108, 1.2 x 10']
[7.7 x 108, 1.2 x 10']

[1.1 x 10'°, 1.2 x 10']
[1.1 x 10°, 1.2 x 10"]
[1.1 x 1019, 1.2 x 10']

[3.3 x 108, 1.2 x 10']
[3.3 x 108, 1.2 x 10']
[3.2 x 108, 1.2 x 10"]

[6.1 x 10°, 1.2 x 10']
[6.0 x 10°, 1.2 x 10']
[5.9 x 10°, 1.2 x 10']
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