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Abstract

It is now well established that some form of Dark Matter (DM) makes a sizeable

contribution to the total matter-energy abundance of the Universe, yet DM still

evades detection and its particle properties remain unknown. Indirect detection

provides an important probe of some of these fundamental properties. DM self-

annihilation throughout the Universe is expected to lead to an observable signal of

standard model particles at Earth, and any observed flux of standard model particles

from a particular region acts as an upper limit on the annihilation signal from that

region.

In Chapter 1, we give an introduction to our current knowledge of DM. We begin

with the historic and recent evidence for the existence of DM based on its gravi-

tational effects, before describing our current knowledge of DM formation history

and abundance. We then describe and compare a number of competing DM den-

sity profiles for our galaxy, highlighting the large uncertainties towards the Galactic

center. There are currently a large number of DM candidates, sometimes called the

‘Candidate Zoo’. We briefly introduce several of the most popular candidates, de-

scribing their history and motivation. We then move on to describe current searches

for DM, focusing on indirect detection, which aims to detect DM via an observable

flux of its SM annihilation products. We detail the major constraints on the DM

self-annihilation cross section, and examine some potential signals from DM annihila-

tion. We also describe constraints on DM from direct detection and collider searches.

Finally, we introduce bremsstrahlung processes in the context of DM annihilation,
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where a particle such as a gamma-ray is radiated from one of the DM annihilation

products at the Feynman diagram level.

In Chapter 2, we use gamma-ray data from observations of the Milky Way, An-

dromeda (M31), and the cosmic background to calculate robust upper limits on the

dark matter self-annihilation cross section to monoenergetic gamma rays, 〈vσ〉γγ ,

over a wide range of dark matter masses. We do this in a model-independent and

conservative way, such that our results are valid across a broad spectrum of DM

models and astrophysical assumptions. In fact, over most of this range, our results

are unchanged if one considers just the branching ratio to gamma rays with energies

within a factor of a few of the endpoint at the dark matter mass. If the final-state

branching ratio to gamma rays, Br(γγ), were known, then 〈vσ〉γγ/Br(γγ) would

define an upper limit on the total cross section.

In Chapter 3, we take advantage of the fact that annihilation to charged lep-

tons will inevitably be accompanied by gamma rays due to radiative corrections to

place similar limits on the the annihilation cross section to an electron-positron pair,

〈vσ〉e+e− . Photon bremsstrahlung from the final state particles occurs at the Feyn-

man diagram level, yet the gamma-ray spectrum per annihilation is approximately

model independent, such that our analysis applies to a broad class of DM models.

We compare the expected annihilation signal with the observed gamma-ray flux from

the Galactic Center, and place conservative upper limits on the annihilation rate to

an electron-positron pair. We also constrain annihilation to muon and tau lepton

pairs. We again make conservative choices in the uncertain dark matter density pro-

files, and note that our constraints would only be strengthened if the density were

more tightly constrained. The spectrum per annihilation produces hard gamma rays

near the kinematic cutoff, and we find that the constraints on 〈vσ〉e+e− are weaker

than those on 〈vσ〉γγ only by a factor of ∼ 10−2, as expected since the 2 → 3 process

is suppressed relative to the 2 → 2 process.

Annihilation to leptons will also be accompanied by massive gauge bosons due

ii



to electroweak radiative corrections. In Chapter 4 we examine a case where DM

annihilates exclusively to neutrinos at the 2 → 2 level, and gamma rays, leptons

and hadrons will inevitably be produced due to electroweak bremsstrahlung. We

explicitly calculate the ratio of the rate for the three electroweak bremsstrahlung

modes χχ → νν̄Z, e+νW− e−ν̄W+ to the rate for the 2 → 2 process χχ → νν̄.

Electroweak bremsstrahlung plays a larger role in the special case where the

annihilation rate to leptonic modes suffers helicity suppression. While it has long

been known that photon bremsstrahlung can lift the helicity suppression, we show

in Chapter 5 that electroweak bremsstrahlung is also capable of lifting this sup-

pression, such that the branching ratio to the 3-body electroweak bremsstrahlung

final states can greatly exceed the branching ratio to an electron-positron or neu-

trino pair. We explicitly calculate the electroweak bremsstrahlung cross section in a

typical leptophilic model.

In Chapter 6 we examine observational signatures of dark matter annihilation in

the Milky Way arising from these electroweak bremsstrahlung contributions to the

annihilation cross section. Here we calculate the spectra of stable annihilation prod-

ucts produced via γ/W/Z-bremsstrahlung. After modifying the fluxes to account for

the propagation through the Galaxy, we set upper bounds on the annihilation cross

section via a comparison with observational data. We show that stringent cosmic

ray antiproton limits preclude a sizable dark matter contribution to observed cosmic

ray positron fluxes in the class of models for which the bremsstrahlung processes

dominate.
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Preface
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and H. Yuksel (Publication 1), A. Galea and L. Krauss (Publication 6). While J.
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of these publications, all calculations, results and analyses are my own work, with

the exception of Section 5.2 and Appendices A, B and C, where T. Weiler made a

significant contribution.
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1
Introduction to Dark Matter

It is now well established that the Universe consists of more than the observable

baryonic matter. The identity of the dark component is one of the greatest mysteries

in physics. At present, it is believed that the Universe is primarily made up of

some form of dark energy or cosmological constant, responsible for the present day

accelerating expansion of the Universe, while the matter content consists mostly

of some unknown Dark Matter (DM), the focus of this thesis, with baryonic matter

contributing only a small fraction to the total matter-energy content of the Universe.

1.1 Evidence, Abundance and Structure

1.1.1 Rotation Curves

Some of the most convincing evidence for the existence of DM comes from observa-

tions of the rotation curves of nearby galaxies. The rotational velocity at radius r is

related to the mass enclosed within that radius M(r),

v =

√

GN M(r)

r
,

!

"

#

$1.1

where GN = 6.67 × 10−11m3 kg−1 s−2. The rotational velocity as a function of

radius is usually measured via redshift of the neutral Hydrogen 21 cm line [3], and

1



CHAPTER 1. INTRODUCTION TO DARK MATTER

Figure 1.1: Best fits to the universal rotation curve from Ref. [1], for galaxies within

a luminosity bin centered on 〈MI〉 = −20.5. Dotted line shows contribution from

the luminous disk, dashed line from the dark halo.

compared with the velocity expected from observation of the distribution of luminous

matter. Ref. [1] has calculated rotation curves for a compilation of hundreds of spiral

galaxies, and confirms the strong evidence for a non-luminous component to the

galactic mass. If there were no DM, the rotational velocity would fall beyond Ropt,

defined as the radius containing the bulk of the luminosity of the galaxy. Instead,

the rotational velocity becomes roughly constant beyond Ropt, implying that there is

a dark component to the mass, contributing to a total mass proportional to r. The

rotation curve for a compilation of galaxies falling into the 〈MI〉 = −20.5 luminosity

bin is shown in Fig. 1.1 from Ref. [1].
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1.1.2 Mass to Light Ratio of Clusters

The first evidence for the existence of DM came from observations of the Coma

cluster of galaxies by Fritz Zwicky in 1933 [4, 5]. The virial theorem relates the

kinetic energy EK of a system with the potential energy Vpot. In an idealized system,

EK = −1
2Vpot, and this is used in conjunction with measurements of the dispersion

of the radial velocities of galaxies within the cluster to derive the total mass. Zwicky

compared this with the mass derived from observation of the total luminosity, finding

a mass-to-light ratio of some 400 solar masses per solar luminosity, well above that

expected if the cluster were composed solely of baryonic matter.

1.1.3 Gravitational Lensing

According to Einstein’s theory of general relativity, light will propagate along geodesics

which become curved in the presence of large concentrations of mass. This results in

a lensing effect when there is a large mass between a light source and the observer,

with the angle of deflection proportional to the mass of the object causing the lens-

ing. For example, Ref. [6] uses data from the Hubble Space Telescope [7] to make

detailed maps of the mass distribution of the galaxy cluster 0024+1654.

Observation of multiple images of the light source is called strong lensing, while

weak lensing is the distortion of the image of the light source. Microlensing is an

effect where no distortion is seen, but a background star briefly appears brighter due

to the passing of a transient lensing object. For a review of the theory of gravitational

lensing, see e.g. Ref. [8].

Recent observations of the pair of colliding galaxy clusters 1E0657-558, known

colloquially as the Bullet Cluster, have provided some of the best observational

evidence yet for dark matter [9]. Observations by the Chandra X-ray observatory

[10] show that the intergalactic hot gas which makes up the bulk of the luminous

baryonic matter of the clusters collided and interacted as the clusters passed through

each other. However, gravitational lensing calculations performed using 5 optical

3
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image data sets show that the vast bulk of the mass of these clusters is no longer

coincident with the luminous matter to a significance of 8σ, and did not interact as

the cluster collided. This is, by definition, dark matter: non-luminous matter that is

only weakly interacting. This is the first conclusive observation of a structure that

has had its luminous matter stripped from the bulk of the mass, allowing separate

observations of the two regions. Observations of other colliding clusters have since

provided further evidence for the existence of DM [11, 12].

Microlensing has been used to constrain the prevalence of MACHOs (Massive

Compact Halo Objects), which had been proposed as a DM candidate. These are

small astrophysical objects such as planets or dead stars that emit little or no light.

The prevalence of MACHOs, and their potential as a DM candidate, have been

mostly ruled out by searches in the Magellanic Clouds. Only a few lensing events

were seen, and MACHOs can only account for a tiny fraction of the DM [13, 14].

1.1.4 Cosmic Microwave Background

The best measurements of the DM abundance and the composition of the Universe

come from observations of the cosmic microwave background (CMB), a remnant of

the thermal plasma of the early Universe. Before recombination of electrons and

protons into neutral hydrogen, electromagnetic interactions coupled photons and

baryons into a fluid. Since recombination at T ∼ 3000K ∼ 1 eV, the CMB photons

have been freely propagating throughout the Universe.

It is relatively easy to convert between the photon spectrum from the era of re-

combination and the CMB now. The CMB spectrum is remarkably close to a black-

body of temperature 2.726 K, and is isotropic at the level of 10−5. However, recent

high-precision observations of the CMB, such as those by the Wilkinson Microwave

Anisotropy probe (WMAP), detail anisotropies or fluctuations in the temperature

and polarisation, which provide a good determination of several cosmological param-

eters [15, 16].
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Quantum fluctuations of the inflaton field lead to fluctuations in the photon and

matter distributions. This in turn leads to temperature and polarisation anisotropies

in the CMB today, as photons in deeper gravitational potential wells will have less

energy today than those escaping areas of lower gravity.

Anisotropies in the CMB are measured via the angular power spectra of the

temperature and polarization maps. These spectra shows a number of peaks, the

location of which are strongly dependent on the cosmological matter and energy

abundances. In combination with data from the Sloan Digital Sky Survey [17] and

the Hubble Space Telescope [7], WMAP provides precise determination of these

quantities [16, 18]

Ωbh
2 = 0.02260 ± 0.00053, ΩMh2 = 0.1334+0.0056

−0.0055,

ΩΛ = 0.728+0.015
−0.016, Ωtot = 1.0023+0.0056

−0.0054 ,
!

"

#

$1.2

where Ωi ≡ ρi/ρc is the abundance in units of the critical density, ρc, which cor-

responds to a geometrically flat Universe, the Hubble parameter is defined as h =

H0/(100 km s−1Mpc−1) = 0.704+0.013
−0.014 [16], and Ωb, ΩM , ΩΛ, Ωtot are the baryonic,

total matter, dark energy and total matter-energy abundances respectively.

The DM makes up the difference between the baryon and total matter abun-

dances, showing that DM dominates the matter content of the Universe. Note that

these measurements suggest a flat or very nearly flat universe, Ωtot ) 1.

1.1.5 Thermal Relic Dark Matter

If DM is produced thermally in the early universe, it is called a thermal relic, and

its formation history is well understood. At high temperatures T > mχ, when the

annihilation rate of dark matter is sufficiently large compared with the expansion

rate of the universe, the dark matter has a thermal distribution, and thus has an

abundance roughly equal to that of photons. The annihilation rate matches the pro-

duction rate, and the DM remains in thermal equilibrium. As the universe expands,
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the temperature drops below the DM mass, so that the abundance of DM becomes

Boltzmann suppressed, by a factor proportional to e−mχ/T .

Eventually the annihilation rate cannot keep up with the expansion of the uni-

verse, thermal equilibrium cannot be maintained, and the particle is said to be decou-

pled; Annihilation drops dramatically and the abundance stabilises. This is known

as freezeout, and the abundance and cross section of DM at freezeout determines the

relic abundance today.

The relic density (density today of a thermal relic) can then be calculated using

the annihilation cross section and entropy considerations, with the final result from

e.g. [19, 20, 21]

ΩDMh2 ≈ 3× 10−27cm3 s−1

〈vσ〉 .
!

"

#

$1.3

where we define σ as the self-annihilation cross section, σ ≡ σA, unless otherwise

stated, and 〈vσ〉 is the thermal average of the product of the DM self-annihilation

cross-section and velocity. If the DM has a thermal distribution, this thermal average

can be performed in the non-relativistic limit using the formula [19]

〈vσ〉 = 2√
π

(mχ

T

)
3
2

∫ ∞

0
vlabσ

√
εe−mχε/Tdε,

!

"

#

$1.4

where T is the temperature of the DM thermal distribution, mχ is the DM mass,

ε = v2rel/(1 − v2rel) and vrel is the relative velocity of the DM particles. Note that

〈vσ〉 ,= vσ and they should not be used interchangeably. For brevity, we describe

both as ‘the cross section’, although it should be clear from context which we are

referring to.

Using current measurements of ΩDMh2 ) 0.11 (see Section 1.1.4), the cross

section required for dark matter to be a thermal relic is 〈vσ〉 ≈ 3× 10−26 cm3 s−1.

It is not certain that dark matter is indeed a thermal relic, and there are effects

that could lead to a thermal relic dark matter having a higher or lower cross section,

so this is by no means a definitive statement of the dark matter cross section. For

example, Kaplinghat, Knox and Turner [22] propose a very high cross section, and

6
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suggest ways that the dark matter could remain a thermal relic. The first sugges-

tion is that dark matter is produced late, from decays or annihilations of a heavier

particle. This places constraints on the lifetime and mass of the heavier particle,

to ensure that the decay products do not effect the matter/radiation energy den-

sity ratio of the universe. The second proposal is that the mass of dark matter or

its annihilation products changes over time, so that if the dark matter were to rise

above some threshold, or the mass of the annihilation product were to drop below

the threshold, annihilation would move from being impossible to possible, modifying

the relic density calculations.

Formulae used throughout this work to determine the DM annihilation signal

assume equal abundances of DM and its antiparticle (or alternatively, the existence

of Majorana DM, which is its own antiparticle.) However, there are scenarios where

this is not the case, for example if a matter-antimatter asymmetry was established

in the dark sector in the early universe. Since these models have a large matter-

antimatter asymmetry, prospects for indirect detection are greatly reduced.

1.1.6 Large Scale Structure

A standard paradigm for large scale structure formation has emerged in the form of

ΛCDM, which incorporates dark energy, cold DM, and inflation. The early structure

of the universe appears to be remarkably uniform, based on the isotropy of the

CMB down to a level of 10−5 [18]. After the radiation-dominated epoch ends and

matter density overtakes radiation density, gravity amplifies the small anisotropies

in the matter distribution, causing small structures to form. As objects grow, this

process accelerates, leading to highly overdense and underdense regions, and causing

structure on all scales from planets and solar systems to filaments of clusters of

galaxies.

Unfortunately, complete predictions for the evolution of structure cannot cur-

rently be tested analytically. Instead, we rely on numerical N-body simulations that

7
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use theoretical initial conditions for structure formation and measurements from the

CMB (see Section 1.1.4) as input, and simulate the clustering of gravitationally in-

teracting DM over time. For example, the Millennium-II Simulation [23] simulates

approximately 1010 DM particles in a box with sides of length 100 h−1 Mpc, and is

remarkably consistent with observations by large scale sky surveys.

Conversely, models of Hot Dark Matter (HDM) where the DM is composed of

relativistic particles are inconsistent with observations and current models of struc-

ture formation. HDM suppresses structures in the early universe which are smaller

than the free streaming length L ∼ 40Mpc (mν/30 eV), as they quickly move from

overdense regions [24]. This is the ‘top-down’ approach to structure formation, where

largest scale structure forms first, eventually fragmenting to greater levels of structure

on smaller scales, which is inconsistent with observations of high redshift galaxies.

1.1.7 Within Galaxies

There is still a great deal of uncertainty in the dark matter density profile of galaxies,

particularly toward the center. However, one common parameterization has emerged:

ρ(r) =
(rs
r

)γ ρ0
[1 + (r/rs)α](β−γ)/α

.
!

"

#

$1.5

The parameters for the commonly adopted Isothermal [25, 26], Kravtsov [27], Navarro

Frenk and White (NFW) [28], and Moore [29] profiles are given in Table 1.1. The

parameters (α,β, γ) are standard across galaxies, while rs is given for the Milky

Way. The scale radius rs is the radius at which the slope of the profile changes.

The normalization factor ρ0 is chosen to give the correct local density, ρ$ = ρ(Rsc),

where Rsc = 8.5 kpc is the distance from the solar system to the center of the Milky

Way. In Chapters 2 and 3, we adopt the normalisation from Ref. [2], specifically

ρ$ = 0.27GeV cm−3 for the Moore profile, ρ$ = 0.3GeV cm−3 for the NFW profile,

and ρ$ = 0.37GeV cm−3 for the Kravtsov profile. In all other cases we adopt a

universal normalization, ρ$ = 0.39 GeV cm−3 from Ref. [30], but this could be a

factor of ∼ 2 higher or lower [31, 32, 33]. In addition, the Einasto profile [34, 35]

8
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Profile α β γ rs in kpc

Isothermal 2 2 0 5

Kravtsov 2 3 0.4 10

NFW 1 3 1 20

Moore 1.5 3 1.5 28

Table 1.1: Density Profile Parameters for the Milky Way. See text for description.

does not fit Eq. 1.5, and is instead given by

ρ0 Exp

[

−2

α

((

r

rs

)α

− 1

)]

!

"

#

$1.6

where α = 0.17, and the scale radius is uncertain, but approximately rs ) 20 kpc.

These five density profiles are plotted in Fig. 1.2.

If there is any ‘canonical’ profile, it is the NFW profile. This profile is based on

high-resolution N-body simulations of the formation of galactic structure using the

standard cold dark matter model, and goes like 1/r towards the galactic center. The

Einasto and Moore profiles are also based on N-body simulations. The Moore profile

has a much larger central cusp, and the Einasto profile is very similar to the NFW

profile at moderate to large radii, whilst flattening out and avoiding the cusp at very

small radii. Due to the singularity at the core, we specify a cut-off radius, below

which we set density to be constant, ρ(r ≤ rcutoff ) = ρ(rcutoff ). Our calculations in

the following chapters do not focus on very small regions around the galactic center,

and are not sensitive to the precise location of the cutoff, which we set at 0.01 pc.

The Kravtsov profile is less commonly adopted. This profile is much shallower

towards the galactic center. It is based on observations of the rotation curves of Low

Surface Brightness (LSB) and Dwarf galaxies, whose mass is dominated by dark

matter (∼ 85% of total mass is dark). This eliminates assumptions about the mass-

to-light ratio and contribution to the rotation curves of luminous matter, as they are

able to treat these contributions as negligible. These profiles were then compared

to N-body simulations of structure formation, and found to be consistent. The
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Figure 1.2: The DM density ρ(r) of the Milky Way, showing the Moore (solid), NFW

(dashed), Einasto (dotted), Kravtsov (dot-dashed) and Isothermal (dot-dot-dashed)

profiles described in the main text.
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Isothermal profile is an earlier ‘canonical’ empirical profile based on an isothermal

sphere with a flat central core, avoiding a singularity at small radii.

For large radii r ! rs, all five profiles scale with radius as 1/r3 and are normalized

such that they coincide closely. However, the profiles diverge at small radii, scaling

as 1/r0.4, 1/r and 1/r1.5 for the Kravtsov, NFW and Moore profiles respectively.

The steep Moore profile thus features a greatly enhanced density near the Galactic

Center, compared to the relatively flat Kravtsov and Isothermal profiles; the NFW

profile falls between the two.

There is an apparent discrepancy between the theory and observation of small-

scale power. Simulations such as “Via Lactea" [36] tend to predict large amounts of

small-scale structure, finding that dark matter will clump within galaxies, forming

mini-halos, galactic satellites and central cusps, while observations show a smoother

profile. There are several potential solutions to this problem. For example, warm

DM, an intermediate scenario between highly relativistic and non-relativistic DM,

can reduce small-scale power; see e.g. Ref [37] and references therin. Late-decaying

DM can boost the DM velocity, which can reduce the circular velocity of dwarf

haloes, bringing simulated numbers in line observations [38], or heat haloes, reduc-

ing cusp size [39]. Alternatively, there may be an astrophysical explanation. For

example, tidal forces between luminous and dark matter could reduce the prevalence

of substructure [40]. Interestingly, Ref. [41] shows that direct detection constraints

(see Section 1.4.1) should be valid in the presence of substructure, even if analyses

assume a smooth halo profile.

The observed flux of DM annihilation products is proportional to the integral

along the line of sight of the DM density squared, and so it is useful to define such

an integral, along the line of sight at an angle ψ from the Galactic Center,

J (ψ) = J0

∫ (max

0
ρ2
(

√

R2
sc − 2-Rsc cosψ + -2

)

d- ,
!

"

#

$1.7

where J0 = 1/[8.5 kpc×(0.3GeV cm−3)2] is an arbitrary normalization constant used
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Figure 1.3: The DM density parameter J (ψ) of the Milky Way, showing the Moore

(solid), NFW (dashed), Einasto (dotted), Kravtsov (dot-dashed) and Isothermal

(dot-dot-dashed) profiles described in the main text.

to make J (ψ) dimensionless. The upper limit of the integration is given by

lmax =
√

(R2
MW − sin2 ψR2

sc) +Rsc cosψ,
!

"

#

$1.8

where RMW is the radius of the dark matter halo. The density drops away at large

radii, so the integral is not sensitive to changes in RMW above 20-30 kpc. We show

J (ψ) for the Milky Way, for the five density profiles listed earlier, in Fig. 1.3. We

can also calculate J for an external galaxy at some distance D from Earth,

J ′(ψ) = J0

∫ (max

(max

ρ2
(

√

D2 − 2-D cosψ + -2
)

d- .
!

"

#

$1.9

This is not sensitive to the value of the upper and lower limits of integration as long

as they cover most of the galaxy in question. We then define

J∆Ω =
2π

∆Ω

∫ ψ

0
J (ψ) sinψ dψ,

!

"

#

$1.10
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Figure 1.4: The DM density parameter J∆Ω for the Milky Way, averaged over a cone

of solid angle ∆Ω, as a function of the half-angle ψ of the cone. We show the Moore

(solid), NFW (dashed), Einasto (dotted), Kravtsov (dot-dashed) and Isothermal

(dot-dot-dashed) profiles described in the main text.

the average of J (ψ) over a conical observation region of solid angle ∆Ω, centered on

the galactic center. This is shown in Fig. 1.4, again for the five listed density profiles,

for the Milky Way.

1.2 Dark Matter Candidates

1.2.1 Neutralino and Gravitino

Supersymmetry (SUSY) is a well-motivated extension of the standard model with a

number of attractive features, including a solution to the hierarchy problem, and the

unification of gauge couplings. For reviews, see for example, Refs. [20, 42, 43, 44, 45,

46, 47, 48, 49, 50]. Within some SUSY models, several natural DM candidates arise,
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including possibly the most popular DM candidate, the neutralino. SUSY postulates

that each standard model fermion has a bosonic superpartner, and each boson has a

fermionic superpartner. SUSY also features an extended Higgs sector, with at least

two Higgs doublets. Supersymmetry must by necessity be broken, otherwise we would

observe SUSY particles with the same mass as their standard model partners. Many

SUSY models feature conservation of R-parity, a multiplicative quantum number

defined as R = (−1)3B+L+2s where B is baryon number, L is lepton number and

s is spin. Since SM particles have R = 1 while SUSY particles have R = −1, the

lightest supersymmetric particle (LSP) must be stable and can only annihilate into

SM particles, and is hence a good DM candidate.

The hierarchy problem is one of the key outstanding issues with the SM. Radiative

corrections to the Higgs mass at the one-loop level are proportional to Λ2, where Λ

is the ultra-violet cutoff, the scale at which new physics arises. If this is taken

to be near the Planck scale, then these radiative corrections imply a Higgs mass

incompatible with constraints suggesting a Higgs mass at the electroweak symmetry

breaking scale. Contributions to the radiative corrections from bosons and fermions

have opposite signs, such that the divergence terms caused by SM particles and their

superpartners will cancel, solving the hierarchy problem.

Supersymmetry also unifies the gauge coupling strengths at the Grand Unified

Theory (GUT) scale. Measurements by LEP suggest that without some extension

of the standard model, the SU(3)C × SU(2)L × U(1)Y couplings do not converge

at any energy scale [51]; with the addition of SUSY at the TeV scale, they unify at

an energy of around 1016 GeV [51]. Such unification of the gauge couplings is a key

requirement for the existence of some GUT.

The Minimal Supersymmetric Standard Model (MSSM) (see e.g. Ref. [50]) is a

SUSY scenario with the minimal field content required to reproduce the SM. The

MSSM pairs each SM particle with a superpartner, and adds a Higgs doublet. Despite

its name, the MSSM still has over 100 free parameters. This can be greatly reduced
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through some well motivated constraints on the soft SUSY breaking parameters,

leading to the Constrained MSSM (CMSSM; see e.g. Refs. [52, 49]). In the CMSSM,

all scalar quark and lepton masses are constrained to be universal at the cut-off

scale, as are the gaugino masses and trilinear couplings. This leaves just four free

parameters and one free sign,

m0, m 1
2
, A0, tan β, sign(µ),

!

"

#

$1.11

where m0 is the scalar quark and lepton mass, m 1
2

is the gaugino mass, A0 is the

trilinear soft SUSY breaking term, tan β is the ratio of Higgs field vacuum expectation

values, and µ is the superpotential Higgs mass term, which has a fixed magnitude, but

is free to be either positive or negative. The CMSSM is often used as a benchmark

model, primarily because the reduced parameter space makes constraints on the

model feasible. The CMSSM and mSUGRA (minimal SUper GRAvity; see Ref. [53]

and references therein) share the same parameters, but mSUGRA breaks SUSY

through gravity mediation.

In the MSSM, the Neutralino χ̃0
1 is a linear combination of the superpartners of

the W3 and B gauge bosons and the neutral Higgs bosons,

χ = Z11W̃3 + Z12B̃ + Z13H̃u + Z14H̃d,
!

"

#

$1.12

and is a spin-12 Majorana fermion with weak interactions only. Where it appears as

the LSP, it can be an attractive DM candidate. In some regions of the parameter

space, the neutralino mass is of the order of the weak scale, leading to hope that it

may be produced at the LHC [46].

SUSY theories which include gravity also include the superpartner of the graviton,

known as the gravitino G̃, another promising DM candidate. Its interaction strength

is so weak that it is sometimes labelled a EWIP, or Extremely Weakly Interacting

Particle. The mass of the gravitino is only poorly constrained, and can range from

eV up to TeV [44].
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The CMSSM parameter space has been divided into four allowed regions. Out-

side of these regions, neutralinos would be overproduced in the early universe, vio-

lating WMAP constraints. (i) The co-annihilation region is so-called because in this

region, the neutralino and stau are near degenerate in mass, and thus underwent

co-annihilation in the early universe. This brought the neutralino relic density down

to the observed level. (ii) At low values of m0 and m 1
2

is the bulk region where many

supersymmetric particles are relatively light. (iii) In the A-funnel region, neutralinos

have a large annihilation cross section to bb̄ in the s-channel via the A and H reso-

nances. (iv) In the focus-point region, the neutralino can have larger masses, and a

large higgsino component.

There are other constraints on these parameters, including constraints from

BaBar, Belle, the LHC, Tevatron and LEP colliders, (see Section 1.4.2), the require-

ment that the LSP be electrically neutral, and from direct detection experiments. In

particular, the A-funnel, focus point and bulk regions are currently being explored

by direct detection experiments, and will be tightly constrained in coming years [54].

1.2.2 Kaluza-Klein Particles

It is plausible that there are hidden extra dimensions in addition to the three spatial

and one temporal dimensions we observe. The idea was proposed by Kaluza [55]

as a way to unify electromagnetism and Einstein’s theory of gravity, and was later

developed by Klein [56]. In models with extra dimensions, for each field that prop-

agates in the extra dimensions, called the bulk, there will exist a set of states that

manifest themselves in the observed (3 + 1) dimensions, called a brane, as a ‘tower’

or stack of particles with definite mass and the same quantum numbers. These are

known as Kaluza-Klein particles. In many of these models, standard model particles

are confined to the brane. However, models of Universal Extra Dimensions (UED)

allow all fields to travel through the bulk [57].

In UED models, the Lightest Kaluza-Klein particle (LKP) can be stable, neutral
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and colourless, and so is an excellent WIMP candidate. This stability is due to

the conservation of KK-parity, a consequence of the conservation of momentum in

the bulk. Much of the LKP parameter space will be explored at the Large Hadron

Collider and next generation direct detection experiments [58, 59] (see also Section

1.4), constraining or hopefully even confirming UED in the near future.

1.2.3 Neutrinos

“[Neutrinos have] the undisputed virtue of being known to exist”

- Lars Bergstrom

Despite their virtuous nature, standard model neutrinos have been ruled out as a

leading component of the DM due to their light mass and low abundance. With their

extremely small mass and relativistic speeds, neutrinos are an example of hot dark

matter, which as we have seen in Section 1.1.6, wipes out small scale perturbations in

the early universe, and is incompatible with the formation of large scale structures.

Thus WMAP constraints on large scale structure, in combination with data from the

SDSS and Hubble telescope, strongly constrains the neutrino abundance. They find

Ων < 0.0062 at the 95% C.L., less than 1/30th of the total DM abundance [18].

There is some evidence for the existence of additional neutrino species that do

not interact through the standard model; see e.g. Ref. [60] and refs. therin. These

‘sterile’ neutrinos are not subject to the abundance constraints mentioned above, and

were first proposed as a DM candidate by Ref. [61]. The allowed parameter space is

tightly constrained, but sterile neutrinos remain a viable DM candidate [62].

1.2.4 Axions

The axion arrives as a potential solution to a problem in Quantum Chromodynamics

(QCD). There is a term in the QCD Lagrangian proportional to a parameter θ,

which would lead to charge-parity symmetry violation. A consequence of this is a

large electric dipole moment (edm) of the neutron, expected to be of order 10−15 e
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cm. However, measurements show an edm of order 10−25 e cm, constraining θ to be

remarkably small, |θ| ≤ 10−10.

A potential solution to this problem was found through the Peccei-Quinn Mech-

anism [63], which promotes θ to a field, adds a spontaneously broken symmetry to

the standard model, and leads to a vanishingly small value for θ. This introduces a

new light pseudoscalar particle, the axion [64, 65]. For a review of the axion, see e.g.

Refs. [66, 67].

The axion is limited to a very small mass, mA < 10 meV [66], but its extremely

weak interactions mean it may not have been in thermal equilibrium in the early

universe, making limits on the relic abundance, analogous to those mentioned above

for the neutrino, uncertain. Although the axion is extremely difficult to detect,

experimental efforts are underway [68].

1.3 Indirect Detection of Dark Matter

Indirect detection efforts aim to detect dark matter via the observable flux of stan-

dard model particles produced in DM self-annihilation or decay both within the

Galaxy and throughout the wider Universe. The DM lifetime has been constrained,

for example in a model-independent way as described in Section 1.3.2, in a stringent

way for a variety of possible final states [69], and from CMB observations which

generally require the DM lifetime to be longer than the current age of the Universe

[70]. However, we focus here on the annihilation signal.

This annihilation or disappearance rate is governed by the thermally averaged

self annihilation cross section, 〈vσ〉 (see Section 1.1.5 for explanation of the thermal

average), and the dark matter density, ρ. If DM is a Majorana particle and thus

its own antiparticle, or if there is an equal abundance of dark matter and dark

antimatter, then the disappearance rate per unit volume is

dn

dV dt
=

1

2

〈vσ〉ρ2

m2
χ

,
!

"

#

$1.13

where the factor of 1/2 only appears if DM is a Majorana particle.
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If DM is the lightest stable beyond-standard-model particle, it will annihilate

exclusively to SM particles. In principle, this will lead to an observable flux of SM

particles at Earth. This flux will depend on the model-dependent spectrum of SM

particles produced per annihilation event. In addition, each species of annihilation

product will undergo different interactions with the interstellar medium. Expressions

for the flux of gamma rays due to nearby and cosmic annihilations are derived in

Sections 2.2.1 and 2.2.2 respectively. Expressions for the flux of electrons/positrons,

(anti)protons, and (anti)neutrinos are given in Section 6.5.

Indirect detection techniques can be used to constrain the DM self-annihilation

cross section. The observed flux acts as an upper limit on the signal from DM

annihilation, and this can be converted into an upper limit on the annihilation cross

section, as done in Chapters 2, 3 and 6. It is hoped that indirect detection will

one day detect DM through its annihilation signature, manifest as an excess in the

observed flux of standard model particles. To qualify as a candidate DM signal,

such an excess should have no clear astrophysical explanation, but should be able

to be reproduced by annihilation in a specific DM model. Several excesses have

been observed, although many are most likely astrophysical in origin, and it is very

difficult to conclusively prove that an excess is caused by DM annihilation.

In this section we describe some model-independent constraints on the DM self-

annihilation cross section, derived through indirect detection and other techniques.

We then introduce two experiments that are important to present-day indirect de-

tection efforts. We also describe a number of excesses that have been proposed as a

candidate signal from DM annihilation.

1.3.1 Unitarity

Ref. [71] derives a model-independent constraint on the annihilation cross section

based on unitarity considerations. In the low-velocity limit applicable today, this is
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given by

〈vσ〉 ≤ 4π

m2
χv

,

or 〈vσ〉 ≤1.5× 10−13cm3s−1

(

GeV

mχ

)2(300kms−1

v

)

.
!

"

#

$1.14

This assumes only unitarity of the scattering matrix S†S = 1, and conservation of

energy and momentum, making this a powerful general upper bound on the cross

section. This bound is useful as a benchmark with which to compare constraints

derived through indirect detection techniques, although it is weaker than the neutrino

bounds described below across most of the overlapping mass range. This limit only

applies to the - = 0 contribution to the partial-wave expansion of the cross section,

where - is the angular momentum quantum number. In the small velocity limit, the

- > 0 contributions will generally be negligible, but this is not universally true. For

example, the - > 0 contribution may not be negligible if the DM is subject to long

range interactions [71]; see also Refs. [71, 72, 73] for other unusual circumstances

where this limit can be evaded. In these cases, limits based on unitarity arguments

are not avoided altogether, but may be weakened. This limit rules out the thermal

relic cross section 〈vσ〉 ∼ 3 × 10−26cm3s−1 for masses above ∼ 1000 TeV. Ref. [72]

performs a similar calculation for DM in the early universe.

1.3.2 Neutrino Limits

If we make the reasonable assumption that DM decay or annihilation products must

be Standard Model particles (i.e. we assume the dark matter is the lightest stable

particle in the beyond-Standard-Model sector) then it is possible to set a conserva-

tive upper bound on the total DM annihilation rate by looking for the annihilation

products which are the hardest to detect, namely, neutrinos [74]. By assuming the

branching ratio to neutrinos is 100%, the bound on annihilation to neutrinos be-

comes a bound on the total annihilation rate. In reality the branching ratio will

be less than 100%. However, all other final states will inevitably produce gamma
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rays, which lead to more stringent limits on the total cross section than are obtained

with neutrinos, as shown in Chapter 2. For example, quarks and gluons hadronize,

producing pions and thus photons via π0 → γγ; the decays of τ±, W±, and Z0

also produce π0. Charged particles produce photons via electromagnetic radiative

corrections as described in Section 1.5, while energy loss processes for e± such as in-

verse Compton scattering off the interstellar radiation field, or synchrotron radiation

due to the turbulent interstellar magnetic field, also produce photons [75, 76, 77].

Thus by assuming a branching ratio to neutrinos of 100%, one obtains the most

conservative and robust upper limits on the total annihilation cross section.

A number of groups have used this technique to constrain the DM annihilation

or decay rate. Ref. [74] calculate the cosmic diffuse neutrino flux, produced through

DM annihilation to a neutrino-antineutrino pair, considering DM annihilation in all

halos throughout the Universe. They compare this with the known diffuse neutrino

background to derive robust constraints on the total cross section over a large DM

mass range, from 100 MeV up to 100 TeV. This technique was applied to annihilation

within our own galaxy by Ref. [2], and used to derive a comparable, and in some

cases stronger, limit than that obtained from cosmic annihilations only. Ref. [78] also

considered annihilation to neutrinos within our own galaxy, deriving bounds on MeV

scale DM, while Ref. [79] included substructure enhancement. These techniques have

also been used by Ref. [80] to place bounds on the DM lifetime. Ref. [81] considered

how DM decay to neutrinos would affect the cosmic expansion rate, and uses this

to place somewhat weaker limits on the decay rate to neutrinos. Since these limits

are extremely conservative, they form a good baseline with which to compare subse-

quent limits on DM annihilation or decay. See Chapter 2 for a comparison between

limits from [74], and limits on annihilation to a gamma-ray pair; see Chapter 3 for

comparison of these limits with limits on annihilation to charged lepton pairs.

These limits are indeed overly conservative, since DM can never annihilate to a

pure neutrino final state. Even in an unrealistic model with annihilation to neutrinos

21



CHAPTER 1. INTRODUCTION TO DARK MATTER

only, Chapter 4 shows that electroweak radiative corrections (emission of a W or Z)

will always lead to non-neutrino final states. Depending on the branching ratio for

this process, limits based on the non-neutrino annihilation products may be weaker

than, comparable to, or stronger than limits from neutrinos [82, 83, 84, 85]. The

model proposed by Ref. [86] is an example of a model intended to have a large

branching ratio to neutrinos-only final states. In Chapters 5 and 6 we show that

Electroweak Radiative corrections play a large role, leading to branching ratios to

neutrinos orders of magnitude below 100%.

1.3.3 PAMELA

The PAMELA (Payload for Antimatter Matter Exploration and Light-nuclei Astro-

physics) satellite was launched in 2006, with the goal of studying cosmic rays with

energies between 100 MeV and several hundred GeV, in particular positrons and an-

tiprotons [87]. PAMELA consists of a number of components including a magnetic

spectrometer, time of flight indicator, and electromagnetic calorimeter. The mag-

netic spectrometer measures the sign of the charge, momentum divided by charge,

and path length of the cosmic rays. The path length is combined with data from

the time of flight to measure the velocity of incident particles. The electromagnetic

calorimeter is used to determine the energy of the electrons and positrons, and to

distinguish between electrons/positrons and protons/antiprotons.

In 2008, the PAMELA collaboration released results showing a large excess in

the ratio of positrons to electrons, above the astrophysical expectation from standard

cosmic ray production and propagation models, without an accompanying excess in

the flux of antiprotons. This has widely been interpreted as a potential signal from

DM annihilation. This is discussed in detail in the broader context of all available

cosmic ray data in Section 1.3.6.
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1.3.4 Fermi

The Fermi satellite, formerly known as GLAST [88], was launched in 2008 with

the primary purpose of studying high-energy gamma rays. The main instrument

is the LAT (Large Area Telescope) [89]. Gamma rays interact with tungsten sheets

within the LAT, producing an electron-positron pair, which are tracked to determine

the origin of the gamma-ray before entering the calorimeter which determines the

gamma-ray energy. An anti-coincidence detector rejects cosmic rays. The LAT has

a wide field of view of 2.4 steradians (whole sky = 4π sr), and observes gamma rays

with energies between 20 MeV and 300 GeV.

Fermi data has been used in a wide range of indirect detection efforts, thanks

to the improved energy range, resolution and sensitivity of the LAT compared with

older telescopes. For example, a number of DM annihilation channels have recently

been constrained using flux limits from nearby dwarf spheroidal galaxies [90, 91, 92,

93]. These are a promising source for indirect detection studies, as they have low

gamma-ray backgrounds and a large signal-to-noise ratio due to their small luminous

matter component and large ratio of DM to luminous matter In particular, Fermi

sets new bounds on the isotropic extragalactic gamma-ray background [94], one of

the candidates most likely to have an observable component due to DM annihilation

[95]. We make use of this flux data in Section 6.5.1. See also Section 2.4 for a

discussion of Fermi limits on the annihilation rate to a gamma-ray pair.

The design of the LAT allows measurement of the flux of electrons and positrons,

although this was not its primary purpose. The observed flux exceeds the expected

flux from conventional astrophysical processes, and it has been proposed that this

excess is due to DM annihilation. This is discussed in detail in Section 1.3.6, and

the flux data is used in Section 6.5.2.
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1.3.5 Photon Excesses

WMAP Haze

The Wilkinson Microwave Anisotropy Probe (WMAP) [96] shows an apparent excess

in the microwave spectrum, extending about 10 degrees and focused on the Galactic

center. This has come to be known as the “WMAP haze”, and is interpreted as

synchrotron emission from a hard electron population of unknown origin [97].

The morphology and spectrum of the haze has been shown to be consistent with

the signal expected from certain DM models e.g. [98, 99, 77], and several models

are found to be a consistent explanation for both the haze and the positron excess

described in Section 1.3.6 e.g. [100].

There are a number of alternative explanations for the excess. For example, the

energetic electrons may have been accelerated by a supernova shock [101], or may

have been produced by pulsars [102]. Alternatively, using alternative foreground

subtraction techniques, it has been claimed that the excess is insignificant within

statistical uncertainties [103, 104].

Ref. [105] finds a Fermi gamma-ray counterpart to the WMAP Haze, which again

may be consistent with a signal from DM annihilation [106].

511keV Line

The INTEGRAL satellite observes a prominent gamma-ray line at 511 keV [107, 108,

109, 110], evidently produced by the annihilation of electrons and positrons at rest.

The morphology consists of a bulge with a 2-dimensional Gaussian shape, focused

on the Galactic center. There is no consensus on the source of the positrons required

to produce this line, and it is difficult to explain with standard astrophysical sources

e.g. [111, 112, 113, 114, 115, 116, 117] and references therin.

DM offers an appealing explanation for this excess, however this possibility is

tightly constrained. If the injected positron energy is greater than ∼ 20 MeV, photon
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bremsstrahlung emission (see Section 1.5) would violate observational constraints on

gamma-ray emission [111]. If gamma rays from inflight annihilation are also taken

into account, the maximum injection energy is reduced to ∼ 3 MeV [112]. For models

that can explain the excess, see e.g. Ref. [117] and references therin.

Egret excess

As a cautionary tale, it is interesting to note that the EGRET space telescope re-

ported an excess in the diffuse gamma-ray flux between 1 GeV and 10 GeV, above

the flux expected from standard astrophysical production mechanisms. At the time,

this was interpreted by many as a potential signal from DM annihilation; see e.g.

[118]. However, recent data from the Large Area Telescope (LAT) aboard the Fermi

satellite shows no such excess [94]. This discrepancy could be due to systematic

errors in the determination of the EGRET detector’s effective area at high energies

[119].

1.3.6 Positron Excess

Until recently, it was believed that the main source of cosmic ray positrons was sec-

ondary production, where these particles are produced via the interaction of cosmic

ray protons with the interstellar gas. The standard scenario predicts a falling com-

bined flux of electrons plus positrons, and also a falling ratio of positrons to electrons

plus positrons, e.g. [120].

There is now clear evidence for an excess in the observed flux of electrons and

positrons above that expected from conventional production models. The balloon-

borne ATIC (Advanced Thin Ionization Calorimeter) experiment has made several

flights over Antarctica, and reports a clear excess in the e+ + e− flux in the energy

range ∼ 300 to 800 GeV [121], while another balloon-borne Antarctic experiment,

PPB-BETS, supports this to an extent with a more marginal excess [122]. The

H.E.S.S (High Energy Stereoscopic System) array, described in Section 2.3.2, shows
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a significant steepening in the e+ + e− flux above ∼ 1 TeV [123, 124], while high-

precision data from the Fermi satellite, described in Section 1.3.4, shows an excess

between ∼ 20 GeV and 1 TeV [125]. Finally, PAMELA, described in Section 1.3.3,

reports a clear and dramatic excess in the positron fraction in the 1.5 GeV to 100

GeV energy range [126]. Although these individual data sets are in tension and there

is no agreement on the spectral shape or magnitude of the excess, together these

experiments build a clear picture of some form of excess above 100 GeV. However,

PAMELA reports no anomalies in the fraction of antiprotons to protons [127], a

critical consideration when examining the origins of the excess. Identifying a source

is complicated by the fact that electrons and positrons will undergo energy loss and

diffusion as they propagate from source to detector, such that observed electrons

and positrons in this energy range provide no useful directional information, and the

source energy spectrum will be different to the observed spectrum. In particular,

high energy electrons and positrons will undergo severe energy loss, primarily due to

synchrotron emission and inverse Compton scattering. Any source of high energy e±

must be within ∼ 1 kpc, or the particles must reach us within ∼ 105 years, in order

to be observed before losing most of their energy [128]. See Section 6.5.2 for a full

description of electron and positron energy loss and diffusion.

There are a number of potential explanations for this excess. Supernova remnants

(SNRs) constitute one of the main sources of primary electrons, whilst producing

few primary positrons; see e.g. [128, 129]. It has been proposed that a modification

of the conventional scenario could lead to a positron fraction consistent with data

[130, 131]. For example, if the assumption of a homogeneous distribution of SNRs

is relaxed for SNRs within a few kpc, then a lack of nearby high-energy sources

can cause the primary electron flux to fall to a level consistent with the PAMELA

positron fraction, while the e++e− excess could be explained by nearby lower-energy

sources [130].

Alternatively, the excess could be due to nearby pulsars. Although pulsars are
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a well-known source of electrons and positrons, the theory governing the production

mechanisms within pulsars is not well understood. There are a number of production

models with varying predictions (e.g. [132, 133, 134, 135]), and there are large uncer-

tainties in the parameters within these models. However, by fitting the theoretical

e± flux due to pulsars with the observational data, one can find models and regions

of the parameter space where the excess is consistent with production by one or more

nearby pulsars, such as Geminga or Vela [136, 137, 138, 135, 139, 140, 141, 142].

Another proposal is that the excess is caused by the acceleration of lower-energy

secondary e± in conventional cosmic ray sources such as SNRs. Standard models of

cosmic ray production only include acceleration of the primary particles produced

by the source [128]. If the secondary e± are being produced through hadronic inter-

actions within the source, then they will also undergo acceleration, and this can lead

to the observed excess [143, 144, 145, 146].

It is also possible that the standard propagation prescription is in error. Refs. [147,

148, 149] describe models of cosmic ray propagation through the Galaxy that can

reproduce the observational data without invoking a new source of positrons or elec-

trons.

DM Interpretation

As an alternative to these astrophysical mechanisms, it has also been proposed that

the excess e+ and e− are produced via dark matter annihilation in the Galactic halo,

and a large number of DM models have been proposed with this goal in mind.

Many popular models feature suppressed annihilation to leptons, and are thus

unable to reproduce the positron excess without violating constraints on the antipro-

ton fraction. For example, for large regions of the parameter space, annihilation of

supersymmetric DM would overproduce antiprotons through the production and de-

cay of massive gauge bosons, and subsequent hadronization of the decay products.

Emission of a gamma-ray from one of the final state particles can lift this suppression
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(see Section 1.5 such that models with suppressed annihilation channels may still be

a viable explanation. However, electromagnetic radiative corrections, i.e. emission of

a massive gauge boson, must also be taken into account and can drastically alter the

phenomenology of a model. Chapter 4 introduces electroweak radiative corrections;

Chapter 5 applies this to suppressed models, and discusses suppression in detail;

Chapter 6 discusses implications for indirect detection.

This has led to the proposal of a large number of ‘leptophilic’ models, where

DM annihilates predominantly into leptons, such as the model of Arakani-Hamed et

al. [150] who propose that the DM annihilates into a new force carrier with light

mass, which subsequently decays dominantly into leptons. For an overview of some

other models proposed to explain the excess, see e.g. Refs. [151, 152, 153]. Even

when annihilation is not suppressed, these models generally need an annihilation rate

larger than the 〈vσ〉 ∼ 3× 10−26 cm3 s−1 expected for thermal relic DM in order to

reproduce the excess. For most annihilation channels and DM masses, boost factors

of order 102 to 104 are required [154]. Clumpiness of DM due to substructure within

halos can enhance the annihilation rate. However, in conventional scenarios, the

boost factor is only of order 10 [155]. The so-called Sommerfeld enhancement [156]

of the annihilation rate has received much attention. This is an enhancement of the

annihilation cross section for non-relativistic particles in the presence of a long-range

potential. If there is a new force in the dark sector, the Sommerfeld effect can greatly

enhance the annihilation rate at low DM velocities [157, 158, 159, 160, 150, 161]. The

enhancement factor is tightly constrained by direct detection results and thermal

freezeout calculations, and may not be sufficient to explain the excess, although

there may be ways around this [162, 163, 164, 165, 166].

As mentioned in Section 1.1.5, DM may not have been thermally produced, in

which case the annihilation cross section is not required to be the thermal relic rate

of 〈vσ〉 ∼ 3× 10−26 cm3 s−1, and no boost factor is necessary.
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1.4 Other Searches for Dark Matter

1.4.1 Direct Detection

WIMP dark matter is expected to scatter off ordinary matter, even if the interac-

tion rate is tiny. Direct detection experiments aim to observe these rare events by

measuring the recoil energy Er transferred to the nucleon.

The differential interaction rate dR/dEr depends on the differential scattering

cross section dσ/d|.q|2, the local dark matter density ρ0 and mass mχ, and the local

dark matter velocity distribution f(v), normalised to
∫

f(v)dv = 1. The rate can be

expressed as
dR

dEr
=

∫ ∞

vmin

dσ

d|.q|2
2ρ0
mχ

vf(v)dv,
!

"

#

$1.15

where vmin is the minimum WIMP speed needed to transfer a recoil energy Er. Note

that f(v) varies with time, to take into account the motion of the Earth around the

Sun. It is useful to rewrite the scattering cross section as

dσ

d|.q|2
=

σχ−N

4m2
rv

2
F(Er)

2,
!

"

#

$1.16

where mr = (mχmN )/(mχ +mN ), and expressions for the form factor F(Er) can be

found in e.g. Ref. [43]. This isolates terms in the cross section that depend on the

variables v, Er, mχ, mN , and allows constraints to be placed on the WIMP-Nucleus

cross section parameter σχ−N , which is the total cross section for a transfer of zero

momentum.

There are two contributions to the scattering cross section. Spin dependent

scattering occurs when the DM interacts with the target through an axial-vector

coupling. In this case scattering strength depends on the spin of the target. Con-

versely, scalar or vector couplings lead to spin independent scattering. This type of

interaction is more sensitive to the number of nucleons in the target, and generally

provides a larger signal in modern heavy-atom experiments. The scattering process

can be either elastic or inelastic. Elastic scattering is the standard interaction where
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DM scatters off a nucleus, transferring some recoil energy. Inelastic scattering occurs

when the DM either ionizes the target, or leaves the nucleus or orbital electrons in an

excited state. This process leads to emission of a photon shortly after the interaction.

The event rate is expected to be low, less than one event per day per kilogram

of detector material, so minimizing and discriminating the background is essential.

Detectors are located deep underground to avoid cosmic rays, and shielding is used to

avoid background radiation from the environment, although some background from

cosmic ray muons and background radiation is inevitable. Signal can be distinguished

from background by searching for an annual modulation in the signal due to the

Earth’s motion around the Sun [167], a directional anisotropy in the signal due to

the Earth’s motion relative to the Galactic rest frame [167, 168, 169, 170], or by using

a detector with complementary detection techniques. For example, the XENON100

experiment measures both the scintillation signal and the ionization of the target

when an event takes place. Background events and DM events can be distinguished

from the relative strength of these two signals [171].

The DAMA/LIBRA collaboration reports an annual modulation in the observed

signal, and claim this as detection of dark matter [172, 173]. This appears to be in

tension with the strongest constraints on the scattering cross section, from CDMS-II

[174] and XENON100 [175], which report null results, and place upper limits on the

WIMP-nucleon cross section. Both the detection and null results may be consistent

in certain models or if certain effects such as channeling are taken into account; e.g.

[176, 177, 178]. The CoGeNT collaboration reports the hint of a signal consistent

with scattering of light dark matter (mχ ∼ 5 to 10 GeV). Intriguingly, this is also

consistent with the modulation seen by DAMA/LIBRA [176], but there is not yet

sufficient data to call the CoGeNT result a detection [179]. As CoGeNT and other

detectors continue to take data, hopefully a clearer picture will emerge in the near

future.

30



1.5. BREMSSTRAHLUNG PROCESSES

1.4.2 Colliders

When searching for DM production at a collider experiment, the main signature is

missing energy, since the DM escapes the collider undetected. As of yet there is no

evidence for the production of DM at a collider. However, there are many Stan-

dard Model (SM) processes that could be affected by the existence of beyond-SM

physics. For example, precision measurements of the branching fraction b → sγ

by BaBar, CLEO and Belle would be affected by a number of potential beyond-

SM processes, and the LEP collider has placed strong constraints on properties of

beyond-SM charged particles [180], while the Tevatron, as a p− p̄ collider, efficiently

constrains properties of beyond-SM colored particles [181, 182]. Together these and

other measurements place strong constraints on parameters in SUSY and other mod-

els e.g. [183, 184, 185], however these constraints are highly model-dependent, and

do not constrain a generic DM particle.

The LHC is currently probing the largest center of mass energy ever reached by a

collider, and is already strengthening the constraints on models such as SUSY [186,

187, 188, 189]. The reach of the LHC should be great enough to either find evidence

for a beyond-SM theory like SUSY or extra dimensions, or to rule out large regions of

the parameter space [183, 184, 185]. In the longer term, the proposed International

Linear Collider (ILC) working in combination with the LHC has excellent prospects

for the detection and identification of beyond-SM physics [190].

1.5 Bremsstrahlung Processes

Dark matter annihilation to charged particles will always be accompanied by a form

of radiative correction called photon bremsstrahlung where a gamma-ray is emitted

from one of the final state particles at the Feynman diagram level [111, 191, 192,

193, 194], as shown in Figure 1.5. In some models, emission from the propagator is

also possible. For emission from the final state particles, the gamma-ray spectrum

generally does not depend on the unknown interactions of the DM particle, such that

31



CHAPTER 1. INTRODUCTION TO DARK MATTER

Figure 1.5: The lowest order tree level process χχ → e+e− (left) is accompanied by

photon bremsstrahlung processes (right).

a single gamma-ray spectrum per annihilation to an electron-positron pair is valid

across a broad range of models (see Chapter 3 for a full discussion).

This is an important channel to consider, especially in models designed to produce

electrons and positrons without overproducing other particles. For example, as men-

tioned in Section 1.3.5, Ref. [111] found that the cross section to an electron-positron

pair required to explain the 511 keV line would generally lead to an overproduction

of photons, violating observational constraints on the gamma-ray flux. As mentioned

in Section 1.3.6, leptophilic models with large annihilation rates have been proposed

as an explanation for the observed positron excess. In light of this, constraints on

the annihilation rate to an electron-positron pair are particularly interesting. We

calculate such constraints in Chapter 3 using the gamma-ray signal from photon

bremsstrahlung.

However, this is only one class of radiative correction. Dark matter annihilation to

leptons will also inevitably be accompanied by electroweak bremsstrahlung processes

where massive W± and Z gauge bosons are radiated in place of photons. This

channel clearly has important phenomenological consequences, as the decay of the

W/Z’s will lead to production of photons, hadrons and leptons, regardless of the

direct couplings of the DM particle. Even if the dark matter annihilates only into

neutrinos at the 2 → 2 level, hadrons and gamma rays are impossible to avoid. In
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Chapter 4 we consider such a model, and calculate the ratio of the annihilation rate

to electroweak bremsstrahlung final states to the 2 → 2 rate.

Electroweak radiative corrections in the context of DM annihilation or decay have

been studied by a number of groups. Ref. [195] calculates the branching ratio for

the Zνν̄ final state relative to the νν̄ final state for superheavy DM, and studies

the consequences of the subsequent EW cascade. Ref. [82] presents the same ratio

for a handful of (smaller) DM masses without assuming superheavy DM, and uses

the resulting gamma-rays from Z decay to constrain the annihilation cross section.

Ref. [83] updates this work and finds results in agreement with our results presented

in Chapter 4. Ref. [83] also constrains the DM annihilation cross section in this model

by examining the multi-messenger annihilation signal of both primary annihilation

products and secondary W±/Z decay products, including an analysis of the proton

and antiproton fluxes. Ref. [196] performs a similar calculation of the electroweak

bremsstrahlung branching ratio at a higher DM mass scale. Ref. [85] shows that

such a neutrinos-only model will inevitably produce primary charged particles via

higher-order tree and loop diagrams. Ref. [197] calculates approximately model-

independent spectra of stable particles (e+, p, ν and their antiparticles, plus γ) due

to EW radiative corrections in DM annihilation or decay. The work in Ref. [198] is

complementary to our work, confirming some of the results presented in Chapter 5,

and showing the effect of diffusion on the resulting fluxes of W/Z decay products as

would be observed at Earth.

In certain cases, photon bremsstrahlung plays an especially important role. Many

dark matter models suffer from a heavy helicity suppression of the annihilation rate

into light fermions. It has long been known that in certain models, photon brem-

sstrahlung can lift this suppression such that the 2 → 3 annihilation rate to the

photon bremsstrahlung final state is much larger than the 2 → 2 annihilation rate

[192, 193, 194, 199, 200, 201]. In Chapter 5 we link this idea with electroweak brem-

sstrahlung, and show that massive gauge bosons can play the same role as photons
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in lifting helicity suppression.

Electroweak bremsstrahlung is especially important in the context of leptophilic

models designed to explain the positron excess since annihilation to antiprotons

is severely restricted by the lack of an observed antiproton excess. It is vital to

consider all possible avenues of hadron production in these leptophilic models, since

even a small branching ratio to hadronic final states has the potential to overproduce

antiprotons and rule out an otherwise feasible model as an explanation of the excess.

In Chapter 6, this is explored in the context of a typical leptophilic model where

helicity suppression can be lifted by electroweak bremsstrahlung.
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2
Constraints on Dark Matter Annihilation into

Gamma Rays

2.1 Introduction

Here we calculate the constraints that can be placed on the dark matter self annihi-

lation cross section using gamma rays, the most detectable final states, over a wide

range of dark matter masses. We first focus on the γγ final state, as it would be a very

clean signature of dark matter annihilation, with Eγ = mχ, e.g., Refs. [202, 203, 204,

205, 206, 207, 208]. Unfortunately, this is typically small, Br(γγ) ∼ 10−4−10−3, al-

though it can be much larger, even larger than 0.1 [209, 210, 211, 212]. Since gamma

rays will be ubiquitously produced, directly in SM final states, or through radiative

corrections and energy-loss processes, we also consider more general outcomes, in

which the gamma-ray energies are in a broader range below mχ.

We consider constraints on the dark matter annihilation cross section over a large

mass range of 10−5 – 105 GeV. At all but the highest energies, gamma-ray data is

available to test the annihilation cross section, provided that we combine constraints

defined using the Milky Way halo, the Andromeda halo, and all the halos in the

universe. (Modern data, especially those from observations of the Milky Way and
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Andromeda, are significantly more constraining than those that were available ear-

lier.) Using our upper limits on the dark matter annihilation cross section to gamma

rays, and a conservative assumption about the branching ratio to monoenergetic

gamma rays, we define upper limits on the total cross section and compare to other

constraints.

Since the dark matter annihilation rate scales with density squared and the den-

sity profiles are uncertain, we are mindful of how our constraints on the cross section

are affected by astrophysical uncertainties. We are conservative in our input choices

and analysis methods, and we show how our results depend on these. In light of

these considerations, we do not consider corrections that would affect the results by

less than a factor of ∼ 2, which also allows some simplifications. Our upper bounds

on the annihilation cross section to gamma rays would only be improved by more

optimistic assumptions.

2.2 Calculation of Dark Matter Signals

The dark matter annihilation rate depends on the square of the dark matter number

density ρ/mχ, which is written in terms of the unknown mass mχ and the uncer-

tain dark matter mass density ρ. Not coincidentally, where the density is largest,

at the centers of halos, the uncertainties are the largest; these regions contribute

relatively little to the gravitationally-measured mass of a halo. To cover as large of

an energy range as possible, we have to consider gamma-ray data for the Milky Way,

Andromeda, and all of the dark matter halos in the universe. In all cases, though the

astrophysical and analysis uncertainties vary in their severity, we make conservative

choices for the dark matter density and hence the cross section limits (smaller choices

for the density mean larger upper limits on the cross section).
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2.2.1 Milky Way and Andromeda Signals

We first consider the signal from DM annihilation in our own galaxy. The flux of

gamma rays per steradian, along the line-of-sight l, is

dΦγ

dE
=

∫

dl
〈vσ〉
8πm2

χ
ρ(r(l,ψ))2

dNγ

dE
,

!

"

#

$2.1

where l is at an angle ψ to the Galactic center, and ρ(r) is the dark matter density.

The dark matter density profile of the galaxy is described in detail in Section 1.1.7.

It is useful to divide this into a part that depends only on particle physics, and a

part labelled J , introduced in Section 1.1.7, that depends only on astrophysics. This

allows us to contain all astrophysical uncertainties in a single parameter, which we

recall is defined as

J (ψ) = J0

∫ lmax

0
ρ2
(

√

R2
sc − 2lRsc cosψ + l2

)

dl,
!

"

#

$2.2

where Rsc, J0 and -max are given in Section 1.1.7. With these definitions, the

annihilation signal per steradian in the direction ψ is

dΦψ
γ

dE
=

〈vσ〉
8πm2

χ

J (ψ)

J0

dN

dE

!

"

#

$2.3

We wish to compare this signal with an observed flux averaged over a viewing

region of solid angle ∆Ω. Making use of J∆Ω defined in Eqn. 1.10, the annihilation

signal per steradian averaged over such a region is

dΦγ

dE
=

〈vσ〉
8πm2

χ

J∆Ω

J0

dN

dE
.

!

"

#

$2.4

We also define the total signal for a region of solid angle ∆Ω as

dφγ

dE
=

dΦγ

dE
∆Ω =

〈vσ〉
2

J∆Ω∆Ω

J0

1

4πm2
χ

dNγ

dE
.

!

"

#

$2.5

As can be seen in Figure 1.2, there are considerable uncertainties in the dark

matter density profile of the galactic halo, particularly in the central region where

the density, and hence the annihilation rate, is largest. Uncertainties in the density
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of the DM halo translate into uncertainties in the DM annihilation signal. In order to

minimize these uncertainties, wherever possible we examine the signal from a large

angular region around the Galactic center: While the uncertainties scale several

orders of magnitude for small angular scales close to the Galactic Center, they are

mild for large angular regions of the galaxy, as shown in Figs. 1.3 and 1.4. In order

to place conservative upper limits on the DM annihilation cross section, we focus on

a profile with a very conservative dark matter density, namely the Kravtsov profile.

For the NFW, Einasto and Moore profiles, smaller values of 〈vσ〉 are needed to

reproduce the same flux, and hence lead to stronger (less conservative) limits.

This formulation of the annihilation signal is valid for any source with a spheri-

cally symmetric DM density profile, if the source is sufficiently close that attenuation

and redshift of the annihilation products are negligible. Thus, we also use Eqn. 2.5

to calculate the signal from the nearby M31 Galaxy, also known as Andromeda.

To find J∆Ω, we replace Rsc in Eqn. 2.2 with DM31 ) 700 Mpc. There does not

appear to be a consensus on the values of the halo parameters for Andromeda; for

example, compare the NFW profiles in Ref. [213] with Ref. [214], where both ρ0 and

rs are quite different. Thus we have chosen to model Andromeda using the Milky

Way parameters, as an appropriate compromise between competing extremes. For

external galaxies, there is little dependence on lmax in Eqn. 2.2, as long as we cover

most of the galaxy. For extragalactic dark matter sources, the annihilation signals

will include a contribution from the dark matter in our own galaxy along the line of

sight. However, in the case of an external galaxy like Andromeda, this contribution

will be eliminated if there is a subtraction of the background intensity from a region

close to the source, as is often done in observational analyses.

DM annihilation rates may be enhanced due to substructure in the halo, e.g.,

Refs. [36, 215, 216, 217], or mini-spikes around intermediate-mass black holes [218,

219] This can be included either in a modified J∆Ω, or as a ‘boost factor’ B in

Eqn. 2.4. In typical scenarios, substructure can boost the annihilation signal by a
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factor of order 10 [155]. Including substructure could only strengthen our results; In

order to remain conservative, we do not take substructure into account.

Spectrum per annihilation

For annihilation to a pair of monoenergetic gamma rays, the spectrum per annihila-

tion is dN/dEγ = 2δ(mχ − Eγ). In reality, the spectrum would be smeared in the

detector, since the energy resolution will never be perfect. However, in all cases where

this could be an issue, we have integrated the annihilation signal over an energy bin,

wide enough to include the smeared spectrum per annihilation. In other words, our

energy bins are sufficiently broad that they are not sensitive to the smearing of the

annihilation, since we will always capture the two gamma rays in our integration of

the signal spectrum.

Although we nominally assume a monoenergetic annihilation spectrum, much of

our analysis is effectively valid for any annihilation spectrum where we capture at

least two gamma rays in our energy bin. This is discussed in Section 2.4.

2.2.2 Cosmic Diffuse Signal

The calculation of the cosmic diffuse annihilation signal is detailed, for example, in

Refs. [220, 221], where the cosmological flux of annihilation products from external

galaxies was calculated taking the clustering of dark matter into account. The cosmic

diffuse flux, arising from dark matter annihilation in halos throughout the Universe,

is

dΦγ

dE
≡ dNγ

dAdΩ dt0 dE

=
c

4π

∫

dz
e−τ(z,E)

H0 h(z)

∫

dM
dn

dM
(M,z)

dNγ

dE′ (E(1 + z),M, z)
!

"

#

$2.6

where H0 = 70 km s−1 Mpc−1 is the Hubble parameter, dn/dM describes the dis-

tribution of bound halos, and dNγ/dE is the production rate of gamma rays due
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to dark matter annihilation in a halo at redshift z and of mass M , which we can

safely regard as pointlike. We assume a flat universe, with ΩDM = 0.3, ΩΛ = 0.7,

h(z) = [(1 + z)3ΩDM + ΩΛ]1/2.

The optical depth τ(z,E) takes into account absorption of gamma rays, primarily

through electron-positron pair production as they interact with the extragalactic

optical and infrared background. Attenuation is a modest effect in the energy and

redshift ranges we consider; For sources at redshift z ) 0.1, absorption becomes

important for observed energies above around 1 TeV. There are a number of detailed

studies of this effect, involving calculation of the background low-energy photon

density through simulations of galaxy formation and comparison with observational

data. See, for example, [222, 223, 224, 225]. We follow [220, 221, 222, 224] and use

the parameterisation

τ(z,E) =
z

zmax
, zmax ) 3.3

(

E

10GeV

)−0.8

.
!

"

#

$2.7

Expressions for dNγ/dE and dn/dM are presented in [220, 221], and lead to a final

expression

dΦγ

dE
=

〈vσ〉
2

c

4πH0

Ω2
DMρ2crit
m2

χ

×
∫

0

zup f(z)(1 + z)3

h(z)

dNγ(E′)

dE′ e−τ(z,E)dz .
!

"

#

$2.8

The factor f(z) in Eq. (2.8) accounts for the average increase in density squared due

to the fact that dark matter is clustered into halos rather than uniformly distributed,

and the evolution with redshift of the halo number density. This gives an enhance-

ment of the signal relative to that of a homogeneous distribution. (The ∆2 factor in

[74] is equal to f(z)(1 + z)3). Redshift dependence of f(z) is well established and

has little dependence on uncertain parameters mentioned below. Following [2], we

use the parameterization log10(f(z)/f0) = 0.9 [exp(−0.9z) − 1] − 0.16z. However,

there is a great deal of uncertainty in the overall normalization factor f0, which

depends on the halo profile and assumptions on the concentration parameter and

substructure formation [2, 95, 221, 23, 226, 227, 228]. We follow [2, 228] and adopt
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f0 ) 2 (5) × 104 for the Kravtsov (NFW) profile. This is a conservative choice for

f(z), and inclusion of enhancements due to subhalos would only strengthen our re-

sults. For example, our choice of f(z) closely matches the most conservative case

described in [95], where the integrand of Eq. 2.8, f(z)(1+z)3

h(z) , can be larger by three

orders of magnitude in the most optimistic (high clumping) case. Gamma rays that

are produced with energy E′ are observed with redshifted energy E = E′/(1 + z).

For annihilation into monoenergetic gamma rays, the delta function source spectrum

is modified by redshift as

dN

dE′ = 2 δ(mχ − E′) =
2

E
δ
(

z − (
mχ

E
− 1)

)

,
!

"

#

$2.9

which shows that the observed flux at an energy E is contributed by sources at

redshift mχ

E − 1.

2.3 Specific Observations and Derived Annihilation Con-

straints

We have collected gamma-ray flux measurements and limits from a wide variety of

experiments, spanning an extensive energy range from 20 keV to 10 TeV. In most

of the observations, the energy spectra are given in log-spaced energy intervals. We

calculate annihilation gamma-ray fluxes for the Galactic, Andromeda, and cosmic

dark matter sources, using the methods outlined in Section 2.2 above. These are

integrated over an energy range, conveniently chosen as 10−0.4mχ – mχ, that is

comparable to or larger than the energy resolution and bin size of the experiments.

This is compared with observational data integrated over an energy bin. If only

upper limits on the flux are given, we instead compare our predictions directly with

these upper limits.

Our constraints on the dark matter annihilation rate are conservatively deter-

mined by demanding that the annihilation flux be smaller than 100% of the ob-

served (presumably not produced only by dark matter) gamma-ray background flux
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at the corresponding energy range. In Fig. 2.1, we show the Galactic center and

cosmic diffuse signals from dark matter annihilations which fulfill this criterion, su-

perimposed upon the Galactic and extragalactic spectra, respectively, as measured

by COMPTEL and EGRET.

The experiments report their results as either intensity (as in Eq. 2.4), which

requires that we calculate J∆Ω, or flux from a given angular region (as in Eq. 2.5), for

which we need J∆Ω∆Ω. We present the values of these parameters which correspond

to the Kravtsov profile, as this results in conservative upper limits on the annihilation

cross section. Our limits on the dark matter annihilation cross section are reported

in Fig. 2.2, where we also show how our results would change if the NFW profile were

adopted instead. The details of the experiments and our analyses are summarized

below for each observation.

2.3.1 COMPTEL and EGRET

COMPTEL [229], the imaging COMPton TELescope aboard the Compton Gamma

Ray Observatory (CGRO) satellite, measured gamma rays in the energy range 1–30

MeV. EGRET [230], the Energetic Gamma Ray Experiment Telescope, also aboard

the CGRO, measured gamma rays in the energy range 30 MeV to nearly 100 GeV. For

both COMPTEL and EGRET, the full sky was studied with an angular resolution of

at worst a few degrees (for the large regions we consider, this makes no difference).

The energy resolution was modest, and the data were given in a few logarithmically-

spaced bins per decade in energy.

Both COMPTEL and EGRET observed the Galactic Center region, and the

measured gamma-ray intensity energy spectra are reported in Ref. [231, 232] for

the region −30◦ < l < 30◦ and −5◦ < b < 5◦ (Galactic longitude and latitude,

respectively). The disk-like morphology of the emission region makes it clear that

nearly all of this emission is due to ordinary astrophysical sources; to be conservative,

we do not attempt to define a limit on the small component of this that could be due
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Figure 2.1: Example dark matter annihilation signals, shown superimposed on

the Galactic and extragalactic gamma-ray spectra measured by COMPTEL and

EGRET. In each case, the cross section is chosen so that the signals are normalized

according to our conservative detection criteria, namely, that the signal be 100% of

the size of the background when integrated in the energy range chosen (0.4 in log10 E,

shown by horizontal arrows). The narrow signal on the right is the Galactic Center

flux due to annihilation into monoenergetic gamma rays, for mχ = 1 GeV; the signal

is smeared as appropriate for a detection with finite energy resolution. The broad

feature on the left is the cosmic diffuse signal for annihilation into monoenergetic

gamma rays at mχ = 0.1 GeV, smeared by redshift.
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to centrally-concentrated dark matter, and simply use the total observed intensity

to bound any dark matter contribution. Also, we evaluate the dark matter signal

as if from a circular region of ψ = 30◦; accounting for the rectangular shape of the

region would lead to a higher value than the J∆Ω ) 13 that we adopt. Using a

less conservative set of assumptions than we employ, stronger limits on 〈vσ〉γγ were

derived from the EGRET data in Ref. [204].

2.3.2 H.E.S.S.

H.E.S.S. (High Energy Stereoscopic System), a system of multiple atmospheric Čerenkov

telescopes, is presently in operation in Namibia [233]. H.E.S.S. observed the Galac-

tic Center region in the energy range 0.3–15 TeV. An apparent point source at the

Galactic Center was observed, as was an extended source (∼ 1◦) known as the Galac-

tic Center Ridge [234]. While the origin of the point source is unknown, the Ridge

emission is almost certainly astrophysical, and is consistent with being caused by

cosmic rays colliding with a gas cloud (again, we do not attempt to account for this,

and will simply bound any dark matter contribution by the total observed intensity).

Since the uncertainties in the dark matter profile increase for smaller angular

regions around the Galactic Center, it is more robust to define our results using the

extended region instead of the point source. The Ridge emission was observed in

an angular region −0.8◦ < l < 0.8◦ and −0.3◦ < b < 0.3◦ in Galactic coordinates,

and the resulting flux reported by H.E.S.S. reflected a background subtraction from a

nearby region (−0.8◦ < l < 0.8◦ and 0.8◦ < b < 1.5◦) to help account for cosmic rays.

Thus, we have to consider not the whole dark matter signal, but just its contrast

between the central and adjacent regions by accounting for this subtraction in our

analysis. We approximate the intensity from the rectangular region of the Galactic

Center Ridge with a circle of radius 0.8◦.
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Background Subtraction

We must account for the fact that the flux data is for the foreground region, and the

subtracted background may have a component from dark matter annihilation. The

most conservative way to do this is to assume the entirety of the background flux

comes from dark matter annihilation. We also maximise J for the background, i.e,

we assume ψ = 0.8◦ for the entire background region. Then,

dΦ/dEforeground = dΦ/dEtotal − dΦ/dEbackground

!

"

#

$2.10

simplifies to

J∆Ω =
2π

∆Ω

∫ 0.8◦

0
(J (ψ)− J (0.8◦)) sinψdψ ) 3 ,

!

"

#

$2.11

which is the value of J∆Ω we use to calculate the foreground annihilation signal,

which we compare to the observed foreground flux. Had we not made this subtraction

correction, our limits on the cross section would be stronger by about an order of

magnitude.

2.3.3 INTEGRAL

The space-borne INTEGRAL (INTErnational Gamma-Ray Astrophysics Labora-

tory) observatory [235] has searched for gamma-ray emission in the Milky Way over

the energy range 20–8000 keV, using the SPectrometer on INTEGRAL (SPI). Teegar-

den and Watanabe [236] presented results of an INTEGRAL search for gamma-ray

line emission from the Galactic Center region (we use their zero-intrinsic-width re-

sults, as appropriate for the low dark matter velocities of the halo). Other than the

expected positron annihilation [112] and 26Al decay [237] signatures, no evidence of

other line emission was found.

To reduce backgrounds and improve the sensitivity of the line search, the mea-

sured intensity from large angular radii ( > 30◦) was subtracted from that in the

Galactic Center region ( < 13◦), resulting in a 3.5-σ constraint on the flux of very
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roughly " 10−4 photons cm−2 s−1 in the energy range 20–8000 keV. Our calcula-

tions must reflect this subtraction, which will somewhat weaken the sensitivity to

the dark matter signal. A similar correction was used in Ref. [238]. We use the same

technique as we used with the H.E.S.S. signal, and implement this as

J∆Ω∆Ω = 2π

∫ 13◦

0
(J (ψ) − J (> 30◦)) sinψdψ ) 2 .

!

"

#

$2.12

Due to the decreasing trend of the dark matter profile, the intensity outside the

Galactic Center region will be largest at 30◦, and accordingly we choose this value

to be as conservative as possible (a larger subtraction leads to a weaker upper limit

on 〈vσ〉). Had we not made this correction, our limits on the cross section would be

stronger by about a factor of 2.

In the case of the INTEGRAL data, we do not need to integrate the calculated

signal over an energy bin, since the data set we are comparing with is a gamma-ray

line search. This reduces the background, leading to stronger constraints in this

energy range.

2.3.4 Andromeda Halo Results

The Andromeda galaxy (M31) has been observed by several gamma-ray experiments,

all of which placed upper limits on the flux. EGRET, CELESTE, and HEGRA all

observed Andromeda, each encompassing a respectively smaller angular region of

that extended object. As the results were reported as flux limits from specified

angular regions, we compare to these using J∆Ω∆Ω, which is an input to Eq. (2.5).

EGRET viewed Andromeda with an angular radius of 0.5◦ and set a 2-σ upper

limit on the gamma-ray flux of 1.6×10−8 photons cm−2 s−1 from 0.1 GeV to 2 GeV,

since no signal was seen [239]. For the angular region of this observation, the flux

will be proportional to

J∆Ω∆Ω = 2π

∫ 0.5◦

0
J ′(ψ) sinψdψ ) 2× 10−3 .

!

"

#

$2.13
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CELESTE (ČErenkov Low Energy Sampling and Timing Experiment) is an at-

mospheric Čerenkov telescope in the French Pyrenees, which studies gamma rays

with energies greater than 50 GeV [240]. It viewed Andromeda in the energy range

of 50–700 GeV, and again no signal was seen [241]. A 2-σ upper limit on the energy-

integrated flux from Andromeda was reported as " 10−10 photons cm−2 s−1; em-

ploying an angular radius of θobs = 0.29◦ yields J∆Ω∆Ω ) 1× 10−3.

HEGRA (High Energy Gamma Ray Astronomy experiment) was an atmospheric

Čerenkov telescope, located in La Palma in the Canary Islands [242]. It took data in

the range 0.5–10 TeV, with better energy resolution than that of CELESTE [243]. It

used an even smaller angular radius of θobs = 0.105◦, which yields J∆Ω∆Ω ) 2×10−4.

HEGRA reported 99% C.L. upper limits for the gamma-ray line flux, and these can

be used directly.

2.3.5 Cosmic Diffuse Results

INTEGRAL [244], COMPTEL [245] and EGRET [246] have all made measurements

of the gamma-ray flux at high latitudes, and these can be used to set a limit on the

cosmic dark matter annihilation signal. The INTEGRAL data used here were those

collected in broad energy bins, much like those of COMPTEL and EGRET. The

cosmic gamma-ray background was also measured by the Gamma-Ray Spectrometer

aboard the Solar Maximum Mission (SMM) [247] over the energy range 0.3 – 8 MeV,

for a field of view of 135◦ in the direction of the Sun [248], and we include this data.

For the cosmic diffuse analysis, the framework detailed in Section 2.2.2 can be

applied. Note that for simplicity we calculate only the true cosmic diffuse dark

matter signal, neglecting any Galactic contribution along the lines of sight. This

contribution from the Galactic halo (which would add to the signal and thus make

our limits stronger) is significant for NFW or steeper profiles and can even dominate

over the true cosmic dark matter signal; see YHBA and Ref. [249].
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Figure 2.2: The limits on the partial cross section, 〈vσ〉γγ , derived from the various

gamma-ray data. Our overall limit is shown as the dark shaded exclusion region.

For comparison, the light-shaded region shows the corresponding limits for the NFW

(rather than the Kravtsov) profile.

2.4 Discussion and Conclusions

2.4.1 Limits on the Cross Section to Gamma Rays

In Fig. 2.2, we combine all of the upper limits on the partial cross section to monoen-

ergetic gamma rays, choosing the strongest limit for each value of the dark matter

mass. The shaded exclusion region shows our combined bound. These searches for

dark matter signals are limited by astrophysical backgrounds, and the general trend

of how the limits vary with mass follows from how these backgrounds vary with en-

ergy. We can estimate how the cross section limit should scale with mass, and how
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it should depend on the assumed spectrum of final-state gamma rays and the choice

of density profile.

Recall that we conservatively require the signal to be as large as the full mea-

sured background in an energy bin. The gamma-ray number flux of the signal inte-

grated in a logarithmic energy bin ∆(lnE) scales as EdΦ/dE∆(lnE) ∼ 〈vσ〉/m2
χ,

provided that the bin is wide enough to contain the full signal. The gamma-ray

number flux of the background integrated in the same logarithmic energy bin scales

as EdΦ/dE∆(lnE) ∼ E/Eα ∆(lnE), for a background spectrum dΦ/dE ∼ 1/Eα.

For a narrow bin, the evaluation point is E ∼ mχ. We then expect the upper limit on

the cross section to scale as 〈vσ〉limit ∼ m3−α
χ ∆(lnE). For example, for the EGRET

diffuse data, α is slightly greater than 2, and so the cross section limits in this energy

range scale slightly less rapidly than as 〈vσ〉limit ∼ mχ.

Most of these experiments had modest energy resolution. To be conservative,

we assume an analysis bin with a logarithmic energy width of 0.4 in log10 E (i.e.,

∆(lnE) ∼ 1) for the Galactic and cosmic diffuse analyses; this is at least as wide

as the energy bins reported by the experiments. That is, even though we nominally

assume two monoenergetic gamma rays at Eγ = mχ, our results have not taken

advantage of this fact. In effect, our results are what one would obtain for an

annihilation gamma-ray spectrum as wide as 0.4 in log10 E. The exception is the

INTEGRAL line search, where the excellent energy resolution is what leads to this

limit being stronger than expected from the general trend in Fig. 2.2.

Due to radiative corrections [111, 191] (see Section 1.5) or energy-loss processes [75,

76, 77], there should be some gamma rays near the endpoint, and our results can

be scaled if the assumed branching ratio is less than the 100% used in Fig. 2.2. For

example, for charged-particle final states, the branching ratio to internal bremsstr-

ahlung gamma rays near the endpoint is Br(γ) ∼ α ∼ 10−2. See also Chapter 3,

where we use these internal bremsstrahlung gamma rays to place constraints on the

annihilation rate to charged particles. For neutral final states, there will typically be
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gamma rays or neutrinos near the endpoint. To be conservative about these details,

we chose a nominal minimum branching ratio to gamma rays near the endpoint of

10−4, as outlined in Section 2.4.2.

How would our results change if we considered an even broader annihilation

gamma-ray spectrum? We emphasize that the results shown in Fig. 2.2, which are

based on direct numerical integration, are already valid for spectra as wide as our

analysis bins. First, we should take into account the increase in the logarithmic

bin width. Second, to be more precise, the evaluation point for the background

spectrum should not be E = mχ, but rather E = mχ/a, with a > 1. This increases

the estimate of the integrated background, and hence the cross section limit, by a

factor ∼ aα−1. Thus, if we took the annihilation gamma-ray spectrum to be as

much as one order of magnitude wide, then our limits in Fig. 2.2 would be weakened

by at most a factor of several, depending on the background spectrum. (For the

INTEGRAL line search, the correction would be much larger.)

Given the large range on the axes in Fig. 2.2, and our intention to define approxi-

mate and conservative limits, this shows that our results are much more general than

they first appear. Similarly, the results in BBM [74] and YHBA [2] do not have a

strong dependence on assumed annihilation neutrino spectrum.

How sensitive are our limits to the choice of density profile? As noted, we chose

the rather shallow Kravtsov profile to be conservative. If we were to adopt an NFW

profile, which increases much more rapidly toward the Galactic Center (scaling with

radius as r−1 rather than r−0.4) the annihilation rates would be larger and the cross

section limits correspondingly stronger. In Fig. 2.2, we show how our results would

change if we had used an NFW profile instead of the Kravtsov profile. At most

energies, the changes are modest, and illustrative of the potential uncertainties. The

only significant change to the combined gamma-ray limit is for the H.E.S.S. Galactic

Center Ridge case, which is based on small angular radii. In the NFW case, the

steeper profile gives an overall larger intensity and a smaller signal cancelation when
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Figure 2.3: The gamma-ray and neutrino limits on the total annihilation cross sec-

tion, selecting Br(γγ) = 10−4 as a conservative value. The unitarity and KKT

bounds are also shown. The overall bound on the total cross section at a given mass

is determined by the strongest of the various upper limits.

the background is subtracted. A fuller discussion of how the annihilation signals

depend on the choice of dark matter density profile is given in YHBA.

Subsequent to publication of Ref. [250] which this chapter is based on, Refs. [251,

252] used data from Fermi to perform a gamma-ray line search between 1 and 400

GeV. As expected, the improved sensitivity of Fermi and a dedicated line search

analysis of the data leads to strong upper limits over this energy range, although

unlike our constraints, the upper limits will not apply to channels with broader

annihilation spectra.
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2.4.2 Limits on the Total Cross Section

Unsurprisingly, the cross section bounds derived under the assumption of monoen-

ergetic gamma rays are substantially stronger than those defined similarly for final-

state neutrinos in Refs. [74, 2]. (At the highest masses, near 104 GeV, this is no

longer true, first because of how the values of the signal-to-background work out,

and then because we do not presently have good gamma-ray data or limits at higher

energies.) Indeed, this was an assertion in those two works that we have now justified

in more detail than before.

It is unrealistic to have Br(γγ) = 100%, of course, if one is trying to set a limit

on the total cross section. If Br(γγ) is known, then a limit on the total cross section

can be determined by dividing the limit on the partial cross section to that final

state by the branching ratio:

〈vσ〉total =
〈vσ〉γγ
Br(γγ)

.
!

"

#

$2.14

In typical models, this process occurs via a loop diagram, with a branching ratio of

10−3 or smaller [20, 42, 43]. To be conservative, we must just choose a value such

that it is implausible that the true branching ratio could be smaller. We therefore

assume Br(γγ) = 10−4, but this choice could be debated. As noted, our analysis uses

wide logarithmic energy bins, and so, at the very least, would capture the gamma

rays near the endpoint due to internal bremsstrahlung from charged particles [111,

191]. (Similarly, as a general point, limits on the total cross section defined by

assuming only W+W− final states [253] would have to be corrected by dividing by

Br(W+W−).)

Figure 2.3 summarizes various limits on the total cross section, including the

one just described, the unitarity bound described in Section 1.3.1, and the neutrino

bound described in Section 1.3.2 (based on the Milky Way signal and the Kravtsov

profile). The constraint labelled ‘KKT’ comes from the requirement that annihilation

does not drastically alter the density profiles of dark matter halos in the Universe
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today. In the model of Ref. [22], a large self-annihilation cross section was invoked

in order to reconcile predicted cuspy density profiles with the flatter ones inferred

from observation, requiring

〈σAv〉KKT )
(

3× 10−19 cm3 s−1
)

[ mχ

GeV

]

.
!

"

#

$2.15

We re-interpret this result as an approximate upper bound, beyond which halo den-

sity profiles would be significantly distorted by dark matter annihilation. Note that

this limit is very weak for all but the lightest masses. The standard cross section for

a thermal relic is also shown. Note that our limits bound 〈vσ〉 directly, independent

of whether σ is s-wave or p-wave dominated. These results, combined with those in

our Fig. 2.2, strongly constrain the possibilities for large dark matter annihilation

signals, e.g., as assumed in Ref. [254].

When shown in this way, it becomes clear how surprisingly strong the neutrino

bound on the total cross section is, as it is comparable to the bound obtained using the

gamma-ray flux limits and a reasonable assumption about the minimum branching

ratio to gamma rays. It is very important to emphasize that while the gamma-ray

bound on the partial cross section had to be divided by a realistic Br(γγ), this is

not the case for the neutrino bound, as explained above. If we assume only SM final

states, then all final states besides neutrinos lead to appreciable fluxes of gamma

rays, and hence are more strongly excluded. Of course, the gamma-ray and neutrino

cross section limits can both be weakened by assuming an appreciable branching

ratio to new and truly sterile particles.

2.4.3 Conclusions and Prospects

Using gamma-ray data from a variety of experiments, we have calculated upper limits

on the dark matter annihilation cross section to gamma rays over a wide range of

masses. These limits are conservatively defined, in terms of our analysis criteria, our

assumptions about the uncertain dark matter density profiles, and the gamma-ray

spectrum. While our results were nominally defined for monoenergetic gamma rays

53



CHAPTER 2. CONSTRAINTS ON DARK MATTER ANNIHILATION
INTO GAMMA RAYS

with Eγ = mχ, we have shown that all of our results except the INTEGRAL line

flux limit are only weakly dependent on this assumption. The limits obtained for

more general gamma-ray spectra would only be somewhat less stringent.

There are good prospects for improved sensitivity with present and upcoming

gamma-ray experiments, particularly as Fermi and H.E.S.S. data continues to be

released. As shown by Refs. [251, 252], detailed searches and analyses by the exper-

imental collaborations themselves does also lead to improvements. These searches

for dark matter signals are already background-limited, which will limit the possi-

ble improvements. Future experiments should be able to make reductions in the

backgrounds by taking advantage of better energy and angular resolution, and by

reducing the residual diffuse emission by subtracting astrophysical components and

resolving individual sources.

Using a conservative choice on the branching ratio to gamma rays, namely Br(γγ) )

10−4, we defined an upper limit on the total dark matter annihilation cross section

by dividing our limits on the partial cross section to gamma rays by this branching

ratio. At intermediate energies, the upper limit on the total cross section defined

this way is comparable to previous upper limits defined using neutrinos [74, 2, 78].

The combined limit is considerably stronger than the unitarity bound [71, 72], or

the cross section of Ref. [22], which would lead to substantial modifications of dark

matter halos. For the relatively large cross sections considered here, the dark matter

could not be a thermal relic; additional work is needed to push the sensitivity of these

and other techniques down to the expected cross section scale for thermal relics.
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3
Photon Bremsstrahlung Constraints on Dark

Matter Annihilation into Charged Particles

3.1 Introduction

We focus here on the process χχ → e+e− in which DM annihilates to an electron-

positron pair, though we shall also look at the other charged leptons. Although the

branching ratio to this particular final state is model-dependent, it is a significant

channel in a wide range of models. For example, while annihilation to fermions is

often helicity suppressed as described in Chapter 5, Kaluza-Klein DM features large

(unsuppressed) annihilation rates to leptons [255, 256, 257], as does the Dirac DM

model of Ref. [258]. Due to recent observations of an excess in the positron flux,

numerous authors have proposed models in which annihilation to charged leptons is

significantly enhanced, as discussed in detail in Section 1.3.6. This recent interest

makes upper limits on the cross section to these annihilation products particularly

interesting. In addition, various other SM final states, such as W+W− and ZZ,

produce l+l− via their decays and hence a flux of charged leptons is of generic

interest in a large variety of DM models.

Several techniques may be used to constrain the production of e+e− within galac-
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tic halos, many of which rely on the fact the charged particles inevitably produce

photons. Signals considered include electrons, positrons, gamma rays, X-rays, mi-

crowaves and radio waves. Electrons and positrons undergo diffusion and energy

loss processes between production and observation, introducing large uncertainties

into the calculation. Photons are produced by the various energy loss processes that

charged particles undergo in a galactic halo, examples of which include synchrotron

radiation due to the propagation of e± in galactic magnetic fields, and inverse Comp-

ton scattering of electrons from interstellar radiation fields, e.g., [75, 76, 77, 259, 98,

253, 260, 261, 262, 263]. The drawback of these techniques is a significant depen-

dence on astrophysical inputs, some of which are poorly known. Uncertainties in

magnetic field strengths, radiation backgrounds, and electron diffusion scales all en-

ter the calculations in an involved fashion. See Chapter 6 for a detailed discussion

of diffusion.

Charged particles also produce photons via electromagnetic radiative corrections,

introduced in Section 1.5; see also Refs. [111, 191, 192, 193, 194, 199, 264, 265, 266].

The lowest order dark matter annihilation process χχ → e+e− is necessarily accom-

panied by the radiative correction χχ → e+e−γ. This is an internal bremsstrahlung

(IB) process, also known as final state radiation (FSR), meaning that the photon

arises at the Feynman diagram level and is not due to interaction of charged par-

ticles in a medium. Importantly, for a given annihilation cross section, 〈vσ〉e+e− ,

the accompanying flux of IB photons can be determined without knowledge of the

new underlying particle physics which mediates the DM annihilation. Moreover, IB

suffers none the drawbacks of the competing inverse Compton and synchrotron tech-

niques outlined above. While inverse Compton and synchrotron fluxes are dependent

on conditions of the astrophysical environment, the IB flux is always present and its

normalization and spectrum are pre-determined.

In this chapter we use IB emission to derive robust upper limits on the dark matter

annihilation cross section to electron-positron pairs, 〈vσ〉e+e− , over a wide DM mass
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range spanning ∼ 10−3 − 104 GeV. We calculate DM annihilation fluxes produced

in the Galactic halo, and compare with the gamma-ray backgrounds reported by

COMPTEL, EGRET and H.E.S.S. We also look at data for the M31 (Andromeda)

Galaxy, to fill a gap between the energy ranges covered by EGRET and H.E.S.S. We

explicitly demonstrate how our limits vary according to the assumed DM halo profile

(our one source of uncertainty) and also compare our limit on the annihilation cross

section to e+e− with corresponding bounds on the γγ and ν̄ν final states.

3.2 Internal Bremsstrahlung

If DM annihilates to produce charged particles, the lowest order processes will always

be subject to electromagnetic radiative corrections, resulting in the production of

real photons. In particular, the annihilation χχ → e+e− will be accompanied by

the internal bremsstrahlung process χχ → e+e−γ. A photon may be emitted from

either the final state e+ or e−, with a cross-section proportional to α ) 1/137.

See Refs. [267, 264, 111, 191] for a detailed discussion. Following Ref. [111], we

use the cross section for the process e+e− → µ+µ−γ, with emission from the final

state muons only, as an analog for the similar process χχ → e+e−γ, replacing the

electron and muon masses with the DM and electron masses respectively. From

Refs. [111, 268, 269], the differential cross section for this process is

dσIB
dE

= σtot ×
α

Eπ

[

ln

(

s′

m2
e

)

− 1

][

1 +

(

s′

s

)2]

,
!

"

#

$3.1

where E is the photon energy, s = 4m2
χ, s′ = 4mχ(mχ − E), and σtot is the tree-

level cross section for χχ → e+e−. Note that σtot factors from the IB cross-section.

This important feature implies that the IB spectrum is independent of the unknown

physics which mediates the lowest order annihilation process [111] (See also Chapter

6 of [267]). The photon spectrum per χχ → e+e− annihilation is therefore given by

dNγ

dE
=

1

σtot

dσIB
dEγ

.
!

"

#

$3.2
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Figure 3.1: Internal bremsstrahlung gamma-ray spectra per χχ → e+e− annihilation,

for mχ = 100 GeV, 200 GeV, 500 GeV, 1000 GeV.

This spectrum is shown in Fig. 3.1 for various choices of the DM mass, where a sharp

edge in the spectrum at E = mχ is evident.

Note that we consider only radiation from the final state particles, and not from

any internal propagators. In some supersymmetric scenarios in which annihilation

to fermions is helicity suppressed, bremsstrahlung from internal propagators can be

particularly important as it can circumvent this suppression; see Refs. [192, 193, 194,

199] and Chapter 5. We do not consider these model-dependent processes. Note,

however, that the presence of such emission would only increase the gamma-ray flux

we calculate, and hence strengthen the cross section limits derived.

3.3 Analysis of Annihilation flux

Our analysis technique is similar to that followed in Chapter 2. Recall that the

gamma-ray flux per steradian due to DM annihilation in an observation region of

angular size ∆Ω is

dΦγ

dE
=

〈vσ〉
2

J∆Ω

4πm2
χJ0

dNγ

dE
,

!

"

#

$3.3
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where dNγ/dE is the gamma-ray spectrum per annihilation, and all other parameters

are defined in Section 2.2.1. For the IB emission associated with annihilation to e±,

we must replace 〈vσ〉 with 〈vσ〉e+e− = 〈vσ〉 × Br(e+e−), while dNγ/dE is given by

Eq. 3.2.

In order to ensure our upper limits on the annihilation cross section are robust,

we again adopt the conservative Kravtsov profile. We also show how results are

strengthened by using the Moore or NFW profiles.

We use Galactic gamma-ray data from COMPTEL [229], EGRET [230] and

H.E.S.S. [233], together spanning the broad energy range 10−3 − 104 GeV. As there

is a small gap between the energy ranges covered by EGRET and H.E.S.S., we use the

observations of the M31 (Andromeda) galaxy made by CELESTE [240] to calculate

constraints for this energy interval.

The Galactic gamma-ray background measurements reported by COMPTEL,

EGRET and H.E.S.S. are given in approximately log-spaced energy intervals, with

energy bins of size ranging from from ∆ logE ∼ 0.2 − 0.6. We calculate the IB

gamma-ray flux for the observation regions viewed by these experiments, using the

methods outlined above and in Section 2.2.1, and compare with the observational

data. Upper limits on 〈vσ〉e+e− are determined by requiring that the IB flux due

to DM annihilation be lower than 100% of the observed gamma-ray background

flux in each of the experimental energy bins. Given that a large fraction of the

observed gamma-ray background is likely to be astrophysical in origin, and not due

to DM annihilation, taking the total background flux to be an upper limit on the

DM annihilation signal is an extremely conservative approach.

For each energy bin, we take the DM mass to be equal to the upper energy limit

of the bin, and integrate the IB flux over the width of the bin. Fig. 3.2 shows the

quantity
∫ mχ

Emin

dNγ

dE
dE =

1

σtot

∫ mχ

Emin

dσIB
dE

dE,
!

"

#

$3.4

which is the number of photons per annihilation as a function of bin size, for IB
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emission from e±, and mχ = 1000 GeV. (Since mχ enters Eq. 3.1 via a logarithm,

variation with mχ is only very mild.) This indicates how the size of the energy bins

affects our results. For comparison, the number of photons per annihilation for the

process χχ → γγ (for which dNγ/dE = 2δ(mχ − E)) is also shown. Note that the

IB cross section is proportional to 1/E, so for sufficiently low photon energy the

IB probability becomes large and one must account for multiple photon emission.

However, we are not working in this regime, and in fact obtain our limits using the

flux near the endpoint of the spectrum. Despite the fact that the IB flux is small,

we have enough hard gamma rays near the endpoint to result in strong bounds. For

typical parameters, the IB flux per annihilation to e± is smaller than the photon

flux per annihilation for χχ → γγ by a factor of 102. This is expected, given that

the IB cross section is suppressed by a factor of α with respect to the tree level DM

annihilation process.

We compare the flux from COMPTEL, EGRET, H.E.S.S. and CELESTE with

the IB signal calculated for an energy bin of size 10−0.4mχ −mχ. This is extremely

conservative, as we are constraining the cross section by requiring that the annihila-

tion flux in a small bin be less than or equal to the observed flux in a much larger

bin.

3.4 Discussion

In Fig. 3.3 we show the upper limits on 〈vσ〉e+e− as a function of DM mass, using

the observational data described above. We give the Galactic Center results for the

conservative Kravtsov profile, the more commonly-adopted NFW profile, and the

steep Moore profile. For the CELESTE observation of M31, differences between these

profiles are expected to have a modest effect on the results, as a large portion of the

galaxy is within the field of view; in Fig. 3.3 we show the CELESTE constraint using

only the Kravtsov profile. As discussed in Section 2.2.1 and shown in Figure 1.2, while

the Kravtsov, NFW and Moore profiles diverge towards the center of the Galaxy,
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Figure 3.2: Number of gamma rays per DM annihilation (
∫mχ

Emin
dE dNγ/dE) as a

function of the lower limit of integration, for IB emission from χχ → e+e− (solid).

A typical bin size used in the analysis is shown. The DM mass used is 1000 GeV;

variation with mχ is very small. Shown for comparison is the number of photons per

annihilation for the process χχ → γγ (dashed) in which the photons are always at

the endpoint.

they are similar at large radii. This leads to large variations in J∆Ω between profiles

for small observation regions around the Galactic center, and modest variations for

large regions, as shown in Figure 1.4. This is manifest in our results. As the EGRET

and COMPTEL observations encompass relatively large angular scales, the density

profile changes have a modest effect. On the other hand, the H.E.S.S. constraints

correspond to a much smaller angular region toward the Galactic Center, and vary

by orders of magnitude depending on the profile adopted. As in Chapter 2, to

be conservative, we do not consider the possibility that DM annihilation rates are

enhanced due to substructure; such enhanced annihilation signals would result in

stronger upper bounds on the cross section.

We can estimate the way that the cross section bounds scale with the DM mass.
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Figure 3.3: Upper limit on 〈vσ〉e+e− as a function of DM mass for the Kravtsov

(solid), NFW (dashed) and Moore (dot-dashed) profiles.

The spectrum of the galactic gamma-ray background falls off with energy as dΦ/dE ∼

E−α where, e.g., α is slightly larger than 2 in the EGRET and HESS energy ranges.

The IB signal scales approximately as dΦ/dE ∼ 〈vσ〉m−2
χ E−1 (where accounting the

full energy dependence in Eq. 3.1 has only a small effect on this scaling). Given this

scaling with E, it is clear that the strongest constraints arise from the endpoint of

the spectrum. In addition, small bin size is optimal for obtaining strong constraints.

If we integrate the flux over an energy bin of width xmχ to mχ, the IB flux within

the energy bin is proportional to 〈vσ〉m−2
χ (ignoring logarithmic corrections) while

the background flux is proportional to m−α+1
χ (for fixed x). The cross section limits

then scale with mχ as 〈vσ〉 ∼ m3−α
χ and thus rise as mχ if α ∼ 2.

In Fig. 3.4 we show the upper bounds on the annihilation cross sections into

e+e−, µ+µ−, and τ+τ−, based upon the IB emission from each final state (all use

the conservative Kravtsov profile). As the mass of the charged lepton increases, the

rate of IB emission decreases and thus the upper bounds on the cross sections become
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Figure 3.4: Upper limits on the partial cross sections Br(ii)×〈vσ〉total for various final

states ii = e+e− (solid black; labelled), µ+µ− (thick dashed; labelled), τ+τ− (thick

dashed; labelled), γγ (red; labelled), and ν̄ν (blue; labelled), using the conservative

Kravtsov profile. Each of these partial cross section limits is independent, with no

relationship assumed between the branching ratios to particular final states. Also

shown are the KKT (thin dashed) and unitarity (thin dot-dashed) limits on the total

cross section described in the text, and the cross section for thermal relic DM (natural

scale). The γγ and ν̄ν limits are taken from Fig. 2.2 and Ref. [2], respectively.
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weaker. However, as the IB spectrum depends only logarithmically on the charged

lepton mass, this effect is mild, particularly for large DM mass. We have used Eq. 3.1

to calculate the IB flux over the entire mass range, and present limits which range

from high mχ down to just above threshold. We expect modifications to Eq. 3.1

in the limit that the charged leptons are non-relativistic, but this will only affect a

small mass range close to threshold. In the case of annihilation to τ±, we have not

considered the gamma rays that arise from hadronic decay modes of the τ leptons

(see e.g., Ref. [191]) which form a broad spectrum centered on the pion mass.

Using Fig. 3.4, we may compare the limit on the annihilation cross section into

e+e− with that for γγ from Fig. 2.2. As anticipated, the bound on 〈vσ〉e+e− from

IB is weaker than the bound on 〈vσ〉γγ by a factor of ∼ 10−2 ∼ α. This difference

can be understood by comparing the number of hard gammas near the endpoint,

Eγ = mχ. For annihilation to γγ, there are always two monoenergetic gamma rays

at the endpoint. The IB spectrum, integrated over a typical bin width (see Fig. 3.2)

results in a flux that is smaller than this by only a factor of less than 100. That IB

provides a limit this close to the ideal γγ channel illustrates the importance of the

IB technique.

We stress that our IB limits apply to the partial DM annihilation cross sections,

〈vσ〉l+l− , rather than the total annihilation cross section, 〈vσ〉. The two are related

via 〈vσ〉l+l− = Br(l+l−)〈vσ〉. While the branching ratios are entirely dependent on

the choice of DM model, there are many scenarios which feature large branching

ratios for direct annihilation to leptons, such as Kaluza-Klein DM, or the models

reviewed in e.g. Refs. [151, 152, 153]. Our constraints can be readily applied to any

particular model, simply by dividing the 〈vσ〉l+l− bounds by the relevant branching

ratios.

Also shown in Fig. 3.4 are a number of upper bounds on the total annihilation

cross-section: the unitarity limit (see Section 1.3.1), and the KKT limit described in

Section 2.4.2. Recall that the limit on annihilation to ν̄ν also defines a strong bound
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on the total DM annihilation cross section, as shown in Section 1.3.2. If we assume

annihilation to only Standard Model final states, a conservative bound on the total

cross section is obtained by assuming the branching ratio to neutrinos (the least de-

tectable final state) is 100%. Any other assumption would lead to appreciable fluxes

of gamma rays and hence be more strongly constrained. Dark matter annihilation

into neutrinos was examined in Refs. [74] and [2]. The upper bound on 〈vσ〉ν̄ν shown

in Fig. 3.4 (taken from [2]) shows that the neutrino constraints are quite strong, par-

ticularly for large DM mass. In fact, due to electroweak bremsstrahlung (radiation

of W and Z bosons, rather than photons) neutrinos are also inevitably accompanied

by photons and other particles; See Chapters 4, 5 and Refs. [82, 83, 84, 85]. The

rate of this emission is model-dependent, and the resulting bounds can be weaker

or stronger than the bounds from neutrinos, as seen by comparing Chapter 6 with

Ref. [83].

If DM annihilates to e±, photons will be produced not only by IB, but also by

energy loss processes including inverse Compton scattering and synchrotron radia-

tion. In particular, radio wavelength signals produced via synchrotron emission have

been the focus of much recent attention, e.g., [98, 253, 260, 261, 262]. However, the

intensity of synchrotron radiation depends on a number of uncertain astrophysical

parameters, such as magnetic field strength, radiation field intensities, and electron

diffusion scales. By contrast, IB is free of these astrophysical uncertainties, and has

a fixed spectrum and normalization. Another key difference is the energy of the

photons. Synchrotron radiation produces generally low energy photons, while IB

provides some hard gamma rays near the endpoint. Since the background flux falls

off with energy, these hard gamma rays are extremely useful. The sharp edge in the

IB spectrum at E = mχ can be used to diagnose the DM mass; this is not possible

with synchrotron radiation.

Nonetheless, it useful to take the synchrotron based cross section bounds as a

reference point to compare with our IB based bounds. Our conservative IB bound
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on 〈vσ〉e+e− is comparable to conservative bounds on 〈vσ〉W+W− obtained from syn-

chrotron radiation. For example, Ref. [262] obtains 〈vσ〉W+W− " 4 × 10−24cm3s−1

(4 × 10−23cm3s−1) at 100 GeV (1 TeV) assuming an NFW profile and conservative

magnetic field choices (lower panel of Fig. 6 in Ref. [262]). This is to be compared

with our IB result of 〈vσ〉e+e− " 2× 10−23cm3s−1 (4× 10−24cm3s−1) at 100 GeV (1

TeV), again assuming an NFW profile. (The results of Ref. [262] are very similar to

those of Ref. [260], though weaker than those of Ref. [253], in which less conservative

assumptions were made.) Note that these synchrotron studies assume annihilation

to W+W− (or q̄q) which then decay to electrons, rather than direct annihilation

to e+e−. Therefore, these electrons are not at the DM mass, and have instead a

broad distribution of energies centered on the W mass. The synchrotron analyses

in [262, 260, 253] thus serve only as an interesting reference point for our work, and

not as a direct comparison.

Many groups have recently proposed models in which DM annihilates directly to

charged leptons, with cross sections well above that expected for a thermal relic. This

may account for anomalies in cosmic ray spectra from Fermi, PAMELA and ATIC,

and microwave signals from WMAP, all of which seem to require more electrons and

positrons than can be explained otherwise; see Sections 1.3.5 and 1.3.6 for details.

Our bounds on 〈vσ〉l+l− directly constrains the allowed parameter space for these

types of DM models.

3.5 Conclusions

Dark matter annihilation into charged particles will necessarily be accompanied by

gamma rays. Internal bremsstrahlung from final state charged particles can produce

hard gamma rays, close to the endpoint defined by Eγ = mχ, with an approximately

model independent spectrum. Using Galactic gamma-ray data, we have calculated

upper limits on the dark matter annihilation cross section to e+e− and other charged

leptons. We have made conservative assumptions about the astrophysical inputs, and
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demonstrated how our derived bounds would be strengthened if the Galactic halo has

a steeper density profile than assumed. The upper bound on the annihilation cross

section into e+e− is weaker than that for the ideal γγ final state by only a factor of

" 102. For a wide range of masses, our upper bound on 〈vσ〉e+e− is stronger than

the bound on the total cross section defined by neutrinos, the least detectable final

state. Compared with recent constraints on DM annihilation cross sections based

upon synchrotron radiation, the internal bremsstrahlung constraints on 〈vσ〉e+e− are

broadly comparable in strength. However, synchrotron emission depends strongly

on poorly known astrophysical inputs, such as Galactic magnetic field strengths. In

comparison, the normalization and spectrum of IB radiation is fixed, independent of

any astrophysical inputs, and is thus an extremely clean technique.
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4
Electroweak Bremsstrahlung in Dark Matter

Annihilation into Neutrinos

4.1 Introduction

In Chapter 3 we have shown that dark matter annihilation to charged particles

will always be accompanied by gamma rays due to photon bremsstrahlung. In ad-

dition, electroweak bremsstrahlung of massive W± and Z gauge bosons, introduced

in Section 1.5, is important to consider. The decay of the W/Z’s will inevitably lead

to production of photons, hadrons and leptons, even if the dark matter annihilates

only into neutrinos at the 2 → 2 level. In this Chapter we consider such a model.

The general upper bound on the total DM annihilation cross section defined via

the limit on χχ → ν̄ν, described in Section 1.3.2, is surprisingly strong. (See Chap-

ter 2 for a comparison between photon-based and neutrino-based limits.) However,

as we have hinted, a scenario in which neutrinos alone are produced in the final

state is technically impossible. Even leaving aside the theoretical issue that a direct

coupling of DM to only neutrinos violates the SU(2)-invariance of the weak interac-

tion, electroweak radiative corrections imply indirect couplings to states other than

neutrinos. For example, for energies above mW,Z , electroweak bremsstrahlung of W
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χ

χ

ν

ν
(a)

χ

χ

ν(l−)

ν

Z(W +)

(b)

Figure 4.1: The lowest order tree level process χχ → ν̄ν (left) is accompanied by

electroweak bremsstrahlung processes (right).

or Z bosons can occur at sizeable rates [82, 83, 85, 195, 196, 197, 198] (see Fig. 4.1).

The hadronic decays of these gauge bosons produce neutral pions, which decay to

gamma rays. Even for energies below mW , processes involving virtual electroweak

gauge bosons will lead to particles with electromagnetic interactions, though the rate

for such processes is suppressed at low energy.

Kachelriess and Serpico have estimated the constraints on the cross section for

χχ → ν̄ν (and hence on total DM annihilation cross section) by considering gamma

rays produced via the accompanying process χχ → ν̄νZ [82]. This was updated in

[83]. We present here an explicit calculation of the branching ratios for the elec-

troweak bremsstrahlung processes χχ → ν̄νZ and χχ → ν̄eW .

4.2 W-strahlung

We shall first consider DM annihilation to four body final states via W-strahlung,

an example of which is the χχ → e+e−ν̄ν process shown in Fig. 4.2, and calculate

the ratio of the cross section for this process, to that for the lowest order tree level

process χχ → ν̄ν. For simplicity, we will assume that the coupling between the

DM-current and the neutrino-current is mediated by a scalar boson “B”. Given

this scalar coupling, the terms in the matrix element involving the initial state (χ)

particles will factorize from the full matrix element. It is thus useful to consider the
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χ

χ

B(P )

ν(k1)

e+(l1)

ν(l2)

e−(k2)

ν(q)

W+(Q)

Figure 4.2: Feynman diagram for the W-strahlung process χχ → e−ν̄W+∗ →

e+e−ν̄ν

matrix element for the decay of the virtual B∗.

We will first discuss the phase space calculation, and begin by noting that it is

useful to treat the process shown in Fig. 4.2 as a sequence of three 1 → 2 particle

decays of a virtual particle, viz., B∗(P ) → ν∗(q) + ν̄(k1), followed by ν∗(q) →

W ∗+(Q) + e−(k2), followed by W ∗+(Q) → ν(l2) + e+(l1). The four-body final state

Lorentz-Invariant Phase Space (LIPS) is given by

LIPS(4) = (2π)4
∫

dk2

∫

dk1

∫

dl2

∫

dl1

× δ4(P − l1 − l2 − k1 − k2) ,
!

"

#

$4.1

where dk ≡ (2π)−3 d3.k/2k0, etc. We integrate over the momenta of the virtual

particles by inserting

d4q d4Q δ4(q − k2 −Q) δ4(Q− l1 − l2),
!

"

#

$4.2

which ensures momentum conservation for the virtual processes. The phase space

then factorizes into a product of three separate two-body phase space factors con-
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volved over the two virtual particle momenta:

LIPS(4) =

∫

dq2

2π

∫

dQ2

2π

(
∫

(2π)4δ4(P − q − k1) dq dk1

)

×
(
∫

(2π)4δ4(q −Q− k2) dQdk2

)(
∫

(2π)4δ4(Q− l1 − l2) dl1 dl2

)

=

∫

dq2

2π

∫

dQ2

2π

∫

dLIPS(2)(P 2, q2, k21)

×
∫

dLIPS(2)(q2, Q2, k22)

∫

dLIPS(2)(Q2, l22, l
2
1) .

!

"

#

$4.3

Each two-body differential phase space factor is easily evaluated in the respective

two-body center of momentum (CoM) frame, using the expression

dLIPS(2)(x, y, z) =
1

8π

√

λ(x, y, z)

x

(

dΩ

4π

)

,
!

"

#

$4.4

which we derive as follows. We begin with

dLIPS(2)(E2
CM, p21, p

2
2) =

2|.p|
ECM

1

8π

(

dΩ

4π

)

,
!

"

#

$4.5

from A.58 of [267], where dΩ is the CoM solid angle, and |.p| = |.pCM
1 | = |.pCM

2 |. We

can evaluate |.p| in terms of the total energy of the system and the final state particle

four-momenta squared, p21, p22 (which for an on-shell particle is the mass squared),

|.p|2 = E2
1 − p21 = E2

2 − p22

→ E2
2 = E2

1 − p21 + p22.
!

"

#

$4.6

Eliminating E2 from 4.6 using ECM = E1 + E2,

E2
CM − 2ECME1 + E2

1 = E2
1 − p21 + p22

E1 =
E2

CM + p21 − p22
2ECM

,
!

"

#

$4.7

we find

2|.p|
ECM

=
2
√

E2
1 − p21

ECM
=

2

√

(

E2
CM+p21−p22
2ECM

)2
− p21

ECM

=

√

λ(E2
CM, p21, p

2
2)

E2
CM

!

"

#

$4.8

72



4.2. W-STRAHLUNG

where λ(x, y, z) is the triangle function given by

λ(x, y, z) = x2 + y2 + z2 − 2xy − 2xz − 2yz .
!

"

#

$4.9

We can then write the phase space in a form useful for our calculation,

LIPS(4) =
1

16

1

(2π)4

∫ P 2

0
dq2

∫ q2

0
dQ2

√

P 4 + q4 − 2P 2q2

P 2

(

dΩP

4π

)

×
√

q4 +Q4 − 2q2Q2

q2

(

dΩq

4π

)

=
1

16

1

(2π)4

∫ P 2

0
dq2

∫ q2

0
dQ2 (P

2 − q2)(q2 −Q2)

P 2 q2

×
(

dΩP

4π

) (

dΩq

4π

) ∫

dLIPS(2)(Q2, 0, 0) .
!

"

#

$4.10

Here and throughout, we neglect the masses of the leptons, hence k21 = k22 = l21 =

l22 = 0. We next calculate the matrix element for B∗ → ν̄e e−W+∗ → ν̄e e−νe e+,

which is given by

MW = gB
g2

2

[

ū(k2)γµPL
/q +mν

q2 −m2
ν
v(k1)

]

× [ū(l2)γνPL v(l1)]

(

−gµν +
QµQν

m2
W

)(

1

Q2 −m2
W + imWΓW

)

,
!

"

#

$4.11

where we use the projection operator PL = 1−γ5

2 , and the (non-standard) Bνν̄ and

(standard) Wνe couplings are gB and g/
√
2 = e/

√
2 sin θw, respectively. We have

expressed the matrix element in Eq. (4.11) in Unitary gauge, where we do not need

to include diagrams with unphysical Goldstone bosons. After squaring and summing

over spins, we find

∑

spins

|MW |2 =
g2B g4

4q4[(Q2 −m2
W )2 + (mWΓW )2]2

Tr
[

/k1γµ/q /k1/qγλPL
]

× Tr [γβγνγαγρPL] -
α-β

(

−gµν +
QµQν

m2
W

)(

−gλρ +
QλQρ

m2
W

)

.
!

"

#

$4.12

The gauge boson momentum Q = l1+l2, and so when contracted with the traces, the
QµQν

m2
W

and QλQρ

m2
W

terms are each proportional to l21,2/m
2
W . Recall that we neglect the

mass of the l1,2 particles, and so we consider the gµνgλρ term only. We then evaluate
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the traces and perform the integration over the momenta l1 and l2 to obtain

∫

dLIPS(2)(Q2, 0, 0)
∑

spins

|MW |2 = 1

3 · 24 (2π)
g2B g4

q4 [(Q2 −m2
W )2 + (mWΓW )2]

+
[

8s (Q · k2)(Q · q) + 4sQ2 (k2 · q)− 8q2 (Q · k2)(Q · P )− 4Q2 q2 (k2 · P )
]

=
1

3 · 24 (2π)
g2B g4

q4 [(Q2 −m2
W )2 + (mWΓW )2]

(s− q2)(q2 −Q2)(q2 + 2Q2)
!

"

#

$4.13

where s ≡ P 2 is the center of mass energy squared, and we have made use of the

identity
∫

dLIPS(2)(Q2, 0, 0) lα1 l
β
2 =

1

96π
[2QαQβ +Q2gαβ ] .

!

"

#

$4.14

and the scalar products

k1 · k2 =
(q2 −Q2)(P 2 − q2)

4 q2

q · k2 =
q2 −Q2

2

q ·Q =
q2 +Q2

2

q · k1 =
P 2 − q2

2
.

!

"

#

$4.15

We now multiply this partial result by the remaining part of the phase space in

Eq. (4.10), and perform the integrations over dΩP , dΩq, and q2, to obtain

∫

dLIPS(4)
∑

spins

|MW |2 = g2B g4

3 · 28(2π)5s

∫ s

0
dQ2 1

(Q2 −m2
W )2 + (mWΓW )2

×
∫ Q2

s
dq2

(s− q2)2 (q2 −Q2)2 (q2 + 2Q2)

q6

(

dΩP

4π

) (

dΩq

4π

)

=
g2B g4

9 · 28(2π)5s

∫ s

0
dQ2 1

(Q2 −m2
W )2 + (mWΓW )2

×
(

−s3 + 9Q2 s2 + 9Q4 s− 17Q6 + 6Q4(Q2 + 3 s) ln

[

Q2

s

])

=
g2B g4

9 · 28(2π)5

∫ 1

0
dy

x2W s

(y xW − 1)2 +
(

ΓW
mW

)2

×
(

1 + 17 y3 − 9 y2 − 9 y − (6 y3 + 18 y2) ln(y)
)

,
!

"

#

$4.16
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Figure 4.3: Feynman diagram for the process B∗ → νν̄

expressed in terms of dimensionless scaling variables y ≡ Q2/s and xW ≡ s/m2
W .

We wish to compare this rate with that for the B∗ → νeν̄e, shown in Fig. 4.3. The

matrix element for this process is

Mνν̄ = ū(k2) gB v(k1),
!

"

#

$4.17

where k1, k2 are the momenta of the final state neutrinos. Evaluating in the CoM

frame, we find
∫

dLIPS(2)
∑

spins

|Mνν̄ |2 =

∫

g2B
4π2

(k1 · k2) δ4(P − k1 − k2)
d3 .k1 d3 .k2
E1 E2

=
g2B s

4π

!

"

#

$4.18

The resulting expression for the ratio of rates for these two processes is
∫

dLIPS(4)∑

spins |MW |2
∫

dLIPS(2)
∑

spins |Mνν̄ |2
=

Γ(→ ν̄ee−W ∗+ → νeν̄ee+e−)

Γ(→ νeν̄e)

=
g4

32 27 (2π)4
x2W

∫ 1

0
dy

1 + 17y3 − 9y2 − 9y − (6y3 + 18y2) ln(y)

(y xW − 1)2 +
(

ΓW
mW

)2 .
!

"

#

$4.19

In Fig. 4.4 we plot the integrand of Eq. (4.19) versus y = Q2/s, for the values

xW ≡ s/m2
W = 0.9, 1.0. 1.1, 1.5, 2.0, and 5.0. The figure reveals that, for xW ! 1.5,

i.e, for mχ ∼
√
s/2 ! 0.6mW , the rate Γ(→ νeν̄ee+e−) is dominated by the on-shell

W -resonance. (Apparently, the q−4 pole in Eq. (4.13) is effectively negated by the
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Figure 4.4: Integrand of Eq. 4.19 versus y = Q2/s; in ascending order of the curves,

the values of xW = s/m2
W are 0.9, 1.0, 1.1, 1.5, 2.0, and 5.0.

vanishing of massless three-body phase space for ν e+e− at q2 = 0.) Thus, we are

justified in using the narrow width approximation (NWA) for the W -propagator

1

(Q2 −M2) + (MΓ)2
→ π

MΓ
δ(Q2 −M2).

!

"

#

$4.20

With this approximation, the cross section factorizes into the on-shell production

and subsequent decay of the W boson, and the contribution from virtual (off-shell)

W bosons is neglected. Using the NWA approximation, the integral in Eq. (4.19) is

easily evaluated. The resulting ratio of widths becomes

RW ≡ Γ(→
(−)
ν l±W∓ → All)
Γ(→ νν̄)

= (2× 9)× g4

32 28 (2π)3
mW

ΓW
xW

!

"

#

$4.21

×
[

1 +
17

x3W
− 9

x2W
− 9

xW
+

(

6

x3W
+

18

x2W

)

ln(xW )

]

.

Here we have dropped the flavor subscript on the (anti)neutrinos since this ratio

remains the same when flavors are summed, and multiplied by a prefactor of 2× 9,

which we now explain. The “2” comes from adding the W−-strahlung channel to
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the W+ channel. Note that the two amplitudes do not interfere since the charges

of the produced W ’s, and therefore of the pairs they produce with invariant mass

M ∼ mW , are distinguishable. The “9” comes from summing over all decay channels

available to the decaying W . We have three leptonic channels, and two quark flavor

channels, the latter multiplied by three for color channels.

We may also evaluate the W -width. At the level of our calculation, we have for

this quantity

ΓW = (9)× g2

48π
mW .

!

"

#

$4.22

The “9” here is the same final state count that appeared in Eq. (4.21). Inputting this

width into Eq. (4.21) and using g2 = 4πα/ sin2 θw, we arrive at our final expression,

RW =

(

α

4π sin2 θw

)

(xW
12

) !

"

#

$4.23

×
[

1 +
17

x3W
− 9

x2W
− 9

xW
+

(

6

x3W
+

18

x2W

)

ln(xW )

]

.

We note that this expression may also be obtained by directly computing the pro-

duction of real (on-shell) gauge bosons.

For our numerical work, we will take sin2 θw = 0.231 (sin−2 θw = 4.33), and

α = 1/128 as appropriate for physics at the electroweak scale. This latter choice is

especially appropriate in light of the accuracy of the NWA; q2 of the virtual neutrino

will itself have a value near the threshold for on-shell W production, i.e., at ∼ m2
W .

4.3 Z-strahlung

The cross section for the Z-strahlung process, χχ → ν̄νZ∗ → All, may be calculated

similarly to that for W-strahlung. For a scalar coupling as assumed in Fig. 4.2, there

is no interference between diagrams in which the Z is radiated by the ν and ν̄. Thus

the cross section for the Z channel is simply obtained from that for the W channel

given in Eq. (4.23) by dividing by a factor of 2 cos2 θW ∼ 1.54, and replacing xW

with xZ ≡ s/m2
Z , viz.

RZ(xZ) =
1

2 cos2 θW
RW (xZ) .

!

"

#

$4.24
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Note that the e+e−Z coupling differs from the ν̄νZ coupling, such that there is

interference between the two contributing diagrams. Here we are interested in a toy

model with annihilation to a neutrino pair only at the two-body level, so we do not

calculate these interference terms.

4.4 Discussion

Figure 4.5 shows the ratios RW and RZ as functions of mχ. We choose to plot rates

versus mχ rather than xW and xZ to make the presentation more physical, and to

better illustrate the difference between the W and Z rates. To convert from the

scaling variables to mχ, we have used the expressions xG = s/m2
G ≈ 4 (m2

χ/m
2
G),

G = W,Z, appropriate for non-relativistic dark matter. The curve for RZ may

be directly compared to the points from [82], which we show. Qualitative but not

quantitative agreement is evident. Our results agree with the later results from [83].

Let us discuss some general features of RG, G = W,Z. At large s . m2
G, we

expect a leading term linear in the dimensionless variable xG = s/m2
G. The factor

of s arises from the ratio of 3-body to 2-body phase space, while the numerator is

provided by the only other dimensionful quantity in the process. From Fig. 4.5, we

see that the leading linear term indeed dominates above xG ∼ 10, which corresponds

to mχ ! 1.5mG. Thus, we may write a very simple expression for the width ratio

at xG ! 10. It is

RW =

(

α

4π sin2 θw

)

(xW
12

)

, for xW ! 10 ,
!

"

#

$4.25

and likewise times (2 cos2 θW )−1 for RZ . It is unsurprising that the inequality s !

10m2
G ⇔ mχ ! 1.5mG has appeared twice, earlier to put the W or Z on-shell,

and here to impose the dominance of the leading term in the expression for W - or

Z-strahlung process.

In the very large s (or equivalently, the very large mχ) limit, the branching

ratio for multi W/Z production will become sizeable. We may estimate the onset of
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Figure 4.5: The ratios of rates for W -strahlung (solid red) and Z-strahlung (dotted

blue) to νν̄ production are plotted versus the dark matter mass mχ. Evident is

the the dominance of the leading linear term in Eq. 4.21 above xG ∼ 10. Extrap-

olations beyond mχ ∼ TeV hold some uncertainty due to multiple bremsstrahlung,

to possible yet unknown new physics, and eventually to re-summation of infrared

near-singularities.

double-W/Z production. The general formula for n-body massless phase space is

LIPS(n) =
1

8π

( s

16π2

)n−2 1

(n− 1)! (n − 2)!
.

!

"

#

$4.26

Neglecting combinatoric factors, the perturbative expansion parameter for addi-

tional W/Z bosons is then ( g√
2
)2 xG

16π2 ∼ αm2
χ/m

2
G. Thus, perturbation theory

becomes unreliable and multiple W/Z production occurs when xG ∼ 2π/α, or

mχ ∼ α−1/2 mG ∼ TeV. Resummations in the very large s regime, involving ordered

ln2(xG) terms from emission of (nearly) massless or collinear W/Z’s, are discussed

in [195]. Co-emission of a hard photon will also occur, at a rate comparable to double

W/Z emission 1.
1While unitarity of the DM annihilation cross-section does not directly impact the results in this
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Finally, we note that our results are easily applied to the DM decay process

χ → νν̄, where χ is now a boson, with xG = s/m2
G → m2

χ/m
2
G. Indeed, similar

expressions will hold for any neutrino production mechanism in which the invariant

mass of the ν̄ν exceeds mW .

4.5 Conclusions

The decay of W and Z bosons produced via electroweak bremsstrahlung will lead

to neutral pions and thus photons. One may constrain this DM annihilation signal

by considering its contribution to the Galactic or extragalactic diffuse gamma ray

background. This was considered in Refs. [82, 83], where it was shown that the

contribution of the process σ(χχ → ν̄νZ) to the galactic gamma ray background

imposed limits on the lowest order process, σ(χχ → ν̄ν), comparable to those ob-

tained directly with neutrinos. The branching ratio expressions we have derived

differ quantitatively, through not qualitatively, from the cross-section estimates in

Ref. [82], and agree with those in Ref. [83]. Thus, our results lead to similar bounds.

Future analysis of Galactic gamma ray observations, such as those made by Fermi,

have the potential to somewhat reduce the diffuse backgrounds through better point

source identification, and to measure the background more precisely. In turn, this

will strengthen the electromagnetic constraint on DM annihilation, and increase the

utility of the quantitative results we have presented herein.

paper, we remind the reader of the unitarity constraints presented in Section 1.3.1. In terms of the

spinless B exchange model assumed in this work, the unitarity constraint becomes (for m2
B ! m2

χ)
(

mχ

MB

)2 (
Γ(B→χχ)

MB

)(

Γ(B→SM)
MB

)

≤ 1, where SM refers to Standard Model final states. There is no

unitarity constraint on a decay width, a remark relevant for the case where DM decay dominates

DM annihilation.
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5
Electroweak Bremsstrahlung and the Lifting of

Helicity Suppression

5.1 Introduction

The dark matter annihilation cross section is often parametrized as 〈vσ〉 = a+ bv2+

O(v4), where 〈vσ〉 is the thermally-averaged annihilation cross section. The constant

a comes from s-wave annihilation, while the velocity suppressed bv2 term receives

both s-wave and p-wave contributions; the Lth partial wave contribution to the

annihilation rate is suppressed as v2L. Given that v ∼ 10−3c in galactic halos, even

the p-wave contribution is highly suppressed and thus only the s-wave contribution is

expected to be significant in the Universe today. However, in many DM models the

s-wave annihilation into a fermion pair χχ → f̄f is helicity suppressed by a factor

(mf/mχ)2 (only → t̄t modes remain of interest, and then only for a certain range of

χ mass).

When computing DM annihilation signals, it is normally assumed that only the

lowest order tree-level processes make a significant contribution. However, there

are important exceptions to this statement. As we have seen in Chapter 3, dark

matter annihilation into charged particles, χχ → f̄f , is necessarily accompanied by
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the internal bremsstrahlung process χχ → f̄fγ, where the photon may be radiated

from one of the external particle legs (final state radiation, FSR) or, possibly, from

a virtual propagator (virtual internal bremsstrahlung, VIB). On the face of it, the

radiative rate is down by the usual QED coupling factor of α/π ∼ 500. However,

and significantly, photon bremsstrahlung can lift the helicity suppression of the s-

wave process [192, 193, 194, 199, 200, 201] (see also Section 1.5), which more than

compensates for the extra coupling factor. Such a striking enhancement can arise

when a symmetry of the initial state χχ is satisfied by the three body final state

f̄ fγ, but not by the two body final state f̄f .

In this Chapter we again examine electroweak bremsstrahlung of Z or W± gauge

bosons to produce f̄ fZ and -̄νW final states, and show that this can also lift suppres-

sion (see also [198]). In these scenarios for which the helicity suppression is removed,

the dominant annihilation channels are the set of bremsstrahlung processes, namely

γ, W and Z bremsstrahlung. (If the dark matter annihilates to colored fermions,

radiation of gluons would also contribute). The phenomenology of W and Z brem-

sstrahlung is richer than that for photon bremsstrahlung alone. This is because the

W and Z bosons decay dominantly to hadronic final states, including antiprotons,

offering correlated “multi-messenger” signals. This is an important result for future

DM searches.

DM annihilation to charged leptons has been the subject of much recent at-

tention, due to recently measured cosmic ray anomalies which point to an excess

of cosmic ray positrons above those that may be attributed to conventional astro-

physical processes. The positron excess and possible interpretations are discussed

in detail in Section 1.3.6. To recap, PAMELA has observed a sharp excess in the

e+/(e−+e+) fraction at energies beyond approximately 10 GeV [126], without a cor-

responding excess in the antiproton/proton data [127, 270], while Fermi and HESS

have reported more modest excesses in the (e− + e+) flux at energies of order 1

TeV [125]. These signals have led to a re-examination of positron production in
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nearby pulsars [136, 137, 138, 135, 139, 140, 146, 141, 142], emission from supernova

remnants [130, 131], acceleration of e+e− in cosmic ray sources [143, 144, 145], and

propagation in conventional cosmic ray models [147, 148, 149]. As an alternative to

these astrophysical mechanisms, it has also been proposed that the excess e+ and e−

are produced via dark matter annihilation in the Galactic halo, with an abundance

of DM models proposed to accomplish this end. An overview of e±-excess data and

possible interpretations is available in [152].

However, some of the most popular models suffer from helicity or v2-suppression.

A prototypical example of suppressed production of Standard Model (SM) fermion

pairs is provided by supersymmetry: Majorana neutralinos annihilate into a pair of

SM fermions via t- and u-channel exchange of SU(2)-doublet sfermions. To over-

come the suppression, proponents of these models have invoked large “boost” fac-

tors. These boost factors may be astrophysical in origin, as with postulated local

over-densities of dark matter, or they may arise from particle physics, as with the

Sommerfeld enhancement that arises from light scalar exchange between dark matter

particles. Although not ruled out, these factors do seem to be a contrivance designed

to overcome the innate suppression.

A further problem with suppressed models is the overproduction of antiprotons

from unsuppressed W/Z bremsstrahlung. Given that hadronic decay modes of the

W and Z bosons will lead to significant numbers of both antiprotons and gamma

rays, this will impact the viability of models that might otherwise have explained the

observed positron excess. Even in models which do not feature a suppression, bre-

msstrahlung has important phenomenological consequences, as the primary gamma

rays and decay products of the gauge bosons make a pure leptonic e+e− signal im-

possible [83].

In Section 5.2 we discuss the circumstances under which dark matter annihilation

may be suppressed. In Section 5.3 we consider a representative model, and explicitly

calculate the cross sections for both the lowest order annihilation process, and for the
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W/Z bremsstrahlung process. We discuss implications of these results in Section 5.4.

5.2 Understanding Suppression using Fierz Transforma-

tions

5.2.1 Utility of Fierz Transformations

Fierz transformations are a valuable tool that allow us to assess the rate of the

2 → 2 process χχ → e+e− on general grounds. Given a model with t/u channel

annihilation, the Fierz matrix transforms the amplitude into an s-channel-like sum

of initial state currents times final state currents. In general,

(Γ1)
b
a(Γ2)

d
c =

1

4

∑

A

∆A(γA)
b
c(Γ1γAΓ2)

d
a,

!

"

#

$5.1

where γA are the 16 basis Dirac gamma matrices listed in Table 5.1, and Γ1, Γ2 are

some combination of Dirac gamma matrices. Multiplying by spinors l̄a, χb, χc, ld,

we can see how a t- or u-channel current for DM annihilation to a lepton pair can

be expressed as a sum of s-channel currents,

(l̄Γ1χ)(χΓ2l) =
1

4
ΣA∆A(χγAχ)(l̄Γ1γAΓ2l),

!

"

#

$5.2

where ∆A is a constant, given in Table 5.1 for all possible values of A. A full deriva-

tion and explanation of the Fierz transformation is given in Appendix B. There we

re-derive the standard Fierz transformation matrix, and then derive a Fierz trans-

formation matrix for chiral fields. In addition, and importantly, we present “higher-

order” formulas for Fierz transforming fermion currents which radiate bosons.

Helicity projection operators are essential in chiral gauge theories, so it is worth

considering the reformulation of Fierz transformations in the chiral basis [271]. (A

discussion of standard Fierz transformations may be found in, e.g. Ref. [272].) We

place hats above the generalized Dirac matrices constituting the chiral basis. These
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Table 5.1: Gamma Matrices

A γA ∆A

1 +1

2,3,4,5 γ0,1,2,3 +1,-1,-1,-1

6,7,8,9,10,11 σ10,20,30,12,23,31 +1,+1,+1,-1,-1,-1

12,13,14,15 γ5γ0,1,2,3 -1,+1,+1,+1

16 γ5 +1

matrices are

{Γ̂B} = {PR, PL, PRγ
µ, PLγ

µ,
1

2
σµν} , and

{Γ̂B} = {PR, PL, PLγµ, PRγµ,
1

2
σµν} ,

!

"

#

$5.3

where PR ≡ 1
2(1 + γ5) and PL ≡ 1

2 (1 − γ5) are the usual helicity projectors. Notice

that the dual of PRγµ is PLγµ, and the dual of PLγµ is PRγµ. The tensor matrices

in this basis contain factors of 1
2 : Γ̂T = 1

2σ
µν and Γ̂T = 1

2σµν . These facts result

from the orthogonality and normalization properties of the chiral basis and its dual,

as explained in detail in Appendix B.

Using completeness of the basis (see Appendix B), one arrives at a master formula

which expands the outer product of two chiral matrices in terms of their Fierzed

forms:

(Γ̂D) [Γ̂E ] =
1

4
Tr [Γ̂D Γ̂C Γ̂E Γ̂B ] (Γ̂

B ] [Γ̂C) ,
!

"

#

$5.4

where the parentheses symbols are a convenient shorthand for matrix indices [273]

(see Appendix B for details). Evaluating the trace in Eq. 5.4 leads to the Fierz
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transformation matrix in the chiral-basis:






































(PR) [PR]

(PL) [PL]

(T̂ ) [T̂ ]

(γ5 T̂ ) [T̂ ]

(PR) [PL]

(PRγµ) [PLγµ]

(PL) [PR]

(PLγµ) [PRγµ]

(PRγµ) [PRγµ]

(PLγµ) [PLγµ]







































=
1

4







































2 0 1 1

0 2 1 −1

6 6 −2 0

6 −6 0 2

0 2

8 0

0 2

8 0

−4 0

0 −4













































































(PR] [PR)

(PL] [PL)

(T̂ ] [T̂ )

(γ5 T̂ ] [T̂ )

(PR] [PL)

(PRγµ] [PLγµ)

(PL] [PR)

(PLγµ] [PRγµ)

(PRγµ] [PRγµ)

(PLγµ] [PLγµ)







































.
!

"

#

$5.5

Non-explicit matrix elements in Eq. 5.5 are zero, and we have introduced a shorthand

T̂ for either Γ̂T = 1
2σ

µν or Γ̂T = 1
2σµν .

The importance of this transformation for us is that it converts t-channel and

u-channel exchange graphs into s-channel form, for which it is straightforward to

evaluate the partial waves. The block-diagonal structures, delineated with horizontal

and vertical lines, show that “mixing” occurs only within the subsets {PR⊗PR, PL⊗

PL, T̂ ⊗ T̂ , γ5 T̂ ⊗ T̂}, and {PR ⊗ PL, PRγµ ⊗ PLγµ}. The Fierz transform matrix

is idempotent, meaning its square is equal to the identity matrix. This follows from

the fact that two Fierz rearrangements return the process to its initial ordering. A

consequence of the block-diagonal form is that each sub-block is itself idempotent.

In Eq. 5.5 we have included one non-member of the basis set, namely γ5 T̂ ; it is

connected to T̂ via the relation

γ5 σ
µν =

i

2
εµναβσαβ .

!

"

#

$5.6

Explicit use of γ5 T̂ in Eq. 5.5 is an efficient way to express the chiral Fierz transfor-

mation.

5.2.2 Origin of Suppression

One can use partial wave decomposition (see. e.g., the textbooks [267, 274, 275], or

the convenient summary in the Appendix of [84]) to expand the scattering amplitudes
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as a sum of angular momentum components. Partial waves do not interfere, and the

Lth partial wave contribution to the total cross section vσ is proportional to v2L.

The annihilating χ particles are very non-relativistic today, so an unsuppressed s-

wave (L = 0), if present, will dominate the annihilation cross section. The DM virial

velocity within our Galaxy is about 10−3 (in units of c), leading to a suppression of

v2 ∼ 10−6 for p-wave processes.

On the other hand, the SM fermions produced in the 2 → 2 annihilation are

highly relativistic (except possibly for tt̄ production). For many annihilation channels

the spin state of the fermion pair gives rise to a helicity suppression by a factor of

(ml/mχ)2, where ml is the fermion mass.

Unfortunately, many popular models for annihilation of Majorana dark matter to

charged leptons are subject to one or more of these two suppressions, the v2 and/or

(m(/mχ)2 suppressions. This includes some of the models proposed to accommodate

the positron and e+e− excesses observed in PAMELA, Fermi-LAT, and HESS data.

In Section 5.3, we show that in the class of models which have suppressed rates for

χχ → -+-−, the 2 → 3 graph obtained by adding a radiative W± or Z to the final

state particles of the 2 → 2 graph can become unsuppressed, just as with emission of a

photon. The radiated W ’s and Z’s will decay to, among other particles, antiprotons.

The consequences of this are discussed in Chapter 6.

5.2.3 Models with v
2 and Helicity Suppression

Consider products of s-channel bilinears of the form (χ Γ1χ)(l̄ Γ2l). To further

address the question of which products of currents are suppressed and which are not,

we may set v2 to zero in the χ-current (appropriate for annihilation of non-relativistic

DM), and m2
( to zero in the lepton current (appropriate for the production of highly

relativistic fermions), and ask whether the product of currents is suppressed. If

the product of currents is non-zero in this limit, the corresponding amplitude is

unsuppressed. In Table 5.2 we give the results for the product of all standard Dirac
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s-channel bilinear Ψ̄ ΓD Ψ v = 0 limit M = 0 limit

parallel spinors antiparallel spinors parallel spinors antiparallel spinors

scalar Ψ̄Ψ 0 0
√
s 0

pseudo-scalar Ψ̄ iγ5 Ψ −2iM 0 −i
√
s 0

axial-vector Ψ̄ γ5 γ0Ψ 2M 0 0 0

Ψ̄ γ5 γj Ψ 0 0 0
√
s (±δj1 − iδj2)

vector Ψ̄ γ0Ψ 0 0 0 0

Ψ̄ γj Ψ ∓2M δj3 −2M (δj1 ∓ iδj2) 0 −
√
s (δj1 ∓ iδj2)

tensor Ψ̄σ0j Ψ ∓2iM δj3 −2iM (δj1 ± δj2) −i
√
s δj3 0

Ψ̄σjk Ψ 0 0 ±
√
s δj1δk2 0

pseudo-tensor Ψ̄ γ5 σ0j Ψ 0 0 ±i
√
s δj3 0

Ψ̄ γ5 σjk Ψ ∓2M δj1δk2 −2M (δj2δk3 ∓ iδj3δk1) −
√
s δj1δk2 0

Table 5.2: Extreme non-relativistic and extreme relativistic limits for s-channel bi-

linears. In order for a term with an initial-state DM bilinear and a final-state lepton

bilinear to remain unsuppressed, the DM bilinear must have a non-zero entry in the

appropriate cell of the “v = 0 limit” columns, and the lepton bilinear must have a

non-zero term in the appropriate cell of the “M = 0 limit” columns. Otherwise, the

term is suppressed. (The tensor and pseudo-tensor are not independent, but rather

are related by γ5 σµν = i
2ε

µναβ σαβ .) We recall that antiparallel spinors correspond

to parallel particle spins (and antiparallel particle helicities for the M = 0 current),

and vice versa. Amplitudes are shown for uΓD v = [v ΓD u]∗. The two-fold ± am-

biguities reflect the two-fold spin assignments for parallel spins, and separately for

antiparallel spins.
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bilinears. (The derivation of these results is outlined in Appendix C.) Suppressed

bilinears enter this table as zeroes. 1

One can read across rows of this table to discover that the only unsuppressed

s-channel products of bilinears for the 2 → 2 process are those of the pseudo-scalar,

vector, and tensor. (For completeness, we also show results for the pseudo-tensor

bilinears, although the pseudo-tensor is not independent of the tensor, as a result of

Eq. 5.6.) As a test of these results, we have calculated the cross sections for s-channel

scalar, pseudo-scalar and axial-vector annihilation processes in Appendix D, and find

they are consistent with the results in Table 5.2.

For t-channel and u-channel annihilation processes, one may simply use a Fierz

transform to convert the amplitudes to s-channel form, and then apply logic similar to

that given above. Any t-channel or u-channel diagram that Fierz’s to an s-channel

form containing a pseudoscalar coupling will have an unsuppressed L = 0 s-wave

amplitude. From the matrix in Eqn. 5.5, one deduces that such will be the case for

any t- or u-channel current product on the left side which finds a contribution in the

1st, 2nd, 5th, or 7th columns of the right side. This constitutes the t- or u-channel

tensor, same-chirality scalar, and opposite chirality vector products (rows 1 through

4, and 6 and 8 on the left). On the other hand, the t- or u-channel opposite chirality

scalars or same-chirality vectors (rows 5, 7, 9, and 10 on the left) do not contain a

pseudoscalar coupling after Fierzing to s-channel form. Rather, it is the suppressed

axial-vector and vector that appears.

For Majorana dark matter, the vector and tensor bilinears are disallowed by

charge-conjugation arguments (See Appendix A). The proscription is absolute in the

four-Fermi limit where u- and t-channel propagators are identical. More generally,

1It is seen that the only bilinears in the table without velocity-suppression are those of the

pseudo-scalar, the three-vector part of the vector, the zeroth component of the axial vector, and

the time-space part of the tensor (or equivalently, the space-space part of the pseudotensor). It

is also seen that the only bilinears without fermion mass-suppression are the scalar, pseudoscalar,

three-vector parts of the vector and axial vector, and the tensor.
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when u and t are not negligible compared to the mass of the exchanged particle,

the cancellation between u- and t- channel graphs is incomplete, and the vector and

tensor couplings are suppressed but not forbidden.

Interestingly, a class of the most popular models for fermionic dark matter annihi-

lation to charged leptons, fall into this latter, suppressed, category. It is precisely the

opposite-chirality t- or u-channel scalar exchange that appears in these models, an

explicit example of which will be discussed below. Thus it is rows 5 and 7 in Eqn. 5.5

that categorize the model we will analyze. After Fierzing to s-channel form, it is

seen that the Dirac bilinears are opposite-chirality vectors (i.e., V or A). Dropping

the vector term from the χ-current we see that the 2 → 2 process couples an axial

vector χ-current to a relativistic SM fermion-current which is an equal mixture of

A and V . Accordingly, this model has an s-wave amplitude occurring only in the

L = 0, J = 1, S = 1 channel, with the spin flip from S = 0 to S = 1 (or equivalently,

the mismatch between zero net chirality and one unit of helicity) costing a fermion

mass-insertion and a (mf/mχ)2 suppression in the rate.

Let us pause to explain why this t- or u-channel scalar exchange with opposite

fermion chiralities at the vertices is so common. It follows from a single popular

assumption, namely that the dark matter is a gauge-singlet Majorana fermion. As

a consequence of this assumption, annihilation to SM fermions, which are SU(2)

doublets or singlets, requires either an s-channel singlet boson or a t- or u-channel

singlet or doublet scalar that couples to χ-f . In the first instance, there is no sym-

metry to forbid a new force between SM fermions, a disfavored possibility. In the

second instance, unitarity fixes the second vertex as the hermitian adjoint of the

first. Since the fermions of the SM are left-chiral doublets and right-chiral singlets,

one gets chiral-opposites for the two vertices of the t- or u-channel.

Supersymmetry provides an analog of such a model. In this case the dark matter

consists of Majorana neutralinos, which annihilate to SM fermions via the exchange

of (“right”- and “left”-handed) SU(2)-doublet slepton fields. In fact, the implemen-
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tation in 1983 of supersymmetric photinos as dark matter provided the first explicit

calculation of s-wave suppressed Majorana dark matter [276, 277].2 However, the

class of models described above is more general than the class of supersymmetric

models.

5.2.4 Example of suppressed annihilation

To illustrate our arguments, we choose a simple example of the class of model under

discussion. This is provided by the leptophilic model proposed in Ref. [86] by Cao,

Ma and Shaughnessy. Here the DM consists of a gauge-singlet Majorana fermion χ

which annihilates to leptons via the SU(2)-invariant interaction term

f
(

ν -−
)

L
ε





η+

η0



χ+ h.c. = f(νLη
0 − -Lη

+)χ+ h.c.
!

"

#

$5.7

where f is a coupling constant, ε is the 2 × 2 antisymmetric matrix, and (η+, η0)

form the new SU(2) doublet scalar. In this model, DM annihilation to fermions is

mediated by t and u channel exchange of the η fields. (This model was originally

discussed in Ref. [279], and an expanded discussion of its cosmology may be found

in Ref. [280].)

An identical coupling occurs in supersymmetry if we identify χ with a neutralino

and η with a sfermion doublet. Therefore, much of what we discuss below is also

relevant for neutralino annihilation to fermions via the exchange of sfermions. How-

ever, the class of models for which the 2 → 2 annihilation is helicity suppressed is

more general than the class of supersymmetric models.

As discussed above, the u- and t-channel amplitudes for DM annihilation to

leptons, of the form (χPLl) (l̄PRχ), become pure (χPLγµχ) (l̄PRγµl) under the chiral

Fierz transformation. The product of the Majorana and fermion bilinears then leads
2A detailed calculation of the related amplitude e+e− → γ̃γ̃ involving two identical Majorana

particles is available in App. E (as well as a lucid and complete presentation of Feynman rules for

Majorana fermions in App. D) of Ref. [278]. Another lucid listing of Feynman rules for Majorana

fermions is available in Chapter 49 of Ref. [275].
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to an AA term and an AV term. However, reference to Table 5.2 shows that neither

of these terms leads to an unsuppressed amplitude: in all cases, either the lepton

bilinear is suppressed by m(, the DM bilinear by v, or both are suppressed.

The cross section for the 2 → 2 process χχ → e+e− or νν̄ is given by

v σ =
f4v2

24πm2
χ

1 + µ2

(1 + µ)4
,

!

"

#

$5.8

where ml ) 0 and mη± = mη0 have been assumed, and µ = m2
η/m

2
χ. The suppres-

sions discussed above are apparent in Eqn. 5.8. The helicity suppressed s-wave term

is absent in the ml = 0 limit, and thus only the v2-suppressed term remains.

5.3 Lifting the suppression with electroweak bremsstrahl-

ung

Allowing the lepton bilinear to radiate a W or Z boson (as shown in Fig. 5.1) can

yield an unsuppressed amplitude, similar to the way in which emission of a photon

lifts suppression. In the rate, there will be the usual radiative suppression factor of

α2
4π ∼ 10−3. But, this will be partially compensated by a 3-body phase space factor

∼ (mχ/mW )2/8π2 relative to 2-body massless phase space, which exceeds unity for

dark matter masses exceeding ∼TeV.

More importantly, the v2 suppression for Majorana annihilation to 2-body final

states will be lifted by the 3-body W -bremsstrahlung process. In this section we show,

by explicit calculation, that the 2 → 3 radiative process that leads to antiprotons

dominates when the DM and scalar propagator are near degenerate in mass, for any

mχ that allows the W to be produced on-shell, i.e., 2mχ > mW .
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Figure 5.1: The t-channel ((a),(c), and (e)) and u-channel ((b), (d) and (f)) Feynman

diagrams for χχ → e+νW−. Note that t- and u-channel amplitudes are simply

related by the k1 ↔ k2 interchange symmetry. All fermion momenta in the diagrams

flow with the arrow except p2 and q2, with q1 = p1 +Q, q2 = p2 +Q.

5.3.1 W-strahlung Matrix Elements

We shall take the limit ml ) 0 and assume that mη± = mη0 . The matrix elements

for the six diagrams of Fig. 5.1 are given by

Ma = i
f2g√
2

1

q21

1

t1 −m2
η

×(v̄(k2)PLv(p2))(ū(p1)γ
µPL/q1u(k1))ε

Q
µ ,

!

"

#

$5.9

Mb = i
f2g√
2

1

q21

1

u1 −m2
η

×(v̄(k1)PLv(p2))(ū(p1)γ
µPL/q1u(k2))ε

Q
µ ,

!

"

#

$5.10
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Mc = −i
f2g√
2

1

q22

1

t2 −m2
η

×(v̄(k2)PL/q2γ
µv(p2))(ū(p1)PRu(k1))ε

Q
µ ,

!

"

#

$5.11

Md = −i
f2g√
2

1

q22

1

u2 −m2
η

×(v̄(k1)PL/q2γ
µv(p2))(ū(p1)PRu(k2))ε

Q
µ ,

!

"

#

$5.12

Me = −i
f2g√
2

1

t1 −m2
η

1

t2 −m2
η

×(v̄(k2)PLv(p2))(ū(p1)PRu(k1))

×((k1 − p1) + (k1 − p1 −Q))µεQµ ,
!

"

#

$5.13

Mf = −i
f2g√
2

1

u1 −m2
η

1

u2 −m2
η

×(v̄(k1)PLv(p2))(ū(p1)PRu(k2))

×((k2 − p1) + (k2 − p1 −Q))µεQµ ,
!

"

#

$5.14

where we define the usual helicity projectors PR/L ≡ 1
2(1± γ5), and the Mandelstam

variables

t1 = (k1 − q1)
2,

t2 = (k1 − p1)
2,

u1 = (k2 − q1)
2,

u2 = (k2 − p1)
2,

The vertex factors used in the matrix elements are as follows: the lνW vertex has

an ig√
2
γµPLε

Q
µ , the χηl vertex is ifPL, and the coupling between the W− and the

η+−η0 is taken to be of the form −ig(p+p′)/
√
2 from Fig.72b on p. 221 of Ref. [278].

We have explicitly checked the gauge invariance of our set of Feynman diagrams.

Writing the matrix element as

M = MµεQµ ,
!

"

#

$5.15

the Ward identity

QµMµ = 0,
!

"

#

$5.16
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is satisfied for the sum of the diagrams. The Ward identity takes the same form

as for photon bremsstrahlung provided we take the lepton masses to be zero, since

the axial vector current is conserved in this limit. Note that diagrams (a)+(c)+(e)

form a gauge invariant subset, as do (b)+(d)+(f). The full amplitude is the sum of

the partial amplitudes, properly weighted by a minus sign when two fermions are

interchanged. Thus we have M = (Ma +Mc +Me)− (Mb +Md +Mf ).

In performing the sum over spins and polarizations, we note the standard polar-

ization sum,

∑

pol.

εQµ ε
Q
ν = −

(

gµν −
QµQν

m2
W

)

,
!

"

#

$5.17

can be replaced with −gµν alone. The Ward identity of Eqn. 5.16 ensures the second

term in Eqn. 5.17 does not contribute once the contributions from all diagrams are

summed (and squared).

In addition, we find that the longitudinal polarization of the W also does not

contribute to the s-wave amplitude, i.e.

MµεQLµ = 0 .
!

"

#

$5.18

The W boson behaves as a massive transverse photon, with just two transverse

polarizations contributing. As a consequence, our calculation of W bremsstrahlung

must reduce to the known results for photon bremsstrahlung in the mW → 0 limit,

modulo coupling constants. Below we will show that this happens.

95



CHAPTER 5. ELECTROWEAK BREMSSTRAHLUNG AND THE
LIFTING OF HELICITY SUPPRESSION

5.3.2 Fierz transformed matrix elements

Upon applying Eqn. 5.1 to Fierz transform the matrix elements of Eqns. 5.9–5.14 we

find

Ma =
igf2

√
2q21

1

t1 −m2
η

1

2

(

v̄(k2)γαPRu(k1)
)

×
(

ū(p1)γ
µ
/q1γ

αPLv(p2)
)

εQµ ,
!

"

#

$5.19

Mb =
igf2

√
2q21

1

u1 −m2
η

1

2

(

v̄(k2)γαPLu(k1)
)

×
(

ū(p1)γ
µ
/q1γ

αPLv(p2)
)

εQµ ,
!

"

#

$5.20

Mc =
−igf2

√
2q22

1

t2 −m2
η

1

2

(

v̄(k2)γαPRu(k1)
)

×
(

ū(p1)γ
α
/q2γ

µPLv(p2)
)

εQµ ,
!

"

#

$5.21

Md =
−igf2

√
2q22

1

u2 −m2
η

1

2

(

v̄(k2)γαPLu(k1)
)

×
(

ū(p1)γ
α
/q2γ

µPLv(p2)
)

εQµ ,
!

"

#

$5.22

Me =
−igf2

2
√
2

(2k1 − 2p1 −Q)µ

(t1 −m2
η)(t2 −m2

η)
(v̄(k2)γαPRu(k1))

× (ū(p1)γ
αPLv(p2)) ε

Q
µ ,

!

"

#

$5.23

Mf =
−igf2

2
√
2

(2k2 − 2p1 −Q)µ

(u1 −m2
η)(u2 −m2

η)
(v̄(k2)γαPLu(k1))

× (ū(p1)γ
αPLv(p2)) ε

Q
µ .

!

"

#

$5.24

We indeed confirm that Eqns. 5.19–5.24 lead to Eqn. 5.58, the same amplitude

squared as we found using the non-Fierzed matrix elements, Eqns. 5.9–5.14. Alter-

natively, we may apply Eqn. B.20 to transform Eqns. 5.9-5.14. After a bit of algebra

we get a pleasant factorized form for the bilinear currents. We show details for the

first one, and then summarize the results for current products of the other matrix

elements.

The current product in amplitude Ma of Eqn. 5.9 is

(v̄(k2)PLv(p2))
(

ū(p1)/ε
QPL/q1u(k1)

)

.
!

"

#

$5.25
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We write this current product in Takahashi notation and then use Eqn. B.20 to get

[PL] (/ε
QPL/q1) =

1

4
Tr[PLΓ

C/εQPL/q1ΓB ] (ΓB ] [ΓC )

=
1

4
Tr[PLγ

α/εQPL/q1γβ (PRγ
β ] [PLγα ) .

!

"

#

$5.26

In going from the first equality to the second, we insert the only values for ΓC and

ΓB allowed by the helicity projectors in the string of gamma matrices. Finally, we

may invert the sequence in the trace, and remove the Takahashi notation to write

the result as

1

4
Tr[PR/ε

QPL/q1γβγ
α ]×

(

ū(p1)PRγ
βv(p2)

)

(v̄(k2)PLγαu(k1)) .
!

"

#

$5.27

Amplitude Mb is computed in a similar way. In addition, it is useful to use the

identity for a Majorana current

(v̄(k1)PLγαu(k2)) = (v̄(k2)PRγαu(k1)) [Majorana ]
!

"

#

$5.28

to put the final result in a form similar to that for amplitude Ma.

The other current products are reduced in a similar fashion. The final result for

the product of currents after Fierzing is

1
4 (v̄(k2)Pγαu(k1))

(

ū(p1)PRγ
βv(p2)

) !

"

#

$5.29

×























Tr[PR/ε
Q
/q1γβγα ] , for Ma, Mb

Tr[PL/ε
Q
/q2γβγα ] , for Mc, Md

2 gαβ , for Me, Mf .

In addition, the unspecified projector P in the first common factor is PL for am-

plitudes Ma, Mc, Me, and PR for the amplitudes Mb, Md, Mf derived from the

crossed graphs.

What can we learn from this exercise? For graphs Me and Mf the Fierzed

currents are the same as in the 2 → 2 case. This fact is not surprising since in these
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graphs the internal W emission does not perturb the form of the currents and their

product. However, for the other four graphs with W emission occurring on a fermion

leg, the form of the current product is quite different from the 2 → 2 case. With

2 → 3 scattering, the Lorentz index of each current need not contract directly with

the other. Referring to Table 1, one sees that unsuppressed Majorana annihilation

amplitudes become possible for the axial vector combination (γ5γ0 ] [γ5.γT ), and for

the vector combination (γ3 ] [.γT ), providing the trace post-factors in Eqn. 5.29 do

not vanish. These combinations are at the heart of the unsuppression which we have

presented in this paper.

Also, for m2
η . t, u, the non-current factors in amplitudes Ma and Mb are the

same, as are the non-current factors in amplitudes Mc and Md. Then the subtraction

of one from the other leads to a pure axial vector coupling in the Majorana current.

This in term leads to an effectively pure axial vector coupling in the final state lepton

current. For values of t and u which are non-negligible when compared to m2
η, there

is some residual vector coupling.

5.3.3 W-strahlung Cross Section

The cross section is given by

v dσ =
1

2s

∫

1

4

∑

spin, pol.

|M|2 dLips3
!

"

#

$5.30

where the 1
4 arises from averaging over the spins of the initial χ pair, and v =

√

1− 4m2
χ

s is the mean dark matter single-particle velocity in the center of mass

frame, which is equal to half the relative velocity, v ≡ 1
2vrel. (Note that some authors

define v ≡ vrel.) Informative discussions of the meaning of v are given in [281], and,

including thermal averaging, in Section 1.1.5.

The three-body Lorentz Invariant Phase Space is

dLips3 = (2π)4
d3.p1
2E1

d3.p2
2E2

d3 .Q

2EW

δ4(P − p1 − p2 −Q)

(2π)9

!

"

#

$5.31
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and P = k1 + k2. This factorizes into the product of two two-body phase space

integrals, convolved with an integral over the fermion propagator momentum,

dLips3 =
∫ s
m2

W

dq21
2π

(

d3.q1
2Eq1

d3.p2
2E2

δ4(P − q1 − p2)

(2π)2

)

×
(

d3.p1
2E1

d3 .Q

2EW

δ4(q1 −Q− p1)

(2π)2

)

=
∫ s
m2

W

dq21
2π

dLips2(P 2, q21 , p
2
2) dLips

2(q21, Q
2, p21).

!

"

#

$5.32

Evaluating the two-body phase space factors in their respective center of momentum

frames, and using p21 = p22 = 0, we have

dLips2(x2, y2, 0) =
x2 − y2

8πx2
dΩ̄

4π
,

!

"

#

$5.33

as shown in Section 4.2. This allows us to write the three-body phase space as

dLips3 =
1

26(2π)4

∫ s

m2
W

dq21
!

"

#

$5.34

× (s− q21)(q
2
1 −Q2)

sq21
dφ d cos θP d cos θq,

where φ is the angle of intersection of the plane defined by χχ → ee∗ with that

defined by eνW , and θP and θq are defined in P (CoM) and q1 rest frames, as

.k1
P
=

√
s

2
|.v|(sin θP cosφ, sin θP sinφ, cos θP ),

!

"

#

$5.35

.k2
P
= −

√
s

2
|.v|(sin θP cosφ, sin θP sinφ, cos θP ),

!

"

#

$5.36

.q1
P
= (0, 0, EP

2 ),
!

"

#

$5.37

.p2
P
= (0, 0,−EP

2 ),
!

"

#

$5.38

.p1
q1= Eq1

1 (sin θq, 0, cos θq),
!

"

#

$5.39

.Q1
q1= −Eq1

1 (sin θq, 0, cos θq),
!

"

#

$5.40

where P
=,

q1= denote evaluation in the lab and q1 rest frames respectively. We evaluate

the scalar products that arise in the amplitude squared in terms of the invariants q21,
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Q2 = m2
W , s = 4m2

χ/(1− v2) and the angles θP , θq, and φ,

2k1· k2 = s− 2m2
χ

!

"

#

$5.41

2q· p2 = s− q21
!

"

#

$5.42

2k1· q1 = −t1 +m2
χ + q21

!

"

#

$5.43

2k2· p2 = −t1 +m+ χ2
!

"

#

$5.44

2k1· p2 = −u1 +m2
χ

!

"

#

$5.45

2k2· q1 = −u1 +m2
χ + q21

!

"

#

$5.46

2p1·Q = q21 −Q2
!

"

#

$5.47

2q1·Q = q21 +Q2
!

"

#

$5.48

2q1· p1 = q21 −Q2
!

"

#

$5.49

k1·Q =
1

8q21

[

(s+ q21)(q
2
1 +Q2)− (s− q21)(q

2
1 −Q2) cos θq

]

+
|.vχ|
8q21

[

2
√
s
√

q21(q
2
1 −Q2) sin θP sin θq cosφ

−(s− q21)(q
2
1 +Q2) cos θP + (s+ q21)(q

2
1 −Q2) cos θq cos θP

]

!

"

#

$5.50

k2·Q =
1

8q21

[

(s+ q21)(q
2
1 +Q2)− (s− q21)(q

2
1 −Q2) cos θq

]

− |.vχ|
8q21

[

2
√
s
√

q21(q
2
1 −Q2) sin θP sin θq cosφ

−(s− q21)(q
2
1 +Q2) cos θP + (s+ q21)(q

2
1 −Q2) cos θq cos θP

]

!

"

#

$5.51

p2·Q =
s− q21
8sq21

[

(s+ q21)(q
2
1 +Q2)− (s− q21)(q

2
1 −Q2) cos θq

]

+
s− q21
8sq21

[

(s− q21)(q
2
1 +Q2)− (s+ q21)(q

2
1 −Q2) cos θq

]

!

"

#

$5.52

k1· p1 = k1· q1 − k1·Q
!

"

#

$5.53

k2· p1 = k2· q1 − k2·Q
!

"

#

$5.54

p2· p1 = p2· q1 − p2·Q,
!

"

#

$5.55
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where

t1 = (k1 − q1)
2 = (k2 − p2)

2 = k22 + p22 − 2k2· p2

= m2
χ − 1

2
(s− q21)(1 − v cos θP ),

!

"

#

$5.56

u1 = (k1 − p2)
2 = (k2 − q1)

2 = m2
χ + p22 − 2k1· p2

= m2
χ − 1

2
(s− q21)(1 + v cos θP ).

!

"

#

$5.57

Expanding in powers of the DM velocity v and keeping only the leading order (v0)

contribution, we find the amplitude squared to be

|M|2 = (cos θq + 1)(q21 − 4m2
χ)(m

2
W − q21)

×
[

q41

(

q41 (cos θ
2
q − 2 cos θq + 5) + 16m4

χ (cos θq − 1)2 − 8m2
χ q

2
1 (cos θq − 1)2

)

−2m2
W q21

(

16m4
χ (cos

2 θq − 1) + 8m2
χ q

2
1 (cos θq − cos2 θq + 2) + q41 (cos θq − 1)2

)

+m4
W

(

4m2
χ (cos θq + 1)− cos θq q

2
1 + q21

)2
]/

(

q21 (q
2
1 − 2m2

η − 2m2
χ)

2
(

q21 (4 cos θq m
2
χ − cos θq q

2
1 + 4m2

η + q21)

−m2
W (4m2

χ (cos θq + 1)− cos θq q
2
1 + q21)

)2
)

!

"

#

$5.58

Finally, we calculate the cross section for W emission following the procedure
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outlined above. As expected, we have an unsuppressed cross section given by

vσ ) αW f4

256π2m2
χ

{

(µ+ 1)

[

π2

6
− ln2

(

2m2
χ(µ + 1)

4m2
χµ−m2

W

)

− 2Li2

(

2m2
χ(µ + 1)−m2

W

4m2
χµ−m2

W

)

+2Li2

(

m2
W

2m2
χ(µ + 1)

)

− Li2

(

m2
W

m2
χ(µ + 1)2

)

− 2Li2

(

m2
W (µ− 1)

2(m2
χ(µ+ 1)2 −m2

W )

)

+2 ln

(

4m2
χµ−m2

W

2m2
χ(µ − 1)

)

ln

(

1−
m2

W

2m2
χ(µ+ 1)

)

+ ln

(

m2
W (µ − 1)2

4(m2
χ(µ+ 1)2 −m2

W )

)

ln

(

1−
m2

W

m2
χ(µ+ 1)2

)

]

+
(4µ+ 3)

(µ + 1)
−

m2
W

(

4m2
χ(µ + 1)(4µ + 3)− (m2

W − 4m2
χ)(µ − 3)

)

16m4
χ(µ+ 1)2

+
m2

W

(

4m4
χ(µ+ 1)4 − 2m2

Wm2
χ(µ+ 1)(µ + 3)−m4

W (µ− 1)
)

4m4
χ(µ+ 1)3

(

m2
χ(µ+ 1)2 −m2

W

) ln

(

m2
W

4m2
χ

)

+ ln

(

2m2
χ(µ− 1)

2m2
χ(µ+ 1)−m2

W

)

(µ− 1)
(

2m2
χ(µ+ 1)−m2

W

)

4m4
χ(µ+ 1)3(4m2

χµ−m2
W )
(

m2
χ(µ+ 1)2 −m2

W

)

×(4m6
χ(µ+ 1)4(4µ+ 1)−m4

χm
2
W (µ + 1)2 (3µ(µ + 6) + 7)

+2m2
χm

4
W (µ(µ+ 4) + 1)−m6

W )

}

!

"

#

$5.59

where αW ≡ g2/(4π) . The Spence function (or “dilogarithm”) is defined as Li2(z) ≡

−
∫ z
0

dζ
ζ ln |1− ζ| =

∑∞
k=1

zk

k2 .

If we take the limit mW → 0 and replace αW with 2αem, then Eqn. 5.59 repro-

duces the cross section for bremsstrahlung of photons in this model, namely3

vσ ) αemf4

128π2m2
χ

{

(µ+ 1)

[

π2

6
− ln2

(

µ+ 1

2µ

)

− 2Li2

(

µ+ 1

2µ

)]

+
4µ+ 3

µ+ 1
+

4µ2 − 3µ− 1

2µ
ln

(

µ− 1

µ+ 1

)}

.
!

"

#

$5.60

The successful recovery of the photon bremsstrahlung result in the massless W limit

provides a check on the rather complicated expression for massive W bremsstrahlung

given above in Eqn. 5.59.

Since we are working in the limits v = 0 and mf = 0, the nonzero results in

Eqns. 5.59 and 5.60 imply that the leading terms are neither helicity nor velocity
3Note that Eqn. 2 of Ref. [199] is larger by an overall factor of two, and also has the opposite

sign for the (1 + µ)[...] term, while Eqn. 1 of Ref. [199] is consistent with our results.

102



5.3. LIFTING THE SUPPRESSION WITH ELECTROWEAK
BREMSSTRAHLUNG
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101
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R

Figure 5.2: The ratio R = v σ(χχ → e+νW−)/v σ(χχ → e+e−) as a function of

µ = (mη/mχ)2, for mχ = 300 GeV. We have used v = 10−3c, appropriate for the

Galactic halo.

suppressed. Not clear from the mathematical expressions is the sensible fact that

the cross sections fall monotonically with increasing mη (or µ). This monotonic fall

is shown in Fig. 5.2, where we plot the ratio of the W -strahlung cross section to that

of the lowest order process, R = v σ(χχ → e+νW−)/v σ(χχ → e+e−). The lowest

order process itself falls as µ−2, so the W -strahlung process falls as µ−4. This latter

dependence is expected for processes with two propagators each off-shell by 1/µ.

Importantly, the effectiveness of the W -strahlung processes in lifting suppression

of the annihilation rate is evident in Fig. 5.2. The ratio is maximized for µ close

to 1, where mχ and mη are nearly degenerate. However, the W -strahlung process

dominates over the tree level annihilation even if a mild hierarchy between mχ and

mη is assumed. The ratio exceeds 100 for µ " 2.

Fig. 5.3 illustrates that the ratio R is insensitive to the DM mass, except for
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Figure 5.3: The ratio R = v σ(χχ → e+νW−)/v σ(χχ → e+e−) as a function of

the DM mass mχ, for µ = 1.2 GeV. We have used v = 10−3c, appropriate for the

Galactic halo.

low mχ where the W mass significantly impacts phase space. From the figure one

gleans that for mχ ! 3mW , the ratio R is already near to its asymptotic value.

Incidentally, the asymptotic value may be obtained analytically by dividing Eqn. 5.60

with Eqn. 5.8 and rescaling αem with αW /2.

In Fig. 5.4 we compare the W -strahlung cross section with that for photon br-

emsstrahlung in this model. (Note that this is for a model where bremsstrahlung

lifts helicity suppression. This cross section differs from the general photon brem-

sstrahlung cross section used in Chapter 3). For high dark matter masses where

the W mass is negligible, the two cross sections are identical except for the overall

normalization, which is higher by a factor of 1/(2 sin2 θW ) = 2.17 for W -strahlung.

For lower DM mass, the available phase space is reduced due to W mass effects, and

thus the W -strahlung cross section falls below that for photons. This can be seen in
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Figure 5.4: The cross sections for χχ → e+νW− (red) and χχ → e+e−γ (blue), for

µ = 1.2 and coupling f = 1. For large DM mass, the cross sections differ by a factor

of 1/(2 sin2 θW ) = 2.17 while for mχ comparable to mW the W bremsstrahlung cross

section is suppressed by phase space effects.

Fig. 5.4 for mχ " 150 GeV (this number is fairly insensitive to µ). Another factor of

two is gained for W -strahlung when the W+ mode is added to the W− mode shown

here.

Nominally, the correct dark matter energy fraction is obtained for early-Universe

thermal decoupling with an annihilation cross section of 3 × 10−26cm3/s. It is seen

in Fig. 5.4 that the W -strahlung mode falls 2-3 orders of magnitude below this

value. Note that at the time of dark matter freeze-out in the early Universe, the

velocity suppression of the p-wave contribution is not as severe as it is for late-

Universe annihilation. Hence, radiative W -strahlung with its natural suppression

factor αW /4π is probably not the dominant annihilation mode responsible for early-

Universe decoupling of Majorana dark matter.
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5.3.4 W and Lepton Spectra

To obtain the energy spectrum of the W , we need an expression for EW in terms of

the current integration variables. In the q1 rest frame, the momenta .pq11 and .Qq1 are

related via

|.pq11 | = | .Qq1 |

Eq1
p1 =

√

(Eq1
W )2 −m2

W ,
!

"

#

$5.61

and by conservation of energy,

√

q21 = Eq1
W + Eq1

p1 = Eq1
W +

√

(Eq1
W )2 −m2

W

EW =
q21 +m2

W

2
√

q21
.

!

"

#

$5.62

Performing a Lorentz boost, we find the W energy in the lab frame,

EW =
1

4
√
sq21

(

(s+ q21)(q
2
1 +m2

W )− (s− q21)(q
2
1 −m2

W ) cos θq
)

,
!

"

#

$5.63

which allows us to make the transformation

d cos(θq) →
−4

√
sq21

(s− q21)(q
2
1 −m2

W )
dEW .

!

"

#

$5.64

Using qmin,max
1 = EW

√
s(1±

√

1−m2
W/E2

W ), we find

v
dσ

dxW
=

αW f4

128π2m2
χ

(

(1− xW ) +
m2

W

4m2
χ

)

!

"

#

$5.65




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
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2
(

(µ+ 1)(µ + 1− 2xW ) +
m2

W
m2

χ

) − 1

(µ + 1− xW )2





−

(

(µ + 1)(µ + 1− 2xW ) +
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W

m2
χ

)

2(µ + 1− xW )3
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



µ+ 1− xW +
√

x2W −m2
W/m2

χ
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√
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W/m2

χ











.
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The energy spectrum of the the primary leptons is calculated in similar fashion. We

find

v
dσ

dxl
=

αW f4

512π2m2
χ

1

(µ− 1 + 2xl)2
{

(

4(1− xl)
2 − 4xl(µ + 1) + 3(µ + 1)2 − m2

W

m2
χ
(µ+ 3)

)

× ln

(

2m2
χ(µ+ 1)(1 − xl)−m2

W
(

2m2
χ(µ+ 1− 2xl)−m2

W

)

(1− xl)

)

−
xl
(

4m2
χ(1− xl)−m2

W

)

(

2m2
χ(1− xl)(µ + 1)−m2

W

)

(1− xl)2

×
[

(1− xl)
2
(

4(1− xl)
2 − xl(µ+ 1) + 3(µ + 1)2

)

+
m2

W

4m2
χ
(1− xl) (xl(µ+ 11) − 4(µ+ 3)) − xl

m4
W

8m4
χ

]

}

.
!

"

#

$5.66

The W spectrum per χχ → eνW event is given in Fig. 5.5. We use the scaling

variable xW ≡ EW /mχ, and plot dN/dxW ≡ ( 1
σe+νW−

)
dσe+νW−

dxW
. The kinematic

range of xW is [mW
mχ

, (1+
m2

W

4m2
χ
)], with the lower limit corresponding to a W produced

at rest, and the upper limit corresponding to parallel lepton momenta balancing the

opposite W momentum. As evident in Fig. 5.5, the W boson spectrum has a broad

energy distribution, including a significant high energy component.

For the lepton energy spectrum, the range of the scaling variable x( ≡ E(/mχ

is [ 0, 1 − m2
W

4m2
χ
]. Both limits arise when one lepton has zero energy and the other

is produced back-to-back with the W . The lepton spectrum is shown in Fig. 5.6.

Note that this spectrum is valid for either the e+ or the ν from the annihilation

χχ → e+νW−, and for either e− or ν̄ from the annihilation χχ → e−ν̄W+.

5.3.5 Z Emission

Consider the process producing the ν̄νZ final state. The cross sections for the Z-

strahlung processes are related to those for W -strahlung in a simple way: The am-

plitudes producing ν̄νZ arise from the same six graphs of Fig. 5.1, where e, W and
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Figure 5.5: The W spectrum per χχ → eνW annihilation for mχ = 300 GeV and

µ = 1.2.

η+ are replaced everywhere by ν and Z and η0, respectively. The calculation of the

amplitudes, and their interferences, proceeds in an identical fashion. After making

the replacement mW → mZ , the cross section for the annihilation process χχ → νν̄Z

differs from that for χχ → e+νW− by only an overall normalization factor,

v σνν̄Z =
1

(2 cos2 θW )
× v σe+νW−

∣

∣

∣

∣

mW→mZ

) 0.65 × v σe+νW−

∣

∣

∣

mW→mZ

.
!

"

#

$5.67

Consider now the e+e−Z final state. Again, the amplitudes arise from the same

six basic graphs of Fig. 5.1. Since only the left-handed leptons couple to the dark

matter via the SU(2) doublet η, only the left handed component of e− participates

in the interaction with the Z. Therefore, the couplings of the charged leptons to Z
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Figure 5.6: The primary lepton spectrum per χχ → eνW annihilation, for mχ = 300

GeV and µ = 1.2.

and W take the same form, up to a normalization constant. We thus find

v σe+e−Z =
2
(

sin2 θW − 1
2

)2

cos2 θW
× v σe+νW−

∣

∣

∣

mW→mZ

) 0.19 × v σe+νW−

∣

∣

∣

mW→mZ

.
!

"

#

$5.68

Adding the four contributions to W/Zstrahlung, we find

v σW/Z−strahlung = 2.84 × v σe+νW− .
!

"

#

$5.69

5.4 Discussion and Conclusions

In an attempt to explain recent anomalies in cosmic ray data in a dark matter

framework, various non-standard properties have been invoked such as dominant

annihilation to leptons in so-called leptophilic models. When the dark matter is Ma-

jorana in nature, such annihilations invariably are confronted by suppressions of such
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processes via either p-wave velocity suppression or helicity suppression. With the

aid of Fierz transformation technology, which we have presented in some detail, we

have elucidated the general circumstances where suppressions may be encountered.

It has been known for some time that photon bremsstrahlung may have a dra-

matic effect on such suppressions. We have shown that once one considers the inclu-

sion of three body final states due to electroweak bremsstrahlung, one may also lift

these suppressions.

There are clear advantages and disadvantages of seeking photon- versus W/Z-

bremsstrahlung as an indirect signature of dark matter. With photon bremsstrah-

lung, the photon itself is easily detected. Its energy spectrum may then be read-

ily compared to model predictions. With W -strahlung, it is the decay products

of the W decay which must be sought. Their spectra are less attributable to the

model of dark matter annihilation. However, the total rate for W/Z-strahlung

exceeds that of photon-strahlung. Photons couple with strength e, W ’s couple

with strength g/
√
2 = e/(

√
2 sin θW ), and Z’s couple to neutrinos with strength

g/(2 cos θW ) = e/(2 cos θW sin θW ). Therefore in the high energy limit where the W

and Z masses can be neglected, we expect

σe+νW− =
1

2 sin2 θW
σe+e−γ = 2.17σe+e−γ .

!

"

#

$5.70

So, in the high energy limit where mχ ! 300GeV . mW , the total cross section

becomes

σbrem, total = σe+νW− + σν̄e−W+

+σν̄νZ + σe+e−Z + σe+e−γ

= 7.16σe+e−γ .
!

"

#

$5.71

Furthermore, the varied decay products of the W/Z allow more multi-messenger

experiments to engage in the dark matter search. Charged leptons, protons and

antiprotons, neutrinos, and even deuterons are expected, at calculable rates and with

predictable spectra. Importantly, hadronic decay products are unavoidable, despite
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a purely leptonic 2-body→2-body annihilation. The tens of millions of Z events

produced at CERN’s e+e− collider show in detail what the branching fractions and

spectra are for each kind of decay product. In Chapter 6 we reveal the favorable

prospects for using W/Z-strahlung decay products as indirect signatures for dark

matter.

The lifting of the helicity suppression is most significant in the limit where the

mass of the boson mediating dark matter annihilation does not greatly exceed the

mass of the dark matter particle. This is true both for photon bremsstrahlung and for

W/Z-bremsstrahlung. In this limit, we find the three body final state annihilation

channels can significantly dominate over two body annihilation channels. The region

of parameter space where χ and η are approximately degenerate is of great interest

in many models, since it coincides with the co-annihilation region where both χχ and

χη annihilations are important in determining the relic dark matter density at the

time of freezeout in the early Universe, often a favored parameter region in SUSY

scenarios.
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6
Signals from Electroweak Bremsstrahlung

6.1 Introduction

Indirect DM detection has been the subject of much recent attention, due to mea-

sured cosmic ray excesses of positrons and electrons above those expected from con-

ventional astrophysical processes. It has been proposed the excess electrons and

positrons are not due to conventional astrophysics process, but arise instead from

dark matter annihilation or decay in the Galactic halo. A plethora of DM models

have been designed with this goal in mind, as discussed in detail in Section 1.3.6.

A viable resolution of the cosmic ray e± data by means of DM annihilation

requires a large branching ratio to leptons. A large branching ratio to hadrons would

make a contribution to cosmic ray antiproton fluxes, for which stringent observational

bounds exist. Therefore, so called leptophilic models are preferred, in which DM

couples (at tree level) only to leptons. However, recall from Chapter 5 that for many

scenarios in which the DM particle is a Majorana fermion, annihilation to light

fermions is helicity suppressed (∝ m2
f/s) in the s-wave contribution, and of course

velocity suppressed (∝ v2DM ) in the p-wave contribution. This is the case for popular

DM candidates such as the neutralino of supersymmetric models, if
√
s ∼ 2mχ is

below the W+W− threshold; or Bino models with highly suppressed annihilation
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to W+W− and ZZ final states. Large boost factors would be required for such a

scenario to explain any observed positron excess.

In Chapter 5 we have shown that in addition to the well-known lifting of helicity

suppressions via emission of a gamma-ray, suppressions can also be lifted by the

bremsstrahlung of a W or Z gauge boson. Where a helicity suppression is lifted, the

cross sections for χχ → --̄γ, χχ → --̄Z and χχ → -νW can all greatly exceed that

for the lowest order process χχ → --̄. The bremsstrahlung processes thus may allow

for the indirect detection of many DM models which would otherwise be helicity

suppressed.

Importantly, the decay of the W and Z gauge bosons inevitably leads to the pro-

duction of secondary annihilation products, including gamma rays, hadrons, charged

leptons and neutrinos, allowing multi-messenger searches. Note particularly, that

even for DM models designed to be leptophilic, production of hadrons is unavoid-

able. (In fact, even for models in which on-shell production of W or Z gauge bosons

is kinematically forbidden, some minimal hadron production is inescapable, due to

loop processes, or the exchange of off-shell W or Z bosons.)

In this Chapter we examine the simple example model we used in Chapter 5,

which has a helicity suppressed 2 → 2 cross section, provided by Ref. [86, 279].

We shall show that in this model, when electroweak bremsstrahlung lifts helicity

suppression, the cross section required to produce positrons in sufficient quantity

to account for the observed excess will lead to overproduction of antiprotons and

gamma rays, and as such is ruled out as an explanation of the observed positron

anomalies across most of the available parameter space. Though our calculation is

performed for the reference scenario of Ref. [86, 279], we expect this conclusion to

hold for all scenarios in which the dominant positron contributions arise from the

3-body W/Z-bremsstrahlung final states.

We calculate the spectra of both primary and secondary particles from unsup-

pressed electroweak–bremsstrahlung annihilation processes, and calculate the ex-
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pected spectra and fluxes at Earth for a given annihilation cross section. We com-

pare the Earthly fluxes with observational data to determine an upper limit on the

annihilation cross section. Whilst our analysis techniques are conservative, there

are large astrophysical uncertainties in the propagation of charged particles through

galactic magnetic fields, and in the dark matter density profile which probably con-

tains substructure. A rigorous treatment of these effects is beyond the scope of this

work. Consequently, our constraints are illustrative of the upper limit on the cross

section, but not robust.

6.2 Model

The example model we investigate is the Majorana DM version of the leptophilic

model proposed in [86], as used in Chapter 5, which we briefly review here. The DM

consists of a gauge-singlet Majorana fermion χ which annihilates to leptons via the

interaction term

f
(

ν -−
)

L
ε





η+

η0



χ+ h.c. = f(νLη
0 − -−Lη

+)χ+ h.c.
!

"

#

$6.1

where f is a coupling constant, ε is the SU(2)-invariant antisymmetric matrix, and

(η+, η0) form the new SU(2) doublet scalar which mediates the annihilation. For

simplicity, we consider a coupling to the first generation of leptons only, and set f = 0

for coupling to the (νµ µ−)L and (ντ τ−)L doublets. As described in Chapter 5, the p-

wave contribution to the lowest order annihilation process χχ → e+e− is suppressed

by v2χ ∼ 10−6, while the s-wave contribution is proportional to (ml/mχ)2. This cross

section is given in Eqn. 5.8. The helicity suppressed s-wave term is absent in the

ml = 0 limit, leaving only the v2χ-suppressed p-wave term.

While it is well known that photon bremsstrahlung χχ → e+e−γ can lift this sup-

pression [201, 193, 192, 200, 199, 194], we have shown in Chapter 5 that this is also

the case for the electroweak bremsstrahlung channels χχ → e+e−Z, νeν̄eZ, e+νeW−,

e−ν̄eW+. For both W/Z and γ bremsstrahlung, the effect is most significant where
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the dark matter mass is nearly degenerate with the mass of the boson which medi-

ates the annihilation process. In the high energy limit where the W/Z masses are

negligible, the cross sections for W/Z bremsstrahlung reduce to that for γ bremss-

trahlung, modulo different coupling constants. However, the respective sizes of the

electromagnetic and electroweak coupling constants imply that the W/Z-strahlung

cross section is a factor of several larger than that for γ-strahlung,

σe+νeW− = σe−ν̄eW+ =
1

2 sin2 θW
σe+e−γ ,

!

"

#

$6.2

σν̄eνeZ =
1

4 cos2 θW sin2 θW
σe+e−γ ,

!

"

#

$6.3

σe+e−Z =

(

1
2 − sin2 θW

)2

cos2 θW sin2 θW
σe+e−γ ,

!

"

#

$6.4
!

"

#

$6.5

and thus

v σW/Z−strahlung = 6.16 v σe+e−γ .
!

"

#

$6.6

At lower energies, the phase space for W/Z bremsstrahlung is somewhat reduced

due to the effects of the finite W/Z masses.

The bremsstrahlung cross section dominates over that for the lowest order 2 → 2

process, provided that mη does not greatly exceded mχ. Recall that the ratio

RW = vσe+νeW−/(vσe+e−) was plotted in Figs. 5.2 and 5.3, and is largest for

µ = (mη/mχ)2 = 1. However, the W -strahlung process dominates over the 2 → 2

annihilation even if a mild hierarchy between mχ and mη is assumed, with RW > 1

for µ " 10. Therefore, when µ " 10, production of mono-energetic leptons will

be subdominant to particles produced in the 3-body processes (both primary and

through gauge boson decay), a feature which must be accounted for when analysing

astrophysical signatures of these models.

We use the cross sections calculated in Chapter 5 and Refs. [199, 194] in combi-

nation with the PYTHIA code [282, 283] to determine the spectra of gamma rays,

electrons, protons, and their antiparticles, per annihilation to the five 3-body final
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states listed above (one electromagnetic bremsstrahlung and four electroweak br-

emsstrahlung processes). After accounting for propagation effects for the charged

particles, we constrain these cross sections by comparing the observed flux with the

calculated annihilation signal.

Although the spectra of annihilation products which we show are unique to the

particular model we have chosen, we expect the results to apply qualitatively to any

model where W/Z-bremsstrahlung is the dominant annihilation mode (i.e. where

helicity suppression of the 2 → 2 s-wave is lifted by electroweak bremsstrahlung).

6.3 Cross Section Channel

As previously mentioned, the model we look at is leptophilic in the 2 → 2 process,

and therefore has five 3-body bremsstrahlung channels,

χχ → e+e−Z, νν̄Z, e+νW−, e−ν̄W+, e+e−γ,
!

"

#

$6.7

which simultaneously contribute to the dark–matter annihilation fluxes. The cross

sections and spectra for the electroweak channels are specified in Eqns. 5.59, 5.66,

5.66, 5.67 and 5.68 while those for the electromagnetic channel are, from Refs. [199,

194],

dvσe+e−γ

dEγ
=

α

64π2m3
χ
(1− x)

(

(1 + µ)(1 + µ− 2x)

(1 + µ− x)3
Ln
[

1 + µ− 2x

1 + µ

]

+
4x

(1 + µ)(1 + µ− 2x)
− 2x

(1 + µ− x)2

)

,
!

"

#

$6.8

dvσe+e−γ

dEe+
=

dvσe+e−γ

dEe−
=

α

256π2m3
χ

1

(2y + µ− 1)2

×
(

(

4(1− y)2 − 4y(1 + µ) + 3(1 + µ)2
)

Ln
[

1 + µ

1 + µ− 2y

]

−
(

4(1 − y)2 − y(1 + µ) + 3(1 + µ)2
)

(

2y

1 + µ

))

,
!

"

#

$6.9
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where µ = (mη/mχ)
2, x = Eγ/mχ and y = Ee/mχ. The total bremsstrahlung cross

section is given by the sum

vσBrem = vσe+e−Z + vσνν̄Z

+ vσe+νW− + vσe−ν̄W+ + vσe+e−γ .
!

"

#

$6.10

The total bremsstrahlung cross section is a factor of ∼ 7.2 larger than that for

photon bremsstrahlung alone, due to the four W/Z channels, which are governed

by somewhat larger coupling constants. We shall consider parameters for which the

bremsstrahlung channels dominate the total cross section, so that vσBrem ) vσtotal.

We define the “branching ratio” for an individual channel

i ∈ {e+e−Z, νeν̄eZ, e+νeW−, e−ν̄eW+, e+e−γ} as

BRBrem(i) =
vσi

vσBrem
.

!

"

#

$6.11

The spectrum per annihilation, for any given annihilation product,

k ∈ {γ, e−, e+, ν, ν̄, p, p̄}, is then given by

dNk

dEk

∣

∣

∣

∣

Brem

=
∑

i

BRBrem(i)
dNk

dEk

∣

∣

∣

∣

perχχ→i

.
!

"

#
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Here, dNk
dEk

∣

∣

∣

perχχ→i
is the spectrum per annihilation for a given channel. The spectra

for γ, e±, ν and ν̄ include primary annihilation products and secondary annihilation

products produced by gauge boson fragmentation. The spectra for p and p̄ arise

exclusively from gauge boson fragmentation. The branching ratios and spectra de-

pend on the parameter µ = (mη/mχ)2. However, as long as the 3-body final states

remain the dominant channel, the spectra (and thus the final results) have little de-

pendence on this parameter. We show results for µ = (mη/mχ)2 = 1.2, but results

remain qualitatively unchanged when bremsstrahlung channels dominate over 2 → 2

processes.

Finally, the flux of a given annihilation product is schematically

dφk

dEk
∝ vσBrem

dNk

dEk

∣

∣

∣

∣

Brem

.
!

"

#

$6.13

The detailed evaluation of these annihilation spectra is given below.
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6.4 Annihilation Spectra

In order to place constraints on the cross section, we need the spectrum of stable

particles (ν, e−, p and their antiparticles, plus γ) produced per dark matter annihi-

lation. As an example, we describe how we determine the spectrum of antiprotons

per χχ → νee+W− event; the technique is very similar for other secondary particles,

and other electroweak–bremsstrahlung annihilation channels. These partial spectra

are then summed to form
dNk

dEk

∣

∣

∣

∣

Brem

.

We use the PYTHIA code [282, 283] to find the spectrum of antiprotons per W−

decay, dNp̄/dE|Wdecay. We produce a W− boson in its rest frame by colliding an

anti-muon with a muon neutrino, with center of mass energy mW , and turning off all

processes other than µ±νµ(ν̄µ) → W±. (Similarly, to produce the Z boson, we collide

a e+e− pair at CoM energy mZ , leaving Z production as the only active process.)

Unstable W− decay products (mainly pions) themselves decay, finally leaving only

neutrinos, electrons, protons and their antiparticles, plus gamma rays in the final

state. These stable particles are placed in 2000 logarithmically-spaced energy bins.

The final spectrum is found by averaging the PYTHIA spectra over 10,000 such

events.

We use this energy spectrum, in combination with the W− (or Z) energy distri-

bution per annihilation, dNW /dγ = (1/vσ)(dvσ/dγ), where γ = EW /mW , to find

the antiproton energy-spectrum per annihilation in the lab frame:

dNp̄(E)

dE
=

∫ 1

−1

d cos θ′

2

∫

dγ
dNW

dγ

!

"

#

$6.14

×
∫

dE′ dNp̄

dE′ δ(E − [γE′ + βγp′ cos θ′]) ,

with p′ =
√

E′2 −m2
p̄, βγ =

√

γ2 − 1. The cos θ′ integral is easily done, and one

gets

dNp̄(E)

dE
=

1

2

∫ ∞

1

dγ
√

γ2 − 1

dNW

dγ

∫ E′
+

E′
−

dE′

p′
dNp̄

dE′ ,
!

"

#

$6.15
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with E′
± = γE ± βγp. Equivalently, we get

dNp̄(E)

dE
=

1

2

∫ ∞

mp̄

dE′

p′
dNp̄

dE′ ,

∫ γ+

γ−

dγ
√

γ2 − 1

dNW

dγ
,

!

"

#
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with γ± = (EE′ ± pp′)/m2
p̄ and p =

√

E2 −m2
p̄. We have assumed the spectrum

of antiprotons per W decay to be isotropic. If the W polarization is not neglected,

then the W decay amplitude includes Wigner functions d1µiµf
(θ), which introduce a

linear cos θ or sin θ term into Eqn. 6.14.

As given, Eqn. 6.16 applies to any particle type in the W or Z’s final state. For

example, it could be used to calculate the positron spectrum from W production and

decay, if the spectrum of positrons per W decay were input in place of the antiproton

spectrum.

Figure 6.1 shows the total gamma-ray spectrum, as well as the relative contri-

butions from primary and secondary annihilation products, clearly showing that the

secondary gamma rays are subdominant, except at low energy. Figure 6.2 shows

the same information for the positron spectra, including the relative contributions

to the primary positron spectrum from photon bremsstrahlung and electroweak br-

emsstrahlung, as well as the secondary positrons produced via gauge boson decay.

In Figure 6.3 we show the total spectra per annihilation for electrons, neutrinos,

protons, and gamma rays. Note that the electron/positron spectra from W/Z and

photon bremsstrahlung have differing kinematic cutoffs due to the masses of the W±

and Z bosons, leading to a kink near the endpoint in the electron/positron spec-

tra. This feature is absent from the neutrino spectrum, as there is no contribution

from photon bremsstrahlung. The neutrino spectrum includes contributions from

primary electron neutrinos, and all flavors of secondary neutrinos from W±/Z de-

cay. (The flavor ratios of primary neutrino production are model-dependent, given

by f2
e : f2

µ : f2
τ . We have assumed fµ = fτ = 0.)

It is illuminating to compare our spectra to those for annihilation to a pair of

gauge bosons. The photon spectrum for the WIMP annihilation channel χχ →

W+W−, shown for example in Fig. 1 of Cembranos et al. [284], has a somewhat
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Figure 6.1: Contributions to the gamma-ray spectrum per annihilation,
dNγ

dE

∣

∣

∣

∣

Brem

,

from primary production in photon bremsstrahlung (dotted, orange), and W/Z de-

cay products (dashed, green), for mχ = 300 GeV and (mη/mχ)2 = 1.2. The total

gamma-ray spectrum is shown as a solid curve (red).

softer gamma spectrum, while we have a somewhat harder spectrum with more higher

energy photons. This is to be expected, as gamma rays in Ref. [284] arise only from

decay of mono-energetic W bosons (EW = mχ), while the photon bremsstrahlung

process contributes a harder primary gamma ray spectrum. The reverse holds true for

the proton spectra, as our 3-body W/Z-bremsstrahlung process results in a broad

distribution of W energies (the spectrum is shown in Fig. 5.5). In addition, the

electron and neutrino spectra resulting from the χχ → W+W− process would be

quite different to those for electroweak bremsstrahlung, given that for the latter it is

the primary leptons (not the secondaries from W/Z fragmentation) that make the

dominant contribution. Of course, the spectra of charged particles observed at Earth

will differ from that at production, due to the effect of energy loss processes during

propagation. We address these effects in the following section.
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Figure 6.2: Contributions to the positron spectrum per annihilation,
dNe+

dE

∣

∣

∣

∣

Brem

,

from primary production in electroweak bremsstrahlung channels (dotted, orange),

primary production in the photon bremsstrahlung channel (dashed, green) and W/Z

decay products (dot-dashed, blue), for mχ = 300 GeV and (mη/mχ)2 = 1.2. The

total positron spectrum is shown as a solid curve (red). Note that the positron spectra

from electroweak and photon bremsstrahlung have differing kinematic cutoffs due to

the masses of the W± and Z bosons.

6.5 Constraints

In this section, we place upper limits on the thermally-averaged self-annihilation cross

section, 〈vσ〉Brem ) 〈vσ〉total as defined in Section 6.3 for the leptophilic model first

described in Section 5.2.3. We do this by following the same technique as in Chapter 2

for the case of gamma rays, and a similar technique to Refs. [83, 74, 2] for charged

particles and neutrinos. We compare the various predicted fluxes for a particular

dark matter annihilation channel with the relevant observational flux measurements.

We make the conservative assumption that the entire observed flux comes from

DM annihilation; in reality, astrophysical backgrounds are likely to contribute a
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Figure 6.3: Spectrum per annihilation of photons (solid, red), protons (dotted, or-

ange), electrons (dashed, green) and neutrinos (dot-dashed, blue), for mχ = 300 GeV

and (mη/mχ)2 = 1.2. For protons, E is the kinetic energy. By CP–invariance, the

particle and antiparticle spectra are the same, and antiparticles are not included in

this figure. Note that the neutrino spectrum includes primary electron neutrinos,

and all flavors of secondary neutrinos.

large fraction of the observed fluxes. The upper limit on the cross section is then

determined such that the DM annihilation does not exceed any of the observed fluxes.

In calculating the constraints on 〈vσ〉Brem, we utilise the isotropic extragalac-

tic gamma-ray flux measured by the Fermi collaboration [94], the positron fraction

from the PAMELA collaboration [126], the Fermi e+ + e− flux [125], as well as the

antiproton flux and antiproton-to-proton ratio updated by the PAMELA collabora-

tion in Ref. [270]. Throughout, we use the commonly-adopted Navarro, Frenk and

White (NFW) dark matter density profile [28], defined in Section 1.1.7, with local

dark matter density given by ρ$ = 0.39 GeV /cm−3 [30]. In previous chapters, we

used the Kravtsov profile, as our goal was to place robust, conservative upper limits.
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Conversely, our goal here is to place indicative upper limits comparable with the

limits produced by other groups, which motivates our adoption of the ‘canonical’

NFW profile. Wherever uncertainties in the flux are available, we use the 1-σ upper

limit.

6.5.1 Gamma Rays

The isotropic diffuse gamma-ray flux will have contributions from both galactic and

extragalactic dark matter annihilation. Although the galactic signal is expected to

have a large directional dependence, there will be an underlying isotropic component,

equal to the halo signal looking directly away from the Galactic center, where the

J parameter defined in Eqn. 1.7 is lowest [2]. We include both contributions when

computing constraints, though the galactic flux dominates over the extragalactic for

the parameters of interest.

In order to calculate the cosmic annihilation signal, we follow the technique set

out in Section 2.2.2. The isotropic gamma-ray flux from DM annihilations through-

out the universe is given by Eqn. 2.8. As we are adopting the NFW profile, the nor-

malization of the cosmic clustering parameter defined in Section 2.2.2 is f0 ) 5 ×104.

For Galactic annihilation, we again follow the technique from Section 2.2.1. The

flux per steradian of gamma-rays from Galactic DM annihilation, in a direction at

an angle ψ from the Galactic Center, is given in Eqn. 2.4. Since we are calculating

the isotropic signal, we use the minimum value for J (ψ), corresponding to J (180◦),

shown in Fig. 1.3, once again adopting the NFW profile. As usual, we do not include

the effects of any substructure.

The Extragalactic Gamma-Ray Background (EGB) reported by Fermi in [94] is

the isotropic component of the diffuse gamma-ray flux, with a number of potential

contributing sources. (See Section 1.3.4 for a description of the satellite). It is

obtained by subtracting the components of the gamma-ray flux with known origin

from the total flux, observed away from the galactic disk (Galactic latitude |b| ≥ 10◦).
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Hence, it is a likely flux to contain a contribution from either galactic or extragalactic

DM annihilation. We compare our calculated isotropic signal, from both cosmic and

Galactic annihilation, to this isotropic flux. We do this for each data energy bin,

integrating the signal over the width of each bin in turn. Our resulting upper limit

on 〈vσ〉 is reported in Figure 6.4.

6.5.2 Electrons and Positrons

The flux of positrons (or electrons) at Earth from dark matter annihilation depends

both on the propagation of the positrons through the turbulent galactic magnetic

fields, and energy losses of the particles. This is governed by the diffusion-energy

loss equation,
∂f

∂t
−K(E) ·∇2f − ∂

∂E
(b(E)f) = Q,

!

"

#

$6.17

where f is the number density of positrons per unit energy, K(E) is the diffusion

parameter which governs transport through the magnetic fields, b(E) is the net

energy loss rate, and Q is the source function,

Q =
1

2

(

ρ

mχ

)2

〈vσ〉dNe

dE
.

!

"

#

$6.18

The flux per steradian at Earth is related to the positron number density at Earth

f$ via
dΦe

dE
=

ve f$
4π

,
!

"

#

$6.19

where ve ) c in the energy regime we consider.

There are several alternative methods to finding f . One option is the GAL-

PROP code, [285, 286], which solves Eqn. 6.17 numerically using a Crank-Nicholson

method [285]. We instead opt for a semi-analytic solution to Eqn. 6.17, as done in

e.g. Refs. [287, 288, 289]. To do this, simplifying assumptions have to be made. We

adopt the same notation and set of assumptions as e.g. Ref [207]. It is reasonable to

assume that the positron density is currently in equilibrium, and so the term ∂f/∂t is

dropped from Eqn. 6.17. The diffusion parameter is assumed to be constant in space
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within the diffusion zone, but to follow a power law in energy, K(E) = K0(E/GeV)δ.

The energy loss of the positrons is mainly due to synchrotron radiation due to inter-

action with the interstellar magnetic field, and inverse Compton scattering off the

cosmic microwave background and diffuse infrared starlight. With an average energy

density of the Galactic magnetic field, cosmic microwave background, and diffuse

starlight of 0.2, 0.3 and 0.6 eV cm−3 respectively, the loss rate is [287]

b(E) ) 10−16(E/GeV)2GeVs−1.
!

"

#

$6.20

The diffusion zone of the Galaxy is generally modelled as a slab-like cylinder of radius

R = 20 kpc and thickness 2L, where L is commonly taken to be a value between 2

and 15 kpc.

The semi-analytic solution to the diffusion-energy loss equation, converted into

a flux of positrons at Earth using Eqn. 6.19, can then be parameterised as [207]

dΦe(E)

dE
=

〈vσ〉 ρ2$c
8πm2

χb(E)

∫ mχ

E
dE′ dNe

dE
I
(

λD
(

E,E′)) ,
!

"

#
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where I (λD (E,E′)) is the “halo function”, λD (E,E′) is the diffusion length between

two energies E,E′, and we recall ρ$ is the local DM density. The “halo function”

I (λD (E,E′)) is an astrophysical parameter which encodes the dependence of the

flux on the dark matter density profile, and on the model of positron diffusion and

propagation. We use the numerical fit to I (λD (E,E′)) from [207],

I
(

λD
(

E,E′)) = a0 + a1 tanh

(

b1 − -

c1

)[

a2 exp

(

−(-− b2)2

c2

)

+ a3

]

,
!

"

#
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where - = log10 (λD/kpc). There is a degree of uncertainty in this function. Table 6.1

shows three choices of diffusion parameters from Ref. [288], where the ‘min’ and

‘max’ sets lead to smaller and larger fluxes respectively, and the ‘med’ set leads to

an intermediate flux. The table also shows the fit parameters for use in Eqn. 6.22,

corresponding to these three diffusion scenarios for the NFW DM density profile,

from Ref [207]. We focus on the ‘med’ diffusion parameter set, and as usual, the

NFW DM density profile, while while also showing results in the ‘min’ and ‘max’

scenarios.
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MIN MED MAX

L [kpc] 1 4 15

δ 0.55 0.70 0.46

K0 [kpc2 / Myr] 0.00595 0.0112 0.0765

a0 0.500 0.502 0.502

a1 0.774 0.621 0.756

a2 -0.448 0.688 1.533

a3 0.649 0.806 0.672

b1 0.096 0.891 1.205

b2 192.8 0.721 0.799

c1 0.211 0.143 0.155

c2 33.88 0.071 0.067

Table 6.1: Electron/positron diffusion parameters for use in Eqn. 6.22.

Our signal is then compared with the total e+ + e− flux reported by the Fermi

collaboration [125] to find an upper limit on 〈vσ〉, by demanding the signal integrated

over the width of an energy bin be less than the total observed flux in that bin,

(Φe+ + Φe−)
signal = 2Φsignal

e+ " Φobs
e++e− .

!

"

#
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We can also combine our positron flux with the Fermi data to find the positron frac-

tion from dark matter annihilation. We compare this with the PAMELA data [126]

for the positron fraction (fe+) to find an alternative upper limit on 〈vσ〉 by demand-

ing
Φe+

Φobs
e++e−

≤ fe+ .
!

"

#

$6.24

See Section 1.3.3 for a description of the PAMELA satellite, and Section 1.3.6 for

a discussion of the PAMELA and Fermi positron data, and possible interpretations.

We compare the DM-related positron fraction with the observed PAMELA fraction

in each of the four energy bins where the Fermi energy range overlaps the PAMELA
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energy range, integrating the DM-signal and observed Fermi fluxes over the width

of the PAMELA energy bins. For this, we use the simple power-law fit to the Fermi

data, valid between around 20 GeV and 1 TeV [140],

dΦobs
e++e−

dE
= (175.40 ± 6.09) × 10−4 (GeV cm2 s sr)−1

× (E/GeV)(−3.045±0.008) .
!

"

#
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Results using the ‘min’, ‘med’ and ‘max’ diffusion parameter sets are reported in

Figs. 6.4, 6.5 and 6.6 respectively.

6.5.3 Protons and Antiprotons

The antiproton (or proton) flux at Earth has a similar functional form to that for

positrons, except that the energy losses for the antiprotons as they propagate to Earth

are negligible, since mp . me. Because the energy for the antiprotons is the same

as the injection energy, there is no need for an integral over energies at production.

We do not include the effect of energy loss due to scattering interactions, or the solar

modulation effect, both of which are only relevant at low energies. We again use the

semi-analytic function from [207] to calculate the proton and antiproton signals at

Earth from DM annihilation,

dΦp(K)

dK
=

〈vσ〉 ρ2$v
8πm2

χ
R(K)

!

"

#
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where K is the kinetic energy of the (anti)-proton, and R(K) is an astrophysics

parametrization playing a similar role to I (λD (E,E′)) from Section 6.5.2. Ref. [207]

provides a numerical fit to R(K) for several sets of propagation parameters from

Ref. [290],

log[R(K)/Myr] = a0 + a1 τ + a2 τ
2 + a3 τ

3 + a4 τ
4,

!

"

#
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where τ = log[K/GeV] and diffusion parameters are shown in Table 6.2. We again

focus on the ‘med’ parameter set, with the NFW DM density profile, while also

showing results using the ‘min’ and ‘max’ sets.
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MIN MED MAX

L [kpc] 1 4 15

δ 0.85 0.70 0.46

K0 [kpc2 / Myr] 0.0016 0.0112 0.0765

Vconv [km/s] 13.5 12 5

a0 0.913 1.860 2.740

a1 0.601 0.517 -0.127

a2 -0.309 -0.293 -0.113

a3 -0.036 -0.0089 0.0169

a4 0.0122 0.0070 -0.0009

Table 6.2: (anti)proton diffusion parameters for use in Eqn. 6.27.

We compare our antiproton flux with the total antiproton flux reported by

the PAMELA collaboration [270], energy bin by energy bin. We can also con-

strain the cross section by demanding the ratio p̄/p due to antiprotons from DM

annihilation not exceed the PAMELA p̄/p ratio [127, 270]. This comparison re-

quires the observed proton flux. Following [83], we use the nucleon flux from [291],
dΦobs

p

dE ≈ 0.79 × 1.8(E/GeV)−2.7 (cm2 s GeV)−1, where 0.79 is the proton fraction of

the total nucleon flux. We then simply demand Φp̄/Φobs
p " fp̄/p, where fp̄/p is the

PAMELA antiproton/proton flux ratio given in [270]. Energy bins have been han-

dled in the same way as the positron case, giving us the upper limit on 〈vσ〉 shown

in Figs. 6.4, 6.5 and 6.6.

6.5.4 Neutrinos

As with the gamma-ray flux, the isotropic neutrino flux will include a contribution

from both cosmic and galactic dark matter annihilation. We make the approximation

that 1/3 of all produced neutrinos will be observed as muon neutrinos,
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dNνµ

dE
=

1

3

dNν

dE
.

!

"

#
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Note that the neutrino spectrum in Fig. 6.3 includes primary electron neutrinos, and

all flavors of secondary neutrinos. We then compare the νµ + ν̄µ signal from dark

matter annihilation with the atmospheric νµ + ν̄µ flux, using the same technique as

Ref. [2]. The calculation of the neutrino signal is the same as for gamma rays, except

neutrinos do not suffer from attenuation in the energy range we consider, so that the

cosmic flux becomes

dΦν

dE
=

〈vσ〉
2

c

4πH0

ρ2av
m2

χ

×
∫

0

zup f(z)(1 + z)3

h(z)

dNν(E′)

dE′ dz .
!

"

#
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We compare the signal with the observed flux, integrating both over an energy bin

width of ∆ logE = 0.3. As expected, the resulting upper limit on the cross section,

〈vσ〉 " O(10−20) cm3s−1, is significantly weaker than those for the other annihi-

lation products considered, and is thus not reported in Fig. 6.4. Accordingly, the

assumptions we made in this subsection concerning neutrino flavors are moot.

6.6 Discussion

Fig. 6.4 collects our upper limits on the bremsstrahlung cross section 〈vσ〉Brem, as

calculated in the previous sections. The constraint from the antiproton ratio is

stronger than that from the positron data by a factor of ∼ 5. Nature provides

a unique value for 〈vσ〉. Therefore, if the bremsstrahlung process saturates the

allowed antiproton limit, then the same process produces positrons at a rate down

from the observed value by about a factor of 5.1 Conversely, if the observed positron

fraction were attributed to the bremsstrahlung process, then the same process would

overproduce antiprotons by about a factor of 5.
1Note that we have not compared the spectral shapes of the DM signals with those of the

observed fluxes, nor tried to fit the data.
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Figure 6.4: Upper limits on 〈vσ〉brem using the ‘med’ diffusion parameter set. Shown

are constraints based on gamma rays (solid, red), e+ + e− flux (dots, orange),

e+/(e+ + e−) ratio (dashes, green), p̄ flux (dash-dots, blue), and p̄/p ratio (dot-

dot-dashes, purple). Flux data are from Fermi, PAMELA and the PDG. Also

shown for comparison is the expected cross section for thermal relic dark matter,

3× 10−26 cm3 /s (dash-dash-dots, black).

It is important to note that the observed antiproton flux and ratio are well re-

produced by standard astrophysical processes, leaving little room for a dark matter

contribution.2 We have not attempted to model this standard background, so con-

straints from antiprotons are likely to be significantly stronger than presented here.

Annihilation to µ+µ− or τ+τ− is not as helicity suppressed as to electrons.

Even so, the helicity factors which suppress the s-wave are (mµ/mχ)
2 ) 10−7 ×

(mχ/300GeV)−2 and (mτ/mχ)
2 ) 3 × 10−5 × (mχ/300GeV)−2, which are compa-

2Reference [292] notes that a highly anisotropic diffusion model, as might be invoked to accom-

modate galactic winds, may suppress the antiproton flux to a value possibly below the PAMELA

flux. We do not consider anisotropic diffusion in this work.
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Figure 6.5: As for Fig. 6.4, using the ‘min’ diffusion parameter sets.

rable to the factor by which the p-wave is velocity suppressed, v2 ∼ 10−6. Since

bremsstrahlung overcomes both suppressions, it can also be important for annihi-

lation to muons and taus. (And, of course, any helicity suppression is especially

stringent for annihilation to νµ and ντ , as mν ) 0.) In the case of relatively light

dark matter annihilating to taus, the helicity suppression is not as pronounced. Fur-

thermore, W/Z bremsstrahlung may be kinematically forbidden. In any case, we

note that annihilation to τ can never be purely leptophilic, as the τ has significant

hadronic decay modes.

Note that in the model we consider, emission of photons or massive gauge bosons

will lift helicity suppression only if the dark matter and scalar exchange parti-

cles, χ and η, are nearly degenerate in mass (such as the co-annihilation region

of mSUGRA). In the present work we consider such a region of parameter space.

Specifically, we present results for µ = (mη/mχ)2 = 1.2, though our conclusions

remain valid for any value of µ where the bremsstrahlung processes dominate the

2 to 2 body processes. As we saw in Section 5.3, the rates for these two processes
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Figure 6.6: As for Fig. 6.4, using the ‘max’ diffusion parameter sets.

become comparable at µ ∼ 10.

Consider now scenarios where dark matter annihilation to a lepton pair is not

helicity suppressed. As examples, one may have Majorana dark matter annihilating

via an exchange of a pseudoscalar or scalar (the latter is still velocity suppressed

at the dark matter vertex) or Dirac dark matter annihilating via the exchange of a

vector, or one may have scalar dark matter annihilations. In these cases, there will

still be a signal from electroweak bremsstrahlung emission [83, 84, 197], although

it will no longer be the dominant channel. Even so, the W/Z decay products can

still lead to restrictive constraints. Ref. [83] considered an example (exchange of a

scalar) where EW bremsstrahlung makes only a subdominant contribution to the

total dark matter annihilation rate. In this model, the main contribution to the an-

nihilation rate comes from the 2-body annihilation channels, thus the monoenergetic

e± and neutrino fluxes dwarf the gauge boson fragmentation products. Nonetheless,

Ref. [83] found that the antiproton data still provide the most stringent cross sec-

tion constraints for certain parameters. Note however, that the models of [83, 84]
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explicitly break gauge invariance. A detailed, model-independent, treatment of weak

corrections may be found in Ref. [197].

It should be noted that the results presented here are not due to an exhaustive

survey of all possible dark matter profiles and parameters. Uncertainties arise from

the various choices made in order to present illustrative results. In most cases,

we have made conservative choices for these parameters such that alterations to

these selections should strengthen the results. In calculating the flux of protons,

antiprotons, electrons and positrons, all the astrophysical parameters are encoded

into a numerically-fit function [207] with propagation parameters which are consistent

with a ‘median’ flux [290]. However, by assuming alternate parameters, e.g. from

the ‘max’ or ‘min’ flux scenarios, our results may be strengthened or weakened by

up to an order of magnitude, as shown in Figs. 6.5 and 6.6. Our conclusions hold

in all cases considered, but for the extreme choice of ‘min’ diffusion parameter set,

where the e+/(e+ + e−) limits become comparable to those for p̄/p and the e+ + e−

limits become comparable to those for gamma rays.

Obviously, the choice of profile can have a large effect on the parameter ranges,

and we have adopted the NFW profile with ρ$ = 0.39 GeV/cm−3 throughout this

work. If one considers non-spherical profiles or dark discs then the uncertainty in

the value of the local dark matter density may be expanded to accommodate a

value between 0.2 GeV/cm−3 and 0.7 GeV/cm−3[31]. Note, however, that changes

to the DM profile would move all the predicted fluxes, and thus the corresponding

cross section constraints, in the same direction. As discussed in Section 2.2.2, for

the calculation of the extragalactic fluxes, the cosmic source clustering factor can

vary by an order of magnitude depending on the profile and inclusion or exclusion of

subhalos. This would lead to tighter constraints coming from the gamma-ray signals.

We have also neglected the signals produced by inverse Compton scattering

(gamma rays) and synchrotron radiation (radiowaves) of the electrons and positrons

as they propagate in the galaxy (see, e.g., Ref. [293, 294]). Note, however, that these
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effects are properly included in the electron energy loss formalism we adopt. We

expect the gamma rays produced directly from the annihilations to dominate the

constraints. Additional gamma rays from inverse Compton would only strengthen

our results (but make them less robust).

6.7 Conclusions

If dark matter is Majorana in nature, then its annihilation to fermions may be

suppressed due to helicity considerations. However, when the dark matter mass

is greater than mW/2, both electroweak and photon bremsstrahlung may lift this

suppression, thereby becoming the dominant channel for dark matter annihilation.

This permits the indirect detection of models for which the annihilation cross section

would otherwise be too suppressed to be of interest. Subsequent decay of the emitted

W and Z gauge boson will produce fluxes of electrons, positrons, neutrinos, hadrons,

and gamma rays. The aim of the present work has been to study the spectra of these

particles as a tool for indirect detection of dark matter. By comparing these fluxes

to cosmic ray data we have been able to constrain the dark matter annihilation

cross-section in such models. From these constraints we find that the observational

data pertaining to the flux of antiprotons combined with those of positrons make

it difficult for helicity suppressed 2 → 2 leptophilic dark matter annihilation to be

the source of the recently detected cosmic ray anomalies. For these models, the

bremsstrahlung processes dominate. The primary culprit is the hadronization of the

gauge bosons, which leads to a significant antiproton flux. This result highlights the

difficulty of producing lepton-only final states even in a model expressly designed for

just such a purpose with 2 → 2 annihilation.
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Conclusion

Despite the now overwhelming evidence for the existence of Dark Matter, we still have

little idea of its fundamental properties. Of particular interest is the self-annihilation

cross section, which can in principle lead to an observable flux of standard model

particles produced via dark matter annihilation in the Universe today.

In Chapter 2, we use gamma-ray data from observations of the Milky Way, An-

dromeda (M31), and the cosmic background as an upper limit on the flux due to

DM annihilation, and compare this with the expected annihilation signal in order to

place conservative upper limits on the dark matter self-annihilation cross section to

monoenergetic gamma rays, 〈vσ〉γγ , over a wide range of dark matter masses. We

use a conservative branching ratio of Br(γγ) ! 10−4 to define upper limits on the

total cross section, although most of our limits on 〈vσ〉γγ are effectively valid for any

annihilation spectrum which produces at least two gamma rays with energies within

a factor of ∼ 2 of the DM mass. Large uncertainties are introduced via the poorly

constrained dark matter density, both within our galaxy and on cosmic scales. We

make conservative choices in these astrophysical parameters such that our constraints

remain robust.

Leptophilic models have received much attention since the recent observation of

an apparent excess in the positron flux, without an accompanying antiproton excess.
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In Chapter 3, we examine such a leptophilic annihilation channel, χχ → -+-−, uti-

lizing some of the techniques developed in Chapter 2. This final state is necessarily

accompanied by gamma rays, produced via radiative corrections. Internal bremsst-

rahlung from the final state particles can produce hard gamma rays up to the dark

matter mass, with an approximately model-independent spectrum. Focusing on an-

nihilation into electrons, we again compute robust upper bounds on the dark matter

self annihilation cross section, 〈vσ〉e+e− , using gamma ray data from the Milky Way

spanning a wide range of energies, ∼ 10−3 − 104 GeV. We also compute correspond-

ing bounds for the other charged leptons. We again make conservative assumptions

about the astrophysical inputs, and demonstrate how our derived bounds would be

strengthened if stronger assumptions about these inputs are adopted. The fraction

of hard gamma rays near the endpoint accompanying annihilation to e+e− is only a

factor of " 102 lower than for annihilation directly to monoenergetic gamma rays.

The bound on 〈vσ〉e+e− is thus weaker than that for 〈vσ〉γγ by this same factor. The

upper bounds on the annihilation cross sections to gamma rays and charged leptons

are compared with an upper bound on the total annihilation cross section defined by

neutrinos.

Even in models with annihilation solely into neutrinos, non-leptonic final states

will inevitably be produced through electroweak bremsstrahlung processes χχ →

ν̄νZ and χχ → ν̄eW . These modes lead to electromagnetic and hadronic showers and

further constraints on the DM annihilation cross-section. In Chapter 4 we present

an explicit calculation of the branching ratios for the electroweak bremsstrahlung

processes χχ → ν̄νZ and χχ → ν̄eW . In addition to annihilation, our calculations

are also applicable to the case of dark matter decay.

Significantly, while many dark matter models feature a helicity suppressed an-

nihilation rate to fermions, bremsstrahlung processes can remove this helicity sup-

pression. It has been known for some time that photon bremsstrahlung may signif-

icantly boost DM annihilation yields, and we show in Chapter 5 that electroweak
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bremsstrahlung of W and Z gauge bosons can also lift suppression such that the

branching ratios Br(-νW ), Br(-+-−Z), and Br(ν̄νZ) dominate over Br(-+-−) and

Br(ν̄ν). We find this is most significant in the limit where the dark matter mass

is nearly degenerate with the mass of the boson which mediates the annihilation

process. Electroweak bremsstrahlung has important phenomenological consequences

both for the magnitude of the total dark matter annihilation cross section and for the

character of the astrophysical signals for indirect detection. Given that the W and

Z gauge bosons decay dominantly via hadronic channels, it is impossible to produce

final state leptons without accompanying protons, antiprotons, and gamma rays.

This has especially important implications in leptophilic models designed to pro-

duce leptons without overproducing gamma rays or hadrons in order to explain the

observed positron excess without violating bounds on the antiproton flux. Mod-

els where suppression is lifted have large branching ratios to massive gauge bosons,

whose decay products will undergo hadronization leading to an antiproton flux. In

Chapter 6, we calculate the signal of both primary and secondary gamma rays, lep-

tons and hadrons in our example leptophilic model, and apply techniques similar

to those in Chapter 2 to place an upper limit on the self-annihilation cross section.

We compare the gamma-ray signal with the Fermi isotropic gamma-ray background.

For charged final states, we apply the appropriate diffusion-energy loss equations

to calculate the signal at Earth, which we compare with Fermi and PAMELA elec-

tron/positron and proton/antiproton flux data. We find that for most choices of the

diffusion parameters, the constraints derived from the antiproton and/or gamma-ray

data are significantly stronger than those from the electron/positron data, making

it difficult for this leptophilic model to act as an explanation for the positron excess

without overproducing other particles.
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A
Initial (χχ) or final (νν) state Majorana fermions

Two identical fermions comprise a Majorana pair. A fermion pair can have total

spin S in the symmetric state S = 1 or in the antisymmetric state S = 0. The parity

of the two-fermion state is P = (−)L+1, where L is the orbital angular momentum

of the pair. This parity formula holds for both Dirac and Majorana pairs. The

negative intrinsic parity of the pair, independent of the orbital parity (−)L, is the

same for Dirac and Majorana pairs for different reasons. In the Dirac case, the u

and v spinors (equivalently, the positive and negative energy states) are independent

and have opposite parity corresponding to the ±1 eigenvalues of the parity operator

γ0. Reinterpreting the two spinor types, or positive and negative energy states,

as particle and antiparticle, then leads directly to opposite intrinsic parity for the

particle-antiparticle pair. In the Majorana case, the fermion has intrinsic parity ±i,

and so the two-particle state has intrinsic parity (±i)2 = −1.

On general grounds, the Lth partial wave contribution to the annihilation rate is

suppressed as v2L, where v is the relative velocity between the heavy, non-relativistic

χχ pair. The virial velocity in our Galactic halo is only v ∼ 300 km/s ∼ 10−3c, so

even for L = 1 the suppression is considerable. Thus only the L = 0 partial wave

gives an unsuppressed annihilation rate in today’s Universe. The L ≥ 2 states are

too suppressed to contribute to observable rates.
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APPENDIX A. INITIAL (χχ) OR FINAL (νν) STATE MAJORANA
FERMIONS

A Majorana pair is even under charge-conjugation (particle-antiparticle exchange),

and so from the general relation C = (−)L+S = +1 one infers that L and S must

be either both even, or both odd for the pair. The origin of the C = (−)L+S = +1

rule is as follows: Under particle-antiparticle exchange, the spatial wave function

contributes (−)L, and the spin wave function contributes (+1) if in the symmet-

ric triplet S = 1 state, and (−1) if in the antisymmetric S = 0 singlet state, i.e.,

(−)S+1. In addition, there is an overall (−1) from anti-commutation of the two

particle-creation operators b†d† for the Dirac case, and b†b† for the Majorana case.

Consider the L ≤ 2 states. In spectroscopic notation (2S+1)LJ and spin-parity

notation (JPC), the vector 3S1 (1−−), C-odd axial vector 1P1 (1+−), and assorted

3DJ (J−−) states are all C-odd and therefore disallowed. The pseudoscalar 1S0 (0−+),

scalar 3P0 (0++), axial vector 3P1 (1++), C-even tensor 3P2 (2++), and pseudotensor

1D2 (2−+) are all C-even and therefore allowed. In particular, the sole L = 0 state,

with no v2L suppression, is the pseudoscalar 1S0 (0−+).

Incidentally, at threshold, defined by s = (2mχ)2 or v =
√

1− 4m2
χ/s = 0,

the orbital angular momentum L is necessarily zero. With two identical Majorana

fermions, the two-particle wave function must be antisymmetric under particle inter-

change. Since L = 0 at threshold, the χχ spatial wave function is even, and the wave

function must be antisymmetrized in its spin. The antisymmetric spin wave function

is the S = 0 state. Thus, the only contributing partial wave at threshold is the 1S0

state. We have just seen that this is also the only state with no v2L suppression, so

one may expect an unsuppressed Majorana annihilation rate at threshold if and only

if there is a 1S0 partial wave.

One may also invoke CP invariance to note that the spin S of initial and final

two-fermion states, Dirac or Majorana, are the same. This follows simply from

CP = (−)L+S(−)L+1 = (−)S+1, and the fact that S = 0, 1 are the only possibilities

for a pair of spin 1/2 particles.

What does this all mean for a model with an s-channel exchange particle cou-
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pling to Majorana bilinears? It means that among the basis fermion bilinears, the

candidates are just the pseudoscalar Ψ̄iγ5Ψ (0−+), the scalar Ψ̄Ψ (0++), and the

axial vector Ψ̄γµγ5Ψ (1++). The vector Ψ̄γµΨ (1−−), tensor Ψ̄σµνΨ (2+−), and

pseudotensor Ψ̄iγ5σµνΨ (2−−) bilinears are C-odd and therefore disallowed. The

only s-channel particles which may couple to these candidate bilinears are the pseu-

doscalar, scalar, or axial vector.

There is some subtlety associated with the s-channel exchange of an axial-vector.

The axial-vector is an L = 1 mode, and we have seen that this mode elicits a v2 sup-

pression in the rate. However, the exchange particle is off-shell (away form resonance)

and so has a time-like pseudoscalar piece in addition to the axial three-vector piece.

This pseudoscalar coupling is effectively ∂µ (Ψ̄γµγ5Ψ). The weak interaction coupling

of the pion to the axial vector current provides a familiar example of such a coupling.

The axial current is not conserved, and so the pseudoscalar coupling is nonzero. One

has ∂µ (Ψ̄γµγ5Ψ) = 2imνΨ̄γ5Ψ− αW
π εµναβkµλν(k)k̄αλβ(k̄). The first term shows an

mν-dependence in the amplitude, leading to (mν/mχ)2 helicity-suppression of the

L = 0 piece, while the second term is the famous anomalous VVA coupling. It offers

W+W− and ZZ production (with momenta k, k̄ and helicities λ(k), λ(k̄)), but at

higher order αW = g2V /4π in the electroweak Wνν or Zνν coupling gV . The linear

combination of a v2-suppressed L = 1 piece and a m2
f -suppressed L = 0 piece to the

rate from axial vector exchange was first noticed by Goldberg [276].
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B
Fundamental Fierzing

In Chapter 5 we have made use of standard Fierz transformations, helicity-basis Fierz

transformations, and generalizations of the two. In this Appendix, we derive these

transformations. The procedure for standard Fierz transformation can be found in,

e.g., [272], while more general Fierz transformations are laid down in [271]. The

starting point is to define a basis {ΓB} and a dual basis {ΓB}, each spanning 4 × 4

matrices over the complex number field C, such that an orthogonality relation holds.

The standard Fierz transformation uses the “hermitian” bases

{ΓB} = {1, iγ5, γµ, γ5γµ,σµν} , and {ΓB} = {1, (−iγ5), γµ, (−γ5γµ),
1

2
σµν} ,

!

"

#

$B.1

respectively. Because of their Lorentz and parity transformation properties, these

basis matrices and their duals are often labeled as S and S̃ (scalars), P and P̃

(pseudoscalars), V and Ṽ (vectors, four for V , four for Ṽ ), A and Ã (axial vector, four

for A, four for Ã), and T and T̃ (antisymmetric tensor, six for T , six for T̃ ). As usual,

spacetime indices are lowered with the Minkowski metric, γ5 = γ5 = iγ0γ1γ2γ3,

σµν ≡ i
2 [γ

µ, γν ], (and γ5σµν = i
2ε

µναβσαβ). Note the change of sign between the

the basis and dual for the P and A matrices. The bases are “hermitian” in that

γ0 Γ†
Bγ

0 = ΓB , so that the associated Dirac bilinears satisfy [Ψ̄1ΓBΨ2]† = Ψ̄2ΓBΨ1

and [Ψ̄1ΓBΨ2]† = Ψ̄2ΓBΨ1. Importantly, we have ΓB = (ΓB)−1 in the sense of the
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accompanying orthogonality relation

Tr [ΓC ΓB ] = 4 δBC , B, C = 1, . . . , 16 .
!

"

#

$B.2

Note that the factor of 1
2 in the definition of T̃ = 1

2σµν (but not in T = σµν) provides

the normalization required by Eqn. B.2:

Tr [ΓB ΓB ](nosum) =
∑

C

Tr [ΓC ΓB] = 4 .
!

"

#

$B.3

The orthogonality relation allows us to expand any 4 × 4 complex matrix X in

terms of the basis as

X = XB ΓB = XB ΓB , with XB =
1

4
Tr [ XΓB ] , and XB =

1

4
Tr [ XΓB ] ,

i.e., X =
1

4
Tr [XΓB ]ΓB =

1

4
Tr [XΓB ]Γ

B .
!

"

#

$B.4

One readily finds that the particular matrix element (X)ab satisfies

(X)cd δdb δac =
1

4
[(X)cd (ΓB)dc ] (Γ

B)ab .
!

"

#

$B.5

Since each element (X)cd is arbitrary, Eqn. B.5 is equivalent to a completeness rela-

tion

(1) [1] =
1

4
(ΓB ] [ΓB ) =

1

4
(ΓB ] [ΓB ) ,

!

"

#

$B.6

where we have adopted Takahashi’s notation [273] where matrix indices are replaced

by parentheses (· · · ) and brackets [· · · ], in an obvious way. Thus, any 4× 4 matrices

X and Y may be expressed as

(X) [Y] = (X1) [1Y] =
1

4
(XΓB Y ] [ΓB ) =

1

42
Tr [XΓB Y ΓC ] (Γ

C ] [ΓB ) .
!

"

#

$B.7

Alternatively, we may express any 4× 4 matrices X and Y as

(X) [Y] = (X1) [Y 1] =
1

4
(XΓB ] [Y ΓB ) =

1

43
Tr [XΓB ΓC ] Tr [Y ΓB ΓD] (ΓC ] [ΓD ) .

!

"

#

$B.8

The RHS’s of Eqns. B.7 and B.8 offer two useful options for Fierzing matrices.

The first option sandwiches both LHS matrices into one of the two spinor bilinears,
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and ultimately into a single long trace. The second option sandwiches each LHS

matrix into a separate spinor bilinear, and ultimately into separate trace factors.

Eqn. B.7 seems to be more useful than B.8. One use we will make of Eqn. B.7

will be to express chiral vertices in terms of Fierzed standard vertices. But first we

reproduce the standard Fierz transformation rules by setting X = ΓD and Y = ΓE

in Eqn. B.7, to wit:

(ΓD) [ΓE ] =
1

42
Tr [ΓD ΓB ΓE ΓC ] (Γ

C ] [ΓB) .
!

"

#

$B.9

(An additional minus sign arises if the matrices are sandwiched between anticom-

muting field operators, rather than between Dirac spinors.) Evaluation of the trace

in Eqn. B.9 for the various choices of (B,C) leads to the oft-quoted result [272]
























(S) [S̃]

(V ) [Ṽ ]

(T ) [T̃ ]

(A) [Ã]

(P ) [P̃ ]

























=
1

4

























1 1 1 1 1

4 −2 0 2 −4

6 0 −2 0 6

4 2 0 −2 −4

1 −1 1 −1 1

















































(S] [S̃)

(V ] [Ṽ )

(T ] [T̃ )

(A] [Ã)

(P ] [P̃ )

























.
!

"

#

$B.10

More relevant for us, as will be seen, is the ordering P, S, A, V, T , which leads to

a Fierz matrix obtained from the one above with the swapping of matrix indices

1 → 2 → 4 → 3 → 5 → 1. The result is
























(P ) [P̃ ]

(S) [S̃]

(A) [Ã]

(V ) [Ṽ ]

(T ) [T̃ ]

























=
1

4

























1 1 −1 −1 1

1 1 1 1 1

−4 4 −2 2 0

−4 4 2 −2 0

6 6 0 0 −2

















































(P ] [P̃ )

(S] [S̃)

(A] [Ã)

(V ] [Ṽ )

(T ] [T̃ )

























.
!

"

#

$B.11

(The zeroes make it clear that Fierzing induces no coupling between tensor interac-

tions and vector and axial vector interactions.) As an example of how to read this

matrix,

(A) [Ã] = −(P ] [P̃ ) + (S] [S̃)− 1

2
(A] [Ã) +

1

2
(V ] [Ṽ ),

!

"

#

$B.12
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or, multiplying by spinors and giving the explicit forms of the gamma-matrices,

(uγ5γ
µu) (v(−γ5γµ)v) = − (uiγ5v) (v (−iγ5)) u)

+ (uv) (vu)− 1

2
(uγ5γ

µv) (v (−γ5γµ)u) +
1

2
(uγµv) (vγµu) .

!

"

#

$B.13

The Fierz matrix M for the standard basis is nonsingular, and hence has five

nonzero eigenvalues λj. Since two swaps of Dirac indices returns the indices to their

original order, the matrix is idempotent, with M2 = 1, or equivalently, M−1 = M .

Accordingly, the five eigenvalues satisfy λ2
j = 1, so individual eigenvalues must be

λj = ±1. Also, the corresponding eigenvectors are invariant under the interchange

of two Dirac indices. In Table B.1 we list the eigenvalues and “Fierz-invariant”

eigenvectors.

Table B.1: Fierz-invariant combinations in the standard basis.

Fierz-invariant combination eigenvalue

3 (S ⊗ S̃ + P ⊗ P̃ ) + T ⊗ T̃ +1

2 (S ⊗ S̃ − P ⊗ P̃ ) + (V ⊗ Ṽ +A⊗ Ã) +1

V ⊗ Ṽ −A⊗ Ã −1

S ⊗ S̃ + P ⊗ P̃ − T ⊗ T̃ −1

2 (S ⊗ S̃ − P ⊗ P̃ )− (V ⊗ Ṽ +A⊗ Ã) −1

Helicity projection operators are often present in theories where the DM couple

to the SU(2) lepton doublet, so it is worth considering Fierz transformations in the

more convenient chiral basis.

One derivation of chiral Fierz transformations utilizes the following chiral bases (hat-

ted) [271]:

{Γ̂B} = {PR, PL, PRγ
µ, PLγ

µ,
1

2
σµν} ,

and {Γ̂B} = {PR, PL, PLγµ, PRγµ,
1

2
σµν} ,

!

"

#

$B.14
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where PR ≡ 1
2(1 + γ5) and PL ≡ 1

2(1 − γ5) are the usual helicity projectors. The

orthogonality property between the chiral basis and its dual is

Tr [Γ̂C Γ̂B ] = 2 δBC , B, C = 1, . . . , 16 ,
!

"

#

$B.15

which implies the normalization

Tr [Γ̂B Γ̂B ](no sum) =
∑

C

Tr [Γ̂C Γ̂B] = 2 .
!

"

#

$B.16

Notice that because {γ5, γµ} = 0, the dual of PRγµ is PLγµ, and the dual of PLγµ

is PRγµ. Notice also that the normalization for the chiral bases necessitates factors

of 1
2 in both T̂ = 1

2σ
µν and ˜̂T = 1

2σµν , in contrast to the tensor elements of the

standard bases, given in Eqn. B.1.

In the chiral basis, one is led to a general expansion

X =
1

2
Tr [X Γ̂B ] Γ̂B =

1

2
Tr [X Γ̂B ] Γ̂

B ,
!

"

#

$B.17

and to a completeness relation

(1) [1] =
1

2
(Γ̂B ] [Γ̂B ) =

1

2
(Γ̂B ] [Γ̂B ) .

!

"

#

$B.18

Thus, any 4× 4 matrices X and Y may be expressed as

(X) [Y] = (X1) [1Y] =
1

2
(X Γ̂B Y ] [ Γ̂B ) =

1

4
Tr [X Γ̂C Y Γ̂B] (Γ̂

B ] [Γ̂C ) .
!

"

#

$B.19

Substituting X = Γ̂D and Y = Γ̂E into Eqn. B.19, one gets

(Γ̂D) [Γ̂E ] =
1

4
Tr [Γ̂D Γ̂C Γ̂E Γ̂B ] (Γ̂

B ] [Γ̂C) .
!

"

#

$B.20

Evaluating the trace in Eqn. B.20 leads to the chiral-basis analog of B.10 or B.11,

presented in Eqn. 5.5 of the main text.

As a check, we note that the matrix M in Eqn. 5.5 is idempotent, M2 = 1,

as it must be. The eigenvalues are therefore ±1. Eigenvalues and Fierz-invariant

eigenvectors for the chiral basis are given in Table B.2. The final two eigenvectors
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Table B.2: Fierz-invariant combinations in the chiral basis.

Fierz-invariant combination eigenvalue

3 (PR ⊗ PR + PL ⊗ PL) + T̂ ⊗ ˜̂T +1

2 PR ⊗ PL + PRγµ ⊗ PLγµ +1

2 PL ⊗ PR + PLγµ ⊗ PRγµ +1

PR ⊗ PR + PL ⊗ PL − T̂ ⊗ ˜̂T −1

2 PR ⊗ PL − PRγµ ⊗ PLγµ −1

2 PL ⊗ PR − PLγµ ⊗ PRγµ −1

PRγµ ⊗ PRγµ −1

PLγµ ⊗ PLγµ −1

in the Table simply express again the invariance of V ±A interactions under Fierz-

transposition of Dirac indices. This invariance is also evident in the diagonal nature

of the bottom two rows of the matrix 5.5.

One may instead want the Fierz transformation that takes chiral bilinears to

standard bilinears. Since models are typically formulated in terms of chiral fermions,

a projection onto standard s-channel bilinears would be well- suited for a partial

wave analysis. Since different partial waves do not interfere with one another, the

calculation simplifies in terms of s-channel partial waves.

Setting X = Γ̂D and Y = Γ̂E in Eqn. B.7, we readily get

(Γ̂D) [Γ̂E ] =
1

42
Tr [Γ̂D ΓB Γ̂E ΓC ] (Γ

C ] [ΓB) .
!

"

#

$B.21

We (should) get the same result by resolving the RHS vector in Eqn. 5.5 into standard
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basis matrices. The result is






































(PR) [PR]

(PL) [PL]

(PRγµ) [PLγµ]

(PLγµ) [PRγµ]

(T̂ ) [T̂ ]

(γ5T̂ ) [T̂ ]

(PR) [PL]

(PL) [PR]

(PRγµ) [PRγµ]

(PLγµ) [PLγµ]







































=
1

8







































1 1 1 1 1 1 0 0 0 0

1 1 −1 −1 1 −1 0 0 0 0

4 −4 4 −4 0 0 0 0 0 0

4 −4 −4 4 0 0 0 0 0 0

6 6 0 0 −2 0 0 0 0 0

0 0 6 6 0 2 0 0 0 0

0 0 0 0 0 0 1 −1 1 −1

0 0 0 0 0 0 1 −1 −1 1

0 0 0 0 0 0 −2 −2 −2 −2

0 0 0 0 0 0 −2 −2 2 2













































































(1] [1)

(γ5] [γ5)

(γ5] [1)

(1] [γ5)

(T ] [T̃ )

(γ5T ] [T̃ )

(γµ] [γµ)

(γ5γµ] [γ5γµ)

(γ5γµ] [γµ)

(γµ] [γ5γµ)







































All relations are invariant under the simultaneous interchanges PR ↔ PL and

γ5 → −γ5. This matrix, relating two different bases, is not idempotent. In fact, it is

singular.
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C
Non-Relativistic and Extreme-Relativistic Limits

of Fermion Bilinears

We work in the chiral representation of the Dirac algebra, and we follow the

notation of [267]. Accordingly,

γ0 =





0 1

1 0



 , .γ =





0 .σ

−.σ 0



 , γ5 =





−1 0

0 1



 .
!

"

#

$C.1

The rest-frame four-spinor is

u(.p = 0) =
√
M





ξ

ξ



 ,
!

"

#

$C.2

where ξ is a two-dimensional spinor. The spinor with arbitrary momentum is ob-

tained by boosting. One gets

u(p) =













√
p · σ ξ

√
p · σ ξ













,
!

"

#

$C.3

where σ ≡ (1,.σ) and σ ≡ (1,−.σ).

In a standard fashion, we choose the up and down spin eigenstates of σ3 as the
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basis for the two-spinors. These basis two-spinors are

ξ+ ≡





1

0



 , ξ− ≡





0

1



 .
!

"

#

$C.4

In terms of the chosen basis, we have for the NR u-spinors,

u±
NR−→

√
M





ξ±

ξ±



 .
!

"

#

$C.5

We get the ER limit of the u-spinors from Eqn. C.3. After a bit of algebra, one finds

u+
ER−→

√
2E













0

0

ξ+













, u−
ER−→

√
2E













ξ−

0

0













.
!

"

#

$C.6

The arbitrary v-spinor is given by

v(p) =













√
p · σ η

−
√
p · σ η













.
!

"

#

$C.7

In the Dirac bilinear the two-spinor η is independent of the two-spinor xi, and so it is

given an independent name, η. However, the basis η± remains ξ± as defined above.

It is the minus sign in the lower components of v relative to the upper components

that distinguishes v in Eqn. C.7 from u in Eqn. C.3 in a fundamental way. After a

small amount of algebra, one finds the limits

v±
NR−→ v±(.p = 0) =

√
M





η±

−η±



 ,
!

"

#

$C.8

and

v+
ER−→

√
2E













0

0

−η+













, v−
ER−→

√
2E













η−

0

0













.
!

"

#

$C.9

Finally, we apply the above to determine the values of Dirac bilinears in the NR

and ER limits. The ū ≡ u† γ0 and v̄ ≡ v† γ0 conjugate spinors are are easily found
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from the u and v spinors. We let Γ denote any of the hermitian basis Dirac-matrices

{1, i γ5, γµ, γ5 γµ, σµν}. Then, the NR limit of ū(p1)Γ v(p2) is just

ū(p1)Γ v(p2)
NR−→ M



 (ξ1, ξ1) Γ





η2

−η2







 .
!

"

#

$C.10

Non-relativistic results for the various choices of basis Γ’s and spin combinations are

listed in Table 5.2 of the text.

To give a succinct formula for the ER limit of ū(p1)Γ v(p2), we take p̂1 = −p̂2 = 3̂,

i.e. we work in a frame where p̂1 and p̂2 are collinear, and we quantize the spin along

this collinear axis. The result is

ū(p1)Γ v(p2)
ER−→

√

4E1E2



 ξ1 (Λ+, Λ−)Γ





Λ+

−Λ−



 η2



 ,
!

"

#

$C.11

where the matrices Λ± are just up and down spin projectors along the quantization

axis 3̂:

λ+ =





1 0

0 0



 , Λ− =





0 0

0 1



 .
!

"

#

$C.12

Extreme-relativistic results for the various choices of basis Γ’s and spin combinations

are listed in Table 5.2.
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D
s-channel Cross Sections

In Section 5.2.2 we found a general way to determine the suppression of s-channel

DM annihilation to a lepton pair. To test our conclusions, we explicitly calculate the

cross section for some of these processes. First we present a convenient form of the

phase space integral for these processes,

dσ =
1

2
√

s(s− 4m2
χ)

1

4

∑

spins

|M|2δ4(k1 + k2 − p1 − p2)
d3p1 d3p2
16π2E(E(̄

.
!

"

#

$D.1

Performing the integral over d3p1, and moving to the center of momentum frame,

σ =

∫

1

2
√

s(s− 4m2
χ)

1

4

∑

spins

|M|2δ(2Eχ − 2E()

√
E( −m(

E(
dE(dΩ

=

∫ 1

−1

∫ 2π

0

1

26π2s

√

s− 4m2
(

s− 4m2
χ

1

4

∑

spins

|M|2dφd cos θ,
!

"

#

$D.2

where φ and θ define the direction of motion of the particles.

We now consider annihilation to a lepton pair via exchange of a scalar particle

B. This is similar to the calculation performed in Section 4.2, but we now consider

DM annihilation rather than B decay. The matrix element is

Mχχ→((̄ = (v̄(k2) fB u(k1))
1

s−M2
B

(ū(p1) gB v(p2)) ,
!

"

#

$D.3

where k1, k2, p1, p2 are the momenta of the incoming DM and outgoing leptons re-

spectively, s = m2
χ/(1− v2) is the center of mass energy squared, MB is the mass of
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the scalar B, and fB, gB are the coupling strengths of the B particle with the DM

and leptons respectively. This leads to the spin-averaged matrix-element squared,

1

4

∑

spins

|M|2 =
1

4

(

fB gB
s−M2

B

)2

Tr[( /k1 +mχ)( /k2 −mχ)]Tr[( /p1 +m()( /p2 −m()]

= 4

(

fB gB
s−M2

B

)2

(k1 · k2 −m2
χ)(p1 · p2 −m2

()

= 16

(

fB gB
s−M2

B

)2

(s − 4m2
χ)(s− 4m2

( ),
!

"

#

$D.4

where we have made use of Eqn. 5.41. Using Eqn. D.2, the cross section multiplied

by the DM velocity is

vσ =
v

16π

(

fB gB
s−M2

B

)2√

s− 4m2
χ
(s − 4m2

( )
3/2

s

=
v2

4πmχ

(

fB gB
4m2

χ −M2
B

)2

(m2
χ −m2

()
3/2 + o(v4),

!

"

#

$D.5

after substituting s → 4m2
χ/(1 − v2), and expanding in powers of v. As expected

from Table 5.2, the cross section suffers from v2 suppression. Next we calculate the

cross section for a similar process, where the DM now annihilates via a pseudoscalar

B. The matrix element for this process is

Mχχ→((̄ = (v̄(k2) fBγ5 u(k1))
1

s−M2
B

(ū(p1) gBγ5 v(p2)) ,
!

"

#

$D.6

and following the same steps as above, we find the cross section,

vσ =

(

fB gB
4m2

χ −M2
B

)2
m2

χ

4π

(

1 +

(

4m2
χ +M2

B

4m2
χ −M2

B

)

v2 + o(v4)

)

.
!

"

#

$D.7

This contains an unsuppressed term of order v0, confirming that pseudoscalar anni-

hilation does not suffer from v2 or helicity suppression.

Finally we have the axial-vector coupling, with matrix element

Mχχ→((̄ = (v̄(k2) fBγµγ5 u(k1))
1

s−M2
B

(ū(p1) gBγ
µγ5 v(p2)) ,

!

"

#

$D.8
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leading to the spin-averaged matrix-element squared,

1

4

∑

spins

|M|2 =

1

4

(

fB gB
s−M2

B

)2

Tr[( /k2 −mχ)γµγ5( /k1 +mχ)γνγ5]Tr[( /p1 +m()γ
µγ5( /p2 −m()γ

νγ5]

=
1

4

(

fB gB
s−M2

B

)2

Tr[ /k2γµ /k1γν +m2
χγµγν ]Tr[ /p1γ

µ
/p2γ

ν +m2
(γ

µγν ].
!

"

#

$D.9

Evaluating the traces and resulting dot products, we find the cross section,

vσ =

∫ 1

−1

(

fB gB
s−M2

B

)2 v

26π s

√

s− 4m2
(

s− 4m2
χ

(

(

s+
√

(s− 4m2
χ)(s− 4m2

( ) cos θ
)2

+
(

s−
√

(s − 4m2
χ)(s− 4m2

( ) cos θ
)2

−8s(m2
χ +m2

() + 26m2
χm

2
(

)

d cos θ

=

(

fB gB
4m2

χ −M2
B

)2
1

4π

(

m2
(

mχ

√

m2
χ −m2

(

−4

3

m3
χM

2
B +m5

χ

(4m2
χ −M2

B)
√

m2
χ −m2

(

v2 + o(m2
(v

2) + o(v4)

)

,
!

"

#

$D.10

confirming that this annihilation channel is suppressed.
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