
1.9

Interaction of a Four-Level Atom
with a Deformed Quantum Field:
Mathematical Model and Quantum
Resources

Mariam Algarni, Sayed Abdel-Khalek and Kamal Berrada

Special Issue
Advancements in Applied Mathematics and Computational Physics

Edited by

Dr. Branislav Randjelovic and Prof. Dr. Branislav Vlahovic

Article

https://doi.org/10.3390/axioms14030211

https://www.mdpi.com/journal/axioms
https://www.mdpi.com/journal/axioms/stats
https://www.mdpi.com/journal/axioms/special_issues/D5G2L7BO30
https://www.mdpi.com
https://doi.org/10.3390/axioms14030211


Academic Editors: Branislav

Randjelovic and Branislav Vlahovic

Received: 14 November 2024

Revised: 16 February 2025

Accepted: 25 February 2025

Published: 13 March 2025

Citation: Algarni, M.; Abdel-Khalek,

S.; Berrada, K. Interaction of a

Four-Level Atom with a Deformed

Quantum Field: Mathematical Model

and Quantum Resources. Axioms 2025,

14, 211. https://doi.org/10.3390/

axioms14030211

Copyright: © 2025 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license

(https://creativecommons.org/

licenses/by/4.0/).

Article

Interaction of a Four-Level Atom with a Deformed Quantum
Field: Mathematical Model and Quantum Resources

Mariam Algarni 1, Sayed Abdel-Khalek 2 and Kamal Berrada 3,*

1 Department of Mathematical Sciences, College of Science, Princess Nourah bint Abdulrahman University,

P.O. Box 84428, Riyadh 11671, Saudi Arabia; mmalgarni@pnu.edu.sa
2 Department of Mathematics and Statistics, College of Science, Taif University, P.O. Box 11099,

Taif 21944, Saudi Arabia; sayedquantum@yahoo.co.uk
3 Department of Physics, College of Science, Imam Mohammad Ibn Saud Islamic University (IMSIU),

P.O. Box 90950, Riyadh 11432, Saudi Arabia

* Correspondence: berradakamal@ymail.com

Abstract: We introduce a framework presenting the interaction between a four-level atom

(F-LA) and a field mode that begins in a coherent state within the para-Bose field (P-BF). The

F-LA is considered in a cascade configuration and initially prepared in the upper level. We

display the system dynamics by solving the motion equation. We discuss various dynami-

cal behaviors of fundamental quantum resources used in quantum optics and information

tasks, including atomic population inversion, quantum entanglement (QE), and the statistical

properties of the P-BF based on the parameters of the quantum model. In this context, we

demonstrate the impact of various system parameters on these quantum resources. Finally,

we illustrate the dynamic relationships among the quantum resources within the model.

Keywords: para-Bose field; four-level atom; quantum entanglement; statistical properties

MSC: 20-xx; 81-xx

1. Introduction

In recent decades, numerous studies have explored extensions and modifications of

the bosonic Fock–Heisenberg algebra to enhance various aspects of quantum field theory.

Researchers have introduced different q-deformations of the simple harmonic oscillator

using Jackson’s q-calculus [1–4], leading to novel states associated with q-deformed Lie

algebras, including q-coherent states, q-cat states, and q-squeezed states [4–12]. Another

significant adaptation is the Wigner algebra, which integrates the reflection operator and the

Wigner parameter into its structure. This formulation emerges within bosonic relationships

and dynamics, yielding infinite-dimensional para-boson representations as well as finite-

dimensional representations linked to parafermions [13]. These generalizations naturally

lead to concepts involving para fields and para statistics [14,15].

The Jaynes–Cummings model (JCM) is widely utilized in quantum optics to depict the

coupling between a two-level quantum system, such as an atom, and a single quantized

mode of an electromagnetic field, adhering to the conditions of the rotating wave approxi-

mation [16]. This model has been expanded to encompass multi-photon transitions and

various forms of fields, alongside an intensity-dependent coupling between the atom and

the quantum field [17,18]. Extensions of the standard JCM have also explored additional

levels, including three-level atomic systems [19–23]. In this context, many studies have

examined the effects of the Kerr medium [24] and intensity-dependent coupling on the
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dynamics of three-level atomic systems. Furthermore, the interaction of two three-level

atomic systems with a single-mode field, incorporating multi-photon transitions, has been

examined in the presence of a Kerr nonlinear medium and detuning effects [25]. Recently,

there has been growing interest in the quantum interaction between four-level atoms and

cavity fields, with various configurations being explored [26,27].

Quantum entanglement is a fundamental feature of quantum theory, representing

nonlocal correlations among composite quantum systems, where classical descriptions

of correlations between subsystems are inadequate. It has been extensively studied in

quantum information science [28–32] and is crucial for various applications, including

quantum communication, teleportation, quantum entanglement swapping, cryptography,

quantum computing, and dense coding [33–39]. The amount of entanglement can be

quantified using measures such as von Neumann entropy, concurrence, linear entropy, and

entanglement of formation [40,41]. Several methods have been proposed to quantify and

identify quantum coherence within quantum systems [42]. Numerous studies have been

undertaken to characterize and analyze quantum coherence, gaining significant attention

through development and application of coherence quantification measures [43–45].

Beyond the specific domain of quantum optics, the mathematical methodologies and

physical principles examined in this study have broader implications across multiple fields

of physics. The deformed quantum algebras explored here, particularly para-Bose struc-

tures, have been extensively utilized in quantum gravity, where they play a crucial role in

models of noncommutative space-time and extensions of the Heisenberg algebra [46–49].

Likewise, in condensed matter physics, these algebraic deformations have been instrumen-

tal in characterizing unconventional quantum phases, including topological insulators,

superconductors, and quantum Hall systems, wherein fractional statistics arise as a conse-

quence of strong electron correlations [50–53]. Specifically, para-statistics and deformed

oscillator algebras provide a robust theoretical framework for investigating anionic exci-

tations, which are fundamental to the description of fractional quantum Hall states and

spin-liquid phases [54–56]. Furthermore, these mathematical structures contribute signifi-

cantly to the theoretical modeling of correlated electron systems and quantum materials

exhibiting nontrivial topological properties, where symmetry-protected quantum orders

emerge [57–59]. In addition, the quantum resources analyzed in this work, such as entan-

glement and coherence, hold central importance in quantum information science, quantum

computing, and quantum metrology. These properties are essential for advancing quantum

cryptographic protocols, enhancing precision measurement techniques, and enabling the

development of scalable quantum architectures [38,60–63]. By highlighting these inter-

relations, this study establishes a framework that extends beyond quantum optics and

contributes to the broader landscape of modern physics. Moreover, our approach is closely

aligned with recent experimental advances in superconducting qubit systems, engineered

quantum states, and cavity quantum electrodynamics, further demonstrating the practical

relevance of our findings beyond purely theoretical considerations [64–66].

Our manuscript focuses on examining the degree of entanglement, atomic coherence,

and atomic inversion in a bipartite system where a four-level atom is coupled with a

para-Bose field. We investigate how field deformation and photon transitions impact the

dynamic behavior of quantifiers, particularly when the quantum field originates from

a coherent state of the P-BF. The time evolution of entanglement between the four-level

atom and para-Bose field is analyzed using quantum entropy, while atomic coherence is

evaluated through the l1 norm.

The manuscript is organized as follows: Section 2 describes the quantum model and

dynamics, Section 3 presents the quantum quantifiers and discusses the numerical results,

and Section 4 provides our conclusions.
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2. Mathematical Model and Dynamics

This section describing the Hamiltonian of the interaction between one-mode P-BF

with an F-LA has a state |k⟩ ordered from upper to lower as |1⟩ − |4⟩

Ĥint =
4

∑
k=1

ϖ

(
âJ |k⟩

〈
k + 1

∣∣∣+â†J
∣∣∣k + 1

〉
⟨k|
)

, (1)

where ϖ represents the coupling constant between the F-LA and PB-field, J denotes the

number of photons exchanged in transitions between (F-LA) and (P-BF), and â†(â) is the

creation (annihilation) operator of the quantized field, respectively, acting on the Fock

states as

â†|n⟩ =
√

G(n + 1)|n + 1⟩, â|n⟩ =
√

G(n)|n − 1⟩. (2)

Here, the G is a positive function and is equal to G(n) = n −
([

n
2

]
−
[

n+1
2

])
q, and q

is the P-BF deformed parameter.

The para-Bose field (P-BF) holds significance as it extends traditional bosonic field

theory by introducing parastatistics, modifying the conventional commutation relations

of annihilation and creation operators. These operators adhere to a parity-deformed os-

cillator algebra, where { R, â} =
{

R, â†
}

= 0 and
[
â, â†

]
= G(N + 1) − G(N), with

N = â† â + q(I − R), resulting in a more generalized Fock space representation. The opera-

tor R, known as the parity operator, is a Hermitian operator satisfying R2 = 1, meaning it

has eigenvalues ±1, which classify states into even and odd parity components. This exten-

sion enables the study of systems where particles exhibit characteristics that differ from

purely bosonic or fermionic behavior, making it a fundamental concept in quantum optics

and quantum field theory [67]. The coherent states in the P-BF are characterized as the

eigenstates associated with the field’s annihilation operator. These states form an overcom-

plete and nonorthogonal basis, fulfilling the resolution of identity, akin to Glauber coherent

states but with alterations due to parastatistical effects [67]. They exhibit notable quantum

properties, such as photon antibunching, where the second-order intensity correlation

function demonstrates a decreased probability of detecting two photons simultaneously.

Additionally, they follow sub-Poissonian statistics, indicated by a negative Mandel parame-

ter, signifying reduced photon number fluctuations compared to classical light sources [67].

Furthermore, these states show quadrature squeezing, where field quadratures x and p

experience noise redistribution, confirming the presence of nonclassical effects [8]. Within

the framework of JCM, extended to a single-mode P-BF, these states influence atomic

inversion, modify Rabi oscillations, and enhance entanglement.

The final state of the (F-LA)–(P-BF) system at any time τ > 0, where τ = ϖt represents

the scaled time, can be expressed as:

|ψ(τ)⟩ =
∞

∑
n=0

4

∑
k=1

Rj(n, τ)|n + k − 1, k⟩. (3)

The amplitude Rj(n, τ), j = 1, 2, 3, 4 can be obtained by solving the equation of motion of

this system:

−i ℏ
∂

∂t
|ψ(τ)⟩ = Ĥint|ψ(τ)⟩. (4)

At τ = 0, the F-LA in the upper state and the field in the coherent state of the P-BF

|Z, q⟩. So, the initial state is assumed to be

|ψ(0)⟩ = |ψF-LA(0)⟩ ⊗ |ψB-PF(0)⟩ = |1⟩ ⊗ |Z, q⟩, (5)
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where |Z, q⟩ are provided as [41]

|Z, q⟩ =

exp

(
− |Z|2

2

)
4q
√
(q!)3

√
(2q)!

∞

∑
n=0

Zn

√ (
q +

[
n
2

])
![

n
2

]
!(2q + n)!

L
[ n−1

2 ]+ 1
2

q

(
|Z|2

2

)
|n⟩. (6)

Here, Z is the amplitude of the coherent state of the P-BF and Lm
q (. . .) are the associ-

ated Laguerre polynomials.

The coefficients Rj, representing the probability amplitudes, are determined by solving

the time-dependent Schrödinger Equation (4) with the initial condition |ψ(0)⟩ =|Z, q, 1⟩.

Consequently, these coefficients fulfill the following set of coupled differential equations:

d

dt




R1

R2

R3

R4


 =




0 −iϖ

√
(n+J)!

n! 0 0

−iϖ

√
(n+J)!

n! 0 −iϖ
√

(n+2J)!
(n+J)!

0

0 −iϖ
√

(n+2J)!
(n+J)!

0 −iϖ
√

(n+3J)!
(n+2J)!

0 0 −iϖ
√

(n+3J)!
(n+2J)!

0







R1

R2

R3

R4


. (7)

In this paper, we focus on the effects of single- and double-photon transitions, corre-

sponding to J = 1 and 2, respectively. We analyze the time-dependent features of various

quantum quantifiers related to the quantum system under investigation using the wave

function |ψ(τ)⟩ (see Appendix A).

The atomic population inversion, quantum entropy, and coherence are all linked to

the components of the atomic density matrix ρF-LA(τ), which is given by

ρF-LA(τ)= TrP-BF|ψ(τ)⟩
〈

ψ(τ)
∣∣∣= ∑

4

r=1 ∑
4

l=1
ρrl(τ)

∣∣∣r
〉
⟨l|. (8)

The P-BF density matrix can be obtained as ρP-BF(τ) = TrF-LA|ψ(τ)⟩⟨ψ(τ)|=

∑
∞
m ρm|m⟩⟨m| .

3. Quantum Quantifiers

To investigate the effect of the P-BF deformed parameter q and single- and double-

photon transition on the dynamics of quantum quantifiers, in Figures 1–4 illustrate the time-

dependent behavior of the atomic inversion, second-order correlation function (S-OCF),

atomic entropy, and atomic coherence.

3.1. Population Inversion Corresponding to the F-LA

Population inversion is one of the most significant quantities when considering quan-

tum information. It can be applied to determine the collapse and revival times, which

are crucial for characterizing the maximally entangled and separable state periods. We

define the atomic population inversion through the diagonal elements of the atomic density

matrix ρF-LA(τ) as

ρZ(τ) = ρ11(τ)− ρ44(τ). (9)

3.2. Nonclassical Effects

The S-OCF is widely employed to investigate the statistical characteristics of the field,

as well as to assess photon bunching or antibunching phenomena. It is defined as:

g(2)(τ) =

〈
L̂

†2
L̂

2
〉

〈
L̂

†
L̂
〉2

. (10)
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𝝆𝒁 𝒛 = 𝟒𝒒 𝑱 (𝒒, 𝑱) = (𝟎, 𝟏)(𝒒, 𝑱) = (𝟎, 𝟐) (𝒒, 𝑱) = (𝟐𝟎, 𝟏), (𝒒, 𝑱) = (𝟐𝟎, 𝟐)

𝒈𝟐,  𝒛 = 𝟒 𝒒 𝑱 (𝒒, 𝑱) = (𝟎, 𝟏) (𝒒, 𝑱) = (𝟎, 𝟐)(𝒒, 𝑱) = (𝟐𝟎, 𝟏), (𝒒, 𝑱) = (𝟐𝟎, 𝟐)

Figure 1. Dynamics of the atomic inversion ρZ of F-LA with z = 4 and for the parameter values of P-

BF deformed parameter q and number of photons transitioned J as (a) (q, J) = (0, 1), (b) (q, J) = (0, 2),

(c) (q, J) = (20, 1), and (d) (q, J) = (20, 2).

𝝆𝒁 𝒛 = 𝟒𝒒 𝑱 (𝒒, 𝑱) = (𝟎, 𝟏)(𝒒, 𝑱) = (𝟎, 𝟐) (𝒒, 𝑱) = (𝟐𝟎, 𝟏), (𝒒, 𝑱) = (𝟐𝟎, 𝟐)

 𝒈𝟐,  𝒛 = 𝟒 𝒒 𝑱 (𝒒, 𝑱) = (𝟎, 𝟏) (𝒒, 𝑱) = (𝟎, 𝟐)(𝒒, 𝑱) = (𝟐𝟎, 𝟏), (𝒒, 𝑱) = (𝟐𝟎, 𝟐)
Figure 2. Dynamics of the S-OCF g2, with z = 4 and for the parameter values of P-BF de-

formed parameter q and number of photons transitioned J as (a) (q, J) = (0, 1), (b) (q, J) = (0, 2),

(c) (q, J) = (20, 1), and (d) (q, J) = (20, 2).
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𝑺𝑭ି𝑳𝑨 𝒛 = 𝟒𝒒 𝑱(𝒒, 𝑱) = (𝟎, 𝟏) (𝒒, 𝑱) = (𝟎, 𝟐) (𝒒, 𝑱) = (𝟐𝟎, 𝟏), (𝒒, 𝑱) = (𝟐𝟎, 𝟐)

𝑸𝑪, 𝒛 = 𝟒𝒒 𝑱 (𝒒, 𝑱) = (𝟎, 𝟏)(𝒒, 𝑱) = (𝟎, 𝟐) (𝒒, 𝑱) = (𝟐𝟎, 𝟏), (𝒒, 𝑱) = (𝟐𝟎, 𝟐)

Figure 3. Dynamics of the SF-LA as a measure of QE between F-LA and P-BF with z = 4 and

for the parameter values of P-BF deformed parameter q and number of photons transitioned J as

(a) (q, J) = (0, 1), (b) (q, J) = (0, 2), (c) (q, J) = (20, 1), and (d) (q, J) = (20, 2).

𝑺𝑭ି𝑳𝑨 𝒛 = 𝟒𝒒 𝑱(𝒒, 𝑱) = (𝟎, 𝟏) (𝒒, 𝑱) = (𝟎, 𝟐) (𝒒, 𝑱) = (𝟐𝟎, 𝟏), (𝒒, 𝑱) = (𝟐𝟎, 𝟐)

𝑸𝑪, 𝒛 = 𝟒𝒒 𝑱 (𝒒, 𝑱) = (𝟎, 𝟏)(𝒒, 𝑱) = (𝟎, 𝟐) (𝒒, 𝑱) = (𝟐𝟎, 𝟏), (𝒒, 𝑱) = (𝟐𝟎, 𝟐)
Figure 4. Dynamics of the quantum coherence QC, of F-LA with z = 4 and for the parameter

values of P-BF deformed parameter q and number of photons transitioned J as (a) (q, J) = (0, 1),

(b) (q, J) = (0, 2), (c) (q, J) = (20, 1), and (d) (q, J) = (20, 2).



Axioms 2025, 14, 211 7 of 13

We say that the quantized field is governed by super-Poissonian statistics if g(2) > 1,

Poissonian statistics if g(2) = 1, and sub-Poissonian statistics if g(2) < 1. The sub-Poissonian

distribution of photons illustrates the quantum nature of the field.

3.3. Quantum Entanglement

The subsystem entropy, defined by the von Neumann entropy, can be used to deter-

mine the degree of entanglement (DoE) evolution of the (F-LA)–(P-BF) state. It is given by

DoE = −Tr
{

ρF-LA(τ)ln
[
ρF-LA(τ)

]}
, (11)

where ρF-LA(τ) represents the F-LA density operator, as given by Equation (8). Based on

refs. [40,41], the function DoE(F-LA)–(P-BF) takes the following form:

DoE(F-LA)–(P-BF) = −∑
4

j=1
rjlnrj, (12)

where rj is the jth eigenvalue of the state ρF-LA.

3.4. Quantum Coherence

The diagonal components of the system’s density operator delineate the essential

properties of coherence. The quantum coherence is determined by considering the absolute

value of the non-diagonal elements and applying the l1 norm. The coherence measure is

the distance between the state in question and the nearest incoherent state from the point of

view of the concept of entropy. To detect the amount of coherence, we consider the l1 norm

of coherence. This measure depends on off-diagonal elements for the density operator and

it is defined by the formula [42]:

Qc = ∑
kl

k ̸=l

|ρkl |, (13)

4. Numerical Results and Discussion

Figure 1 illustrates the dynamics of atomic population inversion in the F-LA system

interacting with the P-BF under conditions of zero and non-zero deformation parameters,

considering both single- and double-photon transitions. For a zero-deformation parameter,

panels (a) and (b) depict the time evolution of atomic population for single- and double-

photon excitations, respectively. In the single-photon excitation case, we observe distinct

features of collapses and revivals in atomic population inversion. Initially, the collapses are

well defined within the scaled time, but they become less distinct over time, with the revival

amplitude gradually diminishing. In the double-photon excitation scenario, the atomic

population exhibits brief revivals interspersed with adjacent collapses. These revivals are

asymmetric around the zero-population inversion line, with fluctuations between positive

and negative values of +1 and −1. The revival duration is notably shorter compared to

the single-photon case. Panels (c) and (d) present the dynamics for a non-zero deforma-

tion parameter, set at 20 scaled units, for single- and double-photon transitions. In the

single-photon case, we observe revivals in atomic population with very brief collapses,

and the revival amplitude spans the entire range of population values. For the double-

photon transition with a non-zero deformation parameter, the dynamics show collapses

and revivals similar to the single-photon case, but with an increased collapse duration

and a slightly reduced oscillation amplitude. Comparing the effects of varying photon

transition numbers and deformation parameters, it is evident that these factors significantly

influence the population inversion dynamics. For q = 20, increasing J from 1 to 2 leads to

more frequent revivals and a reduction in their width. Conversely, for q = 20, increasing J
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does not increase the number of revivals but shortens the revival span. The collapse and

revival phenomena observed in atom-field interactions indicate coherent quantum evolu-

tion, where revivals stem from constructive interference among atomic state amplitudes,

while collapse periods reflect decoherence effects caused by transitions between energy

levels. These results are consistent with previous research on Jaynes–Cummings mod-

els and intensity-dependent atom-field interactions, where nonlinearity and deformation

significantly influence atomic transition dynamics. In particular, studies on q-deformed os-

cillators and para-Bose models reveal that deformation alters energy spectra and transition

rates, leading to extended coherence times and modified revival patterns. The alignment of

these findings with theoretical predictions in nonlinear optics and quantum field theories

suggests that para-Bose field deformation serves as a controllable parameter for regulating

atomic inversion dynamics.

Figure 2 shows the evolution of S-OCF g2 for the F-LA system under condi-

tions of zero and non-zero deformation parameters q, considering both single- and

double-photon transitions J = 1, 2, respectively. For q = 0, we can observe that

g(2) < 1 at the beginning of interaction for J = 1, 2, indicating sub-Poissonian statistics.

As the time increases, the function g(2) becomes larger than 1, indicating super-Poissonian

statistics. For q = 20, we can observe that the function g(2) exhibits an oscillatory behavior

with values greater and smaller than one, indicating super- and sub-Poissonian statistics.

In the case of J = 2, we have g(2) < 1 at the beginning of interaction and g(2) > 1 as the

time increases. The shift from sub- to super-Poissonian statistics suggests that interaction

time significantly influences photon distribution. Studies on q-deformed oscillators and

para-Bose fields demonstrate that deformation alters photon statistics by introducing non-

linear effects, leading to oscillatory behavior in g(2) for q = 20. Similar patterns have been

observed in nonlinear quantum optics, such as Kerr media, where nonlinearity modulates

photon distribution, indicating that para-Bose deformation introduces an additional degree

of complexity to photon dynamics. The tunability of photon statistics enables the design of

nonclassical light sources. Para-Bose deformation provides a useful method for controlling

photon statistics, contributing to advancements in quantum optics applications.

Figure 3 displays the quantum entanglement (QE), as measured by the von Neumann

entropy, for the F-LA–P-BF state under varying field deformation and photon transition

numbers. For q = 0, panels (a) and (b) depict the SF-LA dynamics for single-photon (J = 1)

and double-photon (J = 2) transitions, respectively. In the single-photon case, rapid oscilla-

tions are observed in the entanglement measure, with the amplitude fluctuating around a

steady-state value before eventually stabilizing. In contrast, for the double-photon transi-

tion (J = 2), the entanglement exhibits quasi-periodic behavior. Unlike the single-photon

case, the entanglement measure does not settle into a steady state. Panels (c) and (d) show

the time-dependent behavior of entanglement for a non-zero field deformation parameter

q for both single- and double-photon transitions, respectively. For J = 1, the function SF-LA

exhibits consistent periodic behavior with a constant amplitude of oscillations throughout

the dynamics. In the double-photon transition case (J = 2), the QE dynamics also display

periodicity, but the amplitude of oscillations varies over time, introducing an additional

layer of complexity to the system’s behavior. Thus, the consideration of field deformation

and double-photon transitions enhances the periodic nature of the entanglement measure

during the evolution. These observations align with established studies in quantum optics,

particularly the JCM, where single-photon transitions typically lead to periodic entan-

glement oscillations, while multi-photon transitions introduce interactions that increase

quantum correlations. The quasi-periodic behavior in the J = 2 case suggests an enhanced

interaction mechanism, as multi-photon absorption–emission processes can induce more

complex quantum correlations. Studies on q-deformed oscillators and para-Bose fields have
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shown that deformation modifies energy levels and transition dynamics, which explains the

stable periodic behavior in the J = 1 case and the varying oscillation amplitude in the J = 2

case. Additionally, entanglement dynamics in nonlinear quantum optics, such as Kerr-type

media, exhibit similar periodic structures, indicating that para-Bose deformation effectively

introduces an adjustable nonlinearity that influences quantum correlations. The ability

to control entanglement oscillations through deformation and photon transition tuning

presents promising applications in different tasks in quantum information and optics.

Figure 4 displays the dynamics of QC for the F-LA system for both zero and non-zero

deformation parameters q of the P-BF, considering single- and double-photon transitions.

For the zero-deformation parameter case, the dynamics of QC for single- and double-

photon transitions are shown in panels (a) and (b), respectively. In the single-photon case,

the QC dynamics exhibit collapses and revivals, with the collapse line fluctuating around

a value of 1. In contrast, for the double-photon transition (J = 2), periodic behavior is

observed in the QC dynamics, characterized by increased amplitude fluctuations and a

shorter revival width compared to the single-photon case. Notably, no collapses are present

in this scenario. For the non-zero deformation parameter case, the QC dynamics for single-

photon transitions show periodic behavior with an increased amplitude of oscillations

compared to the zero-deformation case. In the double-photon transition case (J = 2),

oscillations are observed in the QC dynamics, but the amplitude of these oscillations varies

over time, indicating more complex dynamic behavior. In summary, the introduction of

non-zero deformation parameters enhances the periodic nature of quantum coherence, with

single-photon transitions leading to more pronounced oscillations, while double-photon

transitions result in oscillations with varying amplitude.

5. Conclusions

In this study, we have explored the dynamics of atomic population inversion, S-OCF,

degree of entanglement, and quantum coherence in the F-LA system interacting with the

P-BF under both zero and non-zero deformation parameters. For zero deformation parame-

ter values, the system exhibits characteristic collapses and revivals in atomic population

inversion during single-photon transitions, while double-photon transitions lead to brief,

asymmetric revivals. The S-OCF similarly shows collapses and revivals, with an increasing

slope of the collapse line that remains constant across both single- and double-photon

transitions. The entanglement dynamics under single-photon transitions oscillate rapidly,

stabilizing around a steady state, whereas double-photon transitions induce periodicity

without reaching a steady state. Quantum coherence dynamics for single-photon excitations

display collapses and revivals, with a collapse line that fluctuates around a steady value.

The introduction of non-zero deformation parameters adds additional complexity to the

system. For atomic population inversion, the period of oscillation remains the same as in

the single-photon transition case, but with an extended collapse duration. The S-OCF and

quantum coherence exhibit periodic behaviors, with increased amplitude and variable os-

cillations, particularly in double-photon transitions. The entanglement dynamics also show

enhanced periodicity under non-zero deformation, highlighting the effects of deformation

parameter and photon transition numbers on the overall system behavior. Overall, this

work highlights the significant impact of field deformation and photon transition numbers

on the quantum dynamics of the F-LA system. It provides valuable insights into how

these parameters can be effectively controlled to extract and optimize quantum resources

from the system. Regarding the experimental feasibility of our findings, we highlight that

our model, which considers the interaction between a four-level atom and a deformed

para-Bose field, can be realized using trapped atoms or ions in cavity quantum electrody-

namics setups, where four-level atomic structures naturally arise in alkali or alkaline-earth
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atoms through well-defined energy level configurations. Another promising platform is

cold atoms in optical lattices, where multi-level atomic transitions can be engineered via

laser coupling.
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Appendix A. Detailed Calculation

The evolution of the quantum state of the system is governed by the time-dependent

Schrödinger equation:

iℏ
∂

∂t
|ψ(t)⟩ = Ĥint|ψ(t)⟩, (A1)

where Ĥint represents the interaction Hamiltonian describing the coupling between the

four-level atom and the para-Bose field. The objective is to express this equation in terms

of a set of differential equations governing the probability amplitudes associated with the

atomic and field states.

Given that the system comprises an atom possessing four distinct energy levels cou-

pled to a quantized field mode, the wavefunction is articulated as a superposition of the

atomic states and the field’s Fock states:

|ψ(t)⟩ = ∑
4

k=1 ∑
∞

n=0
Rk(n, t)|n + k − 1, k⟩, (A2)

where Rk(n, t) represents the probability amplitude for the atom being in state |k⟩ with

n + k − 1 photons in the field. Substituting this expansion into the Schrödinger equation

and differentiating,

iℏ∑
4

k=1 ∑
∞

n=0

dRk(n, t)

dt
|n + k − 1, k⟩ = Ĥint∑

4

k=1 ∑
∞

n=0
Rk(n, t)|n + k − 1, k⟩. (A3)

Multiplying both sides by ⟨n + k − 1, k| and utilizing the orthonormality of the basis

states, we obtain

iℏ
dRk(n, t)

dt
= ∑

4

j=1
⟨n + k − 1, k|Ĥint|n + j − 1, j⟩Rj(n, t). (A4)

This equation provides a framework for obtaining the system of differential equations

once we determine the Hamiltonian matrix elements. The interaction Hamiltonian for the

quantum system is expressed as:

Ĥint = ∑
4

k=1
ϖ

(
L̂J |k⟩

〈
k + 1

∣∣∣+L̂
†J
∣∣∣k + 1

〉
⟨k|
)

, (A5)

The operators and L̂† and L̂ govern the transitions between atomic levels, leading to

the coupling terms in the equations of motion. Using the matrix elements obtained from the
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Hamiltonian action on the basis states, we obtain at the final system of coupled differential

equations. The probability amplitudes evolve according to:

d

dt




R1

R2

R3

R4


 =




0 −iω

√
(n+J)!

n! 0 0

−iω

√
(n+J)!

n! 0 −iω
√

(n+2J)!
(n+J)!

0

0 −iω
√

(n+2J)!
(n+J)!

0 −iω
√

(n+3J)!
(n+2J)!

0 0 −iω
√

(n+3J)!
(n+2J)!

0







R1

R2

R3

R4


. (A6)

This system provides a full description of the time evolution of the probability ampli-

tudes, incorporating the effects of multi-photon transitions and field deformation.

To determine the probability amplitudes Rk(n, t), we solve the system of coupled

differential equations. This system can be expressed in matrix form as

d

dt
R(t) = MR(t), (A7)

where R(t) is the column vector of probability amplitudes and M is the coupling ma-

trix. Since the matrix M is time-independent, the formal solution can be obtained using

matrix exponentiation:

R(t) = eMtR(0). (A8)

If M is diagonalizable, we write it as M = VDV−1, leading to the solution:

R(t) = VeDtV−1R(0), (A9)

where V is the matrix whose columns are the eigenvectors of M, and eDt is a diagonal

matrix with elements eλit, where λi are the eigenvalues of M. Alternatively, numerical-

method techniques can be used. Once the amplitudes Rk(n, t) are determined, they allow

analysis of quantum properties such as atomic population inversion, quantum coherence,

and entanglement.
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