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Abstract: It is known that the excitations in graphene-like materials in external electromagnetic
field are described by solutions of a massless two-dimensional Dirac equation which includes both
Hermitian off-diagonal matrix and scalar potentials. Up to now, such two-component wave functions
were calculated for different forms of external potentials, though as a rule depending on only one
spatial variable. Here, we shall find analytically the solutions for a wide class of combinations of
matrix and scalar external potentials which physically correspond to applied mutually orthogonal
magnetic and longitudinal electrostatic fields, both depending really on two spatial variables. The
main tool for this progress is provided by supersymmetrical (SUSY) intertwining relations, specifically,
by their most general—asymmetrical—form proposed recently by the authors. This SUSY-like method
is applied in two steps, similar to the second order factorizable (reducible) SUSY transformations in
ordinary quantum mechanics.

Keywords: two-dimensional Dirac equation; SUSY intertwining relations; matrix potential; graphene
in electromagnetic field

PACS: 03.65.-w; 73.22.Pr

1. Introduction

The extensive study of two-dimensional massless Dirac equations in the presence
of external electromagnetic fields [1-7] is due to its connection with the properties of
electron carriers in graphene and graphene-like materials [8-11]. The actual task is to find
analytically the normalizable solutions of such a Dirac equation where two components
of the “spinor” wave function ¥ (¥) = (Y4 (X), ¥5(X)) correspond to two sublattices of
graphene. The potentials in the equation have different origins: the off-diagonal matrix
term is provided by the electromagnetic vector-potential A = (A1 (x1,x3), A2(x1,x2),0) in
the “long derivatives” and leads to the magnetic field B = V x A along the z-axis, while
the scalar potential Ay (x1, x) describes the interaction with electrostatic or some other
scalar field:

[01(—i01 — A1 (X)) + 02(—i02 — A2(X)) + Ag(¥)]¥(X) =0, (1)

where two-dimensional ¥ = (x1, x7), the derivatives 9; = 3%’ and the charge is taken as
e=1

It is clear that the case of a pure magnetic field in a massless two-dimensional Dirac
equation is explicitly solvable. Indeed, when multiplying (1) without the term Ag by oy, we
obtain a pair of decoupled first order equations which can be easily solved. The presence
in (1) of a term proportional to the unity matrix oy prevents this decoupling (an analogous
problem appears in the presence of the mass term proportional to 3). Different methods
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have been used [12-23] to study such two-dimensional Dirac equations, mainly with strong
restrictions on the conditions of the problem. There are problems with only electrostatic
or only magnetic fields, as well as the problems with different specific one-dimensional
ansatzes for external fields depending on a variable x; or radial variable r.

The supersymmetrical method inherent in Schrodinger Quantum Mechanics [24-26]
has become one of the most effective tools in the discussed problems [27-33]. As a rule,
the main ingredient of SUSY Quantum Mechanics, so-called SUSY intertwining relations, has
been explored in different forms. In the present paper, a class of external electromagnetic fields
is chosen with both magnetic (matrix) and electrostatic (scalar) terms depending effectively
on both spatial coordinates. Such progress is possible due to using a particular form of this
approach called asymmetric intertwining relations [34-36]. To date, this technique has been
explored to study the massless two-dimensional Dirac equation with scalar potential as well
as the Fokker—Planck equation [37]. More specifically, the procedure includes two steps (see
Section 2). First, asymmetric intertwining relations provide SUSY diagonalization of the
potential in Equation (1) with both the electromagnetic and electrostatic two-dimensional
terms (Section 3). In the second stage, an additional asymmetric intertwining connects the
Dirac operator with diagonal potential to its partner, for which the potential is similarly
diagonal but with constant elements (Section 4). The solutions of such a Dirac equation can
be found analytically; solutions to the initial problem are built by applying intertwining
operators of both steps (Section 5). Actually, the whole procedure realizes the asymmetric
form of factorizable SUSY intertwining of the second order. Such SUSY intertwinings are
known in their standard (symmetric) form [26] in the context of SUSY Quantum Mechanics
with Schrodinger operator.

2. Asymmetric Intertwining for Two-Dimensional Dirac Equation in an
Electromagnetic Field

We start with the asymmetric intertwining relations
DiNy = N, D, )

for a pair of two-dimensional massless Dirac operators of the form (1) rewritten as general
operators with Hermitian matrix potentials

Dyp = —ioox + Vip(X);, k=12, Vi(¥X) = ( U%

Two different intertwining operators have the general matrix form
Ny = Aoy + A(X); N, = Byoy + B(X) 4)

with constant matrices Ay, By and two X—dependent matrices A(X), B(X):

= a1 (¥)  a12(X) ) - < b1 (%) Db12(%) )
A = — - ; B = R — . 5
D < ax (X)  axn(¥) ) bxn (%) bx(¥) ©
Expanding Equation (2) in powers of derivatives, we obtain
0y Ay — Byoy + 0, A — Broy =0, k,n=1,2, (6)
Z'O'kA(J_(,!) — Vl(f)Ak = 7BkV2(3_C') + iB(f)O’k, k=1,2, (7)
iox (0 A(X)) — V1(X¥)A(X) = —By(0kVa (X)) — B(X)Va(X), k=1,2. 8)

Equation (6) provide the following form for the constant coefficient matrices Ay, By:

b —ib d —id
m=(g i) m=(a ) m=(h o) m=(h ) o
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with constant values a, b, ¢, d, n, p. Equation (7) provides the system of eight linear equations
for the matrix elements of V; »(X), A(X), B(X):

1 _ @)

(p+ic)(vy) —v55) =0; (10)
(n —ia)(05) — o)) = 0; (11)
(n+ m)v(i) + 21‘1052) —(p+ ic)vﬁ) = 2bqy; (12)
(n + ia) (0 — o)) + 2idoly) — 2ib0®) = —2a1; + 2byy; (13)
(p+ ic)vg) — 2ibv§2) —(n+ ia)vg) = —2ayy; (14)
(n— za)vgl) + szvél) —(p— ic)vﬁ) = 2ay1; (15)
(r— zc)(vg) - Ug)) + Zidvg) — 2ibvﬁ) = —2by1 + 2ap; (16)
(p— ic)vg) —(n— la)vg) - Zibvg) = —2by. (17)

The first two equations of the system indicate the need to highlight four different possibili-
ties for solutions of (10)—(17), bearing the Hermiticity of both potentials in mind:

@ p+ic=n—ia=0;

(1) vg) = vg); vg) = vg); (p+ic)(n—ia) #0
(1II) ng) = v%), vg) = vg); p+ic=0;
(IV) (1) @, 1 (2),

V) =V Uy =0y n—ia=0.

Thus, Equations (6) and (7) are reduced to the system of Equations (12) and (17)
in the four possible variants above. We have not yet considered the matrix differential
Equation (8). It is convenient to solve it in an indirect form using its combination with the
derivative dy of Equation (7):

Vi(F)A(X) = B(X)V2(X) = (9 V1(X)) Ak + i(9B(X)) oy (18)

Below, all four variants are used to obtain the general solution of the initial intertwining
relations (2).

3. SUSY Diagonalization by Means of Intertwining

Substitution of p + ic = n —ia = 0, i.e., of Variant I above, into other Equations (12)—(17)
together with Equation (18) is quite long, but straightforward. These calculations lead to a
system of four nonlinear equations, two of them being differential:

oy (i +b”n +‘”’21 ) = o lien + o) +dogy); (19)
é (a2 + wl2 T dU ) = U%) (ia11 + bv( 'y HU§1)) (20)
1(052 — 01; )(iaxn + cv12 + dv ) = 20, (iaxm + cvﬁz) + dv( )> 1)
l(vél 021 )i + bvll + ale )y = 20:(ian + bvgl) + avg)). (22)

Here and below, it is convenient to use the space arguments X of the functions in the
form of complex variables z = x1 +ixy; Z = x1 —ixp and corresponding derivatives
0= 7(81 id;); 0 = 7(81 +i9,). In particular, the system (19)—(22) takes the compact form:
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W@2fizz) = 07(z2)fE2); (23)

o2 (220)f(z2) = v2(z2)fi(z2); (24)

0} (z2) = 0)(z2)+2idIn(f(22)); (25)

W(zz) = o(z,2) +20In(fi(z2)), (26)

where two combinations are introduced:
f1(z,2) =ia1(z,2) + bvﬁ) (z,2) + avg) (z,2); (27)
fo(z,2) =dapn(z,z) + cvg) (z,2) + dvg) (z,2). (28)

V1(%)

(

One may notice the apparent paradox contained in the system (19)—(22). All these
equations are identically fulfilled if

= iay + cvg) + dl)g) =0

ia1; + bvﬁ) + avg)
for arbitrary potentials V;, V. The explanation is rather simple; in this case, the Dirac
operators D1, D, are proportional to the intertwining operators Dy = CNy, D1 = N>C up to
some constant matrix C. Therefore, the intertwining relation (2) becomes a trivial identity
in such a case.

In the present context, the typical approach [24-26,34,36] to using SUSY intertwining
relations can be formulated as follows. Let us choose one of the Dirac operators, D5, such
that the corresponding Dirac equation is rather simple and the problem of its analytical
solution is more easy. Then, the solutions of the partner Dirac equation with operator
D are found through the action of the intertwining operator ¥(!) = Ny¥(?) (in turn, the
operator NI transforms the spinor ¥ into ¥(2)). As the first step in this approach, we
choose the potential V;(X) as a diagonal matrix:

V(%) = diag(vﬁ) (z,2), Ué? (z,2)) = diag(v1(z,2), va(z,2)) (29)
with real diagonal matrix elements. Then, due to Equations (23) and (24), the fraction

f2(z,2)/ f1(z,Z) is a real function. Futhermore, Equations (25) and (26) and the Hermiticity

of V1(X), ie., vg) (z,2) = vg)*

(z,2), lead to the following restriction:

f(z,2)f5(z,2) =c

with an arbitrary real constant c. Summarizing these results, the potential V; is expressed
in terms of the components (29), function f,(z, zZ), and real constant c:

(30)

2Ry 2idln(fy) \ _ < _Effor - 2i(@In(f) +iog) > (31)
—2dIn(f) o2 —2i(dIn(f) — idg) +f 20, ’
where the function f, is parameterized as
folz,2) = VEcf(z,2)e 92, (32)

In the above, the sign + corresponds to cases ¢ > 0, ¢ < 0, respectively, and f(z,Z) is a
positive function connecting elements of the initial diagonal potential V, as

y(z,2) = f4(z, Z2)v1(z,2). (33)
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For the physical system with matrix potential V; describing a “spin 1/2 particle” in
the external electromagnetic field according to Equation (1), the diagonal elements of V;
define the electrostatic potential

Ao(®) = ol)) = 03) = £(0102)/? = LA(R)01 (), (34)
while the off-diagonal terms define the magnetic field that is orthogonal to the plane x1, xy:
B3(X) = V x A(Z) = Aln(f(%)). (35)

The solutions of Dirac equations with such external fields can be obtained from the two-
component solutions ¥(2) (%) of Dirac equations with diagonal potential V, by action
of the intertwining operator N; however, the diagonal form of the potential V, does
not yet provide solvability of the corresponding Dirac problem analytically. Thus far,
supersymmetric intertwining relations (2) have connected an initial Dirac problem with
operator D; to a Dirac problem with a potential V, which is diagonal, and as such has a
chance of being solvable. By analogy with SUSY separation of variables, this part of the
procedure can be called SUSY-diagonalization of the two-dimensional Dirac problem with
matrix potential [38].

4. From Diagonal Potential to Constant Potential by Means of Intertwining

Let us now consider variant II with (p + ic)(n —ia) # 0 for the solution of the
system (10)-(17) in the context of the second step of our procedure. Specifically, we consider
intertwining relations between two Dirac operators, both with diagonal potential:

ww = (6 0 ) we= () 36)

with constant elements 1y, m,. Here, the potential U, (X) is identified with the potential
V,(X) from the previous step, while the constant partner potential U, provides solvability
of the problem. The intertwining operators N;, N, have the same general form (4), and the
explicit expressions for matrices A, By, A(X), B(X) are found below, obtained by analytical
solutions of the system of equations in Section 2.

We shall consider the system of Equations (10)-(17) sequentially. Equations (10) and (11)
are fulfilled automatically. Equations (12), (14), (15) and (17) allow off-diagonal elements of
A(X), B(X) at (5) to be expressed in terms of v (X), v, (X):

m(¥) = —2(p+ic)oa(®) + yma(n +ia); 37)
o (F) = %(n — ia)os(%) %ml(p —ic); (38)
ba(¥) = o(n+iayor(®) — ym(p+ic); (39)
(¥ = —(p—ic)oa(®) + ma(n—ia). (40)

Equations (13) and (16) for diagonal elements of A(X), B(X) can be written as

b11(X) = a22(X) + ibvy (X) — idmy; (41)
bzz(f) = a1 (3_5) + Zdvz(f) - ibml. (42)
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Equation (8) in its initial form is convenient to write now in complex coordinates z Z :
0i 0 0\ [ vl(z2) 0 mi1(z,z) ap(z,2) \
é 0 0 02(2/ 2) a1 (Z/ Z) az (Z/ Z) B
_( bu(zz) bi(z2) mp 0 (43)
bn(z,2) bxn(z2) 0 my )’

where 9 = 9, = 1(9; —id;), @ = 9z = (91 +i0). In components, the matrix Equation
(43) is equivalent to the system of linear first-order differential equations:

21'(8(121(2,2)) — 01(2,2)011(2,2) = —mlbn(z,z); (44)
2i(5a12(z, Z)) - ’02(2, Z)ﬂzz(z, Z) —mzbzz(Z,Z),' (45)
2i(0ax(z,2)) —v1(z,2)a12(z,2) = —mobia(z,2); (46)
2i(da11(z,2)) —va(z,2)ar(z,2) = —miby(z,2). (47)
Let us define for convenience
a1 (Z, Z) — imlb =9 (Z, Z),' azz(Z, Z) — iﬂ’lzd = gz(Z, Z) (48)

Then, after substitution of Equations (37)—(40) and Equations (41) and (42), the system (44)—(47)
takes the form

i(n—ia)(dv1(z,2)) = v1(z,2)81(2,2) — m1§2(2,2); (49)
i(p+ic)(0va(z,2)) = —v2(z,2)$2(2,2) + mag1(z, 2); (50)
4i(dg1(z,2)) = (n —ia)(v1(z,2)va(z,2) — mymy); (51)
4i(082(z,2)) = —(p +ic)(v1(2,2)v2(z,2) — mymy), (52)

where the form of last two equations mean that functions g; (z,2), (z, Z) can be expressed
in terms of one complex function g:

1 _ 1 -

81(2,2) = R (08(z,2)); g(z,2) = (98(2,2)), (53)

which satisfies the second order equation:
4i(09g(z,2)) = —(n —ia)(p +ic)(v1(2,2)v2(2, 2) — mamy) (54)

and the first two Equations (49) and (50) become

in = i) @01 (2,2) = i —01(2,2)(38(2,2)) — - 1 _mi(33(z2), (59
i(p-+6) (Bun(2,2)) = — = 0a(2,2)(38(2,) — S omalOg(22). GO
Thus,
Q(9v1(z,2)) +v1(z,2)(9g(z,2)) = —L1(9g(z,2)); (57)
Q(dva(z,2)) +v2(2,2)(9g(z,2)) = —L%(ag(z,z)); | (58)
Q=i(n—ia)(p+ic); L= %; L, = mz}g’:;")

Below, we shall solve this system of equations by separately considering different options
for the choice of constant parameters.
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4.1. Case A: The Parameters Are Real

Let us study the case with real function g(z, Z) and real values of parameters (), Ly, L;.
Taking into account the reality of v1(z,Z) and v,(z, 2), it is useful to come back to the Carte-
sian coordinates x1, x; in Equations (57) and (58). Separately, both the real and imaginary
parts of (57) are integrated explicitly with two “constants of integration” s1(x1), s2(x2),
which are arbitrary real functions of their arguments:

exp (8(¥)/Q) = Ly'(s2(x2) —s1(x1)); (59)
> s2(x2) +s1(x1)
u® = L s2(x2) —s1(x1) (©0)

Analogously, Equation (58) can be integrated with a similar result:

exp (§(¥)/Q) = Ly (52(x2) —51(x1)); (61)
n(@) = L2 Taln) ()
82(x2) — 81(x1)

and arbitrary real §;(x1), 52(x2). Together, Equations (59) and (61) allow us to connect
§1(x1), 52(x2) with their analogues:

§1(x1) = L;le(sl(xl) + (5),‘ §2(X2) = L;le(sz(xz) +5), (63)

with an arbitrary real constant 6. These relations have to be substituted into expression (62).

Using these connections in the second-order differential Equation (54) for the function
g(X) and differentiating it by 010, we obtain the following simple third-order equation
with separable variables:

st (x1) +S£'(x2)
sh(x1)  sh(x2)
1\A1 2\A2

3

= *4L1L2 = —4m1m2. (64)

After separation ofthe variables in (64) and integration of one-dimensional equations, we
have
s (x1) = Asy(x1) + WAl 85 (x2) = Adsa(xz) + wah3, (65)

where wi, wy are integration constants and A1, Ay are arbitrary constants which satisfy
the following relation:
A+ AS = —dmym,.

The solutions of (65) are known:

1
s1(x1) E(UleAm + 010NN — wy;

1
s2(x2) = E(Uze/\zxz + 8pe7M2%2) — (.

Because we used derivatives of Equation (54), it is necessary to check the results. Substitu-
tion of (65) into (54) gives us two relations between the parameters:

WiA2 4 woA3 + 20111, = 0;
A3 (0181 — wh) 4+ A3 (0202 — w3) = 0

Now, depending on the values of the constants, we can list all possible solutions
s1(x1), s2(x2) within Section 4.1. All are expressed in terms of hyperbolic, trigonometric,
and exponential functions, and have to be inserted into (63) to find u; (X), u»(X) according
to (60) and (62):

I A2>0; A5>0; 016 >0; 025, > 0.



Symmetry 2024, 16, 126

8 of 14

By additional translation of x1 , functions, s1(x1), s»(x2) takes the form
sl(xl) =01 cosh()\lxl) — w1, Sz(Xz) = 0y COSh()\zXz) — Wy

with the restriction
202 2 2,2 2
Aj(0f — wi) +A3(05 —wj) = 0.

IL A3>0; A3>0; 0161>0; 026, <0

sl(xl) =01 cosh(/\lxl) — w1, Sz(Xz) = 0y Sil‘lh(/\zXz) — Wy,

with restriction
202 2 202 2
A (o7 — wy) = A3(03 +wj) =0.

L A3>0; A3>0; 0961 >0; &6 =0

1
s1(x1) = opcosh(Mx1) —wi;  s2(x2) = 502 exp(Aax2) — wo,

with restriction
2.2 2 2 2
M (07 —w]) — Ajw; = 0.

IV. M3<0; A3<0; o1=65 0p=26
}\1 = i/\l; /\2 = iAz
S1 (xl) =01 COS(A1X1) — w1, Sz(Xz) = 07 COS(Azxz) — Wy,

with restriction
A (07 — wf) + Aj(03 — w3) =0.
V. M>0 AM<0 016>0 0=25
/\2 = lAz

S1 (X]) = 0 cosh(/'\lxl) — Wi, Sz(Xz) = 07 COS(AQXQ) — Wy,

with restriction
2.2 2 202 2
M (o —wy) — Aj(03 —w3) = 0.

VL. A2>0; A3<0; 016 <0; 0 =265
)\2 = iAz
s1(x1) = oy sinh(Aqx1) —wy;  s2(x2) = 09 cos(Apxa) — wo;

with restriction:
2/ 2 2 2/.2 2
A (o7 +wi) + Aj(03 —wj) = 0.

4.2. Case B: mp = 0.

The case with my = Ly = 0 and real Q), L1, g(X) is considered below. For such a choice,
Equation (58) provides us with

C s1(x1) +82(x2)

0(¥) =exp@(X)/Q) = ————, ul @ =5h o) —si(x) OO

while Equation (54) looks like

(55 (x2) — 87 (x1)) (52(x2) — 51(x1)) — ((s1(%1))* + (s5(%2))?) = CL1(s1(x1) + 52(x2)). (67)
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After differentiation, the latter equation is again amenable to separation of variables,
similarly to (64), except with zero on the right-hand side. It has two different solutions
depending on the value of separation constant:

S1 (xl) = alx% + bi1x1 +cq; Sz(Xz) = azx% + byxy + ¢ (68)
and
st(x1) = A2(s1(x1) +wy);  sY(x2) = —A%(s2(x2) + wy), (69)

with the latter having three kinds of explicit solutions to insert into (66):

s1(x1) = opcosh(Axy) —wy;  $2(x2) = 0pcos(Axn) — wy;

S1 (X1) = 01 sinh()\xl) — w1, Sz(Xz) = 07 COS()\Xz) — Wy,
1

s1(xq) = 501 exp(Axy) —wy;  S2(x2) = 0p cos(Axp) — wo;

and corresponding restrictions for the constants:

2 2, 2 2 .
C()szl‘I‘U'l*(Tz :0,
B e T
Wi — Wt — 03 =0;

)\2((,()2 — wl) — CL1 =0.
As for the polynomial solution (68), a few restrictions have to be fulfilled simultaneously:
A =2a1+2a,+ CLy =0. (70)

Finally, solution (68) leads to two different opportunities for the components of U; (¥). The
first is

[CLy(c2xF — c1x3) 4+ 2(cF — c3)]

11(¥) = ; 71
1( ) ! CLl (sz% + Clx%) + Z(Cl — C2)2 ( )
. 2(c1 —c2)
(X)) = — ; 72
2(%) CLy(cox3 + c1x3) + 2(c1 — ¢2)? @2)
o CC2L1 . - CC]L] .
al - Z(Cl _ CZ)’ 012 - 2(C1 _ Cz)l Cl 7é CZ/
while the second, with ¢; = ¢, = 0 and functions s1(x1) = @123, s2(x2) = —(a1 +
1CLy)x3, is
2 CL1y,2
arxy — (a + =1)x C
(@) = LI T e € o
(a1 + =2)x5 + arxg (a1 + =2)x5 +arx

4.3. Case C: p +ic = 0.
Let us again consider intertwining of two Dirac operators, both with diagonal poten-

tial:
(1) (= y
Wi(%) = < w“o(x) <1?(f) ) ( vl(()x) 02(()55) >; "al = ( s koz ) 7

and with constant elements k1, k,. Here, the matrix potential W (¥) is identified with the
potential V,(X) from Section 3, with the constant partner potential W, providing solvability
of the problem. This means that Case C is an alternative option in relation to Cases B and C
from the Sections 4.1 and 4.2. The difference is that we now take p + ic = 0, i.e., variant III
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from Section 2, and it is clear that variant IV can be considered analogously. In this case,
the system (12)—(17) is expressed as follows:

n+ia n—ia

bin = axp+ibvy —idky; by = > o byy = —pwy + > ka;
ap = n+mk2:Const; an :—pkl—i-n_mvl.
2 2
The matrix differential Equation (18) takes the form
i(n—ia)dvy(¥) = v1(X)(a11(X) —ibky) — k1 (axn(X) —idky);

02(¥)(a22(X) —idky) = kp(a11(X) — ibky);
dan(¥) = 0
)

215(111 (3?

which by convenient definition
r1(X) = an(¥) —ibky;  r2(X) = axn(X) — idks

can be reduced to two equations (7, (X) = r(2))

ita(n — o) = o1 (3)ea(5) — ik @
4i(dry (%)) = (n —ia)(v1(¥)02(X) — kika), (76)

such that both v1 (¥) and v, (X) are expressed in terms of one function x(X) :

() = P Or(); oa(r) = 2

(0x(%));  r1(X) = (n —ia)(9x(X)), (77)
where function «(¥) satisfies the following second-order differential equation:

i(09K(7)) = (9k(%)) Ok (%)) —k; 4k = kiko. (78)

Because the right-hand side here is real, the real part of the function x(¥) is a sum of two
mutually conjugated functions:

©(X)

a(z) +a(z) +ig(X).

Due to Equation (77), the reality of both diagonal elements v1(X), v2(X) leads to the reality
of (9x(z,2))(9x(z,Z)), which, in terms of « and ¢, means that

Im((9x(2)) k(%)) = o (2)3E(%) + & (2)2E(%) = 0,
i.e., function ¢(X) is an arbitrary real function of the specific real argument:
§(¥) = @(i(a(z) —a(2))) = (X);  X(z,2) =ila(z) - &(2)). (79)
From Equation (78), we obtain a nonlinear differential equation for the function ®:

k

" . ! 2 —
@ (X) ~ (/X)) +1= G, 80)
The left-hand side in (80) depends only on the variable X, which by definition satisfies the

following equation:
1 1

&t vE

3)X(z,2) = 0;

xRy
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therefore, due to (80), we have

allowing us to define possible forms of the function a(z). Indeed, the variables in the latter
equation can be separated:

a”(z) a"(z2)
@@ T @e)r

informing us that exactly two options exist for the function a(z):

-0,
a) &' (z) =w; b) &(z)= ﬂ, (81)

with w being an arbitrary constant and A an arbitrary real constant.
For the first option, r,(Z) must be constant:

wZ
0(®) = 4e(1+®(X(z2))); 02(3?):|7|(1—<1>’(X(z,z))), (82)
(X)) — (@’(X))2+1=|wk|2; e:k;(zf_)‘fa),

and the parameters must provide that the constant ¢ is real. Depending on the sign of
(ﬁ — 1), one of two solutions is realized:

®}(X) = —ycos(yX +p);  Py(X) = —flIn(cosh(7X + 1)); (83)

k

k -
(W—1)5172>0; (— —1)= -2 <0.

jwl?

. . =\ _ 17
| Fo:‘1 the second option, Equation (77) states that r5(Z) = 7Z, constant -~ must be
real, an

L 4A? , . , iko(n — i
alf) = LA+ X)) wm=La-om); p==0 e
Here, a(z) = iAIn(z), &(Z) = —iAIn(Z), and the equation for ®(X) takes the form
@ (X) — (@' (X))? +1 = kAZer. (85)

See [39] for more on solutions of this equation in terms of special functions.

5. Wave Functions and Electromagnetic Fields

In the previous sections, we performed two consecutive transformations of the Dirac
operator with the matrix potential using first-order intertwining operators, similar to the
SUSY intertwining in ordinary quantum mechanics. In this context, such operations are
known as second-order reducible (i.e., factorizable) SUSY transformations [26]. Unlike that
case, however, for the present problem with the Dirac operator we have used the asymmetrical
form of intertwining [34,36] in both steps.

The resulting Dirac equation, with potential which is a diagonal matrix with constant
elements at the diagonal (such as U, in (36)), is amenable to a simple analytic solution.
Indeed, one of two components of ¥(?)(¥) = (‘}’f) (%), ‘I’g) (%))T can be excluded, leading
to the second-order equation (Helmholtz equation) for another component:

; L 200
(A+mm)¥'P () =0, ¥V (%) = miza‘yf?(x). (86)
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After separation of the variables in (86), its solution can be written as a linear combination
with arbitrary complex coefficients 0y,

‘ijqz)(f) = Y Ok, exp(kix1) exp(koxy) (87)
k1.ko

where the sum (actually, the integral) is over k1, ky, that is, arbitrary complex constants
such that k3 + k3 = —mymy. The coefficients in the sum have to be determined using the
boundary conditions for the wave functions.

According to the intertwining relations of form (2), the solutions ¥1) (¥) = (‘I’g) (X),

‘I’g) (%))T of the initial Dirac equation with potential V; (%) can be constructed using the
sequential action of two intertwining operators Ny Nj. The first operator N; intertwines
two Dirac operators: the initial one with potential V;, and one with diagonal potential
(29) (see (2)). The second Nj analogously intertwines the Dirac operator with potential
Vo (¥) = U1 (X¥) = Wp(X) and the operator with either potential U (X) or W;(X), depending
on whether we follow the exploration described in Sections 4.1 and 4.2 or Section 4.3 . These
intertwining operators have the general form (4), and the corresponding explicit expressions
for the coefficients Ay and A(X) are derived in Sections 3 and 4.

The two-component wave functions ¥(1) (%) obtained by the above procedure can
describe graphene and similar materials in an external field (i.e., two-dimensional electro-
static plus non-homogeneous orthogonal magnetic). Analytical expressions for the strength
of these fields are known from the analytical expression for the initial potential V; (¥). The
strength of electrostatic field is directed along the (x1, x2) plane (see (34)):

E(¥) = —VA(¥) = =V (f(¥)v1(2)), (88)
and the strength of B3 of the magnetic one (see (35)) is
B3(¥) = Aln(f(X)). (89)

The functions f(X) are different for the different cases in Sections 4.1-4.3 and can be
calculated from the components v1(X), v2(¥) according to (33). These components are
provided by (60) and (62) for Section 4.1, by (66) for Section 4.2, by (82) and (84) for
Section 4.3. The explicit expressions for these functions, mainly in terms of trigonometric
and hyperbolic functions, lead to corresponding expressions for the electromagnetic strengths
in terms of the same elementary functions.

For examples of possible configurations of external fields, we can use the particular
case of the polynomial solutions (68) and (70) for ¢; = ¢ = 0. The components v1(X), vo(X)
are provided by (73), while the function f(¥) is defined from

(%] (f ) 2C

f4(f) = 01 (f) = H[zalx% - (2&11 + CL1>x%]71'

According to (88) and (89), the strengths are

2a1x2 — 3(2ay + CLq)x3
4./2CLya1x ,
1 20002 + (241 + CL1) 221324122 — (2a1 4 CLy)x2]1/2

6a1x? — (2a; + CL1)x3
24/2CL;(2ay + CLy)x 1 2 ,
120 )% [2a1x3 + (2a1 + CLy)x3]3[2a1x% — (2a; + CLy)x3]1/2

E1(X)

E»(X)

and
B3(f) = 2(45[1 + CLl)(Zalx% + (2{11 + CLl)xg)(Zalx% — (Zﬂl + CLl)x%)_z,

with the possibility of choosing arbitrary suitable values for all constant parameters.
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6. Conclusions

In this paper, a modification of the well-known method of asymmetrical intertwin-
ing relations from SUSY Quantum Mechanics has been used to build a massless two-
dimensional Dirac equation with nontrivial matrix potential with solutions that can be
found analytically. It was necessary to use factorizable second-order intertwining, which
includes two steps: the first allows the Dirac operator to be diagonalized, while the sec-
ond connects the latter operator with an explicitly solvable Dirac problem containing the
diagonal matrix potential with constant elements.

Author Contributions: Conceptualization, M.V.I. and D.N.N.; writing—original draft preparation,
M.VI and D.N.N.; writing—review and editing, M.V.I. and D.N.N. All authors have read and agreed
to the published version of the manuscript.

Funding: This research received no external funding.
Data Availability Statement: All data are contained within the article.

Conflicts of Interest: The authors declare no conflicts of interest.

References

1. Silvestrov, P.G.; Efetov, K.B. Quantum dots in graphene. Phys. Rev. Lett. 2007, 98, 016802. [CrossRef] [PubMed]

2. Silvestrov, P.G.; Efetov, K.B. Charge accumulation at the boundaries of a graphene strip induced by a gate voltage: Electrostatic
approach. Phys. Rev. 2008, 77, 155436. [CrossRef]

3.  Matulis, A.; Peeters, EM. Quasibound states of quantum dots in single and bilayer graphene. Phys. Rev. 2008, 77, 115423.
[CrossRef]

4. Jakubsky, V.; Kuru, S.; Negro, J. Carbon nanotubes in almost homogeneous transverse magnetic field: Exactly solvable model. J.
Phys. A 2014, 47, 115307. [CrossRef]

5. Jakubsky, V.; Krejcirik, D. Qualitative analysis of trapped Dirac fermions in graphene. Ann. Phys. 2014, 349, 268. [CrossRef]

6.  Jakubsky, V. Spectrally isomorphic Dirac systems: Graphene in electromagnetic field. Phys. Rev. 2015, 91, 045039. [CrossRef]

7. Ioffe, M.V.; Nishnianidze, D.N. Zero Energy States for a Class of Two-Dimensional Potentials in Graphene. Mod. Phys. Lett. 2018,
32, 1850329. [CrossRef]

8. Novoselov, K.S.; Geim, A.K.; Morozov, S.V,; Jiang, D.; Katsnelson, M.L; Grigorieva, I.V.; Dubonos, S.; Firsov, A.A. Two-dimensional
gas of massless Dirac fermions in graphene. Nature 2005, 438, 197. [CrossRef]

9. Neto, A.C.; Guinea, F,; Peres, N.M.; Novoselov, K.S.; Geim, A K. The electronic properties of grapheme. Rev. Mod. Phys. 2009,
81, 109. [CrossRef]

10. Abergel, D.S.L.; Apalkov, V,; Berashevich, J.; Ziegler, K.; Chakraborty, T. Properties of graphene: A theoretical perspective. Adv.
Phys. 2010, 59, 261. [CrossRef]

11. Katsnelson, M.I. Graphene: Carbon in two dimensions. Mater. Today 2007, 10, 20. [CrossRef]

12.  Peres, N.M.R; Castro, E.V. Algebraic solution of a graphene layer in a transverse electric and perpendicular magnetic fields. J.
Phys. Condens. Matt. 2007, 19, 406231. [CrossRef] [PubMed]

13.  Kuruy, S.; Negro, J.; Nieto, L.M. Exact analytic solutions for a Dirac electron moving in graphene under magnetic fields. J. Phys.
Condens. Matt. 2009, 21, 455305. [CrossRef] [PubMed]

14. Bardarson, J.H.; Titov, M.; Brouwer, PW. Electrostatic confinement of electrons in an integrable graphene quantum dot. Phys. Rev.
Lett. 2009, 102, 226803. [CrossRef]

15. Hartmann, R.R.; Robinson, N.J.; Portnoi, M.E. Smooth electron waveguides in graphene. Phys. Rev. 2010, 81, 245431. [CrossRef]

16. Downing, C.A; Stone, D.A.; Portnoi, M.E. Zero-energy states in graphene quantum dots and rings. Phys. Rev. 2011, 84, 155437.
[CrossRef]

17.  Hartmann, R.R.; Portnoi, M.E. Quasi-exact solution to the Dirac equation for the hyperbolic secant potential. Phys. Rev. 2014,
89, 012101. [CrossRef]

18.  Ghosh, P.; Roy, P. An analysis of the zero energy states in graphene. Phys. Lett. 2015, 380, 567. [CrossRef]

19. Ho, C.-L.; Roy, P. mKdV equation approach to zero energy states of graphene. Eur. Phys. Lett. 2015, 112, 47004. [CrossRef]

20. Downing, C.A.; Portnoi, M.E. Magnetic quantum dots and rings in two dimensions. Phys. Rev. 2016, 94, 045430. [CrossRef]

21. Downing, C.A.; Portnoi, M.E. Massless Dirac fermions in two dimensions: Confinement in nonuniform magnetic fields. Phys.
Rev. 2016, 94, 165407. [CrossRef]

22. Downing, C.A.; Portnoi, M.E. Localization of massless Dirac particles via spatial modulations of the Fermi velocity. J. Phys.
Condens. Matt. 2017, 29, 315301. [CrossRef] [PubMed]

23. Downing, C.A.; Portnoi, M.E. Bielectron vortices in two-dimensional Dirac semimetals. Nat. Commun. 2017, 8, 897. [CrossRef]
[PubMed]

24. Cooper, E; Khare, A.; Sukhatme, U. Supersymmetry and quantum mechanics. Phys. Rep. 1995, 251, 267. [CrossRef]


http://doi.org/10.1103/PhysRevLett.98.016802
http://www.ncbi.nlm.nih.gov/pubmed/17358497
http://dx.doi.org/10.1103/PhysRevB.77.155436
http://dx.doi.org/10.1103/PhysRevB.77.115423
http://dx.doi.org/10.1088/1751-8113/47/11/115307
http://dx.doi.org/10.1016/j.aop.2014.06.020
http://dx.doi.org/10.1103/PhysRevD.91.045039
http://dx.doi.org/10.1142/S0217984918503293
http://dx.doi.org/10.1038/nature04233
http://dx.doi.org/10.1103/RevModPhys.81.109
http://dx.doi.org/10.1080/00018732.2010.487978
http://dx.doi.org/10.1016/S1369-7021(06)71788-6
http://dx.doi.org/10.1088/0953-8984/19/40/406231
http://www.ncbi.nlm.nih.gov/pubmed/22049129
http://dx.doi.org/10.1088/0953-8984/21/45/455305
http://www.ncbi.nlm.nih.gov/pubmed/21694010
http://dx.doi.org/10.1103/PhysRevLett.102.226803
http://dx.doi.org/10.1103/PhysRevB.81.245431
http://dx.doi.org/10.1103/PhysRevB.84.155437
http://dx.doi.org/10.1103/PhysRevA.89.012101
http://dx.doi.org/10.1016/j.physleta.2015.12.006
http://dx.doi.org/10.1209/0295-5075/112/47004
http://dx.doi.org/10.1103/PhysRevB.94.045430
http://dx.doi.org/10.1103/PhysRevB.94.165407
http://dx.doi.org/10.1088/1361-648X/aa7884
http://www.ncbi.nlm.nih.gov/pubmed/28685706
http://dx.doi.org/10.1038/s41467-017-00949-y
http://www.ncbi.nlm.nih.gov/pubmed/29026126
http://dx.doi.org/10.1016/0370-1573(94)00080-M

Symmetry 2024, 16, 126 14 of 14

25.
26.

27.

28.

29.
30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

David, J.; Fernandez, C. Supersymmetric quantum mechanics. AIP Conf. Proc. 2010, 1287, 3-36.

Andrianov, A.A; Ioffe, M.V. Nonlinear supersymmetric quantum mechanics: Concepts and realizations. . Phys. A Math. Theor.
2012, 45, 503001. [CrossRef]

Midya, B.; Fernandez, D.J. Dirac electron in graphene under supersymmetry generated magnetic fields. J. Phys. A Math. Theor.
2014, 47, 285302. [CrossRef]

Schulze-Halberg, A.; Roy, P. Construction of zero-energy states in graphene through the supersymmetry formalism. J. Phys. 2017,
50, 365205. [CrossRef]

Ho, C.-L.; Roy, P. On zero energy states in graphene. Eur. Phys. Lett. 2014, 108, 20004. [CrossRef]

Jahani, D.; Shahbazy, F.; Setare, M.R. Magnetic dispersion of Dirac fermions in graphene under inhomogeneous field profiles. Eur.
Phys. J. Plus 2018, 133, 328. [CrossRef]

Schulze-Halberg, A.; Ojel, M. Darboux transformations for the massless Dirac equation with matrix potential: Construction of
zero-energy states. Eur. Phys. J. Plus 2019, 134, 49. [CrossRef]

Schulze-Halberg, A. First-order Darboux transformations for Dirac equations with arbitrary diagonal potential matrix in two
dimensions. Eur. Phys. J. Plus 2021, 136, 790. [CrossRef]

Ates, IB,; Kuru, $.; Negro, J. Graphene Dirac fermions in symmetric electric and magnetic fields: The case of an electric square
well. Phys. Scr. 2023, 98, 015816. [CrossRef]

Ioffe, M.V.; Nishnianidze, D.N.; Prokhvatilov, E.V. New solutions for graphene with scalar potentials by means of generalized
intertwining. Eur. Phys. J. Plus 2019, 134, 450. [CrossRef]

Contreras-Astorga, A.; Correa, F.; Jakubsky, V. Super-Klein tunneling of Dirac fermions through electrostatic gratings in graphene.
Phys. Rev. 2020, 102, 115429. [CrossRef]

Ioffe, M.V,; Nishnianidze, D.N. A new class of solvable two-dimensional scalar potentials for graphene. Eur. Phys. ]. Plus 2022,
137,1195. [CrossRef]

Ioffe, M.V,; Nishnianidze, D.N. Generalization of SUSY intertwining relations: New exact solutions of Fokker-Planck equation.
Eur. Phys. Lett. 2020, 129, 61001. [CrossRef]

Cannata, F,; Ioffe, M.V.; Nishnianidze, D.N. New methods for the two-dimensional Schrédinger equation: SUSY-separation of
variables and shape invariance. J. Phys. A Math. Gen. 2002, 35, 1389. [CrossRef]

Polyanin, A.D.; Zaitsev, V.F. Handbook of Exact Solutions of Ordinary Differential Equations; CRC Press: Hoboken, NJ, USA, 1995.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1088/1751-8113/45/50/503001
http://dx.doi.org/10.1088/1751-8113/47/28/285302
http://dx.doi.org/10.1088/1751-8121/aa8249
http://dx.doi.org/10.1209/0295-5075/108/20004
http://dx.doi.org/10.1140/epjp/i2018-12137-4
http://dx.doi.org/10.1140/epjp/i2019-12460-2
http://dx.doi.org/10.1140/epjp/s13360-021-01804-2
http://dx.doi.org/10.1088/1402-4896/aca631
http://dx.doi.org/10.1140/epjp/i2019-12798-3
http://dx.doi.org/10.1103/PhysRevB.102.115429
http://dx.doi.org/10.1140/epjp/s13360-022-03326-x
http://dx.doi.org/10.1209/0295-5075/129/61001
http://dx.doi.org/10.1088/0305-4470/35/6/305

	Introduction
	Asymmetric Intertwining for Two-Dimensional Dirac Equation in an Electromagnetic Field
	SUSY Diagonalization by Means of Intertwining
	From Diagonal Potential to Constant Potential by Means of Intertwining
	Case A: The Parameters Are Real 
	Case B: m2=0. 
	Case C: p+ic=0. 

	Wave Functions and Electromagnetic Fields
	Conclusions
	References

