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In this work, we study modular symmetries in type IIB flux landscape by investigating sym- 
plectic basis transformations of period vectors on toroidal orbifolds. To fix explicit cycles 
of a third-cohomology basis regarding the untwisted complex structure modulus, which is 
necessary to construct the period vectors, we find that the following two symmetries are re- 
quired for the period vectors: (i) “scaling duality,” which is a generalized S-transformation 

of P SL (2 ,Z ) , and (ii) modular symmetries, which need to be consistent with symmetries 
derived from mass spectra of the closed string in type IIB string theory. Furthermore, by 

considering flux quanta on the cycles, we explore type IIB flux vacua on toroidal orientifolds 
and flux transformations under modular symmetries of the period vectors. 
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1. Introduction 

String theory, which naturally describes gravity and quantum mechanics, is widely anticipated
to provide the fundamental physical laws governing our universe. It is known that string the-
ory admits enormous vacua in the context of flux compactifications. Among those, the vacua
arising from flux compactifications in type IIB string theory are referred to as type IIB flux
vacua (for reviews, see [ 1–3 ]). Because this landscape serves as one of the controllable low-
energy effective theories derived from string theory, it has been extensively investigated from
both theoretical and phenomenological perspectives. 

Modular symmetry in low-energy effective theories provides a powerful tool for clarifying the
vacuum structure within the flux landscape. In type IIB flux compactifications on T 6 / (Z 2 × Z 

′ 
2 )

orientifolds, modular symmetry leads to a classification of vacuum expectation values (VEVs)
regarding complex structure moduli fields as physically independent vacua. The distribution
of the VEVs is known to be clustered at fixed points of P SL (2 , Z ) modular symmetry [ 4 , 5 ]. In
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addition, although the modular symmetry appearing in the landscape concerning the T 6 /Z 6 −II 

orientifold is not P SL (2 , Z ) but �̄0 (3) , which is a subgroup of P SL (2 , Z ) , it was found that the
distribution of the VEVs is clustered at fixed points of �̄0 (3) modular symmetry [ 6 ]. Thus, we
can state that the flux landscape favors fixed points of modular symmetry. From a phenomeno-
logical perspective, the fixed points of modular symmetry are known to exhibit remarkably
interesting features [ 7–18 ]. Therefore, it is very important to systematically classify modular
symmetries in low-energy effective theories to reveal the vacuum structure of the flux landscape
in different toroidal orientifolds. 

Considering the systematic classification of modular symmetries, it is useful to discuss these
symmetries through the symplectic basis transformation of the period vector. However, the 
methods mentioned in previous research [ 6 ] are not enough to systematically classify the mod-
ular symmetries of the period vector in various toroidal orbifolds because we cannot determine
cycles of a third-cohomology basis on the toroidal orbifolds. Since the linear combinations of 
these cycles lead to different cycles with different modular symmetries, we discuss the resolu-
tion of the indefiniteness of the cycles by choosing the period vector including the structure
of “scaling duality” which is a natural generalization of the S-transformation of P SL (2 , Z ) .
In addition, we must consider the degree of freedom regarding overall factors of the cycles of 
the third-cohomology basis. Since these factors affect the intersection numbers and the rela-
tive sizes between the components of the period vector, the indefiniteness of the overall factor
causes the emergence of various modular symmetries. Then, by assuming the consistency of 
duality symmetries for a complex-structure modulus on each toroidal orbifold in the context of 
the low-energy effective action of string theory, we can fix the overall factors of cycles. In het-
erotic string theory, the duality symmetries of the complex-structure modulus are derived from
threshold corrections of moduli-dependent gauge coupling constants [ 19 , 20 ]. These previous
researches have classified the duality symmetries by investigating the dependence of winding 

and momentum modes. Therefore, because the structure of the winding and momentum modes
regarding the massive mode in the ten-dimensional bosonic string sector of the type IIB closed
string is the same as the case of heterotic string theory, we can classify the duality symmetries
of the complex-structure modulus by applying the same technology to the one-loop partition
function of the type IIB closed string. Under this assumption, the systematic classification of 
the modular symmetries can be performed in the type IIB flux landscape of the various toroidal
orientifolds. 

This paper is organized as follows. In Section 2 , we briefly review the geometry of the T 6 /Z 4 

orbifold with the SU (2) × SU (4) × SO (5) root lattice. First, we construct the cycles of the
third cohomology basis which is invariant under the Coxeter element Q , and investigate these
intersection numbers. Next, we calculate complex one-forms by taking account of eigenvec- 
tors concerning the Coxeter element to obtain a holomorphic three-form. In Section 3 , the
construction of the period vector is discussed to study the modular transformation of it. To
include the contribution of the intersection numbers which are not normalized to 1, we re-
visit the definition of the coordinates and the derivatives of a prepotential. Moreover, we show
the “scaling duality” appearing in the symplectic transformation group Sp(4 , Z ) . In addition,
we summarize the duality symmetries on the toroidal orbifolds and mention the conditions
for the period vector, which are necessary to classify the modular symmetries systematically. In
Section 4 , by taking account of effective potentials induced by three-form fluxes on the toroidal
orientifolds, we obtain supersymmetric (SUSY) Minkowski solutions by solving F-term 
2/37
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equations. Then, to check the invariance of the F-term equations and the scalar potential under
the modular transformations, we discuss the relevant transformations of the three-form fluxes.
Considering these flux transformations, we can deal with the explicit modular symmetries in the
low-energy effective theory on each toroidal orientifold. Section 5 is devoted to the conclusion.
In Appendix A , we discuss the details of the duality symmetries derived from the structure of 
the winding and the momentum numbers regarding the mass spectrum of the type IIB closed
string. In Appendix B , we summarize the explicit examples regarding the period vectors and
the three-form fluxes on the various orientifolds. 

2. The geometry of orbifolds 
In the following, taking an explicit orbifold into account, we discuss the breakdown of the
SL (2 , Z ) symmetry for complex-structure moduli derived from the geometry of orbifolds with
h2 , 1 

untw . = 1 . First, we perform SL (2 , Z ) modular transformation of a period vector that appears
in the effective action of type IIB string theory. In particular, in this section, we focus on the
T 6 /Z 4 orbifold with the SU (2) × SU (4) × SO (5) root lattice. 

2.1. Geometry 

The torus lattices for orbifold constructions and orbifold geometrical properties have been stud-
ied in Refs. [ 21–24 ]. In particular, the geometry of toroidal orbifolds utilized in flux compactifi-
cations of type IIB theory had been studied in Refs. [ 25–27 ]; we briefly review them to facilitate
later discussion. 

First, we discuss the geometry of the T 6 /Z 4 orientifold with the SU (2) × SU (4) × SO (5)
root lattice. The Hodge numbers for the untwisted sector are (h1 , 1 

untw. , h
2 , 1 
untw. ) = (5 , 1) and the

Hodge numbers for the twisted sector are (h1 , 1 
twist. , h

2 , 1 
twist. ) = (22 , 2) . In this study, we focus ex-

clusively on the untwisted sector of the complex-structure modulus and analyze the modular
transformations that act on it. 

To construct some orbifolds, we impose the boundary conditions on a basis of T 6 . When
considering the T 6 /Z 4 orbifold, it is required that the six-dimensional metric be invariant under
the action of Z 4 . By using Coxeter element Q corresponding to the SU (2) × SU (4) × SO (5)
root lattice, we can define the Z 4 basis transformation for the metric described by gi j = 〈 ei , e j 〉 .
The action of Q on the SU (2) × SU (4) × SO (5) root lattice is defined as 

Q (e1 ) = e2 , Q (e2 ) = e1 + e2 + e3 + e4 , 

Q (e3 ) = −e1 − e2 − e3 , Q (e4 ) = −e1 − e2 − e4 , 

Q (e5 ) = e6 , Q (e6 ) = −e5 − e6 . 

(2.1) 

The matrix representation of Q is defined by Q (ei ) = e j Qji , and the explicit matrix is shown
below: 

Q =

⎛ 

⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

0 0 −1 0 0 0 

1 0 −1 0 0 0 

0 1 −1 0 0 0 

0 0 0 1 −1 0 

0 0 0 2 −1 0 

0 0 0 0 0 −1 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

, (2.2) 
3/37



PTEP 2025, 093B07 K. Ishiguro et al.

 

 

 

 

 

 

 

 

 

 

 

 

D
ow

nloaded from
 https://academ

ic.oup.com
/ptep/article/2025/9/093B07/8240263 by guest on 28 January 2026
where Q4 = 1 . From the invariance of the metric, that is, Qt gQ = g, and the relation between
the metric and the one-forms dxi , that is, d s2 = gi j d xi ⊗ d xj , the one-forms transform into
d x′ = Qd x . 

In the case of T 6 , there are 20 real three-forms defined by a third-cohomology basis as fol-
lows: 

α0 = d x1 ∧ d x3 ∧ d x5 , β0 = d x2 ∧ d x4 ∧ d x6 , 

α1 = d x2 ∧ d x3 ∧ d x5 , β1 = −d x1 ∧ d x4 ∧ d x6 , 

α2 = d x1 ∧ d x4 ∧ d x5 , β2 = −d x2 ∧ d x3 ∧ d x6 , 

α3 = d x1 ∧ d x3 ∧ d x6 , β3 = −d x2 ∧ d x4 ∧ d x5 , 

γ1 = d x1 ∧ d x2 ∧ d x3 , δ1 = −d x4 ∧ d x5 ∧ d x6 , 

γ2 = d x1 ∧ d x2 ∧ d x5 , δ2 = −d x3 ∧ d x4 ∧ d x6 , 

γ3 = d x1 ∧ d x3 ∧ d x4 , δ3 = −d x2 ∧ d x5 ∧ d x6 , 

γ4 = d x3 ∧ d x4 ∧ d x5 , δ4 = −d x1 ∧ d x2 ∧ d x6 , 

γ5 = d x1 ∧ d x5 ∧ d x6 , δ5 = −d x2 ∧ d x3 ∧ d x4 , 

γ6 = d x3 ∧ d x5 ∧ d x6 , δ6 = −d x1 ∧ d x2 ∧ d x4 , 

(2.3) 

where the six real coordinates xi on the torus T 6 have the periodic boundary conditions, that is,
xi ∼= 

xi + 1 and the orientation is 
∫ 

T 6 /Z 4 
d x1 ∧ d x2 ∧ d x3 ∧ d x4 ∧ d x5 ∧ d x6 = −1 . Then, the

above cycles satisfy 

∫ 
T 6 /Z 4 

αi ∧ β j = δi 
j ,

∫ 
T 6 /Z 4 

γi ∧ δ j = δi 
j . (2.4) 

Note that the basis composed by these cycles is not the basis on T 6 /Z 4 but the basis on T 6 

due to the lack of invariance for the Coxeter element, and we just choose the normalization of 
intersection number regarding these cycles on T 6 /Z 4 . 

When discussing the geometry of orbifolds, it is necessary to prepare the real three-forms that
are invariant under the Coxeter element Q [ 6 ]. For example, by using a real three-form α0 and
the definition of Q4 = 1 , we can obtain a new basis which is invariant under Q as follows: 

∑ 

�(α0 ) := Q (α0 ) + Q2 (α0 ) + Q3 (α0 ) + Q4 (α0 ) 

= 2 α0 − 2 α1 − 2 δ5 + 2 δ6 , (2.5) 

where we denote an orbit � of α0 under a transformation group G by G(α0 ) ≡ { gα0 | g ∈ G}
and we consider the summation of each orbit regarding α0 . Q is one of the elements in G and
the length of orbits regarding α0 is 4 due to Q4 (α0 ) = α0 . Then, following the transformation
d x′ = Qd x , we arrive at 

Q (α0 ) = Q (d x1 ∧ d x3 ∧ d x5 ) 

= (−dx3 ) ∧ (dx2 − dx3 ) ∧ (2 dx4 − dx5 ) 

= −α1 − 2 δ5 . (2.6) 

To construct the cycles on the orbifold, we apply this action 

∑ 

� to 20 real three-forms. By
choosing only the linearly independent cycles from the obtained invariant cycles, the following
4/37
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four cycles are derived: 1 

1A0 ≡ 1 

2 

∑ 

�(α1 ) , 

1A1 ≡
∑ 

�(β1 ) , 

1B0 ≡
∑ 

�(δ2 ) , 

1B1 ≡
∑ 

�(α0 ) , 

(2.7) 

which is invariant third-cohomology basis H3 (T 6 /Z 4 , Z ) under the Coxeter element Q . Here,
we also consider the sum of orbits associated with the Coxeter element and the lengths of four
orbits are 

| �(α0 ) | = 4 , | �(α1 ) | = 4 , | �(β1 ) | = 4 , | �(δ2 ) | = 4 . (2.8) 

In terms of 20 real three-forms, the basis can be expressed as follows: 

1A0 = α0 − γ2 − 2 γ3 − δ5 − δ6 , 

1A1 = −2 β0 − γ5 + γ6 − δ3 , 

1B0 = 2 β1 + γ5 − γ6 − 2 δ2 − δ3 , 

1B1 = 2(α0 − α1 − δ5 + δ6 ) . 

(2.9) 

On T 6 , these intersections of the dual cycles in regard to the orbifold satisfy the following
relations: ∫ 

T 6 /Z 4 

1A0 ∧ 1B0 = 4 ,

∫ 
T 6 /Z 4 

1A1 ∧ 1B1 = 8 , (2.10) 

where the other intersection numbers are 0. In Section 3.3 , the difference of these intersection
numbers is an important factor to obtain the modular transformation of the period vector,
which is consistent with duality symmetries. 

2.2. Holomorphic three-form 

For the construction of a period vector which has the dependence of a complex-structure mod-
ulus, it is necessary to obtain the explicit expression of the holomorphic three-form. A holo-
morphic three-form is defined as the wedge product of a complex one-form { dzi }i=1 , 2 , 3 where
the Coxeter element acts diagonally on these one-forms; 

Q : dzi → e2 πξi dzi , (2.11) 

with the eigenvalues 2 πξi . Then, in order to find the complex one-form, we require the following
ansatz: ⎛ 

⎜ ⎝ 

dz1 

dz2 

dz3 

⎞ 

⎟ ⎠ 

=

⎛ 

⎜ ⎝ 

(v1 )t dx 

(v2 )t dx 

(v3 )t dx 

⎞ 

⎟ ⎠ 

, (2.12) 

where vi are the eigenvectors of the Coxeter element Qt with the eigenvalues (e2 πξ1 , e2 πξ2 , e2 πξ3 )
and the requirement of SU (3) -holonomy leads to ±ξ1 ± ξ2 ± ξ3 = 0 . Here, we choose the
eigenvalues (ξ1 , ξ2 , ξ3 ) =

( 1 
4 ,

1 
4 , − 2 

4 

)
. In Eq. ( 2.12 ), the action of the Coxeter element can be
1 Here, we cannot fix the explicit basis by using the Coxeter element and intersection numbers. In a later 
discussion, we choose the explicit form by modular symmetries originating from string theory. 

5/37
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represented as 

Q (dzi ) = (vi )t dx′ = (Qt vi )t dx = e2 πξi dzi . (2.13) 

From the above discussion, we can construct the complex one-forms as follows: 

d z1 = a
(
d x1 + i d x2 − d x3 

)
, 

d z2 = b
(
d x4 − ( 1 

2 − i 
2 

)
d x5 
)
, 

d z3 = c
(
d x1 − d x2 + d x3 

)+ d d x6 , 

(2.14) 

where a, b, c , and d are constants. 
In the case of T 6 /Z 4 , the volume of the fixed sub-torus regarding higher twists is larger than

1 [ 27 ]. By requiring the normalized periodicity for the sub-tori, we choose the normalization
of Eq. ( 2.14 ) such that |det Y | = 2Im U , where Y is the transformation from real to complex
coordinates. 

Since the direction of the fixed torus is derived from the invariance of the self-dual lattice [ 28 ],
we can describe the fixed torus by the winding number w and momenta number p satisfying
Q2 w = w and ((Qt )−1 )2 p = p (see Appendix A ); 

w =

⎛ 

⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

n1 

0 

n1 

0 

0 

n2 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

, p =

⎛ 

⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

m1 

−m1 

m1 

0 

0 

m2 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

, (2.15) 

where { n1 , n2 , m1 , m2 } are integers. The inner product of winding and momentum numbers is 

pt w = 2 n1 m1 + n2 m2 . (2.16) 

Then, the coefficient of n1 m1 , which is not 1, implies that the real coordinate has a larger pe-
riodicity than 1, and we consider a normalization to obtain the desirable periodicity in the
following. Here, we apply Eq. ( 2.16 ) to the eigenvectors of Eq. ( 2.14 ); 

(v1 )t w = 0 , 

(v2 )t w = 0 , 

(v3 )t w = 2 c n1 + d n2 . 

(2.17) 

From this observation, we find that the fixed torus lies along the direction of dz3 and we choose
the normalization as c = 1 

2 . Finally, by interpreting the remaining complex degrees of freedom
as the complex-structure modulus and considering |det Y | = 2Im U , we can fix the complex
one-forms as follows: 

d z1 = 1 √ 

2 

(
d x1 + i d x2 − d x3 

)
, 

d z2 = d x4 − ( 1 
2 − i 

2 

)
d x5 , 

d z3 = 1 
2 

(
d x1 − d x2 + d x3 

)+ U d x6 . 

(2.18) 

Consequently, by using these complex one-forms, the holomorphic three-form is defined as
	 = d z1 ∧ d z2 ∧ d z3 , where 

∫ 
T 6 /Z 4 

	 ∧ 	̄ = 2 iIm U . 
In the following section, we discuss the period vector which can be constructed by using

the technique in Ref. [ 6 ] and the basis transformation of the period vector is known to be
associated with the subgroup of P SL (2 , Z ) . However, the explicit form of the period vector is
not fixed uniquely due to the indefiniteness of the third-cohomology basis on each orbifold. In
addition, it is found that the subgroup with respect to the transformation of the period vector
6/37
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changes when each component of the period vector changes. Note that the complex one-forms
are uniquely defined by taking account of |det Y | = 2Im U and the structure of the winding
and the momentum numbers derived from the mass spectrum of the type IIB closed string, as
discussed before. Given this fact, the modular symmetry of the period vector should be fixed
uniquely because the duality symmetry for the complex-structure modulus on each toroidal
orbifold is fixed uniquely. Thus, it is strange that the modular transformation of the complex-
structure modulus, which is derived from the basis transformation of the period vector, changes
depending on how the third-cohomology basis is chosen. To resolve this problem, we examine
the consistency between the modular symmetry of the period vector and the duality symmetries
in what follows. 

3. The modular transformation of the period vector 
In this section, we discuss the construction of the period vector and the modular transforma-
tion. As mentioned in Section 2.1 , the explicit real basis, which is invariant under the Coxeter
element Q , cannot be fixed and this result leads varieties of the modular transformation group
regarding the period vector. Our research takes account of determining the real basis by choos-
ing one which is consistent with duality symmetries. 

3.1. Construction of period vector 
To analyze the modular transformation of the complex-structure modulus, we focus on the
period vector on T 6 /Z 4 orbifold, which is defined by the SU (2) × SU (4) × SO (5) root lattice.

Firstly, we introduce a basis of three cycles AI , BJ with I , J = 0 , ..., h2 , 1 
untw . on T 6 /Z 4 orbifold

on general grounds. 2 Then their intersection numbers are chosen as follows: 

AI ∩ BJ = cI δ
I 
J , BJ ∩ AI = −cI δ

I 
J , AI ∩ AI = 0 , BJ ∩ BJ = 0 , (cI ∈ N ) . (3.1) 

Note that we consider that these intersection numbers are not 1. The dual cohomology basis is
expressed by (1AI , 1BJ ) ; ∫ 

AJ 
1AI =

∫ 
T 6 /Z 4 

1AI ∧ 1BJ = cI δ
I 
J ,

∫ 
BJ 

1BI =
∫ 

T 6 /Z 4 

1BI ∧ 1AJ = −cJ δ
J 
I . (3.2) 

When the basis transformation preserves these properties, the group of transformation is
described by a symplectic modular group Sp(2 h2 , 1 

untw . + 2 , Z ) [ 29 , 30 ]. Taking account of the
definition of coordinates X I on the moduli space using 1AI periods of holomorphic three-
form and functions FI using 1BI periods of holomorphic three-form, it is necessary to satisfy∫ 

T 6 /Z 4 
	 ∧ 	̄ = 2 iIm U . In other words, we must consider the normalization of the holomor-

phic three-form on each cycle. Thus, the coordinates X I and the functions FI are defined as
follows: 3 

X I = 1 √ 

cI 

∫ 
AI 

	, FI = 1 √ 

cI 

∫ 
BI 

	, (I = 0 , ..., h2 , 1 
untw . ) . (3.3) 

In the case of T 6 /Z 4 orbifold, by using this definition, the holomorphic three-form can be
expanded as 

	 = 1 

2 

X 0 1A0 + 1 

2
√ 

2 

X 1 1A1 − 1 

2 

F0 1B0 −
1 

2
√ 

2 

F1 1B1 . (3.4) 
2 Here, these cycles are invariant under the Coxeter element Q and we discuss only the untwisted mod- 
ulus. 

3 Relaxing the normalization for the intersection number ensures that the subsequent discussion demon- 
strates consistency between string theory’s duality symmetries and the period vector’s modular symmetry. 

7/37
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Applying this expansion Eq. ( 3.4 ) to 

∫ 
T 6 /Z 4 

	 ∧ 	̄, we can obtain an explicit expression of the
period vector 
: ∫ 

T 6 /Z 4 

	 ∧ 	̄ = −X 0 F̄0 − X 1 F̄1 + X̄ 0 F0 + X̄ 1 F1 

= 
† �
, (3.5) 

where 

� =
( 

0 12 

−12 0 

) 

. (3.6) 

Therefore, we arrive at the following expression of the period vector 


 ≡

⎛ 

⎜ ⎜ ⎜ ⎝ 

X 0 

X 1 

F0 

F1 

⎞ 

⎟ ⎟ ⎟ ⎠ 

=

⎛ 

⎜ ⎜ ⎜ ⎜ ⎝ 

1 
2 

∫ 
T 6 /Z 4 

	 ∧ 1B0 

1 
2
√ 

2 

∫ 
T 6 /Z 4 

	 ∧ 1B1 

1 
2 

∫ 
T 6 /Z 4 

	 ∧ 1A0 

1 
2
√ 

2 

∫ 
T 6 /Z 4 

	 ∧ 1A1 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎠ 

=

⎛ 

⎜ ⎜ ⎜ ⎝ 

1 √ 

2 

−iU 

U √ 

2 
i 
2 

⎞ 

⎟ ⎟ ⎟ ⎠ 

, (3.7) 

which satisfies 
† �
 = 2 iIm U . Since the overall factor can be absorbed by Käler transfor-

mation, we consider a modified period vector 
′ =
(

1 , −i
√ 

2 U, U, i √ 

2 

)t 
in the discussion of 

modular transformation. 

3.2. Modular transformation of period vector 
From the properties of Eq. ( 3.2 ), we know that the basis transformation of the period vector is
Sp(4 , Z ) . However, in general, we do not know how the symplectic transformation can be in-
terpreted as a modular transformation of the complex-structure modulus in the period vector. 4 

In the following discussion, we take account of the modular transformation group regarding
the period vector by a linear fractional transformation as follows: 

U → aU + b 

cU + d 

, (3.8) 

where a, b, c , and d are complex coefficients. From the properties of Eq. ( 3.2 ), we know that
the basis transformation group of the period vector is Sp(4 , Z ) . Therefore, it is necessary to
find constraints of a, b, c , and d by making an association between the linear fractional trans-
formation and the symplectic modular transformation. The following discussion is based on 

Ref. [ 6 ]. 

First, regarding the period vector 
′ =
(

1 , −i
√ 

2 U, U, i √ 

2 

)t 
, we identify a relation between 

the linear fractional transformation with Kähler transformation (cU + d ) and the symplectic
modular transformation. Considering the transformation ( 3.8 ) for 
′ , we can obtain the fol-
lowing vector ⎛ 

⎜ ⎜ ⎜ ⎝ 

cU + d 

−i
√ 

2 (aU + b) 
aU + b 

i √ 

2 
(cU + d ) 

⎞ 

⎟ ⎟ ⎟ ⎠ 

, (3.9) 
4 The relation between the modular transformation and symplectic transformation of the complex 

structure or Kähler structure moduli in specific Calabi–Yau threefolds was discussed in Ref. [ 31 ]. 

8/37



PTEP 2025, 093B07 K. Ishiguro et al.

 

 

 

 

 

 

 

D
ow

nloaded from
 https://academ

ic.oup.com
/ptep/article/2025/9/093B07/8240263 by guest on 28 January 2026
where (cU + d ) is absorbed by Kähler transformation. In addition, the symplectic basis trans-
formation of 
′ is described as follows: 

X 
′ =

⎛ 

⎜ ⎜ ⎜ ⎜ ⎝ 

x11 − i
√ 

2 U x12 + U x13 + i √ 

2 
x14 

x21 − i
√ 

2 U x22 + U x23 + i √ 

2 
x24 

x31 − i
√ 

2 U x32 + U x33 + i √ 

2 
x34 

x41 − i
√ 

2 U x42 + U x43 + i √ 

2 
x44 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎠ 

, (3.10) 

where X ≡ xi j is generally chosen as an element of Sp(4 , Z ) . In the following discussion, we
consider the identification of these two vectors ( 3.9 ) and ( 3.10 ). Then, on both vectors, we take
a quotient between the first and fourth components of the period vector: 

−i
√ 

2 =
x11 − i

√ 

2 U x12 + U x13 + i √ 

2 
x14 

x41 − i
√ 

2 U x42 + U x43 + i √ 

2 
x44 

. (3.11) 

Solving Eq. ( 3.11 ) as an identity, noting that xi j is an integer, yields following relations; 

x14 = −2 x41 , x12 = x43 , x13 = −2 x42 , x11 = x44 . (3.12) 

For the second and third components of the period vector, similar calculations are performed
and we can obtain the following relations: 

x23 = −2 x32 , x21 = x34 , x24 = −2 x31 , x22 = x33 . (3.13) 

To satisfy the identities including Eq. ( 3.11 ), which is independent of the complex-structure
modulus U , the matrix of symplectic transformation X takes the following form: 

X =

⎛ 

⎜ ⎜ ⎜ ⎝ 

x44 x43 −2 x42 −2 x41 

x34 x33 −2 x32 −2 x31 

x31 x32 x33 x34 

x41 x42 x43 x44 

⎞ 

⎟ ⎟ ⎟ ⎠ 

. (3.14) 

As a similar discussion, we take a quotient between the third and fourth components of the
period vector on both vectors: 

−i
√ 

2 

aU + b 

cU + d 

=
x31 − i

√ 

2 U x32 + U x33 + i √ 

2 
x34 

x41 − i
√ 

2 U x42 + U x43 + i √ 

2 
x44 

. (3.15) 

By solving Eq. ( 3.15 ) as an identity, additional conditions can be obtained as 

x34 = −2 b 

c 
x43 , x41 = d 

c 
x43 , x32 = a 

c 
x43 , 

x33 = a 

d 

x44 , x42 = − c 
2 d 

x44 , x31 = b 

d 

x44 . 

(3.16) 

Taking account of conditions Eqs. ( 3.12 ), ( 3.13 ), and ( 3.16 ), we can obtain the matrix X which
is constrained by the identification of Eq. ( 3.10 ): 5 

X =

⎛ 

⎜ ⎜ ⎜ ⎜ ⎝ 

x44 x43 
c 
d x44 − 2 d 

c x43 

− 2 b 
c x43 

a 
d x44 − 2 a 

c x43 − 2 b 
d x44 

b 
d x44 

a 
c x43 

a 
d x44 − 2 b 

c x43 

d 
c x43 − c 

2 d x44 x43 x44 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎠ 

. (3.17) 
5 The three conditions Eqs. ( 3.12 ), ( 3.13 ), and ( 3.16 ) are sufficient to construct the symplectic basis 
transformation matrix X . When taking quotients between the first and second components, between 

the first and third components, and between the second and fourth components of the period vector, 
these conditions cannot restrict the matrix X additionally, and then the symplectic basis transformation 

corresponds to the linear fractional transformation identically. 
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Considering a condition X t �X = � regarding the properties of the symplectic transformation, 
we find the following constraint: 

(ad − bc )
(

2 x2 
43 

c2 
+ x2 

44 

d2 

)
= 1 , (3.18) 

and this equation can be rewritten as follows: 

ad − bc 
d2 

{ 

2
(

d 

c 
x43 

)2 

+ x2 
44 

} 

= 1 , 

a 

d 

x44 · x44 − b 

d 

x44 · c 
d 

x44 = 

x2 
44 

2
( d 

c x43 
)2 + x2 

44 

. (3.19) 

Note that X is the matrix of the symplectic transformation Sp(4 , Z ) and these elements are
integers. Then, a 

d x44 , x44 , b 
d x44 , and 

c 
d x44 are the elements of the Sp(4 , Z ) basis transformation

matrix and the LHS of Eq. ( 3.19 ) is an integer. Therefore, an inequality 2
( d 

c x43 
)2 + x2 

44 ≤ x2 
44 

can be obtained, and we cannot consider the case of x43 � = 0 and x44 � = 0 because d c x43 is also the
element of X and an integer. Here we can obtain the conditions x43 = 0 , x44 � = 0 , and likewise,
by taking account of the following equation: 

−
(

−2 a 

c 
x43 

)
· d 

c 
x43 +

(
−2 b 

c 
x43 

)
· x43 =

2 x2 
43 

2 x2 
43 +

( c 
d x44 

)2 , (3.20) 

we can obtain the conditions x43 � = 0 , x44 = 0 . Hence, we discuss two cases: Case I, x43 =
0 , x44 � = 0 ; and Case II, x43 � = 0 , x44 = 0 . 

Case I. x43 = 0 , x44 � = 0 

In this case, by using the condition X t �X = �, an explicit matrix of X is 

X1 = 1 √ 

ad − bc 

⎛ 

⎜ ⎜ ⎜ ⎝ 

d 0 c 0 

0 a 0 −2 b 

b 0 a 0 

0 − c 
2 0 d 

⎞ 

⎟ ⎟ ⎟ ⎠ 

. (3.21) 

Since X is the matrix of the symplectic transformation Sp(4 , Z ) and these elements are integers,
we must consider the following conditions for a, b, c , and d : 

a′ ≡ a √ 

ad − bc 
, b′ ≡ b √ 

ad − bc 
, 

c′ ≡ 1 

2 

c √ 

ad − bc 
, d ′ ≡ d √ 

ad − bc 
, 

(a′ , b′ , c′ , d ′ ∈ Z ) (3.22) 

where these definitions lead a′ d ′ − 2 b′ c′ = 1 . By using a′ , b′ , c′ , and d ′ , we can describe the sym-
plectic modular transformation as the restricted linear fractional transformation: 

X1 =

⎛ 

⎜ ⎜ ⎜ ⎝ 

d ′ 0 2 c′ 0 

0 a′ 0 −2 b′ 

b′ 0 a′ 0 

0 −c′ 0 d ′ 

⎞ 

⎟ ⎟ ⎟ ⎠ 

. (3.23) 

Thus, we conclude that the linear fractional transformation in the x43 = 0 case is Hecke con-
gruence subgroup of level 2 denoted by �0 (2) ; 

�0 (2) ≡
{ ( 

a b 

c d 

) 

∈ SL (2 , Z )

∣∣∣∣∣ c ≡ 0 mod 2

} 

. (3.24) 
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Table 1. The duality symmetries regarding the complex-structure modulus on T 6 /Z N 

and T 6 / (Z N 

× Z M 

) 
orbifold. In the case of the SU (3) × SO (8) loot lattice, the complex-structure modulus is defined as 
U ′ ≡ U + 2 . 

Z N 

, Z N 

× Z M 

Lattice Duality symmetries of U 

Z 4 SU (4)2 P SL (2 ,Z ) 
Z 4 SU (2) × SU (4) ×

SO (5) 
�̄0 (2) 

Z 4 S U (2)2 × S O (5)2 P SL (2 ,Z ) 
Z 6 −II SU (2) × SU (6) �̄0 (3) 
Z 6 −II SU (3) × SO (8) �̄0 (3) 
Z 6 −II S U (2)2 × S U (3)2 P SL (2 ,Z ) 
Z 6 −II S U (2)2 × S U (3) ×

G2 

P SL (2 ,Z ) 

Z 8 −II SU (2) × SO (10) �̄0 (2) 
Z 8 −II SO (4) × SO (9) P SL (2 ,Z ) 
Z 12 −II SO (4) × F4 P SL (2 ,Z ) 
Z 2 × Z 4 S U (2)2 × S O (5)2 P SL (2 ,Z ) 
Z 2 × Z 6 S U (2)2 × S U (3) ×

G2 

P SL (2 ,Z ) 
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This subgroup can be generated by generators T and V1 [ 32 ] as follows: 

T =
( 

1 1 

0 1 

) 

, V1 =
( 

1 1 

−2 −1 

) 

, (3.25) 

where the elements S and T of SL (2 , Z ) can describe generator V1 as ST ST −1 S. Therefore, we
can find that the symplectic basis transformation for the period vector is consistent with the du-
ality symmetry of the complex-structure modulus, as shown in Table 1 . Note that the modular
transformation is not SL (2 , Z ) but P SL (2 , Z ) . Thus it is necessary to consider the correspond-
ing subgroup �̄0 (2) of P SL (2 , Z ) . 6 In general, the subgroup �̄0 (n ) is defined as follows: 

�̄0 (n ) ≡
{ ( 

a b 

c d 

) 

∈ P SL (2 , Z )

∣∣∣∣∣ c ≡ 0 (mod n )

} 

. (3.26) 

Moreover the subgroup �̄0 (n ) , which is written in Table 1 , is defined as follows: 

�̄0 (n ) ≡
{ ( 

a b 

c d 

) 

∈ P SL (2 , Z )

∣∣∣∣∣ b ≡ 0 (mod n )

} 

. (3.27) 

Case II. x43 � = 0 , x44 = 0 

Repeating the same calculation, we can obtain the explicit matrix of X : 

X2 = 1 √ 

2 

√ 

ad − bc 

⎛ 

⎜ ⎜ ⎜ ⎝ 

0 c 0 2 d 

−2 b 0 −2 a 0 

0 a 0 −2 b 

d 0 c 0 

⎞ 

⎟ ⎟ ⎟ ⎠ 

. (3.28) 
6 These modular subgroups can also lead to interesting modular flavor symmetries [ 33 ]. 
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Since X is the matrix of the symplectic transformation Sp(4 , Z ) and these elements are integers,
we must consider the following conditions for a, b, c , and d : 

a′′ ≡ 1 

2 

√ 

2 a √ 

ad − bc 
, b′′ ≡

√ 

2 b √ 

ad − bc 
, 

c′′ ≡ 1 

2 

√ 

2 c √ 

ad − bc 
, d ′′ ≡ 1 

2 

√ 

2 d √ 

ad − bc 
, 

(a′′ , b′′ , c′′ , d ′′ ∈ Z ) , (3.29) 

where these definitions lead to 2 a′′ d ′′ − b′′ c′′ = 1 . By using a′′ , b′′ , c′′ , and d ′′ , we can describe
the symplectic modular transformation as the restricted linear fractional transformation: 

X2 =

⎛ 

⎜ ⎜ ⎜ ⎝ 

0 c′′ 0 2 d ′′ 

−b′′ 0 −2 a′′ 0 

0 a′′ 0 −b′′ 

d ′′ 0 c′′ 0 

⎞ 

⎟ ⎟ ⎟ ⎠ 

. (3.30) 

Now we find that Sp(4 , Z ) basis transformation can generate the transformation regarding
the subgroup of P SL (2 , Z ) . Here, we consider an element of the symplectic group Sp(4 , Z ) as
follows: 

SSD 

=

⎛ 

⎜ ⎜ ⎜ ⎝ 

0 1 0 0 

1 0 0 0 

0 0 0 1 

0 0 1 0 

⎞ 

⎟ ⎟ ⎟ ⎠ 

. (3.31) 

Then it is found that this element can bridge between X1 and X2 as the following relation: 

SSD 

x1 = x2 , ( x1 ∈ X1 , x2 ∈ X2 ) , (3.32) 

where these elements have a property of non-Abelian SSD 

x1 � = x1 SSD 

. Therefore, considering
that the transformation of the dual cohomology basis is Sp(4 , Z ) , the modular transformation
group of the complex-structure modulus can be denoted by �̄0 (2) and Z 2 regarding SSD 

as
follows: 

�̄0 (2) � Z 2 . (3.33) 

Next, we focus on the transformation of SSD 

as the linear fractional transformation. Taking
account of a transformation S(2) ≡ i √ 

2 U 

SSD 

for the period vector, which includes the Kähler 

transformation, we find that this is associated with a modular transformation U → − 1 
2 U 

from
the following calculation: 

S(2) 

′ = i √ 

2 U 

⎛ 

⎜ ⎜ ⎜ ⎝ 

0 1 0 0 

1 0 0 0 

0 0 0 1 

0 0 1 0 

⎞ 

⎟ ⎟ ⎟ ⎠ 

⎛ 

⎜ ⎜ ⎜ ⎝ 

1 

−i
√ 

2 U 

U 

i √ 

2 

⎞ 

⎟ ⎟ ⎟ ⎠ 

=

⎛ 

⎜ ⎜ ⎜ ⎝ 

1 

i √ 

2 U 

− 1 
2 U 

i √ 

2 

⎞ 

⎟ ⎟ ⎟ ⎠ 

. (3.34) 

This transformation U → − 1 
2 U 

corresponds to the action of exchanging the inside and the
outside of a circle of radius 1 √ 

2 
and the circle has a fixed point U = 1 

2 + i 
2 of �̄0 (2) in the

circumference. In other words, for �̄0 (2) , this can be understood as a natural generalization of 
the S-transformation of P SL (2 , Z) . Here, we call it the “scaling duality” [ 6 ]. For these results,
the basis transformation regarding Sp(4 , Z ) can be expressed naturally by the subgroup of 
P SL (2 , Z ) and the generalized S-transformation. 
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3.3. Conditions for the construction of the period vector 
In this section, we discuss the general conditions necessary for the construction of period vec-
tors, in order to extend the examples discussed in Sections 2 and 3 to the other orbifolds. First,
the conditions for constructing the third-cohomology basis of the toroidal orbifolds are sum-
marized as follows: 

� The cycles of the toroidal orbifolds are composed of linear combinations of cycles on T 6 ,
which have integer coefficients, because the toroidal orbifold is the subspace of T 6 . 

� Each cycle on the toroidal orbifold must be invariant under the Coxeter element Q . 
� The third-cohomology basis of the toroidal orbifold has the symplectic structure as shown

in Eq. ( 3.2 ). 

Although these conditions restrict the choice of the cycles regarding the toroidal orbifold,
we can consider various linear combinations of the cycles of T 6 that satisfy the invariance
of Q and the symplectic structure. Then, we choose the cycles which have the structure of 
bridging two symplectic transformation matrices by the S-transformation or the scaling du-
ality as in Eq. ( 3.32 ). By considering this condition, we can discuss the generalization of the
S-transformation naturally and understand the symplectic structure of the period vector obvi-
ously. 7 

The explicit form of the period vector can be chosen by the assumption that the period vector
has the structure of the scaling duality. However, the period vector cannot be fixed because we
can take different integer values as the coefficient of the cycles overall regarding the third-
cohomology basis. In addition, each period vector which has a different coefficient generates a
different subgroup of the modular transformation. This indicates that the symmetry emerging
in the low-energy effective theory depends on the specific choice of coefficients for the cycles
overall. Hence, the absence of a guiding principle for selecting these coefficients is a problem. 

To resolve this problem, we discuss the consistency between the modular symmetry of the
period vector and the duality symmetries. Table 1 shows the duality symmetries of the toroidal
orbifolds which have a complex-structure modulus for the untwisted sector. Here, our research
can identify other duality symmetries that are distinct from those shown in previous research
[ 20 ]. We discuss the details of the duality symmetries derived from the structure of the winding
and the momentum numbers regarding the mass spectrum of the type IIB closed string in
Appendix A . Taking account of the consistency, we must revisit definitions of the intersection
number and the expansion of the holomorphic three-form. If the above duality symmetries can
be realized by the basis transformation of the period vector, it is necessary to discuss the way
of constructing the third-cohomology basis and the holomorphic three-form as Eqs. ( 2.10 ),
( 3.2 ), and ( 3.4 ), which is not the usual normalization as X I = ∫ AI 	, FI =

∫ 
BI 

	. Finally, by
assuming these conditions, we can uniquely determine the period vector that satisfies the duality
symmetry in the low-energy effective theory of string theory. The additional conditions taken
into account are shown as follows: 

� The period vector has a structure where the scaling duality bridges the symplectic transfor-
mation matrices of the period vector. In other words, these actions are realized as an outer
automorphism of the symplectic transformation group Sp(4 , Z ) . 
7 Elements of the set generated by the symplectic transformation of the period vector or the modular 
transformation of the complex-structure modulus are also candidates of the period vector. 
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� The modular transformation of the period vector is consistent with the duality symmetries
of the complex-structure modulus. 

For the other orbifolds, we summarize the results of these calculations in Appendix B . 

4. Flux landscape of type IIB string theory 

4.1. Effective action and three-form fluxes G3 

In this section, we discuss the construction of effective potentials induced by three-form fluxes
by using the third-cohomology basis and the holomorphic three-form which are constructed 

in Sections 2 and 3 . Here, we define the three-form as G3 ≡ F3 − SH3 where F3 denotes the
Ramond–Ramond three-form, H3 denotes the three-form in the Neveu–Scwarz sector, and S ≡

0 + i e−φ is the axio-dilaton. In the effective Lagrangian of type IIB supergravity, the Kähler
potential K and the Gukov–Vafa–Witten superpotential W [ 34 ] are denoted by 

K = − log 

(−i
(
S − S̄ 

))− log 

(−i
∫ 

	 ∧ 	̄
)
, (4.1) 

W = ∫ G3 ∧ 	, (4.2) 

and the no-scale type scalar potential in the unit of MPl = 1 is also denoted by 

V = eK 

(
KIJ̄ DI W DJ̄ W̄ 

)
, (4.3) 

where the labels I , J include the axio-dilaton and the complex-structure modulus. KIJ is the
inverse of the Kähler metric KIJ̄ ≡ ∂I ∂J̄ K and DI W ≡ ∂W + KI W is the covariant derivative
of W . 

In this study, we discuss the quantization of the three-form fluxes of Eq. ( 4.2 ) on the cycles
of T 6 as follows: ∫ 

T 6 /Z 4 
(F3 , H3 ) ∧ αi ≡ (−bi , −di ) , 

∫ 
T 6 /Z 4 

(F3 , H3 ) ∧ β i ≡ (ai , ci ) , ∫ 
T 6 /Z 4 

(F3 , H3 ) ∧ γi ≡ (− fi , −hi ) , 
∫ 

T 6 /Z 4 
(F3 , H3 ) ∧ δi ≡ (ei , gi ) . 

(4.4) 

Here, we consider the quantization which has no contribution of the twisted sector associated
with the complex structure moduli. By using these definitions, the three-form fluxes on the
cycles which are invariant under the Coxeter element Q can be denoted by 

1 

4 

∫ 
T 6 /Z 4 

(F3 , H3 ) ∧ 1A0 = 

1 

8 

∫ 
T 6 /Z 4 

(F3 , H3 ) ∧
[ ∑ 

�(α1 )
] 

= 

1 

8 

∫ 
T 6 /Z 4 

(F3 , H3 ) ∧
[
Q (α1 ) + Q2 (α1 ) + Q3 (α1 ) + Q4 (α1 )

]

= 

1 

2 

(−b1 , −d1 ) , 

1 

8 

∫ 
T 6 /Z 4 

(F3 , H3 ) ∧ 1A1 = 

1 

2 

(a1 , c1 ) , 

1 

4 

∫ 
T 6 /Z 4 

(F3 , H3 ) ∧ 1B0 = (e2 , g2 ) , 

1 

8 

∫ 
T 6 /Z 4 

(F3 , H3 ) ∧ 1B1 = 

1 

2 

(−b0 , −d0 ) . (4.5) 

The overall factors 1 / 4 and 1 / 8 are terms to offset overcounting of the intersection numbers
given by Eq. ( 2.10 ) using the same discussion as in Eq. ( 3.3 ) and Eq. ( 3.4 ). In the second line
of Eq. ( 4.5 ), the number of the elements of �(α0 ) is found by the length of orbit in Eq. ( 2.8 ).
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In addition, we know a relation Q (d x1 ∧ d x2 ∧ d x3 ∧ d x4 ∧ d x5 ∧ d x6 ) = d x1 ∧ d x2 ∧ d x3 ∧
d x4 ∧ d x5 ∧ d x6 and this result derives 

∫ 
T 6 /Z 4 

(F3 , H3 ) ∧ Qn (α1 ) =
∫ 

T 6 /Z 4 
(F3 , H3 ) ∧ α1 . Thus, the

three-form fluxes on the invariant cycles under Q are denoted by the flux quanta of T 6 . Taking
account of the quantization of these three-form fluxes, it is necessary to choose specific constant
multiples for the flux quanta as follows: 

(b1 , d1 ) ∈ 4Z , (a1 , c1 ) ∈ 4Z , (e2 , g2 ) ∈ 2Z , (b0 , d0 ) ∈ 4Z . (4.6) 

Note that, for simplicity, we consider the additional even multiples for the flux quanta in order
to avoid the exotic O 3 -planes [ 6 , 35–38 ]. 

By using these results, we can construct the expansion of G3 as 

G3 = (e2 − Sg2 ) 1A0 − 1 

2 

(b0 − Sd0 ) 1A1 + 1 

2 

(b1 − Sd1 ) 1B0 −
1 

2 

(a1 − Sc1 ) 1B1 

= (e2 − Sg2 )
(
α0 − γ2 − 2 γ3 − δ5 − δ6 )− 1 

2 

(b0 − Sd0 )
(−2 β0 − γ5 + γ6 − δ3 )

+1 

2 

(b1 − Sd1 )
(
2 β1 + γ5 − γ6 − 2 δ2 − δ3 )− (a1 − Sc1 )

(
α0 − α1 − δ5 + δ6 ) . (4.7) 

Then, we can describe Nflux as follows: 

Nflux =
∫ 

H3 ∧ F3 = 2(a1 d0 − c1 b0 − g2 b1 + e2 d1 ) ∈ 16Z . (4.8) 

Since we can obtain the three-form fluxes and the holomorphic three-form, the superpotential
can be represented by them. The general form of the superpotential is expressed as follows: 

W = A + BS + U [ C + DS] , (4.9) 

and A, B, C, and D in the case of the T 6 /Z 4 orientifold with the SU (2) × SU (4) × SO (5) root
lattice can be found by the calculation of Eq. ( 4.2 ) as follows: 

A = − 1 √ 

2 
(b1 − ib0 ) , C = −√ 

2 (e2 + ia1 ) , 

B = 1 √ 

2 
(d1 − id0 ) , D = √ 

2 (g2 + ic1 ) . 
(4.10) 

Taking account of the landscape of type IIB supergravity, the stationary point ∂I V = 0 leads
to the VEVs of the axio-dilaton and the complex-structure modulus. It is possible to obtain
them by solving the following F-term equations: ⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

DU 

W = ∂U 

W + KU 

W = 0 

DS W = ∂S W + KS W = 0 

W = 0 

⇒

⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

C + DS = 0 

B + DU = 0 

A + CU = 0 

, (4.11) 

which is an overdetermined system. Therefore, we can derive the flux landscape of SUSY
Minkowski solutions regarding the axio-dilaton and the complex-structure moduli as follows: 

〈 S〉 = −C 

D 

, 〈 U 〉 = − B 

D 

, AD − BC = 0 . (4.12) 

4.2. Flux transformations for symmetries in the F-term equations 
For the modular symmetries of the complex-structure modulus in the type IIB flux landscape, it
is not enough to discuss the transformation of the period vector because the three-form fluxes
on the cycles of orientifold break the modular symmetry. Focusing on the F-term equation
15/37
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regarding the complex-structure modulus, it can be found from the following equation 

DU 

W = − 1 

U − U 

(
A + BS + U (C + DS)

)

= − 1 

U − U 

(
1 U 

)( 

A B 

C D 

) ( 

1 

S 

) 

= 0 . 

(4.13) 

Then, under the linear fractional transformation of the complex-structure modulus as 

U → U ′ = aU + b 

cU + d 

, (a, b, c, d ∈ Z , ad − bc = 1) , (4.14) 

we require the following flux transformations for A, B, C, and D : ( 

A′ B′ 

C′ D′ 

) 

=
( 

a −b 

−c d 

) ( 

A B 

C D 

) 

. (4.15) 

By this requirement for the three-form fluxes, we can obtain the covariant F-term equations un-
der the modular transformation and classify the modular symmetries derived from the geomet-
ric structures of the various orientifolds in the type IIB flux landscape 8 . 

Let us summarize the flux transformations in terms of the real flux quanta ( 4.4 ). For the two
generators S, T of SL (2 , Z )S , 

� S =
( 

0 −1 

1 0 

) 

∈ SL (2 , Z )S 

a1 → −c1 , b0 → −d0 , 

c1 → a1 , b1 → −d1 , 

e2 → −g2 , d0 → b0 , 

g2 → e2 , d1 → b1 . 

(4.16) 

� T q =
( 

1 q 

0 1 

) 

∈ SL (2 , Z )S 

a1 → a1 + qc1 , b0 → b0 + qd0 , 

c1 → c1 , b1 → b1 + qd1 , 

e2 → e2 + qg2 , d0 → d0 , 

g2 → g2 , d1 → d1 . 

(4.17) 

For those of SL (2 , Z )U 

, 

� S =
( 

0 −1 

1 0 

) 

∈ SL (2 , Z )U 

a1 → b0 
2 , b0 → −2 a1 , 

c1 → d0 
2 , b1 → 2 e2 , 

e2 → − b1 
2 , d0 → −2 c1 , 

g2 → − d1 
2 , d1 → 2 g2 . 

(4.18) 
8 For the axio-dilaton S, we can obtain the transformations regarding the three-form fluxes by the same 
discussion. 
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� T q =
( 

1 q 

0 1 

) 

∈ SL (2 , Z )U 

a1 → a1 , b0 → b0 + 2 qa1 , 

c1 → c1 , b1 → b1 − 2 qe2 , 

e2 → e2 , d0 → d0 + 2 qc1 , 

g2 → g2 , d1 → d1 − 2 qg2 . 

(4.19) 

For the V1 -transformation of �0 (2)U 

, 

� V1 =
( 

1 1 

−2 −1 

) 

∈ �0 (2)U 

a1 → −a1 − b0 , b0 → b0 + 2 a1 , 

c1 → −c1 − d0 , b1 → b1 − 2 e2 , 

e2 → −e2 + b1 , d0 → d0 + 2 c1 , 

g2 → −g2 + d1 , d1 → d1 − 2 g2 . 

(4.20) 

For the scaling duality, the transformation regarding the complex-structure modulus is S(2) :
 → − 1 

2 U 

∈ SL (2 , R ) . Note that it does not belong to SL (2 , Z ) because these elements for the
linear fractional transformation are a, d = 0 and b = − 1 √ 

2 
, c = √ 

2 . In this research, since we
consider the scalar potential which is invariant under the scaling duality, the flux transforma-
tions include the coefficients of 

√ 

2 and 

1 √ 

2 
. Under the S(2) , the three-form fluxes transform

as 

� S(2) =
( 

0 − 1 √ 

2 √ 

2 0 

) 

/ ∈ �0 (2)U 

a1 → b0 √ 

2 
, b0 → −√ 

2 a1 , 

c1 → d0 √ 

2 
, b1 →

√ 

2 e2 , 

e2 → − b1 √ 

2 
, d0 → −√ 

2 c1 , 

g2 → − d1 √ 

2 
, d1 →

√ 

2 g2 . 

(4.21) 

5. Conclusion 

In this paper, we investigated the construction of the period vector and modular symmetries
on various toroidal orbifolds. Since the action of the low-energy effective theory associated
with type IIB string theory is described by the period vector, the research on these symmetries
corresponds to revealing the symmetries appearing in low-energy effective theory. In particu-
lar, it is known that the flux landscape of type IIB supergravity tends to be realized at fixed
points in modular transformation groups [ 5 , 6 ]. This motivates us to construct period vectors
that are consistent with string theory and examine the modular symmetries emerging from the
geometric structure of the toroidal orbifolds. 

In Sections 2 and 3 , we constructed the period vector on the T 6 /Z 4 orbifold with the
SU (2) × SU (4) × SO (5) root lattice. Although the explicit period vector can be obtained by
using traditional discussions regarding the holomorphic three-form and the third-cohomology
basis, there is redundancy concerning the linear combinations of cycles in the third-cohomology
17/37
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basis. We then partially eliminated this redundancy by choosing cycles that have the structure
of the “scaling duality” in Section 3.2 because we can discuss the natural generalization for the
S -transformation of P S L (2 , Z ) . Note that there is still redundancy because some period vec-
tors can be transformed into the desired period vector by the symplectic transformation group
Sp(4 , Z ) . 

In addition, we must consider the problem that the overall coefficients of the cycles are un-
fixed. Since the overall factors are associated with the intersection numbers and the relative
differences regarding the elements of the period vectors, the different overall factors generate
different modular symmetries. For this point, the factors of the cycles in the T 6 /Z 4 orbifold can
be determined by choosing the period vector such that the modular symmetry is the same as the
duality symmetries. Here, we need to carefully discuss the definition of the coordinates of each
cycle concerning the period vector in Section 3.1 . In terms of modular symmetry, this condition
allows the realization of the low-energy effective theory, which is consistent with string theory.
By using these conditions, the period vectors can be constructed on some toroidal orbifolds and
we can conclude that the structure of “scaling duality” and the consistency with duality symme-
tries is necessary to discuss the systematic classification of the modular symmetries regarding
the period vectors. 

Furthermore, by taking account of the cycles on the toroidal orbifolds, we defined the three-
form fluxes G3 and constructed the Gukov–Vafa–Witten superpotential. It is then found that 
the flux quanta take the specific constant multiples on the cycles of the T 6 /Z 4 orientifold just
as in the discussion in Ref. [ 6 ]. In addition, by revealing the explicit flux transformations for the
modular transformation of the complex-structure modulus, we can realize modular symmetries 
in the type IIB flux landscape. In our future work, we will discuss Dirac quantization of the
three-form fluxes and the tadpole cancellation condition in detail because here we only consider
a brief discussion of flux quanta to avoid the exotic O 3 -plane. 

Acknowledgments 
This work was supported in part by K2-SPRING program grant number JPMJSP2136 (T. Kai) and
JSPS KAKENHI grant numbers JP23H04512 (H.O.) and JP23K03375 (T. Kobayashi). 

A. The duality symmetry from the partition function 

In this Appendix, we review the duality symmetry derived from closed string partition functions
based on Refs. [ 19 , 20 , 28 ] whose main subjects are the orbifold compactification of heterotic
strings. The partition function for the bosonic closed string part in type II can be obtained
from the ten-dimensional bosonic one of heterotic strings. 

The starting point is the one-loop partition function for type IIB closed strings on the six-
dimensional torus 

ZIIB 

(τ, τ̄ , G, B) = 1 

4 τ2 (ηη̄)12 

∣∣ϑ4 
3 − ϑ4 

4 − ϑ4 
2 

∣∣2 ∑ 

P∈ �

q
1 
2 P

2 
L q̄

1 
2 P

2 
R , (A1) 

where τ = τ1 + iτ2 is the modulus of the world–sheet torus and q = e2 π iτ . The τ -dependent
functions η(τ ) and ϑi (τ ) are the Dedekind eta function and the ith elliptic theta function, re-
spectively. The summation of P over the lattice � comes from the internal directions and the
element P of the lattice is expressed as 

PL 

= p + (G − B) w, (A2a) 
2 
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PR 

= p 
2 − (G + B) w, (A2b) 

where w and p are integer six vectors taking values on the lattice � and its dual �∗, correspond-
ing to the winding numbers and the Kaluza–Klein momenta, and the background fields G and
B are a metric of the torus and an antisymmetric tensor, called the moduli of the torus. The
lattice �, called the Narain lattice, must be even and self-dual by the modular invariance of the
partition function. 

From now on, we consider the T 6 /Z N 

orbifolds for simplicity, but the following discussion
can easily be generalized to the Z M 

× Z N 

orbifolds. In general, the partition function for the
orbifolds can be written as the sum of all of the sectors projected by Z N 

twists θ : 

Zorb (τ, τ̄ , G, B) = 1 

N 

N−1 ∑ 

k,l=0 

Z[ θk , θ l ] , (A3) 

where the blocks Z[1 , θ l ] are called the untwisted sectors while the other blocks correspond to
the contributions from the twisted string states, which can be obtained by the modular trans-
formations of the untwisted sectors. An important fact is that if l is a divisor of N, Z[1 , θ l ] has
the dependence of the moduli G, B which comes from the summation of the momentum lattice,
and then the twisted sector obtained from that untwisted sector also has moduli dependence.
In these sectors, some supersymmetries are preserved because θ l leaves some fixed directions
when l is a divisor of N. In order to study the duality symmetry, it is enough to focus on those
moduli-dependent parts of the partition functions. 

The orbifold twists θ are realized by Coxeter elements Q that specify the orbifold point group.
In order to ensure that the point group is an automorphism of the lattice, the background G, B
must satisfy 

Qt GQ = G, Qt BQ = B. (A4) 

Solving these conditions, one can find that the moduli are (partially) fixed. The moduli-
dependent part in the untwisted sectors can be expressed as 

Z(1 ,θ l ) (τ, τ̄ , G, B) =
∑ 

P∈ �⊥ 
q

1 
2 P

t 
L G

−1 PL q̄
1 
2 P

t 
R G

−1 PR , (A5) 

where �⊥ is the sub-lattice of � invariant under Ql and we assume l to be a divisor of N. From
the invariance under orbifold twists, the windings w and momenta p must satisfy 

Ql w = w, ((Qt )−1 )l p = p, (A6) 

which lead to the fixed directions and the duality groups of the orbifold theories. 
As a concrete example, we take the T 6 /Z 4 orbifold with the SU (2) × SU (4) × SO (5) root

lattice, as discussed in Sections 2 and 3 . In this case, the moduli-dependent parts in the untwisted
sectors are Z(1 , 1) , Z(1 ,θ2 ) and in the twisted sectors are Z(θ2 , 1) , Z(θ2 ,θ2 ) , which can be obtained by
a S- and ST -transformation from Z(1 ,θ2 ) , respectively. We can focus on Z(1 ,θ2 ) to identify the
duality group of this theory. 

Conditions Q2 w = w and ((Qt )−1 )2 p = p give fixed directions ( 2.15 ), where Q is given by ( 2.2 ).
The invariant lattice �⊥ under Q2 gives the two-dimensional sub-torus with the metric G⊥ 

and
B-field B⊥ 

defined by wt Gw = (n1 n2 ) G⊥ 

(n1 n2 )t and pt Bp = (m1 m2 ) B⊥ 

(m1 m2 )t . We introduce
19/37
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the Kähler and complex structure moduli U and T defined as 

T = 2(B⊥ 12 + i
√ 

det G⊥ 

) , U = 1 

G⊥ 11 
(G⊥ 12 + i

√ 

det G⊥ 

) . (A7) 

Using these moduli, we can write Z(1 ,θ2 ) as 

Z(1 ,θ2 ) (τ, τ̄ , T, U ) =
∑ 

m1 ,m2 ,n1 ,n2 ∈Z 

e2 π iτ1 (2 m1 n1 + m2 n2 ) e− πτ2 
T2 U2 

| T U n2 + T n1 −2 U m1 + m2 |2 , (A8) 

where U = U1 + iU2 and T = T1 + iT2 . From this partition function, we can read off the mass
spectrum of strings for the two-dimensional sub-torus 

m2 
⊥ 

=
∑ 

m1 ,m2 ,n1 ,n2 ∈Z 

1 

T2 U2 
| T U n2 + T n1 − 2 U m1 + m2 |2 , (A9) 

which is invariant under the following transformations on T and U : 

T → T + 2 , T → T 
T +1 , (A10a) 

U → U + 1 , U → − U 

2 U −1 . (A10b) 

Therefore, we conclude that the duality group for this orbifold is given by �0 (2)T × �0 (2)U 

. 
The duality symmetries in the other cases can also be studied in the same way. 

B. Various orbifolds 
In this Appendix, we show the period vectors and three-from fluxes in various orbifold com-
pactifications with h2 , 1 

untw. = 1 . 

B.1. T 6 /Z 4 orbifold with SU (4)2 root lattice 

Considering the T 6 /Z 4 orbifold, it is required that the six-dimensional metric is invariant under
the action of � = Z 4 . By using the Coxeter element Q corresponding to the SU (4)2 root lattice,
we can define the Z 4 basis transformation for the metric. The action of Q on the SU (4)2 root
lattice is defined as 

Q (e1 ) = e2 , Q (e2 ) = e3 , Q (e3 ) = −e1 − e2 − e3 , 

Q (e4 ) = e5 , Q (e5 ) = e6 , Q (e6 ) = −e4 − e5 − e6 . 
(B1) 

The matrix representation of Q is defined by Q (ei ) = e j Qji and the explicit matrix is shown
below: 

Q =

⎛ 

⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

0 0 −1 0 0 0 

1 0 −1 0 0 0 

0 1 −1 0 0 0 

0 0 0 0 0 −1 

0 0 0 1 0 −1 

0 0 0 0 1 −1 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

, (B2) 

where Q4 = 1 . 
To construct the cycles on the orbifold, we apply this action 

∑ 

� to 20 real three-forms. By
choosing only the linearly independent cycles from the obtained invariant cycles, the following
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four cycles are derived; 

1A0 ≡
∑ 

�(α3 ) , 

1A1 ≡
∑ 

�(β1 ) , 

1B0 ≡ −
∑ 

�(α2 ) , 

1B1 ≡
∑ 

�(β2 ) . 

(B3) 

Here, we also consider the sum of orbits associated with the Coxeter element and the lengths
of four orbits are 

| �(α2 ) | = 4 , | �(α3 ) | = 4 , | �(β1 ) | = 4 , | �(β2 ) | = 4 . (B4) 

In terms of 20 real three-forms, these cycles can be expressed as follows: 

1A0 = α0 + α3 + β2 − γ2 − γ3 − δ5 , 

1A1 = α2 − β0 + β1 − γ4 − δ2 − δ3 , 

1B0 = β0 + β1 + β3 + 4 γ5 − γ6 − δ2 , 

1B1 = α0 − α1 − α3 + γ3 − δ4 + δ6 . 

(B5) 

On T 6 /Z 4 , these intersections of the dual cycles in regards to the orbifold satisfy the following
relations; ∫ 

T 6 /Z 4 

1A0 ∧ 1B0 = 4 ,

∫ 
T 6 /Z 4 

1A1 ∧ 1B1 = 4 , (B6) 

where the other intersection numbers are 0. 
Considering the discussion in Section 2.2 , we can construct the complex one-form as follows: 

d z1 = 1 √ 

2 

(
d x1 + i d x2 − d x3 

)
, 

d z2 = 1 √ 

2 

(
d x4 + i d x5 − d x6 

)
, 

d z3 = 1 
2 

[
d x1 − d x2 + d x3 + U

(
d x4 − d x5 + d x6 

)]
. 

(B7) 

Consequently, by using these complex one-forms, the holomorphic three-form is de-
fined as 	 = d z1 ∧ d z2 ∧ d z3 where 

∫ 
T 6 /Z 4 

	 ∧ 	̄ = 2 iIm U . Moreover, the period vector is
denoted by 


 ≡

⎛ 

⎜ ⎜ ⎜ ⎝ 

X 0 

X 1 

F0 

F1 

⎞ 

⎟ ⎟ ⎟ ⎠ 

=

⎛ 

⎜ ⎜ ⎜ ⎝ 

1 
2 

∫ 
T 6 /Z 4 

	 ∧ 1B0 

1 
2 

∫ 
T 6 /Z 4 

	 ∧ 1B1 

1 
2 

∫ 
T 6 /Z 4 

	 ∧ 1A0 

1 
2 

∫ 
T 6 /Z 4 

	 ∧ 1A1 

⎞ 

⎟ ⎟ ⎟ ⎠ 

=

⎛ 

⎜ ⎜ ⎜ ⎝ 

1 −i 
2 

− 1+ i 
2 U 

1 −i 
2 U 

1+ i 
2 

⎞ 

⎟ ⎟ ⎟ ⎠ 

, (B8) 

which satisfies 
† �
 = 2 iIm U . Since the overall factor can be absorbed by Käler transforma-
tion, we consider a modified period vector 
′ = ( 1 , −iU, U ′ , i) t in the discussion of modular
transformation. 

Here, we consider the quantization which has no contribution of the twisted sector regarding
h2 , 1 . By using these definitions, the three-form fluxes on the cycles which are invariant under
21/37
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the Coxeter element Q can be denoted by 

1 
4 

∫ 
T 6 /Z 4 

(F3 , H3 ) ∧ 1A0 = (−b3 , −d3 ) , 
1 
4 

∫ 
T 6 /Z 4 

(F3 , H3 ) ∧ 1A1 = (a1 , c1 ) , 
1 
4 

∫ 
T 6 /Z 4 

(F3 , H3 ) ∧ 1B0 = −(−b2 , −d2 ) , 
1 
4 

∫ 
T 6 /Z 4 

(F3 , H3 ) ∧ 1B1 = (a2 , c2 ) . 

(B9) 

Taking account of the quantization of these three-form fluxes, it is necessary to choose specific
constant multiples for the flux quanta as follows: 

(a1 , c1 ) ∈ 2Z , (a2 , c2 ) ∈ 2Z , (b2 , d2 ) ∈ 2Z , (b2 , d2 ) ∈ 2Z . (B10) 

By using these results, we can construct the expansion of G3 as 

G3 = (b2 − Sd2 ) 1A0 − (a2 − Sc2 ) 1A1 + (b3 − Sd3 ) 1B0 − (a1 − Sc1 ) 1B1 . (B11) 

Then, we can describe Nflux as follows: 

Nflux =
∫ 

H3 ∧ F3 = 4(−a2 c1 + a1 c2 + b3 d2 − b2 d3 ) ∈ 16Z . (B12) 

Since we can obtain the three-form fluxes and the holomorphic three-form, the superpotential
can be denoted by them. A, B, C, and D in the case of the T 6 /Z 4 orientifold with the SU (4)2 

root lattice can be found as follows: 

A = (1 + i) a2 − (1 − i) b3 , C = −(1 + i) a1 − (1 − i) b2 , 

B = −(1 + i) c2 + (1 − i) d3 , D = (1 + i) c1 + (1 − i) d2 . 
(B13) 

B.2. T 6 /Z 4 orbifold with S U (2)2 × S O (5)2 root lattice 

Considering the T 6 /Z 4 orbifold, it is required that the six-dimensional metric is invariant under
the action of � = Z 4 . By using the Coxeter element Q corresponding to the S U (2)2 × S O (5)2 

root lattice, we can define the Z 4 basis transformation for the metric. The action of Q on
the S U (2)2 × S O (5)2 root lattice is defined as 

Q (e1 ) = e1 + 2 e2 , Q (e2 ) = −e1 − e2 , Q (e3 ) = e3 + 2 e4 , 

Q (e4 ) = −e3 − e4 , Q (e5 ) = −e5 , Q (e6 ) = −e6 . 
(B14) 

The matrix representation of Q is defined by Q (ei ) = e j Qji and the explicit matrix is shown
below: 

Q =

⎛ 

⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

1 −1 0 0 0 0 

2 −1 0 0 0 0 

0 0 1 −1 0 0 

0 0 2 −1 0 0 

0 0 0 0 −1 0 

0 0 0 0 0 −1 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

, (B15) 

where Q4 = 1 . 
To construct the cycles on the orbifold, we apply this action 

∑ 

� to 20 real three-forms. By
choosing only the linearly independent cycles from the obtained invariant cycles, the following
22/37
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four cycles are derived; 

1A0 ≡ 1 

2 

∑ 

�(β3 ) , 

1A1 ≡ −
∑ 

�(α3 ) , 

1B0 ≡
1 

2 

∑ 

�(β0 ) , 

1B1 ≡ −
∑ 

�(α0 ) . 

(B16) 

Here, we also consider the sum of orbits associated with the Coxeter element and the lengths
of four orbits are 

| �(α0 ) | = 2 , | �(α3 ) | = 2 , | �(β0 ) | = 2 , | �(β3 ) | = 2 . (B17) 

In terms of 20 real three-forms, these cycles can be expressed as follows: 

1A0 = 2 α0 − α1 − α2 , 

1A1 = β0 + β1 + β2 , 

1B0 = −2 α3 − β1 − β2 , 

1B1 = −α1 − α2 − β3 . 

(B18) 

On T 6 /Z 4 , these intersections of the dual cycles in regards to the orbifold satisfy the following
relations; ∫ 

T 6 /Z 4 

1A0 ∧ 1B0 = 2 ,

∫ 
T 6 /Z 4 

1A1 ∧ 1B1 = 2 , (B19) 

where the other intersection numbers are 0. 
Considering the discussion in Section 2.2 , we can construct the complex one-form as follows: 

d z1 = d x1 − ( 1 
2 − i 

2 

)
d x2 , 

d z2 = d x3 − ( 1 
2 − i 

2 

)
d x4 , 

d z3 = d x5 + U d x6 . 

(B20) 

Consequently, by using these complex one-forms, the holomorphic three-form is defined as
	 = d z1 ∧ d z2 ∧ d z3 , where 

∫ 
T 6 /Z 4 

	 ∧ 	̄ = 2 iIm U . Moreover, the period vector is denoted by 


 ≡

⎛ 

⎜ ⎜ ⎜ ⎝ 

X 0 

X 1 

F0 

F1 

⎞ 

⎟ ⎟ ⎟ ⎠ 

=

⎛ 

⎜ ⎜ ⎜ ⎜ ⎝ 

1 √ 

2 

∫ 
T 6 /Z 4 

	 ∧ 1B0 

1 √ 

2 

∫ 
T 6 /Z 4 

	 ∧ 1B1 

1 √ 

2 

∫ 
T 6 /Z 4 

	 ∧ 1A0 

1 √ 

2 

∫ 
T 6 /Z 4 

	 ∧ 1A1 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎠ 

=

⎛ 

⎜ ⎜ ⎜ ⎜ ⎝ 

1 √ 

2 

− iU √ 

2 
U √ 

2 
i √ 

2 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎠ 

, (B21) 

which satisfies 
† �
 = 2 iIm U . Since the overall factor can be absorbed by Käler transforma-
tion, we consider a modified period vector 
′ = ( 1 , −iU, U, i) t in the discussion of modular
transformation. 

Here, we consider the quantization which has no contribution of the twisted sector regarding
h2 , 1 . By using these definitions, the three-form fluxes on the cycles which are invariant under
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the Coxeter element Q can be denoted by 

1 
2 

∫ 
T 6 /Z 4 

(F3 , H3 ) ∧ 1A0 = 1 
2 (a

3 , c3 ) , 
1 
2 

∫ 
T 6 /Z 4 

(F3 , H3 ) ∧ 1A1 = −(−b3 , −d3 ) , 
1 
2 

∫ 
T 6 /Z 4 

(F3 , H3 ) ∧ 1B0 = 1 
2 (a

0 , c0 ) , 
1 
2 

∫ 
T 6 /Z 4 

(F3 , H3 ) ∧ 1B1 = −(−b0 , −d0 ) . 

(B22) 

Taking account of the quantization of these three-form fluxes, it is necessary to choose specific
constant multiples for the flux quanta as follows: 

(a0 , c0 ) ∈ 4Z , (a3 , c3 ) ∈ 4Z , (b0 , d0 ) ∈ 2Z , (b3 , d3 ) ∈ 2Z . (B23) 

By using these results, we can construct the expansion of G3 as 

G3 = 

1 

2 

(a0 − Sc0 ) 1A0 + (b0 − Sd0 ) 1A1 − 1 

2 

(a3 − Sc3 ) 1B0 − (b3 − Sd3 ) 1B1 . (B24) 

Then, we can describe Nflux as follows: 

Nflux =
∫ 

H3 ∧ F3 = 1 

2 

(−a3 c0 + a0 c3 − 4 b3 d0 + 4 b0 d3 ) ∈ 8Z . (B25) 

Since we can obtain the three-form fluxes and the holomorphic three-form, the superpotential
can be denoted by them. A, B, C, and D in the case of the T 6 /Z 4 orientifold with the SU (2)2 ×
SO (5)2 root lattice can be found as follows: 

A = a3 

2 − ib0 , C = − a0 

2 − ib3 , 

B = − c3 
2 + id0 , D = c0 

2 + id3 . 
(B26) 

B.3. T 6 /Z 6 −II orbifold with SU (3) × SO (8) root lattice 

Considering the T 6 /Z 6 −II orbifold, it is required that the six-dimensional metric is invariant 
under the action of � = Z 6 . By using the Coxeter element Q corresponding to the SU (3) ×
SO (8) root lattice, we can define the Z 6 basis transformation for the metric. The action of Q
on the SU (3) × SO (8) root lattice is defined as 

Q (e1 ) = e2 , Q (e2 ) = e1 + e2 + e3 + e4 , 

Q (e3 ) = −e1 − e2 − e3 , Q (e4 ) = −e1 − e2 − e4 , 

Q (e5 ) = e6 , Q (e6 ) = −e5 − e6 . 

(B27) 

The matrix representation of Q is defined by Q (ei ) = e j Qji and the explicit matrix is shown
below: 

Q =

⎛ 

⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

0 1 −1 −1 0 0 

1 1 −1 −1 0 0 

0 1 −1 0 0 0 

0 1 −1 −1 0 0 

0 0 0 0 0 −1 

0 0 0 0 1 −1 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

, (B28) 

where Q6 = 1 . 
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To construct the cycles on the orbifold, we apply this action 

∑ 

� to 20 real three-forms. By
choosing only the linearly independent cycles from the obtained invariant cycles, the following
four cycles are derived; 

1A0 ≡ −
∑ 

�(β0 ) − 2
∑ 

�(β3 ) , 

1A1 ≡ 2
∑ 

�(β0 ) −
∑ 

�(β2 ) , 

1B0 ≡ −2
∑ 

�(β1 ) −
∑ 

�(β2 ) , 

1B1 ≡ −
∑ 

�(β0 ) . 

(B29) 

Here, we also consider the sum of orbits associated with the Coxeter element and the lengths
of four orbits are 

| �(β0 ) | = 3 , | �(β1 ) | = 3 , | �(β2 ) | = 3 , | �(β3 ) | = 3 . (B30) 

In terms of 20 real three-forms, these cycles can be expressed as follows: 

1A0 = −α1 − β0 − 3 β1 + β2 − 2 β3 − γ2 + 3 δ2 + δ4 , 

1A1 = −2 α0 + 2 α1 − 4 α2 + α3 + β0 − 2 β1 + β2 + β3 + 3 γ2 + 2 γ4 + δ2 + 3 δ4 , 

1B0 = α3 − β0 − 2 β1 + β2 − β3 − γ2 + δ2 + δ4 , 

1B1 = −α1 + 2 α2 − β0 + β1 − β2 − 2 γ4 − δ2 − δ4 . (B31) 

On T 6 /Z 6 −II , these intersections of the dual cycles in regards to the orbifold satisfy the following
relations; ∫ 

T 6 /Z 6 −II 

1A0 ∧ 1B0 = 6 ,

∫ 
T 6 /Z 6 −II 

1A1 ∧ 1B1 = 6 , (B32) 

where the other intersection numbers are 0. 
Considering the discussion in Section 2.2 , we can construct the complex one-form as follows: 

d z1 = d x1 + e2 π i/ 6 d x2 − d x3 − d x4 , 

d z2 = d x5 + e2 π i/ 3 d x6 , 

d z3 = 1 
3 

[
d x1 − d x2 + d x3 + U (d x1 − d x2 + d x4 )

]
. 

(B33) 

Consequently, by using these complex one-forms, the holomorphic three-form is defined as
	 = d z1 ∧ d z2 ∧ d z3 where 

∫ 
T 6 /Z 4 

	 ∧ 	̄ = 2 iIm U . Moreover, the period vector is denoted by 


 ≡

⎛ 

⎜ ⎜ ⎜ ⎝ 

X 0 

X 1 

F0 

F1 

⎞ 

⎟ ⎟ ⎟ ⎠ 

=

⎛ 

⎜ ⎜ ⎜ ⎜ ⎝ 

1 √ 

6 

∫ 
T 6 /Z 6 −II 

	 ∧ 1B0 

1 √ 

6 

∫ 
T 6 /Z 6 −II 

	 ∧ 1B1 

1 √ 

6 

∫ 
T 6 /Z 6 −II 

	 ∧ 1A0 

1 √ 

6 

∫ 
T 6 /Z 6 −II 

	 ∧ 1A1 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎠ 

=

⎛ 

⎜ ⎜ ⎜ ⎜ ⎝ 

− i √ 

2 
U +2 √ 

6 
i(U +2) √ 

2 

−
√ 

3 
2 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎠ 

, (B34) 

which satisfies 
† �
 = 2 iIm U . Since the overall factor can be absorbed by Käler transforma-

tion, we consider a modified period vector 
′ =
(

1 , −iU ′ √ 

3 
, U ′ , i

√ 

3 

)t 
in the discussion of mod-

ular transformation. Here, we define U ′ as U ′ ≡ U + 2 . 
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Here, we consider the quantization which has no contribution of the twisted sector regarding
h2 , 1 . By using these definitions, the three-form fluxes on the cycles which are invariant under
the Coxeter element Q can be denoted by 

1 
6 

∫ 
T 6 /Z 6 −II 

(F3 , H3 ) ∧ 1A0 = 1 
2 

(−(a0 , c0 ) − 2(a3 , c3 )
)
, 

1 
6 

∫ 
T 6 /Z 6 −II 

(F3 , H3 ) ∧ 1A1 = 1 
2 

(
2(a0 , c0 ) − (a2 , c2 )

)
, 

1 
6 

∫ 
T 6 /Z 6 −II 

(F3 , H3 ) ∧ 1B0 = 1 
2 

(−2(a1 , c1 ) − (a2 , c2 )
)

1 
6 

∫ 
T 6 /Z 6 −II 

(F3 , H3 ) ∧ 1B1 = − 1 
2 (a

0 , c0 ) . 

(B35) 

Taking account of the quantization of these three-form fluxes, it is necessary to choose specific
constant multiples for the flux quanta as follows: 

(a0 , c0 ) ∈ 4Z , (a1 , c1 ) ∈ 2Z , (a2 , c2 ) ∈ 4Z , (a3 , c3 ) ∈ 2Z . (B36) 

By using these results, we can construct the expansion of G3 as 

G3 = −
(

(a1 − Sc1 ) + 1 

2 

(a2 − Sc2 )
)

1A0 − 1 

2 

(a0 − Sc0 ) 1A1 

+
(

1 

2 

(a0 − Sc0 ) + (a3 − Sc3 )
)

1B0 −
(

(a0 − Sc0 ) + 1 

2 

(a2 − Sc2 )
)

1B1 . (B37) 

Then, we can describe Nflux as follows: 

Nflux =
∫ 

H3 ∧ F3 = −3(a0 c1 + 2 a3 c1 + a0 c2 + a3 c2 − a2 (c0 + c3 ) − a1 (c0 + 2 c3 )) ∈ 24Z . (B38) 

Since we can obtain the three-form fluxes and the holomorphic three-form, the superpotential
can be denoted by them. A, B, C, and D in the case of the T 6 /Z 6 −II orientifold with the SU (3) ×
SO (8) root lattice can be found as follows: 

A =
(

1 
2 − i

√ 

3 
2 

)
a0 + 2 i

√ 

3 a1 + (1 + i
√ 

3 ) a2 − i
√ 

3 a3 , 

B =
(
− 1 

2 + i
√ 

3 
2 

)
c0 − 2 i

√ 

3 c1 + (−1 − i
√ 

3 ) c2 + i
√ 

3 c3 , 

C = a0 + i
√ 

3 a1 +
(

1 
2 + i

√ 

3 
2 

)
a2 , 

D = −c0 − i
√ 

3 c1 −
(

1 
2 + i

√ 

3 
2 

)
c2 . 

(B39) 

B.4. T 6 /Z 6 −II orbifold with S U (2)2 × S U (3)2 root lattice 

Considering the T 6 /Z 6 −II orbifold, it is required that the six-dimensional metric is invariant 
under the action of � = Z 6 . By using the Coxeter element Q corresponding to the SU (2)2 ×
SU (3)2 root lattice, we can define the Z 4 basis transformation for the metric. The action of Q
on the S U (2)2 × S U (3)2 root lattice is defined as 

Q (e1 ) = −e1 , Q (e2 ) = −e2 , 

Q (e3 ) = −e5 , Q (e4 ) = −e5 + e6 , 

Q (e5 ) = e4 , Q (e6 ) = e3 . 

(B40) 
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The matrix representation of Q is defined by Q (ei ) = e j Qji and the explicit matrix is shown
below: 

Q =

⎛ 

⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

−1 0 0 0 0 0 

0 −1 0 0 0 0 

0 0 0 0 0 1 

0 0 0 0 1 0 

0 0 −1 −1 0 0 

0 0 0 1 0 0 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

, (B41) 

where Q6 = 1 . 
To construct the cycles on the orbifold, we apply this action 

∑ 

� to 20 real three-forms. By
choosing only the linearly independent cycles from the obtained invariant cycles, the following
four cycles are derived; 

1A0 ≡
∑ 

�(α0 ) , 

1A1 ≡
∑ 

�(δ3 ) , 

1B0 ≡
∑ 

�(β0 ) , 

1B1 ≡ −
∑ 

�(γ3 ) . 

(B42) 

Here, we also consider the sum of orbits associated with the Coxeter element and the lengths
of four orbits are 

| �(α0 ) | = 3 , | �(β0 ) | = 6 , | �(γ3 ) | = 2 , | �(δ3 ) | = 2 . (B43) 

In terms of 20 real three-forms, these cycles can be expressed as follows: 

1A0 = α0 − α2 − α3 + 2 β1 , 

1A1 = δ3 + δ5 , 

1B0 = −α1 + 2 β0 − β2 − β3 , 

1B1 = −γ3 − γ5 . 

(B44) 

On T 6 /Z 6 −II , these intersections of the dual cycles in regards to the orbifold satisfy the following
relations; ∫ 

T 6 /Z 6 −II 

1A0 ∧ 1B0 = 6 ,

∫ 
T 6 /Z 6 −II 

1A1 ∧ 1B1 = 2 , (B45) 

where the other intersection numbers are 0. 
Considering the discussion in Section 2.2 , we can construct the complex one-form as follows: 

d z1 = 1 √ 

3 

(
d x3 + e−2 π i/ 6 d x4 + e−2 π i/ 3 d x5 + e−2 π i/ 6 d x6 

)
, 

d z2 = 1 
2 

(
d x3 − e−2 π i/ 3 d x4 + e−2 π i/ 6 d x5 + e−2 π i/ 3 d x6 

)
, 

d z3 = d x1 + U d x2 . 

(B46) 
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Consequently, by using these complex one-forms, the holomorphic three-form is defined as
	 = d z1 ∧ d z2 ∧ d z3 , where 

∫ 
T 6 /Z 6 −II 

	 ∧ 	̄ = 2 iIm U . Moreover, the period vector is denoted
by 


 ≡

⎛ 

⎜ ⎜ ⎜ ⎝ 

X 0 

X 1 

F0 

F1 

⎞ 

⎟ ⎟ ⎟ ⎠ 

=

⎛ 

⎜ ⎜ ⎜ ⎜ ⎝ 

1 √ 

6 

∫ 
T 6 /Z 6 −II 

	 ∧ 1B0 

1 √ 

2 

∫ 
T 6 /Z 6 −II 

	 ∧ 1B1 

1 √ 

6 

∫ 
T 6 /Z 6 −II 

	 ∧ 1A0 

1 √ 

2 

∫ 
T 6 /Z 6 −II 

	 ∧ 1A1 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎠ 

=

⎛ 

⎜ ⎜ ⎜ ⎜ ⎝ 

1 √ 

2 

− iU √ 

2 
U √ 

2 
i √ 

2 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎠ 

, (B47) 

which satisfies 
† �
 = 2 iIm U . Since the overall factor can be absorbed by Käler transforma-
tion, we consider a modified period vector 
′ = ( 1 , −iU, U ′ , i) t in the discussion of modular 
transformation. 

Here, we consider the quantization which has no contribution of the twisted sector regarding
h2 , 1 . By using these definitions, the three-form fluxes on the cycles which are invariant under
the Coxeter element Q can be denoted by 

1 
6 

∫ 
T 6 /Z 6 −II 

(F3 , H3 ) ∧ 1A0 = 1 
2 (−b0 , −d0 ) , 

1 
2 

∫ 
T 6 /Z 6 −II 

(F3 , H3 ) ∧ 1A1 = (e3 , g3 ) , 
xy 8 1 

6 

∫ 
T 6 /Z 6 −II 

(F3 , H3 ) ∧ 1B0 = (a0 , c0 ) , 
1 
2 

∫ 
T 6 /Z 6 −II 

(F3 , H3 ) ∧ 1B1 = (− f3 , −h3 ) . 

(B48) 

Taking account of the quantization of these three-form fluxes, it is necessary to choose specific
constant multiples for the flux quanta as follows: 

(a0 , c0 ) ∈ 2Z , (b0 , d0 ) ∈ 4Z , (e3 , g3 ) ∈ 2Z , ( f3 , h3 ) ∈ 2Z . (B49) 

By using these results, we can construct the expansion of G3 as 

G3 = (a0 − Sc0 ) 1A0 − ( f3 − Sh3 ) 1A1 + 1 

2 

(b0 − Sd0 ) 1B0 − (e3 − Sg3 ) 1B1 . (B50) 

Then, we can describe Nflux as follows: 

Nflux =
∫ 

H3 ∧ F3 = 3 b0 c0 − 3 a0 d0 − 2 f3 g3 + 2 e3 h3 ∈ 8Z . (B51) 

Since we can obtain the three-form fluxes and the holomorphic three-form, the superpoten-
tial can be denoted by them. A, B, C, and D in the case of the T 6 /Z 6 −II orientifold with the
S U (2)2 × S U (3)2 root lattice can be found as follows: 

A = −
√ 

3 
2 b0 + i f3 , C = −√ 

3 a0 − ie3 , 

B =
√ 

3 
2 d0 − ih3 , D = √ 

3 c0 + ig3 . 
(B52) 

B.5. T 6 /Z 6 −II orbifold with S U (2)2 × S U (3) × G2 root lattice 

Considering the T 6 /Z 6 −II orbifold, it is required that the six-dimensional metric is invariant 
under the action of � = Z 6 . By using the Coxeter element Q corresponding to the SU (2)2 ×
SU (3) × G2 root lattice, we can define the Z 6 basis transformation for the metric. The action
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of Q on the S U (2)2 × S U (3) × G2 root lattice is defined as 

Q (e1 ) = 2 e1 + 3 e2 , Q (e2 ) = −e1 − e2 , 

Q (e3 ) = e4 , Q (e4 ) = −e3 − e6 , 

Q (e5 ) = −e5 , Q (e6 ) = −e6 . 

(B53) 

The matrix representation of Q is defined by Q (ei ) = e j Qji and the explicit matrix is shown
below: 

Q =

⎛ 

⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

2 −1 0 0 0 0 

3 −1 0 0 0 0 

0 0 0 −1 0 0 

0 0 1 −1 0 0 

0 0 0 0 −1 0 

0 0 0 0 0 −1 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

, (B54) 

where Q6 = 1 . 
To construct the cycles on the orbifold, we apply this action 

∑ 

� to 20 real three-forms. By
choosing only the linearly independent cycles from the obtained invariant cycles, the following
four cycles are derived; 

1A0 ≡ 1 

3 

∑ 

�(β3 ) , 

1A1 ≡ −
∑ 

�(α3 ) , 

1B0 ≡
1 

3 

∑ 

�(β0 ) , 

1B1 ≡ −
∑ 

�(α0 ) . 

(B55) 

Here, we also consider the sum of orbits associated with the Coxeter element and the lengths
of four orbits are 

| �(α0 ) | = 3 , | �(α3 ) | = 3 , | �(β0 ) | = 3 , | �(β3 ) | = 3 . (B56) 

In terms of 20 real three-forms, these cycles can be expressed as follows: 

1A0 = 2 α0 − α1 − α2 , 

1A1 = 2 β0 + 3 β1 + β2 , 

1B0 = −2 α3 − β1 − β2 , 

1B1 = −α1 − 3 α2 − 2 β3 . 

(B57) 

On T 6 /Z 6 −II , these intersections of the dual cycles in regards to the orbifold satisfy the following
relations; ∫ 

T 6 /Z 6 −II 

1A0 ∧ 1B0 = 2 ,

∫ 
T 6 /Z 6 −II 

1A1 ∧ 1B1 = 6 , (B58) 

where the other intersection numbers are 0. 
Considering the discussion in Section 2.2 , we can construct the complex one-form as follows: 

d z1 = d x1 + 1 √ 

3 
e5 π i/ 6 d x2 , 

xy 8 d z2 = d x3 + e2 π i/ 3 d x4 , 

d z3 = d x5 + U d x6 . 

(B59) 
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Consequently, by using these complex one-forms, the holomorphic three-form is defined as
	 = d z1 ∧ d z2 ∧ d z3 , where 

∫ 
T 6 /Z 6 −II 

	 ∧ 	̄ = 2 iIm U . Moreover, the period vector is denoted
by 


 ≡

⎛ 

⎜ ⎜ ⎜ ⎝ 

X 0 

X 1 

F0 

F1 

⎞ 

⎟ ⎟ ⎟ ⎠ 

=

⎛ 

⎜ ⎜ ⎜ ⎜ ⎝ 

1 √ 

2 

∫ 
T 6 /Z 6 −II 

	 ∧ 1B0 

1 √ 

6 

∫ 
T 6 /Z 6 −II 

	 ∧ 1B1 

1 √ 

2 

∫ 
T 6 /Z 6 −II 

	 ∧ 1A0 

1 √ 

6 

∫ 
T 6 /Z 6 −II 

	 ∧ 1A1 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎠ 

=

⎛ 

⎜ ⎜ ⎜ ⎜ ⎝ 

1 √ 

2 

− iU √ 

2 
U √ 

2 
i √ 

2 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎠ 

, (B60) 

which satisfies 
† �
 = 2 iIm U . Since the overall factor can be absorbed by Käler transforma-
tion, we consider a modified period vector 
′ = ( 1 , −iU, U, i) t in the discussion of modular 
transformation. 

Here, we consider the quantization which has no contribution of the twisted sector regarding
h2 , 1 . By using these definitions, the three-form fluxes on the cycles which are invariant under
the Coxeter element Q can be denoted by 

1 
2 

∫ 
T 6 /Z 6 −II 

(F3 , H3 ) ∧ 1A0 = 1 
2 (a

3 , c3 ) , 
1 
6 

∫ 
T 6 /Z 6 −II 

(F3 , H3 ) ∧ 1A1 = − 1 
2 (−b3 , −d3 ) , 

xy 8 1 
2 

∫ 
T 6 /Z 6 −II 

(F3 , H3 ) ∧ 1B0 = 1 
2 (a

0 , c0 ) , 
1 
6 

∫ 
T 6 /Z 6 −II 

(F3 , H3 ) ∧ 1B1 = − 1 
2 (−b0 , −d0 ) . 

(B61) 

Taking account of the quantization of these three-form fluxes, it is necessary to choose specific
constant multiples for the flux quanta as follows: 

(a0 , c0 ) ∈ 4Z , (a3 , c3 ) ∈ 4Z , (b0 , d0 ) ∈ 4Z , (b3 , d3 ) ∈ 4Z . (B62) 

By using these results, we can construct the expansion of G3 as 

G3 = 

1 

2 

(a0 − Sc0 ) 1A0 + 1 

2 

(b0 − Sd0 ) 1A1 − 1 

2 

(a3 − Sc3 ) 1B0 −
1 

2 

(b3 − Sd3 ) 1B1 . (B63) 

Then, we can describe Nflux as follows: 

Nflux =
∫ 

H3 ∧ F3 = 1 

2 

(−a3 c0 + a0 c3 − 3 b3 d0 + 3 b0 d3 ) ∈ 8Z . (B64) 

Since we can obtain the three-form fluxes and the holomorphic three-form, the superpoten-
tial can be denoted by them. A, B, C, and D in the case of the T 6 /Z 6 −II orientifold with the
S U (2)2 × S U (3) × G2 root lattice can be found as follows: 

A = a3 

2 − i
√ 

3 
2 b0 , C = − a0 

2 − i
√ 

3 
2 b3 , 

B = − c3 

2 + i
√ 

3 
2 d0 , D = c0 

2 + i
√ 

3 
2 d3 . 

(B65) 

B.6. T 6 /Z 8 −II orbifold with SU (2) × SO (10) root lattice 

Considering the T 6 /Z 8 −II orbifold, it is required that the six-dimensional metric is invariant 
under the action of � = Z 8 . By using the Coxeter element Q corresponding to the SU (2) ×
SO (10) root lattice, we can define the Z 8 −II basis transformation for the metric. The action of 
Q on the SU (2) × SO (10) root lattice is defined as 

Q (e1 ) = e2 , Q (e2 ) = e3 , Q (e3 ) = e1 + e2 + e3 + e4 + e5 , 

Q (e4 ) = −e1 − e2 − e3 − e4 , Q (e5 ) = −e1 − e2 − e3 − e5 , Q (e6 ) = −e6 . (B66) 
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The matrix representation of Q is defined by Q (ei ) = e j Qji and the explicit matrix is shown
below: 

Q =

⎛ 

⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

0 0 1 −1 −1 0 

1 0 1 −1 −1 0 

0 1 1 −1 −1 0 

0 0 1 −1 0 0 

0 0 1 0 −1 0 

0 0 0 0 0 −1 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

, (B67) 

where Q8 = 1 . 
To construct the cycles on the orbifold, we apply this action 

∑ 

� to 20 real three-forms. By
choosing only the linearly independent cycles from the obtained invariant cycles, the following
four cycles are derived; 

1A0 ≡
∑ 

�(α2 ) , 

1A1 ≡ −1 

2 

∑ 

�(β0 ) , 

1B0 ≡
1 

2 

∑ 

�(β1 ) , 

1B1 ≡
∑ 

�(β3 ) . 

(B68) 

Here, we also consider the sum of orbits associated with the Coxeter element and the lengths
of four orbits are 

| �(α2 ) | = 4 , | �(β0 ) | = 8 , | �(β1 ) | = 8 , | �(β3 ) | = 2 . (B69) 

In terms of 20 real three-forms, these cycles can be expressed as follows: 

1A0 = α1 + 2 α2 + 2 β3 − γ2 + δ5 − δ6 , 

1A1 = 2 α3 − β0 + β1 − γ5 + γ6 − δ2 + δ3 , 

1B0 = β0 + β1 + β2 − γ5 − δ3 − δ4 , 

1B1 = α0 − α2 + β3 − γ3 + γ4 . 

(B70) 

On T 6 /Z 8 −II , these intersections of the dual cycles in regards to the orbifold satisfy the following
relations; ∫ 

T 6 /Z 4 

1A0 ∧ 1B0 = 4 ,

∫ 
T 6 /Z 4 

1A1 ∧ 1B1 = 4 , (B71) 

where the other intersection numbers are 0. 
Considering the discussion in Section 2.2 , we can construct the complex one-form as follows: 

d z1 = 1 
23 / 4 

[ 
d x1 + e2 π i/ 8 d x2 + i d x3 − 1 

2 (1 + √ 

2 + i)(dx4 + dx5 )
] 
, 

d z2 = 1 
23 / 4 

[ 
d x1 + e6 π i/ 8 d x2 − i d x3 + 1 

2 (−1 + √ 

2 + i)(dx4 + dx5 )
] 
, 

d z3 = 1 
2 (−d x4 + d x5 + 2 U d x6 ) . 

(B72) 

Consequently, by using these complex one-forms, the holomorphic three-form is defined as
	 = d z1 ∧ d z2 ∧ d z3 , where 

∫ 
T 6 /Z 8 −II 

	 ∧ 	̄ = 2 iIm U . Moreover, the period vector is denoted
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 ≡

⎛ 

⎜ ⎜ ⎜ ⎝ 

X 0 

X 1 

F0 

F1 

⎞ 

⎟ ⎟ ⎟ ⎠ 

=

⎛ 

⎜ ⎜ ⎜ ⎝ 

1 
2 

∫ 
T 6 /Z 8 −II 

	 ∧ 1B0 

1 
2 

∫ 
T 6 /Z 8 −II 

	 ∧ 1B1 

1 
2 

∫ 
T 6 /Z 8 −II 

	 ∧ 1A0 

1 
2 

∫ 
T 6 /Z 8 −II 

	 ∧ 1A1 

⎞ 

⎟ ⎟ ⎟ ⎠ 

=

⎛ 

⎜ ⎜ ⎜ ⎝ 

1 
2 

− iU √ 

2 

U 

i √ 

2 

⎞ 

⎟ ⎟ ⎟ ⎠ 

, (B73) 

which satisfies 
† �
 = 2 iIm U . Since the overall factor can be absorbed by Käler transfor-

mation, we consider a modified period vector 
′ =
(

1 , −i
√ 

2 U, 2 U, i
√ 

2 

)t 
in the discussion of 

modular transformation. 
Here, we consider the quantization which has no contribution of the twisted sector regarding

h2 , 1 . By using these definitions, the three-form fluxes on the cycles which are invariant under
the Coxeter element Q can be denoted by 

1 
4 

∫ 
T 6 /Z 8 −II 

(F3 , H3 ) ∧ 1A0 = (−b2 , −d2 ) , 
1 
4 

∫ 
T 6 /Z 8 −II 

(F3 , H3 ) ∧ 1A1 = −(a0 , c0 ) , 
1 
4 

∫ 
T 6 /Z 8 −II 

(F3 , H3 ) ∧ 1B0 = (a1 , c1 ) , 
1 
4 

∫ 
T 6 /Z 8 −II 

(F3 , H3 ) ∧ 1B1 = 1 
2 (a

3 , c3 ) . 

(B74) 

Taking account of the quantization of these three-form fluxes, it is necessary to choose specific
constant multiples for the flux quanta as follows: 

(a0 , c0 ) ∈ 2Z , (a1 , c1 ) ∈ 2Z , (a3 , c3 ) ∈ 4Z , (b2 , d2 ) ∈ 2Z . (B75) 

By using these results, we can construct the expansion of G3 as 

G3 = (a1 − Sc1 ) 1A0 + 1 

2 

(a3 − Sc3 ) 1A1 + (b2 − Sd2 ) 1B0 + (a0 − Sc0 ) 1B1 . (B76) 

Then, we can describe Nflux as follows: 

Nflux =
∫ 

H3 ∧ F3 = 2(−a3 c0 + a0 c3 + 2 b2 c1 − 2 a1 d2 ) ∈ 16Z . (B77) 

Since we can obtain the three-form fluxes and the holomorphic three-form, the superpotential
can be denoted by them. A, B, C, and D in the case of the T 6 /Z 8 −II orientifold with the SU (2) ×
SO (10) root lattice can be found as follows: 

A = − ia3 √ 

2 
− b2 , C = i

√ 

2 a0 − 2 a1 , 

B = ic3 √ 

2 
+ d2 , D = −i

√ 

2 c0 + 2 c1 . 
(B78) 

B.7. T 6 /Z 8 −II orbifold with SO (4) × SO (9) root lattice 

Considering the T 6 /Z 8 −II orbifold, it is required that the six-dimensional metric is invariant 
under the action of � = Z 8 . By using the Coxeter element Q corresponding to the SO (4) ×
SO (9) root lattice, we can define the Z 8 −II basis transformation for the metric. The action of Q
on the SO (4) × SO (9) root lattice is defined as 

Q (e1 ) = e2 , Q (e2 ) = e3 , Q (e3 ) = e1 + e2 + e3 + 2 e4 , 

Q (e4 ) = −e1 − e2 − e3 − e4 , Q (e5 ) = −e5 , Q (e6 ) = −e6 . 
(B79) 
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The matrix representation of Q is defined by Q (ei ) = e j Qji and the explicit matrix is shown
below: 

Q =

⎛ 

⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

0 0 1 −1 0 0 

1 0 1 −1 0 0 

0 1 1 −1 0 0 

0 0 2 −1 0 0 

0 0 0 0 −1 0 

0 0 0 0 0 −1 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

, (B80) 

where Q8 = 1 . 
To construct the cycles on the orbifold, we apply this action 

∑ 

� to 20 real three-forms. By
choosing only the linearly independent cycles from the obtained invariant cycles, the following
four cycles are derived; 

1A0 ≡ 1 

2 

∑ 

�(α2 ) , 

1A1 ≡ −
∑ 

�(β0 ) , 

1B0 ≡
1 

2 

∑ 

�(β1 ) , 

1B1 ≡
∑ 

�(β3 ) . 

(B81) 

Here, we also consider the sum of orbits associated with the Coxeter element and the lengths
of four orbits are 

| �(α2 ) | = 4 , | �(β2 ) | = 2 , | �(β1 ) | = 4 , | �(β3 ) | = 2 . (B82) 

In terms of 20 real three-forms, these cycles can be expressed as follows: 

1A0 = α1 + α2 + β3 − γ2 , 

1A1 = 2 α3 − β0 + β1 − δ2 , 

1B0 = β0 + β1 + β2 − δ4 , 

1B1 = 2 α0 − α2 + β3 + γ4 . 

(B83) 

On T 6 /Z 8 −II , these intersections of the dual cycles in regards to the orbifold satisfy the following
relations; ∫ 

T 6 /Z 4 

1A0 ∧ 1B0 = 2 ,

∫ 
T 6 /Z 4 

1A1 ∧ 1B1 = 4 , (B84) 

where the other intersection numbers are 0. 
Considering the discussion in Section 2.2 , we can construct the complex one-form as follows: 

d z1 = 1 
23 / 4 

[ 
d x1 + e2 π i/ 8 d x2 + i d x3 − 1 

2 (1 + √ 

2 + i) dx4 
] 
, 

d z2 = 1 
23 / 4 

[ 
d x1 + e6 π i/ 8 d x2 − i d x3 + 1 

2 (−1 + √ 

2 + i) dx4 
] 
, 

d z3 = d x5 + U d x6 . 

(B85) 

Consequently, by using these complex one-forms, the holomorphic three-form is defined as
	 = d z1 ∧ d z2 ∧ d z3 , where 

∫ 
T 6 /Z 8 −II 

	 ∧ 	̄ = 2 iIm U . Moreover, the period vector is denoted
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 ≡

⎛ 

⎜ ⎜ ⎜ ⎝ 

X 0 

X 1 

F0 

F1 

⎞ 

⎟ ⎟ ⎟ ⎠ 

=

⎛ 

⎜ ⎜ ⎜ ⎜ ⎝ 

1 √ 

2 

∫ 
T 6 /Z 8 −II 

	 ∧ 1B0 

1 
2 

∫ 
T 6 /Z 8 −II 

	 ∧ 1B1 

1 √ 

2 

∫ 
T 6 /Z 8 −II 

	 ∧ 1A0 

1 
2 

∫ 
T 6 /Z 8 −II 

	 ∧ 1A1 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎠ 

=

⎛ 

⎜ ⎜ ⎜ ⎜ ⎝ 

1 √ 

2 

− iU √ 

2 
U √ 

2 
i √ 

2 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎠ 

, (B86) 

which satisfies 
† �
 = 2 iIm U . Since the overall factor can be absorbed by Käler transforma-
tion, we consider a modified period vector 
′ = ( 1 , −iU, U, i) t in the discussion of modular 
transformation. 

Here, we consider the quantization which has no contribution of the twisted sector regarding
h2 , 1 . By using these definitions, the three-form fluxes on the cycles which are invariant under
the Coxeter element Q can be denoted by 

1 
2 

∫ 
T 6 /Z 8 −II 

(F3 , H3 ) ∧ 1A0 = (−b2 , −d2 ) , 
1 
4 

∫ 
T 6 /Z 8 −II 

(F3 , H3 ) ∧ 1A1 = − 1 
2 (a

0 , c0 ) , 
1 
2 

∫ 
T 6 /Z 8 −II 

(F3 , H3 ) ∧ 1B0 = (a1 , c1 ) , 
1 
4 

∫ 
T 6 /Z 8 −II 

(F3 , H3 ) ∧ 1B1 = 1 
2 (a

3 , c3 ) . 

(B87) 

Taking account of the quantization of these three-form fluxes, it is necessary to choose specific
constant multiples for the flux quanta as follows: 

(a0 , c0 ) ∈ 4Z , (a1 , c1 ) ∈ 2Z , (a3 , c3 ) ∈ 4Z , (b2 , d2 ) ∈ 2Z . (B88) 

By using these results, we can construct the expansion of G3 as 

G3 = (a1 − Sc1 ) 1A0 + 1 

2 

(a3 − Sc3 ) 1A1 + (b2 − Sd2 ) 1B0 +
1 

2 

(a0 − Sc0 ) 1B1 . (B89) 

Then, we can describe Nflux as follows: 

Nflux =
∫ 

H3 ∧ F3 = −a3 c0 + a0 c3 + 2 b2 c1 − 2 a2 d2 ∈ 8Z . (B90) 

Since we can obtain the three-form fluxes and the holomorphic three-form, the superpotential
can be denoted by them. A, B, C, and D in the case of the T 6 /Z 8 −II orientifold with the SO (4) ×
SO (9) root lattice can be found as follows: 

A = − ia3 √ 

2 
− b2 , C = ia0 √ 

2 
− a1 , 

B = ic3 √ 

2 
+ d2 , D = − ic0 √ 

2 
+ c1 . 

(B91) 

B.8. T 6 /Z 12 −II orbifold with SO (4) × F4 root lattice 

Considering the T 6 /Z 12 −II orbifold, it is required that the six-dimensional metric is invariant 
under the action of � = Z 12 . By using the Coxeter element Q corresponding to the SO (4) × F4 

root lattice, we can define the Z 12 basis transformation for the metric. The action of Q on
the SO (4) × F4 root lattice is defined as 

Q (e1 ) = e2 , Q (e2 ) = e1 + e2 + 2 e3 , Q (e3 ) = e4 , 

Q (e4 ) = −e1 − e2 − e3 − e4 , Q (e5 ) = −e5 , Q (e6 ) = −e6 . 
(B92) 
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The matrix representation of Q is defined by Q (ei ) = e j Qji and the explicit matrix is shown
below: 

Q =

⎛ 

⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

0 1 0 −1 0 0 

1 1 0 −1 0 0 

0 2 0 −1 0 0 

0 0 1 −1 0 0 

0 0 0 0 −1 0 

0 0 0 0 0 −1 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

, (B93) 

where Q12 = 1 . 
To construct the cycles on the orbifold, we apply this action 

∑ 

� to 20 real three-forms. By
choosing only the linearly independent cycles from the obtained invariant cycles, the following
four cycles are derived; 

1A0 ≡ 1 

3 

∑ 

�(α0 ) , 

1A1 ≡ 1 

3 

∑ 

�(β2 ) , 

1B0 ≡
1 

3 

∑ 

�(β0 ) , 

1B1 ≡
1 

3 

∑ 

�(α1 ) . 

(B94) 

Here, we also consider the sum of orbits associated with the Coxeter element and the lengths
of four orbits are 

| �(α0 ) | = 6 , | �(α1 ) | = 6 , | �(β0 ) | = 6 , | �(β2 ) | = 6 . (B95) 

In terms of 20 real three-forms, these cycles can be expressed as follows: 

1A0 = 2 α0 + 2 β3 − 2 γ2 + γ4 , 

1A1 = 2 β1 − δ2 − 2 δ4 , 

1B0 = −2 α3 + 2 β0 + δ2 − 2 δ4 , 

1B1 = −2 α2 + 2 γ2 + γ4 . 

(B96) 

On T 6 /Z 4 , these intersections of the dual cycles in regards to the orbifold satisfy the following
relations; ∫ 

T 6 /Z 12 −II 

1A0 ∧ 1B0 = 4 ,

∫ 
T 6 /Z 12 −II 

1A1 ∧ 1B1 = 4 , (B97) 

where the other intersection numbers are 0. 
Considering the discussion in Section 2.2 , we can construct the complex one-form as follows: 

d z1 = 1 
31 / 4 

[ 
d x1 + e2 π i/ 12 d x2 + 1 √ 

2 

(
e11 π i/ 12 d x3 − eπ i/ 12 d x4 

)] 
, 

d z2 = 1 
31 / 4 

[ 
d x1 + e10 π i/ 12 d x2 + 1 √ 

2 

(
e−5 π i/ 12 d x3 + e5 π i/ 12 d x4 

)] 
, 

d z3 = d x5 + U d x6 . 

(B98) 

Consequently, by using these complex one-forms, the holomorphic three-form is defined as
	 = d z1 ∧ d z2 ∧ d z3 , where 

∫ 
T 6 /Z 12 −II 

	 ∧ 	̄ = 2 iIm U . Moreover, the period vector is denoted
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 ≡

⎛ 

⎜ ⎜ ⎜ ⎝ 

X 0 

X 1 

F0 

F1 

⎞ 

⎟ ⎟ ⎟ ⎠ 

=

⎛ 

⎜ ⎜ ⎜ ⎜ ⎝ 

1 
2 

∫ 
T 6 /Z 12 −II 

	 ∧ 1B0 

1 
2 

∫ 
T 6 /Z 12 −II 

	 ∧ 1B1 

1 
2 

∫ 
T 6 /Z 12 −II 

	 ∧ 1A0 

1 
2 

∫ 
T 6 /Z 12 −II 

	 ∧ 1A1 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎠ 

=

⎛ 

⎜ ⎜ ⎜ ⎜ ⎝ 

1 −i 
2 

− 1+ i 
2 U 

1 −i 
2 U 

1+ i 
2 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎠ 

, (B99) 

which satisfies 
† �
 = 2 iIm U . Since the overall factor can be absorbed by Käler transforma-
tion, we consider a modified period vector 
′ = ( 1 , −iU, U, i) t in the discussion of modular 
transformation. 

Here, we consider the quantization which has no contribution of the twisted sector regarding
h2 , 1 . By using these definitions, the three-form fluxes on the cycles which are invariant under
the Coxeter element Q can be denoted by 

1 
4 

∫ 
T 6 /Z 12 −II 

(F3 , H3 ) ∧ 1A0 = 1 
2 (−b0 , −d0 ) , 

1 
4 

∫ 
T 6 /Z 12 −II 

(F3 , H3 ) ∧ 1A1 = 1 
2 (a

2 , c2 ) , 
xy 8 1 

4 

∫ 
T 6 /Z 12 −II 

(F3 , H3 ) ∧ 1B0 = 1 
2 (a

0 , c0 ) , 
1 
4 

∫ 
T 6 /Z 12 −II 

(F3 , H3 ) ∧ 1B1 = 1 
2 (−b1 , −d1 ) . 

(B100) 

Taking account of the quantization of these three-form fluxes, it is necessary to choose specific
constant multiples for the flux quanta as follows: 

(a0 , c0 ) ∈ 4Z , (a2 , c2 ) ∈ 4Z , (b0 , d0 ) ∈ 4Z , (b1 , d1 ) ∈ 4Z . (B101) 

By using these results, we can construct the expansion of G3 as 

G3 = 

1 

2 

(a0 − Sc0 ) 1A0 − 1 

2 

(b1 − Sd1 ) 1A1 + 1 

2 

(b0 − Sd0 ) 1B0 −
1 

2 

(a2 − Sc2 ) 1B1 . (B102) 

Then, we can describe Nflux as follows: 

Nflux =
∫ 

H3 ∧ F3 = b0 c0 − b1 c2 − a0 d0 + a2 d1 ∈ 16Z . (B103) 

Since we can obtain the three-form fluxes and the holomorphic three-form, the superpotential
can be denoted by them. A, B, C, and D in the case of the T 6 /Z 12 −II orientifold with the SO (4) ×
F4 root lattice can be found as follows: 

A = (− 1 
2 + i 

2 

)
b0 +

( 1 
2 + i 

2 

)
b1 , C = (− 1 

2 + i 
2 

)
a0 − ( 1 

2 + i 
2 

)
a2 , 

B = ( 1 
2 − i 

2 

)
d0 −

( 1 
2 + i 

2 

)
d1 , D = ( 1 

2 − i 
2 

)
c0 + ( 1 

2 + i 
2 

)
c2 . 

(B104) 
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