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Transition Characteristics of Non-Hermitian Skin Effects in a
Zigzag Lattice Without Chiral Symmetry

Xiaoxiong Wu, Luojia Wang,* Shihua Chen,* Xianfeng Chen, and Luqi Yuan*

Non-Hermitian systems recently have attracted tremendous attention due to
their plentiful unique and fascinating properties, among which is the
localization of an otherwise extensive bulk eigen-state at the boundary when
the open boundary condition (OBC) is imposed, an interesting phenomenon
now referred to as non-Hermitian skin effect (NHSE). Here, a non-Hermitian
Zigzag lattice model with/without chiral symmetry is investigated with
respect to different nearest-neighbor and long-range hopping amplitudes and
study the transition signature of NHSE by extracting information from the
complex eigen-energy spectra of the system under the periodic boundary
condition (PBC), which is verified by the directional inverse participation ratio
under OBC. Such an approach provides great simplicity in judging transitions
of NHSE especially in lattices without chiral symmetry, where the obtained
transition signatures are further confirmed by calculating the topological
winding number of the energy under PBC. This work reveals a fundamental
way to explore transitions of NHSE, and has a potential in helping understand
more other complicated topological physics unique to
non-Hermitian systems.

1. Introduction

In quantum mechanics, physical observables are linked to Her-
mitian Hamiltonian, which describes isolated quantum systems
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and enables the eigen-energy to be one-
to-one correspondence between open
boundary condition (OBC) and periodic
boundary condition (PBC) except for the
topological edge states that may appear
at the open ends.[1–6] This Bloch band
theory provides an essential approach to
predicting the topological phase of clas-
sical/quantum systems. However, many
physical systems hold energy exchange
from the ambient environment, and
some may even exhibit asymmetrical spa-
tial couplings, rendering the intrinsic
Hamiltonian non-Hermitian.[7–12] Inter-
estingly, different from conventional Her-
mitian system, non-Hermitian system,
either classical or quantum, has recently
become an emergent research front
and has attracted rapidly growing inter-
est in past decades,[13–32] which shows
abundant characteristics in its com-
plex energy bands and thereby brings
about many novel physical phenomena

seen in broad physical settings such as optical crystals,[32–35]

mechanical lattices,[36–38] electric circuits,[39–42] acoustic
systems,[43–46] and many others.[47–49]

The eigen-energy of a non-Hermitian Hamiltonian is usu-
ally complex, but it has been found that the system with
parity-time symmetry can support pure real eigen-energy
spectra,[4,7,47,50–53] which triggers an explosion of research in
photonics[27,54–58] and entails fruitful intriguing properties such
as mode switching,[59,60] unidirectional invisibility,[7,61,62] and
chiral damping/amplification.[63–65] Nevertheless, most non-
Hermitian systems still have complex eigen-energy, and only
very recently did researchers find the non-Hermitian skin ef-
fect (NHSE), which is now identified as one of the most promi-
nent phenomena in non-Hermitian systems.[18–21] It turns out
that bulk modes could transform into analogous boundary states,
that is, anomalous localizations, by which we mean that distribu-
tions of the corresponding bulk eigen-states exponentially pile up
and get squeezed toward one of the boundaries under OBC.[66–68]

Such an exotic phenomenon seems to manifest a breakdown
of the conventional bulk-boundary correspondence that works
well for the Hermitian Bloch Hamiltonian.[18,19,69–72] To better
understand NHSE and then predict the existence of NHSE in a
given physical model, researchers have proposed to utilize the
general Brillouin zone (GBZ)[19–21,73] to efficiently criticize the
bulk localization feature, yet the process to calculate the GBZ is
quite complicated in spite of subsequent improved auxiliary GBZ
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Figure 1. Schematic of the Zigzag lattice model with nonreciprocal hop-
ping amplitudes between different sublattice sites. The green box indicates
a unit cell where the sites are in red and blue, respectively. t1, 2 ± Δ1, 2 are
real nearest-neighbor hopping amplitudes, where Δ1, 2 denote the cou-
pling offsets on the corresponding hoppings that will contribute to the
non-Hermiticity. t3, 4 ∈ R represent the long-range (next-nearest-neighbor)
hopping amplitudes.

method.[25] This complexity usually becomes more evident if the
system does not possess a chiral symmetry. Now a natural ques-
tion arises as to whether one can capture some characteristics
from the eigen-energy spectra problem in lattices without chiral
symmetry, and how to apply them to predict transitions of NHSE.

In this paper, we study the transition characteristics of NHSE
in a non-Hermitian Zigzag lattice model that can hold no chi-
ral symmetry under conditions of a judicious choice of parame-
ters. A new correspondence relationship between PBC and OBC
is established by exploring the eigen-energy spectra under PBC
and the directional inverse participation ratio (dIPR) under OBC.
We find that the transitions of NHSE are closely linked to the
real parts of eigen-energy spectra, which has been further con-
firmed to be consistent with the results calculated from the wind-
ing number and GBZ. Our work brings new thoughts into the
study of the relationships between NHSE and eigen-energy spec-
tra, which can be extended into a broader range of non-Hermitian
models for predicting NHSE phenomena, thereby providing new
avenues for understanding the elusive non-Hermitian physics in
different systems.

The rest of this paper is organized as follows. In Section 2,
we start by introducing our 1D lattice model and the related
Hamiltonian. In Section 3, we analyze the localization charac-
teristics of NHSE in lattices without long-range hopping ampli-
tudes. We further include single and double long-range hopping
amplitudes, and explore the transition characteristics of NHSE in
detail for specific sets of parameters in Section 4 and 5, respec-
tively. We give a brief summary in Section 6.

2. Models

We consider a 1D tight-binding lattice including two sublattices
A and B per unit cell as shown in Figure 1. Such two sublattices
are staggered with two columns of 1D lattices, equivalent to a 1D
non-Hermitian Su-Schrieffer-Heeger (SSH) model[74,75] with recip-
rocal long-range hopping amplitudes. The corresponding Hamil-
tonian under the OBC is

H =
N∑

n=1

[
(t2 + Δ2)b†nan + (t2 − Δ2)a†

nbn

]
+

N−1∑
n=1

[
(t1 + Δ1)a†

n+1bn + (t1 − Δ1)b†nan+1

+ t3(a†
nan+1 + a†

n+1an) + t4(b†nbn+1 + b†n+1bn)
]

(1)

where a†
n(b†n) and an(bn) are creation and annihilation operators

of the bosonic excitation on sublattice A (B) in the n-th unit cell.
t1, 2, 3, 4 ∈ R are real hopping amplitudes and Δ1, 2 are the coupling
offsets on the corresponding hoppings in the lattice in Figure 1.
Note that all parameters t1, 2, 3, 4 and Δ1, 2 are taken the same fre-
quency unit with ℏ=1, so the Hamiltonian is scalable and in what
follows, we will set these parameters to be dimensionless for sim-
plicity. Under this design, one can see that the nearest-neighbor
hoppings between sublattices A and B are asymmetric or non-
reciprocal, which are the origin of non-Hermiticity of Hamilto-
nian (1), while the next-nearest-neighbor hoppings between two
sublattices A (or B) are reciprocal.

3. Study Models Without Long-Range Hopping
Amplitudes

We start from analyzing the lattice in Figure 1 without the long-
range hopping amplitudes t3 and t4. First, let us consider the
case for an infinitely extended lattice under PBC. Performing the
Fourier transformation, one can obtain the Hamiltonian in the
momentum (k) space as

(k) =

[
0 (t1 + Δ1)e−ik + (t2 − Δ2)

(t1 − Δ1)eik + (t2 + Δ2) 0

]

=

[
0 hx − ihy

hx + ihy 0

]
= hx𝜎x + hy𝜎y

(2)

where 𝜎x, y are the Pauli matrices and hx = t2 + t1 cos k −
iΔ1 sin k, hy = t1 sin k + i(Δ1 cos k − €2). The Hamiltonian in
Equation 2 is non-Hermitian and satisfies the chiral symmetry,
that is, 𝜎z(k)𝜎z = −(k). From the Hamiltonian (2), the eigen-
energy spectra keep symmetrical under PBC for k in the entire
first Brillouin zone (BZ) 0 ⩽ k < 2𝜋, which hold the following
expressions:

E±(k) = ±
√

h2
x + h2

y

= ±

√√√√t2
1 + t2

2 − (Δ1
2 + Δ2

2) + 2(t1t2 + Δ1Δ2) cos k

− i2(t1Δ2 + Δ1t2) sin k
(3)

3.1. Model with 𝚫2 = 0

We first consider the examples with parameters t2 = 1, Δ1 = 0.5,
and Δ2 = 0 but let t1 be tunable. We set t1 = 2, and plot the eigen-
energy spectra for k from 0 to 2𝜋 in the first BZ in Figure 2a. The
arrows denote dynamical evolution for the spectra under PBC,
so one can see that two closed curves evolve clockwise with k in-
creasing from 0 to 2𝜋 in the complex energy plane.

Now, we study the same lattice but under OBC, by taking N
= 100 in the Hamiltonian Equation 1 with other parameters be-
ing kept unchanged. The resultant energy spectra are plotted in
Figure 2a, with the corresponding distributions of eigen-modes
shown in Figure 2b. We notice that the eigen-energy spectra un-
der OBC are embraced within the ones under PBC except for a
pair of zero modes corresponding to the degenerate zero energy
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Figure 2. a) The eigen-energy spectra under PBC (multi-colored dots) and
OBC (black dots) at the black dashed line t1 = 2 in (c), showing the winding
behavior of E(k) for k ∈ [0, 2𝜋). b) The calculated eigen-mode distributions
of (a) under OBC for the lattice with N = 100. c,d) The real and imaginary
parts of the OBC spectra as a function of t1 ∈ [ − 3, 3], where the colored
data point represents dIPR. The cyan regime with the black lines in (c)
shows the real parts of the eigen-energy spectra under PBC. The other
parameters are chosen to be t2 = 1, t3 = t4 = 0, Δ1 = 0.5 and Δ2 = 0.

in the eigen-energy spectra and are closely linked to the projec-
tions of the spectra under PBC onto the real axis, which shows
the connection between the eigen-energy spectra under PBC and
those under OBC in our model.

Here, the distributions of eigen-modes in Figure 2b reveal lo-
calization features, that is, NHSE. In this figure, the bulk states
are localized at the right boundary, together with a pair of zero
modes. We define the inverse participation ratio (IPR)[69,76,77] for
quantitative judgment of the mode distribution:

IPR(𝜓m) =
2N∑
j=1

|||𝜓m,j
|||4(⟨𝜓m|𝜓m⟩)2

(4)

where 𝜓m, j is the j-th component (i.e., j is odd for lattice A
and even for lattice B) for the eigen-state 𝜓m satisfying the
Schrödinger equation H|𝜓m〉= Em|𝜓m〉, and Em is the m-th eigen-
energy. IPR approaches to 1 for a localized state but to 0 for an
extended state. To further distinguish the left or right localization
feature, we use the directional IPR (dIPR):[76]

⎧⎪⎪⎨⎪⎪⎩
dIPR(𝜓m) = P

(
𝜓m

)
IPR

(
𝜓m

)
,

P
(
𝜓m

)
= sgn

[
2N∑
j=1

(
j − N − 0.5

) |||𝜓m,j
|||
]

(5)

Therefore, in our cases, the distributions of eigen-modes (𝜓m)
would be entirely localized at the right boundary when dIPR→+1,
and at the left boundary when dIPR→−1, while they become fully
extended when dIPR→0.

With dIPR defined, we here present the eigen-energy spectra
variation with the parameter t1 from −3 to 3 and show the change
of dIPR on the spectra in Figure 2c,d. We also compare the real

part of the spectra with the real energy projections in the case
under PBC (see the cyan regime surrounded by black lines in
Figure 2c). One can see that, with t1 increasing, the bulk states
change from the left-localized NHSE to the right-localized one,
and the spectra transition plots display a well-symmetrical per-
formance due to the chiral symmetry under OBC, that is, ΓHΓ−1

= −H with Γ = diag(1, −1, 1, −1, …, 1, −1), which means that
Γ|𝜓m〉 also is an eigen-mode of the eigen-energy −Em.

We see that t1 = 0 is the transition point of NHSE where the
real eigen-energy spectra under PBC shrink to their narrowest
ranges, as shown in Figure 2c. When inspecting them in the
complex energy plane, the PBC energy spectra at this transition
point would trace back and forth along an open curve, or along
a closed curve with no interior space. On the other hand, in pre-
vious studies, to see the transition signature of NHSE under the
change of parameters, one often resorts to certain criteria such
as topological winding number which are proved to be effective
but generally involve complicated calculations. For example, the
topological winding number[78,79] depicting the localization fea-
ture of NHSE is given by

w(E) = ∮
BZ

1
2𝜋i

d
[
ln det

((k) − E
)]

dk
dk (6)

where E is the base energy and w(E) gives the number of encir-
clement of the complex energy spectra under PBC around this
base energy E as k runs along the BZ by associating its positive
value (clockwise rotation) and negative value (counterclockwise
rotation) to the right and left localized NHSEs, respectively. Natu-
rally, if w(E) = 0, then it corresponds to a conventional bulk mode
without any NHSE. For example, in the case of Figure 2, when
t1 > 0, the distributions of NHSE localize at the right boundary
of the lattice resulting in w > 0, which corresponds to the clock-
wise winding of the eigen-energy spectra, as one can see in Fig-
ure 2a. When t1 < 0, the contrary would be the case. One may
note that, although w(E) is extremely useful in judging the tran-
sition of NHSE, the calculation involving line integration in the
complex plane is quite cumbersome and thus less efficient.

Meanwhile, from the physical aspect, the localized property of
NHSE also represents the appearance of the persistent current,
I = ∫ 2𝜋

0 f (E, E∗)E′(k)dk = ∮BZ Im(E) dRe(E) where f is a distribu-
tion function defined as f (E, E∗) = E−E∗

2i
= Im(E) in the complex

energy plane and E′(k) represents a differential for the interior
space of closed eigen-energy spectra under PBC.[73] Here, again
lim
t1→0

I ≈ 0 corresponds to the transition point of NHSE. This ap-

proach includes an integration expressing the area circling to-
tal eigen-energy spectra, so it puts a demand on the differential
term to ensure accuracy. All above analysis methods are consis-
tent with each other, and confirm the transition characteristics of
NHSE that can be seen directly from the real eigen-energy spec-
tra under PBC together with the dIPR under OBC in Figure 2c.

3.2. Model with 𝚫2 ≠ 0

We now consider the case with Δ2 = 0.5 which therefore makes
the lattice spatially non-reciprocal, and plot the eigen-energy
spectra with dIPR in Figure 3a,b. Although the extra coupling
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Figure 3. a,b) The real and imaginary parts of eigen-energy spectra under
OBC as a function of t1 ∈ [ − 3, 3] in models including double nonrecip-
rocal coupling amplitudes. The cyan regime with the black lines labels the
real eigen-energy spectra under PBC in (a). The arrows indicate two transi-
tions where dIPR=0 in white under OBC. c) The GBZs under OBC for the
lattice with N = 41 at t1 = −0.8 and 1.0, respectively, where the black one
is a unit circle. The parameters are chosen to be t2 = 1, t3 = t4 = 0, Δ1 =
0.5 and Δ2 = 0.5.

offset Δ2 does not induce obvious eigen-energy deviations un-
der OBC if one compares Figure 3a,b with Figure 2c,d, the dIPR
distributions exhibit a distinct difference. More interestingly, for
spectra with t1 > 0 in Figure 3a, there exists a black solid line
around Re(E)=0 that separates upper and lower spectra under
PBC, which is generated from min{E+} = max{E−} = E+(𝜋) =
E−(𝜋) in Equation 3 with the eigen-energy spectra turning into a
closed curve from end to end in the entire BZ of k ∈ [0, 2𝜋).

In Figure 3a, it is clear to see that two transitions occur in con-
trast with the result of the previous case in Figure 2, that is, one at
t1 = −1 while the other at t1 = −0.25. One can understand such
transitions from Equation 3 explicitly. As t1 = −Δ1t2/Δ2 = −1,
the eigen-energy spectra under PBC centralize in the real axis
and overlap with the ones under OBC and the imaginary part of
spectra (Im[E(k)]) is 0 for all k’s. The other transition comes up at
ΔER ≡ Re[E(k = 0)] − Re[E(k = 𝜋)] = 0, that is, the width of real
spectra being zero at t1 =−0.25 in Figure 3a. These characteristics
not only reflect richer features of the eigen-energy spectra in con-
trast with Figure 2 but also manifest that the transitions can be
predicted by spectra under PBC together with dIPR under OBC.

To further verify such transitions here, we calculate the GBZs
to demonstrate localization features under OBC.[18,20,21,73] We fol-
low the standard approach and substitute k into the general Bloch
wave number eik → 𝛽, and obtain the non-Bloch Hamiltonian
H(𝛽) = R+(𝛽)𝜎+ + R−(𝛽)𝜎− from Equation 2, where 𝜎± = (𝜎x ±
i𝜎y)/2, and

{
R+(𝛽) = (t1 + Δ1)𝛽−1 + (t2 − Δ2),

R−(𝛽) = (t1 − Δ1)𝛽 + (t2 + Δ2)
(7)

Now, the eigen-energy equation takes the form

[
(t1 + Δ1)𝛽−1 + (t2 − Δ2)

][
(t1 − Δ1)𝛽 + (t2 + Δ2)

]
= E2 (8)

This quadratic equation has two solutions 𝛽1 and 𝛽2 which form
the GBZ for given t1. We here choose t1 = −0.8, 1.0, 1.5, re-
spectively, and calculate the corresponding GBZs, with results
shown in Figure 3c. One can see that for t1 = 1.0, 1.5(− 0.8),
the GBZ is outside (inside) the unit circle, indicating that the
bulk modes display the right (left) localization features, which
are consistent with the dIPR distributions. We can analytically
calculate the transition point by calculating Equation 8 and get|𝛽| = √| (t1+Δ1)(t2+Δ2)

(t1−Δ1)(t2−Δ2)
| by using the Schrödinger equation with fi-

nite lattices,{
(t1 + Δ1)𝜓m−1, B + (t2 − Δ2)𝜓m, B = E𝜓m, A,

(t2 + Δ2)𝜓m, A + (t1 − Δ1)𝜓m+1, A = E𝜓m, B

(9)

and find the transitions appearing at |𝛽| = 1, namely, when the
GBZ coincides with BZ circle.[19,20] This procedure results in two
final equations t1Δ2 + Δ1t2 = 0 and t1t2 + Δ1Δ2 = 0. Therefore,
for the case in Figure 2, the solution gives the transition at t1 =
0, while for the case in Figure 3, solutions give transitions at t1 =
−1.0 and −0.25.

In these two examples, we see differences between two mod-
els with reciprocal and non-reciprocal hopping amplitudes. The
transitions of NHSE can be obtained from the real eign-energy
spectra under PBC combined with dIPR under OBC. Such tran-
sitions are verified by other approaches including the GBZ, wind-
ing number, and visual mode distribution. However, we can see,
as well as from more complicated examples in the later sections,
that information from spectra itself provides a simpler way to pre-
dict transitions.

4. Study Model with Single Long-Range Hopping
Amplitudes

Now, we study the same lattice model in Figure 2 but with t3 ≠

0, which makes the lattice model break the chiral symmetry. The
Hamiltonian Equation 2 becomes

(k) =

[
2t3 cos k (t1 + Δ1)e−ik + (t2 − Δ2)

(t1 − Δ1)eik + (t2 + Δ2) 0

]
(10)

which includes a non-zero diagonal term. We plot the eigen-
energy spectra in Figure 4, which exhibits asymmetrical feature
in positive and negative t1 regimes. We still can capture the tran-
sitions of NHSE from the eigen-energy spectra in Figure 4a–c.
For the upper spectra, the transition occurs at t1 = −0.57 when
the closed eigen-energy spectra under PBC have no interior. One
notes that such minimum width of real spectra ΔER corresponds
to the conversion of the direction for the eigen-energy wind-
ing along k ∈ [0, 2𝜋) under PBC. The imaginary part of eigen-
energies and corresponding dIPR distributions for the upper
spectra in Figure 4c reflect such transition features. A similar
transition at t1 = 0.57 can also be seen from the lower spectra.
Thus, the real spectra directly exhibit the transitions of NHSE,
which is in consistent with dIPR distributions as shown in Fig-
ure 4a–c.

To further understand these localized properties of NHSE at
different regimes, we choose t1 = 0.2 and 1.0, respectively and
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Figure 4. a–c) The real and imaginary parts of eigen-energy spectra under
OBC as a function of t1 ∈ [ − 3, 3] in models including single long-range
hopping amplitudes. The cyan regime with the black lines labels the real
eigen-energy spectra under PBC in (a). The black dashed lines are two
transitions where dIPR=0 in white under OBC. d) The GBZs under OBC
for the lattice with N = 41 at t1 = 0.2 and 1.0. The parameters are chosen
to be t2 = 1, t3 = 0.5, t4 = 0, Δ1 = 0.2 and Δ2 = 0.

plot the GBZs in Figure 4d. In the model here with t3 ≠ 0, there
are two closed loops for each choice of t1. Specially, for t1 = 0.2,
the GBZ consists one loop less than the unit circle and the other
loop greater than the unit circle, consistent with the dIPR shown
in Figure 4a–c that there exists the right localized NHSE associ-
ated with the upper spectra and the left localized NHSE associ-
ated with the lower spectra. As for t1 = 1.0, both loops are larger
than the unit circle, corresponding to the right localized NHSE.
We also note that, if we include Δ2 ≠ 0 in addition to t3 ≠ 0, the
spectra similar to those in Figure 3 can be found, and the physics
is therefore similar when the chiral symmetry of the lattice is bro-
ken.

5. Study Model with Double Long-Range Hopping
Amplitudes

As the last example, we consider the case with both next-nearest-
neighbor hopping amplitudes included, that is, t3 ≠ 0 and t4 ≠ 0.
Such lattice is also referred as the Zigzag lattice[80,81] with the chi-
ral symmetry broken. The Hamiltonian in the k space becomes

(k) =

[
2t3 cos k (t1 + Δ1)e−ik + (t2 − Δ2)

(t1 − Δ1)eik + (t2 + Δ2) 2t4 cos k

]
(11)

where both diagonal terms are non-zeros, so the corresponding
eigen-energy spectra are

E±(k) =
(
t3 + t4

)
cos k ±

√(
t3 + t4

)2
cos2k +

[
(t1 − Δ1)eik + (t2 + Δ2)

][
(t1 + Δ1)e−ik + (t2 − Δ2)

]
=

(
t3 + t4

)
cos k ±

√(
t3 + t4

)2
cos2k + t1

2 + t2
2 − (Δ2

1 + Δ2
2) + 2(t1t2 + Δ1Δ2) cos k − i2(t1Δ2 + Δ1t2) sin k

(12)

The square root in Equation 12 indicates that the transition point
of NHSE is strongly dependent on the term t1Δ2 + Δ1t2.

We plot the eigen-energy spectra with dIPR in Figure 5a–c.
One can see that the edge states on both sides in the energy gap

Figure 5. a–c) The real and imaginary parts of eigen-energy spectra under
OBC as a function of t1 ∈ [ − 3, 3] in models including the long-range
hopping amplitudes. The cyan regime with the black lines labels the real
eigen-energy spectra under PBC in (a). d) The dIPR distributions of total
eigen-energy spectra under the OBC for the lattice with N = 41. e) The
GBZs under OBC for the lattice with N = 41 at t1 = −2.0 and 1.0. The
parameters are chosen to be t2 = 1.0, t3 = t4 = 0.5, Δ1 = Δ2 = 0.3.

are localized at the right boundary in Figure 5a. As for the bulk
spectra, there is a distinct transition area of NHSE at t1 = −1.0. It
actually elucidates that t1Δ2 +Δ1t2 = 0 results in the eigen-energy
spectra E(k) ∈  under PBC, which leads to no interior space in
the complex plane, and overlapping with ones under OBC. In
Figure 5a, we notice that the upper left real spectra are narrow
and each dIPR approaches zero. This implies that complicated
changes in NHSE occur and rich variations of spectra exhibit. In
particular, from Figure 5b,c, we can see that the narrow upper left
real spectra in Figure 5a contain distinctive localized features.

To explicitly show the total localization features and clearly
catch the changes of NHSE, we further plot the dIPR distribu-
tions with all indices of eigen-energy spectra in Figure 5d. One
can see the appearance of two changes of NHSE in the regime
of −3 < t1 < −1, which are different from results in previous sec-
tions. One can understand such phenomena from Equation 12,
which shows terms with and without the square root interact
for the same k and results in the crossing of the eigen-energy
spectra. (We also provide more analyses in Figure 6a,b in the
following).

Meanwhile, we also follow the standard approach to calculate
the GBZs for t1 = 1.0 and t1 = −2.0, respectively, which satisfies

−t3t4𝛽
4 +

[
(t1 − Δ1)(t2 − Δ2) + (t3 + t4)E

]
𝛽3

+
[
t1

2 + t2
2 − 2t3t4 − (Δ1

2 + Δ2
2) − E2

]
𝛽2

+
[
(t1 + Δ1)(t2 + Δ2) + (t3 + t4)E

]
𝛽 − t3t4 = 0 (13)
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Figure 6. a,b) The eigen-energy spectra under PBCs (colored dots) and OBC (black dots) in the complex plane while the real spectra of the right and left
parts are shown in c,d), respectively. The arrows represent the evoluted directions along k ∈ [0, 2𝜋) under PBC. Inset: A zoom-in for the right part of the
spectra. e) and f) The distributions of bulk states corresponding to (a) and (b). The parameters are chosen to be t1 = −2 for (a), t1 = 0.4 for (b), with t3
= t4 = 0.5, and Δ1 = Δ2 = 0.3.

Due to double long-range hopping amplitudes, Equation 8 of
the GBZ is changed into a quartic equation. The solutions have
four roots |𝛽1| ⩽ |𝛽2| ⩽ |𝛽3| ⩽ |𝛽4| but reserve two terms |𝛽2|
= |𝛽3| to obey in the thermodynamic limit at N → ∞.[19,20] We
plot GBZs for two cases to exhibit the localized property in Fig-
ure 5e. For t1 = −2.0, the GBZ consists of two closed curves
with one outside the unit circle and the other intersected by the
BZ, implying two changes of NHSE in Figure 5d, whereas for
t1 = 1.0, the GBZs are both outside the unit circle, which are
consistent with dIPR distributions in Figure 5a–d. Interestingly,
it is the intersection of spectra under PBC that leads to more
than one change in localizations of NHSE and we will explore
details in the following with the aid of the topological winding
number.

We here choose parameters t1 = −2.0 and 0.4, and plot the
eigen-energy spectra under PBC and OBC in Figure 6a,b respec-
tively. For the case of t1 = −2.0, the left part of the spectra in Fig-
ure 6a evolves clockwise with the increasing k, which corresponds
to w(E) = +1 and the NHSE localized at the right boundary. How-
ever, the right part of the spectra forms a closed loop with cross-
ings under PBC, which appears to be an arc shape. From the real
spectra in Figure 6c, one can see this crossing manifests in the

values for a fixed eigen-energy. Or in other words, for each eigen-
energy value falling into the yellow shadow in Figure 6c, there are
four solutions k1 ⩽ k2 ⩽ k3 ⩽ k4 accompanied with the winding
as shown in Figure 6a. Hence one can see the change of NHSE
localized at different boundaries near the 100th super mode in
Figure 6e. As for the change of NHSE in the vicinity of the 100th
super mode, one can understand it from different winding direc-
tions in two parts of the spectra in Figure 6a. For the case of t1 =
0.4, different features of spectra and NHSE are found in Figure 5
as the parameter t1 falls in different regimes. We can also see
similar crossing characteristics in spectra shown in Figure 6b,d.
Here, the crossing point labeled as Q in Figure 6b satisfies E+(𝜋)
= E−(𝜋) in Equation 12. The yellow shadow in Figure 6d also re-
flects the change of NHSE in Figure 6f from the solutions for
a fixed real eigen-energy. From all above examples, one can see
that it is possible to acquire the transition and change of NHSE
for localized features from the (real) eigen-energy spectra. Note
that if we further increase t1, the spectra under PBC separate into
two parts near the crossing point Q and the winding of the left
part reverses into the clockwise direction at t1 ≈ 0.6, which corre-
sponds to the dIPR distributed on the right boundary for NHSE
in Figure 5a.
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6. Conclusion

In conclusion, we explore a Zigzag lattice without/with long-
range hopping amplitudes that may or may not possess a chi-
ral symmetry correspondingly. Transitions of NHSE are studied
from the eigen-energy spectra obtained under PBC together with
dIPR obtained under the OBC. Without long-range hopping am-
plitudes, the model Hamiltonian satisfies chiral symmetry such
that the spectra are symmetrical, and the transitions of NHSE
occur when the closed eigen-energy spectra under PBC have no
interior where the widths of real spectra under PBC measured
along the real axis Im(E)=0 is vanishing or the imaginary parts
under the square root in Equation 3 approach zero. The criteria
for the transitions still hold with single and double long-range
hopping amplitudes respectively in spite of the invalidation of
chiral symmetry, thus it offers a convenient avenue to take the
link between the eigen-energy spectra and NHSE. Our proposed
lattice is general and can be realized in various platforms in either
spatially-arranged resonators or artificial lattices with synthetic
dimensions[78–88] under current photonic technologies. Here, we
introduce the non-Hermitian Hamiltonian with nonreciprocal
hopping amplitudes in the semiclassical regime. By considering
quantum jumps, one could further explore exceptional points of
non-Hermitian Hamiltonians and Liouvillians in the quantum
regime.[89,90] Our work unveils the important correspondence be-
tween the NHSE and the eigen-energy spectra, and hence paves
the way for investigating exotic non-Hermitian physical phenom-
ena and manipulating NHSE in complicated lattice models.

We noticed an accepted paper[91] when our manuscript was in
the production stage.
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