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Abstract
The NHa C400 is the first compact superconducting cy-

clotron used for carbon therapy in the world. Carbon ther-
apy is particularly effective for treating radiation-resistant
tumors, as compared to more conventional radiotherapy tech-
niques. In this work, a 3D finite element model of the Nb-Ti
coil has been developed using the open-source solver GetDP.
First, an accurate representation of the DC magnetic fields,
required for beam dynamics computation, is obtained. Sec-
ond, analytical models of increasing complexity for hystere-
sis losses in the superconducting filaments are investigated.
For discussing their accuracy, a single filament model has
been developed. Third, the heat loss in the Nb-Ti coils dur-
ing energization of the cyclotron is evaluated based on a
multi-scale approach involving the single filament model.

INTRODUCTION
The C400 cyclotron for hadron therapy is the result of

the cooperation between Ion Beam Applications (IBA) and
Normandy Hadrontherapy (NHa). In order to characterize
the thermal behavior of the coil during its energization ramp,
a framework for the numerical evaluation of AC losses in
superconducting coils is proposed. First, analytical predic-
tions for losses are presented. A numerical model at the
scale of a single filament, using the GetDP finite-element
software [1], is investigated to assess their accuracy and their
range of validity. Based on the results obtained, total losses
during the C400 ramp-up are computed using a multi-scale
approach.

MAGNETIC CIRCUIT
The C400 cyclotron is an isochronous cyclotron with spi-

ralized poles and an elliptical gap [2]. As this study focuses
on the superconducting coil, the geometry of the magnet
has been simplified to a four-fold rotational symmetry with
a reflection plane in the middle of the pole gap. The modi-
fied vector potential 𝑎∗-formulation is chosen to deal with
the non-linear behaviour of the ferromagnetic yoke. It is
described in [3]. The flux density computed in the median
plane of the cyclotron at nominal current is shown in Fig. 1.
The peak field on the conductor is 3.68 T.

The C400 coil conductor is based on wire-in-channel
technology, in which the composite copper-Nb-Ti (Nb-Ti
filaments of diameter 𝑑𝑓 = 51 µm) wire is embedded inside a
copper channel. The coil is cooled down by a liquid helium
bath at 𝑇He = 4.2 K.
∗ lsdns21@gmail.com

Figure 1: Upper magnetic circuit of the C400 used in this
study and the median plane normal magnetic flux density 𝑏.
For scale, the outer radius of the cyclotron is 3.34 m.

The main loss mechanisms inside the conductor are inter-
filament coupling losses and hysteresis losses.

INTER-FILAMENT COUPLING LOSSES
The physical origin of the coupling losses in the copper

matrix is the variation of the magnetic flux over several fila-
ments inducing eddy currents between filaments. Assuming
screening currents do not prevent the field from entering the
composite, Carr [4] has developed an analytical expression
for coupling losses 𝑞c [W/m3], assuming round composites
of negligible diameter with respect to the pitch length:

𝑞c = 𝜆
𝜆st

1
𝜌et

( 𝑝
2𝜋)

2
∥𝑑𝑏

𝑑𝑡 ∥
2
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1 + 𝜆st
1 − 𝜆st

, (1)

with 𝑝 [m] the filament twist pitch length, 𝜌et [m] the effec-
tive transverse resistivity of the matrix, 𝜌Cu [m] the electric
resistivity of copper, 𝜆 = 0.03 the total Nb-Ti filling factor
and 𝜆st = 0.42 the local Nb-Ti filling factor of the strand.
At cryogenic temperature, magnetoresistance must be taken
into account, as shown in [5] (p. 8-23).

HYSTERESIS LOSSES
State of the Art

Hysteresis losses occur inside Nb-Ti filaments immersed
in a changing magnetic field. Carr [4] and Wilson [6] have
derived analytical predictions for hysteresis losses per cy-
cle in single filaments, using Bean’s Critical State Model
(CSM) [7]. The results are here adapted for computing the
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instantaneous power loss per unit volume 𝑞hys,1 [W/m3] dur-
ing current ramp-up.

The transverse field loss per filament, assuming no trans-
port current, an external uniform flux density of amplitude
𝑏𝑎 and no critical current density dependence on field am-
plitude 𝜕𝑗𝑐/𝜕𝑏 = 0, can be obtained [4] as

𝑞hys,1 = 2
3𝜋𝑗𝑐𝑑𝑓𝑏̇𝑎, (2)

assuming full penetration (𝑏𝑎 > 𝑏𝑝) of the filament. The
full penetration flux density is denoted 𝑏𝑝 = 𝜇0 𝑗𝑐 𝑑𝑓/𝜋
with 𝜇0 = 4𝜋10−7 H/m. In the weak penetration regime,
an adaptation of Carr’s developments in a monotonic field
ramp-up leads to

𝑞hys,1 = 64
3𝜋𝑗𝑐𝜇2

0𝑑𝑓
𝑏2

𝑎 𝑏̇𝑎, (3)

which should be valid in low field. Combining [4] the two
regimes:

𝑞hys,1 = 1
3𝜋

2𝑗𝑐𝑑𝑓𝑏2
𝑎

𝑗2𝑐 𝑑2
𝑓 𝜇2

0/32 + 𝑏2
𝑎

𝑏̇𝑎. (4)

The hysteresis losses at macroscopic scale are computed as
𝑞hys = 𝜆𝑞hys,1.

Numerical Model
The accuracy of analytical approximations (Eq. (2),

Eq. (3) and Eq. (4)) for transverse field losses is assessed
with a finite element model of one single Nb-Ti filament.

Neglecting variations along the filament axis, only its
circular cross-section is modeled in two dimensions. The
diameter of the filament is 𝑑𝑓 = 51 µm. The outer do-
main, assumed non-conductive, is large and its diameter
is 𝑑𝑎 = 500 µm. It has been chosen as non-conductive in
order to assess the losses in the Nb-Ti only and to compare
them with the CSM predictions.
The physics of Nb-Ti, assumed in the mixed state, is mod-
eled through the power law [8,9] linking the current density
𝑗 [A/m2] to the electric field 𝑒 [V/m]:

𝑗 = 𝑗𝑐
𝑒𝑐

(‖𝑒‖
𝑒𝑐

)
(1−𝑛)/𝑛

𝑒, (5)

with 𝑒𝑐 = 10−4 V/m by convention. The exponent 𝑛 de-
scribes the sharpness of the resistive transition. A reason-
able value for 𝑛 in Nb-Ti-copper composites [10] is 𝑛 = 50,
which is the value chosen in this study. In practice however,
𝑛 decreases with 𝑏 and 𝑇 [11]. The CSM is retrieved in the
asymptotic regime (𝑛 → ∞) of Eq. (5).

To solve the magnetic system of equations, the magnetic
field ℎ-𝜙 formulation is chosen as it has proven to be the most
stable and efficient in dealing with the strong non-linearity
of the power law [3]. At any instant, the hysteresis power
loss per unit volume 𝑞hys,1 is evaluated as

𝑞hys,1 = 4
𝜋𝑑2

𝑓
∫

𝑑𝑓/2

0
∫

2𝜋

0
𝑗 ⋅ 𝑒 𝑟 𝑑𝑟𝑑𝜃. (6)

As a boundary condition, the uniform external flux den-
sity 𝑏𝑎 is applied on the outer boundary of the domain. In
this section, it varies from 0 to 𝑏𝑎,max = 2 T with a constant
ramp rate 𝑏̇𝑎. The ramp rate is varied in the study.

Constant Critical Current Density First, to satisfy
Carr’s assumptions, the critical current density is assumed
constant, here 𝑗𝑐 = 5 109 A/m2. In this part, no transport
current is imposed in the filament.

The impact of the ramp rate 𝑏̇𝑎 on hysteresis losses com-
puted numerically is represented in Fig. 2. As can be ob-
served, Eq. (3) is consistent with the results at very low fields,
while Eq. (4) is accurate for 𝑏𝑎 < 0.04 T. Even though it
provides one single approximation for the whole field range,
Eq. (4) underestimates the losses in the intermediate regime.
In particular, Eq. (2) is almost satisfied as soon as the fil-
ament is fully penetrated and it should be preferred over
Eq. (4) in the 𝑏𝑎 > 𝑏𝑝 range.
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Figure 2: Hysteresis losses 𝑞hys,1 per unit volume (Eq. (6))
for a monotonic applied field ramp-up at various rates 𝑏̇𝑎.
For clarity, losses are normalized by the ramp rate 𝑏̇𝑎. Re-
sults obtained with 𝑛 = 50 and constant 𝑗𝑐 = 5𝑒9 A/m2

corresponding to an expected 𝑏𝑝 = 0.102 T.

As opposed to the CSM and Eq. (2), the 𝑞hys,1/𝑏̇𝑎 ratio
in full penetration increases with the ramp rate. In a fully
penetrated filament subjected to a constant 𝑏̇𝑎 along the 𝑦-
axis, the induced electric field along the filament axis is
𝑒𝑧 ≈ 𝑥 ̇𝑏𝑎. From Eq. (5) and the analytical evaluation of
Eq. (6), the losses per unit volume are given by:

𝑞hys,1 =
∫𝜋/2

−𝜋/2 (𝑐𝑜𝑠𝜃)(𝑛+1)/𝑛 𝑑𝜃
(3 + 1/𝑛) 𝜋 𝑗𝑐𝑑𝑓𝑏̇𝑎

⎛⎜
⎝

𝑑𝑓𝑏̇𝑎
2𝑒𝑐

⎞⎟
⎠

1/𝑛

, (7)

which tends towards Eq. (2) in the asymptotic regime. The
maximal relative error between Eq. (7) and the numerical
results is 0.13% for the different ramp rates investigated in
Fig. 2, which highlights its accuracy.

Full penetration occurs sooner as the ramp rate is de-
creased. By analogy between Eq. (2) and Eq. (7), an esti-
mation of the effective penetration flux density 𝑏∗

𝑝 can be
obtained by multiplying Eq. (7) by 3𝜇0/2𝑏̇𝑎. Moreover, the
evolution of the losses before penetration can be tabulated
or fitted as a polynomial function of 𝑏𝑎/𝑏∗

𝑝.
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Critical Current Dependence on Flux Density In prac-
tice, the critical current density decreases as the applied
magnetic field increases. It can be represented by Kim’s [8]
model. In this work, Bottura’s relationship [12] is preferred
as it is consistent both with low field magnetization and high
field transport current measurements [13]. In the code, the
fitting parameters are those obtained by Bottura with the
Spencer [14] data set and 𝑗𝑐(5 T, 4.2 K) = 2783 A/mm2.
Figure 3 represents the impact of the ramp rate on the nor-
malized hysteresis losses in the case of the non-linear 𝑗𝑐(𝑏)
relation. Both asymptotic regimes are accurately described
by Eq. (2) and Eq. (3), even though the equations were estab-
lished assuming 𝜕𝑗𝑐/𝜕𝑏 = 0. However, in the intermediate
regime, the losses are greater than the prediction of Eq.( 4)
and Eq. (2). The filament behaviour is more complex and
the determination of 𝑏∗

𝑝 is not obvious.
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Figure 3: Hysteresis losses 𝑞hys,1 per unit volume (Eq. (6))
for a monotonic field ramp-up at various 𝑏̇𝑎. Results obtained
with 𝑛 = 50 and Bottura’s 𝑗𝑐(𝑏) relationship [12].

Impact of Transport Current In this section, the criti-
cal current density is assumed constant with 𝑗𝑐 = 5 109 A/m2

and the transport current ratio 𝑖 = 𝐼𝑡/𝐼𝑐 = 𝐼𝑡/(𝜋𝑑2
𝑓 𝑗𝑐/4) [-]

is introduced. Numerically, the transport current 𝐼𝑡 is estab-
lished in the system (linear increase during 2 s, stand-by for
1 s) before the external field is increased linearly from 0 to
2 T in 2 s. Its impact is represented in Fig. 4.
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Figure 4: Hysteresis losses 𝑞hys,1 per unit volume (Eq. (6))
for a monotonic applied field ramp-up at rate 𝑏̇𝑎 = 1 T/s.
Results obtained with 𝑛 = 50 and constant 𝑗𝑐 = 5𝑒9 A/m2

corresponding to an expected 𝑏𝑝 = 0.102 T.

In the fully penetrated regime 𝑏𝑎 > 𝑏𝑝, the relative in-
crease of losses of (1+𝑖2) predicted by Wilson [6] for a cyclic
transverse field is observed but the relative error increases

with 𝑖 (from 0.7 % at 𝑖 = 0.4 to 7 % at 𝑖 = 0.8). Carr [4]
proposed a similar but more complex relation. Before pen-
etration, the relative increase of losses is more significant
and more complex to predict analytically. Moreover, the
penetration flux density is decreased as 𝑖 is increased.

LOSSES DURING RAMP-UP
The C400 cyclotron is energized from zero to nominal

current in 2 hours. Numerically, the coil cross-section is
subdivided in 48 zones. In each zone, the mean flux density
and the mean filament current evolution are retrieved from
a macroscopic magnetodynamic resolution. Based on these
inputs, the hysteresis losses are computed using the single
filament model. The integrated losses are represented in
Fig. 5 and are compared to the estimate of Eq. (4), which
again underestimates losses in the first part of the curve.
However, in the second part of the ramp-up, Eq. (4) overes-
timates the losses, which could be partly explained by the
impact of the ramp rate (Eq. (7)) and the long ramp-up time
leading to a small 𝑏̇𝑎. Inter-filament coupling losses, based
on Eq. (1), are negligible as their maximal instantaneous
value is 3.6 mW at 𝑡 = 800 s. For computational efficiency
reasons, the transient simulation has been performed in a
2D axisymmetric configuration, neglecting the valleys of
the yoke and the extraction channels.
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Figure 5: Integrated hysteresis losses 𝑄hys [W] assuming a
linear current ramp-up of 7200 s.

CONCLUSION
In this study, different analytical approximations for losses

in superconductors have been analyzed. When compared
to a finite-element model at the filament scale based on the
power law, they have proven to be accurate in full penetration.
Numerical results also highlighted the complex behaviour
in low field and the significant impact of transport current.

The single filament model allowed the calculation of hys-
teresis losses during energization of the C400 using a multi-
scale approach, taking into account a larger number of pa-
rameters and increasing the accuracy of the results. The
impact of coupling losses between filaments was shown to
be negligible. The model developed in this study provides a
flexible tool for estimating AC losses in the coil for different
current ramp-up scenarios. As a result, the ramp-up shape
can be optimized to minimize the heat load.

As shown in this work, losses in superconductors depend
on many physical quantities. Next, the temperature depen-
dence should be introduced at the microscopic scale and
coupling losses between twisted filaments should be studied
on the basis of a similar analysis.
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