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We study the impact of quantum gravity on a system of chiral fermions that are charged under an
Abelian gauge group. Under the impact of quantum gravity, a finite value of the gauge coupling could be
generated and in turn drive four-fermion interactions to criticality. We find indications that the gravity-
gauge-fermion interplay protects the lightness of fermions for a large enough number of fermions. On
the other hand, for a smaller number of fermions, chiral symmetry may be broken, which would be in

tension with the observation of light fermions.
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1. Introduction: Light fermions as a test of quantum gravity

The observation of light fermions in our universe motivates
studies of the interplay of chiral fermions with quantum gravity.
Chiral symmetry protects fermions from acquiring masses; con-
versely, its breaking by quantum gravitational effects would be
expected to result in masses of the order of the Planck mass. The
presence of light fermions can therefore be used to derive con-
straints on quantum gravity, as suggested in [1].

The question of whether a global chiral symmetry remains
unbroken in a given approach to quantum gravity has been an-
swered to varying degrees in different approaches. The results
in [1], when interpreted in the light of an effective-field-theory
setting, where a finite new-physics scale is present, suggest that
quantum gravitational fluctuations do not necessarily trigger chi-
ral symmetry breaking. In comparison, general arguments for the
breaking of global symmetries through quantum gravity have been
substantiated in string theory [2-5] and in the context of the
AdS/CFT conjecture [6], specifically related to the weak-gravity
conjecture [7], see also [8] for a review; although to the best
of our knowledge not specifically for the case of a chiral global
symmetry. On the lattice, the fermion doubling problem, formal-
ized in the Nielsen-Ninomiya theorem [9,10], implies that at finite
lattice spacing, chiral fermions cannot exist and the continuum
limit has to be taken in a careful fashion to recover them. While
discrete quantum-gravity approaches are not regular lattices, the
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theorem could nevertheless be viewed as a hint at the potential
difficulty to accommodate chiral fermions. As a concrete example,
within Loop Quantum Gravity, this question has been discussed
in the literature [11-13]. Other discrete models, such as causal
sets [14], depart from a manifold-like structure to that extent that
currently the very definition of a fermion field, chiral or not, is an
open question. In contrast, in Euclidean Dynamical Triangulations,
progress has recently been made using Kahler fermions [15]. In a
first lattice study, a global U(1) symmetry that is related to chiral
symmetry in the continuum limit, appears unbroken [15].

Within the functional Renormalization Group (FRG) [16-19] ap-
proach to asymptotic safety, pioneered in [20], the interplay of
quantum gravitational fluctuations with chiral symmetry was first
explored in [1], see also [21,22]. Despite the attractive nature of
the classical gravitational interaction, quantum gravity fluctuations
do not appear to lead to bound-state formation and chiral sym-
metry breaking. This is in contrast to non-Abelian gauge theories,
where chiral symmetry breaking in was studied with the FRG
in [23-30]. At the technical level, this difference between gravity
and non-Abelian gauge theories manifests itself in a different set
of diagrams that drive the Renormalization Group (RG) flow of the
interactions between fermions [1], further analyzed in the broader
context of the weak-gravity bound [31,32] in asymptotic safety
in [22]. Additionally, in [33] it has been found that explicit chiral-
symmetry breaking operators may be consistently set to zero, in
that the gravitational RG flow does not generate them.

These results refer to quantum fluctuations of the metric at
fixed topology. More recently, it has been suggested that topologi-
cal fluctuations, if present in asymptotically safe quantum gravity,
might lead to spontaneous chiral-symmetry-breaking [34].
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Despite these results for quantum fluctuations of the curvature,
a classical non-vanishing curvature can act as a source of chiral
symmetry breaking. This mechanism is dubbed gravitational catal-
ysis, see, e.g., [35-39]. By combining the effect of fluctuations with
a classical background, it has been suggested to result in an upper
bound on the number of light fermions that can be accommodated
in asymptotically safe gravity [40].

Here, we will go beyond a setting with gravity and fermions
and take into account the interplay with quantum fluctuations of
an Abelian gauge field. Our motivation lies in tentative hints for
a nontrivial asymptotically safe fixed point, that could be induced
in the Abelian gauge coupling by quantum gravitational fluctua-
tions [32,41,42], see also [43-45]. Interestingly, in the case without
gravity, chiral-symmetry breaking interactions might be present
in a nontrivial ultraviolet completion of an Abelian gauge theory
[46]. Here, we focus on the converse question, namely, whether
an ultraviolet completion with a nonzero value of the gauge cou-
pling is made possible without breaking chiral symmetry under the
impact of quantum gravitational fluctuations. As a large enough
value of the gauge interaction results in chiral symmetry break-
ing [47-52], a competition between gravitational and effects of the
gauge field can be expected. Such an interplay could result in a
lower bound on the number of fermions. This expectation arises,
since [32,41,42] indicate a decreasing fixed-point value for the
gauge coupling as a function of the fermion number. As the under-
lying reason for the existence of three generations in the Standard
Model is unknown, it is fascinating to understand whether the
number of generations is tied to the lightness of fermions, see [40].

2. Four-fermion interactions and chiral symmetry breaking

Let us firstly review the mechanism of chiral symmetry break-
ing in the presence of an external field, and how it is detected via
the RG flow of the system, see, e.g., [23-30,53-55]. To that end,
we investigate the fate of chiral symmetry in a fermionic system
with chiral SU(N¢)L x SU(Nf)gr symmetry. Specifically, we study the
scale dependence of the two four-fermion operators given by

A (V+A),  A_(V—A), 1)
with

v=(0yue’) (Wriv). )
A== (Fyuysy') (Fyiyse) 3)

where the summation over flavor indices runs over i € [1, Ng]. In
the pointlike limit, i.e., without derivatives, these two operators are
the only two Fierz-independent, chirally symmetric four-fermion
operators which are Lorentz scalars.

We will now review the connection between the four-fermion
interactions A+ and the generation of non-trivial fermionic bound
states. For this purpose, we first perform a Fierz transformation
and change to a scalar-pseudoscalar basis. We focus on A4, for
which the Fierz transformation reads

A (V) =2 [0 = @5 P (4)

with (Yiy/)? = (Yiy i) (¥ yd) and similarly for the pseudoscalar
channel. This relation is an exact Fierz identity if [23,30]
1
Ao = —i)\,+ . (5)
Using a Hubbard-Stratonovich transformation, see, e.g., [30,56,
57], the four-fermion interactions can be rewritten in terms of aux-
iliary fields. We will now focus on the case of one single flavor,
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but the following arguments generalize to multiple flavors. For the
scalar part of the interaction, the four-fermion interactions can be
rewritten as

Ay - -
~L @) = o +mo? (6)

EoM(c)
with
h2
2
my,=—, (7)
¢ )\]//

which holds on the equations of motion for the scalar field o, i.e.,
when the auxiliary field is integrated out. In terms of the scalar
degree of freedom, o, chiral symmetry is spontaneously broken
when the mass term mé becomes negative. In terms of the orig-
inal fermionic degrees of freedom, the onset of chiral symmetry
breaking is therefore indicated by a divergence of the four-fermion
interaction Ay, cf. Eq. (7). This argument, exemplified for the scalar
channel, applies to the other channels in a similar way. Since the
breaking of chiral symmetry could in principle remain isolated in
one single channel, it is important to consider a complete basis of
four-fermion interactions.

Furthermore, explicit studies in QCD show that the RG-scale
kysg, where the four-fermion interaction diverges, approximately
corresponds to the physical scale of chiral symmetry breaking
[24,58,59]. This is a crucial motivation for studies in a gravitational
context, where kysp would be expected to lie in the vicinity of the
Planck scale, resulting in Planckian bound-state masses.

In summary, the question of spontaneous breaking of chiral
symmetry can be studied by investigating the fixed-point struc-
ture of the four-fermion interactions A.. Schematically, within the
FRG, their scale dependence is given by

2
khs =2hs + Y AL 22T £ bids hext + cehly 8)
i=0

where aii, b+ and c+ are numerical coefficients, and k is the RG
scale. Furthermore, heyxs is an external coupling associated with
vertices encoding the interactions of fermions with other fields,
such as a gauge field or gravity.

In the absence of an additional field, i.e., for hex¢ = 0, the com-
bined set of B-functions has four fixed points, one of which is
Gaussian, A+ 4, =0, while the other ones are interacting. Due to
the higher-order character of the fermionic self-interaction opera-
tors, the four-fermion interactions are irrelevant, i.e., IR attractive,
at the Gaussian fixed point, where A4 , = A_ . = 0. In contrast,
they have at least on IR repulsive, i.e., relevant, direction at each of
the three interacting fixed points. Thus, specifying to the case illus-
trated in Fig. 1, all initial conditions for the RG flow lying outside
the green region lead to spontaneous breaking of chiral symmetry
at a scale ky,sg > 0, where one of the couplings A (k) diverges.

A qualitatively similar fixed-point structure persists for suffi-
ciently small external coupling |hext| < |Rext, crit.|- The fixed-point
structure is then still dominated by the first two terms in Eq. (8),
while non-vanishing fixed-point values for A, are now unavoid-
able, due to the last, A-independent term. In particular, the Gaus-
sian fixed point at Ay , = 0 gets shifted to a finite fixed-point
value, cf. Fig. 2. Depending on the sign of the coefficient ¢ in
Eq. (8), there is a critical value hex, crit., such that at |hex| =
|Rext, crit.|, the two fixed points collide and annihilate. Thus, for
|hext| > |hext, crit.| the zeros of B, lie off the real axis, as illus-
trated in Fig. 2. In this case, any initial condition for Ay will
lead to spontaneous breaking of chiral symmetry. Therefore, large
external couplings hexe can drive a chirally symmetric system to
criticality. Indeed, this mechanism determines the IR spectrum of
bound states in QCD, where the non-Abelian gauge coupling be-
comes strong in the IR, inducing a divergence in the four-fermion
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Fig. 1. The green region marks the region of initial conditions Ay j,, for which
spontaneous chiral symmetry breaking can be avoided. For initial conditions in the
white regions, one of the four-fermion couplings will be driven towards criticality,
signaling the onset of spontaneous chiral symmetry breaking. We choose Ny =2,
G=A=0, and e =1 for this illustration.
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Fig. 2. We illustrate the scale dependence of one of the four-fermion interactions
Ay, for the choice of A_ =0 under the impact of an external gauge field heyx and
in the absence of gravity. The solid blue line illustrates the case where the external
gauge field is absent. In this case, B, features a free, infrared (IR) attractive fixed
point, as well as an interacting, IR repulsive fixed point. Increasing the strength of
the external gauge coupling e, both fixed points approach each other (green, dashed
line), until they collide and annihilate for a critical value he,cric. This annihilation
is an indicator of chiral-symmetry breaking, as observed in QCD [24,25,53,60].

interactions, see, e.g., [24-30,50,53,55,60]. Similar mechanisms oc-
cur in QED in three and four dimensions, where the Abelian gauge
coupling e becomes strong in the UV [61-63].

While the parameter ¢ for gravity in Eq. (8) has the appropriate
sign to lead to a collision of fixed points, the gravitational contri-
bution to by compensates this effect. Overall, in the absence of
an Abelian gauge field, quantum gravitational fluctuations stabilize
the system, since the fixed points are actually driven away from
a collision with an increasing strength of the gravitational interac-
tions [1].
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We now add the Abelian gauge field to the setting. In the con-
text of asymptotically safe quantum gravity, there are indications
for a gravity-generated interacting fixed point of the Abelian gauge
coupling e [32,41,42]. For gravity itself, compelling evidence for
a gravitational UV fixed point, also known as the Reuter fixed
point,! has been found in various approximations to the gravita-
tional dynamics in pure gravity [74-112] and gravity-matter sys-
tems [33,45,113-136]. In particular, the impact of gravity on the
interaction structure of fermionic systems and gauge fields has
been explored in [1,31,32,41,42,118,121,123,137-141]. For gauge
fields, a universal, i.e., gauge-group independent gravitational con-
tribution fg to the scale-dependence of e arises. Within our trun-
cation, it reads
kake:—fge+%e3, 9)
where fg > 0 was found within FRG studies [32,41-45,132,141]. At
the interacting fixed point e, iy, the Abelian gauge coupling cor-
responds to an irrelevant direction in theory space. Thus, such a
fixed point would not only constitute a potential solution to the
triviality problem, but, more importantly, provide a first-principles
derivation of the IR-value of the gauge coupling [41,42].

The size of the fixed point is actually determined by the grav-
itational contribution, fg, as well as the number of fermions, Nf,
ie,

[2472 f
€4, int = Tpg (10)

Depending on the number of fermions and the gravitational in-
teractions, the fixed-point value for the Abelian gauge coupling e
might accordingly lie in a strong-coupling regime and could po-
tentially drive the fermions to criticality. The exact value of the
interacting fixed point for e in Eq. (10) actually also depends on
Ng implicitly, through the N dependence of fg. In this paper,
we will accordingly investigate, whether there is a critical num-
ber of fermions, for which the interacting fixed point for e drives
the fermionic interactions to criticality.

3. Functional Renormalization Group setup

To extract the scale dependence of the two four-fermion cou-
plings A1, we employ the FRG [16-19]. It implements the Wilso-
nian idea of integrating out quantum fluctuations according to
their momentum shell, based on a functional integro-differential
equation. The Wetterich equation [16] allows to extract the scale
dependence of couplings within and beyond perturbation theory
and is given by

1 -1
kil = 5STr <k8kRk (F,‘f) + Rk) ) . (11)

Here, Ty is the scale dependent effective action, interpolating be-
tween the microscopic action I'y_, o, and the full quantum effective
action I'y—o. Eq. (11) gives rise to flow equations for the couplings
of the system, which encode how the effective dynamics changes,
as quantum fluctuations with momenta of the order k are inte-
grated out. For more details on the FRG, as well as applications to
gauge theories and gravity, see, e.g., [142-146].

For our practical studies, we will truncate the scale depen-
dent effective action I'y to a finite set of interactions, thus in-
troducing systematic uncertainties into the beta functions and

! For introductions and reviews, see, e.g., [64-72], and [73] for a critical discus-
sion of the current status of asymptotically safe gravity.
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fixed points of interest. Our truncation follows the physical prin-
ciple of a near-perturbative asymptotically safe fixed point. Such
a fixed point is characterized by near-canonical scaling, closely
following the canonical power counting of operators. The expec-
tation of a near-perturbative nature of the Reuter fixed point is
supported by various studies, including indications for the near-
perturbative nature of quantum gravity via symmetry identities in
gravity-matter systems [104,126-128], the study of near-Gaussian
scaling in extended pure-gravity [92,93,106,110,111] and critical
exponents in gravity-matter truncations [1,22,31,33,113,124,128,
134,136,147,148], as well as indications from one-loop perturba-
tion theory [149,150].

For the present investigation, we approximate the dynamics of
the fermionic subsystem by

Cer= / A xJEi 2y (k) Ty PV, (12)
Zw(k)
2k2

where Zy is the fermion wave-function renormalization, giving
rise to the anomalous dimension

d*xJ/g [A- () (V — A) + A4 (k) (V + A)]

w:—k3]<1n2¢. (13)

The minimal coupling of the fermions to the Abelian gauge
field, as well as to gravity is encoded in the covariant derivative
in the fermionic action (12), which is given by

: 1 a ,,by, ab

VM=8M+1eAM+§[y sVolwy (14)
with Abelian gauge coupling e and the spin connection a)ffb. Within
the formalism considered here, the spin-connection is not treated
as an independent variable. In this case, a)t’fb can be determined
in terms of the Christoffel connection in the Vielbein formal-
ism. Equivalently, the covariant derivative can be expressed in
the spin-base invariance formalism [151-153]. Studies of non-
minimally coupled fermion-gravity systems have been put forward
in [33,128,134]; and regulator studies in the context of gravity-
fermion systems can be found in [154].

For the dynamics of the Abelian gauge field A,, we consider
the truncation

Za(k)

Ty uay = d*x/g 8" 8" FuvF pic , (15)
where F, is the field strength tensor and Z4 is the gauge-field
wave-function renormalization, giving rise to the anomalous di-
mension for the gauge field

7’)A=—kak11‘IZA. (16)

The beta function for the Abelian gauge coupling e(k) can be com-
puted in terms of the anomalous dimension via

fe=1 . (17)

In the gravitational sector we consider the Einstein-Hilbert ap-
proximation, i.e.,

k
T Gray = ————— | dx (2k2A k —R) , 18
k, Grav 167TG(k) «/E ( ) ( )
where R is the Ricci-curvature, and A (k) and G(k) are the dimen-
sionless counterparts of the scale-dependent cosmological constant
and the Newton coupling, respectively.
Employing a local coarse-graining procedure like the FRG re-

quires the introduction of a background metric g;,,. It has the role
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Fig. 3. Diagrams containing internal vector bosons (curly lines), metric fluctuations
(double lines) and fermions (solid lines), contributing to the scale dependence of
four fermion interactions A. The regulator insertion, marked as a cross, has to be
inserted on each one of the internal lines, such that various regularized versions
exist for each diagram displayed here.

of a non-dynamical field and - in principle - does not need to be
specified. However, specific choices of the background metric g,
greatly simplify computations. In the present case, where we are
mostly interested in the scale dependence of curvature indepen-
dent, pure matter couplings, a flat background, i.e.,

Euv =duv, (19)
is the simplest choice. The Ansatz for the scale-dependent effective
action Iy is expanded in terms of metric fluctuations

hpy = guv — 8w, (20)

where h does not need to be small despite the suggestive notation.
To complete our truncation for I'y, we add the standard gauge-
fixing for the Abelian gauge field

1 — _
Crua).gf= 3 /d“x\/g(g“”DuAv)z, ¢—0, (21)
and for gravity
1
r d*x/gFH 0, 22
k,grav,gf = Ol 327_[(; Xf g,u,v]: o — (22)

with the gauge-fixing condition
_ 1 _
Fh = <E“KD* - —Zﬂé’“D“) heo, B—oa—0.  (23)

Here, D" represents the space-time covariant derivative defined
with respect to the background metric g,,. The corresponding
Faddeev-Popov ghost terms contribute to the gravitational beta
functions.

The flow equation (11) resulting from this setup can be rewrit-
ten in terms of one-loop-type (nonperturbative) diagrams. The di-
agrams contributing to the scale dependence of A4 can be classi-
fied according to the internal lines. For the diagrams with internal
fermion and gauge-field lines, we refer to [54], while for internal
fermions and metric-fluctuations, we refer to [1]. Our results agree
with those provided in these references. The remaining diagrams
contributing to f;, contain internal vector bosons and metric fluc-
tuations, cf. Fig. 3.

The regulator Ry in Eq. (11) inherits its tensor structure from
the two-point vertex Fl(cz) [100,143,155,156], resulting in a form
which is diagonal in field space, with components given by

Re(p?) =07 0 e /kA)| ;i - (24)
Here, the evaluation of Fl(cz) at A = A4 = A_ =0 ensures that no
momentum independent contributions enter the regulator Rj(p?)
[116], and where the two derivatives in F,iz)(pz) refer to two
derivatives with respect to the fields. For the shape functions, we
choose Litim-type cutoffs [157], i.e.,



G.P. de Brito, A. Eichhorn and M. Schiffer
h A 1
e =r,x = 3 —-1)6(1—x) (25)

1
r,f(x):(ﬁ—l)O(l—x). (26)

Since we explore a potential mechanism of chiral-symmetry-
breaking, it is important to choose regulators that respect the
chiral symmetry. Explicitly, the regulator for the fermions is given
by

k? 2
Ri(p?) = Zy p /;—2—1 0(1—%), 27)

and the corresponding generalization in terms of Y for the
fermionic contribution to the gravitational beta functions.

We evaluate the scale dependence in a perturbative approxima-
tion, where the anomalous dimensions coming from the regulator
insertion, kdxRy, are neglected. To evaluate the RG flow, we use
the Mathematica packages xAct [158-161] and DoFun [162,163], as
well as the FormTracer [164].

4. Results: Light fermions in asymptotic safety and beyond

In our approximation, the scale dependence of the four-fermion
interactions A4+ reads:

B, = 20 +M 2hiG 5° (28)
b T SAETE T ST (1 —2A)2 T 8(1 — 2A)3
314G 151+G 5e%G
47 (3 —4A) 8w (3—4A)2 16w (1 —2A)
5e2G 9¢%G 27e%G
167 (1 —2A)2 160w (3 —4A) 1607w (3 —4A)2°
where the matter contributions M+ are given by
8is (A= (NF +1) —3e?) +9e* + 1222
+ = 32 2 k) (29)
T
4)2 (Nf — 1) + 422 Nf +24)._e? — 9¢*
_= . (30)
3272

The first term in Eq. (28) is due to the canonical mass dimension
of the operators, while the matter contribution M. arises from
fermionic and gauge field contributions, which can also be found
in [54]. From the third to the sixth term we have the gravitational
contributions to the scale dependence of AL, cf. [1]. Finally, terms
involving e2G represent the contributions of the diagrams shown
in Fig. 3.

This system features four zeros of the beta function; the most
predictive one, the shifted Gaussian fixed point, features two irrel-
evant directions and will be our main focus in the following.

In the current setup, the beta function for the gauge coupling

is given by [32,41,42,132]:
3
e’N
) et (31)

4 5, 56
7\ or(1-2A) " 187(1-2A)? 2472

4.1. Asymptotic safety and chiral symmetry

In order to explore the asymptotically safe case, we supplement
the beta functions in the matter sector by those in the gravita-
tional one. We approximate the scale dependence of G and A by
the results obtained in [33,154], adding the contribution from the
Abelian gauge field from [115]. Specifically, the beta-functions for
the gravitational couplings are given by

Physics Letters B 815 (2021) 136128

Bc = 2G — G*ng, (32)
Ba=—2A—GAng (33)

¢ > 3 L oN;+6-8log(>
27 \4A —2 ' 8A—6 F t\2))

with

1 6 10 20
Ng

“127\aa—3 T1-2a T 1=2a22
3
—4NF+19+3210g<5>). (34)

These are obtained within a truncation accounting for the effect of
minimally coupled matter fields on the gravitational couplings. In
the absence of fermionic self-interactions, the inclusion of induced
non-minimal interactions does not lead to a qualitative change of
the fixed-point structure, cf. [128]. This set of beta functions ad-
mits a fixed point at finite fermion numbers; as in [33,115], the
fixed point cannot be extended beyond Ng = 7. This could change
under the extension to a fluctuation setting [72,116,128]. As our
focus is on small fermion numbers here, where all these studies
agree on the existence of a fixed point, we work with the above
beta functions in this paper. We also comment that an effective
strength of the gravitational coupling, which is the key quantity to
understand the gravitational impact on the matter system, actually
features a qualitatively similar dependence on the fermion number
for both background and fluctuation studies, see the discussion in
[128].

4.1.1. Fixed-point collisions at finite fermion number

We consider the fully dynamical system of beta functions in
the matter sector, S;_ ., Be. At given values of the gravitational cou-
plings G and A, it can feature a total of up to eight phenomeno-
logically viable fixed points, four at e, =0 and four at e, > 0. The
case with e, =0 exists for small Nr, and has been investigated in
[1]. We instead focus on the most predictive fixed point and ex-
plore its fate as a function of Nr. Promoting G and A to running
couplings provides us with a set of five beta functions to solve.
In our approximation, the interactions in the matter sector do not
“backreact” on the gravitational sector, such that we first deter-
mine G,, A, from Eq. (32) and (33) and subsequently search for
a fixed point in the matter sector. The four fixed points exist at
e, > 0 for 2.9 < Np <7 cf. Fig. 4, where e, = e, (Ng), cf. Fig. 5% In
particular, the most predictive fixed point, in which all three mat-
ter couplings are irrelevant, and which corresponds to the Gaussian
fixed-point for A+, only appears out of the complex plane upon a
fixed-point collision with a less predictive fixed point at Np ~ 2.9,
cf. Fig. 4. Therefore, the realization of the interacting fixed point e,
does not only predict the IR value of the gauge coupling, but also
puts a lower bound on the number of light fermions. Specifically,
more than Ng = 3 Dirac fermions are required in our truncation to
allow for the existence of light fermions in the IR.

While the previous discussion was focused on the interact-
ing fixed point e, > 0, a similar lower bound on the number
of fermions arises when the gauge coupling becomes asymptoti-
cally free. In this case, the scale-dependent gauge coupling e(k)
increases towards the IR. Its Planck-scale value is a free param-
eter of the setting, but is limited by the maximum value emax.
In this scenario, the spontaneous breaking of chiral symmetry can

2 The limiting value Ng < 7 arises in the background-field approximation [33,
115,134]; it has not been discovered in truncations in the fluctuation setting
[72,116,128]. Since the present analysis gives rise to a lower bound on the number
of fermions well below this value, its existence is not important for the qualitative
result of this section.
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Fig. 4. Upper panel: fixed-point-structure of the system spanned by A, evaluated
on the fixed point values for G, A, and on the interacting fixed point for e, at
N = 7. The shifted Gaussian fixed point, which is the most predictive fixed point
featuring two irrelevant directions is marked as red box, while two other fixed
points (pink circle and purple triangle) both feature one relevant and one irrele-
vant direction. The last fixed point (green diamond) has two relevant directions.
Lower panel: The evolution of all four fixed points for A1 is shown as a function
of the number Nf of Dirac fermions. While two fixed points move to larger abso-
lute values of 1., when lowering Nf, the two other fixed points collide at Ny ~ 2.9,
where they vanish into the complex plane. After the collision, we show the real part
of the fixed point as dashed line, while the inset shows the absolute value of the
imaginary parts.

take place at a finite scale k 2 Mpjanck, if emax > €crit- In this case,
the fixed point in the four-fermion interactions A. vanishes into
the complex plane, potentially triggering critical behavior. This sce-
nario is analogous to the situation in QCD, cf. [24-30,50,53,55,60].
The lower bound on the number of fermions in the asymptoti-
cally free case for the gauge coupling is strictly smaller than the
bound arising from the interacting fixed point, i.e., Nlﬁrit(e* =0) <
Nt (e, > 0).

We highlight a potential caveat concerning the direct associa-
tion of a divergence in the four-fermion couplings with the spon-
taneous breaking of chiral symmetry. In principle, other channels
might be critical and a condensate linked to the breaking of a
different symmetry might be formed. An example in three dimen-
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Fig. 5. The green solid line shows the critical value of the Abelian gauge coupling e
at which the system is driven to criticality, including the impact of asymptotically
safe quantum gravity, as a function of the number of Dirac fermions Ng. The gray
dotted line shows the critical value of e in the absence of quantum gravity, i.e., for
G = A =0. The red dashed line shows the fixed-point value e, of the interacting
fixed point, which is induced by quantum gravity, cf. Eq. (9).

sions can be found, e.g., in [63]. Within, QED3 a phase dominated
by condensate-formation in the vector-channel characterized by
Lorentz symmetry-breaking was found.

Within the context of our work, the search for an asymptoti-
cally safe fixed point in the chirally symmetric theory space is not
affected by similar subtleties regarding condensate-formation. In
contrast, the scenario outlined just above, relying on the asymp-
totically free fixed point, in which spontaneous symmetry breaking
occurs, would require closer investigation to ensure that conden-
sate formation occurs in the chiral-symmetry-breaking channel.

4.1.2. Critical value of the gauge coupling at finite fermion number

To understand the dynamical mechanism behind the result in
the previous subsection, we now explore the critical value of the
gauge coupling, at which the four-fermion fixed points are driven
to a collision. To investigate the corresponding critical value et
under the impact of asymptotically safe quantum gravity, we still
evaluate G and A on the extension of the Reuter fixed point as
a function of Ng, but leave e as a free parameter in a first step.
The result is exhibited in Fig. 5. There, we compare the critical
value of the gauge coupling under the impact of gravity, given by
the continuous green line, with the corresponding value without
gravity, given by the gray dotted line. Comparing both, it becomes
evident that the inclusion of asymptotically safe quantum gravity
decreases the critical value, potentially expediting chiral symmetry
breaking. This effect results from the interplay of gauge and gravity
fluctuations, encoded in the terms in the terms ~ e2G in Eq. (28),
since these terms contribute to the inducing term c in Eq. (8).

The red line in Fig. 5 indicates the value of the interacting,
asymptotically safe fixed point e,(Ng) of the Abelian gauge cou-
pling. For Ng < 2, value of the would-be-fixed point is larger than
the critical value, indicating that, within our truncation a fixed
point with finite value of the Abelian gauge coupling and light
fermions cannot be realized. Above Np =~ 3, the interacting fixed
point e, lies below the critical value, such that there is no chiral
symmetry breaking for three or more Dirac fermions in our trunca-
tion. As N is increased further, the fixed-point value e, falls even
further below the critical line. Thus, if sufficiently many fermions
exist, their light nature can be reconciled with a calculable value
of the gauge coupling in the IR.

In Fig. 6, we show the boundary between the regions where
the fermionic interactions feature real fixed points, and where the
chirally symmetric theory-space is UV-incomplete, in the parame-
terspace spanned by G and A. The pink line indicates the asymp-
totically safe fixed point as a function of Ng, which results in the
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Fig. 6. For a fixed number of fermions, the dashed (dotted, dashdotted, dashdot-
dotted) line represents the boundary between the region of intact chiral symmetry
(white area) and spontaneously broken chiral symmetry (shaded area). The pink
solid line, together with the cross, circle, triangle and square, indicate the gravita-
tional fixed point as a function of the number of fermions.

lower bound on the number of fermions that are necessary for a
UV-complete, chirally symmetric, theory.

Our quantitative results are subject to systematic uncertainties
related to the choice of truncation. Nevertheless, the dynamical
interplay observed here is expected to remain robust, since e, de-
creases as a function of Ng. Thereby, systems with few fermions
are more likely to be prone to the onset of criticality than systems
with larger numbers of fermions. Whereas the critical fermion
number N ~ 3 should accordingly be understood to come with a
systematic uncertainty, the qualitative result, consisting in a lower
bound on the fermion number, is expected to be robust.

4.2. Effective-field-theory setting for quantum gravity

Let us now take a broader effective-field-theory (EFT) perspec-
tive. We still evaluate the Abelian gauge coupling e on the inter-
acting fixed point e,, but treat the gravitational couplings G and
A as input parameters. In this way, we consider an EFT treatment
of gravity, and investigate the system for a set of initial conditions
for G and A, which would be given by a more microscopic theory
holding beyond a scale kyy > Mpj. This treatment assumes that a
quantum field theoretic description of quantum gravity and matter
beyond the Planck scale is still possible but breaks down at kyy,
see also [165-167]. Furthermore, we demand that the initial con-
dition for e(k) lies within the basin of attraction of the interacting
fixed point e,. Under those conditions, e(k) will be attracted to-
wards the interacting fixed point e, under the transplanckian RG
flow. The fixed-point-value e,, i.e., the solution of Eq. (31), will
thus be realized approximately at the Planck scale.

In Fig. 6 we show the boundary between the chirally symmetric
(white region) phase and the phase of spontaneous chiral symme-
try breaking (gray region) for different values of Ng. For any initial
values of G and A situated to the left of the respective line, chi-
ral symmetry will remain unbroken, allowing for light fermions in
the IR. If, however, a fundamental theory of quantum gravity gives
rise to values of G and A situated in the respective shaded region,
chiral symmetry will be broken spontaneously. As this would be a
quantum gravitational effect, the associated mass scale would be
associated with the Planck scale, resulting in a tension with the
presence of light fermions. The area where chiral symmetry is bro-
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ken decreases as a function of Ng. Therefore, more parameter room
is available for theories which feature light fermions, if the number
of fermions is sufficiently big.

5. Discussion

We have investigated the lightness of charged fermions under
the impact of quantum gravity. Our results indicate that the ex-
istence of a critical value e.j beyond which chiral symmetry is
broken, persists under the impact of asymptotically safe quantum
gravity, cf. Fig. 5. More specifically, we find that the inclusion of
quantum gravity fluctuations reduces the critical value ec;t, such
that chiral symmetry is broken for lower values of e than in the
absence of dynamical gravity.

We combine this observation with the Ng-dependence of the
nonzero fixed-point value for the gauge coupling, which decreases
as a function of Ng. Light fermions can thus only be accommo-
dated at the fully interacting gauge-gravity fixed point beyond a
lower bound on the number of Dirac fermions, N, which is N ~ 3
within our approximations.

We highlight that the mechanism of gravitational catalysis
in asymptotically safe quantum gravity, which requires a non-
vanishing background curvature and is therefore absent in the
present setup, already gives rise to a maximal number of fermions
that could be allowed for chiral symmetry to remain intact [40].
Together with a potential lower bound on the number of fermions,
which exists if the interacting fixed point for the Abelian gauge
coupling is realized, asymptotically safe quantum gravity might
thus only allow for the existence of light fermions within a non-
trivial range for the number of fermions.

It is worth pointing out a technical point here: Our results
rely on the background field approximation. However, qualitatively
similar results hold with the scale dependence of the Newton cou-
pling and the cosmological constant extracted in a momentum-
dependent way in the fluctuation approach, see [72] for a review,
cf. [127], together with the extraction of the anomalous dimen-
sion for the gauge field at finite momentum p? = k? [45]. In
brief, the shared qualitative features are i) the existence of a non-
trivial lower bound Ng it > 1, ii) unbroken chiral symmetry in the
weak-gravity regime and iii) the shift of the boundary of chiral-
symmetry breaking towards a more strongly coupled regime, when
increasing the number of fermions.

As argued above, the mechanism at the heart of the lower
bound is expected to be qualitatively robust. Yet, a quantitative
characterization of the number of light fermions, lies beyond the
scope of this work. We stress that a more comprehensive investiga-
tion of the interacting fixed point of the Abelian gauge coupling e,,
requires the inclusion of, e.g., (FWF‘“’)2 operators [32,132]. Those
operators give rise to a “weak gravity bound”, see also [1,31,168],
since they lead to new divergences in the matter sector, once grav-
itational fluctuations become too strong. An investigation of the
interplay of the “weak-gravity bound” in the Abelian gauge sec-
tor, together with the boundary between intact and broken chiral
symmetry, might in the future allow for a more quantitative un-
derstanding of the impact of asymptotically safe quantum gravity
on Standard-Model like matter fields.

As an additional technical point, a further direction allowing to
test the quantitative predictions of our mechanism, is to extract
the scale dependence of the gauge coupling e from the three-
point vertex of two fermions and one gauge field, instead of us-
ing the Ward identity, as in Eq. (17). While the scale dependence
extracted in both ways agrees at one loop, this is not necessar-
ily the case when investigating an interacting, gravity-generated
fixed point, see also [42]. However, the concept of effective uni-
versality, as discovered for different avatars of the Newton cou-
pling [104,126-128], could also hold for the gauge coupling, which
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would provide further evidence for the near-perturbative nature of
asymptotically safe gravity with matter.
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