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Abstract

As quantum information processing grows into one of the currently most impactful fields in physics and engineering, it
becomes indispensable for physicists to understand what challenges lie ahead. This work aims at introducing the main
strategies to circumvent the detrimental effects of noise in quantum information processing: the field known as quantum

error correction.
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1 Introduction

Quantum computing has arguably become one of the most
popular buzzwords in scientific media and literature. What
started as a hypothesis that quantum systems could be far
more suitable for simulating other quantum systems when
compared to computers [1-3], rapidly turned into a strong
conviction after the pioneering works of Shor, Deutsch and
others [4-16]. In fact, the potential advantages predicted
to be provided by quantum algorithms led physicists and
engineers to even set experimental milestones on the perfor-
mance of quantum computers being developed: the point at
which a quantum information processor will be able to solve
a problem infeasible for any classical computer in a reason-
able amount of time (“quantum supremacy”), and the point
at which a quantum information processor will be able to
solve a practically relevant problem faster than any classical
computer (“quantum advantage”) [17, 18]. Notwithstand-
ing recent debatable claims of quantum supremacy being
demonstrated in some quantum information processors [ 19,
20], it is largely believed within the physical and engineer-
ing communities that these two milestones will only ever
be achieved once quantum information processors are able
to efficiently suppress errors [21]. This comes as a conse-
quence of the frail nature of quantum systems and of the
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rich variety of ways in which they can be afflicted by their
environment. The pursue for noise-resilient quantum-infor-
mation-processing technologies led to the advent of quan-
tum error correction: the study and design of mechanisms to
encode, preserve and decode quantum information in a way
that reduces the effects of computational errors originating
from noise in the quantum information processor.

The fundamental building blocks of quantum infor-
mation processors, the qubits, store quantum infor-
mation in the amplitudes of their quantum  states:
[9(¢,0)) = cos 0]0) + €' sin §|1), where 6 and ¢ parame-
trize the amplitudes generating the probability distributions
of measuring states in a given basis (e.g., |0), |1) or any lin-
ear combination thereof). It is the probability distributions
that ultimately carry the information stored in the qubit. In a
more general scenario, multilevel systems known as qudits
are used instead. It is not hard to see that, due to interactions
with whichever other systems composing the environment
of the qubits/qudits, the parameters describing the probabil-
ity distributions for the measurement of quantum states in
a given basis can be distorted [22, 23]. These interactions,
referred to as noise, are the source of errors in quantum
information processing. Quantum error correction aims at
remedying this problem by redundantly encoding the infor-
mation of a single qubit or qudit into an ensemble of such
quantum systems [24]. By “redundancy” it is meant that a
much larger Hilbert space is employed to encode informa-
tion about a few quantum states, the codewords, belonging
to a subspace of the Hilbert space known as code space,
and that the most probable error mechanisms will take the
codewords out of the codespace in a way that one can, with
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high probability, efficiently track and reverse. Each of the
schemes for doing so is termed a code, and the processing
of information gathered about errors and their histories to
propose the most probable correction is done by a (usually
classical) decoder.

The field of quantum error correction is vast and consists
of different codes, multiple decoders, as well as a variety of
physical and mathematical principles underlying the very
construction mechanisms of these codes and decoders (e.g.,
Calderbank—Shor—Steane codes, Bacon-Shor codes, topo-
logical codes, non-Abelian codes, low-density parity-check
codes, decoherence-free subspaces, etc) [7, 25-35]. While
quantum-error-correction schemes were originally proposed
as adaptations of classical ones to the limitations imposed
by quantum mechanics [7, 25, 26], such as the no-cloning
theorem, later developments led to unique designs and tech-
niques, several of which are introduced every year [31, 32,
36, 37]. This rich environment, sometimes termed a “zoo" 1
makes a complete in-depth review of quantum error correc-
tion a daunting task, and we limit ourselves in this review to
the far less ambitious goal of providing a short and compre-
hensive introduction to the most essential aspects of quan-
tum error correction. We start with a brief introduction to
classical-error-correction theory in Section 2, laying down
the key ideas necessary to understand the challenges and
clever solutions formulated when adopting error correction
to quantum information processors. Section 3 introduces the
basic mathematical machinery of quantum error correction
and describes error models, as well as early quantum-error-
correction designs such as the repetition and Shor codes.
In section 4 we introduce stabilizer codes, discussing in
further details the toric, surface and Steane codes. We end
the section with a brief discussion of a few other interest-
ing designs in quantum error correction. This work ends
with a discussion of advances and perspectives in quantum
error correction (Section 6), followed by some concluding
remarks.

2 Classical Error-correction Codes

A classical error-correcting code (redundantly) encoding the
information corresponding to £ bits, known as logical bits,
in a set of n physical bits is denoted by [#, k, d]. The code-
specific number d is called (Hamming) distance and mea-
sures the smallest number w of corrupted bits (also known
as weight) necessary to convert one codeword into another.
Since decoding requires making a decision about which
codeword one most probably had before errors occurred,
errors of sufficiently large weight can trick the decoding

! See https://errorcorrectionzoo.org.
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agent into assuming that one actually started with a differ-
ent codeword. But how large is sufficiently large? It is not
hard to see that, if the two most similar codewords differ by
an error of weight d, any error or weight larger than half of
this, i.e., w > [(d 4+ 1)/2] (where [-] stands for the ceiling
or rounding-up operation), will trick the decoder into infer-
ring the wrong codeword. Conversely, any error of weight
w <t =|(d—1)/2] (|-] represents the floor or rounding-
down operation) can be successfully detected and corrected
by the decoder. It is worth noting that there are codes solely
capable of detecting errors, the so-called error-detection
codes, for which a successful error detection forces one
to restart the computations instead of inferring the correct
codeword.

Given n bits, the total number of bit-strings one can gen-
erate is 2". These bit-strings are usually represented as vec-
tors with n binary entries, i.e., W = [Wo, W1,..., W,,_1]T
with W; € Zo 2{0,1} (with addition modulo 2)
and T representing the transpose. The addition of bit-
strings is performed bit-by-bit, each considering opera-
tions modulo 2. A code [n, k, d] uses 2* elements
from the linear span of 2" bit-strings as codewords
W =3, BW®), spanned from a basis of k (n-bit) vec-

tors W® =3 aPV@, with be{0,1,...,k—1},

a€{0,1,...,n— 1} and aflb),ﬂb € Zy ¥V a,b. As an exam-
ple, one can choose each of the n vectors V(%) to have a 1
in its a-th entry and zeros elsewhere, then select a basis of
k vectors TV (%) best-suited for the encoding (not necessarily
having a single non-zero entry each); as we will see later,
for the repetition code with a single logical bit, £k = 1, one
naturally chooses W) = [1,1,...,1]7, and the two pos-
sible codewords, [0,0,...,0]7 and [1,1,...,1]T, are set
by the choice of the single parameter 3y as 0 or 1. Code-
words can be expressed in a compact form by collecting
all the coefficients 3y into a vector B = [Bg, B1, ..., fr_1]"
and all the logical-basis bit-strings W) into an n x k
generating matrix G = [WO WO WwE=1] 5o that
W = GB. Codes are classified as linear if they are closed
with respect to addition of codewords, i.e., if w® 4 e
=W+ Wl oW awl T = WO for  any
basis vectors W) and W(®) and some basis vector
W® (once again, addition should be considered modulo 2).

Mathematically, we describe the error-detection capa-
bilities of a code via an (n — k) x n parity-check matrix,
H. This matrix is composed of n — k linearly independent
vectors orthogonal to each of the codewords considered:
H=[HO HO . HC=DT with (HO)TW =0
forl € {0,...,n — k — 1} (the orthogonality with every log-
ical basis element W (*) suffices guarantee the orthogonality
with all of the 2* codewords through linearity). The mean-
ing of the relation HW = [0, ...,0]" is that, as long as the
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information is encoded in the code space of 2¥ codewords,
it remains different from any bit-string in the linear span of
the basis { ()}, i.e., the code-space complement. As soon
as an error occurs, which we represent by a bit-string £ to
be added to the codewords, the resulting bit-string W + E
is considered correctable if it can be detected by the par-
ity-check matrix, ie., HW + E) = HE # [0,...,0]T.
If HW + E)=10,...,0]T, it turns out that W + E is a
new codeword, and so the error E, called logical error, con-
verted one codeword into another. Logical errors affect the
encoded information in a way that cannot be detected by
the code, as mathematically expressed by the orthogonal-
ity with each of the vectors composing the parity-check
matrix. Detectable errors can be corrected by applying
the same error sequence to the error-afflicted state, i.e.,
W+ E — (W + E) + E = W (because any vector of bits
added bit-wise modulo-2 to itself gives the zero vector). It
is worth noting, however, that inference about which error
has occurred comes from H (W + E), known as syndrome,
and if two or more errors generate the same syndrome,
decoding might result in additional errors by introducing
the wrong E to the error-afflicted bit-string W + E’, such
that £+ E' # [0,...,0]T [38].

One of the most intuitive error-correction codes is the
repetition code [, 1, n]. We all know from daily experience
that, in the case of noisy communication, repeating a mes-
sage increases the chances that the person on the receiving
end successfully understands it. The repetition code makes
use of the same principle: it repeats one bit of information
n times, so that the 0 bit is encoded as [0, ...,0]” and the
1 bit as [1,...,1]7. As previously mentioned, the logical
basis is spanned by the single vector W =[1,... 1]T,
and the two codewords are given by W = B,W(?) with
Bo € {0,1}. If we choose a basis of vectors with a sin-
gle non-zero entry at the a-th position V(%) to span the
space of n-bit vectors, we see that W(©) = > a((lo)V(a)
for aflo) = 1V a. For the specific case of n = 3, the parity-
check matrix is given by

11 0} M

H:{o 11

There are 8 possible error sequences that can afflict a
3-bit code, namely, E,=[0,0,0]7, FE;=][0,0,1]%,
Ey =10,1,01"E5 = [0,1,1]7F, = [1,0,0]7E5 = [1,0,1]7,
Eg =1[1,1,0]7,and E; = [1,1,1]. We see that H E; gives
[0,1]T for i € {1,6}, [1,0]T for i€ {3,4}, [1,1]T for
i € {2,5} and [0, 0] otherwise. In other words, each syn-
drome corresponds to a pair of possible error configura-
tions in the repetition code. These syndromes also reveal
the meaning of “parity check": each row of the matrix (1)
corresponds to a measurement of the parity (even for a 0

entry in the syndrome and odd for a 1 entry) of two adjacent
bits in the bit-string. Therefore, each entry of the syndrome
tells us whether the two adjacent bits measured match
value-wise or not. Since all bits are matched for the two
codewords of the repetition code, the presence of non-zero
syndrome entries, called defects, reveals the occurrence
of detectable errors, which in our case belong to the set
{E\, E9, E5, E4, E5, Eg}. This makes it clear why errors
E; and Eg, for example, give the same syndrome, since
they both have the same parities for each pair of adjacent
bits and only differ by all entries being flipped relative to
each other (which does not affect the parities). The same
holds for all other pairs of errors sharing the same syn-
dromes. But then how should the decoder infer what cor-
rection to apply? If the codeword was afflicted by F4, one
would have to decide between applying E; or Eg as cor-
rection, knowing that mistakenly choosing Eg would result
in the erroneous codeword W + E; + Eg = W, where W
represents the codeword generated from W by flipping every
bit (i.e., a logical-bit flip). The wrong correction will there-
fore induce an unwanted logical operation on the encoded
information. Luckily, if errors on different physical bits are
uncorrelated, we can assume that if a single error on any
of the physical bits occurs with probability p, two errors,
corresponding to any of the configurations {Es3, E5, Fg},
happen with probability p? and 3 errors with probability p3.
Since p < 1, p3 < p? < p and single physical-bit flips are
the most probable error configurations. In fact, for reliable
devices p < 1 and multiple physical-bit flips are extremely
rare. The decoder can therefore implement the correction
corresponding to the most probable error to maximize its
error-correction performance: E; for the syndrome [0, 1]7,
E, for [1,0]T, E5 for [1,1]7, and no correction for [0, 0]
Clearly, Ej corresponds to no error at all and E'; represents
an error that cannot be detected (its weight is the same as
the code distance), since it flips all bits in the system and
therefore induces a logical-bit flip. Note that, for arbitrary
n, the parity-check matrix evaluates the parity of each of
the n — 1 pairs of adjacent bits, but for the decoder to pick
up the wrong correction associated to a given syndrome it
would require w > |(n — 1)/2] physical-bit flips to occur,
yet the probability of such an event is as small as p*. The
repetition-code error-correcting performance therefore
increases exponentially with the system size.

A last concept from error-correction theory necessary to
understand a large class of quantum-error-correction codes
are dual codes. These are derived from a code [, k, d] with
generating and parity-check matrices G and H, respectively,
by considering the new matrices G; = H” and H, = GT.
The new matrices G| and H, define a code [n,n — k, d’],
dual to [n, k, d], with a new distance d’ depending on the
specific features of the dual code.
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3 First Steps into Quantum Error Correction

Knowing that a theory of error correction is already avail-
able for classical information processing, it is only natural
to expected that these techniques can be directly applied
on quantum information processors. In reality, a few subtle
features of quantum systems turn this expected straight
path to quantum error correction into a rather rocky road.
In order to better understand how classical error correc-
tion can be adapted to quantum systems, one should first
understand what are these subtle features quantum systems
possess that find no counterpart in classical information
processing.

The idea of repeating information, just as imple-
mented with the repetition code, seems like an ideal first
attempt at implementing error correction on a quan-
tum system. Instead of having the single-qubit state
|4) = cos 0|0) + e¢?sin A1), one could consider n copies
of'it, |1))®™. But how would one generate such a state? Since
we are talking about quantum mechanics, evolution opera-
tions are usually considered to be unitary. Even in a more
general non-unitary setting, all operators considered act lin-
early on states. If one assumes that the operator O is such
that O|1)[0) = [)[¥)) V |1)), it results that the action of this
operator on the state [1)) = |¢)1) + |)2) should give the state
([11) + |1b2))(|4b1) + |ab=)). Linearity, on the other hand,
leads to Oly) = Ol¢n) + Oloa) = [¢h1)|¢h1) + [¥2) |1h2).
Clearly the assumption that O can clone any state from the
considered Hilbert space violates the linearity of the opera-
tor action on this Hilbert space. This result is known as the
“no-cloning theorem” [39] and states that no operator capa-
ble of copying arbitrary quantum states exists. This particu-
larity of quantum mechanics prevents one from encoding a
quantum logical state in the mold of the classical repetition
code. Nonetheless, the encoding can be modified to com-
ply with the requirement of linear operator action on states:
rather than copying the state n times, one can work with a
single state whose codewords are composed of (copy states
of) n qubits, e.g., |¥) = cos#|0)®" + e/ sin H|1)®" (for
the quantum repetition code).

Another important feature of quantum systems to keep
in mind is the fact that measurements usually affect quan-
tum states. A single-qubit measurement in the Z-basis is
described by projectors Py = [0)(0| = (14 0.)/2 and
Py =[1)(1] = (1 — 0.)/2, with the spin-1/2 Pauli matri-
ces being represented by oj. Such a measurement on the
state |¢) results in the state |0) (]1)) whenever the measure-
ment reads the Pauli-Z eigenvalue +1 (—1), regardless of
what the state [¢) is; the parameter 6 describing |¢) (and/
or ¢ for the case of measurements in other bases) merely
affects the probabilities of measuring each Pauli-Z eigen-
value. As a result, after a measurement the state is forced
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into an eigenstate of the observable measured. Now con-
sider measuring a single qubit (the i-th one) of the fiducial
state | ) = cos 0|0)®" + €' sin §|1)®", given in the form
of its density matrix jo = |¥)(¥|, for the observable O;
with eigenvalues O;. In the most general case, the mea-
surement is described by a positive operator-valued mea-

sure (POVM) with operators Mo, = > K, (O‘i_)ff( (O“Z) [22,
40] that generalize the concept of projectors, and
the post-measurement density matrix is given by

p= (S (RS kG L, K kST (the
specific choice of K (é“f) depends on the details of the mea-

surement). In the simple case of a projective measurement,
K (O“;) — f:’oi with a single w value allowed, and it becomes
clear that p # po unless |¥) is an eigenvector with nonzero
eigenvalue of Poi, and therefore also an eigenvector of O;.
For the state |¥) considered, one operator whose projection
on the eigenvectors of eigenvalue +1 gives p = pg is the
Z-parity operator o, ; ® o, ; with support on the i-th and
Jj-th qubits. One can readily see the similarities to the parity
measurements performed by the parity-check matrix (1) in
the classical scenario.

We can now envision how to construct the quantum ver-
sion of the repetition code. On the one hand, one cannot
simply copy the state |¢)) = cos|0) + €' sinf|1) into
n qubits, but can instead work with a logical qubit given
in the basis spanned by the two codewords of the classi-
cal repetition code, |¥) = cos §]0)®™ + €' sin |1)®". On
the other hand, measuring parity by checking each of the
qubits in a pair independently affects the density matrix,
corrupting the encoded information, yet measuring the
parity as a single observable o, ; ® 0, ;41 leaves the state
unchanged and allows one to extract syndromes (whose
defects are the eigenstates of this observable) in a similar
manner to the classical-error-correction protocol. Whenever
02 ® 0,,41|¥) = —|¥), we know that the states of the i-
th and (¢ + 1)-th qubits are different, violating a basic sym-
metry of the codewords. This can only mean that a bit-flip
error happened in either of these qubits. The precise location
of the most probable bit-flip error(s) is revealed by a second
location where a parity violation is detected within the string
of n qubits. The most probable error configuration is the one
for which the smallest subsets of qubits connecting pairs
of defects have been afflicted by bit-flip errors. For n = 3,
this translates to the same scenario already investigated in
the classical repetition code. In practice, the measurement
of these syndromes is performed with the aid of auxiliary
qubits known as ancillas. For n physical data qubits, one
needs n — 1 ancilla qubits. Considering the i-th ancilla to
encode the parity information of data qubits i and 7 + 1,
each ancilla qubit serves as target for two CNOT gates, one
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controlled by the i-th data qubit and another by the (i + 1)
-th data qubit. The process leads to

n—1

®n
®‘71 ;)(cos 6]0)

+5“’sm9\1>®" ® |0yen-t ®0

{Pz} |\IJ ® ‘0 ®n 1_

(cos 8]0)®

n—2

+ € sin 9\1>®n)®|€i + €it1)i @

i=0

in  which the
E ({ei}) = &, O’;’;i, an n-qubit Pauli string generated from
the classical error vector E = [eg,e1,...,e,_1]7 with
binary entries e;. The arrow in (2) represents the action of
all CNOTs mapping the defects to the ancillas. The cor-
responding quantum circuit for n = 3 is shown in Fig. 1.
Since the ancillas are not entangled with the logical state,
one can measure them in the Pauli-Z basis to extract the syn-
drome without affecting the logical information. Although
one could directly correct the logical state based on the most
probable error configuration deduced from the measured
syndrome, since implementing gates on the logical states
usually introduces additional errors due to gate noise, it is
often preferred to account for the most probable correction
only at the end of the computation, once all data qubits have
been measured.

error operator is represented by

Since qubit states are parametrized by 6 and ¢, it is rea-
sonable to expect that errors would be able to affect each of
these two degrees of freedom. So far, we have only discussed
bit-flip errors, which find a direct counterpart in classical

A\

[¥)
0) —€ 5
s

noise :

04) —D D =
04) D S~

Fig. 1 Schematic representation of state encoding, noise application
and syndrome measurement for the quantum repetition code [[3, 1, 1]].
On the left side, a single-qubit quantum state |¢)) is encoded into the
repetition-code logical state |¥) via 2 CNOT gates. For simplicity, we
assume that state encoding is noiseless (which is usually not the case).
After state encoding, noise might afflict the logical state. The errors
affecting the state are detected via CNOTs mapping parity information
to two ancillas. The first and last pairs of consecutive CNOTs there can
in general be applied simultaneously, leading to a single level of circuit
depth. The parity information (defects) is collected via measurement
of the ancilla states. These are not entangled to the logical states and
solely contain classical information

error correction, but the reality is that qubits are also affected
by phase flips. These are commonly represented by the Pauli
operators o, ; acting on qubit i as o, ;|g;) = (—1)%|g),
with ¢; € {0, 1}. In terms of parameters ¢ and ¢, a bit flip
effectively maps (0,¢) — (7/2 — 0, —¢), while a phase
flip maps (6,¢) — (6, 7+ ¢), so that combining both
error types, each parameter can be affected independently,
as expected. The simultaneous occurrence of both types of
error on the same qubit is described by the Pauli-Y operator
0y, = 1040 ;. In fact, as a consequence of the interac-
tions with the environment, it is often assumed that all 3
Pauli errors can affect any qubit with a certain probability.
This process is mathematically described by an error chan-
nel involving Kraus operators given by the identity and
Pauli matrices,

1_21704 )P+ Z PaCa,iPCais 3)

a=x,y,z

in which p,, are the probabilities of occurrence of each error
type. It is important to note that the channel (3) is trace-
preserving, but not unitary: if the state p is pure, £;[9] is
generally mixed. It is therefore called incoherent error chan-
nel [23, 24, 41]. The specific case for which all p, = p/3
is called depolarizing incoherent error channel. Physically,
this error channel effectively simulates the noise afflicting
qubits that either are left idling or have been interacting
with the environment for a sufficiently long time. Likewise,
miscalibration during state preparation or gate application
is mathematically represented by a unitary coherent-error
channel

N

eilp] = U;(©)pU) (0), €y

in which U;(©) = e~1©791/2 for some miscalibration
angle © and direction 7, with &; = [0, 04,0, ;] being
the vector of Pauli matrices for qubit i [24]. Error chan-
nels (3) and (4) assume no correlation between qubits, and
therefore for a system of n qubits the total error channel
is given by the composition of errors afflicting each qubit:
e[p] = en—10€n—20...0¢0[p]. When performing opera-
tions on sets of qubits, it is expected that at least for an instant
the noise affects multiple qubits in a correlated manner,
therefore the channels (3) and (4) cannot properly describe
this scenario. Instead, one commonly applies a depolarizing-
error channel involving all possible Pauli strings of errors
with support on the considered set of qubits, O:

4\Q\p R
4101 — 1) p

ag=0,2,y,2 \q€Q q€Q

Qlo] = (1 -
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In channel (5), |0 is the cardinality of the set (the number
of qubits in it) and 0g 4 = 14 is the identity acting on qubit
q [37]. The different ways in which one can implement the
channels (3), (4), and (5) lead to different noise models. The
simplest model to be considered is the so-called code-capac-
ity noise, for which one merely considers a single applica-
tion of the channel (3) or (4) (for incoherent or coherent
noise, respectively) on every data qubit (i.e., excluding
ancilla qubits) after encoding the logical state (state prep-
aration). This model usually gives an upper bound to the
quantum-error-correction capacity of a code and decoder.
The phenomenological-noise model assumes that the error
channel (3) or (4) is applied on every data qubit at the start
of each quantum-error-correction cycle (i.e., each round
of syndrome extraction and application of error-correcting
gates, if any), as well as on ancilla qubits (or even data
qubits) right before they are measured. Note that the prob-
abilities of error occurrence for different processes, like
(gates applied for) state preparation and/or a quantum-error-
correction cycle, as well as measurements, may be different.
Since gates are usually not perfect, as shown by the subopti-
mal fidelities observed in experiments [19, 20, 42-50], it is
customary to consider the more complete circuit-level-noise
model, which complements the phenomenological-noise
model by additionally assuming that every gate application
is succeeded by the channel (5) applied on qubits compos-
ing the support of each gate.

It is now clear that a quantum-error-correction code
should be capable of detecting and enabling correction of
at least the most probable error configurations involving
both bit- and phase-flip errors. In this sense, the quantum
repetition code discussed so far is not a complete quantum-
error-correction code, since it cannot detect phase flips.
Unlike the [n, 1, n] (classical) repetition code, its quantum
counterpart is classified as an [[n, 1, 1]] code, with double
brackets used to distinguish quantum codes from the clas-
sical ones. The latter has distance 1 because a single phase
flip suffices to convert a codeword into another. In fact,
for the quantum repetition code, a phase flip (or any odd
number thereof) on a physical qubit is a logical operator, as
can be seen by the change it causes in the encoded informa-
tion: (6, ¢) — (0,7 + ¢). It is not hard to adapt the quan-
tum repetition code to detect phase flips instead. This can
be achieved by applying Hadamard gates on every physical
data qubit, H;|g;) = >, (—1)P% p)/v/2 for p,q; € {0,1},
leading to |¥) — cos 0|+)®™ + €*? sin §|—)®". Transform-
ing each CNOT gate from the data to the ancilla qubits
with Hadamard unitaries results in CNOTs with control
and target qubits swapped, therefore the syndromes for
phase-flip errors are collected via two CNOTs controlled
by each ancilla and targeting a pair of neighboring data
qubits. It is easy to see that, starting with ancillas in the
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state |4) = (|0) £ |1))/+v/2, a Pauli-Z error on a data qubit
flips the corresponding ancilla state, and this process can be
detected via a measurement in the Pauli-X basis, the basis of
eigenstates of the o, matrix (or, equivalently, by applying a
Hadamard gate before a Z-basis measurement). This change
of basis, however, does not suffice to simultaneously detect
and correct both bit and phase flips.

The efficiency of the quantum repetition code can be
exponentially improved via concatenation: using logical
qubits as data qubits for encoding a “higher-level” logical
state in a hierarchic fashion. Starting with 9 data qubits,
for example, one can, instead of encoding a single logi-
cal qubit as a [[9, 1, 1]] quantum repetition code, initially
encode 3 (lower-level) logical qubits of [[3, 1, 1]] codes
and then encode a 9-qubit (higher-level) logical state of
a [[3, 1, 1]] quantum repetition code that uses 3 logical
qubits from the lower level. Since the [[3, 1, 1]] can correct
any single error of a given type, the probability of incor-
rectly decoding the information is p™") = 3p?(1 — p) + p*
when each qubit can be affected by error with probability
p. If one uses 3 such logical qubits to encode a higher-
order one, then p® =3(pM)2(1 —pM)24(pM)3. If
one continues this procedures, at the n-th hierarchy level
one has a logical-error probability of p&") =3(p(n—1)?

(1 — p= D)+ (p(r=1)3— (3p)2" /3|, 0. It can be shown
that for p < 1/2 the concatenation exponentially improves
the probability of correctly decoding the logical state of
a quantum repetition code. This is a manifestation of the
threshold theorem, which states that for a given choice of
noise model, quantum-error-correction-code and decoder,
there may be a noise level, called threshold, below which
the logical-error probability can be arbitrarily suppressed at
the cost of a hardware overhead® [56-58]. A construction
similar to concatenation with 2 levels can actually render
the quantum repetition code a full quantum-error-correction
code capable of correcting both bit and phase flips. This is
achieved by changing the basis of one of the hierarchy lev-
els, so that bit and phase flips are detected at different levels.
This construction, called the Shor code, leads to a [[9, 1, 3]]
quantum-error-correction code® [7]. Its logical states are
usually encoded as either |+);, = 273/2[|000) + [111)]®3
or |g)r =272+ ++) + (1) = ——)|®*  (for

2 1t is important to note that the derivation of the threshold theorem
implicitly assumes the availability of effectively global connectivity
between the qubits, implemented in the form of concatenation and/or
of a global decoder. Strictly local quantum-error-correction strategies
might lack a nonzero threshold [37, 51-55]. By strictly local it is meant
that neither the quantum nor the classical auxiliary systems (e.g., the
decoder) can have access to any kind of information of global charac-
ter, such as the system size.

3 For reasons that will become clear when discussing gauge codes, we
adopt here a convention slightly different from the one presented in
Shor’s original work.
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q € {0,1}), with 3-qubit blocks represented respectively as
rows or columns in Fig. 2. For the logical state |+) 1, the par-
ity measurements in the lower (higher) level, detecting bit
(phase) flips, are conducted via the o, ; ® 0, ;41 operators
for i€{0,1,3,4,6,7} (02, ® 04,i+1Q04,i+2 ® Oz i13
®04,i+4®04,;+5 operators for i € {0,3}), acting on a
pair of neighboring qubits (blocks) and shown as a purple
(orange) solid rectangle in Fig. 2. Similarly, for |g) ., par-
ity measurements on the lower (higher) level are given
by 04 ®0zi43 for 1€{0,1,2,3,4,5} (0., ® 0zi+1
®04.i+3 @ 04 i4400,,,46R0; ;47 for i€ {0,1}), act-
ing on the pair of neighboring qubits (blocks) represented
as an orange (purple) dashed rectangle in Fig. 2. Consid-
ering the action of the logical operators X and Z, to be
Xelg)r =lg+ 1)L (modulo 2), Zp|g)r = (-1)%g)L,
Xp|£)L = £|+)r, and Zp|£)L = |F) 1, these are given
by X = Oz,i @ Og,it1 @ Oz it2 (2 € {0, 3, 6}) and
25 =0, Q04,43 ® 0,46 (1 € {0,1,2}) for both logical
bases. The Shor code is arguably the most didactical quan-
tum error correction code known, and a lot of its key fea-
tures can be found in other codes, forming classes of codes

Fig. 2 Schematic representation of the [[9, 1, 3]] Shor code.
The lattice or grid (black lines) represents the connectiv-
ity of qubits (numbered vertices). For the logical basis
|£)z = 273/2[]000) + |111)]®3, whose blocks are encoded in rows,
one X (higher hierarchy level) and one Z (lower hierarchy level) sta-
bilizers are represented as orange and purple solid rectangles, respec-
tively. For |q), = 27%/2[| + ++) + (—=1)¢| = =—)]®* (g € {0,1}),
with blocks encoded in columns, one Z (higher hierarchy level) and
one X (lower hierarchy level) stabilizers are respectively represented
as purple and orange dashed rectangles. A specific choice of logical X
and Z operators is also shown as orange horizontal and purple vertical
lines (the other two parallel lines are equivalent for each direction).
Since the X and Z logical operators intersect at exactly one qubit, one
has {X,Z} =0

with common relevant properties. One of these features is
the usage of stabilizers, which are the parity operators for
the Shor code. We shall therefore move to the broader study
of stabilizer codes.

4 Stabilizer Codes

In group theory, a stabilizer subgroup G, is defined as the
group formed by all elements g € G of a group G that fulfill
the relation gz = x for a given element x € H of a set H.
In the context of quantum error correction, the set in ques-
tion is usually the Hilbert space of multiqubit states, and the
group acting on it is the Pauli group. The latter is defined as
P = (iF Q" Lo, ke {0,1,2,3},u e {0,2,y,2}}
for a system of n qubits, but for practical purposes, one con-
siders only its subgroups that do not contain the element
— ®?;01 1;. Since P(™ is a closed set (under the action of
any of its elements), the absence of — ®:‘:_01 1; excludes
any element whose square is the negative identity. The
remaining elements of the constrained Pauli group have the
identity as their square, and therefore possess eigenvalues
+1. The subgroups formed by Pauli strings with eigenvalue
+1 when acting on a given common eigenstate are precisely
stabilizer subgroups. The intersection of all these subgroups
for the codeword states in the code space form the stabilizer
group S = {5} of a stabilizer code. Elements of the con-
strained Pauli group that map stabilizers into stabilizers via
conjugation form the normalizer subgroup, and any normal-
izer that is not a stabilizer is a logical operator. Pauli strings
Ej not contained in the normalizer subgroup represent
detectable errors and do not commute with at least one stabi-
lizer (while all stabilizers commute with each other), there-
fore generating eigenstates of eigenvalue —1 when acting
on codewords: Sy (E;|0)) = —F;(S|¥)) = —(E;|¥)).
The violation of the stabilizer condition provides a defect
from which the (most probable) error can be inferred. It is
common to describe stabilizer codes by explicitly giving the
generators of its stabilizer group and of the logical opera-
tors [24, 33, 58, 59]. This is precisely the approach we will
follow in this section.

4.1 Toric Code

A code that makes direct use of the properties of topologi-
cal many-body systems to enable the protection of quantum
information is Kitaev’s [[2L?2, 2, L]] toric code [28-30]. The
qubits of a toric code are arranged (not necessarily physi-
cally, but rather in terms of connectivity) on the edges of a
square tessellation of a torus. Assuming that the tessellation

@ Springer
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is symmetric in terms of number L of squares counted
along both meridional and longitudinal directions of the
torus, a torus with L? square tiles, called plaquettes, con-
tains 2L% independent edges (effectively 2 per plaquette),
each representing a physical qubit. The quantum informa-
tion is encoded in a delocalized manner, such that error
configurations attain a geometrical interpretation and only
error chains that fully encircle the topologically non-trivial*
(longitudinal or meridional) directions of the torus become
logical, thus explaining the code distance L. The codespace
basis is composed of 4 complicated linear combinations of
states with similar topological properties, namely, the pres-
ence or absence of topologically non-trivial bit- or phase-
flip chains that characterize logical operations. As there are
two types of chains (composed of Pauli-Z or -X physical
operations) and two directions on the torus, one has a total
of 4 logical states or 2 logical qubits.

The toric-code stabilizers are local weight-4 Pauli strings
whose non-identity elements encircle either a plaquette or
a vertex of the tessellation. In general, bit flips are detected
via plaquette stabilizers with support on the 4 qubits sur-
rounding a plaquette p, B’p = Qe » 0=, (here p labels a pla-
quette of choice whose edges are labelled by /, and we omit
the identity operators applied on all other qubits). Similarly,
phase flips are detected by vertex or star stabilizers with
support on the 4 qubits connected to each other by a vertex
v, flv = ®U€ ; 0z,1. The stabilizers are represented in Fig. 3.
It is easy to see why A, and Bp stabilizers commute: if their
supports do not overlap, the Pauli matrices in A, and Bp
are completely different, otherwise the two operators have
overlapping support in exactly two qubits, so that the Pauli-
matrix anti-commutation factor —1 happens to be squared.

Imagine an X error afflicts a single physical qubit cor-
responding to a certain edge (labeled ') of the tessellated
torus. The two plaquette stabilizers with borders on this
edge will act on the error-afflicted state as

BylBy({er = 1,60 = 0¥1 £ 1'})|W)]

= (® ozm)iep(Ta ® 1))

mep G

= —(o‘Ll/ ® 11)(® O—z,m)|l€p|\:[/>
1Al mep

= —[(o20 Q) 1) |V)] . ©)
1Al

* These topologically non-trivial loops are often called homologically
non-trivial in the literature (see, e.g., Ref. [60]), but the reason for that
requires some knowledge of group theory and homology theory. The
idea can be summarized as homologically trivial loops being boundar-
ies of a surface, while non-trivial loops have no such correspondence.
Alternatively, one can think of these trivial loops as closed curves con-
tractible to a point.

@ Springer

The syndrome of a single Pauli-X error is therefore com-
posed of two plaquette defects, also known as anyons. The
defects originate from the Pauli-X error anticommuting with
a single Pauli-Z matrix composing each of the plaquette
stabilizers with support on the error-afflicted qubit at the
considered edge. On the other hand, if the number of error-
afflicted qubits on the support of a stabilizer is even, the
anticommutation of Pauli matrices leads to a (—1)% = +1
commutation factor between the stabilizer and the local
error configuration. One could therefore imagine that hav-
ing errors on a pair of adjacent qubits instead would recover

Fig. 3 Schematic representation of a [[98, 2, 7]] toric code. The lat-
tice or grid (black lines) is a tessellation of a torus in which qubits are
represented as edges. The bottom and right boundaries of the lattice are
dashed because they have no qubits (periodic boundary conditions) and
should be identified with the top and left boundaries, respectively. Pla-
quette and vertex stabilizers are represented as orange squares and pur-
ple crosses, respectively. A specific choice of logical X and Z operators
of the two logical qubits (labeled by subscripts 1 and 2) is also shown
as meridional and longitudinal lines, although any other such lines are
equally suitable logical operators. Note that the purple lines intersect
perpendicularly the edges representing qubits acted upon, while the
orange lines intersect them tangentially. Since the logical operators X1
and Z; intersect at exactly one qubit, one has {X1,Z1} =0, and a
similar argument shows that {X2, Z2} = 0, as expected from Pauli
operators. The relations [ X1, X2] = [Z1, Z2] = 0 come from the fact
that X; and Z; are each composed of the same type of Pauli operators
for i € {1,2}. The red strings mark error chains. Chains of Z-errors
(marked in red on the bottom right of the lattice) can only be detected
by vertex stabilizers at their ends, forming defects called electric any-
ons (red circles). Analogously, chains of X-errors (marked in red on the
bottom left of the lattice) can only be detected by plaquette stabilizers
at their ends, forming defects called magnetic anyons (red squares).
Any chain of errors with the same endpoints gives the same syndrome,
but the topological features of the toric code allow for correction along
any other chain that closes the error Pauli string as a loop without
winding around either of the homologically notrivial directions in the
torus (an example is given by the dotted lines in blue)
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a codeword. This assumption, however, overlooks the fact
that a neighboring plaquette stabilizer would detect a defect
instead. For a (connected) open chain of errors, there are
always two defects, one at each end of the chain (see red
error chains in Fig. 3). The only way to recover a codeword
is by closing these chains to form topologically trivial loops
(their specific shapes are irrelevant). As a result, the sev-
eral states in a superposition corresponding to one of the
toric-code logical states contain all possible configura-
tions of closed Pauli-operator loops. It is not hard to see
that a similar reasoning applies for Pauli-Z errors. In fact,
by taking the dual lattice to the considered tessellation of
the torus, vertex stabilizers are mapped into plaquette ones
and vice versa. The Pauli-Z loops that trigger no defects are
dual-lattice ones, and cross perpendicularly the edges of the
plaquettes (e.g., by encircling vertices) in the original tes-
sellation. As topologically non-trivial loops also belong to
the set of Pauli chains with no open ends, they do not trig-
ger any defects under the action of stabilizers. Nonetheless,
these loops do affect the encoded logical information, since
the logical operations on the toric code are given by Pauli-Z
and -X strings along the logitudinal and meridional direc-
tions of the torus (in fact, the logitudinal Pauli-X and the
meridional Pauli-Z act on one logical qubit, and the logi-
tudinal Pauli-Z and the meridional Pauli-X act on the other
logical qubit). Logical X (Z) operators deformed by any
number of vertex (plaquette) stabilizers (by multiplication
of the corresponding Pauli strings or, equivalently, by merg-
ing the contour lines of these operators on the lattice, with
overlapping contours “disappearing”) are still valid logical
operators (homologous) as a consequence of the topological
features of the toric code.

The extraction of syndromes in its most standard design
takes place with the aid of one ancilla qubit per stabilizer.
Geometrically, these ancillas are portrayed as located in
the center of the plaquettes or vertices of the lattice. The
plaquette stabilizer is measured by applying 4 CNOT gates
controlled by the plaquette-support qubits and targetting
the ancillas initialized in the |0) state, followed by ancilla
measurements in the Pauli-Z basis. The vertex stabilizer is
measured with 4 CNOT gates controled by an ancilla initial-
ized in the |+) state and targetting the 4 qubits forming the
vertex support, and consecutively measuring the ancilla in
the Pauli-X basis.

Under code-capacity noise, the threshold of the toric
code decoded with minimum-weight perfect matching for
depolarizing noise [cf. Eq. 3] is 15.5% [61]. For single-
qubit noise levels below these thresholds, increasing the
lattice size L leads to an exponential suppression on the log-
ical-error probability. The hardware overhead in this case is
the given by the additional data and ancilla qubits required,
as well as gates to implement state preparation, syndrome

extraction, logical operations and (if needed) error-correct-
ing operations on data qubits.

4.2 Surface Code

For several quantum-information-processing platforms,
the connectivity required to implement a toric code is
rather demanding and impractical. Instead, similar codes
with a similar phenomenology to the toric code but differ-
ent boundary conditions have been proposed, the surface
codes [29, 30, 62].

In its non-rotated form, the [[L? + (L — 1)%,1, L]] sur-
face code has its qubits connected as in a tessellation of a sur-
face with asymmetric boundary conditions, with plaquette
edges at the boundaries in one direction and boundaries cut-
ting through the plaquette centers along the meridional or
longitudinal direction [cf. Figure 4(left)]. When compared
to the toric code, this modification allows for lower con-
nectivity and qubit consumption, but comes at the cost of
halving the number of logical qubits and modifying the sta-
bilizers at the boundaries. Away from the boundaries, pla-
quette and vertex stabilizers are just the same as for the toric
code. However, at each pair of opposite borders (left and
right or top and bottom) one type of stabilizer will have its
support reduced to 3 qubits. The logical operations are Pauli
strings connecting opposite borders, with longitudinal and
meridional directions corresponding to different Pauli types
(X or Z), depending on how the asymmetric boundary con-
ditions are chosen.

A rotated version of the surface code renders it a
[[L?,1, L]] code [63]. Its construction starting from the non-
rotated distance-L surface code is achieved by removing
(L — 1)2 /4 qubits around each of the 4 lattice corners until
an L2-qubit diamond is left and then rotating the lattice by
/4 around the axis perpendicularly crossing the surface
center [cf. Figure 4(right)]. The rotated surface code pos-
sesses (L — 1)/2 modified 2-qubit stabilizers at each border
(L odd). The logical operators in the rotated surface code
also connect opposite borders, forming a diagonal or a zig-
zag path (or a composition of both).

The threshold for the rotated surface code under code-
capacity noise decoded with minimum-weight perfect
matching for depolarizing noise is 0.82% [64]. The suppres-
sion of logical errors with the increase in code distance for
the rotated surface code has recently been experimentally
shown for distances 3, 5 and 7 [43].

4.3 Steane Code and Color Codes
One interesting classical-error-correction code is the

[7, 4, 3] Hamming code, for which a spatial distribution
of its bits through a triangle (or a topologically equivalent
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Fig. 4 Schematic representation of a [[85, 1, 7]] non-rotated (left) and
a [[49, 1, 7]] rotated (right) surface codes. The lattice or grid of the
non-rotated surface code (black lines) is a tessellation of a surface with
asymmetric boundary conditions in which qubits are represented as
edges. Equivalently, one can consider the chessboard-like grid formed
by green and white diamonds, in which qubits are represented as
diamond vertices. Plaquette and vertex stabilizers are represented as
orange squares and purple crosses, respectively. Equivalently, they
can be represented as green and white diamonds. The logical X and

Fig. 5 Graphical representation of qubit connectivity in the
[[7, 1, 3]] Steane code. The numbered vertices represent the 7 physi-
cal qubits. The green, red, and blue zones represent the support
of both X and Z stabilizers (e.g., the blue stabilizers are given by
St = 0,1 ® 0t,2 @ 04,5 ® 01,6 fort = x, y). The purple line cover-
ing qubits 0, 3, and 4 represents a possible logical operation consisting
of either o, (for logical X) or o (for logical Z)

@ Springer

Z operators are also shown as meridional and longitudinal lines. Note
that the purple line intersects perpendicularly the edges representing
qubits acted upon, while the orange line intersects them tangentially.
After cutting the left lattice along the red dashed lines and rotating the
resulting lattice by /4, one attains the rotated surface code shown on
the right. Weight-2 stabilizers at the borders are represented as semi-
circles. Green and white squares represent Z and X stabilizers (or,
analogously, plaquette and vertex ones)

hexagon), with 3 bits on each edge and one bit at the center,
allow for a simple interpretation of its parity-check matrix

1010101
H=10 110 0 1 1. (7
0001111

Numbering the bits at the triangle vertices as 0, 1 and 3, and
the center bits of the 0-1, 1-3 and 3-0 edges as 2, 5, and 4,
so that the bit at the center of the triangle is numbered 6, the
3 rows of the matrix (7) correspond to parity measurements
involving the 4 bits around each of the triangle vertices, and
any two such bit sets overlap on exactly two bits. A single
bit flip at a vertex therefore only generates a defect on the
corresponding bit set, while a bit at an edge center, where
two sets overlap, triggers a defect in the two overlapping
sets (two rows of the parity-check matrix) and a bit flip at
the center bit is detected by all 3 parity checks, since all bit
sets overlap there. These sets can be labeled as 3 colors: red,
green and blue (cf. Figure 5).

A quantum-error-correction code can be constructed
from two overlayed Hamming codes, one dealing with
X and another with Z errors. This prescription follows
the quantum-error-correction code design from two
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classical-error-correction codes proposed by Calderbank,
Shor, and Steane [25, 26] (forming a special class of stabi-
lizer codes) and results in the [[7, 1, 3]] Steane code [65]. The
3 Pauli-X or Pauli-Z stabilizers from the Steane code, usu-
ally associated with colors, correspond to strings of Pauli-X
or -Z matrices raised to powers given by the entries in each

row of the parity-check matrix (7): S, ; = ®?=Oa£ 2 and

~

S.;= ®?zoaff ‘. Logical operators are in principle given
by Pauli-X or -Z operations applied on all physical qubits,
but since stabilizers applied to logical operators generate
equivalent logical operators, it is not hard to see that act-
ing with Pauli operators on all 3 qubits of any of the tri-
angle edges suffices to implement a logical operation, thus
explaining the code distance 3.

The Steane code is the smallest known instance of a class
of bidimensional quantum-error-correction codes known as
color codes. These are defined on trivalent, 3-colorable lat-
tices, such that each colored tile serves as support for both X
and Z stabilizers [60, 66, 67]. The qubit connectivity in such
codes is represented by lattices with qubits on their vertices.
We assign a different color (e.g., red, green, or blue) to each
of the 3 edges connected to each vertex, and color faces in
such a way that two faces of the same color are connected
by an edge of that color (cf. Figure 6). Correspondingly,
neighboring faces always have different colors. Although
faces can have varied shapes, we consider here solely lat-
tices with certain symmetries.

Consider a hexagonal tessellation of a torus with colors
attributed to its faces and edges as previously described
(Fig. 6). A lattice with n hexagons is formed by 2n physical
qubits. On each hexagonal face p, we define two plaquette
stabilizers, one corresponding to a Pauli string of 0, ; opera-
tors and the other by o ;. These stabilizers inherit the color
labels ¢ € {r, g, b} from the respective faces associated with
vepe Orw (With 7 € {z, 2})

for the six vertices v of the c-colored face p©. Since the prod-

their supports, i.e., BT,pc =11

uct of all 7-type plaquette stabilizers of the same color has
as support all the 27 qubits, i.e., [, B e =TI, 0 it
results that [ . B,y = I, By = [ B, », and two

T,p"°
stabilizer generators of each type, X and Z, are unnecessary.
The stabilizer group is therefore generated by 2(n — 2) pla-
quette operators (the multiplicity 2 comes from the two pos-
sible choices of 7). The number of logical qubits is given by
the difference between the numbers of physical qubits and
constraints (stabilizer generators), so this hexagonal color
code on a torus encodes 4 logical qubits. It is possible to
show that color codes constructed on tessellations of tori of
genus g encode 4g logical qubits [60, 66]. This is twice as
many logical states as for a similarly generalized the toric
code. One can therefore say that the color code on a torus
represents “two colors of the toric code”.

Like in the toric code, the logical operators of this color
code on a torus are given by topologically (or homologi-
cally) non-trivial chains of Pauli X or Z operators winding

Fig. 6 Graphical representation of a [[48, 4, 4]] color code on a torus.
Physical qubits are represented as vertices. Dotted edges on bottom
and left sides of the lattice should be identified with top and right edges
of same color and corresponding position (periodic boundary condi-
tions). The red, green, and blue hexagons represent the support of each
type and color of plaquette stabilizer, with the specific Pauli strings
for the red, green and blue X-type stabilizers explicitly given on the
bottom left corner (dashed colored hexagons with labeled vertices).

Z stabilizers have the same support. The color scheme is such that at
every vertex three edges of different colors meet, and these edges only
connect vertices from pairs of faces of the same color. One possible
choice of logical operators is shown as solid double yellow lines, with
the qubits acted upon highlighted as solid circles. Note that the logical
operators X; and Z; intersect at an odd number of qubits (solid circles
within larger rings) when the indices match, while for different indices
the overlap happens at zero or an even number of qubits
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around either the longitudinal or meridional directions on
the torus. Although each such chain can have three colors, it
turns out that the product of one chain of each color for the
same 7 is equivalent (or homologous) to the identity (up to
multiplication by some plaquette stabilizers). Consequently,
only two colors of non-trivial loops are needed for each
direction and type 7, resulting in eight logical operators, as
expected for four logical qubits. it is completely arbitrary
which colors to choose, and any homologically non-trivial
chain along the same direction is equally good as a logical
operator. In Fig. 6, an example is given for the choice of
colors green and blue for the logical operators X; and Z;.
Note that the same chain can be of either X or Z type (with
different indices), and the logical operators with the same
index intersect at exactly one qubit ({X;, Z;} = 0), while
for different indices they intersect at either none or an even
number of qubits ([X;, Z;] = 0 for i # j).

Syndrome extraction in the color code happens similarly
to the toric code, with two ancillas needed per plaquette
(one for each 7) and six CNOTs for the extraction of each
type of defect, X or Z. In the simplest measurement scheme,
one measures all plaquettes of a given color ¢ and type T at a
time, and one quantum-error-correction cycle is performed
after six rounds of measurements.

One can also design color codes with boundaries. These
variants encode less qubits, but in exchange demand lower
qubit connectivity and, for some specific designs, allow for
the transversal implementation of a complete set of logi-
cal Clifford gates. Transversal logical gates are of the form
Ricp U;, with single-qubit unitaries U, applied on a set
D of qubits, what avoids error propagation from one qubit
to another and therefore enables implementation of logical

gates fault-tolerantly (i.e., designs in which failure of one
circuit component does not compromise the entire computa-
tion [68]). These advantages justify briefly discussing trian-
gular color codes beyond the Steane code.

One specific color-code design for which the entire logi-
cal Clifford group can be implemented transversally is the
[[73, 1, 9]] code shown in Fig. 7 [60]. Interestingly, its logi-
cal Xand Z gates can be implemented as Y-shaped stringnets
formed by X or Z operators, respectively. These stringnets
are composed of strings of all three colors, each connecting
to a correspondingly colored boundary. Two stringnets of
different types intersect at an odd number of qubits, result-
ing in the anticommutation of X and Z logical operators.
The faces in this tessellation can be either octagons (two
colors) or squares (one color), with supports of eight and
four qubits, respectively. The stringnets can be deformed by
multiplication with plaquette stabilizers to render equivalent
logical operators that run solely through one boundary (any
boundary is equally suitable) or that run from one boundary
to the opposite triangle vertex.

5 Other Relevant Code Types
5.1 Gauge Codes

A family of codes with interesting stabilizer-like features
is that of subsystem codes, sometimes also called gauge
codes [69]. Arguably, the most famous such code is the
[[L1L2,1,min(Lq, L2)]] Bacon-Shor code [7, 27]. Its
working mechanism illustrates the general idea behind
gauge codes: a quantum system with certain unconstrained

CNZ
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/\Az\
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Fig. 7 Graphical representation of a [[73, 1, 9]] triangular color code
on a 4-8-8 lattice with boundaries. Physical qubits are represented as
vertices. Red, green, and blue faces represent the support of each type
and color of plaquette stabilizer, with examples of red, green and blue
stabilizers explicitly given as dashed colored polygons. One possible
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choice of logical operators (stringnets) is shown as solid double yellow
lines, with the qubits acted upon highlighted as solid circles. Note that
choosing one of the logical operators as X; and another as Z;, they
intersect at an odd number of qubits (solid circles within larger rings)
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degrees of freedom that allow for the existence of mul-
tiple equivalent codespaces. The Bacon-Shor code can
be constructed from an extended Shor code by effec-
tively assembling a stabilizer group out of the L; —1
“horizontal” and Lo — 1 “vertical” 2-block stabilizers
from both [£)r, = 271/2(®;2, 1 0); £ @2, " [1):] 7"
and |g) = 2722 (@25 [4)i + ()7 @2 |-)i] ¥k
(¢ € {0,1}) bases [70]. The remaining Shor-code stabiliz-
ers from both bases then compose the group of gauge opera-
tors. Note that the Bacon-Shor X (Z) stabilizers are tensor
products of neighboring X-logicals (Z-logicals) of the Shor
code. In fact, the Bacon-Shor and (extended) Shor codes
share the same logical operators. The connectivity of their
physical qubits is represented by arranging them as the ver-
tices of an L; X Lo rectangular lattices (cf. Figure 8 for the
case L1 = Lo = 3). X (Z) stabilizers have supports on each
pair of consecutive rows (columns) of the lattice. Likewise,
logical X (Z) operations have support on any lattice row
(column). These codes possess an additional group of gauge
operators (maps between equivalent codespaces) formed by
pairs of X or Z operators oriented along columns or rows
of the lattice. The two most common logical bases of the
Shor code, |+), and |¢), correspond to easy-to-prepare
Bacon-Shor logical bases (in a fixed gauge) and have their

Fig. 8 Schematic representation of the [[9, 1, 3]] Bacon-Shor code.
The lattice or grid (black lines) represents the connectivity of qubits
(numbered vertices). X and Z stabilizers are represented as orange and
purple solid rectangles, respectively. Two gauge operators are rep-
resented by dashed rectangles, with orange (purple) representing an
X-type (Z-type) gauge. A specific choice of logical X and Z operators
is also shown as orange horizontal and purple vertical lines (the other
two parallel lines are equivalent for each direction). Since the X and Z
logical operators intersect at exactly one qubit, one has {X, Z} =0

blocks encoded as rows or columns, respectively, of the lat-
tice shown in Fig. 8.

5.2 Floquet Codes

The family of Floquet codes [36, 71-73] is composed of
physical qubits connected as the vertices of a certain lat-
tice, in which (usually periodic) low-weight parity-check
measurements effectively compose dynamically generated
stabilizers and logical states.

Consider qubits arranged on vertices of a hexagonal lat-
tice with periodic boundary conditions (tessellating a torus)
and three-colorable faces, similar to the one considered for
the 2D color codes. One can label the lattice edges with
the same color ¢ of the faces they connect. We pictorially
represent these colors as red, green and blue. We addition-
ally label the edges k = z,y, z according to their orienta-
tions along “southeast-northwest”, “southwest-northeast”
and “south-north”, respectively (cf. Figure 9). For each

edge, a so-called “check” (namely a parity-check operator

alk) _
Cij
two qubits. The key idea behind the dynamical generation

of an instantaneous stabilizer group with effective logical
states is the cyclic and sequential measurement of checks
of colors red, green and blue (some other orderings are also
possible).

Starting the measurement routine with red check mea-
surements applied on a prepared maximally mixed stated
po, one ends up with a collective eigenstate of all red
checks. Note that each measurement can collapse the mea-
sured qubit pair into the check eigenstates of eigenvalues
+1 or —1. In other words, the post-measurement state

P o ([T, (1 E)]poll T (14 )] is stabilized

= 0},; ® oy,; for neighboring qubits i and ;) acts on its

by either é( 4 - (-I-C) for each pair of qubits 7, j belonging

to ared edge which we label e}; (the measurement outcome
for each pair is encoded in the set {=:;}1). Since we assume
the first measurement round to consist of red checks, the
corresponding (first) instantaneous stabilizer group is given

by {:l:c(k)|z, j € e} ;} with signs corresponding to those
in the set {%,;}1 and i, j chosen along red edges. A sec-
ond measurement round consisting of green checks leads

i Ak
siFiite [He?j 1+ Cz(‘j ))]
A(k)\T A A(k A(K .
[y, (1 7)Aoy, (1 &M e (1 2557)), with

a larger set of measurement outcomes {=+;; }» including both
rounds. It is important to notice that the cumulative projec-

tor [T, (14 & )Ty, (0 + 267 =[TTL (14257
L1+ Bz(,,-))] for red-colored plaquettes p” defined on

the corresponding hexagonal faces (with similar relations

to the post-measurement states Js
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Fig. 9 Graphical representation of qubit con-
nectivity in the 48-qubit Floquet code on a torus.
Physical qubits are represented as vertices. Dot-
ted edges on bottom and left sides of the lattice
should be identified with top and right edges of
same color and corresponding position (periodic
boundary conditions). The red, green, and blue
hexagons represent the support of each color of
plaquette stabilizer, with the specific Pauli strings
explicitly given on the bottom left corner (dashed
colored hexagons). The dynamically generated
toric-code superlattices spanned by red, green
and blue checks are represented by dot-dashed
hexagons of said colors. A logical operator is
explicitly given by labeled qubits located on the
yellow path

@ Springer
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for other combinations of signs), so that the instantaneous
stabilizer group is given by all green checks and all red
plaquettes. The third round of blue-check measurements
will likewise be stabilized by all blue checks and all red
and green plaquettes (the former plaquette type commutes
with the blue checks and the latter comes from the cumu-
lative projections on green and then blue checks). Further
measurement rounds will be stabilized by all three colors
of plaquettes and by the specific check corresponding to the
round.

A toric honeycomb lattice formed by 2n physical qubits
contains n hexagonal faces (plaquettes) and n edges of each
color (checks). One would therefore expect the instan-
taneous stabilizer group to be generated by 2n elements,
checks and plaquettes. Nonetheless, the product of all pla-
quettes is the identity, and so is the case for the product of
checks with plaquettes of the same color, so the instanta-
neous stabilizer group is actually generated by 2(n — 1)
elements. The difference between the numbers of physi-
cal qubits and constraints (stabilizer generators) therefore
reveals that a Floquet code encodes 2 logical qubits. The
distance of Floquet codes (or, more generally, dynamical
codes, in case measurements are not necessarily periodic) is
not easily defined [74].

A check measurement projects the state of the two
involved qubits into a two-dimensional subspace (e.g., if
the measurement gives the +1 eigenvalue, there are two
corresponding eigenstates) [72]. One can therefore regard
the qubit pair in the support of a check as a single effec-
tive qubit. This association becomes more concrete if one
conjugates x- and z-type checks with CNOT unitaries and
y checks with controlled-y unitaries, shrinking the supports
of these checks down to single qubits (the choices of target
and control are arbitrary) [36]. Assuming each such effec-
tive qubit of a given color (the color whose checks are in
the instantaneous stabilizer group at a given measurement
round, what we here call “active checks”) is located (in
terms of connectivity) on the center of a hexagonal-lattice
edge, one obtains a superlattice that describes a hexagonal
toric code, as shown in Fig. 9 for three measurement rounds:
red, green and blue from top to bottom. The plaquettes of
this dynamically generated toric code are centered at the
same locations as the Floquet-code plaquettes whose col-
ors correspond to the active checks. The Floquet-code pla-
quettes of the other two colors host 3-valent vertices of the
dynamical toric code. The toric-code plaquette stabilizers

are given by six operators Z(]k) =1;® 0, (or op; ® 15)
corresponding to the type k of each superlatice-plaquette
edge, while the vertex stabilizers are given by three opera-
tors of the form )~(l(jk) = €xpk Okt s @ Opr j, €ach associ-
ated with a k-type edge. Superlattice plaquettes and vertices

are therefore violated by odd numbers of X’fjk ) and Zi(f)

errors, respectively. The logical operators of the Floquet
code are dynamically generated and correspond to longi-
tudinal and meridional logical operators of the toric code.
Since the logical operators commute with all instantaneous
stabilizers, homologically non-trivial strings of Z(Jk ) ()Z' i(f))
errors run through the edges of active checks in such a way
that they cross the vertices (plaquettes) of the superlattice
similarly to the toric-code logical Z (X) operator, as shown
in the middle (upper or lower) lattice in Fig. 9). An interest-
ing feature of Floquet codes is the fact that the superlattice-
toric-code logical operators going through plaquettes and
vertices get mapped into each other with each new round of
measurements of the Floquet code (i.e., magnetic and elec-
tric anyons get mapped into each other). To visualize this
conversion, it is necessary to multiply the error string by
a number of previous-round checks so that the new string
commutes with all current-round active checks (see how the
logical error changes between rounds in Fig. 9).

Errors in the Floquet code are detected via dynamical
defects (plaquette violations). Since the actual measure-
ments involve only pairs of qubits, the defect corresponding
to a given plaquette is inferred by multiplying the outcomes
from the two previous rounds of measurements of checks
composing that plaquette. If in round » one measures red
checks and in round 7 4+ 1 measures green checks, one can
infer at the end of the (r + 1)th measurement sequence the
expectation value of the blue plaquettes. The whole process
has a periodicity of 3 measurement rounds.

5.3 Quantum Computing and Error Correction with
(Non-Abelian) Anyons

Non-Abelian topological codes generalize the toric and
surface codes by allowing for the different flavours of
defects (e.g., plaquette- or vertex-stabilizer violations in
the toric code), commonly termed anyons, to possess a non-
trivial braiding statistics (i.e., braiding a pair of anyons
can change their flavours and generate superpositions of
anyon types) [31, 32, 75]. In these systems, information
can be encoded in the history of braidings and fusions
of anyons, in the topologically non-trival loops of the
substrate, or in both. Recent experiments were able to
implement anyon-based quantum-information processing
with information encoded in both the toric non-trivial
loops and in a combination of anyons and surface-code
states [76, 77].

The defects in the toric code can also be interpreted as
quasiparticles known as anyons. The latter are characterized
by exchange phases that can differ from the ones observed
for either fermions on bosons. In fact, in the non-Abelian
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case, exchanging or braiding anyons can also change the
anyon type of the intermediate fusion outcomes. For the
toric code, there are 3 non-trivial (yet Abelian) anyon types
besides the vacuum (which we also count as an anyon type).
These are the magnetic and electric anyons, corresponding
respectively to defects on plaquettes and vertices, as well
as the composite anyon formed by an electric and magnetic
anyon pair. Not coincidentally, the number of anyon types in
the toric code matches the degeneracy of its ground space.

It is known from topological quantum field theory that
to every manifold one can associate a Hilbert space that
depends solely on the manifold topology [78] (we restrict
our analysis here to 2D manifolds). This Hilbert space cor-
responds to the code space, formed by ground states of the
system if we consider anyons as excitations. That Hilbert
space corresponding to the presence of particles on this
manifold is the space corresponding to the manifold with
labeled punctures representing the anyons. Therefore,
besides the Hilbert space associated purely with the topol-
ogy of the manifold, topological quantum field theories also
associate (different) Hilbert spaces to that manifold in the
presence of anyons (since punctures actually convert the
original manifold into new ones). In other words, one can
encode information in topological quantum systems through
the degeneracy of its ground space, in the Hilbert space of
anyon worldlines/histories that lead to a given collection of
anyons (the so-called fusion trees), or in both!

Whenever two anyons come sufficiently close to be con-
sidered a single (composite) particle, one says they have
fused. Labeling anyons by Greek letters, the fusion out-
comes when bringing together o and (3 are usually repre-
sented by a ® 8 = €D, N;’yﬁ% in which the numbers N 4

are fusion multiplicities. The multiplicities represent the
several ways in which fusing « and 3 can create an anyon
v, and the fusion relation runs over all possible outcomes.
These multiplicies determine the dimension of the Hilbert
space of a given topological system based on a certain mani-
fold and collection of present anyons. For any pair of fusing
anyons, if the multiplicity differs from zero for at least two
outcomes or is larger than one for at least one outcome, we
say that the theory is non-Abelian. The advantage of using
such systems for quantum information processing, besides
the fact that several such models allow for universal com-
putation, is the fact that logical operations can only be per-
formed in such systems by anyons with rather non-trivial
worldlines, something that becomes increasingly more dif-
ficult in large systems where both winding around non-triv-
ial loops in the manifold on braiding around other anyons
involves long paths.

As an example, consider the Fibonacci-anyon model.
The fusion relations are based on the coupling relations

@ Springer

of irreducible representations of the group SU(2)3 up to
an isomorphism [79]. The two anyon types in this model
are the vacuum (1) and the Fibonacci anyon (7). These
can fuse according to 1®1=1,7®1=1®7=1, and
7T ® 1 =16 7. Starting from three 7 anyons, one can fuse
any two of them (the closest ones), to get either the vacuum
or another 7, and then fuse this with the furthest anyon to get
either 7 (in two possible ways) or the vacuum (in one way).
These states can be represented as |(7,7);7) ® |(7,7);7),
|(7,7);1) @ |(1,7);7),and | (7, 7); T) @ | (T, 7); 1), in which
the two kets represent the two consecutive fusions, from left
to right, and the first two entries in each ket represent the
fusing anyon pair, while the entry after the semicolon rep-
resents the fusion outcome (note that the fusion outcome in
the left pair is a fusing anyon in the right ket). Selecting the
histories that ultimately fuse to a single Fibonacci anyon,
one has a bidimensional Hilbert subspace. Since these two
fusion histories can be superposed with each other by braid-
ing the furthest of the three starting anyons with any of the
other two (i.e., quantum gates are implemented by braid-
ing), the two histories ending with 7 are two states of a
qubit. Starting with more anyons, one ends up with even
larger computational spaces.

Quantum information processing with anyons has already
been implemented in an effective manner: anyon-like exci-
tations have been created and manipulated using lattices
of, e.g., trapped ions [77] or superconducting circuits [76].
Besides the experimental challenges in working with any-
ons, not so many schemes for quantum error correction with
non-Abelian anyons are known (due, e.g., to difficulties like
the multiple error mechanisms involving pair creation, hop-
ping, braiding, and fusion of anyons, the non-trivial fusion of
anyons that does not always annihilate undesired anyon pairs
into the vacuum, and the challenge in simulating quantum
systems with universal-computing capabilities). The most
common approach is to encode the quantum information into
the degenerate ground states of a system and use quantum
error correction to recombine anyon pairs created by noise
before they move through a non-trivial path. The outcome of
fusing a pair of nearby anyons, however, is not necessarily
the vacuum, and measurements within predefined regions of
the lattice (e.g., a plaquette) should determine the outcome of
the fusion, so that the decoder can coordinate the best way to
bring together fusion outcomes from increasingly further sep-
arated regions until they finally fuse into the vacuum [80—82].

6 Advances and Perspectives

The field of quantum error correction has seen incredible
experimental progress in recent years. Some key achieve-
ments are the implementation of sub-threshold quantum error
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correction protocols, with demonstration of the improved
error resilience when scaling the system size [43], the fault-
tolerant implementation of a code-switching protocol (i.e.,
converting the logical information between two codes) [83],
the parallel implementation and manipulation of multiple
logical states [47], and the preparation of high-fidelity magi-
cal logical states (states that enable the implementation of
non-Clifford logical gates, a feature essential to achieving
universal quantum information processing) [84—86]. On the
theoretical front, besides designing new codes and decoders,
recent efforts on fault-tolerant and/or measurement-free pro-
tocols that avoid the long measurement times and noise [37,
70, 87] are paving the way toward quantum-error-correction
strategies free from the quantum-to-classical interface that
makes quantum information processors dependent on auxil-
iary classical computers.

7 Conclusions

The field of quantum error correction is rapidly expanding
and plays an ever growing role in current and future devel-
opments in quantum information processing. The widely
accepted view that advantageous and meaningful quan-
tum computations will only be possible at the logical level,
once quantum-error-correction has fully been implemented,
makes it indispensable for students, researchers and pro-
fessors interested and/or working in quantum information
processing to understand the key ideas underlying quantum
error correction. This work aims at providing such readers
with a sufficiently concise, direct and reachable introduc-
tion to quantum error correction. For the interested reader,
a (non-exhaustive) list of highly relevant papers in the field
is provided.
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