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We present an axisymmetric type N gravitational collapse solution of the Einstein field equations.
The spacetime is regular everywhere except on the symmetry axis, where it possesses a naked
curvature singularity. The energy—momentum tensor is a combination of null dust (or pure
radiation field) that has constant energy density and an anisotropic fluid satisfying the energy
conditions for collapse on the symmetry axis. The spacetime satisfies neither the strong curvature
condition nor the limiting focusing condition. The metric is radially geodesically complete, and
gravitational lensing will be discussed. The physical interpretation of this solution, based on the
study of the equation of the geodesic deviation, will be presented. It is demonstrated that this
solution depends on the energy—momentum tensor terms consisting of a pure radiation field and
an anisotropic fluid. Additionally, the spacetime admits closed timelike curves, which appear
after a certain instant of time in a causally well behaved manner.

Subject Index EOQO0, EO1

1. Introduction

The gravitational collapse of cylindrically symmetric models forming a naked singularity has been
discussed in Refs. [1,2]. Apostolatos and Thorne [3] investigated the collapse of a counter-rotating
dust shell cylinder and showed that rotation, even if it is infinitesimally small, can halt the grav-
itational collapse of the cylinder. Echeverria [4] studied the evolution of a cylindrical dust shell
analytically at late times and numerically for all times. Guttia et al. [5] studied the collapse of non-
rotating infinite dust cylinders. Nakao et al. [6] studied the high-speed collapse of a cylindrically
symmetric thick shell composed of dust and a perfect fluid with nonvanishing pressure [7]. Recent
work describes the cylindrically symmetric collapse of counter-rotating dust shells [8-10], a self-
similar scalar field [11,12], an axially symmetric vacuum solution [13], cylindrically symmetric
collapse of an anisotropic fluid [14], and an axially symmetric null dust collapse [15]. Some other
examples of nonspherical gravitational collapse are discussed in Refs. [16—25]. In addition, there are
a number of examples of spherically symmetric gravitational collapse that form a naked curvature
singularity (see, e.g., Refs. [26-32]). To counter the occurrence of naked singularities in a solution
of the field equations, R. Penrose proposed a cosmic censorship conjecture [33—35]. According to
the weak version, singularities have no effect on distant observers, i.e., they cannot communicate
with faraway observers. Up to now, there have been no theorems or proofs (disproofs) that support
(counter) this conjecture. In contrast, there is no reason that a naked singularity cannot exist in
a solution of the field equations. Attempts have been made to provide the theoretical framework
to devise a technique to distinguish between black holes and naked singularities from astrophys-
ical data, mainly through gravitational lensing. The study of strong gravitational lensing in the
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Janis—Newman—Winicour spacetime by Virbhadra and collaborators [36,37] and its rotating gener-
alization [38], and notably the work in Refs. [39—42], has made some significant progress. Therefore,
the study of naked singularities and spacetime with such objects is of considerable current interest.

In this paper, we construct a nonvacuum solution of the field equations with naked curvature sin-
gularity. The presence of naked singularities in a solution of the Einstein field equations may break
down the causality condition and may form closed timelike curves (CTCs). The possibilities that a
naked curvature singularity gives rise to a cosmic time machine has been discussed by Clarke and de
Felice [43] (see also Refs. [44—46]). A cosmic time machine is a spacetime that is asymptotically flat
and admits closed nonspacelike curves that extend to future infinity. Recent work on the cosmic time
machine describes an axially symmetric vacuum solution [13], a cylindrically symmetric anisotropic
fluid solution [14], and an axially symmetric null dust collapse [15]. For physical models, the weak
energy condition (WEC) must hold along with the other energy conditions. The weak energy con-
dition states that, for any physical (timelike) observer, the energy density is nonnegative, which is
the case for all known types of (classical) matter fields. The matter—energy content of the solution
discussed here satisfies the different energy conditions.

The Einstein field equations (taking a cosmological constant of A = 0) are given by

G}LV = T;LVJ n,v = 09 152737 (1)

where the units are chosen such that ¢ = 1 and 8w G = 1. Here G, is the Einstein tensor, and
T,y 1s the energy—momentum tensor. For an anisotropic fluid and null dust, the energy momentum
tensor is given by

T,uv = (p +pr) U;L U, + D 8uv + ®r —po) Cuty + eku ky,
and T =T} =2p +pr—p, )

where U* is a timelike unit four-velocity vector, ¢, is a spacelike unit vector along the radial
direction 7, and k, is the null vector. Here the different physical parameters €, p, p,, and p; are the
energy densities, the radial pressure, and the tangential pressure of the null dust and anisotropic fluid,
respectively. The Ricci scalar from the field equations (1) using Eq. (2) is

—R=T=2p +pr—p. 3)

2. Analysis of the type N spacetime

The line element of the axially symmetric metric in (¢, 7, ¢,z) coordinates is
dsz =&rr er + oo d¢2 + thqb dtd¢ + 2gz¢ dzd¢ + g:: dZ2, 4)
where the metric functions are given by

& = sinh? 2 r sinh? r,

Z¢p = —sinht sinh? r,

g.. = sinh? r,

8ip = pp»

8p = B2z sinh? r, (5)
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where the prime denotes a derivative w.r.t. time ¢. Here we have assumed that the ¢ coordinate
is periodic, with ¢ € [0,2 ), and B is a real number. The ranges of the other coordinates are
—00 <t <00,0 <r < o0,and —co0 < z < oo. The coordinates are labeled as x° = ¢, x! = r,
x> = ¢, and x> = z. The metric is Lorentzian with signature (—, +, 4+, +) and the determinant of
the corresponding metric tensor gy, is

detg = — sinh? 2 r sinh® r cosh? . (6)
The nonzero components of the Einstein tensor G*" are
t r ¢ z 3 6 t 1 2
G =-G, =G, =G = ~7 csch’r, Gy, = —5,3 secht cschr. (7)
The scalar curvature invariants are given by

3
R =RK = 3 csch®r,

TR

9
R,y R = 1 csch’r,

15
Ryvpo RMPC = — csch!?r,

. 81
Ryuupo e R = = csch!®r. (8)

The scalar curvature invariants and first-order differential invariant diverge (or blow up) at» = 0, a
fact that indicates the existence of a naked curvature singularity. Since the naked singularity occurs
without an event horizon (the presented solution does not represent a black-hole solution), the cosmic
censorship conjecture has no physical interest here. These scalar curvature invariants vanish rapidly
at r — 00, but the presented spacetime is not asymptotically flat [47].

For metric (4), we define the timelike unit four-velocity vector U* as

1
UM=_ (ral)soa_l,o), UMU :—1, 9
Nk u 9)
where
P 1
f(r,t) = —csch“rsecht + 7 tanhz. (10)

The spacelike unit vector ¢, along the radial direction » and the null vector &, are defined by
¢y =sinh2r sinhrés), ¢, ¢t =1,
ky =80, Kk =0. (11)
From the energy—momentum tensor (2) using Eqgs. (9)—(11), we get
T! = % {2 (p; — p) + (p: + p) sinh? r sinh ¢},

1
Ty = ~3 (pr + p) sechs {4 csch’r — sinh? r sinh? 7} — € csch?r secht,

1
TZ’ = ) ﬂzz (p+ + p) sechr (2 — sinh? 7 sinh 1),
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1
T,¢ =-3 (pr + p) sinh? r cosh,

1
T;; =12@ =0 =@+ sinh? 7 sinh 7},

1 .
T/ =2 B2+ p)sinh’r, T/ =p, T:=p. (12)

From the field equations (1) using Eqs. (7), (12) and after simplification we get the following
nonzero physical parameters:

3 1
p=pr=—pi=y cschr, €= 3 B2, (13)

The matter-field distribution satisfies the following energy condition [48]:
WEC : p=>0, €>0,
WEC; : p+p=0,
WEC, : p+p, >0,
SEC : p+pr+2p =0,
DEC : p=|pil, i=t,r,z. (14)
The physical parameters (p, py, p;) are singular on the symmetry axis » = 0. Therefore, the matter—

energy field anisotropic fluid collapses on the symmetry axis, and a naked singularity forms.

2.1. Geodesic analysis: the radial geodesics

In order to understand the nature of events where the matter—energy density and/or curvature scalar
diverge, one must analyze the behavior of the geodesics and the strength of such singular events.
Here we focus on radial geodesics, which necessarily hit the singularity » = 0, i.e., on the symmetry

axis [49].
The Lagrangian for metric (4) is given by
e,
= Zg;wx X,
1 (e i . . . .
=3 gt + g2 +g¢¢¢ +2gt¢t¢+2gz¢z¢]v (15)

where the dot stands derivative w.r.t. an affine parameter. From Eqgs. (4) and (15), it is clear that ¢ is
a cyclic coordinate. There exist constants of motion corresponding to this cyclic coordinate, i.e., the
azimuthal angular momentum py, which is a constant given by

Py = const = g.4Z +g¢¢d3 + gip . (16)

For metric (4), the geodesic equations for the ¢, » coordinates in explicit form are
. 1 . . . 1 .
7 = sechs (—5 Bz ¢% + ,3222) — 2cothri i — t ¢ — tanht 12 — 5 tanhs ¢, (17)

1 . .
F= —3 csch3rsechr{(1 —4 cosh2r+3 cosh4r)iﬂ2 +2 sinhtqb2 —4,822¢2

—222+cosht<]5i}. (18)
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For the radial geodesics we have z = 0 = ¢. From Egs. (17) and (18) we get
f = —tanht #* — 2 cothr 7 t,
1
F= —3 csch3rsechr(1 —4 cosh2r+3 cosh4r)i2. (19)

The first integral curves for ¢, r give

i(s) = c; secht csch®r, ¢ > 0,
e

cschzrsechr, cr > 0. 20
Wi 2 (20)

r(s) =

Solving Egs. (20) yields

t(s) = sinh~! [Z—l B (cas + ) + C5:|,
4

. _ )
r(s) =sinh ' [{3 (css + e)}3], s = , 21
22 (21)
where ¢;,i = 1,...,5 are arbitrary constants. From Eq. (21) it is clear that the radial geodesics paths

t, r are bounded for a finite value of the affine parameter s, and thus the presented spacetime is
radially geodesically complete.

2.2.  Strengths of naked singularities

To determine the strengths of naked singularities as strong or weak, we consider the criterion devel-
oped by Tipler [50] and Krolak [51], which provides insights into the magnitude of tidal forces
experienced by an in-falling detector (or an observer) towards the singularity [52]. It is widely
believed that the spacetime does not admit analytical extension through the singularity, if the strong
curvature singularity holds.

A naked singularity is said to be strong if the collapsing objects get crushed to zero volume at
the singularity, and weaker if they do not [26,53]. Following Clarke and Krolak [52], a sufficient
condition for a singularity to be strong, in the sense of Tipler [50], is that along radial geodesic we
must have

dx* dx¥

lim s* R,y — — # 0(> 0), 22
s%sudsds#(>) (22)

where % is the tangent vector to the radial geodesics, and R, is the Ricci tensor, while the weaker

condition, which we called the limiting focusing condition [51] is defined by

lim s R dx* dxV
ims _
s—0 Mo ds ds

£0. (23)

Hence, from Eq. (22) using Eq. (21), we have

dr\? do\?
lims® | R, | — Rps | —
o0’ [ (a’s) MR (ds)}

dr\? :
= lim 6 5% coth?r (d_r> , since ¢ =0
s

s—0
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a2 &
=—=<lm|——
12 s—0| (c3 + ¢4 S)2
=0, if ¢3#0
=const, if c¢3=0. (24)
Similarly, the spacetime does not satisfy the limiting focusing condition. Thus the naked singularity
that is formed due to the curvature singularity and/or the matter—energy (anisotropic fluid) collapse

does not satisfy the strong curvature condition provided we assume that c3 > 0. Therefore, analytical
extension of the spacetime through the singularity is possible.

2.3.  Equation of orbit and gravitational lensing

We first calculate the equation of orbit for 7(¢). Here we restrict our discussion to the orbital motion
of the free test particle that moves on the z = const plane. To get an equation for r(¢) we start with

dr r

r'(¢) = % = 5 (25)

To work out the lens equation we have to calculate the null geodesics in the z = const plane. For
null geodesics ds? = 0, we get

grrr.‘z+g¢¢¢2+2gt¢iqa+2gz¢éqa:0- (26)

Now we define the angular velocity €2 of a ZAMO (zero-angular-momentum particle as measured
by an observer) in the constant z-plane. From Eq. (16) we have

a=0_ 8¢ 27)
P gy

such that py = 0 for z = 0 (we have chosen the z — const plane defined by z = 0). Therefore, from
Eq. (26) using Eq. (27) one can obtain the following equation for the photon orbit:

grr’.”2 _g¢¢¢2 =0
.\ 2
= (1> — 5o
[0} Err
7
Ty 8
¢ Err

d
:>£:i gﬂ)::l:\/H(r,t). (28)
Err

Substitution of gy and g, and integration of Eq. (28) immediately gives the azimuthal angle ¢ as
a function of r:

1
¢ == > ~/—cscht cosh2r

1
=+ 3 ~/cschT cosh2r, t=-T <. (29)
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Therefore, the Einstein deflection angle & is then calculated to give

sy =2 [
oc(r)_2/m T
=2|p(r,T)|—m

= +/cschT cosh2r — 7. (30)

3. Classification of the rotating spacetime

For classification of the presented spacetime, one can construct a set of null tetrad vectors (k, 1, m,m).
The metric tensor for metric (4) can be expressed as

8uv I—kulu—lukv +mu7’7’lu +T;lp,mv, (31

where the tetrad vectors are orthogonal except for k# [, = —1 and m, m"* = 1. Using this set of
null tetrads, we calculate the five Weyl scalars, of which only

B2
Uy = s (32)
is nonvanishing, while rest are g = V| = 0 = W, = W3. The metric is clearly of type N in the
Petrov classification scheme.

An important note is that, if one takes 8 = 0, then the spacetime represented by Eq. (4) is
conformally flat since the Weyl scalar vanishes; Cj,,,, = 0. The matter—energy content of this
conformally flat spacetime is only anisotropic fluid with the energy density, the radial pressure, and
the tangential pressure being given by Eq. (13).

We calculate the Ricci—-Newmann scalars for metric (4); in terms of energy densities these are

1 1

Q1 =—R,, I +mlm") =—p,
4 4
1 1,

&) = ERWZ“ZU = 4_1'3 ,

- 1 , 1

P02 = 920 = 5 Rywy m''m” = 5P (33)
while the others are all vanishing, where the symbols are the same as in Ref. [54].

We set up an orthonormal frame ey = {e(«0), ex1),€2),€3)}, €w) - € = eﬁz) €(py 8uv = Mab =
diag(—1,+1,+1, +1), which consists of one timelike unit vector ey = U and three spacelike unit
vectors e(;), i = 1,2,3. The notations are such that the small Latin indices are raised and lowered
with the Minkowski metric %, 14, and the Greek indices are raised and lowered with g"”, guv- The

dual basis is e® = —e() and e = e(;). These frame components can conveniently be expressed
in terms of null tetrad vectors:

1 1
k=—1(eo +ep), lI=-—(e0 —eq),
«/5 0) 2) ﬁ 0) 2)

1 ) _ 1 .
m=— (e(l) +1 e(3)), m=— (e(l) — le(3)). (34)

V2 V2
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3.1.  The relative motion of free test particles in the spacetime

In order to analyze the effects of the gravitational field of the presented solution, it is natural to
investigate the specific influence of various components of these fields on the relative motion of the
free test particles. Such a local characterization of spacetimes, based on the equation of the geodesic
deviation frame, was described by Pirani [55,56] and Szekeres [57,58] (see also Refs. [59,60]):

D?ZH
= =R, U ZP U7, (35)
where U - U = —1 is the timelike four-velocity of the free test particle (observer), and Z(7) is the

displacement vector, where 7 is the proper time. By projecting Eq. (35) onto the orthonormal frame
e, given by Eq. (34), we get

70 — _pW

%)
OHO L (36)

where i,j = 1,2,3,e¢) = U, and

R

_ K 0
0 © =i U el U Ruvpo- (37)

)]
The frame components of the displacement vector Z) = e,(f) Z#" directly determine the distance
between close test particles. Their physical relative accelerations are given by

. . (D*Z"
50 = o ( "z ) (38)
T

Equation (35) also implies

A

70 ==l ( dr2
T

) = Rynpo UM U 2° U =0, (39)
so that Z©) = gt + b, ao, by are constants. Setting Z 0 = 0, all test particles are synchronized by
the proper time. From the standard decomposition of the curvature tensor we get

1

1
Ry 0)(h©0) = Cayoy(o) + 3 R & + 5 [8i Roy0) — Ry (40)

where C(;)0)(j0) = e’é) Uv efj) U’ Cypo are the components of the Weyl tensor, and R and R; ),
respectively, denote the Ricci scalar and Ricci tensor components. From the field equations (1) using
Eq. (2), we get

1 2
R0y 0 = Ciyoy(H©) — 3 [Ta)(j) — i {T<0>(0> +3 TH (41)

_ 7@
where T = T(a).

The only nonvanishing Weyl scalars are given by Eq. (32) so that

1 1
Coomo =5 NReYs,  Cao@)0) = —5 Neda. (42)
Therefore, the equation of geodesic deviation (36) takes the form
70

() _ _ p)
277 = =R )0
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! 2 0
=—Coono2 +5 | Too —Too + 311 2
: w4 ! 2.0 0
=—-NReWy 22 + - | Ty — Ty — 3T | £
2 2 3

1 1 2
= ——ReW, ZW — —ezMW 4 Z 57D
2 €4 4 + 3 P

2
_ 2,70,
37

52) _ _p@)
27 = =R )0

@, 1 2 @
=—-Coo0Z +57@m—'ﬂwm+§T Z

7

1
L )
3P

5G) o)
27 = =R )0

3, L 2 3
= —=C3)0)3)0) Z +§7@m—'ﬂwm+§T Z

7

1 @ 1 20|,
= 3 NeW 29+ 2 1 Ty — Ty — 3 T'| Z

L ew,z0 _Lezo 1 o0
2 4 ’

3
:_<i+£>ﬂq

23
where
Sew B__1_ !
‘ =—— = -3¢, = —e,
M= =3 0O =P+ 3
1 1
Tmym=pr=p. To@=p+ e=-p+s¢

Toygy=pt=—p, T=-2p,

(43)

(44)

(45)

(46)

where Ne stands for real. Clearly, the relative motions of the nearby test particle depend on the
energy—momentum tensor 7, terms, which consist of two components (null dust and anisotropic

fluid) describing the interaction with matter content that affects the motion of the test particles.

The solutions of Egs. (43)—(45) are

Zmu)zAwJ?’+&ew@i,

Z(z)(r) = Ay cos (\/gr) + By sin (@r),
Z(3)(r) = A3 cos (‘lg—i-gt) + B3 sin( /§+§T>'

(47)

If one takes 8 = 0, then the presented spacetime (4) is conformally flat and the matter—energy
content anisotropic fluid satisfies the different energy condition. Therefore, for a conformally flat
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solution, the equation of the geodesic deviation takes the following form:

pZ®. (48)

The solutions of Eqs. (48) are

ZW (1) =A1e@f + By e‘\@’,

Z(z)(r) = A, cos (\/g ‘L’) + By sin <\/§ 'E),
Z® (1) = A4 cos (\/g r) + B4 sin (@ r), (49)

where 4;, B;,i = 1,...,4 are arbitrary constants.

4. Closed timelike curves of the spacetime

The presented spacetime admits closed timelike curves, which appear after a certain instant and thus
violate the causality condition. There are many known solutions of the field equations that admit
closed timelike curves (CTCs) and closed timelike geodesics (CTGs) (see, e.g., Refs. [61,62] and
references therein).

Consider an azimuthal curve y defined by » = rg, z = zg, t = ty, where ro > 0, zg, and #( are
constants. From metric (4) we have

ds> = —sinh ¢ sinh? r d¢?. (50)

These curves are null at t = #9 = 0, spacelike throughout for = #y < 0, but become timelike for
t = ty > 0, which indicates the presence of CTCs. Hence CTCs form at a definite instant of time
satisfying ¢t = #9 > 0. The above analysis is valid provided that the CTCs evolve from an initial
spacelike # = const hypersurface. A hypersurface # = const is spacelike provided that g < 0 for
t < 0, timelike provided that g” > 0 for # > 0, and a null hypersurface provided that g” = 0 for
t = 0. From metric (4), we find that

g" = csch?r sech?s (8% 2% + sinh 7). (51)

The hypersurface ¢ = const = #9 < 0 is spacelike (» # 0) and can be chosen as the initial
hypersurface over which the initial data may be specified. Here we have chosen constant z-planes
defined by z = zg, where z¢ is a constant equal to zero such that the above condition is satisfied,
i.e., the t = const < 0 hypersurface is spacelike. There is a Cauchy horizon at t = 7y = 0 for
any such initial spacelike hypersurface ¢t = #y < 0. Hence, the spacetime evolves from an initial
spacelike hypersurface in a causally well behaved manner, up to a moment, i.e., a null hypersurface
t = ty = 0, and the formation of CTCs takes place from causally well behaved initial conditions in the
z = const planes. Thus the presented solution possesses a naked singularity (due to curvature scalars
and matter—energy anisotropic fluid collapse) and admits closed timelike curves, which appear after
a certain instant of time.
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5. Conclusions

In this paper, we present gravitational collapse in an axisymmetric solution of the field equations that
is regular everywhere except on the symmetry axis, where it possesses a naked curvature singularity.
The matter—energy content of the spacetime is a combination of anisotropic fluid satisfying the
energy condition collapse on the symmetry axis, and null dust (or pure radiation field) of constant
energy density (¢). The physical parameters, the energy density (p), the radial pressure (p,), and
the tangential pressure (p;) of anisotropic fluid diverge on the symmetry axis; therefore, a naked
singularity forms. A physical interpretation of this solution, based on a study of the equation of
the geodesic deviation, was presented. It was demonstrated that this solution depend on the terms
describing the matter—energy content, which consists of two different components: the null dust field
(¢) and the anisotropic fluid. A special case of the spacetime leads to a conformally flat metric with
anisotropic fluid, as in the matter—energy content satisfying the energy conditions. Additionally, the
rotating spacetime admits closed timelike curves (CTCs), which appear after a certain instant of
time. These curves evolve from an initial spacelike hypersurface in a causally well behaved manner
in z = const planes.
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