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Abstract Over the decades, testing gravitational red-shift
(GRS) based on microwave links has made great process,
including the GPA experiment, the planned Atomic Clock
Ensemble in Space mission, and the China Space Station
(CSS). Until now, the formulations of microwave links are
almost all based on the time comparison. However, there are
advantages of using frequency comparison instead of time
comparison to test GRS. Here we develop a tri-frequency
combination method based on the measurements of the fre-
quency shifts of three independent microwave links between
a space station and a ground station. Aiming at the frequency
links’ accuracy of 3 × 10−16, we should consider various
effects, including the Doppler effect, second-order Doppler
effect, atmospheric frequency shift, tidal effects, refraction
caused by the atmosphere, and Shapiro effect, with accu-
racy levels of tens of centimeters. The CSS will complete
construction in 2022, and the formulation proposed in this
study will enable us to test GRS at an accuracy level of at
least 2 × 10−6, which is one order higher than the present
accuracy level of 7 × 10−5.

1 Introduction

General relativity theory (GRT) [1] has three classic predic-
tions: Mercury precession, light deflection and gravitational
red-shift (GRS). The first and second ones have been con-
firmed respectively by Einstein himself [1] and a group led
by Eddington [2], but the GRS was not tested until 1960.

The first direct experimental verifications of GRS are the
series of Pound–Rebka–Snider experiments during 1960–
1965 [3,4], who observed the shift using a Mössbauer emit-
ter and absorber at the Jefferson Physical Laboratory tower
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at Harvard University. Later, there is an around-the-world
experiment. Four cesium beam clocks were used to fly around
the world on commercial jet flights during several days in
October 1971, and they flew in opposite directions while
recording the time differences [5]. Additionally, other types
of experiments measure the shift of spectral lines in the Sun’s
gravitational field since 1960 [6]. A solar redshift experiment
carried out with the Galileo space probe tested the GRS to 1%
accuracy [7]. The most famous test was obtained by the Grav-
ity Probe A (GPA) mission in June 1976, which launched
a hydrogen maser onboard a sounding rocket to a height of
10,000 km [8]. During its flight, frequency comparisons were
conducted between the maser on the rocket and a correspond-
ing maser on the ground. The uncertainty on the measurement
of GRT is 7 × 10−5 [9]. Until now, the most precise indirect
tests were performed by eccentric Galileo satellites. The tests
were based on the satellites GSAT-0201 and GSAT-0202 of
the European Global Navigation Satellite System (GNSS)
Galileo, which were accidentally delivered on elliptic instead
of circular orbits. Two research teams simultaneously pub-
lished papers with precision of (0.19 ± 2.48) × 10−5 [10]
and (4.5 ± 3.1) × 10−5 [11].

To further improve the precision of testing GRS, scien-
tists can obtain benefits from some space missions, such as
the Atomic Clock Ensemble in Space (ACES), the Space–
Time Explorer and QUantum Equivalence Space Test (STE-
QUEST) [12], China Space Station (CSS) mission.

The ACES experiment [13–16], which will be installed
onboard the International Space Station (ISS), is an ESA-
CNES mission mainly planned to test the GRS. Equipped
with atomic clocks of fractional frequency instability and
inaccuracy of (1−3)×10−16, it aims to test the GRS at a level
of 2 × 10−6 [14,15], which is one and a half orders of mag-
nitude higher than the GPA experiment. The main onboard
instruments are an active hydrogen maser (SHM) and a
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cold cesium atomic clock (PHARAO). The PHARAO clock
reaches a fractional frequency stability of 1.1 × 10−13√τ ,
where τ is the integration time in seconds, and an accuracy
of a few parts in 1016 [15]. Meanwhile, SHM demonstrates a
fractional frequency instability of 1.5 × 10−15 after 10,000 s
of integration time. ACES enables frequency/time compar-
isons between ISS and ground stations by using two kinds
of independent time & frequency transfer links (Microwave
Links (MWL) and European Laser Timing (ELT) optical
link) to test GRT and develop various applications, for
instance in geodesy and time & frequency metrology [14,15].
These science objectives are closely related to the MWL per-
formance [17], and its performance plays a key role in this
study. MWL uses the one uplink and two downlinks to trans-
fer time and frequency and will perform with time deviation
better than 0.3 ps at 300 s, 7 ps at 1 day, and 23 ps at 10 days
of integration time [18].

Similar with ACES mission, CSS will also be equipped
with an active hydrogen maser, a cold microwave atom clock
and an optical atomic clock, being able to transmit microwave
links and optical links. The relevant frequency parame-
ters related to the hydrogen maser and the cold microwave
atom clock are at the same level with those of ACES, but
the frequency stability of the optical atomic clock will be
8×10−18/day [19,20], which will greatly improve the accu-
racy of testing GRS. Since CSS is under construction and
the detailed report of CSS payloads have not been officially
released, our paper will focus on general performances of
ACES payloads and MWL, which could be applied to CSS
time and frequency experiments.

Concerning the ACES mission, some studies have addre-
ssed the test of GRS based on time comparison [17,21,22],
but there are few publications related to the frequency com-
parison. Frequency links and comparisons will be available
on CSS mission. Compared with time comparison, frequency
comparison has the following advantages: (1) it will not be
influenced by phase ambiguity because the latter is only rel-
evant in ranging but not in frequency comparison measure-
ments; (2) it can determine the gravitational potential within a
short time interval, while for time comparison, we must accu-
mulate data to solve the time changing rate to deduce the GRS
value. However, the accuracy of measuring the short-term
frequency is largely constrained, which implies that we must
also accumulate observations to obtain results with higher
accuracy.

In this study, we propose a new formulation to obtain the
gravitational potential difference between a space station and
a ground station by combining three observed frequencies,
referred to as tri-frequency combination (TFC). For the one-
way frequency transfer model with a precision requirement
of 10−16, we adopt a formulation accurate to c−3 order in
free space without medium, which was proposed by [23].
For our theoretical contributions, we extended the model

of [23] from free space (vacuum) to real space with media
(see Sect. 2 and Appendix A) and formulated the approach
to eliminate the first-order Doppler frequency shift (simply
Doppler frequency shift hereafter) with considering the time
offset among three links (see Sect. 3 and Appendix B). Our
final TFC model can successfully eliminate all types of fre-
quency shifts to the order of 10−16. To verify our model and
analyze the demanded magnitude of parameters, we designed
simulation experiments considering the real orbit, reliable
clocks noises, real atmosphere and real gravity (see Sect. 5).

2 One-way frequency transfer between space and
ground station

Since we are unknown of the exact carrier frequencies of
the CSS microwave links, we formulate the model based on
ACES MWLs. The ACES mission uses two different anten-
nas: one Ku-band antenna for uplink and downlink and one
S-band antenna for only downward signals. It uses the uplink
of carrier frequency 13.475 GHz (Ku band, and the frequency
shift will be broadcast to the ground station afterwards) and
downlinks of carrier frequency 14.70333 GHz (Ku band)
and 2248 MHz (S band) [13], denoted respectively by f1,
f2, and f3 throughout this study. The testing precision (will
be demonstrated in Sect. 4) is 2 × 10−6; thus, we need a
frequency transfer model to the level of 1 × 10−16, which
requires a relativistic model to the order of c−3.

First, we consider a downlink from space station A
to ground station B. The frequency transfer ratio fA/ fB
between proper frequencies fA and fB is determined by the
clocks at A and B. In practice, this is achieved using the
transmission of photons from A to B, expressed as [23]

fA
fB

=
(

fA
νA

)(
νA

νB

)(
νB

fB

)
(1)

where νA and νB are the proper frequencies of the photon at
A and B. In a general relativistic framework, the proper fre-
quency shift (in this paper, all frequency shifts are fractional)
of the photon from A to B is expressed by [23]

νB

νA
=

1 − 1
c2

[
UE (rA) + v2

A
2

]

1 − 1
c2

[
UE (rB) + v2

B
2

] qB

qA
. (2)

The first factor on the right-hand side is the sum of the GRS
and transverse Doppler frequency shift, andUE is Newtonian
potential of the Earth in the frame of Earth-Centered Earth-
Fixed (ECEF). We denote radial vectors rA = xA (tA) and
rB = xB (tB), so rA = |rA|, rB = |rB|. vA = vA (tA) and
vB = vB (tB) are the coordinate velocities. To the required
order of 1/c3, the last factor in Eq. (2) is obtained from [23]
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qA = 1 − NAB · vA

c

−4GME

c3

(rA + rB)NAB · vA + RAB
rA·vA
rA

(rA + rB)2 − R2
AB

(3)

qB = 1 − NAB · vB

c

−4GME

c3

(rA + rB)NAB · vB − RAB
rB·vB
rB

(rA + rB)2 − R2
AB

(4)

with RAB = rB −rA, RAB = |RAB|, and NAB = RAB/RAB.
The last terms in Eqs. (3) and (4) are caused by curved
geometry in the general relativistic framework, referred to as
Shapiro effect. To calculate the Shapiro effect, it is accurate
enough to take the Earth as a spherically symmetric unform
body [23].

Using simplified notations

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

AShap = 4GME
c3

[
(rA+rB)NAB·vA+RAB

rA ·vA
rA

(rA+rB)2−R2
AB

− (rA+rB)NAB·vB−RAB
rB ·vB
rB

(rA+rB)2−R2
AB

]

Arel =
1− 1

c2

[
UE(rA)+ v2

A
2

]

1− 1
c2

[
UE(rB)+ v2

B
2

]

Adop = 1−NAB·vB
c

1−NAB·vA
c

(5)

we have

νB

νA
= Arel

(
Adop + AShap

)
. (6)

Equations (5) and (6) hold only in vacuum. In a real space
with medium, electromagnetic waves experience a change in
direction of propagation or refractive bending when they are
transmitted through the atmosphere, which is divided into
the troposphere (0–60 km) and ionosphere (60–2000 km).
Because of the refraction phenomenon, the direction of the
refracted ray at the space station slightly differs from the
unrefracted line-of-sight direction [24], as Fig. 1 shows. This
phenomenon has significant applications in the GPS/MET
(Global Positioning System/Meteorology) experiment [25]
and will cause a slight change of Doppler effect in Eq. (6).
Here, by defining Ādop as Doppler frequency considering the
atmosphere, we have

νB

νA
= Arel

(
Ādop + AShap

)
. (7)

The refractive index in the ionosphere is relevant with the
carrier frequency, but the refractive index in troposphere is
nearly irrelevant with it. Therefore, for all links f1, f2 and f3,
supposing that they are simultaneously emitted, the bending

Fig. 1 Principle of ray refraction through the atmosphere for a space
station. r is distance from the Earth center, β is the angle between the
tangent of the electromagnetic wave and the normal of the layer, θ is
the angle between AB line direction and layer normal, and γ is the
complementary angle of θ

effects of the troposphere are approximately identical, which
makes it easy to wipe out the tropospheric part. For the iono-
spheric part, to the order of f −2, we have [25,26]

n = 1 − 40.3
ne

f 2 (8)

where ne is the electron density per cubic meter; high orders
such as f −3 are neglected because they are at least two mag-
nitudes smaller than the order of f −2 [27], which we will
discuss later.

In the phase form, Doppler frequency shift is given by
phase path P of the radio wave [26,28–30]:

Δ fdop = − f

c

d P

dt
= −1

λ

dP

dt
(9)

where the velocity of the source induces a change in λ, and
the velocity of the observer changesdP/dt . Thus, in vacuum,
the first-order Doppler frequency shift can be derived in terms
of Adop, as expressed by Eq. (5).

More specifically, we have [31]

Δ fdop = − 1

λ

(∫ B

A

∂n

∂t
cos αds + nBTB · vB − nATA · vA

)

(10)

where T is the unit vector of the wave normal, n is the refrac-
tive index, and α is the angle between the wave normal and
the ray direction. Suppose the atmosphere is an isotropic
medium, the refractive index is nearly independent of ray
directions, and α = 0 [32]. From Eq. (10), the atmospheric
influence can be explained by two reasons: the refractive
index varies with time [28,29], and the wave path varies
because the observer moves [33].

Due to the velocity of the source, the wavelength of the
signal is expressed as

λ = λ0

(
1 − nATA · vA

c

)
. (11)
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Considering Ādop defined in Eq. (7), with considering
Eqs. (10) and (11), we have

Ādop = f + Δ fdop

f
= 1 − nBTB·vB

c − ∫ B
A

∂n
∂t cos αds

1 − nATA·vA
c

. (12)

With the height of a space station of approximately 400 km
[13], the space-ground links lie in the middle layer of the
ionosphere. The integral term of the refractive index in
Eq. (12) can be expressed as the sum of the ionospheric and
tropospheric parts, and if setting α = 0, we have [30]

∫ B

A

∂n

∂t
cos αds = −40.3

c f 2

d

dt

∫
Li
neds

+1

c

d

dt

∫
Lt

(M1 + M2) ds (13)

where ne is the electron density along the trajectory, M1 =
77.6×10−6 p/T , and M2 = 0.373ε/T 2 with temperature T ,
total pressure p and partial pressure of water vapor ε along
the trajectory.

For this expansion, we neglect high order terms and
rewrite Eq. (12) as

Ādop = 1 − nBTB·vB
c

1 − nATA·vA
c

+40.3

c f 2

d

dt

∫
Li
neds − 1

c

d

dt

∫
Lt

(M1 + M2) ds (14)

where (referring to Appendix A)

1 − nBTB·vB
c

1 − nATA ·vA
c

=
[

1 − NAB · vB

c
+ vBxδB sin γB − vByδB cos γB

c

− (M1 + M2)NAB · vB

c

]/[
1 − NAB · vA

c

− vAxδA sin γB − vAyδA cos γB

c
+ 40.3neNAB · vA

c f 2

]
(15)

where vAx, vAy, vBx, and vBy are components of velocities vA

and vB of space station A and ground site B projected in the
refraction plane in Fig. 1, and δA and δB are deviated angles
from the line of sight. More details are referred to Appendix
A.

In summary, focusing on the effect of the variation of the
refractive index and wave path, we can obtain the expres-
sion of Ādop. Then, the following effects are separated
from each other: the refraction part (not time-varying parts),
ionospheric and tropospheric frequency shift (time-varying
parts), and Shapiro effect. Thus, the one-way frequency trans-
fer model can be written as

νB

νA
= Arel

(
Adop + δ frefr + δ fion + δ ftrop + AShap

)
(16)

Fig. 2 MWL principle (modified after [34]). At time t1, the ground
station emits signal f1 to the space station, which is received at time t2.
Meanwhile, two signals f2 and f3 are emitted to the ground station at
time t3 and t4 (they are approximately equal to t2), which are received
at time t5 and t6

where

δ frefr = (vAxδA + vBxδB) sin γB − (
vAyδA + vByδB

)
cos γB

c

− (M1 + M2)NAB · vB

c
− 40.3neNAB · vA

c f 2

δ fion = 40.3

c f 2

d

dt

∫
Li
neds

δ ftrop = −1

c

d

dt

∫
Lt

(M1 + M2) ds (17)

where Arel, Adop, AShap are defined in Eq. (5), δ frefr is the
bending effect on Doppler frequency shift, which is caused
by refraction, δ fion and δ ftrop are atmospheric effects caused
by the time-varying refractive index. For the ACES links,
estimates show that the magnitude of δ fdop is approximately
10−5; δ frel is approximately 10−10 [23]. The magnitudes of
the quantities δ fion, δ fion and δ ftrop will be investigated in
simulations in Sect. 5.

3 Formulation to test GRS

3.1 Tri-frequency combination

Although all of these links are independent and can be syn-
chronized afterwards by data processing, the synchronization
error may cause severe residual errors. In this study, we list
coordinate time t1 ∼ t6 to identify six events and use a com-
bination of three frequency links to test the GRS, as Fig. 2
shows. Later, we will analyze the required synchronization
precision to test GRS at the 2 × 10−6 level.

In our formulation, we use a nonrotating geocentric space-
time coordinate system. When we mention time, it refers to
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coordinate time. At time t1, Ku-band signal f1 is emitted
and received by the space station at time t2. Meanwhile, two
signals f2 and f3 are emitted from the space station at time
t3 and t4, respectively, and received by the ground station at
time t5 and t6, respectively. If we define a time interval by
Ti j = t j − ti , T23 and T34 will theoretically be synchronized
to zero, but in practice, there is a difference between them.

For frequency links f1 = 13.475 GHz, f2 = 14.70333
GHz and f3 = 2248 MHz (these values are provided by
ACES), the third link is of low frequency, which greatly suf-
fers from ionospheric effects. Suppose T34 is extremely small
(< 1µs), the only different error between link 2 and link 3 is
the ionospheric error, because other shifts in link 2 and link 3
are close. We define f ′

1, f ′
2 and f ′

3 as the received frequencies
corresponding to emitted frequencies f1, f2 and f3.

If we divide frequency shift f ′
2/ f2 by frequency shift

f ′
3/ f3, based on Eqs. (5), (16) and (17), the first-order

Doppler effect, relativistic effects (including second-order
Doppler effects and GRS) and tropospheric effects are can-
celled, obtaining

f2′

f2

/
f3′

f3
= 1 +

(
1 − f 2

2

f 2
3

)[
40.3

c f 2
2

d

dt

∫
Li
neds

+
(
vAxδ

ion
A + vBxδ

ion
B

)
sin γB

c

−
(
vAyδ

ion
A + vByδ

ion
B

)
cos γA

c
+ 40.3neNAB · vA

c f 2
2

]

(18)

where δion
A and δion

B are the refractive angles inversely propor-
tional to the square of the carrier frequency (see Appendix
A). In our simulations, these variables have magnitudes of
10−5 rad. We note that all terms in the square brackets in
Eq. (18) are inversely proportional to the square of the car-
rier frequency.

Referring to Fig. 2, the ground station has moved a certain
distance (approximately 1 meter at present case) from t1 to
t5; thus, the first-order Doppler frequency shift cannot be
completely cancelled from Eq. (16). By the same technique,
we divide frequency shift f ′

1/ f1 by frequency shift f ′
2/ f2,

obtaining

f1′

f1

/
f2′

f2

= m1

m2

⎡
⎣ 1− 1

c2

(
UB1+ v2

B1
2

)

1− 1
c2

(
UA2+ v2

A2
2

)
(

1− NB1A2 ·vA2
c

1− NB1A2 ·vB1
c

− AShap,link1

)⎤
⎦

⎡
⎣ 1− 1

c2

(
UA3+ v2

A3
2

)

1− 1
c2

(
UB5+ v2

B5
2

)
(

1− NA3B5 ·vB5
c

1− NA3B5 ·vA3
c

− AShap,link2

)⎤
⎦

(19)

where Bi is the position of the ground station at time ti , and
Ai is the position of the space station at time ti . Here, m1/m2

is the solved ionospheric part

m1

m2
= 1 +

(
f 2
2

f 2
1

− 1

)[
40.3

c f 2
2

d

dt

∫
Li

d

dt
neds

+
(
vAxδ

ion
A + vBxδ

ion
B

)
sin γB

c

−
(
vAyδ

ion
A + vByδ

ion
B

)
cos γA

c
+ 40.3neNAB · vA

c f 2
2

]

(20)

where the terms in the square brackets appeared in Eq. (18)
are related to ionospheric effects. Combining Eqs. (18) and
(20) gives rise to the following relation

m1

m2
= 1+

(
f 2
2

f 2
1

− 1

)(
f 2
3

f 2
3 − f 2

2

)(
f2′

f2

/
f3′

f3
− 1

)
. (21)

If the difference in space parameters of the space sta-
tion and ground station at different time points is ignored,
the Doppler effect in Eq. (19) can be directly eliminated.
However, at different time points such as t2 and t3, spatial
parameters of the space station will be moderately different,
which results in Doppler residuals in Eq. (19). According to
Appendix B and accurate to the order of c−3, we have

f1′

f1
/
f2 ′

f2
= m1

m2

{[
1 −

(
NA3B5 · vA3

c

)2

+ 2 (NA3B5 · vA3) (NA3B5 · vB5)

c2 − 2vA3 · vB5

c2 + K1T23

]

/[
1 +

(
NA3B5 · vB5

c2

)2

− 2v2
B5

c2 − 2RA3B5 · aB5

c2 + K2T23

]

− AShap,link2

}
·
[

1 − 1

c2

(
UB5 −UA3 + v2

B5 − v2
A3

2

)]2

(22)

K1 = NA3B5 · (vB5 − vA3) (NA3B5 · vA3)

cRA3B5

− (vB5 − vA3) · vA3

cRA3B5
− NA3B5 · aA3

c

K2 = NA3B5 · (vB5 − vA3) (NA3B5 · vB5)

cRA3B5

− (vB5 − vA3) · vB5

cRA3B5
(23)

where m1/m2 is determined by Eq. (21); AShap,link2 is a
term of c−3; since the magnitudes of T23 and T15 are at
most c−1, the difference between AShap,link1 and AShap,link2

in Eq. (21) is at most c−4, which is negligible, as is the dif-
ference between v2

a2/c
2 and v2

a3/c
2.

3.2 Test of GRS

In a static gravitational field, suppose that two atomic clocks
are located at different positions. Then, we compare their
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frequencies by a certain frequency transfer method. Based
on general relativity, the GRS between clocks is proportional
to their gravitational potential difference ΔU , expressed as

Δν

ν
= ΔU

c2 . (24)

To test the GRS by a standard convention, parameter α is
introduced via the following expression [35]

z = Δν

ν
= (1 + α)

ΔU

c2 (25)

where α vanishes when Einstein equivalence principle (EEP)
is valid.

In our study, we develop a similar equation using another
parameter β

z = ΔUm = (1 + β)ΔU (26)

where ΔUm is the measured gravitational potential differ-
ence by Eqs. (22) and (23), and ΔU is the standard grav-
itational potential difference developed by the Earth grav-
ity field model. There are testing errors in both ΔUm and
ΔU , and the corresponding uncertainties should be calcu-
lated using the following equation

u =
√
uΔU2

m + (1 + β)2uΔU2 (27)

where uΔUm and uΔU are the uncertainties of ΔUm and ΔU ,
respectively.

3.3 Error sources

Generally, errors are divided into systematic errors and ran-
dom errors. All of the aforementioned errors are systematic
errors, including Doppler frequency shift, atmospheric fre-
quency shift (including ionospheric, tropospheric and refrac-
tive frequency shift), relativistic frequency shift and Shapiro
frequency shift. These frequency shifts can be eliminated
using our TFC model. However, there are still residuals which
need to be considered. These residuals and tidal effects will
be discussed in Sect. 4.

Random errors are caused by devices (e.g., atomic clocks,
cables and emitters) and measurements (e.g., velocities and
accelerations in Eqs. (22) and (23)). Clocks suffer from many
kinds of noises that can hardly be modelled. Without the
noise components of the space clocks, we can only simulate
the clock data to approach the true performance. For mea-
surement noises, the accuracy for parameters rA, vA, aA and
T23 must be carefully controlled. In Sect. 5 we will discuss
the parameter demands using simulated observations.

4 Residual errors

Although Sect. 3.1 provides a practical calculation model to
test GRS using the TFC method, there are residual errors due
to some kinds of approximations in the model derivation. In
addition, for the purpose of this study, we did not consider
the influences caused by planets.

The model of the TFC method can be summarized by
Eqs. (21)–(23). In step one, frequency shifts of downlinks 2
and 3 are divided to obtain the ionospheric part; then, fre-
quency shifts of uplink 1 and downlink 2 are divided. In
step two, we substitute this result with the calculated resid-
ual Doppler effect and ionospheric part, so the gravitational
potential difference can be calculated.

4.1 Doppler residual errors

For Doppler residuals in Sect. 3.1, we only consider Doppler
shift difference between link 1 and link 2 while ignoring that
of link 2 and link 3. Since the time difference of link 2 and link
3 is less than 1µs (T34 < 1µs), and they are both downlinks,
Doppler shift difference between link 2 and link 3 is much
smaller. Supposing that T34 is 100 ns, we take similar notes
as Sect. 3.1 and Appendix B: A denotes time t3, B denotes
time t5, B ′′ denotes time t4, and A′′ denotes time t6. Based
on the spatial relation, we have

T56 = T34 − vA · RAB

c2 + vB · RAB

c2 . (28)

With a numerical calculation with Eq. (28), we find that the
numerical difference between T34 and T56 is tens of nanosec-
ond, which implies that both T34 and T56 are in the order of
magnitude of c−2 and must be corrected. Calculations show
the Doppler shift difference between link 2 and link 3

1 − NA′′B′′ · vB′′

c

1 − NA′′B′′ · vA′′

c

−
1 − NAB · vB

c

1 − NAB · vA

c

= (NAB · vB)

c3

[NAB · (vB − vA)]2 − (vB − vA) · vBNAB · (vB − vA)

c3

− (RAB · aB)NAB · (vB − vA)

c3 +
[

[NAB · (vB − vA)]2

cRAB

− (vB − vA)2

cRAB
− NAB · (aB − aA)

c

]
T34. (29)

Numerical calculations show that, |NAB · vA/c| ≤ 2.6 ×
10−5, |NAB · vB/c| ≤ 1.6 × 10−6,

∣∣RAB · aA/c2
∣∣ ≤ 1.7 ×

10−10,
∣∣RAB · aB/c2

∣∣ ≤ 7 × 10−13, and the largest part in

Eq. (29) is [NAB·(vB−vA)]2

cRAB
T34, which will achieve 3 × 10−14.

Hence, assuming that T34 = 100 ns, the maximal Doppler
residual errors caused by link 2 and link 3 are 3×10−14. Since
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(
f 2
2
f 2
1

− 1

)(
f 2
3

f 2
3 − f 2

2

)
in Eq. (21) is approximately −0.0053,

this error will affect GRS Eq. (22) by a magnitude of 1.5 ×
10−16.

In Appendix B, we show the relevant approximations. We
neglect the terms of c−4, whose value are less than 10−17.

In summary, the maximal Doppler residual errors are 1.5×
10−16.

4.2 Atmospheric residual errors

In the expansion of the ionosphere refractive index, the terms
of f −3 cannot be eliminated by our TFC method and have
not been considered in the former sections. According to the
study of [36], the f −3 terms of GNSS signals (L band) is
approximately one in a hundred of f −2 terms. By reckoning
of our simulations, final effects caused by the f −3 terms will
be approximately 1 × 10−15. Because of its variability and
randomness, these errors will be effectively weakened to a
considerably small value by averaging with a mass of data.
The simulations in Sect. 5 will demonstrate that this effect
can be lower than 10−16.

Moreover, there is a common residual error, that is, the
atmospheric frequency shift will change with the location
and time of links. Due to the location difference between link
1 and link 2, the ground station moves about 1 m from t1 to t5.
However, the spatial and temporal variations are very small,
so it is difficult to analyze the difference of ionospheric and
tropospheric frequency shifts. In general, the atmospheric
composition changes on a large spatial scale, so this effect is
ignored here.

4.3 Relativistic residual errors

The calculation of relativistic effects will also cause residu-
als. There are differences among relativistic effects of links
1, 2 and 3. However, in our analysis, we consider it a constant
value. The relativistic differences between link 2 and link 3
are much smaller than those between link 1 and link 2 (the
time difference is much smaller), so we will only consider
the differences between link 1 and link 2. Relativistic effects
include GRS effect and transverse Doppler effect. Regard-
less of ground displacements such as the solid Earth tide, the
GRS effect only varies with the space station, but the trans-
verse Doppler effect varies with both the space and ground
station. Based on simulated data, the gravitational potential
of space station varies by 100 m2/s2 per second. However,
T23 is at most 1 µs, so the GRS difference between link 1
and link 2 is approximately 10−20.

The transverse Doppler frequency shift is proportional to
the square of velocity, and its differential expression is

|d ftrans| = v

c2 dv = va

c2 dt. (30)

Assuming that T23 = 1 µs and T15 = 2 ms, the maximal
transverse Doppler frequency shift errors caused by the space
and ground station are 7.6 × 10−19 and 3 × 10−19, respec-
tively. Thus, the maximal transverse Doppler frequency shift
error is around 1 × 10−18.

4.4 Tidal effects

With regard to ground displacements, the relativistic effects
have other residuals. According to IERS convention 2010
[27], displacements of reference points are divided into three
categories: (1) Tidal motions (mostly near diurnal and semid-
iurnal frequencies) and other accurately modeled displace-
ments of reference markers (mostly at longer periods); (2)
other displacements of reference markers including nontidal
motions associated with the changing environmental loads;
(3) displacements that affect the internal reference points in
the observing instruments.

We are interested in the first two types. Tidal motions
include solid, ocean and polar tides. The solid tide has the
largest magnitude, which will be tens of centimeters [27,37].
Other displacements include nontidal mass redistributions in
the atmosphere, oceans, sea-level variations, etc., but their
amplitude is much smaller (at most several centimeters) [38].
Crustal deformation and plate motions also contribute to the
parameters (rB, vB, aB), which can be predicted by the tec-
tonic model NUVEL-1 NNR of [39]. However, the numeri-
cal value of its kinematic vectors shows that the rate is only
approximately several centimeters per year or hundreds of
centimeters per day, which is 4 orders of magnitude smaller
than the solid Earth tide (∼ tens of centimeters per day).
Therefore, we will take the solid Earth tide as the dominant
contribution.

Based on the IERS convention, we estimated the equato-
rial displacement, with the maximum value being 0.32 m. If
a sine function is used to estimate the change in displace-
ment with time, we assume that all tides are diurnal tides,
and the effect of the tides on the velocity is 4.65 × 10−5 m/s.
According to those estimates, the magnitude of the position
and velocity vectors affects the residual Doppler terms in
(22) and (23) by at most 6.76 × 10−17, which is much less
than the Doppler residuals analyzed in Sect. 3.1.

The solid Earth tide causes displacements and gravi-
tational potential disturbance. The maximum tidal poten-
tials caused by the moon and the sun are 4.41 m2/s2 and
1.60 m2/s2, respectively [40]. With regard to Love numbers
h, l and k, the gravitational potential tide will be 3.74 m2/s2,
which is equivalent to a GRS of 4.2×10−17, which is mainly
caused by the semidiurnal tide.

Based on the above discussion in Sect. 4, the residual
amount of each frequency shift is shown in Table 1. Among
them, the Doppler frequency shift and ionosphere-related fre-
quency shift are relatively large and can be manually elimi-
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Table 1 Relative magnitudes and residual amount of each frequency
shift in the TFC method

Type Magnitude Residual

Doppler frequency shift 10−5 ∼ 10−6 < 1.5 × 10−16

Ionospheric frequency shift 10−10 ∼ 10−12 ≤ 1 × 10−15

Tropospheric frequency shift 10−13 ∼ 10−14 < 1 × 10−18

Gravitations red-shift (GRS) ≤ 10−11 –

Tidal effects on GRS 4.2 × 10−17 –

Transverse Doppler frequency shift 10−10 ∼ 10−11 < 1 × 10−18

Shapiro frequency shift ≤ 10−14 < 1 × 10−18

Table 2 Geographical parameters of Observatoire de Paris (OP)

Parameters Latitude Longitude Height Gravitational potential

Values 48.836◦ N 2.336◦ E 124.2 m 62,573,855.538 m2/s2

nated if possible. The ionospheric part is difficult to manually
eliminate, as demonstrated in further research (Sect. 5).

5 Simulation experiments and results

Since CSS is under construction, relevant parameters are not
yet publically released. To test our theory and formulations,
we present simulation experiments based on the onboard-
ing ISS and the publically released information of ACES
mission. Namely, we simulate the datasets of the ISS’ real
orbit, the ionosphere and troposphere models, the widely
used gravity field model EGM2008 [41], the solid Earth tide
model [40], and the simulated clock data by a conventionally
accepted stochastic noises model [42,43]. Since the time-
frequency system on board the CSS is similarly configured
as ACES, our simulation results are also suitable for the CSS
time-frequency system.

5.1 Simulation setup and experiments

In our simulations, we select the station Observatoire de Paris
(OP) as the ground station with geographical parameters as
shown in Table 2. In Sect. 3.3, we discussed that the mag-
nitude of the tidal effect on GRS is approximately 10−17;
nonetheless, in addition to the objective accuracy of 10−16,
we still added the tidal effect to the simulation experiment.
When tidal effects are neglected, the relevant parameters in
ECEF related to the ground station OP are considered con-
stant, as shown in Table 2. Other parameter settings in our
experiment are listed in Table 3.

Figure 3 shows the procedures of the simulation experi-
ments. The observations in our simulation experiments are
carrier frequency values of ACES, which are denoted as f ′

1,

f ′
2, and f ′

3, as described in Sect. 2. We can use a combination
of f ′

1/ f1, f ′
2/ f2, f ′

3/ f3 (as Sect. 3 demonstrates) to calcu-
late the gravitational potential difference between ISS and
ground station and test the GRS.

To obtain the received frequency values ( f ′
1, f ′

2, and f ′
3),

the original emitted frequency values and various types of
frequency shifts are required: (1) Originally emitted fre-
quency values of f1, f2, and f3, and clock noises (including
devices noises); (2) frequency shifts including Doppler fre-
quency shift, relativistic frequency shift (including second-
order Doppler shift and GRS), atmospheric frequency shifts
(including ionospheric and tropospheric parts), and tidal
effects. To calculate these effects, we must have the position,
velocity and acceleration information, which can be derived
from the orbits of ISS and moving positions of the ground
station. To select observable data, we set the condition that
the observation elevation angle should be larger than 15◦.

First, we must solve the emitted frequency values, which
are frequency series composed of the given frequencies f1,
f2, f3 and clock noises. Based on the stochastic noise nature
of the clocks, there are five types of clock noises: Random
Walk FM (frequency modulation), Flicker FM, White FM,
Flicker PM (phase modulation) and White PM [42] with
spectral densities of the types f −2, f −1, f 0, f 1 and f 2,
respectively.

Before starting our experiments, we provide samples of
the simulated clock frequency noise series in Fig. 4. We
simulated five pure types of noises with similar magnitudes
(Fig. 4a–e) and their sum (Fig. 4f). The data length is 20,000.
Figure 4a shows a strong trend, Fig. 4b shows little trend and
some periodic patterns, and Fig. 4c–e show irregular pat-
terns. White and random walk noises are the simple types
[43]. Flicker noises were calculated by the AR (autoregres-
sive) model [44].

In simulations, we took White FM as the dominant part
because Allan deviation performance of PHARAO is very
similar to that of pure white FM, and we simulated 864,000 s
of clock data with sample intervals of 1 s. The modified Allan
deviation (MDEV, [42]) of our simulated data is shown in
Fig. 5, and its performance is similar with previous studies
[13,15]. Figure 5 shows a potential of long-term stability of
10−16. With these clock data, we succeeded in the first step:
the emitted frequency values were generated.

In the experiment, to simulate the orbit, we use the daily
orbit elements to calculate. The TEC (Total Electron Content)
data are interpolated from the grid data, which are derived
from CDDIS (The Crustal Dynamics Data Information Sys-
tem). Using the TEC data and time-varying rate, we can
simulate the ionospheric frequency shift. The refractive fre-
quency shift caused by the ionosphere is calculated by the
refractive angle, which is integrated from the layered struc-
ture model [25] of ionosphere. The troposphere is calculated
by the zenith tropospheric delay (ZTD) of the dry and wet
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Table 3 Relevant parameters in
the simulation experiment

Parameter Value Parameter Value

Earth radius R 6,378,137 m Threshold of observation elevation 15◦

Earth flatness e2 0.006694 Light speed in vacuum c 299,792,458 m/s

T23 1 × 10−6 s Peak ionospheric height 200 km

T34 1 × 10−7 s Peak electron density 3 × 1012 m−3

Gravitational constant GM 3.9860 × 1014 N m2/kg Doodson’s constant 26,277 cm2/s2

Fig. 3 Diagram of the simulation experiments. The superscripts in red
in this figure indicate that: 1. six orbit elements obtained from http://
spaceflight.nasa.gov/; 2. TEC data obtained from ftp://cddis.gsfc.nasa.
gov/; 3. Model of the refractive index varying with height; 4. Wet and
dry ZTDs obtained from http://ggosatm.hg.tuwien.ac.at/

a b

c

e f

d

Fig. 4 Sample of simulated clock noises. a Random walk FM series;
b Flicker FM series; c White FM series; d Flicker PM series; e White
PM series; f Sum of those five types of noises. Units of the vertical and
horizontal axes are ns and 104 s, respectively

components, and the projection function adopted the Vienna
Mapping Function (VMF1) mode. The refractive frequency
shift caused by the ionosphere is not calculated because this
part is independent of the carrier frequency and easy to elim-
inate. We adopted EGM2008 [41] for gravitational potential
models. We considered the effect of the tidal effect on the
ground gravitational potential because this is the main source
of residual error in GRS. For this part, we first calculated the
Earth tide generated potential from parameters of periodic
tides [40] using the method of harmonic analysis. Then, we
considered Love numbers and solved the gravitational poten-
tial tide. Combining with the analysis in Sect. 4, we did not

Fig. 5 Modified Allan Deviation (MDEV) of the simulated clock
errors. The points refer to the calculated MDEV data, and the line is
fitted from the points

Fig. 6 ISS’s track of the subsatellite point. The red part of the curve
denotes the position of ISS that can be directly observed, and the blue
part of the curve denotes the trajectory of an entire circle

consider the indirect tidal effect on the coordinates varia-
tions of the ground station because this indirect tide is much
smaller than other residual errors.

ISS is flying in an orbit with an inclination of 51.6◦ and
a period of 5400 s, and its track of the subsatellite point is
shown in Fig. 6. In this figure, the red part is where we can
observe. Because ISS is flying in a low orbit with a large
velocity, each pass over the ground station will last approxi-
mately 600 s at most [17]; for our elevation threshold of 15◦,
we can only observe approximately 300 s per pass.
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Fig. 7 Track of the subsatellite point of all passes of ISS in 29 days of
observation

5.2 Results and accuracy level of the test

For our experiment, we had 29-day simulated observations,
and ISS flew above OP 130 times in total. As shown in Fig. 7,
we drew a subsatellite point trajectory with the station OP
at the center. Because the inclination of ISS is 51.6◦, the
maximal latitude of the subsatellite point is that value.

After analyzing the orbits of ISS, we selected the time
when we could observe with elevations greater than 15◦.
Based on the position information of ISS and OP, downloaded
atmospheric parameters, gravitational quantities and various
models, we calculated all types of frequency shifts as shown
in Fig. 3, whose magnitudes are shown in Table 1. The result
shows that Doppler frequency shift is the dominant part,
while Shapiro frequency shift is the smallest part. Refraction
effects cannot be neglected because they have larger magni-
tude than the ionospheric frequency shift and tropospheric
frequency shift. In the experiment, although the residuals of
some errors (the higher-order term of the ionosphere and the
Doppler residual errors) are greater than 10−16, due to the
randomness of the errors, simulation experiments show that
after a long-term average, they can be less than 10−16.

Furthermore, we analyzed each frequency shift in a one-
way transfer (link 3, Fig. 8) and the residual of various fre-
quency shifts after applying the TFC method (Fig. 9). For the
time length, we only show one pass. Figure 8 is consistent
with Table 1, where the relativistic frequency shift appears
unchanged because the gravitational potential and velocity
norm of ISS slowly change with time. There appears to be
singularities in Fig. 8, but those are not real. When ISS was
exactly on zenith of the station, the velocity became vertical
to the line of sight (LoS), which made Doppler and Shapiro
effects extremely small and resemble a singularity.

Fig. 8 Different colored curves denote different relative frequency
shifts in a one-way transfer

Fig. 9 Residual errors of various frequency shifts

The TFC method can largely eliminate various errors, but
the analysis in Sect. 4 shows that residual errors remain.
According to Table 1, we calculated the Doppler residu-
als, ionospheric-related residuals (including ionospheric fre-
quency shift and ionospheric refraction), transverse Doppler
residuals, and tidal effects. The Doppler residual is caused
by the Doppler difference between link 2 and link 3. The
ionospheric-related residual is caused by the higher-order
ionospheric term. The transverse Doppler residual is caused
by the change in velocity. Figure 9 shows that among the
residuals of various relative frequency shifts, the largest com-
ponent is the ionospheric residual, which can reach a max-
imum of 1 × 10−15 and is often at the level of 10−16; the
second largest component is the Doppler residual, whose
maximum is 1 × 10−16; the magnitudes of other frequency
shifts are much smaller than 10−16, so they are negligible.
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a b

Fig. 10 a Various frequency shifts in a one-way link of two adjacent
epochs; b various frequency shifts in a one-way link in the 29-day
observation

These two frequency shifts should be corrected in the TFC
method model, but simulation experiments show that due
to the variability of these two frequency shifts, they can be
eliminated below 10−16 after a long-term average, so they can
be ignored. Thus, the TFC method model can indeed elimi-
nate the largest Doppler frequency shift. The magnitudes of
various residual errors are consistent with the estimates in
Table 1.

In addition to the discussed systematic residual errors,
random errors will be caused by the parameters of the ground
station and space station in the results. We will later analyze
the impact of these errors.

Figures 8 and 9 only show the fractional frequency shift
during a single flight of the space station, and Fig. 10 shows
the data for a longer time period. We define the observations
of one single pass of ISS as an epoch. Figure 10a shows
2 closed epochs, and Fig. 10b shows the entire data (130
epochs). Time intervals between two epochs are very large
and much larger than the time duration of one epoch itself.
Thus, we can solve these data epoch by epoch, obtain the
averaged results, and evaluate the results of each epoch.

Finally, we obtained the received frequency values ( f ′
1,

f ′
2 and f ′

3). Using our TFC model as Sect. 3 proposed,
we can obtain the gravitational potential differences (blue
line) and compared them with the real differences calcu-
lated by EGM2008 in Fig. 11a. The results are obtained
by only one single epoch, and the dotted line in the fig-
ure is the range of the error in the 1 − σ criterion. Fig-
ure 11b shows the gravitational potential differences after
averaging epoch by epoch. The results show that the pre-
cision is not good for data sampled per second (Fig. 11a),
which is equivalent to 250 m in height, which is within our
expectation. However, after the epoch-by-epoch averaging,
we obtained a gravitational potential (GP) difference bias
series. The precision of the gravitational potential differ-
ences has improved to approximately 218 m2/s2 (approx-
imately equivalent to an elevation of 22.2 m), as shown
in Fig. 11b. Since the slope on the MDEV plot of Fig. 5
is around −1/2, our simulated noise is approximately nor-

a

b

Fig. 11 a Various frequency shifts in a one-way link of two adjacent
epochs; b various frequency shifts in a one-way link in the 29-day
observation

Table 4 Gravitational potential difference and accuracy of test

Parameters Value Uncertainty

Model 3,834,161.3 m2/s2 3 m2/s2

Observation 3,834,165.3 m2/s2 18.6 m2/s2

Relative accuracy 1.04 × 10−6 4.91 × 10−6

mally distributed [42]. Thus we applied standard Gaussian
statistics to evaluate the uncertainty. Results are shown in
Table 4. After averaging the entire data set, we obtain a
gravitational potential difference bias of 4.0 ± 18.6 m2/s2.
Compared with the real averaged gravitational potential
difference of 3.8340 × 106 m2/s2, our testing precision
achieves (1.04 ± 4.85) × 10−6. Supposing that the grav-
itational potential difference calculated by EGM2008 has
an uncertainty of 3 m2/s2, the testing uncertainty achieves√

18.62 + 32/
(
3.8340 × 106

) ≈ 4.91×10−6; therefore, our
testing precision is (1.04±4.91)×10−6. Here, we only used
29 days of observations. With longer-period experiments, the
results will be better, considering the noise characteristics.

5.3 Accuracy requirements of relevant parameters

For the calculation of our TFC model, we examine the
requirements of the parameter precision (Table 5). To obtain
results with high precision, we need parameters to satisfy
these demands. rA and rB are the positions of ISS and the
ground station, respectively; vA and vB are their velocities;
aA and aB are their accelerations; T23 is the time offset of link
1 and link 2. All ground station parameters here can be accu-
rately obtained based on the coordinates and Earth rotation
model and do not need to be discussed in detail. Thus, we
must only study the parameters related to the space station.
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Table 5 Minimal required
accuracy of parameters
calculated based on simulation
data; in the case, the accuracy
requirement for GRS is
1 × 10−16

Parameters Demand along track Horizontal demand Radial demand

rA 240 m 689 m 465 m

vA 1.23 m/s 3.26 m/s 2.48 m/s

aA 69.6 m/s2 80.0 m/s2 65.3 m/s2

T23 5.5 × 10−7 s

These parameters are demanded for the calculation of
Eqs. (22) and (23); thus, we derived the total differential
of these equations and analyzed the differential relationship
between parameters (rA, vA, aA and T23) and gravitational
potential difference. The measurement noises are stochastic,
so after averaging, the noises will be largely weakened. Due
to this principle, based on the MDEV curve of ACES clocks,
we set a target precision of 10−13 at a sampling rate of 1
second.

According to Table 5, the requirements of orbit parameters
and acceleration parameters are easy to satisfy, and T23 is
easy to control at that level. Only the precision requirement
of the velocity is high and must be carefully solved. With
space technology nowadays, it is easy for a to satisfy these
demands. In our parameter analysis, for each analysis of one
parameter, we suppose that the other parameters are constant.
In this case, we may clearly examine the effect of the error
of each parameter on the results. In the real environment,
there are stochastic errors in all parameters. Table 5 shows
that only the velocity is the principal error source if all errors
exist. Therefore, our parameter analysis scheme is feasible.

6 Conclusion

In this study, we proposed a one-way frequency transfer
model based on the frequency transfer to order c−3 [23]
and Doppler shift considering the refractive effect [31]. This
model is established in free space and has an accuracy of
c−3. Then, we proposed the TFC method to derive the GRS
based on three frequency links. Different from other combi-
nation methods addressed to ACES [17,21] that use time
comparison, our model addresses the frequency compari-
son, which will be available on CSS mission. This com-
bination method can largely eliminate Doppler frequency
shift, atmospheric effects, etc. We also estimated magni-
tudes of the residual errors and provided models to elim-
inate them. Furthermore, we designed simulation experi-
ments to authenticate our model and analyzed the demanded
parameters. The simulation results show that the proposed
model in this study can achieve a relative accuracy level of
β = (1.04 ± 4.91) × 10−6.

Equipped with atomic clocks with a frequency stability of
(1 − 3) × 10−16, our study shows that the test of GRS can

achieve better performance if longer data (say much longer
data than 29 days) are obtained due to the noise characteris-
tics, which is one and a half orders higher than the accuracy
level given by [9]. Comparing with the formerly proposed
time comparison, our method is not relevant with phase ambi-
guity, can determine the gravitational potential within a short
time interval, and simulation results show a less requirement
of averaging time. This study provides a new approach to
test the GRS and benefits the brand-new field of relativistic
geodesy.

Due to the limitation of the accuracy of the atomic clock it
carries, the testing precision is at the 10−6 level. To achieve
higher scientific goals, more precise space atomic clocks and
time-frequency comparison links are required. The CSS pro-
vides this opportunity. Since the CSS will carry an optic-
atomic clock at the frequency stability level of 8×10−18/day
[19,20], which is at least one order of magnitude higher than
the cold atomic cesium clock that ACES carries. It is expected
to achieve 10-cm to 5-cm level in equivalent height to the
gravitational potential measurements and can test the GRS
at a level of 10−7.

However, due to the higher accuracy of the clock on the
CSS, there are differences in model and actual measurement.
In terms of the model, it must consider the time-frequency
comparison model under the relativistic framework of c−4

accuracy, and some of the originally negligible residual items
in Sect. 4 must be carefully considered. In addition, because
the magnitude of the high-order ionospheric term is obvi-
ous and difficult to eliminate, one may consider a potential
solution to generalize the TFC method to a four-frequency
combination and remove the high-order ionospheric terms.
If the hardware conditions cannot satisfy the requirements of
the quad-band link, a more in-depth study of the ionospheric
frequency shift is required. If the accuracy of the model must
reach the level of 10−18, it is also necessary to consider the
tidal effect.

In terms of actual measurement, due to the higher accuracy
of gravitational potential, according to the model, there are
higher-accuracy requirements in measuring the position and
speed of the space station, which introduces further require-
ments on the positioning system of the space station and hard-
ware facilities for time measurement. If the accuracy require-
ment is increased by one and a half orders of magnitude, the
velocity of space station should achieve a higher accuracy

123



Eur. Phys. J. C           (2021) 81:634 Page 13 of 16   634 

level. In summary, the formulation of the TFC method pro-
posed in this study is also feasible for the CSS plan.
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Appendix A

In our modeling, we focus on the down link from A to B, but
since the optical path is reversible, we draw Fig. 1 as if it is
the link from B to A. Assuming that our Earth is a sphere, and
the atmosphere is composed of many thin spherical shells,
in each of which the medium is homogeneous. Based on
Bouguer’s law (Snell’s law in spherical surface) [36,45], the
following equation holds

a = nr sin i = const (A.1)

where n is the refractive index, and i is the zenith angle at
each layer.

For electromagnetic waves that propagate in a medium
with refractive index n, the differential bending angle dα

that accrue on the ray path over a differential arc length ds
is given by [33]

dα = n−1 (T × ∇n) ds (A.2)

where T is its unit tangent vector defined by T = k/k, k(r)
is the vector wavenumber of the ray at point r , and Δn is
the gradient vector of the refraction index. Here, differential
bending angle dα is written in vector form and related to the
value and direction.

The refraction index in the ionosphere is displayed by
Eq. (8)

n = 1 − 40.3
ne

f 2 . (A.3)

We suppose that the refractive index only changes in the
vertical direction. At the lower middle part of the ionosphere
layer, electron density ne is at the peak [25]. If we integrate
Eq. (A.2) from the peak height to the space station height, the
gradient of the refractive index can be expressed as a vertical
downward vector form, and the integration is

α =
∫
P
n−1 (T × ∇n) ds =

∫ hSS

hmax

n−1 dn

dh

sin i

cos i
egdh (A.4)

where eg is the unit vector whose direction is defined by
T × ∇n. According to Eq. (A.3), ∂n/∂h is a positive value,
and we use

α =
∫ hSS

0
n−1 dn

dh

sin i

cos i
dh =

∫ hSS

0
n−1 dn

dh

a
n(h+RE)√

1 −
(

a
n(h+RE)

)2
dh

=
∫ hSS

0
n−1 dn

dh

a√
n2(h + RE)2 − a2

dh (A.5)

where RE is the Earth’s average radius.
For the links between a ground station and a space station,

we consider the ionospheric part (discussed in Sect. 2), and
we let [25]

ne(h) =
{
Nmaxexp

(
− h−hmax

H

)
h > hmax

0 otherwise
(A.6)

where hmax and Nmax correspond to the peak height and peak
density, respectively; H is the free electron density scale
height. Considering (A.4) and (A.5), we have the following
for the ionosphere

dn

dh
= 40.3Nmax

H f 2 exp

(
−h − hmax

H

)
. (A.7)

Substituting (A.7) into (A.5) and taking n = 1 for approxi-
mation, Eq. (A.5) gives

αion = 40.3aNmax

H f 2 I (A.8)

where integration I is

I =
∫ hSS

hmax

1√
n2(h + RE)2 − a2

exp

(
−h − hmax

H

)
dh.

(A.9)
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It is weekly correlated to carrier frequency f , and the tropo-
spheric part can be determined in this manner. For the total
bending angle, we have

α = αion + αtrop. (A.10)

Based on the reversible principle of the optical path, for
three frequency signals, the only difference is carrier fre-
quency f . Moreover, we have αion ∼ 1/ f 2.

To calculate the effect of refraction on the Doppler effect,
we must separately calculate the deflection angles at A and
B. If we define δA and δB as the deflection angles between
the direction of the ray and the direct connection of A and B,
which implies that

α = δA + δB. (A.11)

As Fig. 1 shows, we have

δA = βA − θA

δB = θB − βB. (A.12)

According to Eqs. (A.1) and (A.12), we have

nArA (sin θA + δA cos θA) = nBrB (sin θB − δB cos θB) .

(A.13)

For Eqs. (A.10), (A.11) and (A.13), δA and δB can be solved
by the expression of α

δA = −nArA sin θA − nBrB sin θB + αnBrB cos θB

nArA cos θA − nBrB cos θB

δB = nArA sin θA − nBrB sin θB + αnArA cos θA

nArA cos θA − nBrB cos θB
(A.14)

From Eq. (A.14), nA and α are relevant with carrier fre-
quency f (the space station is in the ionosphere layer, the term
nA −1 is proportional to f −2, and the ground station is in the
troposphere layer), and the term nArA cos θA − nBrB cos θB

is nearly irrelevant to carrier frequency f because the term
nA −1 is small compared to the entire term. Thus, Eq. (A.14)
can be divided into two parts: the first part is irrelevant to car-
rier frequency f , and the second part is proportional to f −2.

δA = δ0
A + δion

A

= −rA sin θA − nBrB sin θB + αtropnBrB cos θB

nArA cos θA − nBrB cos θB

− (nA − 1) rA sin θA + αionnBrB cos θB

nArA cos θA − nBrB cos θB

δB = δ0
B + δion

B

= rA sin θA − nBrB sin θB + αtropnArA cos θA

nArA cos θA − nBrB cos θB

+ (nA − 1) rA sin θA + αionnArA cos θA

nArA cos θA − nBrB cos θB
. (A.15)

To calculate T · v in Eq. (14), we must project these two
vectors to the same plane. We set point B to be the origin,
direction OB to be the y-axis, and the tangent of the Earth
surface to be the x-axis, and we obey the right-hand rule to
define the z-axis. This coordinate system is defined as the
Local Link Coordinates System (LLCS). We can transform
vectors from ECEF to LLCS and select the x and y compo-
nents in LLCS, which are the projected coordinates. In the
xoy plane of LLCS, vectors TA and TB can be expressed as

TA = [
cos (γB − δA) , sin (γB − δA)

]
TB = [

cos (γB + δB) , sin (γB + δB)
]
. (A.16)

The velocity vectors (of both the space and ground station)
can be transformed by

vLLCS = A−1v

A = [
ex ey ez

]
. (A.17)

Here, A is the transition matrix, and ex , ey , and ez can be
solved by

ex = nx |nx · rOA|
nx · rOA |nx |

ey = rOB

|rOB|
ez = ex · ey
nx = rOA − rOA · rOB

|rOB|2 rOB (A.18)

where rOA and rOB are vectors of OA and OB in ECEF.
We select the x and y components of vA and vB after coor-

dinate transferring to be vAx, vAy, vBx and vBy. Considering
Eqs. (13) and (A.16), the first term of Eq. (14) is expressed
as

1 − nBTB·vB
c

1 − nATA ·vA
c

= 1 − NAB·vB
c − (TB−NAB)·vB

c − (nB−1)TB·vB
c

1 − NAB·vA
c − (TA−NAB)·vA

c − (nA−1)TA ·vA
c

×1 − NAB·vB
c + vBxδB sin γB−vByδB cos γB

c − (M1+M2)NAB·vB
c

1 − NAB·vA
c − vAxδA sin γB−vAyδA cos γB

c + 40.3neNAB·vA
c f 2

.

(A.19)

Here, vAx, vAy, vBx and vBy are derived from the components
of velocities in LLCS, which are determined by (A.17) and
(A.18).

Appendix B

Considering ACES links f1 and f2, we mark the positions of
the ground station at t1 as B ′, space station at t2 as A′, space
station at t3 as A, and ground station at t5 as B (as Fig. 2
shows).
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To express the Doppler frequency shift to the order of c−1,
it is easy to obtain the shift of two links as

δ fdop1 =
(

1 − NB′A′ · vA′

c

)
/

(
1 − NB′A′ · vB′

c

)

δ fdop2 =
(

1 − NAB · vB

c

)
/

(
1 − NAB · vA

c

)
. (B.1)

Considering that the time interval of this process is very
short (known for the height of ISS), which is approximately
T12 = T35 = 1 ms; according to [21], we need T23 < 1 µs,
two Doppler frequency shifts are numerically close.

To simplify the overall frequency shift, we must express
all terms at time t1 and t2 by the terms at time t3 and t5. For
this study, we deduced the algorithm adopted by the appendix
of [23]. Using this algorithm, we have

NB′A′ =
(

−NAB + rA′ − rA

RAB
− rB′ − rB

RAB

)
RAB

RA′B′
(B.2)

rA′ − rA = −vAT23 + 1

2
aAT

2
23 (B.3)

rB′ − rB = −vBT15 + 1

2
aBT

2
15 (B.4)

T15 = 2RAB

c
− 2RAB · vB

c2 + T23. (B.5)

According to the actual value, we roughly calculated the
speed value of ISS, and v/c is approximately 10−5. Based
on this magnitude, the magnitude of T23 is approximately
nanosecond; thus, they can be considered a c−2 term. How-
ever, T15 is considered a c−1 term according to Eq. (B.5).
By Eqs. (B.3) and (B.4), neglecting O(c−3), we can obtain
vector RA′B′

RA′B′ = RAB + vAT23 − vBT15 + 1

2
aBT

2
15. (B.6)

After squaring the vector and expanding the root of this result
into secondary series, we obtain:

RA′B′ = RAB − (RAB · vB) T15

RAB
+ (RAB · aB) T 2

15

2RAB
+ v2

BT
2
15

2RAB

+ (RAB · vA) T23

RAB
− (RAB · vB)2T 2

15

2R3
AB

. (B.7)

Substitute T15 with (B.5), we have

RA′B′ = RAB − 2RAB · vB

c
+ 2 (RAB · aB) RAB

c2 + 2v2
BRAB

c2

−RAB · (vB − vA)

RAB
T23 (B.8)

and

RAB

RA′B′
= 1 − RA′B′ − RAB

RAB
+

(
RA′B′ − RAB

RAB

)2

= 1 + 2NAB · vB

c
− 2 (NAB · aB) RAB

c2 − 2v2
B

c2

+NAB · (vB − vA)

RAB
T23 + 4(NAB · vB)2

c2 . (B.9)

From (B.2)–(B.4) and (B.9), we obtain

NB′A′ = −NAB

[
1 + 2NAB · vB

c
− 2 (NAB · aB) RAB

c2

−2v2
B

c2 + NAB · (vB − vA)

RAB
T23 + 4(NAB · vB)2

c2

]

+2

c
vB

(
1 + NAB · vB

c

)
+ T23

RAB
(vB − vA) − 2

c2 RABaB.

(B.10)

With the velocity of the ground station and space station, in
terms of velocity, acceleration and derivative of acceleration
[23], we have

vA′ = vA − aAT23 (B.11)

vB′ = vB − 2

c
RABaB + 2

c2 [(RAB · vB) aB + RABbB] − aBT23.

(B.12)

For the approximation of ACES: |NAB · vA/c| ≤ 2.6×10−5,
|NAB · vB/c| ≤ 1.6 × 10−6,

∣∣RAB · aA/c2
∣∣ ≤ 1.7 × 10−10,

and
∣∣RAB · aB/c2

∣∣ ≤ 7 × 10−13 [23]; to the order of 10−16,
we have

1 − NB′A′ · vA′

c
= 1 + NAB · vA

c
+ 2 (NAB · vA) (NAB · vB)

c2

−2vA · vB

c2 +
[
NAB · (vB − vA) (NAB · vA)

cRAB

− (vB − vA) · vA

cRAB
− NAB · aA

c

]
T23 (B.13)

1 − NB′A′ · vB′

c
= 1 + NAB · vB

c
+ 2(NAB · vB)2

c2

−2v2
B

c2 − 2RABNAB · aB

c2

+
[
NAB · (vB − vA) (NAB · vB)

cRAB
− (vB − vA) · vB

cRAB

]
T23.

(B.14)
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