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verifying entanglement generation at runtime is essential 
to ensure that the algorithms and subroutines executed by 
these circuits function properly. Entanglement detection 
refers to the problem of determining whether a given quan-
tum state is entangled, a problem that has been studied for 
an extended period (Gühne and Tóth 2009).

In the case of a general bipartite quantum system, entan-
glement detection is known to be NP-hard (Gurvits 2003). 
Consequently, numerous studies on entanglement detec-
tion have been conducted to achieve higher accuracy. The 
Peres–Horodecki criterion (Peres 1996; Horodecki et al. 
1996), also known as PPT (positive partial transpose) crite-
rion, is one of the most well-known criteria for determining 
whether a quantum state is entangled. This criterion serves 
as a powerful tool for analytically determining entangled 
states from the density matrix within a specific system. 
However, applying such analytical approaches to relatively 
large systems is challenging, and no universally applicable 
method has been established.

As a result, numerous studies in recent years have 
explored classical machine learning techniques as alterna-
tive approaches to entanglement detection (Sanavio et al. 
2023; Greenwood et al. 2023). In various machine learning 
methods, quantum states are categorized as either separable 
or entangled, framing the problem as a binary classification 

1 Introduction

Quantum entanglement plays a central role in quantum 
information processing. For example, quantum teleporta-
tion (Horodecki et al. 1999), quantum computation (Shor 
1994; Grover 1996), and quantum cryptography (Bennett 
and Brassard 2014) utilize quantum entanglement to per-
form calculations not possible with classical computers. 
Furthermore, quantum entanglement is an indispensable 
element in frameworks that rely on quantum states. Quan-
tum states are typically governed by quantum circuits, and 
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Entanglement detection, the process of verifying quantum entanglement is a fundamental challenge in quantum informa-
tion processing. Various approaches have been proposed to address this challenge, with many recent studies applying 
supervised machine learning methods. While these methods have demonstrated high accuracy in entanglement detection, 
it is reasonable to assume that the entangled states themselves are not definitively known. To address this limitation, we 
have devised a machine learning method for entanglement detection based on positive-unlabeled learning, a classical 
machine learning framework that does not use label information from negative data. Using a deep neural network model 
to synthetic dataset under the assumption of mixed states, we conducted experiments on a classical computer to valid 
the effectiveness and characteristics of the proposed method. Our approach introduces a novel framework that accounts 
for the data generation constraints in the training process of entanglement detector, thereby advancing machine learning 
techniques in quantum information science.
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task. This framing offers the advantage of being both intui-
tive and readily applicable. In fact, such methods have dem-
onstrated highly accurate entanglement detection.

Although the use of binary classification is reasonable, 
there is fundamental issue regarding the assumption of 
training data. An ordinary binary classification problem in 
machine learning operates on the basis of the availability of 
both positive and negative example data. However, in the 
entanglement detection problem, explicitly preparing data 
representing entangled states is generally challenging. That 
means it is not possible to guarantee that a quantum state is 
entangled solely on the basis of the given density matrix. 
Specific types of entangled states, such as the GHZ state 
and the W state, can be prepared; however, identifying a 
quantum state as entangled requires information about the 
data generation process. This raises the question of how to 
generate a dataset for training.

Chen et al. (2021) identified challenges in the generation 
of entangled state data and presented a learning method that 
does not require explicit entangled state data in the training 
dataset. They proposed using an unsupervised learning 
setting in which only data of separable states are assumed 
to be available. That means no label information is provided 
in the training dataset. A generative adversarial network 
(GAN) model along with Siamese neural network is used to 
train the discriminator and generator using only data from 
separable states. We believe that avoiding the use of explicit 
entanglement state data is an effective approach to address 
the challenge of preparing it, as they demonstrated.

We present a method for addressing the entanglement 
detection problem in a multi-qubit system that utilizes 
separable and randomly generated quantum state data 
while accounting for data availability. The idea of utilizing 
random quantum states is based on learning from positive-
unlabeled data, which is often referred to as PU learning, a 
classical machine learning framework that does not use label 
information from negative data (Elkan and Noto 2008). In 
the PU learning framework, all negative data and a portion 
of the positive data are provided as unlabeled data, which 
means that methods for regular supervised learning cannot 
be directly applied as they assume label information is 
available for all data. There are several benefits of applying 
methods based on PU learning: a more realistic setting 
compared with formulation as regular binary classification 
and the ability to utilize a broader range of data compared 
with the setting that includes only separable state data.

Our contributions are as follows:

 ● We devised a learning method for entanglement 
detection that does not rely on explicit entangled state 
data and uses the concept of PU learning. Since reliably 
generating arbitrary entangled state data in the quantum 

state generation process is challenging, constructing 
a training dataset presents difficulties. However, the 
challenge of generating quantum state data that is 
definitively either separable or entangled—that is, valid 
quantum state data—is relatively minor. Our approach 
prioritizes the availability of quantum state data and 
offers a method that is more practical for experimental 
implementation than conventional approaches requiring 
explicitly entangled state data.

 ● We developed a method for generating dense datasets 
that define classification boundaries in fully-separable 
state detection, enabling the evaluation of a trained 
model for entanglement detection. Through experimental 
verification, we demonstrated that the proposed method 
achieves satisfactory performance on such datasets.

 ● The effectiveness of the proposed method was verified 
using a synthetic dataset representing mixed states rang-
ing from 2 to 6 qubits. The proposed PU learning-based 
method exhibited significantly higher AUC scores com-
pared with two baseline one-class methods, reinforcing 
the effectiveness of the proposed method.

2 Background

2.1 Problem setting

In this paper we consider a variant of PU learning and aim to 
obtain accurate inference for new input data, provided as den-
sity matrices representing quantum states. For a given integer 
n ≥ 2, which determines the dimensions of the input matrix, 
let X ⊂ C2n×2n

 denote the data space and let Y = {+1, −1} 
denote the output space. We assume that the input data con-
sists of 2n × 2n complex matrices in X , with some of the 
data provided as positive examples of size mpos, denoted 
by Dpos = {ρpos

1 , . . . , ρpos
mpos

}, and as unlabeled examples 

of size munl, denoted by Dunl = {ρunl
1 , . . . , ρunl

munl
}. 

Defining the decision function and true labeling function 
to be f, f∗ : X → Y , which means f∗(ρpos

k ) = +1 for 
k = 1, . . . , mpos, our goal is to identify the f  that mini-
mizes the expectation Eρ∼P (ρ)[f(ρ) − f∗(ρ)] under data 
probability distribution P (ρ).

In addition, we assume access to class prior information 
πp = Pr(f∗(ρ) = +1) and that the data distribution is con-
sistent between the training and test datasets.

2.2 Quantum state and density matrix 
representation

In quantum mechanics, the state of a physical system is fun-
damentally described by a complex unit vector in a Hilbert 
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space H. Such a vector is called a state vector, and the space 
in which a state vector can take values is referred to as the 
state space. A state vector is usually denoted by |ψ⟩, while 
the notation ⟨ψ| represents its conjugate transpose.

A fundamental example of quantum system is the one-
qubit system, which has two basis states. We denote the 
concrete state vector as |ψ⟩ = [α β]T = α|0⟩ + β|1⟩, 
where |0⟩, |1⟩ are elements of the computational basis; i.e., 
|0⟩ = [1 0]T , |1⟩ = [0 1]T  and |α|2 + |β|2 = 1. A qubit is 
considered an extension of the classical bit, which simply 
takes a value of 0 or 1. Although there are many ways to 
define the basis, we use the computational basis through-
out this paper. More generally, quantum systems can have 
discrete bases with more than two states, and fundamental 
discussions regarding qubits can often be extended to such 
systems in essence.

These expressions can be easily extended to an n-qubit 
system, a system in which a quantum state is represented 
using 2n basis states. An n-qubit pure state is denoted here 

as |ψ⟩ = [α1, . . . , α2n ]T =
∑2n

k=1 αk|k⟩, where |k⟩ is a 
basis vector with its k-th element equal to 1 and all other 
elements equal to 0. The coefficients satisfy the normaliza-

tion condition 
∑2n

k=1 |αk|2 = 1.

A qubit system’s behavior can be described through state 
vector representations, but not all of them. A quantum state 
that can be expressed by a single vector, such as |ψ⟩, is clas-
sified as a pure state. However, there are instances in which 
a quantum state is represented as a probability weighted 
mixture of pure states. For example, a quantum state may 
consist of 40% of |0⟩ and 60% of |1⟩. A density matrix, 
denoted here by ρ, can be used to describe such a quantum 
state. Given a set of tuples (pk, |ψk⟩), where pk denotes the 
probability weight of state |ψk⟩, the density matrix for the 
system is defined as ρ =

∑
k pk|ψk⟩⟨ψk|. In an n-qubit sys-

tem, the density matrix takes the form of a 2n × 2n Hermi-
tian matrix.

Similar to the constraint 
∑2n

k=1 |αk|2 = 1 for the n-qubit 

pure state |ψ⟩ =
∑2n

k=1 αk|k⟩, density matrix ρ does not 
span the entire 2n × 2n Hermitian matrix space. The con-
straints governing ρ are outlined as follows.

Theorem 1 (Characterization of n-qubit density matrices, 
Theorem 2.5 in Nielsen and Chuang (2010)1) A 2 n × 2 n  
Hermitian matrix ρ is classified as a density matrix for an 
n-qubit system if and only if it satisfies the following two 
conditions:(i) Tr [ρ] = 1  and (ii) ⟨ψ|ρ|ψ⟩ ≥ 0  for any 
n-qubit state vector |ψ⟩.

1 Although this theorem is stated in the source text as defining the con-
ditions for the density operator, we reinterpret it in terms of the density 
matrix, as that is our focus.

Here, we note that this paper does not address the spe-
cifics of obtaining the density matrix. Instead, we assume 
access to its exact values. In experimental settings, esti-
mates—such as expected values—derived from repeated 
measurements that depend on the elements of the exact den-
sity matrix are often used (Thew et al. 2002; Huang et al. 
2020).

2.3 Detailed formalization of entanglement 
detection

Entanglement is a fundamental characteristic of quantum 
systems, and identifying its presence in an input quantum 
state is a critical challenge in the field of quantum informa-
tion. The simplest formulation of the entanglement detec-
tion problem occurs in a two-qubit system; which is defined 
as follows.

Definition 1 (Entanglement detection in a two-qubit sys-
tem, Definition 3 in Gühne and Tóth (2009)) Given a 
quantum state represented by a two-qubit density matrix 
ρ, entanglement detection is the problem of determining 
whether there exists a set of tuples (pk, ρA

k , ρB
k )M

k=1 that 

satisfies ρ =
∑M

k=1 pkρA
k ⊗ ρB

k , subject to the conditions 

that pk ∈ (0, 1] and 
∑M

k=1 pk = 1 and that ρA
k  and ρB

k  are 
one-qubit density matrices for k = 1, . . . , M . The state ρ 
is classified as separable if such a set exists and entangled 
otherwise.

For systems containing more than two qubits, the classifica-
tion of quantum states becomes increasingly complex due to 
the presence of multiple types of separability and entangle-
ment. In this paper we primarily focus on distinguishing 
fully-separable states from other quantum states and define 
the problem in this case as follows.

Definition 2 (Entanglement detection problem for fully-
separability) Given a quantum state represented by a 
n-qubit density matrix ρ, the entanglement detection prob-
lem for fully-separability is to determine whether there 
is a set of tuples (pk, ρ1

k, ρ2
k, . . . , ρn

k )M
k=1 that satisfies 

ρ =
∑M

k=1 pkρ1
k ⊗ ρ2

k ⊗ . . . ⊗ ρn
k , subject to the conditions 

that pk ∈ (0, 1], that 
∑M

k=1 pk = 1, and that ρ1
k, ρ2

k, . . . , ρn
k  

are one-qubit density matrices for k = 1, . . . , M . The state 
ρ is classified as fully-separable if such a set exists; other-
wise, it is not fully-separable.

Illustration of the types of entanglement in two-qubit and 
three-qubit systems are shown in Fig. 1. In a two-qubit 
system, as defined in Definition 1, each quantum state is 
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n = 2 , ρ is separable if ρ is exhibits PPT; that is, these con-
ditions are both necessary and sufficient.

By using the PPT criterion, we can examine examples that 
illustrate the boundary between separable and entangled 
states in two-qubit systems, as explained below.

Example 1 (Bell state under depolarizing noise) Let 
ρ(p) be a two-qubit density matrix expressed as 
ρ(p) = (1 − p)ρbell + p I

4 , where ρbell represents the Bell 

state density matrix and I denotes the identity matrix.

ρbell = 1
2




1 0 0 1
0 0 0 0
0 0 0 0
1 0 0 1


 , I =




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


 .

By calculating the partial transpose of ρ(p), we determine 
that its eigenvalues are 2−p

4  and 2−3p
4 . Consequently, ρ(p) 

is separable when p ∈ [ 2
3 , 1] and entangled when p ∈ [0, 2

3 ).

The PPT criterion is a powerful tool in that it can per-
fectly identify the separability of a given state; however, it 
cannot be applied to systems with more than two qubits. In 
quantum systems comprising three or more qubits, an alter-
native approach is required to detect entanglement.

Entanglement witness An entanglement witness is an 
operator that distinguishes a particular entangled state from 
fully-separable states and is defined as follows.

Definition 3 (Entanglement witness) Given an n-qubit 
density matrix ρent known to be entangled (that is, not 
fully-separable) and letting S denote the set of density 
matrices corresponding to fully-separable states on n 

classified as either separable or entangled. In a three-qubit 
system, as defined in Dür et al. (2000), the classification 
of quantum states is more complicated due to the presence 
of six types of entanglement: fully-separable, bi-separable 
(A-BC, B-AC, C-AB), and genuine multipartite entangle-
ment (GME) (GHZ class, W class). States exhibiting GME 
possess the highest degree of entanglement among three-
qubit states. Bi-separable states, on the other hand, are those 
that are neither fully-separable in Definition 2, nor classified 
as GME states. Strictly speaking, some states in the mixed 
state set are neither bi-separable nor GME (in three-qubit 
systems, neither GHZ class nor W class). However, these 
states are typically regarded as part of the bi-separable set, 
which ensures convexity and simplifies their mathematical 
treatment. Similarly, for a general n-qubit system, we can 
define a set of k(1 ≤ k ≤ n)-separable states, with all of 
them being regarded as convex (Gabriel et al. 2010).

2.4 Existing approaches for entanglement 
detection

Entanglement detection has been investigated over the years 
within the field of quantum information science, and various 
approaches have been taken. Here, we briefly describe the 
methods that are most relevant to this study.

PPT criterion The PPT criterion (Peres 1996; Horodecki 
et al. 1996) is among the earliest established methods for 
detecting entanglement in small systems and is defined as 
follows.

Theorem 2 (PPT criterion (Peres 1996; Horodecki et al. 
1996)) Given an n-qubit density matrix ρ, ρ exhibits positive 
partial transposition if ρ is separable. In particular, when 

Fig. 1 Illustrations of types of 
entanglement in two-qubit and 
three-qubit systems. The set of 
separable states definitively forms 
a convex set
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One commonly used method for the anomaly detection 
problem is the support vector data description (SVDD) 
method (Tax and Duin 2004). SVDD solves the following 
optimization problem: minR,ξk,a R2 + C

∑m
k=1 ξk subject 

to ∥xk − a∥2
2 ≤ R2 + ξk for k = 1, . . . , m. Intuitively, 

SVDD searches for the minimal hypersphere that 
surrounds the given data x1, . . . , xm. In this formulation, 
C is a positive constant that determines the looseness of 
the solution, and {ξk}m

k=1 is a variable that determines the 
extent to which ξi is allowed to deviate from the center a. 
By using kernel functions in the calculation of the inner 
product among vectors x1, . . . , xm, a, more diverse data 
boundaries can be explored in different feature spaces.

Deep SVDD (Ruff et al. 2018) is a one-class classifica-
tion method based on deep learning and the SVDD con-
cept. Analogous to SVDD, Deep SVDD uses a deep neural 
network model to learn a feature map, enabling more 
flexible boundary detection. One-Class Deep SVDD was 
introduced in Ruff et al. (2018) as a variant of Deep SVDD 
under the assumption that most of the training data are nor-
mal. The objective function for One-Class Deep SVDD is 
defined as

min
W

1
m

m∑

k=1
∥ϕ(xk; W ) − a∥2

2 + λ

2

L∑

k=1
∥W k∥2

F ,

where W k represents the weights of the network ϕ(·) in the 
k-th layer, and W = {W k}L

k=1 represents the set of weights 
across all layers. The hyperparameter λ serves as the 
network weight decay regularizer. This objective function 
was designed under the assumption that most of the training 
data are normal, leading to the mapping of the data near 
representation a. For details on general methods related to 
one-class classification, refer to Seliya et al. (2021).

2.6 Learning using unlabeled data

Positive-unlabeled learning is a classical machine learning 
approach using positive and unlabeled data that addresses 
the problem of learning from incomplete label information 
(Elkan and Noto 2008; Zhao et al. 2022; Bekker and 
Davis 2020). This problem shares core principles with 
regular binary classification, although it differs in terms 
of accessibility to label information (see Fig. 2). Two label 
are used: positive and unlabeled. A positive label indicated 
that the datum is truly positive, and an unlabeled datum 
means that there is uncertainty about whether the datum 
belongs to the positive or negative category. It is essential 
to use unlabeled data for learning in the PU learning 
framework. This approach can be applied to other problem 
settings (Ju et al. 2020; Takahashi et al. 2024).

qubits, an operator W is called an entanglement witness if 
Tr[Wρsep] ≥ 0 for any ρsep ∈ S.

Conceptually, entanglement witnesses have no upper limit 
on the size of the quantum system to which they can be 
applied, so they can be applied to systems with three or more 
qubits. In addition, we can found that an unknown input 
state ρ is entangled if the output satisfies Tr[Wρ] < 0. On 
the other hand, an entanglement witness cannot distinguish 
entangled states when the range of possible entangled states 
is extensive.2 Furthermore, even when an entanglement wit-
ness is applicable, determining the appropriate operator W 
to serve as the witness is generally nontrivial, and research 
is underway to identify a more suitable witness operator 
(Zhou et al. 2019).

Entanglement measures There are various indicators for 
quantifying the strength of entanglement, such as entangle-
ment entropy (Von Neumann entropy) and relative entropy. 
Among the various entanglement metrics, negativity is 
particularly relevant to our problem setting. Negativity is 
defined as follows.

Definition 4 (Negativity, Eq. (1) in Vidal and Werner 
(2002)) Given a density matrix ρ, negativity for subsys-
tem A is defined as N (ρ) = (∥ρTA∥1 − 1)/2, where ρTA  
denotes the partial transpose of ρ for subsystem A and ∥ · ∥1 
denotes the trace norm.

Negativity can be interpreted as a type of penalty within the 
PPT criterion. Since an input density matrix ρ being PPT 
and the negativity of ρ being zero are equivalent, in a two-
qubit system, a negativity of zero corresponds to ρ being 
separable. A notable advantage of negativity is that it is a 
computable measure for mixed state inputs, whereas other 
measures, such as entanglement entropy, primarily apply to 
pure states.

2.5 Methods for anomaly detection

Although the primary focus of this paper is on entangle-
ment detection using PU learning, a one-class classification 
model is used to establish baseline methods for subsequent 
experiments. We will briefly explain existing methods for 
one-class classification. Let X ⊂ Rd denote the data space. 
Given unlabeled data {x1, . . . , xm} ⊂ X , anomaly detec-
tion is the problem of determining whether newly received 
data are normal or anomalous.

2 Specifically, in cases where the convex hull of the possible entangled 
states overlaps with the set of fully-separable states, no witness exists 
that can perfectly distinguish these states by the value of T r[W ρ], 
which is a linear function of ρ.
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R̂pu(g) = πpR̂+
p (g) − πpR̂−

p (g) + R̂−
u (g),

where R̂−
p (g) = (1/mpos)

∑mpos

k=1 l(g(xpos
k ), −1) and 

R̂−
u (g) = (1/munl)

∑munl

k=1 l(g(xunl
k ), −1), which corre-

sponds to the methods used in uPU learning (du Plessis et 
al. 2014). In nnPU learning (Kiryo et al. 2017), the risk is 
adjusted to R̃pu(g), which is defined as

R̃pu(g) = πpR̂+
p (g) + max{0, R̂−

u (g) − πpR̂−
p (g)},

to ensure a non-negative risk value because uPU learning 
sometimes leads to overfitting when applied to models such 

as deep neural networks. Since the coefficient of R̂−
u  in the 

above equation is positive, nnPU learning can be considered 
effective for quantum state data, for which unlabeled data 
is likely to be predicted as negative, and negative data is 
expected to be abundant.

Semi-supervised learning (Ruff et al. 2020; Hsieh et al. 
2019) is another problem setting for utilizing unlabeled 
data. Unlike PU learning, it includes a small amount of 
negative data.

3 Training entanglement detector using 
positive-unlabeled learning framework

For the problem setting described in section 2.1, we devised 
a method that integrates entanglement detection with nnPU 
learning (Kiryo et al. 2017) to train an entanglement detector 

Here, we explain uPU (unbiased positive-unlabeled) 
learning (du Plessis et al. 2014) and nnPU (non-negative 
positive-unlabeled) learning (Kiryo et al. 2017), which 
are closely related to our approach. Let X ∈ Rd and 
Y ∈ {+1, −1} denote the input and output random variables, 
respectively. Let p(x, y) denote the joint probability 
distribution over (X, Y), and let ppos(x) = p(x|Y = +1), 
pneg(x) = p(x|Y = −1), and punl(x) = p(x) denote the 
conditional probability density functions for the positive, 
negative, and unlabeled categories, respectively. We 
assume that the data distribution of the unlabeled data 
is expressed in terms of the conditional probabilities 
of positive and negative data, which implies that 
punl(x) = πposppos(x) + πnegpneg(x) holds. In addition, 
let g : Rd → R denote a decision function, and let l : R → R 
denote a loss function, where l(t, y) represents the loss 
value when the predicted value is t and the ground truth 
(correct label) is y. If the dataset consists of positive data 
{xpos

1 , ..., xpos
mpos

} and negative data {xneg
1 , ..., xneg

mneg
}, the 

risk, which represents the expected loss value R̂pn(g), is 
estimated as

R̂pn(g) = πpR̂+
p (g) + πnR̂−

n (g),

where R̂+
p (g) = (1/mpos)

∑mpos

k=1 l(g(xpos
k ), +1) and 

R̂−
n (g) = (1/mneg)

∑mneg

k=1 l(g(xneg
k ), −1). If positive data 

and unlabeled data {xunl
1 , ..., xunl

munl
} are given, we use the 

relation πnegpneg(x) = punl(x) − πposppos(x) to estimate 

risk R̂pu(g):

Fig. 2 Classification of problem 
settings based on the availability 
of negative label information and 
the existence of unlabeled data 
samples in training dataset. Posi-
tive, negative, and unlabeled data 
points are shown in red, blue, and 
gray, respectively
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features are present in an input image, human experts can 
often assess the accuracy of an image simply by looking at 
it. However, in entanglement detection, it is common to use 
density matrices or estimates of expected values of certain 
physical quantities as input. In such cases, it is often impos-
sible for humans to determine entanglement solely on the 
basis of these numerical data.

Non-guaranteed separable/entangled states after global 
random operations When generating data to span the 
possible separable states, these states can be spanned by 
performing local unitary operations within each qubit. 
However, when generating data to span the possible 
entangled states, global random operations across qubits are 
required. These operations do not necessarily guarantee that 
the resulting states are entangled (see Fig. 4).

In considering ways to avoid the difficulty of assigning 
labels to negative data, it is logical to develop learning 
methods, such as PU learning, that do not depend on 
negative labels so that they can be applied to more practical 
problem settings.

In the model application phase, the generated density 
matrix data are used as input, and the final output is a 
real scalar value indicating the degree of separability or 
entanglement. In an n-qubit system, the density matrix is 
represented as a complex matrix of size 2n × 2n. In the 
proposed method, this matrix decomposed into its real and 
imaginary components and input as a real tensor of size 
2n × 2n × 2. The reasons for adopting this input format are 
as follows.

Input format of density matrices The proposed method is 
designed to take a density matrix input. However, vectors 

using only a realistically available dataset. In this section, 
we describe the proposed method and explain the process 
of data generation.

3.1 Proposed method

First, we briefly describe the proposed method. This 
method is designed for learning and inference in a classical 
system and is based on the assumption that exact values 
can be obtained for the density matrix used as input. This 
assumption facilitates model implementation based on the 
nnPU learning method (Kiryo et al. 2017). An overview of 
the proposed method is shown in Fig. 3.

The proposed method is primarily divided into two 
phases: data generation and model application. In the data 
generation phase, data corresponding to the density matrix 
is generated as positive data in separable states and as 
unlabeled data in states that are valid quantum states (refer 
to Theorem 1) although it is unknown whether these states 
are separable or entangled. Here, we examine the process 
of data generation using quantum circuits with random 
operations under depolarizing noise, starting from an initial 
state, such as state |ψinit⟩ = |0⟩⊗n. When constructing a 
dataset for entanglement detection, it is desirable that the 
dataset be capable of spanning all possible states that may 
exist as either separable or entangled from the perspective 
of data quality. In this problem setting, labeling entangled 
states is generally more difficult than labeling separable 
states due to the following factors.

Difficulty of labeling based solely on input information In 
classical machine learning applications, annotation work 
is often performed to assign labels to unlabeled data. For 
example, when determining whether characters or specific 

Fig. 3 Overview of proposed 
method
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3.2 Data generation

When framing the entanglement detection problem as a 
machine learning problem, one key challenge is that the 
distribution ranges of positive and negative example data are 
adjacent. This closeness can lead to misclassification even 
with slight shifts in the classification boundary, creating 
a substantial obstacle to reliable classification. For robust 
evaluation of models trained on such problems, it is crucial 
that the dataset contains a substantial number of samples 
near the true classification boundary. Standard entangled 
states—such as GHZ states, W states, and their locally 
transformed variants— typically do not span the region near 
the classification boundary. Relying solely on such states 
may therefore adversely affect model evaluation. To address 
this limitation, we generate a synthetic dataset based on a 
Hilbert-Schmidt measure-based data distribution combined 
with the PPT criterion (Theorem 2). This approach ensures 
that a large amount of the generated data is near the 
classification boundary between separable and entangled 
states, thereby enabling a more comprehensive assessment 
of model performance.

Data distribution of density matrix in Hilbert-Schmidt mea-
sure Here we describe the data distribution used in our 
experiments. Density matrices for an n-qubit state were 
sampled using the following procedures (Zyczkowski and 
Sommers 2001) with N = 2n.

1. Let A, B be N × N  matrices in which each element 
Ajk and Bjk(1 ≤ j, k ≤ N) is independently drawn from 
the standard normal distribution, i.e., N (0, 1).

2. Construct an N × N  complex matrix C with entries 
defined as Cjk = Ajk + iBjk.

3. Define density matrix ρ as ρ = CC†/Tr[CC†], which 
ensures that ρ meets the conditions for a valid density matrix 
(see Theorem 1).

For two qubits, it has been suggested that the probability 
of a density matrix generated by this method being sepa-
rable is 8/33, or approximately 24% (Slater 2007).

Creation of dense synthetic datasets using PPT criterion To 
create the dense datasets described above, we used the 

consisting of the expected values of physical quantities, such 
as Pauli observables, can also be used to represent quantum 
states. We chose the density matrix format for input due to its 
compatibility with classical shadow methods (Huang et al. 
2020). These methods store snapshots of the density matrix 
of a quantum state, enabling estimation of the original density 
matrix values from their expectation values. The number of 
snapshots can be adjusted in accordance with the required 
accuracy, enabling the generation of density matrices with 
arbitrary accuracy. Given this flexibility, we adopted the 
density matrix format in this study.

Input format: Real tensor representation of density 
matrices While density matrices are inherently complex, 
our method represents them as real-valued tensors by 
decomposing them into their real and imaginary parts. 
This approach offers several advantages. 1) Ease of 
combination with machine learning frameworks: In 
machine learning research, real number input problem 
settings are more common than complex number input 
ones, and model implementation is mainly based on 
the assumption that the inputs are given as real values. 
Additionally, models that take color images as input often 
use input formats, such as 32 × 32 × 3 and 224 × 224 × 3, 
that are similar to the 2n × 2n × 2 format of real-valued 
density matrices. This suggests that image input models 
may be readily adapted for density matrix input models. 
2) Adaptability and performance considerations: Although 
some studies suggest that methods tailored for complex 
inputs might offer performance improvements (Trabelsi 
et al. 2018), such benefits are highly dependent on the 
specific problem setting and dataset. We used the real 
number input format in the proposed method, considering 
both the convenience of using real number inputs and 
the performance variations when using complex number 
inputs.

This method produces real scalar values that are used to 
calculate the AUC—a metric commonly used PU learning 
and anomaly detection. When binary classification is desired 
(i.e., assigning labels {+1, −1}), applying an appropriate 
threshold to these real values enables evaluation using the 
AUC or F1 score.

Fig. 4 Processes for generating 
separable and entangled states. 
Although preparing entangled data 
is challenging due to verification 
difficulties, the output state is reli-
ably classified as unlabeled
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based on deep neural networks with feature selection. Addi-
tionally, Asif et al. (2023) presented a method using fea-
tures based on relative entropy, while Ma and Yung (2018) 
introduced a method using features derived from Bell’s 
inequality within neural networks. Further, Lu et al. (2018) 
explored methods based on convex hull approximation in 
connection with ensemble learning, and this technique has 
also been employed in Wang (2022), which utilizes SLOCC 
(stochastic local operations and classical communication) 
for data generation. Casalé et al. (2023) also proposed a 
method based on convex hull approximation for systems 
other than qubits. Chen et al. (2020) demonstrated the use 
of neural networks to assess the entanglement structure 
of the noisy quantum generalized GHZ state. Gulati et al. 
(2024) concentrated on the standard form of input features 
and developed a technique for reducing dimensionality. 
Tian et al. (2022) developed an optimization method for 

PPT criterion. This method enables perfect classification 
when the exact values of the density matrix elements are 
clearly identified, as in specific systems such as two-qubit 
systems. In the context of determining fully-separability, 
we use the PPT criterion to construct a dataset including 
entangled state data near classification boundary. Chen et 
al. (2021) reported an implementation for two-qubit sys-
tems based on a similar approach, and we believe that 
it can be extended to systems with three or more qubits. 
Specifically, we would generate density matrices ρ for 
an n-qubit system as follows: For predetermined indices 
a, b(1 ≤ a < b ≤ n),

ρj1...jn,k1...kn = ρ1
j1,k1 · · · ρa−1

ja−1,ka−1
ρa+1

ja+1,ka+1
· · · ρb−1

jb−1,kb−1
ρb+1

jb+1,kb+1
· · · ρn

jn,kn
ρab

jajb,kakb
.

where j1, . . . , jn, k1, . . . , kn ∈ {1, 2} and ρj1...jn,k1...kn  rep-
resents the element located at the (

∑n
l=1(jl − 1) ∗ 2n−l + 1)

-th row and (
∑n

l=1(kl − 1) ∗ 2n−l + 1)-th column in ρ. 
This indexing convention is similarly applied to the follow-
ing matrices: ρab, which a 4 × 4 density matrix according to 
Hilbert-Schmidt measure described above, and 2 × 2 den-
sity matrices, which are sampled similarly. When b = a + 1, 
the overall density matrix can be expressed more simply as

ρ = ρ1 ⊗ · · · ⊗ ρa−1 ⊗ ρab ⊗ ρb+1 ⊗ · · · ⊗ ρn

A dataset generated using this formulation is adjacent to the 
fully-separable data on the entangled side, ensuring cover-
ages near the target classification boundary.

4 Related work

Various methods have been explored for using machine 
learning to detect entanglement. This section summarizes 
the most relevant research. Table 1 provides an overview 
of related work. The abbreviations used in the table are 
as follows: FCNN (fully-connected neural network), AE 
(autoencoder), LSTM (long short-term memory), CNN 
(convolutional neural network), SNN (Siamese neural net-
work), SVM (support vector machine), AutoML (automated 
machine learning), QNN (quantum neural network), QSVM 
(quantum support vector machine), and RBM (restricted 
boltzmann machine).

Neural network-based approaches are among the most 
prevalent methods for entanglement detection using 
machine learning. Roik et al. (2021) investigated the effect 
of the number of measurements on classification perfor-
mance, while Ureña et al. (2024) examined how deep mod-
els respond to variations in data distribution. Chen et al. 
(2022) presented methods for classifying GME using a neu-
ral network, and Singh et al. (2025) introduced an approach 

Table 1 A part of the studies and its comparison on entanglement 
detection using machine learning methods
References Methods Data 

availability
P N U

 Roik et al. (2021) FCNN ✓ ✓
 Ureña et al. (2024)  ″ ✓ ✓
 Singh et al. (2025)  ″ ✓ ✓
 Asif et al. (2023)  ″ ✓ ✓
Ma and Yung (2018)  ″ ✓ ✓
 Gao et al. (2024)  ″ ✓ ✓
 Li et al. (2025)  ″ ✓ ✓
 Qu et al. (2023) FCNN,AE ✓ ✓
 Huang et al. (2025) FCNN,LSTM ✓ ✓
 Luo et al. (2024) CNN ✓ ✓
 Li et al. (2024) CNN,Transformer ✓ ✓
 Pawłowski and Kraw-
czyk (2024)

CNN,SNN ✓ ✓

 Sanavio et al. (2023) SVM ✓ ✓
 Vintskevich et al. 
(2023)

 ″ ✓ ✓

 Greenwood et al. 
(2023)

 ″ ✓ ✓

 Rosebush et al. (2024)  ″ ✓ ✓
 Lu et al. (2018) Bagging ✓ ✓
 Goes et al. (2021) AutoML ✓ ✓
 Yin et al. (2022) QNN ✓ ✓
 Scala et al. (2022)  ″ ✓ ✓
 Sharma et al. (2025b) QSVM ✓ ✓
 Harney et al. (2020) RBM ✓
 Harney et al. (2021)  ″ ✓
 Krawczyk et al. 
(2024)

AE ✓

 Chen et al. (2021) CNN,SNN ✓
 Zhang et al. (2023) FCNN ✓ ✓ ✓
 Luo et al. (2023) SVM ✓ ✓ ✓
Ours CNN ✓ ✓
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detection in pure states. Subsequently, they expanded the 
methodology to encompass the application in mixed states 
(Harney et al. 2021). Shokou and Yeganeh (2025) proposed 
a hybrid approach combining quantum neural networks 
with classical fully connected neural networks. Sekuła et 
al. (2025) investigated the efficacy of Transformer models 
when presented with millions of training data points for the 
purposes of pre-training and fine-tuning. Krawczyk et al. 
(2024) proposed a methodology employing autoencoders to 
ascertain the separability of quantum states. Sá and Roditi 
(2021) presented an empirical discussion of the challenges 
associated with training entanglement classifiers based 
solely on information from local measurements. Yosefpor 
et al. (2020) proposed a method leveraging neural networks 
to ascertain optimal measurements in the entanglement 
detection problem. Fuchs et al. (2025) demonstrated the 
generation and detection of entanglement on quantum 
hardware using manifold learning. Goes et al. (2021) 
reported on the effectiveness of AutoML in the detection of 
entanglement. Zia et al. (2025) proposed utilizing quantum 
extreme learning machines for entanglement witnessing. 
Ahmed et al. (2021) conducted exhaustive experiments and 
discussions on a range of topics, including the classification 
of quantum states in optical systems. Sun et al. (2024) 
verified the performance of detection in scenarios where 
measurements are incomplete. Khalid et al. (2025) proposed 
the concept of a universal quantum witness machine, which 
would be utilized for the study of fundamental properties of 
quantum systems.

For formulation as one-class classification, Chen et al. 
(2021) introduced a deep learning approach based on ideas 
from Siamese networks and GANs. Their method frames 
entanglement detection as an anomaly detection problem, 
a type of unsupervised learning. To achieve this they devel-
oped methods that rely exclusively on separable data.

The concept of utilizing quantum states as unlabeled 
data has been explored in various research studies. Zhang 
et al. (2023) devised a semi-supervised learning method 
and used it to demonstrate how using unlabeled data can 
enhance entanglement detection. Luo et al. (2023) enhanced 
the performance of semi-supervised SVMs for GME state 
classification using techniques such as grouping unlabeled 
data and using iterative labeling.

Related research has expanded in various directions, 
Brunner et al. (2024) characterized the separability of states 
using methods based on manifold learning embedding 
techniques. Yin et al. (2022) formulated the entanglement 
detection problem as a two-player zero-sum game, and solved 
it using a quantum neural network. Gao et al. (2024) applied 
a neural network to a continuous-variable problem setting. 
Scala et al. (2022) investigated parametrized quantum 
circuits as a model for constructing entanglement witness 

models that accounts for the effects of experimental noise. 
Trávníček et al. (2024) proposed a detection method that 
utilizes supervised learning through estimation of negativ-
ity. Rizvi et al. (2022) proposed a classification approach 
predicated on the characteristics of observables in relation 
to entanglement states. Khalid et al. (2024) focused on 
detecting fundamental quantum resources, which are more 
general than entanglement detection, and proposed a detec-
tion method using fully connected neural networks. Huang 
et al. (2025) presented a method of detecting entanglement 
using only information from local measurements.

Several studies have explored entanglement detection 
methods designed specifically for matrix-based input repre-
sentations. Luo et al. (2024) introduced a convolutional neu-
ral network model for GME verification and demonstrated 
its effectiveness in environments with specified noise. Khoo 
and Heyl (2021) proposed a classification method based on 
statistical images derived from the transverse-field ferro-
magnetic Ising model. Li et al. (2024) presented a hybrid 
approach combining a convolutional neural network and 
a Transformer model to distinguish between W states and 
GHZ states. They later proposed a multi-view neural net-
work model with the objective of reducing computational 
cost (Li et al. 2025). XpookyNet, as introduced in Kookani 
et al. (2024), focuses on reducing the number of measure-
ments required during training. Qu et al. (2023) developed 
a complex-valued autoencoder model applicable to qubit 
systems of up to four qubits. Additionally, Pawłowski and 
Krawczyk (2024) presented a model that accounts for 
invariances in entanglement properties under to local uni-
tary operations and qubit permutations. Soubusta et al. 
(2025) advanced a computational resource-aware classifica-
tion method for entanglement.

In addition to neural network-based methods, several 
studies have explored alternative machine learning 
techniques for entanglement detection. Sanavio et al. (2023) 
proposed constructing entanglement witness operators 
using a support vector machine to classify unknown input 
quantum states. Other SVM-based approaches have been 
reported (Vintskevich et al. 2023; Xu and Zhao 2022). 
Greenwood et al. (2023) introduced a methods that 
calculates the expectations of selected Pauli observables—
quantities that are computationally efficient to evaluate—
and uses them as features for entanglement detection tasks. 
In relation to this method, Rosebush et al. (2024) enhanced 
efficiency in terms of computational complexity. Martínez-
Sabiote et al. (2025) proposed a method employing support 
vector machine for entanglement detection in high-
dimensional systems. These approaches use a two-class 
SVM to solve classical binary classification problems. 
Additionally, Harney et al. (2020) presented a method 
using restricted Boltzmann machines for entanglement 

1 3

   11  Page 10 of 17



Quantum Machine Intelligence            (2026) 8:11 

pretrained using autoencoder followed by training with a 
convolutional neural network. We used the Adam optimizer 
with a weight decay of 5 × 10−7 for pretraining and train-
ing, while keeping the default parameter settings for the 
other hyperparameters. The initial learning rate was set to 
10−4 and reduced to 10−5 after 250 pretraining epochs and 
100 training epochs. The DeepSVDD model was pretrained 
for 350 epochs and trained for 150 epochs.

Proposed method We used nnPU learning (Kiryo et al. 
2017) as the PU learning method for entanglement detec-
tion. We used the Adam optimizer with a weight decay of 
5 × 10−4 while the other hyperparameters were kept at their 
default values. The learning rate was set to 10−4 for all 100 
training epochs, a value lower than that used in the original 
implementation. For all three methods, the batch size was 
fixed at 128.

5.2 Architectures

To minimize performance differences arising from varia-
tions in model parameters and structure, we aligned the 
architecture of the three methods with those of PS-CxGAN 
and DeepSVDD for each comparison. The resulting archi-
tectures are shown in Table 2.

Here we denote a convolutional layer with kernel 
size k and d output channels as C[d × (k × k)], while 
a linear layer is specified solely by its number of 
output units. For the PS-CxGAN-based method, we 
applied batch normalization between convolutional 
layers and used the ReLU activation function between 
layers, including linear layers. In this method, half of 
the channel and unit numbers are used to represent the 
real and imaginary parts, respectively. Therefore, the 
total number of channels and units remains constant. 
For the DeepSVDD-based method, we applied batch 
normalization, followed by the leaky ReLU activation 
function, and a 2 × 2 max pooling operation, in that order 
between convolutional layers. We omitted both the batch 
normalization parameters and the bias term in the linear 
layer of the DeepSVDD method to prevent hypersphere 
collapse (Ruff et al. 2018).

operators. K et al. (2024) formulated entanglement detection 
as a multi-armed bandit problem and proposed a detection 
algorithm with probabilistic theoretical guarantees. Sharma 
et al. (2025b) have proposed a cross-domain classification 
method that utilizes quantum support vector machines. They 
later proposed a classification method employing quantum 
neural networks in conjunction with a problem-inspired 
data generation circuit (Sharma et al. 2025a). Mahdian and 
Mousavi (2025) investigated the feasibility of entanglement 
detection in a real quantum computer environment. Qiu et 
al. (2019) investigated the use of discrete-variable quantum 
neural networks and continuous-variable quantum neural 
networks for the entanglement detection problem.

5 Numerical experiments

We conducted numerical experiments to evaluate the effec-
tiveness of the proposed PU learning-based framework for 
entanglement detection. To assess whether incorporating 
unlabeled data as training data enhances classifier perfor-
mance, we compared the performances of two baseline 
methods that use only positive data with that of the proposed 
method, which uses both positive data and unlabeled data. 
In ablation studies, we verified the behavior of the proposed 
method when changing the network and input features.

5.1 Methodology

Baseline methods We evaluated the proposed method using 
two one-class classification methods. Their hyperparameter 
settings were primarily based on their original implementa-
tions unless otherwise specified. One baseline method was 
the network introduced in Chen et al. (2021), which com-
bines a Siamese network with a complex neural network. 
We refer to it as PS-CxGAN on the basis of its elements—a 
pseudo-Siamese network, a complex neural network, and 
a GAN. We used RMSProp optimizer with a momentum 
value 0.9, and set the learning rate to 10−4 for all 100 train-
ing epochs. A weight decay for PS-CxGAN was not applied. 
The other baseline method was the DeepSVDD model intro-
duced in Ruff et al. (2018), in which DeepSVDD model is 

Table 2 Network architecture used in numerical experiments. The same network architecture was used for each method except for the number of 
units in the final layer(*). Only the nnPU method changed the final output dimension to 1

PS-CxGAN-based network
2-qubit C[20 × (2 × 2)] − C[60 × (2 × 2)] − 240 − 192 − 20∗

3-qubit C[20 × (3 × 3)] − C[60 × (3 × 3)] − C[60 × (3 × 3)] − 240 − 192 − 20∗

DeepSVDD-based network
4-qubit C[32 × (5 × 5)] − C[64 × (5 × 5)] − 1024 − 64∗

5-qubit C[32 × (5 × 5)] − C[64 × (5 × 5)] − C[128 × (5 × 5)] − 2048 − 128∗

6-qubit C[32 × (5 × 5)] − C[64 × (5 × 5)] − C[128 × (5 × 5)] − C[256 × (5 × 5)] − 4096 − 256∗

1 3

Page 11 of 17    11 



Quantum Machine Intelligence            (2026) 8:11 

presence of negative samples. From this standpoint, access 
to valid density matrix data may have been a contributing 
factor to the high performance of the PU learning method 
in this study. Additionally, we remark that data points from 
the positive class and negative class are close to each other 
in the feature space. Consequently, in one-class classifica-
tion methods, that exclusively utilize positive samples, even 
if the given positive data can be classified as belonging to 
the positive class (data closer to the positive boundary), it 
is expected to be challenging to correctly classify negative 
data as negative. In PS-CxGAN, for instance, the classifi-
cation of data outside the region of positive data as nega-
tive requires the generation of data within the negative data 
region and the training of the discriminator to accurately 
differentiate between the two. However, in this problem 
setting, there is no explicit incentive, such as a loss func-
tion design, to generate negative data uniformly across 
all regions where negative data could potentially exist. In 
scenarios where positive and negative data are distributed 
near the classification boundary, ambiguity in learning the 
boundary may contribute to suboptimal performance. Con-
versely, the PU learning approach involves the provision of 
information regarding unlabeled samples. Moreover, given 
that the information regarding negative samples is provided 
through a class prior, in conjunction with the positive data 
information, it is conceivable to predict points that are likely 
to be negative.

5.5 Ablation studies

To analyze the impact of the components of the proposed 
method, we conducted ablation studies in a setting with 1/10 
samples of 5-qubit quantum states. We examined the effects 
of introducing complex neural networks (Trabelsi et al. 
2018) and input features. 1) Application of complex neural 
networks: complex neural networks handle input and network 
parameters within the range of complex numbers. These 
networks perform operations based on complex numbers and 
are also used in the PS-CxGAN baseline method (Chen et 
al. 2021). In this ablation study, we replaced the convolution 
layer, the activation function and batch normalization with a 
complex neural network. We conducted experiments using 
the CReLU activation function (Trabelsi et al. 2018). 2) 

5.3 Setup

Our synthesized dataset include PU data representing 
density matrices of fully-separable states and entangled 
states—meaning the dataset contained two labels. We used 
only positive label data for the one-class classification meth-
ods and both positive and unlabeled data for the proposed 
method. The dataset consisted of 60,000 training samples 
and 12,000 test samples, both of which included the same 
number of positive and negative samples, i.e., πp = 0.5. The 
synthesized dataset contained 20,400 explicit positive sam-
ples and 39,600 unlabeled samples, with all 30,000 negative 
samples included in the unlabeled data. This means that the 
ratio of positive samples within the unlabeled data was 8/33, 
based on sampling from the Hilbert-Schmidt measure. To 
ensure equality in the amount of data between the compared 
methods, we conducted additional experiments using a sub-
dataset of 6,000 positive-unlabeled samples (1/10 samples) 
for the proposed method. These samples were selected to 
maintain the same ratio of labeled data as in the original set 
of 60,000 samples (full samples).

5.4 Results

The experimental results are shown in Table 3, where each 
value represents the average and standard deviation from 
five trials using different seeds. As shown in Table 3, the 
proposed PU learning-based method achieved better perfor-
mance than the baseline methods. Although the results of 
nnPU using 1/10 samples were lower than those using full 
samples, it’s reasonable, but they showed high performance 
compared to the baseline methods. In this problem setting, it 
was assumed that the positive data spanned most of the true 
positive data set, leading to the expectation that the baseline 
methods would perform similarly to the proposed method. 
However, the results contradict this expectation. One pos-
sible explanation is as follows. According to Bekker and 
Davis (2020), in one-class classification, the negative class 
(e.g., entangled state) is not included in the given sample 
(positive class, e.g., separable state) and is instead consid-
ered as all other possible classes. Conversely, in the con-
text of PU learning, unlabeled samples offer insights into 
the global distribution of data, encompassing the potential 

Table 3 Experimental results. The values below show the averages and standard deviations of the execution results for five different seeds. The 
nnPU results show the case of using 6,000 samples (1/10 samples) and 60,000 samples (full samples) as training data

PS-CxGAN DeepSVDD nnPU(1/10 samples) nnPU(full 
samples)

2-qubit 0.9889 ± 0.0217 0.9713 ± 0.0067 0.9967 ± 0.0005 0.9998 ± 0.0001
3-qubit 0.5153 ± 0.0617 0.6521 ± 0.0324 0.9579 ± 0.0103 0.9972 ± 0.0003
4-qubit 0.4738 ± 0.0216 0.5371 ± 0.0072 0.9150 ± 0.0070 0.9928 ± 0.0012
5-qubit 0.4619 ± 0.0277 0.4179 ± 0.0147 0.8783 ± 0.0125 0.9862 ± 0.0050
6-qubit 0.4884 ± 0.0127 0.3925 ± 0.0096 0.8359 ± 0.0116 0.9846 ± 0.0031
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power is higher, leading to superior performance compared 
to complex neural networks. Here we remark that Trabelsi 
et al. (2018) states that the difference in classification 
performance between real and complex models regarding 
experimental results on complex neural networks varies 
depending on the dataset, task, and architecture. We believe 
it is important to note that our results do not necessarily 
imply outcomes for different problem settings.

For the results for the input features, a significant dif-
ference was observed in the one-sided t-test at the signifi-
cance level 0.05. This result was a bit surprising because 
the two types of features can be mapped one-to-one by an 
affine transformation. That is, considering that the features 
xd obtained from the density matrix and the features xp 
obtained from the Pauli observables, there are the weights 
Wd, Wp and the biases bd, bp of the first-layer linear layer 
satisfy the relation z = Wdxd + bd = Wpxp + bp. These 
results seem to suggest that the performance of entangle-
ment detection may be sensitively affected by feature 
selection. To strengthen our confidence in this point, we 
conducted an additional ablation study.

Further investigation and experimentation on this point 
led us to conclude that there is no significant difference in 
the information held by at least the Pauli observables and 
density matrices regarding label inference, and that the key 
point lies in the scale of the features. To analyze the impact of 
feature selection on model performance, we first calculated 
N2 and N3 for our test dataset of 5-qubit, complexity 
metrics for binary classification problem proposed by Ho 
and Basu (2002). These metrics estimate the difficulty of 
learning based solely on the input features, with N2 and 
N3 specifically calculated from the information of nearest 
neighbor samples in the feature space. Specifically, N2 is 
the average ratio of intra-class to inter-class distances for 
each data point. N3, on the other hand, is the proportion 
of data points for which the nearest neighbor belongs to a 
different class. In other words, large values of N2 and N3 
indicate that training the dataset is difficult. The specific 
calculation results are shown in Table 5.

As a result, highly similar values were obtained. These 
results suggest that feature selection does not significantly 
affect classification based on nearest neighbors. Further 
investigation into the difference in the distribution of input 
feature values confirmed that the standard deviation of 
features based on Pauli operators is tens of times larger 
than that of features based on the density matrix. In this 
study, which utilizes quantum states distributed in or near 

Input features: In addition to density matrices, quantum 
states can be represented as sets of expected values of 
observed quantities. One such representation is the expected 
values of Pauli observables, which can concisely represent 
quantum states. Here, we evaluate the performance of using 
Pauli observables as features, where they are represented as 
45-dimensional vectors. We used a fully connected neural 
network with the output sizes of 200 − 200 − 200 − 1 as 
the network architecture. For comparison, we conducted 
additional experiments using feature vectors consisting of 
45 values. These values were obtained by extracting the 
diagonal components and the real and imaginary parts of 
the non-diagonal components from the density matrix. The 
experimental results are shown in Table 4.

The experimental results for complex neural networks, 
were lower than those obtained using conventional neural 
networks. This result suggests that treating it is appropriate 
to treat the inputs as real numbers in this problem setting.

One factor contributing to the poorer performance of 
complex neural networks compared to real neural net-
works is the issue of inductive bias in complex neural 
networks. Specifically, the limited parameter freedom in 
the convolution operations within complex neural net-
works did not align well with the problem setting at hand. 
In complex neural networks, given a complex filter matrix 
W = A + iB (A, B ∈ Rk×k) of kernel size k and the 
m × m complex matrix H = X + iY (X, Y ∈ Rm×m), 
the convolution operation between each channel pair within 
complex neural networks is expressed as

W ∗ H = (A + iB) ∗ (X + iY ) = (A ∗ X − B ∗ Y ) + i(B ∗ X + A ∗ Y )

where * denotes the convolution operation between two real 
matrices. Note that in the above convolution operation, the 
contribution to the real part of X and the contribution to the 
imaginary part of Y are performed through the same single 
real matrix A (the same applies to B). That is, the ratio of 
contribution to the real and imaginary parts of the input 
values is fixed. Conversely, the density matrix, which is the 
input feature in this problem setting, has real diagonal entries 
by definitions so the distribution of real and imaginary 
values differs for each matrix element. Considering this, 
convolving the real part X and imaginary part Y with values 
of the same scale may excessively restrict the model’s 
representation. Meanwhile, in real neural networks, the 
filter matrix parameters are independent between each 
channel pair. This suggests that the model’s expressive 

Table 4 Experimental results in ablation studies. The values below show the averages and standard deviations of the execution results for five 
different seeds
1) Complex NNs 2) Input features
 Complex NNs Real NNs Pauli observables Density matrices

0.8246 ± 0.0190 0.8783 ± 0.0125 0.6309 ± 0.0040 0.6521 ± 0.0096
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exponentially relative to the qubit count when scaled using 
a design like the DeepSVDD-based network described in 
the paper. Overall, computational complexity, training time, 
and memory usage are expected to scale exponentially with 
the number of qubits. We discuss the approach to the scaling 
problem in conclusion.

7 Conclusion

Through this paper, we have demonstrated that learning 
methods based on positive-unlabeled learning are well 
suited to the entanglement detection problem, particularly 
given the constraints of realistically obtainable datasets. 
Numerous studies have highlighted the potential of machine 
learning approaches for entanglement detection, establishing 
them as promising candidates for creating general-purpose 
entanglement detectors. However, as noted in Chen et al. 
(2021), it is essential to consider the practical challenges 
of data acquisition when implementing these approaches. 
From this perspective, we propose treating states with no 
guarantee of separability or entanglement as unlabeled data 
and incorporating them into a PU learning framework. PU 
learning is a well-established field in machine learning that 
provides insights applicable to other fields. In particular, 
the nnPU learning method (Kiryo et al. 2017) used in our 
experiments is designed to avoid overfitting when applying 
deep models, making it an effective approach for the 
application of these models in classical systems. Moreover, 
our comparative experiments demonstrated the superiority 
of the proposed method. Methods based on PU learning 
effectively utilize information in unlabeled data and tend to 
maintain high performance in entanglement detection even 
when data is concentrated near the classification boundary.

As future work, we may explore the following problems:

Scaling problem Scaling is a fundamental challenge in 
quantum computing, and the entanglement detection 
approach presented in this paper is no exception. One 
straightforward solution to scaling is to perform most of 
the learning and inference directly in the quantum domain. 
In this case, constructing a high-quality dataset becomes a 
crucial issue to be addressed. Although dataset generation 
was touched upon in our description of the proposed method, 
ensuring a comprehensive representation of entangled states 
through quantum operations remains a difficult task, as 

fully separable regions, the values of each element in the 
density matrix decrease exponentially with the number 
of qubits. Conversely, the absolute values of the Pauli 
operator often become larger. This is thought to cause 
the difference in standard deviation. In machine learning 
models incorporating weight decay, increasing the absolute 
magnitude of features can excessively boost the model’s 
expressive power, as features with larger absolute values 
contribute more significantly to the output when weights are 
fixed. To verify this, we conducted experiments examining 
performance changes when features were fixed and weight 
decay was increased. The results are shown in Table 6.

Increasing weight decay from the initial setting raised the 
AUC score, and in the one-sided t-test at the significance 
level 0.05, no significant difference was observed compared 
to using the density matrices features. We consider these 
additional observations to support the notion that there is no 
significant difference between Pauli observables and density 
matrices regarding feature design. At the same time, we also 
believe they suggest that attention should be paid to the scale 
and distribution of values when designing features, even in 
situations where the domain is fixed to the range of [−1, +1] 
due to the use of density matrices and Pauli observables.

6 Discussion

We proposed using a PU learning-based learning method 
to address the problem of generating data for entangle-
ment detection. Here, we clearly state the limitations of 
our method. One of the major limitations of the proposed 
method is that it is not scalable for larger systems. In short, 
applying the proposed method directly to larger systems is 
likely to face scalability issues. Consider a simple example: 
the behavior of the proposed method when increasing the 
number of qubits while keeping the number of steps and the 
number of samples in the dataset constant. First, the size of 
a single density matrix increases exponentially, meaning the 
dataset size would also increase exponentially. Furthermore, 
the size of the neural network model used–specifically, the 
number of parameters within the model–also increases 

Table 6 Additional experimental results in ablation studies. The values below show the averages and standard deviations of the execution results 
for five different seeds
Input Pauli observables Density matrices

Weight decay 5 × 10−4 5 × 10−3 5 × 10−2 5 × 10−4

AUC 0.6309 ± 0.0040 0.6475 ± 0.0089 0.6592 ± 0.0063 0.6521 ± 0.0096

Table 5 Metrics for estimating the difficulty of training datasets
Pauli observables Density matrices

N2 0.4944 0.4945
N3 0.4368 0.4329

1 3
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