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Abstract
Accurate measurements of the X-ray pulse duration pro-

duced by X-ray free-electron lasers (XFELs) typically rely
on longitudinal electron beam phase space diagnostics, e.g.
in a transverse deflecting cavity or TCAV, or from measure-
ments of spectral correlations. All of the known spectral
methods share the weakness that they will underestimate the
pulse length in the case that the FEL spectrum is broadened
due to the electron beam having an energy chirp. We present
a statistical analysis of FEL radiation in the presence of a
linear electron beam energy chirp which extends previous
results by including an accurate description of the FEL gain
process. In doing so, we show that with measurements of
the spectral intensity correlations and the average spectrum,
one can reconstruct the X-ray pulse length, e-beam chirp,
and spectrometer resolution. Our approach is validated by
comparison with 1D FEL simulations.

INTRODUCTION
Several methods exist to measure the pulse duration pro-

duced by XFELs. One can directly infer something about
the XFEL pulse shape and duration if a longitudinal phase
space diagnostic is available for the electron beam, such
as a transverse deflecting cavity (TCAV) [1]. In practice,
however, TCAVs can be difficult to operate and have a lim-
ited temporal resolution, about 2-4 fs, particularly at higher
beam energies, and thus other methods which do not rely
on knowledge of the e-beam phase space pose interest. It
has been known for decades that the fluctuations of spectral
intensity of the radiation emitted by electron beams stores
information about the bunch length [2–5]. A technique ap-
plied to the XFEL by Lutman et al in [6, 7], showed that
by evaluating the spectral intensity correlations, one can re-
construct not only the pulse duration but also the resolution
of the spectrometer used to measure the XFEL spectra. A
similar approach was recently taken in [8] to unveil slightly
more information about the time-frequency correlations of
the XFEL pulses. Both of these approaches, as well as other
approaches based on studying intensity correlations, are in-
accurate if the electron beam has a time-energy correlation
or chirp. The presence of the e-beam chirp broadens the
FEL spectrum and results in these measurements underes-
timating the pulse duration [9]. This inability stems from
the assumption, in those models, that each electron emits
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radiation centered around the same central frequency 𝜔0
defined by the FEL resonance condition.

The behavior of the FEL gain process in the presence of
a linear e-beam energy chirp is well-understood, however,
and an appropriate Green’s function was derived by Krinsky
and Huang in [9]. These spectral correlation-based mea-
surements should be extendable to include the chirp. We
present a revised analysis of FEL intensity fluctuations in
the presence of a linear energy chirp and non-zero spec-
trometer resolution. By fitting to both the spectral intensity
correlation function and the average spectrum, we are able
to extract all three parameters - the X-ray pulse length, the
electron beam chirp, and the spectrometer resolution. There
is inherent uncertainty in this method which stems from
ambiguity in the value of the SASE bandwidth, however, we
demonstrate that the impact of that uncertainty is negligi-
ble on practical measurements. We validate our approach
by using it to reconstruct the beam parameters of 1D FEL
simulations.

CALCULATION OF SPECTRAL
INTENSITY CORRELATION

In an experiment, one typically has access to spectral in-
tensity measurements of the FEL field via spectrometer. The
measurement is a convolution of the true intensity spectrum
with a spectrometer resolution function:

𝑆(𝜔) ≡
∫

𝑑𝜔

2𝜋
𝑒
− (𝜔−𝜔0 )2

2𝜎2
𝑚

��𝐸̃ (𝜔)��2 (1)

where 𝜎𝑚 is the spectrometer resolution. The measured
spectral intensity correlation is then defined as

𝐺2 (𝛿𝜔) ≡
〈
𝑆(𝜔 − 𝛿𝜔

2 )𝑆(𝜔 + 𝛿𝜔
2 )

〉〈
𝑆(𝜔 − 𝛿𝜔

2 )
〉 〈

𝑆(𝜔 + 𝛿𝜔
2 )

〉 − 1 (2)

We utilize an integral form of this equation given by
Eq. (A5), in [6], omitted here for brevity. We now
compute two quantities: the spectral field correlation〈
𝐸̃ (𝜔 − 𝛿𝜔

2 )𝐸∗ (𝜔 + 𝛿𝜔
2 )

〉
and the spectral intensity cor-

relation
〈��𝐸̃ (𝜔 − 𝛿𝜔

2 )
��2 ��𝐸∗ (𝜔 + 𝛿𝜔

2 )
��2〉. We will do this

within the framework of [9], which treated a 1D FEL in the
high-gain regime including the effects of a linear energy
chirp. In this model, the SASE electric field takes the form

𝐸 (𝑡) =
∑︁
𝑗

𝑒𝑖𝜔 𝑗 ( 𝑧
𝑐
−(𝑡−𝑡 𝑗 ))𝑔(𝑡 − 𝑡 𝑗 )ℎ𝑡𝑑 (𝑡 𝑗 ) (3)

where 𝜔 𝑗 = 𝜔0 + 𝑢𝑡 𝑗 is the frequency of light emitted by
the j-th electron which is the central frequency 𝜔0 offset by a
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term proportional to the electron beam chirp 𝑢. Furthermore,

𝑔(𝑡) ∝ exp

[
−𝑏

(
𝑡 − 𝑧

𝑣𝑔

)2
− 𝑖𝑢

2

(
𝑡 − 𝑧

𝑣0

) (
𝑡 − 𝑧

𝑐

)]
(4)

is the time-independent gain function. The parameter 𝑏 =

3
4

(
1 + 𝑖√

3

)
𝜎2
𝜔 where 𝜎2

𝜔 =
3
√

3𝜌
𝑘𝑤 𝑧

𝜔2
0 is the SASE bandwidth.

Furthermore, 𝑣𝑔 = 𝜔0/(𝑘𝑟 + 2
3 𝑘𝑢) and 𝑣0 = 𝜔0/(𝑘𝑟 + 𝑘𝑢)

with 𝑘𝑟 = 2𝜋/𝜆𝑟 the radiation wavenumber, 𝑘𝑢 = 2𝜋/𝜆𝑢
the undulator wavenumber, and 𝜔0 the central resonant FEL
frequency. We note here that this model is valid only for
small chirps where 𝑢 ≪ 𝜎2

𝜔 . The function ℎ𝑡𝑑 (𝑡 𝑗 ) is a stand-
in for any time-dependent effect in the gain process, and can
thus account for variations in the e-beam current profile, in
principle, undulator taper, etc. With these definitions, the
frequency domain field is defined by the Fourier transform

𝐸̃ (𝜔) ≡
∫

𝑒𝑖𝜔𝑡𝐸 (𝑡)𝑑𝑡 =
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𝑗

𝑒
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(
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𝑐
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)
𝑔̃(𝜔−𝜔 𝑗 )ℎ𝑡𝑑 (𝑡 𝑗 )

(5)
where 𝑔̃(𝜔) ≡

∫
𝑒𝑖𝜔𝑡𝑔(𝑡)𝑑𝑡. The spectral field correlation

is then evaluated as a double sum, however, under the as-
sumption that the beam particle arrival times are independent
we can reduce it to a single sum. Similarly, the intensity
correlation is a four-way sum which can be reduced to two.
The process is similar to that found in [6, 10], and we omit
the details here. The resulting correlations are

〈
𝐸̃

(
𝜔 − 𝛿𝜔

2

)
𝐸̃∗

(
𝜔 + 𝛿𝜔

2

)〉
= 𝐹̃ (𝜔, 𝛿𝜔) (6)〈����𝐸̃ (

𝜔 − 𝛿𝜔

2

)����2 ����𝐸̃∗
(
𝜔 + 𝛿𝜔

2

)����2〉 = (7)

𝐹̃

(
𝜔 − 𝛿𝜔

2
, 0
)
𝐹̃

(
𝜔 + 𝛿𝜔

2
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where 𝐹̃ (𝜔, 𝛿𝜔) is defined as:

𝐹̃ (𝜔, 𝛿𝜔) ≡
〈∑︁

𝑗

𝑒−𝑖 𝛿𝜔𝑡 𝑗 𝑔̃

(
𝜔 − 𝜔 𝑗 −

𝛿𝜔

2
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〉
With this definition we can write 𝐺2 as

𝐺2 (𝛿𝜔) =
[∫
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4𝜎2
𝑚

− Ω2

𝜎2
𝑚

��𝐹̃ (𝜔 +Ω, 𝛿𝜔 + Δ)
��2] / (9)[∫

𝑑Δ𝑑Ω𝑒
− Δ2

4𝜎2
𝑚

− Ω2

𝜎2
𝑚 ×

×𝐹̃
(
𝜔 +Ω + Δ + 𝛿𝜔

2
, 0
)
𝐹̃

(
𝜔 +Ω − Δ + 𝛿𝜔

2
, 0
)]

Our expression for 𝐹̃ can be simplified further by replac-
ing the ensemble average of the sum with an integral over

the beam current distribution 𝑓 (𝑡), as

𝐹̃ (𝜔, 𝛿𝜔) =
∫

𝑑𝑡 𝑗 𝑓 (𝑡 𝑗 ) |ℎ𝑡𝑑 (𝑡 𝑗 ) |2𝑒−𝑖 𝛿𝜔𝑡 𝑗 × (10)

×𝑔̃
(
𝜔 − 𝜔 𝑗 −

𝛿𝜔

2

)
𝑔̃∗

(
𝜔 − 𝜔 𝑗 +

𝛿𝜔

2

)
So far we have left ℎ𝑡𝑑 inexplicit, which is problematic for
future applications. To resolve this, we may connect it to the
average X-ray intensity profile 𝜒(𝑡) by first writing

𝜒(𝑡) ≡
〈
|𝐸 (𝑡) |2

〉
=

∫
𝑑𝑡 𝑗 𝑓 (𝑡 𝑗 ) |ℎ𝑡𝑑 (𝑡 𝑗 ) |2 |𝑔(𝑡− 𝑡 𝑗 ) |2 (11)

In the limit that the bunch is long compared to the inverse of
the SASE bandwidth, 𝜎𝑡𝜎𝜔 ≫ 1, the SASE Green’s func-
tion 𝑔(𝑡) is much narrower than the product 𝑓 (𝑡) |ℎ𝑡𝑑 (𝑡) |2,
and thus behaves much like a delta function, allowing us to
write the proportionality

𝜒(𝑡) ∝ 𝑓 (𝑡) |ℎ𝑡𝑑 (𝑡) |2 (12)

Thus, up to some multiplicative factor that will drop out of
𝐺2 in the end, we may write

𝐹̃ (𝜔, 𝛿𝜔) =
∫

𝑑𝑡 𝑗 𝜒(𝑡 𝑗 )𝑒−𝑖 𝛿𝜔𝑡 𝑗 × (13)
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(
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𝛿𝜔

2

)
𝑔̃∗

(
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𝛿𝜔

2

)
One can easily carry out these calculations for the Green’s
function described by Eq. (4) for a gaussian X-ray intensity
profile, 𝜒(𝑡) = 𝑒−𝑡

2/2𝜎2
𝑡 , which yields 𝐺2 in the form

𝐺2 (𝛿𝜔) =
1√︃

1 + 2𝜎2𝜎2
𝑡

exp

[
−

𝛿𝜔2𝜎2
𝑡 𝜉

2
0

1 + 2𝜎2𝜎2
𝑡

]
(14)

where to make an explicit connection to [6] we define

𝜎 =

√
2𝜎𝑚𝜎𝜔√︁

𝜎2
𝑚 + (1 + 𝛿2

𝑢)𝜎2
𝜔

𝜉0 =
𝜎2
𝜔

√︁
1 + 𝛿2

𝑢

𝜎2
𝑚 + (1 + 𝛿2

𝑢)𝜎2
𝜔

(15)

where 𝛿2
𝑢 = 𝑢̃ + 𝑢̃2 (1 + 3𝜎2

𝑡 𝜎
2
𝜔

)
with 𝑢̃ ≡ 𝑢/

√
3𝜎2

𝜔 . If
the bunch is long enough that 𝑢𝜎𝑡

𝜎𝜔
is of order one, then

𝛿𝑢 ≃ 𝑢𝜎𝑡/𝜎𝜔 . Finally, we also note that the average spectral
intensity can be written as

𝐹 (𝜔, 0) ∝ exp
[
− (𝜔 − 𝜔0)2

2(𝜎2
𝑚 + 𝜎2

𝜔 (1 + 𝛿2
𝑢))

]
(16)

Taking Eqs. (14) and (16) together, we have a total of four
unknown parameters 𝜎𝑚, 𝜎𝑡 , 𝜎𝜔 , and 𝑢. By fitting to the
measured spectrum and the measured 𝐺2 we can extract
three parameters in the form of the amplitude of 𝐺2, the
width of 𝐺2, and the width of the spectrum. Assuming we
can estimate the SASE bandwidth reasonably well, we can
then solve for the three remaining parameters to extract the
bunch length, beam chirp, and spectrometer resolution.
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VALIDATION WITH 1D FEL
SIMULATIONS

To verify the equations derived in the previous section, we
performed simulations using a one-dimensional FEL code.
The parameters common to all simulations are shown in Ta-
ble 1. We scanned the chirp of the electron beam over a wide
range of values, performing 1000 statistically independent
simulations at each working point in order to generate suf-
ficient statistics for calculating 𝐺2 and the average spectral
intensity. The undulator length of 30 m was chosen such
that the simulation ends during the exponential gain regime
where the equations explicitly apply. To mimic a true exper-
imental measurement, we computed the spectral intensity��𝐸̃ (𝜔)��2 and convolved it with a gaussian of width 0.2 eV,
as in Eq. (1). As stated in the previous section, the method
demands some prior knowledge of the SASE bandwidth,

which we can estimate as 𝜎𝜔 =

√︃
3
√

3𝜌
𝑘𝑤 𝑧

𝜔2
0 = 4.55 eV.

Table 1: 1D FEL Simulation Parameters

Parameter Unit Value
Beam energy GeV 12.1

Beam energy spread MeV 0.726
Norm. emittance µm rad 0.6

Peak current kA 3
𝛽 function m 25

Undulator period cm 3
Undulator K 3.5

Radiation wavelength nm 0.19061
Bunch shape Gaussian

RMS bunch length µm 2
Undulator length m 30

The results of the reconstruction are shown in Fig. 1. In it
we see that, in spite of the varying chirp and therefore varying
bandwidth and 𝐺2, our model can successfully extract the
correct pulse length. A naive application of the model of [6]
would on the other hand predict a successively smaller pulse
length as the chirp was increased. In addition to that, the
chirp itself is effectively reconstructed, as is the spectrometer
resolution.

SENSITIVITY TO THE KNOWLEDGE OF
SASE BANDWIDTH

Since the method we have laid out leaves the SASE band-
width unspecified, it is worth considering how sensitive the
predictions are to the estimated value of 𝜎𝜔 . To under-
stand this we should look explicitly at the fitted solutions.
In particular, suppose from our measurements we extract
𝐺2 (𝛿𝜔) = 𝐴𝐺𝑒

−𝛿𝜔2/2𝜎2
𝐺 and 𝐹̃ (𝜔, 0) ∝ 𝑒−(𝜔−𝜔0 )2/2𝜎2

𝐵𝑊 .
Equating these with Eqs. (14) and (16) allows us to solve
explicitly for 𝜎𝑚, 𝜎𝑡 , and 𝑢. In doing so we find that

𝜎𝑚 =
𝜎𝐺𝜎𝐵𝑊

√︃
1 − 𝐴2

𝐺√︃
2𝜎2

𝐵𝑊
+ (1 − 𝐴2

𝐺
)𝜎2

𝐺

(17)

Figure 1: Reconstruction of X-ray pulse length, e-beam
chirp, and spectrometer resolution from 1D simulations.

The spectrometer resolution prediction is thus independent
of the SASE bandwidth estimate. The pulse length, on the
other hand, is

𝜎𝑡 =

√︃
2𝜎2

𝐵𝑊
+ (1 − 𝐴2

𝐺
)𝜎2

𝐺

2𝐴𝐺𝜎𝐺𝜎𝜔

(18)

and the chirp is

𝑢 =
1
𝜎𝑡

√√
2𝜎4

𝐵𝑊

2𝜎2
𝐵𝑊

+ (1 − 𝐴2
𝐺
)𝜎2

𝐺

− 𝜎2
𝜔 (19)

Now we can identify two regimes. When 𝛿𝑢 is large com-
pared to one, Eqs. (14) and (16) show that 𝜎𝐵𝑊 reduces to
𝑢𝜎𝑡 , and 𝜎𝐺 becomes 𝑢2/2𝜎2

𝜔 . Then, neglecting for the mo-
ment the spectrometer resolution, our predictions for both
𝜎𝑡 and 𝑢 (as in Eqs. (18) and (19)) become independent
of the SASE bandwidth. In the opposite limit, the spectral
bandwidth reduces to roughly the SASE bandwidth, while
the width of 𝐺2 becomes roughly independent of the SASE
bandwidth. As such, 𝜎𝑡 remains insensitive to 𝜎𝜔 while 𝑢
becomes heavily sensitive to 𝜎𝜔 . Thus we conclude that re-
gardless of the chirp value, our reconstructions of the bunch
length and spectrometer resolution are relatively insensitive
to our knowledge of the SASE bandwidth. The chirp, on the
other hand, can be quite sensitive to 𝜎𝜔 if 𝑢𝜎𝑡/𝜎𝜔 ≃ 1, but
becomes less and less sensitive as this parameter grows.

Let us consider this concretely in the case of the previous
section. We plot the reconstructed pulse length and chirp as
a function of the SASE bandwidth estimate in Fig. 2 for two
different values of the chirp, indicated in the legend. Dashed
lines represent the true value. In the top figure, it is clear that
at both chirp working points the estimate of the pulse length
is relatively insensitive to the SASE bandwidth. The chirp,
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on the other hand, portrays a relatively weak dependence on
bandwidth for the larger chirp case, but a stronger one for the
weaker chirp case. We note that this reconstruction method
will be most relevant when the chirp is larger anyways, so
this does not substantially limit its applicability.

Figure 2: Dependence of pulse length and chirp reconstruc-
tion on the estimate of the SASE bandwidth.

CONCLUSIONS
We have performed an analysis of FEL intensity fluctua-

tions when the electron beam is chirped and demonstrated
that the combination of the spectral intensity correlation
and the average spectrum provides sufficient information to
reconstruct the X-ray pulse length, the e-beam chirp, and
the resolution of the spectrometer used for the measurement.
The reconstructions are technically dependent on a guess of
the SASE bandwidth but are found to be insensitive to it in
regimes where the reconstruction would be useful. We have
validated our method using 1D FEL simulations. Further
validation with 3D FEL simulations and experiments will
be the subject of future work.
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