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Abstract: Blazars—a subclass of active galaxies—are intrinsically time-variable broadband sources of

electromagnetic radiation. In this contribution, we explored relativistic proton (hadronic) signatures

in the time domain blazar emission and searched for those parameter combinations that unveil their

presence during flaring epochs. We generated time series for key model parameters, like magnetic

field strength and the power-law index of radiating particles, which were motivated from a simulated

time series with statistical properties describing the observed GeV gamma-ray flux. We chose the

TeV blazar Mrk 501 as our test case, as it had been the study ground for extensive investigations

during individual flaring events. Using the code LeHaMoC, we computed the electromagnetic and

neutrino emissions for a period of several years that contained several flares of interest. We show

that for both of those particle distributions the power-law index variations that were tied to moderate

changes in the magnetic field strength of the emitting region might naturally lead to hard X-ray

flares with very-high-energy γ-ray counterparts. We found spectral differences measurable by

the Cherenkov Telescope Array Observatory at sub-TeV energies, and we computed the neutrino

fluence over 14.5 years. The latter predicted ∼0.2 muon and anti-muon neutrinos, consistent with the

non-detection of high-energy neutrinos from Mrk 501.

Keywords: active galaxies; gamma rays; non-thermal radiation; neutrinos

1. Introduction

Blazars, a prominent subclass of active galaxies with jets aligned with our line of
sight [1], are sources of broadband electromagnetic radiation that exhibit intrinsic flux
variability. The flux variability is observed across the electromagnetic spectrum, from radio
frequencies to very-high-energy gamma rays (for a review, see [2]). The flux may vary on
both short (minutes to hours) and long (months to years) timescales [3,4].

The Spectral Energy Distribution (SED) of blazars typically features two broad com-
ponents: a low-energy peak attributed to synchrotron radiation from relativistic pairs,
and a high-energy peak often explained by the inverse Compton scattering of synchrotron
photons [5,6] or by external photon fields [7,8] in leptonic models. In hadronic models,
on the other hand, high-energy emission results from the interaction of relativistic protons
with ambient photon fields, producing secondary particles, such as pions and muons,
that decay into secondary pairs, gamma-rays, and neutrinos. While time-averaged SEDs
provide valuable insights into the average physical conditions within the blazar’s emission
region, they do not capture the dynamic aspects of blazar behavior. During variability
epochs, we can obtain more precise constraints on source parameters, such as the radius
of the emission region or the magnetic field strength, rather than average values. This
approach allows for a more detailed understanding of the physical conditions inside the
source [9,10].

The correlation between flux variations in different energy bands is a tool for distin-
guishing between emission models. In leptonic models, the Synchrotron Self-Compton
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(SSC) mechanism predicts a quadratic relationship between the X-ray and TeV gamma-ray
fluxes, as both emissions originate from the same electrons. For example, ref. [11] was able
to reproduce the SED of Mrk 501 during its April–May 1997 outburst with a time-dependent
SSC model by varying the electron luminosity, the maximal Lorentz factor of the electrons,
and the Doppler factor. In leptohadronic models, the correlations can be more complex,
due to the additional processes involved, such as photohadronic interactions, synchrotron
radiation from secondary particles, and photon–photon annihilation. These models may
predict different time lags and flux–flux correlations compared to leptonic models [12],
providing a means to distinguish between the two scenarios.

Mrk 501 is a well-known TeV blazar that has been extensively studied, due to its
remarkable flaring activity and the wealth of observational data available. Previous studies,
such as the detailed analysis of the 1997 flaring period [13], have revealed significant
correlations between X-ray and TeV gamma-ray fluxes, consistent with SSC predictions [11].
During X-ray flares, narrow spectral features in the very high energy (VHE, E > 100 GeV)
can be explained by the emission of neutral pion decay, as shown in ref. [14]. However,
the variability when combined with the multi-wavelength campaigns suggests that the
observed emission from Mrk 501 could be due to a complex superposition of two different
emission zones [15].

In this study, we aimed to explore the time-dependent behavior of blazar emission,
focusing on Mrk 501 as our test case. Using the LeHaMoC code [16], we simulated time
series for key model parameters, such as electron–proton distribution and magnetic field
strength, motivated by the observed gamma-ray flux variability. Our primary objective was
to identify parameter combinations that revealed hadronic signatures during flaring epochs
and to search for energy windows where hadronic emissions might dominate. We analyzed
electromagnetic and neutrino emissions over several years, encompassing two simulated
flaring events, to investigate flux–flux correlations between different energy bands.

The structure of this paper is as follows: In Section 2, we describe briefly the physical
problem and the numerical code. Then, we focus on the case study of Mrk 501, detailing the
observational data and the modeling of the time-average SED that served as the baseline
of our time-dependent model. In Section 2.4, we describe how we created synthetic light
curves. In Section 3, we present our results on the variability of the broadband emission,
discussing the identified hadronic signatures and flux correlations. Section 4 provides pre-
dictions for future observations with the Cherenkov Telescope Array (CTA), and Section 5
discusses our findings in the context of neutrino observations by IceCube. In Section 6, we
discuss our findings, we present some caveats of our analysis, and we outline potential
improvements. We conclude in Section 7.

2. Methods

2.1. Numerical Code

We modeled our emitting region as a spherical blob of size R within the jet of the
AGN, and we assumed a homogeneous magnetic field of strength B. In blazars, the an-
gle θ between the line of sight to the observer and the bulk plasma velocity is a few
degrees [17,18]. Emissions produced in the blob’s rest frame will therefore appear to be
Doppler-boosted to an external observer. For a bulk plasma motion with Lorentz factor Γ

and velocity β = v/c, we defined the Doppler factor as δ = Γ−1(1 − βcosθ)−1. Throughout
this work, all parameters were measured in the rest frame of the blob, unless explicitly
stated otherwise. We assumed the presence of an acceleration region from which parti-
cles (primary electrons and protons) escaped upon their acceleration into the blob where
they radiated. The injected distribution of the accelerated particles was described by a
power law with slope pj, dNj/dγ ∝ γ−pj , between Lorentz factors γmin,j and γmax,j, where
j = e, p. Non-thermal radiation was produced by the particle distributions inside the blob,
due to various processes, such as synchrotron radiation and inverse Compton scattering.
Inelastic collisions between relativistic protons and photons also resulted in the creation of
secondary particles, such as relativistic electron–positron pairs, neutrinos, anti-neutrinos,
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and π0 which decay into γγ pairs. To quantify and track the time evolution of a population
j in the blob, with differential distribution Nj(γ), we solved a system of integrodifferential
equations, also known as kinetic equations. The equation of each particle species can be
parameterized as

∂Nj(γ, t)

∂t
+

Nj(γ, t)

τesc
+ ∑

i

Li
j(γ, t) = ∑

i

Qi
j(γ, t), (1)

assuming a physical escape from the source on a timescale τesc = R/c. In the above,
symbols Qi

j and Li
j denote the mathematical operators for the sources/injections and

sinks/losses of particles species j due to the physical process i, respectively. In our calcula-
tions, we accounted for electron and proton synchrotron emission and absorption, inverse
Compton scattering (for electrons only), γγ pair production, photopair (Bethe–Heitler pair
production), and photopion production processes. For primary electrons and protons, there
was an additional source term Qext

e,p that described the rate of particle injection into the blob.
The associated energy injection rate in relativistic electrons or protons was then obtained
as Le,p(t) = me,pc2

∫

dγ γQext
e,p (γ, t). To solve the kinetic equations of the stable particles

in the blob—namely, electrons (and positrons), protons, photons, and neutrinos (and anti-
neutrinos)—we utilized the code LeHaMoC1 [16], a versatile time-dependent leptohadronic
modeling code.

2.2. Mrk 501 as a Case Study

Mrk 501 is a High-Synchrotron Peaked (HSP) blazar at a luminosity distance of
dL = 149.4 Mpc that corresponds to a redshift of z = 0.034 [19,20]. Due to its proximity
and time variability, it has been the focus of numerous observational campaigns ([21–26]).
Its well-defined flares in X-rays and VHE (Very-High Energy; >100 GeV) γ-rays allow for
precise dissections in the time domain for modeling its low and high activity. Furthermore,
Mrk 501 features different flux variability across the multi-wavelength spectrum and
exhibits spectral changes, especially in X-rays, between low-activity (quiescence) and high-
activity (flaring) epochs. It is also characterized as a transient extreme HSP blazar. The 1997
flare is an excellent example of such behavior. During this outburst, at X-ray energies,
the peak synchrotron energy exceeded 100 keV, whereas at VHEs, Mrk 501 exhibited drastic
flux variations confirming a spectrum above 10 TeV (e.g., [27–30]). Characteristics of an
extreme blazar were also reported during non-flaring epochs in Mrk 501 [31], suggesting
that this was not a permanent state of the source.

For our analysis, we used the archival observations available to us (accessed through
the SED builder website2), supplemented by additional X-ray spectral data. Our final
data set for Mrk 501 is presented in Figure 1, where we use color to differentiate between
archival observations (shown in gray) and specific datasets, which will be discussed in the
next paragraph.

The VHE spectral data of the 1997 outburst observed by HEGRA [30] alongside
observations from the ARGO-YBJ experiment during the flare of 2011 [32] define the VHE
flaring state. These are highlighted in Figure 1 as transparent gray points. Non-flaring-
(quiescent)-state VHE data were provided for Mrk 501 during 2006 by the MAGIC [33] and
TACTIC [34] observatories, during 2009 by VERITAS [35], between 2008 and 2012 by the
ARGO-YBJ experiment [32], and between 2008 and 2015 by the Fermi Large-Area Telescope
(LAT) [36]. For the HE range (High Energies; >0.1 GeV), we used data provided by the
various releases of the Fermi Gamma-ray Space Telescope. In particular, we display data
from the 1-, 2-, 4-, and 14-year Fermi LAT Sources Catalogs [37–40], as well as the monthly
spectral data of the 2-year release. We highlight the 14-year observations of 4FGL with
green color, as these provide the most reliable long-term representation of Mrk 501 in the
HE range.
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Figure 1. Spectral energy distribution of Mrk 501. Gray points indicate archival observations taken

from SED builder. We highlight VHE flares and the major X-ray outburst of 1997 with a faded gray

color; both were excluded from our average-state analysis. Black points represent the archival X-ray

data and the optical bulge of the host galaxy that were also not used in our modeling process. Colored

markers indicate the long-term average X-ray and HE γ-ray spectra included in the fitting process

(see inset legend).

In the X-ray range, the archival data consists mainly of BeppoSAX observations
between 1997 and 2001 [41,42], including the extreme outburst of 1997 (highlighted in
light gray in Figure 1). The rest of the X-ray archival observations are shown with a
faded black color. The archival data in the X-rays are only used for display purposes.
To obtain the time-average broadband X-ray spectrum that we used for modeling, we
supplemented our analysis with long-term observations from the X-ray Telescope (XRT,
0.2–10 keV) and the Burst Alert Telescope (BAT, 14–195 keV) on board the Neil Gehrels
Swift Observatory. In particular, we used the Swift-BAT 157-Month Hard X-ray Survey
Catalogue3 and XRT data from the Neil Gehrels Swift Observatory analysis tool4. We
divided the XRT Light Curve (LC) (see Appendix A) into 3 segments, T < 55,500 MJD,
55,500 MJD < T < 58,000 MJD, and T > 58,000 MJD. The first region exhibited low activity
while the latter 2 capture the rise and decay of a high-activity period. We also used only
the Windowed Timing (WT) mode data and not the Photon Counting (PC) mode, as the
latter was saturated. For each region, we built the spectrum using online tools5, and we
fitted an unabsorbed power law to the data, resulting in 15 energy flux data points for each
epoch. The mean and standard deviation of the epochs was included in our data set as the
representative XRT observations of the average spectrum. We also fitted an unabsorbed
power law to the BAT spectrum provided by the BAT database. The Swift XRT and BAT
data are highlighted with pink and orange colors, respectively, in Figure 1.

Lastly, we remove the optical bulge of the host galaxy from the archival data, which
dominates the total emission at eV energies. One way of removing the bulge is to use SED
templates of elliptical galaxies, which are fitted to the data and then removed. We opted
for a model-independent way of removing the bulge. We isolated the optical, infrared,
and radio parts of the spectrum, and we fitted a third-degree polynomial to the data outside
of the visually selected bounds of the bulge assuming a non-thermal broadband component
(e.g., attributed to the synchrotron emission from the jet). To define flux points belonging to
the non-thermal radiation in the region of the optical bulge, we calculated the mean value
of the squared residuals of the archival data and compared it to the individual residual
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value. We only included the data point if its flux was smaller than the mean, and we
highlight the excluded observations with a faded black color in Figure 1.

2.3. Computation of Time-Average SED

To derive the baseline blazar parameters for our time variability analysis with LeHaMoC

we followed a two-step approach. Recent scientific findings support that the average state of
blazar emission is mostly of leptonic origin without distinct hadronic signatures [14,43,44].
Therefore, we first derived the parameters of a purely leptonic model, where the emission
from infrared to X-rays is attributed to synchrotron radiation of primary electrons, and the
HE to VHE γ rays are produced via SSC. The emission from relativistic protons, if present
in the jet at all times, remains hidden below the leptonic spectral components. In the second
step, we motivated the parameters for such a proton population.

For the leptonic average state, we did not include any flare data in our fitting proce-
dure [21,30,32]. We also excluded low-frequency data (e.g., ≲300 GHz) for the fit, assuming
that this emission originated from a more extended jet region6. This treatment was consis-
tent with previous studies where excluded observations have been used as upper limits [44].
Additionally, observational studies have found that the radio region and the blob region are
distinct [45,46], while other studies have modeled the radio region as a separate emission
region [47].

We ran the Markov Chain Monte Carlo (MCMC) sampler emcee [48] for 32 parallel
walkers on the prepared data. All our parameter priors used uniform distributions in
logarithmic space except for the power-law index, which used a uniform distribution in
linear space. We varied the step number of our fitting process throughout our testing, to
allow for a thorough investigation of the parameter space. We concluded that 10,000 steps
and a burn-in phase of 2000 steps were sufficient for the model to converge and have a
meaningful posterior sample. In this fitting process, we chose to restrict the upper bound
of the uniform radius prior to log(Rmax[cm]) = 16.5. This approach was conservative, in
the sense that it predicted a variability timescale of tvar = 1d utilizing δ ≈ 20, the median
value of the Doppler factor posterior distribution (see Appendix B for a discussion of an
unbound radius prior). We present in Table 1 our parameter results and in Figure 2 a
representative sample of 100 leptonic SEDs computed from the posterior distribution of
parameters. A corner plot showing the posterior distributions of the model parameters can
be found in Appendix B.

Figure 2. One hundred leptonic SEDs computed from the posterior parameter space shown in

Figure A2. The shaded band has been excluded from the fit assuming emission originating from

a more extended jet region. The green dashed line represents the 1% limit used to calculate the

upper limit on Lp. With (faded) gray points, the archival (flare) observations are shown. Black points

represent the archival X-ray data not used in our modeling process. Colored markers indicate the

long-term average X-ray and HE γ-ray spectra included in the fitting process (see inset legend).
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Table 1. MCMC fitting results for the leptonic model describing the average SED of Mrk 501.

The errors indicate the 68% range of values from the posterior distributions. The priors are uniform

distributions in log10 space (except for the pe, where the distribution is in linear space).

Parameter Description Parameter Symbol Value Uniform Priors

Blob radius log(R[cm]) 16.46 ± 0.03 [13, 16.5]
Magnetic field strength log(B[G]) −1.42 ± 0.05 [−8, 8]
Doppler factor log(δ) 1.31 ± 0.02 [0, 5]
Min. electron Lorentz factor log(γmin

e ) 2.75 ± 0.05 [0, 5]
Max. electron Lorentz factor log(γmax

e ) 7.4 ± 0.4 [6, 9]
Electron compactness 1 log(le) −4.75 ± 0.03 [−6,−1]
Electron power law index pe 2.50 ± 0.02 [1, 5]

1 The injected isotropically distributed luminosity of the electron population can be quantified via the compact-

ness [49], a measure comparing the energy contents of a region to its spatial dimensions, le = σT Le/(4πRmec3).

Describing the relativistic proton population required four additional parameters.
To reduce the number of free parameters, we assumed that both populations were acceler-
ated before injection by the same mechanism into a power law distribution with the same

slope and the same extent in Lorentz factor, namely, pp = pe and γmin/max
p = γmin/max

e .
In our treatment, we fixed these hadronic parameters to the median values of the posterior
distributions listed in Table 1 (in Section 6, we discuss how another choice for relating the
power law indices or the electron and proton energies would have affected our results).
From our leptonic posterior analysis, we calculated the upper 1% limit, meaning 99% of
our solutions at each frequency were below this SED (depicted in Figure 2 with a dashed
line). To set an upper bound on the injection power of the relativistic proton component
we expressed the latter as Lp = 10αLe and we increased α ≥ 0 until the computed SED
exceeded by 10% the maximal leptonic SED (at any frequency). Our choice was conser-
vative in the sense that it did not result in a leptohadronic SED with a distinct hadronic
component. Our parameters for the underlying proton population are summarized in
Table 2, while the SED components of the resulting average-state leptohadronic model are
presented in Figure 3. As expected, the observed SED was dominated by synchrotron and
IC emission of primary electrons. Synchrotron emission from secondary pairs from γγ
pair production and photopion production contributed to about 3% of the HE γ-ray flux.
Similarly, the synchrotron emission of secondary pairs from Bethe–Heitler pair production,
which peaked at about 100 keV, was a small fraction (∼6%) of the BAT flux. We note that
the synchrotron photons from primary electrons provided the main seed photons for IC
scattering by the secondary pairs.

Table 2. Parameters describing the relativistic proton component in the leptohadronic model describ-

ing the average SED of Mrk 501.

Parameter Description Parameter Symbol Value

Min. proton Lorentz factor log(γmin
p ) 2.75

Max. proton Lorentz factor 1 log(γmax
p ) 7.4

Proton power law index pp 2.50
Injected proton luminosity Lp [erg/s] ≤105.61Le

1 The Hillas criterion [50] imposes a geometrical limit on the maximum particle energy in a region of a given size

R and magnetic field strength B. In particular, it requires the Larmor radius of the particle to be smaller than

the confinement region, rL ≤ R. Thus, γH = qBR/(mc2) gives the maximum allowed Lorentz factor. For Mrk

501, using the lower 68% ranges of the radius and magnetic field strength listed in Table 1 yields the result of

log(γH
p ) = 8.5 > log(γmax

p ).
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Figure 3. Spectral components of the long-term average SED of Mrk 501 according to a leptohadronic

model for the parameters listed in Tables 1 and 2. Highlighted are the leptonic components (syn-

chrotron and Inverse Compton (IC) of primary electrons) and the hadronic components (synchrotron

and IC of secondary electrons, proton synchrotron, and emission from π0-decay) alongside the

synchrotron and IC emission created from γγ-injected pairs.

2.4. Generation of Time Series

To model the multi-wavelength variability of Mrk 501 we first derived its statistical
properties in the Fermi-LAT energy range and then created synthetic Light Curves (LCs)
that were mapped into model parameter time series. The software celerite2 [51,52] was
used to extract the statistical properties from the observational data, namely, the logarith-
mic energy fluxes (without upper limits) taken from the Fermi Light Curve Repository
(LCR, [53]) with a mean cadence of 7 days, spanning a period of 15.4 years. Key features of
celerite2 are speed and scalability, while its employed method, Gaussian process fitting,
has been used to study the behavior of a variety of blazar sources [54–58]. Following the
available literature on general celerite usage [51], as well as on applications on blazar time
series specifically [54], we modeled the observed LC with a stochastically driven damped
Simple Harmonic Oscillator (SHO), which is effective in detecting periodic signatures
within a stochastic process. The differential equation of an SHO is

[

d2

dt2
+

ω2
0

Q

d

dt
+ ω2

0

]

y(t) = ϵ(t), (2)

where ω0 is the undamped oscillator (or natural) frequency and Q is a dampening factor
(also named quality factor). Assuming ϵ(t) to be a white noise term, the Power Spectral
Density (PSD) is given by

S(ω) =

√

2

π

S0ω4
0

(ω2 − ω2
0)2 + ω2ω2/Q2

, (3)

where S0 is proportional to the power at ω0 and is given by S(ω0) =
√

2/πS0Q2.
Although a mixture of SHOs can be used to describe and capture stochastic processes

in an astrophysical setting we limited ourselves to the simplest case of one SHO. To derive
its parameters, ω0, S0, and Q, we ran the Markov Chain Monte Carlo (MCMC) sampler
emcee [48] for 32 parallel walkers with an initial 2000-step burn-in phase followed by a
5000-step phase for the posterior sampling used in our analysis. We found the walker and
step size sufficient for the solutions to converge. As such, for the starting guesses for the
MCMC sampler we utilized an L-BFGS-B optimization routine on a random starting guess.
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The resulting parameters of the SHO alongside the mean µ of the analyzed time series
can be seen in Table 3, while a visual representation of the fit and PSD is showcased in
Figure 4. Furthermore, a detailed exploration of the goodness of our fit is presented in
Appendix C. Thus, it is possible now to create a synthetic LC that accurately reflects the
behavior of Mrk 501 in the Fermi energy range.

Table 3. celerite parameters for the Fermi-LAT LC of Mrk 501.

Source Name µ 1 ln(S0) ln(Q) ln(ω0) 2

Mrk 501 −4.12+0.03
−0.03 0.6+0.5

−0.4 −3.2+0.8
−1.1 −1.4+1.1

−0.8
1 Where µ is the mean of the log10(Flux) in the 0.1–100 GeV range in units of MeV cm−2 s−1. 2 Where ω0 is in
units of rad/days.

Figure 4. (Left): Celerite fit (blue line) of Mrk 501 overplotted on the logarithmic energy flux LC

from the Fermi LCR (black markers). (Right): Posterior PSD of the celerite fit with emcee. Indicated

is the break frequency that marks the transition from a white-noise to a red-noise-like PSD (see

Appendix C for slope discussion).

3. Results on Variability

To investigate time-variable SED models of Mrk 501 we used the celerite parameters
listed in Table 3 and created a synthetic LC with statistical properties consistent with the
observed LC in the Fermi energy band of 0.1–100 GeV. We selected a number of points
equal to that of the real LC and multiplied them by the mean cadence of 7 days. However,
since we did not include the upper limits of the Fermi LC in our analysis, the total number
of points and, consequently, the total duration of the derived LC were shorter than those
observed for about 230 days. As such, our method introduces uncertainties by neglecting
the information provided by upper-limit detections. Additionally, while the generated
LC accurately reflects the overall behavior of Mrk 501 in the Fermi energy band, it may
display features that surpass the observed maximum or minimum flux within this range.
Therefore, the LC produced by celerite2 should be interpreted as a potential scenario for
the blazar’s behavior rather than a precise representation of its current state. Mitigation of
this uncertainty will be discussed in Section 6.

With black stars, we showcase in Figure 5 the entirety of the zero-mean synthetic
LC. As we were interested in the relative changes of the logarithmic flux (indicated as y),
the flux units were disregarded. The horizontal line in all three panels indicates the average
state of the source. Additionally, we highlight two flares, using gray bands in the upper
panel, and we show zoomed-in versions in the lower panels. The first flaring event, labeled
“extreme”, had a peak flux that exceeded by about a factor of two the maximum observed
flux of Mrk 501. In contrast, the second flaring event, labeled “typical”, reached a peak flux
comparable to the maximum observed flux amplitude in the variability of Mrk 501. With
blue markers, we indicate the interpolation of this LC at time steps of one light crossing
time, tcr = 0.55 days (in the observer’s frame), creating our Time Series (TS). Thus, we
accurately captured changes in the parameter space of our source7.
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Figure 5. (Upper panel): Zero-mean synthetic LC for Mrk 501 (black stars) and the interpolated LC

on time steps of 1tcr = 0.55 days (blue circles). Gray bands designate analyzed flares. Lower panel:

Zoom-in of the two gray bands of the upper panel, showing the extreme flare (left) and the typical

flare (right).

In our parametric study of variability, therefore, we examined long- and short-term
changes with the complete TS and the two flaring events, respectively. For each case,
the respective interpolated TS started close to zero with an initial 10-step “burn-in” phase
where no changes occurred in any parameter value. This allowed the system to accurately
converge to its average state before starting deviations from it.

3.1. Particle Energy Injection Rate and Magnetic Field Strength

To motivate variations of the injected luminosity Le,p of the primary electron and
proton populations or the magnetic field strength B of the emission region, we connected
them to the observed flux variability in HE γ-rays probed by Fermi-LAT. In particular, we
followed the principles outlined in the previous section and assumed a predominantly lep-
tonic description of Mrk 501 based on the SSC model. In this description, we correlated the
peak flux of each component to our desired parameters. In the δ-function approximation for
the synchrotron and Inverse Compton (in the Thomson limit) emissivities, the synchrotron
component at peak energy ϵ and the SSC component at peak energy ϵs scaled with the
model parameters as [59]

f
syn
ϵ ∝ B2Le ,

f Fermi ∝ f SSC
ϵs

∝ ( f
syn
e )2B−2 ⇒ f Fermi ∝ (BLe)

2.
(4)

where the symbol fϵ denoted the flux in ϵF(ϵ) units. We then adopted the same scaling rela-
tion between the γ-ray flux and Lp, assuming both populations were injected into the source
via the same mechanism. Therefore, we could connect the previously derived average-state
parameters of Mrk 501 listed in Tables 1 and 2 to the logarithmic flux variations of Figure 5,
as follows:

log(Le,p(ti)) = log(⟨Le,p⟩) +
1

2
y(ti) , or

log(B(ti)) = log(⟨B⟩) + 1

2
y(ti) ,

(5)

with ti = i · tcr being the i-th time step of the time series. Both variations (when applied
independently) failed to create flux changes that approximated the observed features of
Mrk 501. We illustrate this via two arguments.
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First, we present in Figure 6 the SED components for the extreme flare at the peak
time of the injected TS. The average-state SED (Figure 3) from which the variations were
initiated is highlighted with a black dotted line. The complete time evolution of the
SEDs during this event is discussed in Appendix D, while the SED density profiles of
the complete numerical runs for both parameter variations are provided in Appendix E.
Furthermore, we provide histograms of the parameter variations in Appendix F. With the
applied parameter variations, we could not recover the spectral hardening required to
explain the most luminous X-ray flare ever observed [41]. Moreover, as demonstrated in
Figure 6 for the peak of the flare (and in Appendix D for the entirety of the event), we
found no distinct hadronic signatures in the SED of Mrk 501 throughout the 14.6 year-long
period that we studied. All hadronic-related spectral components were hidden below the
synchrotron and SSC emission of primary electrons, as illustrated in Figure 6. Moreover,
the π0 bump was suppressed when the attenuation by the extragalactic background light
(EBL) was taken into account.

Figure 6. Components of the SED of Mrk 501 at the peak of the TS describing the extreme flare (see

Figure 5). (Upper panel): Variations of the particle energy luminosity. (Lower panel): Variations of

the magnetic field strength. Highlighted with a black dotted line is the average-state emission of

Figure 3.

Secondly, we computed the flux histograms of the complete numerical runs, com-
paring our time-variation models to observations in different energy bands. We used
the LC from the Fermi LCR for the time series analysis and, thus, chose the Fermi band
of 0.1–100 GeV for the HE γ-ray band. Having utilized Swift XRT and BAT data in our
average-state analysis, we used their respective energy ranges of 0.2–10 keV and 14–195 keV
to describe the soft and hard X-ray emissions. For the VHE range, we used 0.3–3 TeV to
describe the region of high flux sensitivity of the upcoming Cherenkov Telescope Array
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Observatory [60,61]. Lastly, we chose the R-band (138–658 nm) to represent the low-energy
emission in the optical. In particular, we utilized observations from the GASP program
of the Whole Earth Blazar Telescope (WEBT) and data from the Tuorla observatory using
the KVA telescope. The resulting LC had a total length of 4 years, a binning time of 1 day,
and it has been adopted by ref. [45]. The shorter duration of this observational LC is a
caveat that needs to be taken into consideration when interpreting our results. Specifically,
the R-band observations are from a historically low-activity period in X-rays and γ-rays for
Mrk 501. As a result, with fewer fluctuations between low- and high-states their variability
remained confined within narrower flux ranges. For this reason, they might not have
been representative of the LC’s behavior during high-activity periods or while studying
long-term behavior.

We present in Figures 7 and 8 the flux histograms of the full (14.6 yr) leptohadronic
runs for Le,p and B variations, respectively. In both figures, the observational histograms
(whenever available) for each energy band are overplotted for comparison. We also in-
cluded the histogram for the synthetic LC used for the time variability. There is agreement
in the Fermi band between the model and observations, as expected (the time series were
created in a way that reproduced the observed GeV variability). However, we did not
recover the expected variability in the other energy bands. The observational X-ray his-
tograms were broader, while our models predicted narrower flux distributions. Changes
in the injection power of radiating particles and/or magnetic field strength alone did not
result in large spectral changes in X-rays, which are needed to produce a larger spread in
the derived X-ray fluxes. On the contrary, the predicted flux distribution in the R-band
was broader than the observed one. This was possibly due to the shorter duration of the
R-band observations used for this plot. Including data from longer time periods might
have resulted in a wider range of R-band fluxes, similar to what is observable in the other
energy bands. If, however, the R-band histogram had remained narrow, this would suggest
a variability mechanism operating in Mrk 501 that produces less variable optical fluxes
than in the other ranges in the long term.

Figure 7. Flux histograms in different energy bands for the full (14.6 yr) numerical run with time

variations in the particle injection luminosity Le,p. Upper panel: Energy ranges of 0.3–3 TeV and

0.1–100 GeV. Middle panel: Energy ranges of 14–195 keV and 0.2–10 keV. Lower panel: Energy

range of the R-band and the histogram for the simulated LCs. The observational flux histograms are

overplotted in green whenever available (for more details, see text).
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Figure 8. Same as Figure 7 for time variations of the magnetic field strength B.

3.2. Power-Law Slope of Particle Distribution

Changes in the power-law slope of the radiating particle distribution are typically
invoked to explain spectral changes (especially during flares) that cannot be attributed to
cooling effects [26].

While we did not model the acceleration zone, we note that the power-law index of
the injected particles into the radiation zone is determined by the acceleration and escape
processes from the former zone. To motivate variations of the power law index in our study,
we noted its relation to the acceleration and escape timescales [62]:

pe,p = 1 +
tacc

tesc
. (6)

Expressions for tacc depended on the underlying acceleration mechanism. For exam-
ple, in a Fermi acceleration scenario, we expected dependence on the magnetic field, either
implicitly or explicitly through the gyroradius of a relativistic particle, rg ≈ me,pγc2/(eB).
In particular, for first- and second-order Fermi acceleration the dependencies of the acceler-
ation timescales are tFI ∝ rg ∝ B−1 and tFII ∝ rg/B2 ∝ B−3, respectively [63]. Assuming
the magnetic field strength in the acceleration and radiation zones to be similar, we were
able to parameterize the power-law index of the injected particle distributions as

pe,p(t) = 1 + ⟨pe,p⟩
(

B(t)

⟨B⟩

)−m

, (7)

where ⟨. . .⟩ denoted the parameter values of the time-average model. Therefore, the power-
law index variations were tied to small amplitude changes in the magnetic field strength.
Given that we did not model the acceleration physics, we explored the impact of different
values of m. Therefore, utilizing Equation (5) and choosing a value of m we transformed
the TS of Figure 5 into a time series of the power law index pe,p.

To demonstrate the impact of the parameter m we present in Figure 9 two scenarios.
We compare mild (m = 0.5) to extreme (m = 4) power-law index variability for the extreme
flare introduced in Figure 5. We note that in the former scenario, the values of pe,p vary
between 2 and 2.5, while the range of the latter is 1.05–2.5. We contrast the leptohadronic
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SED (left column) to the leptonic SED (right column) to exemplify the clear hadronic impact
in this scenario. For the scenario with m = 0.5 the spectral hardening is not enough to
describe the hard spectrum of the extreme X-ray flare of 1997 (see lower panels). On the
contrary, for the extreme slope variations with m = 4 the electron synchrotron spectrum
becomes as hard as the observed one. Due to this spectral change, the number of low-energy
seed photons used for IC scattering decreases compared to the average state (dotted line),
leading to suppressed IC emission (from the primary electrons) at the HE and VHE bands.
However, secondary electrons produced from photomeson and Bethe–Heitler interactions,
as well as γγ pair creation have a dominant contribution to the HE and VHE emissions,
which exceeds by 5.6 and 6.7 times the maximum luminosity observed by Fermi in that
range (0.1–100 GeV) for m = 4 and m = 0.5, respectively. Furthermore, when m = 4 we
notice a prominent pion bump emerging at ϵγ = 4 · 1016 eV, due to the low intrinsic γγ
opacity at the peak time of the X-ray flare8. The hardening of the electron synchrotron
spectrum during the flare reduces the number of low-energy photons (ϵt ≈ 10−5 eV) that
are targets for γγ pair creation. However, this hadronic spectral component would not be
detectable due to the EBL attenuation (not included here). Still, an accompanying high-
energy neutrino component is expected. We discuss our model predictions in the context
of the IceCube observations in Section 5.

Figure 9. Components of the SED of Mrk 501 at the peak of the TS describing the extreme flare

(see Figure 5). Contrasted are leptohadronic (left column) to leptonic models (right column) for

mild (lower row) to extreme (upper row) power-law index variations, with m = 0.5 and m = 4,

respectively. Highlighted with a black dotted line is the average-state emission of Figure 3.

Motivated by the results above, we are sought slope variations that could lead to
significant spectral hardening, but without producing extreme hadronic contributions at
(V)HE. Therefore, we set m = 2 and reduced the injected proton luminosity Lp by two
orders of magnitude compared to the upper limit listed in Table 2. The choice of m = 2
was consistent with second-order Fermi acceleration (tFII ∝ rg/B−2) being at work in
the acceleration region Mrk 501 [25] and with an escape timescale (from the acceleration
region) being proportional to the particle gyroradius. Lastly, in the long-term numerical
run, we imposed an upper limit of 2.6 on the power-law index of the injected distributions
whenever Equation (7) predicted very soft power laws. This ensured that our analysis was
not affected by pathological cases, e.g., the distributions were effectively mono-energetic.
From this point on, we will refer to these simulations as the “modified power-law index
variations”. Our results at the peak of the injected TS are shown for both flares in Figure 10
and as a density plot for the complete numerical run in Appendix E. Moreover, we present
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the histogram of the power-law index variability in Appendix F. By reducing the injected
proton luminosity the emission of secondary electrons from Bethe–Heitler, photo-meson,
and γγ pair creation interactions was reduced to being comparable to or below the primary
electron IC emission. The notable exception is the photo-meson contribution in the GeV
range during the extreme flaring event during the peak of the injected TS (compare the left
columns of Figures 9 and 10). A detailed discussion on the behavior of these three SED
components will be presented in Section 6.

Figure 10. Components of the SED of Mrk 501 at the peak of the injected TS describing the extreme

(left panel) and typical (right panel) flare during the modified power-law index variations (for details,

see text). Highlighted with a black dotted line is the average-state emission of Figure 3.

In Figure 11, we present the result for the flux histograms for the complete numerical
run. We report discrepancies in the flux ranges between model predictions and obser-
vations at all energies except the Fermi band. To highlight this result, we integrated the
1997 flare observations in the XRT and BAT energy range, and we present the respective
integrated flux values with a black dashed line in the appropriate histogram panels. We
thus conclude that our model over-predicted the observed flux in the X-ray range even
when accounting for the major X-ray flare of 1997. However, our analysis did not attempt
to fit the observational flux histograms. Rather, our time variations explored the behavior
of Mrk 501 in case of a future extreme flare. As such, small deviations from the 1997
flare, as seen in Figure 11, may not be indicative of disagreement between our model and
observations, as discussed in Section 6. Furthermore, the distribution shapes deviated
at HE. Compared to the observations, we noticed a peak at higher flux values when the
power-law index was fixed at p = 2.6, whereas the distribution peaked at lower flux values
when the IC contribution of primary electrons was reduced compared to the average-state
emission. This is exemplified in Figure 12, where we highlight the LCs in different energy
bands as obtained from our model for the two individual flares of interest. We report
a convoluted LC picture for the flaring states. This was expected as during periods of
high activity (as defined by our injected TS, shown in black) the targets for IC scattering
were reduced, leading to a decrease in the flux of the SSC component. Simultaneously, we
see that the expected extreme flux increased in the X-ray band, as a result of the spectral
hardening, and the resulting increased synchrotron emission. These two results can also be
contrasted by comparing the upper to the lower panel of Figure 12. We see how the VHE
flux initially “mimics” the behavior of the X-ray flux corresponding to the initial increase
of high-energy electrons (due to the hardening of the injected power law). The sudden
decrease around the peak of the injected TS corresponded to the spectral hardening in the
low-energy synchrotron region and the resulting decrease of available SSC targets.
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Figure 11. Same as Figure 7 for time variations of the power-law index pe,p.

Figure 12. LCs in three energy ranges of the extreme (solid line) and typical (dashed line) flares

produced in a leptohadronic model with the modified power-law index variations (for more details,

see text). The TS of the flares are rescaled to fit the display range and are overplotted for comparison

(black lines).

In Figure 13, we present the flux–flux diagrams, comparing (a) the Fermi flux to the
flux in the VHE range, (b) the harder X-ray range probed by the BAT, and (c) the softer
X-ray range probed by XRT; furthermore, in (d) we compare the BAT flux to the R-band
flux, comparing hard X-ray to low-energy photons. We present the variability for the
complete leptohadronic run (blue circles) and the results for the extreme (yellow stars)
and typical flare (purple squares). Each of these diagrams consists of a linear segment
(at low fluxes) and a parabolic-like shape (at higher fluxes). In each panel, the parabola
section to the right of its vertex corresponds to flaring states, as a result of reduced seed
photons for SSC emission. Increasing the available Lp is a method of counteracting this
decrease. Furthermore, we suggest that the parabola occurs during joint magnetic field
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and power-law index variations while the linear segment corresponds to the magnetic field
variations when pe,p = 2.6 (upper bound on slope).

Figure 13. Flux–flux diagrams for the modified power-law index variations. We plotted the Fermi

flux against (a) the VHE flux, (b) the harder X-ray flux probed by BAT, and (c) the softer X-ray flux

probed by XRT. In panel (d), we plot the hard X-ray flux against the R-band flux. We present the

variability for the complete 14.6-year-long leptohadronic run (blue circles) and highlight the results

for the extreme (yellow stars) and typical (purple squares) flares.

4. Predictions for CTAO

The Cherenkov Telescope Array Observatory (CTAO) will be the new-generation
ground-based observatory for γ-ray astronomy [61]. It will cover a wide range of energies,
from 20 GeV to 300 TeV, and it will offer better sensitivity and spectral resolution than the
VHE instruments currently in operation [61]. With an expected start of operations in 2025,
model predictions in the spectral and time domain for CTAO are timely and informative.

For this section, we were interested in creating a simulated LC for the CTAO North ar-
ray and determining the impact of the chosen exposure time. Furthermore, we have created
simulated spectra to test for statistically significant differences between a leptohadronic
and leptonic scenario. As our test case, we chose the modified power-law index variations
and focused on the extreme flare, as it exhibited strong anti-correlation behavior during
the peak of the injected TS (Figure 12). Additionally, at peak time, the SED exhibited a
dominant hadronic component in the HE range (synchrotron from photomeson secondaries;
Figure 10).
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For this analysis, we used the standard procedures of Gammapy9 [64], a community-
developed open-source Python library and core package for CTA. Thus, first, we assigned
the coordinates of Mrk 501 as the source position in the sky and set an 11-degree extraction
region centered on this location. To this region, we assigned our leptohadronic model (with
modified power-law index variations) multiplied by e−τEBL(z,E). Here, τEBL(z, E) was the
optical depth to γγ pair production on EBL photons and was adopted from [65]). We chose
as the energy axis the range 0.05–10 TeV, in order to study the source’s behavior in both the
HE and VHE bands. Then, we simulated the γ-ray spectra for each time step of the extreme
flare of our variation model, using the available instrument response functions of the CTAO
northern array10. Finally, we extracted the predicted LC of this event, and we present our
results in Figure 14 for exposure times of 30 min, 1 h, and 5 h. For visual clarity purposes,
we shifted the 1 h and 5 h points by 0.25 and 0.5 days to the right, respectively. Highlighted
with gray dashed lines are two indicative time values (t = 11, 43 days) that are used in our
subsequent discussion of the spectra. We conclude that all three exposure times yielded
comparable results in the 0.05–10 TeV range, while increasing it only resulted in marginally
lower error values. Thus, within our model framework, low exposure times are sufficient
to observe Mrk 501 during a flaring event of brightness similar to our extreme flare.

Figure 14. Simulated LCs of the extreme flare of Mrk 501 for CTAO North, using exposure times of

30 min, 1 h, and 5 h. Here, we used the EBL attenuated modified power-law index variation model.

The 1 h and 5 h points were shifted by 0.25 and 0.5 days to the right, respectively, for clarity.

To investigate differences between leptonic and leptohadronic scenarios within our
model description, we fixed the exposure time to 5 h and extracted for both scenarios the
LCs in the “lower” energy range of 0.05–1 TeV and the “higher” range of 1–10 TeV. We
compare our findings in Figure 15. We found no significant discrepancy between the two
models in the higher energy range, as expected; the 1–10 TeV range was dominated by
the SSC emission of primary electrons, as shown in Figure 10. On the contrary, the LCs of
the leptonic and leptohadronic models in the 0.05–1 TeV range exhibited deviations in the
decay part of the flare (see, e.g., dip at 43 days).

To further exemplify and study this hadronic impact, we generate spectra for the
complete energy range of 0.05–10 TeV, for a 5 h exposure, and we fitted the simulated data
with an empirical model of a Log Parabola11 (LP):

ϕLP(E) = ϕ0

(

E

E0

)−α−β log
(

E
E0

)

. (8)

This model had a reference energy frozen at E0 = 1 TeV during the fitting pro-
cess and an amplitude ϕ0 in units of (cm−2 s−1 TeV−1). The fitting of our simulated
spectral data to the empirical models utilized cash statistics [66] integrated within the
standardized procedures of gammapy. This approach involved performing a log-likelihood
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minimization, returning a fit statistic (−2LogL), and calculating the residuals (residuals
= (data-model)/model). An example of simulated spectra computed for both leptonic
and leptohadronic models at t = 11 and 43 days is presented in Figure 16 (left and right
panels, respectively), while their respective best-fit values are summarized in Table 4.
No difference between the two models is observable during the onset of the plateau at
t = 11 days. In contrast, at the dip of the simulated LC at t = 43 days, a clear hadronic
contribution is present at energies below 1 TeV. This was expected from our previous LC
analysis (Figure 15), and it is confirmed by visual inspection of the left panel of Figure 10.
This SED highlights the dominant hadronic component in the HE region at lower fluxes,
and the negligible contribution to the VHE region (which is dominated by primary electron
IC emission at all times).

Figure 15. Comparison of CTAO simulated LCs based on the leptohadronic (red) and leptonic (black)

models for the energy ranges of 1–10 TeV (left panel) and 0.05–1 TeV (right panel). The leptonic

points are shifted by 0.25 days to the right, for clarity.

Figure 16. Log-parabola fits and 1σ contours to the leptohadronic (red) and leptonic (black) simulated

CTAO spectra, assuming 5 h exposure time, extracted at 11 days (left panel) and 43 days (right panel)

from the simulated extreme flare. The light curves are displayed in Figure 15.

Table 4. Best-fit parameters of the log-parabolic model shown in Figure 16.

Log-Parabola Parameter Leptohadronic (43 Days) Leptonic (43 Days) Leptohadronic (11 Days) Leptonic (11 Days)

ϕ0
1 5.2 ± 0.1 4.8 ± 0.1 39.9 ± 0.3 39.8 ± 0.3

α 2.19 ± 0.02 2.11 ± 0.03 2.353 ± 0.001 2.351 ± 0.01
β 0.10 ± 0.01 0.14 ± 0.02 0.121 ± 0.0001 0.123 ± 0.0001

1 in units of 10−12 cm−2 s−1 TeV−1.

To quantify the statistical significance of this deviation between the two models,
we created 1000 leptonic and leptohadronic synthetic CTA spectra for t = 43 days, and
t = 11 days recording their best-fit log-parabola parameters. The resulting parameter
distributions are presented as histograms and contour plots in Figure 17. Based on the
contour plots, for t = 43 days the model parameters were different at least at a 3σ level,
indicating a clear discrepancy between the leptonic and hadronic models. On the contrary,
the distributions for t = 11 days overlapped significantly and, thus, the two models must
be assumed indistinguishable.
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The pure leptonic model resulted in a larger range of observed flux (between day
11 and 43) and had a more evident change in spectral shape (see the range of α and β
parameters), whereas there was less evident spectral change in the leptohadronic model.
We note, however, that from γ-ray spectral modeling alone it was challenging to distinguish
between models and to secure a hadronic contribution. The reason is that the hadronic
emission in our model does not have a unique spectral feature, as in the SSC+π0 model
introduced by [14]. To that end, simultaneous X-ray and HE/VHE γ-ray observations
were needed.

Figure 17. Contour plots of best-fit log-parabola parameters of 1000 leptonic and leptohadronic

simulated CTA spectra, showing ϕ0 (left panel), α (middle panel), and β (right panel) for t = 11 (left

figure) and t = 43 (right figure) days.

5. Predictions for IceCube

IceCube is a cubic-km neutrino detector located at the South Pole. In 2013, IceCube
made a breakthrough with the discovery of a very high energy (TeV-PeV) flux of cosmic
neutrinos [67], which led to the detection of the first likely source of high-energy neutrinos,
the blazar TXS 0506+056 [68]. So far, no other blazar has been associated with high-energy
neutrinos at a confidence level greater than 3σ. The non-detection of neutrinos from the
nearby and electromagnetically bright blazar, Mrk 501, can place strong constraints on
leptohadronic models. For this section, therefore, we computed the number of events
expected from Mrk 501 during the IceCube lifetime.

Using the neutrino energy flux at time t, Fν+ν̄(εν, t), where εν was the observed neu-
trino energy, computed during the modified power-law index variations (see Section 3.2),
we could make predictions regarding the number of neutrino events detected by IceCube
and assess the potential presence of hadronic signatures expected from this model. Dur-
ing these modifications in the slope of the particles pe,p (see Equation (7) for m = 2) and the
magnetic field B(t) the power injected into the electron and proton distributions remained
constant. Therefore, the applied changes altered the particle number per energy bin.

The expected number of muon plus antimuon neutrinos from Mrk 501 could be
calculated as

Nνµ+ν̄µ =
1

3

∫ tend

tini

dt
∫ Eν,max

Eν,min

dεν Aeff(εν, DEC)
Fν+ν̄(εν, t)

εν
, (9)
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where we assumed vacuum neutrino mixing and used 1/3 to convert the all-flavour flux to
muon neutrino flux. Moreover, tini and tend defined the duration of the simulated LC, and
Aeff(εν, DEC) was the energy-dependent and declination-dependent point-source effective
area of IceCube [69,70].

To account for the varying IceCube configurations over different operation seasons
(see Table 5), we initialized our calculation by assuming that the last day of the Light Curve
shown in Figure 5 corresponded to 1 January 2024. In the bottom panel of Figure 18, we
present the expected muon neutrino number as a function of time (see blue solid line).
When considering only the most recent IceCube configuration (IC86 II), the final neutrino
number showed negligible variation ∼3% (see the magenta dashed line in the bottom
panel of Figure 18). Our analysis indicates that the neutrino signal over this approximately
14.5-year period was less than one event (Nνµ+ν̄µ ∼ 0.2). In this synthetic LC, we set
the proton luminosity Lp lower by two orders of magnitude compared to the upper limit
listed in Table 2. An increase in the proton luminosity to this value can result in about
∼20 high-energy muon neutrinos in 14.5 years (or 1.4 neutrinos per year, on average).
Mrk 501 belongs to a list of predefined γ-ray sources used in IceCube point-source searches
(e.g., [69,71]). By analyzing 10 years of IceCube data [69], the Collaboration obtained 10.3
best-fit signal events from Mrk 501 (see Table III in ref. [69]), which, however, did not
secure a statistically significant detection. Instead, they corresponded to an upper limit of
one neutrino per year. The model predictions shown in Figure 18 are consistent with the
IceCube upper limit (see also [45]).

Table 5. Point-source effective areas for different configurations used in our analysis. Data are taken

from [69,70].

IceCube Configuration Season (MJD)

IC40 54,562–54,971
IC59 54,971–55,347
IC79 55,347–55,694

IC86-I 55,694–56,062
IC86-II >56,062

The top panel of Figure 18 shows the ratio between the flux at 100 MeV (Fermi-LAT)
and the flux at 14–195 keV (Swift-BAT) as a function of time. The power-law index of the
two distributions pe,p is plotted against time in the middle panel. We found that during
the hardening of the distributions, the ratio L100 MeV/L14−195 keV decreased while the num-
ber of neutrinos was increasing (see, for example, the time window from 10 to 11 years).
The emission at 14–195 keV primarily arose from primary electrons, and the hardening of
their distribution resulted in an increased flux in this energy band. Additionally, the hard-
ening reduced the number of low-energy target photons available for upscattering to the
sub-GeV band, as described in Section 3.2. During these hardening phases, this band was
predominantly influenced by the synchrotron emission of secondaries produced through
photomeson interactions (see, in the left panel of Figure 3, the sub-GeV band). The in-
crease in high-energy protons during these periods also enhanced the source’s neutrino
production, a trend evident when comparing the middle and bottom panels of Figure 18.
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Figure 18. Upper panel: Luminosity ratio between the MeV L100 MeV and 14–195 keV L14−195 keV

bands using the produced SEDs when varying the slope of the particles pe,p (see middle panel)

according to Equation (7). Bottom panel: Expected muon neutrino events observed by IceCube using

Equation (9). The solid blue line indicates the result obtained using different IceCube configurations

over different operation seasons (Table 5), while the dashed magenta line shows the result when

considering only the most recent IceCube configuration (IC86 II) for all times. Gray areas designate

analyzed flares, as described in Section 3, while t0 = 55,029.0 MJD (17 July 2009) is the assumed

starting time of the simulated LC.

6. Summary and Discussion

In this work, we derived a leptonic-average-state description of the HSP blazar
Mrk 501, using publicly available multi-wavelength archival observations, and utilizing
data from the BAT 157-Month Hard X-ray Survey, the 18.5 yr Swift-XRT LC, and the 14-year
Fermi-LAT 4FGL catalog. To derive the parameters of the baseline leptonic model, we used
the MCMC sampler emcee and the numerical code LeHaMoC. In our subsequent arguments

for the proton population parameters, we assumed pp = pe, γmin/max
p = γmin/max

e , and
we searched for a conservative upper limit on the injected proton luminosity Lp. Using
celerite2, we analyzed the 0.1–100 GeV LC of Mrk 501 and created TS to describe key pa-
rameter variations (Le,p, B, and pe,p). Based on these, we modeled the long-term evolution
of the multi-wavelength jet emission of Mrk 501 in the context of a leptohadronic model,
contrasting our findings, in the form of flux histograms, to the available observations.
Lastly, we searched for detectable hadronic signatures on simulated VHE γ-ray spectra for
CTAO in the investigated power-law index variations and discussed our model in light of
the neutrino non-detection of Mrk 501 by IceCube.

To test the validity of our initial average-state parameters, we calculated the average
jet power of Mrk 501 in the context of a leptohadronic model as Pj ≈ πR2δ2βc(ue +

up + uB + urad) ≈ πR2δ2βcup [72], where Γ ≈ δ, β =
√

1 − 1/Γ2 ≈ 1, ue,p were the
energy densities of the relativistic particle populations, uB was the magnetic energy density,
and urad was the radiation energy density. In the above, all energy densities were measured
in the jet co-moving frame, while the relativistic proton energy density, defined as up =
3Lp/(4πR2c), was the dominant component. In particular, for the derived parameters listed
in Tables 1 and 2 we calculated Pj ≈ 3 · 1049 erg/s, or Pj ≈ 3 · 1047 erg/s for Lp = 103.61Le

used in the modified power-law index variations of Section 3.2. The latter was comparable
to the Eddington luminosity, LEdd ≈ 1.3 · 1047 erg/s, of a black hole with a mass of
MBH ≈ 109M⊙ [73] and, as such, was favored over the preceding jet power estimate. We
also noted that the inferred jet powers were comparable to those found in previous studies
of blazar leptohadronic emission models [74,75].



Universe 2024, 10, 392 22 of 35

To limit the number of free parameters in the leptohadronic model we assumed iden-
tical values for the power-law slopes and extent of the electron and proton distributions.

An alternative choice for γmin,max
p was to relate the the minimum and maximum ener-

gies of the particle populations as Emin/max
p = Emin/max

e or γmin/max
p = (me/mp)γ

min/max
e .

This choice resulted in γmin
p = 1 and γmax

p = 104.12, where the lower value was limited
by the minimum physically acceptable Lorentz factor. Repeating the method outlined
in Section 2.3, we found the limit on the injected proton luminosity to be Lp ≲ 109Le.
Consequently, the upper bound on the jet power was Pj = 7.4 · 1052 erg/s, which was
non-physical, based on energetic arguments for the central engine. We note, however, that
combining a reduced proton luminosity Lp = 103.61Le (as in Section 3.2) with this alterna-
tive choice for the proton Lorentz factors resulted in a model with jet power comparable
to the Eddington luminosity that can create a pion bump at VHE during the modified
power-law index variations discussed in this work. This model bore many similarities to
the SSC+π0 model presented recently by ref. [14] to explain a narrow spectral feature in
the flaring VHE spectrum of Mrk 501 [19]. The implications of relaxing the assumption
⟨pe⟩ = ⟨pp⟩ would strongly depend on the specifics of our choice. For example, if ⟨pe⟩ > 2
(as found by the leptonic fit, see Table 1) and ⟨pp⟩ < 2 (hard power law), then the limit
obtained for Lp would be lower than the one listed in Table 2. For a fixed target photon field
(which is produced by the primary electrons), the energy injected into secondaries produced
via proton–photon interactions increases with decreasing pp, because more power is carried
by protons of the distributions with higher energies that are relevant for Bethe–Heitler and
photomeson interactions (see, e.g., Figure 12 in ref. [76] and Appendix B in ref. [77]).

To initiate parameter variations from the average-state description we used a synthetic
LC of Mrk 501, motivated by its observational behavior in the Fermi energy range of
0.1–100 GeV (as this is the best observationally sampled LC over year-long timescales).
Specifically, we conducted a time series analysis with celerite2 on data from the Fermi
LCR with a mean cadence of 7 days. A similar methodology has been recently employed
by ref. [78] to study the flux variability in single parameter variations of a one-zone SSC
model of blazar sources. In this study, the authors used the Emmanoulopoulos method [79],
a combination of the Timmer and Koenig procedure [80] and the Schreiber and Schmitz
Fourier transform algorithm [81], which produces a TS with the same PSD and PDF as
the input TS. In this approach, the input data must be an equally spaced TS. However,
astrophysical observations are rarely without gaps and, thus, the input TS must be either
artificially connected at the gaps or interpolated between the gap points. The first can result
in stiff jumps in the synthetic LCs [82], while the latter has been shown to contaminate
the power spectrum of the TS [83]. In contrast, celerite is a Gaussian process method that
does not have the above restrictions. Thus, we used the provided Fermi LC without further
modifications that could insert uncertainties into our problem description. Furthermore,
this difference would allow for investigations similar to ours using, instead of γ-ray LCs,
X-ray LCs that are known to have gaps [84,85]. Observations, such as from the Swift-XRT
or Swift-BAT instruments (see Appendix A), can be modeled by celerite2 and used to
create synthetic LCs motivating key parameter variations. Additionally, unlike in Fourier
transform methods, it is possible to increase the model complexity of a Gaussian process,
e.g., by increasing the number of SHOs in celerite2, and to sample the resulting parameter
space with nested sampling methods, such as Ultranest12 [86]. This could allow for the
search of secondary features in the PSD and degeneracies in the parameter space. Cross-
correlations between such studies and ours could provide insights and constraints into
the underlying variability mechanisms in Mrk 501. However, we note that celerite2 is
restrictive in the models it can use. For example, the SHO model of Equation (3) cannot
be evaluated with celerite for the choice of Q = 1/2, corresponding to a critically damped
oscillator, as the elements of the covariance matrix of the Gaussian log-likelihood become
infinite (Appendix C for log-likelihood; see [51] for more details). As such, this can impose
restrictions on the celerite method when exploring the parameter space, which must
be considered.
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Having created a synthetic LC for Mrk 501, we instigated parameter variations from
their previously derived average-state values. In particular, we studied the effect of vari-
ations in electron and proton injection luminosity, the magnetic field strength, and the
power-law index of both populations motivated by the magnetic field strength variations.
We found that none of those scenarios could explain the complete observational behavior
of Mrk 501. In particular, the first two scenarios failed to produce the broad observational
X-ray flux distributions of the source and the hardness of the X-ray spectrum during bright
X-ray flares, while they over-predicted the variability in the optical R-band. In the power-
law index variations, we investigated the impact of the parameter m, which modeled the
hardness of the power law in terms of the magnetic field strength, and we showed the

hadronic impact, using the upper limit of the injected proton luminosity L
up. lim.
p . Subse-

quently, we modeled the predicted long-term behavior of our source, using a physically
motivated choice of m = 2, a conservative value for the injected proton luminosity of

Lp = 10−2L
up. lim.
p , and an upper limit on pe,p (≤2.6) to ensure we were not affected by

pathological cases. We showed that this model can produce bright hard X-ray flares with a
VHE counterpart, with only moderate changes in the magnetic field strength (see Figure 8).
A hadronic component was needed, to avoid a large depletion of the GeV flux at the peak
of the X-ray/VHE flare due to the reduction of the primary SSC emission.

When considering the predictions of the power-law index variation scenario on year-
long timescales, we found that the obtained flux distributions in the XRT and BAT bands
extended to higher values than the observed ones (see Figure 11). This was related to the
presence of the extreme flare, and similar ones to it, in the synthetic LC we used to construct
our TS (see Figure 5). The extreme flare exceeded the maximum-ever-observed flux in the
Fermi-LAT energy range by a factor of 2. While this could be used as a predictive tool
for future flaring activity of Mrk 501, caution must be exercised when making conclusive
statements comparing the upper X-ray flux ranges between observations and the model in
Figure 11. A more meaningful comparison against the observational flux histograms would
require the creation of a sample of synthetic LCs and repetition of our analysis for each
entry of this sample. This approach would mitigate the effect of having a single synthetic
LC that might be characterized by extreme flux occurrences. The impact of the extreme flare
on the R-band flux histogram of our model was its extension to lower values; the extreme
flare translated to a hardening of the injected electron distribution and, hence, a hardening
of the synchrotron spectrum (see, e.g., Figures 10 and A7). Moreover, the observational flux
distribution was clustered to values at the upper end of our distribution (see Figure 11), even
though these observations corresponded to a historically low activity period of Mrk 501 [45]
and represented the lowest recorded flux values of Mrk 501 in this range. As discussed in
the next paragraph, this discrepancy may suggest that the optical emission originated from
a different region than the one producing the X-ray/VHE flares.

One-zone models are often used to describe the broadband blazar emission, especially
when there is evidence of correlated flux variability between energy bands in the low-
and high-energy SED humps. Given the small number of free parameters, one-zone
models can be constrained by the data (in the spectral and time domain). In several cases,
emission from a single zone (or a single particle population) is not sufficient to explain
the whole SED [15,31,45,47]. In particular, one-zone models for Mrk 501 fail to capture
the observations below the optical band when modeling simultaneous X-ray and γ-ray
data. Another leading argument for a second emission zone is the inability to explain
the entirety of the GeV spectrum (in the LAT band) with a one-zone SSC description.
Specifically, in ref. [47] the authors utilized hard power laws for the electron distribution,
to model the simultaneous X-ray and (V)HE emissions of the extreme flare of Mrk 501
in 1997. Simultaneously, they argued in favor of a continuous jet model (as well as the
contribution of the host galaxy) to account for the emission from radio frequencies up to
ultraviolet. In that work, an SSC model was sufficient to explain the entirety of the γ-ray
spectrum, a fact attributed, in retrospect, to the poor quality of the available instruments of
the time (i.e., comparison between EGRET and Fermi-LAT). In more recent studies, such
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as ref. [15], the authors have proposed two distinct regions to explain the flux states of
Mrk 501 during 2011. They attributed the X-ray and VHE emission to a compact “inner”
blob, while the larger “outer” blob explained the radio and GeV observations. Similarly,
in the work of ref. [31] the authors modeled Mrk 501 while it exhibited extreme HSP
behavior in 2012. In addition to the region responsible for the X-ray and VHE data,
a second slower emission zone with variability timescales of weeks was suggested, to
explain the optical and GeV emission. Lastly, ref. [45] investigated the behavior of our
source during a historically low period of X-ray and γ-ray activity. They reported the
larger second region in the two-zone description to correspond to the baseline emission of
Mrk 501. They also found the size of this region to be in agreement with millimeter-VLBI
observations. We report that our work arrived at similar conclusions for the radio emission
and the GeV component. In our average-state modeling, we did not include measurements
below 300 GHz. Moreover, the model SED of the most probable parameters could not
capture the entirety of the Fermi observations (see the high-energy flux points of the 4FGL
spectrum in Figure 3). In our framework, precise modeling of the acceleration region
could provide a physically motivated, second emission zone (similar to the outer/inner
blob scenario) while simultaneously constraining the variations imposed on the compact
zone. Furthermore, to probe whether the emission from the historically low activity
period is attributable to one zone or two components of highly variable and baseline
emission one could repeat our methodology and initiate variations from the parameters
of a leptohadronic model describing this region. Lastly, we suggest that an alternative to
the above could be simultaneous uncoupled variations of the primary electron and proton
parameters in the one-zone leptohadronic model. A scenario of constant electron and
variable proton parameters could lead to a description similar to the two-zone SSC models.

In the leptohadronic models we explored, hadronic contributions to the emitted
electromagnetic spectrum were sub-dominant by construction, except during hard X-ray
flares (see Section 3.2). Thanks to the LeHaMoC code we were able to display all hadronic-
related spectral components of the SED separately, despite them being most of the times
hidden below the primary leptonic emission (see, e.g., Figures 3 and 6). This feature of the
code allowed us to explore the temporal evolution of the various spectral components13

and to compare them against the primary leptonic emission components. For the Bethe–
Heitler component, the secondary pair distribution extends from γe ≈ γmin

p up to γe ∼ 1011,
with the shape of the distribution at injection depending on both the shape of the proton
power-law index pp and the photon target spectrum, as shown in ref. [87] (see, for example,
Figure 6 therein). As a result, the synchrotron spectra of primary and secondary pairs
from the Bethe–Heitler process are generally different, as exemplified in Figures 6, 9,
and 10. Additionally, we note how the secondary pair emission from photo-meson and γγ
absorption interactions are of similar shape and peak at similar energies in the γ-ray range.
This can be understood by examining the energies at which the secondary electrons are
injected into the source. During neutral pion production and subsequent decay, the energy
transfer from the parent proton of energy ϵp to each high-energy photon is given by

ϵ
high
γ = 1

2 Kpγϵp [88]. These high-energy photons interact with the low-energy emission

(ϵlow
γ ) close to the threshold of the γγ absorption process, creating electron–positron pairs

with total energy approximately equal to the energy of the photon from the π0 decay,

namely, 2ϵe = ϵ
high
γ [88]. Thus, secondary pairs produced through the γγ process are

injected with typical energies of ϵe =
1
4 Kpγϵp, which corresponds to the energy of secondary

electrons from charged pion decays (in photo-meson interactions) [88]. Given that both
channels inject secondary electrons with similar energies, their synchrotron spectra will also
peak at similar energies. Lastly, additional features in the γγ pair synchrotron spectrum
below its peak energy (e.g., see bump at X-rays) are attributable to γγ attenuation of SSC
photons from primary electrons. This is also highlighted by their presence in the leptonic
SSC models of Figure 9.

To further investigate the effect of hadronic interactions on the SEDs, we simulated
results for the upcoming CTAO creating LCs and spectra for our power-law index variation
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model. Subsequently, we investigated the impact of exposure time in the former and the
significance of the hadronic component in the latter. We found that within our model
description, short exposure times (i.e., 30 min) are sufficient to observe Mrk 501 while
increasing the livetime (e.g., 5 h) only marginally reduces the resulting errors. Moreover,
we investigated the hadronic impact on the simulated spectra and found a statistically
significant contribution in the GeV range when a decrease of the primary IC emission
is present (i.e., a reduction of seed photons). To test the statistical significance of our
findings, we generated 1000 leptonic and leptohadronic spectra. For each data set, we
fitted the empirical model of a log-parabola and recorded the resulting best-fit parameters.
Contrasting these results for the two indicative periods of t = 11 and t = 43 days revealed a
clear hadronic impact during the latter, where the contour plots between the two scenarios
did not overlap at a 3-σ level. Simultaneously, in the former case of t = 11 days, both
histograms and contour plots featured near-identical values and, thus, the two datasets
must be treated as indistinguishable.

Lastly, we computed the time-dependent neutrino energy flux Fν+ν̄(εν, t) during
variations into the power-law index, to predict the number of muon neutrino events
detected by IceCube and assess the potential hadronic signatures from Mrk 501. While we
maintained constant luminosity for electrons and protons we altered the spectral shape of
the particle distributions. During particle distribution hardening, we observed an increase
in neutrino production and a decrease in the flux ratio L100 MeV/L14−195 keV shown in the
top panel of Figure 18, primarily due to the increased flux at 14–195 keV from primary
electrons and reduced low-energy targets for upscattering to the sub-GeV band, which was
also the band at which we could detect a hadronic component in the SED during flaring
episodes. Our analysis, accounting for varying IceCube configurations, indicated that the
neutrino signal over 14.5 years was less than one event (Nνµ+ν̄µ ∼ 0.2), aligning with the
non-detection of high-energy neutrinos from Mrk 501. This result was derived assuming a
proton luminosity Lp two orders of magnitude lower than the upper limit in Table 2, which
was also discussed in Section 3.1. A higher proton luminosity would result in a neutrino
expectation in tension with IceCube observations. This was also exemplified in ref. [85],
where the neutrino expectation from blazars, including Mrk 501, was computed under the
assumption of hadronic X-ray flares [89]. In this scenario, the X-ray flares were powered
by proton synchrotron radiation, and neutrinos were produced through photomeson
interactions between protons with their synchrotron X-ray photons. The conditions in the
flaring region were such as to maximize the neutrino production rate. The 0.5–10 keV
fluence of each flare in the X-ray LC of Mrk 501 was used as a proxy for the all-flavour
neutrino fluence, and the rate of neutrinos was found to be (1990 ± 80)× 10−4 yr−1 (the
prediction for 14.5 years was 2.9 ± 0.1 muon neutrino events). These results illustrate
how neutrino observations can be used to constrain the relativistic hadronic component of
blazar jets.

7. Conclusions

We explored the predictions of a leptohadronic model for blazar emission, searching
for hadronic signatures in the spectral and time domains, and using Mrk 501 as a test case.
By utilizing a synthetic LC motivated by Fermi-LAT observations in the 0.1–100 GeV range
over 14.5 years, we created time series for the particle injection luminosity, magnetic field
strength, and power-law index of the injected particle distributions. None of the individual
scenarios could fully capture the observed variability across the electromagnetic spectrum.
However, power-law index variations that are tied to moderate changes in the magnetic
field strength of the emitting region may naturally lead to hard X-ray flares with VHE
counterparts, as with those observed in Mrk 501. Our analysis revealed that secondary
synchrotron emission from hadronic interactions can dominate the sub-TeV energy band
during hard X-ray flares. This would have a measurable difference when compared to the
primary SSC emission below 1 TeV. Coordinated observations of CTAO and X-ray satellites
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during X-ray/VHE flares can provide valuable insights into the origin of the HE and VHE
γ-ray emissions of HSP blazars.
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SED Spectral Energy Distribution

SHO Stochastically driven damped simple Harmonic Oscillator

SSC Synchrotron-Self Compton

TS Time Series

VHE Very High Energies

WEBT Whole-Earth Blazar Telescope

WT Windowed Timing
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Appendix A

Figure A1. Multi-wavelength Light Curves of Mrk 501 (from top to bottom): (first row) 0.1–100 GeV

from the Fermi LCR; (second row) 157-month Swift BAT rate in the 14–195 keV range; (third row)

Swift XRT counts in the 0.2–10 keV range for the Windowed Timing (WT) and Photon Counting

(PC) mode; (fourth row) spectral flux for the R-Band from observations from the GASP program

of the Whole-Earth Blazar Telescope (WEBT) and data from the Tuorla Observatory using the KVA

telescope. Time units of HJD can be compared to MJD for large timescales.

Appendix B

In this appendix, we show additional results from the modeling of the average SED of
Mrk 501. A corner plot showing the posterior distributions of the leptonic model parameters
we obtained is presented in Figure A2 alongside an error value “log( f )” that we have added
to the standard deviation of the Gaussian likelihood as [82,90]

σ2 = σ2
data + f 2

Thus, we account for additional sources of uncertainty, such as use of data that are not
averaged over the same time period, that cannot be captured by the statistical uncertainties
of the observations/measurements. Most parameters are well-constrained, except for the
blob radius. Using even larger upper bounds in the prior distribution of this parameter
(e.g., log(Rmax) = 19) yields solutions that describe slower and larger emitting regions
with weaker magnetic field strengths, with median values (of the parameter posteriors) of
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R = 1018.3 cm, B = 0.003 G, and δ = 7.4. These parameters lead to variability on timescales
of months (in the observer’s frame), tvar ≤ (1 + z)R/(δc) ≈ 100 days, and, as such, are
not a physically meaningful choice when modeling flaring events on day-long timescales.
The parameters of Figure A2 are self-consistent in this regard, since a fiducial variability
timescale of tvar = 1 day imposes a maximum radius of Rmax = 1016.7 cm, above our
imposed limit on the posterior.

Figure A2. Posterior distributions obtained from a leptonic fit to the average SED of Mrk 501 with

emcee and LeHaMoC.

Appendix C

To assess the goodness of our celerite fit in Section 2.4 we employed several statistical
tests, which are summarized in Figure A3 and Table A1.

1. In the context of Gaussian fitting methods, the covariance matrix Kα is used in the gen-
eralized N-dimensional Gaussian log-likelihood for datasets y and X, parametrized
by θ, α. This likelihood is given by

lnL(θ, α) = ln p(y|X, θ, α) = −1

2
rT

θ K−1
α rθ −

1

2
ln(detKα)−

N

2
ln(2π),

with
rθ = (x1 − µθ . . . xn − µθ).
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Its elements, [Kα]nm = kα(xn, xm), are called kernel functions and are calculated by
the celerite method.
We compute the standardized residuals of the Gaussian fit, which must correspond to
white noise. By connecting the celerite process to moving averages we express the
residuals in terms of the upper triangular Cholesky factorization of the covariance
matrix, as provided by the celerite process, and the zero-meaned observational data as

y∗ = chol(Kα)
Tw.

Fitting a normal distribution to the resulting histogram via the chi-square method, the
desired result should be a Gaussian with mean µ = 0, a standard deviation of σ = 1,
and a χ2 value of 1.

2. We calculated the deviation of our results from a normal distribution via the Kolmogorov–
Smirnov (KS) test. The null-hypothesis in this test is that the results do not originate
from the same distribution. This is quantified by p-values, which describe the likeli-
hood of an event. Values smaller than 0.05 imply that the null hypothesis is true only
5% of the time. Therefore, p values greater than p > 0.05 confirm the hypothesis that
our residuals stem from a normal distribution.

3. We showed the residuals’ Autocorrelation Function (ACF) and the 95% confidence
limits of white noise, proving that almost the entirety of the ACF resided within that
limit. Thus, our model selection appropriately captured the correlation behavior.

4. We plotted the PSDs of the MCMC process and calculated the slope above the break-
point. Values of p = −2 and p = 0 corresponded to red noise or Brownian motion and
white noise, respectively. Such combinations have been previously observed in the
study of the time variability of blazars with an empirical break frequency of around
150 days for OJ 287 [91], 25 days for 3C 66A [92], and 43 days for PKS2155-304 [92].
We report a value of tbr = 620d for Mrk 501.

Figure A3. (Left): Autocorrelation function of the standardized residuals. Indicated with a gray

band is the 95% limit of white noise. (Right): Histogram of the standardized residuals (black) and

Gaussian fit (blue).

Table A1. Statistical tests of goodness of fit. The mean, standard deviation, and χ2 value of the

Gaussian fit on the standardized residuals. The p-value of the KS test. The break frequency and the

slope of the PSD above it.

Source Name µ (10−2) σ χ2 KS p-Value PSD Slope tbr [Days]

Mrk 501 2.95 0.98 0.96 0.2 1.90+0.02
−0.03 620+12

−9

Appendix D

In this Appendix, we derive the SED time evolution for the “extreme flare” in the
variation of Le,p, B, pe,p and for the “typical flare” in the variations of pe,p. These events
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were identified in the long-term TS and introduced in Section 3. For the power-law index
variability, specifically, we focused on the choices of m = 2 and Lp = 103.61Le (see Section 3.2
for details). In Figure A4, we present the components of the SEDs in the leptohadronic
scenario at each time step and for a period of about 15 years. For visual clarity, we
present only the emission components of Bethe–Heitler, photo-meson, and γγ pair-creation
secondary electrons. The initial average-state SED is highlighted with a black dotted line.
The resulting figure resembles a density plot differentiating between regions of frequent
and rare occurrences. Links to movies with all components of each scenario are provided
in the figure caption.

Figure A4. SED time evolution of Mrk 501 for the following scenarios (from top to bottom):

(upper left) pe,p variations in the extreme flaring event (YouTube); (upper right) pe,p variations

in the typical flaring event (YouTube); (lower left) B variations in the extreme flaring event (YouTube);

(lower right) Le,p variations in the extreme flaring event (YouTube).

Appendix E

To represent the density profiles of the complete numerical runs, we interpolated each
SED curve for 10,000 points and calculated the 2D histograms. To describe the flux density,
we chose a linear grid of (1000 × 1000) bins and normalized the color map with a power
law of index pcmap = 0.3. Our results are summarized below:

Figure A5. Le,p time variation SED density plot for the complete numerical run of Section 3.1.

https://youtu.be/gOThSSiAGo8
https://youtu.be/XiJ4GyACBY0
https://youtu.be/2HoLAfhOpRk
https://youtu.be/jl5jHe2igeY
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Figure A6. B time variation SED density plot for the complete numerical run of Section 3.1.

Figure A7. pe,p time variation SED density plot for the complete numerical run of Section 3.2.

Appendix F

Figure A8. Parameter histograms of the variations in the particle energy injection rate (left, center

left), the magnetic field strength (center right), and the modified power-law index variations (right).

The variations in the power-law index are driven by changes in the magnetic field strength, ensuring

the histogram accurately reflects both scenarios.

Notes

1 https://github.com/mariapetro/LeHaMoC/ (accessed on 15 January 2024).
2 https://tools.ssdc.asi.it/SED/ (accessed on 15 January 2024).

https://github.com/mariapetro/LeHaMoC/
https://tools.ssdc.asi.it/SED/
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3 https://swift.gsfc.nasa.gov/results/bs157mon/ (accessed on 15 May 2024).
4 https://www.swift.ac.uk/user_objects/ (accessed on 15 May 2024).
5 See note 4 above.
6 Attempts fitting data from 10 GHz to VHE γ-rays with a single-zone model do not yield meaningful solutions.
7 Both the mean cadence and time step are in the observer’s frame, as they are based on direct observational results. LeHaMoC

performs calculations in the comoving frame of the blob in time-steps of 1 intrinsic light-crossing time. However, transformations

between the comoving and the observer’s frame, do not change the relative values of our generated TS. Therefore, we can use

them despite the different reference frames.
8 The optical depth τγγ transitions from ≈10 at the initial average state to τγγ ≈ 10−2 at the peak of the TS.
9 https://docs.gammapy.org/1.2/ (accessed on 1 June 2024).

10 We assume the source always to be centered at the field of view of the array.
11 Other empirical models such as a power law or an exponential cut-off power law could not adequately describe the data (resulting

in larger residuals at the lower and higher energy cutoffs).
12 https://johannesbuchner.github.io/UltraNest/ (accessed on 15 July 2024).
13 Links to videos showing the temporal evolution of the decomposed SED: video1, video2, video3, video4 (accessed on 10

August 2024).
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