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A B S T R A C T 

Accretion discs in Active Galactic Nuclei (AGNs) are predicted to become gravitationally unstable substantially interior to the 
black hole’s sphere of influence, at radii where the disc is simultaneously unstable to the magnetorotational instability (MRI). 
Using local shearing box simulations with net vertical flux and a simple cooling prescription, we investigate the effect of 
magnetic fields on fragmentation in the limit of ideal magnetohydrodyamics. Different levels of in-disc magnetic field from the 
magnetorotational instability are generated by varying the initial vertical-field plasma beta β0 . We find that the disc becomes 
magnetically dominated when β0 < 103 , and that this transition is accompanied by a drastic drop in fragmentation (as measured 

by the bound mass fraction) and gravitational stress. The destabilizing influence of radial magnetic fields, which are present 
locally and which may promote fragmentation via magnetic tension effects, is overwhelmed by magnetic elevation, which 

significantly reduces the mid-plane density. The magnetic suppression of fragmentation in magnetically elevated discs has 
implications for the radial extent of the accretion flow in AGN discs, and for the efficiency of in situ formation of disc-embedded 

stars that are progenitors for single and binary compact objects. 

Key words: accretion, accretion discs – instabilities – magnetic fields – galaxies: active – quasars: supermassive black holes. 
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 I N T RO D U C T I O N  

ccretion discs in Active Galactic Nuclei (AGNs) are predicted to
ecome self-gravitating via the Toomre instability (Toomre 1964 )
eyond a critical radius, which is a small fraction of the black
ole’s sphere of influence. The onset of disc self-gravity can lead to
ragmentation and in situ star formation closer to the black hole than
onventional processes allow, potentially disrupting the accretion
ow and limiting black hole growth (Shlosman, Begelman & Frank
990 ; Goodman 2003 ), but also producing compact objects and
inaries that are detectable as LISA or LIGO gravitational wave
ources (Levin 2007 ; McKernan et al. 2018 ). 

The conditions under which gravitational instability (GI) in astro-
hysical discs leads to fragmentation has been studied extensively
Kratter & Lodato 2016 ), particularly in the context of protoplanetary
iscs, which can be modelled to a first approximation as non-
agnetized hydrodynamic structures. In isolated discs, prompt frag-
entation occurs if the cooling time is below a threshold value that

s typically of the order of the local dynamical time (Gammie 2001 ;
ice, Lodato & Armitage 2005 ; Xu et al. 2025 ). Rapid infall can
lso trigger fragmentation (Kratter et al. 2010 ). The applicability of
 E-mail: tsunhinnavin.tsung@colorado.edu 
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Published by Oxford University Press on behalf of Royal Astronomical Societ
Commons Attribution License (https://creativecommons.org/licenses/by/4.0/), whi
hese hydrodynamic criteria to AGN discs, however, is rather unclear.
stimates by Menou & Quataert ( 2001 ) suggest that, except at low
ccretion rates, the regions of AGN discs that are self-gravitating are
lso well enough ionized to be in a near-ideal magnetohydrodynamic
MHD) regime. The typical magnetic field strengths at these radii are
nknown. Our main focus in this work will be on the ‘magnetically
levated’ regime, where moderately net strong poloidal fields lead to
ustained toroidal fields whose pressure is comparable to that of the
isc gas or radiation (Salvesen et al. 2016 ; Begelman & Silk 2017 ). It
s also possible, however, that magnetic fields could be significantly
ub-thermal, as in the case of the zero-net flux magnetorotational
nstability (Balbus & Hawley 1998 ; Davis, Stone & Pessah 2010 ),
r substantially stronger as in Magnetically Arrested Disc (MAD)
odels (Tchekhovskoy, Narayan & McKinney 2011 ). We also note

ecent work by Hopkins et al. ( 2024 ), Guo et al. ( 2025 ), and Squire,
uataert & Hopkins ( 2025 ) that demonstrated the formation of hyper-
agnetized discs distinct from the classic α discs and magnetically-

rrested discs. 
Analytically, the pressure forces associated with magnetic fields

re expected to act as a stabilizing influence on disc gravitational
nstability. However, it has long been known that in a shearing
isc magnetic tension can destabilize gravitational instability by
uppressing the stabilizing effect of Coriolis forces (Lynden-Bell
966 ). In a laminar background, Elmegreen ( 1987 ) and Gammie
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 1996 ) showed analytically that this process can indeed destabilize 
I modes, but that the resulting growth is transient, with a brief
hase of growth usually followed by an abrupt phase of damping. It is
herefore unclear, from analytic work, whether magnetic suppression 
f the Coriolis force survives into the non-linear regime and affects 
he conditions for fragmentation. A different destabilizing effect may, 
owever, arise due to the density perturbations that are generated 
n the saturated state of the magnetorotational instability (MRI). 
lthough the zero-net flux MRI saturates under near incompressible 

onditions, the MRI in elevated discs with net flux leads to highly
nhomogeneous discs (Salvesen et al. 2016 ). 

Early simulation work confirmed that the interplay of gravitational 
nd magnetorotational instabilities in accretion discs is complex. 
ravitational stress is reduced when magnetized turbulence develops, 

mplying suppression of GI (Fromang et al. 2004 ; Fromang 2005 ).
he MRI forms density substructures in magnetized turbulence, 
hich can be swing-amplified to form giant clumps (Kim, Ostriker & 

tone 2003 ). However, the magnetic field itself reduces swing- 
mplification (Kim & Ostriker 2001 ). Thus, there was the picture 
hat while magnetic fields tend to suppress linear development of 
I, the nonlinear effects of MRI turbulence may be conducive to 

ragmentation through generation of denser seeds. It was unclear if 
he magnetic-tension-enhanced gravitational instability proposed by 
ynden-Bell ( 1966 ) played a role or not. 
Recent local and global simulations, including resistivity to model 

rotoplanetary discs, have identified new physical effects. MHD 

urbulence can be sustained in the presence of substantial Ohmic 
esistivity, via a kind of spiral-wave (gravitational) dynamo that 
s distinct from the MRI (Riols & Latter 2019 ; Riols et al. 2021 ;
öhnert & Peeters 2023 ). Moreover, in high resolution global 
imulations, fragmented clumps form that are smaller in size than 
n the hydrodynamic case (Deng, Mayer & Helled 2021 ; Kubli, 

ayer & Deng 2023 ). The clumps are also more numerous and
ong-lasting. These results have been interpreted as being due to 
he destabilizing effect of magnetic fields in low shear regions of the
isc. As the clumps form, the magnetic field surrounding them would 
lso be enhanced, shielding them from break-up by the shear flow, 
aking them long-lasting. This paints a picture in which magnetic 

urbulence promotes fragmentation both linearly and non-linearly. 
Here, we revisit the question of whether magnetic fields stabilize or 

estabilize AGN discs to gravitational instability, using local shearing 
ox simulations in ideal MHD. We vary the strength of the net
ertical field to induce differing levels of saturated magnetic pressure 
nd disc elevation. The thermodynamics is modelled with a simple 
 β cooling’ law, both for comparison with prior work (Gammie 
001 ) and to efficiently explore parameter space in preparation for
orthcoming radiation hydrodynamic simulations. We investigate 
hether the magnetic tension enhanced gravitational instability, 
hich we refer to as the ‘Coriolis-Restricted-Magneto-Gravitational’ 

CRMG) instability, contributes to fragmentation. Our approach is 
o evaluate the physical conditions (e.g. magnetic field structure, 
ensity, etc.) of the disc when the MRI is fully developed and to
dentify clumps through a numerical procedure. We then explain the 
ragmentation behavior by examining the WKB linear growth rate. 
espite changing conditions in a turbulent disc, we argue that the 
KB approach provides insight into the stability of the disc in an

veraged sense. 
The structure of this paper is as follows: In Section 2 , we describe

ur model and simulation setups, and describe the diagnostics we 
se in Section 3 . In Section 4 , we briefly outline the theory of how
agnetic fields can destabilize GI. We describe our simulation results 

n Section 5 and conclude in Section 6 . 
 SI MULATI ON  SET-UP  

e utilize the 3D shearing-box set-up in Athena + + (Stone et al.
020 ) to solve the ideal magnetohydrodynamic (MHD) equations: 

∂ρ

∂t 
+ ∇ · ( ρv) = 0 , (1) 

∂( ρv) 

∂t 
+ ∇ · (ρvv − BB + Pg + B2 / 2

) = −2 ρ�ˆ z × v (2) 

+ 2 qρ�2 x ˆ x − ρ�2 zˆ z − ρ∇�, 

∂E 

∂t 
+ ∇ · [(E + Pg + B2 / 2

)
v − B( B · v) 

] = −ρv · ∇� (3) 

ρ�2 v · ( 2 qxx − zˆ z ) − Eth 

τcool 
, 

∂B 

∂t 
= ∇ × ( v × B) , (4) 

here E = ρv2 / 2 + Pg / ( γ − 1) + B2 / 2 is the total (kinetic + ther-
al + magnetic) energy density, Eth = Pg / ( γ − 1) is the thermal

nergy density, � is the angular velocity at the origin, about which
he shearing-box approximation is made, q is the shearing parameter 
3 / 2 for Keplerian potential), and τcool is the cooling time. We
ake γ = 5 / 3 to be the adiabatic index of the gas. The x , y , z-axes
epresent the radial, azimuthal and vertical directions, respectively. 
he gravitational potential � is calculated from Poisson’s equation, 

2 � = 4 πGρ. (5) 

The MHD equations are solved using a Godunov method, a 
econd-order van Leer time integrator, the HLLD Riemann solver 
o calculate the hydrodynamic fluxes together with the constrained 
ransport (CT) technique to ensure the magnetic field is divergence- 
ess (Stone et al. 2020 ). Poisson’s equation is solved using Fast
ourier Transform (FFT) (Koyama & Ostriker 2009 ; Kim, Kim &
striker 2011 ). 
The initial profile is characterized by 

 = �2 

2 πGρ0 
, (6) 

hich we call the proxy Toomre parameter due to its relationship
o the actual Toomre parameter QT initially (see Appendix A ). 
ssuming a uniform, vertical magnetic field, no x, z flow and that
, Pg depend only on z, the initial profile can be evaluated by setting

he time derivative of equation ( 2 ) to zero. This gives a steady-state
olution v = −q�x ˆ y for the velocity, and the following equation for
, Pg : 

1 

ρ

d Pg 

d z 
= −�2 z − 4 πG

∫ z 

0 
ρ d z′ , (7) 

hich can be solved numerically assuming a polytropic EOS, 
rovided the mid-plane density ρ0 and gas pressure Pg0 are known. 
n practice, the surface density � and angular velocity � are more
asily obtained. ( ρ0 , Pg0 ) can be determined from ( �, �) using the
act that 

 = 2
∫ ∞ 

0 
ρ d z , �2 = 2 πGρ0 Q. (8) 

he details of the calculation are described in Appendix A . It can be
hown, given Q, �, �, that the mid-plane density, gas pressure and
emperature are given by 

0 = �2 

2 πGQ 

, Pg0 = 2 ��2 

5 Q
3 / 2 
, T0 =

(
μmp 

kB 

)
4 πG� 

5 
3 / 2 
, (9) 
MNRAS 542, 790–810 (2025)
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here 
3 / 2 ( Q ) is a dimensionless measure of a disc’s thickness
ependent only on Q . For Q � 1, where self-gravity dominates,
3 / 2 will be small, while 
3 / 2 asymptotes to a constant value for
 � 1, when the tidal potential dominates. For constant Q , ρ0 ∝
2 , Pg0 ∝ ��2 , T0 ∝ �, while for constant � and �, ρ0 , Pg0 , T0 

ecrease for increasing Q . 
The simulations were performed in code units. We define the time

nit to be t∗ = �−1 , length unit to be the scale-height evaluated at the
id-plane l∗ = H = cs0 /�, density unit to be the mid-plane density

∗ = ρ0 , velocity unit to be the mid-plane sound speed v∗ = cs0 ,
ressure unit P∗ = ρ∗v2 

∗ , temperature unit T∗ = μmp P∗/kB ρ∗ ( μ =
 . 6 is the mean molecular weight per mp ), and magnetic field unit
∗ = √ 

4 πP∗. With this unit system, the unit gravitational potential
s defined as �∗ = v2 

∗ and ‘4 πG ’ in code units by 4 πGρ∗t2 
∗ = 2 /Q .

he initial density and pressure profiles in code units are completely
pecified given Q . 

We use a fiducial box domain of 20 H × 20 H × 24 H for our
nvestigation. A long vertical span is necessary to ensure that a
ufficient number of non-linear density scale heights are captured
nd to reduce boundary effects associated with a magnetically
levated disc. A wide horizontal span is needed for gravitational
ffects, which are long-range, to operate. For the strongly magnetized
ases ( β0 ≤ 102 , where β0 is the initial mid-plane plasma beta),
e set the azimuthal box length to be 2 times the radial (i.e.
0 H × 40 H × 24 H ) to suppress strong zonal flows that form in the
ighly magnetized cases, a magnetic-wind-driven feature (Riols &
esur 2019 ) that can artificially increase fragmentation rates (see
ppendix B for more details). We adopt shearing-periodic boundary

onditions in the x-direction and periodic boundaries in the y-
irection. For the boundaries in the z-direction, we enforce outflow
onditions for ρ, Pg , vx , vy and impose outflow conditions for vz 

hen the gas is outflowing and set the ghost zones vz = 0 when it
s inflowing. For magnetic fields we follow Riols & Latter ( 2019 )
nd Löhnert & Peeters ( 2023 ) to set Bx = By = 0 in the ghost
ones and d Bz 

/
d z = 0. We find that such magnetic boundary

onditions generally lead to a shorter simulation runtime than outflow
oundaries (Bai & Stone 2013 ) due to the reduced Alfvén speed close
o the boundaries. We note that while this is an often adopted recourse
n shearing box simulation, setting Bx = By = 0 at the vertical
oundaries prevents a magnetic exchange of angular momentum
etween the outflow/wind and the disc, particularly if there is a
agnetized wind. 
We impose an initial magnetic field with a net vertical flux in the

orm (Salvesen et al. 2016 ) 

z = B0 

[
1 + 1 

2 
sin 

(
2 πx 

Lx 

)]
, (10) 

here Lx is the domain width in the x-direction. The sinusoidal
omponent in equation ( 10 ) is there to suppress channel flows,
hich could lead to rapid depletion of the disc mass. B0 is specified

hrough the mid-plane plasma beta β0 = 2 Pg0 /B
2 
0 . Simulations with

et vertical flux are always found to launch strong outflows that
an drain the box mass in tens of orbits. To produce a steady-state
olution, we therefore add mass in the form ∝ exp ( −z2 /H 2 ) (where
 is the initial scale height defined by the mid-plane cs0 ) to each

rid cell at the end of each iteration to keep the total mass within the
ox constant, mimicking mass supply from accretion. 
We implement cooling through an explicit source term using a

implistic cooling model tcool = τcool �
−1 (Gammie 2001 ) such that 

d Eth 

d t 
= −Eth �

τ
. (11) 
NRAS 542, 790–810 (2025)

cool 
his simple prescription, though not realistic, has the advantage of
eing freely adjustable and has been used widely in the literature
Gammie 2001 ; Rice et al. 2005 ; Meru & Bate 2010 ). 

We trigger MRI by generating white noise on the initial density
nd velocities having maximum amplitude of | δρ| /ρ = 0 . 01 and
 δvi /cs | = 0 . 01, respectively. 

We vary the initial mid-plane plasma beta β0 through
0 , 102 , 103 , 104 , 105 to investigate the effect of magnetic field
n fragmentation and set the cooling time τcool = 1. We choose
cool to be less than 3, the fragmentation condition in the non-
agnetized case (Gammie 2001 ), to ensure fragmentation in the
eakly magnetized cases. We cannot set τcool below 1 as the cooling

ime could easily be less than the signal travel time across a grid
i.e. �x/ max ( vA , cs , v)) for the weakly magnetized cases during
un-time, leading to artificial heating and code crashing. We set
 = 1 initially for all our simulations. This sets the initial setup to

e marginally Toomre unstable, with a Toomre parameter QT = 0 . 89
equation A6 ). The exact choice of Q is not important provided the
nitial magnetic field is sub-thermal and cooling is fast compared to
imescales of the MRI, as the disc will be cooled below QT = 1 on
he cooling time-scale even if QT > 1 initially. 

The simulation box is resolved with a fiducial resolution of
56 × 256 × 512 for the β0 ≥ 103 cases and 256 × 512 × 384 for
he β0 ≤ 102 cases. We use a coarser vertical grid size for the
ow β0 cases as the MRI scale is larger, but double the number
f grids in the azimuthal direction due to the larger azimuthal
omain width. As shown in Table 1 , the quality factors in the y, z

irections Qy , Qz are quite large in the saturated regime, meaning
hat MRI scales are likely resolved. We repeat our simulations at a
educed resolution of resolution of 128 × 256 × 192 (for β0 ≤ 102 )
nd 128 × 128 × 192 (for β0 ≥ 103 ) and compare our results in
ppendix G . To avoid excessive simulation cost associated with

mall time-steps in magnetically dominated regions, we impose a
ensity floor of ρfloor = 10−4 ρ0 . We also impose a temperature floor
f Tfloor = 10−5 T0 and ceiling of Tceil = 102 T0 to avoid numerical
ifficulties associated with excessive cooling and large sound speeds.

 DI AG NOSTI CS  

e adopt the following notations to denote various averages used in
ur analysis and discussion. First, we define 〈 X〉xy as horizontally
veraged quantities: 

 X〉xy = 1 

Lx Ly 

∫ 
X d x d y , (12) 

here Lx , Ly are the domain widths in the x , y -directions, respec-
ively. Next, we define 〈 X〉V as volume averaged quantities: 

 X〉V = 1 

Lx Ly Lz 

∫ 
X d x d y d z , (13) 

here Lz is the domain height in the z-direction. We will occasionally
onsider mass averaged quantities as well, defined by: 

 X〉ρ =
∫ 

ρX d x d y d z ∫ 
ρ d x d y d z 

. (14) 

e also define 〈 X〉t as time averaged quantities: 

 X〉t = 1 

tf − ti 

∫ tf 

ti 

X d t ′ , (15) 

here ti , tf are the initial and final times the average is taken through,
o be defined upon usage. To assess the effect of gravitation, it is
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Table 1. Simulation parameters and transport quantities of the different simulations. 〈·〉t denotes time-averaged quantities taken over �t = 100 − 300, except 
for the β0 = 105 case, which is taken over �t = 250 − 450. Qy , Qz are the quality factors in the y, z-direction, Qy = 2 πvA,y / ��y, Qz = 2 πvA,z / ��z. 

β0 domain grid 〈 Qy 〉t 〈 Qz 〉t 〈〈 αM 

〉V 〉t 〈〈 αR 〉V 〉t 〈〈 αG 

〉V 〉t 
10 20 H × 40 H × 24 H 256 × 512 × 384 482 146 3 .28 0 .788 0 .00125 
102 20 H × 40 H × 24 H 256 × 512 × 384 391 88.2 1 .34 0 .305 0 .00111 
103 20 H × 20 H × 24 H 256 × 256 × 512 207 35.8 1 .15 0 .224 0 .0124 
104 20 H × 20 H × 24 H 256 × 256 × 512 78.6 24.8 0 .461 0 .302 0 .132 
105 20 H × 20 H × 24 H 256 × 256 × 512 82.5 28.7 0 .380 0 .320 0 .132 
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seful to define the Toomre parameter QT and the magnetic Toomre 
arameter QT ,B (Kim & Ostriker 2001 ) as 

T =
〈 c2 

s 〉1 / 2 
ρ κ

πG� 

, QT ,B =
〈 c2 

s + v2 
A 〉1 / 2 

ρ κ

πG� 

, (16) 

here v2 
A = B2 /ρ is the Alfvén speed, κ = √ 

2(2 − q) � is the 
picyclic frequency (note that for Keplerian shear κ = �). QT of 
he initial profile is related to Q through equation ( A6 ). For Q = 1,
hich is used throughout the study in the initial set-up, QT = 0 . 89.

n this study, we often have to examine the stresses, as they are
mportant to angular momentum and energy transport in accretion 
ows. The Reynolds, Maxwell and gravitational stress are defined 
espectively by 

R 
rφ = ρvx δvy , T M 

rφ = −Bx By , T G 

rφ = gx gy 

4 πG 

, (17) 

here δvy = vy + q�x denotes the deviation of vy from the equilib- 
ium flow. The α stresses, which are dimensionless measures of the 
tress, are defined by dividing the stresses by the gas pressure. The
orizontally averaged mid-plane and volume averaged Reynolds, 
axwell and gravitational α parameters are defined by 

 αR 〉V =
〈 T R 

rφ〉V 
〈 Pg 〉V , 〈 αM 

〉V =
〈 T M 

rφ 〉V 
〈 Pg 〉V , 〈 αG 

〉V =
〈 T G 

rφ〉V 
〈 Pg 〉V . (18) 

inally, we define X̄w as the ‘window’ average in the x , y -direction: 

¯
w = 1 

w2 

∫ x+ w/ 2 

x−w/ 2 

∫ y+ w/ 2 

y−w/ 2 
X d x ′ d y ′ , (19) 

here w is some specified ‘window’ width over which this average 
s taken. Assuming a variable X is expressed as a sum of Fourier
odes 

 =
∫ ∞ 

−∞ 

˜ Xkx ,ky 
cos ( kx x + φ) cos 

(
ky y + φ′ ) d kx d ky , (20) 

hen its window-average 

¯
w = 

1 

w2 

∫ x+ w/ 2 

x−w/ 2 

∫ y+ w/ 2 

y−w/ 2 

∫ ∞ 

−∞ 

˜ Xkx ,ky 
cos 

(
kx x

′ + φ
)

× cos 
(
ky y

′ + φ′ ) d kx d ky d x
′ d y ′ (21) 

= 

∫ ∞ 

−∞ 

∫ ∞ 

−∞ 

˜ Xkx ,ky 
cos ( kx x + φ) cos 

(
ky y + φ′ )

× sin ( kx w/ 2) 

( kx w/ 2) 

sin 
(
ky w/ 2

)
( ky w/ 2) 

d kx d ky , (22) 

o contributions of modes with wavenumber kx w, ky w > 1 is sup-
ressed. This represents a smoothing procedure, or convolution, in 
he x , y -direction. When operating on real data, the upper and lower
imits of the integral in equation ( 19 ) are replaced by xmax , xmin and
max , ymin when the domain limits are exceeded. 
.1 Clump identification 

o assess disc fragmentation quantitatively, we follow the procedure 
utlined in Chen et al. ( 2023 ), using a 3D extension of the GRID-
ore algorithm (Gong & Ostriker 2011 ; Mao, Ostriker & Kim 2020 ).
riefly, for each local minimum in the gravitational potential field 
 , we first identify the closed contour with the largest value of
 = �max , which contains no other local minima. This region, which

s referred to as a gravitational binding region (GBR), satisfies ∫ 
GBR 

ρ( � − �max ) d V < 0 . (23) 

ithin a GBR, we narrow the region down to cells where ∫ 
TBR 

Ekin + Eth + EB + ρ( � − �max ) d V < 0 (24) 

s satisfied when integrated up to some sub-contour �′ < �max , for
hich the gas is gravitationally bound against turbulent, thermal and 
agnetic pressure. Such a region is called a Total Binding Region

TBR). Here, Ekin is the kinetic energy density relative to the center
f mass ( Ekin = 0 . 5 ρδv2 

CM 

, where δvCM 

= v − vCM 

and vCM 

is the
entre of mass velocity of the clump), Eth is the thermal energy
ensity, and EB is the magnetic energy density. The whole GBR 

an be a TBR if the gravitational well is deep enough. In Fig. 1 ,
e show an example of clump identification using this algorithm, 
here the black-solid and red-dashed contours denote GBR and TBR, 

espectively, overlaid on the mid-plane density and gravitational 
otential snapshot at �t = 200. 

 T H E O R E T I C A L  C O N S I D E R AT I O N S  

agnetic field is often viewed as a stabilizing agent against grav-
tational collapse due to magnetic pressure support, counteracting 
ravity in linear stability analysis of the Jeans instability. On the other
and, in a rotating and shearing disc, magnetic tension can reduce
he stabilizing influence of Coriolis force, leading to enhanced grav- 
tational instability (Lynden-Bell 1966 ; Elmegreen 1987 ; Gammie 
996 ; Kim & Ostriker 2001 ). These competing effects of magnetic
eld raise the question of whether one effect would dominate the
ther in a realistic scenario, i.e. whether magnetic field promotes or
uppresses gravitational instability or fragmentation. We find that 
his question has not been fully addressed in an MRI-turbulent disc.
ast studies have focused on the mutual effects of gravitoturbulence 
nd MRI in a mildly cooling disc (Löhnert & Peeters 2023 ) and
ravitoturbulence as a dynamo mechanism (especially in the context 
f a protoplanetary disc, where the gas may not be fully ionized and
RI may not be active, e.g. Riols & Latter 2019 ; Deng, Mayer &

atter 2020 ; Riols et al. 2021 ; Béthune & Latter 2022 ). We find
t important to address the fragmentation aspect of this problem 

n order to better understand accretion flows and production of 
ravitational wave sources in AGN discs. In this section, we outline
ow magnetic tension could enhance gravitational instability in a 
MNRAS 542, 790–810 (2025)
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M

Figure 1. Clump identification using the extended GRID algorithm, with black-solid and red-dashed contours denoting GBR and TBR, respectively, overlaid 
on a mid-plane density (left) and gravitational potential (right) snapshot at �t = 200 for the β0 = 104 , τcool = 1 case. 

Figure 2. Intuition for the Coriolis-Restricted-Magneto-Gravitational 
(CRMG) instability. An overdense blob undergoing gravitational collapse 
experiences Coriolis forces which tend to expand it. This expansion is 
restricted by magnetic tension if a strong radial field is present, which 
promotes further collapse. 
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1 Here, we define magneto-Jeans modes as wave modes that follow the 
dispersion relation ω2 = k2 

x ( c
2 
s + v2 

A ) + 2(2 − q)2 �2 − 2 πG| kx | �0 or close 
variations of this, in which magnetic field is a stabilizing influence. This 
definition is different from that used in Kim & Ostriker ( 2001 ). If the 
background is uniform instead of razor-thin, the dispersion relation be- 
comes ω2 = k2 

x ( c
2 
s + v2 

A ) + 2(2 − q)2 �2 − 4 πGρ0 instead, i.e. replacing the 
2 πG| kx | �0 term by 4 πGρ0 . 
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otating, shearing disc, lay out possible reasons why this effect has
eceived little attention in the past, and offer new insights into why
e reconsidered it in this study. The discussion in this section will
otivate our specific focus in the results section (Section 5 ). 

.1 Magnetic destabilization of gravitational modes 

n overdense blob generated from random motion and undergoing
ravitational collapse experiences Coriolis forces which tend to
xpand it. This expansion is restricted by magnetic tension if a strong
adial field is present, which promotes further collapse (Fig. 2 ). We
all this mechanism by which magnetic fields destabilize GI the
oriolis-Restricted-Magneto-Gravitational (CRMG) instability. 
Following the local WKB stability analysis carried out in Ap-

endix C , axisymmetric perturbations in a rotating, razor-thin disc
ubjected to an in-disc magnetic field B = Bx ̂  x + By ̂  y exhibit char-
cteristic modes with the dispersion relation (Gammie 1996 ) 

ω4 + [
2( q − 2) �2 − k2 

x 

(
c2 
s + v2 

A 

) + 2 πG�0 | kx | 
]
ω2 

+ iq�ωk2 
x vAx vAy + k2 

x v
2 
Ax 

(
c2 
s − 2 πG�0 | kx | 

) = 0 , (25) 

here vA = B /
√ 

�0 is the Alfvén velocity, cs =
√ 

γPg /�0 is the
ound speed, kx is the axisymmetric wavenumber, q is the shearing
ate, and �0 is the surface density. In this discussion, we focus on
NRAS 542, 790–810 (2025)
xisymmetric modes due to the simplicity of the analysis. Stability
nalysis can be performed on non-axisymmetric modes as well (see
ppendix C ), but they generally do not admit WKB solutions due

o fast variations of the non-axisymmetric wavevector. While this
nalysis assumes a razor-thin disc, in practice discs always have finite
hickness, and in magnetically elevated disc scenarios it may be more
ppropriate to assume the background is approximately uniform
nstead of razor-thin at the mid-plane. In this case, the dispersion
elation equation ( 25 ) is modified by replacing the 2 πG�0 | kx | terms
y 4 πGρ0 (equation C21 ). First consider the limit in which there is
o rotation ( � = 0): the dispersion relation equation ( 25 ) reduces to 

2 = k2 
x v

2 
Ax , ω2 = k2 

x 

(
c2 
s + v2 

Ay 

) − 2 πG| kx | �0 , (26) 

he former which are simply Alfvén waves and the latter magneto-
eans type modes 1 . Magnetic field is a stabilizing agent or simply a
edium of oscillatory wave propagation in this case. In the other

imit, in which there is no radial field ( vAx = 0), equation ( 25 )
educes to 

2 = k2 
x 

(
c2 
s + v2 

Ay 

) + 2( 2 − q) �2 − 2 πG| kx | �0 , (27) 

hich again is a magneto-Jeans type mode with rotation as an
dditional stabilizing influence, again stabilized by magnetic field.
hese two limits are uninteresting for the current discussion, due

o the stabilizing effect of magnetic fields. It is more interesting to
onsider parameters away from these limits, for which magnetic
elds are destabilizing. Specifically, if there is rotation and the
agnetic field has a radial component ( Bx /B �= 0), one can solve

quation ( 25 ) numerically and identify the most unstable root. The
rowth rate depends on 5 dimensionless parameters: the axisymmet-
ic wavenumber kx VA /�, the Toomre parameter QT = cs κ/πG�0 ,
he in-disc plasma beta βdisk = 2 Pg / ( B2 

x + B2 
y ), orientation of the

n-disc magnetic field bx = Bx / ( B2 
x + B2 

y )
1 / 2 , and the shearing

ate q. 
In Fig. 3 , we show examples of the growth rates γ /� of such
odes as a function of the axisymmetric wavenumber kx vA /� for

arious in-disc plasma betas βdisk (top left), Toomre parameters QT 
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Figure 3. Growth rates γ (normalized by �) of axisymmetric perturbations 
( ky = 0) as a function of kx vA /� for various βdisk = 2 Pg / ( B2 

x + B2 
y ) (top 

left), Toomre parameters QT = cs �/πG�0 (top right), orientations of the 
magnetic field bx = Bx / ( B2 

x + B2 
y )

1 / 2 (lower left), and shearing rates q 
(lower right) while the other variables are kept fixed at values listed at the top 
of each panel. 
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Figure 4. Plot of bx,thres against Q , demarcating region where the magnetic 
field is destabilizing (above the curve, shaded in blue) and vice versa. 
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top right), magnetic field orientations bx (lower left), and shearing 
ates q (lower right) while fixing the other parameters. We observe 
learly in the top left panel that CRMG modes are more unstable
n stronger magnetic fields for the same QT , both in terms of
he maximum growth rate and the range of wavenumbers that are 
nstable. When maximally unstable, this instability acts fast, on 
he timescale of ∼ �−1 . The top right panel shows that CRMG
odes are more unstable at lower QT , cementing it as a gravitational
ode. However, unlike Toomre modes, which require QT < 1 (or 

ven smaller for strong magnetic fields) to be unstable, the CRMG
nstability criteria are more lenient on QT , as modes can be unstable
ven for QT > 1, albeit with smaller growth rates and more restrictive
anges of unstable wavenumbers. The orientation of the magnetic 
eld also impacts the growth rate – as shown in the lower left panel,

he instability appears weaker as the magnetic field veers off from the
adial direction into the azimuthal, with the instability subdued when 
he field is completely azimuthal, at right angles to the axisymmetic 
avevector 2 . This point is quite important, and we will refer to it

gain in the following discussion. Finally, the lower right panels 
hows that CRMG modes are more unstable for lower shearing rates
ue to reduced Coriolis stabilization. 
In short, axisymmetric perturbations in a self-gravitating flow 

ubjected to shear and an in-disc magnetic field become more 
nstable with respect to a stronger field when there is a radial
omponent in the background field, for constant Toomre parameter 
T . When the field is completely azimuthal, the effect of magnetic 

eld is stabilizing and one recovers the magneto-Jeans type mode. 
e relegate more detailed discussion of the wavelength dependence 

f the CRMG modes, comparision between the CRMG and the 
agneto-Jeans type mode, and numerical verification of the growth 

ates to Appendix D –F . 
 Technically, axisymmetric modes can be unstable even when the field is 
ompletely azimuthal. One simply recovers a Magneto-Jeans type mode 
equation 27 ), in which the instability condition is QT ,B < 1 (Kim & Ostriker 
001 ). This is why in the lower left panel of Fig. 3 , where QT = 1 < QT ,B , 
he system is stable when Bx /B0 = 0. Magnetic field acts as a stabilizing 
gent in this case. 

c
o
B
a
w
p
t
‘

We pointed out that magnetic field destabilizes axisymmetric 
RMG modes when the field is radial, becoming stabilizing when 

he field is toroidal. Mathematically, this means that when bx = 

x / ( B2 
x + B2 

y )
1 / 2 , the relative contribution of the radial component

o the in-disc field, is close to unity, the growth rate increases when
disc decreases. In contrast, if the field is largely toroidal, bx ≈ 0, 

he growth rate decreases when βdisk decreases. The transition from 

estabilization to stabilization occurs at some intermediate value of 
x , which we call bx,thres . In Fig. 4 , we plot bx,thres as a function
f QT for q = 1 . 5. The area under the curve denotes values of
x for which the magnetic field is stabilizing, and vice versa for
he area above the curve. Studies have found that QT maintains 
 value slightly above 1 in the non-linear saturation stage when
I/fragmentation occurs (Gammie 2001 ). On the other hand, bx 

an take on an appreciable value in MRI simulations with strong
ertical fluxes. These observations suggest magnetic destabilization 
f gravitational modes is entirely possible. 
Despite the promising signs shown by this WKB analysis that 

trong magnetic fields can enhance gravitational instability, Gammie 
 1996 ) argued against its validity based on the fact that radial
agnetic field will be toroidally directed by shear on the time-scale

 q�)−1 . Thus, magnetic fields will destabilize axisymmetric grav- 
tational modes only transiently, and become stabilizing long after 
 q�)−1 , thus bringing this WKB analysis into question. An extension
f this analysis shows that it is possible for non-axisymmetric modes
o be destabilized by a toroidal magnetic field. 3 However, as a non-
xisymmetric wavevector will eventually tend towards axisymmetry 
ue to shear on the timescale ( q�)−1 – k = ( kx + q�tky )ˆ x + ky ̂  y ,
here kx , ky are the initial axisymmetric and non-axisymmetric 
avenumbers (see Appendix C for a visual explanation.) – non- 

xisymmetric modes are only transiently unstable to a toroidal 
MNRAS 542, 790–810 (2025)

ated as the wavevector is time-dependent. None the less, one can derive a set 
f equations [called the ‘shearing sheet equations’ by Goldreich & Lynden- 
ell ( 1965) , Julian & Toomre ( 1966 ), Elmegreen ( 1987 ), Gammie ( 1996 ), 
nd Kim & Ostriker ( 2001 )] that governs the amplitude of the perturbation, 
hich can be solved in the same manner as one would solve an initial value 
roblem. To characterize the strength of the instability, one then considers 
he maximum amplitude the density perturbations can grow to (a.k.a the 
responsiveness’). 
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eld 4 . Thus, we have a scenario where the wavevector becomes
xisymmetric on the same (fast) time-scale as the field becoming
oroidal, which is the configuration for which the magnetic field is a
tabilizing influence. 

We argue that this WKB analysis of axisymmetric modes can still,
o a good extent, capture the growth structure in realistic scenarios
ased on the fact that radial magnetic fields lost to the toroidal
irection due to shear can be continuously replenished by the MRI-
ynamo on the dynamical time-scale, thus providing, in the mean-
eld sense, a roughly time-independent background field. In the weak
ertical field case, the radial field is generally much weaker than the
oroidal field. However, in the strong ( β � 102 ) vertical field case,
t has been shown that a relatively strong radial field with sustained
olarity can be generated (Salvesen et al. 2016 ). We will characterize
he strength and time-steadiness of this field in our simulations. The
uestion is, can the MRI-dynamo produce a radial field strong and
ime-steady enough to trigger the CRMG instability? In the strong
eld limit it is likely that non-linear effects such as magnetic elevation
ill be active – would such effects inhibit fragmentation? We will

larify these issues in the following discussion. We note that a recent
tudy by Kubli et al. ( 2023 ) found that significantly smaller clumps
ere formed when a magnetic field, amplified and maintained by
 gravitoturbulent dynamo, was present. They noticed that most of
he clumps were formed in low shear (small q) regions, where the
avevector and background magnetic field change in direction over
 much longer time and the problem suggested by Gammie ( 1996 ) is
ssuaged. However, their focus was on protoplanetary discs, where
RI is less active and resistivity effects are strong. The gas in AGN

iscs tends to be more ionized within ∼ 103 rg , where MRI plays
n important role in a dynamo. The shear parameter is most likely
eplerian ( q = 1 . 5) at radii where self-gravity is important. Even

f q were small at some distinct locations, it is unclear how the
as can be magnetized as MRI is likely suppressed for small q.
herefore, conditions in AGN discs could be completely different

rom protoplanetary discs, and our conclusions regarding the role of
agnetic field could be different from Kubli et al. ( 2023 ). 

 RESU LTS  

n this section, we present results of our disc simulations. First,
e outline general properties of the disc structure and discuss the
stresses (Reynolds, Maxwell, gravitational) found for simulations
ith different values of β0 . To clarify the role of magnetic fields in the
ravitational stability of the system, we isolate various contributions
o the magnetic budget and discuss the magnetic field structure of
he disc, focusing on the in-disc field strength, orientation and time-
teadiness as motivated by our discussion of the CRMG instability
n Section 4 . Having laid out the magnetic properties of the disc, we
hen discuss fragmentation in relation to the field structure and other
isc parameters (e.g. the Toomre parameters). Using the dispersion
elation equation ( 25 ), we show quantitatively how different aspects
f the magnetic field conspire to promote or suppress fragmentation.
n Table 1 , we list the simulation parameters and transport quantities
f the cases explored in this study. 
NRAS 542, 790–810 (2025)

 Similar to axisymmetric CRMG modes, transient growth of non- 
xisymmetric modes in the presence of toroidal fields is faster for stronger 
elds (Elmegreen 1987 ). The problem is that this period of growth may be 

oo short for clumps to deepen their gravitational potential well enough to 
ecome bound. 

5

n
g
6

b
γ

(

.1 Disc structure 

n Fig. 5 , we present time-series plots of the horizontally aver-
ged density 〈 ρ〉xy (left column), and the horizontally averaged
adial field 〈 Bx 〉xy (middle column) and toroidal field 〈 By 〉xy 

right column) for τcool = 1 and initial mid-plane plasma beta
0 = 10 , 102 , 103 , 104 , 105 (increasing from top to bottom). Most
f the test cases were run until �t = 300, except the β0 = 105 

ase, which was run until �t = 450 due to the MRI saturating later.
he black dashed lines in the left column indicate locations above
nd below the disc where the density is half the maximum, as a
easure of the disc thickness. The colored contours in the middle

nd right columns indicate different levels of βx = 2 〈 Pg 〉xy / 〈 Bx 〉2 
xy 

nd βy = 2 〈 Pg 〉xy / 〈 By 〉2 
xy , respectively. As can be seen in the figure,

tronger vertical magnetic field tends to puff up the disc, inducing
trong outflows. Observe also that 〈 By 〉xy is generally stronger
han 〈 Bx 〉xy . This is consistent with the fact that any radial field
enerated from the MRI-dynamo is subjected to shear which winds
t up in the toroidal direction 5 . Additionally, the polarities of the
adial and toroidal magnetic field tend to be the same above and
elow the disc for the lower β0 cases ( β0 = 10 , 102 , 103 ) in the
aturated stage ( �t � 100), while they reverse in polarity at the
id-plane for the high β0 cases ( β0 = 104 , 105 ). We do not observe

uasi-periodic flip-flops of the magnetic field (butterfly structure)
or the high β0 cases ( β0 = 104 , 105 ), as was observed in Bai &
tone ( 2013 ); Salvesen et al. ( 2016 ). A possible reason is that since
ooling is proportional to the local thermal energy density in the
ooling prescription (equation 11 ), cooling is weaker further from
he disc mid-plane and the temperature rises with vertical height.
his causes the entropy to increase with | z| (left panel of Fig. 6 ),
hich by the Newcomb condition is stable against buoyant rise and

nterchange instabilities (Newcomb 1961 ; Riols & Latter 2018 ). This
ay prevent radial or toroidal flux from escaping vertically, which

s key to the butterfly structure seen in Bai & Stone ( 2013 ) and
alvesen et al. ( 2016 ). The magnetic field profiles found in our
imulations suggest the disc may be unstable to Parker (undular)
odes except close to the mid-plane, according to the condition

erived by Parker ( 1966 ) (right panel of Fig. 6 ) 6 . However, the
nstability condition derived by Parker ( 1966 ) comes from a global
tability analysis and assumes an isothermal equilibrium profile
hereas our simulated profile is not isothermal. Kim & Ryu ( 2001 )

lso suggested that magnetic tension due to field randomness (which
ur turbulent discs exhibit) could reduce or completely suppress
arker modes. Thus it is unclear if Parker instability would be active.
inally, we note that the in-disc field Bx , By tapers off near the
ertical boundaries as a result of the boundary conditions we use
 Bx = By = 0). 

In short, the disc thickness varies with the magnetic field in an
xpected way, and the magnetic fields in the low β0 cases also
gree with previous studies. However, the butterfly structure is
bsent in the high β0 cases. This could be a result of the cooling
rescription used, which seems to suppress buoyant rise of magnetic
ux. 
 An initially radial field B0 = Bx0 ̂ x subjected to shear v = −q�x ˆ y does 
ot remain radial. From the induction equation, ∂ B /∂ t = −q�Bx0 ̂ y , which 
ives Bx = Bx0 , By = −q�Bx0 t , i.e. the field becomes toroidal with time. 
 The condition for undular modes to be unstable in an isothermal equilibrium 

ackground is when the adiabatic index γ is less than some critical value 

c , u = (1 + β−1 )2 / (1 + 1 . 5 β−1 ), where β = Pg /PB is the plasma beta 
Parker 1966 ). 



Fragmentation with magnetic fields 797

Figure 5. Time-series plot of 〈 ρ〉xy (left column), 〈 Bx 〉xy (middle column), 〈 By 〉xy (right column), in code units. The initial mid-plane plasma beta β0 increases 
through 10 , 102 , 103 , 104 , 105 from top to bottom, with the cooling time τcool = 1. In the left column, the black contour denotes the height for which the density 
is half the maximum at that particular time, i.e. the thickness of the disc. In the middle column, the contours denotes various levels of βx = 2 〈 Pg 〉xy / 〈 Bx 〉2 

xy , 
blue: βx = 0 . 1, green: βx = 1, black: βx = 10, red: βx = 100. The contours in the right column have the same meaning as in the middle column except now 

they denotes various levels of βy = 2 〈 Pg 〉xy / 〈 By 〉2 
xy . 

Figure 6. Left: Time-averaged, horizontally averaged entropy profile of the 
β0 = 104 , τcool = 1 case. Entropy here is measured by 〈〈 Pg 〉xy 〉t / 〈〈 ρ〉xy 〉γt . 
Time-average is taken from �t = 100–300. Right: Comparison of the 
adiabatic index used in the simulation ( γ = 5 / 3, black dashed) against the 
critical γ for undular instability (blue solid line). γ < γc , u implies undular 
instability. 
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.2 α stresses 

e examine the various kinds of stresses in this section. In Fig. 7 ,
e plot the volume averaged Reynolds (blue), Maxwell (red), and 
ravitational (green) stress against time. We plot the instantaneous 
 αi 〉V values on the left column and the running-average 〈 αi 〉V ,run 

n the right for clarity. The running-average of a quantity at time t 
s the cumulative time-average of it up to t . In all cases explored,
he Maxwell stress is the greatest, followed by the Reynolds stress
nd then the gravitational stress. In the saturated stage, the ratio of
he Maxwell to Reynolds stress for the low β0 cases (10 , 102 , 103 )
s roughly 3–4, consistent with previous stratified MRI simulations. 
or the high β0 cases ( β0 = 104 , 105 ), the onset of MRI is delayed (to
t ∼ 100 and 250 for the β0 = 104 , 105 cases, respectively). Taking

he average over the last third of the simulation time span, we find
hat this ratio drops to roughly 1.5. The ratio of the gravitational to
eynolds stress exhibits an opposite trend, being � 1 in the low β0 

ases, but rising to ∼ 0 . 5 for the high β0 cases, hinting at strong
uppression of GI in the low β0 cases. This ordering of the stresses
s observed in Riols & Latter ( 2018 ) as well, in their simulation with
et vertical flux. The Maxwell stress αM 

obtained in our simulations 
s slightly on the high side, but generally consistent with existing
tudies in the strong cooling regime for low β0 cases (e.g. Gammie
MNRAS 542, 790–810 (2025)
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M

Figure 7. Volume averaged Reynolds (blue), Maxwell (red) and gravitational 
(green) stresses as a function of time for various β0 cases. Left column: The 
instantaneous 〈 αi 〉V at each time. Right column: The running-average of 
〈 αi 〉V . 
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001 ; Salvesen et al. 2016 ). However, the stresses in the high β0 cases
re orders of magnitude higher than standard MRI calculations. αM 

eaches up to ∼ 3 for β0 = 10, and ∼ 0 . 3 for β0 = 105 , showing
 decreasing trend with respect to β0 . This decreasing trend is
ery weak, with a dependence ∼ β

−1 / 4 
0 , compared with the ∼ β−1 / 2 

ependence obtained in previous simulations (Salvesen et al. 2016 ).
ote that there is no self-gravity in Salvesen et al. ( 2016 ); This is

uggestive of gravitoturbulence at play boosting the stresses in the
igh β0 cases. 
To aid our understanding of the growth and sustenance of the
agnetic field, we decompose the magnetic budget into various

ontributions, as in Riols & Latter ( 2018 ), and plot them in Fig. 8 .
rom the induction equation, we obtain 

1 

2 

∂B2 
i 

∂t 
= Ii + Ai + Ci + �i , (28) 
NRAS 542, 790–810 (2025)
here Ii = Bi Bj ∂δvi ∂xj denotes the ‘stretching’ term, Ai =
Bi δvj ∂Bi 

/
∂xj is the advection term, Ci = −B2 

i ∇ · δv is the com-
ression term, and �i = q�( xBi ∂ Bi 

/
∂ y − Bi Bx ) δiy is the �-effect

linear stretching by shear). Note that summation is implied for j but
ot i in equation ( 28 ), and δv = v + q�x ˆ y is the fluctuation velocity.
n practice, the first term of the � contribution ( q�xBi ∂ Bi 

/
∂ y ) is

egligible, so �i ≈ −q�Bi Bx effectively. We note that the stretching
erm Ix is the dominant contribution to the radial field, while the

term (stretching by shear) is the dominant contribution to the
oroidal field. These results are consistent with Riols & Latter ( 2018 ).
nlike their findings, advection ( Ai ) and compression ( Ci ) terms

re not negligible in our simulations, especially for low β0 cases,
here Ai , Ci can be comparable in magnitude to the dominant term.
dvection effects ( Ai ) generally supplement field generation while

ompression effects ( Ci ) are the dominant counter-balance terms
or the magnetic field budget in all cases. An examination of the
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Figure 9. Top left: Window-averaged, time-averaged plasma beta 
of the radial field defined by 〈 βx,smooth 〉t = 2 〈〈P̄g,w 〉xy 〉t / 〈〈B̄2 

x,w 〉xy 〉t . 
Top right: Window-averaged, time-averaged plasma beta of the 
toroidal field 〈 βx,smooth 〉t = 2 〈〈P̄g,w 〉xy 〉t / 〈〈B̄2 

y,w 〉xy 〉t . Bottom: Window- 
averaged, time-averaged plasma beta of the vertical field 〈 βz,smooth 〉t = 

2 〈〈P̄g,w 〉xy 〉t / 〈〈B̄2 
z,w 〉xy 〉t . Various window lengths w are displayed. The 

case displayed is β0 = 102 , βcool = 1. Time-average is taken from �t = 

100 − 300. 
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onstituent terms for Ai , Ci (not shown here) shows that at low 

0 , the contributions from terms involving vz dominate, leading to 
xceptionally large magnitudes of Ai , Ci . In high β0 cases where vz 

s small, Ai , Ci are weaker. While this suggests vertical expansion 
nd advection by a magnetically driven wind at low β0 could be 
mportant to field generation, note that Ai and Ci are anticorrelated. 

e know for a fact that the vertical wind speed generally increases
ith height | z| while the magnetic field generally decreases with | z| . 
uppose 

z ( z) ∝ B
−p 

i ( z) , (29) 

here p > 0 generally. After some manipulation, we find that 

− B2 
i 

∂vz 

∂z 
= pvz 

∂ 

∂z 

(
B2 

i 

2 

)
. (30) 

ince the terms involving vz dominate the contributions to Ai , Ci 

hen the wind is strong, equation ( 30 ) implies 

i ≈ −pAi . (31) 

hat is, if p = 1, then the advective term cancels the compression
erm. If p < 1 and Ai remains positive, the combined advective and
ompression contributions from the wind then contribute positively 
o magnetic field generation. 

Riols & Latter ( 2018 ) found in several zero-net-flux simulations
ith self-gravity and strong cooling ( τcool � 5) that magnetic field is
enerated mostly by a gravitoturbulent dynamo, as demonstrated 
y high levels of gravitational stress that are comparable to or
xceed the Reynolds and Maxwell stresses. They also noticed a 
hange in the location of field generation from | z| ∼ H (above 
nd below the disc) in pure MRI to | z| ∼ 0 (within the disc) in
ravitoturbulent dynamos. The subdominant levels of gravitational 
tress observed in our low β0 simulations seem to suggest against a 
ravitoturbulent dynamo at play in those cases. However, in the high 
0 cases, the relatively high levels of gravitational stresses together 
ith the higher stresses compared to standard MRI calculations is 

uggestive of a gravitoturbulent dynamo at play, consistent with 
iols & Latter ( 2018 ). Unlike in pure MRI (no cooling or self-
ravity), field generation occurs mostly at z ∼ 0 in our simulations.
e attribute this to cooling suppressing the buoyant rise of disc 

as. We conclude that MRI-generated turbulence is still responsible 
or the dynamo process needed for field generation in our low β0 

imulations, while there could be mixed contributions from MRI and 
ravitoturbulence in the high β0 cases. In a simulation performed by 
iols & Latter ( 2018 ) with net flux and a moderately strong initial
eld ( β0 ≈ 225), it was found that the gravitational stress is the most
ubdominant stress, consistent with our low β0 test cases. 

Magnetic field generation in set-ups with self-gravity and cooling 
s a profound subject warranting a separate study. For our purposes,
e simply note that evidence does not seem to support self-gravity
eing responsible for the dynamo process in our low β0 simulations, 
ut could be conducive to such due to fragmentation in the high β0 

ases. We also observe that flux-tube-stretching Ix is the dominant 
ontribution to the radial field which, when fed into flows with 
hear, contributes to most of the toroidal field generated through 
he shearing term �i . 

.3 Magnetic field structure 

n this section, we examine the magnetic fields in our simulations.
he first thing we would like to point out is that the strength of

he radial and vertical fields varies with scale. The meaning of
his is illustrated in Fig. 9 , which shows the window-averaged, 
ime-averaged plasma beta parameter corresponding to the radial 
eld 〈 βx,smooth 〉t = 2 〈〈P̄g,w 〉xy 〉t / 〈〈B̄2 

x,w 〉xy 〉t (top left), toroidal field 
 βy,smooth 〉t = 2 〈〈P̄g,w 〉xy 〉t / 〈〈B̄2 

y,w 〉xy 〉t (top right), and vertical field 
 βz,smooth 〉t = 2 〈〈P̄g,w 〉xy 〉t / 〈〈B̄2 

z,w 〉xy 〉t (bottom) for different win- 
ow lengths, where the time average is taken from �t = 100–300.
he displayed case is β0 = 102 , τcool = 1. The meaning of window-
verage, and the notation X̄w , is explained in Section 3 . Briefly,
t is a smoothing operation in the x , y -direction, with w being the
moothing window. By performing such smoothing operations, we 
re essentially removing contributions from modes with wavenum- 
ers kx w, ky w > 1. A clear difference between the top right panel
nd the rest of Fig. 9 is that βx,smooth , βz,smooth are sensitive to the
indow length chosen, while βy,smooth is insensitive to it. This means 

here is a lot of small scale structure in the radial and vertical field
hile the azimuthal field structure consists mostly of a single, large

cale field. The difference in βx,smooth , βz,smooth when one includes 
ll small scale modes 7 (the smallest window width w/Lx = 0 . 004)
ompared to when one includes only the domain-sized mode (the 
argest window width w/Lx = 1) can be an order of magnitude for
he case shown. In this section, when discussing quantities related to
he field, we will display only window-averaged results with window 

engths w/Lx = 0 . 004 and w/Lx = 1 (or as specified) to reduce
lutter, representing results including the full spectrum and just the 
arge-scale, respectively. 

The second thing we would like to point out is that the magne-
ization in the non-linear stage generally increases with decreasing 
0 , but not necessarily in a monotonic manner for some field com-
onents. In Fig. 10 , we plot in the left column the window-averaged,
ime-averaged profiles of the radial field plasma beta 〈 βx,smooth 〉t (top 
eft), the toroidal field plasma beta 〈 βy,smooth 〉t (second row left), the
ertical field plasma beta 〈 βz,smooth 〉t (third row left), and the rel-
tive radial field strength 〈 bx,smooth 〉t = [ 〈〈B̄2 

x,w 〉xy 〉t / ( 〈〈B̄2 
x,w 〉xy 〉t + 

〈B̄2 
y,w 〉xy 〉t )]1 / 2 (bottom left) for various β0 , with w/Lx = 1 as the 
MNRAS 542, 790–810 (2025)
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Figure 10. Left column: Window-averaged, time-averaged profiles of 
the radial field plasma beta 〈 βx,smooth 〉t = 2 〈〈P̄g,w 〉xy 〉t / 〈〈B̄2 

x,w 〉xy 〉t (top 
left), the toroidal field plasma beta 〈 βy,smooth 〉t = 2 〈〈P̄g,w 〉xy 〉t / 〈〈B̄2 

y,w 〉xy 〉t 
(second row left), the vertical field plasma beta 〈 βz,smooth 〉t = 

2 〈〈P̄g,w 〉xy 〉t / 〈〈B̄2 
z,w 〉xy 〉t (third row left), and the relative radial field strength 

〈 bx,smooth 〉t = [ 〈〈B̄2 
x,w 〉xy 〉t / ( 〈〈B̄2 

x,w 〉xy 〉t + 〈〈B̄2 
y,w 〉xy 〉t )]1 / 2 (bottom left) for 

various β0 , with w/Lx = 1 as the window length. Right column: Plot of 
〈 βx,smooth ,mid 〉t (top right), 〈 βy,smooth ,mid 〉t (second row right), 〈 βz,smooth ,mid 〉t 
(third row right) and 〈 bx,smooth ,mid 〉t (bottom right), where the subscript ‘mid’ 
denotes values taken at z = 0, as a function of β0 , for two window lengths: 
w/Lx = 0 . 004 (red line), w/Lx = 1 (blue line). The cases displayed have 
τcool = 1. Time-average is taken from �t = 100 − 300 for the β0 ≤ 104 cases 
and from �t = 250 − 450 for the β0 = 105 case. 
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indow length. We note that the magnetic field is typically stronger
bove and below the disc, with the disc mid-plane being the least
agnetically dominant 8 . The mid-plane magnetic field strength is

articularly weak for the high β0 cases ( β0 = 104 , 105 ), reflecting
eld reversals seen in Fig. 5 at z = 0. The low β0 cases β0 = 10 , 102 

o not suffer such a flip in polarity at the mid-plane, and are able
o maintain field strength at the mid-plane that is comparable to the
orona. In the right column of Fig. 10 , we pick out the values of
 βx,smooth 〉t , 〈 βy,smooth 〉t , 〈 βz,smooth 〉t , and 〈 bx,smooth 〉t at z = 0 (hence
he subscript ‘mid’) and plot them against β0 . The mid-plane is
articularly relevant as fragmentation happens mostly there. We
bserve that the mid-plane radial plasma beta 〈 βx,smooth ,mid 〉t increases
NRAS 542, 790–810 (2025)

 The upward drift in βx , βy at large | z| is due to the boundary conditions 
sed, for which Bx , By = 0 at the z-boundaries. 

β  

w  

l  

p  
onotonically with respect to β0 regardless of the window length
hosen (i.e. scale), with the large-scale beta dropping from ∼ 103 for
0 = 105 to ∼ 1 for β0 = 10. The toroidal plasma beta 〈 βy,smooth ,mid 〉t 
oes not drop monotonically with respect to β0 . It exhibits an
symmetric U-shape pattern, with the minimum located at β0 = 103 ,
t which the value is ∼ 0 . 1. The two ends of the U-shaped pattern
ave values of ∼ 102 and ∼ 0 . 5 at β0 = 105 , 10 respectively. Similar
o the radial plasma beta, the vertical plasma beta 〈 βz,smooth ,mid 〉t 
gain decreases monotonically with respect to β0 , with the large-
cale field dropping from ∼ 105 for β0 = 105 to ∼ 10 for β0 = 10,
ust as in the initial set-up, while the small-scale components are
ignificantly stronger, hovering between 5 − 15. We know that MRI
oes not modify the mean vertical field much, so this implies that the
veraged mid-plane gas pressure remains more or less the same as
he initial value despite the thermodynamical changes throughout the
imulation. The relative radial field strength 〈 bx,smooth ,mid 〉t exhibits
he same U-shaped trend as βy,smooth ,mid , with a minimum located at
0 = 103 in which the value is close to zero, implying the in-disc
eld is mostly toroidal. The two ends of the U-shaped pattern have
 bx,smooth ,mid 〉t values between 0.25 to 0.5 depending on the scale,
ndicating the toroidal field component is still dominant, but the
adial field component is non-negligible. 

In Fig. 11 , we plot the window-averaged radial field plasma beta
x,smooth ,mid = 2 〈P̄g,w,mid 〉xy / 〈B̄2 

x,w,mid 〉xy (left), toroidal field plasma
eta βx,smooth ,mid = 2 〈P̄g,w,mid 〉xy / 〈B̄2 

y,w,mid 〉xy (middle), and the rela-
ive radial field strength bx,smooth ,mid = [ 〈B̄2 

x,w,mid 〉xy / ( 〈B̄2 
y,w,mid 〉xy +

B̄2 
y,w,mid 〉xy )]1 / 2 (right) at the mid-plane, using a window length of
/Lx = 1 (i.e. large scale field), as a function of time. We note that

apid fluctuations in βx , βy are observed for the high β0 = 104 , 105 

ases. Fluctuations can still be seen in βx , βy for the lower β0 cases,
ut they are less rapid than their high β0 counterparts. In the top row
f Fig. 12 , we characterize the magnitude of the fluctuations using the
uantities σ (log 〈 βi 〉smooth 

xy ) and σ ( 〈 bx 〉smooth 
xy ), which are the standard

eviation of the logarithm (base 10) of βi,smooth , mid ( i = x , y ) (left
anel) and that of bx,smooth , mid (right). The standard deviations are
aken over �t = 100 − 300 (for β0 �= 105 ) and over �t = 250 − 450
or β0 = 105 . The magnitude of the fluctuations in βx , βy are quite
imilar across different β0 cases, with � log βi ∼ 0 . 35 − 0 . 45, except
or the β0 = 103 case, in which βy is particularly steady. This implies
hat the large-scale βx , βy at the mid-plane varies typically by 0.35–
.45 dex (i.e. less than an order of magnitude). As observed in the top
ight panel, bx typically varies by �bx ∼ 0 . 1 − 0 . 15, except for the
0 = 103 case, which as a low value of ∼ 0 . 01. Depending on the

ocal conditions, such fluctuations could either mean insignificant
r appreciable change in the growth rates. As we shall see in
ection 5.4.1 (also Fig. 16 ), the resultant fluctuations in the growth
ates are modest. 

In the bottom row of Fig. 12 , we display the fraction of power
ontained in the low frequency part (with period > 10 �−1 ) of
he temporal spectrum of βx,smooth , mid , βy,smooth , mid , bx,smooth , mid . We
alculate this by 

 ( X) ≡
∫ ω( T > 10 �−1 ) 

0 

∣∣ ˜ X 

∣∣ d ω ∫ ∞ 

0 

∣∣ ˜ X 

∣∣ d ω 

, (32) 

here ˜ X is the temporal FFT of the quantity X. The bottom left
lot shows that roughly 40 per cent of the power of βx,smooth , mid 

s contained in the low frequency part, and 40 − 60 per cent for
y,smooth , mid . The radial field contribution bx is more time-steady,
ith around 70 per cent contained in the low frequency part for the

ow β0 cases, dwindling to 50 per cent for the high β0 cases. These
lots imply that while the WKB analysis is, strictly speaking, not
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Figure 11. Window-averaged radial field plasma beta βx,smooth ,mid = 2 〈P̄g,w,mid 〉xy / 〈 ˆ B2 
x,w,mid 〉xy (left), toroidal field plasma beta βy,smooth ,mid = 

2 〈P̄g,w,mid 〉xy / 〈 ˆ B2 
y,w,mid 〉xy (middle), and relative radial field strength bx,smooth ,mid = [ 〈B̄2 

x,w,mid 〉xy / ( 〈B̄2 
x,w,mid 〉xy + 〈B̄2 

y,w,mid 〉xy )]1 / 2 at the mid-plane as a 
function of time for various initial mid-plane plasma beta β0 . The cooling strength for the displayed cases is τcool = 1. The window-length used for the window 

average is w/Lx = 1. 

Figure 12. Top left: Fluctuations of the window-averaged plasma betas 
βx,smooth , mid (red), βy,smooth , mid (blue) at the mid-plane for different β0 cases, 
measured in terms of the standard deviation of the logarithm (base 10) of 
the respective window-averaged betas βi . Top right: same as the left panel 
but for the relative radial field contribution bx . Bottom row: Fraction of 
power contained in temporal frequencies with period longer than 10 �−1 for 
βx,smooth , mid , βy,smooth , mid (left) and bx,smooth , mid (right). 

v
p
a  

c
f
fi
t

m
m
fi
t
i
m
t
i  

c
t  

p
i  

Figure 13. Time-averaged bound mass fraction 〈 Mbound 〉t /Mtot , where 
〈 Mbound 〉t is the time averaged bound mass within the box (i.e. located within 
TBRs, as defined in equation 24 ), and Mtot is the total mass within the box, 
which is kept constant in our set-up. This is plotted against the initial mid- 
plane plasma beta β0 . Time-average is taken from �t = 100 − 300, except 
for the β0 = 105 case, for which time-average is taken from �t = 250–450. 
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alid due to presence of high frequency fluctuations (with fluctuation 
eriods comparable or shorter than the growth time), it remains 
n insightful tool to understand the growth of GI modes in this
omplex environment since there is substantial power in the low 

requency parts. In particular, bx , which controls whether magnetic 
eld destabilizes axisymmetric CRMG modes (Fig. 4 ), is highly 

ime-steady in the low β0 cases. 
In summary, there are several noteworthy points regarding the 
agnetic field structure. First, the radial and vertical fields are 
ultiscaled, with grid size structures as well as domain-sized mean 
eld, while the toroidal field is mostly large-scaled. Secondly, 

he magnetization of the disc in the nonlinear stage generally 
ncreases with decreasing β0 , but not necessarily in a monotonic 
anner. Specifically, the gas is the most magnetically dominated and 

oroidally directed for β0 = 103 , while the radial field contribution 
ncreases for β0 < 103 . Overall, the low β0 (10 , 102 , 103 ) cases are
onsiderably more magnetically dominated at the mid-plane than 
he high β0 cases. Thirdly, the large-scale magnetic field at the mid-
lane can be considered approximately time-steady, with fluctuations 
n βx , βy of order ∼ 0 . 35 − 0 . 45 dex – which only has a modest
ffect on the growth rates – and more than 40 per cent of the power
ontained in the low frequency part of the temporal spectrum. Taken
ogether, these observations suggest that MRI is able to produce 
teady radial and toroidal field of appreciable magnitude, particularly 
n the low β0 cases. 

.4 Disc fragmentation 

sing the clump identification algorithm outlined in Section 3.1 , we
dentified clumps satisfying equation ( 24 ) within the time period
t = 100 − 300 and collected their properties (e.g. mass, size,

ocation, etc.). As Athena + + is an Eulerian code, we cannot trace
he evolution of the clumps as one could with an SPH-based code
e.g. Gizmo, Hopkins 2015 ), as in Kubli et al. ( 2023 ). Therefore,
e focus on the time-averaged properties of the clumps, in which
e identify clumps and collect their properties for every output file
ithin �t = 100 − 300 (or �t = 250 − 450 for the β0 = 105 case),

nd take the average of these properties over the files we read. To
alculate the average fraction of bounded mass in the box, we first
um over the fraction of bounded mass in each output snapshot, then
ivide this by the number of snapshots we scanned through. 
In Fig. 13 , we show the averaged bound mass fraction as a function

f β0 . We note that the bound mass fraction decreases for stronger
nitial fields, dropping roughly a factor of 10 from β0 = 104 to β0 =
MNRAS 542, 790–810 (2025)
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Figure 14. Snapshots of the mid-plane ρ (top row) and � (bottom row) taken at �t = 200 with contours overlaid to indicate clumps identified. From left 
to right, β0 = 10 , 102 , 103 , 104 , τcool = 1. Black contours: Gravitational Binding Region (GBR, i.e. isolated region that is gravitationally bound); Red-dashed 
contours: Total Binding Region (TBR, i.e. isolated region that is bound when thermal, kinetic and magnetic pressure support are taken in account.). 
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9 We did not define a magnetic scale height 〈 vA,mid 〉t /� in the same manner 
as thermal scale height because the magnetic pressure at the mid-plane is 
substantially weaker than above and below the disc, so it is unclear how 

this number would reflect the actual increase in vertical scale-height due to 
magnetic fields. 
10 Note that we are using the axisymmetric CRMG dispersion relation 
assuming a uniform background for this calculation as it is a more appropriate 
approximation for an elevated disc at the mid-plane. 
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03 , and no clumps were identified for β0 = 10 , 102 . This strongly
uggests that GI is suppressed for low β0 cases. In Fig. 14 , we
isplay selected snapshots of the mid-plane density and gravitational
otential with GBR (black) and TBR (red) contours overlaid. Clearly,
he number of clumps decreases as β0 decreases. 

.4.1 Mid-plane properties and magnetic elevation 

espite appreciable radial field contribution bx in some low β0 cases
nd the decrease in plasma beta β at the mid-plane going from
0 = 105 to 10 (Fig. 10 ), we observe no uptick in fragmentation
in terms of the bound mass fraction), which seems to contradict
xpectation from linear theory. This is because the CRMG instability
rowth rate depends not just on bx and β, but also on other parameters
hich may adversely impact the growth rate when a strong magnetic
eld is present. In this section, we investigate the conditions at the
id-plane to address why fragmentation/GI is suppressed for the low

0 ( ≤ 103 ) cases. 
In the top row of Fig. 15 , we plot the horizontally averaged,

ime-averaged mid-plane density, thermal sound speed (top left) and
lasma beta (top right) as a function of β0 . There are two note-worthy
oints in this figure. First, the density at the mid-plane decreases by
ver an order of magnitude from β0 = 105 to β0 = 10. Secondly,
he mid-plane magnetic field becomes dominant for β0 ≤ 103 . These
wo points indicate clearly that the disc is magnetically elevated for
0 ≤ 103 (Begelman & Silk 2017 ). We also observe an increase in the
ound speed going to lower β0 , indicating an enhanced thermal scale
eight at the mid-plane. To quantify the extent to which the increase in
he vertical scale height is due to magnetic elevation versus that due to
ncrease in gas temperature, we list for different β0 cases in Table 2
he scale height measured from the time and horizontal-averaged
ensity profile ˆ H , defined by the height at which the density drops by
n e-fold ( ρmax e

−1 ), and also the time and horizontal-averaged mid-
lane gas sound speed 〈 cs,mid 〉t . Note that ˆ H is defined differently
rom the usual definition of thermal scale-height cs /�, thus we need
o calibrate ˆ H using a reference point to interpret our numbers.
ocusing on the β0 = 105 case, for which magnetic elevation can be
onsidered absent, ˆ H = 0 . 352 H (where H is the initial mid-plane
hermal scale-height). The time-averaged mid-plane thermal scale-
NRAS 542, 790–810 (2025)
eight 〈 cs,mid 〉t /� = 1 . 05 H . Going from β0 = 105 to β0 = 10, ˆ H 

ncreases by roughly 16 times while 〈 csmid 〉t /� increases only by
.8 times. We can reasonably infer that while the increase in gas
emperature contributes an increase of 2.8 to the vertical scale height,
he combined thermal plus magnetic pressure led to an increase of
6 times, indicating the dominant effect of magnetic elevation 9 . 
The gravitational instability growth rate depends sensitively on

he Toomre parameter QT (discussed in Section 4.1 ). The bottom
ow of Fig. 15 shows that the change in mid-plane properties result
n larger QT , which tends to lower the instability growth rate.
he proxy Toomre parameter Q is also significantly increased.
imilarly, the magnetized Toomre parameter QT ,B increases for

ower β0 , rising way above 1, the stability threshold for magneto-
eans mode. In Table 2 , we list some time and horizontally averaged
id-plane properties. Using the mid-plane quantities extracted from

ach output snapshot, we calculate the most unstable axisymmetric
RMG growth rate and the corresponding wavenumber at the mid-
lane for all the cases using the dispersion relation equation ( C21 ) 10 ,
lotting them as a function of time in the top panels of Fig. 16 .
e also plot, in the same figure, the time-averaged growth rate and

he associated wavenumber as a function of β0 . This figure shows
hat the axisymmetric CRMG growth rate decreases by close to
n order of magnitude as β0 decreases from 105 to 10, indicating
uppression of GI due to the different mid-plane properties in the
ow β0 cases, consistent with the lack of fragmentation in those
ases. The most unstable wavelengths are also much shorter in
he low β0 < 103 cases ( kx,max ∼ 1 . 5 �/cs ) than the high β0 cases
 kx,max ≈ 0); however, we are unable to confirm this as as we
id not capture any clumps in the β0 = 10 , 102 cases and only
 few in the β0 = 103 case, insufficient for a statistical analysis.
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Figure 15. Horizontally averaged, time-averaged mid-plane density (top left, orange), thermal sound speed (top left, blue), window-averaged plasma beta (top 
right, with a smoothing length of Lx ), Toomre parameter QT (bottom left, green), proxy Toomre parameter Q (bottom left, purple) and magnetized Toomre 
parameter (bottom right) for different β0 . Time-average is taken from �t = 100–300, except for the β0 = 105 case, which is taken from �t = 250–450. 

Table 2. Mid-plane quantities for the different β0 cases. Note that we have 
moved the ‘smooth’ subscript to the superscript position for β, bx to avoid 
overstretching the table. We are not introducing new variables. ˆ H in the 
rightmost column is the scale height (in units of initial mid-plane scale height 
H ) measured from the time-averaged density profile (defined by the height 
at which the density drops by an e-fold ρmax e

−1 ). 

β0 〈 βsmooth 
mid 〉t 〈 cs,mid 〉t 〈 Q 〉t 〈 bsmooth 

x,mid 〉t ˆ H /H 

10 0 .437 2 .78 7 .73 0 .324 5 .66 
102 0 .913 2 .27 6 .37 0 .196 3 .91 
103 0 .131 0 .622 1 .67 0 .041 0 .773 
104 52 .679 0 .863 0 .688 0 .198 0 .305 
105 179 .584 1 .05 0 .591 0 .273 0 .352 
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Figure 16. The CRMG growth rate (top left) and the corresponding 
wavenumber (top right) of axisymmetric modes against time for various 
β0 , calculated using the horizontally averaged mid-plane properties. Bottom: 
the growth rates and the associated wavenumbers calculated by taking the 
time-average of the plots in the top two panels. Time-average is taken 
from �t = 100–300, except for the β0 = 105 case, which is taken from 
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n the low β0 (10 , 102 ) cases, the simple WKB linear analysis
redicts a growth rate of γ ∼ 0 . 1 − 0 . 2 �, corresponding to an e-
olding time of ∼ 30 − 60 �−1 . Such an increase in growth time
esults in a drastic decrease in fragmentation and further lowers the 
alidity of the WKB analysis in that scenario. It is unlikely that
erturbations would be able to sustain exponential growth over such 
 long e-folding time; we suspect that only weak transient growth is
ossible before background conditions check further growth or even 
amp it. 
Thus, the potential increase in growth rate due to increased 
agnetic field (decreased β) is negated by magnetic elevation in 

he low β0 cases. The disc mid-plane becomes magnetic pressure- 
ominated, making the gas more rarefied (i.e. lower density) and 
ontributing to increased Toomre parameter which drastically lowers 
he CRMG growth rate. 
�t = 250–450. 
MNRAS 542, 790–810 (2025)
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M

Figure 17. Snapshots of the mid-plane ρ (left) and � (right) taken at �t = 200 with contours overlaid to indicate clumps identified, taken from simulation 
with β0 = 103 , τcool = 1 and low shearing parameter q = 0 . 1. 
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.5 Fragmentation in low shear environment 

t was mentioned in Kubli et al. ( 2023 ) that a number of clumps
ere formed in the low shear q locations of their simulation. Radial
elds in low shear environments take much longer to be sheared into

he toroidal direction, potentially alleviating the issue proposed by
ammie ( 1996 ) (and discussed in Section 4.1 ). We repeated one of
ur simulations ( β0 = 103 , τcool = 1) with very weak shear q = 0 . 1,
nding drastically enhanced fragmentation (Fig. 17 ) and a much

arger bound mass fraction of 0.428. However, MRI is very inefficient
n low shear environments, and the in-disc field generated in our
imulation is weak. Thus, it is unlikely that the magnetic field would
ave an effect on gravitational instability in our low q simulation;
he increased fragmentation seen in this simulation is likely due
o stronger growth rates with weaker Coriolis stabilization (Kim &
striker 2001 ). 

 DISCUSSION  A N D  C O N C L U S I O N S  

n this study, we performed local shearing box simulations incor-
orating a net vertical flux and cooling using a τcool prescription
i.e. setting the cooling time to be some constant multiple of �−1 )
Gammie 2001 ). By fixing the cooling time to a small value ensuring
ragmentation in the weakly magnetized cases, we systematically
ary the initial mid-plane plasma beta β0 , which introduces different
agnetic field strengths and structures in the saturated stage. We

eek to address whether magnetic field promotes or suppresses
ragmentation in AGN disc environments. Theoretically, while mag-
etic pressure tends to suppress GI (as manifested in magneto-
eans type modes), magnetic tension in a shearing disc context
an enhance GI. We call this the Coriolis-Restricted-Magneto-
ravitational (CRMG) instability, and performed WKB stability

nalysis of the axisymmetric CRMG modes. In this analysis, we
nd that the instability occurs even for QT , QT ,B > 1 (compared to
agneto-Jeans instability which is unstable only for QT ,B < 1), but

equires a moderate radial contribution ( bx ) to the in-disc magnetic
eld in order for the magnetic field to have a substantial destabilizing

nfluence (see Fig. 4 and discussion in Section 4.1 ). This may not
e achievable in set-ups with weak vertical flux but is possible with
trong vertical flux. We observe in strong vertical flux simulations
hat the large-scale radial field can achieve βx ∼ 3, bx ∼ 0 . 35, and
he MRI-dynamo seems to be successful in producing a relatively
ime-steady radial field supporting the use of the WKB analysis.
NRAS 542, 790–810 (2025)
hese seem to be promising ingredients for magnetic fields to be
estabilizing. However, our simulation results suggest otherwise: 

(i) The bound mass fraction drops drastically in the low β0 cases,
here the in-disc magnetic field, produced by the MRI-dynamo, is

trong. 
(ii) Despite MRI being able to produce sustained in-disc magnetic

eld with appreciable radial contribution, magnetic elevation due to
trong fields produced by the MRI-dynamo causes the mid-plane
o be evacuated, increasing the Toomre parameter and lowering the
rowth rates of potential CRMG modes. This washes out potential
ncrease in growth rates due to increased magnetic field. 

Therefore, our conclusion is that magnetic field seems to suppress
ather than promote fragmentation in AGN disc environments. 

The conclusions drawn in this study rely very much on the hori-
ontally ( x , y ) averaged quantities. However, local variations across
he disc could introduce subtle effects. For example, spiral density
aves tend to align the local magnetic field in the direction of the
avefront (Riols & Latter 2019 ), increasing or decreasing the local

adial field contribution bx depending on the orientation of the waves.
ince these waves could harbour density seeds for gravitational

nstability, this alignment could promote or suppress fragmentation
hrough axisymmetric CRMG growth. However, spiral density waves
ypically require a moderately low Toomre QT � 1 − 2 to accentuate
he amplitude (Goldreich & Lynden-Bell 1965 ), thus it is hardly a
elevant issue in our low β0 simulations, for which QT � 3 as a result
f magnetic elevation. Indeed, we hardly observe any spiral waves
n our low β0 test cases. 

A recent study by Kubli et al. ( 2023 ), using global simulations
f a protoplanetary disc, reached different conclusions than ours,
hat magnetic field is conducive rather than oppressive to clump
ormation. In particular, they discovered clumps of smaller mass
nd size in their simulations with magnetic field compared to the
ase without, indicative of the CRMG instability. This seemingly
ontradictory result to ours can be resolved by noting that (1) most
f their clumps are formed at regions of low shear (i.e. small q),
here non-axisymmetric wavevectors and radially pointing magnetic
eld can maintain their directionality much longer, conducive to the
evelopment of the CRMG instability. (2) The magnetic field is
rimarily generated through the GI-dynamo, not MRI. (3) There is
trong resistivity in their simulations. (4) The magnetic field is sub-
hermal at the locations of the clumps, implying absence of magnetic
levation. There are no explicit resistivity effects in our simulations
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Figure A1. Normalized profiles of θ (top), ρ/ρ∗ (bottom left) and Pg /P∗
(bottom right) for Q = 1. Profiles for the non-self-gravitating case, Q = ∞ , 
are shown for comparison. 
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nd magnetic field is primarily generated through MRI, not GI, 
s indicated by the hugely subdominant gravitational stress. In our 
imulation with a smaller shear parameter q = 0 . 1, we find that the
ower shear renders a slower MRI-dynamo and weaker in-disc fields, 
hus the effect of magnetic field is not as apparent. The presence of
esistivity and the use of a global geometry could also change this
icture, as one can imagine strong magnetic field being generated in 
igh shear regions, which diffuses to the low shear regions, providing 
ufficient field strength to trigger the CRMG instability. Our local, 
deal MHD set-up cannot address these issues, which we relegate to 
uture work. 
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PPENDI X  A :  I NI TI AL  EQUI LI BRI UM  

ROFILE  

nder the assumption of a uniform magnetic field, no x, z flow and
hat ρ, Pg depend only on z, the x-component of equation ( 2 ) gives
he equilibrium velocity profile v = −q�x ˆ y and the z-component 
ives the following equation: 

1 

ρ

d Pg 

d z 
= −�2 z − 4 πG

∫ z 

0 
ρ d z′ . (A1) 

equation ( A1 ) can be solved using the method described in Jiang &
oodman ( 2011 ) and Chen et al. ( 2023 ). Assuming a polytropic EOS
f Pg ∝ ρ5 / 3 , we can simplify equation ( A1 ) by transforming into
ane–Emden variables ρ = ρ0 θ

3 / 2 , Pg = Pg0 θ
5 / 2 , ξ = z/h , where 

0 , Pg0 are the initial mid-plane density and gas pressure, giving 

d2 θ

d ξ 2 
+ θ3 / 2 = −Q 

2 
. (A2) 

n doing so, we have defined h2 = 5 Pg0 / 8 πGρ2 
0 , Q = �2 / 2 πGρ0 .

quation ( A2 ) can be solved numerically with the conditions
(0) = 1 , θ ′ (0) = 0. In Fig. A1 , we see that self-gravity confines the
isc profile. Equation ( A2 ) shows that the density and gas pressure
rofiles, which are encoded in θ , depend only on Q . 
MNRAS 542, 790–810 (2025)
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Figure B1. Strong magnetic flux channels develop when a restrictive box 
(20 H × 20 H × 24 H ) is used. Top row: x –z density slice of the β0 = 

10 , τcool = 1 case at �t = 300, overplotted with magnetic field (top left, 
blue) and velocity field streamlines (top right, red). Remaining panels: Time- 
series diagrams of 〈 Bz 〉yz (second row), 〈 ρ〉yz (third row), 〈 ρ〉xy (bottom). 
The black solid line in the bottom panel denotes the density maximum, which 
oscillates in position. In the second and third row, y –z average 〈·〉yz is taken 
across the whole azimuthal ( −10 H < y < 10 H ) extent, and only through the 
disc portion in the vertical ( −2 H < z < 2 H ) extent. The x − y average 〈·〉xy 

is taken across the full horizontal ( −10 H < x, y < 10 H ) extent. Note that 
the direction of variation in the second and third rows are in the x-direction 
whereas it is in the z-direction for the bottom row. 
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To calculate ρ, Pg , we need to know ρ0 , Pg0 . The initial profile
s completely specified when the proxy Toomre parameter Q , the
urface density � and the angular velocity � are specified. Once the
profile is determined from equation ( A2 ), ρ0 , Pg0 can be calculated
sing the fact that � = 2 ρ0 h

∫ ∞ 

0 θ3 / 2 d ξ and Q = �2 / 2 πGρ0 , which
ives 

0 = �2 

2 πGQ 

, Pg0 = 2 ��2 

5 
3 / 2 Q 

, T0 =
(

μmp 

kB 

)
4 πG� 

5 
3 / 2 
, (A3) 

here 
3 / 2 ( Q ) = ∫ ∞ 

0 θ3 / 2 d ξ is a dimensionless measure of the
isc’s thickness. For Q � 1, self-gravity dominates and 
3 / 2 will
e small, while for Q � 1 the tidal potential dominates, equation
 A2 ) becomes independent of Q and 
3 / 2 approaches a constant. 

One can observe that Q and the Toomre parameter QT =
 c2 
s 〉1 / 2 

ρ �/πG� are related in the initial profile. Note that 

 c2 
s 〉ρ = γ

∫ 
Pg d V ∫ 
ρ d V 

= c2 
s0 

∫ ∞ 

0 θ5 / 2 d ξ∫ ∞ 

0 θ3 / 2 d ξ
= c2 

s0 


5 / 2 ( Q) 


3 / 2 ( Q) 
, (A4) 

 =
∫ 

ρ d z = 2 ρ0 h

∫ ∞ 

0 
θ3 / 2 d ξ = 2 ρ0 h
3 / 2 ( Q) , (A5) 

here cs0 =
√ 

γPg0 /ρ0 is the initial mid-plane sound-speed and

5 / 2 ( Q ) = ∫ ∞ 

0 θ5 / 2 d ξ is another measure of the disc thickness.
hen, we have: 

T = cs0 �

2 πGρ0 h 

(

5 / 2 

)1 / 2 

(

3 / 2 

)3 / 2 =
(

8 γ

5 
Q

)1 / 2 (
5 / 2 

)1 / 2 

(

3 / 2 

)3 / 2 . (A6) 

e note that 
5 / 2 , 
3 / 2 depend only on Q and ( 
5 / 2 )1 / 2 / ( 
3 / 2 )3 / 2 

s of order unity generally, so QT is a function of Q alone and
cales roughly as Q1 / 2 . For Q = 1, QT = 0 . 89. In addition, with our
hoice of units, the initial density and pressure profiles in code units
re completely specified by Q . 

PPENDIX  B:  R AT I O NA L E  F O R  O U R  C H O I C E  

F  BOX  SIZE  

ur choice of box size is unprecedentedly large in local shearing
ox simulations. Nevertheless, it is numerically justified. First of
ll, gravitational instability is a long-range effect, so a horizontally
xtended box is warranted. A common measure of the length-scale
equired for gravitational effects to be important is the Toomre-
ength LT = π2 G�/�2 (Chen et al. 2023 ), corresponding to the
D Jeans length c2 

s /G�. In our initial setup the ratio LT /H is
iven by 

LT 

H 

= π

QT 

(

5 / 2 


3 / 2 

)1 / 2 

, (B1) 

here 
5 / 2 and 
3 / 2 are defined in Appendix A and H is the initial
id-plane scale height cs0 /�. For QT = 0 . 89, LT /H = 3 . 2, which

ets a box size of 20 H roughly to 6 . 25 LT . The horizontally averaged
oomre length is unchanged throughout the simulation as 〈 �〉xy =
 

ρ d V /Lx Ly is constant since the total mass is fixed. Thus, our
orizontal box size should be sufficient to encompass gravitational
ffects throughout the simulations. We note that it is typical to use a
orizontal box length of 20 H in existing studies (e.g. Riols & Latter
019 ; Löhnert & Peeters 2023 ). 
A large vertical box height is necessary to encompass a sufficient

umber of scale heights, especially in the strongly magnetized regime
here magnetic elevation is active. In the most strongly magnetized

ase, β0 = 10, we find that the mid-plane scale height cs0 /� is
levated by roughly 4 times compared to the initial value, so an
NRAS 542, 790–810 (2025)
nitial vertical extent of 24 H covers roughly 6 scale heights in the
onlinear stage for that case. We find that simulations that are not
ufficiently extended vertically tend to have unphysically dominant
eynolds stresses αR . 
When running our low β0 = 10 , 102 simulations using a reduced

ox domain of 20 H × 20 H × 24 H (resolution of 256 × 256 ×
12), we observed signatures of zonal flow described in Riols &
esur ( 2019 ), in which a flux channel stretching diagonally across

he x − z plane is formed (Fig. B1 ). This channel is magnetically
nhanced and lower in density than the mid-plane disc material on
he two sides, as shown by the slice plots at the top of the figure and
he time-series plots of Bz , ρ, averaged over the y − z directions.
ver the course of the simulation, we observe disc material on the two
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Figure B2. Top: Bound mass fraction for various β0 using the fiducial box 
domain and resolution (red), compared against when a more restrictive box 
20 H × 20 H × 24 H (resolution 256 × 256 × 512) is used (blue). Middle 
two panels: Snapshots of the density and gravitational potential for the 
case β0 = 100 , τcool = 1 when the more restrictive box is used. Bottom: 
Schematic diagram showing how the ram and magnetic pressure from the 
channels inhibits gas escape, reinforcing a denser disc, thereby promoting 
fragmentation. 
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ides attempting to replenish the channel through turbulent diffusion, 
ccasionally closing it. But it would soon be reopened again by the
agnetically driven wind. When a channel is formed, the disc also 

ndulates, as shown by the time-series plot of the x − y averaged
ensity in the bottom panel, where the undulations are marked by the
lack solid line. Riols & Lesur ( 2019 ) explained the origin of such
onal flows as being due to the magnetically driven wind drawing out
ass faster than it can be replenished by turbulent diffusion, leading 

o an instability. The eigenmode of this instability is a diagonal 
hannel, just like the ones we see. Overall, our observations of
he zonal structures agree with this explanation. Curiously, when 
e extend the box domain azimuthally to 20 H × 40 H × 24 H 

resolution of 256 × 512 × 384), the zonal structure is subdued. 
his could be due to the extra azimuthal freedom giving the 

urbulence more room to act, closing the channel whenever it begins 
o form. 
Apparently, the channels seen in the zonal flow have an effect
n fragmentation. In Fig. B2 , we see from the bound mass fraction
lot that simulations with a reduced azimuthal extent (where zonal 
ow is seen), have slightly different fragmentation characteristics 
blue line) from the simulations with the fiducial box domain (red
ine). In particular, the bound mass fraction of the β0 = 102 case
s greatly enhanced. Looking at a snapshot of this simulation, we
bserve that most of the fragmentation occurs on the sides, away
rom the channel. We believe that this enhancement in fragmentation 
s due to the flux channel forming a ram pressure and magnetic
ressure wall preventing escape of material, forcing it back to the
isc, and increasing the mid-plane density, which is conducive to 
ore fragmentation (see bottom panel of Fig. B2 ). While this is

n interesting observation from a fragmentation point of view, the 
roperties of these flux channels, e.g. their width, how regularly they
ppear, etc. in a global, astrophysical context are poorly understood. 
hus in this study we choose a box domain in which the zonal
ow is subdued, and relegate study of the effect of zonal flows on
ragmentation to the future. 

PPENDI X  C :  LI NEAR  ANALYSI S  O F  T H E  

ORI OLI S-RESTRI CTED-MAG NETO -  
R AV I TAT I O NA L  INSTABILITY  F O R  A  

A Z O R - T H I N  DISC  

n this appendix, we outline the linear stability analysis of a self-
ravitating, razor-thin disc subjected to an in-plane magnetic field. 
e refer the reader to Elmegreen ( 1987 ), Gammie ( 1996 ), and
im & Ostriker ( 2001 ) for more details of this derivation. The fluid

quations governing the dynamics of a razor thin disc ρ = �δ( z),
ritten out in component form in shearing box coordinates, are 

∂� 

∂t 
+

(
vx 

∂ 

∂x 
+ vy 

∂ 

∂y 

)
� + �

(
∂vx 

∂x 
+ ∂vy 

∂y 

)
= 0 , (C1) 

∂Bx 

∂t 
= By 

∂vx 

∂y 
− vx 

∂Bx 

∂x 
− vy 

∂Bx 

∂y 
− Bx 

∂vy 

∂y 
, (C2) 

∂By 

∂t 
= Bx 

∂vy 

∂x 
− vx 

∂By 

∂x 
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∂By 

∂y 
− By 

∂vx 
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, (C3) 
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(
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∂vy 

∂t 
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(
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∂x 
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∂ 
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vy = − ∂ 

∂y 
( h + �) 

+ 1 
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(
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∂ 

∂x 
+ By 

∂ 

∂y 

)
By − 1 

� 

∂ 

∂y 

(
B2 

2 

)
− 2 �vx , (C5) 

here Pg = K�γ is the gas pressure at the disc ( K being a constant)
nd h = γ / ( γ − 1) K�γ−1 is the enthalpy density. Defining the disc
ound speed by c2 

s = γPg /�, it follows that ∂ i h = ∂ i Pg /� for 
 = x , y . Equations ( C1 )–( C5 ) can be derived by integrating the
ydrodynamic equations ( 1 )–( 4 ) through z assuming a razor thin
ensity distribution ρ = �δ( z) and then expanding in component 
orm. � is the surface density of the disc. These equations are coupled
o the Poisson equation 

2 �3D ( r, φ, z) = 4 πG�δ( z) , (C6) 

here ∇2 = ∂ 2 /∂ x2 + ∂ 2 /∂ y2 + ∂ 2 /∂ z2 here. The gravitational 
otential in equation ( C6 ), �3D , is related to that in equation
 C4 ), ( C5 ) by � = �3D ( x , y , z = 0). Consider an unperturbed so-
ution (denoted by subscript 0) where �0 = const. , v0 = −q�x ˆ y , 
MNRAS 542, 790–810 (2025)



808 T. H. N. Tsung et al.

M

P  

B  

�  

p

T

∇

C

W  

p
C

ω

B

ω

(

ω

w  

s

�

 

t  

t  

r

 

t  

(

A  

T
W

I  

t  

b  

t  

(  

i  

w  

c  

A
A
M

T  

t  

s  

i  

r  

r  

m
q  

(  

o  

d  

s  

C  

l  

Figure D1. Most unstable axisymmetric wavenumber (expressed as kx cs /�) 
for as a function of plasma beta β for two sets of ( QT , Bx /B, q) parameters. 
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g0 = const. with a spatially uniform magnetic field B0 = Bx0 ̂  x +
y0 ̂  y . We perturb the fluid variables Q = Q0 + Q1 , where Q =
, Bx , By , vx , vy , h, � . Keeping only the terms first order in the

erturbation, equations ( C1 )–( C5 ) become 

∂�1 

∂t 
− q�x

∂�1 

∂y 
+ �0 

(
∂vx1 

∂x 
+ ∂vy1 

∂y 

)
= 0 , (C7) 

∂Bx1 

∂t 
= By0 

∂vx1 

∂y 
+ q�x

∂Bx1 

∂y 
− Bx0 

∂vy1 

∂y 
, (C8) 

∂By1 

∂t 
= −q�Bx1 + Bx0 

∂vy1 

∂x 
+ q�x

∂By1 

∂y 
− By0 

∂vx1 

∂x 
, (C9) 

∂vx1 
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∂x 
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+ 1 

�0 

(
Bx0 

∂Bx1 
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)
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�0 
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(
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, (C10) 

∂vy1 

∂t 
− q�vx1 − q�x

∂vy1 

∂y 
= − ∂ 

∂y 
( h1 + �1 ) − 2 �vx1 

+ 1 
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(
Bx0 

∂By1 

∂x 
+ By0 

∂By1 

∂y 

)

− 1 

�0 

∂ 

∂y 

(
Bx0 Bx1 + By0 By1 

)
. (C11) 

he perturbed Poisson equation is 

2 �3D , 1 = 4 πG�1 δ( z) . (C12) 

1 Axisymmetric perturbations 

e first consider axisymmetric perturbations ( ky = 0). Assuming
erturbations have the form Q1 ∝ exp ( i kx x − i ωt ) , equations ( C7 )–
11 become 

�1 = kx �0 vx1 , (C13) 

x1 = 0 , (C14) 

By1 = kx By0 vx1 − kx Bx0 vy1 , (C15) 

ω − k2 
x v

2 
Ay /ω

)
vx1 = kx ( h1 + �1 ) − k2 

x vAx vAy 

ω 

vy1 + 2 i�vy1 

(C16) 

vy1 = −k2 
x vAx vAy 

ω 

vx1 + k2 
x v

2 
Ax 

ω 

vy1 + i( q − 2) �vx1 , (C17) 

here c2 
s = γPg /�0 , v

2 
A = B2 

0 /�0 are the sound speed and Alfvén
peed, respectively. The perturbed Poisson equation becomes 

∂2 �3D , 1 

∂z2 
= k2 

x �3D , 1 + 4 πG�1 δ( z) . (C18) 

The solution to the perturbed Poisson equation ( C18 ) is 

3D , 1 = −2 πG�1 

| k| e−| kz | , (C19) 

which gives �1 = �3D , 1 ( x , y , z = 0) = −2 πG�1 /| k| . The per-
urbed enthalpy density is h1 = c2 �1 /�0 . Substituting into equa-
NRAS 542, 790–810 (2025)

s 
ions ( C13 )–C17 and rearranging gives the following dispersion
elation 

ω4 + [
2( q − 2) �2 − k2 

x 

(
c2 
s + v2 

A 

) + 2 πG�0 | kx | 
]
ω2 

+ iq�ωk2 
x vAx vAy 

+ k2 
x v

2 
Ax 

(
k2 

x c
2 
s − 2 πG�0 | kx | 

) = 0 . (Razor-thin disk) (C20) 

If the background density is uniform with value ρ0 instead of razor-
hin, one simply needs to replace the 2 πG�0 | kx | terms in equation
 C20 ) by 4 πGρ0 , i.e. 

ω4 + [
2( q − 2) �2 − k2 

x 

(
c2 
s + v2 

A 

) + 4 πGρ0 

]
ω2 

+ iq�ωk2 
x vAx vAy 

+ k2 
x v

2 
Ax 

(
k2 

x c
2 
s − 4 πGρ0 

) = 0 . (Uniform background) (C21) 

PPENDI X  D :  WAV E L E N G T H  D E P E N D E N C E  O F
H E  AXI SYMMETRI C  C R M G  INSTABILITY  

I TH  RESPECT  TO  T H E  FIELD  STRENGTH  

n Fig. D1 we show, for two sets of ( QT , Bx /B, q) parameters, that
he wavelength of the most unstable axisymmetric CRMG mode
ecomes shorter when the magnetic field becomes stronger. The
ypical most unstable wavelength is roughly a thermal scaleheight
 cs /�). The most unstable wavelength is the shortest at β ≈ 1, and
ncreasing the field strength further below β ≈ 1 yields a longer
avelength. Kubli et al. ( 2023 ) found that this explains the smaller

lumps found in their simulations when magnetic field is introduced.

PPENDI X  E:  C O M PA R I S O N  O F  T H E  

XI SYMMETRI C  C R M G  A N D  

AG N E TO - J E A N S  TYPE  M O D E S  

he CRMG mode described above is fundamentally different from
he magneto-Jeans type mode in the sense that it is destabilized for
tronger magnetic field while the latter is stabilized in that limit. We
llustrate this difference in Fig. E1 by comparing the fastest growth
ate of the two modes over a range of plasma beta, with the growth
ate of the CRMG mode determined by equation ( 25 ) and that for the
agneto-Jeans type mode determined by ω2 = k2 

x ( c
2 
s + v2 

A ) + 2(2 −
)2 �2 − 2 πG| kx | �0 . We performed this exercise for two sets of
 QT , Bx /B, q) parameters. For each β, the growth rate is calculated
ver a range of wavenumbers and the maximal one is selected and
isplayed. At high β, the two modes converge, with both of them
table when QT ,B > 1 and unstable otherwise. The growth rate of
RMG mode begins to deviate at β ∼ 102 , becoming stronger at

ower β while Jeans type mode dwindles due to QT ,B > 1 at low β.
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Figure E1. Comparison of growth rates against plasma beta β of the CRMG 

and magneto-Jeans type unstable modes for two sets of ( QT , Bx /B, q) 
parameters. For each β, the the growth rate is calculated over a range of 
kx vA /� and the maximal one is selected and displayed. 

v
w
J  

w

A
T
I

W
U
s
a
t  

r  

d
e
C
b  

1  

t
p
o  

d
0  

g
o

A
R

W
1
t
s
t
L
p
h
f  

1

q

π

m
o
i

Figure F1. Simulation of a selected CRMG unstable mode with 
�2 / 4 πGρ0 = 1 , kx vA 0 / � = 0 . 5 , β = 2 Pg0 /PB0 = 1 , Bx0 /B0 = 1 , q = 0, 
where the subscript 0 denotes the background value. Top left: The growth 
curve of the mode, measured by δρmax /ρ0 ≡ ( ρmax − ρ0 ) /ρ0 , where ρmax is 
the maximum density. The fitted growth rate of γ /� = 0 . 201 (black dashed 
line) is very close to the expected growth rate of 0.199. Top right: snapshots 
of the density profile in the x-direction during linear growth, showing the 
perturbed profile growing in situ . Bottom left and right: The initial (left) and 
�t = 25 . 13 (right) 2D density snapshots, showing how the imposed density 
perturbation grows to non-linear amplitudes. 

Table G1. Comparison of the time-averaged quality factors 〈 Qy 〉t , 〈 Qz 〉t for 
the fiducial cases (HR) and the reduced resolution cases (LR). 

β0 〈 Qy 〉t (HR) 〈 Qy 〉t (LR) 〈 Qz 〉t (HR) 〈 Qz 〉t (LR) 

10 482 189 146 73.3 
102 391 146 88.2 29.5 
103 207 122 35.8 11,6 
104 78.6 68.2 24.8 6.14 
105 82.5 29.2 28.7 6.10 
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In addition, for CRMG modes, the most unstable wavelength 
aries non-monotonically with respect to the magnetic field strength 
hile it becomes larger with increasing field strength for magneto- 

eans mode 11 In particular, in the regime β > 1, the most unstable
avelength becomes shorter as β decreases. 

PPEN D IX  F:  N U M E R I C A L  VERIFICATIO N  O F  

H E  AXISYMMETRIC  C R M G  G ROW T H  R AT E  

N  2 D  

e verify that the CRMG instability can be captured by simulation. 
sing a 2D set-up (without cooling) with background density ρ0 , 

ound speed cs0 and angular frequency � set to 1, we inserted an 
xisymmetric mode with density amplitude of δρmax /ρ0 = 0 . 01 into 
he background and let it evolve. As it is impossible to set up a
azor-thin disc in 2D, we redid the linear analysis using a uniform
ensity background. The dispersion relation remains the same as 
quation ( 25 ) except 2 πG�0 | kx | is replaced by 4 πGρ0 (equation 
21 ). The unstable mode we selected for display is characterized 
y �2 / 4 πGρ0 = 1 , kx vA 0 / � = 0 . 5 , β = 2 Pg0 /PB0 = 1 , Bx0 /B0 =
 , q = 0. We use a shearing parameter q = 0 for this demonstration
o keep the background radial field Bx static (a non-zero shearing 
arameter q would cause Bx to be sheared into the azimuthal direction 
n a timescale of ( q�)−1 ). As we observe in Fig. F1 , the perturbed
ensity profile grew exponentially with a growth rate of γ /� = 

 . 201, matching the expected growth rate of 0.199. We followed the
rowth into the nonlinear regime, which is characterized by a single 
verdense peak. 

PPEN D IX  G :  C O M PA R I S O N  WITH  LOWE R  

ESOLU TION  SIMULATIONS  

e repeated our simulations at a reduced resolution of 128 × 128 ×
92 (for β0 ≥ 103 ) and 128 × 256 × 192 (for β0 < 103 ), keeping 
he box dimensions the same. We present a comparison of the 
tresses, mid-plane magnetic field, and fragmentation fraction for 
he two resolutions (HR denoting the fiducial resolution cases, 
R denoting the reduced resolution cases). Due to limited com- 
utational resources, we could not re-simulate the test cases at a 
igher resolution. In Table G1 we list the time-averaged quality 
actors in the y ( 〈 Qy 〉t ) and z ( 〈 Qz 〉t ) directions at the mid-plane.
1 Using the dispersion for magneto-Jeans modes: ω2 = k2 
x ( c

2 
s + v2 

A ) + 2(2 −
)2 �2 − 2 πG| kx | �0 , the most unstable mode has wavenumber kx,max = 

G�0 / ( c2 
s + v2 

A ), which decreases (shifts to longer wavelength) when 
agnetic pressure dominates. If the background density were uniform instead 

f razor-thin, the most unstable wavenumber would be kx,max = 0 instead, 
.e. the largest scale mode would be the most unstable. 
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s

he quality factors of the lower resolution cases are generally a
actor of a few lower than the fiducial cases. For β0 ≥ 104 , 〈 Qz 〉t 
re less than 10 for the LR cases, which according to Hawley,
uan & Krolik ( 2011 ) means MRI may be under-resolved for those

ases. 
From Figs G1 –G3 , we see that the stresses, mid-plane magnetic

eld, and the bound mass fraction in the LR cases are quite close to
he HR cases for β0 ≤ 103 . Surprisingly, there are good agreements 
or the β0 = 105 case as well except for the Maxwell stress αM 

, which
s a factor of 2 lower for the LR case, reflecting under-resolved MRI

odes. 
The behavior of the β0 = 104 case (LR) is rather odd, as the

oroidal plasma beta and Maxwell stress are markedly stronger 
han in the HR case on average, and the bound mass fraction is
xceptionally low. This is contrary to the expectation that under- 
esolved MRI modes should give rise to weaker Maxwell stress
nd field amplification, although we note that for �t ≤ 50 the
axwell stress of the LR case is smaller. At �t ∼ 50 the magnetic

eld increased greatly for the LR case. In Fig. G4 , we show the
ertical profiles of the toroidal magnetic field (as time-averaged and 
imeseries plots) of the β0 = 104 case for the LR and HR resolutions.

e note that the toroidal field in the LR, β0 = 104 case is particularly
trong at the mid-plane, and does not exhibit the antisymmetric 
MNRAS 542, 790–810 (2025)
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M

Figure G1. Comparison of the running-averaged stresses for the two 
resolutions explored. Solid line denotes the fiducial resolution (HR), while 
dashed lines denotes the reduced resolution (LR). The title in each panel 
denotes β0 of the test case. 

Figure G2. Mid-plane window-averaged, time-averaged radial field plasma 
beta 〈 βx,smooth 〉t (top left), toroidal plasma beta 〈 βy,smooth 〉t (top right), verti- 
cal plasma beta 〈 βz,smooth 〉t , and the relative radial field strength 〈 bx,smooth 〉t . 
Solid line denotes HR resolution, dashed line denotes LR resolution. 
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Figure G3. Comarison of the bound mass fraction found in the two 
resolutions, with the red solid line denoting the fiducial resolution (HR), 
and the blue solid line denoting the reduced resolution cases (LR). 

Figure G4. Top: window-averaged, time-averaged B2 
y profiles for the HR 

(red) and LR (blue) cases. Bottom: Timeseries diagrams of By for the LR, 
HR cases ( β0 = 104 ). 
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rofile observed in the HR case. It is unclear to us how lower
esolution would trigger the sudden and overwhelming increase in
he toroidal field, and why it happens only to the β0 = 104 case at
ow resolution. This comparison reinforces our fiducial choice of
 higher resolution. We note, that the other β0 cases appear to be
onverged with resolution. 
NRAS 542, 790–810 (2025)
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