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Abstract Amplitudes of the form y*(¢?) — yPiP,
appear as sub-processes in the computation of the muon g —2.
We test a proposed theoretical modelling against very pre-
cise experimental measurements by the KLOE collaboration
at g% = mé Starting from an exact, parameter-free disper-
sive representation for the S-wave satisfying QCD asymp-
totic constraints and Low’s soft photon theorem we derive,
in an effective theory spirit, a two-channel Omnes integral
representation which involves two subtraction parameters.
The discontinuities along the left-hand cuts which, for time-
like virtualities, extend both on the real axis and into the
complex plane are saturated by the contributions from the
light vector mesons. In the case of Pi P, = w1, we show
that a very good fit of the KLOE data can be achieved with
two real parameters, using a 7 -matrix previously determined
from yy scattering data. This indicates a good compatibil-
ity between the two data sets and confirms the validity of
the 7-matrix. The resulting amplitude is also found to be
compatible with the chiral soft pion theorem. Applications
to the I = 1 scalar form factors and to the a((980) resonance
complex pole are presented.
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1 Introduction

The discrepancy between the experimental determinations
of the muon g — 2 and its calculation within the Standard
Model (e.g. [1]) has recently been confirmed by a new mea-
surement [2]. Since the soft hadronic contribution to the g —2
has the largest error in the calculation it seems necessary to
further investigate the theoretical descriptions of amplitudes
involving light mesons together with real or virtual photons
and to also further improve our knowledge of the interactions
of these mesons among themselves and the properties of the
associated light resonances.

We reconsider here the description of amplitudes of the
form y*(g%) — y P P> involving one real and one virtual
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photon. In the context of the g — 2, the channel Pi P, =
7w~ is the most relevant one. It was considered in Refs.
[3,4], also in the case of two virtual photons, using a method
which applies when the energy of the P; P> system is much
smaller than 1 GeV. Recently, a generalisation was performed
[5], from which the contribution of the f(980) resonance to
the muon g — 2 was estimated. We develop here a simi-
lar approach, in the case of one virtual photon, which can
be applied in an energy region of the P; P> system slightly
larger than 1 GeV. We focus on the case where P P, = JTOT],
(K K)j—1 and will test the method against the very precise
measurements performed by the KLOE collaboration close
to the ¢ (1020) meson peak [6] (earlier results can be found
in [7-10]). The amplitudes ¢ — yrOn, ¢ — yn7° have
large resonant contributions induced by the scalar mesons
an(980), f0(980) respectively. Initial interest in measuring
such amplitudes was stimulated by the claim [11] that this
would allow to clearly discriminate between models of these
presumably exotic mesons (the ¢2g> [12] versus the K K
molecule model [13,14]) but some disagreements with this
claim have been expressed (e.g. [15]). We refer to [16] for a
review on this topic.

Our objective here is rather to probe both the quality of the
description of the radiative amplitude which can be achieved
and the properties of the 7 S-wave T -matrix globally in the
low/medium energy range. While the existence of asharp I =
1 scalar resonance coupling to both 77 and K K channels
was established long ago [17,18] the detailed behaviour of
the phase shifts is still controversial. The pattern which was
established in lattice QCD simulations [19] at m, = 391
MeV may or may not extend down to the physical pion mass
value, depending on the extrapolation model [20]. A very
similar phase shift pattern was found to emerge in the meson-
meson scattering model developed in Ref. [21] which was
applied to yy — mn scattering in Ref. [22] and found to
describe reasonably well the data by the Belle collaboration
[23]. However, the mass and width properties of the ay(980)
resonance in this model are not compatible with the PDG
values. Moreover, a determination of the 71— K K scattering
matrix performed in Ref. [24] using the same set of y y data,
together with data on yy — KgKg from [25] and yy —
K™K~ from [26] obtained different results for the phase
shifts and for the properties of the ag resonance.

Our approach is based on the general analyticity struc-
ture of the y* — ymn, KK partial waves and the use of
the Omnes method [27] (extended to several channels [28])
which ensures, by construction, that two-channel unitarity
is exactly satisfied. In some previous work [11,29,30] the
emphasis has been on a quick determination of the ag(980)
parameters, but the amplitude models eventually violate uni-
tarity, which may introduce a bias in this determination. The
amplitude models used in Refs. [31,32] based on a unitari-
sation of the leading order chiral expansion (uyPT) do ful-
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fil unitarity (the relation to our formalism is worked out in
“Appendix A”) but the underlying 7'-matrix is possibly some-
what unrealistic (having e.g. no left-hand cuts).

We develop an Omnes-type representation for y* —
ymn, yKK S-waves which involves explicit integrations
over the left-cut. When the virtuality ¢? is negative or van-
ishing, this left-cut has a simple structure, lying on the neg-
ative real axis, but this changes for timelike virtualities. In
that case, the left-cut has several components extending in
the complex plane [33]. The integrations have to be done
carefully and we explain this in detail. One component of
this left-cut eventually overlaps with part of the unitarity cut
and turns around the threshold point. In addition the Born
amplitude has a pole singularity which also lies on top of the
unitarity cut. These singularities induce a deviation of the
phase of the y* — ymy partial wave from the the 71 elastic
phase shift such that Watson’s theorem does not apply [34].
A further consequence concerns the Adler zero which, in the
partial wave, is moved to an unphysical Riemann sheet.

This coupled-channel dispersive representation involves
two real subtraction parameters. The presence of subtraction
parameters is a necessary and unavoidable consequence of
the effective-theory nature of dispersion relations and should
not be omitted, they absorb required corrections to the higher
energy parts of the integrations. The minimal number of sub-
tractions is determined from the asymptotic bounds on the
partial waves and the dynamical constraints which must be
satisfied, like the exact soft photon zero in the present case
[35]. Because of the very small number of undetermined
parameters which are involved, the amplitudes y* — ymn,
similarly to yy — mn, are very good probes of the final-
state interaction 7 -matrix. We will show that a rather good
fit of the KLOE data [6] on ¢ — ymn can be achieved with
two fit parameters, using a 7-matrix previously determined
from yy data [24]. We will also study how combining the
two sets of data can help improve the determination of the
T-matrix and the properties of the ag(980) resonance.

The plan of the paper is as follows. After recalling some
general properties related to gauge invariance we discuss the
origin of the cuts in the partial waves and the approximations
to be used for evaluating the discontinuities, based on vector
meson exchanges in crossed channels. Starting form a gen-
eral, exact, dispersive representation for the partial waves of
interest we derive a coupled-channel Omnes representation
valid in the considered energy region. This representation
involves two subtraction parameters and a number of inte-
grals over both the unitarity cut and the left cuts. We then
discuss the evaluation of the vector meson coupling con-
stants which are needed (including their relative signs) using
experimental inputs together with flavour, chiral and asymp-
totic constraints. After explaining how to accurately com-
pute all the integrals over the complex contours we perform
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adetailed comparison with the experimental data and discuss
some consequences.

2 General formalism
2.1 Tensor and helicity amplitudes

We first recall that amplitudes involving two real or vir-
tual photons and two pseudo-scalar mesons y*(q2) —
¥*(q1) P1(p1) P2(p2) can be derived from a correlation func-
tion involving two electromagnetic currents

W (p1, P2 91, q2) =i/d4xd4y exp(—igix +iqy)

x (PyP2| T[j;" ()55 ()110) ey

Current conservation 9% j¢" = 0 implies that the tensor W,
must satisfy the two Ward identities

4 W =gy Wyu =0. (2)

One can then expand W, over a basis of five independent
tensors (e.g. [36]) satisfying (2) formed with the three inde-
pendent momenta g1, g» and A = p1 — po,

Tipw =41 - 92 8uv — q1vq2u
Doy =44u(q1 - q2 Ay — g2 - Aq1y)
—4q1 - Alqaudy — g2 - A guy)
Ty = 24,(q1 - 42 420 — G5 1)
—2q1 - A(q2920 — 43 guv)
Tapw = q1(q1v43 — G2vq1 - 42) + 47 (@20 G20 — 43 Suv)
Tspy = q1(q1vg2.-A — Avq1 - q2)
+at(@ud — 2+ Aguw) 3)

We consider here more specifically the situation where one
photon is real and the other is virtual,

i =0, ¢3=q>#0. 4)

In this case, the tensors 74, T5,,, are not physically relevant.

The dependence as a function of the virtuality g2 is
expected to display large Breit-Wigner peaks associated with
the light vector resonances p,w,¢, such that

W™ (p1, p2; q1, 92)

=~ )

Vi=p,0,¢,

my, fyr
2 _ .2 . T
q my, +imy 1y

T, (p1, p2: q1. 2)
5

where 7.);" describes the amplitude for the vector meson V' to
decay into y P P,. We will consider here the situation where

2

¢9
and focus on the construction of the amplitude T¢M " assuming
that the background contributions from the the other vector
resonances can be neglected or has been subtracted. In the
sequel, the index ¢ will be dropped. This amplitude can be

expanded in terms of the independent tensors as

g is close to the peak of the ¢ (1020) resonancei.e. g> ~ m

TH = A(s, t, )T + B(s, t, )T, + C(s, t,w)T}" (6)

where the functions A, B, C are Lorentz scalars depending
on the external masses and on the Mandelstam invariants s,
t,u,

s=(pi+p)? t=pPi+q)’, u=m+q)? O

which satisfy s +1 4+ u = g% + m% + m% We can derive the
helicity amplitudes by contracting the tensorial amplitude
with the polarisation vectors of the photon and the ¢ meson

V2T, 1, (5, 0) = =€l (g1, M)ef (g2, M) T - (8)

(with a conventional minus sign). The scattering angle 6 is
defined as the angle between 71 and 71 in the centre-of-
mass system of the two pseudoscalar mesons (see Fig. 1).
The Mandelstam variables ¢, u are expressed as follows as a
function of 6

t=m?+ 1 2_ o (s +m} —m3 — A]z(s)cose)
s
q>—s
u =m%+ > (s+m%—m%+k12(s)cose> O]
s
where
ha(s) = /s — 25512 + A%, (10)
with
212:m%+m%, A]zzm%—m%. (11)

The three independent helicity amplitudes, finally, can be
written in terms of the three functions A, B, C as

1
Tiy = (¢° —s)[5A<s,t,u>

2
+ (2212 —s+ z—z(klz(s)COSG - Alz)z) B(s, 1, u)

q2
— T()\lz(s)cose — Ap) Cs, 1, u)i|

2
T._ =(¢* - s))\L(s) sin® 6 B(s, 1, u)
s
q° 2
Tro = (g% = $)y) — Aals) sin0|:—(k12(s) cos 6
2s K
— Ap) B(s, t,u) — C(s, 1, u):| ) (12)
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Py(p2)

Fig. 1 Centre-of-mass system for the y*(¢q2) — y(q1) P1(p1) P2(p2)
amplitude

2.2 Partial waves and their singularities

We will designate the helicity amplitudes of interest as

¢ — ymn: Ly

T —
¢ — yKO {(0 : K?‘ZX (13)
¢ —>yK'K": Kj,,

The isospin / = 0,1 K K amplitudes are related to the
K+tK~, K°K? ones by

1
KO/Z__ KC/+Kn/
A ﬁ( A M)
1
KAIA’ = _ﬁ (K)CLN - Kf)d) (14)

and we consider here the coupled-channel system of the two
S-waves with I =1

1 1
log+(s) = z/ 1L++(S, 7)dz

1 1
B0 = 5 /_ KL Godz (15)

The angular integration can be expressed in terms of the 7-
variable, e.g. for the 77 amplitude

s 1t (s)

losi(s) = —— Lyt (s,t)dt (16)
T @ =) S T
with
q* —s
1e(s) =m> + > (s +my —my £ 212(s)) . (17)

Let us first examine the singularities of the partial wave when
s — 0ands — (m; £ my )%

1. Singularity when s — 0: When s — 0, the lower inte-
gration boundary in Eq. (16) goes to oo since one has

20,2 _ .2 2
_ q-(m ms:) q
t (S)|S‘>0:7T7n+m% <1+n12mz)+0(5‘)
n ke

N
(18)
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which leads to a singular behaviour of lp 4 (s) (see [37]).
The behaviour of the amplitude L (s, t) in the regime
when s — 0 and t+ — oo is driven by the a, Regge
trajectory which gives,

ag+a’s
Lyt (s,D)l550,0500 ~ BES) (5) (19)

with g ~ 0.5, &’ ~ 0.9 GeV~!. Using this in Eq. (16)
one obtains for the S-wave near s = 0,

(20)

2 2 2 Ol0+0t/S
q (mn - mn)
S0 S '

loy+ ()50 ~ (

. Singularities when s — (m, = my)%: When perform-

ing the f-integration (16) with a fixed value of the energy
s one must pay attention to the cuts of the function
L4 (s,t) in the ¢ variable. In the #-channel, which we
can write ¢n — ym the lightest unitarity contributions
are from isoscalar 37 states which generates a cut in the
t variable lying on the real axis from t = fy) = 9m721 to
t = oo. Similarly, in the u channel ¢t — y 1 the lightest
unitarity contributions are from isovector 77 states. This
generates a cut in the ¢ variable extending from —oo to
t(ug,s) = q2 +m% —}—mjzr —up—s withug = 4m721. This
cut can be shifted away from the real axis by appending
an infinitesimal imaginary part to ¢>

qg> — q%> +ie. 1)

When s is in the physical region, A, (s) is real and one
easily verifies that

0<Im[te(s)] <€ (s > (my —}—mn)z) . (22)

The integration path in Eq. (16) therefore lies in between
the two cuts without touching them for finite values of
s. The situation changes when s is in the unphysical
region (m, — m;,)2 <5 < (my+ mﬂ)2 where Az (s)
is imaginary. The path of integration must then be dis-
torted to turn around the cut as illustrated in Fig. 2. As a
consequence, the partial wave [o4 (s) diverges when s
approaches the threshold from below since the integral in
Eq. (16) remains finite while A, (s) in the denominator
vanishes. A similar divergence occurs when s approaches
the pseudo-threshold (m,, — my)?* from above. The dis-
continuities of /o4 (s) when s moves across the points
(my + my)? reflect the fact that s crosses the cut of the
partial-wave amplitude at these points. This cut will be
described in more detail below.
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Fig. 2 Tllustration of the two cuts of the helicity amplitude L (s, t)
in the ¢ variable for a fixed value of s in the range (m, — mg)? <s <
(my + my)? (here s = 0.25 GeV?, q2 = mé) and of the integration
path for performing the partial-wave projection

The singularities of the partial waves when s crosses the
points (m, £my )? affects the position of the Adler zero. The
existence of an Adler zero in the chiral limit when the pion is
soft, i.e. p; = 0, implies that the physical helicity amplitude
Ly (s, t) should have an Adler zero at t = m,2,
m% The Adler zero is also present in the J = O partial wave

, S =854 =

for small enough ¢ virtualities'. When ¢ increases the zero
is no longer present in the first Riemann sheet.

2.3 Partial-wave dispersion relations

One can estimate the asymptotic behaviour of the ampli-
tudes L, (s, t) or K;,/(s,t) when s — oo while ¢ (or u)
remains finite, based on Regge theory. It is also possible
to make estimates in the regime where all three Mandel-
stam variables go to infinity based on quark counting rules
[38]. These arguments suggest that the J = 0 partial waves
lo++(s) and ko (s) should remain bounded by /s asymp-
totically and should thus satisfy once-subtracted dispersion
relations. These should be constrained to satisfy Low’s soft
photon theorem [35],

lot+();og2 = O(s — ¢°)

kb () — k20 () PG q%) (23)
where kéfﬁm isthe I = 1, J = 0 projection of the K*

pole contribution to K¢, (s, 1). As we will review below (in

Sect. 3.4) the S-wave amplitude kéfﬁr” has the following

! The condition for /o (s) to be a smooth function in the whole range
[(my, — my)?, (m, + my)?] is that Re [t+(s)] > #(uo, s) when s =
(m, — my)?. This is satisfied when ¢> < g2, Gur = (4me+ —
mym0)(1 — mo/my) = 0.051 GeV2..

form
8m? Ig+(s) — 2q2 € 8oKK
ky 2o (s) = ap—K" . ap=——2
0++ _ qz ﬁ
(24)

where, for real values of s, the function /g (s) is given by

2 .
0<s <4my:

4m?
arctan K _1

1
Jam% /s — 1 s

s<0,s>4m%<:

1 4m%
Ix (s) = —=—arctanh/ 1 — (25)
J1—dm% /s §

The function Ik is an analytic function of s with a cut along
the negative real axis,

Ik (s) =

T

Im Ix (s +i€) = ——2_f(—s). (26)
2,/1—4m%. /s
The amplitude kéf_ﬁm () is thus also an analytic function of

s except for a cut on the negative axis and a pole at s = ¢
(which corresponds to the soft photon limit). It satisfies the
following dispersive representation

B(g?)

kot () = o | < 27 y(g?)
0 4m?
+(S _qZ)/ K+ ds/
=00 (' — $)(s" — q?)2, /1 — 4m%(+/s/
27)
with
B(q?) = 8m% Ix+(q®) —2q%, y(q*) =8mi I} (g% .
(28)

The ¢ — y KK amplitudes are symmetric in the 7, u
variables due to C-invariance. Singularities in the crossed
channels K — y K, apart from the charged kaon pole
¢KT — KT — yK™, are induced by unitarity contri-
butions from I = 1/2 states: 7K, 7K, ---. We will
approximate these by the K*(892) resonance contribution:
¢K — K* — y K. These cross-channel singularities gen-
erate a cut in the partial-wave amplitude, denoted as Cx g
illustrated in Fig. 5 below. This cut includes the negative real
axis and also has a complex component.

The amplitudes ¢ — y 7y are not symmetric in the vari-
ables ¢,u. This leads to two different cuts in the partial waves
which we will denote as Cr, and C, (see Fig. 5). The cut

@ Springer
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Cry corresponds to unitarity contributions in the ¢-channel
¢n — ym which has isospin I = 0 i.e. they are gen-
erated from 37, 57, KK, ... intermediate states. We will
approximate these by the @ and ¢ resonance contributions:
¢n — w, $» — wy.Inthe u-channel pr — yn the unitarity
contributions have I = 1 states (2m,4m, K K,.. .)and will be
approximated by the p-meson contribution: ¢r — p — ny.
In addition to these left-hand (and complex) cuts the partial
wave amplitudes have a unitarity right-hand cut on the posi-
tive real axis s > (m; + mn)z.

On must also check for the possible presence of an anoma-
lous threshold. Anomalous thresholds occur when one of the
endpoints of the left-hand cut requires a deformation of the
unitarity cut [39] (see [40] for a review). This happens for
amplitudes involving two virtual photons (e.g. y*y* — 7w,
see [4,41]). In our case, only one photon is virtual. With the
t, u-channel exchanges which we have considered and the
two-body channels included in the unitarity relation we have
checked that no anomalous threshold gets generated when
varying the virtuality ¢2.

Finally, taking the soft-photon constraints and the asymp-
totic bounds into account one can write the following dis-
persive integral representations for the J = 0 partial waves

1
lo++ ko s

disc[lo4+(2)]

1
b =) [;fc e =D

1 [ disc[lors(s)] ,
E/mg -6 - } @
and
2
Ky ) = ap [‘3 @) y(qz)]
s—q
i lf disclk}, . (2)] J
+-a) |:7T cx @— )@ —q?
1 [ disclkf, ()]
+E/mg CENGET N G0
with
Mmy =my my . (31)

The discontinuity along the real axis is defined as

1
disellos+1(5) = 5 (lo++ (' +i€) = loyi (5" = i€)) . (32)

i
Along the complex contour, the corresponding definition is
given in terms of the parametric representation in Eq. (105)
below.

The dispersive representations given in Egs. (29) (30) can
be considered as exact. In practice, one intends to estimate

@ Springer

the partial-wave amplitudes in the energy region relevant for
the ¢ decay i.e. (m, +my)? <s < mé The dispersive equa-
tions (29) (30) must be used in an effective theory sense: one
tries to perform accurate approximations to the integrands in
a limited energy region e.g. |s'| < 1.5 GeV? while absorbing
the remaining higher energy contributions into a finite num-
ber of low energy parameters. In this work, we implement
the following approximations:

a) Along the left-hand and complex cuts we approximate
the discontinuities by those of the light vector mesons
(p, w, ¢, K*) and by the K+ exchange contributions to
the amplitudes,

disc[lo+ ()l ~ Y discll, , (9)]
V=p,w,¢
disclkp, ()1 ~ disclkyS, ()] + disclky 2™ (s)]
(33)

b) Along the right-hand cut we evaluate the discontinuity
from the unitarity relations, including two channels

ae(40) —rroze (Fl) e
RC

Koy (5) ko4 9)

where T'(s) is the two-channel 7y — KK S-wave T-
matrix with

_[omy(s) O
X(s) = ( ”O oK(s)> (35)
and
Oy (s) = —A”';%(s —m3),

42
ok (s) = ,/ﬂe(s —4m2). (36)
S

Using these approximations for the discontinuities in
Egs. (29) (30) generates a closed set of coupled-channel
Muskhelishvili equations [42]. The solutions of these equa-
tions will include subtraction parameters which account for
the contributions of the higher energy regions in the disper-
sive integrals where the approximations made above are no
longer valid.

2.4 Coupled-channel Omnes—Muskhelishvili

representation

The fundamental ingredient for expressing the solutions
of these equations is the §2 matrix [42]. The matrix elements
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£2;j(s) are defined to be real-analytic functions of s, having
a cut on the positive real axis s € [m%r, oo] and the disconti-
nuity across this cut being given by

Im R2(s) = T*(s) X (s)2(s) . (37)

In order to write dispersion relations for the matrix elements
£2;j(s) we make the assumption that £2;;(s) ~ 1/s when
s — o0. Other choices can obviously be made” but this one is
convenient because it reproduces the asymptotic behaviour of
scalar form-factors in QCD. The I = 1 form factors are then
related to the matrix elements §2;; by simple linear relations
(see [44] and Ref. [45] for the analogous I = O case). Writing
unsubtracted dispersion representations for the £2;; functions
provides a relation between £2(s) and the S-wave T -matrix
in the form of a singular integral matrix equation

1 [ ds
2(s) = —/ T ()X (s)2(s) . (38)

T Jm2 s’ —s

In general, this equation must be solved numerically but the
determinant of £ can be expressed analytically in terms of
the two phase shifts 6, dx g

00 s ’ 5. (s’
det £2(s) = exp [i/z ds’ (") + KK(Y)] .
b m%

s'(s" —5)
The phases are defined as continuous functions and the fol-
lowing asymptotic condition is imposed

(39)

8.0(00) + 8 £ (00) = Nt (40)

where N is the so-called Noether index [42,46]. Taking
N = 2 ensures that Eq. (38) has a unique solution with
£2(0) = 1. One also sees from Eq. (39) that the determinant
of the Omnes matrix does not vanish (except at infinity) such
that the inverse of £ is defined for all s. We will use the
(conventional [47]) notation for this inverse

D(is)=2""0). (41)

As a simple consequence of the unitarity relations satisfied
by the amplitudes /o4 (s), k(l) - (s) and by the matrix $2(s)
Egs. (34), (37), the two functions obtained by multiplying
the amplitudes by the inverse of the Omnes matrix, have no

discontinuity across [m%_, o],

disc|:D(s) <Il€%:((i))) } —0. (42)
RC

Based on this property, one can write various types of Omnes
representations involving either only right-cut integrations
[27] or only left-cut integrations [48] or both, which are

2 In non-relativistic scattering theory, for instance, the corresponding
Jost matrix is defined such as to go to the identity when s — oo [43].

exactly equivalent. We consider here a representation starting
from the following two functions,

lo++(s)

d1(s)\ _ B(g?)
<¢2(S)> = D(S) ké++(s) - OCBI:S — q2 + J/(q2)]

(43)

The terms subtracted from ké () remove the soft-photon
singularity at s = g2 such that the functions ¢, ¢> vanish
at the soft photon point. These functions have both left and
right-hand cuts.

When s — oo the matrix elements D;;(s) ~ s while the
amplitudes lo++(s), k(l) . (s) are expected to grow no faster
than /s (see [24]). One can thus express ¢;(s), ¢2(s) as
twice-subtracted dispersion relations. It is natural to take s =
q2 as one of the subtraction points while the second one, sy,
can be chosen arbitrarily. A variation of sg is compensated by
a variation of the subtraction constants ap, a,. It is convenient
to choose sg to lie on the real axis and away from the cuts, in
the sub-threshold region i.e. in the range [m?, m? ]. In this
case we can expect the subtraction constants to be essentially
real. The dispersive representations of ¢, ¢, involve both
left-cut and right-cut integrations. They can be written as
follows, taking the soft photon constraints into account

<¢)1 (S)) = (s— 2) <a] + IILC(S, qz) + IlRC(s’ q2)>
$r()) TV TNy + 1EC(s. ) + IRC (5. 4?)
(44)

where aj, a are subtraction constants and the integrals along
the cuts have the following form

JLC (s o2y = 5= SO[ disc[¢i (z)] 4
AR n Je, (z—s0)(z—qg>)(z—s) ¢
s — 50 f°° disclgi ()]

T Iz (87 = 50)(s" = g2)(s" — )

IiRC(s, qz) _
(45)

Let us now express these integrals in more detail.

1) Right-cut integrals: The discontinuities of the functions
¢; along the right-hand cut are driven by the singular parts
of the Born amplitude. Their expressions are deduced
from (43) using (42)

. [ P1(s)
disc <¢2(S)>RC
Bg?)

s — g2

(46)

+ y(qz)] disc (DIZ(S)> :

- _aB[ D2 (s)

Using the analyticity properties of the matrix elements
D;;(s) these right-cut integrals ]iRC(S, g?) can be calcu-
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lated explicitly and one obtains

1€ 6.0 = —ap (117 6,40 + 157 5.07) @D)

with

1 Di>(s) — Dia(g>
IiRC’ﬂ(s,qz) :ﬂ(qz)[s_ 2( 2(32_‘]22(61 )

— D/z(q )) 5o — ¢2

D; — Din(g? ,
y ( 2(s0) 22(61 ) Diz(qz)ﬂ
S0 —¢q

X7 (s, ¢ = y(qz)[Dﬂ(s) — Do@”)

s —q?
Dia(s0) — D;z(qz)] . “8)
S0 — ¢

2) Left-cut integrals: Along the left-hand cuts now, the
discontinuities of the functions ¢; (s) are proportional to
those of the amplitudes /o4, k(l) 44 Using the model

defined in Eq. (33), one can write the integrals Il.LC in
Eq. (43) as a sum over five terms
196,47 = 179%™ 5, )
D D A O (49)
V=p,w,0,K*
LC,Born

The integrals I are associated with the left-cut
discontinuity 1nduced by the kaon pole, they read

IiLC,Born (S, qz)

= ag(s — o)
Dia(s") ds’

/‘0 dm
X .
—0(s" = 50)(s" — ¢2)2(s" = 8)\ /1 — dm /s’

(50)

One remarks that the double pole at s’ = g2 in the

integrand does not cause any numerical difficulty when
g*> > 0 and that the integrals are real when s is in the
physical region (also assuming that the subtraction point
so is real and positive).

The transitions ¢ — wn, ¢ — ¢nor¢ — K*K, K*K
are all kinematically forbidden. In those cases, ignoring
the width of the vector resonances is a good approxi-
mation. In the zero-width limit, the expressions for the
integrals / ,.L C’Vappearing in (49) are as follows, using the

@ Springer

results from the next section on the discontinuities of the
vector-exchange amplitudes,

1F92 (5, ¢) = aw(s — o)

/ dz z Dj1(2) sgn(z)
Cry Amp(2)(z — s0)(z — 5)
1% (5. 4% = ag(s — s0)
/ dz z Dj(2) sgn(z)
Coy M (2) (2 — 50) (2 — 5)

Wor (2,47

Wpr(z, 4%

]LC K*

(5, ¢%) = ag(s — 50)
/ dzz Dip(z2) sgn(z)
C

KK Ak (@)(z —s0)(z —

)‘I’K*K(z, 9%
(5D

where

1 m3, — m> 2
WVP(quz):Z_qz —my +¢° | —=%

and sgn(z) is a sign factor, sgn(z) = £1 (see Sect. 4.2).
The parameters «,,, a4, o+ are related to resonance chi-
ral Lagrangian coupling constants introduced in the next
section,

eCury 8
Q= am;/ dwn
ap = eCory8ppn
e
aK*E__(CK*+K+ gK*+K__C 0 g0, 8 *0_0)~
7 y8¢ K*O0KO0y 8pK+0K

(53)

In the case of the p meson, the effect of the width must
be taken into account because the transition ¢ — pm is
kinematically allowed. This can be done in a simple way,
consistently with the analyticity properties, by replacing
the u-channel pole 1 /(u — m%) by a Killen-Lehmann dis-
persive representation [49,50]. Denoting the zero-width
limit of the p integrals as Il.LC’p(s, q%; m,) with

LC,p 2.
I; (s,q7;mp)

= a,(s — s0)

dzz Dj1(z) sgn(z)
54
) /cm, (2 —50)(z = $)Azy(2) Yone ") o
where
C o
oy = % , (55)
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one can express the finite-width result as an integral
involving the corresponding Killen-Lehmann spectral
function pv(uz; mp, I'p),

LC.p 2.
Ii (s, q amp»Fp)

e°]
LC,
= A A p¥ uPimp, D)7 (s, g% ) (56)
ms

We will show in Sect. 4.3 how to simplify this expression
using integration by parts.

The radiative decay amplitudes V' — y P| P> have often been
expressed in a form which involves the charged kaon (or
charged pion) one-loop triangle function (e.g. [11,31,51-
56]), which seems different from the Omnes representations
presented above. We show in “Appendix A” that expressions
in terms of the triangle loop function can indeed be derived
from our dispersive representation for certain specific models
of T-matrices which, in particular, have no left-hand cut.
Physically, of course, all the T-matrix elements for 77— K K
scattering do have left-hand cuts (and a complex cut in the
case of mn — mn) such that the Kaon-loop representation is
not exactly valid.

3 Born and vector-exchange amplitudes

In this section we review the evaluation of the Born amplitude
and that of the vector-exchange amplitudes based on a reso-
nance chiral Lagrangian. The Born amplitude is proportional
to the ¢ — KTK~ coupling constant, the magnitude of
which can be evaluated from experiment. The vector meson
exchange contributions to ¢ — yKK and ¢ — yn
involve the product of a radiative decay V — y P coupling,
the magnitude of which can be determined from experiment,
and a hadronic Vi — V,P coupling. Among those, only
the w — pm and ¢ — pm couplings can be estimated from
experiment. We can use flavour symmetry and large N, argu-
ments in order to derive estimates for the other Vi — V, P
couplings which are needed. This will also allow us to relate
the sign of the Born amplitude to those of the vector exchange
amplitudes.

3.1 Resonance chiral Lagrangian and mixing angle

We start from the following resonance chiral Lagrangian [57]

1 1 1
£V = =3 Vi VI S MY VVH) = = fr (Vi [

:

igy
g Vp,u[uuauvb +6,uva/5{hV(VM{”va fiﬂ”

EEW:A

1
+ EUV(V“{M'), vebyy + iGV(V“u”u“uﬂ)} (57)

with V,, = V,V, — V,V,. We differ from Ref. [57] in
considering a nonet (rather than an octet) of vector mesons,
which are encoded in a 3 x 3 matrix with

8
1
V= =3 Vs, (58)
VPR

The Lagrangian (57) is of leading order in the large N, and in
the chiral expansions i.e. O (N,), O(mg). We consider only
the couplings which are relevant to the amplitudes of interest
here. In the terms proportional to €, We use the same
notation as [58]. The pseudoscalar fields P, are encoded, as
usual, in a unitary matrix U = exp(iA,P,;/Fy) and u, =
uTDMU ut with u = \/U . The external vector and axial-
vector sources can be setto v, =eQA, a, = 0, so that

DILU = BMU — ie[Q, U]Ay,,
Y =e@Qu' +u" Qu)F™ (59)

where A, is the photon field. With these definitions we can
express the matrix element of the electromagnetic current,

01" IV (py. 1) = —em3, fy (ka Q)™ PV* e, (M) .
(60)

In order to get the correct pattern for the masses of the vector
mesons we must add mass terms which break both the flavour
and the nonet symmetries,

1 1
Ll = E)L(/\/tqv,mﬂ) + Eevvgvou 61)

where M, is the quark mass matrix and the parameter ey
is sub-leading in the large N, expansion i.e. O(N?). These
flavour and nonet symmetry-breaking terms induce a mixing
between the w and the ¢ mesons, with a mixing angle ¢y,
such that the A matrices attached to the physical w and ¢
mesons can be written as

c1 0 O s1 0 0

AMm=]10c O , Ap=1]0s 0 (62)
0 0 /25 0 0 —/2¢;

with

cy =cos(pr), sy =sin(ep1), @1 =@ — 9@y (63)

where ¢; = arctan(1/+/2) =~ 35.26° is the “ideal” mix-
ing angle. We can first derive two relations between the
Lagrangian parameters and the p and K* meson masses and
then, the masses of the w and ¢ mesons are obtained by diag-
onalising the singlet-octet mass matrix. After a rotation by
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the ideal mixing angle this matrix reads

2 42 _2
mp—l—gev 3 €V

M= . (64)
—“/TEGV Zm%(* — m% + %ev

In this form, it is easy to see that the experimental fact that

m, > m, implies that ey << m%, m%(* To leading order in

€y, one obtains for the angle ¢

V2ey

- 65
6(m%. — m2) (65)

Y1 =
This formula shows that ¢1, even though numerically small,
is actually chirally enhanced because the denominator is
O (mg—m,q). This provides some justification for neglecting
further Lagrangian terms which break the nonet symmetry.
Tpe masses of the w and ¢ mesons (i.e. the eigenvalues of
M) are given by

2

2 2 2 2 2 1
mwzmp+§ev, m¢=2mK*—mp+§ev (66)

to leading order in €y . This implies the mass relation
2my — my, = dmy. — 3m? . (67)

which s verified within 4%. This small discrepancy, however,
givesrise to a significant relative uncertainty in the evaluation
of ¢;. Using the w mass gives ¢; = —1.2° while using the ¢
mass gives ¢; = —7.3°.

3.2 Signs of the coupling constants

One can derive useful information on the signs of the cou-
pling constants by using asymptotic constraints on the V —
Py* form factors. Let us define the form-factor Fy p as fol-
lows

(V(pv, WO P(pp))
= 2¢Cy pyeuvap P phesl (V) Fyp(g?) (68)

where ¢ = py — pp. We have factored out the coupling
Cy py such that the form factor must satisfy Fyp(0) = 1,
which ensures that the amplitude V — Py* becomes equal
to V — Py when ¢> = 0. Computing the form factor in the
flavour symmetry limit from the Lagrangian (57) one obtains
(58]

ovfv ¢*

Frer @ =1 7
\%4 Vv

(69)

Requiring that the form factor goes to zero when g2 goes to
infinity gives

Gva = \/Ehv . (70)
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Combining this result with the relation

fv =~ 2gy (71)

which can be derived from a similar asymptotic constraint
on the y axial form factor [57] one obtains
h2
4
: (72)
V2gy
This relation fixes the relative signs between the vector-
exchange amplitudes which are proportional to oyhy and
the Born amplitude which is proportional to gy . Without loss
of generality we can choose gy, hy and oy to be positive.

(thv =~

3.3 VPy and VV P coupling constants

We will need a set of V Py and V'V P couplings which can
be defined from the Lagrangians

Lyvpy = €map Y _eCv,py Vi 0" Py F*F
a,b
Love = €uap Y_8pv,r, 00" V) 9" P, (73)

a.c

The magnitude of the V Py couplings which are needed can
all be determined from the experimental values of the radia-
tive decay widths,

(8, =)

I'v,py =alCy,pyl —————. (74)
6m v,

The results are collected in Table 1 which also shows the
expressions of these couplings using the resonance chiral
chiral Lagrangian (57) with the leading order nonet symme-
try breaking terms (61). For the amplitudes which involve an
n meson we use a simple n — n’ mixing description such that
the A matrix attached to the n meson is

sp 0 0
)\"7 = 0 Sn 0 )

0 0 —2¢
sy = sin(p; — @p) , ¢y = cos(gr — ¢p) (75)
and take pp = —20°. These expressions allow us to deter-

mine the signs of the Cy p,, couplings as shown in the table.
Let us now consider the gyyp couplings. As is well
known, one can estimate the two couplings gu,z, &¢pr from
the experimental values of the @, ¢ — 37 decay widths. The
V — 3m decay amplitude derived from the resonance chiral
Lagrangian (57) can be written in the following form

TV(A)—NT*;T*;TO
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Table 1 V Py and V'V P coupling constants needed for computing the vector-exchange amplitudes (see text)
Cypy Flavour Exp. (Gev™h gvvp Flavour Exp.(GeV*I )
24/2h 2(v/2c1 —
Coikry - *3/; v ~0.412(21) 2ok K+ w ~ 410.0
b m
42 h 2(v/2c1 —
Cyoxo, ‘(F v +0.635(27) 2oK0KO w ~ 410.0
L T
2+/2c1h 4 2
Comoy - qu v ~1.157(16) pon _Dan (f;" *Sn)ov ~ 1.4
b b
2+/2s1h 2(v2c%¢y — 57
Cyroy -—AiggLJi +0.067(1) 8001 (”/}”Cz, i) ov ~ 454
g g
Zﬁs,,hv 451 oy
C oy 5 ~0.790(28) 8400 —— +0.80 +0.15
24/2h deio
Cponoy _ 3 v —0.368(23) 8wpO0 _ }l«“ﬂ v —(14.8 £3.0)
_ 2gv;:zrgv clev (W), p1, pa, p3)(F(s) + F(t) + Fw)) one obtains the following values for the gy, couplings
T
—1
(76) |8ppn| = 0.80 £0.01, |guor|=14.8£0.1 (GeV ™).
» (82)
wit]
Oy The value of g, is compatible with the result derived from
Fz) = —2 N —2Pp(2) (T the experimental measurements of the form factor F; (s) in
voy

where P, (z) is the p-meson propagator taking the width into
account (see Sect. 4.2). Imposing the following asymptotic
constraint® on F

F@)|;m00 = O(1/2)

and using that P,(z) ~ 1/z when z — o0 yields the follow-
ing relation which determines the value of 6y

9\/ = Zﬁgvdv .

(78)

(79)

The amplitude (76) then becomes identical to that of the orig-
inal GSW model [60] and to the one obtained from effective
Lagrangians implementing a hidden-gauge symmetry [61].
From the expression of the V. — 7 T7~ 7% width which

reads
B 2
1 8Vpr 8V 2/(mv ") ds
3(4m)3my F?2 am?,

T — — 2
X/ di|p1 A pal’|F(s)
T7(8)

+ F@t) + Fw)|?

FV—)n*n*no =

(80)
with

I Py 2 2 + 3
T (s)—z(mv—l— mi .y +m_g—s Ot (S)Ay0(5))

81)

3 This can be justified by matching to the asymptotic behaviour in the
Brodsky-Lepage regime [59]: s — o0, 5/t fixed.

the region s > (mg, + my)? in ref [62]. The errors quoted
in Eq. (82) do not contain the uncertainties induced by the
modelling. Varying 6y from the value given by Eq. (79) by
20% induces a variation of g4, by 14% and a variation of
8ppn by 8%. It must also be kept in mind that these simple
modellings of the V. — 37 amplitudes and of the Fy, form
factors do not correctly account for the unitarity relations
and the related dispersive representations [63—66]. We finally
ascribe a 20% uncertainty to the values of g,,» and ggpx.
Using these two inputs, together with the Cy p,, couplings
as shown in the table one can determine the values of the
parameters oy, hy and 01 from a least-squares fit. This yields

hy = (0.38 £ 0.04) Fy,
oy = (3.39 £ 0.47) Fy,
0, = —(3.60 £ 0.08)°.

(83)

One can then deduce estimates for the values of the couplings
86K*K » 8pwn and ggey Which are needed in order to evaluate
all the relevant vector-exchange amplitudes, they are listed
in the last column of Table 1. The corresponding numerical
values of the effective couplings oy which appear in front of
the I = 1 partial-wave amplitudes (see (53) (55)) are given
by

@, = —(0.096 £ 0.018) GeV 2
o ~ —0.245 GeV 2
ap >~ +0.110 GeV~2

2
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-N_
N

¢

Fig. 3 TIllustration of the charged kaon exchange (Born) contribution
to the ¢ — y K+ K~ amplitude (the crossed diagram is not shown)

ok ~ +2.242 GeV 2. (84)

3.4 Born amplitude

The Born amplitude in ¢ — y K™K~ (see Fig. 3) can now
be computed from the Lagrangian (57). Including the contri-
butions proportional to the two couplings gy and fy gives

v gv (V21 + Sl)mé 1
KBorn =—€ 2 2 2
2F; (t —mz) (W —my)
1
X <—2q1 T + ET;”) + T, (85)
with
T 28V W21 +50) v (86)

2F2 !

This contribution is suppressed because of the approximate
relation fy >~ 2gy. Actually, our Omnes representations use
only the singular parts of the tree amplitudes, other contri-
butions being absorbed into the subtraction constants. Terms
like (86) which make a constant contribution to the S-wave
can thus be omitted. We can replace gy in Eq. (85) using the
relation with the K+ K~ coupling

gv (V21 + Sl)mgJ
2F2

8pK+K- = 87

The coupling g4x+x- can be determined from the ¢ —
KT K~ decay width,

2 2\ 3/2
gd)K*K* 4mKJr
Iy = 1-— 88
o—>K+K pr—— ( qub (88)
which gives,
gok+k- =4.48+£0.02, (89)

recalling that gy was chosen to have a positive sign. The three
independent Born helicity amplitudes deduced from Eq. (85)
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Fig. 4 Tllustration of the vector meson exchange contributions to ¢ —
y KK and ¢ — ymn amplitudes considered here

read
2
g Born _ _¢89KK 8my ¢ o
T 2 —s \ 1= (1 —4m2, /s)cos? 0 g
K+
K Born _ _ €8pKK 2(s — 4m%(+) sin? 6
+— - 2 _ ) 2
q-—s 1—(1—4mK+/s)cos 0
Born _ _ €8¢KK ﬁ 4(s — 4m%(+) sin @ cos 6
Ko™ = 2 5 5 (90)
q-—s 2Sl—(1—4mK+/s)cos 0

The J = 0 partial-wave amplitude is then easily obtained

€ 8pKK
KB (5, g%) = quz (8m§<+1K+(s)—2q2) 1)

O-+-+

where g+ (s) was given in Eq. (25).
3.5 Vector-exchange amplitudes

We can now express the vector-exchange amplitudes (see
Fig. 4) in terms of the couplings listed in Table 1. These
amplitudes involve the following two combinations of the
three independent tensors 7/*”

S = 2q1 -+ A+ (@1 +q) - T

1
+§ 3Ty (92)

The K* exchange contributions to ¢ — y KTK™, yKK°
read

e CK*+K+Vg¢K*+K*

%
Kyl = 1
1 1
X 5 i+ 5 bl
I —mp U — My
w eCK*OKOyg¢K*OK0
K*O - 4
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1 1
x| ——2" + ———= (93)
r— mK*O u— mK*O

and the contributions from w, ¢ and p exchanges to ¢ —
yr %1 read

e Cyr vy 8pwn 1

uv __ 7Y
Lo™ = 4 t—m? =4
w
w _ €Cony8ppn 1 oy
Ly = 2 r—m2 =3
[
eC 1
L’;V _ pny 8pm . s, 94)
4 u—ms

These expressions are derived in the zero-width limit. Finite
width effects will be discussed in Sect. 4.2.

The helicity amplitudes corresponding to Egs. (93), (94)
are deduced using the relations (12) and the partial-wave
amplitudes are then easily computed. The J = 0 partial-
wave projections can be expressed in terms of the following
generic function Fy
Fy (s, q2, m%/, m%, m%)

2 2\2
my, —m
= |:m%/ +q2 (;2—s1> :| Ly(s,qz,m%,,m%,m%)
2 m2—m2  m2 —m2
+ (1 2 TV T ) 2 (95)
2 s q=—s

with

2 2 2 2
Ly(s,q”, my,my, m3)

S
= log(m3, — t4(s, g%, m?, m3))
)L]Z(S)I: glmy, +8, 9 1: M7

—log(m}, — t—(s,q*, m}, m3))| (96)

and

2 2 2
t+(s, q°, mi, m3)
2
2, 9 —S
=m +
! 2s

(s +m7 —m5 £ 112(5)) . 97)

The expressions of the ¢ — yKK and ¢ — ypmn S-
wave amplitudes associated with vector meson exchanges
are given below in terms of the Fy functions,

K*t+
k0++(S) = eCK*+K+Vg¢K*+K—
Fy(s,q> mges, mg+, mg+)
K*O
k0++(s) = eCK*OKOyg¢K*OK0

]:V(s,qz,mK*O,mKO,mKO) (98)

and

eC,
%va(s,qz,mi,mi,mz)

[g4+(5) = n

2 2 2 2
19, (5) = € Comy8pgn Fv (5. > m5. m%, m?)

€ Cony 8¢pn

S Fy(s, g mp, g, m3). 99)

I () =

4 Integrations along the complex cuts
4.1 Parametric representations of the cuts

It is easy to check that the function Fy vanishes in the limit
s — q2, as it should. Concerning the singularities, Fy has a
pole at s = 0 when the two masses m, m are different. The
function A12(s) has square-root singularities at s = (m £
m»)? but these are not present in Fy because it is an even
function of A1>. The remaining singularity of Fy is a cut
generated by the log functions. This cutis given by the values
of s such that the argument of one of the log’s is a negative
real number, that is,
ti(s,qz,m%,m%) =t, t Zm%, . (100)
Solving for s as a function of # provides the following para-
metric representation of the cut,

2 2 2 , t—mig, 2
st(t,q°,my,m5) =q _Z—I(q +1t—mj5
+\Jat. g% md) .

Animportant point is that the shape of the cut does not depend
on the mass of the exchanged vector meson. Only the lower
bound on the variable # depends on this mass, see (100).
The cut of the ¢ — ymn amplitudes has two components,
denoted as Cyry and Cy, corresponding to Eq. (101) with
my, my = my, my and my, m; respectively. The left-cut of
the ¢ — y KK amplitudes, denoted as Cxx is given by
Eq. (101) with m| = my = mg. The cuts lie on the real axis
when t < (¢ —m2)? ort > (¢ + m»)?* otherwise they are
complex. One sees that s goes to —oo when ¢+ — co. The
s_ function can be re-written as

(101)

2(t —m?)
s_(t.g>mimd) =q>[1- L
g+t —m3+ /A, g% m3)

(102)

which shows that s_ goes to 0 when t — oco. We also note
that in the kinematical configuration where ¢ > my +m; the
endpoints of the cut s (my, qz, m%, m%) are located on top
of the unitarity cut. This corresponds to the triangle diagram
singularities interpreted in Ref. [67].
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4.2 Testing the dispersive representations on the
vector-exchange amplitudes

We first consider the J = 0 partial-wave projections of the
vector-exchange amplitudes and discuss their dispersive rep-
resentations as integrals over the complex cuts. This allows
us to check the correctness and the numerical accuracy of
such integrals before extending them to the complete Omnes
representation of the S-wave.

The generic function Fy which appears in the expressions
of the S-waves (see (95)) must satisfy the following Cauchy
representation as an integral over the cut C1,

Fy(s,q* my,mi,m3) = (s — q*)
2 2
X {1 T + 112(S,q2)}
2s
(103)

with
1 dz
Ia(s, ¢%) = —/

e 5
T Jey, (2 — qz)(z —5) disc[Fy (z,¢7)] (104)

taking into account the asymptotic behaviour, the pole* at
s = 0 and the cut. The discontinuity across the cut is defined
as follows

disc[Fy (sx (1), ¢H)]

_ iy V6= + €51 (1), q?) — Fy (sx(t) —ies+ (1), %)
e—0 2i

(105)

(where 54+ (t) = ds+(t)/dt). Using the explicit form of Fy
(Eq. (95)) the discontinuity reads

disc[Fy (2. qz)]\zec
12

2
2 2
2 2 [ My — 2
= |—my + sgn(z) (106)
v ( q* -z ) A12(2)

where sgn(z) = =£1, depending on which one of the two log
functions in Ly generates the discontinuity. The integrations
along the cut are expressed as follows, using the parametric
representations

/ f(2)dz =/ S (s4(0) s+(0)dt
Cia m%,

+/2 f(s—(t))s—(t)dr . (107)

my

4 As discussed in Sect. 2.2 the singularity at s = 0 in the full amplitude
is weaker than a pole.

@ Springer

Figure 5 illustrates the three different cuts Cry), Cyr, Cxk
which are involved and shows the regions where the sign fac-
tor in the discontinuity (106) sgn(z) is +1 or —1 in different
colour. For Cx k the sign change occurs when the parameter
t=q*— m%( and for Cy, when t = q% — m% Along the
cut Cy there are several sign changes which are indicated in
Table 2.

These three cuts include the negative real axis [—oo, 0],
as we have seen, and a complex component. In addition,
the w7 cuts extend along the positive real axis. These cuts
can be shifted away from the unitarity cut by appending an
infinitesimally small positive imaginary part to ¢>. Never-
theless, the cut C,; crosses the real axis at the two points
mi = (m, £ my)?. When the energy s crosses one of these
points the discontinuity of the 77 partial wave exhibits a
divergence induced by the factor 1/, (s). This is in accor-
dance with the discussion in Sect. 2.2 on the path of integra-
tion for performing the partial-wave projection when s is in

2 2
the range m= < s < m?.

Vector mesons are resonances and thus have a finite width.
The width can be simply taken into account, in a way com-
patible with analyticity properties, by replacing the pole in
the ¢ or u variable in the tensorial vector-exchange ampli-
tudes (93), (94) by a dispersive Killen—-Lehmann [49,50]
representation

[ee)

1
> — Pp(u;mv,Fv)Z/ du
u—my, f u—

5 oV (W my, Iy)
2

(108)

where #) = 4mZ in the case of the p. We will assume that the
spectral function p" satisfies the normalisation condition

o0
/ du? pV (s my, I'y) = 1 (109)
0]

which ensures that the propagator goes as 1/u when u goes
to infinity. In the case of the p meson, for instance, we will
use the following model for the spectral function’

yv (U2 —19)3/?

Vi 2 2
p’ (1) =Ny O(u” —10)
12 (U2 = m2)2 + y (u? — 1)
(110)
where yy is proportional to the physical width I,
2 3/2

Iy m
yv=—p<2” ) . (111)

mp \mg — o

and Ny is adjusted such that Eq. (109) is satisfied. It is easy
to see that the model (110) satisfies the condition that ,OV
should tend to a § function when the width I'y goes to zero,

5 This model differs from the one used in Ref. [68] by a factor J1,
which gives rise to somewhat simpler formulae.
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Fig. 5 Complex cuts of the partial-wave amplitudes ¢ — y K K and
¢ — ymn. The portions in dotted blue (solid red) correspond to
sgn(z) = —1 (= +1), where sgn(z) is the sign factor, see (106). In the
figures, the lower bound on the parameter ¢ in the representation (101)

Re[s] (GeV?)

has been taken as 7g = (mg + my)? for the K* exchange, 1y = 9m§
for w exchange and 79 = 4m,2, for p exchange. The effect of the g2 +ie¢
prescription is illustrated in the right bottom plot

Table 2 Values of the sign

2 2 _ 2 2 _ 2
factor along the contour Cy as a ! [4mz. 1] [, q” —mz] lg= —my, 12] [2, o0]
function of2 the parameter ¢, with sgn(ss (1)) n B R N
= mﬂ(q /(mr] +my) —my),
1o = my(q*/(my — my) + my) sgn(s—(1)) - - + _

lim p"(u* my, I'v) = 8(u* —my) . (112)
Fv—>0

Using the finite width propagators (108), the vector-exchange
partial-wave amplitudes, get expressed as integrals over p"

e.g.

dp?p” (u?; my, Tv) los4 (53 ).
(113)

o
Iy (simy, I'v) =/

]

The corresponding dispersive representations have the same
form as Eq. (103) in which the functions /1 (s) are expressed
as double integrals,

La(s, g% my, I'y) = Z/ dpp" (u* my, I'y)
a=+"Y10
/oo Sa(t) sqa(t)sgnq (1)
X dt
2 (a() = 9)(a(t) — g hia(sa (D))

2 2 ('U_Z_m%)Z
X[ T 0 — 2 |

(114)

These expressions can be simplified using integration by
parts. Let us introduce the following two integrals of p",

t
ol () = / dp? 1 pV (wsmy, I'v)

2
my
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t
py (1) = f dp* (@* —m)?p" (u?s my, I'v) (115)

my

which can be computed analytically using the model (110)
(see “Appendix B”). Integrating by parts, the functions /1
get expressed in the following way in terms of ,olv and ,02V

La(s, g% my, T'y)
= p! 1)@V (s, ¢*) — pY (t0) >V (5, ¢%)

[ee) 2
v v q
+;fm dt[ ri+o; (t)<sa<t)—q2)2]

Sq(t) sq(t) sgna(t)

x (116)
(sa(t) = $)(sa (1) — gH)A12(s4 (1))

which involves a single integration. The two terms involving
@™ (s, %) are boundary contributions which will be detailed
below. A remark is in order here: one sees from Eq. (101)
that s (1) — ¢2, s_(t) — ¢ both vanish when t = m% This
generates a potentially highly singular term in the integral of
Eq. (116). This problem only affects the contour C, since,
in this case, m% = m% which lies within the range of inte-
gration. The functions plv (1), pg/ (t) were chosen such as to
vanish when t = m% (see (115)) and this removes completely
these singularities in the z-integral (116). The singular inte-
grations are now contained in the two functions @ M s, qz),
(s, 4?)

@(n)(s,qZ)
00
= Z/ di
a=+"710

zsgn(z)
= / dz AV
Cn A2z —95)(z—q%)

Sa(2)sq(t) sgna(t)
112(54(1)) (54 (1) = $)(sa(2) — g*)"

(117)

They can be evaluated analytically in terms of the function
Ly(s,q* m} = to, mi, m3), see (96)

(s, 4%) = — ALV, q°, to, m7, m3)
@ (e 2 1 My, 2 1
@ (S’q ) = 2 @ (qu )_ 2
s—q to — mj
1 q> + A
®¥(s,¢%) = ®P(s,¢%) + ———12—|.
(5,97 P (s,9%) -
(118)

4.3 Omnes integrations with a finite resonance width

Let us now return to the Omnes representations and recon-
sider the left-cut integrals II.LC’p , which were givenin Eq. (56)
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Fig. 6 Deformed contour used for the numerical computation of the
functions 4_51»(”)(‘9, ¢?) (see text)

in the form of double integrals. The discussion in the preced-
ing section can be easily adapted to derive expressions in the
form of single integrals which are easy and fast to compute.
One obtains,

LC,
175 (5. 4%) = ap(s — 50)

x {p]V (1)) (5. 4% — oy (10)g> B (s, 4%)

> v v q*
4 /to Ot e O

5a(t)Sq(t) Di1(sq(t)) sgna(t) }

" Ga(®) — 50)G5a(0) — g2 (alt) — $)hn(a (D))
(119)

where s+ (¢) parametrise the contour C,; and the functions
@™ are given by

(5. o2 =/ J z Di1(2) sgn(z) _
P = R G - G — D@

(120)

These integrals must be computed numerically. When s is in
the physical range of the ¢ decay, (m, + mp)? <s < q?,
the numerical integration can be performed in a way which
avoids the singularities at z = ¢ and z = s by deforming
the contour. Taking into account the exact cancellations in
the regions of overlapping branches which have a different
sign factor (see Fig. 5) the contour can be deformed into
a) the segment [s_(#p), s+ (f9)] on the real axis (note that
g% < s_(t9) ~ 1.266 GeV?), b) the four segments starting
from (m,xmy )2 and joining s+ (g2 —m%) and c) the negative
real axis. This deformed contour, showing the directions of
integrations, is illustrated in Fig. 6.
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4.4 Recovering the Adler zero

The component C,; of the complex cut in the /o4 par-
tial wave which is induced by the p meson exchange (and
more generally by u-channel exchanges) is responsible for
the disappearance of the Adler zero, as was mentioned above.
Indeed, this cut crosses the real axis at the two points s = m%r
and s = m?2 and this causes a divergence of the partial wave
when s approaches mi from below or m? from above. It is
possible to recover the Adler zero by considering an analyti-
cal continuation of the amplitude to an unphysical Riemann
sheet which we will call the B Riemann sheet. Let us illus-
trate this in the case of the simple p- exchange amplitude
0 ++ (s). The B Riemann sheet extension lo i (s) is defined
such as to match continuously with lo o (8) upon crossing
the portion of the cut C,; which extends from m? 2 to 54 (10).
In the zero-width limit the two functions are simply related
by

27i s
=gy () +op—— o (5)

2 242 612
g (""ﬂ = my) m)
(121)

B0,

This formula is easily generalised to the case of a finite width
using the integral representation of the amplitude and one
finds

p.B 2mi s
1035 (9) =15, () +op—— o (5)

2
< py (- () + py (1 (S))W> (122)

where the ,51‘/ (1), /52‘/ (t) are integrals of the spectral function
which vanish atr = 7 (see (160)). These p-exchange partial-
wave amplitudes are illustrated in Fig. 7 which shows that the

B-sheet extension displays an Adler zero close to s = m%]

5 Comparison with experiment

Given a T -matrix satisfying two-channel unitarity and appro-
priate asymptotic conditions the £2-matrix (and its inverse D)
can be determined numerically in a unique way. It is then only
necessary to compute the left-cut integrals which appear in
Eq. (44) and one obtains an expression for the two S-wave
¢ decay amplitudes lo4+, ké 4 in terms of two parameters
ay, ap. An important check of the numerical implementation
(which we have performed) is to verify that the discontinu-
ities of the obtained solutions for o4+ (s), k(l) () across the
unitarity cut are exactly given by the unitarity equations (34).

a
QNO
_JL aali I', =0 1% sheet
== 04 I, =02" sheet e |

I', # 0 1% sheet
[, # 02" sheet weeeee- |

0.5 0.6 0.7 0.8
s (GeV)?

Fig. 7 p-meson exchange J = 0 partial wave (real part) in the zero-

width and finite width cases, showing the B Riemann sheet extensions

(dotted lines) in the region s < mﬁ_

In the numerical results presented below we use the two-
channel T-matrix model introduced in Ref. [44]. In this
model, two-channel unitarity is implemented using a K-
matrix approach. The form of this K-matrix is recalled in
“Appendix C”: it is constrained such that the low-energy
expansion of the corresponding 7 -matrix matches with the
chiral expansion (xPT) up to NLO and it involves six phe-
nomenological parameters. Determinations of these param-
eters were obtained in Ref. [24] by performing fits to exper-
imental measurements of yy — nn, yy — KsKg differ-
ential cross sections in an energy range £ < 1.4 GeV (a set
of 688 data points was used). These fits are based on Omnes
representations of the yy S-wave amplitudes, exactly anal-
ogous to Eqgs. (43), (44) which depend on two subtraction
parameters in addition to the 7-matrix parameters. Two dif-
ferent sets of 7-matrix parameters were actually found in the
yy fits, giving approximately similar x> minimum values.
One of these sets gives rise to a “narrow’ ag(1450) resonance
and has some unphysical features, it will not be considered
here.

5.1 Left-cut and right-cut integrals

Let us now re-write the expressions of the S-wave amplitudes
in the Omnes-dispersive approach

loy+()\ _ . 2
(k(1)++(s))_(s 92 (s)
y (al I, 4 + 1. )

ar + IFC (s, g*) + IFC (s, q2)> (123)

in which we have defined 123, 14 (5) to be the part of the the
I = 1 K K amplitude which vanishes at the soft photon point
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ie.

B (g%

S—q2

ko (8) =koyy(5.9%) —ap [ + y(qz)} . (124)

The expressions of the four integrals Il.L c, IiR € were given in
Eqgs. (47), (48), (49), (51). The integrals IiRC (s) are shown in
Fig. 8 along with the various vector meson contributions to
the left-cut integrals IiLC’V. The contributions from the K*
are enhanced by the fact that the effective coupling o g« is one
order of magnitude larger than the other oy couplings (see
Eq. (84)). The integrands of II.LC’V are proportional to the
matrix elements D;1, Dj; of the D matrix (Egs. (51), (54)).
Atz =0onehas Dj» = D1 =0, D1 = Dy = landinthe
important integration region |z| < 0.5 GeV? the off diagonal
matrix elements Dip, Dy are suppressed in magnitude by
roughly a factor of five as compared to the diagonal ones

D11, Dyy. This explains e.g. why |12LC’K | >> |11LC’K [,
LC.K* LC.p o .
|1, | >> [1,"""|. A priori, one would expect the right-

cut integrals IiRC to be dominant over the left-cut ones since
they are induced by the diverging part of the Born amplitude.
This turns out to be true in the case of the /] integrals as
can be seen from Fig. 8 (top). In the case of the I, integrals,
however, one sees from the figure that IZLC’K : is larger than
the real part of 12RC.

5.2 Detailed comparison with KLOE results

In the physical decay region, the ¢ — y 71 helicity ampli-
tudes are dominated by the S-wave. The J > 1 amplitudes
are approximated by the tree-level vector-exchange contri-
butions. We have also made an estimate of the J = 2 ampli-
tude induced by the a»(1320) tensor meson exchange in the
s-channel (¢ — yay(1320) — ymn, see “Appendix D).
This contribution turns out to be essentially negligible in
the physical region. Using these amplitudes, the differential
decay width of the ¢ — y %1 mode as a function of the 77
invariant mass squared can be expressed as follows in terms
of the three independent helicity amplitudes

(@ = 5)han(s)
384733 /s

§ /]1dz (’lo++(s) + ZZLL(S,Z))z
- 1%

+‘ZLK,(S, z)‘2 + ‘ZLKO(S, Z)F)
1% 1%

(125)

d2F¢—>V7T77 _

d/s

where L}\/A, are tree-level vector-exchange amplitudes with
LY, (s,2) = LY (s,2) — 1]/, (s). We will compare the
results from this theoretical model with the experimental
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Fig. 8 Various contributions to the integrals IiLC, IiRC (real parts) in
the Omnes dispersive representation (123)

measurements of the single differential decay width per-
formed by the KLOE collaboration [6]. They are presented
in table 5 of Ref. [6] in the form of 49 data points which have
been corrected from the background and the energy resolu-
tion effects. We will not include the last two points in the x>
(see the discussion below). The x? is then computed from
the following formula,

47 E;+AE)2

2
1 /1dI 1 dr;
) exp th
o)=Y — (7 - ds! )
Z o> \Iy dE; Iy Jei—aE)2 dv/s'

i=1 "1
(126)

where o; is the error on the i’ h Qata point, AE = 6.35MeV is
the size of the energy bins, I'y is the total width of the ¢ (we
take I'y, = 4.26 MeV and the value of the photon virtuality
g = 1020 MeV as in Ref. [6]).
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Fig. 9 Normalised differential energy distribution of the ¢ — yrOy
decay width. The dashed blue curve is the result from the dispersive
S-wave amplitude and the solid red curve is the result including the
J > 1 partial waves. The experimental points are results from the
KLOE collaboration: black squares are from [6], brown filled circles
and green empty circles are from Ref. [7] (the n being detected via the
n — 3 and the n — 2y modes respectively)

The determination of the 7-matrix parameters performed
in Ref. [24] is based on a dispersive Omnes description
of the yy — mn, KK amplitudes involving two subtrac-
tions parameters. One of these was fixed by assuming a
given position of the Adler zero szy in the yy — mn S-
wave amplitude. Using the 7 -matrix which corresponds to
szy = m% in the computation of the ¢ decay amplitudes and
fitting the two parameters aj, a2 to the KLOE data on gets
x2(9)/Nao r = 58/45. Taking a slightly larger value for the
yy amplitude Adler zero:® s%y = m,z7 + 3m% gives a T-
matrix which provides an even better fit to the ¢ decay data

with X2(¢>)/Nd0f = 40/45 and the values of a, a, are
a; =0244+001, ap=-1744+0.03 (GeV™l). (127)

The ability to reproduce the ¢ decay data in the whole phys-
ical energy region with only two fit parameters’ indicates a
good compatibility between these data and the y y scattering
data concerning the final-state rescattering 7' -matrix.

The differential decay width corresponding to this fit is
displayed in Fig. 9 showing separately the contribution of
the S-wave. One sees a small but visible contribution from
the higher waves in the energy region below 900 MeV. This
contribution is dominated by the J/ = 1 amplitude which
is allowed for y* — ymn when ¢> # 0. The two S-wave
amplitudes /o4 and k! . obtained from this fit are plotted

0++
in Fig. 10 and compared with the tree-level vector-exchange

© This value gives a somewhat better description of the yy data:
Xz(yy) = 422 using 688 data points (instead of Xz(yy) = 439)
and also a better description of the decay n — 7y width distribution
(see fig. 10 in Ref. [24]).

7 For comparison, the fits performed in Ref. [6] used either 5 parameters
(KL model [11,29]) or 7 parameters (NS model [30]).
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Fig. 10 The upper figure displays the result for the dispersively con-
structed /44 amplitude. Below the 77 threshold the extension to the
B-Riemann sheet is shown (see Sect. 4.4). The lower figure displays
the result for the IE(% ., amplitude. Also shown for comparison are the
tree-level vector-exchange amplitudes and the singular part of the Born
amplitude. The cyan band shows the variation of /o4 when the coupling
constants Cy p, and ggv p are varied

amplitudes. The amplitude 12(1) ., isseento qualitatively agree
in size with the sum of the K* exchange and the regular part
of the Born amplitude for energies below 0.8 GeV?. In con-
trast, the behaviour of the 7w 17 amplitude /4 + is dominated by
the rescattering mechanism even at low energy. In the energy
region below the threshold s < mi the B Riemann sheet

(()i)Jr is shown (see Sect. 4.4), which is expected to
¢

display an Adler zero s, = m% + O(m%). The figure shows
that this is indeed the case. The central value of this zero is
located at sﬁ = m% + 6.2m2 and its position varies in the

extension /

range [m% + 3.7m%, m% + 8.1m72,] when varying the input
values of the coupling constants which control the left-hand
cut discontinuities. These features indicate that the fitted val-
ues of the two parameters ay, a; have a physically reasonable
size.
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Fig. 11 Results ford Iy, xy/d Exy when the T matrix is determined
from y y data only (solid red curve) and when it is determined by com-
bining the y y and the ¢ data (dotted blue line)

5.3 Combined yy and ¢ decay fits

We have seen that the 7-matrix determined from yy data is
compatible with the ¢ decay data from KLOE. Itis interesting
to study how the 7-matrix parameters would be modified if
the two data sets were combined. We have performed such a
fit in which we have increased the weight of the ¢ decay data
by a factor of two. In this way, the following total x 2 values
are obtained,

X2l =15.6, x°[yy]=4458 (combined fity  (128)

showing a significant improvement in the ¢ data x 2. At the
same time the x? value of the yy data remains acceptable.
For comparison, the fit including only yy data (with sZV =
m% + 3m2) gives

xp1 =398, x*[yyl=4218 (yy fiv). (129)

The ¢ differential decay width in the two fits differ essen-
tially in the higher energy region Er, X 940MeV. This
is illustrated in Fig. 11 which also shows the location of the
KtK—, K 0 K0 thresholds. One observes, in particular, a sig-
nificant improvement on the last two points below the K+ K~
threshold (points 46 and 47) in the combined fit. However,
the two points which are above (points 48 and 49) are not
well described in either one of the fits. One observes that the
energy of the point 48 is located in between the K™K~ and
the K K ¥ thresholds. It is possible that the discrepancy could
be explained by isospin breaking effects which were pre-
dicted to be enhanced in this energy region [69]. In our model,
isospin symmetry is assumed, and we have takenmg = m g+
for the kaon mass in order to have the correct mass in the Born
amplitude. Because of the importance of the Born amplitude
in the rescattering dynamics it seems plausible that the cusp
at the KT K~ threshold should be significantly more pro-
nounced than the one at the K°K° threshold. A complete
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Fig. 12 Comparison of results from two different fits corresponding
to the parameters shown in the last two columns of Table 4. The upper
figure shows the 777 phase shift and the sum of the 77 and K K phase
shifts and the lower figure shows the inelasticity parameter

treatment of isospin breaking effects is difficult since they
induce couplings between the / = 1 channels considered
here and / = 0 as well as I = 2 channels. One must then
use a six-channel 7-matrix and it is clearly not possible to
determine all the 7-matrix elements in a model independent
way. An example of a plausible modelling has been proposed
e.g. in Ref. [70].

On the experimental side, a clear observation of a two-
particle threshold effect requires a very good energy resolu-
tion (for an example, see Ref. [71]). The data points tabu-
lated in Ref. [6] are obtained after implementing a procedure
for unfolding the energy resolution effects and subtracting
the background. It is possible that this procedure becomes
somewhat inaccurate near the tip of the Dalitz plot region.

Details of the numerical values of the 7 -matrix parameters
corresponding to different fits are given in “Appendix C”.
Figure 12 shows the phase shifts and inelasticity parameter of
the S-matrix corresponding to two different fits. We observe
that in these determinations the phase shift d;, increases
above the K K threshold while 8 x ¢ decreases. This pattern
differs from the one found in the lattice QCD simulation [19].
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5.4 ap(980) complex pole and couplings

In the determinations of the 7 — K K two-channel 7 -matrix
performed in Ref. [24] based on analysing y y scattering data,
the ao(980) resonance was always found to correspond to a
pole of the T-matrix located on the second Riemann sheet.
No pole was found on the third or fourth Riemann sheet with
a real part close to 1 GeV?. We recall the formulae which
define the second sheet extension of the 7-matrix elements
(see e.g. [40])

Ti (2 T
2~7T7 2

TH (@) = Tu(e) + 02T 7(21((?)2(1)) (130)

with

S11(@) =1 = 267,(2)T11(2), (131)

where 05, (2) = \/(mi — 2)(z — m?)/z. Itis indeed easy to

verify that the matrix elements Tlgl (s) satisfy the continuity
equation across the cut

T (s —ie) = Tij(s +i€), (my+mz)> <s <4my .
(132)

Simple definitions of the ag coupling constants can be asso-
ciated with residues of the 7-matrix poles,

g2
167 T (2) = 20
2> Saq Say — 2
8 8 K
167 T (s) — 29T SakK (133)
2 Saq Sap — 2

A formal definition of the width Iz, can be associated
with the coupling g4z,

r _ |ga0nn|2 (mz )
ay—>nn = 3 Aan\UMg) -
167rma0

(134)

The ag coupling to K™K ~, which is often quoted, is related
0 &, k& by

g N o gaoKk
awK+K- = — NG
2

The magnitude of the couplings guyry, &aox+x— as defined
above should be approximately equal to those defined in Refs.
[11,30].

The analytic extensions of the ¢ radiative decay S-wave
amplitudes to the 2nd Riemann sheet are defined as

(135)

lo++(2)
@)= (;f(z) :

26 () T12(2)lo++(2)
S11(2)

kot y () = kot (2) + (136)

which shows that they should display an ag pole. A coupling
constant g¢q,, can be defined from the residue

1 (q* — 2)8paoy aor
l]] Z = ¢ 0y daomn )
0++ (@) oy 2 P

(137)

This definition (which takes into account the presence of the
nearby soft photon zero) matches to the one introduced in
Ref. [30].

The central values of the ag(980) mass, width and cou-
plings, corresponding to several fits are collected in Table 3.
The last column corresponds to a fit which combines the
yy data and the ¢ data. In this fit, the ag mass is somewhat
smaller as well as the coupling g4, - As discussed in [24] an
important source of uncertainty is generated by the “fixed”
parameters in the 7-matrix, mainly the couplings L; and the
ratio ¢, /cq (see Eqs. (171) (172)), as well as the value of the
Adler zero in the yy — mn amplitude. We have performed
fits in which these parameters are varied around their central
values in the same way as in [24] except for szy which we
vary here in the range [m2, m% + 6m72, ]. As aresult of this, we
would quote the following determination of the mass/width
from these data

May = 989137 (MeV)

[y = 7671 (MeV) (138)
and for the ag couplings
Gagne = 2.2+ 0.2 (GeV)
Sapk+k- = 2.8+ 0.2 (GeV)
8y = 2.3707 (GeVTh) . (139)

5.5 Scalar I = 1 form factors

As already mentioned, the / = 1 7y and K K scalar form
factors are linearly related to the Omnes matrix elements
which have been probed by the yy — mnpandthe¢p — ymn
processes. In view of their applications to t decays, it is
convenient to define the scalar form factors from the matrix
elements of the charged scalar current ud(x) as

Bo Fg"(s) = (™ (px)n(py)|id (0)]0)

By FEK () = (K* () KO (pgo)|ad 0)[0) (140)

where s = (pr +py)? = (px++ pgo)? and By is the O (p?)
chiral coupling proportional to the quark condensate [72]. In
a minimal construction, the form factors are related to the
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Table 3 Mass and width of the
ap(980) resonance associated

yy fit (sxy = m%)

yy fit (sxy :m%+3m%) yy + ¢ fit (SZV :m%+3m,2,)

with the complex pole position

(fSa = My — iTay/2) and the "0 MeV) 10006
related coupling constants in Tay (MeV) 71.1
several fits Zagyr (GeV) 2.14

Suk+k- (GeV) 285
8oaoy (GeV™h) 3.26

1002.8 988.8
79.1 75.6
2.35 2.07
2.89 2.74
3.21 1.96

e
)
QO
~
0 . . . . . ‘ . .
0 02 04 06 08 1 12 14 16
Vs (GeV)
2 :
15
1L
ij 0.5
g 0
~
0.5 | 1
1t |
-1.5

0 02 04 06 08 1 12 14 16

Vs (GeV)

Fig. 13 Dispersive results for the real part (upper plot) and the imag-
inary part (lower plot) of the scalar form factor Fg ". The labelling is
as follows: a minimal model with O( pz) values at s = 0, b minimal
model with 0(p4) values at s = 0 and ¢ non-minimal model enforcing

O(p*) values for both F¢ ¢ (0) and the derivatives F¢ ¢ (0)

Omnes matrix simply by
<an_(s)) _ < £211(s) _912(5))(]7;“7_(0)) (141)
FEK(5) —$1(s) £22(s) ) \FEK(0)

(the minus sign being causedby |7 Tn) = —|I =1, I, = 1)).
At leading chiral order, the values at s = 0 are given by

T 2 K
F$"(0) = \g FEEO) =1 (0(p?) . (142)

@ Springer

Expressions for the NLO corrections can be found e.g. in
[44,73]. Using the determination BE14 [74] for the chiral
coupling constants L; (as used also here for the T -matrix)
one finds for the central values

Fg"(0) =0.9725, FS’“?(0)=0.8440 (0(p*) . (143)

Other chiral constraints that one might consider concern the
scalar radii

2,P0
(r >s

= I 2(0)/6F; ¢(0) (144)

which are not difficult to compute at order p4 (see [44]).
Using the BE14 value for the coupling Ls, Ly = 1.01- 1073,
one gets

) = 0.069 fm?, (28K = 0.112fm? (0(p)) .
(145)

The minimal dispersive model gives a result which is too
small by 50% for the m# radius and too large by 40% for
the K K one as compared to the O(p*) values. While these
differences can be ascribed, in part, to higher order correc-
tions, it seems interesting to consider a non-minimal disper-
sive model in which one enforces exactly the O( p4) val-
ues for both F SP Q(O) and F SP Q(O). This is easily achieved
by replacing F SP Q(O) in Eq. (141) by linear functions of s,
FSPQ (0)(14+17€ 5), and adjusting the slope parameters A€
Figure 13 shows results for the real and imaginary parts of
the w7 form factor in the minimal dispersive model using
either LO or NLO values for F ;) ¢ (0) and the result from the
non-minimal model. Differences between the models remain
rather small in the region of the ap(980) resonance which is
important for the T decay. Our results are rather similar to
those presented recently in Ref. [73] but differ somewhat
from Ref. [75].

6 Summary and conclusions

We have re-examined the ¢ radiative decay amplitudes ¢ —
ymn, y KK based on coupled-channel Omnés-type disper-
sive representations for the S-waves, which seems not to have
been done previously. By construction, these amplitudes have
the correct analytic structure, with a left-hand cut having
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several components in addition to the unitarity cut, and the
representation involves explicit integrations along these cuts.
The discontinuities across the left-hand cut components were
assumed to be dominated by the contributions from the light
vector-meson resonance exchanges. The coupling constants
which are needed can be determined approximately (includ-
ing the relative signs) by combining experimental inputs
with flavour and chiral symmetry arguments. This approach,
which uses only the discontinuities of the vector-exchange
amplitudes has the advantage of being insensitive to the off-
shell behaviour of the resonance propagators (polynomial
ambiguities, form factors) and allows to take into account
the effects of the resonance widths in a numerically fast way.

The kaon exchange Born contribution to the ¢ —
y KT K~ amplitude plays an important role in the dynam-
ics, as is well known, because it carries a pole when s = mé
It proved convenient to split this amplitude into a singular
part and a regular part (which vanishes in the soft photon
limit). The integrals involving the first part can be computed
analytically in terms of matrix elements of the D matrix. In
practice, we describe the 71/K K scattering using a two-
channel unitary 7-matrix model proposed in [44], which has
both left and right-hand cuts, and involves six phenomeno-
logical parameters. The corresponding §2 (and D) matrices
are computed numerically by solving a set of Muskhelishvili
integral equations. In some previous work an apparently dif-
ferent representation was used (e.g. [11,31,51-55]) which
involves a one-loop triangle function and the 7 -matrix itself.
As shown in “Appendix A” this representation holds only for
restricted classes of T-matrices which, in particular, have no
left-hand cuts.

We have shown that a rather good description of the exper-
imental data on ¢ — ymn can be obtained fitting only two
subtraction parameters, while using in the 7-matrix a set of
parameters determined previously from photon-photon scat-
tering data. The fitted values of the two subtraction param-
eters were shown to be physically reasonable, such that
the ¢ — ymn amplitude displays an Adler zero and the
¢ — y K K amplitude is dominated by the sum of the K *-
exchange and the regular part of the K-exchange amplitudes
at low energy.

These results seem to confirm the validity of the two-
channel 7 -matrix model and the corresponding £2 matrix. As
an application, we give results for the 777 and the (K K)j—
scalar form factors (which are simply related to the 2
matrix), they were shown to be well determined in the region
of the ap(980) resonance using O (p?) chiral constraints at
s = 0. The 7 n form factor is measurable, in principle, from
the T — mnv decay mode. Finally, we give some results on
the ap(980) complex pole, performing combined fits of yy
data and ¢ radiative decay data.
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Appendix A: Relation between the Omnes and the kaon-
loop representations

In this appendix we show that the Omnes representations
for the yy* — mn amplitudes can be recast, for certain
classes of T-matrices, in a form which involves one-loop
triangle functions. The kaon loop function, in particular, can
be written in dispersive form as follows®

2 00
5
19 (s, %) = qA

T 2
mK+

L) k2 (s
(" =) —¢?)

Let us illustrate this in the case of the 7-matrices based on
unitarised xPT used in Refs. [31,55]. In these models the
T -matrices have no left-hand cut and the D and §2 matrices
can be expressed explicitly as follows

Jry(s) 0
0 Jgk(s)

. (146)

Dis)=R2 ') =1-TP) ( ) (147)

where T (s) is the chiral O (p?) T-matrix and J P, P, (s) are
one-loop functions which satisfy
Im [Jp, p,(s)] = op p,(s) . (148)

In the Omnes representations we had separated the Born
amplitude into a singular and a regular part

K20 =

we can first express the right-cut integrals as

_ﬂqz + y) + BB (), (149)

s — S0

RC
1XC(s,¢%) =
T

8 Analytical expressions can be found in Refs. [11,53].
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ds’
m2 (s" —s0)(s" —g)(s" —5)

5 /w kg2 sy = kP TS () ok (5)) (150
4,

using the unitarity relation for the matrix elements D;;(s)

Im[Din(s")] = —(D(s"HT (s")i2 ok (s)

=T (s ok (s)) (151)

where the first equality is general and the second one follows
from (147). The fact that Tl.(22) (s") are linear functions of s’
is the key to the simplification. Indeed, we can express the
Born left-cut integrals using a dispersive representation for
the product /E(l)f+ (8)Djr(s)/(s — qz) (which remains finite
when s = ¢?) obtaining

71,B
jeson 2y _ B 0)D26)

i s—q?

_s_m/wﬁ,%ﬁ@memw]
7 S =50 = gD = 5)
(152)

Then, replacing Im [D;»(s")] with (151) and adding the two
integrals one gets

(s = g% (19" (5,47 + 185, 97))

= koL () D2 (s)
N (s —q>)(s —s0) [ k(l);B+(S/)7}(22)(S/) ok (s")
™ (5" = 50)(s" = g)(s' =)

(153)

We can then choose the subtraction point sy such that
Tl.(zz) (s")/(s" — s0) is a constant, which effectively pulls out

Tl.(22) (s") from the integral. The remaining integral is equal

to the kaon loop function I}go” (s, ¢*). Finally, one arrives at
the following form for the two y y* amplitudes,

lo4+(s)\ _ 0 ) (al)
<ké++<s>) - (kéﬂ(s)) TOma2E,
170 (720)
(154)

using that 2(s)T @ (s) = T(s) in this model. The integrals
associated with meson exchanges e.g. I¢-V (s) in the Omnes
representation can be similarly re-expressed in terms of sim-
ple triangle loop functions using Eq. (151) which allows one
to recover the formulae of Ref. [32].

@ Springer

Appendix B: p-meson spectral function

Integrals involving the spectral function p" which describe
the width of the p meson, in particular ,olv R pzv (Egs. (115)),
are easily computed in the model given by Eq. (110) by writ-
ing the denominator of p", which is a cubic polynomial, as
a product of three factors,

Dy(t) = (1 +yP)(t — zp)(t — 24)(t — 2-)

where zg is areal root and z.+ are complex conjugated. These
roots must be computed numerically. The integrals of interest
involve the following functions

(155)

NV — 1
Fr(t) = (1o — ZR)3/2 arctan ——,
Vio — ZR
Fi(t) = =(z2 — 10)*%Io . (156
+() z(i 0) g\/t—to+\/zi—to (156)
For instance, one has
t
/dt/pv(t/;mv,l“v)
fo
2Nyyy
= VY (@FR() + BFL () + BT F—(1)) (157)
I+ vy
with
= : = : (158)
oz —zrlP T G — ) — o)

Taking the limit 1 — o0, one can determine Ny from the
normalisation condition (109) which yields

1+ y2 [ty — 3/2
Ny = Vv((O ZR)

Tyv \ lz+ — zrl?
_ [ (24 — 10)3/? } )‘
(z4 — zr)Im [z4] ’

We can express in a similar way the following two integrals,

(159)

t
,5{,5/ dt't' oV (s my, I'y),
0]

t
5 E/ dr' (' = m2)2p" (' my, ITy), (160)
o
as
_ 2N
()=
I+yy
x (Vi =10+ Fr(t) + B'Fy (1) + B F-(1))
(161)
with
o =azg, B =Pzs, (162)
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and
v 2Nyyy
1) =
0, (1) g )/6
1

x ( r—1o <§(t —4tg) +a"zr + B 7y + ﬂ”*zf)

+ o Fr(t) + B"Fy (1) + B F_ (r)) (163)
with
o =a@zg —my)?, B =Pl —mp)’. (164)

The integrals ,olv , pg introduced in Eq. (115) are simply

related to ,61V s ,63/ R

pl 1) =p) (1) — B (m}).  py ()=py (1) = py (m}).
(165)

Finally, using this model, the propagator of the p meson
(Eq. (108)) is expressed as a sum of four terms

Pp(u;mVaFV)
_ oy T
1+y]
{ —(to — u)*/?
(—zr)(u —z4)(u —z2)
PR 7 7 )32 PREN V!
_I_a(o ZR) (to — z4) +,3*(0 7-) }
U —ZR u—2z4 u—z_

(166)

Appendix C: K-matrix parametrisation

We briefly recall below the parametrisation of the two-
channel (7, K K) S-wave scattering amplitudes introduced
in Ref. [44]. The T matrix is expressed in terms of a 2 x 2

symmetric K -matrix,
T(s) = (1—-K(5)®(s)) ' K(s) (167)

Two-channel unitarity is satisfied, as is well known, provided
that the K-matrix elements are real in the physical region

s > (my + my)? and the @-matrix satisfies
Im[®(s)]

_(0(s — (my + mzg)Hog,(s) 0
- 0 O(s — 4m%)ok (s)

(168)

We use a @-matrix which involves four phenomenological
parameters

&(s) = (11+ﬂ1s+167TJ_7-”](S) 0 B
- 0 a2+ﬁ2s+16n.lk,g(s)

(169)

where J p,p,(s) are one-loop functions as defined in Ref.
[72], which satisfy Jp, p,(0) = 0 and Im [167 Jp, p,(s)] =
op, p,(s). The parameters «;, §; are real and assumed to be
of chiral order p°.

The K -matrix is written as a sum of three terms of increas-
ing chiral order K (s) = K@ (5)+ K™ (s)+K© (s) in which
the terms of order p? and p* are determined by matching to
the chiral expansion of the 7-matrix i.e.

K® = T(2)’ KD =17® _17@8O0OT® (170)

where @ is the O (p°) part of @. The chiral expansions of
T;j up to NLO were first derived in [76] and in [77,78]. The
matching can be performed exactly for the matrix elements
T11, T12 but only approximately for 73, in order to have
K7> real. The matrix elements K i(;.‘) depend on the Gasser-
Leutwyler [72] coupling constants L. In this work, their
values were taken from table 3 of Ref. [74] (BE14 set). The
third term, K©, implements a K -matrix pole

\Gigi 1 1
K© — oto) -
( (S))ij T <m2 — m2)
: 8 8

where A and mg are phenomenological parameters while the
form of g; is derived from a resonance chiral Lagrangian [79]

171)

(cd(s — X))+ 2cmm]21)

1
81 =
V3F2

| (172)
b/

Table 4 Numerical values of the phenomenological 7T-matrix parameters corresponding to various fits discussed in Sect. 5.2

yy fit (s} =m32)

yy fit (s/y‘y = m% + 3m721)

yy + ¢ fit (si;y = m% +3m2)

aj 0.996820807 0.984091282 1.0386891
an —0.494739205 —0.495522797 —0.48956928
B1 (Gev™h) —4.14119816 —3.78536367 —4.5487204
B2 (GeV™h) —0.185484648 —0.120648287 —0.16840835
mg (GeV) 0.899005413 0.910190940 0.88816762
A 1.06326795 1.07898855 1.0276550
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The central values of ¢,,, c; were taken as References
cqg =28 MeV, ¢y =2c¢q . (173) 1. F. Jegerlehner, A. Nyffeler, Phys. Rept. 477, 1 (2009).

The form described above is used in a limited energy region
§ < Sewr With \/scur = 1.5 GeV. The T-matrix must also
be defined for s > s.,; in order to solve for the §2 matrix.
In this region, a simple interpolation of the two phase shifts
(such that the sum goes to 27 at infinity) and of the inelas-
ticity (going to 1 at infinity) is implemented. We collect the
numerical values of the sets of parameters corresponding to
the fits described in Sect. 5.4 in Table 4.

Appendix D: Estimate of the a»(1320) contribution
The contributions to the ¢ — ymn helicity amplitudes

induced by the a>(1320) tensor resonance, i.e. ¢ —
ya>(1320) — ymn have the following form,

a*(q* — $)A%,(5)

LY (s,0)=cCT 3cos?6 — 1
++(5.6) 4852 (sz —5— imTI"T)( )
2 2
—S)Az (s
Li_(s,G) =cT (q2 My (5) sin® 6

16s (mT — 5 — imTFT)

V2¢2(q% — A2 (s)
LTy, 0)=CT 74 il sin 0 cos 6

164/s's (sz -5 — imTFT)
(174)

where the constant C” is proportional to the product of the
apmrn and ax¢y couplings. Unfortunately, there is no exper-
imental information on a, — ¢y decay. It is possible to get
a qualitative estimate of the ax¢y coupling, relating it to the
known a, — 2y coupling, using vector meson dominance
ideas, following Ref. [80]. This gives

_dechcl
2fv

where the coupling constants Cy3,, Cz5, defined in [24], have
the values

€%, = (0.115 £ 0.005) GeV ™
CH = (10.8+0.5)GeV ™" .

cl ~ (175)

(176)

According to this estimate, one finds that the contribution
from the ay resonance is rather small as compared to the
vector-exchange contributions. For instance, at s = 0.98
GeV?, defining the ratios R;,» = Y, L,,/LT,, one obtains
Rir = (1.0—i0.4) x 1072,
Ry_ = (6.5—1i0.7) x 1072,
Riyo=(33—il.0) x 1072

(177)
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