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ABSTRACT: Gravitational waves (GWs) may be produced by various mechanisms in the early
universe. In particular, if parity is violated, it may lead to the production of parity-violating
GWs. In this paper, we focus on GWs on the scale of the large-scale structure. Since GWs
induce tidal deformations of the shape of galaxies, one can extract such GW signals by
observing images of galaxies in galaxy surveys. Conventionally the detection of such signals
is discussed by considering the three-dimensional power spectra of the F//B-modes. Here, we
develop a complementary new technique to estimate the contribution of GWs to the tidal
force tensor field projected on the celestial sphere, which is a directly observable quantity.
We introduce two two-dimensional vector fields constructed by taking the divergence and curl
of the projected tidal field in three dimensions. Their auto-correlation functions naturally
contain contributions of the scalar-type tidal field. However, we find that the divergence of
the curl of the projected tidal field, which is a pseudo-scalar quantity, is free from the scalar
contribution and thus enables us to extract GW signals. We also find that we can detect
parity-violating signals in the GWs by observing the nonzero cross-correlation between the
divergence of the projected tidal field and the curl of it. It roughly corresponds to measuring
the cross-power spectrum of E and B-modes, but these are complementary to each other in
the sense that our estimator can be naturally defined locally in position space. Finally we
present expressions of the correlation functions in the form of Fourier integrals, and discuss
the properties of the kernels specific to the GW case, which we call the overlap reduction
function, borrowing the terminology used in the pulsar timing array experiments.
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1 Introduction

Detecting cosmological gravitational wave (GW) backgrounds has become one of the hot
topics in cosmology. On very large scales, ~ Gpc, the primordial GWs originating from the
vacuum fluctuations during inflation [1] can be probed by measuring the B-mode signal in
the polarization of the cosmic microwave background (CMB) [2, 3]. On very small scales,
~ 103-10"cm (~ 1073—10% Hz), interferometric gravitational wave detectors, either ground-
based or space-based, may be able to detect a cosmological GW background in the near
future [4-7]. Recently, several pulsar time array (PTA) collaborations announced the detection
of a GW background on pc scales (~ 1078 Hz) [8-10]. On the other hand, a vast range of
wavelengths corresponding to the large-scale structure of the universe, ~ 1—100 Mpc, has
not been explored well, though a number of theoretical considerations have been given, as
GWs on these scales may be encoded in the large-scale structure as dynamical and projection
effects on the galaxy clustering and weak gravitational lensing by GWs [11-20].

In all these studies, one of the intriguing questions asked is if there exists parity violation
in a GW background. There is a growing interest in finding parity asymmetry in cosmological
observations, e.g., birefringence [21-23], galaxy spins [24-28], and galaxy/CMB four-point
correlation functions [29-32]. If parity is violated in the early universe, it may source the
tensor perturbation of the metric, leading to the production of parity-violating GWs [33-44].



It was pointed out that astrometry can be used to detect parity violation on pc scales [45].
In this paper, we focus on GWs with wavelengths ~ 10—100 Mpc.

The galaxy shapes are intrinsically aligned with the surrounding large-scale dark matter
distribution, known as intrinsic alignment (TA) [46-49]. Orientations of the major axis
of galaxies were shown to be linearly aligned with the surrounding tidal field in both
simulations and observations [50-52], which led to the possibility of IA of galaxy shapes
being a powerful probe of various cosmological effects [53-57]. Recent studies have developed
accurate theoretical models for statistics of galaxy IA in full three dimensions [58-65]. Thus,
the cosmological information encoded in the TA of galaxies can be maximized by measuring
galaxy shapes in galaxy redshift surveys [66-72].

Ref. [73] proposed that GWs directly affect shapes of galaxies as the instantaneous
response effect, similarly to the scalar tidal field case above. Ref. [74] extended the work and
investigated the possible upper limit on the parity-violating GWs, but they still considered
angular statistics. Ref. [75] utilized a separate universe technique and confirmed using N-body
simulations the ansatz between the effects of GWs and scalar tidal field on galaxy shapes
proposed by ref. [73]. Refs. [75-77] computed the auto-power spectra of the E- and B-modes
as well as their cross-power spectrum in three dimensions. The latter can be particularly
used to search for the parity-violation signals. These three-dimensional power spectra are
observables in galaxy redshift surveys, since the projected shapes of galaxies on the celestial
sphere are measured via imaging observations and the distances to them are via spectroscopic
observations [58, 66, 78, 79]. This is opposed to the power spectra of CMB which provides
angular (two-dimensional) modes. Furthermore, a galaxy survey targets different scales,
and thus it is complimentary to the CMB surveys. One difficulty of measuring the effect
of GWs on galaxy shapes in this way is that it requires a large survey volume because the
E-/B-modes are quantities defined in Fourier space hence global in real space. Thus, it is
not straightforward to estimate the effects of GWs locally in a small region of the universe.

In this paper, we develop and present a new technique to extract gravitational wave
signals from the projected tidal force field in three dimensions. We introduce two two-
dimensional vector fields constructed by taking the divergence and curl of the projected
tidal field. We show that taking their auto-correlations enables us to extract signals of the
GWs. Furthermore, we show that cross-correlating the divergence of the projected tidal
field and the curl of it allows us to extract parity-violating signals in the GWs. These new
estimators are complementary to the power spectra of the F- and B-mode fields in the sense
that our estimator can be naturally defined locally in position space. To be more specific, the
similarity is that both the EB decomposition used in the CMB community [3] and the method
developed here focus on the tensor field projected on the celestial sphere. On the other
hand, the main difference is that while the EB decomposition is defined in terms of spherical
harmonics, hence globally defined from the real space point of view, our method involves only
spatial derivative operations to single out the tensor components, hence is defined locally in
space. It is thus straightforward to present the expressions of the correlation functions. Our
formalism is admittedly quite fundamental in the sense that it assumes an ideal observational
situation. Nevertheless, we hope it will eventually lead to a unique method for detecting an
extremely low frequency GW background, with the corresponding wavelengths of 10-100 Mpc,
that may or may not contain parity-violating components.



The structure of the paper is as follows. In section 2, we give a review on the decomposition
of GWs into the polarizations and power spectra. In section 3, we present the formalism for
extracting the GW power spectrum from the projected tidal force field in three dimensions.
Our conclusions are given in section 4. Appendix A provides the relation between our
formalism and the E-/B-mode decomposition. In appendix B we present the power spectra of
the projected tidal field before the trace part is subtracted. In appendix C, we show detailed
derivations for the formulas of the power spectra given in section 3.

Throughout this paper, we use the Einstein summation convention, i.e., the summation
is assumed when the same letters appear in the upper and lower indices simultaneously.

2 Gravitational waves in tidal force field

Let us start by defining GWs in the cosmological background. We define GWs by the
transverse and traceless tensor perturbation, h;l;T (n,x), of the metric. Together with the
scalar perturbation, the perturbed metric is expressed as

ds® = —a2(17)([1 +2W(n, x)]dn* + {[1 — 29 (n, x)]6;; + hg‘T(”’X)}dxidxj)’ (2.1)

where 7 is the conformal time, ¥(n,x) the Newton potential, a(n) the scale factor and d;; is
Kronecker’s delta, and we assumed that the anisotropic stress is negligible. In the following,
we omit the superscript “TT” from hiTjT.

The tidal force is described by the geodesic deviation equation, with the force given
in terms of the Riemann tensor. At linear order in cosmological perturbation theory, it is
expressed in terms of the perturbative components § R¥pjo. For the metric (2.1), it is given by

1 .
SR*ojo(n,x) = [‘P”(n, x) + 2H(m) W' (1, %) + 3V U(1, X)] 0f + 0" F(n,x),  (22)

where H = aH is the conformal Hubble parameter and Fj;(n,x) is the traceless part that
defines the tidal field and given by

Fiyn) = (00 — 56,77 W) = 3 [0 + Habiyn0] . (2:3)

Below we focus on the traceless components. To evaluate the cosmological tidal effect, it
is convenient to introduce a dimensionless tidal field, defined by

3 _ Filnx) 3
flj (777X) — 477Gﬁ(77)a2 - SZJ (nax) + t’bj (777X) 9 (24)
where
1 1 0;0; 1
1
tij(n,x) = T 8rCpa? {h;/j(n?x) + H(U)h;j("?,x)} ; (2.6)

with p being the background energy density and §,,(n,x) the matter density contrast. Note
that we have assumed the scale of our interest to be small enough so that the Newtonian
approximation is valid. In the real Universe, this should be valid on scales < 500 Mpc.



Due to the scalar potential term, it is hard to extract the tensor part, GWs, from
observations because it is subdominant, as estimated below. One of the goals of this paper
is to formulate a method to extract the tensor part from the tidal field based solely on
observables. As we intend to develop the basic formalism, in this paper we assume an ideal
situation for observation and ignore all possible observational errors.

2.1 Polarizations of gravitational waves

We consider the tidal field in Fourier space, X;;(n, k) = [ d®x X;j(n, x)e”** (X = {s,tor h}).
The scalar contribution, s;;(n,k), is given by s;;(n,k) = (l?:zl::] - (1/3)5Z~j> Oom(n, k). We
decompose GWs in Fourier space into the right-handed (R) and left-handed (L) polarizations
(e, [0, 81,

L A
hij(n.X) = e (R)h(y (. k) + i () (n, o), (2.7)
RL) /i 1 - -
e (k) = 5 ( o (k) ize‘ '(K)), (28)
where hat denotes a unit vector, for instance k = k/k, and el(;-r) = %(egl)egl) - 65-2)65-2))
and egjx) = %(651)622) + el@)egl)), with e and e® being arbitrary orthonormal vectors

spanning two-dimensional space orthogonal to k. We assume the set (e(l), e®, ﬁ) forms a
right-handed Cartesian basis. All the polarization tensors are defined to be orthonormal,
eg) Zé?,) = oy, for p,p’ = {+, x}, and e( p) 27 N = = oy, for p,p’ = {R, L}, where a bar stands
for the complex conjugate.

In passing, we note that it is useful to express the Fourier component of the dimensionless
tidal field t;; given by (2.6) in terms of h;;. Assuming k > H, we have t;; oc hj; =

—k:2hij. Hence

kQ

tij(n, k) = 372

hij(n, k)., (2.9)

where we have used the background Friedmann equation for a spatially flat universe, 87Gpa® =
3H2. Noting that sij = O(0m,), the tensor contribution can be comparable to the scalar one
only when h;; ~ (H2/k?)8,. On 10 Mpc scale, which is approximately the scale of our interest,
we have &, = O(1). This means we need h;; ~ 107 to dominate over the scalar contribution
on that scale, which seems practically impossible to attain. Conversely, we need a method to
cleanly separate out the scalar contribution if we are to detect the tensor part in the tidal field.

We now define the symmetric curl field of a given tensor field X;; [82] by putting the
asterisk on the left-hand side of the symbol, *X;;, as

\ 1
Xij(n,%) = 5 (670 Xy + € O X ) (2.10)

where ¢;," = 5¢jejm” and /™" is the totally anti-symmetric unit tensor with €'?3 = 1. By
taking the spatial derivative of eq. (2.7), we get

3
Oty (130 = [ 5 [e) iy (100 + el sy (0] % (211)



Then the curl of the tidal field reads

“hij( )—/dgk*h“( ke’ (2.12)
) n,X) = (27T)3 1) m, € ) .
where

“hij(n, k) = k el (K) Ay (n, k) = el ()b (n, k)] (2.13)

In the above we used the identities, ieim”kmegj’m =+tk eEJR’L) [83]. Note that apart from the
flip of sign of the L-mode, *h;; is essentially equivalent to the spatial derivative of h;;. Since
the curl of the scalar component is identically zero, the above equation states that if we detect
the non-zero curl component of the tidal force field at large scales where linearized theory

give an accurate prediction, it provides a direct evidence of the signal of gravitational waves.

2.2 Power spectra of tidal force field

The auto-power spectra of the gravitational waves h;; and their curl field *h;; are given by

k_2<*hij (777 k>*hij(77/7 k/)>
2m)%0p (k + k') Py (1,7, k), (2.14)

(h¥9 (1, %) hij (0, X))

where Py (n,n', k) is the temporal auto correlation power spectrum that reduces to the
standard power spectrum at equal time n = n’. The (dimensionless) tidal field f;; consists
of the scalar and tensor components as given by (2.4). We mention again that since the
scalar component is curl-free, *s% = 0, measuring * fij enables us to extract the signal of
GWs t;; out of the tidal field f;;.

The power spectra of each polarization is defined similarly as

(WM, K)oy (0, K)) = k2 (RN (0, k) * b (7, K))
2m)%0p (k + K) Py (0,1, k), (2.15)

where A = {R, L} and Piry= Py =P /2 for unpolarized GWs. The cross-power spectra
of the curl field *h;; and the original field h;; are given by

("1 (0, k)hij(n k')
RV, k)b (7, k')

(27r)35D(k+ k,)kX(na n,ak)Ph(nanlak)a (216)
(2m)%0p (k + Kk x(n, 7', k) Py (.0, k), (2.17)

where we introduced the chiral parameter x(n, k) to quantify parity violation in GWs,

Py’ k) = Py, ', k)
Pr(n,n', k) ‘

Namely, taking the cross correlation enables us to extract a signal of parity violation [42].

(2.18)

x(n,n', k) =

Let us now turn to the general properties of the power spectrum. First we formally
write the total tensor field, h&‘;wl), as a sum of the contributions of primordial GWs, denoted

by h(y), and that generated by a source S() at some epoch in the early universe, denoted

otal
by Hy). Thus hgf\)t ) = hxy + H(yy, where Uh(yy = 0 and UH(,) = S()). To compute

H,), we assume the wavenumbers are much larger than the Hubble parameter at the time



of generation, k > H, which is reasonable from causality. Let us introduce g(y) (n,k) by
H\y(n,k) = gy (n,k)/a(n). The green function at the kn > 1 limit is given by (e.g., [84])

G(n—n')=0(n—1")sinlk(n—n")]/k, (2.19)

where O(n) is the step function. Assuming that GWs are generated during an epoch,
ni < n < mn; + An, the solution g(,) is given by

mtAn - sin [k(n — 7'
sy k) = [ ay =)y 0 1), (2.20)
i
where S(y)(n, k) is the Fourier component of Sy)(n, x). Regardless of the form of S(y), g
has the form of g\)(n, k) = go(n, k) cos (kn + ¢x) at n > n; + An. Taking the product with
itself and ensemble average, the ¢ term vanishes and we obtain

(lgo(K)[*)

a(n)a(r) cos [k(n — )], (2.21)

S
P()\) (777 77/7 k) =
where the superscript S indicates its the spectrum of GWs generated by a source. As for
the primordial GWs, the corresponding power spectrum can be expressed as

PE (.1 k) = T(n, k)T (o, k) P k), (2.22)

where the superscript P denotes its primordial and T'(n, k) is the transfer function of GWs.
For k > H, we have T'(n, k) ~ cos [kn + ¢i]/a(n) where ¢y, is not random now but determined
by the history of the equation of state of the early universe (for example, if the universe
were radiation-dominated for the entire history, ¢, = 0). Nevertheless, taking into account
the effect of inhomogeneities in the universe, it is expected that the phase ¢ will acquire
an uncontrollable random noise after the wave has propagated over a distance much larger
than the wavelength [85, 86]. Therefore, for the modes of our interest,i.e., kn > 1, the power
spectrum P(I;) (n,m', k) reduces to the form same as Pg\) (n,n', k) in (2.21).
Thus the two-point correlation function can be generically expressed as

K2dk (s
6()\) (77777/73( - X/) = / W /koP()\) (77)77/) k)eZk( ) ) (223)
where

P()\) (777 77/7 k) = P(I;\) (777 7]/7 k) + P(s;\) (777 77,7 k)
2
ap !

= ————cos[k(n —n")] Pn(k). (2.24)

alnaGr) T
The cos[k(n—n")]/(a(n)a(n’)) dependence of the two-point function is the characteristic feature
of cosmological GWs, either primordial or generated by a transitional source, in contrast to
the case of the two-point function of the density contrast, (0, (k,n)0m(k,n')) < a(n)a(n’).
Finally, we note that because the time dependence of Py, is independent of the polarization

A, the chiral parameter defined in (2.18) reduces to a function of only k, x = x(k).



3 Projected tidal force field in three dimensions

In the previous section, we saw how the two-point correlation functions of GWs behave and
how the parity-violating component shows up. However, they cannot be constructed solely
from observables because we can observe only the past lightcone, which is a three-dimensional
surface, while the quantities discussed in the previous section assume that we can observe
hi;j in the whole four-dimensional spacetime. In this section, to overcome this difficulty, we
develop a formalism that uses only the observable quantities. Galaxy morphologies, such as
the spins and ellipticities of galaxies, are projected onto the celestial place in observation.
Analogously, we deal only with the tensor perturbation projected on the celestial sphere,
with the line of sight direction identified as the time toward the past.

For this purpose, in this section we need to be more specific about the coordinates
we adopt. We choose the direction along observer’s line of sight as z, where the hat
means it is a unit vector. Since the direction of propagation of GWs is arbitrary, we
set the angle between the direction and the line of sight to 6, and the directional cosine,
k-2 =cosf = pr. The polarization tensor lies on the surface perpendicular to k spanned
by e and e, The celestial sphere is locally spanned by two orthonormal basis vectors,
say, X' and y’. In this coordinate system, the components of k may be expressed as
k= (sin Oy cos ¢y, sin O, sin @, cos 0y ). For convenience, one can rotate the axes by m/2 — ¢y,
to make the new basis vector % coincide with e). Namely, we choose the z-axis such
that x = e(). Then the components, eV, e® and R, respectively, have in the Cartesian
coordinates,

ez(»l) = (1,0,0), 652) = (0,cos 0y, —sin @), ki = (0,sin by, cos ). (3.1)

Then the components of the basis vectors defined/projected on the celestial sphere in two
dimensions are given by

6541) =4 =(1,0), ef) = {4 cos b = (0,cosby), ks =Gasinby = (0, sin Oy,). (3.2)
where the capital Latin indices denote quantities on the two-dimensional celestial sphere.
Figure 1 is an illustration of the coordinate system.

Note that the tidal force field is characterized by the second time derivative, a_l(ahgj)’ ,
rather than h;; itself, as shown in eq. (2.2). For the scale of our interest, k% > H?, we can
approximate it by h;’J Thus, the power spectra relevant to observations are those of the
second time derivative of GWs, and for instance the power spectrum of given fields X and Y,
(XY;;) = (27)36p(k+ k') Pxy (k), should be replaced by (X¥Y;;) = (21)30p (k + k') Pxy (k),
where X = X” and Pyxy = k*Pxy (k). In the following, however, we consider hi; itself. This
means all the resulting formulas should be multiplied by k* when they are to be considered
as the tidal force field.

3.1 Power spectra of projected tidal force field

Since only the tidal field projected on the sphere perpendicular to the line of sight is observable,
we consider the projected field of GWs, hap(n,x) in real space or hap(n, k) in Fourier space.
Note that the vectors x and k are in three dimensions. We assume that we can measure the
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Figure 1. Ilustration of the coordinates adopted in the text. The direction of Z is the observer’s line
of sight, and the orthonormal vectors X,y and z form a right-handed Cartesian basis. The direction of
propagation of a GW is specified by e® = k, tilted from the line of sight by an angle 6, and e(!), e(2)
and e® form another right-handed Cartesian basis. Here e(!) and % are chosen to coincide with each

other, ) = %. The components of the basis vectors projected onto the celestial sphere are denoted

by capital letters such as 6541).

three-dimensional positions of galaxies via, say, measuring redshifts in spectroscopic galaxy
surveys. The main purpose of this section is to derive formulas that can be used to identify
the GW contribution in the tidal field solely from the projected field hap.

Let us first note that the tidal force field relevant to observables is a traceless part
in two dimensions,

fz;B(n» X) = 853(777 X) + t?‘;B(n’ X) ) (33)

where a quantity X with the superscript 7" stands for XXB =Xap— %5 ABX CC. In appendix B
we present the power spectra of the projected field before the trace part is subtracted.

It is straightforward to compute the power spectrum of the projected scalar tidal field.
The resulting spectrum is obtained as

(AP, 10s55 01 K) ) = S @mPon(k + KK — i Polnn' K), (3.4)

where = k-2 and ((n,k)¢(n, k) = (27)%6p(k + K)Py(n, 7', k) with ¢(n,k) =
U(n,k)/4nGpa®. Let us then compute the power spectra of the projected GWs. The
GW power spectrum is obtained as

1
(WTAP ()0 K)) = 2 (2m)°0p (k +K) (14648 + i) P, k). (3.5)

Taking the average over i leads to the monopole component, %Ph(n,n’ ,k). However,
it is hard to extract the GW signals via these expressions as the scalar potential term,
<3T’AB (n,k)sh z(n, K )>, dominates the signal, which prevent us to extract out the GW



contribution directly. In practice the scalar contribution is the one commonly measured in
the analysis of intrinsic alignment of galaxy shapes (see discussion in section 4 below). In
appendix A we show how they are related to the power spectra of E- and B-modes. The
derivations of these equations are given in appendix C.

3.2 Power spectra of divergence and curl of projected tidal force field

We now consider to isolate the GW contribution from the observed projected tidal force field.
We introduce the two-dimensional vector fields, X 4 and * X 4, constructed respectively by
taking the divergence and curl of the original projected field X 45(n,x) (X = {s,t (or h)}) as

XA(U» X) = aBXBA(T/a X)v *XA(% X) = 6BC&BXCA(777 X)a (36)

BC

where €”% is the Levi-Civita symbol defined in two dimensions. Similarly, the two-dimensional

vector fields after subtracting the trace part, X1 and * X7, are obtained from X7%5(n,x) as
XZ;(TLX) = 8BX£A(77’X)7 *X:‘Z(’%X) = EBcaBXgA(nax)' (37)

Note that *s4 = 0 but *s # 0. That is, unlike the three-dimensional case, the curl of
the scalar component does not vanish unless one can accurately identify the trace part
of sap. Taking the curl of the projected tidal force field therefore does not immediately
remove the scalar contribution.

In Fourier space, the divergence and curl of the field fap are expressed as

FE 00 K) = i kP Al ) = Faln. 1) + L [0 K) — Kk 0, )] (3.8)

TR0 = ke AR = “Faln k) + ke [0 1) + KCkcu(n )] (39)

Nonzero power spectra for the divergence and curl of the projected scalar tidal field with or
without the trace part subtracted have the same form, and are given by

(T k)sh (0 X)) = (A, k) sh 0, K) )

= NS+ KR — i P k). (310

They are also related to the power spectrum of the original projected scalar tidal field via
a simple relation, <3T’A(77, k)s% (7, k’)> = $k%(1 — 1) <8T’AB(17, k)qu?B(n’,k’)>. Below we
intend to formulate two-point statistics of *t%, or equivalently *h% as given by (2.9).

We can also derive the auto-power spectra for the divergence and curl of the traceless

projected field. They are given by

(WA, k) RA G K)) = ("B, k) A G )

1
= 16 (2m) 0 (k + K)R*(1 = ) (1 + 641 + 1) P(n, 1, k)
1
= SR (=) (W42 (0 )R (0 K ) (3.11)

By taking an average over angle y, we may extract out the monopole component k2P, (k).
We can similarly obtain the quadrupole and hexadecapole moments. As mentioned above



and similarly to equation (3.5), this contribution of GWs cannot be separated from that
of the scalar potential term, <sT’A(n,k)s£(n’,k’)>.

Since *sT4 o €B49p1, we cannot isolate the GW signals by computing the auto
correlation of the curl of the projected field. However, if we take the divergence of the
projected field, the scalar component vanishes, 94*s”4 = 0. Thus, similarly to the full
three-dimensional case, eq. (2.14), we can extract out GWs from the projected tidal force
field. Specifically, let us introduce the symbols,

XT(n,x) =04 XA (n,x),  *XT(nk) =ik " XF(n, k). (3.12)

By setting X7 = hT, we obtain a direct probe of a GW signal. The power spectrum is given by
* * 1

("W (1) R (' K)) = 5 @m)P0p(k + KRR = i)’ Pu(no k). (3.13)

We emphasize that measuring the above requires only the observable quantities.

Now we consider the possibility to detect a signal of parity violation from the projected
two-dimensional field of GWs, similar to the three-dimensional case given by eq. (2.16).
Our basic assumption is that we can only measure the projected tidal field, but in three
dimensions. In section 2.2 we have seen that the parity violation appears in the cross
correlation of h;; and *h;;. Our goal here is to derive a similar equation in terms of the
projected field. A straightforward choice for this purpose is to consider the cross-correlation
of h£ and *hg. We obtain

(WA ) ) = 220 0p (ke + KR (L = p)x(K)Paln.' K). (3.14)
This is one of the main results of this paper. This power spectrum becomes nonzero if and
only if parity is violated and the effect appears in the odd multipole moments. This cross
power corresponds to the cross power spectrum of the F- and B-modes. The relation to
the F/B decomposition is discussed in appendix A. The derivations of the expressions for
all the power spectra for the scalar and tensor tidal fields in this subsection are provided
in appendices C.1 and C.2, respectively.

3.3 Correlation functions and overlap reduction functions

Here we perform the Fourier transform of the power spectra of the projected tidal force field
with the trace part subtracted, derived in the previous subsection, and present the expressions
of the corresponding correlation functions. The two-point function of the projected field
hZ;B is given by

k2dk ik (x—x’
<hT’AB(777 X)th(’l’//, X/)> - / W /dﬂkpgh(nv "7/3 k)e ( )’ (315)

where P,%F 5, is the power spectrum derived in the previous subsection,

1
Pl?h(n777/7k) = g(l +6M% +:U'%)Ph(n777/7k)' (316)
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To evaluate the two-point function, let us first specify the four vectors of the two points,

2'* and z%, as

a* = (n,2") = (no —1',0,0,7"), (3.17)

«

x* = (n,z') = (no — r,rsinf cos ¢, rsin @ sin ¢, r cos §), (3.18)

where the observer’s position is set to the origin, and r» = |x| and z° = r3’. Also, we set
the components of the four wavevector k, as

ko = (—k, k sin 6 cos ¢y, k sin Oy sin ¢, k cos Oy ), (3.19)

where k = |k|. Here we consider a more general coordinate system than that in figure 1
in which the wavevector can point to arbitrary directions. We can then perform the ¢y
integral in equation (3.15) to obtain

27( d - ! ; !
/ %elk.(xfx ) — J[)(kT’ sin Osin gk)ezk(r —r cos ) cos 9k7 (320)
0 T

where Jy is the 0-th order Bessel function.
To proceed further, we introduce An = n —1n' = v’ — r. Eventually, the correlation
function is expressed as
a2 k*dk
a(n)a(n’) J 2w

Here, let us call the kernel I'y,j, an overlap reduction function (ORF), borrowing the terminol-

(WA (g, x) R (0, X)) = Pu(k)Chp(kr, kAn, ). (3.21)

ogy used in the context of pulsar timing arrays [87-89] where the kernel for GWs is called
the Hellings-Downs curve [90]. In our case, it is given by

Lo+ 6uf + i

1
Thn(kr,kAn,0) = cos (kAn)/ dpig 3
0

(A . ug) cos (Buy),  (3.22)
where
A(kr,0) = krsinf,  B(kr,kAn,0) = —kAn + 2krsin® (6/2). (3.23)

We can derive the similar expression for the correlation function of the projected scalar
tidal field,
kdk

WPw(n,n’, E)Dss(kr,kAn, ), (3.24)

(s" B, x)shp(n, %)) =
where the scalar ORF is given by

1 1— 2)2
Lss(kr,kAn,6) = /0 dpug (QMk)Jo (A\/l - u%) cos (Bug). (3.25)

As clear from the above two expressions, we expect that 'y, and I'ss show different - and
An-dependences, which we confirm later. This property may be useful in identifying the GW
contribution from the noisy data that contain the scalar contribution.
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kr =10.00

T s(kr,kAn,6)

Fh h(kT, k‘AT], 9)

Sl

00 02 04 06 0800 02 04 06 0800 02 04 06 0800 02 04 06 08
0/m 0/m 0/m 0/m

Figure 2. The kernels (ORFs) in the integrands of the correlation functions for the scalar and tensor
(GW) components of the projected tidal force field. The upper and lower rows show the ORFs for
the scalar and tensor tidal fields, respectively. Different columns show the results for several different
values of kr and different lines show those for different values of kAn = k(r' — r).

Finally, let us present the correlation functions that contain only the GW contribution,

(KT () BT (o ) ) = W[ Rk P (ks kA, ) (3.26)
M ) a(n)a(n/) 27_[_2 h h h M ) ) .
2 2
%3 T,A T/ 1 "N\ _ Qg k*dk
(WA a0 X)) = S | 5 PR Wk, kA, 0), - (3.27)
where
1 #2(1 _ N2)2
Depep (kz, kAR, 0) = cos (kAn) / dyu, %JO <A 1- Mg) cos (Bux),  (3.28)
0
Lo (1= )
Tepp(kxz, kAn, 0) = cos (k:An)/ dpg, ?Jo (A 1- ui) sin (B ). (3.29)
0

Once again, we note that I'+p, is the important quantity to extract parity-violating signals
from the projected tidal field in real space. Since the cross-power spectrum is purely imaginary
as seen in eq. (3.14), the ORF has sin (Bpuy) in the integrand rather than cos (Buy).
Figure 2 shows the ORFs for the correlation functions of the projected scalar (I'ss)
and tensor (I'pj) tidal fields. Both functions become almost constant for varying 6 at
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Figure 3. Similar with figure 2 but for the auto-correlation function of the curl of the projected GWs
(upper row) and its cross-correlation function with the divergence (lower row).

kr < 1 and fixed kAn. At kr > 1, both functions start to oscillate due to the term,
cos (Bpuy) = cos([—kAn + 2krsin® (0/2)]u). However, the ORF for the tensor tidal field
has the characteristic oscillatory feature due to the factor cos(kAn) because GWs propagate
through spacetime, while that of the scalar tidal field does not. Thus, given an accurate
galaxy redshift survey data set, we confirm that it is in principle possible to distinguish
the contributions of the scalar and tensor tidal forces by template matching applied to the
projected tidal field data in three dimensions.

Figure 3 shows the two ORFs for signals of GWs that can be directly extracted from
observation. The upper row shows the result for the divergence of the curl of the projected
tidal tensor field, I'sp+p. Although the overall behavior of the kernel I'sp«, is similar to
that of I'y,, GW signals can be directly extracted from this quantity since *s = 0. The
lower row shows the ORF for parity violation signals of the tidal tensor field. It becomes
zero at the # = 0 and kAn = 0 limit, unlike the ORFs for the other auto-correlations (see,
e.g., ref. [37] for a similar trend).

Finally let us comment on the corresponding quantities defined in terms of the dimen-
sionless tidal force field ¢;; ~ (k?/ 37—[2)h,~j instead of h;;. Under the assumption that the
universe is matter-dominated, we have k%/H? oc a(n). Hence this scale factor dependence

,13,



cancels the 1/a(n) dependence of h;;. This means that the amplitude of ¢;; at the epoch of
matter-radiation equality is equal to that of ¢;; at any later times. In the actual universe,
because of the dark energy contribution, this estimate is no longer accurate, but it nevertheless
gives a fairly good estimate of the amplitude of t;;.

4 Conclusions and discussion

Gravitational waves (GWs) are known to be imprinted into the tidal force field as tensor
perturbations. It can be estimated by defining E-/B-modes and computing their power
spectra. In this paper, we have developed a new technique to estimate the contribution
of GWs in the projected tidal field. We introduced two two-dimensional vector fields in
three dimensions constructed by taking the divergence and curl of the projected tidal field,
denoted by h* and *h4, respectively. The auto-power spectra naturally contain contributions
of the scalar-type tidal field. We found that further taking the divergence of *h4, which
is a pseudo-scalar quantity, enable us to remove the scalar contribution and thus to single
out the GW contribution. The cross-correlation between h* and *h? is free from the scalar
tidal contribution, and it is non-vanishing only if parity is violated. Thus signals of parity
violation in the GW background can be extracted from this cross-correlation, if any. It
roughly corresponds to measuring the cross-power spectrum of E and B-modes, but these
are complementary to each other in the sense that our estimator can be naturally defined
locally in position space. We expressed the two-point functions in the Fourier integral
form where the integrand is divided to the two factors; the power spectrum and the kernel,
which we called the overlap reduction function (ORF), following the terminology used in
pulsar timing array data analysis. We pointed out that the difference between the ORF of
the tensor component and that of the scalar component may be used to identify the GW
contribution in the tidal force field.

We now discuss how the tidal force tensor studied above is imprinted into the observed
galaxy shapes. The scalar tidal field is known to be linearly related to the galaxy shape, known
as the linear alignment model [47, 49, 52, 58]. Under this model the observed projected
halo shape field, yle, is related to the projected tidal field sap linearly as vﬁB(n,k) =
b3-(n)sap(n, k). We can observe only the trace-free part of the projected galaxy shape. Here
thus we omit the superscript T' from all the quantities for clarity. The coefficient b% is
called the linear shape bias for the scalar tidal field, in analogy with the linear galaxy bias,
dg(n, k) = b(n)om(n, k). Ref. [73] proposes an ansatz that the effect of gravitational waves
is also imprinted into the shape of galaxies at linear order,

7%2/(777 k) = bt(na k)tAB (7% k)? (41)

and the total shape field of galaxies is expressed as the sum of the scalar and tensor
contributions [73-75]

vap(n, k) = vap(n. k) + 758 (0. k) = b (n)sap(n,k) + b " (n,k)tap(n, k). (4.2)

The linear shape bias for GWs, thW, is not independent of b%. By matching the second-order
density induced by scalar and tensor tidal fields, ref. [73] introduced the ansatz for the relation
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between them as bFW (1, k) oc a(n, k)b% (n) (see refs. [73, 75] for the explicit form of o). This
relation has been tested and confirmed using N-body simulations [75]. Using this relation,
we can immediately obtain the power spectrum of projected shape from that of the projected
tidal field derived in section 3.1. By taking the divergence and curl operation on the galaxy
shape, we can obtain y4(n,x),*y4(n,x) and *y(1,x) as va = 0Pypa,*ya = 899y,
and *y = 04 *y4, respectively. Note again that all these quantities are trace-free and the
superscript T' is omitted. Since they are linearly related to the projected tidal force field,
measuring the auto-correlation of *v enables us to extract GW signals. The cross-correlation
of the divergence (v4) and curl (*y4) of the projected shape field becomes nonzero only if
there exists parity-violating signals.

In this paper we considered various types of correlations of the projected tidal force field
in three dimensions, which are observable in spectroscopic galaxy surveys. The positions of
galaxies are sampled by their redshifts in such galaxy surveys, and thus affected by redshift-
space distortions (RSD) [91]. We assumed the validity of linear theory. While the shape field
is not affected by RSD on linear scales, it is on nonlinear scales [92, 93]. Furthermore, on
such small scales, the linear relation between the tidal field and galaxy shapes needs to be
modulated. We thus need to consider the higher-order nonlinear shape bias effect [e.g., 94].
To place quantitative constraints on the amplitude of GWs and the chiral parameter, we
need to consider more accurate models. It is left to our future work.
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A Relation to E/B-mode decomposition

We describe how our formalism is related to that of the E/B-modes shown in ref. [75-77].
The 2-dimensional metric perpendicular to the line of sight, gap, is given by

9AB = ZAZp + 9AUB - (A1)
We also define the polarization tensors of the E- and B-modes, respectively as
(E) L. PN (B) L. . P
exp = —=(2TaZp — , exp=—7=( 4+ §AZRB) . A2
AB = 75 (Ta%B — JAYB) AB = 5 (Za9B + JalB) (A.2)

These E- and B-modes are related to the R- and L-mode polarization tensors used in the
main text as

INT _ ) _ Loep riys o 114 HE o)

. B
AB =€AB ) €cp = ﬁ 9 eAB:I:ZMkeng) ) (A.3)
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where py, is the directional cosine of the wavevector k with respect to the line of sight, and

the superscript T' stands for the quantity with the trace subtracted. Then the traceless
[ha]" reads:

T R\ T )T
17 = hemy [e42)" + hy leY2]

1 |14+ 4] (B

. B 1
= \/§ B eAB +7/,U/k6543)‘| h(R) — ﬁ

[hap

1+ ,
2% 3 — ey | hiy  (A4)

Thus, the E- and B-modes of the projected GWs are expressed as

ap_ 11443

h(E) = hABe(E) = ﬂ 5 (h(R) + h(L)), (A5)
7
hpy = hABe(AéB) = ﬁﬂk(h(}g) — h(r))- (A.6)

Finally, the power spectra Pxy defined by (h(X) (1, K )by (0, K)) = (2m)%0p(k + K')x
Pxy(n,n',k), where XY = {FFE, BB, EB}, are respectively given by

1 1
1 1

PBB(TL 77/’ k) = ZM%(P(R) + P(L)) = zﬂzph(%ﬁlv k)v (Ag)
1 1

Pep(ni'k) = 21+ 1) (Pry — Py = 2+ )X (k) Py(n,n' k), (A.9)

These are the power spectra already given in refs. [75-77].

B Power spectra of projected field before subtracting the trace

The tidal force field corresponding to observables is the projected field with the trace part
subtracted, and the expressions of the power spectra were shown in section 3. In this appendix,
for completeness, we present the power spectra of the projected field before the trace part
is subtracted, though they may not be direct observables.

The power spectrum of the projected scalar tidal field is given by

(4P (n,K)sap(r,K)) = K*(2m)dp (k + K) (1 = 42 Py(n, 0, k) - (B.1)

By comparing this with equation (3.4), one can see that the shape of the power spectrum
for the projected scalar tidal field is unchanged, <3AB s AB> =2 <5T’AB s£B>. The power
spectrum of the projected tensor tidal field without subtracting the trace part is given by

(W, ]has (0 K)) = (206 (0 +K)(1+ ) Pulon, o, ). (B.2)

The divergence and curl of the projected field before the trace is subtracted are given
by equation (3.6). The power spectrum of the divergence is given by

(s4(n, K)sa(n, K')) = (27)p (k + K)ES(1 = i) > Py (n, ', ), (B.3)
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where it is related to that with the trace part subtracted via <sAs A> =4 <5T’As£>. Since
*sp = 0, <*5A*5A> = 0.
The auto-power spectra of the divergence and curl of the projected tidal tensor field
are, respectively, given by
k2
<h‘A(77> k)hA(n/> k/)> = Z(2W)35D(k + k,)/ﬁz(l - :ui)PhO% 77/7 k)? (B4)
x71 A * ! 1./ k2 3 ! 4 !
("h 0. %) R X)) = = (2m)0p (e + K (1 = i) Pun. o, k). (B.5)
These two power spectra are related to each other as (h4hs) = p2(*h4*h4).
Finally, the two power spectra, which can directly probe a GW signal and parity-violating
signals, have the same forms before and after the trace part subtracted:

(BT (0, )" BT (0 K) ) = (“h(n,k)*h(n, X)) | (B.6)
(WA, RA 0 K)) = (A KRG K)) (B.7)

C Derivation of power spectra of projected tidal force field

C.1 Power spectra of scalar tidal field

In this appendix, we provide derivations for the formulas of the power spectra of the scalar
tidal field presented in section 3. The Fourier component of the projected scalar tidal field
with the trace component subtracted, 35 g(n,x), is given by

shp(n,k) = (—kAkB + ;6A3k0k0> ¥(n, k). (C.1)
Thus it is straightforward to obtain the auto-power spectrum (equation (3.4)),
("B, 0)shp 0, K))
— (—kAk:B + ;5”1{01{;0) (—k;,kjg + ;6A3k:j3k’D) W(n, k)Y, K))

=K - )+ 5= ] ke )

1
= 5(27T)35D(k + KK (L= i) *Py(n, 1 k). (C.2)
For the divergence and curl of the projected scalar tidal field with the trace part
subtracted, we have from equation (C.1), respectively,

san k) = =k kpkav(n.k),  “si(nk) = S kpkoy(n. k). (C3)

The auto-power spectrum of the latter, shown in equation (3.10), is obtained as

(*s A (n, k)" 5K, K))
= —% (kP kike) (epakPkpk™) (w0, k) (k)
1
= — (0505 — 0405) (kkp) (K"kp)kck (¥ (n. k) (. X))

= LSl 4 KOR(L — 1) Pyl o B) (C.4)
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The auto-power spectrum of s} can be derived similarly and it is easy to show that they
are equivalent, <3T’A(n,k)sTA(n',k’)> = <*5T’A(n,k) sh(n' ,k’)>

Note that when we perform the calculations for the scalar tidal field without subtracting
the trace part, we can instead obtain equations (B.1) and (B.3).

C.2 Power spectra of tensor tidal field

Here, we provide derivations for the formulas of the power spectra of the tensor tidal field
presented in section 3. Throughout this appendix, we repeatedly use the relation,

2 A 1
== 3 eihhoy = —5 (=) > Py (C.5)
A=R,L A=R,L
Since GWs are traceless in three dimensions, h™ , = h*, + hY, = —h*,.

The traceless part of the projected GWs is given by

1
hﬁB("% k) = hABO% k) + §5Athz(777 k) (06)
The temporal auto correlation function in Fourier space is obtained as
(BT AP (W50, K))
1 1
= (|21 + 3000010 | [Rantr'. ) + Joamhe. )] )
1
= (WP 0han( X)) + (W4t )R (0 K)) + 5 (7. (0. )™ (o K)
1
= 5 @m0k + K) (1 + 641 + i) Pa(n, ', ) (C.7)
which gives equation (3.5). Here we used the relation, -, _p 1 e()\) 654)}_23 = (1+ u2)?/2.
In the rest of this appendix, we present derivations of the power spectra of divergence
and curl of the projected tidal tensor field given in section 3.2. Let us first show the explicit
form of the divergence and curl of the projected tidal tensor field, ha and *h4, and the

divergence of the curl of the field, *h. We start by showing the expressions before subtracting
the trace part. They are given by

ha(n,k) = ikPhpa(nk) = ik® 3 eB)(k)hoy(n,k)

A=R,L
= —g cos 0}, sin 0, [(h(R) —h(r))Za +icos Hk(h(R) + h(L))QA} , (C.8)
“ha(n,k) = ikpePChoa(n, k) = ikpe®C S Bl (K)o (n, k)
A=R,L
= gsin Oy [COS Ox(h(ry — hr))9a —i(hr) + h(L))i“A} , (C.9)
“h(n,k) = ik ha(n, k) = %kQ(l — i) (hry = hyry) - (C.10)

For the second equality in equation (C.8), we used the relations:

. 1 . 1
kBe(+) kB (e(l)e(l) —e? (2)) = —— cos® 0p sin 0.7 4

BA 5 B €4 —€fB €y /2
~ 1 ~ 1
kBe(BXA) = 72153 (eg)eg) + (‘3) A(A)) = ﬁ coS ek Sil’lek.ﬁﬁA,
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and similarly for the second equality in equation (C.9), we used the relations:

A 1. . & 1 . .
k:BeBce(C?LX = ———sinfiT 4, kBeBce(CXX = ———cosBsinf;ja .

V2 V2

Next we show the divergence and curl of the projected tidal tensor field with the trace
part subtracted, namely, b, *hY{ and *hT. From equation (C.6), we have

i z
h£(77>k) = hA(77>k) + ikAh z(777k)7

L [cos (i) — hepy)ia+ 5 (1 + o )iy + hpy)da| - (C11)
HEOK) = "ha(n, 1) + SR epah? (. 1)

= gsin O [cos Ok (h(r) — h(1))ia — %(1 + cos® O) (h(r) + hr))2a (C.12)
*hT(n, k) = ik hE(n, k) = *h(n, k). (C.13)

From the above, one can derive the temporal correlation functions of the various quantities:

(WA, KRG (0, X)) = <<h“(m k) + %kAhzz(n, k)) (hA(n’, k') + %kAhZz(n’, k'))>

1 1
= L2k + K)sin® {cosz O+ (1 + o’ ek)ﬂ Pun, 1 k)

= Sl KR — g1+ 6 + ) P K), (C14)

(*h" (0.2 h" (X)) = <(z'kA*hA<n,k>) (kP hs(n',K)))

4<27r>36D<k + KK R (1= i) Pu(n, ' k). (C.15)

(2m)36p (k + K')k? cos 0, sin® 0y, (cos® 0y, + 1) Py (1,1, k)

(HEA 3 1) = ((h 010+ Shae 0010 ) (halof )+ Shal. (0.1 )
i
4
7
1(27[-)36D(k +k )k2:uk(1 - :u‘i)Ph("% 77/) k) ) (016)

which respectively give equations (3.11), (3.13) and (3.14).
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