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ABSTRACT Currently, the development of quantum computers is active; however, large-scale machines
remain limited and noisy. Furthermore, such quantum computers do not allow direct access to state vectors,
posing challenges for quantum algorithm development. Quantum circuit simulators on classical computers
offer a solution, with decision diagram (DD)-based simulators being particularly memory-efficient for rep-
resenting quantum states. However, DD-based simulation still requires optimization, especially concerning
variable ordering and multinode parallelization. Processing time for DDs heavily depends on variable order,
but existing static variable ordering methods did not have general applicability. The prior multithreaded
DD simulations showed slowdowns. This study proposes two techniques to address these issues. The first
is a scoring-based heuristic static variable ordering method that analyzes an input quantum circuit, such
as the distribution of parameterized rotations and multibit gates, to suppress the growth of graph nodes
and amount of computation. The second is a ring communication approach that reduces communication
overhead when performing parallel simulations across multiple computing nodes. Parallel computation
requires data exchange between nodes, which results in additional communication time. The proposed ring
communication method can eliminate broadcast communication, thereby reducing the waiting time until
communication is completed. Evaluations using various benchmark circuits demonstrate that the proposed
ordering achieves up to a 4.5 speedup in a single-node environment. Furthermore, the ring communication
exhibits superior scalability, achieving up to an 11× speedup with 16 computing nodes. The proposed
variable ordering method generally reduces the overall simulation time in multinode environments.

INDEX TERMS Decision diagram (DD), parallel computation, quantum circuit simulation, ring commu-
nication, static variable order.

I. INTRODUCTION
Recent research and development in quantum computing
has been remarkable, with processors exceeding hundreds to
thousands of qubits [2]. However, these devices have not yet
implemented large-scale quantum error correction and are
susceptible to noise. To correctly execute practical quantum
algorithms, a single logical qubit may require thousands or
tens of thousands of physical qubits [3]. Thus, a situation in
which many people can freely use large-scale, ideal quantum

computers remains far from reality. Moreover, it is impossi-
ble to directly access the state vectors (SV) in real quantum
computers, which is inconvenient for the development of
algorithms.
Given this background, quantum circuit simulators that

mimic the behavior of quantum computers on classical com-
puters play a crucial role in the research and development
of quantum computing algorithms. Several types of quantum
circuit simulators exist, the most common and intuitive of
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which is the explicit SV-based simulator. It allocates a 2N-
length complex vector in memory for N qubits [4], [5]. Al-
though this method is relatively easy to implement and can be
accelerated by leveraging graphics processing units (GPUs)
for parallelization, the exponentially increasing memory us-
age with the number of qubits poses a severe constraint. Even
with supercomputers, the number of simulatable qubits is at
most approximately 40–50 [6], [7]. To mitigate this memory
problem, simulators based on tensor networks [8], [9] and
matrix product states (MPS) [10], [11], [12] have been pro-
posed, which perform well under specific conditions, such as
circuits with low entanglement levels.
This study focuses on a different approach: decision di-

agram (DD)-based quantum circuit simulation. DD-based
simulators represent quantum states and gates using a graph
structure called a DD [13], [14], [15], [16]. This representa-
tion method reduces memory usage by sharing graph nodes
when common subvectors or sparsity (many zero-value ele-
ments) exist within the SV. Consequently, for certain types of
quantum algorithms, such as Shor’s and Grover’s algorithms,
DD is known to outperform other types of simulators [17],
[18].
However, DD-based simulators have not yet fully utilized

the methods used in similar studies, and further optimization
is possible. The first problem is the variable order. Histori-
cally, the size and processing time of DDs depend heavily
on variable ordering, that is, which variable (qubit) is as-
signed to which level of the graph [19]. In quantum circuit
simulations, dynamic reordering has been reported to worsen
the simulation time and numerical accuracy [20]. Although
an initial study observed the effects of static variable or-
ders in small circuits [21], no method has been proposed
to determine a static variable order that is applicable to a
wide range of quantum algorithms. The second limitation
is the difficulty of parallelization. Existing multithreading
research [22] found that DD-based simulators became even
slower for Shor’s and Grover’s circuits. Moreover, little re-
search has been conducted on multinode environments in
whichmultiple computing nodes are connected to high-speed
wires.
Therefore, this study proposes methods for significantly

improving the performance of DD-based quantum circuit
simulators to address the two challenges mentioned above.
To address the first challenge, we propose a heuristic static
variable ordering method that analyzes the characteristics of
quantum circuits and determines a good variable ordering
based on scoring. For the second challenge, we proposed a
multinode parallelization method that introduces ring com-
munication to minimize the communication overhead be-
tween computing nodes.
Experiments have been conducted using multiple bench-

mark circuits to evaluate the effectiveness of the proposed
method. As a result, we have confirmed that the pro-
posed static variable ordering method can achieve speedups
of a 4.5× speedup compared to the given original or-
ders. Furthermore, ring communication achieves 11× faster

simulation with 16 computing nodes compared with 1-node,
and achieves a simulation speed approximately 2.8 times
faster than that of the existing broadcast communication. We
have also experimentally demonstrate that our variable order-
ing method, which does not directly consider the multinode
setting, reduces the overall simulation time even in a multin-
ode environment.
The rest of this article is organized as follows. Section II

introduces background knowledge on quantum simulations
and DDs. Section III summarizes the issues with DD-based
simulators and explains the motivation behind the proposed
methods. Section IV describes the proposed static variable
ordering, and Section V describes ring communication. In
the next section, we prepare multiple benchmark circuits
to compare our proposed methods with existing methods
and present the results and their interpretations. Finally,
Section VII concludes this article.

II. BACKGROUND AND EXISTING RESEARCH
This section details the background knowledge essential for
understanding the proposed methods and the related existing
research. First, we outline the basic concepts of quantum
computation and compare quantum circuit simulation meth-
ods. Finally, we focus on a DD-based simulation, which is
the subject of this study.

A. QUANTUM COMPUTING, CIRCUIT, STATE, AND GATE
Quantum computation uses “qubits,” which can have a su-
perposition of “0 state” and “1 state.” The N-qubits quantum
state is described by a complex vector of length 2N . Each
element of this vector corresponds to a state from |00 . . . 0〉
to |11 . . . 1〉, and the square of the absolute value of each
element represents the probability of observing the corre-
sponding state.
Operations in a quantum computer are represented by

“quantum gates.” Quantum gates are unitary matrices that act
on quantum states by transforming vectors into other vectors.
A “quantum circuit” is a sequence of these gates.
Quantum circuit simulators mimic the behavior of quan-

tum circuits on classical computers. Specifically, an initial
state (typically an SV corresponding to state |00 . . . 0〉 where
all qubits are zero) is prepared. Next, the product of the
unitary matrix corresponding to the first gate and initial SV
is calculated. The resulting new SV is then applied by the
unitary matrix corresponding to the second gate, and the
matrix–vector product is calculated again. This process is
repeated sequentially until the final gate.
Therefore, a quantum circuit simulation is a series of

matrix–vector products used to obtain the final quantum
state.

B. TYPES OF QUANTUM CIRCUIT SIMULATION
Quantum circuit simulators can be broadly categorized into
several types based on their internal data representation and
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computational methods. Each has its advantages and disad-
vantages and should be selected according to the character-
istics of the simulated circuit.

1) EXPLICIT SV-BASED SIMULATOR
As described in the introduction, this type of simulator ex-
plicitly allocates a 2N-length complex vector to the memory
for N qubits [4], [5]. The main advantages are the simplicity
of implementation and ease of parallelization. Matrix–vector
multiplication can easily be accelerated by GPUs or by dis-
tributing data acrossmultiple computing nodes [6], [7]. How-
ever, it suffers from the problem of exponentially increasing
memory as the number of qubits increases.
In quantum circuit simulations, to maintain accuracy, a

complex number is typically represented by double-precision
floating-point numbers (8 bytes) for its real and imaginary
parts. Therefore, 8 × 2 = 16 bytes of memory are required
per complex number. An N-qubit SV has 2N complex ele-
ments; therefore, the total memory required for the simula-
tion is 16 × 2N bytes.

1) 30 qubits: 16 × 230 bytes = 16 GB.
2) 40 qubits: 16 × 240 bytes = 16 TB.
3) 50 qubits: 16 × 250 bytes = 16 PB.

Although a typical PC can easily handle 30 qubits, 16 TB
of memory for 40 qubits can no longer be installed on a
single computer. This exponential increase in memory re-
quirements limits the scalability of SV simulators.

2) MPS-BASED SIMULATOR
An MPS-based simulator was proposed to overcome the
aforementioned memory problem [10], [11], [12]. In this
method, an SV of length 2N is represented as the product of
smaller matrices.
The advantage of MPS is that it can efficiently represent

quantum states with very few parameters when there is lit-
tle entanglement between qubits. This allows for significant
memory reduction and faster computation, especially in sim-
ulating systems with 1-D structures or shallow circuits, such
as variational quantum algorithms. However, when entan-
glement is spread throughout the system or as the circuits
deepen, the size of the matrices (bond dimension) increases,
and the computational cost increases.
Although MPS simulators are potent tools for specific

types of problems, this study primarily focuses on DDs;
therefore, we do not discussMPS simulators in further detail.

3) DD-BASED SIMULATOR
DD simulators are the central focus of this study [13], [14],
[15], [16]. These simulators use DDs to represent quantum
states (vectors) and gates (matrices). When common sub-
structures exist within the SV (e.g., a subvector is a constant
multiple of another subvector) or when many elements are
zero (sparse), the DDs can share graph nodes.

This node-sharing mechanism allows the DD to reduce
memory usage and achieve faster simulations than SV sim-
ulators for specific quantum circuits (e.g., Shor’s factoring
algorithm) [17], [18].
Section II-C explains the DD-based quantum circuit sim-

ulation details.
The following are recent studies related to DD and quan-

tum circuit simulations. Zulehner and Wille [23] focused
on the fact that DD-based simulators can efficiently per-
form matrix–matrix multiplication and showed that simula-
tions can be accelerated by combining some quantum gates.
FlatDD [24] is a simulator that combines DD and SV tech-
niques. DD is used to represent SVwhen the number of graph
nodes is small, and SV is used when the number of nodes in-
creases and DD computation becomes slow. BQSim [25] is a
quantum circuit simulator that uses GPUs. The computation
was accelerated using DD only for the quantum gates. Jaques
and Häner [26] accelerates simulations by focusing on the
sparsity of the SV, although this is not a DD-based simula-
tion. It successfully and rapidly simulates the subproblems
of factorization, allowing for the handling of 20-bit integers.

C. DD AND QUANTUM CIRCUIT SIMULATION
1) DECISION DIAGRAM
DDs were originally conceived as data structures to effi-
ciently represent and manipulate Boolean functions [19],
[27]. DDs provide a unique (canonical) representation of a
given function when the variable order is fixed; thus, they
have been widely used for logical circuit equivalence check-
ing and analysis. It is also known that the size of a DD,
that is, the number of graph nodes, can change significantly
depending on the order of the variables [28], [29], [30], [31].

2) QUANTUM DD (QDD)
The type of DD used in quantum circuit simulations is called
a QDD [13], [14], [15], [16]. The main feature of QDDs
is that each edge of a graph has complex weights. The use
of edge weights allows complex vectors and matrices to be
represented using fewer graph nodes.

a) SV representation
QDD uses a binary graph to represent the SV. The values in
the SV are determined by traversing the branches according
to the binary index of the SV. Starting from the root node, if
the first bit of the index is zero, it proceeds to the left child
node; if it is one, it proceeds to the right child node. This
process was repeated until the final index bit was obtained.
The single path determined in this manner corresponds to
each index of the SV, and the product of all edge weights on
that path is the value of the corresponding vector element. If
the edge weights are not explicitly stated in the diagram, they
are assumed to be equal to one.
Example: Consider the SV shown in Fig. 1. To find the

fourth value from DD, we used 3 (counting from 0, binary
representation: 011) as the index. In this case, we followed
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FIGURE 1. SV in the DD.

FIGURE 2. DD memory compression.

the edges from the top in the order of left, right, and right.
The edge values are (− i

2 , 1, 1, i); thus, the product is
1
2 . Note

that one bottom node is pointed to by two middle nodes that
correspond to the sharing of subgraphs.
Fig. 2 shows an example of anN-qubit GHZ circuit, where

an SV simulator requires a complex vector of length 2N ,
whereas a DD simulator can represent the quantum state with
2N graph nodes. Thus, DDs can significantly reduce memory
usage.

b) Quantum gate representation
When representing a quantum gate (matrix), the QDD be-
comes a graph with four child nodes, as shown in Fig. 3. A
2N × 2N matrix acting on N qubits can be decomposed into
four 2N−1 × 2N−1 submatrices as follows:

U =
(
U00 U01

U10 U11

)
. (1)

Because the child nodes in the decision graph correspond to
the four submatricesU00,U01,U10, andU11, respectively, one
node has branches to four child nodes. This structure allows
the entire matrix to be represented in a recursive manner.

FIGURE 3. Quantum gates in the DD.

c) Matrix–vector multiplication
Thematrix–vector product is obtained by recursively travers-
ing graphs. The calculation began with the root nodes of both
DDs. The definition of the matrix–vector product v′ = Uv

can be expanded using submatrices and subvectors as fol-
lows: (

v′
0

v′
1

)
=
(
U00 U01
U10 U11

)(
v0
v1

)

=
(
U00v0 +U01v1
U10v0 +U11v1

)
. (2)

This equation corresponds to the recursive structure of
the DD. Specifically, to construct the left child node v′

0,
Multiply(U00, v0) and Multiply(U01, v1) are calculated re-
cursively, and the two resulting DDs are added (Add). The
right child node v′

1 is calculated in a similar manner. This
recursive process continues until the end of the graph (ter-
minal nodes) is reached. Finally, a DD representing the new
SV is constructed from the bottom up. Because the same
calculations (products of the same gate node and state node
pairs) can appear repeatedly during the calculation (resulting
in a shared graph), it is essential to cache the results to elim-
inate computational redundancy and significantly improve
efficiency. The details are shown in Code 1.

Thus far, we have explained how to represent vectors and
matrices usingDDs and how to calculatematrix–vector prod-
ucts. Quantum-circuit simulations can be performed using
these methods. Fig. 4 illustrates the flow of DD-based simu-
lations.
Example: Fig. 4 shows an example of a quantum circuit

simulation. The changes in the DD are depicted in (1)–(3).

d) Unique table
The memory efficiency and canonicity of DDs are supported
by a hash table called “Unique Table.” The role of this table
is to prevent the generation of multiple nodes with the same
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Code 1: DD Multiplcation.
1 Input:
2 m: A DD representing the matrix
3 v: A DD representing the {vector}
4 Output:
5 result: The resulting {vector} DD
6
7 Function Multiply(m, v):
8 // If both are terminal, multiply

weights
9 if isTerminal(m.node) and

isTerminal(v.node) then
10 return DD(m.weight ∗ v.weight,

Terminal)
11 end if
12
13 //Check if the result is in cache or

not
14 if Cache contains key (m.node, v.node)

then
15 node = retrieve (m.node, v.node)

from Cache
16 else
17 //Recursion: Calculate subproblems
18 l=Add(Multiply(m.child[0],

v.child[0]),
19 Multiply(m.child[1], v.child[1]))
20 r=Add(Multiply(m.child[2],

v.child[0]),
21 Multiply(m.child[3], v.child[1]))
22
23 //Search the same node or create a

new
24 node= search_or_create(left=l,

right=r)
25 //Store the result in the cache
26 store node in Cache (m.node, v.node)
27 end if
28
29 return DD(m.weight ∗ v.weight, node)

information, thereby ensuring that all nodes are unique. The
behavior of a unique table when creating a new node is de-
scribed as follows.

1) Hash value calculation: When a new node needs to
be generated during simulation, a hash value is first
calculated using a hash function from the information
that the node should possess, i.e., “pointers to child
nodes” and “edge weights.”

2) Identification of the corresponding bucket: Access a
specific location (bucket) in the unique table using the
calculated hash value as a key. Because hash functions
can output the same hash value for different inputs,
this location may contain multiple nodes with different
information.

3) Search for a matching node: Compare each node’s in-
formation in the list with the information of the node
to be created.

FIGURE 4. DD-based quantum simulation.

1) If the same node is found: No new node is cre-
ated, and the pointer to that existing node is
reused.

2) If not found: The new node information is added
to the corresponding bucket in the hash table.

This strict comparison and registration process ensures
that the same subgraph corresponds to one node. Therefore,
DD can achieve memory reduction.

III. MOTIVATION
A. VARIABLE ORDERING
DDs have long been used to represent classical circuits, and
it has been noted that the variable order can significantly
change the size of a graph, which can affect the operat-
ing speed [19]. Variable ordering can be categorized as dy-
namic [28], [32] or static [29], [30], [31]. Combining both
types can reduce execution time and memory usage.
In terms of quantum circuit simulations, our initial experi-

ments showed that the number of DD nodes varied depending
on the variable order. Fig. 5 shows DDs of the SV using
two different static variable orders. Although the same SV
was represented, the upper figure used 95 nodes, whereas the
lower figure used 67 nodes, indicating a reduction of about
30% .
Variable order methods in quantum circuit simulations can

also be classified as dynamic or static. Hillmich et al. [20]
reported the effect of dynamic reordering on quantum cir-
cuit simulations. The simulation time and numerical errors
increased with dynamic reordering. There are few studies on
static variable orders; however, Van Schaick and Kent [21]
simulated and discussed all variable orders for ten sample
four-qubit circuits. The problem with this research is that the
experiments were conducted with only small circuits, and
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FIGURE 5. DDs representing the SV with different static variable orders (Intermediate result of 10-qubit QPE circuit).

researchers have not yet discovered rules applicable to all
circuits in these experiments.
As described above, although we confirmed that the static

variable order can change the size of the QDD, research in
this area is lacking. Moreover, existing research has reported
that dynamic reordering worsens the runtime of quantum
circuit simulations. Therefore, this study proposes a static or-
deringmethod that can be applied to various quantum circuits
to reduce the simulation time. The details of this method are
presented in Section IV.

B. MULTINODE PARALLELIZATION
Parallelization can be divided into two categories: multi-
threading and multinode. Hillmich et al. [22] demonstrated
that multithreaded DD simulation can be accelerated or
slowed down depending on the input quantum circuit. DD-
based simulators can simulate Grover and Shor circuits
faster than other circuits, but these circuits become slower
whenmultithreaded. Our previous studies [33], [34] achieved
speedup through multithreading for various circuits; how-
ever, program optimization and refactoring after the publi-
cations eliminated the speedup effect, resulting in the same
outcome as [22]. Therefore, this study focuses on multinode
parallelization.
A multinode environment refers to a computing system,

typically represented by a supercomputer high performance
computing (HPC), in which multiple independent computing

FIGURE 6. Auto SWAP insertion.

nodes are connected by a high-bandwidth, low-latency
interconnect.
When executing an SV simulator in a multinode environ-

ment, the common method is to divide the SV evenly into
each node [7]. For example, when simulating an N-qubit
SV (length 2N) with 2M nodes, the SV is divided into 2M

chunks, and each node is responsible for 2N−M elements.
The first N −M qubits are called local qubits, and the lastM
qubits are global. This is because gates acting on local qubits
do not require communication between computing nodes,
whereas gates acting on global qubits require internode
communication.
Because internode communication is time-consuming,

minimizing the number of communications as much as
possible is important. Auto SWAP insertion [7] is a tech-
nique that automatically inserts SWAP gates before and
after the calculations when many gates are applied to a
specific global qubit. This temporarily swaps a frequently
used global qubit with one of the local qubits (chang-
ing the qubit order), as shown in Fig. 6. Although the
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FIGURE 7. Simulation time for Shor57 circuits with or without Auto
SWAP insertion (horizontal: number of computing nodes; vertical:
simulation time).

SWAP operation requires internode communication, it can
consolidate multiple global gate communications into two
SWAP communications, thereby significantly reducing the
overall simulation time. Fig. 7 shows a graph comparing
the Shor circuit simulation time with and without auto-swap
insertion. The simulation time is reduced with autoswap
insertion as the number of computing nodes increases,
whereas the time increases without autoswap insertion. Thus,
it is an important technique for reducing runtime in multin-
ode simulations.
The above technique can be regarded as dynamic reorder-

ing because inserting SWAP gates is equivalent to changing
the variable (qubit) order in DD-based simulations. However,
as mentioned in the previous section, dynamic reordering
negatively affects DD simulators. Therefore, another accel-
eration method may be necessary to speedup multinode DD
simulators without dynamic reordering. In this study, we pro-
pose ring communication, which reduces the waiting time
in broadcast communication by devising a communication
order. The approach of dynamic reordering and rind commu-
nication is different: dynamic reordering reduces the amount
of communication, but ring communication does not. Ring
communication changes the order of communication only.
The details of this method are presented in Section V.

IV. SCORING-BASED HEURISTIC METHOD FOR STATIC
VARIABLE ORDERING
The performance of a DD-based quantum circuit simulator
depends heavily on variable ordering, that is, which qubit is
assigned to which level of the DD. Therefore, this section
proposes a heuristic method for determining the static vari-
able order that shortens the execution time of a DD-based
simulation. Static variable order determination is applied
only once to the quantum circuit before the simulation.
This method focuses on multibit and parameterized ro-

tation gates. Multibit gates generate entanglement between
qubits, which can increase the size of a DD, as shown in
Fig. 4. In addition, as shown in Fig. 3, the matrix values of the
parameterized rotation gates (e.g., RX, RY, and RZ) tend to

FIGURE 8. Relationship between the amount of computation and the
qubit position.

be randomly distributed. When many rotation gates with dif-
ferent parameters are included in a circuit, the edge weights
in the DD become diverse and the number of nodes increases.
Our previous study [18] also confirmed that the performance
of DD-based simulators degrades when the number of pa-
rameterized rotation gates is large. From the above discus-
sion, special attention is required for qubits in which many
multibit or parameterized rotation gates are applied.
In DD simulation, the computational complexity varies

significantly depending onwhich qubit the quantum gate acts
on. In Fig. 8, the qubit at the beginning of the variable order
corresponds to the root node, and the calculations for the
quantum gates acting on such a qubit only require changes
around the top position. In contrast, the last qubit corresponds
to a leaf node and may require updating up toO(2N−1) graph
nodes if DD is fully populated. This suggests that qubits with
numerous parameterized rotations and multibit gates should
be placed as close to the beginning as possible.
Based on the above observations, the proposed method de-

termines the static variable order using a quantum circuit as
the input. The number of multibit and parameterized rotation
gates applied to each qubit was counted, and the variable
order was determined in descending order. This process is
shown in Code 2. Note that when the rotation parameter is π

2
or its multiple, the corresponding unitary matrix may contain
many 0 or 1. In such cases, the size of the DD does not
increase; therefore, such a gate is excluded from the count.
This method can calculate the scores in linear time relative

to the number of gates in a quantum circuit, making it highly
scalable. However, it should be noted that it cannot accu-
rately predict the size of the DD and is a heuristic approach.
In Section VI-A, we apply this method to various benchmark
circuits and verify its usefulness.

V. RING COMMUNICATION FOR MULTINODE PARALLEL
COMPUTATION
This section describes the “Ring Communication” method,
which optimizes internode communication when performing
DD-based quantum circuit simulations on multiple comput-
ing nodes.
Similar to the other multinode simulators described in

Section III-B, the quantum state is assumed to be evenly
divided and distributed among the computing nodes without
overlapping. For implementation simplicity, the number of
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Code 2: Proposed Static Variable Ordering.
1 Input:
2 circuit: A quantum circuit, represented as

a list of gates.
3 Output:
4 sorted_qubits: A list of qubits, sorted in

descending order of their scores.
5
6 Function SortVariables(circuit):
7 scores = new Map()
8 //Initialize all qubit scores to 0
9 all_qubits = GetAllQubits(circuit)

10 for each qubit in all_qubits do
11 scores[qubit] = 0
12 end for
13
14 //Assign scores
15 if IsMultiQubitGate(gate)
16 or HasParams(gate) then
17 for each qubit in gate.qubits do
18 scores[qubit] = scores[qubit] + 1
19 end for
20 end if
21
22 //Sort qubits by descending score
23 sorted_qubits = SortKeysDescending(scores)
24 return sorted_qubits

FIGURE 9. SV distribution in a multinode environment.

computing nodes was set to 2M = 1, 2, 4, 8, . . . . As shown in
Fig. 9, each computing node retains its responsible subvector
in the DD.
Matrix–vector multiplication can be described by (3).

Here, the SV is divided and stored across four computing
nodes, represented by subvectors v1, v2, v3, and v4. A uni-
tary matrix represents the quantum gate, and its submatrices
are expressed as w11, . . . ,w44. The unitary matrix and its
submatrices can be easily obtained from the quantum circuit
description (e.g., OpenQASM)

⎛
⎜⎜⎝

v′
1

v′
2

v′
3

v′
4

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

w11 w12 w13 w14
w21 w22 w23 w24
w31 w32 w33 w34
w41 w42 w43 w44

⎞
⎟⎟⎠
⎛
⎜⎜⎝

v1
v2
v3
v4

⎞
⎟⎟⎠

FIGURE 10. MPI communication with broadcast.

=

⎛
⎜⎜⎝

w11 × v1 + w12 × v2 + w13 × v3 + w14 × v4
w21 × v1 + w22 × v2 + w23 × v3 + w24 × v4
w31 × v1 + w32 × v2 + w33 × v3 + w34 × v4
w41 × v1 + w42 × v2 + w43 × v3 + w44 × v4

⎞
⎟⎟⎠ .

(3)

As discussed in Section III-B, when a quantum gate acts
on a global qubit, internode communication is required to
access each subvector to compute the next SV. Fig. 10 shows
a broadcast method in which v1 from the first computing
node is broadcast to all other nodes, and v2, v3, and v4
are also broadcast. After each broadcast is completed, the
matrix–vector product with the submatrix is calculated, and
the sum of the intermediate results obtained thus far is
determined. This method calculates the formula sequen-
tially from left to right and is an intuitive implementation
adopted by multinode SV simulators. However, nodes ex-
perience a waiting time until all communications are com-
pleted, which poses the problem of a large communication
overhead.
To reduce the communication overhead, this study pro-

poses ring communication, as shown in Fig. 11. The pseu-
docode is given in Code 3. Here, communication occurs only
in one direction in a ring shape, between adjacent comput-
ing nodes. For example, v1 in the first computing node is
gradually transferred to the neighboring nodes. Similarly,
v2, v3, and v4 are progressively transferred to the adjacent
nodes. Each computing node only needs to wait to complete
communication with its adjoining node, and calculations and
communications can be performed independently of the non-
adjacent nodes. Therefore, it is expected to reduce the wait-
ing time (communication overhead) compared with that of
broadcast communication.
It should be noted that both broadcast communication and

ring communication are calculated using (3). The difference
between the two is the order of the calculation; although
the values may differ slightly owing to floating-point er-
rors, the final calculation results should be approximately
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Code 3: “Ring Communication”.
1 Input:
2 M: DD representing the matrix
3 v: DD representing the {vector}
4 total_qubits: Total number of qubits
5 target_qubits: Qubits that M applied to
6 Output:
7 v_result: The resulting {vector} DD
8
9 Function ParallelMatrixVectorMultiply(M, v,
total_qubits, target_qubits):

10 rank = Get the rank of the process
11 num_procs = Get total number of processes
12
13 //Step 1: Perform local computation
14 M_local = GetMatrixBlock(M, rank, rank)
15 v_result = MatrixVectorMultiply(M_local, v)
16
17 //Step 2: Is communication necessary?
18 comm_threshold = total_qubits - log2

(num_procs)
19 if max(target_qubits) < comm_threshold then
20 return v_result // No comm. needed
21 end if
22
23 //Step 3: Initialization for comm.
24 send_buffer = Serialize(v)
25
26 //Step 4: Ring communication loop
27 for i from 1 to comm_size - 1 do
28 //Send buffer to right node
29 AsyncSend(send_buffer to right_node)
30 //Receive buffer from left node
31 recv_buffer = Receive from left_node
32
33 //Get corresponding sub-matrix
34 M_sub = GetSubMat(M, num_procs, rank,i)
35
36 //Computation
37 v_received = Deserialize(recv_buffer)
38 v_partial = Multiply(M_sub, v_received)
39 v_result = Add(v_result, v_partial)
40 //Reuse buffer for the next loop
41 MPI_Wait(recv_buffer)
42 send_buffer = recv_buffer
43 end for
44
45 return v_result

equal. Fig. 12 schematically illustrates the communication
between nodes. There were 12 arrows in both cases; there-
fore, the communication volume did not change. However,
the presence or absence of broadcast communication causes
differences in waiting time (overhead), which may also af-
fect the overall simulation time. In ring communication, all
four communication can be performed independently and in
parallel.
Internode communication is unnecessary if a quantum

gate acts only on local qubits. This is because all the
submatrices, except w11,w22,w33, and w44 are 0. To
shorten the simulation time, it is important to avoid
communication between nodes. This optimization is

FIGURE 11. MPI communication with only neighbors (ring).

FIGURE 12. Difference between (upper) broadcast and (lower) ring
communication.

implemented in our implementation, as shown in Step 2 of
Code 3.
In Section VI-B, we measured and evaluated the dif-

ference in calculation time between the two communi-
cation methods in a multinode HPC environment. We
also investigated the difference in the execution time
when combined with the static variable order proposed in
Section IV.

VI. EXPERIMENTAL RESULTS AND DISCUSSION
A. EX. 1: SINGLE-NODE EXPERIMENTS WITH THE
PROPOSED STATIC VARIABLE ORDERING
1) ENVIRONMENT
The experiments were conducted in a Linux environment
(Ubuntu 24.04, Kernel: 6.6.87.2-microsoft-standard-WSL2,
GCC 13.3) built on a Windows laptop (CPU: Core i7 1370P,
memory: 32 GB). The memory allocated to the Linux envi-
ronment was 16 GB. The simulator used in this experiment
is our DD-based simulator: QDD.1 It is single-thread soft-
ware written in C++ and Python. The implementation was
disclosed as an open-source software. All experiments were
conducted three times, and the shortest runtime was adopted,
although the difference was insignificant (less than 3% or the

1 https://github.com/Fujitsu-UTokyo-QDD/QDD/tree/ordering
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TABLE 1. Ex. 1 Experimental Results: Runtime Difference Between the Original and Proposed Orders

runtime was shorter than 1 s). This is similar to the setting of
the previous simulation study [5]. The detailed experimental
results can be found in the public repository [35]. It also
includes cases where the allocated memory amount was 8
and 24 GB, although there were no significant difference.
The quantum circuits used in this experiment were ob-

tained fromMQTBench [36]. This benchmark suite provides
circuits with 2–130 qubits for each quantum algorithm. In
this experiment, we used target-independent level circuits for
Qiskit. The circuit size was chosen such that the simulation
time was approximately 5 min. Algorithms that provided
circuits with 15 or fewer qubits, in which the experiment time
would be extremely short, were excluded; therefore, 18 types
of circuits were used in this experiment. In this experiment,
the measurement gates were ignored, and only the unitary
quantum gates were simulated.

2) RESULTS AND EVALUATION
Table 1 presents the experimental results. The results of the
original and proposed scoring-based static variable orders for
each circuit are presented. #Node is the number of graph
nodes used to represent the final quantum state of the sim-
ulation. “max #Node” is the maximum number of nodes of
the SV during the simulation.
Figs. 13–16 show the number of graph nodes and elapsed

time during the simulation. The horizontal axis represents
the number of simulated gates, the left vertical axis repre-
sents the elapsed time, and the right vertical axis represents
the number of graph nodes. Owing to space constraints,
only the important results for the four quantum circuits
[Grover vchain, Quantum Phase Estimation (QPE) exact,
Random, and QPE inexact] are shown. The graphs of the
VQE to amplitude estimation circuits (7–16th rows in Ta-
ble 1) are similar to those of the random circuit in Fig. 15. The
simulation times shown in these graphs are longer than those

FIGURE 13. Ex. 1: Runtime and #Nodes during simulation: Grover vchain
(horizontal: number of gates simulated).

FIGURE 14. Ex. 1: Runtime and #Nodes during simulation: QPE exact
(horizontal: number of gates simulated).

in Table 1 because additional calculations were performed to
count the number of graph nodes at every gate.
For the first six quantum circuits in the table, the number

of DD nodes is very small compared to the vector length 2N

of the N-bit quantum state. Therefore, these are good exam-
ples of DD-based compression of quantum states. For most
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FIGURE 15. Ex. 1: Runtime and #Nodes during simulation: Random
(horizontal: number of gates simulated).

FIGURE 16. Ex. 1: Runtime and #Nodes during simulation: QPE inexact
(horizontal: number of gates simulated).

circuits, the simulation was completed in a very short time,
regardless of the variable order. However, in the Grover-
vchain circuit, the proposed method reduced the number of
nodes and accelerated the simulation by a factor of approx-
imately 100. Furthermore, Fig. 13 shows that the number
of graph nodes frequently increased and decreased during
the simulation. The final number of nodes differed by more
than ten times from that of the maximum number of nodes
during the simulation. Therefore, both the final number of
nodes and the number of nodes used during the simulation are
important. TheQPE exact circuit is another example inwhich
the number of nodes during the simulation is important. In
this case, there was no significant difference in the simulation
time regardless of the variable order; however, there was a
difference of approximately 300 000 times between the final
number of nodes and maximum number of nodes.
The number of nodes was close to 2N for the remaining

circuits. The values of the SV in these quantum circuits are
widely distributed, and the final DD is almost fully popu-
lated. In such cases, even if the variable order was changed,
the graph structure itself did not change, and the experimen-
tal results showed no difference in the number of nodes or the
simulation time. The “QPE inexact” and “QFT entangled”
circuits were exceptions, showing a difference in the simu-
lation time. Fig. 16 shows the statistics of the simulation of
QPE inexact circuits. The number of nodes was suppressed

during the simulation using the proposed variable order. As
described above, the simulation time can be shortened by
adopting the proposed method, even when the DD finally
becomes fully populated.
While DD-based simulators can operate rapidly for algo-

rithms, such as Shor and Grover, they are known to be slower
than explicit SV-based simulators for circuits like random
where the DD becomes fully populated [17], [18]. The exper-
imental results confirm speedups for QPE, Grover, and QFT
(used in Shor), indicating the proposed method is effective
for DD-based simulators. On the other hand, the circuits not
accelerated by the proposed method were not well suited for
DD-based simulators and should have been simulated using
other types of simulators, or took less than 1 s for simulation.
Summary of Example 1: The proposed static variable or-

dering method accelerated the simulation of several circuits.
The number of nodes in these circuits differed. Differences
in node counts may only occur during the simulation.
The proposed method was effective mainly for the QPE,

QFT, and Grover circuits. In other algorithms where the
number of graph nodes is extremely small (e.g., wstate) or
approximately 2N (e.g., random), the simulation time is the
same, regardless of the variable order.

B. EX. 2: MULTINODE EXPERIMENTS WITH THE RING
COMMUNICATION AND THE PROPOSED ORDERING
1) ENVIRONMENT
This experiment used Miyabi-C system,2 which is an HPC
provided by the University of Tokyo. This system has 190
computing nodes equipped with Xeon MAX and 128 GB
of memory, and the nodes are connected using an Infini-
Band NDR (200 Gbps). A maximum of 16 computing
nodes were used in the experiment. Each node was a Linux
environment (RHEL9.4, Kernel:5.14.0) with GCC11.4 and
OpenMPI4.1.6. The DD simulator is the same one (QDD)
as that used in Ex. 1, but with multinode functionality. Ex-
periments were conducted under four conditions to evaluate
the proposed method by combining the two communication
methods and two variable orders.

1) Ring communication with original variable order.
2) Broadcast communication with original variable order.
3) Ring communication with proposed variable order.
4) Broadcast communication with proposed variable or-

der.

In addition, a multinode SV-based quantum circuit simu-
lator [7] was prepared for comparison. This simulator does
not support ring communication and uses broadcasts. It also
has an automatic swap-insertion function, as described in
Section III-B. This is equivalent to dynamically changing
the variable order. Experiments were conducted with this
function enabled and disabled.

2 https://www.cc.u-tokyo.ac.jp/en/supercomputer/miyabi/system.php
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TABLE 2. Ex. 2: Experimental Results: Multinode Simulation: Random

TABLE 3. Ex. 2: Experimental Results: Multinode Simulation: QPE Inexact

TABLE 4. Ex. 2: Experimental Results: Multinode Simulation: Shor

1) SV: Broadcast communication with fixed original or-
der.

2) SV: Broadcast communication with Auto SWAP inser-
tion (dynamic reordering).

Using all the benchmark circuits from the previous ex-
periment required excessive computation time; therefore, we
decided to use two circuits: random and QPE inexact cir-
cuits. The QPE circuit is an important circuit used in various
FTQC algorithms and was adopted because its execution
time varies depending on the order of the variables in the
previous section. A random circuit was adopted because its
execution time was similar regardless of the variable order,
unlike that of the QPE circuit. Furthermore, experiments
were conducted using Shor’s algorithm circuit, for which
DD-based quantum circuit simulators can perform better
than the others [17], [18]. The circuit uses 4N + 2 qubits as
N-bit integers [1].

Ideally, the same quantum circuits should be used for
experiments with both SV- and DD-based quantum circuit
simulators. However, this would lead to problems in which
the simulation time becomes extremely short or long. In
Table 4, the SV simulator does not finish within a practical
time for the number of qubits in the DD simulator, and vice
versa in Tables 2 and 3. Therefore, we present the results
with different numbers of qubits between the two quantum
circuit simulators in this experiment. This makes it easier to

understand the effects of the multinode parallelization and
variable order.

2) RESULTS AND EVALUATION
The experimental results are listed in Tables 2–4. In addition,
Fig. 17 shows the relative simulation times of the multinode
settings, where the time for a single computing node is set
to 1.
Ring communication achieved the same or faster simu-

lation as broadcast communication in all the experiments.
Although previous research, such as [22], failed to speedup
Shor simulations with parallelization, our proposed multin-
ode method makes this possible. The effect was greater with
more computing nodes, achieving a simulation speedup of up
to 2.8 times compared to broadcast communication with 16
nodes. In addition, while the difference was small for Shor
circuits, the effect was significant for the random circuits.
The 16-node QDD was approximately 11 times faster than
the single node.
The proposed static variable ordering method reduces the

simulation time for a single node. For Shor and QPE, it also
accelerates simulations in a multinode environment. How-
ever, it should be noted that the difference between the two
became smaller because the original variable order acceler-
ated more.
When the random circuit was tested with one node, there

was no significant difference in time between the original and
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FIGURE 17. Ex. 2: Multinode runtime speedup (Left) Random, (middle) QPE inexact, and (right) Shor [horizontal: number of computing nodes; vertical.
time (single-node runtime = 1)].

FIGURE 18. Ex. 2: Flame graph of the multinode computation [horizontal: length of the stack trace (CPU time); vertical: depth of the stack].

proposed orders. However, when the number of computing
nodes increased, the original ordering had a greater accel-
eration effect, resulting in shorter simulation times. Upon
investigation, it was found that the original order had fewer
global gates than the proposed order, which resulted in less
overhead owing to internode communication. This is because
the proposed method does not consider the communication
volume in a multinode environment. Fig. 18 shows a flame
graph that summarizes the results of profiling a computing
node while simulating a random circuit with 16 nodes. It
displays where CPU time is consumed by stacking up func-
tion calls. The horizontal axis represents the length of the
stack trace (CPU time), and the vertical axis represents the
depth of the stack, with wider blocks indicating greater time
consumption. This indicates that the stack (vec_to_vNode)
corresponding to line 37 in Code 3 is the dominant one. Here,
the DD data from adjacent computing nodes are searched and
stored in a unique table, as described in Section II-C2d.When
creating a new node, an operation is performed to deter-
mine whether the same node already exists in a unique table.
However, cache misses always occur because the same node
cannot appear in a random circuit, resulting in a long search
duration. Thus, although QPE and Shor were not affected,
the number of global gates significantly affected the overall
simulation time of the random circuit. Such completely ran-
dom circuits are rarely used in quantum algorithm research,
and SV can simulate them faster; therefore, this problem is
not considered serious.

Next, we compared it with SV-based simulators. When the
SV simulator was parallelized with multiple nodes, a 5–7
times speedup was observed with 16 nodes in combination
with dynamic reordering. In contrast, DD achieved up to
11 times speedup with 16 nodes, successfully utilizing the
multinode environment more effectively. However, the SV
simulator was faster for the random andQPE circuits because
both contain many rotation gates, and 2N graph nodes are re-
quired for N qubits. Although Shor’s algorithm also includes
QPE, the DD simulator operates faster than SV.
Summary of Example 2: Our multinode simulation

achieved a speedup for various circuits, including Shor’s al-
gorithm. The proposed ring communication realizes faster
simulations than the broadcast communication. The pro-
posed static variable ordering contributed to acceleration
even in a multinode environment, except in extreme cases,
such as random circuits.

VII. CONCLUSION
In this study, we proposed a static variable-ordering method
and multinode parallelization method using ring communi-
cation to improve the performance of DD-based quantum-
circuit simulators.
For static variable ordering, we proposed a heuristic

method that orders qubits based on a score derived from
the number of parameter rotation gates and multibit gates
in the quantum circuit. In a single-node environmental eval-
uation, we showed that the proposed method can achieve
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up to a 4.5× speedup compared with the original variable
orders.
For parallelization in a multinode environment, we pro-

posed a ring communication method that reduces the com-
munication overhead (waiting time) between computing
nodes. Ring communication showed comparable or superior
performance to existing broadcast communication, and its
effect became more pronounced as the number of nodes in-
creased, achieving up to 11 times speedupwith 16 computing
nodes. This indicates that ring communication reduced the
waiting time for synchronous communication and improved
communication efficiency. Our multinode simulator acceler-
ated the Shor’s circuit simulation, which was not achieved in
previous multithreading studies [22].

We also evaluated the combination of the proposed static
variable-ordering method and ring communication in a
multinode environment. Consequently, it was confirmed that
further acceleration could be achieved by combining the two
methods. However, in specific extreme cases, such as ran-
dom circuits, it was also revealed that the proposed variable
order increased the number of global gates, leading to longer
simulation times than other variable orders. However, such
circuits are simulated faster using other types of simulators,
and this problem is not considered serious.
Future work will include the proposal of a static variable

order that considers multinode communication. Moreover,
ring communication can be applied to other types of quantum
simulators, e.g., explicit SV-based simulators in which the
SV can be equally divided among nodes as in Section V.
In this study, the data exchanged between the computing
nodes were DDs; however, they can also assume different
formats. Using a different representation changes the amount
of communication required. Therefore, further investigation
is required to confirm the usefulness of ring communication.
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