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An analysis of experimental results  in the framework of s imu ltaneous oscillations 
of three neutrino f l avours is used , in a combined f i t ,  to constrain the e l ements 
of the 3 x 3 unitary l epton mixing matrix and to obtain l imits on the three 
l epton mixing ang l es a

e
µ ' a eT and aµT 



272 

Lepton mixing can be described by a 3 x 3 unitary matrix . In fac t ,  the weak 

eigenstates ve , v
µ 

and VT are related to the mass eigens tates v
1

, v
2 

and v3 by a 

unitary matrix Uik 
[ I ] : 

( i 
= e , µ , T ;  k = 1 , 2 , 3) ( I )  

and thi s matrix Uik can be parametrized in analogy to the quark mixing matrix . 

We use the parametrization of Maiani [ 2] ,  given in tab l e  I .  

Tab.le I 

Maiani parametrization of lepton mixing matrix 

u 

SS J Syese
io ' 

eyes 

Up to now, the scarcity of data and the compl exity of the problem have prevented 

a general analysis of exper imenta l  data without restrictive assumptions , i . e .  

with three free angles and neutrino masses . Instead , experimentalists searching 

for neutrino oscillations have usually made the ad hoc assumpt ion that only � 
angle and one neutrino mass difference is different from zero , and have given 

their results in terms of these two quantities . 

We present here a general analysis of availab l e  experimental data with f ive f r ee 

parameter s ,  i . e .  three angles and two neutrino mass differences [3] . 

The t ime evolution of an initially pure v i state can be expressed in terms of 

mas s  differences and the neutrino energy E .  If this energy is large compared to 

the neutrino mas s ,  the probabi l ity to f ind a v i , after a distance L (m) from the 

production point of an initially pure vi state of energy E (MeV) is [4] : 

As a s implif ication, the elements Uik are assumed to be r eal . This l eaves us 

with f ive free parameters to be determined , because for thee neutrino masses 

only two �m2 values are independent . 

( 2)  

For the Maiani parametrization, in the l imiting case of only one angle b eing 

f init e ,  this angle can be direc t ly related to oscillations between two f l avours 

of neutrino s .  The Maiani ang l es 8 ,  S and y are thus uniquely related to the 

oscil lations channel s  ve ++v
µ

' v
e +-+ vT and v

µ 
++ vT respectively. We call these 

angles 6 = aep
' S = a eT and y = a

µT We note that this decoupling of angles does 
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not occur in the Kobayashi-Maskawa notation . 

The experimental data on neutrino oscil lat ions can be div ided into two classe s :  

I .  Disappearance experiments ,  where the flux o f  neutrinos o f  one f lavour is  mea­

sured at two dis tances from their production point . 2 . Appearance experiments ,  

where neutrinos of f l avour £ are searched for in a beam of neutrinos of f lavour 

k of £ .  
For the s imultaneous f i t  o f  oscil lation experiments o f  different kind s ,  we have 

used all  data from reactor and accelerator experiments available at this t ime . 

They are l i s ted in tab l e  2 [4] . For each exper iment , the original data were used , 

such that for a given neutrino energy each experiment gives a contribution to the 

global x
2 

in the f i t .  For each experiment we checked that , making the restrictive 

assumptions of the authors ,  the procedure used here gave back the quoted result 

of the authors in the two-parameter model with only one 8 and one 6m
2

. 

Table 2 

Oscillation experiments included in the f it [4] . The last column is the x
2 

con­
tribution of the experiment for the hypothesis of no oscillation. 

Experiment 

( 1 )  CCFRR 

(2)  CDHS 

(3) CHARM 

(4) GOES GEN 

(5) GOESGEN 

(6) BU GEY 

( 7 )  VT Exp . ' s  

(8) BNL 

Measured quantity 

p ratio 
µµ 

p rat io 
µµ 

p rat io 
µµ 

p d ifference eµ 

p absolute 
ee 

p ratio 
ee 

p ratio 
ee 

p /P 

p 
µT µµ 

µ e  absolute 

6m2 range [ eV2 ] 2 I NDF xno o s c .  

30.  - 1 000. 1 5 . 5 / 1 4  

0 . 24 - 90. 1 5 . 3 / 1 4  

0 . 60 - 2 0 .  1 . 8/3 

1 .  - 1 0 .  0/0 

> 0 . 0 1  1 5 . 5 / 1 5  

0 . 03 - 3. 7 . 4 / 1 5  

0 . 02 - 5 .  2 0 . 9/8  

> 0 . 2  6 . 3 / 5  

> 0 . 43 2 . 4/6 

A total chisquare function was constructed from the measured quanti t ies Qm (ra­

t ios of oscillation probab i li t ies at dif ferent L/E or absolute probab i l ities from 

a comparison to calcu lated initial f luxes) and the corrsponding computed values 

Q
c

. The data points of each experiment i are allowed to vary together by a scale 

factor Ni within the quoted normal ization uncertainty o (N
i

) .  The expre s sion 

x2 = E 
i=l 

N .  
[ E ( l. 

j 

N .  - l 
+ (-1 __ ) 2]  (3 ) 

o (Ni ) 
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is minimized by f i t t ing the mixing angl e s  and mass d ifferences , where the index i 

labe l s  the experiments ,  and the index j gives the bin in L/E for a spec i f ic expe­

r iment . 

The resu l t s  of the best  f i t  are l i s ted in tab l e  3 .  L imits on the o s c i l lation para-
. 

( ) 
. 

( 
. 2

2 
2 

) ( 
. 2 

meters can be derived from 3 1n three parameter planes s in a , Lm
1 2  

, s in 
2 . 2 2 . 

eµ 
2a

e
2 ' Llm

1 3
) ,  and ( sin 2a

µT
' llm

23
) .  The curves in F ig . I  g ive the largest a l lowed 

s in 2a values (for 90%C . L . )  as a func t ion of the corresponding lm
2

. Each such 

po int has been obtained under the cond i t ion that in the other two p l anes a l l  com­

b inat ions (0 . < s i n
2

2a < I . ,  0 . 0 1  < Llm
2 < 1 000 eV

2
) are pos s ib l e .  

There are two b e s t  f i t  solutions with a 

( so lution a) reached for the parameters 

x
2 

- 78 for 84 D . F .  One of them i s  
m}n -

Llm
2 1  

= 34 ev
2 

and l\m�
1 

= 0 . 2  ev
2

. For this 

be sin
2

2a < 4 x l 0
-3

, s in
2

2a < 0 . 1 3  solu t i on ,  the ang l e s  are constrained to 
eµ eT 

and s i n
2

2a < 0 . 0 2 ,  and the mixing matrix i s  µ T  
2 

given in Tab l e  3 a ,  with 90%C . L .  

l imi t s . The values for Lim are d ifferent from zero only a t  the l . 5  standard de-

v i a t ion l evel , i . e .  the f inite values are not s ignificant . 

Tab l e  3 a  

90�C · � · l imit2 mixing matrix e l ements on 
Llm

1 3  - 0 . 2  eV t L OO - 0 . 9" 0 .  

u -0 . 04 - o .  l . 00 

-0 . 1 8  - o .  -0 . 07 

s in
2 

2a < 0 . 004 ; 
eµ 

Tabl e  3b 

s i n
2 

2a < 0 . 1 3 ;  
eT 

for b e s t  f i t  values 
2 

l\m
i 2  = 34 

- 0 . 03 0 .  

o .  9 9  o .  - 0 . 07 

- o .  1 . 00 

- 0 "] 
- 0 .  98 

s in
2 

2a < 0 . 02 .  µ T  

ev
2 

and 

2 
902C , L .  l imi5 s on mixing mat r ix el ements for f i t  values Llm

1 2  
0 . 2  eV

2 
and 

Llm
1 3  

= 38 eV [ I . 00 - O .  97  

u -0 . 2 1  - o .  
-0 . 1 4  - o .  

s in
2 

2 a  < 0 . 1 5 ;  
eµ 

0 .  - 0 . 1 9  

1 . 00 0 . 98 

-0 . 1 0  - 0 .  

s i n
2 

2a < 0 . 09 ; 
eT 

s in
2 

2a < 0 . 02 µT 

� :  - � : ��1 
1 . 00 - 0 . 98 

i . e . A second local minimum of x
2 

is found at l\m;
1 

0 . 2  ev
2 

and llm;
1 

a l s o  x
2

. = 7 8 ,  the 90%C . L .  interchanging the two values from s o lu tion a .  Here 

l imits on the ang l es are s i n
2

2a < 0 . 1 5 ,  s in
2

2a 
min 

2 
eµ eT 

< 0 . 09 and s i n  2a < 0 . 02 ,  
µT 

and the range of  matrix elements is g iven i n  Tab l e  3b . 

S ince there i s  no way of d i c r iminat ing between the two solutions , g lobal l im i t s  
2 2 2 > 0 . 04 ev

2 
and on angles for mass d if f erences in the range Llm

1 2  
> 0 . 06 eV , Llm

1 3  
2 2 . 2  . 2  2 

llm
23 

> 2 eV are s in 2a
eµ 

< 0 . 1 5 , sin 2a
eT 

< 0 , 1 3  and s in 2a
µT 

< 0 . 02 whi l e  for 
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any speci f i c  mass d i f f erence �mk ' k
" the 90%C . L .  limit on the correponsing sin2 

2a
ii

' is given in Figs . l a  through l e .  For the hypothesis of no o s c i llation, i . e .  

all mixing angl e s  f ixed to zer o ,  a x
2 o f  8 5  for 8 7  D .F .  i s  obtained , i . e .  the 

data are consistent with this hypothesi s .  

In conclusion , we have shown that an analysis o f  exi s ting data o n  oscil lations of  

three neutrino f l avours yields l imits on the mixing matrix and on the three mixing 

angles each corresponding to one channel of  oscillations . Whi l e  thi s method does 

not in general a l l ow stringent constraints on the mixing parameters to be extrac­

ted from one experiment , the comb ination of  the d i f f erent experimental data gives 

l imits on angles and the mixing matrix elements which are about as restrictive as 

earl ier two-neutrino analyses in separate oscil lation channels .  The ensemble of 

data is  cons istent with no oscil l a tion occuring . 

If neutrino masses are f inite [5] , then mixing angl e s  of the order of / (m /m ) or 
e µ 

/ (m /m ) are expected in some models invoking family symmetries [ 6 ] . Experiments µ T 
have nearly r eached the level of sens i t ivity needed for testing such models . As 

in the case of quark mixing, the probl em of family mixing is s t i l l  waiting for a 

solution.  
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Fig . l a :  Limit s  on mixing parameter sin
2

2aeµ v s . neutrino mass difference t;M�
2

. 

The thin l ines are 90% C . L. upper l imits on s in
2

2a from individual 
eµ 

experiments I )  2)  3) 4) 5)  and 7 )  in ref . [4] assuming aeT = aµT O , 
the shaded arae is the allowed range from the Bugey exper iment ( 6 )  in 

ref . [4] . The broad l ine is the 90%C . L .  upper l imit on sin
2

2a from eµ 
the three-f l avour oscillation analysis , allowing the other two mixing 

angles to vary over the whole range 0 < s in
2

a <l and 0 < s in
2

2a < I , H - µT -
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