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We propose a novel class of degenerate higher-order scalar-tensor theories as an extension
of mimetic gravity. By performing a noninvertible conformal transformation on “seed”
scalar-tensor theories which may be nondegenerate, we can generate a large class of
theories with at most three physical degrees of freedom. We identify a general seed
theory for which this is possible. Cosmological perturbations in these extended mimetic
theories are also studied. It is shown that either of tensor or scalar perturbations is
generically plagued with ghost/gradient instabilities. See Ref. 1 for more details.
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1. Introduction

When one constructs a field theory with higher derivatives, a guiding principle
comes from the theorem of Ostrogradsky?, which states that any theory described
by a nondegenerate higher derivative Lagrangian has unstable extra degrees of free-
dom (DOFs), i.e., Ostrogradsky ghost. Therefore, a theory without Ostrogradsky
ghost, often referred to as a healthy theory, must have a degenerate Lagrangian.

Within (single-field) scalar-tensor theories in four dimensions, the Horndeski
theory? (or its equivalent formulation known as generalized Galileons %)
basic ground for studying a wide class of such healthy theories having three DOFs,
since it is the most general scalar-tensor theory that yields second-order Euler-
Lagrange equations. There are further possibilities of healthy theories beyond the
Horndeski class, such as Gleyzes-Langlois-Piazza-Vernizzi (GLPV) theories® and
quadratic/cubic degenerate higher-order scalar-tensor (DHOST) theories” ®. Those
quadratic/cubic DHOST theories form the broadest class of healthy scalar-tensor
theories known so far. However, these theories are obtained under the assumption
that the Lagrangian depends on up to quadratic/cubic order in V,V, ¢ (hence the
name “quadratic/cubic DHOST”), and thus the very boundary of healthy scalar-
tensor theories remains unclear.

In light of this situation, we explore the possibility to construct a new class
of DHOST theories by use of conformal/disformal transformation of the metric,
which has been employed for investigating the relation between the known scalar-

provides a

tensor models. To this end, we perform a noninvertible conformal transformation
on generic scalar-tensor theories that could possess an unwanted extra DOF. Here,
the noninvertibility of the transformation is crucial because otherwise the resultant
theory could also have an extra DOF!°. Since the formulation of the new theory
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can be regarded as an extension of the mimetic gravity model introduced in Ref. 11,
we call the theory extended mimetic gravity. We show that these models have at
most three DOFs based on Hamiltonian analysis and thus form a broad class of
DHOST theories, most of which lie outside the quadratic/cubic DHOST class. We
also study the linear stability of cosmological perturbations in our extended mimetic
gravity and show that the models obtained in the above explained way generically
exhibit the problem of ghost/gradient instabilities.

2. Extended Mimetic Gravity

We start from the following general scalar-tensor theory:

Seed = / /=G a6, XIR A+ f3( X)T™ by + F(gps 6 b 0)] s (1)

with R and G,, being the four-dimensional Ricci scalar and Einstein tensor,
Oy = Vo, o = V,V,0, and X = ¢*¢,. Note that, for a generic choice of
the functions fs, f3, and F, the theory yields Ostrogradsky ghost. Using the action
of the form (1) as a seed, we perform the following conformal transformation:

Juv — guu = _Xguuv (2)

Here, §,, is identified as the metric in the original frame (1), while g,, is now
the metric of the new theory, which we call extended mimetic gravity. The trans-
formation (2) is noninvertible as the right-hand side is invariant under conformal
transformation of g,,. As a result, the new theory acquires a local conformal sym-
metry.

To study whether the so-obtained extended mimetic gravity models possess a
problematic extra DOF or not, one needs to perform a Hamiltonian analysis. In
doing so, we write the action in the ADM language, which becomes of the form

SEMG = /dtdBJT [NWLEMG + A(NA* =+ NZDld) — ¢):| s (3)

where Lgwmg is some function of (v;j, Rij, @, As; Vij; D;). Here, we have defined

A, — D'¢D;N — N'D; A,

Vij = Kij + VA Vijs (4)

and introduced an auxiliary variable A, with a Lagrange multiplier A so that second-
order time derivatives do not appear explicitly in the action. Reflecting the afore-
mentioned local conformal symmetry, 4;; and A, (namely, ¢) appear only in a
special combination Vj;. When one proceeds to a Hamiltonian analysis, this rela-
tion leads to an additional primary constraint, which turns out to be first class.
Thus, it kills the otherwise existing unwanted DOF, leaving only three DOFs. For
a more rigorous and detailed analysis, see Ref. 1.
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3. Cosmological Perturbations

To see whether the general mimetic theories are phenomenologically viable or
not, let us analyze perturbations around the Friedmann-Lemaitre-Robertson-
Walker (FLRW) background in the mimetic gravity models.

For simplicity, we take the unitary gauge to write ¢ = ¢ and impose the con-
straint X = —1 which fixes the conformal gauge DOF. As a consequence, any
function of (¢, X') can be regarded as a function of ¢ only. We also have N = 1 since
X is written in terms of N as X = —1/N? in the unitary gauge. Under this setup,
the action can be recast in the following form:

1.
SEMG = /dtd%ﬁ Kfz - §f3) R+ F(t,K1,K2, K3, -+, Ko) |, (5)

where F is some function of ¢ and K, = KZ;K;:KZ‘ (n=1,2,---0). Tt is
useful to define the first and second derivatives of F respectively as

YL . 2F
Tn = oK, Fmn = KO, (6)

Now we substitute the following metric ansatz to the action (5),

N = 17 Ni = 61'X7 Yij = a 6 (61_] + hz_] + hzkh]k + - ) (7)

where x and ¢ are scalar perturbations and h;; denotes a transverse-traceless tensor
perturbation. The background EOM is given by
¢
P+3HP-F=0, P=» nH"'F, (8)
n=1
where H = a/a is the Hubble parameter and F,, are evaluated at the background,
K, = 3H"™. This equation will be used to simplify the expressions of the quadratic
actions for the tensor and scalar perturbations below.
The quadratic action for the tensor perturbation h;; is given by

(Oxhiz)?
st = / dtd3z— [BhQ —eTﬂ ; (9)
where
J4 1.
B= Z n =D pgn2g, ey 51 (10)

The tensor perturbatlons are stable if B> 0 and £ > 0.
The quadratic action for the scalar perturbations ¢ and y is

( kC)

58 = / dtd®za® l (3A+2B)(2 + 26

2 2 2
+%<A+2B) (i—}) —(3A+2B)é%1, (11)
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where

A

¢ ¢
Z ZmnHm+"_2.7:mn. (12)
n=1

m=1

Provided that A+ 2B # 0, x can be eliminated from the action by use of its EOM.
Then, we are left with the following quadratic action for curvature perturbation:

(2) _ 3,3 w'z (0r€)?
Sy f2/dtd xa { 1128 ¢C+E 2 | (13)

Written in this form, one notices that the stability condition for the tensor per-
turbations, £ > 0, is not compatible with the stability for the scalar perturbation,
€ < 0. This indicates that either of the tensor or scalar perturbations exhibits
gradient instabilities, even if one circumvents ghosts by choosing the coefficients in
front of the time derivative terms in Eqgs. (9) and (13) to be positive.

One would notice that if B(A+2B)(3.A+28) = 0 then the scalar perturbations
appear to be nondynamical. This is indeed the case if we choose a Horndeski (or
GLPV) theory as seed, where A + 2B = 0. In this case, it is important to take
into account the presence of matter fields other than ¢ to discuss the viability of
mimetic cosmology. If another scalar field ¢ is added to the seed Lagrangian, one
can show that the scalar perturbations revive, i.e., there are now two scalar DOFs,
and one of them is a ghost.

Thus, we have established that all the mimetic gravity models with three DOF's
obtained so far are plagued with ghost/gradient instabilities on a cosmological back-
ground (except for the special case of strongly-coupled scalar perturbations). More
detailed discussion is found in Ref. 1 (see also Ref. 12).
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