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Abstract

In this thesis, we discuss the calculation of conformal anomalies using curved
spacetime and heat-kernel techniques, and QED corrections to semi-leptonic
decays of the pseudoscalar B meson at the full differential level. In the first
chapter, the basic ideas of conformal field theory are reviewed, including the
importance of the trace of the energy-momentum tensor as a measure of conformal
symmetry breaking, and the use of curved spacetime in calculations. In the second
chapter, we perform computations of the conformal anomalies for the spin-0,
spin—% and spin-1 fields in curved spacetime using the De-Witt-Schwinger point
splitting method and heat-kernel techniques. Particular focus is given to the
spin-1 gauge field, where it is explicitly shown how gauge invariance is obtained,
a result that has been overlooked in the literature, and which is also a source of
ambiguities in different regularisation schemes. We then proceed to discuss the
application of these results on positivity theorems in Chapter 3. It is shown that
they could potentially provide tighter bounds on the conformal window in QCD.
In chapter 4, a calculation of the QED corrections to the B — K/{¢T¢~ decay
process at the double differential rate is introduced, using an effective mesonic
Lagrangian. Particular focus is given to the cancellation of infrared soft and
collinear divergences between the real and virtual contributions using the phase-
space slicing method, which is discussed in Chapter 5. Hard-collinear divergences,
appearing in the form of logs of the lepton mass, are shown to cancel depending
on the differential variables used and the experimental photon energy cut. Plots
and results are given in chapter 6, and some comments on the value of Ry and

lepton flavour universality are made.



Lay Summary

In nature, depending at what scale we observe a system, we find that they can
be described by different particles and interactions. In most of our everyday life
situations, we do not need to know about atomic structure; indeed, excellent
predictions about how things evolve (like the flow of water in a river) can
be made without their knowledge. However, as soon as one 'zooms in’, the
microscopic structure is resolved, and one then needs to have a good description
of the interactions at the new scale. Particle physicists push the boundary
of how much 'zooming in’ is done, by smashing tiny sub-atomic particles like
protons into each other, and to be able to predict what happens, we need to
know exactly how the protons and their constituents (quarks) interact with one
another. The renormalisation group describes the changes in the particles and
interactions describing a system when the scale changes. In the first part of
this thesis, we investigate various aspects of this idea. Then, we discuss the
decay of a heavy particle called a B meson (so-called because it contains the
heavy b quark) to a specific set of final state particles. We present in detail
a calculation that improves the prediction of the probability of its decay, and

discuss its consequences, especially in the light of recent experimental results.
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Chapter 1

Introduction

Symmetries are essential in Physics. To construct a quantum field theory (QFT),
we have to ask ourselves two questions: First, how many degrees of freedom
(number and type of particles) do we want the theory to have? And second,
what symmetries do we want the QFT to obey? It can be argued that the
two questions are related, and can only be answered by experiments. However,
throughout the advent of the Standard Model, symmetries have time after time

lead the way (e.g. in the development of the quark theory [3]).

It is a rather remarkable fact that all of the fundamental interactions in the
Standard Model come from symmetries. In fact, many particles have been
predicted to exist based solely on symmetry ideas (e.g. the Z boson [4H6] and
the Higgs boson [7, [§]).

With the incredible success of Special Relativity, it became clear that any useful
QFT able to make predictions about the real world has to be Lorentz invariant.
Noether’s theorem tells us that continuous symmetries lead to conservation
laws, and in this case, Lorentz invariance leads to conservation of angular
momentum. Translational symmetry implies conservation of momentum instead,
and combined with Lorentz symmetry leads to Poincaré symmetry. In this thesis,
we discuss different aspects of conformal symmetry which can be understood
as an extension of Poincaré symmetry, in which we also have scale invariance.
Therefore, it also has a close connection with the Renormalisation Group [9],

which describes how a system changes with energy scale.

After discussing several aspects of conformal field theories, we then switch to



B-Physics phenomenology. In particular, we focus on the calculation of the semi-
leptonic decay process B — K{*{~ at the full differential level at O(a) in QED.
As we will see, these calculations are important as the corrections can be relatively
large, due to hard-collinear logarithms, Inmy, where my is the lepton mass. The

results are an important ingredient in the search for new physics in experiments
such as LHCb [T0HI2].

This thesis is structured as follows: In the rest of this chapter, we introduce
the basic ideas of conformal field theory, conformal anomalies, and quantum field
theories in curved spacetime. An introductory discussion on B-Physics is deferred
to Chapter 4, so as not to break the flow of the presentation. In Chapter 2, we
calculate conformal anomalies for various quantum field theories (having different
spins) using the De-Witt-Schwinger point splitting method [13] [14]. In particular,
gauge invariance of the spin-1 gauge field is discussed. Then, in Chapter 3,
the conformal anomalies are discussed in the context of flow theorems and their
potential consequences on the conformal window in QCD. We transition to B-
Physics in Chapter 4, laying the groundwork for the QED corrections to the
B — K{*{~ decay process. The treatment of IR divergences (soft and collinear)
is discussed in detail in Chapter 5, where we employ the technique of phase space
slicing [I5]. Results and plots are presented in Chapter 6, including comments of

Ry and lepton flavour universality as well as comparison with the literature.

The sign convention used throughout this thesis is (— — —) in the
convention of Misner, Thorne et al. [16], i.e. the metric has signature
(+ — ——), unless other otherwise stated. See App. for more details

on conventions.

1.1 Conformal Field Theory

Conformal symmetry is a higher level of symmetry which includes the Poincaré
group as well as invariance under dilatations and special conformal transforma-

tions,

xt — Azt Dilatations, (1.1)

z o e Special Conformal Transf 1.2
ot — , ecial Conformal Transformations. .
1 —2a-z+ a?x? P (1.2)




A special conformal transformation is, in fact, a combination of an inversion,
xa
% — — (1.3)

)
1.2

a translation, and an inversion. Therefore, a dilatation is defined by 1 parameter
(A in Eq. (L.I)) while special conformal transformations are defined by 4
parameters (a* in Eq. ) The conformal group extends the Poincaré group by
5 extra generators, in addition to the 446 generators corresponding to translations

and Lorentz transformations.

Dilatations and special conformal transformations can be understood as trans-

formations that rescale the metric,

() = 92(:1:)gw(:p). (1.4)

The transformations of the Poincaré group corresponds to the special case of
Qz) = 1.

Another equivalent way of defining conformal transformations is that they are
those that preserve the surface of the infinitesimal light-cone

ds® = g, da*dz” = 0. (1.5)

These transformations preserve angles but not lengths. A conformal field theory
(CFT) is a field theory that is invariant under the conformal group. A graphical

representation of dilatations and special conformal transformations is given in

Fig.

1.1.1 Classical trace of the energy-momentum tensor

From Noether’s theorem, scale and special conformal invariance correspond to

conserved currents jf and K" respectively. These are given by [17HI9)]

j]lé — :L'VTMV + ‘/'.u7 (16)
KM = (2%g" — 20Ty — 22MVY + 2LM, (1.7)

where T#” is the canonical energy-momentum tensor (EMT)| V# (called the

Virial current in [20]) is the contribution to jf from intrinsic dilatations, and

!The canonical EMT is obtained by directly applying Noether’s theorem.



Figure 1.1: Effect of applying a dilatation (left) and special conformal
transformations (right) on spacetime, represented by a 2D grid here.

LM is a local operator that satisfies V¥ = 0,L"". Scale invariance of a theory,

i.e. conservation of the dilatation current j§, implies that
T, =-0,V*", (1.8)

obtained upon using conservation of energy-momentum. Full conformal invari-

ance of a theory then gives the relation [21]
T, = —0,0,L". (1.9)

Callan, Coleman and Jackiw showed that such a local term can be removed from
the trace of the energy-momentum tensor (TEMT) by adding an improvement
term to the canonical EMT [22], without changing the four-momentum vectors

and Lorentz generators of the canonical EMT, such that we obtain the well-known



result that conformal invariance? of a theory implies that the EMT is traceless

" =0. (1.10)

Free massless scalar field theory

To illustrate an example of where the improvement procedure can be used, let us

consider a free massless scalar field theory, given by the Lagrangian
1 r
L= 5 Mool (1.11)
The canonical TEMT in 4D is given by

T, = —%D& + ¢0g. (1.12)

The second term vanishes by virtue of the equation of motion (¢ = 0). The

TEMT then has the form given in Eq. (1.9), with
v 1 v 42
L =S¢, (1.13)

meaning it can be improved by the procedure described in [22]. It can be shown
explicitly that such a term satisfies the requirement that the four-momentum
vectors and Lorentz generators of the canonical EMT are unchanged. Adding
the improvement term to the theory makes the TEMT vanishing. Being able to
improve the EMT in this way implies that the scalar field is conformally coupled.
We will come back to this point later in Sec. when we discuss the scalar

field theory in curved spacetime.

Free massive fermion field theory

On the other hand, a non-vanishing TEMT measures the breaking of conformal
symmetry; since dilatations rescale distances (and hence energies), it is clear
that any theory that has an energy scale breaks scale (and hence conformal)
invariance. Indeed, theories that involve massive fields break conformal symmetry

classically or softly. A simple example is the free massive fermion field theory,

2Note that we will sometimes assume that scale invariance implies conformal invariance.
Whether this is true is still an open question [23].



having Lagrangian
L=V (i) —m) V. (1.14)
The TEMT of this field theory is given by
T = muv, (1.15)

where the Dirac equation (@(3 — m) U = 0 has been used. As expected, the TEMT

vanishes only if m — 0.

Free massless photon field theory

The canonical EMT in general does not have to be symmetric. However, for
a Poincaré invariant theory, conservation of angular momentum implies that it
can always be massaged into a symmetric form. The procedure [I7, 24] involves
adding a total divergence to the canonical EMT, T*,

gL = TH 4+ 95 (1.16)

sym

where ¥#* is antisymmetric under interchange of ;1 and . This redefinition of
the EMT leaves it conserved, and does not change the four-momentum vector of
the field theory. In what follows, we will use 7" for the canonical EMT and 6*”
for the symmetric EMT.

As a simple example, let us consider a free massless photon field theory, with

Lagrangian,
1
L= —ZF‘“’FW. (1.17)
The canonical EMT tensor is
1
TH = —Fr9" Ay + Zlg“”F2, (1.18)

where the indices in F? = F?F), have been suppressed for convenience. By
choosing £#* = F**A¥ and using the equation of motion 0\F** = 0, we have
that

1
0 = P (@ Ay — DyAY) + " P
. (1.19)
— _FH)\FVA + Zg’uVan



which is symmetric under interchange of p and v. We will later see that using
curved space, symmetrising the EMT can be achieved in a quicker way. Taking

the trace yields
d
o, = (Z — 1) F. (1.20)

which vanishes in 4D.

1.1.2 Conformal Anomalies

So far, we have only considered classical field theories. In interacting quantum
field theories, correlation functions need to be computed, which have a wide
range of applications, such as in S-matrix elements used for calculating scat-
tering amplitudes. In general, these correlation functions are UV divergent in
perturbation theory due to the presence of loop integrals. However, since the
correlation functions are related to physical observables, such as a decay rates,
masses and cross-sections, the UV divergences that appear in the calculations are
unphysical and have to be treated in some way. Thus, one needs to reqularise
the divergent integrals, and this involves introducing ‘extra parameters’ in order

to separate the UV divergences.

One of the most common regularisation techniques is dimensional regularisation
(dim-reg) [25]. This involves working in a general dimension d, which is
analytically continued to the complex plane. In this way, poles involving the
parameter d appear when one takes d back to its physical value. This will be the

main regularisation technique used in Chapter

After regularisation, one still needs to renormalise the correlation function.
Renormalisation is the process of fixing the value of the correlation function at a
particular energy scale. This involves adding local counterterms to the Lagrangian
in order to absorb the UV divergences of the theory. This is a classic procedure

in quantum field theory, and we refer the reader to [26] for more details.

Regularisation and renormalisation necessarily introduce an energy scale in the
interacting theory, no matter which regularisation scheme one picks. The coupling
constants, masses and correlation functions all become functions of the energy
scale. The evolution of renormalised correlation functions with the energy scale,
typically denoted by p, is given by the Callan-Symanzik equation [27, 28]. We

discuss this further in the next section.



In fact, renormalisation can be understood in the Wilsonian context, where the
dependence on the energy scale comes as a result of separating the (unknown)
UV physics from our theory. We refer the reader to [29] [30] for a review on the

subject.

Interacting massive scalar field theory

As an example, consider an interacting massive scalar field theory given by the

Lagrangian

1 1 A
L= 5 u¢03“¢0 - §m§¢3 - 4—?¢é7 (1~21)

where the subscript ‘0" implies that the quantities are bare (not renormalised).
As mentioned earlier, renormalisation involves adding local counterterms to the
Lagrangian in order to absorb UV divergences in correlation functions. This
is conveniently achieved by redefining the fields, masses and coupling constants
using Z-factors. The bare field, mass and coupling constant, in terms of the

renormalised ones (denoted without a subscript) and Z-factors, are given by

1
Po = Z3 ¢, (1.22)
mg = ZmZy 'm?, (1.23)
o = 262y 2, (1.24)

The bare quantities are independent of the energy scale i that appears as a result

of renormalisation. Therefore,

dXo
=0 1.25
dinp (1.25)
which implies that
d\ d
= = -A—1In(2,2;?). 1.2
A dlnp )\dln,u n( A2 ) (1.26)

The above equation defines the beta-function (), which characterises the

dependence of the (renormalised) coupling constant on the scale u. Similarly,



the field and mass in the theory also acquire anomalous dimensions, defined by

1 d
= LAy gz, (1.28)

T dlnp 2dlnp

In general, the scaling dimensions of the renormalised field and mass are given
by

Ay = dy + e, (1.29)

Ay =14y, (1.30)

where d is the classical (or engineering) dimension of the field, and is equivalent
to the naive dimension obtained in the classical theory by dimensional analysis.
Of course, if the interaction is switched off (i.e. A — 0), then all the anomalous

dimensions vanish.

The evolution equation of a general correlation function involving the renor-
malised scalar fields in momentum space is given by the Callan-Symanzik

equation,

d d 0
(alnu Oy T I, T n%s) (¢(p1)---(pn)) = 0. (1.31)

This is also sometimes referred to as the renormalisation group equation.

Since interacting quantum field theories require regularisation and renormalisa-
tion, they acquire an intrinsic energy scale p, which breaks scale symmetry, and
hence conformal symmetry, even if the theory is conformal at the classical level.
The breaking of a symmetry due to quantum effects is known as an anomaly,
and in the case of conformal symmetry, we have a conformal anomaly. Due
to the connection of conformal symmetry breaking with the TEMT, conformal

anomalies are sometimes referred to as trace anomalies in the literature.

Quantum Electrodynamics

The Quantum Electrodynamics (QED) Lagrangian is obtained by combining
the free fermion field theory in Eq. (1.14) and the free photon field theory
in Eq. (1.17), and promoting partial derivatives acting on the fermion field to



covariant derivatives (minimal coupling). By doing this, the symmetry of the
Lagrangian under global U(1) transformations is promoted to invariance under
local U(1) transformations, leading to what is known as gauge symmetry. Thus

we have, for massless fermions,

L= —}lzﬂ + W (ip) ¥, (1.32)

where D, = 0, +ieA,, is the covariant derivative.

One can easily find that the TEMT in the classical theory vanishes in 4D
(c.f. Eq. (1.15) and Eq. (1.20)), and thus classical QED with massless fermions

is conformal in 4D.

However, in the quantum field theory, due to the fermion-photon interaction, the
operator (F?) becomes divergent and contains poles in (d — 4) in dimensional
regularisation. Therefore, the vacuum expectation value (VEV) of the TEMT for
QED becomes [31]

B

<Tao¢> = 2_63<F2>ren7 (133)

where 5 = difu is the QED p-function, and the subscript ‘ren’ indicates that the

operator has been renormalised (and is thus finite).

More generally, anomalies can be understood at the level of the path integral.

Correlation functions are defined by

(Pr...n) = N/D(;S 1.0 €519, (1.34)

where A is a normalisation factor, S[¢] is the quantum action, and we have used
the shorthand ¢; = ¢(x1). If a theory possesses a continuous symmetry, one
can derive Ward identities [32, 33], which are essentially the quantum analogue
of current conservation in classical field theories. In the path integral picture,
anomalies arise as a result of the measure D¢ not being invariant under the
symmetry [34H36]. This happens for exactly the same reasons as described earlier

- due to regularisation and renormalisation.
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1.1.3 UV and IR fixed points

Consider a quantum field theory with an interaction involving the coupling
constant . As discussed in the previous section, the variation of A\ with the

energy scale is given by the beta function,

dA

o= dln

(1.35)

The exact form of 3, obviously depends on the field content of the theory, as well

as the type of interaction.

An important question that one can ask is whether the QFT is consistent in the
far UV and IR. To investigate this, one can integrate Eq. (1.35]) to obtain

A(A)
In (é> :/ @ (1.36)
M ) B

In the UV limit, A — oo, and therefore the integral

/ Y (1.37)
OB

has to diverge. This happens only if gy, — 0 as A — oo, and we thus have
a UV fized point. Since the beta function vanishes at the UV fixed point, the
theory becomes conformal therd®] A famous example of a theory with a UV fixed
point is QCD. In fact, QCD has asymptotic freedom, meaning that the strong
coupling constant itself vanishes at the UV fixed point, and the theory becomes
non-interacting there [37, B8]. Therefore, this justifies the use of perturbation
theory when performing high energy physics calculations. On the other hand, if
the coupling constant does not go to zero at the UV fixed point, the theory is
said to be asymptotically safe.

One can repeat the exact same argument for the IR limit. Again, we find that
for the theory to be consistent, the beta function has to vanish when A — 0, and
we have an IR fized point. In QCD, such an IR fixed point is called a Caswell-
Banks—Zaks fized point [39, 40] if perturbation theory is valid there (i.e. if the

strong coupling constant is less than 1).

Finally, we mention that such fixed points may not exist - This happens if the

3Provided there is no soft breaking of conformal symmetry, obviously.

11



coupling constant blows up at some energy scale, called the Landau pole App,

Arp dA
In|— | = —. 1.38
n( K ) /A(M) B ( )

The existence of a Landau pole in the UV merely indicates that the quantum
field theory is just an effective field theory, and that there is new physics beyond
the scale App. In fact, QED has this property in the UV, since the S-function
is positive and the fine structure constant of QED a continues to grow until it
becomes infinite. However, one finds that A p > Mp, the Planck scale, and
therefore there are no issues with QED for all relevant purposes. On the other
hand, the existence of a Landau pole in the IR (e.g. QCD in the Standard Model)
implies that perturbation theory breaks down below a certain scale of the order
of Arp.

1.1.4 Curved Spacetime

If a quantum field theory is described on a curved background, by coupling the
dynamical fields in the theory to the background gravitational field g, (z), one
can show that g,,(z) acts as a source for the EMT [41],

2 0Sum

O () = =509 (z)’ (1.39)

where g = det g,,,, and
Sum :/ddx\/—gﬁM(x), (1.40)

with £, being the matter Lagrangian. Note that the variation of this action with
9w, along with the Einstein-Hilbert action, gives the Einstein Field equations by

definition.

Coupling a quantum field theory to a background gravitational field generally

involves 3 steps:

1. All flat spacetime metric tensors 7, should be changed to g, (z).

2. All partial derivatives d,, should be changed to the covariant derivative V,,

which satisfies
V V=0,V + T,V (1.41)

12



ViVa = 0,Va =T, Vi (1.42)

where V' is a general vector, and I'* , are the Christoffel symbols. The above
equations can be easily generalised to tensors with an arbitrary number of

upper and lower Lorentz indices.

3. The invariant volume element [ d%z goes to [ /=g d%z.

In fact, Eq. ((1.39) can be used to find the symmetric EMT in flat spacetime. This
is achieved simply by using Eq. (1.39) and the 3 steps described above, and then
setting ¢,.(r) — 1, at the end of the calculation. Metric variations of various

gravitational quantities are given in App. [B.3]

Tracing Eq. (1.39) gives

0Su

I 2w
e )

(1.43)

Furthermore, one can directly calculate the TEMT by using Weyl transforma-

tions. Under a Weyl transformation, the metric tensor transforms as

G () — gu,,(x)e’2w(x), (1.44)

g (z) = g (x)e?v @), (1.45)

The sign of the exponent are opposite for g, and ¢g"”, since g" g, = 0", has to
be satisfied (which implies that g"” is the inverse of g,,). Thus, one deduces that

the TEMT is given by
1 0Su

~ V=gdu(z)’

The Weyl variations of various gravitational objects are given in App. [B.5 A

0" () (1.46)

theory with conformal symmetry is thus invariant under Weyl transformations
[42, [43]. Thus, conformal anomalies are also sometimes referred to as Weyl

anomalies.

QED and vielbeins
In this section, we will apply the above results to QED. The action is given by
1
4

S = /ddx\/—_g ( F'"F,, +W (gﬁ — m) \11) : (1.47)

13



H % . . . . .
where ) = B — P and D, =V, +ieA, is the covariant derivative wrt the
gauge field. To couple fermions to gravity properly however, we will require
vielbeins. This complication arises due to the gamma matrices in the fermionic

action becoming spacetime dependent,

1 (x), 7" ()} = 29" (2). (1.48)

The following discussion on the vielbein formalism largely follows [44]. The

vielbein e? (z) is connected to the metric tensor g, (r) via the equation

g () = €%, (2)e", ()b, (1.49)

where 7, is the flat spacetime local metric. Greek letters represent indices related
to the curved spacetime described by the metric g, (x), while roman letters
represent indices related to the local frame described by the flat spacetime metric

Nap- Using the above, one can also define the inverse vielbein E *,

E " (x) = nw ¢" ()€’ (2), (1.50)
such that
e B, =96,", e’ B = 0%, (1.51)
We also define
E*(z) = g"(x)e’,(x) = 1™ E,"(x), (1.52)

which is done for notational convenience later. Usingﬁ

5 (\/__g) = _ggm/(sguy

=
= Tg“ S (1.53)

and Eq. (L.49), one can establish that the variation of e = det(e?,) = /—g is
given by

e

5622

9" g, = eE, e, (1.54)

4Note that the appearance of the negative sign in going to the second equal sign is due to
the fact that g"” is the inverse of g,,,, c.f. the discussion below Eq. (L.45)
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Furthermore, a variation of Eq. (1.50)) gives
SEM = —E E"oe,. (1.55)

Finally, the EMT obtained by varying the vielbein is given by

1
o* = 5 (TH E* +T" E*), (1.56)
where | 65
TH = —— ) (1.57)
e (56%

We are now ready to derive the symmetric EMT for QED. Let us first split the
action in ([1.47) into two parts, the kinetic action for the fermion fields, Sk,

) _ >
Sk = /ddxe%\I/lD\I/, (1.58)

which will have to be treated using vielbeins, and the remaining piece Sg,
1 _
SR = /ddﬂf\/ —g (—ZF'LWFM,, — m‘P‘I’) s (159)

which can be taken care of by the previously described metric variation technique.
The TEMT 6g corresponding to Sg is
d—4 -
Or = (T) F? +dmU0, (1.60)

where contracted indices have been suppressed for convenience. We point out that
the calculations are significantly simplified by the fact that, in curved spacetime,
the Faraday tensor F),, does not depend on the metric tensor when written with

lower indices, since
F,.,=V,A, -V,A,=0,A, —0,A,. (1.61)
We now consider Sk in Eq. (1.58)). We write the gamma matrix *(z) as
(@) = B ()", (1.62)

where 7% is the gamma matrix in the flat spacetime coordinate representation at

15



x (also known as normal coordinates), such that

{7} =29, (1.63)

Thus, Sk becomes

) - >
Sk = /dd:ce%\I/Ea“fy“D#\I/. (1.64)

Using Eqs. (1.54), (1.55]) and (1.57)), we have

) — —
T = —%quaﬂml+

= <=
7 [Eb“anb D A] . (1.65)

N =

Then, using Eq. (1.56]), we arrive at the symmetric EMT 6% corresponding to
SKa

< |
O =g VDV + 1 [Wﬁ” n nyﬁﬂ] v, (1.66)
Taking the trace of 0%, and adding with g from (1.60), we obtain the full QED
trace,
d—4 - d 1\ - /<
[ (T) F2 + dm¥v — (5 - 5) T (uz)) U, (1.67)

. T .F
Finally, using the Dirac equation (zﬁ — m) U=y (le + m) = 0, we arrive at

the well-known result

d—4 -
Oqep = (T) F? + mUW. (1.68)

In the quantum field theory, since the VEV of the operators are UV divergent,
the TEMT receives anomalous contributions, as explained in Sec.[1.1.2] This has
been worked out in detail in [31], and the full result (in 4D) is

16 _
<9QED> = B<F2>ren + (14 Ym) MY V) ren, (1.69)
where the subscript ‘ren’ denote renormalised correlation functions as before,
B = di‘l—a is the QED beta function and ~,, = Cflllnm is the anomalous mass
nu n

dimension, c.f. Eq. (1.28).

1.1.5 Gravitational Counterterms and Conformal Anomalies

Coupling a quantum field theory with a background gravitational field comes at

a cost. As pointed out in [45H47], in general, one needs to add gravitational

16



counterterms in order to renormalise the theory. The most general form of these

local counterterms is

L, =cR, d=2, (1.70)
L, = agEy + boH? + coW?, d =4, (1.71)
where
E;= R, sR*""" —4R,sR*" + R?, (1.72)
W? =R, 5,sR*" — %RMRQB + m}#, (1.73)
H= dTRr (1.74)

E, is the Euler density, or Gauss-Bonnet density, and W? is the square of Weyl
tensor. In the above, R.gys, Rag and R are the usual Riemann tensor, Ricci

tensor and Ricci scalar respectively.

For a conformal field theory, the bare coefficients ay and ¢y in general have
divergent contributions, that are required to renormalise the theory. We note
that by is not divergent for a conformal field theory, since the H? term is not

conformally invariant,

T — 2 gw(s
SRV A Y

2
= —(d—4)a0E4 - (d—4>b0H2 —4b0|:|H— (d—4)C0 |:I/I/v2 - gDR:| .

/ddx\/—g (a0E4 + boH? + C()WQ)

(1.75)

On the other hand, E;, and W? are conformally invariant in 4D, as can be seen

from their coefficient in Eq. (1.75).
Thus, one finds that the TEMT has the general form [42]

(T*,) = B.R, d=2, (1.76)
(T,) = BuBEy + BH” + B.W? 4 4bUH, d =4, (1.77)

where the coefficients 3,, 8y, 0. are beta functions in the sense that they arise
purely from the divergent components of ag, by and ¢y respectively, c.f. Eq. (1.75]).
We note once again that for a CFT, 38, = 0 since by is not divergent. This also

implies that b is finite. In fact, the b coefficient can be varied by adding a finite
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local counterterm to £, proportional to H?,
L,— L, +wH* = b—ob—w. (1.78)

This apparent ambiguity in the b coefficient in explored in Chapter , and in
particular in Sec. [3.2]

An explicit calculation illustrating the above results is discussed in the next
chapter in Sec. for a scalar field.
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Chapter 2

Conformal anomalies in Curved

Spacetime

In this chapter, we will calculate the VEV of the TEMT in 4D, using dimensional
regularisation (dim reg). We will perform the calculation for various field theories
with a scalar, fermion or spin-1 gauge field as the matter field content of the

theory.

Note that for notational convenience, we will often use the comma/semicolon
notation for expressing derivatives, see App.

VaVsV,uA = A (2.1)

00050, A = A g (2.2)

Note the order of the indices. Therefore, we will often refrain from punctuating

equations, as this may lead to confusion.

There are three ways of computing the VEV of the TEMT in dim reg:

d v\ — d v
1. g1y = (g Ty
2. g (TH)

4) v
3. (g TH)
where the superscript denotes the dimensions. The effect the dimension has on
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the metric tensor is evident when it is contracted with itself,

gD =d, (2.3)
g =4 (2.4)

The three ways of calculating the VEV of the TEMT are, in general, distinct
as they each correspond to different ways (and order) of performing the

regularisation. The identity

v

gf{f) (TH) = <g§fl>TW>, (2.5)

is obvious since every trace that appears on each side is automatically performed
in d-dimensions. In this chapter, we will calculate each one of the three ways of
obtaining the VEV of the TEMT for the scalar, fermion and spin-1 gauge fields.

Note that we will sometimes use the shorthand

(T",) = gy (T™), (2.6)

whereas when the four dimensional metric tensor g,(fly) is used, we will always write

it explicitly.

The focus in this section is dim reg, although we sometimes give the result in

Pauli-Villars regularisation [48] where possible.

2.1 Scalar field

To illustrate most of the techniques used in this chapter, we will study the case of
the scalar field in detail, as it is a well-known example, which is often discussed
in the literature. While we will work in d = 4 — 2¢ dimension, it is rather easy to
reproduce the results for d = 2 — 2¢, since most of the formalism and techniques

remain practically the same.
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2.1.1 Generalities

The action for a free massive scalar field ¢ is given by

1 1 1
5= [ dley=g |50 V,09,0 - gt~ are?].

(2.7)

The term nR¢? with general coupling 1, has been added as it is consistent

dimensionally and respects all necessary symmetries of the field theory. The

equation of motion (EoM) is

606 = —m?6” — R

A useful identity involving derivatives and the EoM is

(Vo) = 506% + m*6? + R

The energy-momentum tensor (EMT) is obtained using

o2 05
=g dgn

and for the scalar field theory, it is given by

1

T/J,z/ = _g,LLV |:§

(V,0)* — %m2¢2 - %n&f] + V.0V, 6

-1 [Ruu - guulj + Vuvuj| ¢2-

After using the EoM, the TEMT becomes

TH, =m*¢* + (n (d—1) - %) Oe”.

In d = 4 — 2¢ dimensions,

™, = %{(67]—1)—1—6(1—477)}D¢2+m2¢2.

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

For the theory to be conformal, we require the TEMT to vanish when m = 0.
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Therefore, we get the well-known result that

o 1d-2 1 e )
M=M= 701" 6 18+O(€)’ (2.14)

where d = 4 — 2¢ has been used in the last equality. The value 7. is known
as the conformal coupling, and when 1 = 7., the scalar field is said to be

conformally-coupled. Note that having a conformal coupling is equivalent to
adding an improvement term to the EMT, as discussed in Sec. [L.1.1}

To obtain the anomaly, it is clear that one first needs the two point function of
the scalar field in curved spacetime, (¢(z)p(z’)), and derivatives thereof. To this
end, we will use the Schwinger-De Witt method [I3], 4], described below.

2.1.2 Schwinger-De-Witt method for the scalar field

A powerful technique for evaluating the 2-point Green’s function in curved
spacetime is discussed here. This revolves around adapting the heat kernel
method to deal with a background gravitational field. Note that this method
requires keeping a mass for the field, which will be taken to zero in the end when

computing the conformal anomalies.

We define the Green’s function
iGr (z,2") = (¢(x)9()), (2.15)
that satisfies the Schwinger-Dyson equation
(O, +m? +qR) Gz, 2') = — (—g(x)) "2 6%z — o). (2.16)

The solution to this equation has been developed by Schwinger [49] in flat space
and generalised by De-Witt [14] to curved spacetime. Thus, this technique is
often referred to as the De-Witt-Schwinger point splitting method.

We define the states |z) living in a Hilbert space such that

(z|Gl2") = G (2,2') (2.17)

(z]2') = 0% (x — 7). (2.18)
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Thus, in operator form, the Schwinger-Dyson equation in becomes
(Wu (—9)? ¢"'m, — (—g)? m? — (—g)? nR) G=1, (2.19)
where
Tulz) =iV, |z), (2.20)
We can rewrite the equation as

(~9) (7 (-9) 97 (—9)F = m? (=)' ~nR(=9)") (-9)* G (~g)" =1

(2.21)
Next, we define the operator H,
H = (~g) ' 7 (~9)? 9", (—g) % —nR. (2.22)
Thus, we have that
1 1 1
(=) G(=9)* = 7—— (2.23)

By giving m? a small negative imaginary part, one rewrite the RHS of Eq. (2.23))

using the integral representation
(-9 Gt =i [ ds il (224
0

where the parameter s is known as the Schwinger proper time. Introducing the

states in the Hilbert space again, and defining
(ae*]a’) = (z, s]2",0), (2.25)
we obtain the Schrodinger equation

i0s(z, s|2’,0) = —(z, s|H|2',0)
= (0, +nR) (x, s|2’, 0)

= (0w + nR) (2, s|2’,0), (2.26)
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with the boundary condition
(x,0]2',0) =6 (z — 2') . (2.27)
To solve Eq. (2.26)), we make the Ansatz,

D3 N oo
(x,s]2’,0) = we = )Q(x x';is). (2.28)
(47is)?

In the above, o (z,2’) is the geodetic interval, equal to half of the proper distance

between x and 2’ [14]. Tt can be expressed as

1 1 1o,
o= ég“”VMaV,,a = §gﬂ Y'VoVyo. (2.29)

We will often suppress the spacetime dependences of 0 = o (x,2’). Also, D (x, )

is given by
D (z,2") = det (V,,V,0). (2.30)

Substituting the Ansatz into the differential equation, one has

89 1 2] 1
_— = 2 2 . /J/ ) .
S 1D (D Q>;u — —89#0'; — R (2.31)

We then perform a power expansion for € (z,z';is),

(x,2';is) Za] z, ') (is)’ (2.32)

where a; (z,2") are known as the Seeley-De Witt coefficients [I3| 14} 50}, 51]. This

then leads to the recursion relation

VaoV3ay =0, (2.33)

VEo VYV api1 + (n+1)ap = —A’%V“Vu (A%an) — nRay, n>0. (2.34)

where

D=

A(z,2') = (—g) "2 D (z,2) (—¢) 2, (2.35)

is the Van Vleck-Morette determinant [52, 53], and we have used the notation
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g=g(z) and ¢’ = g(«')]]

The final task is to obtain the boundary condition, i.e. € (z,2’;0). To this end,
we consider the flat spacetime limit (denoted by the subscript 'f’), where it is

well-known that

(x(s)]z(0)"); = Cs2ei™ =, (2.36)
with the boundary condition
(x(0)|2(0)") =6 (2" — ) . (2.37)

C=—. (2.38)
(4mi)

[NJIsH

Thus, in curved spacetime, one concludes that the boundary condition translates
to

Q(z,2';0) =1, (2.39)
and this in turn fixes

ag (z,2') = 1. (2.40)

Finally, after introducing the states again into Eq. (2.24]), we have

Wl

Gr(z,2') = —iA2 (z,2) (47)

/ ids (is)™% exp [—imzs - i} Qz,2';15)
0 2is

o

_ind o) ()t ST [ ids (isyt exp [—ims 4 -] a; (2,
iA2(z, ) (4m) JZ%/O ids (is) exp[ im°s + 22’3] aj(z,2').
(2.41)

To obtain coincident limits of (p(x)@(z’)) to be used for calculating the VEV of
the TEMT, one needs the coincident limits of o (x,2"), A (z,2’) and a; (z, '),
and their derivatives. The first two are given in App. and are the same
independent of the field content of a theory. The coincident limits of the Seeley-

De Witt coefficients a; (x, 2) for the scalar field are given in the next section.

'The equation strictly involves D, but we are able to replace D by A, since V,g = 0 etc.
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Coincident limits of a; (z,2’) for a scalar field

The coincident limits will be denoted by

aj(xz) = lim a; (z,2") = [a,] . (2.42)

' —x

Using the recursion relations derived in Eqgs. (2.33)) and (2.34]), one can obtain

the coincident limits for a; (x,2’). For convenience, we start by defining

1 1 1 1 1 1 A\
tap = 5 (77 - 6) R+ ERM - @RQB;AA - %RQARAB + @Rﬂa sFux
1
—RM™ R\ 2.43
+ 60 attuvp ( )
such that
1 1 1/1
A 2 2
a’y = @Raﬁﬂ’/ — @Raﬁ - 5 <5 — 77) UR. (244)
We then have that
1
ar(z) = <6 - n) R, (2.46)

1 1 1/1 1/1 2
=—R ——R ——(-—n|OR+=(=-n| R?
a2(2) = 55 as — 755Fw — 5 (5 77) T3 (6 ”)
1 1 1/1 1/1 2
=——W— —E,——(-—n|OR+=|=—n| R?
120 3601 6 (5 ”) T3 (6 77)
1/1 2 1
——(=-7n) R*+ =a* 2.47
s (5-0) w2 g (2.47)

Since it will be useful in later calculations, we also give the results for coincident

limits involving 1 derivative and 2 derivatives. The first set is given by

la1,,] = % (é - 77> R, (2.48)
la1,/] = % (% - n) R, (2.49)
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while the second set is given by

1 1 1 Y
M= RWR— R — < [AR )]
[,/] = sog R R = gnR/ — 2 |82
1 A pv af v af3 v v
:%{mm R\ — 6R*’R" ", — GR** R, . +90R"

+ (27 — 180) Rﬁ"]

1/1 2
= B) <6 - 77) R, + ga;w (2.50)
11, 1 1,
[a,)] = 3 {%RW + (5 - n) OR — %Rmﬁ} (2.51)
1 afy p aBy af o 1
@] = g5 (BB + B Ruans = 2R,aRy) = os0R»
1/1
“lz—n) Ry 2.52
MG (5 77) A (2.52)
1, 1, 1/1
[al;#u,] = %Ruuaﬂ — %RNV -+ 6 (E — 77) OR (253)

1 vl .. .
The explicit coincident limit [AQ;A/\“ } is given in App. |C.6.2 Furthermore, we

have used Synge’s theorem [54] in working out the coincident limits for those

involving derivatives wrt primed indices,

(2.54)

Note that we do not need to go beyond as, since we are concerned with calculating
the conformal anomaly, and thus focus on terms that survive in the limit of
m — 0. This is rather fortunate, as the calculation of coincident limits with
higher j gets increasing complicated, due to more complex structures having

more derivatives of the metric tensor appearing [55].

Alternative Method using Riemann Normal Coordinates

In this section, we show that the same coincident limits for the a;(x,2’)

coefficients can be found by introducing Riemann normal coordinates? y* for

2Riemann normal coordinates has a lot of similarities with the Fock-Schwinger gauge; this
has been pointed out in [55].
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the point x, with origin z’ [56-58]. One can then expand g, (x) about z:

1 (e} 1 «
gw@) =N + gR#aUﬁ’ Yy yﬂ - é(v'yRuaVB)y 963/7
1

120

2 (07
V. VsRuaws + 4_5Rau6/\RAw5 vy + (2.55)

where the coefficients are all evaluated at the origin z’. In this expansion, the
metric and its derivative (but not second derivative, hence the appearance of the

Riemann tensor) are the same as in flat spacetime.

In Riemann Normal coordinates (RNC),

1
o= §y°‘ya. (2.56)

Also, the Van Vleck-Morette determinant, A(z, z’), becomes

[N

A(ﬂ?,l’/) = (_g(x))_ ) (257)

which goes to 1 in the coincident limit z — 2/, as expected.

Non-coincident limits of a; (z,z’) in RNC
We start with Eq. (2.16]) and define
Gr(w,a') = (~g())® Gr(z, ). (2.58)

Expressing Gg(x, 2') as a Fourier transform, we have

d
Gr(z,2') = /%e‘“@ Gr (k). (2.59)

We now perform an adiabatic expansion of Gg(k). To adiabatic order four (i.e.

four derivatives of the metric), we have [5§]
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where 0, = akia and a,gp is given by Eq. (2.43).
Substituting Gr (k) into Eq. (2.59)), we get

Gr(w,2') / (de’;de—iky [ao(x,x/) + oz, 2) G%)

+ ag(x,2') (‘322)2] (k* —m?)~ 1, (2.61)

where the a; (x,2') are given by

ao(z,2") =1, (2.62)
, 1 1/1 L1
ar(z, ") = <g - n) R—3 (6 - ?7> (VaR)y* = Saapy y’, (2.63)
1/1 2 1
as(z,2') = 5 (6 - 77> R? + ga)‘/\, (2.64)

where all geometric quantities (Riemann tensor, Ricci tensor and Ricci scalar)
are evaluated at 2/, the origin of our RNC system. As can be seen from the
above expressions for a; (z,2’), in the coincident limit, they all match the results
obtained in Eqs. (2.45) to . It is also not hard to show that the coincident

limits of derivatives of a; (z,2") also match.
Furthermore, using the integral representation for (k* — m?)~! (giving a small
imaginary part to m?),

(k* —m? +ie) ' = —i / ds etk —m?+ie) (2.65)
0

we have, after performing the Gaussian integral over k, that

Gr(z,2') = — ! d/ ids(is)_% exp [—imzs—l—i, Qz,2';4s),  (2.66)
(4m)2 Jo 2is

which matches Eq. (2.41)).
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Evaluation of s integral

We present the evaluation of the s-integral| in this short section. We take the
coincident limit before calculating the integral, and keep the index j generic in

what follows.

In dim reg, the result is given by

o0 - I(j+1-4
ids (is)_%ﬂ e~ = (‘7—3) (2.67)
0 (m2)9+1_5
The integral is evaluated by analytically continuing the variable s to the complex

plane.

To incorporate Pauli-Villars regularisation, we use the prescription from [59],
which involves multiplying the integrand by the regulator function (1 — e‘m25>,
where A is the Pauli-Villars mass. Each factor of the regulator function reduces
the degree of divergence by 2, so one may have to implement it recursively at
different levels to fully regularise an integral (which may involve more than 1

Pauli-Villars mass, as we will illustrate below).

For a logarithmically divergent s integral (i.e. j = 2),

& 0 2 SN2 A.2
. . — —m-s —iA“s
/0 ids(is)le (1 —e ) =In <W> . (2.68)

For a quadratically divergent s integral (i.e. j = 1),

/ ids (is) ™2 g—ims <<1 _ 6*“%8) A% (1 _ efmgs)>
0

A? + A2 A? + A2 A2
=A2In (%) + (m*+A%) In (%) —m?In (—2) . (2.69)
2

Evaluating condensates

In this section, we provide the results for the condensates of the scalar fields,
including those with derivatives. This section will be a useful collection of results

for later when computing the conformal anomaly.

3Note that it is reminiscent of the Schwinger proper time representation and integration
techniques.
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By studying the EMT and TEMT in Eq. (2.11) and Eq. (2.12)) respectively, we
find that we have a total of 5 different condensates to calculate. In what follows,

we only keep terms that remain finite when the masses are set to zero.

Also, we wish to fix the mass dimension of the EMT and TEMT to 4 exactly.
Therefore, the condensates below will all involve an extra factor of ;*¢, where

is an arbitrary energy scale. The same has been done in [60].

The simplest condensate if]]

2e

(¢?) = L /0 " ids (is)_ge_im%[ag(x) (is)* + a1 (z) (is)}

[S]ISW

(4m)
1 |ax(z) m? \ " °
= (47)? [ m2 + a1 (x)I'(e) (47W2) ] ' (2.70)

For notational convenience, we will define the shorthand

A, =T(e) ( m” )_6. (2.71)

4 p?

Two other condensates are obtained by taking derivatives of the above result

V.V, (¢*) = ﬁ [Ae (% - ?7) VMVVR} : (2.72)

O(¢?) = ﬁ [Ae (% - ?7) DR] , (2.73)

where we have substituted the expression for a; (z) from Eq. (2.46)), and neglected

as (x).

Now, consider

(V,u6V,0) = lim VIV (6(2)p(x"))

2e

— (f )% /ids e (is)'
7T

(V1IN

(2.74)

where only the relevant terms have been included (by relevant, we mean up to 4

derivatives of the metric).

4We keep the term having m ™2, since it can be multiplied by m? and would thus remain

finite in the massless limit, c.f. Eq. (2.12).
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Using the results for the coincident limits from App. [C.6, we have

Ae
(4m)°

(V 6V, 0) = 1<é—n)3&w—%£@@y+mmg. (2.75)

6 2

Finally, we have <(Vﬂgb)2>, which simply corresponds to a metric contraction (in

d dimensions) of the previous result. This gives

(ot =t [Tits e ot

Effect of using the EoM

In this section, we investigate whether the use of the EoM could potentially

change the VEV of the TEMT. More specifically, we investigate whether using
Eq. (2.9) changes the result.

From the previous section, we have ((V,¢)°) already, which is the LHS of
Eq. (2.9). Thus, one suffices to consider the contribution to the RHS,

RHS = %D<¢2> + m*(¢*) + nR{(¢%)

1L DR+E 1_ QR2+EGA + 1_ R2
2\ " 2 \6 " 3" 2T

(2.77)

It matches Eq. (2.76]) - Hence, using the EoMs do not affect the calculation of

the anomaly.
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Conformal anomaly of the Conformally-coupled scalar

We are finally in a position to discuss the conformal anomaly for a conformally
coupled scalar (CCS). We return to the discussion of the non-conformally coupled
scalar (NCCS) in the next section. From Eq. (2.12))

g {T") = (1", ) = m*(¢”)

_ Q2 (z)
(47)?
1 3 1
— “W?*—-Z-E,—0OR). 2.78
288072 (2 21 ) (2.78)
Furthermore, we have
g™y =0 (2.79)
(gTmy = ! Sy 1E4 —0OR ) = g\D(m) (2.80)
Hv 288072 \ 2 2 uv ’

where the last line indicates that <g£Af)T“”) and g\ (T") match for a CCS. The
results agree with those in [61H63]. We note, however, that this result will not be

true in general, especially when it comes to non-conformal theories.

The above results motivate us to define the anomalous part of the TEMT via

two possible prescriptionﬂ

Ay = g™y — ggﬁ) (7MY, (2.81)
Ag = gil(T™) — (g)T™). (2.82)

In what follows, we will compute both A; and A,, and point out the differences, if
anyﬁ. If one imposes regularisation-independence of the anomaly, the prescription
for A, makes more sense. For the CCS, the prescription does not make a
difference, other than changing the overall sign, which was arbitrary to begin
with

1 3 1
AFCS = ACCS — —W?4+ ZE,+0R]. 2.83
1 2 988072 \ g taghat (2.83)

5The sign convention for the subtraction is arbitrary, but we pick it in a way that facilitates
comparison with the results in Chapter |3|in the context of flow theorems.

6They would usually happen for the coefficient of the R term, which can be UV divergent
without the subtraction.

33



In the CCS, the first term vanishes in either prescription A; or A,, since the
classical theory is conformally invariant, so the prescription is not required per
se. Furthermore, in previous calculations, we swept under the rug terms that
have negative powers of the mass m. The prescription cancels such infrared

divergences, and makes the anomaly well-defined wrt themﬂ

At this point, we would like to mention that while we were working on this
prescription, [64] came out, which addressed the issue of isolating the conformal
anomaly of a non-conformally coupled scalar (which we discuss in the next
section). However, they perform the calculation using linearised gravity in
perturbation theory. We will push this prescription further and use it in the

context of a spin-1 gauge field in a future section.

Conformal anomaly of the non-conformally coupled scalar

This is where the prescription in Eq. (2.81]) and Eq. (2.82]) becomes relevant, as
it allows the separation of the anomalous part of the TEMT. The results here are

important as they model pions.

First, we have, from Eq. (2.12]),

1 |3 1 5
(d)pury — SW?—ZE + = (1—6n)°R?
i ) = 538072 | 2 p Pt 5 (1=6m)
+(10(1 = 6n)* —1—15(1 — 6n)° A.) OR|. (2.84)
Next, we also compute
-
gy = ssaoz |~ 10— 6n)> AR . (2.85)
1 [3 1 5
@y — SW? - ZE,; + = (1—6n)° R
9 ) = 558077 | 2 Pt g (1=6n)
+ (30n — 6 — 15 (1 — 6n)* A.) OR|, (2.86)

"We further note that no regularisation is needed for terms that have inverse powers of mass
m, c.f. Eq. (2.67]), where the s-integral is discussed.
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We thus find that g,(f,l,) (T™) only contains the divergent part of the coefficient of
OR. Furthermore, we note that (g,(ﬁ,)T my and (gfﬁ)T“”) only differ by a constant
factor in the coefficient of L1R.

Isolating the anomaly via the prescriptions in Eq. (2.81) and Eq. (2.82)), we have

1 1
ANCOS _ [_2W2+_E4_§(1_677)QR2—(10(1—67})2—1)DR

28802 27t 2 ’
(2.87)
NCCS 1 Sy 1 5 2 p2
T

The 2 prescriptions give the same result except for the coefficient of JR. AYCCS
matches the results of Birrell and Davies [60]. We also note that our results match

those in [64] calculated using linearised gravity in perturbation theory.

Note that the physicality of the conformal anomaly can be established by showing
that it possesses certain properties, such as finiteness, flow-independence and

scheme-independence. This is discussed briefly in Chapter 3.

2.1.3 Effective action picture

In this section, we discuss an alternative method for obtaining the conformal
anomaly. It relies on the calculation of the effective action, treating curved
spacetime as a background gravitational field [65]. We follow largely the method
described in [60]. This is not original work per se, and is presented here as it
nicely complements and provides insights into the calculation done in the previous

section.

We start with some definitions: The effective action VW is obtained from the

generating functional Z via
emzzm:/Dmﬁ (2.89)

where the zero in Z[0] indicates that all sources for the quantum fields are set to

zero, and the matter action S for a massive scalar field is given by

N

S = [ gt ¥ | 37,00 - et~ pane?

35



~ [ty 5o [0 -t i o (2.90)
We further define
K., = (0, +m* +nR) 6z — y), (2.91)
iGr(r,y) = (p(x)0(y)), (2.92)
such that
(O, +m? +nR) Gr(z,y) = —(—g(y))"26%xz — y). (2.93)

Thus, we can write K, in terms of the Green’s function Gg(z,y) as

K, =—Gr(z,y). (2.94)

Evaluating the generating functional, we have

e™ = Z[0] o (detK) 2
= (det(—Gr))

N

— exp Etr 1n(—GF)] | (2.95)

where the constant of proportionality is metric-independent and can thus be

ignored in what follows. So, we have that
W= —%tr In(—Gp). (2.96)
The trace of an operator M is given by
tr M = /ddx(—g(x))%<x\M|x>. (2.97)
From Eq. , we deduce that, in operator form,
Gp = —i / h e 5 s, (2.98)
0

since K has a small negative imaginary part due to m? — m?—ie. To get In(—GF)
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rather than G itself, consider
/ e 5 (i) lids = —Ei(—iAK)
A
= —y —In(iAK) + O(A), (2.99)

where Ei(z) is the exponential integral, given by

Ei(z) = — /_OO eT_tdt. (2.100)

T

Taking the limit A — 0, and discarding any terms that are metric-independent,
we have

K = In(—Gy) = / e (i5)Lids. (2.101)
0

Using Eq. , we obtain
W = —%/dd:c(—g(x))é /Oooz'ds (is) " x|e 5| 2). (2.102)
Finding the effective Lagrangian L.g defined by
W= [ d(=g() tLan(z), (2,103

now comes down to finding (z|e="5|z).

Using Eq. (2.98)), one has, after introducing the states,
Gr(z,2') = —i/ (z]e™"5|2') ds, (2.104)
0

which, using Eq. (2.41)) in Sec. [2.1.2] identifies

(z]e 5|2y = Az (2,2)) (4#)_% i (is)_% exp [—imQS + 21} Qz,2';4s). (2.105)
is

Substituting the above into the effective action in Eq. (2.102)), we finally get

M) [
(1) /0 ds(is)

X exp (—z’m28 + 2i> Q(z, 2'; zs)]

18
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(2.106)

— [ dta(=g(a) H Luslo)
which means that
A(ZE,I/) - ’ > . s N—1-S4j .9 9
Zaj(x,x)/o ids(is)” "2V exp <—zm s+ %> :
(2.107)

j=0

We work in d = 4 — 2¢ dimensions, and take the limit 2 — x, such that
(2.108)

1 > o0 o
=0 0

Leﬁr(l’ =

) 2(4m)%

where aj(x) = a;(z,2’). One can identify the regulator in dim reg to be ppr =
. the integral can be evaluated by analytically

2.1.2

L [59]. As done in Sec.
3)

continuing s to the complex plane. The result is
-2
U-3 (2.109)

(4mis)—¢
1 0o
aj(x) (mg)j_% .

We send m — 0 in Eq. (2.107)), and determine any UV divergent contribution

that remains. This corresponds to j = 2.
(2.110)

Using d = 4 — 2¢, we havelﬂ
% a2($)a

Wi = 75 [ 4% (=a(a)

where Wy;, corresponds to the UV-divergent part of the effective action W, and
the shorthand A, has been defined in Eq. (2.71)). Using Eq. (2.47)), and the results

in App. and App. we have

2 5Wdiv
TH N — pv
< m >d1v (_g)%g 59‘“’
C(eAL 1 N, (A=)
© (4m)?2 |2 \6 R 4(—26) Hh
1, ., 2 1
-0 —F4. 2.111

120

8We note that we have added the factor 1*¢, as was done in Sec. and [60], in order to
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In [60], the coefficients are expressed using a different basis (Equation (6.124)).
Going to that basis (and separating the CJR term because it is the only divergent

term for a general ), we have

1 1 1 1 1 1\?2
TH W =— o 2 - afs _ T2\ _ = = 2
(" baiw (4m)? 10" " 180 (R Bag 3R) 2 <77 6) i

1 1 1\’
. —29)A, (n—=
(@2 |1s0 T B2 (77 6)

OR. (2.112)

Conformal anomaly for a CCS
For conformal invariance, the total TEMT is zero, i.e.
= <TM/J, >ren + <TM“ >div = O, (2.113)

where the subscript ‘ren’ means renormalised. Therefore, for a CCS, we have
that

1 1
T'u ren — - 2_ Lp—— D 2.114
(T 288072 { W (Raﬁ 3R ) + R} ’ ( )

which is the result obtained in [60] upon using the conformal coupling.

Furthermore, (T*, ). is equivalent to the conformal anomaly A; (and A, since
they are equal in the conformal limit) calculated using Eq. (2.78]).

Conformal anomaly for a NCCS

Here, we no longer have the condition in Eq. (2.113), as the theory is non
conformally invariant classically. Instead, we have, using Eq. (2.12)),

1
<Tu,u>’m=0 = <Tu,u>ren + <Tuu>div = (377 - 5) D<¢2>, (2115)
where the last equality is obtained by substituting d = 4 into Eq. (2.13). This

is done as we want to remove the classical violation of the non-vanishing TEMT.

Rearranging the above equation, we have
(") S [ 7 PRy 77—1 232
/T 988072 °f 3 6
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+(1-10(1-6n)*) OR|. (2.116)

All the coefficients match those in [60], except the R coefficient. The result also
matches the anomaly A; calculated in the previous section in Eq. (2.87)).

On the other hand, if we use d = 4 — 2¢ when calculating the classical violation
of the TEMT, we have

(T lma = 5| 60 = 1)+ (1 - 4n) | O62) (2.117)

which then leads to

1 1 1\’
Ty =—— | — W2 (R%, —~R*) —90(n—=) R?
() 28807r2[ ( o8 T3 ) (’7 6>

+ (6 —30n) DR} : (2.118)

which now matches A, in Eq. (2.88)) and the result in [60].

In the next sections, we will focus solely on the De-Witt Schwinger technique,
and evaluate the VEV of the TEMT directly, since the effective action method
might lead to confusion about which value of d to use when there is no conformal

invariance at the classical level.

2.2 Spin-1 Gauge field

In this section, we will apply the heat kernel technique to the spin-1 gauge field.
We will first focus on the result in the Feynman gauge, and then generalise the

results to a general gauge, since the calculations are more involved in that case.

2.2.1 Generalities

Since we need to provide the spin-1 gauge field A, with a mass m to be able to use
the Schwinger-De Witt technique, we use the Higgs mechanism [7], [§]. Consider a

(charged) massive complex scalar field ¢ = ¢ e with a quartic potential, coupled

40



to the gauge field. The Lagrangian is given byﬂ

L= {FuF" + (D) (D*6) ~ o' — 23, (2.119)

where D, = 0, + iQA, is the covariant derivative (different from V,, which
couples to the background gravitational field) and ®g is the VEV of the Higgs
field ¢.

In curved space, assuming a symmetric metric tensor g,, = g¢,,, the Maxwell

tensor F),, written with lower indices is equivalent to the one in flat space, i.e.
F.,=V,A -V,A,=0,A, —0,A,. (2.120)

Note that with upper indices, a similar relation does not hold.

The Lagrangian in Eq. (2.119) is gauge invariant [66] provided the Stiickelberg

field x also transforms under a gauge transformation, i.e.

A, — A, — 0,0,

X = X + Qo (2.121)

In what follows, we will often suppress the explicit indices, and use the following

conventions:
F"E,, =F?
AFA, = A% (2.122)
etc.

Expanding the complex scalar ¢ into ¢ and y, we have

1 1 1
L= _ZF2 + 5%02(QA;1 + auX>2 + 5(@#’)2 - )‘((PQ - (I)(Q))Z- (2.123)
If we now take the Higgs field ¢ to be arbitrarily massive, i.e. A\ — o0, its dynamics

can be neglected and the field can be considered to be frozen at its VEV ®;. The

9In curved spacetime, all partial derivatives 0, are promoted to covariant derivatives wrt
the background gravitational field V. However, for scalar fields, V,¢ = 0,¢.
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resulting theory then becomes

1 1
L= _1F2 +5m (A + 87:3() : (2.124)

after redefining the Stiickelberg field, x — q%o, and using m = Q). The

Lagrangian is still gauge invariant, under the transformations in Eq. (2.121)).

We now fix the gauge by choosing the gauge-fixing function G to be

G- % (VA" — emy) . (2.125)

Fixing the gauge in this way (R¢ gauge) is useful because it decouples the gauge
field A, from the Stiickelberg field . Following the Faddeev-Popov procedure
[67], the full Lagrangian, including ghost fields ¢ and ¢ then becomes

1 1

R N T2 .
L= 4F + 5™ A? 5(V A)?
1 1
+ 5(810()2 - §§m2X2
+ 9,e0"c — EmPéc. (2.126)

In this section, we will focus on the gauge field part of this action, i.e. the first
line of Eq. . In any case, the rest of the contributions correspond to scalar
fields and have already been calculated in the previous section. Note that the
mass of the scalar Stiickelberg field and the ghost field is ém? if the photon has

mass m2 .

Note that while the Stiickelberg field and ghost fields are free fields in the sense
that they don’t couple with the other matter fields, they still couple to the
background gravitational field. So, they give non-zero contributions to the VEV

of the TEMT, and hence affect the conformal anomalies.

Therefore, the action for a spin-1 massive gauge field (neglecting ghost fields and

Stiickelberg field) with gauge fixing can be written as

S= /ddx\/_ [——FWF‘“’+ —m*ArA, ——g(v A)? (2.127)
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The equation of motion (EoM) is

1
V. F"™ +m?A” + EV” (V-A)=0. (2.128)

To obtain the above, we have used the symmetry of the metric tensor g, .

It is useful to recast the EoM as
1
OA* + m?A* + (E — 1) VAV - A) + RM™A, =0, (2.129)

where R is the Ricci tensor, and [0 = V.V~
Taking a covariant derivative of the EoM, it can be shown that

(O+&m?) (V-A)=0. (2.130)
This indicates that V - A acts as a scalar field of mass ém?.

The EMT and TEMT for a spin-1 gauge field are given by [68],

T,, = %FQ = %mQAZ +m2A,A, — F,,F°,

|
+_{M(V.A)2_VHAV(V.A)—VVAM(V-A)JFVM(AVV-A)

£l 2
+V, (A, V- A) — g,V (A\V - A)} : (2.131)
d d 2—d d—4
T =(=—1)F?+ (1—= | m?A>+ =—V, (AV-A) + — (V- A)?
u(4)+( 2)m +£VA(V)+2£(V),
(2.132)
respectively.

As in the scalar field case, to calculate the VEV of the TEMT, we will require
the two-point function of the gauge field, (A, (x)A, (2')), and derivatives thereof,

and this is discussed in the next section.
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2.2.2 De-Witt Schwinger technique in the Feynman gauge
=1

We first focus on the calculation of (A,(z)A,/(2)) in the Feynman gauge { = 1,
as the computation simplifies drastically in this limit. In fact, this is how this

calculation is performed in the literature all the time [69H7T].

We can express (A, (z)A,(2')) in terms of the Green’s function Dy ,,/(x,2") of

the EoM operator in Eq. (2.129):
iDy jur (z,2") = (Ay(2) Ay (2)), (2.133)
[Qup O + Ryp + ngup} Dgyl (z,2) = (_g(x))iég,/ 0" (- ). (2.134)

In what follows, we will sometimes suppress the spacetime dependence, and it

should be clear from context what they are, for example,
(A, A)) = (Au(x) Ay (2). (2.135)

This time, unlike in the scalar field case, we introduce states that have Lorentz
indices, in order to move to an operator equation. This becomes necessary due
to the RWDﬁl’/ (z,2") term. We define the states |x,) that satisfy

Rlz,) = R®,|za). (2.136)

We can express the Green’s function in terms of the heat kernel G*' (z,x';is),
using Schwinger-DeWitt point-splitting method as before [14]. We do not present
the details here, as it follows through in exactly the same way as in the scalar

field in the previous section, which was discussed in great detail.

The result is
(~g(2))* D" (z.2') (—g(@'))* =1 / ds e™™* G (z,23is), (2.137)
0
where G#' (x,2';is) satisfies the ‘Schrédinger equation’

i0,6” (x,2';is) = (¢"\ O+ R*\) G (x,2;1is), (2.138)
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with boundary condition
G (z,2":0) = g?'6 (x — ') . (2.139)

We solve the differential equation using the Ansatz

G (w,a';is) = (4 Z- )3 Diests O (z,a'sis) (2.140)
ms)?2

where the quantities ¢ and D are exactly the same ones that were defined in
Eq. (2.29) and Eq. (2.30) respectively. Substituting this into the differential

equation, we find that Q' (z,2';is) satisfies

/ / 1 1 / A ’uyl
20" = —iR* QM — D3V VY, (DEQ’“’) _ Vao Vi (2.141)
s
with the boundary condition
Q' (z,2':0) = g"'6 (x — ') . (2.142)

At this point, it is useful to replace D by the van Vleck-Morette determinant
A =g 2Dg2. Since Vg = 0, we have that

’ / 1 1 / AQMV,
D0 = —iR" QM — ATV, (AaQW) _ Vao VI (2.143)
s
We further express Q7 (x,2';is) as a power series in (is),
QY (x, 2’5 is) = Z a?”, (z,2') (is) . (2.144)

J=0

From Eq. (2.143]) and Eq. (2.144), one can derive the recursion relations on the

at”

; "(z,2) coefficients in Q' (z,;is) by matching powers of s. They are

Vaah” Vo =0, (2.145)
Vo V,\aﬁil +(n+1) aler,l = A2V VY, (A%@Z”') — R*a}, n > 0.
(2.146)

The boundary condition in Eq. (2.142) translates to

al (z,2') = g"'. (2.147)
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Putting all together, we have that
DY (x,2") = iA2 (z,2') (47) "2 Z/ ids (is)’ "2 exp |—im%s + — | a* (z,2') .
s
j=0 0
(2.148)

The only ingredient needed now are the coincident limits of ajp-”/ (x,2"), which are

discussed in the next section.

Coincident limits of aé“/ (x,2') for the spin-1 gauge field
We denote the coincident limit of aff Y (z,2') by

lim az-“/ (z,2") = [aé.”” (m,x’)} =a}’ (2). (2.149)

' —x

Using the recursion relations in Eqs. (2.145) and (2.146)), and the identities in
App. , one can obtain the coincident limits of the ag-'“ "(x) coefficients. They

are

ay (z) = g™, (2.150)
1
ai’(x) = cRg" — R, (2.151)
b= (T 1\ R 2.152
a; ,u(x) - 6 - ) ( . )
1 1 1 1
()= |=R*— —R>;, — —OR+ —R? HY
a2 (2) {72 180 e# ~ 39"t g e | 9
_ Lpporipe _Lppwy lpmp e lope (2.153)
12 B 6 2 A6 ’
d—12) (d— 15) (d — 90) (d—5)
)= | e o) o (d=90) OR| .
a2’y (@) { 7 TR0 Twes T Ty s T T3
(2.154)
For coincident limits involving 1 derivative, we havd"|
[a ! 5} _ Lpsgwy Lppwr L pws (2.155)
1 5 1275 6 A 2 ; :

10From the symmetry of the two-point function, we do not need primed derivatives. We have
of course explicitly verified the equivalence of the primed derivative to the unprimed derivative
using Synge’s theorem.
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Taking derivatives of the above, and contracting indices, one has

v 1
[al“ ;M] =50k (2.156)
, 1
[al‘“’ ] L =—i0R (2.157)
0], = 357 OR (2.158)

For coincident limits involving 2 derivatives, we have

’ ]_ 1 ]_ 1 a ’
|:alﬂl/ ;,304:| _ § %Rﬁagy,VR + ZRRuuﬁa . g;u/ [AQ;AAB ] . |:g,u1/ ;)\Aﬁa] . R/J,V;BOL
1
— ER“ARW“ + RY, RIAP (2.159)
" 111 1 1 e v’ @ 1 v Ba
[alﬂl/ ;Ba } _ _g %Rﬁag'uyR + ZRR;LV,BO[ . g‘“’ |:A2;/\)\ﬁ } . |:g,u ;/\)\B i| + §Ru ;B
1 “ o pAvfa v pulaf 1 B uv 1 BApv
14 1 1 11 2 73 2 3 1 2
o) = {ﬁ s~ o R, — SOR+ R ] (2.161)
yo1 111, T3, ,
[alu ' | = 3 |:1—20 waf GORMV — 2—0DR + - R :| (2.162)
o] 11 2 107 2 2
|:CL1'u | = % uvaf @RHV - 1—0|:|R - —R (2163)
! 1 11 2 107 2 3 2
0 | = 5o By — Top o — 350R + 5 R (2.164)
. d-15) ,  d (d— 5)
la" "] = — 5 ——— R s+ %wa o ~——0R (2.165)
L (d=15) ., d .,  (d—10)
[al'u”/; V/] = 90 R,uzlaﬁ — %RHV TDR (2166)

In the above, we have sometimes kept coincident limits of A and ¢"" involving 4
derivatives explicitly, as they are complicated. They are both given in App.[C.6]
Also, we have used Synge’s theorem to calculate coincident limits involving

primed indices.
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Evaluation of condensates for the spin-1 gauge field

Since the gauge field carries a Lorentz index, there are more condensates here to

evaluate than in the scalar field case. To find out which ones we need to calculate,

we consider the EMT and TEMT in Eq. (2.131)) and Eq. (2.132) respectively.
There are 3 of them, which act as building blocks for others (by contracting

with the appropriate metric tensor). They are (A,A4,), (Vs ((VoA4,)Ay)) and
(Vo) (VaA D]

We start with the simplest one, (A*A”), which are of course understood to be

coincident. Using Eq. (2.133]) and Eq. (2.148]), we find thatlﬂ

(AFAYY = — /000 dse~im*s < ! - Zaé”’(x) (z’s)j>

(4mis)? 5=

__ 1 4@ (2.167)

where only relevant terms have been kept. The above condensate always comes
with a factor of m?, which is why we have only kept the j = 2 term. Next, we
have
(95 (Vo) 4°)) = Vi (tm V. [44(2)27 ()]
' —x
1

= 0 ) ; (2.168)

where A, is defined in Eq. (2.71]).

Finally, the last ‘building block’ condensate is given by

(VaA") (VgAY)) = lim VOV (A% (2) A7 (2'))

r—x’

where the coincident limits for A2 and o are given in App. . With all the

building blocks in hand, we can start listing the different condensates that appear

"Note that instead of (Vg ((VaA,) Ay)), one could pick ((VoVgA,)A,). Our choice is a
little simpler.
12We switch to upper indices merely for convenience of writing the condensates.
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in the VEV of the TEMT. With d-dimensional traces, we have

1

m* (A, A"y = 588072 [11R?,,; — 86R:, — 600R + 20R?] (2.170)
y A,
(Vo ((V-A) A7) = S0 1508, (2.171)

(VuAy) (VHAT)) =

{ 1eR?,.5 + (180 — 86€) R?, + (30 + 24¢) OR

28807r2
— (30 — 20¢) RQ] , (2.172)
v AG 2 2
(V,A,) (VVAM)) = 538072 | ~ €R,0s+ (180 +¢€) R, + (30 + 6¢) OR

5 2

—5 12+ R?, (2.173)
1

(V-A)) = SRR [ —R,.5+ R, +60R — —R2 (2.174)

and for 4-dimensional traces, we have

g(V*((V-A) AY)) = 288%21553 (2.175)
g (VIAY) (V-A)) =0, (2.176)
g ((VEAM) (Vo AY)) = 28?07# {116132,,&5 + (180 — 86¢) B2, + (30 — 6¢) OR
— (30 — 20¢) RZ] , (2.177)
g (VHAY) (Vo AY)) = 28?() 5 [180R%, + 3000R — 30R?] (2.178)
A,

g((VHA%) (V¥ Ay)) = [180R%, + (30 +30¢) OR — 30R?] . (2.179)

288072

This completes the calculation of all the condensate terms required for the

calculation of the conformal anomaly for the gauge field.

As in the scalar case, we have verified that using the EoM in Eq. (2.129)), which

can be recast as
((VAVA,) A") + R, (AFAP) + m?(A,A") = 0, (2.180)
has no effect on the calculation. What’s more, the result holds independent of
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whether the trace is performed over the 4-dimensional metric tensor g,(ﬁ,) or the

d-dimensional metric tensor g,(ji).

Calculation of the conformal anomaly for a spin-1 gauge field in the
Feynman gauge

We can now start calculating the VEV of the TEMT, and they are given by

1
(g T ) g = SR80 [—32E, + 21W” + (6 — 30A.) OR + 5R?] (2.181)
s
1
(gD ) g = SRR0=s [32E + 212 4 (36 — 30A) OR + 5R] . (2.182)
1
G (T")at = 5255 (30 — 30A) DR, (2.183)

where we have used the subscript ‘gf’ to label the gauge field contribution. We
can use the prescriptions in Eq. (2.81)) and Eq. (2.82)) to calculate the conformal

anomaly, and they are given by

1

¥ = e [32B: — 21W? — 60R - 5R?] (2.184)
s
1
g = SRg0oz [32Fs — 21W? + 240R — 5R?]. (2.185)
s

Of course, the above results are not physical, since they don’t include the
other field components that are necessary for gauge invariance. We have the
contributions from the ghost fields ¢, ¢ and the Stiickelberg field x to add. We
first consider adding only the ghost field contributions, and the corresponding
quantities will be labelled with ”gf+gh”. We note that the contribution from
the ghost fields simply correspond to that of NCCS field with n = 0, multiplied
by —2, where the negative sign comes from the anti-commuting nature of ghost
fields, and the factor of 2 comes from the fact that the (complex) ghost field can

be regarded as two real scalar fields.

Thus, we have

(g T™ ) gtsgn = 33802 [—31E, + 18W? + 180R] , (2.186)
(d)uv _ 1 2

(g™ ) gt gn = T [—31E, + 18W* + 180R] , (2.187)
(4) pu _ 1

G (T Dt ign = W?)ODR' (2.188)
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We can again use the prescriptions in Eq. (2.81) and Eq. (2.82) to calculate the

conformal anomaly, and they are given by

1
f+gh f+gh E ”72 R

Some comments are in order. We first note that while there are no divergences
in the coefficients in <g£A{,)T“”)gf+gh, and hence (g&?,)T“”)gf+gh as they are equal,
g (T™)gt1en is mot zero. This is contrast to the scalar field case treated in

the previous section where, whenever the divergences vanished in <g,(ﬁl,)T“”> and

(g T, s0 did gl (T*), c.f. Eq. [@2:78) to Eq. (2:80).

We further note that Eq. matches the result in [60], with an overall
negative sign (which we can understand in terms of renormalisation of the effective
action, c.f. Sec. 2.1.3). The results also agree with [72] and [73], which specify
2 different prescriptions for how the coefficient of [JR is obtained, and they
correspond to the LJR coefficient that we have either directly in the TEMT in

Eq. (2.186f) or in the isolation of the anomaly in Eq. (2.189).

Therefore, the discrepancy regarding the coefficient of LJR can be traced back
to whether the contribution g,(ﬁ,) (T™)g1gn should be included or not when the
calculation is performed in the De-Witt-Schwinger point splitting method. We

come back to this discussion in the next section in the context of gauge invariance.

For the sake of completeness, we also give the results when the contribution from
the Stiickelberg field is added. To indicate this, we assign a label "full” to the

quantities below. Thus

1 63 39 )
(4)ppv — e e 2 . Y 2
(9, T" ) tan 53802 { 5 Ey+ 5 W=+ (12 — 15A,) OR + 2R } ., (2.190)
1 63 39 )
(d) pv - |2 91172 . Y P2
(9, T" )ran 53802 { 5 1+ 5 W=+ (27 — 15A ) OR + 2R } . (2.191)
1
W (T e = ——— (30 — 15A,) OR. 2.192
g,u,l/( >full 288071-2 ( 6) ( )

We can again use the prescriptions for A; and Ay to calculate the conformal

anomaly, and they are given by

1 63 39 5
Afll — —E,— —W?+30R— -R? 2.193
L 2880m2 [2 T 27 |7 (2.193)
1 63 39 5
Afll — —E,— —W?+180R — -R?| . 2.194
2 T o880n2 | 27 p WA IBUR -k (2.194)
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2.2.3 De Witt-Schwinger technique in the general gauge

This section deals with solving for the two-point function of the gauge field with
a general gauge parameter in curved spacetime. This generalises a calculation

done by Shore for a non-Abelian gauge field [74].

The Schwinger-Dyson equation now becomes

iDF,/W’ (IL‘, 1‘/) = <Au<x>Al" (1")),

(2.195)
9000+ (§ 1) 90+ R ] DE (00 = (=90 Hg,” 60 = ),
(2.196)
Following the same steps as in the previous section, we now have
(~g(@)t DE ) (g )} =i [ ds e g7 atis), (2190
0

as before, but instead of Eq. , we have the Schrodinger equation’
10,67 (x,a';is) = (gp)\D + R?, + (% - 1) V"VA) GN' (x,asis),  (2.198)
with boundary condition
G (z,2":0) = g?'6 (x — 2') . (2.199)
We now make the Ansatz for G*' (z, 2';is),

G (x,2'yis) = (¢"\ O+ R, — V*V,) H (x,25is) + AV (a:, x'; E) ,

3
(2.200)
and define the operators
NP = g0+ R, (2.201)
PP = NP» — VPV, (2.202)

Substituting the Ansatz for G*' (x,2’;is) into the differential equation ([2.198)),
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we have

/ ]. / ) !
PPN MHLY (2, 25d8) + EV“V’\NM%O‘” (x,x'; %) =10, (P“a M, (x,x';z's))

0, VIV, <:c 2 ﬁ) .

§
(2.203)
This equation is satisfied if
NV (@, 2 is) = i0H (2, 2’5 is) | (2.204)
with the boundary condition
NHOH V' (x,2',0) = "6 (. — 2. (2.205)

Next, we define the Green’s function G’ and heat kernel G of the operator
NHe,

NGV = g"'6 (x —2), (2.206)
@A”/ = z/ ds C;/\”/ (x,2;1s), (2.207)
0
N¥G\Y (z,2';is) = i0,G" (z,2';1is) . (2.208)

From the form of the operator N** in Eq. (2.201)), one can deduce the heat kernel
Ggr' (x,2’;is) is the same as the one calculated in the Feynman gauge in section
2.2.2| cf. Eq. (2.138)). The Green’s function G is also the same, except that it

is strictly massless here.

The solution to Eq. (2.204)) is

= =\

G (2,2") G, (2", 25 is). (2.209)

N

My (x,2'50s) = /ddz" (—g")

Substituting this into Eq. (2.200), we have that the heat kernel for the Green’s

function in the general gauge is

G (z,a'sis) = G (x,a'sis) = V'V, [HW (z,2'5is) — H (iv, ' %)] .
(2.210)
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It is clear that when & = 1, we recover the result from section [2.2.2

Gauge parameter dependence

We will analyse the explicit gauge dependence of the terms that appear in the
VEV of the TEMT. First, we will focus on (g,SdV)TW)gf, see Eq. (2.132)). We can

list the various terms as

(a) 2(F?) =limy, V,, VA, A" — lim,,, V,,V,(A*A”)
(b) ((V-A)?) = limy,, V.V, (A*A”)
(c) (V, (A"V,A*)) =V, (limy_, V,(A*A))
(d) m*(A?)
We will stick with the convention,

unprimed = x
primed = 7

double primed = 2"

We start with (a). Using Eq. (2.197)), and focussing only on the gauge-dependent

contribution,
@A’y == [“ds (<97 (o) Fe g (i)
0

» —/ ds (—g) 77 (—g) FeT I HY 0 (E>
0

3
— [Cas o

(_g/)*i e—imzs /ddzll (_g/l)% Go&)\”;a# g_)\"l/ (E)
where the ‘D’ indicates that we neglect terms that are independent of £. We then

N

NI

§
(2.211)

have

(a) = lim V,, [v“<AVA”’> - VV(A“A"')}
(_g/)*i e—z‘m% /ddz// (_g//)% QA’/V’ (%)

o4

PN

D — lim Vﬂr/ ds (—g)~
0

' —x



=0 (2.212)
where we have used
V., VS =0, (2.213)

if S is a scalar. In the above, as far as the unprimed z-variable is concerned,
G, is a scalar. The result for (a) is reassuring, since we know (F?) is gauge-

invariant by construction.

Next, we consider (b), which has a coefficient proportional to % So, unlike the

case of (a), we will need to consider all the terms that appear in (b).

We start with (A*A"").,, given by

IO

(@A), == [Tas (g g Eem [g (i5)

1 = SNy - S\ is
— / d’2" (—=g")? G\ (gA (is) — G* (?)H (2.214)
Next, we focus on G“),.."

o - We can use identities in App. m to move the
covariant derivatives; in particular we want to move the « index to the outermost

position. Performing these manipulations leads to

Ga)\”;auu = ((g#alj(i‘) + Rﬂa) G,u/\”);a

= (g8 — 2"), (2.215)

3

where in the second line, we have used the Schwinger-Dyson equation in

Eq. (2.206) for the Green’s function @W\N. Substituting this result into
Eq. (2.214]), we have

W= [Tas o cgrte [0, 69 - 0, 9+ 07, ()
— ¢ ds (—g)i(—g)Te M G, (is) (2.216)
0

where in the second line, we have redefined the variable s — &s. Since G’ is
defined to be the heat kernel in the Feynman gauge, we can now recycle our

results from the previous section to evaluate (b) for a general gauge parameter,
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keeping in mind that the effective mass here is ém?2.

— /

)=~ [ dse s [ 10, ) (o)

6 > . —1EMm“s 1 v ; v/ v v
— —(4 )é i i ds e~ %m® [AQ’W,] al’ (z) + [ g ]ag (x) + [all‘ #w,}
T 2
§ 2 2 9 o
= 383002 | R o + Ry, + 6UR — §R (2.217)

Note that for £ = 1, the result for (b) matches Eq. (2.174) exactly, as expected.

We now consider (c). The same trick as above can be applied here. Thus["
(© ==& [ dse (g7 [0 )] (o)
0

5/1/26 00 . —itm?s v’
= — - tdse [al ; u]
0 1

(4m)2
S Em*\
= seao2l(©) < 47w2) 150R (2.218)

We again note that the result for (c) matches Eq. (2.171)) for £ = 1, as expected.

We stress that, in contrast to the calculations performed in the Feynman gauge

m?2

4mp?

in the previous section, A, = I'(e) < >_ does not appear here.

Finally, we turn to the evaluation of (d). Oddly enough, this is the least straight-
forward one to evaluate. We will use an indirect method to evaluate it, via the
Green’s function equation in . In the coincident limit, the latter can be
recast ad']

[(AVAV’M] . [<A~A”’>W} +m? [<AVAV’>} + % [<AMAV’>W} —0 (2.219)

where we remind the reader that the square brackets denote the coincident limit.

Rearranging the above equation allows us to find (d),

1
3

13We remind the reader that the factor u2¢ has been introduced to make the mass dimension
of the TEMT exactly 4, see the discussion above Eq. .

14We have used the fact that in dim reg, the d-dimensional d-function evaluated at zero is
defined to be equal to zero, i.e. §(¥(0) = 0.

m2(4?) = [(ara”),,| - [(a,a7),] - 2 [(4,4) 8, (2.220)
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We can now recycle our previous results to find (d). Considering the first two
terms on the RHS, we have that

(42 47) 0 = (A, 47)

|: AHAV <AVAVI>;‘“> :| ‘
M 13
0

(2.221)

where we have used the result in Eq. (2.212]). The | means that only the gauge

3
dependent part is considered. Turning to the third term of Eq. (2.220]), we have,

using Eq. (2.216)),
1 v € OO —iém?3s —i Suv’ . / *i
g [, ] = [ asees (o, ) (<)Y

2e o'}
. d/ ids e %m’s
(4m)2 Jo

[U; V] v v
+ QM ag (ZE)_{— |:a1lb ;,uzzi|

N|=

A%] " (a)

1 Em?\ " ° B
= —288OW2F(6) <47T,u2) [—150R + O(e)]

15In¢
288072

(2.222)

where in the last line, we have focussed only on the gauge dependent part,
indicated by the 'D’. Putting all together, we can write the gauge dependent
part of (d),

15In¢

d)| = OR. 2.22
UL 288072 (2.223)

We are now finally in a position to write the gauge-dependent part of <gfﬂ) TH) o

R (O RON(COMY

The above result indicates that only the LJR term is gauge dependent. Further-

15We have dropped the term (b) as its coefficient is proportional to € in the TEMT, and it
will therefore not contribute to the gauge-dependent part.
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more, we note that the appearance of the gauge parameter ¢ comes from the e

expansion of I'(e) (f;z;)_ . Therefore,

15In¢

(4)pv —
(o T e 288072

w = (gDT" )| = gl (T )t (2.225)

3 3 3

since terms proportional to e x I'(¢) <f:;22> will not change the gauge-dependent
d

contribution, and (g T MY o, g (T") ¢ and (g\Y TH) g differ from each other

only by such terms.

This is analogous to the fact that the pole term (i.e. o< I'(¢)) in all of the three
different ways of calculating the VEV of the TEMT in the Feynman gauge are

the same, c.f. Eq. (2.181)) to Eq. (2.183),

_ 308 qp (2.996)

— (g D _
g Jet A 283077

pv

— <g(4)TW>gf

g;(ﬁ/) <Tﬂy>gf uv
A

Ac

One might wonder why the coefficient for A, is different from that of In¢. The
crucial difference comes from the m?(A?) term, which is not UV divergent, and
so does not contribute to A,, but which nevertheless is gauge-dependent, as we

have calculated in this section.

A further interesting point is that the isolation of the anomaly A; and A, via the

prescriptions in Eq. (2.81)) and Eq. (2.82) will be gauge-independent, analogous
to the same way that the UV divergences of the IR coefficient cancel.

Before concluding this section, we comment on the effects of gauge dependence
on the results in Sec. which was performed in the Feynman gauge. It is
clear that the change in a general gauge for the ghost field and Stiickelberg field
contributions is that one takes A, = I'(¢) ( :L;Q)_E — T'(e) (ng )_6. Therefore,

4 Amp?

one has

1
(gUTH Y gty gn = 8802 [—31E4 4+ 18W? + (18 — 151n &) OR] (2.227)

which has a gauge-dependent IR term. This allows the resolution of the
ambiguity near the end of Sec. on grounds of gauge invariance - The

conformal anomaly has to be calculated by the prescription A; and A,, which

means that the result in Eq. (2.189) is correct, and not Eq. ([2.186]).
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Furthermore, if one adds the contribution from the Stiickelberg field,

1 63 39 5
——E,+ =W?+ (27 — 15A,) O —R? 2.22
9830n2 | 2 T >V + (27— 154) e+l (2.228)

( (d) )

Gy T ) =

the result becomes gauge invariant! This is not surprising, since the theory with
the spin-1 gauge field, ghost fields and Stiickelberg field was constructed with
gauge invariance as the guiding principle. However, it is UV divergent, and
therefore, one would still need the prescriptions A; or A, to isolate the physical

conformal anomaly which has to be both gauge invariant and UV finite.

2.3 Fermion field

The calculation of the conformal anomaly for the fermion field is slightly more
complicated due to gamma matrices, which become spacetime dependent in
curved spacetime. This section does not involve any ambiguities, however, and
while the results are well-known in the literature, we provide them here for the

sake of completeness.

2.3.1 Generalities

The action for a fermion field is given by

S = / d’zy/=g [V (iv"V,, — m) U] . (2.229)

The equation of motion (EoM) is the Dirac equation, given by

(iv*V, —m) ¥ = 0. (2.230)
Using the results in Sec. [1.1.4] the symmetric energy-momentum tensor is given
by

T —

1%

U (v, Vi + 7V, . (2.231)

N | .
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Taking the trace and using the EoM, we find that the TEMT is given by
T =mUWv. (2.232)

As in the scalar field case, to obtain the anomaly, one first needs the two point

function of the fermion field in curved spacetime, (¥(z)¥(z')) (or equivalently,

(U(z)¥(2"))). We will focus only on the coincident limit of (¥ (z)¥(a')), since
its trace appears in Eq. (2.232]) above. We do this since the fermion case does
not involve any ambiguities like the NCCS or spin-1 gauge field discussed in the

previous sections.

2.3.2 De-Witt Schwinger Technique for the fermion field

This section is based on results derived from Birrell and Davies [60]. We start by

defining
iSe(z, ') = (W()B())). (2.233)
The Schwinger-Dyson equation for the two point function of the fermion field iﬂ
(i () Vi) = m)Sp(o,a') = (—g(@) 720" (@ —a),  (2.234)
We further define a function Gp(z,2’) such thatf]
Sp(z,2') = (i”y“(x)V/(f) +m)Gr(z,2), (2.235)

Substituting (2.235)) into (2.234]) leads to
[0, +m? + nR(z)] Ge(z,2") = —(—g(x))~26™ (x — &)1, (2.236)

with n = }1. In the above equation, 1 denotes the identity operator in Dirac

(spinor) space. We will often suppress it, as it should be obvious from context
that it is there.

We thus find that we need to solve exactly the same equation as in Sec. for

16Note that the 4 (z) becomes spacetime dependent here, since they are defined via vielbeins.
This has already been described in Chapter 1 in Sec. and we do not repeat the discussion
here.

1"We note that both Gg(z,2’) and Sg(z,2’) are bi-spinors, see App. |C| for a more detailed
discussion on such objects.
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the scalar field, with n = }1, but keeping in mind that we have bi-spinors here.

From Eq. (2.41]), we have

g

N AL / -4 = = )i— 4 a2 v , /
Gr(z,2") = —iAz2(z,2") (47) JZ_;/O ids(is)’”2 exp |—im*s + 22'3] aj (z,2'),
(2.237)

where the difference from the scalar case is in the Seeley-De Witt coefficients
a;j (x,2"). Proceeding as in the scalar field case, one can show that the recursion

relation for the coefficients in the fermion case are
VaoV3ag = 0, (2.238)

1 1
ViV api1 + (n+1)ap = —A72VHV, <A%an> — ZRan, n > 0.

(2.239)
The boundary condition is now [14]
ag (z,2") =1 (z,2"), (2.240)
with the bi-spinor [ (z,2’) satisfying
ol =0 (2.241)
=1 (2.242)

Solving for the coincident limits of the a; (x,2") coefficients, using the identities

in App. [C.6.3] leads to

ap(z) =1, (2.243)
1
1 1 1 1 1
= | — R~ —R*> + —[OR+ — R? —GosGs R R |1
a2(7) = | 355 180" T 1og 1t T 1gg e T B |

48
(2.245)

where, as before, 1 corresponds to the identity matrix in spinor space, and G.g =

* 7,75 18 the generator of Lorentz transformations for Dirac fermions.

We want to compute the condensate m (1)), which can be obtained from Sg(z, z),
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and hence Gr(z), by

m{Pip(x)) = —mtr(yi(z))
= —imtr [Sp(z, 7))

= —im lim tr [(iv“(m)Vf) + m)Gr(z,2')] . (2.246)

' —x

The negative sign in the first line arises due to the anticommuting property of
fermions. From Eq. (2.237), we can calculate the relevant contribution (non-

vanishing terms as m — 0) to G (z),

i as(x)
Gp(z) D — @ 72n2 : (2.247)
and hence, in the m — 0 limit, we have that
" 1
Performing the Dirac space traces, we obtain
1 5 7
T ) = ——R*~-60R+-R? 4R?
') = 2580m { 2 g s
1 11 9
= Seg073 [—?E4 +9W= — 6DR} ) (2.249)

The results match those in [60, [72} 73], [75].
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Chapter 3

Calculation of conformal anomalies
via moments, flow theorems and

the conformal window

The conformal anomalies we calculated in the previous sections have a wide range
of applications. In this section, we will discuss their relevance in the context of

flow theorems and the conformal window.

3.1 Flow Theorems

For a CFT in 2D flat spacetime, one can construct a function ¢ from the 2-
point correlation function of the TEMT ((T, (x)T*, (0))), which monotonically

decreases along an RG flow /]

de
> 0. 1
dlnp 20 (31)

Furthermore, the function ¢ corresponds to the central charge of the CFT at the
conformal fixed points, which measures the number of degrees of freedom in the

CFT. In particular, if the central charge has values cVV and ¢'® at the UV and

!Note that an RG flow implies decreasing .
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IR fixed points respectively, then
Ac=c" — M >0. (3.2)

This important result is known as the c-theorem [70], and it implies that
renormalisation group flows are irreversible in 2D, in the sense that a system
necessary loses degrees of freedom along an RG flow. Eq. (3.2)) is sometimes

referred to as the ‘weak’ c-theorem.

Such a CFT can be coupled to a background gravitational field (curved

spacetime). Like in the previous sections, it can be shown that, in 2D [77],

@%ﬁiiR (3.3)

It is not a coincidence that this coefficient is also called ¢; it has been shown that
it is equal to the c-function in Eq. (3.1) above, e.g. [78]. Thus, curved spacetime
can be used as a tool to determine the flow of ¢, since one can use it rather than

using the 2-point function of the TEMT in flat spacetime.

In 2D, it was also shown that Ac could be calculated via the second moment of
the two-point correlation function of TEMT [79, [80],

Ac =37 / 222 (0(2)0(0)). > 0, (3.4)

where © is the TEMT in flat spacetime, and the subscript ‘¢’ stands for the

connected component of the two-point correlation function.

In 4D in curved spacetime, we instead haveﬂ
(T°,) = BuBEs + BoH? + W + 4bDH. (3.5)

It was long speculated that [, could play the role of a c-like function in 4D,
which monotonically decreases along an RG flow, and this idea goes all the way
back to Cardy’s conjecture [81]. Jack and Osborn [46] later showed that this
was true in theories where perturbation theory was valid. In 2011, Komargodski
and Schwimmer produced a proof that the 3, decreases monotonically along an
RG flow, by using the analytic structure (and in particular, unitarity) of the S-
matrix element of the 2 — 2 dilaton scattering [82]. This result is the so-called

2We remind the reader that H = dTR1 = %DR in 4D. Consequently, we will refer to the OH
term as the OJR term.
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a-theorem. As in 2D, we can also write the weak version of the a-theorem,
ABa= B — R >0, (3.6)

where BYY and S} correspond to the values of 3, at the UV and IR fixed points

respectively.

The conformal anomalies that we were calculating in the previous section
correspond to exactly those coefficients. To be more precise, one starts off with
a theory with quantum matter fields coupled to a background gravitational field.

For simplicity, let us assume that the theory is conformal classically. Taking the
TEMT then yields

T =T," +Ty",, (3.7)
where
T, =BYVE + BV H? + BIVW? + 4%V OH, (3.8)

corresponds to the contribution to the TEMT due to the gravitational action,
and Ty,", corresponds to the contribution due to the matter field content of the

theory.

It can be shown that for a conformal field theory, the H? counterterm (at the level
of the Lagrangian density) is not required [83] since there are no divergences in
the theory associated with H2. Furthermore, the H? term itself is not conformally

invariant, since?’

/_g AW(;ng

Thus, BV = 0 [42, 84], and bVV is finite.

/ dz/—g H? = (d — 4) H* + 40H. (3.9)

The superscript UV implies that the values of the coefficients are taken before
including the contribution from the matter fields. By integrating out the matter
fields, the coefficients of the gravitational terms in the TEMT change. This is

3This equation also indicates the reason why H is defined as dTRr In Eq. (B.32)), we give the

same relation in terms of R?, and one sees that the coefficient of the JR term has a prefactor
of (d — 1) in dimensional regularisation.
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equivalent to taking the VEV of the TEMT, and hence one has
(T",) = BBy + BN H? + BW?2 + 40 OH, (3.10)

Of course, (T*,) can also be understood as coming from the effective action W,
eV = / Dep 'Sm+iSs (3.11)

with

2 5w
(1",) = 9" s

NS

The superscripts IR then make sense - They correspond to the coefficients of the

(3.12)

gravitational terms at the IR fixed point, when all the degrees of freedom of the

matter fields have been integrated out.

Thus, one defines the flow of the coefficients of the different gravitational terms
that appear in the TEMT by the difference between the UV and IR coefficients.

For example, the flow of j3, is

ABy =57 — B (3.13)

In previous sections, we introduced a mass term, which is a relevant opemtoxﬂ7
to perturb the UV conformal theory from its UV fixed point, generating the RG

flow.
By combining Eqs. (3.7)), (3.8]) and (3.10)), one can deduce that
(") = —AB.Ey — AGH? — ABW? —4AbOH (3.14)

We indeed find that for the scalar (Eq. (2.78)), fermion (Eq. (2.249)) and spin-1
(Eq. (2.186)) fields, Ajs, > 0.

We refer the reader to the review by Shore [85] for further details on the subject.

4A relevant operator is one which is characterised by a coupling constant having positive
mass dimensions.
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3.2 Ab calculations via 2-pt function

We use the Euclidean spacetime convention throughout this section,
following the convention of [83], unless otherwise stated. See App.|[A.2

for more details on Minkowski and Euclidean spacetime conventions.

It was recently shown that b, the coefficient of (JR might also have the same
property as (3, in Eq. (3.6]); that is, it decreases monotonically along an RG flow

[83], and in particular,
Ab =0V - >0, (3.15)

It can be shown that, analogous to Eq. (3.4), Ab can be expressed as the fourth
moment of the 2-point function of the TEMT in flat spacetime [86, 87],

Ab= —— [ d*z2*(0(2)0(0))., (3.16)

where © is the TEMT in flat spacetime, and the subscript ¢ stands for ‘connected’.
It was shown in [83] that Ab is scheme-independent and flow-independent. The
proof relies on the UV-finiteness of 2-point functions of the TEMT [88], and uses
the positivity of the spectral representation of the RHS of Eq. . An outline
of the positivity of Ab is given in Sec. [3.2.1]

From our calculations in the previous sections, we find that indeed Ab > 0 for the
CCS and fermion fields. For NCCS and spin-1 gauge fields, there are some issues
with a proper definition of Ab, since the TEMT is not zero classically in the zero
mass limit. This corresponds to having a finite H? term in the action, which as
we showed in Eq. , shifts the LIR term by a corresponding finite amount.
Therefore, to isolate the anomalous contributions from those corresponding to

the classical breaking of conformal symmetry, we defined the prescriptions A;
and A,.

In this section, we will use Eq. (3.16) to calculate Ab, and compare them to
the values we obtained using the De-Witt-Schwinger point splitting method in
Chapter 2]
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3.2.1 Outline of the derivation of the positivity of Ab

We follow the presentation in [83]. The key in the derivation follows from the
positivity of the spectral representation of the 2-point function of the TEMT.

We start by defining the Fourier transform of the connected 2-point function of
the TEMT,

Loo(p) = /d4~”5 e (0(2)0(0))c = Chy(p) p* + c1(O), (3.17)

where Cj,(p) has been shown to be UV-finite in [88]. The contact term (0), while

present in the above equation, will not be relevant the flow itself. Next we define

derivatives of Eq. (3.17)),

~ 1 .
M) = Plal) = 5 [ dlecmat@@O). (1)
where
~ 1 9
Py = % (8paapa) ) (3-19)
such that
Ppt=1. (3.20)

Co(p) and ng) (p) satisfy the spectral representations (dispersion relations) [89-
91],

Chlp) = [ ds A0 + Gy, (321)
M = [ as % M (00), (3.22)

where the spectral function p(s) is defined as a sum over a complete set of spin-0

physical states,
p(s) = (2m)° Y 0((pa)°) 8(p3 — 5) [(n(pa)|B|0)* > 0, (3.23)

where the p,, denote momenta in Minkowski space, and () is the Heaviside step

68



function. Thus, using Egs. (3.16]) and (3.18)), one finds that

1 (2) (2) 1 / p(s)
— > .
Ab = <M99 (O) My, (oo)) ds 3 0, (3 24)

where positivity follows from Eq. (3.23)). The subtraction of MH(Z)(OO) becomes
relevant when there is a finite contribution at infinity, c.f. Eq. (1.78)).

Of course, the results of this section also imply that
2
Chu(0) = My (0), (3.25)

Chy(00) = M3 (c0), (3.26)

which in [83] are then used to prove other properties of the flow of OR, such as
monotonicity and scheme-independence. We refrain from discussing these results

here, and we set out to calculate Ab for various field theories in the next sections.

3.2.2 Scalar Field

The Lagrangian for a scalar field with general coupling n (in Euclidean spacetime)
is

1 1 1
L= (00 + Gm?¢* + SnRe? (3.27)
In dimensional regularisation, d = 4 — 2¢, the flat spacetime TEMT is given by

O = = [(1 —6n) + e(—1+4n)] O¢* + m?¢*. (3.28)

l\D|>—‘

Performing the calculation for a scalar field with general n, we have thatﬂ

1@, 1 m2 \ ¢ , 65 )
gM% (0)_38407T2 [15r(e) <47w2 (1—6n) 7(1 6m)* + 1|, (3.29)

1
gMe(Z) (00) =

1 P \ ¢ 9
lim [15T 16
384072 porbe [ (€ (47r,u2> =0

5Note that the normalisation I8 40 ==5r—7, instead of 2880 sesp—= Which appeared in Chapter I, is used
due to the way the coefficient b is defined in © (see e.g. Eq. . ), such that 288%2 = 3 384%2,
and we can thus compare the coefficients inside the brackets.
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- %(1 —6m)>—10(1 — 677)] : (3.30)

where the scale p has been introduced to make the result dimensionless (hence
making Ab dimensionless as well). Taking the difference, we get

2
Abxces = 15 (1 — 67)* lim [m (p—>] +5(1—6n)* +10(1 — 61) + 1| .

384072 [ p—+o0 m?
(3.31)

Note that the UV poles and the dependence on the scale i disappear, but it gets
replaced by In <SL—Z>, which, however, diverges in the limit of p — co. We further

note that in the limit of conformal coupling (Eq. (2.14))), we have

1

— 3.32
384072’ ( )

ABCCS =

which matches our previous result in Eq. (2.83)). From Eq. (3.30]), we also find
that for the CCS, MQ(Z)(OO) = 0.

On the other hand, the result for Abxccg does not match our previous calculations
in Egs. (2.84)) to (2.88), which indicates that the formula for Ab somehow breaks
down when there are UV divergences. Still, the coefficient of the Inm? term
matches, and if we treat lim, ., [In p?] <> T'(€), we find that these terms match

as well.

It is useful to discuss the calculations in the context of another regularisation

scheme, and for this, we choose Pauli-Villars (PV) regularisation.

Before showing the results of the calculation, it is useful to express the bubble
integral By(p?, m?,m?) (which is logarithmically divergent) in PV regularisation,

using Feynman parametrisation,

1 [, 1
= | e T

= /01 dzIn (%) , (3.33)

Bo(p®, m*,m?) =

where

Ay = A+ z(m? — A?) +p?2(1 — 2), (3.34)

A=m’+p°z(1-—2z), (3.35)
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A is the PV mass and z is a Feynman parameter. Then, we have

1 . 4 1 A
§M9(3)<0) = 30 Pafpe=o [(%(1 —6n)° — 2m*p*(1 — 6n) + 2m4) / dzIn (KA)] .
0

(3.36)
After performing the differentiation over p and integration over the Feynman

parameter z, we get

1 1 A?
gng’(o) = s {15 (1—6n)%In <@> — 15(1 — 61) + 10(1 — 67) + 11 .

(3.37)

Similarly, we have

0l 1 (oo ()] 2)) o

Finally, taking the difference, we get

2
Abxces = 15 (1 — 6p)° lim [ln (%)] +5(1 — 6m) +10(1 — 67) + 11 |

384072 [ p—00
(3.39)

We note that while %Me(g) (0) and %Mg(g) (00) do not match in the two regularisation
schemes, the difference Abyccs does, c.f. Eq. (3.31).

3.2.3 Fermion field

The Lagrangian of a (Dirac) fermion field is
L=U()+m)V, (3.40)
and the TEMT in flat spacetime is
O =miV. (3.41)

The calculation of the fourth moment here gives

- 1
N = L11310)

6

- 42
384072’ (3.42)

and this matches the result in Eq. (2.249).
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3.2.4 Massive Gauge Field via Higgs mechanism in R; gauge
As derived in Sec. [2.2.1], the Lagrangian for a massive gauge field (including ghost
fields and Stiickelberg field) is

1 1 1 1 1
L :4—11«"2 + §m2A2 + E(a LA+ 5(a,véx)z + §§m2x2 + 0,60"c + EmPec. (3.43)

In dimensional regularisation, the flat spacetime TEMT in d = 4 — 2¢ is given by

0 =m?A* — gc‘)“ (A*O\AM) + € (—m2A2 — %FQ + % [0 (ANOL A%) + AAQA(QQA“)})
+ % Ox? + &m?x* + (1 — ) O(ec) + 26mee. (3.44)

The results in this section will be given in three lines to show separately the
contributions from the gauge field, ghost fields and Stiickelberg field respectively.
We thus have that

%M@(ﬁ)(O) - 3841%2 [15 T'(e) [(f:; 22)_6 + ( 47::2)_1 —81
9 (15 I(e) (5252)_6 _ 6_23>
+1 (15 T'(e) (j:j;) L %) ] , (3.45)

We note that the contribution from the ghost fields and Stiickelberg field are
simply multiples of the results for the NCCS in Eq. (3.29) with n = 0 (-2 for
ghost fields and +1 for the Stiickelberg field).

Furthermore, we have

1 1 2\ ° 95
“MP (0) = 2 |15T - =
5 Moo () 38407r2[ [5 (€) (47w2) 2]

—2 15F(e)( P )_E—%

4 p? 2
L s g
+1 [15T(e) (47]:#2) - ] (3.46)
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The difference then becomes
_ 1 ] p2 p2
Abgy = 15 1 In|{ — In{ — 14
full = 502 [ 5 Jim [n (mQ) +In (5m2 +
2
. p
—30 1 In{—1]| —32
i i ()
P?
+ 15 lim {ln (—)} + 16
p—oo Em?

L s (2] -2 (3.48)
384072 pggo Y ’

The result is gauge invariant, as well as the individual %Még)(()) and %M(,(Z)(oo)

(3.47)

themselves.

In Pauli-Villars regularisation, we instead have
1. @ 1 A? A?
~ M2 (0) = 15(In(— ) +In{— )| —26
5 Moo (0) 38407r2[ [n(m2 o
A2

+15 In <€%) - 4] (3.49)

and

1 2) 1 A2
Z = — Inl—)—4
< Mg (c0) ss10.2 | 301 7 0
A2
—30In (—2) + 40
p
A2
+151n (p—Q) — 20] (3.50)

Taking the difference, we get
B 1 ] pQ p2
Absyp = —— |15 1 In— In|{ — 14
ful 38407r2[ poros {n <m2) * n(§m2 *

P2
— 30 lim {ln (—)} — 32
p—o0 Em?
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(3.51)

P2
+ 15 lim {ln (—)} + 16
p—00 &m?

B T T s 2 (3.52)
T 384072 | oo |\ 2 ‘

Thus, we find that, as in the NCCS case, Abg is the same in both dim reg and
Pauli-Villars regularisation. Also, the results do not match those obtained in
Sec. [2.2.2] which is due to the fact that the formula for Ab in Eq. (3.16]) breaks

down when there are UV divergences in the calculation.

3.2.5 Massive Gauge Field with ghosts only

In this section, we consider the situation where only the gauge field and ghost

field contributions are considered. We find that

- 1
Abgtign = = Mg (0)

. [—18 + 15In¢] (3.53)

384077
where we have used the fact that M(gz)(oo) = 0 in the first equality, which has
already been established by a direct computation, see Eq. . The result is
not UV divergent, and indeed, the same result is obtained using either dim reg or
Pauli-Villars regularisation. We note that the result is gauge-dependent, and it
matches exactly those obtained using the heat kernel calculation, in Eq. ,

including the gauge-dependent term.

In conclusion, the calculation of Ab using the prescription in [83] works well when
there are no UV divergences, and in such cases, the results agree with those from
the heat kernel calculation. The result that Ab > 0 derived in [83] could have
very important applications, as will be discussed in the next section, provided the

issue with UV divergences is properly dealt with. We leave this for future work.

Before concluding this section, we would like to mention that an expression for
Ap, using moments of the 3-point function of the TEMT was derived in [92].
However, it relies on the formula for Ab, and therefore similar problems arise for
the NCCS and spin-1 gauge field. On the other hand, perfect agreement with the
results in Chapter 2] was found for the CCS and fermion upon using the expression
for Af, in [92]. It is hoped that fixing the formula for Ab would also fix the one
for ApS,.
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Figure 3.1: Left: Plot showing how the strong coupling constant ag in QCD
varies with the scale p in the conformal window. There is asymptotic freedom as
i — oo (UV) and ag — 0, while there is asymptotic safety as p — 0 (IR) and
as — olf. Right: Plot showing how the 3-function changes with c. The origin
represents the point for asymptotic freedom in the UV, while the other intersection
with the ag-axis represents the IR fixed point for asymptotic safety.

3.3 Comments on QCD in the conformal window

QCD describes the interaction between Dirac fermions having N; flavours in
the fundamental representation, and gluons (spin-1 gauge fields) in the adjoint
representation of the gauge group SU(N,). For certain values of Ny and N, the
B-function, defined by

dgs

p= dlnpy’

(3.54)

where g is the strong coupling constant in QQCD, vanishes both in the UV (very
high energies) and the IR (very low energies). Thus, QCD becomes conformal
at these fixed points; in the UV, we have asymptotic freedom, where the theory
become free (non-interacting). In the IR, the coupling of the theory reaches
a finite value, and we have asymptotic safety. Fig. illustrate these points
graphically.

The so-called conformal window is the range of values of Ny and NN, for which
the two fixed points exist. QCD in the Standard Model has Ny = N, = 3
(assuming the u, d and s quarks are light), for which we have asymptotic freedom
in the UV, and confinement in the IR, since the coupling becomes very large
there.

It can be shown quite generally that the condition for asymptotic freedom is
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137, 58]
N; < =N, (3.55)

which obviously QCD in the Standard Model satisfies.

In the next sections, we will investigate whether the a-theorem or the tentative
‘b-theorem’ can give us more information on the range of values that N s can take

for QCD in the conformal window.

3.3.1 Conformal Window via the a-theorem

This has been worked out by Cardy in [81]. In the UV, QCD is characterised by
NZ — 1 spin-1 gauge fields, and N,-N; fermions. In the IR, due to spontaneous

chiral symmetry breaking [93], we end up with N} — 1 scalar Goldstone bosons

(pions). From Egs. (2.87)), (2.189) and (12.249)),

Apsealar — 1 (3.56)
Aplem — 11, (3.57)
ApETEN — 62, (3.58)

where we have normalised the units so that the scalar contribution is 1, we have,

upon using the a-theorem that
62 (N2 — 1) + 11N.-Ny > (N7 — 1) (3.59)

Solving this equation leads to

11 11\2
Nf§5N0+ o) N2 462 (N2 —1)+1, (3.60)

which is consistent with the condition for asymptotic freedom in Eq. (3.55]), but

is less restrictive.
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3.3.2 Conformal Window via the tentative b-theorem

First of all, we note that this section assumes that Ab > 0 even in non-
conformal theories (NCCS), and this relies on the derivation provided in [83],
which unfortunately has been shown to fail in such cases in Sec. by explicit
computation. Nevertheless, if the fourth moment formula in Eq. could
be amended to fix this issue, while preserving the arguments for the proof that

Ab > 0, one can investigate what the consequence is on the conformal window.

We note that the Goldstone bosons generated by spontaneous chiral symmetry
are scalars which are minimally coupled, i.e. the coupling n = 0 in Eq. (2.87). This
is due to the fact that chiral symmetry and conformal symmetry are incompatible
with each other [94H97]. We further note that the value of the conformal coupling
n did not affect the result for A, in the previous section, but here, n will affect
Ab, c.f. Eq. (2.87) and (2.85).

As before, we write the contributions due to the NCCS with n = 0, fermion and
spin-1 gauge field to Ab,

Abxccs = 6, (3.61)
Abgerm = 6, (3.62)
Abgeygn = 12, (3.63)

where we have normalised the results in units where the CCS has Abccs = 1. Note
that we have used the prescription A, (c.f. Eq. (2.82)) for calculating Ab for the
minimally-coupled scalar. We prefer this prescription over A; (c.f. Eq. (2.81))
since the latter is not regularisation-independent (it involves an explicit d-
dimensional trace). Furthermore, the contribution to Ab from A, is positive,

while that from A; is negative.

In this case, applying Ab > 0 for QCD leads to
12 (N2 —1) + 6NNy > 6 (N7 — 1), (3.64)

and the solution to the inequality is

1 1\2
Ny < §Nc + \/<§> N2 4+2(N2—1)+1. (3.65)
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Therefore, Eq. (3.65) imposes a more strict condition on the upper bound of Ny,
compared to the condition obtained upon using the a-theorem (c.f. Eq. (3.60)),

and even goes beyond the condition for asymptotic freedom. For N, = 3, we have

Ny <16.5, using asymptotic freedom, (3.66)
Ny <442,  using AB, > 0, (3.67)
Ny <5.9, using Ab > 0. (3.68)

However, the result using the positivity of Ab contradicts the Banks-Zaks result

[40] that the conformal window has to include the region

11

i.e. the region close to the upper bound set by asymptotic freedom, c.f. Eq. (3.55)).
This is not surprising, since the argument relied on unproven assumptions, which

may need amendments, as discussed in the outlook section below.

3.4 OQutlook

In this section, we highlight some interesting ideas to investigate in the light of

the work presented above.

3.4.1 Regularisation-independence of the RG flow of [1R

As explained in Sec. the RG flow of the various coefficients is obtained by
integrating out the matter fields. The work in Chapter 2 has focussed on the
calculation of the coefficients of the gravitational terms (see Eq. (3.14))) in various
field theories using dimensional regularisation in particular. In gauge theories,
this specific regularisation technique somewhat simplifies the identification of
gauge dependent terms and irrelevant parts, and this enables the isolation of
the conformal anomaly, which was discussed in detail in Sec. It would be
interesting to generalise this to other regularisation schemes, such as differential

regularisation [98], and to offer a proof of regularisation-independence if possible.
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3.4.2 Fixing the tentative b-theorem

In Chapter 2, we have presented a detailed calculation where the coefficients of
the various gravitational terms in the VEV of the TEMT were calculated. A
subtraction scheme, which was defined in Egs. and ([2.82)), fixes the issues
of gauge dependence and UV divergences for Ab, the coefficient of OR.

Physical meaning can be given to Ab via the work done in [83], since it was shown
to be scheme-independent and flow-independent (and also positive). However, we
have shown in Sec. 3.2 that there are some issues with the fourth moment formula
for Ab given in [83] when NCCS and gauge fields (which both have non-vanishing
classical TEMT) are involved. Ab can become gauge dependent, negative or even
UV divergent.

First, one would need to revisit the derivation of Ab in [83], in order to correct
for this. It would most likely require a subtraction of some sort. Next, one
would need to ensure that the proofs of positivity, scheme-independence and flow-
independence still go through after the amendment, which would then qualify Ab
as a physical observable. As a check, the results obtained from the amended
formula for Ab could be compared with those presented in Chapter 2 of this
thesis, and the argument in Sec. could be repeated with the new values.

Finally, it is worth noting that in 4D, there are four gravitational terms that
appear in the VEV of the TEMT. Therefore, an avenue worth exploring is whether
a combination of the different coefficients of the gravitational terms, rather than

the coefficients on their own, could be a candidate for a c-theorem in 4D.
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Chapter 4

QED corrections to B — K/{T(:

Preliminaries

Rare semileptonic B decays of the type B — K®¢*¢~ have received significant
interest in the last few years because of the hints of Lepton Flavour Universality
(LFU) violations reported by the LHCb experiment [10-12], which could be due
to physics beyond the Standard Model (SM). In view of higher statistics results on
these modes, a detailed study of this phenomenon requires an accurate estimate

of all possible sources of LF'U violation present within the SM.

Besides trivial kinematic mass effects, the only potential large source of LFU
violation present in the SM are hard-collinear singularities in QED. These can
induce non-universal corrections of order O(«) In(m,/mpg) to the physical decay
rates (depending on the definition of the observables), which can be large for light
leptons. These effects are well known and, to a large extent, corrected for in the
experimental analyses through Monte Carlo simulations (e.g. PHOTOS [99]).
In order to cross-check the reliability of the approximations which are behind
this treatment, a detailed analytic analysis of QED corrections is desirable. A
first step in this direction was undertaken in [2], where semi-analytic results for
the LFU ratios Rx and Rk~ have been presented. Here we go one step further:
we focus our attention on the process B — K/1fy (which is a good prototype
for a wide class of interesting semi-leptonic decays, including charged-current
transitions such as B — mfv), and analyse QED corrections at a fully differential
level in terms of the “visible” kinematics (i.e. in terms of the two variables that

fully specify the kinematics of the non-radiative mode). Moreover, we present a
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complete analysis of the problem of evaluating both real and virtual corrections
within an effective meson approach which is an improvement over scalar QED.
As we demonstrate, this approach is sufficient to trace back the origin of all

“dangerous” collinear singularities.

While soft QED singularities cancel out at the differential level in any infrared-
safe observable, the cancellation of the collinear singularities, which are actually
physical effects regulated by the lepton mass, is more subtle. As we show,
the choice of kinematic variables plays a key role in obtaining a differential
distribution that is not only infrared-safe, but also free from the sizeable LFU
violating terms of order O(«) In(my). In particular, as far as the invariant mass of
the two lepton system is concerned, the following two options can be considered:
q@? = (l1+02)? and ¢ = (pp—px)?. The first case (¢7), which is the natural choice
for experiments where the B momentum is not known (such as those performed at
hadron colliders), corresponds to defining the invariant mass of the charged lepton
system from the measured lepton momenta (¢ 2), i.e. after radiation has occurred.
Whereas in the second case (¢7), the hadronic momenta (pp x) are used to define
the momentum transfer to the lepton system before radiation. These two choices
coincide in the non-radiative case, but are different in the presence of radiation.
We show that it is only by using ¢2, as the relevant kinematic variable, that the
differential distribution is free from O(«a) In(my)-terms. This does not imply that
one cannot perform clean tests of LF'U at hadron colliders, but rather that in such
cases, the collinear singularities are unavoidable and should be properly corrected

for.

4.1 Generalities

The two sets of variables we introduce to describe the differential distribution of
the B(pg) — K(px)li(€1)l2(fs) + (k) process, assuming that radiation is not

detected, are

@ =l +0)?2 c=- (I 5,1“|:K|) [“Hadron collider” variables] ,
(e} = il -
o % = (pp —p)*, co=— ( bPx [“B-factory” variables]
0 ’ 115K ) go—RF ’

(4.1)
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where ¢ — RF and ¢y — RF denote the rest frames of
g=bi+l, @=pp—px=q+k, (4.2)

as illustrated in Fig.|4.1{(to conform to standard notations, throughout this thesis,
¢ = q). As indicated, the set a = ¢ is the natural choice for a hadron-collider
experiment, while the set @ = 0 can be implemented only in an experiment where
the B momentum is known. However, as we shall discuss later on, both sets
can be applied to describe appropriate integrated distributions in any kind of

experiment.

A further variable that plays a key role in defining infrared-safe observables is
pp=pp— k=40 +{l+pK, (4.3)

which equals the sum of all visible final-state momenta. The kinematic invariant
p% is the reconstructed B-meson mass in the hadronic set-up, when pg is not

known, and the variable

)
_ PB
2 bl
miy

Dexe > (4.4)

provides the most natural choice for the physical cut-off regulating soft diver-
gences. The complete decomposition of all momenta in the pg, pg, ¢ and go RFs
is presented in section [4.3| and the rest frames are denoted as (1), (2), (3) and
(4), respectively.

While the cut in Eq. (4.4) is Lorentz invariant, its meaning becomes more

transparent when expressed in the pg-RF,

(1) max (1) __ mB
BV < E7 = 6ex7, (4.5)
where Egl) is the energy of the photon in that frame. Therefore, it is clear that
dex acts as a cut of the photon energy directly in the pg-RF. We refer the reader

to Sec. for a more detailed discussion on the experimental cut dey.
Schematically, we decompose the double differential rate as

1 _
d2FB*}K€122 (6ex) - m_B (pa<m2B>’~AV|2 +/(; d(I)'y pa(pJQB) ’AR‘2> dquca ) (46)

where p,(m%) and p,(p%) denote the 3-body and “effective-3-body” phase space

factors respectively, and d®., indicates the integration over the undetected photon
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Figure 4.1: Decay kinematics for the different RFs of interest. The dashed line

corresponds to what is referred to as the decay axis. For brevity, we drop the

frame-label on the lepton angles, 6, = Qé?’) and 0y = 19(()4), and if no frame-label is

)

indicated on the photon angle, 0, = 9,(y2 is usually understood.

variables over a phase space region specified by the physical cut-off de. In the
following, we first introduce the effective Lagrangians used in our analysis, and
then present the calculation of the real emission amplitude (Ag) and the one-loop
virtual corrections to the tree-level 3-body amplitude (Ay ), and finally discuss
the corresponding phase space factors. Soft divergences and ultraviolet (UV)

divergences are regulated in dimensional regularisation (DR).

Often in QED calculations soft divergences are regulated via an explicit photon
mass. For this reason, whenever possible, we will indicate how results change
when using this regulator. However, we found that DR is more convenient in

performing the soft integrals, and therefore, we adopt it as the default approach.

We use the following conventions throughout: The abbreviation ¢, = cos#, and
sq = sin f, where the label a stands for either £ or 0 and its meaning on the main
kinematic variables is depicted in Eq. (4.1]). The matrix elements

(0|B" ()| B(ps)) = e, (K(px)|K'(2)]0) = e, (4.7)
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Figure 4.2: Diagrams illustrating the decay process from the full SM to the
mesonic effective theory (left to right). The red helices represent gluons which
interact non-perturbatively. The leftmost diagram represents a contribution to
the decay rate as predicted from the full SM. In the middle diagram, the W boson
has been integrated out, and we are left with effective vertices (represented by the
black dots), which are given in Eq. . The rightmost diagram represents the
effective mesonic theory (Eq. ) used in this work, which is obtained by the
matching procedure described in Eq. .

provide the link to the mesonic states B and K of valence quarks b and s
respectively. Whenever there is no ambiguity, we use p = /p? and hatted
quantities are understood to be divided by mp in order to render them

dimensionless e.g. ¢ = ¢*/m%. We use dimensional regularisation with

d=4— 2e.

4.2 Mesonic effective Lagrangian

Generically, we consider non-radiative processes of the type My — Mp{105, where
My 1, are generic scalar mesons (of either parity). Fig. shows the decay process
at different scales and levels of approximation, from the full SM to the mesonic

effective theory used in this work.

In what follows, we take My = B and M; = K and the mediation is described

by the following effective partonic Lagrangian

arton n _ G
cremen — gL, Vithe, L,=61", V,=qv,(1=v)b, gz = —TSACKM,

int
(4.8)
where T* = ~#(Cy + Cav;5). The quark field ¢, the values of Cy and Cjy, and
Ackm can be adapted to describe different processes. Those mediated by the
b — u(c)lv charged-current interaction correspond to ¢ = u(c), with (Cy, Cy) =

(1,—1) and Acgm = Vin(Vip). Processes mediated by the flavour changing neutral
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transition b — (d,s)u*p~ are obtained by setting Cyay = aCynagy/(4m) and
Ackm = Vg5 Vib-

The corresponding effective mesonic weak Lagrangian describing the B — K¢ /(5

process reads

(0 .
LT = gw L'V T the, VT =) in—'()(—DQ) (D,BYK ¥ BY(D,K)],
n>0 )

(4.9)
where D, = (0 + ieQA), is the covariant derivative and f"(¢?) denotes the n'®
derivative of the form factor fi(q*). This Lagrangian maps the ¢*>-dependence of
the non-radiative B — K form factor into a tower of derivative operators, such
that the hadronic matrix element of V), is reproduced to LO in the electromagnetic

coupling,
H' (g5) = (K|Vu|B) = f+(a)(ps+px)" + f-(05) (05— PK)"
= (K|V;"TB) 4 O(e), (4.10)

where (0|B'B(pp)) = e~ and (K(pie)|K(2)|0) = 7<%, and fo = fi +

2
q

2 2

mp—mi

f— is the scalar part of the form factor.

When performing the numerics, we have included up to first derivative terms
in the form factor expansion, as the computation becomes computationally
expensive as one goes to higher order. Thus, the corrections induced by such

2

) 2 )

a truncation are of the order of (73—2) , and such corrections become larger as
B

one considers larger values of ¢?. However, it has been shown in Secs. and
that, as far as hard-collinear logs are concerned, the form factor factorises, such
that it is not necessary to perform a form factor expansion in order to obtain
the contributions to the hard-collinear logs. Finally, we point out that when
considering relative QED corrections, as is done in Sec. [6.1.2] such effects may
become insignificant, depending on the choice of differential variables. We also

refer the reader to Sec. [6.1.3] for a detailed discussion of such effects on the results.

The radiative amplitude is computed at O(e) by combining the gauge-invariant

Lagrangian in (4.9) with the ordinary QED Lagrangian for fermions and mesons,

Lo = Le(A)+ D O(iD—m+ Y (DM)D'M —m3, MM | (4.11)
=Ll M=B,K

where L¢(A) denotes the Maxwell Lagrangian with the covariant gauge-fixing
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term,

1 1 9
Le(A)=—-F"E,, ——(0-A). 4.12
() =~ [P Ep = 50 (0-4) (112)
The propagators of the scalar, fermion and photon are given by

1

Ap(k) = P_mg (4.13)
Si(k) = ]fzt—mw% , (4.14)
—1 k. k,
Aul/(k) = 12 —m2 (g#y—(l—ﬁ) 22 ) ) (4‘15)
Y

where a photon mass regulator m., was added in the last line.

Matters related to going beyond this approximation, at the form factor level,
are discussed in Secs. [5.5] and [6.2.1 In particular, we have shown that
the effective mesonic Lagrangian above captures all the contributions to hard-

collinear logs.

The non-radiative amplitude is decomposed as
Ap g, = (K0 0|(—Li)|B) = AD + AP + O(e*) | (4.16)

where the superscript indicates the order in the electromagnetic coupling and the
phase follows the Particle Data Group (PDG) convention [100]. The lowest-order
(LO) amplitude reads

A%]LKZIZQ = —(eff LO'HO s (417)
with
Ly = (0105 L*]0) = a(fy)THv(ly) . (4.18)

For flavour changing neutral currents (FCNCs), such as B — K/{(T(~, there
are additional contributions originating from four-quark operators, dipole and
chromomagnetic penguin operators which are apparently not described by
the mesonic Lagrangian in . Some of these effects, in particular the
long-distance contribution associated to the charmonium resonances, introduce
sizeable distortions of the kinematical distribution in specific regions of ¢>.
However, in the case of a scalar meson final state, such effects can partially

be absorbed for moderate ¢ < m?,/\p into a reparametrisation of the fi form
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factors.ﬂ Approaches of this type can be found in the literature in the framework
of e.g. QCD factorisation [101] and/or light-cone sum rules [T02HI04].

4.3 Kinematics

4.3.1 Kinematics in terms of the {¢?, 0,}-variables

The main frame is the pg-RF, which will serve to define the photon energy cut-off.

In this frame, the momenta are parametrised as follows?]

k® = E2 , —cos b, |k:(2)| —sin @ Cos¢7|k )|, —sinf 81n(/§7|k(2)|)

0).
_ 2) | (2 (2
P - ><2>—<B—Eﬁ(’,\p[@\,o,m:<E52’7\p§<)\,0a0>’

(
(P5
(P
= (

B2, ~[521,0,0), (4.19)
where
1 AV2(p2, ¢?, m2.)
2 (2 _ —(2 ) )
B =\ 5Otk = 50— +mi) . 5] = Sram—
PB P
. 1 . )\1/2(252 m2 mQ)
E@ —  [IF@)2 2 _ (2 S22 r2)| — B, MR, M,
v k5| +m; 2%s (mB PB m"y) ;| y | %n ;
— 1 —
EP =\l P+ = 25 PB " =) (4.20)

consistent with pp — Eg) = E(gQ). The Kallén function,
A(s,mi,m3) = (s = (my = ma)*)(s = (ma +ma)?) , (4.21)

is related to the spatial momentum in the 1 — 2 decay [100].

The momenta of the leptons ¢; and /5, in particular the angle 6, used by theorists

and experimentalists, are defined in the rest frame of ¢, denoted by the (3)-frame,

L Of course, there are additional long-distance effects, such as the photon exchange between
a charm-loop and the B-meson which cannot be captured in this way. We expect the simplified
procedure outlined above to absorb the main effect at moderate ¢2.

2 All four-momenta are understood to be with upper Lorentz indices e.g. (k?)*. It is
understood that 6, = 9%2), y = QS( ) for brevity. If the angles do not refer to the (2)-frame,
then they will be indicated.
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for which the momenta are given by

q(3) =(q,0,0,0),

653) = (Efla ’El’ COSQ(, _‘Zl‘ Sine@a O) )

fég) = 653) ’{mél —my, ,0p—0p+T} = (Eba _’51’ cos 957 |Zl| sin 057 O) ’ (4'22)
where

— 1
By = EY = /|0 +m3, =2—q<q2+mz—mz>,

= 1
3
B, =E) =\/|Op+m}, = 2—q(q2 —m2 +m)

1/2(q27 mgl ) mgz)

- A
G = 0¥ =
4] = 18 —

(4.23)

which is consistent with EéS) = FEy, + Ey, = q (and g = {1 + {5 of course) and the
boost velocity 3 ,

7al 1P| EY
/6:—2):—7 ’Y:%

, (4.24)
E 1%

Q~

is obtained by requiring ¢® = 0.

Thus, in the (2)-frame, the momenta ¢ 5 depend on the angle of the lepton ¢;
w.r.t to the decay axis in the ¢-RF and are given by

067 = (B + Beos0ulli1), 1 (BB + cos 0l ), =101 sin 0y, 0)
657 = (1B = Beos 0l ), v(BE — cos 0|0”)), +]1”] sin6,,0) ,  (4.25)

and ¢ = +/¢?, whenever it is clear that ¢ is not a vector, such as in Eés) =
3 3

E9 1+ B9 —q

4.3.2 Kinematics in terms of the {¢3, 0 }-variables

We start by defining kinematic variables in the pp—RF, denoted by (1). Defining

the z-axis along the direction of ¢y, one has

Py = (ms,0,0,0), o = (B 15,"1,0,0, pi =(E,~l5"1,0,0).
(4.26)
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The momenta ¢4, {5, and k, will be defined in frame (4). Further,

1
1
Ey) =ms — Ey = mp (mp — qf +mk)
(1 1 i )\1/2(m2 @2, m2 )
BV = qo”|2+qu—2m3(m23+qg—m§<), 179 = 21;;130 K)

(4.27)

Frame (1) is useful for imposing the cut-off on the photon energy, c.f. Eq. (4.77)).

For the phase space integration, we pick the independent variables |E§4)|, 054),

24), all defined in the ¢o-RF, which we denote as the (4)-frame. There, the

four-momenta are given by
kW = (ESL), — cos 9(74) |l€(74) |, — sin 0&4) cos ¢(74) |k;§4) |, — sin 9(74) sin gbgl) |k§4) ),
p(g) - ’qumB (17 _/8(107 07 0) )
q((]4) = (q07 07 07 O) )
4 1 (1 (1 1
p%) = TYao <(E§<) + ﬁqo|90( )‘> » <|QO( )| + quEﬁ()> 7070> g (4.28)

where E§4) =4/ |E§4) 2 +m2 and the boost factors from the ps—RF to the go—RF
are given by

\%(1)\ E«%)
Bg = v Yo = : 4.29
qo E(gé) " do ( )

We choose the axes such that 51(4) lies in the zy—plane (see Fig. . Then

640 = (B 18 e, ~17"150,0) (4:30)

where 6, is the angle between [1(4) and the x-axis in the ¢o-RF (recall ¢y = cos 6,
and so = sinfp), and Eéf) = (|62 4+ mg )2 ¢ is found by momentum
conservation via 654) = (go — {1 — k). Solving for M:(4)| is quite complicated, and

the explicit result is given by

_AB+VD

p'(4)
‘gl | 2 — B2 )

(4.31)
where

A =gy — 2B +mi, —mj, +m?
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B = 2E§4>ﬁ7 (cos 924) o — sin 9,(74) cos ¢g4) 50) ,

_ 4
C =2qy— 2B,

D= A’B*+ (C°— B*)(A* - C°my)) , (4.32)
where
m3

(4 - S
Using the above, one can also calculate w? = 2(\61( )\E§4) + 0|[ (4>|[k : 61}(4)Eﬁ))
1
which will be needed in Eq. (4.68). It reads

Y

w? =2 (|[1(4)\(CI0 - E(4)) + E 57(81n9 cos ¢g4) Sp — COS 954) co)> .
(4.34)

4.4 Real radiation

The five diagrams relevant to compute real emission amplitude at O(e) are shown

in Fig. 4.3 The result can be expressed as follows.

26*'£1+¢ k)
2k -4

2¢*-ly+Jid
T@} U(gz) +

A - +PB) A ~(K) € (px +Dk)
7 g8 (2 € (pB I 2
QpLo-Hy ' ( )—2k«p3 + Qg Lo-Hy ' (q7) % pre

(Q5—Qxr) Lo-¢* f+(¢*) + (Q*+Q*)Lo-€*f—( 2>+

AL = —egcff{ u(ly) [Qel I Ho(g3) + @z, T Ho(g))

+

(Q@p+Qx) Lo (p5 + px) (€ (q + q0)) Z fi } : (4.35)

n>1

where P, = 32" (¢2)®™™) (@)™ (with Py = 1), H{X) = Hy|,, 5y for X = B, K

m=0

and px = px + k (recall pgp = pp — k).

Note that in order to recover the result in photon mass regularisation, the
. . 2 . . . . .
substitution 2k-p — 2k-p £ m7, with plus sign for outgoing and minus sign

for incoming momenta, in the denominators is sufficient.

The rules for the hatted charges are: Qi“ = —Q™ and Q‘)“t Q°". Furthermore
we use g, = —Qy, such that Qz, + @, = 0 in the case where the lepton pair is
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Zl éQ X
B | )@

L, Ly p K, B,

Y Y

Figure 4.3: (e)-graphs with nomenclature referring to photon-emission and
the P stands for point-like and can also be interpreted as a contact term.

B—>R£152 ‘QB Qf( Qh Qt’z
BT = K ppt | 41 -1 -1 +1

B, — K-vu* 0 -1 0 +1

s

Table 4.1: Example of charge assignment for FCNC and semileptonic decay
which obey . Note that generally Qp = —@Q)p, rules for the hatted charges
are given in the text and by convention B and K correspond to mesons with a bg
and sq valence quarks.

charge neutral. Charge conservation then implies

> Qi=0. (4.36)

i=B 7I_<7€1 722

Hereafter, the >

1

is defined by the left-hand side (LHS) of the equation above.
Keeping the leading terms in the & — 0 limit, i.e. at O(1/E,), AL assumes the

Low or eikonal form,

Al = A0S Qekg , (4.37)

which is manifestly gauge invariant as a result of Eq. (4.36). The subleading
terms of O(EY) are also universal and are proportional to the angular momentum
operator (e.g. o, k"€ terms in the first line of (4.35))).

It is instructive to discuss gauge invariance of the amplitude beyond the & — 0

limit, and we address this in the next section.

4.5 Gauge invariance of the real amplitude

-
B— K1ty

Gauge invariance follows from the charge conservation (4.36) and inspecting

the four terms in (4.35)), it is far from obvious how this will work out since
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the individual terms depend on the hadronic form factor in a non-uniform way
e.g. @gMIHO(q(Q)), Q. HPX)(¢?),.... A special rle is played by the contact
terms arising from diagram P in Fig. 4.3 From the viewpoint of the effective
Lagrangian, these terms arise from replacing ordinary derivatives with covariant
ones and from the viewpoint of the Ward identity, they are induced by the

derivatives acting on the U(1) gauge transformation.

At first, we consider lines two and three of the real amplitude in Eq. (4.35])

Ay o Qp Lo- By (¢ >Z‘j§j +@KLo-ﬁéK><q2>ij§jj
+(@B Q ) Lo-€* f(q®) + (QB‘FQK)LOf*ff(QQ)
Qs+ Qr)Lo-Holg?) | (4.38)

and notice that a gauge transformation combines these two lines into an

expression which will combine with the first line

(1) _ 2447k _ 2€¢* - ly+fig*
Ay o a(ls) |Qr BT I Ho(q3) + Qz, T Ho(g )—Zk 0 v(fy)
= (Qp, + Qe) Lo Ho(ad) , (4.39)

except that the argument of the form factors is g2 in one case and ¢ in the other

case. This is remedied, of course, by the fourth line

AV < (Qp+Qx)Lo- (5 £ i) (26" q)

n>1

S Q) (on £ ) 3 D

n>1

= (QB+QK>LO'(HO(Q§> — Ho(q%)) , (4.40)

which follows from AZ = 2¢-k and AfIPn_l = A?" and A?" = ()" — (¢*)™

q q
Adding them all together, one obtains

AW| Ly o< Lo Ho(gg) > Qi =0, (4.41)

the explicit gauge invariance of the real amplitude.
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4.6 Virtual corrections

The diagrams for the virtual corrections are depicted in Fig. [4.4] and decompose

into

la
A = AR, + 55 [(@Qh + QL0 + (@4 + QR)ZP | AV, (442)

where 1PI stands for one particle irreducible and §Z correspond to the self-energy
corrections. We have computed corrections up to the second derivative of the form
factors but show only results up to the first derivative as they are numerically

time-consuming.

For the Z-factors, decomposed as
Zi =1+ Q*2529 + 0(a?), (4.43)
7r

we find, adapting the on-shell scheme,

1 1
028 = 1 (- 0lz ~r) +1-9)
€uv
1 1 2
678 =~ (~6— B Oren+3I () —B+) . (4.44)
4 €uv I
with
1 1
—=—-—7g +1ndrm . (4.45)
€ €
The factor ryg reads
n(E)
Tsoft = { rll W ™ 5 (446)
ér My =

in the case of a photon mass regularisation and DR respectively.

The expressions for the 1PI graphs in Fig. are given in Sec. [4.6.1}
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> X ¥ X X

B,Ly B, L, B,K, B,B, PB,
KL K, Ly PK, KK, LiL,
LiLy PL, LoLy PL,

Figure 4.4: O(e?)-graphs with nomenclature adapted for tracking the
cancellation of IR-divergences.

4.6.1 Virtual diagrams

In what follows, we use the notation

[= ] i

BL, and BL,
AR = —igg Qp c? /k (2p5 + k)" Ay (k) FE x
W) QS + (~Qe)Sa(rlts) . (449
where
FE = (o4 1) 90, 30 D () (4.49)
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and the momentum assignment of the 3 propagators is
(r, ) = (£[k + li(b)], =k — pB) , (4.50)

with the first case corresponding to BL; and the second to BLs.

KLl and KL2
ARG, = —ianQx e [ =Ry AL (WFL
u(l1)(Qe, v S1(r)TH + (=Qp, )T Sa 1)y )v(lz) . (4.51)
where
K _ ~ ££7(0) -
ES=psx(p—Fk) (@ + k)™ Ag(l) (4.52)

n>0

and the momentum assignment of the 3 propagators is
(r,1) = (E[k+ G ()] k= p) (4.53)

with the first case corresponding to K L; and the second to K Ls.

PL1 and PL2

ARL B = igene’ / Fiia()(Qe " S1(r)T" + (=Qp, )T Sa(r)y)o(ta) , (4.54)
k
with the momentum assignment
r =tk + {1(4s)], (4.55)

for PL, and PLs respectively and

£7(0)

Fi = [(Qp £ Qr)Au(k) > (g + k)2 +
' y (0)
Qs = Qi) (s £ pi)u(20 + 8)" D,y (k) Y == Poi] . (4.56)

n>1
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where sums over + are understood and P, = > _(¢*)" "™ ((g + k)*)™.

PB and PK

ARgEhe = —igege2Lg/k [F;ﬁQBAB(pB —k)(2pp — k)" +

B QueArc(p+ k)20 + k)°| (4.57)

Fr = (Qp+Qx)Aua(k)fr(q?)
£00) -

+(Qp — Qx)(20 — k) Dua(k)(p5 — k£p)y Y=~ Fooy , (4.58)
FE = (Qp £ Qr)Dua(k) fr () 7
(n)
Q5 — Q)20 — B Dun (K)o £ 0+ 1), S IO (a50)

and it is understood that + is summed and P, = 3" _ (¢*)" ™) ((q — k)?)™.

BK
The BK-vertex correction graph reads

ABDEOE 0 QpQre’LE / (2ps + k)P FEAR() (4.60)
k
with
Fly = Npn(k) Ak (1)[(2k + p5 + ) f+(%) + (5 — P) f- ()] (20 + k)", (4.61)

and

(l,r) = (=k —pp,~k —p). (4.62)
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L,L,
For the L; Ly graph (lepton vertex correction), the amplitude reads

ABTROE — 6000 (—Qp,) e HY (¢°) / ()7 81 (DTS (1) v(ls) Aus (k) |
(4.63)

with the momentum assignment

(L) = (6 — k,—ls — k). (4.64)

PP

They appear in the tower expansion for n > 1, but are tadpoles. They are
proportional to Ao(mz), where the function Ay is defined in App. , and vanish
in the limit m, — 0 (and are thus not shown in Fig. {.4) [

4.6.2 Gauge invariance and UV divergences

We explicitly checked that the gauge dependent part of the virtual amplitude

vanishes as a consequence of charge conservation,

§ 1 .
AP = = —AO (rsoft S 1) Q) =0. (4.65)

Let us turn to the UV divergences. There are no UV divergences in the
neutral meson case since the leptonic currents do not renormalise (at our level of
approximation). This does not change when the tower of operators LEFT is
added as the derivatives acts on the mesons only. As previously mentioned,
we restrict ourselves to the first form factor derivative approximation or to
dimension-eight operators (the explicit form factors are given in Sec. . In
the case of charged mesons, there are UV divergences associated with operators
of dimension six and eight in and there is an additional one proportional to

(pB - 4) il) (0) which can be interpreted as a t-channel operator. Since fi are

3Note that we do not have to even assume cancellation of UV and IR poles if we work in
dimensional regularisation, as the individual poles themselves are suppressed by mg.

4 The set of operators does not close under renormalisation and needs to be completed
by the t-channel operator at dimension eight.
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to be counted separately this means that there are six counterterms to be fixed
at our level of approximation. The appropriate counterterms can be determined
by matching to QCD which we hope to address in the future. In the current work
presented here, we treat the divergences with minimal subtraction. We comment

in Sec. [6.1] on the numerical impact of the undetermined finite counterterms.

4.7 Comments on charge and c, symmetry

For the process B(pg) — K (px)l1(¢1)l2({2) + v(k), when /5 is the anti-particle

of ¢; (i.e.), we have a symmetry undeif]

Qi = —Q; for =100,

Cp — —Cy. (466)

We note that this applies only to the variables {¢?, ¢, }, as reversing the momenta
of the leptons in the (3)-frame corresponds to ¢, — —c¢;, while the same is not

true for the variables {¢?, co}.

One interesting consequence of this is that when the mesons are neutral, the
differential rate itself becomes symmetric under ¢, — —c¢,. We will also comment

on this symmetry further when we discuss hard-collinear divergences in Sec. [5.3

4.8 Phase space

In this section, we give the 3- and 4-particle phase space measures. For the photon
phase space measure, we need a regularised version in order to properly account
for finite terms. Here, we find it more instructive to discuss explicitly results

obtained using a non-vanishing photon mass. The adaptation to DR is given in
App. D]

5This is of course related to CP invariance of the QED Lagrangian, however, because the
particles have different masses, only the leptonic sector has the explicit symmetry in Eq. (4.66)),
and only when the leptons have the same mass.
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4.8.1 Phase space for the radiative and non-radiative decay

The radiative rate B — K /{57, without energy cut-off on the photon, is given
by

1
PT 5 ki = e ( / pa [|AD? + O(eh)] d@v) dg?dc, (4.67)
where
L NP )
_ i /20,2 2 2
pe = 26(27'(')3 pQBq2 A (q 7mf17m€2) )
L2 g ) 1
= — — M@, m?2, (k+06,)* 4.68
Po 26(27)3 mZqu o2 (%amel»( +43)7) , ( )

where ) is the Kallén function ([4.21]), and w? is given in ([4.34]). Z—i = det gggz’;‘;g
0>

is the Jacobian which can be computed from the defining equation (4.1 and the

kinematic parameterisations given in section[4.3] Moreover, the Lorentz-invariant

photon phase space integral reads

Emax EIIlaX 3
gl 1 v d’k
[ = L[
m, (2m)3 ), 2E,

1 /(E_({i>)max
2021 o,

dED | @] / dQVO[fI(ED, 69, 6M)] , (4.69)

with

mp 4+ m? — (¢ + mg)?

2mB

. qg + m% - (mﬁ + m€2)2

2qo 7
(4.70)

where the former and the latter correspond to the {¢? 0/}o—¢ and {q2, 60 }a—o

1)\max __ 4)\max
(E{D)me = . (EY)

~

variables respectively, and ¢, = /¢? is understood in this context. The restriction

on the angles is

, L 1 1=1
) f(ﬂ(E(Z)’ 09 ¢(Z)) — . , (4.71)
FEELEL SN = e, 0,60 ) 1=
with the function D defined in (4.32)). The reason why the restriction in the (4)-
RF, appropriate for the {q3, cy}-variables, is non-trivial is that for certain given
values of {q2,co}, the true maximum photon energy is a function of the photon

angles and is in general below (E@)max. We find it most convenient to implement
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the kinematic restrictions via the step-function ©(x). Notice, however, that in the
limit of my, — 0, the step-function ©(z) becomes redundant, since the function
D is then positive for all kinematic configurations, as can be seen from Eq. (4.32)).

To obtain (ES”)maX, consider

(pp — k)> =m% — 2mBE§1) + mi

= (px + Q)2 . (4.72)

ES) = ( E«(Yl))maX when (px + q)2 is minimum, and this corresponds to the case
when the kaon is also at rest in the rest frame of g. Note that this maximum is

completely independent of the lepton angle 6,.

On the other hand, the way (Ea(fl))max is derived in Eq. (4.70) makes an assumption

on the angles in the kinematics. To see this, consider

¢ = (g — k)°

=m? —2¢EY + . (4.73)

As with the derivation of (E{")™* the maximum of E{" happens when ¢2 is
minimum. However, to say that this happens when ¢* = (my, + mg2)2 implies
that in the go-RF, the leptons ¢; and {5 move in the same direction, and both
move in the opposite direction to the photon. The restriction on the angles is thus
evident, and this is why the Heaviside theta had to be introduced in Eq. . As
pointed out earlier, the restriction on the angles becomes obsolete when m,, — 0,
as the lepton ¢;, wrt which the angle ¢, is defined, can be assigned zero energy
for any values of {¢Z,co}. We have numerically checked that in both RFs, the

volume of the phase space is the same.

In the {q¢?, 6;}a—¢ case, one can conveniently work with the Lorentz invariant
variable p%, related to Egl) through Eq. (4.72). Moreover, since the passage from
Efyl) to E»(YZ) is independent of the photon angles, the replacement dQ(yl) — dQ(f)

is allowed. The photon phase space then assumes the form

2

Emax (mp—m-) 1/2(0n2 52 )2
B 1 v A2 (may, ph,m
/ AP, — ———— / dp%, (. g, ) / dlt? . (4.74)
(

23(2m)3 gtmi)? m%

My

The upper limit on p% (corresponding to smallest possible photon energy) is

obtained by setting Esl) = m., into Eq. (4.72)).
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The non-radiative B — K/¢;{, rate is given by
=2 m2
*Ts r0z, = el {]A9)2 + 2Re[AD(AP)] + O(e*) } dgPde, . (4.75)
mp

Since there is no photon-emission in this case, there is no difference between the

{¢*, c}- and {q?, co}-variables here.

4.8.2 Introduction of a physical photon energy cut-off

As anticipated, to match experimental observations, we introduce a cut-off on

the maximal value of p% via the parameter 0., defined in (4.4), satisfying

Q+mK>2 . (4.76)

mp

0<5ex<5f;jf=1—<

The value §° corresponds to the minimal value of p% in a fully photon-inclusive

decay. This definition translates to the following photon-energy cut-off

mp

B < praxt) = dex gy (4.77)

A typical choice for dey in realistic experiments is dox = O(0.1). When evaluating
the photon phase space variable in the (4)-RF, appropriate for the {dq3, dcg}-

variables, the cut-off can be converted by using
B = 500 B (1 = By, cos 051, (4.78)

cf. Eq. (4.30) for the Lorentz boost factors.

With the inclusion of de, the integral (4.69)) assumes the form

L et A )
dd, = ——— dp> AR | /dQ(Q). 4.79
/5@( To2(2m)? /m‘g(l—éex) ve my ! (479)
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4.9 Leading order differential rate dquCZFLO(QQ,Cg)

The leading order amplitude rate is easily computed from Eq. (4.75) and the
amplitude Ag)_} Rog, 1 Eq. (4.17), and is rather simple

d2

pf| pL—m?2 ;0£| pL—m2
FLO 2 — PB B A(O) 2_ 9 . 2P B«
dquCg (q 7C€) | ’ |g ff|

A
OV (Ao (020 = (Amo)? = Z5e) + (Ame) (Ao fola?) (1 = ) -

Y

QAN G e e 0, AT fo(qQ)f+(q2)ABI/2>\§/2ce> + |CA\2<m,5152 - Amg)

(4.80)

where Xy = A(¢%, m{ ,mj,), Amy = My, — My, Mg, = My, + Mgy, AP =
m% — m?2, with p,; as in , and all barred quantities are dimensionless by
division with appropriate powers of ¢. In the limit of equal lepton masses (my, =
me, = my), the above equation reduces to

d LO/ 2 ng‘ﬁ2 —m?2 9 9o 5
dqucgF (a°, ce) = 2|gest] WP:LB = <|CV| (A f+(¢7) (1 = Bicy))+ (4.81)

CaPAF1(a)2(1 = )57+ Afola®Pmi (A )) )

with B, = \/1 —4m?/q* and A\ = A(m%, ¢*, m%).
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Chapter 5

QED corrections to B — K{T(:
Treatment of IR divergences

In order to track the IR divergences it is convenient to split the differential rate

as follows.
21 _ prLo | @ A A (a) 2 4
PTprice,(0o) = PTX + 237 QQy (g + FP (6r) ) daddes + O(c")
i.j
= d’TO [1 4+ AW (g2, c4; 6ex)] dg2de, + O(e*) (5.1)

where d*I'Y© corresponds to the zeroth order term in (4.80]), the sums on the
charges is understood as in (4.36), and and H and F stand for the virtual and
real contributions respectively. More precisely, H;; and F;; are related to the

amplitudes as follows

o A A 1 .
;ZQin%ij = m_deﬁZB%mQBzRe[A@) AQ
1,7

« A A (4 1
S 0QE = o [ a0, (5.2
i,J

where d®., and p, are defined in (4.68) and (4.69) respectively.

In standard fashion, the integrals are split into divergent parts which can be done

analytically and a necessarily regular part which is dealt with numerically. We
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parameterise this decomposition as follows.

d2F LO

y _ () 4 gy ko) J

) e (H” + A )+AH”,

FO 50 = TEZ 76000y 4 7090 (5) 4 AFS ) (5.3)
i dg?de,” 7 T v

with 7:[1(38) (7—22(;10)) and ]:'Z-(js) (]—iighc)(a)), to be defined further below, containing all
soft (hard-collinear) singularities, whereas A and AF are regular (even in the
limit 12, , — 0). In order to split the real emission part, besides the previously
introduced physical cut-off d.,, we adopt the phase space slicing method [I5],
which requires the introduction of two auxiliary (unphysical) soft and hard-

collinear cut-offs, w, and w, respectively,

wc
0 = {0ex, s, We}, wsK1l, —<KI1. (5.4)
Ws
We remind the reader that d., has been introduced for meaningful comparison
with experimental data and mention for clarity that .7:"1.(;0)(“) is singular in the
my, , — 0 limit but finite for my, , # 0.

As already implicit in the decomposition , soft divergences cancel at the
differential level independent of the choice of kinematic variables. This is not
the case for hard-collinear singularities, given that the hard-collinear integral
(.E(Jhc)(a) ) is not proportional to the non-radiative kinematics. Without the
physical cut-off d., the cancellation of both types of divergences proceeds as in
standard in textbooks discussions (see e.g. [89, 105, 106]). However, the choice of
a photon energy cut-off, associated with a preferred frame, makes it significantly
more involved compared to the semileptonic case [I07]. A detailed discussion of
the soft singularities and collinear logs follows below, along with the definitions
of the F and H. Particular emphasis is given to single out which observables are
IR-safe and not.
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5.1 Cancellation of soft divergences at differential

level

As far as Ag? ; is concerned, soft singularities can be isolated as follows

1o A A
2 A PO
AgF)’I = 5;"4(0) Z QZQ](pl . pj)CO(mzza m?? (pl + pj)Qa m?? m»zya m?) + DOH—SOft )
i#]
(5.5)
where the explicit expression of the Cy function can be found in App. [F] including
its various limits. Here, p'* = —p™, p°U¢ = p

(and py, , = £12). Note that (5.5) is consistent with the crossing rule of reversing

momenta and charge when passing from in(out)- to out(in)-state.

out out

in analogy with the hatted charges

The soft singularities in the virtual corrections are encoded in the triangle
functions Cj in (5.5) and the self energy contributions in (4.44). Combining
them, we deﬁneﬂ

7(s)  def

H;; (1= 6;5) (B - py)Re[Co(m?, m2, (p;+p;)%, mZ,m2,m3)] + 65 x 62"

5
Pi-Dj T 1
= —Ts 1 — oy In [z45| + 0i55 ) :
T ft{( J)mimj (1_%2]') n || + 32}+O(f72) (5.6)

where fr stands for IR finite terms, including regularisation-dependent ones. The

x;;-variables are given by

- Vi — 1 s = (Pi+D;)?— (my+m;)*+i0
YT+ T (Bt )= (my—my) 2440

(5.7)

Considering the soft part of the real emission amplitude, namely the Low part of
the amplitude in ([{.37), we define’

FOw,) 27r2/ PR g~ 27r2/ Pl g
@) = O Gy T B et

n reality, the In |z;;| that appears in the Cj function really is In (;;), see App. [E| Taking
the real part then corresponds to taking the modulus of the argument. Note that while x;;
appears to be negative from Eq. 7 it can be positive when it involves an initial state particle,
the B-meson in this case.

2The argument of the log comes with a modulus here by construction. When the integral

2
is evaluated, it naturally comes with a In [G—FZU) } =In xfj = 2In|z;;|. See Eq. (5.10) and
Eq. (5.11)) for more details.
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_ _KR(ws)Ig»)) + O(fr)

D;* Pj ij 1
= [Tsoft — 21n(ws)] {(1 — 61]) Pi'P; ij 2 In ’wml + 5@35} + O(fR) 7(58)

mym; (1 — :z:”)

where the O(fz) terms can be found in App. [D.2] In the first line, changing the
4-momenta from unhatted to hatted leaves the integral invariant, as there are an
even number of each 4-momentum in the expression. As can be checked, the sum
7:[5) + .7:"2-(;) (ws) is free from soft divergences and this ensures their cancellation at
the differential level. Moreover, the individual F;; are gauge dependent (the result
is presented for £ = 1), whereas in the sum over all charges, gauge dependence
disappears. This includes In? my, ,-terms which cancel when the real and virtual
terms are summed up: these are genuine soft-collinear terms, which cancel as a

result of the cancellation of the soft divergences.

In order to track the Inm, terms, note that

m;m;

Tij = — 7 A
T (Bity)?

(5.9)

for (pi+p;)* > m; ;. Moreover it is worth pointing out that one can write Ii(jp) in

terms of physically transparent variables,

1Y) = 2;” In (1 J_r gf) , (5.10)
with
N Bi + B;
Bij = 1550, (5.11)

being the relativistic addition of the velocities of the two particles 8; = |p;|/E; in
the 75-RF.

We note that as a result of these cancellations, scheme dependent terms due to

IR regularisation disappear as well.

The crucial step in evaluating (/5.8]) is that, neglecting finite terms, the integral
over the photon energy and the photon angles factorises: the angular integral Iz(jo)
alone becomes separately Lorentz invariant (i.e. frame independent) and can be

performed in the RF of the radiating pair, where it is particularly simple (see
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App. @ for more details). The energy and angular integral evaluate to

1
Kr(ws) = — ot +1In (%) + In(ws) + O(ws) , (5.12)
and
1 i=j
1O =3 . ’ 5.13
Z] { 2 e Infay| i# (5.13)

We wish to emphasise that there are single collinear logs, Inmy, ,, in 7:[55) +
]:"Z,(js) (ws) which match up with corresponding terms in ﬂg.w) + ]-N"Z.(jhc) (0). The
procedure is therefore well set-up for tracking analytically after what phase space

integration IR sensitive terms cancel against each other.

However, since there remain Inw,-terms in the analytic expression one might
wonder whether this leads to a numerically stable integral. We have found that
the phase space integral is stable when using a Monte Carlo integration on the
photon variables for suitably chosen values of ws, see Sec. [6.1] Alternatively, one
might use the dipole subtraction method [I08] as applied to QED [T09-HITT].

5.2 Hard-collinear virtual contribution 4

The hard-collinear virtual contribution, after summing over charges, is given by

"~ (he) def N A A7(he
AN Qi
Y]

. . . . ILL2 €UV
= —Qu, <Q22+QB+Q[<> (E) By(mg,,0,mj) - +{1 ¢ 2}
=2Qu, <Q@+QB+Q1‘(> In <njjl> +{1 < 2}
— 202 In (”Z’) {12}, (5.14)

where only terms proportional to Inmy,, were kept. In the simplification,
(g) o By(m?,0,m*) = 7= —2In(m/u) + 2 + O(e) and charge conservation

were used. The bubble integral By is given in App. [E]
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5.3 The hard-collinear integral Flhe.a)

We evaluate the hard-collinear integral using the phase space slicing method [15]

following the specific recipe in [I12]. The integral is given by

@ = T 00T

™

_ f1\| 1) 2
- = / Y(we) AL Pdo, + {12}, (5.15)

where |Ag Hv|2 is the part of |AM|? proportional to 1/(k - ¢;) when my, — 0
which includes contributions beyond the Low term. Note that the photon-energy
integral runs from wy till d.y, consistent with (| - ) where the soft modes have
already been absorbed into ]-" ( s). The phase space factor p 1”7( ¢) is defined
as

pf;le(WC) = Pa @(wchB —k-b), (5.16)

where p, is defined in (4.68]) , the meaning of the integration boundaries can be
inferred from (4.79)), and the step-function encodes the phase space slicing. The

quantity w. < 1 then implies that &£ and ¢; are nearly collinear.

5.3.1 Phase space slicing of the hard-collinear integral

In the phase space slicing method, the photon and the light particle it is emitted
from, are effectively treated as a single particle. This follows up on the intuitive
picture that a particle and its collinear photon are hard to disentangle. Below, we
give the explicit expressions for ¢1]|v, and the f5||y case is obtained in a completely

analogous fashion. Formally, one decomposes the phase space as follows.

d(péﬁ)f(el[z’y d¢B‘)K@1’Y€2d©’Y E@ (517)

The collinear region is parameterised by ¢; = 2z{,.,, where {,, = ¢, + k, assuming
that the transverse part can be neglected in order to extract the collinear logs.
The two parts in ((5.17)) then assume the form

By, 2
d@vE—& 16 dZ dgl’y s
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L A2(mb, g5, mi)

2
ch)B—ﬂ_(KMZQ — 25(27T)3 m23 d%dco . (5.18)

In those variables, the amplitude squared assumes the form (in the £ = 1 gauge)

2 . 2 A A A
AP = e [0 =9 - 725 (Qur )

A ma 0) |2 2
_Q@1 61 |"4 | +O(m€1)

k- by

62

o = m?2
= MQZ (Pfﬁhf(z) Tk 2) ’Aé?fw(qg&o)ﬁ

B*)Kflvzz

_'_ O(m§1> Y

(5.19)

where |A§?|)|7|2 = |.AS§)_> I'(ZMZQP and Pj_,f,(2) is the collinear emission part of the

splitting function for a fermion to a photon|

Prpy(2) = (1 J_r j) : (5.20)

and the mj /(k-{1) term is immaterial for the hard-collinear logs per se but of
importance for the numerics as it captures relevant Inws terms (which have to
cancel when all contributions are added). The LO order matrix element squared
in (5.19), was given in section . The first line in is gauge dependent
whereas the second is not since charge conservation has been applied. This is
further manifested by the appearance of the splitting function which is a universal

object.

5.3.2 F"0) structure of collinear singularities in dg2dc,

Taking (5.15)) and using the integration measure d®. in ([5.18) one arrives at

) 1 R z(ws) _
J,—_-(hc,()) ((_S) - = (Qzl/ f(hC) (Cg,mﬁl,wc)dz +

1039973
2107 mp max(z(dex),0)

) i
Q%Q/ f(hC)(_C():mEQawc)dz) s (521)

max(z’(dex),0)

3 No prescription is required when z — 1, in our case, as this soft region has been treated in
another section and is cut off by w;. c.f. section for a discussion involving the full splitting
function.
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where the boundaries on z are determined by the phase space slicing cut-off wy

and the real photon energy cut-off de, (4.4)),

1)
Zé‘:Zé" 2,6 :1_ — s 522
( ) ( qo 0) 1_5[%((13’60) ( )
with
N A~ 0 1 -~ 5 A y
Ske, = (p+l)* = ) (1= o + i — co A2 (1,45, 1)) (5.23)

A
and 2’ = z|¢——co-

Note that in the (4)-frame, the collinear limit forces the pair of particles (either
{1, and /sy, or {5, and ¢;) to move in opposite directions. Since cq is defined w.r.t.
ly, this explains the ¢y — —cy procedure to obtain the corresponding formulae

for £s||y.

Hard-collinear logs are proportional to Q?, where i = 1, /. Furthermore, we
note that in the collinear limit, ¢g — —cy reverses the momenta ¢;, and /(5
(or correspondingly, ¢; and /5,). This implies that the symmetry discussed in

Sec. extends to the (4)-frame for the hard-collinear logs, and hence, Eq. ((5.21])

possesses this symmetry as well.

The integrand in ([5.21)) reads

]E(hc) (007 my, wc) == /\1/2<m2B7 q37 m%{) |A£22—>0(qga CO) |2 <Pq—>‘17(z) jhc o ']8%(1)) ’
(5.24)

with the LO amplitude squared given in section (in terms of ¢2, ¢, though)

and the j"¢’s are functions of z, my, and the collinear scale w,

wemy q(fe- 0 9
jhc(szmmh) = / ( 1) = ln WeZ

lg;jm[%l k£, Thz(l—z) ’
wem? 2 A9

jhe _ e omy d(k-l) 2z g,
2z (1

Here and below, hatted quantities are normalised w.r.t. the mp mass, i.e. mg =
my /mp. The upper integration boundary on dﬁ%7 correspond to ([5.16]). For the
lower integration boundary, we first note that in dim reg, it would be simply zero,
and the IR regulator would appear in the integrand instead (as a power involving

€). Since we are performing the calculation in mass regularisation, we expect the
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lower limit to be of O (mZ,). To understand the lower boundary, consider

k-t = EyE, (1 — B, cosby,-)

~ ElE’y (1 — ﬁfl)

mj
~FE, | —
= (55)
2
my, (1 —z)
~N—l— 5.26
— (5.26)
where we have used the collinear limit cosf,, — 1 in going from the first to
2

~1-— % in going to the third line, and
1

2
mél

second line, and (3, = —
1

then finally used the parametrisation ¢; = 2¢;, and k = (1 — 2) £, valid in the

collinear limit.

As can be seen from Eq. , only j"(z,w., my, ) contains collinear divergences,
appearing in the form of Inm,,. However, as mentioned earlier, jgfwl)(z, We, My, )
is needed since, when integrated over z, it produces a In w, term, due to the factor
of (1 — z) in the denominator. We finally point out that the situation is much

simpler in dim reg, since such a term simply Vanishesﬁ

The boundary for z in Eq. (5.22)) is derived as follows. We consider the my — 0
limit here for simplicity (for the numerics, we kept mg # 0 of course). We know

that with photon energy cuts, the range of p% is
mp (1 — dey) < pg < m3p (1 — wy). (5.27)
But

7%= (kg + 1+ )’
= 201-(px + £2) + (pxc + £2)°
= 2 (201, px + 201,-ls) + Sko,

=z (m2B — SKZQ) + Sk, (5.28)

4One might wonder how independence of the result on w, is maintained in the dim reg case.
The answer is that the corresponding soft integral (in this case, féle), which has exactly the
opposite sign as the term arising here in the hard-collinear integral, also vanishes in dim reg.
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where in the last line, we have used
mQB = pZB = (617 + 62 + pK)2 = 2617'p[( + 2£1fy'€2 + SKls- (529)

Solving the inequality in Eq. (5.27) using p% in Eq. (5.28) gives the z integral
boundary in Eq. (5.22)). We note that while the presentation assumes my — 0,
the final result in Eq. (5.22) is the same. Furthermore, the derivation for the

same limit for f5||k follows through in exactly the same way, with ¢; <> (5.

We stress that the fully inclusive limit does not simply imply 0., — 1; rather,
it merely means that there are no phase space cuts on the photon energy. In
this case, this corresponds to z = 0. This is precisely the reason why the
max. condition has been used on the integration boundaries in Eq. , as
a specific 0., can make the z-boundary negative for some regions of the phase

space, characterised by {¢?,co}.

In the case of the {q2,co}-variables, as adapted in this section, ([5.21]) can be
simplified considerably

/\1/2 (mB7 qO? m%(

~(hc,0 ) 2 2 A2 7(hc,0
F( )(é) - 2107T3mB (’A (QOa CO)| Qél J( )<é) + {17 Co <7 27 _CO}> ’
(5.30)
and the remaining hard-collinear integral J"<9 is easily evaluated
(he,0) 2 D -he -he
ORI (Pron(2) 5™ = i)
m?
=A 66)(7 s In B 5eX7 S5 1) 5.31
(o) In P BB ) (531)
where
1 Z(ws)
A(bex, Ws) = 5(2(%) — 2(06x)) (2 + 2(ws) + 2(0ex)) + 21n o)
z(ws)—1 1 -~ E(ws 2(0ex)—0 3
—Z(0ex) (3 4+ 2(0ex)) + 21n = = + 21n z(wy) ,
2 Z(0ex)
1 ) 2(0ex)
Bloowome) = 5| (2(06)* + 22(00x)) I = 52— In 2(8x) — 4 Liz Z(0x)
2 Z(0ex)
i

2In? 5(0u) — (3+2 )(5@()—{5@(@%}] (5.32)

We

5 Note that the lower z-integration strictly speaking involves max conditions, c.f. (5.21)), and
this is how we have performed the integral. However for Jox < 1, z(Jex) is always greater than
zero, hence the simplification.
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2(ws)—1 1 2 Z(éex> _ _ B L
- 5 [ (z((SeX) + 22((5ex)) In = In Z(0ex) — 4 Lis Z(0ex)
"2
<3 + 2w_) Z(ex) — 210 Z(6ex) + 21 Z(wy) +41n 2(w,) |

(5.33)

with Z = 1— 2 and the z(w;s) — 1 limit has been used since w; < 1. Moreover, A
is the coefficient of the collinear log, for which we have also indicated the result

for the photon-inclusive limit (i.e. z2(dex) — 0).

The hard-collinear logs from F"¢9 in the fully photon inclusive limit becomes

42T© _ dQF;SKﬁmb ( > Qﬁl { +2In z(ws)} Inmy, + reg. terms ,

(5.34)

él”’% lan1

where “reg. terms” stands for terms which are finite in the m,, — 0 limit.

We are now ready to show the cancellations of the In m, -terms by assembling all
pieces. Defining

d2 T LO
dqo dq2dcy

d*T

e (W) Q2 lnmy, x C (5.35)
0

In me,

we find

Y = E +2In E(ws)] + [—1 —2In E(ws)} + E - 2} =0, (5.36)
F(he) Flo) H

complete cancellation. As explicitly indicated, the first term in square brackets
comes from the hard-collinear integral, , the second term from the soft
integral in Eq. of App. , and the last term from the virtual corrections
(here the 2 originates from the Z-factors in Sec. and the —2 from the Bjy-
functions in (5.14)). Note that the passage from B — K/l in to B —
Kt,4y in (5.35) is justified since the lepton and the photon are collinear and can
thus be treated as a single particle. The cancellation for the lepton /5 is of course
completely analogous. It is worthwhile to point out that the hard-collinear logs,
as well as the soft divergences, do cancel charge by charge as explicitly shown
in section 5.4l Note that, in general, the cancellation at the differential level is
spoiled by non photon-inclusiveness (e, < 02) and/or going over to the {¢?, ¢, }-

variables, which we discuss in the next section.
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5.3.3 Fed structure of collinear singularities in dg%dc,

We now proceed to analyse the analogous question for the {q¢?, c,}-variables.
Setting myx — 0 again for simplicity in the presentation, and focussing on the

case (1|7, we havd|

5 ¢ c(l+2)+1—-2
% =", Colmxoo= .
z c(l—2)+1+z2

(5.37)

The first equation follows from using ¢; = z(y, in the expressions for ¢* and ¢3.
The second can be derived by considering the following ratio of scalar products

in the massless kaon limit,

Y 4 1
PRy _ z <pK 1) =z < + CZ) , (5.38)
Pr Lo Pr Lo 1—2¢
but
Pr L1y <1 + Co)
= . 5.39
Pr {2 I —co (5.39)

Equating the two expressions for Zf;—?;, and solving for ¢y leads to Eq. ((5.37)).

The Jacobian of the change of variables from {q2,co} to {¢* ¢} is given by
dggdcy = 4(co(1 — 2) + 1+ 2)2dg*dey . (5.40)

The analogue of (5.21]) then becomes

]:_.(hc,g)((s) _ QZ /st (ce) dz [ |-A(0) (q(%’ CO) |2)\1/2<q87 m237 0)
=T B r3md, max(zime (c2) %50 (€0)) (co(1—2)+1+2)2
(Pron (205" = ity ) ) + {Lice & 2.=ci} (5.41)

where ¢y = ¢y(cy) with regard to the symmetrisation over ¢, zs, (¢,) implements
the photon energy cut (4.4) and the arguments have to be substituted by (5.37]).

The boundaries for the z-integral are given by

14+¢*—0+c(l1—g*-9)
14¢@+d+c(1—3¢-9)

Zinc<cf)|m;{%0 = q2 ) 25(Cﬂ>|m1{%0 = (542>

SFor £5||7y, the prescription ¢, — —c, works as before.
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To obtain zine(ce)|mg—s0, we first note that the photon-inclusive case, §2°

ex )

corresponds to the minimum value of z, for a given ¢?. In the limit of mg — 0,
one can deduce, from ((5.37)), that this corresponds to ¢2 = m%, which then leads

t0 Zinc (o) |myp—o in (5.42).

On the other hand, 2z5(¢/)|m,—0 is obtained by solving (5.22)) for § = ws, dex as
appropriate, with (5.37)) in place.

Note that the phase space slicing condition is implemented via z,_(c,), which is

less than 1.

The new aspect is that the |.A® (g2, cp)|? cannot be factored out since it depends
on z implicitly through ¢2 and ¢y. However, in the limit of my — 0 and my, , — 0,
the amplitude squared (4.17)) is simple enough,

A (g5, co)l* = g2alICv ? +|Cal) 21 = ) (1~ 4)* f(a5) | (5.43)

and the integral can be done analytically. Note that {3, co} are to be substituted
as in ((5.37)).

Adding all the contributions, real and virtual, that contribute to the hard-

collinear logs, one finds

d’T

o«
dg?dce, N

(Q2 Kune(q?, co) Inmy, + Q2 Kine(¢?, —co) Inmy,) ,  (5.44)

Inmy, s

where Kj.(q?, ¢;) is a non-vanishing function. Plots of this quantity are shown in
Sec. for (£1,0y = ¢, (%), with £ = e, p.

At last, we would like to mention that for ¢ — (my, + my,)* and ¢, — —1 the
assumption that k - /1 is small compared to other scalar products starts to break
down and this leads to artificial enhancements. For example, the Jacobian factor
in becomes too large when ¢? is small and ¢, — —1. However, for a binned
rate this effect is negligible and moreover, for the {q3, ¢y }-variables there are no

such issues at all.

We have made the myx — 0 approximation for simplicity in presentation.
However, to obtain the final numerical results, which are shown in Chapter [6]

the full expressions have been used.
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5.3.4 Cancellation of hard-collinear logs for the total

differential rate
It is well-known that all IR divergences and IR sensitive terms ought to cancel at

the level of the total, photon-inclusive, rate [I13]. It is the aim of this section to

verify this for the case at hand. The hard-collinear part of the total rate is given

by
1 1
=2 / di / deg Fe0)
Inmy, ™ Jo 1

a [ 1 ~
=— / dg? / dcy Fhe0) (5.45)
Inmy, ™ Jo 1

where we have assumed the myg — 0 limit.

fw(hc,é) (Ws)

f(he,o) (Ws)

In accordance with the general expectation, we find

f\(hc) = f\(hc,()) _ f\(hc,é) ’ (546)

Inmyg, Inmy, Inmye,

equality at the level of the hard-collinear logs originating from the real radiation

m Q2
T (wy) _ 93 gl F20%(Cv > +1Cal*) [8 + 6 Inw, + O(w,)] Inmy, .
ln?ng1 2 (9’/T )

(5.47)

Since we have explicitly shown the cancellation for ddj L_ " this implies that the
(IodCO

hard-collinear logs cancel for the integrated [ d;fgw dq*dcy. The O(w,)-terms can

be safely neglected, since w, < 1, and in any case the same approximation has
been used when evaluating the soft integrals, c.f. App. [D.2

5.4 Cancellation of hard-collinear logs charge by

charge

Whereas for the cancellation of soft divergences, charge conservation was not
assumed, the presentation for the hard-collinear logs Inm, in Sec. makes
use of it. The aim of this section is to show that this assumption is unnecessary,

i.e. that hard-collinear logs cancel charge by charge. Charge conservation is
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though necessary for gauge invariance or conversely imposing gauge invariance
implies charge conservation. Using charge conservation can still be convenient
such as for the photon-inclusive hard-collinear log formula (6.14)).

First, we focus on the soft contribution F) (ws)hnw1 = Z” QiQAj.E(jS) (ws)hnmzl
to the hard-collinear log. In the limit of m, — 0, using Eqgs. (D.10]), (D.11]),
[O13), (D21) and (D23), one gets

FO (w3 e, = Iy, [—le +20,, (QZQ+QB+Q1—() In Z(cus)] . (5.48)

where we have used zZ(ws) = “27E . as explained below Eq. (D.23). Next, the

2B,

virtual contribution, ’}:lhnmel =) QiQ; (’}:[Z(;) + 7:15]’16)> ‘ , using Eqs. (4.44)),
’ Inmyg,
(5.6) and (5.14), is given by

- R . . . R
H|lnme1 = Inmy, k@z +2Q, <Q52+QB+Q[()1 ) (5.49)
Finally, () 1am, = 3, QiQiFs” (8)lnm,, is given by

FO D, = e, |5, ~ 20 (Qu+ Qo+ Qi) 1+ 0w
(5.50)

In obtaining (5.50]), we followed the procedure in Sec. without using charge
conservation in Eq. (5.19).

Adding the three contributions, one finds (with ordering as above)

FO(w,) + H 4+ FH ()|

= {2 InZ(ws) +2 —2(1 + lnz(ws))} X

lnmg1

QulQu Qs+ Q) + -1+ 3 - 5] @2 =0,

2
(5.51)

that the hard-collinear cancel charge by charge (without the need for charge

conservation).

117



5.5 On hard-collinear logs and structure-

dependent terms

We turn to the important question as to whether further hard-collinear logs
could be missing due to omitted structure-dependent corrections. Using gauge
invariance, we are able to show that this is not the case. In doing so, we will
further establish why the hard-collinear logs can be written as a sum of terms
proportional to QZ@. At the end of the section, we give a physical argument
of the previously established result that hard-collinear logs cancel at differential

d? . . 2 .
rate zsz L, that is when expressed in {¢g, co}-variables.

The starting point is to realise that hard-collinear logs Inm,, , are generated by

interference of )

.52
k-l 9 (5:52)

denominators with other terms. Without loss of generality, we may focus our

attention to lepton ¢;. The real amplitude can be decomposed,
AW = Qp A +5AY | (5.53)

into a term leAg) with all terms proportional to le, and the remainder 6.AM.
Note that at this point, we have not yet made use of charge conservation. From

([-39)),
2¢* 'El +¢*%

1 _
AP = gty [ s

F-Ho(qg)} v(ly) (5.54)

which contains all 1/(k-¢1)-terms. It is seen that the structure-dependence of this
term is encoded in the form factor Hy (defined in (4.10))) only. For our purposes it

is convenient to write the amplitude square, using ((5.53)), in terms of three terms

S AR = 37 SAOR - 08, 37 AV + 20, R AVADT, (555

pol pol pol pol

where it will be important that A®) is gauge invariant. By construction, the first
term is manifestly free from hard-collinear logs Inmy,. To simplify the discussion,
we may use gauge invariance and set & = 1 in this section under which the

polarisation sum,

> e = (=g + (1= Okuk /K) = — g (5.56)

pol
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collapses to the metric term only. In this case, the second term evaluates to

. no O(m2)+ O(k4 .
/ de, Q3 Y AP = / 10,01, %" f&i.mz( Y~ 0() Q2 nm, . (557

pol

where we used k — ¢; = O(mj7,), valid in the collinear region. Note that the form
factor part Hy(g?) does not participate in the photon phase space integration,
and factorises when working with dg3. We now turn to the third term. Noting
that A = e*“A,(}), the crucial step in use is that gauge invariance k‘“.A,(}) =0
implies ¢ A\ = O(mj7,) in the collinear region and thus the third term assumes

the form

(mg,) + O(k-ty)
(k- £1)2

O(mﬁ)
(k- 4)

A . ~, O A oA
o Z A(”Aﬁ) =G Q?l + o Qo Qx

pol

+..., (5.58)

where X € {B,K, 0} and the ellipses stand for less singular contributions.
The ¢;-term has the same origin as the one in (5.57). The cy-term comes from
interfering the spin dependent term in (5.54]) with the le-independent part of

AW and it is by the use of the equation of motion, that one arrives at the O(my, )-

suppressionﬂ

/ 4o, ?]C(m;l)) = O(my,) Inmy, (5.59)

as compared to . Hence we have established that all hard-collinear terms
Inmy, can be written as a sum of terms proportional to Q?l It should be
added that in making this statement, charge conservation was used since gauge
invariance was assumed. All statements hold irrespective of any photon phase
space restrictions such as an energy cut-off de or a photon angle cut (cf.
Sec. . Thus, any gauge invariant addition to the amplitude, due to structure-

dependent terms, will not give rise to any additional Inmy,-terms.

So far, our analysis has been concerned with the real amplitude only. Assuming
that hard-collinear logs cancel charge by charge combination at the differential
level in the {q7, co }-variables, irrespective of the microscopic approach, the same

conclusion applies to each virtual diagramﬁ For virtual diagrams, there is no

7 In fact, this result is true more generally since the spin dependent part is proportional to
the Lorentz-generator which, by contraction, is a boost into the direction of the photon. Let us
assume that my, = 0. Since in the collinear limit, the photon and the lepton are parallel, the
massless lepton is boosted in direction of movement. Since the helicity of a massless particle
cannot be changed, the generator has to vanish. If the lepton mass is reinstalled, then there
are terms of the form my, Inm,, which are however safe.

8 A physical argument of the correctness of this assumption is given in the last of paragraph
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distinction between {q3, co}- and {¢?, ¢, }-variables and thus the conclusion holds
irrespective of the differential variables. As the reader might suspect, the same

conclusion holds for lepton /5 by symmetry. Let us summarise these findings:

e Additional structure-dependent corrections, which are of course gauge

invariant, will not give rise to any additional hard-collinear logs In mgmﬂ

o At the double-differential level, hard-collinear logs Inm,, ,, real and virtual,
can be written as a sum of terms proportional to Q?l , consistent with our
explicit evaluation using the phase space slicing method in Eq. (5.34).

To this end, let us give a physical explanation as to why hard-collinear logs
Inmy, , are to cancel at the differential level in {gg,6y}. In those variables, the
decay corresponds to the disintegration of a scalar particle of mass g2 which is an
infrared-safe observable. Now, the angle 6; has no meaning when the decay axis,
cf. Fig. is decoupled and the B and the K are interpreted as a single particle

of mass g5. This observation is backed up by our explicit formal verification in

. (539)

5.6 Structure-dependence of hard collinear logs in

the virtual diagrams

The main result of this section is that in the virtual diagrams, the form-factors
f+(q?) are independent of the loop momentum for the hard collinear logs. This is
important, as this means that truncating the form-factor expansion in Eq.
does not lead to significant errors in the result. Furthermore, this implies that
the cancellation of hard-collinear logs happens at all orders in the form-factor
expansion, as mentioned in footnote . This is in contrast to what happens
in Sec. [6.1.3] where there is migration of radiation. This means that even at
fixed ¢, the energy scale in the form-factors actually explore all of the kinematic
region allowed by the phase space. This is explained in detail in Sec. for

the radiative process. Therefore, the results in this section do not definitively

of this section. In particular, we have verified this explicitly up to the second derivative of the
form factor in our approach and produced a formal derivation that holds to all orders. This is
shown in section

9This applies to either, approaches resolving the mesons by partons or an evaluation of the
B(K) L1 o-diagrams, cf. Fig. including higher terms in the expansion .
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prove the absence of structure-dependent collinear logs in the virtual diagrams
per se, but they do provide some protection, especially in the case of form factor

expansion.

Without loss of generality, we will consider the charged semi-leptonic case

(Qx = Qu, = 0), since the algebra is simpler in that case.

We will focus on collecting all single collinear logs, as all double logs are captured
by the Cy functions in Eq. (5.5). We start by considering the virtual amplitudes
of the relevant diagrams. They are PL; and BL; (see Sec. , since they are

the only ones having a Feynman propagator involving the light lepton.

Before writing the sum, we first show how the amplitude PL; can be simplified.
We focus on the term from Eq. (4.56]), which contains

(n) n
Z fin,(O)Pnb where P, = Z((f)(n*m)((q + k)™, (5.60)
nzl . m=0

Now, defining ¢2 = (¢ + k)*, consider

n n

(@ — @) Po =D (" ™)™ =D ()" (gg)"
n+1 n
= (@)™ =D (@) (g™
= (@) = ()" (5.61)

where we have redefined the index in the first sum in going to the second line. A
similar trick has been used in Eq. (4.40)) when discussing gauge invariance of the
real amplitude. Using this result, one readily finds that

SO, | Salad) = A0 (5.62)

= 2 2
=1 n! qo — 4

We are now in a position to write the sum of the relevant amplitudes. It reads

o a<2¢3_k> (41 = k+me) fo ()T (5 — k£ pr)v
s = 000 | =y gy (A 2

. € 2Q 1@ _
- /k (k2 —Zig; (k:i —sz;.el) [W (f =K+ me,) S (@) T

121



i (2 (P = i) =) (1=t ma) [ () = Fo @) D5 £ 1) 0

+ ;
2k-(pp — pr) — k?
(5.63)
where the spinors are understood to be 4 = @ (¢;) and v = v ({3), and
q=pp— Pk —k, (5.64)

and thus, in this notation, ¢> depends on the loop momentum k. We define

19t Qe Q

N =
(k‘2 - m%) (k? — 2k-€1)7

(5.65)

as a common prefactor. Then, dropping the integral over k for simplicity,
Apry+pr, = N [ —uy" (fy =k +my) fi (¢°) Do

i (29, = #) (= K+ ma) fe (@) T-(0s — k£ pic) v
(k%2 —2k-pp)

(2 (5= ) — ) (= F ) [ () = £ T £ 1)
k% — 2k-(pp — pK) '

+

+

(5.66)

Given the prefactor in Eq. , in the collinear limit (k — ¢;), any term of
O (my,) in the square bracket in Eq. will be suppressed and would thus
not contribute to the hard-collinear logs. Thus, one concludes that the first term
in the square bracket of Eq. is not collinear divergent. To simplify the rest,
consider the Dirac structure

(2p — ¥) (ll—k+me1)] [ (2p-ly — k-t) .\ (%—27;1)%]

U

(k% ~2k-p) T2 T2k

Il
N

(#—2kp) (= 2kp)

[ (2p-ty — k-4y) k? — 2fp }

dp-t,

— {m + 2} : (5.67)

where the Dirac equation and anti-commutation relations were used in the

simplification. In the last line, we have kept terms that are not suppressed by
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O (my,) in the collinear limit. This allows us to write

ABL1+PL1

. dpp-l 9
coll N[u (k2 — 2k-pp +2) fx (q )F'(PB —k+pK)v

4 _ .
+ @ ( (pB pK) 0

R = 2k-(pp — pr) 2) [f () = f= (4*)] T (p5 + pic) U]

= Nal-(ps +pg)v l2fi (40)

2 4ps-ly 4 (pp — pK)-h
+ /s (q ) <k2—2k~p3 B k:2—2k:~(pB—pK)>]’ (5.68)

where we have neglected the I'-k oc f term in going to the second line as it is
suppressed by my, upon using the Dirac equation. We have also dropped the

term

N ( 4(ps —px)-la

k2_2k_(pB_pK))fi (qg)ar'<pBiPK)U> (569)

which, while being collinear divergent, leads to a C function. We have already
collected them in Eq. ((5.5)), and we know from App. | that they do not contribute

to single collinear logs.

We now consider the second term in the square bracket in the last line of
Eq. (5.68). We can show that it is not collinear divergent since

dpp-ti A —pr)-b Appl 28K+ 2K A(pp — pi)-l — 2k% + 287
]{52—2]{5]?3 ]{32—2]{3(]73—]9[() a k’2—2k’p3 kz—Qk(pB—pK)
2k? 2k?

TR —2kps K —2k-(pn — pr)

— 0, (5.70)

where we have added and subtracted appropriate factors of £ on the first line,

and performed cancellations valid in the collinear limit on the second line.

Finally, we have the hard-collinear contributions to single logs from the virtual

diagrams,

_ / 2igere’Qr, Qp
co. k (1{52 — m%) (]{72 — 2]€£1)

AgrL,+pL, f (@) uT-(ps £ pi) v
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2ie’Qu, Qp
——AY / ! , 5.71
Bokbt [ (k:2 — m%) (k%2 —2k-ty) ( )

where we have substituted the expression for the tree level amplitude in the

second line. The crucial point of Eq. (5.71]) is that the form factor dependent
(0)
B—)R€1ZQ7

check that Eq. (5.71)), which leads to a By function, is consistent with the results
for the hard-collinear logs from the virtual diagrams derived in Eq. ((5.14)).

part, contained in A factorises from the loop integration. It is easy to

This completes our discussion since only fi (¢2) survive, and these completely

factorise from the loop integral since ¢y = pp — pk-
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Chapter 6

QED corrections to B — K/{T(:
Results and Outlook

6.1 Results for B — Kete” and B — Kyt~

The results for the tree level differential rate is presented in Sec. [6.1.1] The total
radiative corrections are presented in Sec. [6.1.2] followed by a discussion of the
distortion of the spectrum due to vy-radiation in Sec. [6.1.3] The size of the hard
collinear logs and some comparison with older work is discussed in sections[6.1.4
and respectively. In Sec. [6.1.6] we present the results at full differential
rate in the form of heat maps. The effect of the hard-collinear slicing parameter
w, is discussed in Sec. [6.1.7, Finally, in Sec. [6.1.8] plots for the moments of the
differential distribution are shown. Before proceeding thereto, we summarise the

input to the numerics below.

For the particles participating in the decay, the following masses are assumed:
me = 0.511MeV, m, = 0.10565GeV, mp = 5.28GeV and mg = 0.495 GeV.
Other parameters are the Wilson coefficients, Cy = 4.035 and Cyy = —4.25
at uyy = 4.7GeV (the b-quark pole mass) and the fine structure constant,
1/a = 137.036. For the B — K form factors , the light-cone sum rules

computation [I14], including radiative correction up to twist-3, was used with

125



updated Kaon distribution amplitude parameterﬂ
{f+7 f*}BHK(O) = {02717 _0206}

d%{ﬁ, f-YB7E(0) = {0.0151, —0.0109} GeV ™2, (6.1)

where the uncertainty is roughly 15% if one additionally takes into account the
error on the Kaon distribution amplitude. For the auxiliary cut-offs of the phase
space slicing method, wy(e) = 2.5-1072, w(p) = 4-1072, w.(e) = 1-10"2w,(e)
and we(p) = 2-107%w, (1), where the argument denotes the type of lepton, lead
to stable results. The hierarchy w./ws < 1 is important since terms of this order
are neglectedﬂ Here, we refrain from a complete uncertainty analysis. Let us
nevertheless mention the sources. There are the form factor uncertainties which
can be largely reduced by considering correlations amongst the four numbers
(6.1) entering the computations. Besides a more complete structure-dependent
approach, cf. Sec. [6.2.1] there are missing finite counterterms in the charged
meson case, which we set to zero and refer the reader to the discussion in
Sec. [£.6.2] Concerning the latter, one might get a naive dimensional analysis
estimate by varying the constant the renormalisation scale p by a factor of 2.

Adding these effects in quadrature results in an O(1%)-variation.

6.1.1 Leading Order Results

We present the leading order differential rate in Fig. as a function of ¢ and
ce. The quantities plotted are

dl'Lo / b dTo
= dC[ )
dq? _1 dg*dey

dT 2 2 Tmax 42T
LO[lemqmax] :/ d 2 LO (62)

dey > 1 dg?dc,

Qmin

These are trivial results per se, but are shown here for reference.

! For the Kaon distribution amplitude, the values af (1 GeV) = 0.115(34) and af (1 GeV) =
0.090(20) taken from the Ny = 2 + 1 lattice computation [115] (uncertainties were added in
quadrature) were used. These values are consistent with earlier QCD sum rule computations
[LT6H1T9).

2 We refer the reader to [I12] for an uncertainty analysis involving the auxiliary cut-offs.
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0.0 05 1.0

Cy

Figure 6.1: Plots showing the variation of the LO differential rate with respect
to ¢2 (left) and ¢, (right). The different lepton masses (electron in red and muon
in blue) have very little effect on the rate. The solid line includes the contribution
from the first derivative expansion of the form factors, while the dotted includes
only the leading term. See comments in the main text regarding the discprecancy
between the dotted and solid lines.

It should be noted that there is a rather significant discrepancy between the
LO result with and without the first derivative term of the form factors, and it
becomes larger as ¢* increases (see plot on the left in Fig. . However, when one
considers relative QED corrections, which are discussed in Sec. the effects
become insignificant (depending on the choice of differential variables). The
reader is particularly encouraged to read Sec. for an interesting discussion

on such effects wrt to the choice of differential variables.
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Figure 6.2: Absolute QED-corrections, cf. for the definition, including
finite terms. The upper and lower figures correspond to the charged and neutral
modes in the g3- and ¢*-variables on the left and right respectively. In the photon-
inclusive case (Jex = 611, dashed lines), all IR sensitive terms cancel in the g2
variable locally and in the g?-variable when integrated which is nicely visible in
both cases (electrons and muons). An important aspect is the (approximate)
lepton universality on the plots on the left. As is well-known, effects due to the

photon energy cuts are sizeable since hard-collinear logs do not cancel in that case.

6.1.2 QED corrections as a function of ¢,y and ¢, ¢,

We define absolute (unnormalised) QED corrections, given by

drl(\?LEO(é ):/1 de d2F1(\(IIIZO(5 )

dq? . dq?dc,
drl(\?go 2 2 / o 2 d2F1(\(Ilg
—RNLO (142 Sex) = dg? =9 (5..). 6.3
dca ([qm1n7 qmax]? ) q?nin qa dquca ( ) ( )

The plots of the unnormalised differential rates as a function of ¢> and ¢, are
given in Fig. [6.2] and Fig. [6.4] respectively. While the relative corrections are
more instructive as they correspond to the experimental situation, we give the

unnormalised plots here for reference.
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Figure 6.3: Total relative QED-corrections, cf. for the definition, including
finite terms. The upper and lower figures correspond to the charged and neutral
modes in the qg— and ¢?-variables on the left and right respectively. In the photon-
inclusive case (Jex = 611, dashed lines), all IR sensitive terms cancel in the g2
variable locally. In the charged case, however, we see finite effects of the O(2%)
due to Inmg “collinear logs” which do not cancel. An important aspect is the
(approximate) lepton universality on the plots on the left. As is well-known, effects
due to the photon energy cuts are sizeable since hard-collinear logs do not cancel

in that case. This is more pronounced for electrons.

We define relative QED corrections, see Eq. (5.1),

d2rL0>‘ PL(0er)| 6.4)

@(2 .5y _
Ao a3 ) (dquca dq2de,

(67

Above |, stands for the inclusion of the O(«)-corrections only. The LO rate is
given Eq. (4.80). We further consider the relative single differential in %

erO) AC(er) | (65)

A@ (2. —
(C.Ia7 5EX) < dqg dqg

where the numerator and denominator are integrated separately over f_ll dc,
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Figure 6.4: Total absolute QED-corrections in terms of ¢y = cos(6y) ¢p =
cos(0y) respectively for the charged hadron case (top) and the neutral hadron case
(bottom). In the co-variable effects are small for e = 611°, cf. comments in text
and previous figures.

respectively. In addition, we define the single differential in %

-1
“ J2rLO B T (5o

A (cq, [47, 63]; 0ex) = / ————dq; / ———=dq 6.6
(C ) [q17 q2]7 ) q% dquca QQ q% dquca qa o ) ( )

where the non-angular variable is binned. We would like to stress that it
is important to integrate the QED correction and the LO separately as this

corresponds to the experimental situation.

Results for A@(g?; 6ex) and A (c,, [¢?, 3); 0ex) are shown in Figs. and
respectively. Let us first focus on Fig. [6.3|where in the photon-inclusive case (dex =
dinc - dashed line), one observes two important features: Approximate lepton-
universality and the cancellation of the hard-collinear logs. In the g3-variable, this
happens at the differential level whereas for the g?-variable, integration over the
entire range is needed (the tendency thereto is visible in the plot on the RHS). To
be clear, the cancellation in the latter case only occurs upon integration over the
full g>-range. We further remind the reader that in all cases the soft divergences

cancel locally as explicitly shown in Sec. [5.1] It is noticeable that for the charged
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Figure 6.5: Total relative QED-corrections in terms of ¢y = cos(fy) cp =
cos(fy) respectively for the charged hadron case (top) and the neutral hadron case
(bottom). In the co-variable effects are small for dex = JI2¢ cf. comments in text
and previous figures. The enhanced effect towards the endpoints {—1,1} in the
electron case is, partly, due to the special behaviour of the LO expression
which behaves like o< (1—cZ)+O(m?) and explains why the effect is less pronounced
for muons. It can be seen from Fig. that there is no peculiar behaviour at the

endpoints.

case, there are O(2%)-effects in the g2-variable due to “collinear logs”, In 7 ~

—2.36. These logs, of course, cancel upon integration over all differential variables.

The impact of the photon energy cuts are large, cf. section[6.1.4] and care needs to

be taken when considering quantities like Ry for example. An important physical
effect, visible in the plots on the right in Figs. , is the distortion of the ¢

distribution w.r.t. the non-radiative case (¢3). This is particularly prominent in

the photon-inclusive limit as discussed in the next section.

The angular differential A (c,, [¢?,¢2]; 6ex) in Fig. shows similar patterns in

the photon-inclusive case (e

ex

= 52 dashed lines

), e.g. lepton universality and

small effects in the cyp-variable due to the cancellation of hard-collinear logs. In the

electron case, there is a significant enhancement towards the endpoints {—1,1}
which is due to the peculiar behaviour of the LO rate dT'*© o (1 — ¢2) + O(m2)
(4.81)). This is the same effect as the helicity suppression in a 7= — ¢~ v decay
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and further explains why the effect is less prominent in the muon case. Note
that without the normalisation, the plots in Fig.[6.4 show indeed that there is no
strange behaviour at the endpoints. Cuts on the photon energy are again sizeable

and the same remarks as before apply.

Plots of the hard-collinear logs Inm, are discussed in section Moreover
in section [6.1.5] our results are compared to the earlier work [2] where virtual
corrections were indirectly inferred and radiative corrections have been evaluated
in terms of a radiator function depending on ¢* and ¢ only, and not on the

photon-emission angle.
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Figure 6.6: Plots of total relative QED corrections for B- — K {0~
(top) and B® — K¢/~ (bottom) comparing the constant form factor case versus
taking one derivative correction into account with values given in (cf. below
for further comments). Effects are more prominent in the photon-inclusive
case (Jox = 53(0) since there is more phase space for the ¢>- and q%—variables to
differ. In the neutral case, the effects are similar albeit slightly smaller.

6.1.3 Distortion of the B — K(*{~ spectrum due to

~v-radiation

As discussed in Chapter , the {q2, 0y }-variables are safer than the {¢?,0,}-
variables because of the cancellation of the hard-collinear divergences at the
differential level. In this section, we wish to emphasise yet another reason why it
is preferable to use the {¢2, 6y }-variables. This is sometimes called the migration
of radiation or the distortion of the spectrum: at fixed ¢2, effectively the radiative
process is probed at a different ¢2 = (¢ + k)? as a result of the photon carrying
away momentum. If the spectrum has significant variations in ¢2, this implies
a significant distortion in the kinematical distribution. This effect is indeed
well-known from the determination of the J/W-pole in ete™ — hadrons [120].
Generically, the more inclusive one gets in the photon energy and angle, the

more pronounced it is, as in this case the radiative topologies (4-body) can be
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very different from the virtual ones (3-body).

Let us illustrate the effect by considering the hard-collinear radiation, F - )
given in Eq. . Assuming the my = 0 limit, for simplicity, the dz-integrand
contains | A (g2, co)> oc fi(¢2)? = fi(q*/2)? (c.f.Eq. with m, = 0) and
gt = ¢*/z from Eq. (5.37). Since z < 1 in general, it is clear that momentum

transfers of a higher range are probed. For ¢, = —1, maximising the effect, one
gets
2 q° 2 2 5 m2
Z = ’ max — + 0exMp 6.7
6cx(q ) cr=—1 q2 + 5emeB (q0) q B ( )

upon using . Thus for 6, = 0.15 and ¢*> = 6GeV? one finds (¢2)max =
10.18 GeV? which is of course problematic when one wants to probe Ry in the
¢ € [1,6] GeV? range, given that the charmonia start to impact more severely
well below 10 GeV?. In the photon-inclusive case, the lower boundary becomes
Zine(€0)|lmyx—s0 = ¢* by Eq. and (¢2)max = m%. Hence, in that case the
entire spectrum is probed for any fixed value of ¢> which confirms the earlier
statement. This would be rather problematic in B — K/{¢T¢~ decays due
to the large charmonia contributions (cf. comments below ([£.18)), that would
“contaminate” all the ¢ region below their masses. This is why in experimental
analyses, stringent cuts on the photon energy (or the reconstructed B-meson

mass) and its emission angle are implemented.

The effects described above are visible in all of the plots in Fig. [6.6] We stress
that they are underestimated since a) we kept only one power in the derivative
expansion and b) one would need to incorporate long-distance effects in addition.
Note that for the virtual contributions, it is only when both hadrons are neutral
that the derivative expansion can be avoided. If this is not the case, it is important
to take into account higher derivative corrections and perform the matching of

the finite counterterms from QCD.

As alluded to above, besides the cut on the reconstructed B-meson mass, in order
to reduce the migration of radiation (or better the distortion of the ¢* spectrum)
one can further restrict the photon’s phase space in the photon’s emission angle.
From g = qo — k, taking into account (4.26]), one gets
(1
¢ = ¢ — 2B0(ED 113" cos 0D). (6.8)

~

Then, using the expression of the maximum photon energy in (4.77)), one arrives
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at
(qg)max = q2 + 5exmB(E(g;) + |q_6(1)| COS 9,(},1)) . (69)

Assuming again for simplicity the my = 0 limit where B\ = (m% + q2)/(2mp)

—»(1)| _

and |gy | = (m} — q5)/(2ms), one finds

o (6.10)

(@) = ¢* + Oexlp cos 95,1) =—1 tight-angle cut
- ¢+ dexy oS 99) =+1 max-angle

This means that for fixed ¢?, and a cut of dx = 0.15, the radiative process
probes values of (¢2)max = ¢2/(1 — dex) =~ 1.18 ¢* (tight-angle cut) and (g2)max =~
¢> +4.18 GeV? (max-angle) respectively. Note that the maximum angle cut in the
photon-emission gives the same result as the maximum lepton angle, c.f. Eq. .
This is because in the collinear limit (El X l;), the maximum lepton angle aligns
/, and k with the decay axis (z-axis, see Fig. [4.1)), and this coincides with the

maximum angle cut.
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Figure 6.7: Absolute size of hard-collinear logs as a function of ¢2 for the electron
and muon (top) and (bottom) respectively. The quantity is shown for various
photon cut-offs dex . It is noted that for de = 612°, the cancellation of the
logs can be seen in the g3 variable. When integrated over ¢?, the cancellation of
hard-collinear happens, although it is not fully visible from the plot as we show
a restricted region for ¢2. Bottom and top figures are similar by a scaling factor,

cf. (6.12)) and the explanation above it.

6.1.4 The size of hard-collinear logarithms as a function of

dex and ¢°

We do this by

normalising against the non-radiative LO differential rate, as done previously

in Sec. [6.1.2]

It is of interest to investigate the size of the collinear logs.

A2, cai 0ex) = AD(g2, a3 0o , (6.11)

Inrg, o

B (d2FLO)_1 AT (8.

- \dg2de, dq?dc,

a

lnﬁwl 9

where the terms on the RHS can be found in Eqgs. (4.80) and (5.44) respectively.
Charged and neutral meson modes are not distinguished as they contain the same
collinear divergences as the latter are strictly proportional to the lepton charges,
i.e. independent of the hadron charges. Thus, there is only one basic mode of
interest for the hard-collinear logs per lepton pair final state. The integrated

quantities Aﬁi)(qz;éex) and Aﬁi)(c@, (4%, G3); 0ex) are defined in complete analogy

to Egs. (6.5)) and respectively.
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Figure 6.8: Relative size of hard-collinear logs Aé?(qg; Sex) as a function of ¢2

for the electron and muon (top) and (bottom) respectively. The quantity is shown
for various soft-photon cut-offs ey . As in Fig. the cancellation of the
hard collinear logs can be seen for the 2 variable for dox = 912, Bottom and top
figures are similar by a scaling factor cf. .

Plots of absolute (unnormalised) hard-collinear QED corrections are shown in
Fig.|6.7/as a function of ¢2 and in Fig. |6.9)as a function of c,. Plots of A\ (¢2; 0ey)
and Al(fz)(ca, (4%, G3); 0ex), in complete analogy to those in Sec. m, are shown in
Fig. and Fig. m respectively for different photon energy cuts dey for
electrons and muons. The effects are larger for the electrons because of the size
of Inm, versus Inr, logs. In the photon-inclusive case, the cancellation of the
hard-collinear logs is visible at the differential level in the g3-variable. For the ¢*-
variable, the hard-collinear logs cancel when integrated over the entire ¢*-interval,
the tendency of which can be inferred from the plots on the reduced interval
¢%.. < 10GeV?. The reader is reminded that hatted quantities are normalised

w.r.t. to the B-mass, My, , = my, ,/mp. Hence one expects

Fne = Al (0O pofere- o 00e) ) 563 (6.12)
Aﬁli)(QZ756x)|B_>RM+M, ln(m”

with corrections of the order of O(m?In(rh.) — m’; In(1,,)).
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Figure 6.9: Absolute size of hard-collinear logs as a function of ¢, for the electron
and muon (top) and (bottom) respectively. The quantity is shown for various
photon cut-offs dex (£.4)). It is noted that for dex = 01, the cancellation of the
logs can be seen in the qg variable. When integrated over ¢y, the cancellation does
not fully happen, and this is due to the binning of ¢?. As with the plots against
¢? in Fig. bottom and top figures are similar by a scaling factor cf. .

Inspection of the plots shows that this is indeed the case. We would like to stress
that extracting the hard-collinear logs on their own is slightly ambiguous as one
needs to normalise them (hatted notation). The unambiguous way to show them
is through the full plots in the main text. Nevertheless, they illustrate nicely the
effect of the photon energy cut.
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Figure 6.10: Relative size of hard-collinear logs as a function of ¢, for the electron
and muon (top) and (bottom) respectively. The quantity is shown for various
photon cut-offs dey . It is noted that for dex = 516?(‘3, the cancellation of the
logs can be seen in the qg variable. As with the plots against ¢> in Fig.
bottom and top figures are similar by a scaling factor cf. . Note that the
enhancing towards the end-points happens due to the leading order rate being

o (1 —¢2) + O(m?), as was the case in Fig. [6.5
Comparison of B — K/*/~ to the inclusive case b — s(*(~

It is interesting to compare our results to the inclusive rate in [I12I] with regard

to the hard-collinear logs. Let us define

20k (1 AN
Al =22 ( D) e, (6.13)

I"LO quQ

where QF = Q%Q and my, = my, = m, have been assumed. Then, it is known

that the collinear logs of the electron can be extracted from (e.g. chapter 17 in
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22

1 LO/( 42
OV dz dl'*®(¢%/=2) Ay
Ahc (q ) - FLO (/q2 7Pf—>f'y(z) quQ/_Z In _m€ 5 (614)

where A, = O(my) is some reference scale, P, (2) is the full leading order

splitting function,

Pryp(2) = (111L—j)+ + 25(1 — ), (6.15)

and 1/(1 — z), is the plus distribution,

/0 dzf(2)/(1 = 2)1 = /0 dz(f(z) = f(1)/(1 = 2). (6.16)

Note that by construction, the hard-collinear logs cancel in the total rate. This
can be seen by reversing the order of integration and adopting the change of
variable ¢?/z = @} to arrive at fol d@AY () « fol dzPs4(z) = 0. Now,
the zeroth moment of the splitting function vanishes since it corresponds to the
anomalous dimension of the (conserved) electromagnetic current. Conversely,
can be deduced from Eq. by integrating over dcy, substituting
g2 = ¢*/z and then integrating over z. From , the full splitting function is
then easily deduced by adding a delta function ansatz Ad(1 — z) and regularising
the 1/(1 — 2z) such that the soft divergences cancel (which leads to the plus
distribution).

The leading order differential rates are given by

1 dI'EO(42 2(1 —¢*)?(2¢> + 1 b 00~
1.d <q>:{< PP+ b | (617

[LO (g2 4(1 — %) B — Kt~

where the m; — 0 limit is implied in [I2I] and for simplicity we have assumed
the mg — 0 limit and a constant form factor. Note that the factor 5\}9/2 =
M2(1,m%,62) mge—so = 1 — @ is the square root of the Kéllén-function and as

such, is related to the three velocity of the strange particle in the B-meson’s RF.

3From section 5 in [121], one can extract a similar formula for the collinear logs

1 LO (42 1 LO (42
A2y _ 1 dz 5 dr=>(¢"/=) 2 dU =2 (g7) \ | A
A (@7) = T'LO (/132 7Pfﬁfw(Z)T/z_ o dzpf%fw(z)T IHE )

where Py, ;- (2) (given by (5.20)) is the collinear emission part of the splitting function. Soft
divergences at z — 1 cancel between the two integrals. Translating into our notation from [121]

demands © = 1 — 2, § = ¢* and Pfﬁfv(z) is the the part collinear in fnsm) up to factors of
proportionality properly accounted for. Our formula (6.14) can be recovered upon using that
J dzPypy(2) = 0.
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Figure 6.11: Comparison of hard-collinear logs in b — sete™ (solid blue line)
versus B — KeTe (y) with no photon energy cut, constant form factors and
mg — 0 (solid red line) corresponding to Egs. . This illustrates the spin-
dependence of the hard-collinear which can be traced back to the LO differential
rates in the case at hand cf. . For further comparison, we have added the
full result in the dotted red line for our work with no photon energy cut either.
The agreement at low ¢ of the latter with the b — se™e™ is somewhat accidental.

Its power in the rate is determined by the interaction and the spin of the particle
(e.g. if it were B — K*(*{~ then dI''*° o (1 — ¢?) [123]). The factor 242 + 1

originates from the s-quark’s spin summation. One finds

3

44°~64'+6¢ =6,
. .
(6.18)

A - 124*—8G%—34%>—1
A (@) =2 (601 -1 20— o) )+ LSS

AB=REE (§2)=4 ((2@6—644+342—1) In §2+2(1—-§%)>In(1-¢%)+

The basic form is similar in both cases and we observe the In ¢*>-term leading to
enhanced collinear emission at low ¢ which can be interpreted as a migration
of the photon radiation cf. Sec.[6.1.3. We wish to stress again that AP K¢
receives corrections due to finite my and non-constant form factor and that 0. =
oinc was assumed. Both of these features are included in the comparison plot

Fig. |6.11, We have checked that integrating ((5.44) over f_ll dcy reproduces the
AE%RE*E*

-expression in ((6.18). This comparison provides another non-trivial

cross-check of our analysis.
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6.1.5 Comparison with earlier work on B — K/*/~ and

comments on Ry

In this section, we compare our results to those presented in [2]. The analysis
of [2], which first investigated the impact of LFU breaking in B — K{*(~
induced by QED corrections, is a simplified analysis based on the following three

principles/assumptions:

i. indirect determination of virtual corrections by imposing the absence of

log-enhanced terms in the photon-inclusive dI'/dg? spectrum (for any value

of ¢2);

ii. constructing a radiator function depending on ¢*> and ¢2 only, which
describes the probability of a dilepton pair (of invariant mass ¢?) to originate

from momentum transfer g2, after photon-emission;

iii. neglecting lepton-flavour universal radiative corrections, such as those

induced by the emissions from meson legs only.

As proved in general terms in this work, assumption i. is correct and provides
an efficient way to determine the radiator function. Our analysis shows that
the non-log enhanced terms are small in the neutral-meson case (as shown in
Fig. . They do exceed the 1% level in the charged-meson case, but this is a

lepton-flavour universal effect.

On the other hand, while assumption ii. is a legitimate choice, it is incompatible
with the goal of estimating radiative corrections by implementing only a cut on
the reconstructed B-meson mass{]| the radiator in [2] is obtained by integrating
over all photon angles; however, as already discussed in Sec. [6.1.3] in the B-RF
the relation connecting ¢ and ¢* does not only depend on m$¢ but also on the
photon’s emission angle. To overcome this problem, in [2] the maximal ¢ value
affecting the spectrum at a given ¢? value has been determined by imposing the
tight cut defined in . This choice corresponds to the minimal value of (¢2)max
obtainable with an experimental cut on photons not emitted forward with respect
to ¢ (in the B-RF). Incidentally, we note that a cut of this type is implemented

in the experimental analysis to avoid a large migration effect (e.g. charmonium

4 We note that a radiator function depending on ¢? and ¢ only is sufficient to estimate the
distortion of the ¢? spectrum in the absence of a photon-energy cut, as is for instance done in
Higgs-collider physics [124].
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Figure 6.12: Relative effects of relative corrections as a function of ¢2, in the

neutral case, with the cuts on m5® used in [2] computed in this work (top left)

vs. those presented in [2] (top right). The bottom left and bottom right plots
compare our results with those in [2] for the ¢? and g2-spectrum respectively. The
translation between the notation of this reference and ours is dex = 1 —(m%S¢/mp)?
with (pp = m!5°) and {0.1458,0.1,0.0394} < m5¢ = {4.88,5.009,5.175} GeV.

resonances at low ¢?, cf. Sec.[6.1.3)). This is the most important difference among
the two approaches. As illustrated in Fig. [6.12] the net effect is quite sizeable,

especially for the electrons at low values of ¢2.

In practice, the implicit cut applied in [2] on the photon-emission angle removes
some hard-collinear logs. We may track the difference on the collinear logs
analytically. We demonstrate this for the g2-spectrum since the expression
is much simpler than the corresponding one for ¢? in . Let us consider

Al « {df

LO
— == |53 Aolndex + Co) 1 -colli ) 6.19
d@ 7 dqg} ( 01 Oex + 0) nmy + non-collinear ( )

The coefficients Ay and Cj are obtained by integrating Eq. (9) —using the
boundary conditions implied by Eq. (10) of [2]- w.r.t. to x (which is our z

and moreover, 1 — %2 = ), and the expression in (5.30) with z(w,) — 1 but
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finite dex. Not surprisingly, we find
Ag=AT? = AB" = —4. (6.20)

This is the universal coefficient of the soft—collinear singularity (double log),
which is independent of the boundary conditions. Incidentally, we note that this
coefficient is also the same for the I -distribution. Low’s theorem guarantees that

the single In d.-term is identical. For the Cy term, however, there are differences

25 1 — 12 + 2)? 1 — i + @ — A2
CINZ — _ 22 4 9n g2 2y UM h) 72| T O0);
3 I—m K 0+/\/
2
CBIP (_3—41n {1+1 £ D + O(0ex) (6.21)
—QO
where A = A\(1,7m%, ¢2) and
1 2q
- £2 A2 - _ 40
R=2(1+ gy mK)(w AB/Z). (6.22)

Note that in [2], only the leading term in m?% was kept in (¢2)max and thus, for

meaningful comparison, one has to assume the mg — 0 limit

19 @ (3—4d3) .
CINZ =~ 438 0 +4 D GiIn G2 + O(Oex
e (R ERC

3+ 0(0ex) + O(G5 — 1),

qOHI
C3P = 3+ O(bey) - (6.23)

Agreement is found at the kinematic endpoint ¢2 — 1 (including O(dey)-terms).
This is to be expected since the cut on (g3)max is independent of the photon-
emission angle, whereas differences are maximal at low g2 values, consistent with
the numerical findings in Fig. (bottom-right).

To better understand the agreement at large g2 illustrated in , consider
(5.22]), with 6 = dex, Which corresponds to the case where the photon becomes
collinear with ¢;. With a non-zero Kaon mass, (¢2)max = (1 — mx)?, and thus
the lower limit for the z—integration becomes

Oex

ZINZ((Sem (qu)maxa CO) =1- 1 — mK 5 (624)
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where the co-dependence drops (and thus the same z limit applies for ¢5). Now,
consider ¢2 = ¢*> + mBéeX(Eéé) + |cf0(1)| cos 97(1)), which is the defining principle
behind Eq. (10) of [2], where EY and |G"”| are given in (£.27). Substituting
¢ = qu, one gets

mp 6ex

_ D, =0 1 Jex
ZBIP—l_q—g(Eéo)qu |cos€7( )) 1-— -

é% _>((jg max

: (6.25)

which matches . This explains the agreement at large g2 in and in
Fig. . Note that the 07(1) dependence drops in the limit of ¢Z — (G3)max
analogous to the ¢y dependence in . The co-independence (or equivalently
07(1)) at (G2)max happens since the Kaon’s three-momentum vanishes and the (1)-
and (4)-RF become equivalent and thus, there cannot be any non-trivial angular

dependence.

On the other hand, the same argument does not apply to the differential rate in
. As ¢ — ¢2,,, the range of allowed photon energies becomes more and more
restricted. The cut p% > m%(1 — dex) on its own is independent of ¢%, and it
is for this reason that one needs the maximum condition imposed on the lower
limit of the z-integration in (5.41]). For larger ¢?, the kinematic restriction on z,
denoted by zj,., becomes more important than the restriction on z due to the
photon energy cut d... This is why the two INZ-curves in the bottom left plot in
Fig. [6.12] approach each other for large ¢?.

In summary, from the comparison of our work with [2] we may deduce the

following two lessons or insights.

a) The indirect determination of virtual logs in the photon-inclusive dI'/dg3-
spectrum, which is the key assumption behind both the approach of Ref. [2]
and PHOTOS [99], is correct.

b) A meaningful comparison between theory and experiment (in a collider
environment) cannot be done by only considering the two non-radiative
variables ({¢2,c,}) and the cut on the reconstructed B-meson mass, but it
requires a detailed information on the (inevitable) photon-emission angle

cut as their impact is sizeable.

Point a) is reassuring in view of the current treatment of radiative corrections
in Ry-measurements with PHOTOS. Incidentally, we note that considering only

the cuts on reconstructed B-meson mass in [10], the net QED correction that
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should be applied to Ry according to our analysis amounts to

mtee=5.175 GeV miee=4.88 GeV
AFKMM B AFKee B

Aqep Rk ~ ~+1.7% , (6.26)

Kpp 1q2e(1,6] GeV? Dicee a3 €[1,6] GeV?
where in the SM

_T[B—= Kutp]
2elg?,q3) GeV® I‘[B N _f(eJre—] |q§€[q%,q§}

Rk Gove 1+ AqepRk ,  (6.27)
and the binning is understood as previously. The correction has to be compared
with the AqepRx ~ +3% quoted in [2] that, as explained above, takes into
account an additional implicit tight cut on the photon-emission angle. Note
that the different photon energy cuts for muons (mls® = 5.175GeV <« Jox =
0.0394) and electrons (ml5® = 4.88 GeV <> do = 0.1458) reduce the effect of QED
corrections to Rx. In addition, |AqepRET| > |AqepRiY4| has to be expected
since the BIP computation is more exclusive, in view of the tight photon-angle
cut, than the explicit computation presented here. However, in both cases the
overall impact of QED corrections in the LFU ratios (currently estimated by
the experiment using PHOTOS) is not exceedingly large and below the current

experimental error Ry = 0.846755500-01¢ [12].

On the other hand, point b) indicates the necessity to build a Monte Carlo
program with a complete differential treatment of radiative corrections and
an accurate parameterisation of the hadronic form factors (with the effective
inclusion of long-distance effects, which we recall are not included in PHOTOS), in
order to check the impact of the QED corrections on the kinematical distributions

at the %-level, with the explicit cuts applied in experiments.
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Figure 6.13: LO differential rate for electrons (right) and muons (left). They
seem inverted compared to the NLO results in the figures below, since the LO
contribution is positive while the corrections are generally negative. Also, the
smallness of the lepton masses in both cases makes the heat maps look very similar.

6.1.6 Radiative corrections as a function of ¢}, ¢y and ¢* ¢, at
full differential level

In previous sections, the size of the corrections were shown as a 1D plot, i.e. after
integrating one of the differential variables. Here, we present the results as a

function of both differential variables, in the form of heat maps.

First, we show the LO result in Fig. |6.13] which is given as reference. Note that
while the LO result is positive, all the NLO QED corrections are negative, and
this causes the LO heat maps to appear inverted compared to the NLO ones.
Furthermore, the LO differential rate for the muons very closely matches that for
the electrons, and this is due to the smallness of the lepton masses compared to

the other scales, such as ¢* and m3%.

147



&1y

- o r[zl"(” B B
(6ex = 0.1), [B® = K%*"e™] dq%;';[ (6ex = 0.1), [B® = K%"e7]

dddey

(GeVTY) (GeVTY)

-2.0x10°"

-4.0x10710 -2.0x 10710

-6.0x 10710 -4.0x1071°

-8.0x101° -6.0x 10"

@/ GeV?
¢*/ GeV?

-1.0x10 3k -8.0x101°

-1.2x107 -1.0x10¢

-1.4x10° -1.2x10°

&) Ce

Figure 6.14: Absolute size of QED corrections as a function of {¢3,co} (left)
and {¢? c;} (right). As expected, the heatmaps are symmetric with respect to
ce0 — —cgo- A value of §ex = 0.1 was used for the experimental cut-off on the
photon energy.
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Figure 6.15: Relative QED corrections as a function of {¢, co} (left) and {¢?, ¢}
(right). As in Fig. the heatmaps are symmetric with respect to cgo — —c .
A value of dgx = 0.1 was used for the experimental cut-off on the photon energy.

Next, we present the contributions coming from hard-collinear logs, defined by

T (0ex) _ d°T(0cx)
dq?dc, — dgidcy lmimy,,

(6.28)

and Eq. (6.11)) for the unnormalised and normalised QED corrections respectively.
These are shown in Fig. [6.14] and [6.15] respectively. One thus finds that the

differential rate can receive corrections of up to ~ 10%. The heat maps for the

muon case are simply a rescaling of the ones for the electrons, as is discussed in
and around Eq. (6.12), and we omit the same discussion here. The charge of the
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Figure 6.16: Absolute size of QED corrections as a function of {g3, co} (left) and
{¢?, ¢4} (right) for electrons (top) and muons (bottom) in the neutral meson case.
The corrections are larger for the electrons, as expected, due to the bigger size of
the hard-collinear logs.

hadrons do not affect the heat maps for the hard-collinear corrections.

We use an experimental photon energy cut-off of d., = 0.1 for all the heat maps

in this section.

We also show the heat maps for total QED corrections for the unnormalised and
normalised differential rate, c.f. Eq. . The total unnormalised and normalised
QED corrections for the neutral meson cases are shown in Fig. [6.16] and [6.17]
respectively for the muon and electron cases in the differential variables {q2, co}
and {q?, co}.

In both the electron and muon cases, there is perfect ¢, — —c¢; symmetry, as
expected. There is a slight asymmetry for the heat maps in the ¢y variable,

and this is due to the non-hard collinear contributions not being even in the cg
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Figure 6.17: Relative size of QED corrections as a function of {q3,co} (left)

and {q¢?,c,} (right), with the top two heatmaps corresponding to B® — K% e~

and the bottom two to B® — K%t u~. The heatmaps are symmetric only with
respect to ¢g — —c¢y; the non-hard-collinear corrections in the {q%, co} variables
do not possess this symmetry, and this explains the slight asymmetry in the heat

maps on the left.

variable.

The charged meson results for the unnormalised and normalised QED corrections

are presented in Fig. |6.18 and [6.19| respectively. The heat maps are no longer

symmetric in ¢y, cg — —cy, ¢o, due to the Inmy contributions, which are odd in
ce, ¢, and are sizeable. Furthermore, the same peculiar behaviour towards the
endpoints (¢, co — £1) happens in Fig. as in the 1D plots, due to the LO
differential rate o< (1 — ¢f) + O(m}), c.f. Eq. (4.81).
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Figure 6.18: Absolute size of QED corrections as a function of {q3, co} (left) and
{¢?, ¢4} (right) for electrons (top) and muons (bottom) in the charged meson case.
The corrections are larger for the electrons, as expected, due to the hard-collinear

logs being larger.
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Figure 6.19: Relative size of QED corrections as a function of {¢3,co} (left) and
{¢?, ¢4} (right), with the top two heatmaps corresponding to B~ — K~ ete™ and
the bottom two to B~ — K~ putu~. There is no symmetry with respect to ¢y, cg
this time, and this is due to the In mg contributions, which is linear in ¢y, cg.

6.1.7 Effect of the collinear slicing parameter

To separate the hard collinear logs for numerical stability, we introduced the
auxiliary parameter w.. It is interesting to investigate how big the error is due
to this parameter. To this end, we have performed the numerical integration
for the B® — K°u*p~ with no cut (w, = 0), and compared it to the case with
w, = 8-107°, which was used in all previous sections for the muon case. This is
possible as the muon mass is not too small. Simply using more points (roughly
10 times more) for our numerical Monte Carlo integration gave relatively stable
results. On the other hand, the same calculation could not be performed with

the electron, since increasing computing time reasonably did not lead to better

152



Abs. size of O(a) corrections, B — K"~

0 : :
771#
| -10 L
-1.x10
% ----- my; we =0
O
<
=  -2.x107%g
=) N,
=
9
sHe _10
SEE 10
=
-4.x10710 =
2 4 6 8 10
g5/ GeV?
Abs. size of O(a) corrections, B* — KuTp~
0 : :
—_—my
|
“x1070F =
% x L my; we =0
—
— -2.x1070F
=2
9
<2l
IO -ax100f
=
-4.x10710 & s
2 4 6 8 10
2
q* ] GeV?
Abs. size of O(a) corrections, B® — K%t~
6.x10710 | —_—
T
E Wy, T My wWe =0
4.x10710F
<
=
ER
o2x100r
=
9
o=l
Zz =
==
= 0 \
‘ ‘ ‘ ‘

q2 / G CV2

Abs. size of O(a) corrections, B — K%utu~

0 : :
= my,
<
] _5.x10-10 [
~ 5.x10 my; we =0
~
3
S -1x10°f
=)
=
o -1.5x10°F
S
=
_9 -2.x10°
= -25x10° F

B = K'utp~

my,

My W

L
-1.0 -0.5 0.0 0.5 1.0

Cy

Abs. size of O(a) corrections, B — K°u*p~

—_—m,

my; we =0

.
-0.5 0.0 0.5 1.0

Cy

Figure 6.20: Effects of the auxiliary cut w. on the size of the absolute QED
corrections. The dotted line corresponds to the case with no cut (w. =0), and
the solid line to w. = 8-107°. The left and right plots are differential in g2 and
cq respectively. The top two plots are in the {qg, co} variables, with the rest in
the {2, c¢} variables. A photon energy cut-off of e, = 0.1 has been used for the
top four plots, while the bottom two corresponds to the fully inclusive photon.
In all cases, there is good agreement between the plots with and without the

hard-collinear cut we.

results.

The unnormalised and normalised plots showing the effect of the cut w,. are shown
in Fig. and respectively. As can be seen in all of the plots, the agreement

between them is very good. This is an excellent check of the phase-space slicing

procedure, as well as for the implementation of the analytical results in chapter

Bl This also gives us confidence that the results involving the electron case must

also be correct.
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Figure 6.22: Moments of the LO distribution. All moments (except the zeroth
and second ones) are highly suppressed, due to the smallness of the lepton masses,

see Eq. .
6.1.8 Moments of the differential distribution

A special feature of QED corrections is that they have genuine infrared effects
when compared to the weak interaction with natural scale my > mp. As
pointed out in [125], this changes the angular distribution in that there is not a
specific hierarchy of moments in the angles (cf. section 5 in [125]). Without QED
corrections, it is the dimension of the effective Hamiltonian that limits the partial
waves to its lowest numbers. Higher moments (in the partial wave expansion) are
therefore absent or suppressed by further powers of m;/my,. Hence, measuring
higher moments allows us to measure QED effects. It is therefore interesting to
scrutinise the size of these corrections from the theory side in order to identify
the most sensitive moments and give further motivation to an experimental

investigation.

To this end, we express the differential rate as an expansion in terms of Legendre

polynomials P, (c,),

T 5 ey, (42 Cas B
BJZ;@Q%,C, ) _ > G (g2:0e) Bio(ca) - (6.29)

1a>0

The B — K¢ moments are then simply given by

! T 5 k00, (42 Ca; Oex) 1
MU (2 60) = / deg P, (cq) — 22 R0l a0 o Gy (a2 dex
17 (qaﬂ ) » caP, (Ca) dg? de, o, +1 (qw )

(6.30)
where we have introduced a lepton-subscript for further reference, and the

subscript a denotes the two sets of variables {¢2, ¢y} and {¢?, ¢/} as before.
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Figure 6.23: Moments of the NLO distribution for B — K%*e™ in the {q3,co}
variables (left) and the {¢?, ¢/} variables (right) with a cut-off dex = 0.1 (top) and
no cut-off (bottom). When fully inclusive, the moments in the {q3, ¢y} variables are
rather unstable (note that they are very small though, see y-axis values). The even
moments (solid lines) decrease as [y increases, but remain sizeable nevertheless.

Fig. shows the moments of the LO distribution. Due to the smallness of the
lepton masses, all moments except the zeroth and second are highly suppressed,
since the LO differential rate oc (1 — ¢2) + O (m?). Therefore, in what follows, we
refrain from calculating the ratio of NLO corrections to LO values. The even and
odd moments are represented by solid and dashed lines respectively to distinguish

between them easily.

Figs. [6.23| and [6.24] show the moments of the NLO distribution for the B® —
K%%e™ and B® — K°utp~ processes respectively. When fully inclusive, the

moments in the {¢?, co} variables are rather unstable, especially in the electron
case (bottom left plot in Fig. ; note, however, that they are very small, see
the values on the y-axis, due to the absence of hard-collinear logs in this set
of differential variables. The even moments decrease as [, increases, but remain
sizeable nevertheless, while the odd moments are relatively small. We note that

the higher order moments are larger in the electron case.
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Figure 6.24: Moments of the NLO distribution for B® — K°u*u~ in the {q3, co}
variables (left) and the {¢?, ¢,} variables (right) with a cut-off dex = 0.1 (top)
and no cut-off (bottom). As in the electron case, the even moments (solid lines)
decrease as [y increases, but remain sizeable.

Finally, Fig. [6.25] and [6.26] show the moments of the NLO distribution for the
B~ — K ete” and B~ — K pu"pu~ processes respectively. The odd moments
are no longer small in the charged meson case, and this is due to the Inmy

contributions which are odd in ¢, ¢y and are sizeable.
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Figure 6.25: Moments of the NLO distribution for B~ — K~ e*e™ in the {q3,co}
variables (left) and the {¢?, ¢/} variables (right) with a cut-off dex = 0.1 (top) and
no cut-off (bottom). The odd moments (dashed lines) are no longer small in the
charged meson case, and this is due to the Inmg contributions which are odd in
ce, co and are sizeable.

158



_ -
BT - K pu'p B~ — K-ty

1.5%10? T
— ) =0 ———— lo=1 e [g = 2 1.x107° [ — =0 me— Iy =1 e 1y = 2
— —
] mmem—— I =3 s [ = 4 o lo = T [ mem— I=3 e—— =l =——— I =
1.x10° F
o =
3 —_— =6 3 5 x10-0 | — =6 ]
= < /_/——/——_/——__
— 5x107" e = K-
e = prmmmmemmemmmeeaeo _—
S o 0
P 0 -
ERN S 000 beeccmmmcceccmcac e e — e ———————]
=0 L] SN ftteemmeee e ————
) Feeemmmmmmmece e )
_ \
x0T, -5.x 1010 f
,
1 2 3 4 5 6 1 2 3 4 5 6
2 2 -
ay / GeV q*/ GeV?
B™ — K putu” B™ — K u'u”
e [ = () lo=1 e lg =2 1.x10°F — =0 —— lp=1 e 1y =2
8.x1010 |
— —
| e 1) =3 m—mly=4 m=m——ly=5 I o  mm—— lf=3 m——— =4 ==——— o=
= 8.x10710 |
% ex00f Z
g S
om 4,)(10-10’ o
S S
=R =8 -10 [
25 E£5  4.x10
= 2.x100f <
N ™~
S S 2.x10710F
= =
s S
| N
SN F 0
&) &)
-2.x10°10

Figure 6.26: Moments of the NLO distribution for B~ — K uTu~ in the
{q3,co} variables (left) and the {¢?, ¢/} variables (right) with a cut-off Jex = 0.1
(top) and no cut-off (bottom). As in the electron case, the odd moments (dashed
lines) are no longer small in the charged meson case, and this is due to the Inmg
contributions which are odd in ¢y, ¢y and are sizeable.

6.2 Qutlook

In this section, we briefly address various topics which go beyond the scope of

this work and are worthwhile to be pursued in future investigations.

6.2.1 Structure-dependent terms

In this work, we have treated the mesons as fundamental fields. The effective
Lagrangian employed is able to perfectly describe their internal structure up to
O(e%). However, the electromagnetic probe sees the mesons as a structureless
particle.  Hence our effective Lagrangian corresponds to approximating a

multipole expansion by the monopole term.

In the language of meson fields, one would need to build a systematic effective

field theory with gauge invariant operators out of covariant derivatives and meson
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fields. This would include, amongst others, terms beyond minimal coupling of
the form (D*B)'F,, D"K. 1t is beyond doubt that in full QCD, the meson’s
partons give rise to such higher multipole emissions, which we referred to as
structure-dependent termsf’| The question is whether they are sizeable. For
light-light systems, such as K — 7 decays, these terms are known to be small
e.g. [120, 127] (unless the leading amplitude is accidentally suppressed). For
heavy-light systems, this might change since the masses of the valence quarks

introduce a sizeable asymmetry that will eventually be resolved.

A result established in this work provides some protection. It was shown in
Sec.[5.5 and [5.6)that structure-dependent corrections do not lead to any additional
hard-collinear logs. Since soft divergences cancel at the differential level, this
means that the employed approximation captures all IR sensitive terms. However,
it cannot be precluded that new and interesting hadronic effects, not directly
related to infrared effects, could come into play. An example of which is provided
by B, — ptp~, where it was found that the chirality suppression of the non
radiative decay m,/my is lifted to m,/Aqcp (“enhanced power corrections”)
when QED corrections are taken into account [128]. These authors develop
QED corrections to B decays within the soft collinear effective theory (SCET)
framework. It allows for the the resummation of different types of logarithms
[129] but does not capture all 1/my, effects. To what extent 1/my-corrections are
important in QED corrections to B-mesons decays is an interesting and open
question. Another approach is lattice QCD, where the precision in Kaon physics
per se demands the inclusion of QED corrections [130} [131] with first results in
leptonic decays [132-134]. For B decays, in the region of fast recoiling particles,
more work is needed because of too many exponentially growing modes that have

to be captured by a fit or dealt with in some other way.

6.2.2 The B — K/(*(~ differential distribution through
Monte Carlo

Our results can be used to estimate the radiative corrections to the B —
K¢~ (~) differential distribution semi—analyticallyﬁ As demonstrated, the
choice of differential variables (which might be dictated by their accessibility

5 The full theory, including QCD and QED, is needed to compute the corresponding Wilson
coefficients and counterterms when involving loops.

6 The integration over the photon variables is done numerically and this is why we refer to
them as semi-analytic.
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in a given experiment) that we have introduced directly impacts in what
way hard-collinear logs cancel. An alternative approach, more in line with
current analysis techniques, is to build a Monte Carlo program for the numerical
simulation of the radiative and the non-radiative processes, and evaluate the
impact of the radiative corrections entirely numerically. This happens at an
even more differential level by taking into account the photon kinematics on an
event-by-event basis. Given the sizeable contributions from hard-collinear logs,
it will be an important task to cross-check the purpose-built Monte Carlo against
standard tools used in experimental analysis. In this case, our virtual corrections
are essential in that they provide the normalisation of the Monte Carlo code.ﬂ
Within this approach, we are free to adopt the {3, co} or the {q¢?, ¢, }-variables,
since these are used to describe the simulated events and the experiment can
produce a distribution in either of the variables by using local corrections factors.
The final comparison with experiment is performed in a subsequent step after
taking into account experimental efficiencies, resolutions, and cuts to reduce the
background. Given our results in Chapter , it is clear that the choice of {¢?, co}
is more convenient, since for each value of ¢2 and cg, the corresponding photon-

inclusive rate is free from hard-collinear singularities.

It is worth stressing that most of the considerations presented in this work, and
particularly the strategy outlined above to build a Monte Carlo code, apply if
the final-state hadron is a narrow vector resonance (such as the K*), rather
than a stable scalar meson. In the narrow-width approximation, we can neglect
the interference of the radiation emitted by the final-state mesons, produced
by the vector-meson decay, with the radiation from the B decay products
(i.e. the radiation described in this work). In this limit (which is a rather good
approximation in the K* case, given that I'z./mg. ~ 5%) the formalism is

essentially identical, up to a richer form factor structure.

" The Monte Carlo code requires the introduction of an (unphysical) soft cut-off A,, below
which the mode is treated as a three-body decay. The rate is then split into, d*T(8ex) =
[d*T(As)]mc, + [2 D QiQJ—(Fi;) (Oex) —fi(;) (As))] MC,Q dq2dc,, a first term which is done semi-
analytically with our computation and simulated with three-body kinematics, and a second term
which is obtained through the simulation of the full four-body kinematics. Note that both terms
are free from soft divergences and A; is analogous to phase space slicing cut-off wg introduced
in Chapter
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6.2.3 Remarks on charged-current semileptonic decays

In the main section, charges and masses were kept completely general, so that any
semileptonic decay can be covered, including charged-current processes such as
B — D/lv. A significant difference to B — K/{*{~ is that the variable p%, defined
as in ([4.3)), is not observable (because of the unidentified neutrino). Whereas this
does not pose a problem for the Monte Carlo simulation discussed above, this is an
issue for the semi-analytical determination of an O(«) infrared-safe distribution
of B — Dlv.

One possibility to overcome this problem is to consider p% = (pg — p,)? as the
effective photon energy variable. A photon energy cut-off, similar to (4.4]), can be
introduced as follows. dgf = (1 — p},/pp) which translates to EX < 08} (ppe/2)
(£ is the photon energy in the D-lepton RF). The new aspect with regards
to the FCNC case is that the lower cut-off on the energy variable, (p%)min =
phe/(1 — 65, is dependent on a differential variable[]

Another strategy is to impose the minimal kinematic limits on p%, = (pp—k—p,)?
and accept all events with Ep and F, which lie within the non-radiative Dalitz-
plot. This is the “traditional” approach adopted in Refs. [107, [135] 136]. This can
work in a clean environment, in K-factories, but would not be a feasible approach
for the LHC collider environment. Incidentally, we note that the variables (Ep,
E,) are an alternative choice to our {q?, c/}-variables. We finally stress that
the approach followed in [137], where an effective cut on the photon energy is
implemented irrespective of the photon-emission angle, might lead to a miss-

estimate of the hard collinear logs.

8 Alternatively, one could trade pp with pyis = pp — k — p,. The upper cut-off on p% is then
to be replaced by a lower cut-off on p?,; and the adaptation of our formalism requires working
with a finite neutrino mass. It is understood that this approach might be challenging on the
numerical side.
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Chapter 7

Conclusion

After a general discussion on conformal field theories and curved spacetime in
the Introduction (Chapter 1), we presented a detailed discussion of conformal
anomalies in curved spacetime in Chapter 2. We have calculated them for
a scalar field, spin-1 gauge field, and fermion field in Secs. [2.1] and
respectively, using the Schwinger-De-Witt point splitting method, employing
heat-kernel techniques. We have focussed our calculation mainly in dimensional
regularisation. For the case of the non-conformally coupled scalar (NCCS) field,
we argued how the anomaly could be extracted from the calculation by employing
a subtraction, described by Eq. and Eq. (2.82)). This follows the calculation
in [64] performed in perturbation theory of linearised gravity, which appeared
while we were working on this. This makes the result for the LJR coefficient of
the conformal anomaly of the NCCS finite. We also looked at the issue of gauge
invariance for the spin-1 gauge field theory in Sec. [2.2.3] where we showed when
and how gauge invariance occurs. In a general gauge, the calculations were more
involved and we built up on the work done by Shore [74], which addressed the
case of a non-Abelian gauge theory in flat spacetime, to perform them. We were
able to show that gauge invariance is recovered upon employing the subtraction,
and hence that the conformal anomaly is gauge invariant, while the VEV of
the TEMT itself might not be. Furthermore, we showed how introducing a
Stiickelberg scalar field makes the vacuum expectation value (VEV) of the trace
of the energy-momentum tensor (TEMT) gauge invariant, without the need for

subtraction.

The connection of conformal anomalies to renormalisation group flows was
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explained in Chapter 3. The c- and a-theorems, in 2 and 4 dimensions respectively
[46, [76], [82], were also discussed in this context, as well as the possibility of an
alternative b-theorem in 4D. The latter relies on the work done in [83], and uses
the fourth moment of the two-point correlation function of the TEMT, given in
Eq. . We discussed its derivation briefly in Sec. , and applied it to
the same quantum field theories we considered in Chapter 2. Using the results,
we discussed some of its shortcomings, and proceeded to investigate its possible
impact on QCD in the conformal window in Sec. [3.3] We found that it gives a
smaller upper bound on the number of fermion flavours N; compared to using the
a-theorem and asymptotic freedom (Egs. (3.66) to (3.68)). On the other hand,

we noted that it eliminates a region of Ny expected to be within the conformal

window, according to the Banks-Zaks argument. We plan on finding a resolution

of the issues for the tentative b-theorem in the future.

Then, in Chapters 4-6, we analysed the O(a) corrections to a generic My —
My l1ly decay, where My are scalar mesons (of either parity). We have
performed a complete calculation of these corrections within improved scalar
QED, employing a mesonic effective Lagrangian (with a tower of effective
operators) which provides an accurate description of the non-radiative hadronic
form factors. We have shown by means of explicit computation that all soft
divergences cancel at the double differential level (Sec. , irrespective of the
choice of the variables used to describe the “visible” kinematics. On the other
hand, we have demonstrated that the hard-collinear logs can survive, even in
the photon-inclusive limit, depending on the variables employed to describe the
photon-inclusive distribution. More precisely, they cancel in the case of the
{@, co}- but not the {¢?, ¢/}-variables defined in Eq. (4.1)).

Our analysis goes well beyond, in terms of accuracy and generality, w.r.t. previous
analytical treatments of radiative effects in My — Ml1fs decays. Still, some
open issues remain, as discussed in Sec. [6.2.1} In particular, the matching of the
residual UV ambiguities with QCD and resolving the photon interaction with
the quarks themselves. As we have shown, gauge invariance ensures that such
ambiguities cannot induce In my-enhanced corrections (Sec. . This implies, in
particular, that these corrections have a negligible impact on the experimental
determination of the LFU ratios. At the time of writing of this thesis, we were
working on the resolution of the UV ambiguities via a matching to a QCD sum

rules calculation, and we hope that the results will be published soon.

Our analysis indicates that great care must be taken when comparing theoretical
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with experimental data, given that radiative corrections for the electron modes
can easily exceed the 10%-level (as already indicated by previous analyses). As
discussed in section , the overall impact of QED corrections on (integrated)
LFU ratios, such as Ry, is not too large, especially given the current cuts applied
on the reconstructed invariant mass for electron and muon modes [12]. On
the other hand, differential observables are subject to potentially larger effects.
In particular, as we have shown in Sec. [6.1.3] a sizeable lepton-non-universal
distortion of the dilepton invariant mass spectrum occurs if the latter is expressed
in term of the {¢? c,}-variables. To overcome this problem the best way to
report data is in terms of the of the {¢3, ¢y} distribution (as currently done
by most experiments), where the “dangerous” hard-collinear logs (Inm,) cancel
at the differential level. In the case of the LHCb experiment, where ¢2 is not
directly measurable, this is done after comparing the results with a Monte Carlo
code and correcting for the effect of the QED radiation. In this context, we
note that our analysis provides the theoretical groundwork to build a Monte
Carlo program with a complete differential treatment of radiative corrections
and an accurate parameterisation of the hadronic form-factors (possibly including
also long-distance contributions), which represents a key ingredient for a precise

comparison between data and theoretical predictions in the future.
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Appendix A

Conventions

A.1 Sign Conventions in Curved Spacetime

The two relevant sign conventions are (— — —) and (4 + +) in the notation of
Misner et al. [16].

In <_ - _)7

1. The metric has signature (+ — ——).
2. Raﬁ’y& — 8§Fa57 T oeeee

3. Ry = R%,0,

Birrell and Davies [60] have a prescription to go from (— — —) to (+ + +). The

steps are as follows:

1. Change signs of g,,, U, R% 5, Ru, T, , V.
2. Leave signs unchanged for Rugs, R',, R, T,,.
In fact, the 3 signs in the brackets, (s1, Sz, S3) mean

N = 1 % diag (—, +,+,+), (A.1)

R, =5y %x (0,0, — 0,0, +T* 17, —T* 17, (A.2)



ij = 83 X TG Tuy, (A3)

where
1
Guzx = Ruu - §Rg,u1/ + Ag,uu; (A4)
is the Einstein tensor.
The default convention used through this thesis is (— — —), unless

otherwise stated.

A.2 Minkowski and Euclidean Coordinates

In the following, ‘M’ and ‘E’ denote Minkowski coordinates and FEuclidean

coordinates respectively.

A.2.1 Metric Tensor

In a Minkowski coordinate system, the flat spacetime metric tensor, in 4

dimensions, conventionally used (in particle physics) is given by
u = diag(+— ——) (A.5)
U iag ) :
The metric in Euclidean coordinates is

T]EV = diag(+ + ++). (A.6)

A.2.2 4-vectors

The scalar product xzy - £y between two 4-vectors in Minkowski space is
oy - an = (ay)? — ()™ (A.7)
The transformation between Minkowski and Euclidean coordinates is given by

Ty = —iry, (A.8)
k
M

— af, (A.9)
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Oy = 0, (A.10)
oy = —0F. (A.11)

The scalar product in the 2 different coordinates is then related by

Note that the momentum 4-vector p* also has the same transformation properties

as x#. This means that

PM - PM = —DE * DE, (A.13)

However, they have different behaviours in the complex plane due to the position
of poles, see section for how they should be understood inside integrals.

Gauge fields A* transform as

A =iAg, (A.15)
Ab = — Ak (A.16)

Note that in Euclidean coordinates, upper and lower indices do not matter.

A.2.3 Gamma Matrices

Gamma matrices have different transformation properties. We stick to the

following convention:

= Vs (A.17)
M= e (A.18)

This then means that slashed vectors and derivatives have the following transfor-

mations:

I = i, (A.19)
%M = _Z%E' (A.20)
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Lagrangians are redefined with a negative sign, i.e.
Ly = —LE, (A.21)
For example, the Dirac Lagrangian becomes

U(idhy —m)¥ = —U(Jy +m)T. (A.22)

A.2.4 Integrals

In Minkowski space, in momentum integrals, the position of the poles in

momentum space in the +ie prescription are
Py = —w+ i€, pg=w — e, (A.23)

where w = /p? + m?2.

From the way the contour is closed (i.e. top-right and lower-left planes), one finds
that - -
/ dpy = z/ dpy. (A.24)

On the other hand, in position space, the poles are on opposite sides of the real x,

axis. This time, closing the contour appropriately to ensure convergence implies

that - -
This explains why we define the Lagrangians as in Eq. (A.21]).

The generating functional then has the form

z = [ Dow)e
- / [Dpg] e ", (A.26)
where
Sy = / d*zy L, (A.27)
S = / d*zg L. (A.28)
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A.2.5 Propagators

Free Massive Scalar Field

A massive scalar field ¢ having Lagrangian

Ly = %(@Lqﬁ)Z — %m%a?, (A.29)
Lo = S (0,0 + 5m*6, (A.30)
has the momentum space propagator
lﬁ in Minkowski space, (A.31)
m in Euclidean space. (A.32)

Note that massive ghosts have the same propagator as the massive scalar field.

Free Massive Fermion Field

A free massive Dirac field ¥ has Lagrangian

Ly = V(i) —m)V, (A.33)
L =V(J+m)0. (A.34)

We define the position space propagator in Minkowski space as
Sz —y) = (0|T¥(x)¥(y)|0). (A.35)

Then, expressing it as the Fourier transform of the momentum space propagator,

we have
d4]€ ; —ik-x
S(z) = / o) Z(k; m)ez in Minkowski space, (A.36)
T —m
d4]€ ; —ik-x
S(z) = / o) (’kat T)neﬂ in Euclidean space. (A.37)

Note that the sign of the Fourier transform is very important in this case (as

opposed to the scalar field case).
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Free Massive U(1) Gauge Field

A massive U(1) gauge field A" with R gauge has the Lagrangian

1 1 1

=—_F, F" + -m?A, A" - A)?
L 1 Fw " £ 5m* A, 25(8 )%
1 1 1
_ uy T2 " . 2
Ly 4FWF + 5m ALA +—2§(8 A)?

The momentum space propagators are

_m (guu —(1- 5)1{;2@—%) in Minkowski space,
1 Kk _ ,
k2 + m2 (guu —(1- f)m) in Euclidean space.

A.2.6 Energy-Momentum Tensors

The energy-momentum tensor 7}, in Euclidean space is given by

2 Sy 2 0Su . . :
T, =———, W= —— , in Minkowski space,
: vV —4g 5guy vV —4 5guu
2 0 2 0
w = —ﬁ, ™ = —— SE, in Euclidean space.
V9 o9 V909

In terms of the Weyl variation, g,, — e *“g,,, c.f. App. , we have

1 48
T, :\/——_gci_f in Minkowski space,
10
T, = —ﬁ in Euclidean space.
V9 ow

(A.38)

(A.39)

(A.40)

(A1)

(A.42)

(A.43)

(A.44)

(A.45)
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Appendix B

Curved Spacetime ldentities

B.1 General

B.1.1 Invariant Volume Element

In curved spacetime, the invariant volume element is given by
|det (g,,) |7 d%a. (B.1)

Often, |det (g,.) |2 is written as \/—g.

B.1.2 Christoffel Symbol
The Christoffel symbol is given by

1
F/\W — F/\w — §gko (OuGov + 0v9uo — OsGu) - (B.2)

B.1.3 Riemann Tensor

The Riemann tensor is given by

R, =0, -0, +17, 7 —T*" T, (B.3)
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Note that it changes sign when one goes to the other convention, see Sec. [A.]]

B.1.4 Symmetries of Riemann Tensor

In this section, we discuss some of the properties and symmetries of the Riemann

tensor.
Ra,@,ul/ = Ruuaﬁ = _Rﬁa,uu = _Raﬁu,u' (B4)
Roguw + Ropwp + Ravgy = 0, Ist Bianchi Identity (B.5)
VAR + VRagun + ViuRaga, = 0, 2nd Bianchi Identity (B.6)
uavf 1 2

R,ap R = §Ruva5' (B.7)

1 167 14 167 14
o PR 5, = RFIRY (B.8)
V.V, R*m =, (B.9)

The identity in Eq. has been derived in [138], Eq. (2.7).

B.1.5 Ricci Tensor

The Ricci tensor is given by contracting two indices in the Riemann tensor,

R,, = R* (B.10)

pAv*

B.1.6 Covariant Derivatives

Covariant derivatives of contravariant and covariant vectors are given by

V V=0,V +T,V, (B.11)

ViV =0,Va =T Vi (B.12)
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The commutation of covariant derivatives generate the Riemann tensor and is

given by

Vi, Vo[ VA = Ry, Va, (B.13)

Apv

V., V,]V*=—-R% V* (B.14)

Ay

for covariant and contravariant vectors respectively. The two equations are, of
course, related by symmetries of the Riemann tensor. Note that this is easily

generalisable to tensors of arbitrary lower and upper indices.

B.2 Topological Objects

B.2.1 Gauss-Bonnet Density/Euler Density (4D)

The Gauss-Bonnet Density (or Euler Density) in 4D (in dimensional regularisa-

tion) is given by [46],

2
G=E;= R, s — AR, + R?). B.15
d (d—3><d_2)( uvaf ;w+ ) ( )
B.2.2 Weyl Tensor
The Weyl tensor is defined as
2 2

Coopw = Rpoyw — i—9 (gp[uRV}o - ga[uRV]p) + (d—1)(d— Q)QP[MQV]UR’ (B.16)

where the square brackets implies anti-symmetrisation over the indices,

1
Yolult)o = 2 (GouBve — govRyo) - (B.17)

Further, the square of the Weyl tensor, W2, is given by

4 2
2 _ 2 _p2 2
W= oo = e = g5 B * 7y @ = 1)

R®. (B.18)

174



B.2.3 H, maoadified Ricci scalar
For convenience, we sometimes define the object H such that
H=—. (B.19)

This is done in order to cancel prefactors of R, which often comes with d — 1.

B.3 General Metric Variations

Note that varying the metric tensor with upper or lower indices is different by a

sign, i.e.

o o

vo - - ) B.20
I e~ Oy 8=

This is due to the fact that the inverse of the metric tensor g, is simply g, i.e.

the metric tensor itself but with upper indices,
9" =0," - 9" 0G, = —09"" g (B.21)

This means that a variation of dg,, and d¢"” are not independent, and the

consequence of this is the negative sign in Eq. (B.20) and Eq. (B.21)).

B.3.1 /g
The variation of \/—g = y/—det(g,,) is given by

0 (\/__g) = _@guuéguy

= ;gguyéguu' (BQQ)
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A

B3.2 I,
The variation of the Christoffel symbol is given by

1 (6%

5F>\/,u/ - 59)\ [a,uagau + au(sgua - aafsg;w - 2Fﬁuy59a6}
1
= 59/\06 [Vu(sgow + vuégua - vaégw/]
1

= —5ue G V9™ + VI0g™ — V69" (B.23)

B.3.3 R¢

Buv

The variation of the Riemann tensor is given by

A _ A A
SR, = V6T, — V6T,

1
— §gm [vyvfégw -~ VuVab9ry — VuViidGay + V,Vagr,

+ RBTVM(SgBa + RﬁauuagTﬂ]

1
= — 50w Gor G | VIV709™ — VIV — VPVGgN 4 VIV
+ B39 Rﬁ”pégaﬁ] | (B.24)
B.3.4 R,

This involves just setting A = p in R* but we give the result anyway for the

TRV

sake of completeness.
6R,, = V0T, — VoI,

1
= 59)\04 Vuvréga)\ - Vuvoz(sgr)\ - V)\VT(SgaV + V/\vaégw
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+ Rﬁﬂ/)\(sgﬁa + Rﬁal/)\(ngﬁ]

1
= 59w Gar gor | VI V70gY = VIV — VIVT3g™ 4 VIV g7
+ Ry70g7 + RﬁW(Sg”B] | (B.25)

A better version of the above (i.e. removing the Riemann tensors) is

1
5RTZ/ = 59/\0( [vuvTéga)\ + V/\vafsgﬂ/ - V/\vffsgaz/ - vavy(ng)\}

1
= ——(ra Jsv or [vévaaga)\ + v)\vaégaﬁ . v)\va(sgacg . vavéégo/\} )

2
(B.26)
B35 R
The variation of the Ricci scalar is given by
OR=—R"6g., + g""00g,, — V'V"0g,,
=R.,09"" — g;,0009g™ + V.V, dg™. (B.27)

B.3.6 R

pvof

The variation of the square of the Riemann tensor is given by

§ (Res) = R7P[V5V,00050 — VVal00ua — VaViugys + VaV,0g,]
— 2R3, RP" 6 gas

= —Royap [VIVY g — VPV15g"> — VOV 69" + VOV 6g"7]

+ 2R, 4, R 6. (B.28)

afuv
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B.3.7 R,

The variation of the square of the Ricci tensor is given by
6 (R2,) = = 2R“R° 46 gu0 + B [V, V0000 = Vi Vadgur = V2Vl
+ VaVabgu + B 6050 + Rﬂmagw}
= 2Rus R, 00" — R 6 u0,s | V7V g™ — VIV 0™ — VA0 567

£ VAV R 4 Ry ). (B.29)

B.3.8 R?

The variation of the square of the Ricci scalar is given by

§ (R*) = 2RR.,69" — 2Rg,,[06¢g" + 2RV, V, g™

= —2RR™6g,, +2Rg"™"10g;, — 2RV"V"6g,,. (B.30)

B.3.9 Metric variation of E; in the gravitational action
The metric variation of the Fuler density in 4D in the gravitational action is given
by

)
5950

—9 5o vo oy o
/ddx\/_—gEZl - _V295 Ei++/—g [4vyvﬁR5 P —2R’, R + AR™ R,

+4V,VOR* —40R™ — AR™R’,° — 23350] . (B.31)

B.4 Trace of the energy-momentum tensor of

gravitational terms

2 4] d 2 2
TNM — _—_ggl‘”’@/d T\ —¢g (a0E4—|—b0R +COW )
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=—(d—4)aoE; — (d —4)byR*> —4(d — 1) bo0OR — (d — 4) co {WQ—ngl.

(B.32)

The result is obtained by assuming the Einstein Field Equations, or more precisely
the relation in (B.57). Note that all terms are evanescent (i.e. proportional to
(d —4)), except the OR term.

Finally,
2 )

iz
(—g)t" 39

which is zero since it is a surface term [42].

/(—9)5 ORd% =0, (B.33)

B.5 General Weyl Transformations

B.5.1 Basics and Definition

We define the sign convention of the general Weyl transformation to be

G = G = € " G (B.34)
It then follows that

g — G = e g, (B.35)
such that

99" = g = d. (B.36)

In the following, the tilde notation will be used for denoting an object after a

Weyl transformation.

B.5.2 -3

The Weyl transformation of \/—g = \/—det(g,,) is given by
V—g=e"/=g. (B.37)
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A
B53 I,

The Weyl transformation of the Christoffel symbol is given by

M = F)‘W — 0%, 0w — 6’\u&,w + 9 g Opw. (B.38)

pv

DA
B54 R,

The Weyl transformation of the Riemann tensor is given by

}?’\TW = RATW - 5AHVZ,VT’LU + 0NV, Vo + g, V.,V — 6,,V,Vw
+ (5’\VVMwVTw — (5’\1,9,” (V(,w)2 — g,,TVMwV)‘w — (5’\MVTwV,,w

+ 0%, 90 (Vow)? + g,V wV ., (B.39)

B.5.5 R,

The Weyl transformation of the Ricci tensor is given by

R.,=R,, — (d—-2)V,V.w—g,,0w—(d—2)V,wV,w+ (d—2) g,, (VAw)2 )

(B.40)
B.5.6 R
The Weyl transformation of the Ricci scalar is given by
R=e"[R—2(d—1)0w+ (d—2)(d—1)(Vow)?]. (B.41)
B.5.7 Coou
The Weyl transformation of the Weyl tensor is given by
Coopr = €2 Coppus (B.42)
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or equivalently,

cr..,=c’

ouv ouv

Thus, the tensor C7,,

v

B.5.8 W2

The Weyl transformation of the square of the Weyl tensor is
WQ — e4w W2
or equivalently,

\/__§W2 — e—(d—4)w\/_—gW2'

is invariant under a Weyl transformation.

(B.43)

(B.44)

(B.45)

Note that in exactly four dimensions,  /—g¢gW? is invariant under a Weyl

transformation.
D2
B5.9 R,

The Weyl transformation of the square of the Riemann tensor is given by

H2 4w
RMVaﬂ =€ praf "~

+2(d—2) (2 (V. V,w)* —4(V,w)’ 0w + 4V, V, 0wV wV"w

I

R? 8R,, V*V"w — 8R,, V*wV"w + 4R (V,w)* + 4 (Ow)?

(B.46)
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B.5.10 £,

The Weyl transformation of the square of the square of the Ricci tensor is given
by

P2 4w
R, =e

2 2
R?, — 2R0w + (3d — 4) (Ow)

+(d—2) [ — 2R, VIV w — 2R, V"V w + 2R (Vyw)?

+(d—2) (V. Vyw) +2(d—2) (V,V,w) (Vi) (V'w)

—2(2d — 3) 0w (Vyw)® + (d — 2) (d — 1) (V,\w)4]] : (B.47)

B.5.11 R2

The Weyl transformation of the square of the square of the Ricci scalar is given
by

R?=e"|R*—4(d—1)ROw + 2R (d — 1) (d — 2) (Vaw)?

+(d—1)* [4(Ow)® —4(d — 2) Ow (Vaw)® + (d — 2)* (Vaw)'] |. (B.48)

B.5.12 F,

The Weyl transformation of the Euler density in 4D, c.f. Eq. (B.15)), is given by

E4 = €4w

Ei+ (d—3) ( —4R0Ow + 8R,,, V'V"w + 8R,,, VFw V" w

+2(d—4)R(V,w)’ +4(d—2) (Ow)* —4(d - 2) (V,V,w)’

—4(d—2)(d - 3) (V,w)*Dw — 8 (d — 2) V,V,wV wV"w

+(d—1)(d—2)(d—4)(V,w)* )] . (B.49)

182



B.5.13 R

For OJR, one has to be very careful, as OR should really be written as

OR = (—9)"* V, [(—9)? ¢"V,R)| . (B.50)
Its Weyl transformation is then given by

OR =¢* |0OR — (d — 6) VFRV,w + 2R0Ow — 2 (d — 4) R (Vyw)?

+2(d—1) ( (d—6) R, V'V w — 2 (0w)? + 2 (d — 4) V*w O (V,w)
— DPw + (d - 2) (V,.V,w)? = (d—2) (d — 6) V,V,wV'wV w

+ (3d — 10) (V,w)* Ow — (d — 4) (d — 2) (Vuw)4)] . (B.51)

The package xTensor in Mathematica has been used to obtain the above.

B.5.14 TEMT

Using Eq. (A.44), one can calculate the trace of the energy-momentum tensor

using Weyl variations,

w oL 0
B /=g ow

= —(d—4)apE; — (d—4)byR* — 4 (d — 1) byOR — (d — 4) ceW?. (B.53)

/ddl’\/ —g <CLQE4 + boRQ + C()W2> (B52)

w=

The result matches Eq. (B.32), which was obtained by a variation of the metric

tensor, and then traced.
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B.6 Other Useful Identities involving Curved

Spacetime

B.6.1 Einstein Field Equations

The Einstein field equations are given by

1
R, — éng = —81G T, — Agu. (B.54)

Note that the equation can be understood as taking metric variations of the

Einstein-Hilbert action, Sgy, given by

1 d

along with the matter Lagrangian (which generates the energy-momentum
tensor). Taking a covariant derivative of the Einstein field equations, one arrives

at
v 1 v
V., R" = §V R, (B.56)
which also implies

1
V,.V,R" = ;OR. (B.57)

B.6.2 Identities relating R’ ; and R’ to E,; and V>

It is useful to relate R? 5 and R?, to E4 and W?, as the latter two play a

nro

central role in conformal anomalies. Below, for each pair of equations, the first

corresponds to a general dimension d, while the second corresponds to 4D exactly.

, 1 d d—2

—2
2 2

- w2 — E

Ruwos = 7710+ 73 g
1
= 532 +2W? — By, (B.58)
d (d—2) (d—2)
2 2 2

ey L E

B == " 1a—g g
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1 1 1
=-R*+ -W?- _E,.
50 T) 27!

The above identities then imply

(@-1)@d-2)-2, 4(d—3)
(d—2) peed = (d—2)

2R} 2R}, = 3W? — Ej.

praf

B.6.3 Integration by parts

Using the identity

au (\/__QXH) = \/—_gV“X“,

(B.59)

R, =(d—1)W? - (d - 3) Eq,

(B.60)

(B.61)

one can use integration by parts, with the appropriate volume element, such that

/d4a: V—9X, V'Y = — / d*z /=g (V,X")Y + boundary term.  (B.62)
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Appendix C

Bitensors

A bitensor is a function of 2 spacetime points which transforms according
to the direct product of 2 tensor or spinor representations of the coordinate

transformation and vierbein groups.

In the following, geodetic curve means ’geodesic’. Also, all bitensors will be
understood to be functions of (x,z’), so the dependence will sometimes be

dropped for conciseness.

Most of the results in this appendix have been obtained from [14].

C.1 Notation

C.1.1 Comma/Semicolon notation

To avoid writing many (covariant) derivatives V,, we will introduce the

(semicolon) comma notation:

VaVsV, A= A sa (C.1)

00050, A = A pa (C.2)

Note the order of the indices.
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C.1.2 Square Bracket Notation

We use the square bracket notation to mean coincident limit of bitensors, for

example,

[A(z,2")] = lim A (z,2'). (C.3)

/' —x

C.2 Geodetic Interval o (z, ')

o (z,2) is defined as half the proper time distance between x and z’.

V0 is a vector of length equal to the distance along the geodesic between = and

x', tangent to the geodesic at x and oriented in the 2’ — x direction.

Vo is a vector of length equal to distance along geodesic between = and 2,

tangent to geodesic at 2’ and oriented in x — 2’ direction.

So,

1
o= §V#UV“G (C.4)

C.3 Van Vleck-Morette determinant A (z,2’)

We define the function D (z, ), given by
D (z,2") = det (V,,V,0) (C.5)
An important identity involving D is given by

(Do#) = dD (C.6)

i
The van Vleck-Morette determinant A (z,2") [52, [53] is then defined by

1

Az, 2') = (=g)2 D (z,2') (=g) 2,

N
~~
Q
-3
~—

where g = g(x) and ¢ = g(2/).
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C.4 Geodetic Parallel Displacement

The geodetic parallel displacement bi-vector g, takes a vector A” at 2’ to AF

at x, parallel transporting A" from 2’ to z:

Ay = gurA” (C3)

Ay = g A (C.9)
A parallel transport satisfies the equation
At ol =0 (C.10)
which leads to
0. e =0, (C.11)

upon using ((C.8]).
Some identities involving g, are given below.

!

9, 0w =—0y (C.12)
90y =~y (C.13)
U;T/gm,/;T/ =0 (C.14)
G = Gy (C.15)

(9] = Guv (C.16)

Guo' 9y = Gy (C.17)
Jou 9" = Guv' (C.18)
det (—g,) = g2g' (C.19)
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C.5 Synge’s Theorem

Synge’s Theorem [54] is a very important result which allows us to express the

coincident limits containing primed indices in terms of unprimed ones:
[Aad = = (Aol + 4], (C.20)
The dots represent any number of unprimed indices. The square brackets denote

coincident limit. For example, D = det (V,,V,0), which in the coincident limit

goes to
[D] = (—9), (C.21)

where g = det (g,

C.6 Coincident Limits

C.6.1 o (z,2)

The starting point (see Eq. (C.4))) is

0] =0 (C.22)
0] = (C.23)
1
o= 5%0;” (C.24)
Thus, we have that
[0:02] = 9a0 (C.25)
[U; 1/0'7'] =0 (C26)
1
(:vorp] = 5 [Rurop + Rupor] (C.27)
[O-;VZ/TT)\} = v/\R <C28>
4 8 4
vToA T p2 © R >
CASSNES 15 R+ £OR — = Riag (C.29)
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We also give some results that involve primed derivatives, which are of course

obtained by using Synge’s theorem,

[U;MV’] = —Guv (C30)

C.6.2 A*:(z,a)
The starting point is Eq. (C.6]),
V, (DV'o) =dD, (C.31)

where D = det(V,, Vucr c.f. Eq (C.H). Defining the van Vleck-Morette
determinant, A = (—g)~ > D(—¢')" 2 , we have

[Ai%] =1 (C.32)
+2V,AT2VFe + AT3VAV 0 = dA*: (C.33)
Thus,
[Ai% ] =0 (C.34)
1 ] 1
A% ] = 3R, (C.35)
1, ] 1
k] = —GvR c.36)
1 2
[A%‘V [ (C.37)
PV 30 " 36 5 30 HveB
1 1 1
|:A§;>\>\/w 180 |: _ 12RM)\RZ/ +5R"R + 6RaﬁRu v + 6Rua57RV

— 9URM — 27V“V”R} (C.38)
In the above, wherever u and v exist as free indices, there is symmetry under
IRES%

We also give some results that involve primed derivatives, which are obtained by

using Synge’s theorem,

[Aii} — i%Rw (C.39)
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C.6.3 Bi-spinor [ (z,2')
The starting point is

o l" =0 (C.40)

1] =1, (C.41)

where 1 is the identity matrix in Dirac space. Thus,

[1.,]=0 (C.42)
1
[LUV] = _ZGaﬁRaﬁua (043)
v 1 v e
[1%,,] = —5Gas V'R # (C.44)
1
(250 ] = gGagRO‘B“”GW;RV‘SW (C.45)

1

In the above, Gug = 7 [Va, 73] is the generator of Lorentz transformations of

Dirac fermions, and
1 aﬁ
V., V,]¥ = §G Rogun 'V, (C.46)

where W is a Dirac spinor.

C.6.4 Bi-vector g, (z,2)

The starting point is

0. Qs = 0 (C.47)
(9] = Gy (C.48)

Note also that
—o/ = g“y/a;”/ (C.49)

Thus, we have
[ 30] =0 (C.50)
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1

(905 08] = 5 Ryap (C.51)
(G’ ap0] = —% [VoRgouw + VaRoau] (C.52)
[gm/; aaﬁg] = —%RNO‘BARW& (C.53)
[gl“”;/\/\ﬁa] — _é ( R®, RHVBo Rﬁa R/WCW) + i ( — RHoap RVUIB/) — RHoBp Ruaap
+ R 4 R*‘”ﬁﬁf) (C.54)
0] = ~§ R — 1R

— [QW’;AM} (C.55)

Eq. (C.51) and Eq. (C.52)) are antisymmetric in p <> v. Eq. (C.54) is symmetric

in a <« .

In all of the above, the package xTensor has been used to evaluate the more
complicated coincident limits. Also, in deriving some of them, the symmetries of

the Riemann tensor in Sec. [B.1.4] have been used.
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Appendix D

Soft Integral ]—"ZS-S)

D.1 IR sensitive part with photon mass and

dimensional regularisation

The ﬂ(j) integral in Eq. (5.8]) is IR-divergent and has to be regulated. We discuss
dimensional regularisation and photon mass regularisation in this section. The

regularised integral, denoted by an R-subscript, is

_(Esn))zpi'pj _ 1 /(Efy"b))max dE'(yn) E](R,n)(E(n))
(k-pi)(k-pj) | 27 Jo g PRYi v )

FPw)] = [l

(
(D.1)

where -

w | =(EY")? pi - p
IR(E™ z/dQ(”) P2 (E5")"pi - p; , D.2
() PR T (e py) (b-2)
and
max wsm

(B 2ymes = =2 (D.3)
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corresponds to the expression in (4.77) with dex — ws < 1 for which the two

frames become equivalent and

—2€
-9 (£ ) im- sin 6. sin ¢.) "% dim-re
pg = T(1—2¢) (f?m dim-reg ’ p%(m _ ?EW ¥ %) g |
n ol
Q(E,g, ) — m,y) ’]”)’I/,y ES/") mpy

(D.4)

and in addition one needs to set m, — 0 in dim-reg. We will argue that the
angular integral is Lorentz-invariant when the regulator is removed. We may
restore Lorentz invariance of (D.1]) by removing the photon energy cut-off. In a

second step, we remove the regulator, pZ, p&™ — 1. Then, the integral, which

is frame- and scheme-independent, factorises into an energy integral K and an

(0)
L7,
been removed. Since the energy integral is Lorentz invariant on its own, this

implies the Lorentz-invariance of the finite I Z-(JQ)

angular integral where the superscript (0) indicates that the regulator has

-integral.

Focussing on the IR sensitive part, we keep ph to regulate the divergent energy
integral and remove the angular regularisation p%(n) — 1 which is a useful limit as
the integral still factorises into a doable energy integral and the Lorentz invariant

IZ»(]Q)—part,
V@h:—Kﬂ%ﬂy+O@R% (D.5)

where

—(Egn)ypz‘ Py
(k- pi)(k - pj)

0) _ yOm) _ (n)

]:wmh (D.6)

and we have used the Lorentz invariance of IZ-(](-) ™ We note that while p" — 1
captures all TR sensitive terms, it misses constant terms, indicated by O(f, R).

These terms are determined in DR in the next section.

In DR, the Kx(w;) integral evaluates to

) @ gEm p—e (EM\ T 1 Wemp ©
K (ws :/ :__Tsof—i_ln( . >+OE7
: B T(1—26) \ v t
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whereas in photon mass regularisation the result is

(E,S/n))max dE(n) 1 oo
s'’'tB
me(ws) = / E(ZL) = _§T80ft +1In < 2/1, ) + (’)(mv) s (DS)
m,y v

and we note the additional factor of 2 in the logarithm as compared to the DR

result.

D.2 Soft integrals in dimensional regularisation

In this section, we calculate the soft integrals fully analytically up O(e°) to using
dimensional regularisation. We perform the integrals by introducing a soft cut-
off ws, and the result is obtained up to O(ws) corrections, which can be safely

neglected since w; < 1.

The integrals have the general form

(n) ymax n -
FO(w,) = (mp?) T(1—¢) /(E” ™ ap / do,
ij 2 F(1—2€) 0 <E(n)>1+2e qipZe 1 97
v

x/ﬂ do, | —(ES)pip
o sin* ¢,

(k-pi) (k-p;)
We have a total of 10 soft integrals to evaluate, corresponding to the different

(D.9)

cases of 7 and j. Most of them can be evaluated using the results in the appendix
of [I39] and [112] (see also [140] for a detailed discussion on how to evaluate

them). For i = j, we can write them as
1 WsMp 1 1+ﬁz
FO>0) = | Zren —1 1 , D.10
) [2T " n( p )%2@“(1—@) (B-10)

where 74 refers to the DR version in (4.46)), and all /3; are measured in the pp-
RF, with k = 0, since we are in the soft limit[[] We note that in the soft limit, the

(1)- and (2)-frames are the same, and thus, we will use the two interchangeably in

this section. Further, we can isolate the collinear logs in the case of small lepton

1 The reason for measuring all §5; in the pp-RF is that it is the same frame in which we
impose the cut-off on the photon energy, c.f. Eq. (4.77).
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masses by considering

1 1+ 8 1 1+ 8)? 1. 4F?
Q,Biln(lj:g;)ZQ@-ln (%) i) iln ?Z:—lnmi—l—non—div.

(D.11)

It is worth noting that if particle ¢ were truly massless, i.e. m; — 0, the integral
would simply vanish (since it is proportional to m2) This can also be seen as a
cancellation of the IR pole in 7y, and the Inm; —> . The cut-off dependent

wWsMmp

term, 1n< ), also vanishes and the same happens to its cancelling pair in

Eq. (5.19), which was kept precisely because it has a Inw, dependence in mass

regularisation.

We now list the integrals corresponding to ¢ # j. The simplest one is

(o) = | L (] O 20; 15145
e = [yron (252 )| 0 5 [ () 4 30 (5) ]
(D.12)

where Izgg) can be obtained by using j = B in Eq. (5.13]). The 3 other non-diagonal
integrals require more work since they are not attributed to the frame in which

the integral is evaluated. One can recast the remaining integrals as

s 1 WsMmp
‘E(])(ws) = |:§rsoft —In ( [ >:| Qij ) (D13)

where Q;; = Q(8;, 55, Tij),

T d¢fy
(517517721> Py /0 Sane 19 / SinZe ¢'y

1
[(1 — B cosb.,)(1 — B, cos b, cos x;; — (B sin b, cos ¢, sin x;;)
(D.14)
where
cos xij = 27 — 1,
sin x;; = m,
L (=GB 1) D15

" 2T
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Before matching 3;, 8; and 7;; to the cases we have, consider Q(g;, 8;,7;). For
Bi # 1 and fB; # 1, the result to O(e) is not known in the literature. This is
needed for isolating the collinear logs, since they arise from the O(e) part of the

angular integrals multiplied by the 1/e from the 7g.

However, through [141], we were able to get an expression for Q(/;, 5;,7;;). The
result is

T P vi: + C 1-0C. R.:+S:.
Q.. = V| 2 Y -1 ) 1y T Oi5
Y QCU{ n<%‘—ci‘)+6 n(1+0i') D(Rij—Si)Jr

(Z [~ 142 (a2 + 0u3)] [1 = 2 (ds + 0a)] G(ri, 7)), 1>> ] } . (D.16)

a,b=1

The functions G(a, b, 1) are generalised polylogarithms of weight 2, and for our

parameters a and b the following representation holds

. [(b—1 ) b 1 1—a
G(a,b,1) = Liy (m) — Liy (b—a)+ln(1_g)ln(b—a> ,

1 1
G(a,a, 1) = 3 In <1 - 5) ) (D.17)
and

0 S =i o _ it Vi

ij e i P,
U ri =rPlsomp.,
fig = Bi(B; (1 =2m;) +1) , hij = Bi (B; +2 —47i;) + B;
gi; =7 (45]2%’3' (r;;, — 1) + 1) + BiB;(2—4T;;)+ 5]2 ;
R = Cyvi;Cy; — 8uivj; + vy Sij = (Ciui +Cy5) Cij
Cu‘zma Vg :Z(l—ﬁf),
Cjj = /1~ dvy; vjj :i(l_ﬁf)7
Cij = \/m, vij = % (1 =3B (21 — 1))

with no summation over indices implied. For the matching, we consider the
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momenta pg, ¢; and ly in the (2)-frame. Thus, for .7-"[(?21 ,(ws), one has

5 7(2) (2)
‘pi((Q)’ |€12 | 1 g12z

Brk="5 Bu.=—@m Tku.,=35|1—=5]: (D.18)
E B 2\ 169

where E@z corresponds to the r—component of E@ Recall that the 3;’s can be
evaluated either in the (1)-RF or (2)-RF as these are equivalent in the & — 0

limit assumed here.

Finally, for .7-}(32 (ws), before the matching can be performed, one needs to perform
a 3D rotation to eliminate the y-component of one of the momenta, for which we

choose ¢;1. Thus, one has

1 6(230 cosa — (82 sinav
Toty = 5 (1 + 2 Y , (D.19)

2
2 1257)|

where, as before, the subscript on ¢5 denotes the corresponding component of /5.

The angle of rotation « is defined via

o)
1)

sina = v1 — cos? a. (D.20)

cosa =

Obviously, 3, , are the same after the rotation.

Taking the limit of small lepton masses, one can isolate the collinear logs and

obtain
(s) 1 (0)
feleg(ws) = §A5 — In (wsmp) I,
1.5 1) .
+ 5 In“my, — Inmy, In <2EZ1 ) + {1 <> 2} | + finite ,

s 1 1 :
fl((gl (ws) = [QAE —1In (wsmB)} ]gm + 3 In® my, — Inmy, In (2Eé11)> + finite .

(D.21)

We now collect all single logs in F®(w,) = > i Qin}"i;) (ws). To this end,
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consider the divergent parts of the different limits of [i(;) ),

(D.22)

0) —lnmi my; < mg,mp
[Z.j —

—Inm; — Inm; m; ~m; <K Mg, mp
Assembling all bits and pieces, and using charge conservation, we obtain
F) (ws) e, , = Q?l Inmy, (21n QEE) — (1 +2In(wsmp)) + {1+ 2}
= Q2 Inmy, [~1 - 2In (2(w,))] + {1 < 2}, (D.23)

where we have used ZEE) =1- §K42 to arrive at the final result, and zZ(w,) =

1 — z(ws) with z(w;) given in Eq. (5.22)).

2Tt is straight-forward to check that this is true in the soft limit.
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Appendix E

Passarino-Veltman Functions

The aim of this appendix is to give a minimal self-contained discussion of the
Passarino-Veltman functions appearing in our results. The integrals are defined
in [142],

(2mp 1

RSl A
im? / (12—=m2+i0)((I4+£61)2—m3+i0)((I4+€1+l3)? —m3+i0) ...~
(E.1)

where n = 1,2, 3,4 form a complete 1-loop basis and are usually referred to as

4d
I, )

Ao, By, Cy, Dy respectively. For our case, n = 1,2, 3 are sufficient. The A, and

By functions are given to O(g°), with d = 4 — 2¢,

9 9, 1 m?
€uv M

9 o 1 mom;  mi—m3  my
By(s,mg,my) = ( — +2—In——— + In —
€UV M S mo

1

_ Mo (——r) lnr) +O(e) , (E.3)
s T

where r = —%(—b+vb2 —4) with b = _%, and = is given in Eq. (4.45)).

éuv
The Cy function used is Cy(s,t,u, m3, m3, m3), where the cuts of the momenta
{s,t,u} start at {(mgo + my)?, (mo + mz)?, (my + ma)*} respectively. This is the
same convention used in FeynCalc [143] 144] and [142].

In the following, we define and use s = (p;+p;)*. The Cy function can be found

in the review paper [145], valid for small photon mass (up to O(m2) corrections)
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in mass regularisation and to O(€%) in DR,

2 2 2 2 9 Lij mm;
Co(my, mj, 5,mi, ms, m;) = mimj(lj— ) { <ln ( p? ]> N TSO&) (i)
1 1 m; 2
— 5 1n2($i]’) —+ 2111(.1'1]) ln(l - .Z'?J) + 5 1112 (E) — E
m; m;
Lip(27;) + Lip (1 —2;— ) + Liz (1 —z;—2 ) ¢,
+ 12(:1:”)%— 12( x]mj)—l— 12( x]mi }
(E.4)
where 74 is defined in (4.46)), and
v = Vi — 1 _ (Bitp;)?—(mi+my)* 440 (E.5)

= s yz = = = - .
Vi 1 T (Bitpy)? = (my—my)? +i0

Further to this, we give the results for different limits of the Cy-function for

reference.

For s,m; > m; > m,, we have

1 m; m? — 3 m2 —35 s
Co(m2,m?,s,m? m?,m?) = 54 In M In [ —2 + Lis iz
J LA s —mj m2m; m;m,; m;

(E.6)

where 5 = s 40, and O (1) denotes finite terms and imaginary parts of the Cy
function, which is not relevant since we consider the real part when calculating

the amplitude squared. One can obtain Eq. (E.6)) from Eq. (E.4]), using

(E.7)

valid in the limit m; < s, m;.

For s > m; = m; = my > m,, we have

1
2 2 2 2 9
Co(my, mg, s, my, m>,my) = B In

|
Wl RN

() e () 7]
5 l{m (2 () — 2 me} +0(1),(ES)

S
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where, as above, O (1) denotes finite terms and imaginary parts of the Cy function.

It is striking to note that, for small m;, the Cy function never produces single In m;;

the latter is always accompanied by either Inm,, or another Inm;, producing a

In? my, c.f. Eq. (E.6) and Eq. (E.§).
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Appendix F

Other Useful Results

F.1 Gaussian Integrals

The 1D Gaussian integral is
T
dwe ™ = = F.1
/ xe \/; (F.1)

(F.2)

Generalising this, we have that
e = —.
(2m)¢ (47\)2

Note that the above assumes that we have a positive definite metric for the scalar

product in 22, ie. Wick rotation has already been performed.

Differentiating Eq. (F.2)), we have that
14
/dd_x<_ 2) foQI_El)‘ o (F.3)
)’ 2 (4m? |
d d(d A2s
/ xdx4 e =2 (— + 1) —. (F.4)
(2m) 2\2 (47)2
Generalising the Gaussian integral, we have that
_d 1 (A7) b
(2m) "2 (detA) 2 e? i (F.5)

ijTi+biTi _

ddIIJ _;xiA
(2m)i©
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If the argument of the exponential is imaginary, we have that

/ dy (077 402) _ 2 isan(a)T /|7T_|, (F.6)
a

with the only requirement being that a and b are real. There is thus no ambiguity

for any metric used in its multi-dimensional extension.

However, there is an ambiguity when dimensional regularisation is used in
Minkowski space. This is resolved by always adding the extra dimension in the
spatial coordinates. This makes sense since the time coordinate need to be Wick
rotated, and therefore, we need to treat it as a discrete dimension. One could also
argue that dimensional regularisation comes into play after the Wick rotation is

performed.
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