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give more numerically robust results than the previous schemes.
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1 Introduction

The origin of the baryon asymmetry in the Universe is still unknown. One possible explanation
is the electroweak baryogenesis (EWBG) mechanism, which relies on the nonperturbative
baryon number violation in the standard model (SM) [1, 2]. This mechanism requires that
the electroweak phase transition (EWPT) is of the first order [3-6], while in the SM the
transition is a smooth crossover [7]. A first order EWPT can, however, be realized in many
beyond standard model (BSM) scenarios, and a strong first order phase transition would
also be an interesting source of gravitational waves [8-20].

A central problem in the EWBG mechanism is the computation of the CP-violating
seed asymmetry around expanding phase transition fronts, which biases the B-violating
interactions to create the baryon asymmetry in the universe (BAU). Historically, two distinct
approaches existed to this problem: the VIA-method (see e.g. [21]) and the semiclassical force



mechanism (SC) [22-30], but it was recently shown that the VIA-results are incorrect [31, 32].
In this paper we use the semiclassical (SC) method, where the CP-violation emerges via
a semiclassical force in the Boltzmann equations for particle distribution functions. The
SC equations have been derived using WKB-methods [23, 24, 33, 34] and from the closed-
time-path (CTP) formalism [24-27]. For the latest treatment, with an extension to include
thermal corrections to the SC-force, see [31].

The full momentum-dependent SC Boltzmann equations are difficult to solve without
simplifying approximations. One possibility is to integrate the SC Boltzmann equations into a
set of moment equations, with CP-violating source terms induced by the SC force [23, 28, 33].
The current state of the art are the two-moment equations derived in [30], which are valid
for arbitrary wall velocities. An alternative approach is to parametrize the non-equilibrium
perturbations with some ansatz, or expand them in terms of some basis functions, and form
a set of weighted integrals of the SC-equations to determine the coefficient functions in the
expansion [35—40]. In this paper we will study the first option, and generalize the moment
equations of [28, 30] systematically to an arbitrary number of velocity moments.

We will use the physical model introduced in [29] as a benchmark, and carefully study
the dependence of the baryon asymmetry on the number of moments, and on extra truncation
and factorization assumptions necessary to obtain a closure. We find that the final BAU
shows little dependence on factorization choices, but is sensitive on the number of moments
and the truncation choice. For large wall velocities the correction can be a factor of five
as compared to the simplest two moment setup. For small wall velocities, with the usual
truncation choices, no convincing asymptotic convergence takes place for large n. However,
our new truncation scheme, based on setting the highest variance to zero, appears to give
reasonably robust results for all wall velocities. Overall, the corrections we find are large
enough to significantly affect the results from phenomenological parameter scans in various
beyond standard model candidates for explaining the baryon asymmetry in the universe.

This paper is organized as follows. In section 2 we review the derivation of the semiclassical
(SC) Boltzmann equation in the wall frame. In section 3 we derive a generic moment expansion
from the SC-equations, including a discussion of truncation and factorization approximations
needed for the closure. In section 4 we introduce an approximation scheme that allows us
to write the collision terms in a closed form in the moment expansion, and in section 5 we
summarise these results in a generic matrix equation with arbitrary number of moments
and particle species. In section 6 we discuss the evaluation of Baryon asymmetry based
on the chemical potentials obtained from moment equations, and in section 7 we introduce
our benchmark model for the numerical analysis. In section 8 we display our numerical
results, and we conclude in section 9.

2 Boltzmann equation

In this section, we review the semiclassical force method at the level of Boltzmann equations,
following [24, 25, 29-31]. We will be working in the rest frame of the wall, where the solutions
are time independent. In this case, the full Boltzmann equation for the particle densities
f can be written as

Vn 0z f + Fpt0p, fat = Chx[f], (2.1)



where h refers to helicity and + to particles and antiparticles, vy is the group velocity
in the z-direction,! Fj,+ is the semiclassical force and Cp,+[f] is a collision integral to be
defined later. For a fermion with a C'P-violating complex mass term m(z) = m(z)e”Sg(z)
these functions become [29, 30]:

m[* (Im[?0")’

Vh+ = piz and Fh:l: = — + Sh s (2.2)
Wht 2wha 2wowoz

to second order in the spatial derivatives denoted by d,a = a’. To the same order in derivatives,
the wall-frame conserved energy can be written as

’ m|2 o
2wowo:

Here we defined wy = v/p? +m? and wg, = /pZ + m?2 in terms of a physical momentum
variable p. Finally, the spin factor s, is given by

Wh+ =~ Wy F Sk (23)

P2

= hsp, (2.4)
where h = +1 is the helicity and " = wo/woz is the boost factor to the p| = O-frame.

For bosonic fields there is no CP-violating force in the order we are working [23]. On the
other hand, there is a CP-even force acting on bosons, which to leading order in gradients is
the same as for fermions. So equations (2.2) and (2.3) are also valid for bosons when one
sets s = 0 everywhere. This will be useful below, because our network of equations will

also contain bosons interacting with fermions.

2.1 Boltzmann equation for the perturbations

The Boltzmann equation (2.1) is not very practical in its generic form. It is useful to
separate the equilibrium part of the distribution from the out-of-equilibrium perturbations.
To this end we define

Jnt = Jeo (Vo (Wht + vuwpz)) + A fpt, (2.5)

where v, = 1/y/1 — 02, fep is the equilibrium Fermi-Dirac distribution, and v, is the relative
velocity of the plasma in front of the wall with respect to the wall.? It is easy to see that
Up40; frp(Wha) + FraOp, fro(whs) = 0, so the equilibrium distribution satisfies the Liouville
equation (equation (2.1) without a collision term) for v,, = 0. However, in the case of a
moving wall, the Liouville operator acting on the equilibrium distribution creates a source
term for the perturbation Afj,1. Inserting (2.5) into equation (2.1), one finds:

O+ 0. A ot + FraOp. Afnt = —vuwYu Fnt (F25) + Cre[f], (2.6)

! Actually, the true group velocity is vgn+ = Ok, wht = Zn+vn+ and similarly, the actual semiclassical force

is —0,wh+ = Zp+ Fp+, where Zp4 is the WKB-wave function renormalization factor [31]. In practice Zp4+ is
divided out and absorbed into the collision term, where it can eventually be neglected to the order we are
working in the gradient expansion.

2Note that this in general differs from the wall velocity with respect to the rest frame of the bubble centre,
since the plasma is in motion around the wall. For strong transitions v,, would also vary across the wall, but
we shall ignore this effect here.



where prime acting on f denotes df/0(vww). We further divide the perturbation into
CP-even and CP-odd parts:

Afne = Af £ Afp, (2.7)

where only the CP-odd perturbation A f;, depends on helicity. One can derive equations for
Af and Afy by taking the sum and the difference of the equation (2.6). These equations
mix, but this occurs only at the third order or higher in gradients [28, 30], so we can treat
the equations independently. Expanding consistently to second order in gradients, one finds
the CP-odd equation:

2/
m
Lo Afy ]
wo 2(.00

= Sp + Calf], (2.8)

Pz

where the collision term is Cp, = (Cp+ — Cp—)/2 and the CP-violating source is:

(Im !29’) [ |m 0"

4w0

Sh = —VuwYwSh Y wa - (wa 'waOf(/),w) ) (2.9)

where fou = fro(Yw(wo + vwpz)). The CP-even perturbation Af satisfies a similar equation
with the replacement S, — —3vuYw(|m?|'/wo) fi,,- In this paper we will work at the level
of vacuum dispersion relations. Thermal corrections to the semiclassical source have been
computed in ref. [31], but their implementation on the moment expansion is beyond the
scope of this work.

3 SC-moment equations

We now set up a systematic moment expansion method for solving (2.8). It is useful to further
separate the perturbation into a piece corresponding to a finite effective chemical potential
and an additional momentum-dependent perturbation. We display the results explicitly only
for the CP-odd perturbation, but identical results apply for the CP-even equations, only
with a different source term. We thus define:

Afp = —pnfows + 01, (3.1)

with an additional integral constraint

/(;13) 5fn =0, (3.2)

which defines the chemical potential i, unambiguously. Inserting the split (3.1) into equa-
tion (2.8), the Liouville operator in the left hand side becomes

[m ‘ fw h—l-f@éfh—

Lipn, 0 fn) = —Z—Zfaw Outh + V05— 0001 (33)

Integrating the (2.8) over the spatial momenta Weighted by (p./wo)?, with different ¢, one
obtains a set of equations for p; and the velocity moments of the perturbation d f;. To be
precise, we define the integration over momenta by the average:3

1 3
= — (I ;( :;.4

3Note that our normalization differs by one power of T' from that of [30].




with N; = —27r3'wa3/3. The ¢’th moment equation then becomes:

€+1 1 o
< g+1f0w> zﬂh+§vw7w|m| < g_Hf >

p£+1 1 2/ pﬁ w w
< Lo 6fh>—2]m| < €+lapzafh> <w£(5h +ch)>. (3.5)

One can further simplify this equation by using the following identity:

/+1 /+1
D, 1 j2 ¢
(E Lo ) = 5lml( g+18p26fh> 0.( £+16fh>+2!m|2’< g+16fh> (3.6)

Next we define the dimensionless ¢’th velocity moment of the distribution J f along with a

dimensionless chemical potential and dimensionless mass variable as follows:

(3.7)

4
_/ Pz _ M _m
Ny =Hnd =D
Uht < ‘ fh>, & 7 and r=

We further divide equation (3.5) by T', after which we can write the £’th moment equation in

a dimensionless form where all dimensionful quantities are measured in units of temperature:
— D18, + U i1 + Vool Qeén + Uz Rup e = Siy + Chiy. (3.8)

Here the prime denotes the dimensionless spatial derivative ' = 9/9(2T) and ¢ runs from
0 to n — 1, giving n coupled moment equations. The dimensionless coefficient functions
Dy and Q? are given by:

pg / 3 pé 1" 2 E !
DgET<w’2f0w>, Q=T <2w;+1 0w>, and Rupy=T <2 £+15fh> (3.9)
0 0

and the thermally corrected dimensionless source function in the wall frame is

Site = —vwru (220 Q3% — 21 |220Q07 (3.10)
where
Shp
th = <2 £+1z f0w> (311)
90 _— 5 Shpz
Qh,f =T <4wg+2woz< wa Tw Ow>> (312)
Finally, the temperature-scaled, dimensionless collision term is given by
G, = 1<p§ c [f]> (3.13)
h,é = T wOZ h . .

The reduction of the collision term will require a more detailed discussion and further
approximations. We shall return to this question in section 4 below.



3.1 Factorization and truncation

We have not yet defined the R-term in (3.8), which does not automatically correspond to
any velocity moment function. To do this we slightly generalize the approach first suggested
in [28] and define the following factorization rule:

_ ) pf—l T2
=T ) 3.14
B = T 253051) = [ e (344
where 1
(X] = —/dngf()w. (3.15)
No

Here No = [d3p fow = Y [d3p fo = 'wao is defined in terms of the massive plasma frame
distribution function fy of the particle under consideration. Using (3.15) one can compute
R explicitly [30]

_ T2 oo —
R="" / dwln‘W’fO(w). (3.16)
"yng() m P+ Uy

Two quantities in equation (3.8) still need to be specified. Obviously, we need the
moments over the collision integral, which we will define in section 4. In addition, the highest
velocity moment derivative uﬁm appearing in the equation with £ = n — 1, needs to be
specified, as we do not have enough equations to determine it. For this we need a truncation
scheme which relates uy, , to the lower moments. There are several different ways to do this.
First, one could again use the factorization rule:

Uh,n = <(pz> (5f> — |:zz:| Uhn—1 = Ruhm,l. (3.17)

wo

In this definition R is just the expectation value of the fluid velocity in the wall frame, which
is exactly given by R = —wv,,. This is the truncation choice used in the early literature [28, 30].
Alternatively, one could just put the last moment to zero, setting R = 0, or equal to the
previous moment, setting R = 1. In all these cases with a constant R, the truncation
condition for wj, ,, is just

Uy, = Rty . (3.18)

Variance truncation. Finally, we propose an alternative truncation scheme, where we set
the n’th variance to zero, which here can be interpreted as implying:

(&- uh,l)"6f> = (1), (3.19)

This condition defines the n’th moment as a particular series of all lower moment functions.
The term in the r.h.s. of (3.19) is optional and it was inserted because the zeroth moment of
0 f is vanishing. We have checked that the variance condition is not sensitive to keeping this
term. At any rate, the condition (3.19) can be written as a generalization of (3.18):

n—1
Uhp = Y Ritth;, (3.20)
=1



where the coefficients R;:s now are functions of u;:

|
Ry = (_1) (n . 1 + Z n k,171—; n—k—luk

R, = (—1)”—i—1m1’2)mu?—i, i=2,...,n—1. (3.21)
Dropping the r.h.s. in equation (3.19) would simply change n(n — 1) — n? in the first term
in the expression for Rj.

Different choices for factorization and truncation conditions should not affect the solutions
significantly. We have checked that shifting from the factorization rule (3.16) to setting R = 0
indeed changes the final baryon asymmetry only at a per cent level. Truncation dependence,
however, turns out to be more severe; we will study this issue in detail in section 8.2. We
shall see that the variance truncation scheme gives more robust predictions for the baryon
asymmetry than the constant R-truncation schemes do.

3.2 Inverted moment equations

Assembling the previous results, and including the collision and source terms, the fluid
equations can now be presented in full detail. Defining a vector wy, = (&, u1, ..., un_1)7,
the general form of the moment equations for one particle species may be expressed as
a matrix equation

A}, + Bluy] =8 + 6y, (3.22)

where A is an n x n-dimensional matrix and B[wy] an n-dimensional column vector given by:

-D; 1 -+ 0 0
—Dy 0 --- 0 0
A A 1 —
A= : S : . Bwp] = §|x|2’(vw7wwh,oQ4 + (Riwpyg).  (3.23)
—-Dp 1 0 -+ 0 1
*Dn Rl e Rn72 Rnfl
Likewise S}f = (3}{’1, . ,Sﬁ‘jn)T and similarly for the (?}l” vector. This form of moment

equations is generic to both CP-even and CP-odd sectors, which only differ by the form of
the source terms. Matrix A is easily inverted, giving the equations in the simple form:

wy, = A (Sh + Ch — B[wh}), (3.24)
where the inverse matrix is:
Ry Ry --- R,_1 -1 00 -0
R 1 Ri1D1 RoDy --- R,-.1D1 —D; 10 -0
A= — . . . . + 1. (3.25)
D, : : : : : S0
RiDyp 1 RoDyq -++ Ry 1Dy 1 =Dy 0--- 10
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Figure 1. Shown are few first source functions Sy, defined in (3.10) for v, = 0.1. Left panel shows
the sources for even ¢ = 0,2,4,6,8,10 and right panel the odd £ =1,3,5,7,9,11. The mass function
is defined below in equation (7.1) and we used v,, = 0.1 and the benchmark parameters given in
equation (7.4).

Here the determinant factor D,, is given by
. n—1
D, = (-1)"det(A) = D, = Y RiD;. (3.26)
i=1

Both the matrix A and its inverse A~! were written such that they are consistent with the
general truncation rule (3.20). The determinant factor D,, is a function of the wall-velocity
as well as and z and n. It is important that D,, is always nonzero so that the inverse A1
exists and this is indeed always the case in our calculations.

Equations (3.24) depend on a large number of external functions: Dy, Qy, R, R, Q7, Q?O
and Q?O, which in general depend on two variables, the wall velocity v,, and the dimensionless
ratio z = |m| /T, and most of which can only be evaluated numerically. However, all these
functions are universal and we have evaluated them for a large number of n in a grid in x
and v,,. Our numerical package automatically loads the data and creates spline-fits for all
external functions needed, which can then be used as regular functions. We give explicit
forms for all external functions in terms of a generic integral function in the appendix A.

3.3 Sources and expected convergence of the expansion

To finish this section, let us briefly consider the typical form and the size of the source
terms in the fluid equations. We plot the source terms (3.10) for the first few moments in
figure 1. Note how the sources get smaller with increasing ¢. This is expected, since on
average p,/w < 1, and so adding higher and higher powers of this factor should make the
source progressively smaller. Note also that the sources for odd ¢-moments are systematically
larger than those for even ¢. This follows from the symmetry properties of functions Q?O
and Q9°. Indeed, in the limit v,, = 0 both functions are, for a given h, symmetric for odd ¢
and anti-symmetric for even ¢ under reflection p, — —p, (for a fixed h, sp(—p.) = —sn(pz)).



Thus the even ¢-sources suffer from additional velocity suppression in comparison to the
odd f-sources. Overall, these results show that the higher moment equations are sourced
more weakly than are the lower moment equations.

4 Collision integrals in the moment expansion

In this section we specify the collision integrals for the moment expansion. Collision terms
are intrinsically model dependent, and their momentum dependence is not expressible as an
expansion in powers of p,/wy. Reducing them to a form suitable for the moment expansion
method requires several approximations, which we explain in more detail in a companion
paper [41]. Here we will give sufficient details to justify the form of the collision integrals, but
we shall not actually compute the rate-functions appearing in the final expressions. Moreover,
we will be computing all collision integrals to the lowest order in gradients, which is consistent
to the overall order we are working in the gradient expansion [31].

Decay processes. After a series of approximations following [23] and given in more detail
in [41], we can write the dimensionless collision term C=cC /T for a species i, involved in
a decay and inverse decay process 1 < 23 as follows:

Cacci(&,0f3pi) & —ci(&1 — & — €4) for® (pi) kil aee — 8 fi(pi) kil dec (4.1)
where ¢; = 1 and ¢34 = —1 and k; = |N1|/n}®. Moreover, I'gec = ((|m1]/wio) umy(TeLL/T)
where Ffifec is the usual rest frame decay rate. Even with the many approximations made,

equation (4.1) retains correct main features: the k;-factors ensure that the detailed balance
holds and the collision term damps perturbations with the appropriate boosted decay rate.

Scattering processes. One can similarly reduce the elastic and inelastic scattering terms
to an equally simple form containing chemical potentials & and the perturbations ¢ f;. The
collision integral for a general inelastic 2 — 2 scattering processes can be written as:

A

Cinel,i(pi) = — ( Zj Sijgj)fé\gB(pi)ﬁifinel — 8 fi(pi)#ilinel, (4.2)

where s;; = 1 (-1) if the particle j is in the initial (final) state of the collision integral for
the species ¢. In elastic channels the only difference is that the chemical potential term
cancels and one finds:

A

Cari(pi) = —6fi(p)rilal. (4.3)

Adding any number of channels necessary for a given equation is straightforward addition
task using the generic results (4.2) and (4.3). In these equations the only model dependent
quantity is the effective dimensionless interaction rate I'x = (foil'x(p1))/T, where X refers to
the channel in question. In the chiral limit (massless particles) and in the Maxwell-Boltzmann
approximation for the distribution functions fy; this function can be generically written as [41]:

N 1
I'x

> 1 2 2 (\/5)
= — K| — 4.4
1] oy, © T Jox() 4



where |N7| = 2737, T3/3, K1(z) is the modified Bessel functions of the second kind, ox(s) is
the CM-frame cross section and Sy, is the kinematic threshold for the process 1+ 2 — 3 + 4.
Note that this expression would not be adequate to compute the collision integrals in the
helicity basis for massive particles, because then the boost to the CM-frame performed to
obtain (4.4) is not allowed. If such accuracy was required, the appropriate rate could be

computed in small v,-limit as a 5-dimensional integral over the phase space using methods
developed in [42, 43].

Strong sphaleron rate. The strong sphaleron rate (SSR) is a nonperturbative process,
which causes equilibration of chirality in the SU(3)-sector of the theory. It is usually included
at the integrated level, where it contributes a term in the first moment equation:

Cssl€] = T'ss Zq(ﬁqL —&gr)s (4.5)

where the sum runs over all quark flavours. The rate I'sg is obtained from lattice simulations
which measure the diffusion of the chiral Chern-Simons (CS) number [44, 45], and offer
little clue of its momentum dependence. Assigning higher moments to this rate is thus
an ambiguous process, except that we know that CS-number diffusion involves only deep
infrared physics, which should strongly suppress its contributions beyond the lowest moment.
Following this idea we will include the strong sphaleron rate only to the lowest moment
equation, but we have checked that the results are not very sensitive to this choice.

4.1 General collision term

Combining the results from the previous section we can write the collision integral in the ¢’th
moment equation arising from inelastic and elastic processes for the species a as follows:

Cla = CuwaKy — Uarral'ly, (4.6)
where the collision term from decays and 2 — 2 scatterings is

Cuwa =y (ba—& = ET0Scat+ D (Ca+ & — & — )l apea (4.7)

c,d b,c,d

The rate Typ_,eq was defined in (4.4) and f?ot = I'tot /T is the total interaction rate with:
1Aﬂtlot = Z (fgl + Iqab—wd + Alee—cmd)v (4-8)

where the sum runs over all open channels. Finally the kinematic integral K7 was defined as:

4 4
Pz ta p
K} = —Iia< ;f0w> = [ 7 } . (4.9)
Wogq Wog d a
In particular then K§ = 1 and K{ = —uv,, for all species. Moving from species a to the

equation for another species b, one has to replace K — Ké’ and switch the sign in chemical
potential terms appropriately, and compute the elastic collision term nbflt’ot. Finally, for all
quarks in the network one should add the strong-sphaleron contribution égsz = If‘ss[fL to
the lowest moment equation, where +1 corresponds to left- and —1 to right-chiral fields.

,10,



5 Moment equation network coupling different species

So far we have only written the moment equations for a single species, but extension to an
arbitrary number of species IV is straightforward. As explained in section 3.2, each particle

species is described by an n-vector wg = (&4, Uql, - - - ,ua(n_l))T in the moment expansion.
For a system of equations containing IV interacting species, these vectors can be combined
into an Nn-vector WT' = (wl,wd,, ... ,w%), which obeys an equation of the form
AW’ =S +CwW) - B, (5.1)
where A = diag(fll,fig, . ,AN) is a block-diagonal matrix with n-dimensional blocks

defined in (3.22). The source term S = diag(S1,Ss,...,Sn), is obviously an Nn-vector,
whose elements are given by (3.10) and while interactions terms in the collision integrals
mix different particle species, and individual elements in B; mix moments within a given
species, both C[W] and C[W] can still be written as Nn-vectors. Equation (5.1) then has
a block-diagonal structure and it can be easily inverted to yield

A

W' = AHS + W) - BW)), (5.2)

where A1 = diag(Afl, fll_l, - ,fi]—vl), with the individual terms flgl as defined in (3.24).
This system can be solved using e.g. the relaxation method for any system of interest. Of
course, both B[W] and C[W] could be written as matrices acting on W, but it is easier to
treat them numerically as functions of W that return Nn-vectors as was assumed above.*
Based on our results in the previous section, the generic element in the ¢ [W]-vector, the
£th moment of the collision integral in the equation for the species a, can be written as

CWlar = CoK§ — uqekal®, T 00,:CS% €], (5.3)

where C, contains the decay and scattering contributions which, along with the %, = T'¢ /T,
are the only model dependent quantities on the problem. In our benchmark model we will
account for the top and bottom Yukawa interactions, the W boson interactions that tend
to equalize u;’s within doublets and the helicity flip interactions that damp the helicity
asymmetry gy — g, . In addition, the gauge interactions generate a Higgs chemical potential
damping term in the broken phase.

This completes our formal derivation of the moment equations for a generic system.
Before moving to the explicit calculations in the benchmark model, we shall discuss the
derivation of baryon asymmetry.

6 Baryon asymmetry

The goal of this paper is to compute the baryon number produced locally at a space-time
position where wall has a velocity v,,. This assumption was integrated in our equations from
the beginning, so all our chemical potentials are functions of v,,. The fundamental quantity

“In section 8.1 below, where we discuss the convergence of the solutions at boundaries, we will take the
different point of view and write C[W] = I'W, where I' = I'/T is an (Nn) x (Nn) matrix.
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of interest for this process is the left-chiral baryon chemical potential: {g; =3, &;r. Given
this seed asymmetry, the ensuing local baryon asymmetry follows from [46]:

405 Tgpp,

AU Lsph ds —45F5ph‘2’|/4?)w’7w 6.1
47r2vwrng* / z SBL fsph (& ) ( )

nB(vw) =
where fsph = (18 £3)afy ~ 8 x 1077 [47] and the function fipn(z) = min(1, 2.4%6_4%(3)/%
is designed to smoothly interpolate between the sphaleron rates in the broken and unbroken
phases and Z = 2T. Finally g, is the number of degrees of freedom in the heat bath. We
use the standard model value at very high temperatures: g. = 106.75.

We wish to emphasize that the true baryon asymmetry may not be represented well
by np(vy) evaluated with a fixed vy, because the for example the shock reheating may
change the terminal wall velocities in an inhomogeneous way [48-50]. Because the baryon
number can depend quite strongly on w,,, it would be desirable to compute the total baryon
number as a weighted integral

—_— /0 " don P ()05 (00, (6.2)

where P(vy,)dv,, is the fraction of the spatial volume swept by a phase transition wall moving
with the velocity v, such that fol dvy, P(vy) = 1. Tt is in fact quite possible that uncertainty
about wall dynamics, formally quantified by P(v,) in (6.2), will eventually dominate the
error budget in the BAU prediction.

Apart from the uncertainty in the total baryon number, the macroscopic spatial depen-
dence of the wall velocity vy, (z) could lead to a spatially varying baryon density np(x), where
the amplitude of the spatial variation could be quite large. The size of the inhomogeneities
would be restricted to a fraction of the causal horizon during the electroweak phase transition
however. Determining either P(v,,) or ng(z) is beyond the scope of this paper, but they
could be easily measured from a detailed simulation of the bubble growth and coalescence.

7 The benchmark model

To study how the baryon asymmetry depends on the number of moments and the truncation
and factorization assumptions, we need to define a specific model. We choose the model
defined in [30], which includes a heavy top quark, a massless left-chiral bottom quark and
a massless higgs boson, coupled via gauge and Yukawa interactions. The source for the
CP-violation comes from the complex mass of the top-quarks, which is assumed to have
the usual coupling to the higgs field h and a dimension-5 operator i(s/ A)Q3Htg, where s is
another scalar field. When both fields vary across the wall, the top quark gets an effective
spatially varying complex mass term:

my(z) = yeh(2) (1 + z?) , (7.1)

which implies

Imi(2)] = yeh(2)\/1 + s%(2)/A? and (z) = tan* sg\z) . (7.2)
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We will concentrate on the CP-odd sector and take a phenomenological approach, where vy,
is treated as a free parameter and the scalar fields h(z), s(z) are modeled as

Un z W, z
= — (1—tanh — =—|1 h—). .
h(z) 5 < tan Lw> and s(z) 5 < + tan Ls> (7.3)
For the parameters defining these ansize, we use
1 5
Vp = =Wy, = Tn, A =1TeV, Ly,=Ls=—. (7.4)
2 T,

For the nucleation temperature, we use T, = 100 GeV. Given the z-dependent masses, one
can compute the ensuing semiclassical force terms S;j from equation (3.10). What remains,
is to define the precise collision equation network for the problem.

7.1 Collision equation network

We will closely follow the treatment of [30], including four species in our equation network:
the left and right helicity tops, left helicity bottom and a representative for the higgs fields,
which are all assumed to be degenerate. Under these assumptions we get the following
network of collision terms for the four species involved:

Cip = KiCyy — “Zi Kyt Tt F Dss[é]

R A b_ b— r

be = Kgcb7 — ’LLZ Iibfrtot + FSS[&]

Cr = KPOY — ulmnlly, (7.5)

where k; = —1/(fowi) = —N1/n; = |[N1|/n; and the K{-functions are defined in (4.9). The

A

collision terms C, associated with the chemical potentials are given by

Coo =Ty (& =&+ &)+ Tw(& & )+ The(& — &)

Cy =TL (& — &+ &) +Dw(& —& )

Gy, = Iy (28, — & — & — 26) + The(&,—&)

Crh =300 (& — &, + &) + Dw(&n— &) + T (7.6)

The various rate coefficients appearing in (7.5) and (7.6) will be defined shortly below.

Strong sphaleron rate and the seed asymmetry. The strong sphaleron rate defined
in (4.5) contains chemical potentials for all quarks. In particular for the light quarks from
two first generations this is the only relevant interaction rate. This implies that all light
quarks have the same chemical potential obeying §;,, = —§4; = &, In our setup this condition
applies also to the right helicity bottom quark b;,. Setting B = >° (ng — ng) = 0 then
gives a constraint

pq = Dop_+pey) + s (7.7)

where Dy = (f},,) is given by equation (3.9) with £ = 0. We set D} = 1 in (7.7), because
we assume mp = 0 throughout. Using (7.7) we can express the strong sphaleron rate in
the benchmark model as:

A

Pss[] = Tss {(9D(t) +1)& + (9Dg — )&, + 10€b_} : (7.8)
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Clearly this expression is dependent on the assumptions we made and indeed, a different
result is obtained for example when one assumes that b-quark mass does not vanish and
by is taken to be a part of the reaction network.

As emphasized above, the essential physical quantity coming from solving the moment
equations, is the left-handed baryon chemical potential: {p = >, &;,, which drives the
weak anomaly to create the baryon asymmetry. In the current setup this quantity can be
written in terms of &, and &, as follows:

1 5
o =51+ 4D)& +2Dg&, + 580 (7.9)

where we again used Dg = 1, assuming massless bottom quark.

Finally, we note that as no interaction in our equation network breaks the conservation
of baryon number, we must have B = Zq(nq —ng) = 0 at all times. This implies a constraint
Ci_ + Ci, + Cy_ = 0, which is indeed satisfied by collision terms (7.5). Equation (5.2) is an
easily adaptable system to any physical problem and for any number of moments. The only
model dependent parts are related to the collision equation networks, the precise expressions
for the reduced sphaleron rate (7.8), and the final expression for the seed asymmetry (7.9).

Benchmark rate coefficients. We now define the various rate coefficients appearing in (7.5)
and (7.6). Computing and summing over all scattering processes as described in section 4
is an extensive task, which we will perform in [41]. Here we will instead use the simple
estimates from the literature. For the strong sphaleron rate we use the value given in [44, 45]:
D'gg = 2.7 x 104, For the other interaction rates, only estimates exist, some decades old [51]:
[, =42 x 1073, T, = #7/63 and T, = 23,/50, where x; = m;/T is the scaled top mass
with m; given in (7.1), and zw = gh(z)/2T. Furthermore, for the total interaction rates we
use [52]: %, = —(Dqi/D1.:)vw/D; where Dy; are the moment functions defined in (3.9) and
in (A.4), and the dimensionless quark and higgs diffusion constants are ﬁq =6 and D), = 20,
respectively. These approximations suffice here, because we are mainly interested in the
convergence of the moment expansion and its truncation and factorization rule dependencies,
and this lets us compare our results to the existing literature. To this end we also set
kq-factors to unity in elastic rates. However, we still differ slightly from [30] by our more
consistent use of the MB-approximation.

8 Numerical results

In this section we present our numerical results. We study the dependence of baryon
asymmetry and chemical potentials on the number of moments and the wall velocity, as well
as on the factorization and truncation schemes defined in section 3. We start by solving (5.2)
for the benchmark model for v,, = 0.1 using the truncation R = —v,, and the factorization
rule (3.16) for R. In figure 2 we show the ¢_ and b_ chemical potentials as a function
of the scaled variable® v from calculations with different maximum number of moments:

®We have re-scaled the dimensionless spatial coordinate 27" into a new coordinate u € [—1, 1]. The re-scaling
is designed to put more grid-points near the wall and progressively less points to far from the wall, where
solutions are decaying exponentially. This allows us to get accurate results with much fewer grid points than
in the case of linear z-grid. The precise form of the scaling function is not relevant however, and our numerical
routines automatically distribute more points where needed.
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Figure 2. Chemical potentials for ¢_ (left panel) and for b_ (right panel) for the benchmark model
with v, = 0.1, obtained from runs with different number of moments as shown in the legends.

n = 2,6,10,...,50. The solid red curves correspond to a case with the lowest nontrivial
number of moments n = 2, and black solid curves to a case with the highest number of
moments n = 50. The number of moments for n > 2 were chosen with the particular interval
An = 4 due to reasons explained in section 8.3. The thin dotted vertical lines display the
value of zT in units of wall width L,7T.

Extending the evolution equations to include higher moments significantly changes the
results for chemical potentials: the solutions tend to become less sharply varying near the
wall, and they develop oscillatory behaviour at large distances from the wall. The clustering
of higher moment curves shows that the solutions converge, however. Oscillations are more
clearly visible in the bottom quark case, and in both cases they extend rather far in front of
the wall, although this behaviour is masked in figure 2 due to their very small amplitude.
The oscillations appear more prominently in solutions for higher moments. In figure 3 we
show for example the 20’th moment of the ¢_ and b_ distributions. This moment is of course
available only in networks with n > 20, which explains the smaller number of curves in plots.
Again the convergence of the solutions for higher moments is evident.

Of course, the higher moment functions, or even the individual chemical potential
distributions, are not of direct interest to us. The relevant quantity is the chemical potential
¢p, given in (7.9), which biases the baryon number violating sphaleron processes. We show
¢p,, in the left panel of figure 4 for our test case. This plot is not too dissimilar from the ¢_
chemical potential shown in figure 2, except for slightly more flattening of the solution near
wall and a more extended oscillatory reach away from the wall. However, oscillations are still
somewhat masked by their quickly decaying amplitude. Their true extent becomes evident
in the right plot in figure 4, where we show the integrand dnp/du of the expression (6.1).
Here the magnitude of the oscillations is amplified by their spatial extent encoded in the
scaling function d(z7)/du. We point out that the decay of the oscillatory tail is not due to
the exponential suppression factor in dnp/du, but due to decay of {p, at large distances.
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Figure 3. The 20’th moments uq 2 for t_ (left panel) and b_ (right panel) for the same parameters
as in figure 2.
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Figure 4. The seed asymmetry £g, (left panel) and the differential dijp /du, where 7z = np/8.7x 101!
(right panel) for the same parameters as in figure 2.

Even though oscillations show up quite prominently in the plot for dng/du, they do not
affect the final baryon asymmetry significantly. We show this by plotting the cumulative
asymmetry [ (dnp/dv)dv as a function of u in left panel of figure 5. As we see, only the
first few oscillations affect the cumulative asymmetry noticeably, and the contributions from
adjacent oscillations tend to cancel out. While both the number of oscillations and their
amplitude and extent tend to increase with n, the final asymmetry flattens out at around
few hundred wall widths. The extent of the oscillations is still somewhat surprisingly large,
given that the largest naive diffusion length in this problem is ¢p, ~ Dy /v, =~ 40L,,. The
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Figure 5. The cumulative baryon asymmetry integral in scaled variable u (left panel) and the final
integrated baryon asymmetry np as a function of moments used in the calculation (right panel).

reason for this phenomenon is probably the tendency of high energy modes to diffuse over
longer distances than the low energy modes: the higher moments probe the higher energy
spectrum of the perturbation 0 f(p), and this shows up in more slowly decaying eigensolutions
to the asymptotic equations, as we shall see explicitly in section 8.1 below. At any rate, all
evolution is taking place well below the maximum spatial distance, which in this calculation
was set to |zmax| = 10% L.

In the right panel of figure 5 we finally show the total baryon asymmetry np as a function
of moments used in the calculation. The results depend smoothly on n and the asymmetry
shows a converging tendency, but does not yet reach a quite clear asymptotic value with
n = 50. This gradual convergence is not due to the oscillations, but due to slow convergence
of the solution £p; as a function of n in the region 0 < 271" < 5, as can be seen from the
evolution of the cumulative asymmetry shown in the left panel. In section 8.2 we shall see that
for small wall velocities the results depend also on the truncation choice, and in section 8.3 we
find additional scatter due to different choice of moment sequences apart from the sequence
n = 2,6,10,... used here. But let us first study the origin of the oscillations.

8.1 Oscillating eigenmodes

To understand the reason for the spatial oscillations in the solutions, we make an eigenvalue
analysis of the asymptotic differential operator associated with the fluid equations. Indeed,
equation (5.1) can be written asymptotically as W' = A=W = XW. The Nnx Nn-matrix
X is real but not symmetric, so it has Nn eigenvalues \; which are either real or appear
in complex conjugate pairs. In the asymptotic region |z| — oo the matrix X becomes a
constant, after which the eigenfunctions of X behave as w; ~ w exp(A;z). The eigenvectors
corresponding to R(\;) > 0 are then exponentially growing when z — oo and must be set to
zero in the right boundary. Similarly, those corresponding to R(A;) < 0 must be set to zero
in the left boundary. However, as the eigenvalues are in general complex, the corresponding
solutions show a characteristic pattern of damped oscillators.
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Figure 6. The eigenvalues of the asymptotic matrix X in the differential equation W' = AW in the
case n = 2 (left panel), n = 8 (middle panel) and in the case n = 30 (right panel).

It turns out that as the number of moments increases, more and more slowly damped but
rapidly oscillating solutions emerge. In the left panel of figure 6, we show the eigenvalues of
the matrix X in the case n = 2. Each differently colored set of points shows the evolution of a
given eigenvalue across the transition wall in our benchmark scenario. Clearly all eigenvalues
are real in this case.% In the rightmost panel, showing the similar evolution of eigenvalues in
the case n = 30, we see a very large number of complex eigenvalues in a symmetric pattern.
The distance between eigenvalues in the concentric circles decreases as n increases, giving
rise to rapidly oscillating and slowly damped eigenfunctions. As these solutions couple to
or contain fractions of lower moments and chemical potentials, they can cause the observed
oscillations in the seed asymmetry. In the middle panel, which corresponds to n = 8, we
see an even more problematic set of eigenvalues with () ~ 0. We will return to this case
in more detail in section 8.3 below.

8.2 Truncation and factorization dependence

We have also studied how the dependence on the factorization and truncation choices.
We found that the factorization assumption, relating to the choice of the R-parameter in
equation (3.8), has very little effect on the baryon asymmetry, and we do not display specific
results here. Solutions are much more sensitive on the truncation choice however, in particular
for the small wall velocities. In figure 7 we show how the final baryon asymmetry depends
on the number of moments for a number of different wall velocities and truncation choices.
In the upper left panel we study again the case v,, = 0.1, showing the old result with
variance truncation in black ellipses. In addition we display the result obtained with constant
truncation schemes R = 0, corresponding to setting u;, . ; = 0 (blue ellipses), and R = —u,,
corresponding to setting u;, | = —v,u;, (red ellipses). For relatively few moments the results
agree, but after n = 12 — 16 moments the constant truncation solutions start predicting
larger and larger magnitude BAU as n increases. The moment expansion thus fails to give
an accurate prediction for the BAU in this truncation scheme.

For larger wall velocities, the situation improves. First, with v,, = 0.4 (upper right
panel) and v, = 0.5 (lower left panel) the downward turn as a function of n in the constant

SExcept at one singular point where the two eigenvalues \; ~ 0.0135 cross and get complex parts as required
by the symmetry of the matrix X.
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Figure 7. We show the predicted baryon asymmetry as a function of the number of moments for
different wall velocities v,, = 0.1, 0.4, 0.5 and 0.6 with different truncation choices. In each panel
black ellipses correspond to the variance truncation scheme (3.19), while the blue and red ellipses
correspond to the constant truncation scheme (3.18) with R = 0 and R = —uw,,, respectively.

truncation solutions stops, and solutions with different truncation schemes tend to get closer
to each other. In the case v, = 0.5 the truncation dependence has all but vanished, and
the solutions have developed a wide plateau. However, in the case v, = 0.6 (lower right
panel) the spread with different truncation schemes has started to increase again. Anyway,
the spread in the predicted baryon asymmetry is relatively small, of order Ang ~ 0.1, over a
range in (a sufficiently large) n and over different truncation methods.

8.3 Other moment sequences

Let us finally consider moments not belonging to sequence n = 2, 6, 10, ... that was used in all
above examples. It turns out that there is additional scatter in the final baryon asymmetry,
that strongly depends on the sequence used. The three sequences n = n;+4k, with k =0,1,...
and n; = 2, 3,5 each separately predict a smooth baryon asymmetry as a function of k, but
the sequence starting with n; = 4 is anomalous, and shows a more erratic behaviour.

We show our results in figure 8 for v,, = 0.5 (upper panels) and for v,, = 0.1 (lower
panels). Open circles correspond to the variance truncation scheme and plus-signs to the
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Figure 8. We show the predicted baryon asymmetry as a function of n for v,, = 0.5 (upper panels)
and for v,, = 0.1 (lower panels), for variance truncation scheme (open circles) and constant truncation
scheme with R = 0 (plus signs). Left panels show all sequences including n; = 4 and the right panels
with n; = 4 sequence excluded.

constant R = 0 scheme. Left panels show the results for all n including the n; = 4-sequences,
whose erratic behaviour is clearly visible. The cause for this behaviour is again revealed by
the eigenvalue analysis. In the middle panel of figure 6 we showed the eigenvalues of the
asymptotic operator X for the case n = 8, which belongs to the n; = 4-sequence. Strikingly,
we see several eigenvalues with a large complex part and an essentially vanishing real part. The
corresponding eigenmodes are thus rapidly oscillating with an extremely slowly converging
amplitude as |z| — oco. This pattern repeats for all moments in the n; = 4-sequence. We
believe that occurrence of these R(\) ~ 0 solutions is a numerical coincidence, possibly
related to the fact that our equation network has four particle species. At any rate, the
slow decay of the associated eigensolutions makes equations unstable and one should ignore
these moments in the further analysis.

Right panels in figure 8 show our results excluding n; = 4-sequences. The remaining
sequences indeed each yield a smooth BAU as a function of k. In the case v, = 0.5 the
sequences converge to a common value with a scatter that is not larger than the scatter
due to different truncation schemes. In the case v,, = 0.1 the variance truncation solutions
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for n; = 3 and 5 are almost identical and appear to converge with the n; = 2-sequence,
albeit with n much larger than 50. Moreover, the constant truncation scheme sequences with
n; = 3,5 are now in reasonable agreement with the variance truncation schemes, while they
both differ from the constant truncation n; = 2-sequence, showing that the latter results
are again apparently anomalous.

These results confirm that the main source of uncertainty in the moment expansion
method arises from the truncation dependence. This is apparently associated with the
structure of the asymptotic differential operator at large distances |z| — oo, and the constant
truncation schemes appear to be more fragile than is the variance truncation scheme. This
is presumably due to the fact that the variance scheme relates the moment w,, to all lower
moments instead of the last included moment u,,_1, as do the constant truncation schemes.
Anyway, the variance truncation scheme appears to work rather well in all cases we considered.

Discussion. Some robust results emerge from our analysis: firstly, the higher moment
calculations tend to give smaller final baryon asymmetry than does the simple 2-moment
approximation, in particular for large wall velocities. This is of course not encouraging for the
model building efforts trying to realize a sufficient BAU together with a strong electroweak
phase transition capable of creating a strong gravitational wave signal. Second, for v,, 2 0.4,
the scatter in the results with different n and different truncation methods is relatively small,
of order A7ng = 0.1, which is small in comparison to the difference between the 2-moment
result and the asymptotic value. Finally, for small v,, the overall dependence on n is smaller,
and the variance scheme appears to give quite reliable results also here.

To conclude, let us point out that above we concentrated only on the uncertainty due
to moment expansion solution to a given approximation to the full semiclassical Boltzmann
equation. The approximations used to get that equation, and in particular the rather crude
estimates for the scattering rates, are potentially a larger source of uncertainty for BAU
than are the effects discussed above. For example, simply restoring the nontrivial k,-factors
to elastic rates (remember that we used k, = 1 here) causes a change in BAU that is as
large as the scatter caused by the different truncation choices. We shall study these issues
more quantitatively in [41].

9 Conclusions

This article extends the commonly used moment expansion method for solving the semiclassical
Boltzmann equations (SCBE’s) for the electroweak baryogenesis problem to an arbitrary
number of moments n. The extension is a fairly straightforward generalization of the 2-
moment results of [28, 30], with some clarifications and corrections. The main computational
task is the preparation of a large number of z-, v,,- and n-dependent interpolating functions
appearing as coefficients in the general moment equation (5.1) network. Obtaining closure
in this network requires certain factorization and truncation approximations, and it turns
out that the resulting baryon asymmetry of the Universe (BAU) can be rather sensitive
to the latter of these.

We find that moment expansion does not behave very well for some truncation choices
and some numbers of moments. Perhaps accidentally, in our test case the moment sequence
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n = 4k, with £ = 1,... returns erratic values for the BAU, which is associated with the
emergence of slowly converging and rapidly oscillating eigenfunctions at large distances from
the wall. In addition, the constant truncation schemes used previously in the literature show
an additional fragility, becoming strongly sensitive to the remaining moment sequences for
small wall velocities. In contrast, the new variance truncation scheme introduced here appears
to give a reasonably robust prediction for the BAU in all cases we studied.

For vy, 2 0.4 we found that the uncertainty in the BAU was, for all truncation methods
we studied, of order Ang ~ 0.1nB obs, While BAU itself tends to be about a factor of 5
smaller than the BAU predicted by the simple two-moment case. This suggests that realising
both a sufficient BAU and a strong gravitational wave signal might be more challenging
than previously thought. For small v,,, only the variance truncation scheme gives robust
predictions. Here the convergence of the expansion is slower than with large v,, but the
overall dependence on n is smaller on the other hand. We thus believe that the moment
expansion in the variance truncation scheme can give a rather accurate approximation to
the underlying SC-Boltzmann equation in most cases of interest.

We also pointed out that the final baryon asymmetry may be sensitive to the hydrody-
namics of the phase transition, because the shock reheating may change the terminal wall
velocities in an inhomogeneous way [48-50]. Since the baryon number can depend quite
strongly on v, it would be desirable to compute the total baryon number as a weighted
integral np = fol dvy P(vy)nB(vy), where P(vy,)du,, is the fraction of the total volume swept
by a transition wall moving with velocity vy,.

Acknowledgments

We thank Jim Cline for discussions and for useful comments on the manuscript. NV was
supported by grants from the Magnus Ehrnrooth Foundation, the Ellen and Artturi Nyysstnen
Foundation, the Vilho, Yrj6 and Kalle Viisdla Foundation and the University of Jyviskyla
Postgraduate School.

A Explicit moment functions

As explained in [30], all coefficient functions appearing in the moment equations (3.8) can
be written in terms of a single dimensionless integral function

K(Fo;Vin,m) = 5 /oodw/ld X DuPz V(w,y, vy, x) Fo(w) (A.1)
0 3 10y - 772’711) - 1 Y EN’mfl y Yy Vs 0 ) .
where Fou = fow, féw or f(slw and Py = v 11)2—1‘2, Dz = Vw(yﬁw_wvw) and £ = 'Yw(w_vaﬁw)-
For Dy, Qg, Qf and for K; the auxiliary function V' =1. For the source functions Q?O and

Q?O a nontrivial structure V = spp,/E, appears. For the spin s eigenstates then:

EZ \/]52 + x?

while for helicity eigenstates:

o m2 —-1/2
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where . and E are as given below (A.1). Explicitly then:

Dy(z,v0) = K(fg; 1;4,£)
Qe(z,vp) = K(fy;1;4—1,0)
1
Q¥ (z,vy) = 5K(fg); Vil —2,0)
1
Qe (@, vw) = 7 [K(fo; Vil = 2,0+ 2) = v K (fgs Vi€ = 2,0+ 1)]. (A.4)

The function R is a special case, whose one-dimensional integral representation was already

given in (3.16).
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