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Abstract: The interplay of chiral dynamics and gluodynamics plays an essential role in the nonpertur-
bative QCD region, and the chiral phase transition and deconfinement phase transition are the main
topics of QCD phase transitions under extreme conditions, e.g., finite temperature and/or baryon
density, strong magnetic fields, and fast rotation. We briefly introduce our own recent progress from
the theoretical side on QCD phase transitions and phase diagrams under extreme conditions related
to the early universe, compact stars, and heavy-ion collisions.

Keywords: QCD phase transitions; chiral dynamics; gluodynamics

1. Introduction

Quarks and gluons are fundamental building blocks of visible matter, and their in-
teraction is described by quantum chromodynamics (QCD) [1,2]. QCD matter (here we
mean quark matter) (Although nuclear matter should be considered as one type of QCD
matter, in this paper, in most cases, QCD matter refers to matter consisting of quarks and
gluons, i.e., quark matter) existed at around 10 microseconds in the early universe [3]
and exists inside the core of compact stars [4,5], and it can be created through relativistic
heavy-ion collisions [6]. Thus, understanding quark matter’s properties and QCD phase
transitions under extreme conditions is of special interest in investigating the evolution
of the universe, exploring the structure of compact stars, and understanding observable
heavy-ion collisions [7,8].

The interplay of chiral dynamics and gluodynamics plays an essential role in the
nonperturbative QCD region and determines the QCD phase structures. The chiral phase
transition and deconfinement phase transitions are two important phase transitions well
defined in two extreme quark mass limits, respectively. The chiral phase transition is well
defined in the chiral limit characterized by the order parameter of the chiral condensation
of light flavors () and the deconfinement phase transition, which is characterized by the
order parameter of the Polyakov-loop (L) in the heavy quark mass limit.

At high temperatures, QCD phase transitions can be calculated by using a lattice. As
shown in Figure 1 taken from [9], the QCD phase transitions are flavor- and quark-mass-
dependent [7-10]. For the three-flavor massless quark limit or three light quarks, the chiral
phase transition is of first-order at the critical temperature around T} = 155MeV, and in
the case of a two-flavor degenerate massless u,d quark and a relative heavy s quark, the
chiral phase transition is of second-order around the critical temperature T} = 175MeV;
when the u, d quark has a small current quark mass, the chiral phase transition will become
a cross-over. The lattice calculation [11] shows that, with the physical quark mass, the
chiral phase transition at finite temperature in the hot early universe is not a real phase
transition, but a smooth cross-over. When the quark mass is heavy and becomes infinity;,
QCD becomes the pure gauge theory of SU(3),, and lattice gives the first-order deconfine-
ment phase transition from the Polyakov-loop-order parameter at the critical temperature
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around T¢ = 270 MeV. However, it is not known how the chiral dynamics interplay with
gluodynamics and affect the phase transitions.

The properties of dense QCD matter are important to understand the structure of
compact stars, which is related to heavy-ion collisions at low collision energy; see the
review article [6]. The lattice calculation is still facing the sign problem at finite baryon
chemical potential, and some progress has been made in exploring the phase transitions by
using the Taylor expansion of pp/ T [12-15] and using the simulation of imaginary chem-
ical potential(s) [16]. Through symmetry analysis [17,18] and predictions from effective
chiral models, e.g., the Nambu-Jona-Lasinio (NJL) model [19,20] and its Polyakov-loop
improved version [21-23], the Polyakov-loop linear sigma model and hadron resonance
gas model [24-26], and the Dyson-Schwinger equations (DSEs), which considers quarks
and gluons’ degrees of freedom [27,28], as well as the five-dimensional holographic QCD
model [29], which can take into account chiral dynamics and gluodynamics, etc., it is
believed that, in the case of two flavors, the chiral phase transition becomes first order at
high baryon chemical potential, and the end point along the first-order phase transition
line is called the critical end point (CEP). The search for the QCD CEP is one of the main
goals of the Beam Energy Scan (BES) program for relativistic heavy-ion collisions (RHICs),
the future program at the Facility for Antiproton and Ion Research (FAIR) at Darmstadt,
Germany, and the Nuclotron-based Ion Collider Facility (NICA) at JINR, Dubna.

- Ng=2 PURE
m
. oM o der 2" order 1% [GAUGE
0(4) Z(2) -order
physical point Ne=3
s N=1

mu.d

Figure 1. Lattice results on QCD phase diagram at high temperature with a degenerate u, d quark
with m, = m; and a strange quark with mass ms. The figure is taken from [9].

Through non-central heavy-ion collisions, the strong magnetic field with the mag-
nitude of 10! Gauss and angular momentum of QGP at a range of 10*~10°% can be
generated [30-35]. Both the magnetic field and angular momentum will polarize the
medium, thus changing the properties of QCD matter.

In this short overview, we summarize our own contribution from the theoretical side
on the recent progress of QCD phase transitions and QCD matter properties under extreme
conditions related to the early universe, compact stars, and heavy-ion collisions.

2. Imprints of QCD Epoch in the Early Universe

The observation of GW signals by LIGO and the Virgo Collaboration [36] 100 years
after their prediction [37,38] opens an exciting era for cosmology. Except that the GWs can
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be produced through compact binary merges and inspirals, it has also been predicted that
the primordial stochastic GW could be produced in the very early stages of the universe
through a strong first-order phase transition (FOPT) during inflation, Grand Unified Theory
(GUT) symmetry breaking, electroweak phase transition (EWPT) [39-46], as well as QCD
phase transition [3,47-50]. GWs carry unique imprints of the early universe about these
phase transitions on the cosmic microwave background [51-54]. Except the GWs, another
interesting topic during the QCD epoch is the generation of the primordial black holes
(PBHs) predicted 50 years ago [55-57], which are possible candidates for dark matter. In
the QCD phase transitions around the temperature of T~200 MeV, one would expect the
PBH mass to show a peak in the solar mass range [58-60].

In the Minimal Standard Model (SM), the EWPT is well known as a cross-over [39], and
it can be a strong FOPT [61] when new physics is considered such as the singlet extension of
the SM and two-Higgs-doublet models [40-46]. Similarly, though the lattice QCD predicted
that, for a physical mass with m, = m; << m;, the system would experience a cross-over
in the QCD epoch, there are still other physical conditions in the QCD epoch, and the
system experiences a strong FOPT. For example, the pure gluon system might appear in the
temperature region below the EWPT, and it exhibits a strong FOPT, as shown by the lattice
results [10], as well as the holographic QCD description [62-64], and possible glueball dark
matter was investigated in [65,66]. Another interesting FOPT in the QCD epoch is related
to the sphaleron transition, which induces chirality imbalance and the violation of P- and
CP-symmetry, and the gravitation wave and primordial black hole induced by chirality
imbalance under a magnetic field were investigated in [67].

QCD has an important U(1) 4 axial symmetry, which is anomalously broken by quan-
tum effects, and the U(1)4 problem or the puzzle of the 17 and 7’ mass difference was
resolved by the instantons proposed by 't Hooft [68,69]. The chiral anomaly is closely
related to the non-trivial topological QCD 6 vacuum structure characterized by the integer

Chern-Simons number N = 357 f d*x Fﬁvff Y [70]. Different Chern—Simons sectors are
connected through instanton and sphaleron transitions at zero and finite temperatures,
respectively. The Chern-Simons number change through the axial anomaly induces the
chirality imbalance between the right-handed and left-handed quarks, Ns = Ng — Np =
[ d*xo, ]g = —2NfNgs, represented by an axial chemical potential y5, and results in a
violation of P- and C’P-symmetry [71-74]. It has been proposed in non-central heavy-ion
collisions with a strong magnetic field that this chirality imbalance and local P- and CP-
symmetry violation might produce the chiral magnetic effect (CME) [75-77], i.e., parity-odd
domains lead to the charge separation of quarks, which has been one of the main goals
for RHICs.

Based on the instanton—anti-instanton molecule picture [78-80], in [81,82], it was
shown that an effective axial chemical potential y5, which describes the chirality imbalance,
can be dynamically induced by a repulsive axial vector interaction. The Lagrangian density
takes the form:

£ = PiruD"y + Gs [(W)z + (1/31'7511/})2] — Gy (@)~ Ga(Prty)

where 7 is the Pauli matrices in the flavor space and Gg, Gy, and G4 are the coupling
constants in the scalar, the vector, and the axial vector channels. Quarks with electric
charge g5 couple to a magnetic field B = (0,0, B) with Ay = (0,0,—xB,0) through the
covariant derivative Dy, = 9, — igfAy. Introducing the quark condensate ¢ = —2Gs(y¢),
which is the the order parameter of the chiral phase transition and the dynamical chiral
chemical potential us = —2G 4 ($°7°¢) describing the chirality imbalance between left-
and right-handed quarks, one can derive the thermodynamical potential:
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o s ¢8| o dp, ,

Q= 4Gs 4Gy _Ncgﬁg“sk /700 S IaP)ws(p)

o8] ’ ' (1)
qr +0c0 dpz

- — —_— —Bwsk(p)

where the eigenvalues of the Dirac operator are wg, = /02 + (p + sussgn(p-))? and the
spin degeneracy factor is agp = 1 — ;o + 5k,05s,sgn(q /B) with s = £1. Then, we can solve
the phase transition from the thermodynamical potential, and the results are shown in
Figure 2a, which shows that the phase transition of the chirality imbalance is of first order
withry = —0.3, 0.5, —0.8 at B = 0. The FOPT will induce GWs and generate PBHs. The
bounce solution and bubble nucleation temperature of this FOPT are solved to obtain the
strength parameter a and the inverse duration time 8/ H, which are essential to calculate
the gravitational wave power spectra in [67]. The results are shown in Table 1.

GeV
1.5F mr=-03

W ra=-05
1.0} W ra=-08

0.5}

015 020 025 030 035 o407V

(a) u5 (lines) and o (dashed lines) as a function of T at eB = 0.

Gravitational Waves Spectra

oh?
10 EPTA Tianqin
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M r=-03 WMr=-05 Mra=-0.8

102F

s L fiHz
10 0.01

(b) Gravitational wave spectra.

Figure 2. (a) The chiral condensate ¢ (dashed lines) and the dynamically induced chiral chemical
potential y5 (lines) as a function of the temperature T at eB = 0 forry = G4/Gg = —0.3, —0.5 and
—0.8GeV?; here, o and ys are in units of GeV. (b) GW spectra for ry = G4/Gg = —0.3, —0.5 and
—0.8GeV2 ateB = 0. The figures were updated by Jingdong Shao based on the results in [67].

Table 1. Bounce solution for the nucleation temperature T, parameters « and 3/ H* corresponding
to different values of r 4 and eB.

rAa = GA/GS Tn/GeV 14 ﬁ/H*
—-0.3 0.3648 0.7343 27582
—-0.5 0.2561 1.741 16274

—-0.8 0.1679 4.850 6105.7
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It is noticed that the value of B/ H*~10* solved in this model is quite different from the
typical value from that obtained in the EWPT, where the typical value of
B/Hx = 1~100 [83-85], but the holographic QCD calculations also gave 8/ H*~10% [62,64].
The large B/ Hx indicates that the PT completes in an extremely short time period; thus, it is
not favorable for the formation of the primordial black hole, as also proven in [67]. Figure 2b
shows the GW spectra for r4 = G4/Gs = —0.3,—0.5 and —0.8 GeV? at eB = 0. The GW
spectra from the FOPT of the chirality imbalance can be detected by Taiji, Lisa, and DECIGO.

There are also many other models: for example, the bag model has been investigated
in the early universe [86,87]. For the QCD epoch in the early universe after the EWPT in
the temperature region of 100 MeV~100 GeV, we need to consider the interplay between
the quark dynamics including both light flavors and heavy flavors and gluodynamics;
for that purpose, the holographic QCD method might be one of the powerful theoretical
tools [88-91].

3. Dense QCD Matter

Exploring the QCD phase structure and equation of state (EoS) at high baryon density
have been boosted both by neutron star (NS) and heavy-ion collisions.

The search for the QCD CEP at finite baryon density has been one of the most-
important goals for the BES program for RHICs, as well as for the future accelerator
facilities at the FAIR and NICA. The higher-order fluctuations of conserved charges, espe-
cially the baryon number fluctuations, carry the divergence feature of the correlation length
at the CEP [92,93]. The measurement of the kurtosis of the baryon number fluctuations
ko2 or C4/C, from BES-I for RHICs in the collision energy /syy = 200~7.7 GeV shows a
non-monotonic energy-dependent behavior [94-96]. It has been observed that xc? of the
net proton number distributions starts from about 1 at /syn = 200 GeV, corresponding
to the baryon chemical potential yp~0.1 GeV, decreases to around 0.1 at /syn = 20 GeV,
and rises quickly up to 3.5 at \/syny = 7.7 GeV, corresponding to the baryon chemical
potential yp~0.4 GeV.

The three-flavor realistic PNJL (rPNJL) model, which takes into account eight-quark
interaction [97], can give a realistic critical temperature T, = 160 MeV at y = 0, and the
effective potential takes the form of

— 2 _&D 81 212 4 A dp
Q = gS;Uf—TUuUdUS+SE(;Uf) +3g2;0f6/0 WEf

3
—ZT/ (‘21 ’;3 In[1 4 3(® + Ge™ Er#)/ Ty~ (Er=np)/T o =3(Er=np)/T]
7T

3
ZT/(;U;IH[1+3(¢+@(Efwf)/T)e(Ef+;4f)/T+63(Ef+y,)/T]

7T
+U'(®,d,T). 2)

where f = u,d, s refers to three-flavor light quarks, o = <1/_) P f> is the quark—antiquark

condensate for different flavors, and Ef = | /p? + M)% with My the constituent quark mass
taking the form of My = my — 2gs0y + gTDUfH‘Terz —2g107 (L 0%) — 4g2(7;’. U’ takes the

form of % = % — k In[J(P, ®)] and its detailed description can be found in [98,99].

The three-flavor rPNJL model [97] predicts that the CEP of the chiral phase transition is
located at (uk = 720 MeV, TE = 93 MeV) [99,100]. The chiral phase transition boundary in
this rPNJL model is close to the extracted freeze-out line from heavy-ion collisions [101,102],
and the kurtosis of baryon number fluctuations ko calculated in the rPNJL model along the
experimental freeze-out line [101,102] agrees well with the BES-I measurement and predicts
a peak structure around /syn = 5 GeV; see Figure 3. It was emphasized in [99,100] that

the dip structure of xo? can be explained at the low-baryon-density region, the freeze-out
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line lies above the chiral phase transition line and crosses the chiral phase transition line,
while the peak of ko is a clean signature for the existence of the CEP.

Recently, the results at /syy = 3 GeV and the measurement of HADES at
V/SNN = 2.4 GeV were updated in [103]. The data indicate a peak structure \/syn = 5 GeV,
and more data with higher precision are expected at lower collision energies. It is noted
that the data at \/syny = 3 GeV have the tendency to be negative, which might indicate
another CEP of the liquid—gas phase transition.

4t =N — — rPNJL-freezeout1 ]
Gl u N 0 mmme=e- rPNJL-freezeout2
3 [ /:’ ‘. ]
S NJL
b T

~
el

Ka?
T
—_—_.
<
=
-
ey
|
|

5 10 50 100
Vs (GeV)
Figure 3. The Ko produced in the rPNJL model [99,100], as well as in the NJL model [104] as a
function of 1/s along the freeze-out lines, compared with the updated measurement of C4/C2 or ko>
for the proton and net-proton at the RHIC BES-II program in [103]. The figure was updated by Kun
Xu based on the results in [99,100].

Dense QCD matter may exist inside the neutron star (NS), which is the remnant
after a massive super-giant star collapses. In 1967, the discovery of radio pulsars con-
firmed the existence of NSs. Since then, more than 2700 radio pulsars have been detected.
From the experimental side, the mass and radius of the NSs can be measured with high
precision [105-115]. Recent developments in observational astronomy including the op-
erating satellites, the Neutron star Interior Composition Explorer (NICER), and along
with the observation of the GWs, the Advanced LIGO, Virgo, and KAGRA [116,117] have
also provided high precision measurements on neutron star masses and radii from the
tidal deformability measurements. These high precision measurement gives very strict
constraints on the equation of state (EoS) of dense QCD matter inside neutron stars.

The baryon number density np in the core of the NS can reach 5~10 times of the
nuclear saturation density ns, which lies in nonperturbative QCD region. From theory
side, it is quite challenging to explore the internal structure of NSs. There have been
many efforts trying to describe the EoS of cold QCD dense matter including nuclear
matter and quark matter by using effective models. In recent years, holographic QCD
method has been applied in describing nonperturbative QCD physics. In Ref. [118], the
hybrid EoS of the cold strong interaction matter has been constructed using holographic
models. In the low baryon number density np range, Hebeler-Lattimer-Pethick-Schwenk
(HLPS) can be used to describe the nuclear matter EoS. At the intermediate np region,
the holographic QCD is used to calculate the EoS. Our holographic QCD model consists
of the Einstein-Maxwell-dilaton (EMD) system for the gluodynamical background and
the improved Karch-Katz-Son-Stephanov (KKSS) action for the flavor part to describe
the holographic nuclear matter and the holographic quark matter. In the framework
of the Einstein-Maxwell-dilaton (EMD) system, i.e., the gravity-dilaton coupling system
at zero chemical potential extended to finite chemical potential. The total action of the
5-dimensional holographic QCD model is

S’fotal = SSEMD + S;/ (3)
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where St is the action for the EMD system in the string frame, and S; is the action that
describes the flavor part in the string frame. In order to investigate the equation of state, it

is more convenient to work in the Einstein frame. By using the relation g3, = e%q) gg:/IN'
the EMD background action in the Einstein frame has the form of

1 4 rMN h(®) MM pNN
SEMD—ZKé/de\/—gE [RE — ZeE"Nay@an® — VE(@) — 2 gE M eE  Fy g, @)

with VE = e3®V*. The flavor part or the matter part is given by the meson part and baryon
part S;} = Sinesons + Sf)aryons. It is expected that Siaryons is small, and the meson part can be
described by the KKSS model [119]:

5y == [ ary/=ge {IDuXP + Vi (Xu) + 15 (7 + F) . 6
5
where X is the 5-dimensional scalar field. In the holographic model, we take the dila-
tion field ¢(z) = ¢12%, and the function hy(z) = e2? () with ¢; = 1.536 GeV? and
¢ = 1.16 GeV?2. The 5-dimensional Newtonian constant is taken as Gs = 17.930.

The hybrid model gives the mass-radius relation and the tidal deformability of the neu-
tron stars which are in agreement with astrophysical measurements as shown in Figure 4a,b.
The possible maximum mass for the neutron star is about 2.5M¢ and the radius is about
12km. In the current holographic model, we didn’t consider the phase transition between
the nuclear matter and the quark matter. The holographic nuclear matter here might refer to
the quarkyonic phase [120,121], which is in confinement with chiral symmetry restoration.

2.5F HLPS intermediate
—— holographic nulcear matter
2.0f
[0]
= 1.5}
)
4
= 1.0}
0.5F
0.0 N x 2 . p
10 12 14 16 18 20
R/km
(a)
108
10°
104
< 1000
100
10
1
0.5 1.0 15 2.0 25
Mys/Mg
(b)

Figure 4. The mass-radius relation in (a) and tidal deformability as a function of the mass ratio
between the neutron star and the sun in (b) calculated in a dynamical holographic QCD model. The
figures are updated by Lin Zhang based on results in [118].
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4. QCD Matter under Electromagnetic and Vortical Field

The hot and dense matter created in non-central heavy-ion collisions (HICs) shows the
fastest rotation with the angular momentum in the range of O (10*)#-O(10°)# or a vorticity
of order 102! s~1[33,122-124], and the strongest magnetic field B ~1018G for RHICs, while
B~10%G at the LHC [30,31]. Both the magnetic field and rotation will polarize quarks
and gluons, thus changing the QCD matter properties under an external magnetic field
and rotation.

The novel phenomena of QCD matter under external magnetic fields include the chiral
magnetic effect (CME) [75-77], a magnetic field enhancing the chiral symmetry breaking in
the vacuum, which is called magnetic catalysis (MC) [125-127], and the critical temperature
of the chiral phase transition decreasing with external magnetic fields, i.e., inverse magnetic
catalysis (IMC) [128-130]. Recent lattice calculations showed some unexpected properties
of pion mass under a magnetic field: (1) the neutral pion mass decreases with the magnetic
field, then saturates with a strong magnetic field; (2) the charged pion mass exhibits a
nonmonotonic magnetic-field-dependent behavior [131]; it first increases and reaches a
peak around eB~0.5 GeVz, then decreases. Besides, the lattice calculation also showed that
the magnetic susceptibility of quark matter is negative (diamagnetism) at a low temperature
and is positive (paramagnetism) at a high temperature [132,133]. Much effort has been made
to understand these properties, and it is still challenging to describe all these phenomena
within one self-consistent framework.

The global polarization of A and A was predicted in [34] and was observed by the
STAR Collaboration for Au+Au collisions at \/syny = 7.7-200 GeV [35]. The experimental
data showed that: (1) both the global spin polarization and the splitting of P, ,; become
stronger at lower collision energy; (2) the polarization of A is larger than that of A, i.e.,
Px > Pj.

In [134], it was found that the global polarization of A/A can be induced by the
rotation and the splitting of the A — A polarization induced by a magnetic field. In [134],
the three-flavor NJL model included the "t Hooft determinant term with the Lagrangian £, :

8
L= L { @V (29} = Gl detd (1 %) g+ et = 7)), @

taking into account the anomalous magnetic moment (AMM) of quarks under an external
magnetic field B:

Lavm = ¢ (i’Y”Du — 1+ KqBUu) ¥, @)

and considering the contribution of the axial vector interaction under rotation characterized
by the angular velocity (:

£a= [0+ k) + 1|y - Ga (9 + (o)) ®)

With the values of (2 and eB extracted from experimental measurement, we input these
values into the above dynamical quark model including the axial vector interaction and
AMM and re-derived the polarization of the s quark and 5 quark, and the results are shown
in Figure 5. It was noticed that the rotation contributes the same polarization to the s and 5
quarks, while the magnetic field contributes a positive polarization for the 5 quark, while
giving a negative polarization for the s quark. The splitting of the A — A polarization
induced by the magnetic field includes two sources: (1) the remaining magnetic field from
the evolution of the system after the collision and (2) the magnetic field induced by the
vorticity [135]; this is shown in Figure 6.

However, at a collision energy below 7.7 GeV, the magnitude of the magnetic field
used at freeze-out is at least 20-times smaller to induce the large splitting polarization
of Py 4. It will be needed in the future to reanalyze the magnetic field evolution at low



Symmetry 2023, 15, 541

9 of 14

collision energies where the vorticity is high; thus, the generation of the magnetic field
from the vorticity [135] should be taken into account simultaneously.

10

s with AMM&AV
§ with AMM&AV

ANexp.  =-=--- s without AMM&AV
----- § without AMM&AV

P (%)
S

-2 L L L
5 10 50 100

Vsan [GeV]

Figure 5. The spin polarization of the s quark and 5 quark induced by rotation and a magnetic field

as a function of the collision energy /s. The figure is from [134], where the details can be found.

>
ok Y STAR 12 ]
10
—o— v=0.0
08
sk - v=5.0 5
0.6
ok 0.4 ]
S 02
<
4 0.0 B
DT 10 20 50 100 200
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QL

2k

10 20 50 100 200
Vsay [GeV]

Figure 6. The splitting of A/A polarization P; — P, induced by rotation and a magnetic field as a
function of the collision energy +/s. The figure is from [134], where the details can be found.

5. Outlook

As we have shown, understanding quark matter’s properties and QCD phase tran-
sitions under extreme conditions is of special interest for investigating the evolution of
the universe, exploring the structure of compact stars, and understanding observable
heavy-ion collisions. The properties of QCD matter and phase transitions in which we
are interested lie in the nonperturbative QCD region, where the interplay of the chiral
dynamics and gluodynamics plays an essential role. The lattice QCD calculation can pro-
vide first-principles results, though there are still challenges in the finite baryon density
region. Four-dimensional effective QCD models, especially chiral effective models, can
provide some qualitative analysis of or insight into possible interesting phenomena. Five-
dimensional holographic QCD models based on the AdS/CFT correspondence have the
potential to unveil the interplay of chiral dynamics and gluodynamics.
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