P@ Prog. Theor. Exp. Phys. 2021, 083E03 (27 pages)
DOI: 10.1093/ptep/ptab097

Exact solution for wave scattering from black
holes: Formulation

Hayato Motohashi'* and Sousuke Noda'-***

! Division of Liberal Arts, Kogakuin University, 2665-1 Nakano-machi, Hachioji, Tokyo 192-0015, Japan
2National Institute of Technology, Miyakonojo College, Miyakonojo 885-8567, Japan

3Center for Gravitation and Cosmology, College of Physical Science and Technology, Yangzhou University,
Yangzhou 225009, China

4School of Aeronautics and Astronautics, Shanghai Jiao Tong University, Shanghai 200240, China

*E-mail: motohashi@cc.kogakuin.ac.jp

Received April 13, 2021; Revised July 7, 2021; Accepted July 13, 2021; Published July 29, 2021

We establish an exact formulation for wave scattering of a massless field with spin and charge by a
Kerr—Newman—de Sitter black hole. Our formulation is based on the exact solution of the Teukol-
sky equation in terms of the local Heun function, and does not require any approximation. It
serves as simple exact formulae with arbitrary high precision, which realize fast calculation with-
out restrictions on model parameters. We highlight several applications including quasinormal
modes, cross section, reflection/absorption rate, and Green function.

Subject Index E02, E31

1. Introduction

Observational efforts to prove black holes (BHs) finally began to bear fruit in the last few years:
direct detection of gravitational waves (GWs) emanating from a merger of binary BHs [1], and
electromagnetic observations with very-long-baseline interferometry (VLBI) [2]. The growing global
network of ground-based GW interferometers and VLBI multi-wavelength observations at higher
resolutions in the near future will be powerful tools to unveil the nature of BHs or to test the Kerr
hypothesis. By virtue of the uniqueness of the Kerr solution in general relativity, they allow us
unprecedented tests of gravity in the strong-field regime. Theoretical prediction of the propagation
of fields with different spins on BH geometry is thus important.

While in the short-wavelength regime one can rely on the geometrical optics approximation, in
the long-wavelength regime the approximation breaks down and one needs to take into account
wave optics. Most of the physically interesting cases of the wave equations on BH geometries can
be solved by separation of variables. The separability of the Klein—Gordon equation for the Kerr—
Newman family with a cosmological constant was clarified by Carter [3—5]. This result, with the aid
of the Newman—Penrose formalism [6], was generalized to higher-spin wave equations for the Kerr
background [7—10] and for the Kerr—de Sitter background [11,12]. With the separated master equation
known as the Teukolsky equation, one can investigate wave propagation, for which scattering analysis
is a powerful approach [13]. Observables in the wave optics have been commonly evaluated in the
literature with certain approximations such as the WKB approximation.

In Ref. [14], Suzuki, Takasugi, and Umetsu (STU) showed that both angular and radial parts of the
Teukolsky equations for a massless field with spin and charge on the Kerr—Newman—de Sitter (KNdS)
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spacetime can be transformed into the Heun equation'. This result was further generalized to Petrov
type-D vacuum backgrounds with a cosmological constant [33]. The Heun equation is a second-
order linear homogeneous ordinary differential equation with four regular singular points [34-38].
There are several types of exact solutions for the Heun equation, depending on the analyticity around
singular points. Among them, in a series of works [14,39,40], STU adopted a series of the hypergeo-
metric functions to construct an exact solution for the Teukolsky equation on the KNdS background,
along the same lines as the Mano—Suzuki—Takasugi formalism [18-20] for the asymptotically flat
background. They derived an exact formula for the absorption rate in terms of an infinite series.
Their formalism was also applied to the calculation of the quasinormal mode (QNM) frequencies for
the Kerr—de Sitter black hole [41], generalizing Leaver’s method [42]. On the other hand, in recent
work [43] on the Kerr—de Sitter background, Hatsuda employed a simpler exact solution known as
the local Heun function or simply the local solution, and obtained a compact formula for the QNM
frequencies with arbitrary high precision.

In this paper, we consider a massless test field with spin and charge on the KNdS background,
and establish an exact formulation of the scattering problem using the local Heun function. The
formulation based on the local Heun function is transparent and provides us with concise formulae
for black hole physics such as the greybody factor and Green function. One can evaluate specific
values of the local Heun function by using a modern technical computing system, Mathematica,
which implemented the various Heun functions as built-in functions in the version 12.1 update in
2020.

The rest of the paper is organized as follows. In Sect. 2, we transform the Teukolsky equation for
a massless field on the KNdS background to the Heun equation, and provide the exact solution in
terms of the local Heun function. In Sect. 3, we consider the boundary condition at the horizons and
obtain the connection coefficients, which allow us to solve the scattering problem with the exact
solution. In Sect. 4, we highlight several applications of our formulation such as QNMs, S-matrix,
cross section, reflection/absorption rate, and Green function. Section 5 is devoted to the conclusion.

2. Exact solution

In this section, following Refs. [14,43], we present the exact solution of the Teukolsky equation on
the KNdS background. After summarizing our notation of the KNdS metric in Sect. 2.1, we review
the transformation of the angular and radial parts of the Teukolsky equation into the Heun equation
in Sect. 2.2. In Sect. 2.3 we provide the exact solution in terms of the local Heun function. We
consider the boundary condition of the angular solution in Sect. 2.4, and deal with the radial solution
in Sect. 3.

2.1. Kerr—Newman—de Sitter spacetime

As a rotating and charged black hole solution in the presence of the cosmological constant, we
consider the KNdS spacetime. The KNdS metric in Boyer—Lindquist coordinates takes the following
form:

ds* =

A dr? do?
D (r—asintede)’ + 2 (L 4 4T
(1—|—oz)2,02( asin”0dg)”+p A + 1 + o cos? 6

! For the asymptotically flat spacetime, the Teukolsky equations can be transformed into the confluent Heun
equation [15-26]. See also Refs. [27-32] for analyses of massive fields in the context of the Heun equations.

2/27

120z Jequisidag g| uo Jasn Mayloljqigieiusz-AS3d Aq ££90££9/£03€80/8/ 1L 20Z/el0e/deid/woo dno-ojwepeoe//:sdiy wolj pepeojumod



PTEP 2021, 083E03 H. Motohashi and S. Noda

(14 o cos?0) sin” 0

dt— 2+ dAdol? 1
(14 a)2p? ladt = 0+ a)dol o
where
A Ad®
A(r) = (* +d?) (1 - §r2> —2Mr + Q% a= Ta’ p? =r? 4 a*cos? 6. (2)

Here, A is the cosmological constant, and M, aM, and Q are respectively the mass, angular momen-
tum, and charge of the black hole. The electromagnetic field caused by the charge of the black hole
is given by

At = —— 2" S (di — asin® 6dyp). 3)

(1+a)?p
One can consider several limiting cases. For instance, O = 0 reproduces the Kerr—de Sitter spacetime,
whereas O = 0 and a = 0 reproduce the Schwarzschild—de Sitter (SdS) spacetime.

Throughout the paper, we assume A > 0, and focus on the case where A () = 0 has four distinct
real roots under the condition [44]

a<T7—4v/3, M. <M <M,, (4)
where
(1—a)? 12(a + B) AQ?
c,t = 3@ V ( + V): YV (1 — (X)Z 5 ﬂ 3 ( )

We denote the four roots of A(r) = 0 as r+, 7. We can then factorize A(r) as

A
A(r) = —g(r—r—)(r—r+)(r—rﬁr)(r—r/_)- (6)

We set the ordering of the fourroots as 7. < 0 < r_ < ry </, wherer_, ry,and s/ are the inner
(Cauchy) horizon, outer (event) horizon, and cosmological horizon, respectively. We are interested
in the scattering problem in the range r < » < /.. Comparing Eq. (6) with Eq. (2), it holds that

4+ 4+ =0. (7)

Note that so long as A(r) = 0 has four distinct roots, our arguments in Sect. 2 apply to the
asymptotically AdS geometry with A < 0, except for the ordering of the four roots.
For the KNdS spacetime with AM? < 1, we have

re M+ /M2 —a? - 02, ri_ \/7 (®)

For the SdS case, if 0 < AM? < 1 /9, there are four real roots, which can be expressed in a simple
expression:

r_=—2MRe(&), r_=0, ry=2MRe@™3), r, =2MRe(e ™), )

where

NV ; 1/3
S e
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For AM? « 1,
eirr/6 5
£~ (1 —ivAM?), (11)
v AM?
and hence

/3
r+:2M, I";::‘: X (12)

For instance, for the SdS with AM? = 1073, we have ' /M = —55.75, r4 /M = 2.005, ¥, /M =
53.74.
The tortoise coordinate 7, is defined by

(U +a)(? +dd)

dry = d 13
T AGF) r (13)
or
- Injr—ry| In|r —/r;l In|r —/rLI In|r —r_| (14)
2k (1) 2k (ry) 2k (r’) 2Kk (r_)
where
A/

() = o (15)

20+ ) +a?)
yields the surface gravity at the horizons.

2.2.  Transformation of the Teukolsky equation into the Heun equation

We consider the propagation of a massless field with spin s and charge e on the KNdS background.
In terms of the Newman—Penrose formalism, the master variables v are given by

Yy or ,0_4\D4, (s=2or —2),
g or ,0_2CI>2, (s=1o0or —1),
Ys = (16)

Xo Or Pilea (S:% or _%)5

¢ (s =0),

where each case corresponds to the gravitational, electromagnetic, Dirac, and scalar field, respec-
tively. Note that s = 0 corresponds to a conformally coupled massless scalar field, whose equation
of motion is given by (0 — R/6)¢ = 0, where [l = J%DU (V—gg"'Dy¢) withD,, = 0, —ied,,.

The Teukolsky equations for spin 0, %, 1, %, 2 fields on the Kerr—de Sitter background and those
for spin 0, % fields on the KNdS are separable and take the unified form [40]. With

Vs = Ry(r)Ss(0)e ™ (17)
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and the separation constant A, the angular and radial parts of the Teukolsky equation are given by?

d d
—(1 —i—ozxz)(l —xz)— +A—5(1 —a)— 2ax?
dx dx

dsx(1 +a)[ma —c(l + )] (1 +a)?[m+sx — (1 —x?)c]?
— Ss(x) =0 18
+ 1+ ax? 1+ ax)(1 —x2) s0) =0, (18)
d gd JP—isJN . 2a )
A7 —NT" — 4+ ——————— 425 — — s+ 1D2s+ Dr' +2s(1 —a) — A |Rs(r) =0,
dr dr A a?
(19)
where x = cos0, ¢ = aw, A' = dA /dr, and
J@#) =1+ a)K — eQr, (20)
K@) = o(? +da*) — am. 1)

It was clarified in Ref. [ 14] that the angular and radial Teukolsky equations on the KNdS background
can be transformed into Heun equations, and the exact solution was constructed in terms of a series
of hypergeometric functions. Regarding the transformation from the Teukolsky equation to the Heun
equation, there are 4! = 24 independent transformations depending on how to map the four regular
singular points. For the angular part we follow the transformation adopted in Ref. [14], whereas for
the radial part we follow the transformation adopted in Ref. [43] for the Kerr—de Sitter background,
so that our parameter regions of interest, —1 < x < lorry <r < rjr, are mappedto 0 <z < 1,
where z is the independent variable after the transformation.

Further, it was shown in Ref. [33] that, for a massless field on Petrov type-D vacuum backgrounds
with a cosmological constant, the separated Teukolsky equations can be transformed into Heun
equations. While we focus on Egs. (18) and (19) on the KNdS background, our analysis can be
straightforwardly generalized to such a case.

2.2.1. Angular part
Let us begin with the angular part (18) of the Teukolsky equation. Since Eq. (18) does not depend
on the charge O, the argument on the angular part remains the same regardless of the charge. Note
also that the cosmological constant A enters the equation only via & = Aa?/3. Therefore, for the
nonrotating limit @ — 0, for which « (and ¢) vanishes, the equation does not depend on A.

For simpler geometries, the angular Teukolsky equation (18) allows a simple exact solution. For
a nonrotating black hole, i.e., a Schwarzschild(—de Sitter) or Reissner—Nordstrom(—de Sitter) black
hole, the exact solution is known as the spin-weighted spherical harmonics, S;(8)e™¢ = (Y,,(6, @),
with the eigenvalue A = £(€ 4+ 1) — s(s — 1). The explicit form is given by

sYZm(e,(p) = (_l)m\/(e +m)'(£ — m)'(zg + 1) sinzz (9>

4 (€ + )L — 5)! 2

2 There is a typographical error in the angular equation (3.1) in Ref. [40]: The second last term —2m(1 4+ )&
in the second line should be +2m(1 + «)&. With the corrected sign, Eq. (3.1) is consistent with Eq. (2.7)
and their definition of 43. In Eq. (18), we rewrite Eq. (3.1) in a more compact form, reflecting the correction.
Equation (18) is also consistent with Eq. (2.4) in Ref. [43].
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14

Z (E ; S) (p -fi :__S m) (_1)€—P—Seimw C0t2p+s_m (g) . (22)
=0

p

For the Kerr or Kerr—Newman geometry, the exact solution is denoted as the spin-weighted spheroidal
function. No analytic expression for the eigenvalue A is known in this case.

For the more general case of a rotating black hole in the presence of the cosmological constant,
the spin-weighted spheroidal function is not the analytic solution. However, we can still derive the
exact solution since the angular equation (18) can be transformed into the Heun equation. With a
nonzero cosmological constant, the angular Teukolsky equation (18) has four regular singular points
atx = £1, +i/./a after removing a removable singularity at x = co. We transform the independent
and dependent variables as

__ 0 —i/yox+D)
2 —i/Ja)
Ss(x) = 2z — D2z - 2)M (2 — 200)y P (2) (24)

(23)

to map the four regular singular points (—1, 1, —i/s/a,i/s/@) to (0, 1,z,, 00). Here, the superscript
(a) denotes the angular part. Note that the boundaries x = —1,1 are now mapped to z = 0, 1,
respectively. Here, we denote zoo = z|y >0 and z, = z|,_, _; NCT namely,

1—i/Ja (1 —i/Ja)? 25)
Zog = ——, Zg=———7——,
°° 2 ¢ 4i/Jo
and define
Al:m—s, Az__m—ks,
2 2

A3=é|:s+i(1:/l_;c—m a)], A4=%|:s—i(1j&a0—m\/&>i|, (26)

which satisfy an identity
Al + Ay + A3+ A4 = 0. (27)

The transformations (23) and (24) allow us to rewrite the angular equation (18) as

A2y® 24141 24041 24341\ dyvi® _
s +( Lo e AL i e ) 7 PPTl _w_g, (8

dz? z z—1 z—2z dz zz—1D(z —2z,)"
where
=1 =1-24 = — —ik + —1 + A4+ + —1 (A3 — Ag) (29)
, _ , U m .
P+ 1Y 4 4«/_ 2 1 5 3 4

Equation (28) is nothing but the Heun equation, at which we shall take a closer look in Sect. 2.3.
2.2.2.  Radial part

Next, we proceed to the radial part of the Teukolsky equation (19). The equation has four regular
singular points at » = r4, /. after removing a removable singularity at » = co. We transform the
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independent and dependent variables as

/
rL—r_r—ry
z=—F —

(30)

/ b
Fo—ryr—r-

Ry(r) =281z — DBz — 2)B3 (2 — 200)* Ty (2) 31)

to map the four regular singular points (r+,rjr,rL ,7—) to (0,1, z.,00). Here, the superscript (r)
denotes the radial part. To avoid notational complexity, here we use z to denote the independent
variable as in the angular part, but no confusion should occur as the arguments on the angular
and radial parts are independent of each other. Note that the black hole horizon » = »; and the
cosmological horizon » = 7/ are now mapped to z = 0, 1, respectively. Therefore, again, the
parameter range that we are interestedinis 0 < z < 1. Here we denotezoo = z|, >0 andz, = z|,_,,/ ,

namely,
ro—r_ ro—ry
Zoo = ;F s Zr = Zoo ’ ’ (32)
rLo—ry ro—r_
both of which are larger than unity. Also, we define a purely imaginary function
iJ(r)
B(r) = , 33
"= 2o (33)
and denote
By =B(ry), By=B()), By=B(), Bs=B(r-), (34)
which satisfy an identity
B+ B+ B3+ By =0. (35)

With the transformations (30) and (31) and the identities (7) and (35), the radial Teukolsky
equation (19) can be rewritten as

0 =0, (36)

Py (Bits+l Brdstl | Byts+1\dn | opoztv
dz? dz z(z—1)(z —z)

z z—1 zZ— 2z

where

op =25+ 1, 37)
o_ =s+1— 2By, (38)
A= 2s(1—a) — %(S + D@s+ D(ryr— +7 ")
2o =) =)
Qs+ D20 + e){w(ryr— +a®) —am) — eQ(ry +r-)]

F0- =D —rp)y = 1)

v

(39)

These expressions are much simpler than those in Ref. [14] and a natural generalization of those in
Ref. [43] for O = 0.
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2.3.  Local Heun function

In Sects. 2.2.1 and 2.2.2, we see that we can transform the angular and radial Teukolsky equations
into Egs. (28) and (36) respectively, which are the same type of differential equation, as pointed out
first in Ref. [14]. This type of differential equation, i.e., the second-order Fuchsian equation with
four regular singular points on the Riemann sphere, is known as the Heun equation [35-37], which
is given by

d’y y 8 € dy afz —gq
T S g 40
+<Z+z—1+z—a)dz+z(z—l)(z—a)y ’ (40)

with the condition
y+é+e=a+B+1, a#0,1. (41)

The Heun equation has six independent parameters. a is called a singularity parameter, «, 8,7y, 6
(and €) are called exponent parameters, and ¢ is called an accessory parameter. In Sect. 2.3 only,
we use «, 3, ¥, a to denote the parameters of the Heun equation, rather than the parameters for the
KNdS geometry.

The angular and radial Teukolsky equations in the forms (28) and (36) are nothing but the Heun
equation (40) with

a=z4 q=-u, a=py, PB=p, y=241+1, §=24+1, e=243+1, (42)
and

a=z, q=-v, a=0y, B=o0_, y=2B1+s+1, §=2Br+s+1, €=2B3+s+1,
(43)
respectively. Note that the conditions (41) are satisfied by virtue of the identities (27) and (35).
The Heun equation has four regular singular points atz = 0, 1, a, co. At the vicinity of each regular
singular point, we can construct two linearly independent local solutions, or Frobenius solutions.
Following the standard notation, we denote the local Heun function Hl(a,q; o, 8,y,8;z) as the
canonical local solution of the Heun equation at z = 0, namely,

o0
Hl(a,q;o, B,v.8;2) = Y _ i, (44)
k=0

where the coefficients ¢ are defined by the three-term recurrence relation

c_1=0 ¢o=1,

(k+ Dk +y)ack1 —tkltk+y +8 —Da+(k+y +e—Dl+qlck

+k+a—-—1Dk+B— e =0. (45)
The local Heun function (44) converges for |z| < min(1, |a|). Therefore the maximum of the radius
of convergence is unity for |a| > 1. However, the local Heun function A/ can be analytic atz = 0, 1

for some discrete values ¢ = ¢, (m = 0,1,2,...). In this case the function is called the Heun
function and is denoted by Hf . Further, it can be analyticatz = 0, 1,a witha = —n(n =0,1,2,...)
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and ¢ = g, (m = 0,1,2,...,n). In this case the function becomes polynomial and is called the
Heun polynomial Hp. In this paper, we only use the local Heun function (44).

The local Heun functions at z = 0, 1 are of special interest to us in discussing scattering from
black holes. Two local Heun functions at z = 0 are given by

yo1(2) = Hl(a,q;a,B,y,8;2), (46)
yo2(z) =z "V Hi(a, (@8 + )1 —y) +qsa + 1 —y, B+1—y,2 —y,8;2), 47)

and two local Heun functions at z = 1 are given by

yii(@) =HI(1 —a,af —q;a,B,v,8;1 —z), (48)
y2(2) = (1 =)' HI(1 — a, (1 — @)y + €)(1 —8)
+af—qia+1—-84+1-582-68y;1—2). (49)

The asymptotic behavior of the exact solutions (46)—(49) is determined by the characteristic

exponents
yo1(2) = 14 0(2), yo2(2) = z' 7V [1 + O@)], @ — 0), (50)
y@=1400-2,  yp@=>10-2""[1+01-2)], @— D). (51)
The local Heun functions at z = 0 are related to the local Heun functions at z = 1 via linear
combinations:
»01(2) = Criy11(2) + Cray12(2), (52)
02(2) = Co1y11(2) + Coy12(2). (53)

The connection coefficients are formally given by the ratio of the Wronskians as

_ Wz, 2] _ Wzlyor,yul _ Wzlyoz2, y12] Oy — Wz[yo2, y11]

Ci = , 2= , 21 = , 20 = ,
W.y11,y12] W12, y11l W.lyi1,y12] W12, y11]

(54)

where W [u,v] = u% — ‘;—Zv. Note that from Eq. (36) it holds that, for linearly independent solutions

yaayba
2V (z — 1)°(z — z,) W [ya» yp] = const. (55)

Therefore, while the Wronskian itself is not constant, the ratio between two Wronskians is constant.
Conversely, the local Heun functions at z = 1 can be expressed as

y11(2) = D11yo1(z) + D12y02(2), (56)
Y12(2) = D21y01(2) + D22yo2(2), (57)
where
—1
Dy D12 _ Cii Cn2 :Wz[yll,Mz] Cn —Cp (58)
Dy Dy G Cn W-lvo1,y02] \=Ca1  C11 )’
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namely,

_ebyel 5 0 Pebiyal o Weye] 0 Wz, ol

Dy = , 2= , b1 = , ) = .
W-[yo1,y02] W-[y02,y01] Wz [yo1,y02] W2[y02,y01]

(59)

While the connection coefficients can be formally written down analytically [45], this approach
requires the evaluation of the local Heun function on the maximum convergence radius, and in general
it is not clear whether it is convergent [46]. Even if it is convergent, it typically requires the analytic
continuation of the local Heun function, which has a high computational cost. The expressions (54)
or (59) are more practical. To obtain the connection coefficients Cj; or D;;, one can evaluate the
right-hand sides of Eqgs. (54) or (59) at any z within the overlapping region of the two disks of
convergence. The advantage of this formulation is that the scattering problem is defined between
z = 0 and 1 and the calculation remains within the circle of convergence of local Heun functions
at z = 0 and 1. This situation should be compared with the case where one needs a calculation
outside the circle of convergence, for which one needs analytic continuation or other types of exact
solutions of the Heun equation valid for a wider range, such as hypergeometric function series. In
our case, we can calculate the connection coefficients at some point between z = 0 and 1 without
analytic continuation. We shall see in Sect. 3 that the connection coefficients play a central role for
the scattering problem.

For the specific calculations in the present paper, we use the built-in function HeunG implemented
in Mathematica 12.1 or later, which yields the local Heun function H/ (44) inside the circle of conver-
gence, whereas it gives an analytic continuation of H/ outside the circle of convergence. The analytic
continuation typically takes more computational time, and sometimes causes a multi-value issue. For
the radial Teukolsky equation, since a = z > 1 holds, the radius of convergence for the local Heun
functions (46) and (47) at z = 0 is unity. Therefore, there always exists an overlapping region of the
two disks of convergence for the local Heun functions atz = 0 andz = 1, where we can use both local
Heun functions without analytic continuation. The general solution of the radial Teukolsky equa-
tion (36) can thus be written as a linear combination of y(()rl), o y(()rz)’ ,or yirl)’ o yng) .- Here, y;lr)s denotes the
radial exact solution, i.e., the exact solution yj; with the parameter set (43) for/ = 0,1 andi = 1, 2.
We define the angular exact solution y}la z
scattering problem, we shall focus on two specific radial solutions imposing a certain set of boundary

in the same manner with the parameter set (42). For the

conditions, which we shall discuss in Sect. 3. We shall also see that both local Heun functions are
useful to see the asymptotic behavior close to the black hole horizon or cosmological horizon.

2.4.  Angular solution

Before proceeding to the scattering problem with the radial solution in Sect. 3, let us check the
requirement on the regularity of the angular solution in terms of the exact solutions. Since the angular
Teukolsky equation (18) does not depend on the charge O, we can directly apply the argument of
the angular part in Ref. [43] for the Kerr—de Sitter case. From Egs. (50) and (51), we see that the
angular function Sj; ¢ = 2z — D2z —z,)B(z — Zoo)y}?:v (z) satisfies

Sors(x) oc (1 +x) ™ 92[1 4+ 01 +x)],  Soas(z) o< (1 +0) ™21+ 01 +x)], (x— —1),
(60)

S11.5() o< (1 = x)~ ™21 £ O —x)], Si25() o< (1 =)™ 921+ 01 —x)], x— D).
(61)
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The general solution S (x) is given by a linear combination of Sy; ¢ (x). To make the angular solution
regular at x = £1, we should respectively choose So; 5(x) or Sp25(x) for s —m ; 0, and S714(x) or
S12,s(x) form+s § 0. For S (x) to satisfy both regularities at x = 41, we require linear dependence
of the exact solutions, namely,

Wyl =0, i=

0i,s°

1, (m—s>0), .:{1, (m+s <0), ©2)

2, (m—s<0), 2, (m+s=>0),

For a nonrotating black hole with a/M = 0, this equation is satisfied by the eigenvalue A =
L€+ 1) —s(s—1). For arotating black hole, this equation depends on A and w implicitly. For a fixed
frequency w, this condition determines A, which we can obtain by using a root-finding algorithm. On
the other hand, to obtain the QNM frequencies, we should solve Eq. (62) and a boundary condition
on the radial solution to obtain A and w simultaneously, as we shall see in Sects. 3 and 4. In either
case, we need an initial input value sufficiently close to the roots.

In Fig. 1, we present the eigenvalue A for scalar waves on the Kerr—de Sitter background obtained
by the above method. We compare our exact results with the analytic expansion formula given by
Eq. (4.18) in Ref. [14] for small aw and Aa?/3. We denote these two results as Apeun and Astu,
respectively. So long as one considers low-frequency waves scattered by a slowly rotating black hole
with a small cosmological constant, the analytic expansion formula works well and the difference
between Apeun and AgTy is negligible. To see its validity and limitation, we consider a rapidly rotating
black hole a/M = 0.9 with a small cosmological constant AM? = 1073, In the left panel of Fig. 1,
AHeun and Asty are shown by solid and dashed curves, respectively, for m = ¢ and £ = 2,4, 6.
For the calculation of Ayeun, wWe pick up sampling points with the interval A(Mw) = 0.05 for the
range 0 < Mw < 3. We take A = gty as the initial input value for the root-finding algorithm
FindRoot in Mathematica, and set PrecisionGoal — 15. For the algorithm to work well with
this initial input, we need to set PrecisionGoal larger than 12. To get the plots in Fig. 1, we use
ParallelTable with eight cores and get the list of data. The computation time for each curve
is about 2.5 s. In the right panel of Fig. 1, we present the relative errors between Apeyn and AsTy.
As expected, the relative error increases as the frequency increases. In this setup, we see that for
Mo < 1 and £ > 2, the error remains (10~ 1)%, so it is reasonable for this parameter range to
use the analytic expansion formula. On the other hand, for low-multipole and high-frequency waves,
the error of the analytic expansion formula becomes large, and hence one should use the exact
formula.

As a test of the application range of the present method, we check the case where A = 0 is
adopted as the initial input value. For this initial value, the root-finding algorithm requires a longer
computational time and larger value of PrecisionGoal since the initial values for larger ¢ are
far from the true value. For example, if we set PrecisionGoal smaller than 15 for £ = 2, the
method does not work well with the initial input A = 0. In practice, one can also adopt the eigenvalue
A = £(£+1)—s(s—1) for the nonrotating case (¢ = 0) as a simpler initial input value than Agty, while
in that case the computation time becomes about 1.5 times as long as the case with Agty. However,
the precision reaches, e.g., 20 digits so long as one requires the option PrecisionGoal — 20.

3. Scattering problem

In this section we focus on the radial solution and provide the exact solution for the scattering
problem. In Sect. 3.1 we consider the asymptotic solution at the black hole and cosmological horizons,

11727

120z Jequisidag g| uo Jasn Mayloljqigieiusz-AS3d Aq ££90££9/£03€80/8/ 1L 20Z/el0e/deid/woo dno-ojwepeoe//:sdiy wolj pepeojumod



PTEP 2021, 083E03 H. Motohashi and S. Noda

0.100¢
g

5 0.010}
T

<| £

I'| 2 0.001;
o<

B

n

=~

1074}

1078 : : : : :
00 05 10 15 20 25 30

Mw

Fig. 1. Left: The eigenvalue A evaluated as the root of the exact formula (62) (solid curves) and that obtained
by the analytic expansion formula (4.18) in Ref. [14] for the scalar wave (s = 0) of m = £ and £ = 2 (blue),
4 (red), 6 (green) scattered by the Kerr—de Sitter black hole with a/M = 0.9 and AM? = 1073, Right: The
relative errors of the analytic expansion formula.

respectively. We shall see that the asymptotic solutions correspond to in/outgoing waves and are
consistent with the asymptotic form of the exact solution in terms of the local Heun function obtained
in Sect. 2. In Sect. 3.2 we exploit the asymptotic solution as the boundary condition, and write down
the coefficients for in/outgoing waves in terms of the connection coefficients for the local Heun
function.

For the following we omit the superscript (r) from the radial solution yl(lr )S for simplicity. Since we

do not discuss the angular solution y](la 2 below, no confusion should occur.

3.1. Asymptotic behavior

We can obtain the boundary condition by considering the asymptotic behavior of the radial equation
at the black hole and cosmological horizons, for which the Schrodinger form is useful. We employ
the tortoise coordinate r, defined in Eq. (13) as an independent variable, and transform the dependent
variable as

Vs = A2 + a®)2R;. (63)

We can then rewrite the radial Teukolsky equation (19) in the Schrédinger form

d2

— + V) Yy =0, (64)

(dr% )

with the potential
V() = : g Y
T a2+ a2 2
A ; 2 250
+ (1 +a)2(2 + a2)? 2is 2(1 + w)wr — eQ} — 51\1” Qs+ D +s(1l—a)—21
212 — g2 B r , ©5)
2 +a®?  r24a

The potential depends on the spin only via s? and is, except s(1 — «) — A, apparently. Actually, the
combination s(1 — ) — A is invariant under s — —s [40]. Hence, the potential (65) has a symmetry
V*.(r) = Vg(r), where z* is a complex conjugate of z. This implies that V,(ry) and V* ((r,) are two
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linearly independent solutions of the same differential equation (64). Therefore, if Ry = A=/ (> +
a*)~1/2)); is a solution of the radial Teukolsky equation, ATRY = A=S22 4 g3)~V nys is the
solution linearly independent to Rj.

The potential asymptotically approaches a constant value

V() A7 (Bi+5 T 66
(r) = — + —> , (r—rmp),
K 1+ O[)Z(I"i T az)z h 2 7) ( )
where we denote | = ry, v, = r/, and f;, = f(r;) for h = 1, 2. Consequently, the asymptotic
behavior of two independent solutions is given by

/

YVs(ry) > exp | £ A) (Bh + i) I (r — rp). (67)
(14 )7 +a?) 2 ’

From Eq. (14), at the vicinity of the horizon r or 7/, the tortoise coordinate behaves as

(1 + ) +d*)
i A
h

s Inlr—ry|, @& — rp). (68)

Using Eq. (68), we obtain

, (r—rp. (69)

A, | |‘mm
€X V. — |\r —r, ~
Pl avoei+ad)” "= 1Tar

Plugging Eq. (69) into Eq. (67) and multiplying A™5/%>(#? 4 a*)~!/2, we obtain the asymptotic
solutions of the radial Teukolsky equation

Ry(r) — ABr and ATBhS, r — ), (70)

where we have omitted proportional constants. One can check that for the SdS case the asymptotic
solutions (70) are €' and A ~Se~""* respectively.

3.2, Scattered waves

In general, the asymptotic behavior of a general solution R (r) is given by a linear combination of the
two asymptotic solutions (70). For the scattering problem, we focus on two independent solutions
Rin(r) and Ryp(7) that satisfy the following asymptotic behaviors [47]:

Rins(r) {fm“*ﬂ, = 2, an
in,s V) = £) AB inc) A —Ba—
CIrDOAB2  COIA=Br=s (),
D§up)ABl +D§ref)A_Bl_S, (7" — r+)’
Rup,s (r) — (trans) A B> , (72)
Dy AN (r—r)).

The physical meaning is transparent once combined with the time-dependent part e~'®’. The “in”
solution is defined by the boundary condition that there is no wave coming out from the black hole
horizon. On the other hand, the “up” solution is defined by the boundary condition that there is no
incoming wave from the cosmological horizon. Both boundary conditions are appropriate for the
classical picture of the horizons. Combined with two other solutions defined by

Rout,s = AR} Rdown,s = ARy, (73)

in,—s? up,—s?
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any two solutions among the four solutions (71)—(73) are linearly independent solutions for the same
radial Teukolsky equation. For the scattering problem, we mainly use Rj, s and Ryp .

In the definition of R, in Eq. (71) and Ryp s in Eq. (72) there are six coefficients. Not all the
coefficients are independent. Clearly, one can omit the overall factors as the degrees of freedom for
the normalization, but here we keep them for later convenience. On the other hand, we can derive
relations between coefficients for R, s and Ryp s as follows. From Eq. (19), for a set of two linearly
independent solutions R, Ry, it holds that

AW, Ry, R>] = const, (74)

where W,.[R1,Ry] = Rl% - %RZ- Plugging in (Ry,Ry) = (Rin,s, Rup,s) and (Rout,Sa Rup,s)> we
obtain

D§trans) Cs(trans)

w15 o (75)
Dg Cs
Dgtrans) _ C(_tgans)* ;
D§ref) — —I'g ngf)* s (7 )

where

_ N(@E)@B1+9)
CAN(DQ2By+9)

(77)

N

Note that F* ;| = F holds. The ratios between the coefficients Cy, Dy determine the scattering problem
and yield the S-matrix, reflection/transmission rate, and so on. Our aim in this section is thus to write
down the coefficients Cs, D using the exact solution in terms of the local Heun function given in
Sect. 2.

As we shall see below, the asymptotic behavior suggests that Ry (r), Rups(r) respectively
corresponds to yg2.¢(2), y11,¢(z), namely,

ROZ, ), r— ry),

Hins1) = { s ; (78)
Co1sR11s(r) + CoosR125(r), (r — 7)),
D1 sR D4R , — ),

Rupsr) = 1211 01,s(r) + D12,sRo2,5(r), (r rjr) 79
Ri1,5(r), r— 1),

where each Ry; ¢ is defined by Eq. (31) with the corresponding solution yj; s, with / = 0,1 and
i = 1,2. Note that here we are not using any approximation but using the exact relations (53) and
(56). Rins, Rup,s are given exactly by the local Heun functions at z = 0 and z = 1, and each two
expressions coincide with each other for the region where two disks of convergence overlap.

Using r — rj, =~ A(r)/ Aj, for r — r;, we obtain

z>AAF), (—0,r—ry), (80)
-z AA@), (- 1;r— r;), (81)
where
Zoo / Zoo(ry —7-)
A= p , = - NI (82)
(ry —r-)A'(ry) —(ry —r_)*A'(ry)
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With these relations and the asymptotic expansions (50) and (51), we see that the solutions (78), (79)
indeed satisfy the boundary conditions given in Egs. (71), (72), respectively.
Hence, we can express the coefficients C, Dy in Egs. (71) and (72) as

C" = Cop s (=D (1 =207 (1 = z00) ¥ H AP, (83)
D) = Dy (=12 (—2,) B3 (—zo0) T4, (84)
Cs(ref) — C21,s D§trans)

= Cors(—DP (1 — 25 (1 — zo0) 14", (85)
D§ref) — Dlz’scs(trans)

= D12 (— )P (=2,)3 (—zoe) ¥ AP (86)

For the scattering problem, the “squares” of the coefficients are important; these take the following
form without 4 and 4’

Cs(inc) C(_irslc)* = Cias Cikz,_s eZiﬂ(Bz+B3)(ZOO _ 1)2, (87)
C§ref)C£r§f)* _ CZl,scikl’_SeZin(Bz+B3)(Zoo — 1), (88)
Cs(trans) C(_tgam)* — e2iﬂ(B2+B3) Zc2>o , (89)
DEPDEY" = Dy DYy FTEABZ (90)
DIODID* = Dy DYy P EI o1
Dgtrans) D(_trsans)* — e2in(Bz+B3)(Zoo _ 1)2. (92)

In addition, from Egs. (75) and (76) we obtain the following relations:

Dus _ (2 =1\ (2 = 1\"7 (A (93)
C22,s Zy Zoo A 5

D —1)\?
*12,s =_(Zoo ) Fol (94)
Cot—s Zoo

Here we implicitly assume that Cyy ¢ and C;‘L_S are nonvanishing. If we consider Cy ¢ = 0, for
instance, then we should go back to Eq. (58) and see D11, = 0.

To summarize, we have solved the scattering problem exactly in the sense that we have expressed
the coefficients for the “in” and “up” solutions in terms of the connection coefficients between the
local Heun function, which is the exact solution of the Teukolsky equation. Our calculation does not
rely on any approximations such as the high-/low-frequency limit or slow-rotation limit. A specific
example is the WKB or eikonal approximation for the high-frequency regime, which is commonly
used in the literature. Such approaches with approximations are helpful to extract a simple intuitive
picture and formulae for a limited setup. On the other hand, our exact formulation actually provides
a simple expression without restriction of the parameter set. This allows us to use a simple and fast
computation to understand black hole physics, which we shall explore in Sect. 4.

4. Applications

In this section, we highlight several applications of the exact formulation of the scattering problem
in Sect. 3. We discuss the quasinormal modes in Sect. 4.1, the S-matrix and cross section in Sect.
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4.2, the reflection and absorption rates, greybody factor, and superradiant scattering in Sect. 4.3, and
the Green function in Sect. 4.4. Our exact formulation serves as a simple and fast computational
method with arbitrary high precision compared to the direct numerical integration of the Teukolsky
equation.

4.1.  Quasinormal modes

We can obtain QNM frequencies by requiring the regularity condition (62) on the angular part, as
well as the boundary condition on the radial part with a purely ingoing wave at the black hole horizon
r — ry and a purely outgoing wave at the cosmological horizon » — 7/, . Specifically, the condition
on the radial part is given by C, s = 0, i.e.,

W:lyo2.s,y11.5]1 = 0. 95)

From Eq. (58), this condition is equivalent to Dj;, = 0. It is also clear from Eqgs. (78) and (79)
that Rj, ¢ with C2 5 = 0 and Ryp s with Dyj 5 = 0 coincide with each other up to normalization.
For both cases one ends up with waves that satisfy the boundary condition for the QNM. Note
that, from the point of view of computational cost, the condition (95) is better than directly using

W, . .. . ..

Crn, = % = 0 as the condition, since we do not need to calculate the Wronskian in the
z P .S

denominator.

In parallel to the angular condition (62), the radial condition (95) also depends on w and A implicitly.
For a nonrotating black hole, we can plug in the eigenvalue > = £(¢£ + 1) — s(s — 1) and solve Eq.
(95) only to obtain the QNM frequencies with a root-finding algorithm. For a rotating black hole, we
obtain w and X by solving Egs. (62) and (95) simultaneously. The Wronskian is given by the exact
solution in terms of the local Heun function, which in practice we can calculate by using the built-in
function HeunG implemented in Mathematica 12.1 or later. This method gives us an arbitrary-
precision arithmetic for the QNM frequencies. As already shown in Ref. [43] for the Kerr—de Sitter
black hole, this method is quite fast, typically within O(1) second, and yields QNM frequencies that
are consistent with the results in the literature. Therefore, we do not repeat the calculation of the
QNM frequencies here. A caveat is that, to numerically find out the correct root, one needs to set an
initial value sufficiently close to the root.

Let us note some technical details. To optimize the calculation, one can choose the evaluation point
of the Wronskians either within the overlapping region of both disks of convergence for the local
Heun functions at z = 0 and 1, or outside but still near the overlapping region. While the radius of
convergence for ygy s 1s always 1 and does not depend on the parameters of the KNdS geometry or
scattered waves, this is not the case for y;; . Specifically, as one takes smaller AM 2 the radius of
convergence for y11,, becomes smaller. In such a case we find that z = 0.9 is a convenient choice
that yields a short computation time.

Let us note some differences from Leaver’s method [42]. Leaver’s method is one of the most
successful algorithms to calculate the QNM frequencies, and it is implemented in the Kerr—de Sitter
black hole in Ref. [41]. Both Leaver’s method and the above method yield QNM frequencies with
arbitrary high precision without any approximations, and there are the following qualitative differ-
ences. In Leaver’s method, one solves three-term recurrence relations associated with the angular
and radial equations in terms of infinite continued fractions. The boundary conditions determine the
eigenvalues and the QNM frequencies implicitly as roots of two equations containing infinite contin-
ued fractions. One should then truncate the continued fractions appropriately, and use a root-finding
algorithm. In principle this procedure allows one to obtain an analytic expansion formula. However,
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for high-precision computation one should take care with the convergence of the truncation. On the
other hand, for the root-finding procedure for Egs. (62) and (95), the ambiguities of the truncation
do not appear. One can control the precision of the QNM frequencies solely by the precision of the
calculation of the Wronskians. However, the Wronskians are calculated numerically and their ana-
lytic expressions are unclear. Therefore, the two arbitrary-precision arithmetics have complementary
advantages.

4.2.  S-matrix and cross section

By definition (71), the “in” solution Rj, s is the solution satisfying the boundary condition with the
purely ingoing boundary condition at the black hole horizon. We can then define the S-matrix Sy s(w)
as a ratio between the coefficients for the ingoing and outgoing waves at the cosmological horizon:

| C§ref)
Ses) = (=) = (96)
s

For numerical calculation, one can evaluate the S-matrix by numerically integrating the radial Teukol-
sky equation (64) by requiring the boundary condition. On the other hand, with the exact solution, we
can use Egs. (83) and (85) to obtain Cs(ref) / Cs(mc) = A/?Bats C21,5/Coo 5. Further, plugging Co1 5, Coo ¢

into Eq. (54), we obtain

SZ (a)) _ (_1)E+1A/282+s Wz[.VlZ,SayOZ,s] (97)
S - — .
W, [y02,Ssyll,s]

Again, this expression reduces the number of Wronskians and minimizes the computational cost.
This formula does not require numerical integration. We can obtain the S-matrix by calculating the
ratio of the Wronskians of the local Heun function.

Given the S-matrix, we can write down the differential cross sections and the scattering amplitudes,
which are defined through an infinite series of the partial wave expansion. In practice, one needs to
truncate the infinite series at some finite £,,x. However, it is known that a naive truncation of the
partial wave expansion introduces a numerical error, and hence special care is required [48]. The
situation is analogous to the computation of the Coulomb scattering series [49]. Since our main goal
in the present paper is to establish the analytic formulation of the wave scattering from black holes,
here we do not address this issue further.

4.3.  Reflection and absorption rates
We can express the conserved current of the scattered wave [50] in terms of the exact solution.
We shall see below that the exact formulation provides a simple formula for the reflection rate and
absorption (transmission) rate or the greybody factor.

As we explained above, R, and A™°R*  are linearly independent solutions of the same differential
equation (19). Plugging (R1,R2) = (Rins, A_SR;"H’_ o) and (Ryps, A_SRl’jp’_S) into Eq. (74) and
evaluating it at » — ;. and » — 7/_, we obtain

. . £ t
Cs(mc)c(_uslc)* _ Cs(ref)c(_rs ) +FSCS(trans) C(_gans)*, (98)
DI pUP* = peDpEiD* 4 pt plans plns, ©9)

These relations imply energy conservation [50]. While we do not specify the relative normalization
between the s and —s solutions, the normalization degrees of freedom do not enter if we write down
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the energy conservation in the form

C S(ref ) C (jgf )% C S(trans) C (jgans)*

(100)

N

C S(inc) C (_i;lc)* C S(inc) C (_irslc)* 4

(ref) ~(ref)x (trans) ~(trans)*
Ds " ’'D D D
== 1= s (101)

The physical meaning is transparent. The first term on the right-hand side of Eq. (100) indicates
the probability of the incoming wave being reflected by the black hole, whereas the second term
means the probability of the incoming wave transmitting the effective potential and falling into the
black hole. Therefore, the first and second terms yield the reflection rate Ry and transmission rate
7T,, respectively. Note that, in the context of black hole scattering, 7 is also called the absorption
rate since transmission through the effective potential means absorption by the black hole. Similar
logic also holds for each term on the right-hand side of Eq. (101). In particular, the second term on
the right-hand side of Eq. (101) is the greybody factor I'y, which is the probability of the outgoing
wave reaching the cosmological horizon. With Egs. (75) and (76), we can see that Eqgs. (100) and
(101) are equivalent. Namely, we can rewrite them as

Rs+ Ty =1, (102)
where
B Céref) C(_rgf)* B Dgref)D(_rif)* |
Rs = (inc) ~(inc)*x (up) y~(up)* 2 ( 03)
cimocln pP plr
B Cs(trans) Cgtgans)* . Détrans) Dgtrsans)* B
= S C§IHC) C—E?C)* = s —D§up)D(:1§)* = FS- (104)

The relation (104) guarantees that the absorption rate 7 coincides with the greybody factor T's.
Using the exact solution, we can derive the following simple expression:

. = VD2 y0] (Wz[ylz,—s,yoz,—s]>*
C T Walvoossyinsl \Welvoa,—sy11.—s1)

where we have used Egs. (96) and (97). The absorption rate is then given by 7, = 1—7R;. Alternatively,
from Egs. (87) and (89), we obtain

Zoo 2 1
T, =F; ( ) . (106)

Zoo — 1 C22,SC;2,_S

(105)

By virtue of Eq. (104), these formulae also allow us to calculate the greybody factor I'y.
In particular, for the scalar wave s = 0, the absorption rate can be written as

2
Zoo 1
To =F . 1

0 0 (Zoo - 1) |Cx0l? (107)

Therefore, the absorption rate can be negative if Fo = J(ry)/J (rjr) < 0 is satisfied. This is nothing
but superradiant scattering. The condition J(r}.) /J (+/.) < 0 can be rewritten as

eQr’ eQr

Tra - am + 5o 108
/2 2 w < 2 2 ( )
ry +a ry +a

am +
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Here we stress that we have obtained these formulae exactly without any approximations, e.g.,
the high-/low-frequency limit. Recalling that z, and Fy defined in Eq. (77) can be algebraically
obtained, the only necessary calculation that one needs to perform to obtain Eqgs. (105) or (106)
is the evaluation of the Wronskians between two local Heun functions at z = 0 and 1, which is
achievable within the overlapping region of the two disks of convergence. Furthermore, compared
to the calculation for the QNM frequencies in Sect. 4.1, the calculation for the reflection/absorption
rate does not require an initial value close to the solution.

In Fig. 2, we present the reflection rate R of the scalar wave with £ = 2,4, 6 by the SdS black hole
with AM?2 = 1073 as a function of Mw. We calculated R, for 0 < Mw < 1.7 with the sampling
mesh size A(Mw) = 0.02. The solid curves are the results obtained by the exact formula (105).
As a consistency check, we also calculated the reflection rate numerically using Mathematica. First,
using NDSolve with the method “StiffnessSwitching”, we numerically integrate the radial
Teukolsky equation in the Schrodinger form (64) with the ingoing boundary condition near the BH
horizon for ), which is the negative sign of Eq. (67). We then fit the behavior of the obtained wave
function for the large-r, region, where the effective potential converges as Eq. (66), by the asymp-
totic solutions and read off the coefficients for the in/outgoing waves. Here we use the asymptotic
solutions (67) in terms of the tortoise coordinate 7, rather than r since the frequency of oscillation
diverges in r space. Note that the numerical calculation is done with the default machine precision.
For the sake of clarity, let us note the specifications of our computer for the numerical calculation.
We use a Mac Pro with a 3 GHz, eight-core processor and the command ParallelTable is used
to get the list of data. For all the numerical calculations for the reflection rate in the present paper
(Figs. 2 and 3), we adopt the above method.

The results of the numerical integration are shown by dashed curves in Fig. 2 and are in good
agreement with the results of the exact formula shown by solid curves. While analytic calculations
known in the literature are valid under certain approximations such as high/low multipoles, our exact
formula is based on the exact solution without approximation and hence can be used for a wider
range of multipoles £. The result in Fig. 2 is also consistent with physical intuition since partial waves
with £ < €. are absorbed by black holes, where £, = 34/3Mw is the critical angular momentum.
This is because partial waves with the impact parameter ~ b. = £./w = 3+/3M are marginally
scattered at the vicinity of the peak of the effective potential.

There are several differences between the exact formula (105) and the numerical calculation. First
of all, the exact formula allows us to obtain the reflection rate with arbitrary high precision. One
can easily improve the precision by requiring higher precision for the root-finding algorithm. On the
other hand, for the numerical integration, it is more difficult to control the precision since one needs
to take account of several processes to solve the differential equation. For the above calculations,
the computation time for the exact formula is comparable to the numerical calculation. Specifically,
to obtain each curve in Fig. 2, it takes about 10 s for the numerical calculation without setting
PrecisionGoal in Mathematica (the machine precision) and about 20 s for the exact formula
with PrecisionGoal — 15, respectively.

For scalar waves (s = 0) scattered by the Kerr—de Sitter black hole (Q = 0, a/M = 0.9, AM? =
1073), we plot the reflection rate R of m = +¢ modes with £ = 2 in Fig. 3. For the eigenvalue
A, instead of solving the angular part, we use the analytic expansion formula [14] since the error
remains O(10~1)% for this setup, as shown in Fig. 1. We obtain the solid curves by using the exact
formula (105), and the dashed curves by numerical integration. The sampling mesh size is A(M w) =
0.01; i.e., we take 120 points in the range 0 < Mw < 1.2. We used PrecisionGoal — 15 for
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Fig.2. The reflection rate R for the scalar wave (s = 0) with £ = 2 (blue), 4 (red), 6 (green) by the SdS black
hole with AM? = 1073 obtained by the exact formula (105) (solid) and numerical integration (dashed).
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Fig. 3. Left: The reflection rate R, for the scalar wave (s = 0) of m = +¢ (blue) and m = —¢ (red) modes
with £ = 2 scattered by the Kerr—de Sitter black hole with a/M = 0.9 and AM? = 1073 obtained by the exact
formula (105) (solid) and numerical integration (dashed). Right: Close-up plot of the left panel to highlight
the superradiance. The dashed vertical line is the upper bound of the superradiant frequency (108).

the exact formula, and the default machine precision for the numerical calculation. Using Table to
list the data, the computation time to get each curve in Fig. 3 is 100 s for numerical calculation and
240 s for the exact formula. We see that the two results are in good agreement. The blue (red) curve
depicts m = £ (m = —{), corresponding to the case where the angular momentum of the black hole
and incident wave are (oppositely) aligned. The difference in the alignment causes the difference in
the critical impact parameter b, = ¢./w at which a transition occurs from absorption to reflection.

In the right panel of Fig. 3, we show a closer look of the left panel to confirm the superradiant
scattering for m = +¢£. Indeed, we can see that the reflection rate exceeds unity, shown by the
horizontal dashed line. For this parameter set, the condition (108) on the superradiant frequency
reads 6.23 x 10™% < Mw < 6.25 x 10~!. The vertical dashed line corresponds to the upper bound
of the superradiant freqeuncy, which is consistent with our calculations.

4.4. Green function

In this section, we construct the Green function for the wave scattering problem by a KNdS black
hole in terms of the local Heun function. We choose the KNdS black hole as the origin of the spherical
coordinate system (r, 6, ¢) with the rotation axis at § = 0. We assume a stationary point source,
whose spatial location is denoted by x5 = (g, ¥, ¢5), and the observing point atx = (r, ¥, ¢), where
¥ is related to the polar angular variable 6 of the spherical coordinates as ¢ = /2 — 6. Therefore,
¥ = 0 is the equatorial plane of the KNdS black hole. The relationship between these points and the
black hole is shown in Fig. 4.
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Fig. 4. The configuration of the wave scattering problem.

For the case where a spin-s wave is emitted by a stationary point source, the spatial part of the
Green function G(x,xs) can be expanded with the partial waves as

14

o
G.x) =D Y Gulr,r9)sSem(0)sSp, (0™ e, (109)
=0 m=—¢

where S¢, (6, @) is the modified spin-weighted spheroidal harmonics due to the presence of the
cosmological constant, which can be expressed by the local Heun function as given in Eq. (24).

The differential equation that the radial part G (r, rs) obeys can be derived from the master equation
for the spin-s wave with Dirac’s § function as the source term as

d d J>—isJN 2 N
AT E AT LT T i)’ — (s + D@s+ D 4 25(1— ) — & |Gelr )

dr dr A a
— S5(r —ry). (110)

As we discussed in Sect. 3, the homogeneous equation (19) can be exactly solved in terms of the local
Heun function, and satisfies the relation (74). Following the standard prescription, we can construct
the Green function by using the two linearly independent solutions and the constant (74), which is
given by

—A(ry)

Golrore) =
) = T, Ry Ren

{Rin(r)Rup(NO(r = r5) + Rin(NRup(r5)O (s = 1)}, (111)

where ©(r) is the unit step function. Here, we have chosen R;j, and Ry, given in Egs. (78) and
(79), respectively, as a suitable pair of independent solutions to the radial Teukolsky equation by
considering the boundary condition of the wave scattering problem by black holes. Note that we omit
the subscript s of R, s and Ry ¢ for the spin-s wave for simplicity. The denominator AT Ry, Rupl
is the constant given in Eq. (74), which should be evaluated at some r between . < r < 7/, or
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0 <z < 1. Plugging Eq. (111) into Eq. (109), we obtain the spatial part of the Green function as

G(x,xg)

14

_ i Z —A%(rs) {Rin(Vs)Rup(V)®(7 —7s) + Rin(r)Rup (r5) O (rs — ”)}
- A, [Rin, Rup)

=0 m=—1~
(112)

In particular, as mentioned in Sect. 2.2.1, for the scattering of scalar waves by a nonrotating black
hole, the angular solution is given by the spherical harmonics. In this case we can use the addition
theorem for the spherical harmonics:

m=4L

20 +
D Yim(0,9) Y}, (65, 95) =

1
Py(cosy), (113)
4

m=—¢

where the variable y represents the angle between source and observer, which is defined by
cos ¥ = cos 8 cos b + sin b sin 65 cos (¢ — @s). We then arrive at

Glrxy) — Z 20+ 1 =A°(rs) {Rin(r)) Rup(r) © (r — 75) + Rin (1) Rup () O (15 — 1)} Py (cosy).

=0 4w Astl W [Rin, Rup]
(114)

Let us check whether this formula reproduces the formula derived with asymptotic solutions of
scalar fields (s = 0) in Schwarzschild spacetime [51]. We use the rescaled radial function ) (63)
with @ = 0 and s = 0, and the tortoise coordinate r,. The relationship between the Wronskian for

R with respect to » and that for ); with respect to r, is then given by
AI/Vr[RinaRup] = Wr*[yina yup]- (115)

Plugging this into the Green function (114) yields

o

_ 20 + 1 yin(rs)yup(r)®(r —r) + yin(”)yup(”s)@(rs —7)
G(x,XS) o Z 47‘[7‘7‘5 Wr*[yinvyup]

Py (cosy), (116)
=0

which amounts to the Green function derived in Ref. [51].

Let us highlight several differences between the exact Green function (112) and the analysis
performed in Ref. [51]. First, in Ref. [51] the Green function (116) was evaluated by substituting the
asymptotic forms of the radial function corresponding to Egs. (71) and (72). However, in that case
the sum over the partial waves does not converge due to 1/ behavior of the gravitational potential.
This issue originates from the use of the asymptotic solutions. Indeed, in Ref. [51], the convergence
issue was circumvented by adding a finite-distance correction to the asymptotic solutions, which
play the role of regulator for the partial wave sum. In contrast, for the exact Green function (112),
there is no convergence issue intrinsically. This is because the exact Green function does not rely on
the asymptotic solution or approximations, and inherits finite-distance effects at nonlinear order.

Second, in Ref. [51], it is assumed that both the source and observer are located at a sufficiently
distantr /M, rs/M > 1,butare finite points so that one can substitute the asymptotic solution with the
correction term into the Green function. Furthermore, the wavelength of the scalar wave is restricted
to the short-wavelength case Mw >> 1 to evaluate the phase shift within the WKB approximation.
A small deflection angle (9 ~ 0, ¢ ~ 0) was additionally assumed to obtain a simple formula. In
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contrast, in our formulation there is no approximation and no restriction on the scattered wave and the
configuration of the source and the observer since the radial functions Ry, /up represented in terms of
the local Heun function are the exact solution to the radial Teukolsky equation. Moreover, our Green
.4, 1,3,
Sitter background and those for spin 0, % massless fields on the KNdS background. Therefore, the

function (109) applies to a more general case, i.e., spin 0 2 massless fields on the Kerr—de
Green function (112) is the most general exact formula for wave scattering by a KNdS black hole.

In Fig. 5, we present the power spectrum, i.e., the absolute square of the Green function (114)
measured at » = 20M for forward scattering by the SdS black hole with AM? = 1073 of scalar
waves emitted from the source located at (rs, U5, ¢s) = (6M,0, 7). To obtain the power spectrum,
we evaluate Rj /yp in the following two ways: First, we employ the exact solution (78), (79) in terms
of the local Heun function with PrecisionGoal — 25, which is shown as solid red curves in
Fig. 5. On the other hand, the power spectrum obtained by the numerical integration is shown by
dashed blue curves. For the numerical integration, here we improve a similar calculation performed
in Ref. [52]. In Ref. [52], the WKB approximation was partially employed, but here we do not use
the approximation. Here, to obtain Rj, up, we numerically integrate the differential equations (64)
and (13) with the boundary conditions (71) and (72). We choose the location to impose the boundary
conditions sufficiently close to each horizon, and confirm that the results are almost unaffected
by some change of the location. Specifically, we start the numerical integration with the purely
ingoing boundary condition as the initial condition at a nearby point of the black hole horizon
ri/M = ri /M + 107% ~ 2.0027 and solve the radial equation towards the source point rs/M = 6,
whereas, for Ry, the radial equation is solved with a purely outgoing boundary condition from a
point near the de Sitter horizon r¢/M = r/, /M — 0.74 ~ 53 to rs/M = 6. Then, substituting these
solutions into Eq. (114), the Green function is obtained. To get both results, we truncate the partial
wave sum at {max = 8Mw + 6, which we find yields a good convergence. As shown in Fig. 5, the
two curves are in good agreement. The computational time to obtain the curves in Fig. 5 is about
30 min for the exact formula and 1 min for the numerical integration. While the exact formula
takes longer, note that the numerical integration here does not have high precision. Actually, the
numerical result matches the exact result up to three digits only. To improve the numerical result,
one needs to choose the location for the boundary condition closer to each horizon, and to require
higher precision for the root-finding algorithm and the differential equation solver. For instance, if
we take re/M = rjr /M — 10~°, the numerical result matches the exact result up to five digits, and
the computational time is 3 min in this case. It would thus be fair to say that the exact formula serves
as a simple calculation method with high precision. It allows an arbitrary high-precision calculation
and it is easier to control the precision without numerically solving the differential equation.

For exact forward scattering with (r, %, ) = (20M, 0, 0) in the left panel of Fig. 5, the behavior
that |G|? increases linearly stems from the property of the caustics at the forward position of the
present scattering problem, which will diverge for Mw — oo. The period of oscillation on the
linear growth reflects the scale of the peak of the effective potential. This corresponds to the position
of the unstable circular photon orbit in the geometrical optics limit, and is evaluated as M Aw ~
1/(3+/3) ~ 0.2 for AM? < 1. On the other hand, for the case of the slightly off forward scattering
with (r, 9, ¢) = (20M,0,7/10) in the right panel of Fig. 5, there is one more oscillating scale with
a longer period. This originates from the breaking of the symmetry of the relative relation of the
source—black hole—observer positions, which causes interference due to the difference of light ray
paths in the limit of the geometrical optics.
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Fig. 5. The power spectrum of the scalar wave s = 0 emitted from the source at (7, ¥, ¢;) = (6M,0, ) and
scattered by the SdS black hole with AM? = 1073, The observer is located at the exactly forward direction
(r,0,¢9) = (20M,0,0) (left) and slightly off forward direction (r, ¢, ¢) = (20M, 0,7 /10) (right). The Green
function (114) is obtained by the exact solution in terms of the local Heun function (solid red) and the numerical
integration of the radial Teukolsky equation (dashed blue), respectively.

0.0012
0.0010
0.0008
~ 0.0006
0.0004
0.0002
0.0000

G|?

S O
5 10 15 20 25 30
© [degree]

Fig. 6. Angular dependence of the absolute square of the exact Green function (114) for the scattered scalar
waves for fixed frequency Mw = 7, 4, 1 with (r,9) = (20M,0) and (r;, 95, @s) = (6M,0, ).

As another demonstration, we present the angular dependence of the absolute square of the scattered
scalar wave for fixed frequency Mw = 7, 4, 1 in Fig. 6. As expected, it shows a peak at ¢ = 0 and
decays with oscillations depending on the fixed frequency. We see that our exact formula is valid for
a wide range of the azimuthal angle.

We have provided several examples of scalar wave scattering by the SdS black hole with a small
cosmological constant and compared the results with previous works. Since the main goal of the
present paper is to establish the formulation, we have avoided to present too many specific calcula-
tions. However, our formula (112) is quite general and applies to the wave scattering of the spin-s
field from the KNdS black hole. We will investigate the details of several observables in wave optical
gravitational lensing for a more general case in future work.

5. Conclusion

In this paper we have established the exact formulation for the wave scattering problem by the KNdS
black hole. We consider the propagation of a massless field with spin and charge on the KNdS
background. The Teukolsky equations for spin 0, %, 1, %, 2 fields on the Kerr—de Sitter background
and those for spin 0, % fields on the KNdS are separable and take the unified form. Here, the spin
0 field corresponds to a scalar field conformally coupled to gravity. Transforming the angular and
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radial Teukolsky equations into Heun equations, we can write down the exact solution in terms of the
local Heun functions at regular singular points. For the angular solution, we can impose the regularity
condition by requiring the linear dependence of the local Heun functions. For the radial equation,
with the appropriate transformation, we can respectively map the black hole horizon » = r; and
the cosmological horizon » = #/_into z = 0 and 1, and discuss the scattering problem within the
range 0 < z < 1. For this setup, there exists an overlapping region of the two disks of convergence
of the local Heun functions at z = 0 and 1, and we can discuss the scattering problem. We can
write down the “in” and “up” solutions, which satisfy certain boundary conditions, in a fully analytic
way without any approximations. We have expressed the coefficients for the asymptotic in/outgoing
waves exactly in terms of the connection coefficients for the local Heun functions at z = 0 and 1,
which are given as the ratio of the Wronskians of the local Heun function. Once the coefficients are
obtained exactly, we can write down various important quantities for black hole scattering exactly.

We have highlighted several applications of our exact formulation. It has already been shown in
Ref. [43] that the local Heun function is a powerful tool to calculate the QNM frequencies for the
Kerr—de Sitter black hole with arbitrary high precision. Given a sufficiently close initial value as an
input, one can obtain the QNM frequencies very quickly. We have generalized this result to the KNdS
geometry and provided arbitrary-precision arithmetic for the KNdS QNM frequencies for spin 0, %
massless fields for the first time. We can also write down the S-matrix, with which the differential
cross sections and the scattering amplitudes can be written down. Further, we have explored the
conserved current for the scattering problem in terms of the exact solution, and derived simple
formulae for the reflection/absorption rate and the greybody factor (see also Ref. [53] for a recent
study on the greybody factor and Hawking radiation for the Kerr—de Sitter black hole in this context).
We have checked the consistency between the results obtained by our exact formula and numerical
integration, and clarified the efficiency of our formula for the reflection rate in comparison with the
numerical integration. Finally, we have constructed the Green function for the wave scattering from
the KNdS black hole. We have calculated the power spectrum as the absolute square of the Green
function to see the frequency dependence of the forward and slightly off forward scattering, as well
as the angular dependence for the fixed frequency waves. They are consistent with the numerical
results as well as the previous results in the literature, where some approximations were employed.

Our exact formulation of the wave scattering from the KNdS black hole provides simple and prac-
tical formulae, which are arbitrary-precision arithmetics. Unlike known (semi-)analytic calculations
in the literature, we do not use any approximations. There is no restriction on parameters such as
the frequency of the scattered waves, or the relative locations of the source of the waves, black hole,
and observer. The exact formulae predict the scattering problem with arbitrary high accuracy. While
we have highlighted several specific applications, it would be intriguing to apply our formulation to
more general cases or other observables. We leave these topics for future work.
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