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Abstract

In this article, we study polycyclic codes over the ring R = Fy[v]/(v? — 1), where g = p™
with p being an odd prime. First, we introduce polycyclic codes and sequential codes
over R, and characterize the structural properties of these polycyclic codes. Next, we
analyze the Euclidean dual codes, annihilator dual codes, annihilator self-orthogonal codes,
and annihilator linear complementary dual (LCD) codes associated with this family of
codes. Finally, some asymmetric entanglement-assisted quantum error-correcting codes
(AEAQECC:sS) are constructed from polycyclic codes over R. Moreover, the parameters of
our AEAQECCs are new in the existing literature.

Keywords: polycyclic codes; euclidean dual codes; annihilator dual codes; AEAQECCs

MSC: 94B05; 94B15

1. Introduction

A cyclic code of length 1 over a finite field IF can be regarded as an ideal of the quotient
ring Flx]/(x" —1). It is natural to replace x" — 1 with some other monic polynomial
f(x); the ideals of the qotient ring F[x|/(f(x)) also form a code, called a polycyclic code.
Therefore, polycyclic codes are a generalization of cyclic and constacyclic codes. In 1972,
Peterson introduced pseudo-cyclic codes [1]. Later, Lopez-Permouth et al. [2] redefined
this kind of code from the point of view of linear algebra and called them polycyclic codes.
There are many papers on polycyclic codes over finite fields and rings, such as [3-11].

We now briefly survey the recent advances in this area. Most recently, Karbaski and
Abualrub et al. introduced polycyclic codes over the finite field F4 in [12]. Hassan et al. [13]
analyzed the algebraic structure of quasi-polycyclic codes over [F;. Due to the rich algebraic
properties of codes over non-commutative rings and the greater flexibility in considering
multiple possibilities, skew polycyclic codes have been used to produce new and better
error-correcting codes and quantum codes. Patel et al. [14] and Yadav et al. [15] conducted
a systematic investigation of skew polycyclic codes and their duals, while Bag et al. [16]
performed an in-depth characterization of the algebraic properties and generator structures
of skew quasi-cyclic codes over .

Quantum error-correcting codes, built upon stabilizer theory, enabling error detection
and correction via the construction of code spaces with specific algebraic structures [17],
are a critical tool for mitigating decoherence in quantum computing and communication.
Among these, entanglement-assisted quantum error-correcting codes (EAQECCs)—a core
technology for the reliable transmission and storage of quantum information—represent a
major breakthrough in this field. Brun et al. [18] first proposed EAQECCs in 2006, which
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incorporate pre-shared entangled resources and which can effectively suppress the effects
of decoherence and quantum noise on quantum information. Using algebraic methods,
researchers have constructed a large number of novel EAQECCs based on various clas-
sical codes [19-24], thereby driving the rapid advancement of this field. Previous work
on the construction of EAQECCs has centered on symmetric quantum channels. Never-
theless, the inherent asymmetric nature of errors in practical quantum systems imposes
constraints on the utility of such codes [25]. This practical limitation has motivated the
transition of research focus from symmetric to physically relevant asymmetric channels,
thus paving the way for the investigation of asymmetric entanglement-assisted quantum
error-correcting codes (AEAQECCs). Galindo et al. [26] derived explicit parameters for
AEAQECCs constructed from BCH codes, whereas Liu et al. [27,28] presented two distinct
construction strategies: one based on matrix-produced codes derived from constacyclic
codes, and another that yields three new families of AEAQECCs with improved parame-
ters via Vandermonde matrices, extended generalized Reed—Solomon (GRS) codes, and
cyclic codes.

Compared to finite fields or chain rings, non-chain rings provide a richer algebraic
setting, which can offer additional design freedom for code constructions. Moreover, for
many such rings there exist Gray maps that relate ring-linear codes to classical codes
over finite fields while preserving useful structure. Focusing on the finite non-chain
ring R = F,[0]/(v® — 1), we are motivated by the notion of (-linear complementary
pairs (£-LCP) over I, introduced in [29] for EAQECC constructions, and we extend the
{-LCP notion to codes over R. In contrast to [29], we employ ¢-LCP codes over R to
construct AEAQECC s, rather than EAQECCs. Motivated also by recent chain-ring-based
entanglement-assisted quantum code constructions [30], we investigate polycyclic codes
over R as a concrete class of ring-linear codes with useful /-LCP properties. In particular,
the parameter families reported in Section 5 (see the parameter summary and comparisons
therein) compare favorably with representative chain-ring-based constructions, indicating
practical advantages of working over R in these regimes and illustrating the flexibility of
our generalized framework.

The main contributions of this paper are summarized as follows:

1.  We determine the algebraic structure of polycyclic codes over R.
We provide a detailed description of the annihilator dual codes, annihilator self-
orthogonal codes, and annihilator LCD (linear complementary dual) codes of poly-
cyclic codes over R.

3. We construct some new AEAQECCSs (asymmetric entanglement-assisted quantum
error-correcting codes) from (¢, A)-LCP (linear complementary pairs) of polycyclic
codes over R.

This paper is organized as follows: In Section 2, we review basic notations and
fundamental concepts. In Section 3, we introduce polycyclic codes over R and analyze
their structural properties. In Section 4, we define and discuss the annihilator dual codes of
polycyclic codes over R. In Section 5, AEAQECCs are derived from (¢, A)-LCP of polycyclic
codes over R.

2. Preliminaries
2.1. Notations
We fix some notations used in the sequel unless otherwise stated.

e g =p", where pisan odd prime and m > 1.
* [, The finite field with g elements.
¢  [Fj: The multiplicative group of nonzero elements in Fy.
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e dimg(C): The dimension of the linear code C over R.

®  0: The zero vector (0,0,...,0) € R™.

e e: The vector (eg,e1,...,6,_1) € R™.

e ¢;: The vector (egj, €1, ...,64-1) € Fj fori=1,2.

e v': The transpose of the vector v.

* R, = R[x]/(x" —e(x)): The quotient ring used to represent e-polycyclic codes of
length 1 over R.

e R The set of all vectors of length n over the ring R.

e  C*: The Euclidean dual of C.

®  (C°: The annihilator dual of C.

e (-LCP: The /-linear complementary pair.

¢ LCD: The linear complementary dual.

e (w,v): Euclidean inner product on R".

*  (wW,V)e: Annihilator product of w and v.

2.2. Some Results on Linear Codes over R

Let g = p™ with p being an odd prime, and let R = F,[0]/ (v* — 1), where v denotes the
residue class of the indeterminate v in the quotient ring, so that v> = 1in R. For convenience,
we write R = F; + vFF;. Then, every element of R can be written uniquely as a + bv with
a,b € F,. Since char(F;) # 2, wehavev—1# v+1land (v—1)(v+1) =0v*-1=0;
hence, v — 1 and v + 1 are non-zero zero divisors. Therefore R is not an integral domain.
Moreover, by the Chinese Remainder Theorem, we obtain

R2=F,[0)/(v—1) ©F,[0]/(v+1) = F, & F,.

Consequently, R has at least two distinct maximal ideals, and therefore R is a non-chain
ring. Let; = 5% and 5, = 32, It is straightforward to verify that these elements
satisfy n? = 5; fori € {1,2}, in7; = 0 for i # j, and 11 4+ 172 = 1. Therefore, we have
the decomposition R = #1R @ 72R. In particular, every element » € R admits a unique
representation as r = 1171 + 1212 with 1,72 € F, (indeed, for r = a + bv, one may take
rm=a—bandr, =a+0b).

Let M be a 2 x 2 square matrix over F, satisfying MM = kI, where M denotes the
transpose of M and k € Fj. We first define a Gray map ¢ : R — Fé by ¢(r) = (r1,12) M for
r =111+ 12r2 € R. This map is Fy-linear and can be extended component-wise to a map
on R" as follows:

®: R" — F7"
(CO/ C]/ L /Cn—l) = (¢(C0)/ ¢(Cl)/ e /4)(C1’Z—1))/
where for each j € {0,1,...,n =1}, ¢; = nicj1 + 112¢j2 with ¢j1,¢jo € Fy and ¢(cj) =
(cj1,cj2) M.

The Gray weight of an element ¢ = (co,c1,...,¢,—1) € R" is defined as the Hamming
weight of its extended Gray image, i.e.,

n—1
wig(c) = Z%) wir (¢(c))), ey
j=

where wtg (¢(c;j)) denotes the Hamming weight of ¢(c;).

A non-empty subset of R" is called a code of length n over R, denoted by C. If C is an
R-submodule of R”, then C is referred to as a linear code of length n over R. Throughout
this paper, all codes C are assumed to be linear.
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Let C be a linear code, and let w, v € C be two codewords. The Gray distance between
w and v is defined as dg(w, v) = wtg(w — v), where wtg denotes the Gray weight defined
in Equation (1). The minimum Gray distance of C is given by

dg(C) = min{wtg(c) | 0 # c € C}.

A linear [n, k, d] code is Maximum Distance Separable (MDS) if its minimum distance
attains the Singleton bound d = n — k + 1.

Lemma 1. Let ® be the Gray map defined above. Then,

1. ®isan Fy-linear, distance-preserving map from R" (Gray distance dg) to Fg” (Hamming
distance dy).

2. IfCisan (n, M,dg) linear code over R, where M denotes the number of codewords in C, then
®(C) isan [2n, logq(M), dy] linear code over IF,,.

Proof. The proof follows a similar argument to that of Lemmas 1 and 2 in [31]. O
For a linear code C over R, we define the following
Cy = {a € IF;‘ | 3b € FZ such that 71a + b € C},
C = {b € F! | 3a € F! such that 71 + 12b € c}.

It is straightforward to verify that C; and C; are linear codes of length n over F;. Further-
more, the linear code C admits a unique decomposition as C = 17;C; @ #2Co. Let G and
G, denote the generator matrices of C; and C; over [y, respectively. Then the generator
matrix of the Gray image ®(C) is given by

Letv = (vg,v1,...,0,-1) and w = (wp, w1, ..., w,_1) be elements of R". The Eu-
clidean inner product on R" is defined as

n—1
<W,V> = 2 ZU]‘U]',
j=0
where the product w;v; is computed in the ring R. The Euclidean dual code C L of a linear
code C over R is defined as
Ct ={veR"|(w,v)=0forallw ¢ C}.

In [29], Liu et al. introduced ¢-linear complementary pairs (¢-LCP) of codes over the
finite field IF;. Next, we extend this definition to the ring R.

Definition 1. Let C and C' be two linear codes of length n over R. If dimg(CNC') = ¢ and
C+ C" = R", then we call such (C,C") an {-linear complementary pair ((-LCP) of codes over R.

The next lemma characterizes ¢ -LCPs in terms of code dimensions.

Lemma 2. Let C and C' be two linear codes of length n over R. Then (C,C") is an ¢-LCP of codes
over R if and only if dimg (C) 4+ dimg(C’) = n + £ and dimg (C + C’) = n.
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Proof. Itis clear that
dimR(C + C/) = dimR(C) + dimR(C’) - dimR(C N C/).
By Definition 1, (C,C’) is an ¢-LCP if and only if dimg (CNC’) = fand C + C' = R", ie,,

dimR(C N C’) = dimR(C) + dimR(C') — dimR(C + C/) =/,
dimg(C+C') =n.

Thus, dimg(C) + dimg(C’) = n + £. Therefore, the conclusion holds. [

3. Polycyclic Codes over R

In this section, we introduce the definitions of polycyclic codes and sequential codes
over R. Furthermore, we provide some relevant results of polycyclic codes, including their
structure and Euclidean dual codes.

Definition 2. Let C be a linear code of length n over R. If there exists a vector e =
(eg,€1,--.,en—1) € R" such that for any ¢ = (co,c1,...,¢y-1) € C,

Te(c) = (0,c0,¢1,---,cn2) +cn_1(eg, €1,...,5_1) € C,
then C is said to be an e-polycyclic code of length n over R.
In this paper, we always assume that ey is a unit in R.

Definition 3. Let C be a linear code of length n over R. If there exists a vector e =
(eg,e1,--.,en—1) € R" such that for any ¢ = (co,c1,...,¢cn-1) € C,

Se(C) = (Cl, ee.,Cp_1,C0€0 +C161 + ...+ Cnflenfl) eC,
then C is said to be an e-sequential code of length n over R.

We consider the quotient ring R, = R[x]/(x" —e(x)), where e(x) = Z?:_Ol eix! € R[x].
There exists a natural R-module isomorphism between R" and R;;, which maps a vector
¢ = (co,...,cy—1) to the polynomial c(x) = Z?;Ol cix' € Ry,. Under this correspondence,
we state the following result.

Lemma 3. A linear code C of length n over R is an e-polycyclic code if and only if C is an ideal of R,,.

In the sequel, we identify each e-polycyclic code of length n over R with its corre-
sponding ideal in R,,. Let e = (eg,ey,...,€,-1) € R", where each component ¢; admits
a decomposition ¢; = #1¢j1 + 12¢j2 for j = 0,1,...,n — 1. We may thus express e as a
linear combination: e = 71e; + 172ey, where e; = (eg,e1,i,...,€,-1,) € Fj fori = 1,2.
For brevity, we retain the notations e and e; to denote the vectors (eg, ey, ...,e,-1) and
(eois€1is---,en—1;), respectively, throughout the remainder of this paper. Below, we estab-
lish several fundamental results concerning e-polycyclic codes over R.

Theorem 1. Let C = 11Cy @ 12Cy be a linear code of length n over R, where 111,12 € R satisfy
m+m=114%=n,u3 = and yiny = 0. Then,

1. Cisan e-polycyclic code over R if and only if each C; is an e;-polycyclic code over IFy;

2. Cisan e-sequential code over R if and only if each C; is an e;-sequential code over .
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Proof. The proof of 1. is given below; that of 2. is analogous.

Assume C is an e-polycyclic code over R. For any ¢ = (co,c1,...,c4-1) € C,

since C = 11C; @ 112Cy, there exist unique vectors a = (ag,ay,...,4,-1) € C; and

b = (bo, by,.. .,bnfl) € C,, such that Cj = M14; + }72b] for allj =0,1,...,n—1. Using
the decomposition ¢; = #71¢j,1 + 772¢j2 and the idempotent properties of 771, 172, we obtain

cn1€j = (Man—1+ 12bp—1) (1ej1 +12¢j2) = Mman—1ej1 + n2bn_1€j2.

By Definition 2, Te(c) € C. Combining the decompositions ¢ = 772+ ;b and e =
n1e1 + 12e; with the idempotent properties of 771 and 75, we derive

Te(c) = mTe (a) + 12Te, (b).

From the direct sum decomposition C = 1;C; @ 17,C;, we conclude that Te, (a) € C;
and Te,(b) € Cy. Since a € C; and b € C; are arbitrary, C; and C; are respectively
e1-polycyclic and ez-polycyclic over Fy.

Conversely, let C; be e;-polycyclic. For any ¢ = ja+ b € Cwitha € C;, b € Gy,
we compute

Te(c) = mTe,(a) + 12Te, (b) € 1Cy +1712C2 = C,

since T, (a) € C;. Hence, C is e-polycyclic. O

Theorem 2. Let C be an e-polycyclic code over R. Then, its Euclidean dual code C* is an
e-sequential code over R.

Proof. Let v € C*. Since C is e-polycyclic, then Te(w) € C for every w € C. Asv € C*,
we obtain

n—2 n—1
0= (Te(w),v) = Z Wjvj 1+ Wy—1 Z ejv; = (W, Se(V)),
j=0 j=0

which implies Se(v) € C*. By Definition 3, C* is an e-sequential code over R. [

In [32], Ge et al. established the structural properties of polycyclic codes over [F;. These
results can be naturally extended from finite fields to general finite rings. For completeness,
we first recall the key result over [F,: if f(x) € [F;[x] is a monic polynomial of degree n > 1,
then every non-zero ideal C of the principal ideal ring F;[x]/(f(x)) corresponds to an
e-polycyclic code of length 1 over F; (where f(x) = x" — e(x) for the associated vector
e). Moreover, there exists a monic polynomial g(x) € F;[x] such that C = (g(x)) and

8(x) [ f(x).

Theorem 3. Let C = 171Cy @ 172C; be an e-polycyclic code of length n over R. For eachi = 1,2,
let C; = (gi(x)) be the ideal of Fy[x]/ (x" — e;(x)) corresponding to the e;-polycyclic code C; over
IFy, where g;(x) € Fy[x] is a monic polynomial with g;(x) | (x" — e;(x)), and e;(x) € F,[x]
denotes the polynomial representation of e;. Then, there exists a unique monic generator polynomial
g(x) = mgi(x) +m2g2(x) € R[x] such that C = (g(x)) and g(x) | (x" —e(x)), where
e(x) = n1e1(x) + mea(x) € R(x] is the polynomial representation of e.

Proof. Since C = 1;C; @ 172Cy and C; = (g;(x)), every codeword has the following form:

c(x) =mp1(x)g1(x) +12p2(x)g2(x) = (m1p1(x) +172p2(x)) (11181(x) +77282(x) ) = p(x)g(x),
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where 73 = 171, 173 = 112, and 71772 = 0. Thus, C = (g(x)). Moreover, since g;(x) | (x" — ¢;(x)),
write x" —e;(x) = h;(x)g;(x), for i = 1,2. Define h(x) = #1h1(x) + 1212 (x). Then,

h(x)g(x) = (x" —e1(x)) +12(x" —ex(x)) = x" (1 +172) — (€1 (x) +12e2(x)) = " —e(x),

as 11 + 12 = 1. Hence, g(x) | (x" —e(x)). Uniqueness follows from the uniqueness of g; (x)
and g»(x) and the orthogonal decomposition R = ;1R @ 1R, O

4. Annihilator Dual Codes of Polycyclic Codes

From Theorem 2, the Euclidean dual of an e-polycyclic code over R is an e-sequential
code. As shown in [2], such codes are polycyclic only if they are constacyclic, implying
that the Euclidean dual generally fails to preserve the e-polycyclic structure. To maintain
structural consistency, we adopt the annihilator duality framework of Alahmadi et al. [3],
which preserves the e-polycyclic property. This allows us to naturally define self-orthogonal
and linear complementary dual (LCD) codes within the same algebraic setting.

In this section, we define and investigate the annihilator dual codes of e-polycyclic
codes over R.

Definition 4. Let w,v € R", and let C be an e-polycyclic code of length n over R. Denote by
w(x),v(x) € Ry, = R[x]/(x" — e(x)) the polynomial representations of w, v.

1. The annihilator product of w and v is defined as follows:

(w,v)e = {w(x)o(x)}.(0),

where {w(x)v(x)}, denotes the unique remainder polynomial of w(x)v(x) modulo (x™ —
e(x)), ie, {w(x)v(x)}, = r(x) € R[x] such that w(x)v(x) = r(x) (mod x" —e(x)) and
deg(r(x)) <n—1.

2. The annihilator dual code C° of C is defined as follows:

C°={veR"|(w,v)e=0forallw e C}.

An e-polycyclic code C is called annihilator self-orthogonal if C C C°, and annihilator LCD
ifCnce ={0}.

Lemma 4. Let w,v € R". Then the annihilator product (-, -)e is a non-degenerate symmetric
R-bilinear form.

Proof. We verify the properties of (-, -). in three steps: R-bilinearity, symmetry, and non-
degeneracy.
R-bilinearity: Let u, w,v € R" and k1, k, € R. By Definition 4, it is straightforward that

(k1u + kow, v)e = 1(0) = k171 (0) + koro(0) = k1(u, v)e + ko (W, V)e.

A similar argument applies to the second argument. Thus, (-, -). is R-bilinear.
Symmetry: Since R is commutative, then

(w,v)e = {w(x)v(x)}(0) = {v(x)w(x)}(0) = (v, W)e.

Hence, the annihilator product is symmetric.

Non-degeneracy: A bilinear form is non-degenerate if (w,v)e = 0 for all v € R"
implies w = 0. Let w(x) = Z?;Ol w]-xf and assume (w,v)e = 0 for all v € R". We show
w; = 0 for all j by induction. For j = 0, take v(x) = 1. Then, (w,v)e = w(0) = wg = 0.

https://doi.org/10.3390/axioms15020110
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Assume wy = - - - = w;_1 = 0 for some t > 1, so w(x) = x'w(x) with @(x) € R[x]. Since ¢,

is a unit in R, define
t
112 Co1
o(x) = | —— ) ¥ + —x"1 .
€0 2o €0

By construction, x'v(x) =1 (mod x" — e(x)), so

Hence,
0= (w,v)e =@(0) = w,

which completes the induction. Thus, w = 0, and the form is non-degenerate. [

Lemma 5. Let C be an e-polycyclic code of length n over R. Let A = ((€;, €j)e)1<ij<n, Where
€; € R" is the standard basis vector with one in the i-th position and zero elsewhere. Define
C-A={cA|ceC}. Then C° = (C-A)L, where (-)* denotes the Euclidean dual code.

Proof. Letw = (wp, wy,...,wy_1) and v = (vg,v1,...,v,_1) € R". Since {e1,¢€y,...,€4}
is an R-module basis of R", we can write w = 27:_01 wj€jy1 and v = ZZ;& Uk€ks1. By
Lemma 4, (-, -) is a symmetric R-bilinear form, so we expand the annihilator product

as follows:
n—1 n—1 n—1
(W,V)e = ) wivg(€ji1,€1)e + Y, wijv1(€j11,€2)e + Y Wivu_1(€j41,€n)e
=0 =0 =0

:(WOI wl/ e /w}’lfl)A(’UO/ Ul/ o /U'rlfl)—r
—wAv' = (WA, V).

By Definition 4, we obtain
C°={veR"|(wA,v)=0forallw € C}.

By the definition of the Euclidean dual code, the right-hand side is exactly (C - A)*.
Thus, C° = (C- A)*+. O

Theorem 4. Let C = 111Cy @ 112Cy be an e-polycyclic code of length n over R. Then C° =
My ® 1263

Proof. Let A be the matrix of the annihilator product defined in Lemma 5. By the idempotent
decomposition of R, A = 171A1 & 112A2, where each A; is an n X n matrix over Fy.
By Lemma 5, C° = (C - A)*. Substituting the decompositions of C and A, we obtain

C-A=(mCi@mC)- (mA ).
Using the idempotent properties 177 = 111, 73 = 17, and 77177, = 0, this simplifies to
C-A=1n(C1A1) ®n(CrAy).
The Euclidean dual of a direct sum is the direct sum of the Euclidean duals, thus,

(C-A)F = 111(C1AN) " @ 12(CrAL) ™.

https://doi.org/10.3390/axioms15020110
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By Lemma 5, (C;A;)* = C?, and so
C° =n1C] @ 1mCs5.
This completes the proof. [

Theorem 5. Let C = 171Cy @ 112C; be an e-polycyclic code of length n over R. Then,

1. Cis annihilator self-orthogonal if and only if both Cy and C, are annihilator self-orthogonal
over IE‘q ;
2. Cisannihilator LCD if and only if both Cy and Cy are annihilator LCD over .

Proof.

1. Assume C is annihilator self-orthogonal, so C C C°. By Theorem 4, C° = 1;C] ® 12C3;
hence,
M€ ®1C €My & mGy.

Multiplying both sides by 71, we obtain 17;C; C #1CY. Since 171C; and 71 CY are disjoint
from 7, R", this implies C; C C7. Similarly, multiplying by #, results in C; C C3.
Thus, C; and C; are annihilator self-orthogonal.

Suppose C; € C{ and C; C C3. Then, 71Cy € 71C] and 172Cy C 12C5, so their direct
sum satisfies the following:

11C1 @ 112C2 € 171C] @ 112C5 = C°.

Hence, C C C°, so C is annihilator self-orthogonal.
2. If C is annihilator LCD, then CNC° = {0}. By Theorem 4, this implies (7;C; N
11Cy) & (12C2 N172C5) = {0}, s0 C;NCY = {0} and C, N C5 = {0}. Conversely, if
C; and G, are annihilator LCD, then CNC° = (171C; N1 CY) @ (112G N12C3) = {0},
so C is annihilator LCD.
O]

Theorem 6. Let C = 11Cy @ 172Cy be an e-polycyclic code of length n over R, with generator
polynomial g(x) = n181(x) + 1282(x). For each i = 1,2, let gi(x) | (x" —e;(x)) and write
x" —e;j(x) = hj(x)g;(x). Then, the annihilator dual code C° is an e-polycyclic code over R with
generator polynomial h(x) = n1h1(x) + 172k (x).

Proof. By Theorem 1, C; is an e;-polycyclic code over F,, so C; = (g;(x)) as an ideal of
Fy[x]/(x" — e;(x)). According to Lemma 3.2 in [33], the annihilator dual of a polycyclic

x"—e;(x)

code over a finite field is also polycyclic, and its generator polynomial is ;(x) = RC

ie, C? = (hi(x)).

By Theorem 4, we obtain C° = 7;C] ® 172C5. Following the same reasoning as in
Theorem 3, the direct sum of the ideals 771 (h1(x)) and 772 (hy(x)) is the ideal generated by
h(x) = n1hy(x) + n2ha(x). Thus,

C* = (nhi(x) + m2ha(x)) = (h(x)).

Moreover, since hi(x) | (x" —e(x)), as shown in the proof of Theorem 3, C° is an e-polycyclic
code over R. [

Using the notation established in Theorem 6, we now characterize annihilator self-
orthogonal and LCD polycyclic codes.
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Theorem 7. Let C = (11141(x) + 17292(x)) be an e-polycyclic code of length n over R, with
x" —e;(x) = hij(x)gi(x) fori =1,2. Then,

1. Cis annihilator self-orthogonal if and only if h;(x) | gi(x) foreachi =1,2;

2. Cisannihilator LCD if and only if gcd (h;(x), gi(x)) = 1foreachi =1,2.

Proof.

1. By Theorem 5, C is annihilator self-orthogonal if and only if C; and C, are annihilator
self-orthogonal over IF;. By [33] (Theorem 2.6), a polycyclic code C; = (g;(x)) over Fy;
is annihilator self-orthogonal if and only if 1;(x) | gi(x). Hence, the result follows.

2. Similarly, by Theorem 5, C is annihilator LCD if and only if C; and C; are anni-
hilator LCD over F;. By [33] (Theorem 2.8), C; is annihilator LCD if and only if
ged(hi(x), gi(x)) = 1. Thus, the result holds.

O

At the end of this section, using Lemma 1 and Theorems 3, 6, and 7, we construct
explicit examples of annihilator LCD codes from polycyclic codes over R via the computa-
tional algebra system Magma [34].

Example 1. Let R = Fyp2 + 0F 2 with v = 1, where Fy2 = Fyq[w] and w satisfies the
irreducible polynomial w? + 7w + 2 = 0 over F1q. Recall the idempotent decomposition 1y = 1%”
and 1y = 1% Let the vector e € RS have the polynomial representation e(x) = nie1(x) +
162 (x), where eq(x) = 5x* 4+ 10x + 5 and ex(x) = 9x* + 10x% + 8x + 9 € Fyp2[x]. We first

actor the polynomials x° — e;(x) over Fyq2[x]:
poty 11

x®—ep(x) =x° —5x* —10x —5 = (x* +1)(x +6),
X0 —ep(x) =x° —9x* —10x% —8x —9 = (x* + x +1)(x +2).

Let C = (g(x)) be an e-polycyclic code over R, where the generator polynomial is g(x) =
17181(x) + 17282 (x) with g1(x) = x 4+ 6 and g»(x) = x + 2. By Theorem 6, the annihilator dual
codes of C1 = (g1(x)) and Cy = (g2(x)) are

C] = <x6g—1(e;)(x)> =ut+1), = <x6g—2(e;)(x)> = (x*+x+1).

The following computes the greatest common divisors over 12 [x]:

ged(x* +1,x+6) =1, ged(x* +x+1,x+2)=1.

By Theorem 7, Cy and Cy are annihilator LCD codes over F2, so C = #1C1 @ #2Cy is an
annihilator LCD code of length six over R.

Let M = 120 i € GLy(F11). Applying the Gray map ® (defined in Lemma 1)
and Magma computations [34], the image ®(C) is a linear code over 2, with parameters

(10,8, and 3|12. This code is an MDS code.

Remark 1. Tables 1 and 2 present additional examples of annihilator LCD codes constructed from
e-polycyclic codes C = (17141(x) + 17242(x)) over rings Fso + vFs2 and F2 + v, respectively.
For notation simplicity, 0" denotes the string of n consecutive zeros, a polynomial arx! + a;_1x'~1 +
o tag € Fp [x] is abbreviated as asa;_q - - - ag, where the coefficients are represented by their
field elements (e.g., x° + wx® + 1 is written as 10w0%1, with 0% indicating two consecutive zero
coefficients), and f;(x) = x" —e;(x) for i = 1,2 (polynomials defining the quotient rings for Cy
and Cyp).
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For Table 1, we use the matrix M = 1 4] € GL,(Fs), which satisfies MM ' = 2I,.
) 6 2 . L T
For Table 2, the matrix M = 5 1 € GLy(Fy) satisfies MM ' = 5I,. All the constructed

annihilator LCD codes in these tables are MDS codes.

It is worth noting that the construction of MDS LCD codes over the ring R is significant in
two respects: on one hand, the MDS property ensures optimal error correction performance for a
given dimension; on the other hand, the LCD structure endows these codes with inherent suitability
for secure coding applications resistant to side channel attacks.

Table 1. Annihilator LCD codes from polycyclic codes over Fs» + vFs..

(f1.81) (fz,gz) @ (C) Type
(1lwlw, 1w) (14w 1w'%%3) 6,3,4];»  MDS
(1w'301w!3, 1w'3) (1w w9 lwdw?) 8,54,  MDS
(1wB0wwdw!, 1w'3) (1w31w ww 1w? ) [10,8,3]  MDS
(1403ww'3, 1w'?) (1w”0%1w w9 1w”) [12,10,3]5  MDS
(1w*0*1w*, 1w?) (1w?0*1w?, 1w? ) [14,12,3]s MDS
(1w*0° 1w, 1w*) (1w?0%2w', 10%) [16,14,3]  MDS

Table 2. Annihilator LCD codes from polycyclic codes over Fr» + vF..

(f1,81) (f2,82) ®(C) Type
1515,15 1633,13 6,4,3]» MDS
7
(1w13021w13 1w?) (1w 1w*1w?, 1w?*) [10,8,3].  MDS
(1w? ww 813, 1w) (1020w w?w, 1w'°1) [12,9,4].  MDS
(1w?ww'w?, 1w) (110322, 11) [12,10,3],  MDS
(110*11,11) (1w”0*1w”, 1w’) [14,12,3].  MDS
(1w'30° 1w, 1w'3) (1w 1w™, 1w!4) [16,14,3],. MDS

5. AEAQECCs from (¢, A)-LCP of Polycyclic Codes

In this section, we focus on constructing AEAQECCs from e-polycyclic codes, where
e = (A,0,...,0) and A is a unitin R. For brevity, we henceforth refer to such codes as
A-constacyclic codes. Building on Definition 1 of ¢-LCP for linear codes, we specialize this
notion to A-constacyclic codes and introduce the following definition.

Definition 5. Let C and C' be A-constacyclic codes of length n over R. If (C,C) forms an ¢-LCP
of codes over R, then (C,C’) is called an (¢, \)-LCP of constacyclic codes of length n over R.

Lemma 6. Let A = Ay + Apv be an element of R. Then, A = A1 + Apv is a unit over R if and only
if Ay — Ag and Aq + A; are units ofIF;;.

Proof. Let A = Ay 4+ A0 = (A — A2)ny1 + (A1 + Ap)mp. If A is a unit, there exists y =
any + by € Rsuch that Ay = 1 = 51 + 2. By 577 = Ofori # j, Ay = (A — Ag)any +
(A1 + Ag)br,. According to the uniqueness of decomposition, we obtain (A1 — Ay)a =1
and (A1 + A2)b = 1, which implies A; = A, € F7.
Conversely, let (A1 — A2)~L, (A +Ap) 7L € F3. Define p = (A — M) b + (A +
)Lz)_lﬂz. Then, Ap = (/\1 — )\2)()\1 - /\2)_1171 + (/\1 + Az)()t1 + /\2)_1172 =m+mpn=1
Thus, A is a unit if and only if A; £ A, € IFZ; O
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Lemma 7. Let C = 11Cy @ 112C; be a linear code of length n over R. Then, C is a (A1 + Ayv)-
constacyclic code of length n over R if and only if C; and Cy are (A1 — Ay)-constacyclic codes and
(A1 + Ag)-constacyclic codes of length n over g, respectively.

Proof. Since A = Ay 4+ Ayv = (A1 — A2)y1 + (A1 + Ap)7pp, then the result follows immedi-
ately from Theorem 1. O

From the Theorem 3 and Lemma 7, the following conclusion is readily obtained.

Theorem 8. Let C = 171Cy @ 12Cy be a (A + Av)-constacyclic code of length n over R. Then
there exists a polynomial g(x) € Rlx] with g(x) | (x" — (A1 + Ayv)) such that C = (g(x)),
where g(x) = 1181(x) + 1282(x); g1(x) is the generator polynomial of the (A1 — Ay)-constacyclic
code Cy of length n over IF; and g»(x) is the generator polynomial of the (A1 + Az)-constacyclic
code Cy of length n over IF;. Moreover, |C| = qz”’zzgzl deg(gi(¥)),

Lemma 8 ([35]). Let C = 1,C; © 72C; be a linear code of length n over R. Then, C+ =
mCi &Gy

Let iy (x) = =22k and hap(x) = *=U5%2) Let fi(x) = xes(Dn(x~1) be the
reciprocal polynomial of ii(x). In light of Lemmas 6 and 8, and Theorem 8, we obtain the
following result.

Theorem 9. Let C = (17191(x) 4 17292(x)) be a (A1 + Ayv)-constacyclic code of length n over
R. Then, C* is also a (A1 + Apv) ~-constacyclic code of length n over R, where (A + Ayv) ™! =
(A — A2) "1+ 12 (Mg + A2)~L Moreover, C+ = (17111 (x) + n2ha(x)), where hy (x) and hy(x)
are reciprocal polynomials of hy(x) and hy(x), respectively. Morever, |C*| = qZ,Z:l deg(8i(x)),

Lemma9. Let C = (11191(x) 4+ 1292(x)) be a (A1 + Apv)-constacyclic code of length n over R. Then,

1. ®(C) is a linear code over Fy with parameters [2n,k, d], where k = 2n — Y2, deg(g;(x))

and d = min{dy ((1(x))), dn((g2(x)))}-
2. ®(C1) isalinear code over Fy with parameters [2n,k',d'], where k' = Y2, deg(gi(x)) and

d' = min{dy ((h(x))),dn({ha(x)))}
Proof. The conclusion follows directly from Lemma 1, and Theorems 8§ and 9. O

Theorem 10. Let C = 171C1 & 112Co and C' = 11C & 172,C} be two linear codes of length n over
R. Then, (C,C") is an ¢-LCP of codes of length n over R if and only if Y7, dimg, (C;NC}) = 2¢
and Y2, dimg, (C; + Cl) =2n.

Proof. Since CNC' =n1(CiNCY) ®@1n2(CoNCh)and C+ C" = 11(C1 +C) ®12(Co + Ch),
we obtain

2
1Og|R‘ |CﬂC/| = Zlog‘Rl |ClﬁCl/|,
i=1

2
log g |C+C'| = Zlog‘Rl |Ci + Ci].
i=1

Thus,
dimp (€1 CT) — Yiqlog, |CinCl|  Yi,dimg (CNC))
R N log, |R| N 2 ’
Y7 log, |C;+Cl Y2, dimg (C;+C))
dimg(C+C') = ! e : -
img(C+C) log, IR| 2
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By Lemma 2, (C,C’) is an ¢-LCP of codes of length n over R if and only if

Y7 dimg, (C;NC) Y7, dimg, (Ci +C))
=/¢ and =n,

2 2

which is equivalent to

2 2
dimg, (C; N C))=2¢ and ) dimp, (C; + Cl) =2n.
-1 i=1

1

O

Lemma 10 ([29], Theorem 3.2). Let C = (g(x)) and C' = (u(x)) be two A-constacyclic
codes of length n over Fy. Then, (C,C’) is an (¢, A)-LCP of constacyclic codes if and only if
deg(lem(g(x),u(x))) = n— £ and ged(g(x), u(x)) = 1 in Fy(x].

Theorem 11. Let C = (i7181(x) + 17282(x)) and C" = (1187 (x) + 17285 (x)) be A-constacyclic
codes of length n over R, where A = A1 + Apv. The polynomial factorizations are given by

x" — ()\1 — /\2) = h1(x)81(x) =

H
X" — (M4 A2) = ha(x)g2(x) = Iy
Fori=1,2, assume deg(lem(g;i(x),gi(x))) = n — £ and ged(g;(x), gi(x)) = 1in Fy[x], where
¢ =n —deg(gi(x)) — deg(gi(x)). Then, (®(C), ®(C")) forms a 2I-LCP of codes of length 2n

over IFq.

Proof. Let C; = (gi(x)) and C/ = (gi(x)) for i = 1,2. By the structure of codes over
R, we obtain C = 171Cq @ 115C, and C' = 11C] @ 112C,. Assume deg(lem(g;i(x), gi(x))) =
n — £ and ged(gi(x),gi(x)) = 1in Fy[x]. By Lemma 10, (Cy,C}) forms an (£,A; — A;)-
LCP and (Cp, C) forms an (¢, A + A2)-LCP of constacyclic codes over F;. This implies
dimg, (C; N C}) = ¢ and dimy, (C; + C;) = n for each i. Thus,

2 2
Y dimg, (G;NC)) =2¢, ) dimg, (C; +C)) = 2n.
i=1 i=1

By Theorem 10, (C,C’) is an (¢, A)-LCP of constacyclic codes over R; hence, dimg(C N
C') = ¢tand C+ C' = R". Applying the Gray map ®, we obtain ®(C + C') = ®(C) +
®(C’) = F2" and

dimg, (©(C) N B(C')  dimy, (&(C) N B(C"))
log, |R| N 2 '

dimR(C N C/) =

Substituting dimg (C N C’) = ¢, we obtain dimg, (®(C) N ®(C')) = 2¢.
Finally, (®(C), ®(C’)) is a 2¢-LCP of codes of length 21 over F,. [

Lemma 11 ([36]). Let C* and C' be two linear codes with parameters [n,n — k(C),d(C)],
and [n,k(C"),dy(C")], over Iy, respectively. If (C,C’) is an £-LCP of codes of length n over I,
then there exists an AEAQEC code with the parameters [[n,k(C") — £,d;/dx; k(C) — ()], where
d, >d(Ct)andd, > d(C").
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Theorem 12. Let C = (11181(x) + 11282(x)) and C" = (1187 (x) + 1285 (x)) be A-constacyclic
codes of length n over R, where A = A1 + A,v, and the following polynomial factorizations hold
over IFy[x]
= (M= Az) = h(x)g1(x) =
X — (A +Ag) = ha(x)ga(x) =

Assume 0 < £ < n. Iffori =1,2, deg(lem(g;(x),gi(x))) = n — L and ged(g;(x),gi(x)) =1
in Fy[x], then there exists an AEAQEC code with the parameters [[2n,2n — b — 2(;d, /dy;2n —
a — 2]y, where a = deg(g1(x)) + deg(ga(x)), b = deg(81(x)) + deg(gr(x)), d= >
min{dH (El(x)),dH (ﬁz(x)) }, and dy > min{dy (g (x)),du(g5(x))}.

Proof. By Theorem 8 and Lemma 9, the images ®(C) and ®(C’) under the map ® are linear
codes over [F;, with the parameters [21,2n — a,d;] and [2n,2n — b, d5], respectively, where
41 = min{di((1(1)), du((g2(x)))} and dy = min{dyy((g}(x))), dia((gh(x)))]}. Since
®(CL) = ®(C)*, the dual code ®(C)* is also a linear code over F, with parameters
21, a,d7], where di = min{dH (El (x)), dy (Ez(x)) }

Fori = 1,2, assume deg(lem(g;(x), g/ (x))) = n — £ and ged(g;(x), g} (x)) = 1in Fy[x].
By Lemma 10, the pair (®(C), ®(C’)) forms a 2(-LCP of linear code of length 21 over F,.
Finally, invoking Lemma 11, we conclude that there exists an AEAQEC code with the
parameters [[211,2n — b — 2(;d; /dy;2n — a — 2(]];, where d, > df- and dy > dp. [

We now recall the BCH bound for constacyclic codes, which is stated as follows.

Lemma 12 ([37]). Assume gcd(q,n) = 1. Let C be a y-constacyclic code of length n over Fy and
let its generator polynomial g(x) have {57 | 0 < j < d — 2} as its roots (where & is a primitive
sn-th root of unity). Then the minimum Hamming distance of C is at least d.

Combining the results of Theorem 12 and Lemma 12, we obtain the following corollary.

Corollary 1. Let q be an odd prime power withn | q—1,1 <sand0 < ¢ <s+{ < % Then,

1. Ifniseven, there exists an AEAQEC code: [[2n,n + 25 —2,d,/dy;n — 25 — 20 4 2]],, where
d; > % —s+2anddy > 5 —s—(+2;

2. Ifnisodd, there exists an AEAQEC code: [[2n,n +2s — 3,d,/dyx;n — 25 — 2{ + 3], where
d, > %—s+3anddx > %—s—(—k&

Proof. Letn | g — 1 and let { be a primitive n-th root of unity in IFy; then, the factorization
x" —1 = [T{_3(x — &) holds in Fy[x]. Suppose that C; and C; are A-constacyclic codes
defined in Theorem 12. .

L Set g1(x) = g2(v) =TIy (x — &%) and g;(x) = gh(x) = [Ty oy (x — ). Tt
is straightforward to verify that deg(lem(g;(x), g/(x))) = n — £ and ged(gi(x), g/ (x)) =1
in Fy[x] for i = 1,2. Definea = Y7, deg(gi(x)) = n+2s—2,b = Y2, deg(gi(x)) =
n—2s —20+2. Let hj(x)gi(x) = x" — 1. Then the reciprocal polynomial is given by /1;(x) =
Hk%;os (x — &) fori = 1,2. According to Lemma 12, we derive the Hamming distance as
follows: dp(gi(x)) = 5 —s—{+2and dy(hi(x)) = 5 —s+2fori = 1,2. Finally,
substituting these into Theorem 12, we obtain an AEAQEC code with the parameters
[[2n,2n —b —20;d,/dy;2n —a — 2{]];, where 2n —b — 20 =2n — (n — 25 — 20 +2) — 20 =
n+2s—22n—a—20 =2n—(n+2s—-2) -2l =n—-2s—20+2,d, > 5 —s+2and
dy > 5 —s—{+2.

n2lte—1

2 Set g1(x) = () = 15" (0~ )5 40) = () = T, (6~ 60
Similarly, deg(lem(g;(x),g}(x))) = n — ¢ and ged(g;i(x),&/(x)) = 1in Fy[x], fori = 1,2.

<
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Define 1 = Y7 ; deg(g;(x)) = n+2s—3,b = Y2, deg(g/(x)) = n —2s —2( + 3. For
~ n=1_

hi(x)gi(x) = x™ — 1, the reciprocal polynomial is given by h;(x) = [,2, S+1(x — &) for

i =1,2. By Lemma 12, we obtain d (g} (x)) = 5t —s — ¢ +3and dy(hi(x)) = 1543

for i = 1,2. Substituting these into Theorem 12, we obtain an AEAQEC code with the

parameters [[21,n 425 — 3;d,/dy;n — 25 — 2( + 3]];, where d, > ”T_l —s+3and d, >

”T’l—s—ﬁ—i-& O

Remark 2. We list some new AEAQECCs in Table 3, which can be constructed from Corollary 1
over the ring R = F,; + olf; with v? = 1, where q = 3452 72 114,13%2,172,19, and 23. The
second column denotes the length n of polycyclic codes over R; the third and fourth columns denote
the parameters s and £ in the {-LCP construction; the fifth column lists the parameters of the new
AEAQECCs obtained from our method; and the sixth column gives known EAQECCs from [30]
for comparison.

Compared to the EAQECCs available in [30], we find that our derived codes exhibit improved
performance in terms of either code rate or minimum distance. Recall that the code rate of an
AEAQECC is defined as £ for any EAQECCs with paremeters [[n, k, d; ]}, (see [29]). Several of
our codes have higher code rate. For instance,

e [[20,10,> 6/ > 6;10]]54 has a higher rate 10/20 = 0.5 than [[22,10,6;10]]54 (10/22 ~

0.455);

e [[32,20,> 7/ > 3;4]], has a higher rate 20/32 = 0.625 than [[40, 20, 3;4]]» (20/40 =
0.5);

o [[40,34,> 4/ > 4;6]]144 has a higher rate 34/40 = 0.85 than [[42,34,3;6]]114 (34/42 ~
0.81);

o [[48,24,> 13/ > 11;20]]152 has a higher rate 24/48 = 0.5 than [[50,24,4;20]];5 (
24/50 = 0.48).

Several of our codes match the code rate of those in [30] but achieve larger minimum distances.
For instance,

* [[16,10,> 4/ > 4;6]|34 has the same rate 10/16 = 0.625 as [[16, 10, 4; 2]] 51, but improves
both d, and dy from (4,2) to (> 4,> 4);

e [[12,6,> 4/ > 3;4]],» has the same rate 6/12 = 0.5 as [[12, 6,4;2]] 2, yet enhances d from
2to>4;

e [[24,20,> 3/ > 3;4]|15 has the same rate 20 /24 ~ 0.833 as [[24, 20, 3; 2]]52, yet enhances
dy from 2 to > 4;

Additionally, entries marked as “new” correspond to parameters not previously reported in the
literature, demonstrating the novelty and effectiveness of our construction.

Table 3. New EAQECCs from Corollary 1.

q n s £ New EAQECCs EAQECCs from Ref. Ref.
34 2 0 [[16,10,> 4/ > 4;6]]54 [[16,10,4;2])5 [30]
3 10 1 0 [[20,10,> 6/ > 6;10]]5 [[22,10,6;10]]54 [30]
52 4 1 0 ([8,4,>3/ > 3;2]]» [[8,2,3;2]]5 [30]
77 6 1 1 [[12,6,> 4/ > 3;4]]» — new
77 6 1 0 [[12,6,> 4/ > 4;6]]» [[12,6,4;2]] [30]
727 16 3 4 [[32,20,> 7/ > 3;4]]» [40,20, 3; 4]} [30]
1n* 20 8 0 [[40,34, > 4/ > 4;6]]114 [[42,34,3;6]]14 [30]
132 12 5 0 [[24,20, > 3/ > 3;4]]15 [[24,20,3;2]];5 [30]
132 24 1 2 [[48,24,> 13/ > 11;20]];5 [[50, 24, 4;20]] ;5 [30]
132 24 11 0 [[48,44,> 3/ > 3;4]]15 — new
132 28 13 0 [[56,52,> 3/ > 3;4]]15 — new
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Table 3. Cont.

q n s £ New EAQECCs EAQECCs from Ref. Ref.
172 16 7 0 (32,28, >3/ > 3;4]]; [[32,28,3;2]];2 [30]
172 32 12 0 [[64,54,> 6/ > 6;10]];,2 [[66,54,3;10]];,2 [30]
9 9 4 0 [[18,14,> 3/ > 3;4]]19 — new
23 11 5 0 [[22,18,> 3/ > 3;4]]23 — new

6. Conclusions

In this paper, we investigate the algebraic structure of polycyclic codes over R and
characterize their annihilator dual, self-orthogonal, and LCD codes. As an application, we
construct AEAQECC:s via the (¢, A)-LCP of constacyclic codes—a special class of polycyclic
codes. It would be interesting to investigate whether the proposed construction can be
optimized to yield AEAQECCs with larger minimum distances or higher rates.
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