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Abstract The physical meaning of the Planck length (€ p)
is investigated in the framework of the unconstrained syn-
chronous variational formulation of classical general relativ-
ity (GR). This theoretical setting permits the establishment of
manifestly-covariant Lagrangian and Hamiltonian theories
for the Einstein field equations of the continuum gravitational
field. It is shown that such a formulation is distinguished by
the existence of a novel variational contribution expressed
by an infinite series summation of suitable 4-scalar terms in
which the coupling coefficients are even powers of the Planck
length. However, the requirement of realization of a classical
GR Hamiltonian theory places stringent constraints on the
admissible Planck-length power terms to be retained. In fact,
excluding the trivial gauge constant, it is proved that only
the O (¢£%) contribution of the series is ultimately permitted,
namely the unique one which is independent of £p. There-
fore, the Planck length is effectively not allowed to appear
at the classical level for consistency with the Hamiltonian
principle. This places important consequences on the mathe-
matical establishment of the corresponding canonical quan-
tum gravity theory, which is then found to be correct through
O (¢%). Additional implications concern the physical signif-
icance of related quantum momenta and their meaning in the
semi-classical limit, as well as the role of the Planck length
in the same quantum-gravity realm.

1 Introduction
From a mathematical point of view, the Planck length (€p)

is a unit of length introduced in the system of Planck units.
It is defined out of three universal constants as
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where 7 is the reduced Planck constant, G is the gravita-
tional constant and c is the speed of light in vacuum. In SI
units where lengths are expressed in meters (m), the value
of the Planck length is of the order of 1.6 x 10735 m, which
represents by far a much smaller length than any known or
estimated size in atomic and subatomic physics. Because of
its invariant character and due to the combined dependence
on Planck constant and gravitational constant in its defini-
tion, one might expect that the Planck length can acquire
a physical meaning in the framework of quantum gravity.
More precisely, it is now commonly believed that £ p should
express the invariant scale at which the laws of the theory
of Einstein classical gravity in its currently-accepted formu-
lation fail and the structure of continuum space-time pre-
dicted by the same theory of general relativity (GR) breaks
down. Thus, it is conjectured that at Planck-length scales
quantum-gravity phenomena should appear or become rele-
vant, demanding adoption of a theory of quantum gravity for
their correct understanding [1-3]. Pushing forward this con-
ceptual argument, it has been also claimed that ¢p should
not be only a characteristic scale-length of quantum grav-
ity, but it should also represent at the same time the mini-
mum length of the theory. More precisely, according to this
postulate, £p should be viewed itself as a quantum of the
geometry of space-time, namely the minimum length of dis-
cretization building up the space-time grid and having the
continuum space-time as classical or macroscopic limit. For
example, this pertains minimum-length quantum-gravity the-
ories focused on modification of the Heisenberg indetermi-
nacy principle [4-9] and related predictions of the manifesta-
tion of quantum phenomena for particle physics [10,11] or on
classical GR solutions, like black-hole [12—16] or cosmolog-
ical ones [17-19]. Studies on the Planck length gain transver-
sal popularity among scientific and philosophical communi-
ties of research, partly related to the enthusiasm behind the
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possibility of shedding light, in this way, on still-obscure
mathematical and theoretical topics and, ultimately, make
concrete progress on the search of a comprehensive theory
of quantum gravitational field [20]. However, it is clear that
only rigorous approaches that are formulated within estab-
lished conceptual frameworks can have the hope to be con-
sidered as plausible ones. In this regard, a fundamental open
question that remains to be properly addressed concerns the
very nature of the Planck length and its meaning for quan-
tum gravity. In particular, this pertains the epistemology of
whether the Planck length can truly represent an intrinsic
aspect of the theory of quantum gravity, to be based on first-
principle mathematical and physical approaches that over-
come common beliefs. Namely, we raise here the question
if the Planck length can be proved to be intrinsically rooted
on the same conceptual framework on which quantum grav-
ity is founded and how its role can be possibly connected
in a consistent way with the postulates of classical theory of
GR.

In order to disclose some advances on the meaning of
the Planck length consistent with the mathematical set-up
of both classical and quantum descriptions, the appropriate
framework is provided by the Lagrangian and Hamiltonian
variational theories for classical GR and the canonical quanti-
zation scheme yielding the corresponding covariant quantum
gravity theory. In fact, if £ p is a foundational constant of the
theory, then either of the two following possibilities could be
admitted:

(1) £p couldbe introduced from first principles at the level of
variational treatment of classical GR, under the condition
of leaving unaltered classical GR theory. It means that
the role of the Planck length should be disclosed in the
Lagrangian formulation of GR and it should be such to
admit a consistent Hamiltonian formulation of the same
theory. The latter should be expressed by a Hamiltonian
structure in terms of a Hamiltonian state and Hamilto-
nian function related to the Lagrangian theory by cus-
tomary definition of canonical momenta and Legendre
transform. Such an occurrence then would warrant that
£p is inherited consistently by the corresponding quan-
tum counterpart theory built from the classical Hamilto-
nian formulation of Einstein field equations (EFE). The
physical meaning of £ p in this case is understood in con-
nection with both classical and quantum Hamiltonian
theories of GR.

(2) Alternatively, £p could arise consistently in the same
canonical quantization procedure, and therefore be a
unique quantity of the quantum theory of GR, without
any apparent role with its classical variational formu-
lation. In this case the physical meaning of the Planck
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length should be purely a quantum one and possibly be
specific of the quantization method implemented.

The purpose of the following mathematical derivation is
to prove that the statement of case (1) provides an appropriate
conceptual framework which can be given a concrete realiza-
tion. In order to approach the problem, we shall assume valid-
ity of two basic principles, denoted in the following as Postu-
late A and Postulate B respectively. The first one (Postulate A)
concerns the principle of manifest covariance (PMC), which
states that all classical and quantum dynamical variables and
observables should be represented exclusively in 4-tensor
form and be endowed with tensor properties with respect to
a suitable group of coordinate transformations [21,22]. We
assume for definiteness that the space-time is represented by a
Lorentzian differential manifold of the type {Q4, g(r) } , with
Q* being the 4-dimensional real vector space R* represent-
ing the space-time and g(r) = {8, (r)} = {g""(r)} being a
real and symmetric metric tensor which is parametrized with
respect to a coordinate system (or GR-frame) r = {r*} € Q*.
Then, the same coordinate transformations, denoted as local
point transformations (LPT), must be realized by local and
differentiable bijections of the form

r—r' =r'@), 2)
referred to as LPT-group, with inverse
r—=r=r@), 3)

being characterized by a non-singular Jacobian matrix M =
(MEO) = {20 Thes, r = () and 7 = ()
are arbitrary points belonging to the initial and transformed
space-time structures {Q* 2(r)} and {Q"™, g'(+")} respec-
tively. The space-time structure is preserved under the LPT-
group, so that {Q*, 2(n} = {Q*,2'(+")}, while the Rie-
mann distance in the two space-times is the same, namely it
is realized by means of the 4-scalar ds” = Su(rydritdr’ =
€, (r)dr'*dr"". Instead, any other 4-tensor, including the
Ricci and Riemann tensors, transform in accordance with
appropriate 4-tensor transformation laws [21].

The second principle to be set (Postulate B) concerns
the requirement that, whatever theory for £p is disclosed, it
must preserve the postulates of classical GR and space-time
dynamical equations, namely be such that the Einstein field
equations for the gravitational field remain unaltered [23,24].
In particular, we require the extremal field equations to take
the customary form

-~

1~ . -~
R;w - ERg;w + Ag;w = KT;,LVv @

where R,y = R,y (2(r)) and R = §*(r)Ruy = R(Z(r))
denote respectively the background Ricci 4-tensor and Ricci
4-scalar, A is the cosmological constant, 7, = T, (g(r))
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is the background stress-energy tensor associated with the
external source fields and « denotes the dimensional con-
stant ¥k = 87 G/c*. In addition, the background metric ten-
sor g,» 18 subject to so-called metric compatibility condition
ﬁu’g\w = 0 with respect to the background covariant deriva-
tive operator V*#, which in turn yields the representation for
the Christoffel symbols in Riemann and Ricci 4-tensors.

The scheme of the paper is as follows. In Sects.2 and
3 the Hilbert-Einstein and the synchronous unconstrained
Lagrangian variational principles of classical GR are recalled
respectively in view of the targets of the present research. It
is pointed out that only the synchronous setting warrants the
validity of the principle of manifest covariance of physical
laws and it affords the consequent realization of deDonder-
Weyl representations of Lagrangian and Hamiltonian varia-
tional theories for the continuum gravitational field. In Sect. 4
the physical meaning of the Planck length (€p) is investi-
gated in the framework of the unconstrained synchronous
Lagrangian variational formulation of classical GR. It is
shown that the Planck length arises as a coupling constant
associated with novel variational 4-scalar terms depending on
the covariant derivative of the variational metric tensor, which
would be otherwise excluded according to the prescriptions
of the asynchronous Hilbert-Einstein principle. Altogether,
these contributions can be collected and expressed in com-
pact form as a series summation in which the coupling coef-
ficients are even powers of the Planck length. Remarkably,
these terms leave unaffected the resulting extremal Einstein
field equations, namely their inclusion in the Lagrangian for-
mulation does not change classical GR theory. In Sect.5 the
relationship between the Planck length and existence of a
Hamiltonian theory for the gravitational field is addressed.
It is shown that the requirements of realization of a classical
GR Hamiltonian theory and existence of canonical momenta
place stringent constraints on the admissible Planck-length
power terms to be retained in the novel Lagrangian series
contribution. In particular, excluding the trivial gauge con-
stant, it is proved that only the O (¢3,) = O (1) contribution
of the series is permitted, namely the unique one which is
independent of £ p. Therefore, ultimately the Planck length
is effectively not allowed to appear at the classical level for
consistency with the Hamiltonian principle. Finally, in Sect. 6
concluding remarks are pointed out. These concern important
consequences placed on the mathematical establishment of
the corresponding canonical quantum gravity theory, which
is then found to be correct through O (¢3). Additional impli-
cations discussed here concern the physical significance of
related quantum momenta and their meaning in the semi-
classical limit, as well as the role of the Planck length in the
same quantum-gravity realm.

2 Hilbert-Einstein variational principle

Given these premises, we consider briefly the mathematical
setting identified by the original Hilbert-Einstein (HE) vari-
ational theory [24], which can be regarded as the prototype of
the majority of variational theories leading to GR equations.
The purpose of the review is to prove that the HE theory is
not convenient for the target of the present study, the reasons
being the violation of both fundamental postulates displayed
above. More precisely, historically the HE theory is based on
the action functional

S (g(r) = /Q dQLyE(s), )

where dQ = d*ré/— |g(r)| is the invariant 4-volume ele-
ment of the Riemann space-time {Q4, g(r)}, with d*r =

[] dr' being the canonical measure of Q% and |g(r)|
i=0,3
denoting here the determinant of g (). Furthermore, L £(g)
denotes the HE Lagrangian 4-scalar function defined as

LuEe(g) = VuEe(g) + Vr, (6)
where

ViE(g) = x (8" Ruv(g) —24), (N
with A > 0 and where »x = —%. Instead, Vr = Vp(g,r)

is the non-vacuum contribution due to possible external fields
to be prescribed in terms of the field Lagrangian L as
Vr = %LF. Hence, the quantity Lyg = /— [g[LuEe(g)
identifies the corresponding variational Lagrangian density.
According to the HE theory, the action Sy g (g(r)) is consid-
ered dependent only on the variational field g(r) = {g,v}.
whose independent 4- tensor components represent the gen-
eralized Lagrangian coordinates. Each g(r) belongs to a
suitably-constrained functional setting {g(r)} [25]. In fact,
any 4-tensor g(r) € {g(r)}c realizes also a metric tensor, so
that its countervariant and covariant components respectively
raise and lower tensor indices and thus necessarily must sat-
isfy the orthogonality condition g,,g"* = 8%, implying in
turn the “normalization” condition g, (r)g""(r) = 4. For
the same reason, in the functional setting {g(r)} ., the tensor
g(r) must determine also the Christoffel symbols I'(g(r))
and the Ricci tensor R;,,,(g), so that g(r) satisfies the metric
compatibility condition with vanishing covariant derivative.

The HE variational principle is expressed by the require-
ment that for arbitrary variations §g(r) it must be

d ~
SSHEQ()|g=5(r) = %SHE(g(V) +08g(r))| =0,
6=0
®)

with the symbol § denoting the Frechet derivative and g(r)
being the extremal classical metric tensor, to be identi-
fied “a posteriori” with the solution of EFE. A character-
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istic feature of the HE variational theory is that d<2 yields
non-vanishing variational contributions to § Sy g (g (r)), since
3dQ = d*rsy/~Tgl, where 8/~ Tg] = 1/~ Tgl¢""8gun-
This means that the variation of the functional Sy (g(r))
does not preserve the space-time volume element. Because
of formal analogies of this property with the analogous
occurrence arising in non-relativistic classical mechanics and
adopting a similar nomenclature, the HE in variational prin-
ciples can be referred to as asynchronous [26]. As shown
in Ref. [27], this belongs more generally to a class of con-
strained variational principles. One obtains that

SSHE( )=zt = SSHE(®lexpt + 8SHE (&) limp1»  (9)

where the implicit contribution is

OR
8SHE (&) limpl :/ ds [%Zfaﬂ—aﬁ}] 3gh", (10)
Q4 Sg”’

while the explicit contributions can be written as

SuE @l = [ 4% [An + Bu + G, (1)
Q

where A, B, and C,, are tensor densities defined as

5/ — 18l

A/w = LHE—SgW , (12)
(Sg"”6
Bp,u = Xy — |g|R(xﬁ Sghv , (13)
1 SLE
Cp=-—-vV— . 14
"y - |g|8g’” (14)

As shown in Ref. [25], in order to recover the correct form
of EFE, the condition §Sx £ (g)limp = 0 must hold for arbi-
trary variations §g"V (r), so that the explicit contributions are
sufficient to yield the Einstein equations in the correct form
4).

The asynchronous HE approach is inconsistent with Pos-
tulates A and B set above. In fact, the following critical
aspects arise:

1. Violation of the principle of manifest covariance The
HE variational Lagrangian density is intrinsically not a
4-scalar because of the dependence on the determinant
|g(r)|. As aresult, also the generalized Lagrangian coor-
dinates, i.e., the continuum Lagrangian fields, cannot be
identified with tensors of prescribed order, but only with
tensor densities.

2. The non-standard character of Lpyp(g) The HE
Lagrangian density depends on second-order partial
derivatives of Lagrangian coordinate g, (r) carried by
the Ricci tensor (see Eq. (10 )). This means that the HE
variational principle cannot be cast in so-called first-order
Lagrangian formalism. As a consequence, an appropri-
ate treatment of differential fixed-point boundary terms
generated in this way is required (see for example the

@ Springer

attempts proposed in Refs. [21,25,28,29]). The related
missing canonical structure of the HE Lagrangian that
is not expressed as a customary sum of “kinetic” and
“potential” terms prevents in turn also the possibility
of determining a canonical Hamiltonian structure con-
sistent with the same principle of manifest covariance.
In fact, in the framework of the HE theory only non-
manifestly covariant approaches can at most necessarily
follow, like the Dirac approach, the ADM theory and gen-
erally any 3+1 formulation based on preliminary decom-
position of space-time into the product of one time-like
dimension and a three-space slice [30-32]. However, the
missing canonical structure prevents also any manifestly-
covariant canonical quantization of the theory, and there-
fore the possibility of displaying the role of the invariant
Planck length through this procedure or disclosing its
nature in the quantum gravitational theory.

3. Planck length and violation of GR equations The HE
Lagrangian principle does not contain the Planck length.
On the other hand, one might think about introduc-
ing additional variational contributions which carry the
Planck length explicitly. However, any attempt of this
kind pursued in the framework of HE theory inevitably
leads to a modification of classical GR equations. The
reason is intrinsic in the property of the variational field
guv(r) to be also a metric tensor and the fact that the HE
principle treats Lagrangian densities rather than 4-scalar
Lagrangian functions. This feature is also a consequence
of the violation by the HE variational theory of the fun-
damental gauge invariance properties which characterize
the variational theory of other continuum classical fields
[25,26].

To prove the statement, first of all we notice that inclusion of
contributions depending on the covariant derivative of g, ()
are always vanishing in such a setting, since by definition
VHigwr) = ﬁ”g,w(r) = /V\“’g\,w (r) = 0. These terms
remain therefore excluded “a priori”. Let us now assume
to add a new variational contribution to the HE Lagrangian

density Lyr = «/— |g|LyE(g), namely letting
Lug — LHE + L. (15)

Here, L5 denotes a generic Lagrangian density to be prop-
erly assigned and such that it carries explicitly a dependence
on the Planck length to be prescribed based on dimensional
analysis and in order to warrant the correct dimension of the
action integral. We can therefore set in full generality

Ln =+ —IglLu(tp, g, (gD, (16)

where the symbol [g] denotes possible implicit dependences
on g, like those contained through the Ricci scalar R = R (g).
It is then immediate to verify that £ yields non-vanishing
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variational contributions according to the asynchronous vari-
ational theory, which ultimately enter the extremal field equa-
tions causing modification of EFE. In fact, for a Lagrangian
density of this type we have that the asynchronous variation
gives

8Ln s/ — gl

5gh” = Ln(tp. 8. (8D 5gh"

SLr(lp, g,
/g knlr. 8. 18D (;; -8 &) . (17)

When evaluated for the extremal curve g = g this implies as
well necessarily that
8L
8gHY | 4=

# 0. (18)
g
For example, £ can indicate a polynomial of the Ricci scalar
to be postulated in the framework of so-called f (R) — the-
ories, so that in such a case L = L (€p, g, R(g)) can be
written in the general form

L (tp, g R()=v—lgl Y _€F R (g). (19)

n=2

An alternative is provided by a so-called non-local function of
the same Ricci scalar, namely letting £ = L5 (£p, g, TJR),
where [ is the invariant D’ Alembertian operator. An explicit
realization is for example

Ly (€p.g.OR) = /=gl 0R. (20)

Inboth cases the contributions given by the variational deriva-
ggﬁ"f, # 0 effectively change EFE, both through the vari-
ation of the determinant /— [g] as well as because of the
explicit and implicit dependences on g, carried by the Ricci
4-scalar and the differential operator []. Therefore, in the HE
theory the explicit occurrence of the Planck length can only
be realized at the expenses of modification of classical GR,
namely by change of gravitational EFE. In view of these
considerations, the asynchronous (or constrained) HE theo-
retical setting must be discarded as it does not represent an
appropriate variational approach for the study of the physical
meaning of the Planck length.

tive

3 Synchronous variational principle

In contrast, a convenient formulation for the purpose of
the current research is provided by the synchronous uncon-
strained variational principle for the gravitational field out-
lined in Refs. [26,33], which realizes a deDonder-Weyl rep-
resentations of Lagrangian variational theory for the con-
tinuum gravitational field that is naturally consistent with
PMC [34-36]. In fact, the synchronous variational approach
is characterized by a 4-scalar Lagrangian function expressed

in terms of superabundant variables g,, and g,,. In this
setting, the variational tensor g = {g,,} is distinguished
from a non-variational background metric tensor g = {gw },
which defines the covariance properties of the theory and is
ultimately assumed to be determined “a posteriori” by the
extremal EFE. Hence, g expresses the geometric character of
the metric tensor, namely it satisfies the orthogonality condi-
tion §W§“k = (Sfj , so that it raises/lowers tensor indices, as
well the metric compatibility condition %ajg\,w = 0, so that
it defines the standard Christoffel connections and curvature
tensors of space-time. On the contrary, in this framework the
variational tensor g is such that g, gk £ 8’;. The distinction
between g and g holds only at the variational level, since in
the (extremal) EFE the identity g = g is restored. In the syn-
chronous setting, hatted quantities depend on the background
metric tensor g and do not contribute to the variational cal-
culus. Thus, denoting in particular the synchronous volume
element as dQ = d*r= |g], its variation vanishes by con-
struction so that 8d$2 = 0. This volume-preserving property
under the action of the operator § justifies the name given
to this approach as the synchronous variational principle,
in contrast to the asynchronous theory. For completeness, it
must be also noticed that the same feature suggests similar-
ities between the synchronous setting and relevant literature
approaches known as non-metric volume forms, or modi-
fied measures, defined for example in Refs. [37,38], or the
so-called non-Riemannian space-time volume elements [39].
Contrary to the customary HE assumption, also these works
propose variational models for the GR equations in which the
volume elements of integration in the action principles are
metric independent and are determined dynamically through
additional degrees of freedom, like the inclusion of additional
scalar fields. Therefore, both synchronous and non-metric
approaches do not treat the volume element of integration as
a variational quantity depending on variational metric ten-
sor. This feature certainly represents a breakthrough in the
variational approach to EFE with respect to other literature
models. However, the synchronous setting remains distin-
guished because it does not rely on inclusion nor it predicts
the onset of additional fields, but only use of superabundant
field variables which nevertheless coincide with the unique
observable space-time metric tensor in the extremal Einstein
equations.

The synchronous Lagrangian action functional is defined
as

560,300 = | dBL6. . e

where Ss(g(r), 2(r)) is considered a functional dependent
only on the variational tensor (not a metric tensor) g(r) =
{guv}. Here, Ly(g,8) = Ls(g (r), g (r)) is the variational
Lagrangian and, in contrast to the asynchronous action func-
tional (5), the volume element takes the form d Q. The vari-
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ational Lagrangian is written as
Ls(8,8) =h(g,)L(g, 2, (22)
where the 4-scalar
1 - —~
h(g, ) =2 = 28" (" (N&yu (& (1) (23)

identifies the wvariational weight-factor defined so that
h(g,2) = 1. Instead, the 4-scalar Lagrangian L(g, g) takes
the form

L(g.8) =V5(g.8) + Vr(g. 9, (24)
where now
A3 ws
= — R,, —2A 2
VG(g7§) 167TG (g yzay )5 ( 5)

with Ryy = Ry (@) and Vr(g.8) = 1Lrp(g, ). Then,
the synchronous Lagrangian action principle follows by pre-
scribing

8S,(8(r), §r)lg—g = 0, (26)

for arbitrary variations 8g(r), while noting that §g(r) = 0.
Here, the symbol § denotes the variation operator, i.e., the
Frechet derivative

— d ., . —
885(8(r), 8(r)|g—z = %SL(g(V) +0dg(r), g(r))| (27)
0=0
By noting that §h(g,g) = —%§””(r)6gﬂv, the evaluation

of §8s(g(r), g(r)| ¢=g(r) 18 straightforward. In fact, in the
synchronous setting only explicit dependences on g give a
contribution to EFE, while the implicit ones carried by the
Ricci tensor are now excluded. Hence, from Eq. (26) one
recovers EFE in the correct form (4). We notice that the
variational contribution determined by the function A (g, g)
in the synchronous principle corresponds to the one pro-
vided by /— |g[ in the asynchronous principle. Remarkably,
the expression of h(g,g) given by Eq. (23) is unique, as
proved in Ref. [27]. In the synchronous setting the same
function h(g,g) represents a 4-scalar and permits to deal
exclusively with 4-scalar Lagrangian functions, rather than
non-manifestly covariant Lagrangian densities as those aris-
ing in the asynchronous HE theory.

4 Planck length and synchronous Lagrangian principle

Let us now investigate the connection between the syn-
chronous variational theory and the nature of the Planck
length. In this regard we first notice that in the original rep-
resentation of the synchronous action integral by Eq. (21)
the Lagrangian L (g, g) is independent of the Planck length.
The same character of independence from £ p is then shared
by the synchronous variational principle and the correspond-
ing Lagrangian derivation of EFE. On the other hand, the

@ Springer

implementation of superabundant variables in terms of dis-
tinction between background metric tensor g and variational
field tensor g represents a unique peculiar aspect of the syn-
chronous variational theory. It is precisely this feature that
yields the required mathematical freedom to investigate the
variational role of the Planck length, marking in this way a
notable sign of distinction from the asynchronous HE theory.

In order to carry out the derivation, we first notice that in
such a framework the transformation (15) must be replaced
with the following one:

Ly — Ly + Lp, (28)

where now L denotes a generic 4-scalar Lagrangian func-
tion rather than a Lagrangian density (Postulate A). The cor-
responding action integral then becomes

Ss —> S5 + Sh,

where by definition
Sp = / dLy. (29)
Q4

Again, L; must be such to display an explicit dependence
on the Planck length to be prescribed consistent with the
dimensional analysis of the action integral. According to the
superabundant variable formalism and consistent with PMC
we can therefore set in full generality

Ly=Lntp, 8, 9. (30)

The new contribution Lj must acquire a role in the classical
Lagrangian theory of GR, so that §S; # 0, where

~ ~ | 6Lp v
3Sp = dQS8Ly = dQ sgh”. (31)
Q* Q* Sghv
Accordingly, this implies the validity of the tensorial equation
SLp(Lp, g,
n(lp, g 8) £0. (32)
ogHY

On the other hand, in order to warrant that the resulting
extremal field equations must correspond to EFE (Postulate
B), it is necessary to require also validity of the following
condition applying for extremal curves

$Ln(lp, 8. 8)

Se — 0. (33)

8=8

Without additional specific constraints, the simultaneous
requirements of the previous conditions exclude also in the
synchronous setting any dependence of Ly (£p, g, g) on the
Ricci scalar, either in the form of local polynomial function
or as a non-local differential form. On the contrary, we argue
that the choice which is at the same time peculiar of the
synchronous variational principle must be through a 4-scalar
constructed in terms of both variational and extremal tensors
guv and gy, as well as the differential covariant derivative
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operator %M defined in terms of extremal Christoffel sym-
bols. Hence, the conjecture is that Ly (£p, g, g) should be
proportional to a non-local (i.e., differential) function of the

type
Lu(tp, 8.8 ~ f(tp, g, DV,ug"". (34)

Based on these considerations, we state that the sought
expression for the 4-scalar Lagrangian L;(£p, g, g) is not
provided by a single term, but rather can be identified with
a series summation whose coefficients are even powers of
the Planck length. In compact form this can be written as
Li(tp,g,2) =L (tp, g, 3), where

00 EZ(n—l)
S S n
Ly (p. g D =x ) o (Vag Vogu)".  (39)
n=0

which is homogeneous with L. It must be stressed again
that a function of this type would be identically vanishing
in the framework of the asynchronous HE variational the-
ory. This characterizes this choice as a unique feature of
the synchronous principle. From the physical point of view,
in the previous summation the Planck length represents a
coupling constant associated with novel variational 4-scalar
terms depending on the background covariant derivative of
the variational metric tensor. In fact, apart from the universal
constant x, from a dimensional analysis one can easily verify
that the coefficient in front of the differential variational term
(/V}g“”@" g,w)" must be a suitable power of an invariant 4-
scalar having the dimension of a length in ST units. In order to
assure that classical GR is left unchanged, we must exclude
the possibility of introducing new ad hoc coupling constants
of unknown physical meaning as well as coupling coeffi-
cients associated with existence of new particles or fields.
Then, the only left possibility is to invoke the Planck length.
The choice of a coupling coefficient depending on the Planck
constant /i for a classical Lagrangian function remains phys-
ically motivated because, as demonstrated below, the novel
term Ly (€p, g, g) does not contribute effectively to the clas-
sical GR equations, while it acquires a physical meaning in
the formulation of classical Hamiltonian theory and conse-
quently within the realm of quantum gravity.

Let us first prove that the condition (32) is verified. To this
aim we notice that the first term of the series corresponding
to the choice n = 0 is a constant, so that its variational
derivative is necessarily null (see also discussion below).

. .. . . 8L
Therefore, when evaluating the variational derivative F"h"

the relevant summation is for ) .- ;. Explicit calculation of
the synchronous variation then yields

(SL;[”) 00 p2(n-1) , .
2 o ~
n=1
Vg: 8V, g5
x—g?w"g . (36)
g

Replacing this result into Eq. (31) and considering that the
covariant derivative is left unaffected by the synchronous
variational operator § gives

58 >, 2D s s e et
= —n d (Ve gP"Vegpy)
sghv ; 2n—1 /Q4
~ Y 8gtP
P (37)

At this point we notice that the derivative operator V, is
defined on the same background space-time as the invariant
4-volume element d<. This property is fundamental in order
to permit a consistent integration by parts of the variational
term %aégﬁy, yielding in this way

2(n—1)
88, 1 Cp ~
5g;w = _%Z on—1 n/Q4 ds2

n=l1
YV (Y, Brve =1 Sa
xVa [ (Vo™ V5 g5,)" V8] (38)
In conclusion, we obtain that
(n)
8Sh SLh
5o 2 0= 5w 0 (39)
where
(n) 2(n—1
SLy' N
S ahv = —x T nVy
8 n=1
Y. Srve =1 Sa
x [ (Vg7 90 gp,)" ™ T ). (40)

which proves that the variational contribution of the £p-
dependent Lagrangian L has the desirable character of being
non-vanishing. On the other hand, validity of the second con-
straint condition (33 ) readily follows. In fact, when evalu-
ated for the background metric tensor letting g,,, = g,v. Eq.
n

(40) yields ‘Zg% = 0 identically due to metric compatibil-
ity condition, i.e., ’V\“gﬂw = 0. Therefore, as a remarkable
feature, the new series terms leave unaffected the resulting
extremal Einstein field equations, namely their inclusion in
the Lagrangian formulation does not change classical GR
theory. This completes the proof about the existence of the
Lagrangian term Ly (£p, g, ) exhibiting dependence on £ p
but such that it does not show up in the extremal field equa-
tions. Notice that the presence of Ly (¢ p, g, g) might remain
hidden to classical Lagrangian formulation. However, as dis-
cussed below, the inclusion of such term is fundamental in
order to obtain a corresponding classical Hamiltonian for-
mulation of GR which can acquire a physical realization as
a canonical quantum gravity theory.

Before concluding this section, it is instructive at this point
to evaluate explicitly the relevant terms of L}%”) ¢p, 8.2
from the series summation in Eq. (35). We have in partic-
ular:
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e Casen = 0 The first term of the series obtained forn = 0
is purely constant and is given by

1
Ly 8.8 =2 @1
P

We can see therefore that L;O)(Z r.g,8 ~ O é

which is the leading-order term in dimensional Planck-
length units. This represents however effectively a gauge
constant term which does not contribute to the variational

calculus.
e Case n = 1 The second term of the series obtained for
n =1 gives
1 -~ o~
1
Ly (p.8.8) = x5 (Vag™ Vigu). 42)

which brings a quadratic dependence on the covariant
derivative of the variational tensor g,,,,. Remarkably, this
is the only term that does not depend on the Planck
length. As discussed below, this property has a funda-
mental physical meaning and it assigns to L;ll) lp,g,8)
a particular role in the theory. We can therefore write that
L;l)(ﬁ P, g 8 ~ O (1) in dimensional Planck-length
units.

e Case n > 2 The rest of infinite series terms obtained for
n > 1depend explicitly on £ p, so that L;"Zz) (p,g.8) ~

0 (Zi(n_l)> in dimensional Planck-length units.

5 Planck length and Hamiltonian theory

The last issue to address concerns the understanding of
the relation between the novel Lagrangian contribution
L;") (¢p, g, g) given by Eq. (35) and the possibility of estab-
lishing a Hamiltonian theory of EFE on the same basis. More
precisely, the goal is to prove that the requirement of real-
ization of a manifestly-covariant Hamiltonian theory of GR
and existence of an invertible relationship between canoni-
cal momenta and field generalized velocities select the only
admissible power terms of the series (35), which must be
retained correct through O (Z%). In this reference, we first
notice that, given the validity of PMC for the unconstrained
synchronous Lagrangian theory, also the associated Hamil-
tonian theory should be characterized by the same manifest-
covariance character. In the case of continuum fields, the
appropriate formalism is again provided by the DeDonder—
Weyl Lagrangian and Hamiltonian treatments [40—-44]. Such
an approach was originally formulated for fields defined
on the Minkowski space-time. The setting provided by the
unconstrained synchronous Lagrangian principle for EFE,
together with the intrinsic validity of manifest covariance,
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permit the straightforward extension of the DeDonder—Weyl
formalism to include also the gravitational field dynamics
[33,45].

Before treating the concrete application to the present
case, it is instructive to recall briefly the fundamentals of
such an approach. Thus, let us assume to have a generic
4-scalar Lagrangian function denoted by L (Z vz, f) =
L (Z,w, %aZW, 2#\))* which is taken for completeness to
depend on the tensorial variational field Z,,, its covariant
derivative §QZMV and a set of extremal tensor fields /Z\,w.
The corresponding canonical momenta are formally defined
as in classical mechanics and identify 3rd-order tensors:

L (Z,VZ,7)

Nn=rI¢ = =
m 3 (Vaziv)

(43)

so that the canonical state can be represented as {x} =
{Z, T1}. The Hamiltonian density H = H (x, X) associated
with the Lagrangian L (Z, VZ, Z) is then provided by the
Legendre transform

L(Z.VZ,Z)=11%VeZ" — H (x.3). (44)

Then, given the definition of a suitable functional class of
variations for the canonical state variables, the Hamiltonian
action functional is written as

Sy (x,x) = /dQL (x,%)

= /dQ [M%,VeZ" — H (x,%)], (45)
while the corresponding synchronous Hamiltonian varia-
tional principle becomes

88y (x,%) = d%\ll(a) =0, (46)

a=0

which is defined in terms of the Frechet derivative and is
required to hold for arbitrary independent variations § Z*¥
and 8T17,, in the respective functional classes. The corre-
sponding variational derivatives then yield the continuum

Hamilton equations

SSH (-xsf) _ aH(-xvf) = o
Y VeIl =0, (47)
88 X = 0H (x,
y EVQZ’“’—(—);@:O. (48)
SII%, oIy,
Written explicitly, these become
VO‘HZV = —W, (49)
= oH (x,
V,Z" = ﬂ (50)
oIy,

which are equivalent to the Euler—Lagrange equation pro-
vided by the Lagrangian principle. The DeDonder—Weyl for-
malism is simultaneously consistent with classical mechanics



Eur. Phys. J. C (2023) 83:729

Page9of 11 729

and PMC, while the absence of constraints makes the the-
ory easy to implement and understandable from the physical
point of view.

In the present context we identify the variational field with
Z = guv, its extremal counterpart with Z = 8w and the
differential term with VZ = ’V\ag’“’, so that the Lagrangian
function L (Z, vZ. 2) is written as

L(Z,VZ,Z)=Ls (8,8 + La(tp, 8.9, (51)

where the only term carrying the covariant derivative con-
tribution is Ly(£p, g, g) expressed by Eq. (35). Adopt-
ing a language of classical mechanics, it is easily under-
stood that Lg (g, g) plays the role of a “potential” term,
while Ly (£p, g,g) is equivalent to the “kinetic” term of
the Lagrangian function. The crucial issue is the calculation
of canonical momenta, which at this point are necessarily
uniquely related to Ly ({p, g,8) = L;")(Zp, g, 2). Invoking
the general series representation (35) we have that

. 0L (0.2 D)
my ad (?agﬂv)

P < S n—1g&
ZJ{Z n—1 ”(vfgﬂyvggﬂy) V- (52)

In this way the canonical momentum remains defined through
an infinite series. To exemplify the expression, the first two
terms are written explicitly as

%, = %Vgu + 265 (Vg Vigp,) Vg
+0 (e;t,) . (53)

In order to proceed and admit existence of a Legendre
transform we must impose the requirement of having invert-
ible canonical momenta. Namely, there must exist an invert-
ible bijection of the type

0y, =15, (%"‘guv) A §agw = gaguv (Hﬁu)' 54)

It means that we must represent the generalized field velocity
V¥guy as a function of the canonical momentum I17, by
inverting Eq. (52). This yields the formal solution
- I1¢
Vagu,, = 221 = 1 (55)
~ —~ n—
% Yoo e (VeghrViggy)

However, we notice that in general the inversion cannot be
explicitly completed, so that Eq. (55) represents an implicit
relation of the type V¥g,, = Vg, (e, ?“g,w). The
full series solution (55) is not admitted for the validity of the
Legendre transform. The invertible relationship can only be
established for the single term corresponding to n = 1. In
fact, in such a case one obtains the linear relation

-~ 1

Vo = ;H;‘iv, (56)

which remarkably is independent of £p, namely it corre-
sponds to the O (1)-term in dimensional Planck-length units.

2(n—1)

Any other series contribution of O (E P withn > 1

must consequently be discarded. We therefore conclude that
the requirements set by the validity of a manifestly-covariant
Hamiltonian theory are more stringent than those introduced
initially for the Lagrangian formulation. A compelling rep-
resentation is inferred in turn “a posteriori” also for the varia-
tional Lagrangian function Ly (€ p, g, ). Excluding the triv-
ial case of n = 0 generating a purely gauge-type constant
factor, the only surviving term of the series (35) is the O (1)
contribution which is independent of £p. Therefore, in this
sense the Planck length is effectively not allowed to appear
at the classical level for consistency with the Hamiltonian
principle. Hence, Ly (€p, g, 2) is found to be necessarily of
the form Ly (¢p, g,8) = Ly (g, g), where

1~ ~
Ln(g.8) = %Evangagw N

carries a quadratic dependence on the generalized field veloc-
ities, namely the background covariant derivatives of the vari-
ational tensor g, .

The conclusion is remarkable for the following reasons:

1. The resulting expression for the Lagrangian function
Ly(g,2) in Eq. (57) is consistent with the manifestly-
covariant Lagrangian and Hamiltonian treatments of
classical GR formulated initially in Refs. [33,45].

2. In addition, the present mathematical derivation proves
the uniqueness of the expression (57), and therefore in
turn the uniqueness of the novel Lagrangian and Hamil-
tonian theories determined in the framework of uncon-
strained synchronous variational treatment provided by
Refs. [33,45].

3. This places important consequences on the mathematical
establishment of the corresponding canonical quantum
gravity theory from the Hamiltonian principle, which has
been developed in Refs. [45,46]. In fact, from one side
we have seen that a canonical formulation of classical
and quantum Hamiltonian theories can only be estab-
lished based on the validity of PMC in the framework of
the synchronous variational principle. On the other side,
both classical and quantum Hamiltonian structures are
endowed with a uniqueness character, namely the form
of the variational Hamiltonian function is uniquely deter-
mined by the requirement of existence of the same Hamil-
tonian theoretical framework.

4. The physical significance of classical and therefore also
related quantum momenta arise perspicuously. These are
identified with the covariant derivative defined in terms
of extremal Christoffel symbols and acting on the vari-
ational gravitational field tensor g,,,. In the variational
theory the latter is generally different from the extremal
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space-time metric tensor g,,,,, while both coincide in the
extremal EFE.

5. The final expression of L (g,g) in Eq. (57 ) is indepen-
dent of £ p, which supports the conclusion that the Planck
length does not arise as a foundational constant of the
theory for the establishment of Lagrangian and Hamil-
tonian formulations of classical GR. As a consequence,
the canonical quantum gravity theory established on this
basis and reported in Refs. [45,46] does share this fea-
ture, so that £ p is not inherited by the quantum theory as
a constituent part of the theory itself.

6 Conclusions

The outcomes of the research represent notable theoretical
conclusions on the role of the Planck length (£ p) also for the
theory of quantum gravity. The subject can certainly have rel-
evant implications in quantum gravity theory for the problem
of mathematical and physical quantization of gravitational
field and its connection with classical general relativity (GR)
theory. In fact, having disclosed the existence of the £p—
dependent series summation (35) to which Ly (g, @) belongs,
we can infer the following conclusions for the corresponding
manifestly-covariant quantum gravity theory:

(A) First, the classical and quantum canonical Hamilto-
nian structures of GR, as well as corresponding def-
initions of canonical momenta, are composed only of
O (¢%) = O (1) terms and higher-order terms in dimen-
sional Planck-length units remain excluded. This means
that the Hamiltonian structure by itself retains a signif-
icance in the classical domain, and it does not vanish
in the semi-classical limit # — 0. This aspect raises
intriguing scenarios on the possibility of detection and
macroscopic evidence of quantum-gravity phenomena,
in analogy with quantum electrodynamics theory.

(B) Second, based on the results established above, it is pos-
sible to establish also the level of accuracy of the Hamil-
tonian formulation associated with L (g, g) given by Eq.
(57). In fact, the Hamiltonian theory is of O (¢%) =
O (1) in dimensional Planck-length units, and therefore
it is correct through O (¢%). It means that we can esti-
mate the level of accuracy of the current theory to be of
0 (Z%,), which represents an extremely small value.

In conclusion, the analysis performed in this paper proves
on a mathematical basis the relationship existing between
the nature of the Planck length and the establishment of
manifestly-covariant classical Lagrangian and Hamiltonian
theories of GR, with remarkable conceptual implications also
on the formulation of the corresponding canonical quantum-
gravity theory. The results proved in this paper are peculiar
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of the unconstrained synchronous Lagrangian formulation
of Einstein field equations and the requirement of consis-
tency with the principle of manifest covariance and canoni-
cal Hamiltonian theory for continuum fields. The conceptual
results determined in this way support the candidacy of the
present theory to be a promising framework for the establish-
ment of self-consistent classical variational formulations of
GR and related canonical quantization yielding a quantum
gravity theory. This can shed light on the meaning of Planck
length and its role as universal constant and establish a use-
ful framework for the analytical study of quantum gravity
field dynamics, its semi-classical limit and the connection
with the continuum description of space-time emerging in
general relativity.
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