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It is well known that boson sampling, a restricted non-universal quantum computation model, enables one to
perform tasks that are hard to accomplish with digital computers. Boson sampling is associated with sampling the
probability distribution of identical bosons passing through a random interferometer, and its quantum advantage
has been demonstrated. It has, however, proven elusive to use such a model for practical applications. In this
work, we show that the random interferometer powering boson sampling can be used to generate the complex
dynamics necessary for quantum reservoir computing. We use these dynamics to perform various image recognition
problems, illustrating the utility of the approach even for modest-size systems.
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1. INTRODUCTION

Quantum computation has reached an interesting stage in
its development, where a computational advantage has been
demonstrated over its classical counterpart in various phys-
ical systems [l—4]. That advantage is typically associated
with sampling a probability distribution generated from some
random quantum circuit [5-9]. Boson sampling, a restricted
non-universal quantum computation model with #P-hard com-
plexity [10], is one such example where N indistinguishable
single photons are injected into an M(>N?) mode linear-optical
interferometer with the task being to generate a sample from
the probability distribution of single-photon measurements at
the output of the circuit. As such, variants of boson sampling
have been used to show a computational advantage over digital
computation [2,4]. A critical and timely issue that needs to be
resolved is whether non-trivial computational complexity can
be used for practical tasks or applications [11].

Quantum reservoir computing (QRC) [12-23], quantum
extreme learning machine (QELM) [24,25], quantum extreme
reservoir computing (QERC) [26,27], and quantum neuromor-
phic computing (QNC) [28] are forms of quantum neural
network models that are capable of solving hard learning tasks
on both classical and quantum input data. Examples include
time-series prediction [12—19], system identification, and image
recognition and classification [13,21,26]. At the core of these
approaches are complex reservoirs formed from the nonlinear
nature of quantum mechanical processes or linear reservoirs
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with nonclassical inputs [19]. Boson sampling networks pro-
vide such a complex reservoir; thus, these reservoir computing
models provide a route forward for practical applications. This
work proposes a new quantum machine learning model using
boson sampling to generate its quantum reservoir. The quan-
tum linear optical extreme reservoir computing (QORC) model
can effectively solve image classification problems in a regime
where the number of modes is much greater than the number of
single-photon inputs. It achieves higher classification accuracy
rates using single-photon inputs than weak coherent states.

2. QUANTUM LINEAR OPTICAL EXTREME
RESERVOIR COMPUTING

Quantum linear optical extreme reservoir computing is the opti-
cal analog of qubit-based QERC that uses the boson sampler as
its physical reservoir (as illustrated in Fig. 1) [26]. At its core,
the QORC device uses N photons and two M>N? random boson
sampling interferometers (or the same one used twice). Those
random interferometers [29] and encoding are not optimized
depending on the results from the linear classifier. There is no
back-propagation.

QORC begins by taking the data space D of the dataset one
wants to use (images in this case) and, if necessary, uses tech-
niques like principal component analysis (PCA) [30,31] to pull
the key features out and reduce the large data size into a smaller,
more manageable one while at the same time, maintaining its
significant patterns and trends. For example, in the hand-written
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Fig. 1. Schematic diagram of QORC. It comprises several key components, beginning with dimensional reduction techniques (if necessary),
such as principal component analysis (PCA), to reduce a large data set into a smaller one while maintaining its significant patterns and trends.
This information is represented by the vector {6, — 6),}. Then, an M mode random interferometer (pre-circuit), which has N single-photon
inputs, creates a complex photonic resource state that the Encoder uses to input the smaller data set information 6;, i € {0,1,...,M} on to
using linear optical elements. The resultant encoded photonic states are then passed through the Reservoir (an M random interferometer,
which could be the same one used in the pre-circuit), followed by coincidence detection using bucket detectors at each mode. This is repeated
several times to estimate the ratio of counts on a computational basis. That information is then fed into a linear classifier for optimization,

and the resulting output classifies the image.

image classification, the original data space for one sample is
D = R*®_ but after the PCA and standardization, it becomes
Dpca = RM. The standardization is performed to fit each princi-
pal component to angles ranging from O to . Then, data in the
small set is represented by 6;, i € {0, 1, ..., M}. Following this,
N single photons are input into an M-mode random interferom-
eter—called the pre-circuit. This is used to create a complex
photonic resource state |‘i’pre) = Upy|Iny, where Up, represents
an M x M Haar random unitary while |In) = [TV, a/|0) is the
input state to that interferometer with @ being the ith mode cre-
ation operator. Next, the data elements 6; must be encoded on
the resource state |‘?pre). ‘We can now encode our data into this
state. There are several choices, including phase and/or ampli-
tude encoding. Here, we will focus on a phase encoding using
the rotational operator R(6) with an angle 6 that depends on the
input. The encoded state expressed by

(P01, a)x = | | R(6:)Upec|n) (1)

is then fed through the boson sampling random interferometer
defined by Ug, resulting in the output state |Out) = Ups|¥(8))x.

To extract the data from this optical circuit, we use bucket
detection to record the number of events per mode and post-
select on measuring N detector clicks to sample the coincidence
rate distribution in the computational basis. The dimensionality
of this distribution ¥Cy = M!/(N!(M — N)!) is much larger than
the number of modes M. Next, the sampled coincidence rate
distribution can be regularized to give a probability distribution
with a mean value of zero and a variance of one. The result-
ing estimated probability distribution is then fed into our linear
classifier that uses the single-perceptron model with multiple
classes [32]. In the original QERC, the standardized distribu-
tion is an input for the linear classifier. In contrast, the QORC’s
linear classifier also accesses the original images to compensate

for the information loss at PCA. In other words, QORC can, in
principle, solve linear separation problems in the same way as a
linear classifier [33], and the quantum part is used to expand the
feature space to solve the nonlinear separation task. Consider an
original input X and output from the reservoir, #(X), the input for
the linear classifier is given by y = (, #(x)). Our linear classifier
is optimized with the AdaGrad algorithm [34] with a learning
rate 7 = 0.05 (batch size = 100) and 100 epochs.

3. SIMULATION RESULTS

Our QORC model is ideally suited to the classification of images.
As such, we will explore its performance for three well-known
datasets of increasing hardness, that is, MNIST [35], Kuzusiji-
MIST (K-MNIST) [36], and Fashion-MNIST [37]. However, we
need to choose the number of single photons N and the number
of modes M that will be used, noting that we ideally want to
keep M>N?. In Table 1, we summarize our performance on
those three datasets for three photons with varying numbers of
modes. Further, as a comparison, we also present the shallow
machine learning models: Linear SVC (L-SVC) and the SVC
with radial basis function(RBF) kernel [38,39]. In Fig. 2(a),
we also compare our model with the Random Fourier Features
(RFF), which is known as the fast approximate model of the
RBF. Here, we note that to be a fair comparison between RFF
and QORC, we used the modified model whose features consist
of the random Fourier features and the image as similar to the
QORC. The details of datasets and other models are discussed
in Appendix A.

What becomes clear from our results is that as the system size
increases, QORC’s performance improves and exceeds L-SVC
in all datasets. This indicates that the optical network effectively
expands the feature space in high-dimensional spaces, leading to
better performance than a linear classifier. As shown in Fig. 2(a),
our QORC model behaves like the RFF. This indicates that our
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Table 1. Classification Performance for Different
Datasets of Increasing Hardness (MNIST, K-MNIST, and
Fashion-MNIST) for (NPhotons, MModes) Using the
Same Boson SamplingLinear Optical Circuit?
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Fig. 2. QORC performance in solving the MNIST dataset. (a)
Performance versus the different number of features. The blue and
orange lines represent QORC with three photons. The green and
red lines represent the RFF. To calculate the RFF, we used a normal
distribution having o = 10. (b) Performance versus different sys-
tem sizes. The green, blue, red, and purple represent the cases of
one, two, three, and four photons, respectively. The triangles/dots
indicate the training/testing results, respectively. The light-shaded
circles on the testing lines represent the boson sampler’s output
dimension (system size).

model works as an approximate model of the kernel model,
similar to the RFF. Our model’s performance is comparable
to other shallow machine learning models in all datasets, with
results approaching those of the RBF kernel model, which has
an infinite number of neurons in its hidden layer, but does not
appear in the actual calculation.

We summarize the insights obtained from comparing QORC,
RBF, and RFF. The RBF kernel-based SVM achieves high test
performance through margin maximization. However, given a
training dataset of size D, its optimization cost scales as O(D?),
and its inference cost as O(D) [38]. As a result, even for
datasets of the scale of MNIST, the computational cost becomes
prohibitively high, making it unsuitable for modern big data

“The upper value represents training accuracy, and the lower value rep-
resents testing accuracy. In the QORC, since we used the perceptron model
to see the optimization stability, we show the average (standard deviation)
taken from 90 to 100 epochs. The L-SVC, RFF, and RBF models are also
presented for comparison. Here, the RFF has 2024 features like the QORC
with 24 modes. For the QORC simulation, we used the ideal probability
distribution. In other words, sampling effects are not included.

analysis. In contrast, RFF approximates the RBF kernel, main-
taining comparable performance while reducing optimization
and inference costs to O(D) and O(1), respectively. However,
RFF requires the generation of large random matrices to map
data into a high-dimensional space. QORC, however, leverages
the non-trivial probability distribution of boson sampling to
achieve similar performance with significantly smaller optical
circuits relative to the number of required feature mappings.
As will be discussed later, even when considering the required
number of shots, the computational cost of QORC remains lower
than that of an equivalently scaled RFF.

So far, we have only explored several N, M cases, and so in
Fig. 2(b), we present the impact of the number of modes and
photons on performance.

The results show that increasing the number of photons can
reduce the number of modes required to achieve the same level of
performance observed in cases with fewer photons. This perfor-
mance gain in a larger system is due to the growth of its Hilbert
space (feature space) rather than adding more PCA components,
as we have used the same number of components and modes for
our analysis.

The higher-order components of the PCA used in our model
include low-frequency components where image noise effects
are prominent. In machine learning, training with noisy data
increases the risk of overfitting. Thus, in our model, encoding
components above a certain order into the optical circuit is also
expected to result in overfitting due to noise effects. In fact,
in the two-photon case, overfitting starts to occur when more
than 50 modes (up to 50 components) are used. However, this
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overfitting can be reduced by excluding the low-frequency com-
ponents. Specifically, when encoding up to 45 components in the
two-photon, 90-mode case, the test performance recovers from
approximately 96.7% (in the overfitting scenario) to 97.4%.

It is critical to explore the sampling cost of QORC as it has
a major impact on its feasibility. Our model uses the prob-
ability distribution as the output from the physical reservoir,
and to reconstruct it, a certain amount of sampling is required.
We perform a numerical simulation with the results shown in
Fig. 3(a) to see how the performance changes with the number
of samples. It shows that the performance convergence speeds
are prolonged, meaning many samples are required to achieve
performance close to the performance obtained using theoreti-
cal distributions. However, our results show that the convergence
tendencies are the same, although their size changes. Increasing
the number of modes makes it possible to reduce the sampling
cost and achieve target accuracy.

To investigate how the number of shots of the QORC scales
with the Hilbert space dimension of the quantum system used,
we evaluate the absolute difference between the test perfor-
mance based on the theoretical probability distribution and that
based on the empirical distribution constructed from finite shots.
Specifically, we plot this absolute difference against a rescaled
axis using the number of shots and the dimension of the probabil-
ity distribution after the post-selection. The number of shots N
follows the general estimation scale of 1/+/N,, while the dimen-
sionality of Hilbert space is considered under scaling power
a. We compared several a, and found that when a = 1/4, all
data points are along the same curve. From these results, we
conclude that when the absolute difference between the test per-
formance of the theoretical and empirical distributions is fixed,
the required number of shots scales as +/(N,). Furthermore, we
have observed the same tendency in other datasets as well.

The fact that the scale of the number of samples is not the
dimension of the Hilbert space but its square root is an interesting
result given previous studies of QRC and QELM [40]. In prior
studies, the estimator the model requires is the expected value
of the observables. Adapting this to our model, the estimator is
a probability distribution (vector). Therefore, even intuitively, it
would seem that we would need a sample size of approximately
the dimension of the Hilbert space. However, the estimator we
need for our model is not a probability distribution, but a similar-
ity (scalar quantity), or inner product of probability distributions,
by viewing our model as a kernel model. This inner product is not
explicitly dependent on the dimension of the Hilbert space, so the
number of samples required may differ from that in the case of
probability vectors. Our results will improve our understanding
of the required samples in QRC and QELM models.

Finally, we investigate the overall optimization and inference
costs with the QORC using N photons and M modes, while L
is the image size. In QORC, we use PCA for the dimensional
reduction from L to M. The optimization cost (dominant cost)
of PCA using randomized SVD is O(DLM) [41] for training,
where we used M < min {L, D} and D is the (training) dataset
size, while the cost of the dimensional reduction for the testing
is O(LM). We consider the total number of gates involved in the
quantum process to evaluate the computational cost of the lin-
ear optical circuit. Each shot through the circuit requires O(M?)
operations. As the number of shots required scales as O(VN,),
the overall computational cost of the linear optical component
is O(M*+/N,) per image. Then, the total number of features for
the QORC is given by N; =" Cy + L. The cost of the linear
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Fig. 3. (a) Plot of the accuracy rate versus the QORC sampling
cost. The colored horizontal lines show the training and testing
accuracies using theoretical probability distributions. Performance
evaluation is conducted using the final accuracy instead of averaging
over epochs for a realistic implementation, as shown in Table 1. Fur-
thermore, to mitigate overfitting caused by noise from finite shots,
the number of optimization epochs is set to 50, applying to both
theoretical and empirical ones. (b) Plot of the absolute difference
between the test performance using the theoretical probability dis-
tribution and the test performance using the empirical distribution

(constructed from shots) versus /N, ;/ 2 /N, with N, being the number
of samples and N,, the Hilbert space dimension.

classifier is similar to that of RFF. Therefore, the total optimiza-
tion cost is O (D(LM + M*/N,, + N;T)), and the inference cost
is O (LM + M*+/N, + N;) per image, where T is the number of
epochs.

It is important to establish the cost of QORC compared with
the cost of RFF having the same number of features, such as
N;. We note that we consider the modified RFF discussed in
Appendix A. The computation cost of the feature map per image

O ((N; = L)L) = O ("CyL). The optimization cost for the lin-
ear classifier is O (DN,T). Thus, the total optimization cost is
O (D(™CyL + N,T)), and the inference cost is O (N; +"CyL)
per image. Here, we assume that the order of the total number
of epochs is the same as that of the QORC. In the comparison,
we assume that when N is sufficiently large, the linear classi-
fier determines the dominant scaling of inference cost in both
methods, resulting in O(N;). We further assume N, = N; as the
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image size is fixed and N, is sufficiently large. Thus, no clear
advantage of using a quantum system is observed at this stage.
However, in random feature models that use fixed features, the
feature computation cost—one of the significant computational
bottlenecks—has been improved from O(N;) to O(W), achiev-
ing a quadratic speedup. This suggests that for sufficiently large
Ny, the benefit of using a quantum system becomes apparent.

Our results suggest a potential avenue for reducing computa-
tional costs, particularly in the context of the input dimension-
ality of the linear classifier. Currently, the overall computational
cost scales with Ny, as the input to the classifier consists of N;
features. Since the quantum model encodes feature representa-
tions as probability distributions, this implies that each image
contains N; feature components. However, given that the number
of measurement shots is proportional to the square root of the
number of features, the effective number of contributing features
may also be of the order of \/ﬁf

In classical two-layer neural networks, the ReLU activation
function suppresses negative inputs by setting them to zero,
effectively blocking the flow of information. This results in a
computational cost reduction, as the subsequent layer only needs
to process the activated neurons. However, a key limitation of
this approach is that the locations of the non-activations are
unknown in advance, necessitating computations for all \/]Vf
features in the preceding layer.

Our findings indicate that, with an appropriately designed
post-processing method leveraging the probability distribution
of the quantum system, it may be possible to reduce the effective
number of features input to the linear classifier to approximately
\/ﬁf. This suggests a promising direction for future research in
optimizing the computational efficiency of quantum-enhanced
machine learning models.

Recently, it has been reported that in random feature mod-
els such as RFF, when the number of features exceeds the size
of the training dataset, generalization performance improves, in
contrast to the predictions of the bias-variance theory regarding
overfitting [39]. This phenomenon, known as double descent,
has led to reconsidering the relationship between model com-
plexity and generalization performance in machine learning
[42,43]. Following this discovery, two-layer neural networks,
which had previously received little attention due to their infe-
rior performance compared with convolutional neural networks
(CNNs), are now being re-examined in theoretical and exper-
imental contexts [39,43,44]. Our proposed QORC maintains
performance comparable to RFF while reducing the feature
computation cost to a square root scaling. This characteristic
suggests that our approach has the potential to contribute signif-
icantly to future large-scale model experiments and theoretical
analyses.

4. COMPARISON WITH COHERENT STATES

It is critical to provide a performance comparison to under-
stand whether quantum effects using single photons provide our
observed advantage. Using post-selection techniques, we replace
our single photons with coherent states [45,46]. In that case, our
input state would be |In) = [T, D,(a)|0), where D,(a) is a dis-
placement of size @ at the /th mode. After passing through the
phase encoding step and the boson sampler, it is well known
that our output state |Out) is simply a tensor product of coher-
ent states in the different modes. No entanglement is generated
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Fig. 4. QORC performance comparison between coherent and
single-photon sources. (a) QORC performance using initial coherent
states with amplitude « in the (3,24) arrangement. For all a, we
use the same random interferometer in both the pre-circuit and
the reservoir. The red and blue lines represent the training and
testing results. We plot the performance of the L-SVC. We also plot
the testing performance of the single-photon sources [111---0),
[300---0), and |210- - - 0). (b) Comparison of the performance of
both sources with different modes. Here, the number of photons is
three.

during the entire process. It is thus interesting to determine the
performance of such a scheme.

Figure 4 displays the coherent input state’s performance
results versus amplitude «. We immediately observe that the
coherent state case is always worse than the single-photon sit-
uation, but always better than using the linear classifier alone.
That shows the coherent state is useful. Further, a significant
decrease in the coherent state case performance occurs for @ > 1
due to higher photon number states in the coherent state and our
post-selection based on bucket detection.

Additionally, we evaluated the classification performance of
three-photon detection using a coherent light source across dif-
ferent mode numbers. As shown in Fig. 4(b), increasing the
mode number up to 16 leads to a monotonic improvement in
accuracy, reaching 96.7%. However, beyond this point, further
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increasing the mode number results in only minor fluctuations,
with overall accuracy remaining nearly constant. Evidently, the
performance achieved with a coherent light source is lower than
that obtained with a single-photon source and does not reach
the accuracy level of classical RFF. Furthermore, we analyzed
the case of four-photon detection using a coherent light source.
Despite the increased Hilbert space dimension, the test accuracy
remains lower than that of the single-photon source and saturates
at 96%, which is even worse than the three-photon case. These
results indicate that incorporating a coherent light source into
a random interferometer does not produce a feature mapping
comparable to RFF. To achieve a similar level of performance,
a single-photon source is necessary.

The changes in performance between single photons and
coherent states arise from the difference in the feature space
size (the network for phase scrambling). This can be seen in
the final state before the measurement. Here, let us consider
an M x M optical circuit (M x M unitary matrix U having an
element U;; at the ith row and jth column). For an initial three
single-photon input state, the final output state after all optical
circuits is given by

M
|Out) = Z Wit} ) 4 |0), 2

1, 13=1

where

M
WIIJZJB = Z U]JI U21f2 U3-j3 UJ'IJI 3
J243=1 ( )

X l]jz’lz Uj3.13 £'0j %6, +6j3)
with 6, ... 0,,’s encoding the phase information from the PCA.
Now, Eq. (3) corresponds to our feature maps and highlights
how boson sampling with its #P-hard complexity can generate
a non-trivial one with an enormous combination of phases and
their scrambling. The determination of W, , ,, corresponds to a
permanent calculation.

However, using coherent state inputs results in the final state

btz

10). 4

Although the coherent state’s product form makes the proba-
bility distribution’s size equivalent to that of single photons,
the dimensionality of the scrambling network is limited to the
number of modes (M). Thus, single photons can compute vast
combinations and complex mixtures of classical information. In
contrast, coherent light is constrained to a much smaller space,
resulting in significantly different feature mappings for image
classification.

Another interesting case arises when we consider an n photon
state input only on a single mode (as shown in Fig. 4 for n = 3).
We immediately observe that the performance is worse than the
three single-photon case and, in fact, has its performance close
to the coherent state case. This is not unexpected, however, as
the n = 3 photon state input looks quite similar to a coherent
state input on a single mode when post-selection is included.
That hints at the complexity of the feature maps with an |111)
input being quite different from the |300) case.
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5. CONCLUDING DISCUSSION

Boson samplers, which are associated with sampling the proba-
bility distribution of identical bosons passing through a random
interferometer, are known to be extremely hard to accomplish
with classical computers. These random interferometers, which
use nonclassical light, generate complex quantum dynamics that
is likely useful for other quantum tasks. This work shows how
complex dynamics can be used to generate the quantum reser-
voir at the core of various computing models, including QRC,
QERC, and QNC. We use the dynamics to perform various image
recognition problems, illustrating the approach’s utility even for
a few-photon systems. In particular, we show that QORC outper-
forms similar approaches using coherent light inputs and linear
support vector classifiers. As the size of these QORCs increases,
they should be able to perform classification tasks that are chal-
lenging in today’s machine learning world. Finally, our boson
sampling here has been based on single-photon schemes but
should also work with other encodings.

APPENDIX A: DATASET AND CLASSICAL MODELS

To benchmark our model, we solve hand-written digit images
known as the MNIST dataset [35], in which each image has
28 x 28 pixels, 60,000 images, and 10,000 images for train-
ing and testing. The dataset is widely used as a benchmark for
machine learning models, including physical neural networks
such as reservoir computing. Additionally, we consider two
more datasets, Kuzusiji-MNIST (K-MNIST) [36] and Fashion-
MNIST [37] datasets, in which images are of Japanese characters
and clothes, respectively. Both datasets have ten classes, and
60,000 images and 10,000 images for training and testing,
the same as the MNIST. As the pre-processing, we apply the
Min-Max normalization to all datasets [47]. It is assumed that
the difficulty among the three datasets is [36,37]: MNIST <
K-MNIST < Fashion-MNIST.

Several classical models have been proposed to solve image
classification tasks. For instance, the convolutional neural net-
work (CNN) [48,49] and Vision Transformer [50] are known as
state-of-the-art image classifiers. It is still a goal to achieve the
same level as quantum models, but so far, comparing our models
with them is unfair for the following reasons. First, they have a
much more complicated network structure to catch image fea-
tures and more parameters to optimize. In contrast, our model
needs to be more complex. Second, they require pre-training
and fine-tuning. The pre-training is done with big data and is
not used in our model.

It is important to compare our model with classical models
with similar structures and computational resources. Our model
has a linear classifier at the end, so we consider the linear support
vector classifier (L-SVC) [51]. Linear SVC is a Support Vector
Machine (SVM) type that performs classification on linearly
separable data. We introduce a dataset {(x;, y;)}~,, where x; € R
isaninputandy; € {—1, +1} is a class label. Linear SVC aims to
find a hyperplane that separates the classes with the maximum
margin. This is achieved by solving the following optimization
problem:
min SWTW + CZ & (A1)

i=1

whn 2
subject to the constraints given by

y,-(WTX,- + b) >1- é:,', f,' > 0. (A2)
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Here, w is the weight vector, b is the bias, & are slack vari-
ables, and C is a hyperparameter that controls the trade-off
between maximizing the margin and minimizing classification
errors. Linear SVC is particularly effective in high-dimensional
feature spaces and is widely used in applications such as text
classification and face recognition. Although SVMs are fun-
damentally binary classifiers, Linear SVC can be extended to
handle multiclass classification. In our calculation, we used the
one-versus-rest method. In this method, for K classes, we train K
binary classifiers, where each classifier distinguishes one class
from the rest. The final prediction is made by choosing the class
whose classifier outputs the highest confidence score.

Next, as our model is similar to the kernel model, we also
compare our models with Kernel SVC. We use the radial basis
function (RBF) [38,39] kernel. In the RBF kernel, the kernel
function is defined by

K(x.,x;) = exp (=l = x,]I%) . (A3)

This allows the SVC to construct a nonlinear decision boundary
in the original feature space by implicitly mapping the data into
a higher-dimensional space. Here, y controls the influence of a
single training example. Low values imply ‘far’ influence, high
values imply ‘close’ influence. Using the RBF kernel, SVC can
effectively handle complex, nonlinear classification problems.
Now, using the kernel function, the optimization problem can
be formulated in its dual form, as follows:

max Ya-2 S wayykxx).  (Ag

i=1 =1 j=1

subject to the constraints given by

0<a@<C, and Z ay; = 0. (A5)

i=1

Here, C controls the regularization parameter. Additionally, the
decision function for a new input x is given by

f(x) = sign (2 @, v, K(x;,X) + b) . (A6)

i=1

Only those training points with @;>0 contribute to the decision
function. In our calculation, to perform the Linear SVC and RBF
kernel, we used the Scikit-Learn [51] and chose the regulariza-
tion parameter C = 0 and C = 10 in the Linear SVC and the
RBF kernel, respectively. Additionally, y for the RBC is chosen
from “scale” in Scikit-learn.

In our numerical simulations, we employed a cosine-based
implementation of Random Fourier Features (RFF), a widely
used approach in the literature. Given an input x, the intermediate
feature representation z(x) is defined using a randomly sampled
weight matrix W ~ N(0, o) and a random bias b ~ Uni[0, 27],
as follows:

z(x) = cos(Wx + b). (A7)

We carefully matched the feature space dimensions to ensure a
fair comparison with the quantum optical reservoir computing
(QORC) model. The output dimension of RFF was set equal to
the dimensionality of the probability distribution obtained from
QORC. Since QORC inherently generates a high-dimensional
feature representation, achieving an equivalent feature space in
RFF required using a large matrix W.

Research Article

Furthermore, to maintain consistency with QORC, we incor-
porated the original image information into the feature rep-
resentation. As a result, the final transformed input to the
linear classifier was given by [x, z(x)]. Additionally, unlike stan-
dard RFF implementations, we applied a normalization step to
enhance the stability of the optimization process. This normal-
ization was also employed in QORC to ensure a robust training
procedure. The final transformed representation was then fed
into a linear classifier, which was subsequently optimized.

As shown in Table 1, our numerical analysis shows the QORC
efficiently approximates the RBF with a finite-dimensional hid-
den layer, similar to the RFF [38,39]. Although the RBF is
considered state-of-the-art in shallow machine learning, the
computational cost of RBF scales with the cubic of the dataset
size (for example, 60,000° in MNIST) [52-54], making it
difficult to handle big data (10° ~ 10° in order), while our
optimization cost scales linearly with the dataset size.
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