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Abstract
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Higher-point Correlators and the Conformal Bootstrap

by Joao ViLAs Boas

This thesis is devoted to the generalization of analytic conformal bootstrap methods to
higher-point correlation functions in conformal field theories (CFTs).

We begin by reviewing the conformal bootstrap methodology and terminology start-
ing from the basics. We proceed by revisiting the analytic lightcone bootstrap and the
conformal Regge theory of four-point correlation functions as well as known results for
correlators of half-BPS operators in N' = 4 SYM at strong t’hooft coupling. We further
motivate the new and powerful ingredient that higher-point correlation functions can be
in the conformal bootstrap program and review some of the recent results.

Following [1], we generalize the analytic lightcone booststrap to five and six-point cor-
relators. We rederive the lightcone conformal blocks in the snowflake channel using the
lightcone limit of the operator product expansion (OPE). We then solve the crossing equa-
tion by reproducing leading-twist contributions in the direct channel with large spin con-
tributions of double twist operators. In this way, we also fix the asymptotic large-spin
behaviour of anomalous dimensions and OPE coefficients involving two and three spinning
operators. We verify our results by comparing them with six-point correlators of mean-field
theory and with the disconnected part of a five-point correlator in ¢3 theory.

We move on to generalize conformal Regge theory to five-point functions as in [2].
After reviewing some features of Regge theory for flat-space multi-point amplitudes and
discussing how to find Lorentzian correlators from Fuclidean ones, we propose the kine-
matics of Regge limit of five-point functions with two Reggeon exchanges. We analyze
the analytic structure of conformal blocks both in position and Mellin space in the Regge

limit and proceed to develop the conformal Regge theory of five-point correlators. As a
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byproduct of our studies, we also introduce a new basis of three-point correlation functions
for operators with spin and the associated Euclidean conformal blocks. Furthermore, we
also write down an all-order expression for conformal blocks of scalar exchanges starting
from the lightcone.

As in [3], we explore an algorithmic approach to compute five-point functions of half-
BPS superprimaries in N’ = 4 SYM at strong t’hooft coupling which are dual to the graviton
and Kaluza-Klein modes in IIB supergravity in AdSs x S°. The method is entirely done
in Mellin space where the analytic structure of holographic correlators is simpler and uses
only factorization and a superconformal twist. Using this method, we obtain in a closed
form all five-point functions with two half-BPS operators with scaling dimension A = p
and three other with A = 2, extending earlier results where all operators had A =2. As a
byproduct of our analysis, we also obtain explicit results for spinning four-point functions
of higher Kaluza-Klein modes.

The appendices contain several technical results and explicit computations as well as

some parallel discussions to the ones in the main text.

Keywords: conformal field theory, higher-point functions, conformal bootstrap, Lorentzian

CFTs, conformal Regge theory, AdS/CFT correspondence.
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Resumo
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Higher-point Functions and the Conformal Bootstrap

por Joao VILAS BOAS

Esta tese é dedicada a generalizacdo de métodos analiticos de bootstrap para funcoes
de correlacao com mais de quatro pontos em teorias de campo conformes.

Comegamos por rever a metodologia e terminologia do bootstrap conforme desde os
bésicos. Prosseguimos com uma revisao sobre o bootstrap analitico de lightcone, sobre a
teoria de Regge conforme para fungoes de correlagdo de quatro pontos, bem como sobre
resultados conhecidos para funcoes correlacao de operadores half-BPS em N =4 SYM no
regime de forte acoplamento de t’hooft. Damos ainda a motivacdo para o novo e poderoso
ingrediente que as fungoes de correlacao de mais pontos podem ser no programa de bootstrap
conforme e revemos alguns dos resultados recentes.

Seguindo [1], generalizamos o bootstrap analitco de lightcone para fungdes de correlacao
de cinco e seis pontos. Rederivamos os blocos conformes no limite de lightcone no canal
snowflake usando o mesmo limite da operator product expansion (OPE). De seguida, re-
solvemos as equacgoes de bootstrap reproduzindo as contribuicbes dominantes em twist no
canal direto com contribuicoes de spin grande de operadores do tipo double twist. Desta
forma, fixamos também o comportamento assintotico a grande spin das dimensoes ané-
malas e dos coeficientes de OPE envolvendo dois e trés operadores com spin. Verificamos
0s nossos resultados comparando-os com fungoes correlacao de seis pontos em teoria de
campo médio e com a parte desconexa de uma funcio de cinco pontos na teoria ¢°.

Prosseguimos com a generalizacao da teoria de Regge conforme para funcoes de cinco
pontos como em [2]. Depois de rever algumas propriedades da teoria de Regge para am-
plitudes multi-ponto em espago plano e de discutir como encontrar funcoes de correlacao
Lorentzianas a partir de correladores Euclidianos, propomos uma nova cinemaética para o li-

mite de Regge de fungoes de cinco pontos envolvendo duas trocas de Reggeons. Analisamos
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a estrutura analitica dos blocos conformes, tanto em espago de posicoes como em espaco
de Mellin no limite de Regge e desenvolvemos a teoria de Regge conforme para fungoes de
correlagao de cinco pontos. Como bdénus dos nossos estudos, introduzimos também uma
nova base de fungoes de correlagao de trés pontos para operadores com spin e os blocos
conformes Euclidianos associados. Além disso, escrevemos também uma expressao a partir
lightcone, valida a todas as ordens, para blocos conformes associados a trocas de escalares.

Como em [3], exploramos uma abordagem algoritmica para calcular fungdes de cinco
pontos de operadores half-BPS superprimdrios em N' = 4 SYM no regime de forte acopla-
mento de t’hooft. Estes sao duais ao gravitao e a outros modos Kaluza Klein da teoria de
supergravidade IIB em AdS5xS°. O método é inteiramente feito em espaco de Mellin, onde
a estrutura analitica das fungdes de correlagao holograficas é mais simples, e usa apenas
factorizagao e um twist superconforme. Usando este método, obtemos a forma explicita de
todas as funcgoes de cinco pontos com dois operadores half-BPS com dimensao A = p e trés
outros com A = 2, estendendo resultados anteriores em que todos os operadores tinham
A = 2. Como consequéncia da nossa analise, obtemos também resultados explicitos para
fungoes de quatro pontos envolvendo spin para modos mais altos de Kaluza Klein.

Os apéndices contém varios resultados técnicos e calculos explicitos, bem como algumas

discussoes paralelas as do texto principal.

Palavras-chave: teoria de campos conformes, funcoes de correlagao de mais pontos, Boots-

trap conforme, CFTs Lorentzianas, teoria de Regge conforme, correspondéncia AdS/CFT.



List of Publications

During the period of his PhD, the author contributed to several finished and ongoing
projects, having at the time of writing published three works which are the focus of this

thesis.

e Anténio Antunes et al. “Lightcone bootstrap at higher points”. In: JHEP 03 (2022),
p- 139. por: 10.1007/JHEP03(2022)139. arXiv: 2111.05453 [hep-th]

e Miguel S. Costa et al. “Conformal multi-Regge theory”. In: JHEP 09 (2023), p. 155.
DOI: 10.1007/JHEP09(2023) 155. arXiv: 2305.10394 [hep-th]

e Vasco Gongalves et al. “Kaluza-Klein five-point functions from AdSsxS® supergrav-
ity”. In: JHEP 08 (2023), p. 067. DOI: 10.1007 / JHEP08(2023) 067. arXiv:
2302.01896 [hep-th]


https://doi.org/10.1007/JHEP03(2022)139
https://arxiv.org/abs/2111.05453
https://doi.org/10.1007/JHEP09(2023)155
https://arxiv.org/abs/2305.10394
https://doi.org/10.1007/JHEP08(2023)067
https://arxiv.org/abs/2302.01896




Contents

Acknowledgements

Abstract
Resumo

List of Publications

Contents
List of Figures

Glossary

1 Introduction
1.1 CFT basics
1.2 Higher-point

functions . . . . . . L

1.3 Lightcone bootstrap . . . . . . . . . . ..
1.4 Regge Theory . . . . . . . . o o e
1.5 N =4SYM and type IIB SUGRA . . . . . . . . ... ...
1.6 Structure of the thesis . . . . . . . . .. ...

2 Lightcone Bootstrap at higher points

2.1 Introduction

2.2  Kinematics and conformal blocks . . . . . . . . . ... ... L.

2.2.1 Lightcone conformal blocks . . . . . ... ... ... ... ...

2.3 Snowflake bootstrap . . . . . ... ...

2.3.1 Five-point function . . . . . . . . ... oo oo
2.3.1.1 Identity in the (12) OPE . . . . ... ... ... .. ....
2.3.1.2 Identity in the (34) OPE . . . . . ... ... ... .....

xi

iii

vii

ix

xi

XV

xix

11
14
18
25
28



xii HIGHER-POINT CORRELATORS AND THE CONFORMAL BOOTSTRAP
2.3.1.3 Two non-trivial exchanges . . . .. ... ... ... .... 44

2.3.1.4  Stress-tensor exchange . . . . . . . ... ... L. 45

2.3.2  Six-point function — snowflake . . . . . .. ..o 47
2.3.2.1 Exchange of three identities . . . . . . . ... .. ... ... 48

2.3.2.2  Exchange of one identity and two leading twist operators . 51

2.3.2.3 Exchange of three leading twist operators . . . . . . . . .. 52

2.4 Examples . . . ... e 55
2.4.1 Generalized free theory . . . . .. .. ... L Lo, 56
242 ¢3theoryind=6—€ . . . .. .. 56
2.4.2.1 Disconnected contribution to the five-point function . . . . 57

2.4.2.2 Comments on the six-point function . . . . . . .. .. ... 60

2.5 Discussion . . . ... Lo e 60
2.A Higher-point Conformal Blocks . . . . .. ... ... ... ... ....... 63
2.A.1 Mellin amplitudes . . . . . . . . ... 63
2.A.2 Explicit computation of six-point blocks . . . . . .. . ... ... .. 66
2.A.3 Euclidean expansion of six-point conformal blocks . . . .. ... .. 69

2.B D-functions . . . . . . ... 71
2.B.1 FivePoints . . . . . . .. 71
2.B.1.1 Thecaseof Dij112 - - - « « « « v v v i i 75

2.B.2 SixPoints . . . . ... 77
2.B.2.1 The case of D111111 -« «+ « « v v v v i 78

2.C Higher-point correlators and Harmonic Analysis . . . . . . . . ... .. ... 79
2.C.1 MFT six-point function from Harmonic Analysis . . . . .. ... .. 79
2.C.1.1 Snowflake channel . . . . . ... ... ... ... ...... 81

2.C.1.2 Comb channel . . . ... .. ... ... ... ........ 84

2.C.2 Partial wave decompositon and conformal blocks . . . .. ... ... 87
2.C.3 Direct computation of spinning shadow coefficients . . . . . . .. .. 90

3 Conformal Multi-Regge Theory 97
3.1 Introduction . . . . . . .. L 97
3.2 Scattering in flat-space and Regge theory . . . . .. .. .. ... ... ... 98
3.3 Kinematics of five-point conformal correlators . . . . . . ... ... ..... 111
3.3.1 Euclidean limit . . . . . . . ... oo 113
3.3.2 Lightcone limit . . . . . . . ... ... .. 118
3.3.3 Reggelimit . . . . . . . . L 119
3.3.4 Conformal partial waves . . . . . . .. ... L L oL 121

3.4 Reggetheory . . . . . .. 122



CONTENTS xiii

3.4.1 Wick rotation or how to go Lorentzian . . . . . . .. ... ... ... 122
3.4.2 Mellin amplitudes . . . . . .. ... 125
3.4.3 Comment on position space . . . . . . . . .. . .o 131
3.4.4 Conformal Regge theory for five points . . . . .. .. ... ... ... 132

3.5 Discussion . . . . ... 136
3.A Lightcone blocks . . . . . . ... 139
3.A.1 Spinning recursion relations . . . . ... ... 140

3.B  Scalar Mellin partial-wave . . . . . . ... .. . o 142
3.C Explicit examples in position space . . . . . . .. .. oL 144
3.D Other Regge kinematics . . . . . ... ... o o 149
4 Kaluza-Klein Five-Point Functions from AdSs x S° Supergravity 153
4.1 Introduction . . . . . . . . . .. 153
4.2 Superconformal kinematics of five-point functions . . . . . . . .. ... ... 156
421 Resymmetry . . . . . ..o o 157
4.2.2 Drukker-Plefka twist and chiral algebra . . . . . .. ... ... ... 159

4.3 Mellin representation . . . . . .. .. Lo Lo 160
4.3.1 Melllin factorization . . . . . ... .. ... 162
4.3.1.1 Exchange of scalars . . . . ... ... ... ... ... ... 163

4.3.1.2 Exchange of operators with spins land 2 . . . . ... ... 165

4.3.2 Drukker-Plefka twist in Mellin space . . . . . .. .. ... ... ... 167

4.4 Bootstrapping five-point Mellin amplitudes . . . . . . . .. ... ... ... 169
4.4.1 Strategy and ansatz . . . . ... ... oo 169
4.4.2 Mellin amplitude forp =2 . . . .. ... ... L. 171
4.4.3 Mellin amplitudes for general p . . . . . . . . ... ... ... ... 172
4.4.4 A comment on consistency . . . . .. .. ... 175
4.4.5 Comments on position space . . . . . .. .. .. ... ... 175

4.5 Discussion . . . ... e 178
4.A Higher R-charge super multiplet . . . . . .. ... ... ... ... ..., 181
4.A1 Conventions . . . . . . . . . .. 182
4.A.2 Differential Operators . . . . . . . . . ... .. ... ... ... .. 182
4.A.3 Four-point functions . . . . . .. . ... 185
Action of D), D) on four-point functions. . . . . . .. .. 186

General structure of the correlator. . . . . . . ... ... ... 187

The free theory check. . . . . .. ... ... ... ... .. 187

Frame simplifications. . . . . .. ... ... o0 188

SUMMATY. . . . . o o e e e e e e 189



Xiv HIGHER-POINT CORRELATORS AND THE CONFORMAL BOOTSTRAP

4.A.4 R- Symmetry gluing . . . .. ... oL 189
Realization of su(4) R-symmetry in the space of polynomials. 189

Projections and gluing. . . . . . . ... 190

Application to five-point functions. . . . . . .. ... ... .. 191

4.B Strong coupling correlators . . . .. . ... Lo oo 191
4.B.1 Example of factorization . . . . . . . . ... ... 197

5 Conclusion and open directions 199

Bibliography 203



List of Figures

1.1

1.2
1.3

14

2.1

2.2

2.3

24

2.5

Radial quantization: Hilbert spaces of states live on S%! spheres and are
connected by evolving them with the dilation operator.. . . . . . . ... ..

The two different OPE topologies in a six-point function. . . . ... .. ..

Contour integrals for the Sommerfeld-Watson transform for the four particle
scattering in the J-complex plane. As one deforms the contour from C' to
C’ one has to consider the contribution from dynamical singularities which
here we assume to be a Regge pole. . . . . . .. ...,

Regge limit kinematics. . . . . . . .. ... oL L oo

Schematic representation of the OPE channels for five- and six- point func-
tions. In the top left we have the snowflake decomposition of the five-point
function, where we emphasize the OPE coefficient involving two spinning
operators. In the top right we have the snowflake decomposition of the six-
point function, emphasizing the OPE coefficient of three spinning operators.
In the bottom, we depict the comb-channel expansion, which may involve
mixed-symmetry tensors and which we will not analyze in detail. . . . . .

Schematic representation of the relevant lightcone limit in the z-plane. The
point zs first approaches the lightcone of the operator at the origin, as u — 0.
Subsequently, it approaches the lightcone of the operator at x3 = (1,0),
which corresponds to takingv — 0. . . . . . .. ... oo

Witten diagrams corresponding to the leading order five-point function in a
large N theory. The black and red dashed lines correspond to the unitarity
cuts in the direct and crossed OPE channels, allowing us to infer what the
exchanged operators are. . . . . . . . . . .. ...

A schematic form of the six-point snowflake bootstrap equation. The left
hand side represents the (12)(34)(56) direct-channel expansion while the
right hand side represents the (23)(45)(61) cross channel. . . . .. ... ..

Witten diagrams corresponding to the leading order six-point function in a
large N theory. The black and red dashed lines correspond to the unitarity
cuts in the direct and crossed OPE channels, allowing us to read-off the
exchanged identity and double-twist operators, respectively. . . . . . . . ..

XV



xvi

HIGHER-POINT CORRELATORS AND THE CONFORMAL BOOTSTRAP

2.6

3.1

3.2

3.3
3.4

3.5

3.6

3.7

3.8
3.9

3.10

3.11

3.12

Schematic representation of the gravitational processes dual to the six-point
comb channel on the left and to the six-point snowflake channel on the right.
In the comb case, three particles come from the infinite past, interact weakly
and continue towards future infinity. In the snowflake case, the blue and red
particles come from the past infinity of two different time coordinates, say
t1 and to, respectively. The blue one travels to future infinity along ¢; and
the red one along t5. A third, green particle comes from past infinity in the
t1 direction and moves towards past infinity in ¢5. The process can also be
interpreted in other similar ways by permuting the role of the OPEs. . . . .

The ten two-body Mandelstam invariants of a five-point scattering amplitude
(left) and our choice of five independent ones (right). . . . . . . .. .. ...

Scattering process shown in the resting frame of exchanged momentum ¢,.
This defines the angles 62 and Opyer. 01 is defined analogously in the rest
frame of exchanged momentum ¢;. . . . . . . . .. ... L.

Singularities of A(s,t) in the s complex-plane at fixed ¢. . . . ... ... ..

Contour integrals for the Sommerfeld-Watson transform for the four particle
scattering in the J-complex plane. As one deforms the contour from C' to
C' one has to consider the contribution from dynamical singularities which
here we assume to be a Regge pole. . . . . . ... ... ... ... ...,

Contour deformation in z = e?ruer for doing the Froissart-Gribov continu-
ation. The orthogonality relation holds on the black contours. We show the
two different branch cuts corresponding to ax discussed in (3.22). . . . ..

Contour integrals for the Sommerfeld-Watson transform in the m-complex
plane. . . . . e e

Contour of integration in J; and m-complex planes when the respective
variable is integrated first. Here, we only account for dynamical singularities
given by Regge poles and ignore the existence of Regge cuts and fixed poles.
Note that there are no dynamical singularities in the m-complex plane.

We show our proposal for the Regge limit of the five-point correlator.

Position of points on the Euclidean cylinder. Two points 1 and 3, are at

Regge kinematics for scattering amplitudes can be defined as s13, 535, 535 —
x%, x — 0 while keeping 12 and t34 fixed. As can be seen in Mellin space the
dominant contribution to the kinematics described in figure 3.8 is the same.

Integration contour in spins Ji, Jo. The blue contour can be deformed to the
red contour. We assume the leading Regge pole in the J;-plane is located at
ji(v) and we don’t draw any further dynamical singularities that might exist
to the left. Red contour is understood to be deformed to the right of the

other infinite series of poles depending on ¢ lying on the left in the J;-plane.

Discontinuities of lightcone block under analytic continuation (3.78). In
blue, the real part of the stripped-off lightcone block. In orange, the real
part of the block with log(uz) — log(uz) + 2mi. In green, the previous with
log(ug) — log(us) — 27 and in red, the latter with log(us) — log(us) — 2mi.
On the right, a zoomed-in version of the same plot. The plots are obtained
with 52 == 07351 ................................

107
112

113

127

133



LisT OoF FIGURES

xvii

4.1

4.2

Inequivalent R-symmetry structures in the (pp222) five-point function. Here
(a1,a2) is (1,2) or (2,1) and (as, as,as) can be any permutation of (3,4, 5).
Each thin line represents a single contraction. The thick line represents the
multi-contraction ¢{, with the power a given by the number next to the line.
The R-symmetry structures in the first row have counterparts in the (22222)
five-point correlator. For (pp222) they are simply obtained by multiplying
the p = 2 structures with /5 2 The R-symmetry structures in the second
row are new and do not appear in (22222). . .. ... ... ...

Mellin amplitudes have poles correponding to the exchange of single-trace
operators. The residues at the poles are associated with lower-point Mellin
amplitudes. In the channel depicted in the figure, we have n = 5 and ¢ = 3.
The Mellin amplitude on the left has four points while the one on the right
has only three. . . . . . . . . . . .






Glossary

QFT Quantum Field Theory
CFT Conformal Field Theory
AdS Anti-de Sitter

IR Infrared

Uuv Ultraviolet
SYM Supersymmetric Yang-Mills

SUGRA Supergravity

Xix






Chapter 1

Introduction

There is a natural human tendency to wonder and to desire to understand the fundamental
elements and guiding principles of things. In the search for this ultimate arche, there is the
need to uncover Nature’s general language. Quantum Field Theory (QFT) seems to be our
best candidate for such a general framework. Indeed, QFT describes systems with infinitely
many degrees of freedom in very distinct contexts. Its far reaching applicability ranging
from condensed matter to high-energy collider physics, and from statistical field theory
to effective theories of gravity is furthermore supported by overwhelming experimental
evidence highlighting its success.

Amongst QFTs there is the special class of conformal field theories (CFTs). These
theories are invariant under conformal symmetry and are therefore more constrained than
generic QFTs. Moreover, from a renormalization group (RG) theory perspective, one can
think of a generic QFT of an interacting system as being defined by the RG flow that is
generated by a relevant deformation of a solvable theory in the ultraviolet (UV). Often
the UV theory is taken to be free, which is conformally invariant. The QFT can then
flow to either a nonperturbative infrared (IR) fixed point or to a gapped phase, where
the interesting observables are correlation functions and the S-matrix, respectively. The
former fixed points are scale-invariant theories which when unitary (reflection positive in
Euclidean space) and local are expected to be enhanced to CFTs, at least in two and four
(with extra technical assumptions) spacetime dimensions [4-6].1

At long distances, many QFTs are strongly coupled. Despite the impressive develop-

ment of perturbative methods to evaluate complicated Feynman diagrams, these necessarily

'There are known examples of scale-invariant theories which are not conformal. See for instance the
examples of the theory of elasticity in [7] and of dipolar ferromagnets in [8] where a shift symmetry is shown
to be responsible for the breakdown of the enhancement. These known examples are non-unitary.
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fail to capture the full nonperturbative character of these physical systems. The Bootstrap
approach, which we advocate throughout this thesis, offers a new set of methods that allows
us to study QFTs nonperturbatively. The philosophy goes back to finding the fundamen-
tal principles and consistency conditions that we expect to be universal and impose them
at the level of the observables we are interested in. Amongst the typical constraints we
impose is unitarity, the invariance under the permutation of operators and the existence
of a stress tensor. Additionally, we may want to add further constraints in particular
models. The philosophy is simple to explain, rigorous and can thus be applied in various
contexts, such as the conformal bootstrap (see [7, 9-14]), S-matrix bootstrap (e.g., [15-18])
and more recently in quantum mechanics (e. g., [19-24]). The simplicity of these ideas
contrasts with the remarkable success of its outcome. The striking example of the power
of this technology is the conformal bootstrap determination of the critical exponents of
the three-dimensional Ising model at the critical point which is the most precise ever [25].
These exponents describe the behaviour of physical systems close to criticality, i.e. close to
continuous phase transitions. Furthermore, they do not depend on the microscopic details
of systems far from criticality and are the same for systems within a given universality
class. This means that knowing their exact form doesn’t just teach us about the critical
behaviour of a single model, but about a whole class of them.

The AdS/CFT correspondence [26-28] is another major motivation to study CFTs.
The correspondence conjectures a duality between a theory in AdS spacetime and a CFT
living at its boundary. In this sense, it provides a way to further understand quantum
gravity in the bulk of AdS by exploring the more powerful toolkit at our disposal on
the CFT side. In its strong/weak form, the duality is particularly useful for practical
computations and for applications (see for instance [29]) as it offers the chance to look at
the strongly-coupled behaviour of a system by solving the dual weakly-coupled theory. We
will revisit this duality as part of this thesis by considering the most studied example of
the correspondence: the duality between type IIB superstring theory in AdSs x S° and
N =4 SYM.

The overarching goal of this thesis is the extension of conformal bootstrap analytic
results to correlation functions with more than four local operators. In doing so, we
will consider both Euclidean and intrinsically Lorentzian configurations. It is therefore
of primordial importance to define and review some of more standard conformal bootstrap

terminology and results before we proceed to motivate and attack the set of problems we
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find in the next chapters.

1.1 CFT basics

A conformal field theory is a quantum field theory whose correlations functions are covariant
under conformal transformations. These are local rescalings of spacetime that preserve
angles. We further require the existence of a conserved stress tensor, even in theories
where there is no Lagrangian formulation available. This is a natural requirement for any

local quantum field theory. Given its existence, we can define the charges

Q.(2) =— /E dnye, TH (x) (1.1)

where ¥ is any co-dimension 1 surface surrounding the insertion of the stress tensor and
n, is a normal vector to this surface. For these charges to be conserved, the vector fields

€, should obey the killing equations
Ou(e,T") =0 = Oue, +0pey =0, (1.2)
which in flat space has solutions
P = Oy s My = 0y — 2,0, . (1.3)

These are the vector fields associated with translations and rotations, respectively.
In a CFT, besides conserved, the stress tensor is also traceless ? which allows us to

relax the killing equation to its conformal version
Ouev + 0uey = ()0, (1.4)

with some scalar function c¢(x). The conformal killing equations have two further solutions

in flat space, namely
d=z"09,, ky = 22,(2"0,) — 220, (1.5)

which are associated with dilations (commonly referred to as dilatations) and special con-

3

formal transformations. These vector fields define the conserved charges of a CFT

2This is a structural property of locally invariant conformal theories that can be tested [30].

3For completeness we should add that in curved even-dimensional spacetimes, the tracelessness of the
stress tensor can be broken by a Weyl anomaly. This fact will not be important for the rest of the text of
the thesis.
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through (1.1), where we gave a sloppy definition of the surface ¥.. This is justified since con-
servation of these charges is equivalent to the statement that these are topological surface
operators [31].

The algebra of the quantum charges is given by

[D,P,)=P,, [D,K,)=-K,, [K,P)|=20,D-2M,,,
[M,“,, Pp] = Ovp Py — Opp Py [M/w’ Kp] = OupKy — 0pp Ky,

My, Mpo| = 60pMue — 6pMyo + 0o Mpy — 00 M, (1.6)

where we use the more common notation P, = Qp,, My, = Qm,,, D = Q4 and K, = Qy,
and all other commutators vanish. Note that this algebra is basically inherited from the
algebra of the vector fields for a spacetime dimension d > 3 in which we focus on in this
thesis. # Moreover, the algebra presented here is the algebra of SO(d+1, 1) which coincides
with the Lorentz algebra in R¥TL1. 5 A particularly interesting feature of this algebra is
found in the first line of equation (1.6). It shows that P, and K, act as raising and lowering
operators for the eigenvalues of the dilation operator. It is then natural to consider local

operators with fixed scaling dimension A at the origin such that
[D,0(0)] = A0(0),  [Myp, 02(0)] = (pu)50"(0), (1.7)

where we also included the natural transformations of local operators in irreducible repre-
sentations of the SO(d) rotation group. Here p,,, are rotation matrices and a denotes the
representation indices of the operator. In this thesis we will only deal with spin-J symmetric
and traceless representations of SO(d), but see [33, 34] for more general representations.

It follows from the conformal algebra that P,O(0) is an operator of scaling dimension
A + 1 whereas K,0(0) has A — 1. 6 Therefore, by acting successively with K, on an
operator we can have arbitrarily low scaling dimensions. However, due to unitarity or
cluster decomposition of correlation functions that we will discuss below, we require the
scaling dimensions to be positive. This then imposes that there should be some local
operator such that

(K, 0(0)] = 0. (1.8)

4For d = 2, the algebra of quantum charges has a central extension compared to the one from the vector
fields.

®This is the motivation for the "embedding space formalism” [32] where the action of the conformal
group is linearized in a d+2-dimensional space and then properly projected to R?.

%The notation P,O(0) is shorthand for [P,, O(0)] and similarly for &,. From a path integral interpre-
tation, the commutator can be seen as surrounding O(0) with a topological surface operator.
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These are the so-called primary operators. On the other hand, by acting with the raising
operator P, we can build an entire family of operators with increasing scaling dimensions
out of a single primary. These are the descendants of the primary operator. One can show
that all local operators of a CFT are linear combinations of primaries and descendants [9].
This nontrivial fact has important consequences in the conformal block decomposition of
correlation functions we will encounter later and allows us to focus on correlation functions
of primary operators.

Using the conformal Ward identities in a theory with a conformal invariant vacuum,
one can show that scalar one, two and three-point functions of primary operators reduce

to

012

(O(z)) =601, (O1(21)02(22)) = <55 > (1.9)
L12
C123
(O1(21)02(22)03(23)) = X 78,8, A 74, B Ao ihs By (1.10)
Z12 Z13 223

where we use the notation z;; = |x; — x;|. The generalization for operators with spin was
studied in [32, 35] and will be useful in the next chapters where the explicit expressions
will be shown. We see that one-point functions are identically zero except if the operator is
the identity itself. On the other hand, two-point functions are power laws and depend only
on a single parameter, the scaling dimension of the primary operator we consider, since
they can only be nonzero if operators O; and Oy are in fact the same. Here we chose the
convention where the numerator of the two-point function is just a Kronecker delta, but
other normalizations are also possible. 7 Finally, three-point functions are also completely
fixed by conformal symmetry up to overall constants ci23, the operator product expansion
(OPE) coefficients or structure constants. These together with the spectrum of the theory,
i.e. the scaling dimensions and SO(d) representations of the available primary operators,
are collectively known as CFT data and contain all the dynamics of a CFT. This statement
stems from the OPE that we now discuss.

The OPE is better explained using the operator-state correspondence: in a CF'T, every
state corresponds to an operator and vice-versa. To make this correspondence more easily
understandable we need to introduce the important notion of radial quantization.

To work out the quantization of a theory in QFT, we need to choose a direction in which

we foliate spacetime. In standard QFT, the chosen direction is typically time and in every

"Even though here we are only dealing with scalars, a good example of a case where the normalization
constant should not be set to 1 is the canonical normalization of correlation functions of two stress tensors
where the constant of normalization is fixed from Ward identities and has physical meaning.
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@ v')

D

FIGURE 1.1: Radial quantization: Hilbert spaces of states live on S%~! spheres and are
connected by evolving them with the dilation operator.

time slice there is a corresponding Hilbert space of states. In this case, one could go from
one Hilbert space to the next by evolving a state with the Hamiltonian. In a scale-invariant
theory, there is another possible foliation of spacetime, where we consider Hilbert spaces
to live on spheres S9! around the origin. This is the so-called radial quantization. In this
quantization the natural "Hamiltonian” to evolve between Hilbert spaces is the dilation
operator - see figure 1.1.

From a path-integral perspective, a local operator insertion naturally defines a state
in a sphere that surrounds it. One simply integrates the path-integral over the interior of
the sphere containing the operator insertion. Note that this state does not need to be an
eigenstate of the dilation operator, but can nonetheless be decomposed into sums of such
states.

The fact that a state living on a co-dimension 1 surface can also be interpreted by a
0-dimensional local operator seems harder to believe. It is here that scale invariance comes
to play and saves the day. Since any state can be decomposed into eigenstates of the
dilation operator, it is possible to use it to pull each of these eigenstates into a very small
sphere around the origin and recognise the corresponding local operator. In this way, any
state can be interpreted as a sum of local operators, i. e. of primaries and descendants.
The reader may want to see [9, 36] for a more careful proof of the correspondence. We are
then entitled to write

0(0) ©  00)0) =|0). (1.11)

Moreover, our primary operators correspond to primary states such that
D|O) = AlO), KuO0)=0, Mu|0)=pu.|0), (1.12)

and descendant states can be built by acting with momentum generators P, ... P, |O).
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The OPE existence follows then naturally from the operator-state correspondence. Con-
sider the insertion of two operators and the state generated at some ball that surrounds

these
[P1,2) = O1(21)02(0)[0) . (1.13)

This state can be decomposed into eigenstates of the dilation operator
[12) = > Crop(1, 02, ) Or(0)0) (1.14)
k

where the sum is over the primaries and the dependence on descendants is restored by the
action of the derivatives in Cyox (21, 05, ) on those. Using the state-operator correspondence

above we can promote this equation to an operator level,

01(331)02(1’2) = Z 2)CA112fA27_ka(«T127 Dz; am)ok(x%z) ) (1‘15)
ko (Tia 2

where we allowed the second operator to have arbitrary position now. Here we extracted
c12, which are the OPE coefficients that we first met in the three-point function (1.10) and
therefore its name. In the context of this thesis we will always apply the OPE to scalar
operators and thus the only allowed exchanges in the OPE are symmetric and traceless rep-
resentations of spin J. In the equation above we are implicitly restricting our attention to
that case. Moreover, to suppress the index dependence, we introduce the null polarization

vectors z such that

O(x,z) = OMYHn(2)zy, .. 2y, (1.16)
One can recover the index dependence by acting with the Todorov operator [32]

d o\ 0 1 0?
Dy={(--1 ) = = =2 1.1
" (2 e 62) 921 27 0z-02 (L.17)

that appears in Fi(z12,D,, 0., ). The exact form of the OPE can then be fixed from

consistency between two-point functions and three-point functions.

The OPE is one of the most important features of a CF'T as we will appreciate below.
In a CFT, it has a finite radius of convergence contrarily to a generic QFT. In fact, as long
as we can draw a ball separating the two operators from other operators in the theory, the
OPE converges [37]. We can then use it inside a n-point correlation function to reduce it
to a n — 1-point function at the cost of knowing all the possibly infinite primary operators
that can be exchanged in the OPE. Successive use of the OPE allows us then to reduce

any n-point function to a two or three-point function, whose form is completely fixed by
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conformal symmetry. This is the reason why it is valid to say that CFT data completely
determines a CFT.

In this context, there are two important questions that we can raise: What type of
constraints can we impose on CFT data? What is the relevance of higher-point correlation
functions?

To answer the first question, we start by focusing on the case of unitary CFTs. This
will be the case of interest for the rest of the thesis. Unitarity requires the norms of states
to always be non-negative. This imposes nontrivial constraints at the level of the allowed

CFT data. Concretely, the scaling dimensions of operators must obey

d—2
A> 5 (scalars) , A>J+d—2 (spinning). (1.18)

The clear exception is the identity operator with A = 0. These bounds are saturated
whenever there are null states in the conformal multiplet of a given operator. This is the
case for free theories or conserved currents.

Furthermore, unitarity also imposes constraints at the level of the OPE coefficients.
Whenever the operators involved are real (Hermitian in Lorentzian signature), the OPE
coefficients are also real c]y;, = c124-

These are the common constraints we can impose to any unitary CFT, but there is a
vast space to improve on these. Here lies the connection with the second question that we
now investigate.

Let us start by considering four-point functions. These are by default the observables
in bootstrap studies. For this reason, from now on, when we refer to higher-point functions
we mean correlation functions with five or more primary operators. Scalar four-point

correlators can be written as
(x§4>A221 (x@)AS‘*
2, 22,
<¢1($1)¢2($2)¢3($3)¢4($4)> = 5 24A1+A2 215 ) g(u,v) (1.19)
(zfy) 2 (234) 2

where Aj; = A; — Aj. The stripped-off factor in front of g(u,v) takes care of the scaling
of the correlation function in each operator. Hence g(u,v) is just an arbitrary function of

two conformally-invariant cross ratios v and v

2 .2
L14%23

2 2
u= 2z = 1273 v=>1-2)(1-%2)=

(1.20)
“7%3"17%4

2.2 -
L13%24

We also introduced here the very common set of cross ratios z and z. These have a very
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nice geometric interpretation. Indeed, one can use conformal transformations to take a
generic four-point correlator into the configuration where x; = 0, 3 = (1,0,...,0) and x4
is sent to infinity. The point xo lies then in a plane that contains all other operators. Its
position in the plane is then controlled by two real numbers. In Euclidean space, we can
parameterize this point with a complex variable z = x 4+ iy and Z = z*. As we Wick rotate
to a Lorentzian signature, z and Z become two real and independent variables.

The function g(u, v) is dynamical but most of its form can be fixed from OPE machinery.

If we take the OPE between operators 1-2 and 3-4 as an example, it admits the writing

12,434

g(u,v) = Z C12kC34k gij (u,v) (1.21)
k

where the sum is over exchanged primaries. The two OPEs reduce the four-point function
to sums over two-point functions of exchanged operators. As these vanish for non-identical
operators, we are left with a single sum. The kinematic functions gﬁ}j’AB“(u, v) are known
as conformal blocks and, by construction, their form is fixed by the OPE. While this formal
definition is important, in practice, their form is more easily obtained by other methods.

Conformal blocks satisfy quadratic and quartic Casimir equations [38-40]. In d = 2
and d = 4, equipped with the appropriate boundary condition resulting from the OPE,
the solution is known in closed form [38, 39]. Moreover, in [39] the authors found a
recursion relation relating conformal blocks in d dimensions to other in d + 2 dimensions.
For odd spacetime dimensions no closed form is known in general. There are however other
methods to compute these objects. One exploits the analytic properties of these blocks in
A and derives recursion relations for them [41]. Another makes use of the so-called radial
coordinates and computes the conformal block in a series expansion in the cross-ratios
with coefficients that are rational functions of A [42, 43]. These methods can be combined
together and applied to evaluate these conformal blocks with extreme accuracy as required
for numerical studies.

Through the use of OPE, we were able to separate the dynamics of a CF'T, contained
in its CFT data, from the kinematics. In doing so, we have opted for some choice of pairs
of operators in which we do the OPE, but there are other equivalent choices. Suppose,
for simplicity, that all operators within our correlation function are equal. In our OPE
expansion, we chose to pair up the operators in a 12-34 channel, which we call the direct

channel. On the other hand, we could have instead performed the OPE in the pairs 14-23,
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the cross channel. The equivalence of the two OPE expansions can then be written as

g(u,v) = (“) > g(v,u) . (1.22)

[

This equation (and the equivalent for higher-point functions) is the crux of the conformal
bootstrap program. While simple at first sight, it is in fact extremely difficult to satisfy
from a conformal block decomposition point of view. This happens because conformal
blocks are not crossing-symmetric objects. Indeed, considering the direct-channel in the
limit where x5 — 21 with all operators in a line (i.e., z — 0 and z = %), the conformal
block has power-law dependence in z and its leading contributions are given by operator
exchanges of small scaling dimension, such as the identity itself. On the cross channel, on
the other hand, the same limit leads to logarithmic behaviour in z. In fact, it can be proved
that it is an infinite number of heavy operators in the cross channel that reproduces the
exchange of the identity in the direct channel [37]. This is suggestive of the complicated
and nontrivial constraints that this equation poses on CFT data and justifies the bootstrap
program as a powerful tool.

In the region of mutual convergence of the conformal block decomposition, which turns
out to be z € C\((—o00,0) U (1, +00)), the conformal bootstrap program aims to solve the
crossing equation both from a rigorous numerical and analytical approaches. In this thesis,
we focus on analytic methods. In this context, it is worth mentioning that different limits
of the crossing equations allow us to focus on different OPE exchanges. In fact, if instead
of considering the limit z9 — 21 (which we call Euclidean OPE limit) we consider the limit
where one of the operators approaches the lightcone of the other, i.e. x%Q — 0 (which we
call lightcone OPE limit), it follows from the form of the OPE that the leading conformal
block contributions are those with lowest twist (scaling dimension minus the spin of the
exchanged operator) rather than those with small scaling dimensions. Considering the
lightcone limit on both sides of the crossing equation will teach us about the large spin
behaviour of double twist operators that are found to be universal in every unitary CFT [44,
45]. This result will be briefly reviewed below under the name of lightcone bootstrap.

Before moving on, let us now motivate the general goal of this thesis: the extension
of analytic bootstrap methods to correlation functions of more than four local primary

operators.
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1.2 Higher-point functions

For a long time, higher-point functions were overlooked in the conformal bootstrap pro-
gram. Indeed, they admit a conformal block decomposition, but the associated conformal
blocks are more complicated and functions of more cross ratios than the four-point ana-
logues. ® Moreover, it is known that all CFT data can be probed already from four-point
functions alone as long as all of them are considered. This provides reasonable motivation
for the scarcity of studies on higher-point functions. Nevertheless, here also lies a major
motivation for the increasing interest in these observables: not all four-point functions are
accessible to us!

In the review we did of four-point functions, we restricted our attention to scalar corre-
lators. The generalization to other representations can be done in principle at the cost of in-
troducing some differential operators. As pointed out in [46], there is a set of ”spinning-up”
differential operators that when acting on a three-point function of the type scalar-scalar-
spin produce a three-point function of three generic spin operators with shifted scaling
dimensions. More recently, in [47], the authors introduced a more general class of differ-
ential operators known as weight-shifting operators. These results provide a strategy to
compute general conformal blocks (with arbitrary internal and external representations)
by differentiating scalar conformal blocks. The method is constructive but limited by the
amount of derivatives we can take efficiently. For example, the method is not practical to
access large spin operators. On the other hand, these operators appear naturally in the
OPE of two scalar operators for instance.

Note that inside a scalar higher-point function, by use of the OPE, there are infinitely
many four-point functions and, more importantly, infinitely more CFT data, including OPE
coefficients between spinning operators. Indeed, if one is able to overcome the mathematical
difficulty of dealing with the more involved structure of higher-point functions, then one is
entitled to find many more OPE coefficients at a single time.

Other motivation has a more exploratory character: it is unclear what new dualities,
relations or structures in the correlators might only become apparent at higher-points. In
chapter 3, we will have contact with a label for different tensor structures appearing in
three-point functions involving operators with spin and propose some analyticity of the

OPE coeflicients in it. The question about whether this analyticity exists or not appears

8For sufficiently large spacetime dimensions, the conformal blocks of a n-point correlator are functions
of n(n — 3)/2 cross ratios.
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FIGURE 1.2: The two different OPE topologies in a six-point function.

quite naturally as we start considering higher-point functions. In chapter 4, we will consider
correlation functions of single-trace protected operators in N’ = 4 SYM at strong t’hooft
coupling. In [48], it was found a hidden ten-dimensional conformal symmetry that can
be used to relate correlation functions of these type of operators with different scaling
dimensions. It is not clear if this symmetry survives in higher-point functions or not. If
it does, it may shed light on underlying structures of these correlators that have not been
appreciated so far.

In the context of the AdS/CFT correspondence, higher-point functions are also impor-
tant for the so-called AdS unitarity methods [49, 50]. These relate the double discontinuity
of one-loop diagrams in AdS to the square of tree-level data. The generalization for higher
loops also requires the knowledge of higher-point functions.

These ideas provide a broad motivation to explore this largely uncharted territory.
While the number of results available is scarce, there are valuable contributions that deserve
to be mentioned. In this regard, it is important to distinguish two different topologies under
OPE. The snowflake topology is the result of considering the OPE between pairs of external
operators - see figure 1.2a for an example in a six-point function. On the other hand, one
can instead consider the OPE of consecutive operators, both external and internal - see
figure 1.2b. Note that the two topologies probe different OPE coeflicients generically. In
the case of the scalar six-point function we considered in figure 1.2, the snowflake channel
probes OPE coefficients involving two scalars and a symmetric and traceless spin J operator
as well as the coupling between three spinning operators. The comb channel configuration,
on the other hand, might also depend on the OPE coefficient between an internal spin-J
operator, an external scalar and a possible internal operator with mixed symmetry.

In [51], in d = 1,2 dimensions, a closed-form expression for the n-point conformal
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block in the comb-channel was found using shadow formalism. ® In more general space-
time dimensions, it was also derived the five-point comb-channel conformal block with
both internal and external scalar operators. This result was then generalized for any n-
point correlation function in the comb-channel in [53, 54]. In this regard, [54] derived a
dimensional reduction formula that relates these blocks in d dimensions to blocks in d — 2
dimensions. Similar studies for scalar six and seven-point functions with scalar exchanges
in the (extended) snowflake channel were done in [55, 56].

While interesting and nontrivial, the results above have limited applicability. More
generally, five-point conformal blocks for non-scalar OPE exchanges can be computed by
considering the quadratic Casimir equations and by solving them in a series expansion [57—
59]. 1% This method was fundamental for the first numerical studies of five-point correlation
functions in the bootstrap program [58, 59]. In the same spirit as discussed for four-point
functions before, [62] derived recursion relations for conformal blocks with just external
scalars or with one spin 1 or 2 operator using weight-shifting operators. This relation allows
us to relate arbitrary conformal blocks to blocks for scalar exchanges. The method is useful
for relatively simple representations of the conformal group, but becomes very inefficient
as one wants to use it for more nontrivial cases, such as the exchange of operators of large
spin.

The conformal blocks are fundamental building blocks but their efficient computation
for higher-point functions is still in its infancy. As pointed out in [63], the OPE simplifies
in lightcone limit. In [64], this fact was used to derive integral representations for five and
six-point conformal blocks. This is reviewed in chapter 2, where the explicit expressions
are shown and used to set up a lightcone bootstrap program for five and six-point scalar
correlators. !

As we conclude this section, even though we are not focusing on numerical bootstrap
methods in this thesis, we add a few remarks on notable numerical studies in higher-point
functions. An important fact of the four-point numerical conformal bootstrap of unitary
CF'Ts is the positivity of the product of OPE coefficients appearing in the crossing symmet-
ric equation (1.22). For higher-point functions, this notion of positivity is not guaranteed
generically. Therefore the uplift of numerical methods from four-point correlators to these

observables is not straightforward. As mentioned above, in [58, 59] the authors overcame

9See also [52].

0Besides the quadratic Casimir operator, multipoint conformal blocks are also eigenfunctions of a com-
plete set of commuting differential operators. These were discussed in [60, 61].

HThis work was subsequently reproduced and extended in [65, 66].
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this obstacle in five-point functions by reviving a numerical method that aims to solve a
truncated crossing equation [67]. > This method however lacks the rigor of the positive
semidefinite program that is used in four-point functions. Recently in [68], this program
was reformulated in order to allow the numerical study of six-point functions in a comb-
channel conformal block decomposition and in a line configuration in d = 1 dimensions.
These results open up the ground for better and more rigorous numerical studies of mul-

tipoint correlators in the near future.

1.3 Lightcone bootstrap

In chapter 2, we will generalize the basic ideas of the lightcone bootstrap to five and six-
point functions in a snowflake configuration. It is thus of primary importance to review
and explain some basic facts of this program.

While numerical methods have attained fantastic results, a better understanding of the
analytic properties of the crossing equation is a must. This is an extremely complicated
problem in general but much more treatable in specific kinematics. As discussed before,
in the lightcone limit, i.e. when an operator approaches the lightcone of another such that

w?j — 0, the OPE simplifies and takes the form [63]

NG,
k,J(T1 + tro1, T12
br(aoaton) = Y erae [ fag P TT) (1.23)
k 0 (2%y) 2
where ... represent subleading contributions and we restrict ourselves to identical scalars

of scaling dimension A, exchanging a symmetric and traceless operator of spin J and twist
7. Here the form of the measure [dt] is not important but will be made explicit in chapter 2
equation (2.7). It follows from this OPE limit (or, equivalently, from solving the quadratic
Casimir equations in the lightcone limit) that the conformal block in the small u limit can
be written as

G, (u,v) = u™/2(1 —v)’ o Fy (7; +J, % +J,m+2J,1 - v) = uTk/Qf%J(v) , (1.24)

where we note that CF'T data is organized by the twist of the exchanged operator in the
OPE.

12This method was introduced as a possible avenue to constrain CFT data of non-unitary theories.
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Considering a correlation of four identical scalar operators, we can write the crossing

equation (1.22) in the small u limit as

v

Ag
u
1 + ZPT“] uT/QfT,J(U> = <> ZP7-7Jg7-k7J<’l)’U) s (125)
T,J T,J

where P ; is the product of OPE coefficients and we isolate the contribution of the identity
operator in the direct channel.

In the small w limit, the leading contribution in the direct channel is given by the
identity exchange. There are no other operators of zero twist to contribute. For unitary
CFTs in d > 2, this follows from unitarity bounds. More generically, this separation is
valid whenever there is a twist gap between the identity and the next operator. In this
limit, the crossing equation reduces to

Do
u
1~ <> g Pr 1 gr.,0(v,u). (1.26)
T,J

v

As it was shown in [44, 45] 3, reproducing the identity exchange by the cross channel
cannot be done by a finite number of OPE exchanges. In fact, the small u limit of the
conformal block in the cross channel has at most a logarithmic behaviour in uw. This is
insufficient to cancel the explicit u®¢ in the prefactor. Indeed, the identity exchange is
reproduced by large spin contributions of a family of operators known as double-twist

operators. At large spin, their schematic form and twist are given by
[@]n,g ~ d)(82)”5m..0wqb T=2044+2n+7v(n,J), (1.27)

where n is a non-negative integer and y(n, J) are the anomalous dimensions that will be
suppressed by spin as we will now see.

In the small u limit and at large spin, the cross-channel conformal block goes as [44]

gT,J(U7 u) ~ UT/QkZJ(l - Z)F(d) (7_7 U) (128)

ks(z) = 272 2 F1(8/2,8/2, 8, x) (1.29)

where F(@) (7,v) is positive, analytic near v = 0 and begins with a constant. '* Note that

for small v this is equivalent to using a lightcone block in the cross channel. In other words,

3Recently the results we review next were established more rigorously in [69].
This behaviour is easy to check in d = 2,4 where the full conformal blocks are known in closed form.
For general d, one can check this solution in the Casimir equation [44].
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we are making the operator at position 2 approach both the lightcones of operator 1 and
operator 3. This is known as the double lightcone limit.

Using equations (1.26) and (1.28) with both v and v small, we see that in order to
cancel the v™2¢, one requires the exchange in the cross channel of operators whose twist
approaches 2A, at large spin. As discussed above, the cancellation of the power in u is
done by the collective contribution of these operators. The sum over spin is dominated
by the region where J?u is fixed. In this region, the hypergeometric function is well
approximated by a Bessel function. Moreover, we are entitled to replace the sum over spin
by an integral. 1> Provided the product of OPE coefficients at large spin has an asymptotic
average behaviour dictated by mean field theory OPE coefficients, this integral reproduces
the exchange of the identity! There is one extra comment that must be done. We proposed
the existence of double-twist operators that have an extra n dependence in their twist.
This has not been explained here. In fact, their existence in the OPE of the two identical
scalars follows from the corrections in v in the cross-channel block. These corrections come
from F(@(7,v) and produce higher powers of v that have to be compensated by including
these operators of twist 2A4 + 2n. These corrections were studied in the context of the
lightcone bootstrap in [70, 71]. In the rest of this brief review we will stick to the leading
family with n = 0.

Note that these results impose already nontrivial constraints on CFT data. The exis-
tence of an operator with twist 2A, at arbitrarily high spin together with Natchmann’s
theorem [72, 73]'6 imposes the bound 7; < 2A 4 on the minimum twist per spin J.

So far, we reproduced the identity exchange in the direct channel from the cross-channel
side. Naturally, we could have included subleading terms in « in the former channel. We
assume that there is a single operator of nonzero minimal twist that is responsible for the
first subleading contribution. '” For a unitary CFT, Natchmann’s theorem guarantees that
this operator is necessarily either a scalar with scaling dimension less than d — 2 or the
stress tensor itself. '® Recall that no spin 1 operator can be exchanged in the OPE of two

identical scalars.

15In doing so, one should divide the integral over spin by a factor of 2 as only even spin operators can
appear in the OPE of two identical scalars.

Natchmann’s theorem states that the minimum twist allowed for each spin J exchange in the OPE is
a non-decreasing function of the spin.

17A finite amount of operators with the same first nonzero minimal twist can also be studied with the
same method.

8Higher spin conserved currents would also have twist d — 2. However, if they exist, then they would
couple as if formed from free fields [74].
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As long as the minimal twist ™= — Ay < 0, subleading contributions grow as u — 0
and large spin contributions in the cross channel should reproduce the power-divergent
behaviour in u. Including a subleading term in the direct channel, the crossing symmetric

equation is given by

]' + PTmin7JminuTmin/2mein7Jmin (U) ~ Z PT"] /UT/27A¢U/A¢ nyj(u) : (130)
T,J

In the direct channel, the small v expansion produces logv terms. From the cross-channel
side, this can be reproduced by considering an anomalous dimension correction in the
twist of the exchanged operators. To correctly reproduce the power uin/2, the anomalous

dimensions should be of the form ?

"o

0,J)= .
’Y( ’ ) JTmin

(1.31)

On top of this, the equivalence between the two channels further imposes a correction to

the mean-field theory OPE coefficients at large spin of the form

€0

- JTmin ’

OPon .7 (1.32)

The coefficients 7y and ¢y were found explicitly in [44] and their generalization to any n
in [70, 71].

In the computations presented above we have only kept the leading behaviour at large
spin. By keeping subleading terms in spin in the expansion of the cross-channel confor-
mal block, we can unveil the subleading corrections in both anomalous dimensions and
corrections to OPE coefficients. This is the subject of the large spin expansion studied
in [75-77].

By analysing the crossing-symmetric equation in the double lightcone limit, we are able
to gain enough analytic control over it to actually bootstrap the CFT data of families of
double-twist operators in a series expansion in inverse powers of spin. Quite surprisingly,
n [78], building on these methods, it was shown that, in the case of the 3d Ising model,
large spin expansion has an extremely good agreement with numerical data even at low
spins. This happens because double-twist operators actually sit in Regge trajectories that
are analytic in spin. Moreover, their OPE coefficients, that we found at large spin, are
not just mere density distributions but actually correspond to a unique operator at each

spin. All these results are made transparent with the Lorentzian inversion formula [79]

19Tp fact, the behaviour is similar for generic n.
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which supersedes these lightcone bootstrap methods as a computational tool by replacing

the asymptotic 1/J expansion by convergent sums up to spin 2.

1.4 Regge Theory

We ended the previous section by invoking the powerful result of [79] that proved analyticity
of CFT data in spin. This analyticity is a natural requirement of Regge theory.

In chapter 3, we will explore the generalization of conformal Regge theory to higher-
point functions and for this reason we find it useful to devote the next pages to review
some basic facts about Regge theory. For a more complete review see, for instance, [80].

In flat space, Regge theory came about as a theoretical explanation of experimental
observations. When plotting the squared masses and angular momenta of several mesons,
they seemed to organize themselves into almost straight families. These are the famous
Regge trajectories in the Chew-Frautschi plots. It was quite natural to wonder about the
existence of some analyticity in spin connecting these particles. Another experimental
observation is related to scattering at high centre-of-mass energy at a fixed impact param-
eter, known as the Regge limit. In terms of the usual Mandelstam invariants, s, ¢t and u,
it corresponds to large s, fixed t. The existence of a strong forward peak (¢ < 0 and small
compared to s) in 2 — 2 scattering processes obeys a general rule: there is a correlation
between its existence and the possibility of exchanges of resonances and particles in the ¢
channel. However, the observed scaling of the cross sections in the centre-of-mass energy,
at large values of s, cannot be explained by a finite number of resonances in the ¢ channel
and a whole family of them has to be considered. This is also naturally imposed by Regge
theory.

To understand these ideas, let us start by writing down a partial-wave decomposition

in the ¢t channel of a 2 — 2 amplitude of identical spinless particles of mass m,

o0

A(s,t) =Y (27 + Day(t)Ps(2), (1.33)
J

where z = cos 0y = 1+2s/(t —4m?), P;(z) is a Legendre polynomial of first kind of degree
J, 0; denotes the t-channel scattering angle, J is the angular momentum of the exchanged
particles and a(t) are the partial-wave coefficients.

Clearly, this sum only converges in the ¢t-channel physical region ¢ > 4m? and s < 0

and therefore cannot be applied to Regge limit. Note that for large s, and consequently
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'l |7

FI1GURE 1.3: Contour integrals for the Sommerfeld-Watson transform for the four particle

scattering in the J-complex plane. As one deforms the contour from C to C’ one has

to consider the contribution from dynamical singularities which here we assume to be a
Regge pole.

large z, the Legendre polynomial goes as
Py(z) ~ 27 (1.34)

Hence, we need to find a proper analytic continuation of this partial-wave decomposition
in the region where it converges, before analytically continuing it to the Regge limit region,
inside the s-channel physical region. This can be done by replacing the sum over spin by

an integral by performing a Sommerfeld-Watson transform,

dJ T«

As,t) = [ 22
(0= | Srismnd

(2J+1)a(J,t)Ps(—=), (1.35)

where C is the blue contour depicted in figure 1.3. We also use the fact Py(z) = (—1)7 Py(—z).
It is simple to check that by capturing the residues at the poles inside the contour one re-
covers the partial-wave series.

While performing the analytic continuation in spin, we assumed that the partial-wave
coefficients as(t) have a good and unique analytic continuation in angular momentum,
a(J,t), that matches their values at integers. This is however not true. In fact, the problem
can be understood from the Froissart-Gribov formula for the partial-wave coefficients

as(t) = — /oodz(DiscsA(s(t,z),t)+(—1)JDiscuA(u(t,—z),t))QJ(z), (1.36)

27,

where ()5 is a Legendre polynomial of the second kind and Disc,(,,) denotes the discontinuity

of the amplitude along the normal branch-cuts corresponding to s-channel (u-channel)
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physical regions starting at zg. 2 Most importantly for our discussion here, the term
(—1)7 does not have a good analytic continuation in J. We are thus led to consider the

contributions of odd and even .J separately. 2! We can then write

4l
¢ 2misinmJ

A*(s,t) = (2] + 1) a®(J,t) (Py(—2z) £ Py(2)) , (1.37)

where the 4+ (—) sign has contributions from even (odd) angular momentum contribu-
tions. 2

The prescription above has a well-defined analytic continuation. This follows from
Carlson’s theorem ?? that guarantees its uniqueness given the good asymptotic behaviour
of the integrand in the t-channel physical region at large J. Moreover, this further allows
us to deform the contour C to €’ in figure 1.3 by dropping the arcs at infinity.

As we now analytically continue the amplitude from the ¢-channel physical region to
the Regge limit, it is possible that singularities (which are functions of ¢) cross our contour
of integration. In this review and in the rest of the thesis, we will restrict ourselves to
the first singularity that crosses the contour and assume that it is a pole. This is the

so-called leading Regge pole due to the large s behaviour of the Legendre polynomial in

equation (1.34). This pole is necessarily contained in the a*(J,t)

GE(J 1) ~ (1.38)

where we only show the near-pole behaviour. Taking the Regge limit and picking up the

residue at the leading pole we find the leading behaviour

((_s)aa) 4 Sa(t))
sin(ro(t))

AE(s,t) ~ (2a(t) + 1)B(1) : (1.39)

where we absorbed nonsingular factors into §(¢). In this expression we neglect sublead-
ing contributions from the background integral and from other singularities. In fact, one
could have continued pushing the contour all the way to left and capturing the subleading

contributions. As one moves the contour past Re(J) < —1/2, the asymptotic behaviour at

20Tn 2 — 2 scattering of the lightest spinless particles of a theory, one does not expect any other anomalous
branch-cut singularities.

21For identical spinless particles, only even contributions matter. We decided to keep the two cases for
completeness of the discussion.

22 Another possible decomposition of the amplitude that has good analytic continuation will be discussed
in chapter 3 and related to this one.

2 Carlson theorem says that, if a function f(z) is regular and diverges no faster than e
Re(z) > 0, where k < 7, and f(z) =0 for 2 =0,1,2,3,..., then f(z) =0 everywhere.

k12l for large z with
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large s of the Legendre polynomials changes. In [81], Mandelstam explained how to cor-
rectly capture pole contributions past this point and ensure that the remaining background
integral is indeed subleading.

The presented Regge theory explained not only the experimental observation of families
of operators that seem to be analytic in angular momentum, the so-called Regge trajecto-
ries, but also used them to derive the observed behaviour of cross sections at large s.

In the context of AdS/CFT correspondence it is natural to wonder about the CFT
description of a high-energy scattering in AdS. Thanks to the works of [82-85], it was
understood the corresponding kinematics of Regge limit in the CFT side. Later, in [86],
Regge theory was established in CFTs.

As we will see below, the Regge limit in CFTs corresponds to an intrinsically Lorentzian
configuration that probes causal relations between operators. Adding causality as a new
constraint in bootstrap is a major advantage of considering Lorentzian kinematics of CFTs.
There are several examples of CFT results that follow from causality (in some cases ex-
ploring Regge limit) ?*: the proof of the ANEC [89], conformal collider bounds proof [90,
91], finding Einstein gravity from large N CFTs and putting bounds on Weyl anomaly
coefficients [92-96].

To consider Regge kinematics, we need to understand how to Wick rotate correlation
functions from Euclidean to Lorentzian space. This was carefully studied in [97, 98]. In
chapter 3, we will review some of their results. For the moment, let us just briefly give the
prescription to find a given Lorentzian correlator, also called Wightman function, from an
Euclidean correlator,

(O(t1,%1) ... Oty x,)) = lim  (O(eq +it1,x1) ... Olen + itn,x,)) T, (1.40)

€;—0
€1>>€n

where the superscript E corresponds to Euclidean space. Wightman functions are cor-
relation functions of local operators that commute at spacelike separation and have an
associated ordering. For four-point correlators and with the appropriate ordering of €’s
above, the limit defines a convergent Lorentzian correlator (at least in distributional sense)
obeying Wightman axioms [97].

In a CF'T, the Regge limit corresponds to the kinematics of figure 1.4 where all operators
lie in a single plane. Moreover, operator 1 is in the past of 4 and operator 2 in the future

of 3.
24See also [87, 88
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FIGURE 1.4: Regge limit kinematics.

For simplicity, let us consider that all operators are identical scalars as above. We
also consider a Wightman correlator with an ordering compatible with the time ordering
of figure 1.4, i.e. (p4d1¢2¢3). This correlation function admits a conformal block decom-
position in terms of the two cross ratios z and Zz presented in (1.20) which are real and
independent in Lorentzian kinematics. Starting from a configuration where all points are
spacelike separated from each other (which is basically equivalent to an Euclidean config-
uration) and boosting the operators to the configuration of figure 1.4, we can check the
effect of the e-prescription of (1.40) at the level of the cross-ratios. It is easy to show that
Z goes through a branch-cut of the conformal block in the interval (1,+o0), before both
z,Z — 0 with fixed z/Z. Note that this behaviour in the cross ratios mimics the Euclidean
OPE limit in the 12-34 channel, but with the important difference that for Regge limit this
happens after a branch-cut has been crossed. This crossing is a clear indication that the
OPE decomposition in this channel does not converge. However, similarly to the story we
presented for flat space, Regge theory provides a way to resum OPE contributions in such
a way as to show the dominant contribution of a Regge pole/Reggeon exchange which is
an example of a light-ray operator [99].

As Z crosses the branch-cut, the conformal block develops a discontinuity that is
proportional to a block where the roles of scaling dimensions and spin are permuted as

(A,J) = (1 —=J,1—A). In the limit where both z,Z — 0, this block goes as

1-J

G1-s1-a(2,2) ~ (22) 2 (1.41)

and dominates the Regge limit. Moreover, the sum over spins for this block seems clearly

divergent. However, it can be shown that the correlator is actually bounded in the Regge
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limit. This can be proved by invoking a different OPE channel where no branch-cuts are
crossed. Alternatively, one can use a Cauchy-Schwarz-inequality type of argument, based
on a positive-definite Rindler inner product (note that the kinematics of figure 1.4 is Rindler
symmetric), to bound the Regge correlator by the Euclidean one [100]. This boundedness
suggests that OPE coefficients of large and low spins should talk and balance each other
in order to produce a bounded behaviour of the correlator. In fact, this is indeed what
follows from the Lorentzian inversion formula [79, 101].

Let us now briefly see how Regge theory can be formulated for a correlation in a CFT.
Similarly to flat space, the connected part of a four-point correlator of identical scalars

admits a conformal partial wave expansion. Stripping off a prefactor, we can write
o0
g(u,v) = Z/ dvby (v) F,(u,v), (1.42)
J —0o0

where we use a principal series representation where the scaling dimension associated to
the partial wave is given by A = d/2+iv. The function F, j(u,v) is the so-called conformal

partial wave and it is related with the conformal blocks

w
Fy 5(u,v) = Ky 7 Ghtivg (0, 0) + Ky 7 Gh—in, g (U, V), Ky g , (1.43)

27TK]—L+Z‘V7J

where h = d/2 and the second conformal block is known as the shadow of the first. The
exact form of the coefficients K ; is not important for the discussion we do here - see [86].

In order to recover the conformal block decomposition for the exchange of an operator of
scaling dimension A and spin J from (1.42), using the fact that g5, s decays exponentially
in Im(v) — —oo, one deforms the contour in v into the lower half plane and picks the
necessary poles. It is then clear that the partial amplitude b; () must have poles of the

form
(A, J)

(A1) = frokf3aeKn,s - (1.44)

This reminds us of the discussion we had for flat-space provided that b; (v) can be analyt-
ically continued in spin.

To further explore the similarities with the presentation of Regge theory in flat space,
we will switch from this position-space presentation to a Mellin space one. This is also the

language used in [86] and the space where we will make most of the discussion in chapter 3.
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The connected part of a four-point scalar correlator of identical scalars can be written
in Mellin space
(6(21) - (w4))e = / @o@y) [ T 2™, (1.45)
1<i<j<4
where M (0;5) is called Mellin amplitude and the ¢;; are jointly called Mellin variables. The
integral runs parallel to the imaginary axis.
Conformal invariance imposes constraints in the Mellin variables

4
Y 6i=0, du=-A, (1.46)
j=1

in such a way that we are left with only two independent Mellin variables. For later

similarity with the flat-space result, we define two independent Mellin variables s and ¢ as
s = —2013, t =204 —2A12. (1.47)

As in position space, we can also write down a conformal partial wave decomposition

in Mellin space,
+o0o
M(s,t) =3 / by (V) My (5,1) | (1.48)
J —0o0

where the partial waves M,, j(s,t) are obtained by a Mellin transform of the position space

partial wave F), j(u,v). Moreover, M, j(s,t) = M_, j(s,t) can be written as
MV,J(Svt) = wl/,J(t)PI/,J(Svt) 5 (1'49)

where P, j(s,t) are the Mack polynomials of degree J in both s and ¢. The function w,, ;(¢)
is just an overall normalization that can be extracted from the Mack polynomials such that
at large s they behave as P, j(s,t) ~ s/ and its explicit form can be found in [86].

In fact, as shown in [86], the Regge kinematics of figure 1.4 is dominated in Mellin
space by the region of large s and fixed ¢t. This resemblance with flat-space Regge limit
explains the suggestive relabelling of the Mellin variables.

Just as in flat space, we can replace the sum over spin by an integral by doing an
equivalent Sommerfeld-Watson transform. In doing so, we have to assume that b;(v) has
a good analytic continuation in spin. As in flat space, however, one expects that this is not
in general the case and even and odd spins have to be considered separately. This was later

proved with the Lorentzian inversion formula [79]. In fact, for identical scalars only even
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spin contributions can appear in the OPE and therefore we do not have to consider two
separate cases. The general expectation for the need of two distinct cases in this Mellin

space formulation comes from a property of Mack polynomials

(z—1)t

Puy(z,t) = P( ,t) . Pug(—zt) = (=1)/P, (2,1 (1.50)

where z = 1 4 2s/t and J is integer. Note that this is the same property of Legendre
polynomials that is ultimately related to a bad analytic continuation in spin and that
forced us to consider even and odd spins separately.

After performing the Sommerfeld-Watson transform and picking up the contribution

from the leading Regge pole, we are left with

[ ™ J'@W)r(G@))
M(s,8) ~ /oo dy2 sin(ﬂj(l/)) 2v W) *) (Py’j(”)(_z’t) + P”’j(”)(z’t)>

~ +oo T J'W)r(G(v)) i i
N/_OO W) o @ (57 + (~5)®) (L.51)

where in the second line we took the large s limit. Here we also used the fact that after

analytic continuations the pole in v of b}(y) becomes a pole in J,

r(AW),J)  FW)ri@)

b (v) ~ R~ 1.52
e A T 2

where j(v) is the inverse function of A(.J) defined by
V2 4+ (A(j(v)) — h)? = 0. (1.53)

We reviewed Regge theory in the context of CFTs and in flat space. One of the great
successes of conformal Regge theory is the, now proved, analyticity in spin of CFT data. In
chapter 3, by exploring the generalization of conformal Regge theory to five-point functions,
we will propose the existence of analyticity in a label for different tensor structures of three-

point functions involving two spinning operators.

1.5 N =4 SYM and type IIB SUGRA

One of the most celebrated and studied examples of the AdS/CFT duality involves N =
4 SYM. This theory is a maximally supersymmetric gauge theory in 4 dimensions with
SU(N) gauge group that is conformal for all values of the coupling gyy. Its field content
is given by the gauge bosons A, six real massless scalars ®! with I = 1,...,6, four chiral

fermions U2 and four anti-chiral fermions W4, with a = 1,...,4. All the fields transform
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in the adjoint representation of SU(N). Moreover, in planar limit, i.e in the large N
limit, this theory enjoys integrability properties that make it more tractable and, possibly,
completely solvable [102, 103].

N = 4 is conjectured to be dual to IIB superstring theory in AdSs x S° with radius of
curvature R and N units of field strength Fj flux through S° [26]. Under the conjecture

the couplings can be related in both sides of the duality,
G = 27gs,  2XA=2¢3yN = R*/a"?, (1.54)

where g, is the string coupling constant and v/o/ is the string length. We have also intro-
duced the t’hooft coupling A.

This duality comes as an example of the holographic principle, and if proven, shows
that the two theories are actually dynamically equivalent. In other words, information of
five-dimensional IIB string theory obtained from Kaluza-Klein reduction on S° should have
a description from the four-dimensional CFT at the boundary of AdS.

In this thesis, we consider the strong coupling limit of N' = 4 SYM, i.e. both N and
A large. In this limit, the theory is dual to classical type-IIB supergravity and all massive
string excitations decouple leaving behind only supergravity states: single-particle and
two-body bound states. From the CFT theory, this is the same as to say that we should
only consider dual operators that are protected in this limit, i.e. operators which have a
scaling dimension that is fixed and does not grow with A.

The single-particle states of the graviton and the Kaluza-Klein multiplets are dual to
protected half-BPS operators. Supersymmetry allows us to organize the operators into
superconformal multiplets where the bottom components, the superprimaries, generate
their superdescendants by action of supercharges, see for instance [104]. We can thus

consider correlation functions of the half-BPS superprimaries,
Op(w,t) = Tr (@{h ...@fp}) trootn, Ik=1,...,6, p=2,3.., (1.55)

that transform as a rank-p symmetric and traceless representation (denoted by the curly
bracket) of the SU(4) ~ SO(6) R-symmetry group. Here ®! are elementary scalar fields
and t¢; are null polarization vectors that are introduced for a convenient index-free notation.
These operators belong to short multiplets, obeying a shortening condition that fixes their

scaling dimensions to be integer and A = p.
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On the other hand, two-particle bound states are dual to double-trace operators. While
belonging to long multiplets, in the strict large IV, their scaling dimension is fixed and

protected. These operators are then degenerate and of the form
Opg = 0,0'020P-00, (1.56)

with twist 7 and spin J. Considering 1/N? corrections, double-trace operators acquire
anomalous dimensions which have the form found in [105].

As mentioned above, we are focusing our attention on correlation functions of half-BPS
superprimaries. As in the usual conformal bootstrap scenario, the study of holographic
correlators is far more developed for four-point functions than for higher-point analogues,
where there is still no systematic study of the superconformal ward identities implications
available.

Four-point correlators, for generic values of the coupling, encode a large amount of
non-protected data, while two- and three-point functions of half-BPS operators obey non-
renormalization theorems that allows one to compute them from free field theory [106—
114]. 2> This makes clear the relevance of four-point correlators to access the data of
the theory. The AdS/CFT dictionary defines a diagrammatic strategy to compute these
correlation functions. To leading order in N, one has to consider all possible Witten dia-
grams at tree level with external legs given by bulk-to-boundary propagators and internal
legs by bulk-to-bulk propagators. The vertices can be read off from the effective action
of supergravity. This is not trivial whatsoever. In fact, the quartic scalar vertices were
obtained in [120] in a herculean feat since they take 15 pages to be written. Luckily, in
AdSs x S?, there is still some simplification in place as noted in [121]: the complicated ex-
change Witten diagrams can be written as finite sums over contact diagrams, the so-called
D-functions. Despite this simplification, the computation by traditional methods is ex-
tremely cumbersome and therefore only produced very few explicit results. Examples are:
the computation of correlators of four identical half-BPS operators with scaling dimension
with p = 2 [122], p = 3 [123] and p = 4 [124]; the next-to-next-to-extremal correlators with
two equal weights, i.e. the cases p1 =n+k,po =n —k,p3 =py =k + 2 [125-127].

The key simplification that the exchange Witten diagrams can be written as finite

sums over D-functions led the authors of [128] to change gears and propose a bootstrap

*’Extremal and next-to-extremal four-point functions of half-BPS operators also obey non-
renormalization theorems [115-119]. Extremality of these correlators is defined as 2F = Zle Pi — D4
where we assume p4 is the largest scaling dimension. Extremal and next-to-extremal cases correspond to
E=0and £ =1.
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philosophy instead. They proposed to write the answer as sums over D-functions with
undetermined coefficients. After removing some redundancy and linear dependence of the
D-functions, by reducing all of them to a seed function with known differential relations, one
can use superconformal ward identities to fix the undetermined coefficients. This bootstrap
eschews the complicated effective action of supergravity and is therefore more amenable
to compute correlators with generic weights p. In the same paper, it was also proposed an
ansatz for the generic (Op, Op,Op,O,,) in Mellin space. This ansatz was later rederived
from a conjectured ten-dimensional conformal symmetry of these operators at tree-level
in [48] which allowed to compute (Op, Op,Op,Op,) from differentiating the simpler and
known (02020205).

In this thesis, we propose to further extend the bootstrap approach to compute five-
point correlators of these operators and we formulate it entirely in Mellin space. This will
be the subject of chapter 4 where we fix the form of the correlator (0,0,020205).

Recently, these ideas have received an increasing interest and various results deserve
mentioning. In [57], the form of (O302020203) was found using a bootstrap method that
largely motivated our framework. Similar ideas were also applied to study the tree-level
five-point correlator of the lowest Kaluza-Klein mode of SYM theory on AdS5 x S? dual to
the correlator of the flavour current multiplet in the dual A/ = 2 superconformal field the-
ory [129]. In [130], it was found the extension of the previous result to six-point functions,

using Mellin factorization, a key element of our chapter 4, and flat space constraints.

1.6 Structure of the thesis

Having reviewed some essential facts about CFTs, Regge theory and the strong coupling
limit of the A" = 4 SYM and IIB supergravity in AdSs x S°, we are now in place to attack
some of the open problems we address in the following chapters.

In chapter 2, we extend the analytic lightcone bootstrap to the study of five- and six-
point scalar correlation functions. As mentioned before, we restrict our attention to the
snowflake topology of these correlators, which corresponds to only performing OPEs be-
tween the external operators. After explaining the derivation of the higher-point conformal
blocks in the lightcone limit, using the lightcone OPE limit, we proceed as in the four-point
bootstrap we reviewed above: we isolate the direct-channel singularities associated with

the leading twist operator exchanges and reproduce them with the large spin behaviour of
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double-twist-like operators in the cross channel. This allows us to probe and fix the large-
spin form of anomalous dimensions and OPE coefficients involving two spinning operators
and one external scalar in the five-point case, and between three spinning operators in the
six-point case. Our results are then checked by explicit results for the six-point mean-field
theory correlator and for the disconnected parts of a five-point correlator in ¢ theory in
d = 6 —e. We give some extra technical details in Appendix 2.5. This includes some
explicit results on higher-point blocks, an analysis of higher-point D-functions using stan-
dard techniques from AdS perturbation theory as well as some results on the conformal
harmonic analysis of higher-point functions.

In chapter 3, we extend conformal Regge theory to the case of a five-point correlator of
identical scalars. We start by reviewing some flat-space literature on higher-point ampli-
tudes in the context of Regge theory. This literature, while containing important results,
is largely unfamiliar to most community and was abandoned in face of the scarcity of
known results about analytic properties of multi-point amplitudes. Nonetheless, it pointed
out several subtleties and resolutions that guided us in our study in the context of CFTs.
We proceed by studying several limits of OPE at the level of five-point functions, namely
Euclidean, lightcone and Regge limits. We comment on the differences and organization
of the leading operators in each case. In the Euclidean limit, we found a new basis of
three-point functions with spinning operators that factorizes the conformal block in each
of the five cross ratios. In the section dedicated to the lightcone limit, besides revisiting the
derivation of the lightcone blocks, we write down an expression valid up to all subleading
corrections, whenever the exchanged operators are scalars. We also propose for the first
time the appropriate kinematics for a five-point correlation function in the Regge limit,
which in terms of the cross ratios behaves similarly to the Euclidean limit but only after
branch cuts have been crossed. Moreover, we show that in Mellin space this kinematics can
be phrased in terms of Mellin variables in a way that resembles the flat-space multi-Regge
limit. After reviewing how to define Wightman functions from Euclidean correlators, we
use a conformal partial-wave writing of the correlator and describe the associated Regge
theory in Mellin space. To do so we propose a well-defined analytic continuation not only
in spin but also in the label of different three-point structures, which forces us to consider
the contribution of (at least) 8 different signatures. While the spin of Regge trajectories are

associated with poles in the partial-wave coefficients, we conjecture that there is no pole



30 HIGHER-POINT CORRELATORS AND THE CONFORMAL BOOTSTRAP

associated with this new label and write the Sommerfeld-Watson accordingly. Some tech-
nical discussions and computations are in Appendix 3.5. In particular, we derive recursion
relations obeyed by lightcone blocks and compute explicitly the scalar Mellin partial wave.
We also use this appendix to study the Regge limit in position space for the special case
where the lightcone blocks can be integrated explicitly. Finally, we suggest the kinematics
for a single Reggeon exchange within a five-point function as well as for triple Reggeon
exchanges in a snowflake six-point function.

In the penultimate chapter 4, we present a bootstrap algorithm to find the five-point
correlator of half-BPS superprimaries (O,0,020203). After reviewing superconformal
kinematics, we discuss two choices of polarization vectors (from index-free notation) that
impose nontrivial constraints from superconformal symmetry on correlators. We proceed
to discuss Mellin amplitudes and their factorization properties. This is a key element to fix
the singular part of our ansatz for these correlation functions, while regular terms are fixed
by the constraints we just mentioned. The factorization of the Mellin result into three-
and four-point functions glued together requires the knowledge of four-point correlators
involving spin 1 and spin 2 operators. These can be found in analytic superspace and
explicit expressions are given in Appendix 4.5, where an example of a factorization is also
shown in detail.

Lastly, we conclude with a brief summary of the main results of this thesis and discuss

possible open directions for the near and far future.



Chapter 2

Lightcone Bootstrap at higher points

2.1 Introduction

Analytic bootstrap methods have given a structural understanding of CF'Ts by leveraging
the analytic structure of four-point functions [44, 45, 70, 71, 75-78, 93, 94, 96, 131]. Typ-
ically such studies consider the four-point function of scalar operators. This fact limits
the data that can be accessed to scalar/scalar/symmetric traceless (of spin J) OPE coef-
ficients. However, it is important to consider OPE coeflicients between multiple spinning
operators, of which an important example is the OPE coefficient of three stress tensors [90,
132]. A possibility would be to extend the analytic bootstrap to the four-point function
of operators with spin, but this approach is technically challenging and works mostly in a
case by case basis. An alternative is to consider higher-point functions of scalar operators,
which through the OPE contains information about operators of arbitrary spin [64, 133]. In
this case the technical challenge lies upon our knowledge of higher-point conformal blocks,
which is still incomplete [51, 57-59, 62, 133].

For the scalar four-point function, the lightcone bootstrap predicts the universal be-
haviour of scalar/scalar/spin J OPE coefficients at large spin, which are of mean field type
[44, 45]. Subsequent corrections, that include scaling dimensions and OPE coefficients, are
determined by the leading twist operators in the theory [44, 45]. This large spin expansion
is actually convergent up to a low spin value determined by the Regge behaviour of the
four-point function [79, 101]. A remarkable check of the accuracy of this method was done
in the 3D Ising model where the numerical bootstrap provided the data for comparison

[78, 134] (see also [135] for the O(2) model). Motivated by this success, our goal is to
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extend the lightcone bootstrap to the case of higher-point functions and therefore access
OPE data involving spinning operators.

More concretely, we bootstrap five- and six-point functions. In the five-point case there
is an unique OPE topology which involves the exchange of two operators of spin J; and
Ja and therefore includes the scalar/spin J; /spin Jo OPE coefficient, see (2.42) and (2.48).
In the six-point case we consider the snowflake OPE channel which involves the exchange
of three operators of spin Ji, Jo and J3 and therefore includes the spin J; /spin Jo/spin J3
OPE coefficient, see (2.62), (2.70) and (2.75). This bootstrap analysis is done in section
2.3, which follows section 2.2 where we review the kinematics and derive the lightcone
conformal blocks for five- and six-point functions. Our results are tested in section 2.4
for the case of generalized free theory and of theories with a cubic coupling, whose block
decomposition we determine explicitly. We conclude with a discussion of open problems in
section 2.5.

Additional technical details are given in the appendices: appendix 2.A gives more
details on higher-point blocks, including some comments about the Euclidean expansion
and the Mellin representation; appendix 2.B discusses higher-point D-functions based on
AdS techniques; appendix 2.C presents new results on conformal harmonic analysis relevant

for higher-point functions and can be read mostly independently from the main text.

2.2 Kinematics and conformal blocks

It is a well known property that n-point correlation functions in a conformal field theory
depend nontrivially on n(n — 3)/2 conformal invariant variables for high enough spacetime
dimension'. The choice of conformal invariant cross-ratios usually depends on the problem
one is analysing. In a four-point function, that depends on two cross-ratios (say u and v),

there are several choices of cross-ratios used throughout the literature, for example

2 .2 2 .2
u=zzZ= x;ﬁg‘l , v=>1-2)(1-%2)= $§4$§3 , (2.1)
L13Lo4 T13To4
or
Z+7z
s=|z|, &=cos 27 (2.2)

!There are relations between conformal invariant cross-ratios for low dimensions (d < n — 2) such that
the number of independent variables is instead nd — (d + 1)(d + 2)/2.
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This chapter is focused on the analytic bootstrap of five- and six-point correlation

functions, and therefore we will need to use appropriate sets of cross-ratios. For the five-

point function it will be convenient to work with the five variables uq, ..., us given by
2 .2
L12735
U = Uitl = Uy 2.3
! riad’ i "%‘—mﬁl ’ (2:3)

where in this definition the subscript in z; is taken modulo 5 (for example z¢ = x1). For

the six-point function we introduce the nine cross-rations uq,...ug and Uy, ..., Us defined
by
2 .2 2 .2
TioT TiaT
12735 13746
Uy = Uil = Uyg U, = U =U; 2.4
1 l‘%3$%5 ) i+1 l‘xj_mﬁ_l ’ 1‘%4.7)%6 ) i+1 z‘xj_mﬁ_l ) ( )

where the subscript in z; is now taken modulo 6.

We will be interested in the Lorentzian lightcone expansion of correlation functions.
The difference between the Lorentzian and Euclidean expansions can be easily understood
from the OPE of two operators. In the Euclidean case the operators are taken to be
coincident (x;; — 0) while in the Lorentzian case the operators approach the lightcone of
each other (x?] — 0). As is well known, the Euclidean limit is dominated by the operators
with lowest scaling dimension, in contrast with the Lorentzian case that is dominated by
the operator with lowest twist 7 = A — J. This is evident from the leading term of the

formula for the OPE

D) Oy (1, .
(1) p(x2) = Z Clo (212 ) QA:’_JTIE 12) +... Euclidean (2.5)
k (215) " 2
N G) t
(1) p(x2) ~ Z Clgk/ [dt] ks (21 tAf—Q; 712) +... Lorentzian (2.6)
k 0 (23,) " 2
where the ... represent subleading terms in each expansion, z is a null polarization vector,
F(Ak + J) Aptd
[dt] = — K7 (H(1 — 1)) 7> ldt, (2.7)
[2(25=)
and D, is the so-called Todorov operator [136]
d 0 0 1 0?
Do=(=—-1+z2-— ) — 2" . 2.8
(2 e 82) 9z 27 9202 (28)

The formulae above are key in obtaining the conformal block expansion around both limits.

For example, in the four-point function case it is trivial to obtain the lightcone block from
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(2.6), with the result

Olar) ow0) ~ Y — T (] Ol + tom p1)oa)olw)) (29)
k ($%2) 2
_ Clas [d1] (a%5234 — x]4235)”
 (13y23) Y (@Bt + (1= D)ady) T (et + (1 - t)ad)

where we have changed variables ¢t — t/(t + 1) and ¢t — tz2,/x?,. The lightcone block for

the exchange of an operator Oy is defined by this leading term in the expansion

1

(P(z1) ... d(za)) = (22,22,)5% 2012% (Gr(w,0) +...) (2.10)
k

(z1y73,
where

A+ Jiy Ap+Jg
2 ’ 2

Gr(u,v) = u™/2(1 —v)’* oy ( JAp+ T, 1 — v) =u™2gu(v). (2.11)

We defined the function gi(v) for later convenience. Note that the expansion (2.10) is
merely schematic, since subleading terms in the lightcone limit of a lower twist block can

dominate with respect to the lightcone limit of a higher twist block.

2.2.1 Lightcone conformal blocks

Let us start with the lightcone expansion of the five-point conformal block. Applying twice

the OPE limit (2.6) we obtain

2
(1) .. blus)) ~ Z H Coon /[dti] (O, (1 + tizo1, 212) Ok, (23 + toxas, x34)d(T5)) .

2A¢—Tk1 2A¢‘—7k2
ke \i=1 (22,) 2 (a3,) 2

(2.12)
The limits x%g — 0 and x§4 — 0 correspond to u; — 0 and uz — 0, respectively. The three-
point function in the integrand involves the external scalar and two symmetric traceless
operators with arbitrary spin as depicted in the top-left part of figure 2.1. Our convention

for three-point functions of symmetric and traceless operators is [32]

010203 J1—lo—Ll3yrJo—l1—Ll3y rIJ3—01—02 1703 1702 1701
O O o CJ1J2J3 V1,23 ‘/2,31 ‘/3,12 H12H13H23
( k1 (w1, 21) ... k3 (73, 23)) = E hitha—hg hiths—ho hgths—hy )
2 2
£ (z13) 2 (z13) 2 (z33)

(2.13)
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} »
"

FIGURE 2.1: Schematic representation of the OPE channels for five- and six- point func-
tions. In the top left we have the snowflake decomposition of the five-point function, where
we emphasize the OPE coefficient involving two spinning operators. In the top right we
have the snowflake decomposition of the six-point function, emphasizing the OPE coeffi-
cient of three spinning operators. In the bottom, we depict the comb-channel expansion,
which may involve mixed-symmetry tensors and which we will not analyze in detail.

Ciu.0

where we used a null polarization vector z; to encode the indices of the operators, h; =

A; + J; and V and H are defined as

(21 - wi)ady, — (2 - war)z3; i (i - 2j)
Vigk = ~— S, Hy=(zwyg)(zey) - =5 (214)
T,
The sum in ¢; € {0,..., min(Jg)} counts the possible tensor structures. In the five-point

case we have a three-point function of a scalar with two operators of spin J; and Jo,
therefore the different structures are labelled by ¢35 = ¢ and ¢; and ¢ vanish. After
doing simple and straightforward manipulations we arrive at the explicit expression for the
lightcone block defined by

%

2
((x1) ... ¢(xs5)) = 2 : ( Gt ) Z Pkt gk1k2f(ui) ) (2.15)

2 A 2 2
(219234) 7% \ 215235 ko ool
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where
T ’ K¢
G (s) = w0 (1 = w)'ug? [ ldtr)ae (2.16)
Jo—L Ji—¢
(1 — tl(l — UQ)’U,4 — ’LL2U4) 2 (1 — tg(]. — ’LL2)U5 — ’U,QU5) !
hg—T1—20+A, hy—Tto—20+A hithy—Ag

(1—(1—w)te) 2 (1-(1-us)ts) 2z  (1-(1-t)1—-t2)(1—wug)) 2

The expansion (2.15) includes a product of three OPE coefficients that we denote by
Pyt = Cor Coopes CL2 (2.17)
k1kot PPk1~ ppka dk1ka * :

Formula (2.16) is valid as long as one of the exchanged operators is not the identity. In

such a case the OPE instead simplifies to

Cooz
7, (2.18)
(23,)50

P(r1)p(12) ~

which forces the other exchanged operator to be the same as the external one. When the
exchanged operator in the (12) OPE is the identity we have (in this case there is a single

¢ = 0 structure)

2¢
ugus \ 2
Gro(ui) = ( ° 5) , (2.19)
Ug
on the other hand, when the identity is flowing in the (34) OPE, we have
2
Goz(wi) = uy® (2.20)

For the lightcone expansion of the six-point conformal block we need to apply the OPE
limit (2.6) three times. We will choose the snowflake channel as illustrated in the top-right
of figure 2.1. In this choice the exchanged operators are always symmetric traceless tensors

of spin J;. This gives

1
5 a D Dhit:Grie(ui, Ui) = (2.21)
(27523,236) kge:l

(@(x1) ... d(we)) =

3
(O, (1 + tixo1, 12) Ok, (3 + towas, x34) Ok, (x5 + 365, T56))
Z H C(b(bkz [dtl] 9 2A¢—‘r 9 2A¢—7'2 9 2A¢—7’3 *
ki \i=1 (x15) 7 (w34) " 2 (256) 2
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Using the three-point function conventions (2.14) and defining 7 = >, 73, L = >, ¢; and
H =", h; we obtain

T1 T2 T3

g]ﬁ@i (uia UZ) = 'U,12 u32 u52 gklfz (’U,Q, ’U,4, 'U/6’ UZ) (222)

3 5 £ iy by i—To_i+T/2 Jiw1 b1 —L pJi+li—L
= 1—‘[u?Z [dt-]u% Xi (1 - Xi) 20— i—To—i+T/ (1 _ U2i) i+1+lit1 AZ
= 2i—1 ¢ Bzi—Ai—L—&-H/Z ’
i=1 ;

7

where we use the notation £; = ¢;,3 and?

1
Ai= —— [(1 —tim1) (1= x1-0) (= 1+ w1y — (1 — tiy1)us—1)x2—i + X3-4)
(1 — ugi-1))
+ tic1ugirny (1= x3-0) (= 1+ 1) — (1 = tig1)ugi—1)x2—i) | » (2.23)

Bi =1— x2-i — ti4i(1 —ug — x2—i + (1 — ti—1)u2ix1-i) ,

Ui—uz2_y)

with y; defined as x; = U

. A nice property of the x variables is that the conformal
block factorizes in products of three oF} in the limit y; — 0. Another nice property is that
¢1_; determines the leading power of y;, as can easily be seen in (2.22).

When one of the exchanged operators is the identity, the remaining two are equal to

each other, which leads to the simplified expression

Tk

> * geuz/UL) (2.24)

uius

Us

Grrz(ui, Up) = (

where gx(v) contains is the four-point block as defined in (2.11).

2.3 Snowflake bootstrap

Let us start by recalling the basic features of the lightcone bootstrap for four-point corre-
lators [44, 45]. A four-point function of local operators ¢ can be decomposed in the (12)

r (23) OPE channels

1

1
N2 G ) = —— ST G, ), (2.25)
(27,230)2¢ %k: @0 (2352%,) % Zk: v

where Gi(u,v) is the full conformal block in the (12) channel. This bootstrap equation
has been used to extract properties of conformal field theories following both analytic and

numerical approaches.

2The reader may have realized that due to the cyclic defining property of the cross-ratios we can for
example refer to the even cross-ratios uz2, u4, ue in the product as ug(;_1).
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Low twist operators dominate in the lightcone 2, — 0 limit of the left hand side of the

bootstrap equation. Unitary CFTs obey the following bounds for the twist of operators

(d—2)/2 scalar
7=0 identity, T=A-J> (2.26)

d—2 spin,

and so the leading term on the left hand side of the bootstrap equation is given by

]. 1 Tkx
—— g c? ka(u,v):7[1+CQku2gk*(v)—i—...], (2.27)
(xfzf'?%UA“5 & o0 (ﬁzﬁgzx)% ?0

where we have used that the conformal block behaves as Gy (u,v) — Gi(u,v) = u2 gi(v)
in the v — 0 limit. The assumption is that above the identity there is a unique operator
Oy, with leading twist. Next we take the limit of :L‘%3 — 0, which moves the point x5 to
the corner of the square made by the lightcones of points 1 and 3, which can be taken
respectively at 0 and 1 in the complex z-plane, as shown in figure 2.2. It is possible to take

this second limit, which corresponds to v small, and use the right hand side of (2.25).

FIGURE 2.2: Schematic representation of the relevant lightcone limit in the z-plane. The

point zo first approaches the lightcone of the operator at the origin, as u — 0. Subse-

quently, it approaches the lightcone of the operator at x3 = (1,0), which corresponds to
taking v — 0.

Each term in the v — 0 limit will diverge at most logarithmically, which apparently
contradicts the power law divergence of the left hand side of the equation. The emergence
of the power law singularity was addressed in [44, 45] and it boils down to the contribution
of double-twist operators [p¢lg ; ~ $[1°0”7 ¢ whose twist approaches 2A, at large spin. The
stronger divergence is recovered by performing the infinite sum over spin of these double-

twist families. In particular, this fixes the density of OPE coefficients for this family of
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operators at large spin to be?

81 _
2 o OVT  j2A4-3/2
Coslodlo.s F(A¢)222A¢+J‘] ¢ ) (2.28)

which is the behaviour of OPE coeflicients in Mean Field Theory.
Additionally, the leading twist operator above the identity in the direct channel leads
to 1/J suppressed corrections to the OPE coefficients along with anomalous dimension

type corrections, which means the twist of these families behaves as

k

Tigolos = 286 + 7=

(2.29)

At this level the large spin expansion is merely asymptotic, and the OPE coefficients and
anomalous dimensions cannot be assigned to a single operator of a given spin. However, the
large spin expansion actually converges at least down to spin 2, and the OPE coefficients
are really associated to a unique operator at each spin, which follows from the fact that
the double-twist operators really sit in Regge trajectories that are analytic in spin. All
these remarkable facts were established through the Lorentzian inversion formula [79]. This
formula systematizes the large spin perturbation theory/lightcone-bootstrap and essentially
supersedes it as a computational tool [137-139]. In this work, however, we are interested
in higher-point functions which are much richer, and for which a Lorentzian inversion
formula is presently unavailable. Therefore we must resort to the more pedestrian large spin
perturbation theory. It would of course be interesting to develop higher-point Lorentzian

inversion formulae and reproduce and extend the results we will derive below.

2.3.1 Five-point function

Let us consider the more complicated case of the five-point function. We now have an
exchange of two operators, and their contribution is captured by the block expansion in a
given channel. We consider the (12)(34) and (23)(45) channels for the five-point function
(¢(z1)@(22)d(23)P(24) P (5)),

2 2

(95%3) 12,34 ($%4 23,45
A, E Pklkgéckleg(ui) = E : PmnzéGnané(

2 2 VAg (2 12 \ 2 2 2 \Ay (2
(21273,) 20 (215755) 2 kukaot (z53735) (37129514)

m‘e

TLl,TLQ,Z

(2.30)
The limit 2%,, 2%, — 0 is dominated by low twist operators in the (12)(34) channel. The

natural candidate to lead this expansion is the identity operator, however it is not possible

3This differs from some conventions in the literature by a factor of 27 due to our conformal block
normalization.

u;) .



40 HIGHER-POINT CORRELATORS AND THE CONFORMAL BOOTSTRAP

to have two identities being exchanged at the same time, since that would imply a nonzero
three-point functions between two identities and the scalar operator ¢(z5). It is however
possible to have one identity being exchanged in one OPE and another operator in the other
OPE. In this case the conformal blocks simplify considerably and the exchanged operator
must be the external one. The block simplifies to a product of a two- and three-point
function, check (2.19) and (2.20). Thus, we conclude that the first terms in the lightcone

limit in the channel (12)(34) are given by

ugus \ 2 5
Copps91 ¢(Ui) + CopppGpz(ui) = Cope ” +uy® |- (2.31)

There is possibly another leading term from two exchanges of the leading twist operator

O, . This term has a lightcone limit in the channel (12)(34) given by

Cook, Cogr Chookrd Gtk (i) - (2.32)

The term that dominates is determined by the rate at which u; and us go to zero and
by the twist of ¢ and Ok,. Below we shall address both possibilities. We may then take
the other limits 33%3’ x?lg),a:%g, — 0, corresponding to us, uq,us; — 0, which as we shall see,
are suitable for the expansion in the (23)(45) channel. The decomposition in this channel

takes the form

Ay/2
2 ¢
Uruzus 23,45
( 232 ) Z PnanZ gnlngé(ui) ) (233)

Ut n1,n2,l
where we collected here the prefactors on both sides of (2.30). The powers of ug, u4 in the
denominator of (2.33) impose constraints on the operators that need to be present in the

conformal block decomposition of the channel (23)(45).

2.3.1.1 Identity in the (12) OPE

Let us understand this in more detail. First consider the term

B¢

usu 2
Coso9z (i) =C¢¢¢< - 5) ; (2.34)

Uy
where the identity is exchanged in the (12) OPE. The cross-ratios ug and u4, when taken

to be small, control the twist of the exchanged operators in the cross channel. We can use

this to infer what class of operators are contributing in the cross channel where the blocks
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behave as

23,45 ny /2 Tno/2
gmngé(ui) = u; v/ UZ 2/ gmnzé(ulv usz, u5)' (2'35)

Combining these behaviours with the prefactor in (2.33) we can conclude that the opera-
tors m1 have a twist that approaches 2A, and therefore correspond to the usual leading
double- twist operators. Moreover, in this case the operator no must have twist Ag. This
corresponds to the exchange of the external operator itself. Therefore the cross-channel

OPE data is given by
Blgglo,s.6 = Coslodlo,s CovsCoslodlo,s (2.36)

from which we can see that the single-trace OPE coefficient cancels on both sides of the
crossing equation, and we are left with data that is known from the four-point bootstrap,
namely scalar/scalar/double-twist OPE coefficients.

Actually this case reduces to the crossing of the four-point function of ¢ and its descen-
dants. Firstly, in the direct channel, since the five-point function factorizes into a product
of 2 and 3-pt functions, we can use the (45) OPE into the exchanged scalar operator ¢,
which acts on the MF'T 4-pt function of ¢ at points 1235. Secondly, in the cross channel the
(45) OPE reduces the five-point block into an action on the four-point block with external
¢ at points 1523 and double-twist exchange. This shows the problem reduces to that of
the four-point function.

Nevertheless it is instructive to check this result explicitly using the lightcone blocks in
(2.16) to describe the cross-channel contributions. In this case Jo = ¢ = 0 and Ay = Ay.
Additionally for large spin J; the dimension of the exchanged operator approaches the
double-twist value Ay = 2A4 + J;. This significantly simplifies the expression (2.16) for
the blocks. In practice, it is useful to expand the integrand using the binomial theorem and
performing the ¢; integrals, which leads to a representation in terms of an infinite sum of
hypergeometric functions. In fact, the sum is dominated by the region uq ~ J;° 2 similarly
to the four-point case. This allows one to simplify the hypergeometric functions into Bessel

functions, so the large spin limit of the lightcone block reads

1 Agin ﬂ
e (A (28 1 gt K, ()
217380~ (n + )T (n + Ay)

23,45 N
[¢¢10,Jl¢(ul) ~

n=0
(2.37)
Imposing the well-known large spin asymptotics of the scalar/scalar/double-twist OPE

coefficients (2.28), one can do the sum over J; by approximating it as an integral. This
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reproduces the correct power of uq at fixed n. The correct power of ug is then recovered
by doing the infinite sum over n.

We remark that one can then consider the related contribution where we swap the ex-
changed operators in the cross channel, meaning we have O,,, = ¢ and O,,, = [¢¢]o s,. This
obviously corresponds to a factorized correlator in a different channel which is subleading

in the lightcone limit here considered.

2.3.1.2 Identity in the (34) OPE

On the other hand, when we exchange the identity in the (34) OPE, the direct-channel
contribution is

2
Copo ur” (2.38)
Thus, since the leading powers of uz and w4 in the cross-channel expression (2.33) are the
same, the operators that are exchanged in the cross channel will both have the double-twist

value 2A4. This allows us to probe the double-twist/double-twist/scalar OPE coefficient

on the cross channel

_ (0)
Bloglo, 1, (860,55t = Coslodlo,r, Cosloslo,r, Coloalo.s, [6l0.s, (2:39)

It is important to notice that the double-twist/double-twist /scalar OPE coefficient depends
on the additional quantum number ¢, which encodes the tensor structure associated to spin-
spin-scalar three-point functions.

Since the scalar/scalar/double-twist coefficients are fixed from the four-point analysis,
matching to the direct channel we immediately discover the remarkable non-perturbative

relation

0
Cotoalor, 6101, < Co06 (2.40)

which would be expected in a perturbative theory. With a more careful analysis, we will
now fix the large spin asymptotics of this OPE coefficient, along with its ¢ dependence.
We need to reproduce the power law behaviour in the variables uq, us and us, which
will emerge from the infinite sum over Ji, Js and £ in the cross channel. More specifically,
we consider the limit J;, Jo — oo with u1J? and usJ2 fixed. It is possible to approximate

the lightcone block in this regime by approximating the integrand in (2.16), so that one
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finds integral representations of two Bessel functions,?

AN g+ J1+J:
24Ag+J1+J2 12 Ay Ay

23,45 (u;) ~ lel/ZJQ Ugy ¢u4 (1— u;z,)e

Gio6lo.s, [6¢l0.1, ¢

1 1
Uf ( ¢ )Ug ( ¢ )

1/2 1/2
K, 5 (2J1u1 )KH% <2J2u5 ) (2.41)

It is not hard to see that for consistency with the uz — 0 limit the power law behavior in

u1, us has to be reproduced term by term in the sum over ¢. This leads to the ansatz

iy +3(A—1)/2 +3(Ay—1)/2
Ploglo. s [66l0.1,¢ = Copg be 271772 007 e , (2.42)

which, upon performing the integrals over Ji and Js, reproduces the power law behavior
in u; and us. Since £ € {0,...,min(Jy, J2)}, this leaves us with an infinite sum over ¢ to
perform, which will recover the power law behavior in ug. In particular, we need to zoom
in on the £ — oo region, with us approaching zero such that usf is kept fixed. In this limit,
we can use the approximation (1 — u3)¢ ~ e~"3¢. Then, we can take the asymptotic large

¢ behaviour of the coefficient b, to be °

Ayl (”ﬁ)

bg"’

~ (722 (2.43)
23863 /T T(Ay)2T (1 + %)

We can then approximate the sum over ¢ by an integral, which gives the correct power law
behaviour in ug and finally reproduces the identity contribution in the direct channel.
Both leading terms with an identity exchange are understood as a five-point function
which factorizes into a product of a two- and three-point functions. A simple example of
CFTs expected to present this behaviour are holographic theories with cubic couplings.
We can draw bulk Witten diagrams and look at their unitarity cuts to infer the exchanged
operators in the corresponding channel. This is presented in figure 2.3. Clearly, this picture

is consistent with the results obtained from the lightcone limit analysis.

4This procedure deserves a word of caution. Strictly speaking we should first take the limit of w1, usz — 0,
keeping large spin contributions, and only then take u2,us — 0. In practice, since we use the lightcone block
expansion (2.16) in the cross channel, we are swapping the order of limits. This is justified a posteriori since
the asymptotics of OPE coefficients at large spin that we obtain match the examples studied in section 2.4.

5The same result could be obtained by explicitly performing the sum over £ assuming by m.
However, this cannot be used to determine the form of the coefficients at finite £ since the leading singularity
in ug — 0 only determines the asymptotic behaviour at £ — co. Remarkably this turns out to be the exact
form of the coefficients in the disconnected correlator in section 2.4.2.1. A similar situation also occurs for
the six-point case.
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FIGURE 2.3: Witten diagrams corresponding to the leading order five-point function in
a large N theory. The black and red dashed lines correspond to the unitarity cuts in the
direct and crossed OPE channels, allowing us to infer what the exchanged operators are.

2.3.1.3 Two non-trivial exchanges

The case of two non-trivial exchanges is more subtle. When the exchanged operators are
identical to the external ones, the lightcone limit of the block in the channel (12)(34) is
given by

25 T(Ag)?

ot} (2)
L5

(CQ +Inuglnus +28a,-2(Inuy + Inus) + 452%,2 — SA¢_2 +
2

C§5¢¢(U1U3U5) 2

2 2

(2.44)
where SC(ZL) denotes the degree-n harmonic number and the dots represent subleading terms
in ug, ug and us. The powers of us and w4 indicate that the exchanged operators in the
cross channel should once again be of double-twist type. However, since the powers of us
are the same for both block expansions in the small us limit, one cannot employ the usual
argument which ensures that operators with large spin Jo dominate the cross channel.
This means that the information in this OPE is not universal. The leading power of u is
a constant, which can be achieved block by block in the cross channel, and therefore the
usual argument for the necessity of large spin double-twist operators is not valid.

One can instead study the case where the two exchanged scalar operators Oy, are

different from the external one, but identical among themselves.

A*—A(b

APy, (2.45)

G2t (wi) ~ an,a, (urusus)

with An
7T4A*_1F(A*2H)2csc2 (W( *; ¢>))
A—A 2 A2
I(=5=2+1)"T(3)
When A, < Ay this is the leading term. On the other hand, for A, > Ay the leading

AN A, = (2.46)
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powers are instead integers and lead to the same limitation discussed above. Nevertheless,
the term (2.45) is still present and can also be bootstrapped.

Notably, the power of ug will change the nature of the exchanged operators in the (45)
OPE. In particular, we now have that the operator must have dimension asymptoting to
A, +Ay+Jo. Thus we prove the existence of the double-twist operators [¢O.]o, s, built out
of the external ¢ and the internal O,. We see an asymmetry between the exchanges in the
cross channel, since the operators in the (23) channel are still the double-twist composites
[¢¢]o,s,. This is similar to the case of identity exchange in the (12) channel which also
leads to an asymmetry in the cross-channel exchanges. In particular, swapping the cross-
channel exchanges in the (23) and (45) OPEs leads to a subleading contribution in the
direct channel.

The calculation in the cross channel is similar to that of the previous subsection. Both
families of double-twist operators must be in the large spin regime, which gives the following
approximation for the cross-channel conformal block

930p+As+J1+J2
23,45 ~ 1/2 41/2 Ay (Ap+AL)/2 )
(@8]0, [¢>O*}o,]2£(“i) NN Ty ¢U4 ’ (1 —us3)

1 1
Uf(2A¢+A*+2Z)U§(A¢+2£)Kg+& (2J1u1/2> K4+A¢ (2J2ué/2> . (2.47)
2 =
Once again the sum over large spins J; and Jo must be done for fixed ¢ and we then sum

over {. The correct asymptotics for the OPE coefficients in this case is given by

4A¢—3+2£—A* 3A¢—3+2£—2A*

P[¢¢}0,J1 [(ﬁ@*]o,JQE ~ QA*A¢2_J1_J2 ‘]1 2 J2 2 £_2£€2£,€_A¢ , (248)

where
2573A¢ 7A*

JAPRSYA :
T(2429T(Ay — 55)2

qa.a, = Po.o.an,.n, (2.49)

The factor of Pp,p, = ; 0. Cyo.0, is needed to match the direct channel.

2.3.1.4 Stress-tensor exchange

In a general CFT, the leading twist operators are usually scalars of scaling dimension less
than d — 2 or the stress tensor which has dimension d and spin 2, and therefore twist d — 2.
A spin 1 conserved current also has twist d — 2 but, since we are studying the OPE of
identical scalars, only even spin operators can be exchanged. Thus, we are only left to

consider the case of the stress tensor®.

SHigher spin conserved currents also have twist d —2 but they only exist in free theories and we therefore
ignore them.
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In this case, the direct-channel contribution has three terms associated to the tensor
structures with ¢ = 0,1,2. In the cyclic lightcone limit, it turns out that the powerlaw
behavior in ugs — 0 is suppressed by ¢ and therefore the tensor structure with ¢ = 0
dominates. The block behaves very similarly to the scalar case, with the role of A, being
played by the twist of the stress tensor d — 2, up to some extra prefactors. Concretely, the

direct-channel block contains the following term in the lightcone expansion

d—2—A¢
Grroo = ara, (wugus) =D a2 (2.50)

with )
744-1r (%) sec? (777%’23_(1)

a =
R )

In the block expansion this term will come multiplied by the product of OPE coefficients

(2.51)

Prry—g. Once again there are terms where the powers of u4 and us are constant and
cannot be reproduced by large spin double twist families in the cross channel. The term in
(2.50) is the leading one for d —2 — Ay < 0, but it remains in the expansion otherwise, so
it can be bootstrapped. The physics in the cross channel is very similar to the scalar case
as well. The small uy and ug behavior is matched by operators of the form [¢¢]o s, in the
(23) OPE and [¢T1]o,, in the (45) OPE, with twists asymptoting to 2A, and d — 2+ Ay
at large Ji and Js, respectively. The large spin limit is needed to obtain the right power
law behavior in u; and us, and finally the large ¢ limit reproduces the small us behavior.
The cross-channel blocks and OPE coefficients are the same as in the scalar case with the
replacement A, — d — 2, up to the different prefactor which is fixed by the direct-channel
block. More concretely, the cross-channel block in the large spin limit becomes

2345 9384 +d—2+J1+J2
[pdlo,.1, [¢To, 750 ~ T
12Ag+d—2+20) L(A,+20)
1 Us

T2 gV B (Botd=2/2q e

u

1/2 1/2
Ky as (leul/ )KH% (2J2u5/ ) o (2.52)

and the OPE coeflicients

(—1420—d+4A,) 1 (1420—2d+3A,)

1 1
Ploglo.s, [6T]0.sy¢ = AT 2”727 73 R (2.53)

where
27—3A¢—d

ara, = Prri—oara, 5 - (2.54)
(25 )r(a, - 452)
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2.3.2 Six-point function — snowflake

The six-point function is a richer object as it admits two very different OPE decomposi-
tions that are usually denoted by snowflake and comb. One distinction between them is
that in the snowflake decomposition we do three OPEs in nonconsecutive pairs of points
and therefore all OPEs involve two external scalars. Therefore there will be an OPE coef-
ficient between three symmetric traceless operators of arbitrary spin, as can be seen in the
top-right of figure 2.1. On the other hand, in the comb channel the OPE involves consecu-
tive pairs of operators. Thus, after performing the OPE between two external scalars, the
resulting symmetric traceless operator will be fused with another external scalar and can
produce a mixed symmetry tensor operator, which in the mean field theory limit should
correspond to a triple-twist operator. The bottom part of figure 2.1 illustrates this struc-
ture. In this chapter we use the lightcone OPE between scalars (2.6) and therefore limit

our analysis to the snowflake channel, whose bootstrap equation we depict in figure 2.4.

2 3

FIGURE 2.4: A schematic form of the six-point snowflake bootstrap equation. The left
hand side represents the (12)(34)(56) direct-channel expansion while the right hand side
represents the (23)(45)(61) cross channel.

We start by considering the block expansion in the direct (12)(34)(56) channel

(8e0) 00 = oy oy 3 P G (us, U1 (2.5)

(451233341”56

and take the lightcone limits x2, — 0, $§4 — 0, x%G — 0, which correspond to u; — 0,
ug — 0, us — 0. The leading contributions in this limit come from the exchange of three

identities, one identity and two leading twists or three leading twists. For now we take the
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leading twist to be a scalar, so that

(O(x1) ... O(x6)) ~ W [Pzzzgzzz(ui, Ui) + (sz*k*gz;g*k* (ui, U;) + perm)
+ Prookoken Ok (Ui Ui)] =
T2 21 aa, |1 <C¢¢k*<u1u3) ¥ 9k, (u2/Un) +perm> (2.56)
(21p3,256) "7 Uz

Tk

+ C3 o, Ok, (W1U3U5) 2 Gy, (20, Us)

Y

where A, is the dimension of the leading twist operator Oy, and the functions g, and
Gk.k.k. are defined from the four- and six-point lightcone blocks in (2.11) and (2.22), re-
spectively. Then we take the three distances :L'%3, :Ei5 and :1:%6 to zero, or in cross-ratios
ug; — 0, which will be appropriate to study the OPE decomposition in the cross channel
(23)(45)(16) in the lightcone limit. The four-point conformal block gi, simplifies consider-
ably in this limit

LA+ Js)
where the ... represent subleading terms in u;/U;. However, after taking ug; — 0 the

function gg, k., x, (u2i, U;) of the six-point conformal lightcone block is still a nontrivial func-
tion of the cross-ratios U;, so we take one further limit x3,, 735,735 — 0, or equivalently
U; — 0, which we refer to as the origin limit [133]. Let us remark that we do this just to
make the problem technically simpler. With this extra limit one gets

T3(A,) [Hi InU;

T6(4) 3

[ (’Lin, Ui) ~ — + 2SA*2—2 InU;InUs + <4SA* 5 — S(fz,g + <2> InU;
2
2 )
+ gSA*Q—Z 4SA* s —3Sa., 2 +3% | +...| +perm, (2.58)
2

where the ... represent subleading terms. We give the derivation os this result in appendix
2.A. Notice that up to this order the correlator is polynomial of degree three in the loga-
rithm of the cross-ratios, which contrasts with the behavior in a planar gauge theory[64].

2.3.2.1 Exchange of three identities

Given the crossing equation

3
ZPM G12 34, 56 (s, U) H (UZZ;1> Zpkz . 2345 16( LU, (2.59)
Y]

kil i=1 ki, l;
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the limit taken above should be compatible with the cross-channel decompositions in the
channel (23)(45)(16). As we just described, the left hand side of this equation starts with
a one and then has subleading corrections in the cross-ratios uy,qq — 0, while on the right
hand side there is an aparent power law divergence in weven in the prefactor. This implies
that the cross-channel decomposition involves operators with dimension approximately

? in the denominator. Each individual

equal to 2A4 + J that cancel the prefactor u@
conformal block in the (23)(45)(16) channel is regular in the cross-ratios ueqq as they
approach zero, which is not enough to cancel the prefactor uﬁifl and recover the identity
contribution of the direct channel.” The solution is similar to that of the four- and five-
point correlators in the sense that the identity is recovered from the infinite sum of double-

twist operators with large spin. This can also be intuitively understood by looking at the

“unitarity cuts” of a disconnected Witten diagram as in figure 2.5.

\1/k_\2

FIGURE 2.5: Witten diagrams corresponding to the leading order six-point function in

a large N theory. The black and red dashed lines correspond to the unitarity cuts in

the direct and crossed OPE channels, allowing us to read-off the exchanged identity and
double-twist operators, respectively.

We will now choose the kinematics where both u,qq and U; are sent to zero with the
same rate J 2, with ¢; fixed. This is not the choice we did in the direct channel above, but
we will recover its kinematics by sending wuoqq/U; — 0 afterwards. The conformal block

simplifies considerably in this limit and is given by a product of three Bessel functions

1
3 9Ji +T1J2 ks 26142641+ 1~ Tig

23 ,45,16 2
H - 1 u21 Xz Kﬂz 1— 2[z+1+71+1 Ti—1 <2J V U2z 1) 2%i—1 s

=1

T2

(2.60)

"This behavior is similar to that of scalar exchange in the direct channel (2.58) and is given in appendix
2.A for general spin.
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where we can see that the parameter ¢; controls the cross-ratio x; = 1 — ug;+3/U2—1. The
direct-channel limit that we took above can be recovered in the cross channel by studying
the limit where y; approaches 1, which in turn is controlled by the large ¢; region. 8 We
can now use (2.60) in the crossing equation (2.59) to reproduce the identity exchange of

the direct channel

3 A
1 . ¢
1~3 H<u2 1) / dTndly | Pre,Grge " (wiy Us) (2.61)

u
ne1 2n

where we transformed the sums in k;, ¢; in the crossing equation to integrals in J,, ¢,

(including a factor of 1/2 because we are only summing over even spins). We can assume

that the product of OPE coefficients Py, has the large J; power law behavior
3
Py, = C [ 27T fu(tn) . (2.62)
n=1
Integrating over J; we obtain

3 2Ny Do b 2(4; £;11)—2a;—3

277U, X 3+ 2a; + 2€(lip1 — li—1) (i1 i) 220

1= db; f (4, Ziz12i F< ! as . U,, * )
Eerz[l:/ &) n2 4 21

(2.63)

where we used that 7; = 2A, to leading order in large J;. Then we consider the limit where
todd/Ui; — 0. Remember that we need a power law divergence in uyqq to kill the prefactor
in (2.61) and, as expected, this is generated by the tail of the sum in ¢;. In this regime
we can replace Xfi by exp(—f;uz;—3/Usi—3), where we are keeping fixed the argument of
the exponential in the limit. The powers of U; cannot depend on #¢; otherwise this would
give rise to a non-trivial in behavior U;, which is not consistent with the left-hand side of

(2.61), so we conclude that

a; =1+ ZEJ — ¥, (264)
J

with r a constant that does not depend on ¢;. We can, at this point, take the large ¢;

behavior of the I' functions in (2.63). The ¢; behavior of the expression suggests that for

8We stress that we made the choice of considering the limit U; — 0 to simplify the expression for the
block. Alternatively, one could mimic the approach of [133] and keep these cross-ratios finite. We emphasize
however that our choice of taking the origin limit respects an order: U; — 0 only after u; — 0. The latter
limit is dominated by large J; and large ¢;, whereas the subsequent U; — 0 imposes J; > ¢; > 1.
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large ¢; the function f(¢;) has the following form
filly) = 2% (2.65)

with ¢ and ¢ constants. Putting everything together and after doing the ¢; integration we
obtain
3 S AL gy Bigyr
1~ C 268012 (2 +g+ r) | R (2.66)
i=1
which fixes both 7, g and ¢ to be

C4A, -3 1

=Ty 98 O gmma,)

(2.67)

This fixes the asymptotic form of Py, proposed in (2.62).

2.3.2.2 Exchange of one identity and two leading twist operators

So far we have only reproduced the contribution of the identity in the direct-channel OPE
decomposition (2.56). As we have seen subleading contributions depend non trivially on
the cross-ratios, even in the limit where all u; approach zero, cf. (2.57) and (2.58). One key
difference is that we will have to generate logs of the cross-ratios from the cross-channel
OPE decomposition. Some of these logs are generated by allowing a correction to the

dimension of the double-twist operators of the form

k
T = 2A¢ + ﬁ . (2.68)

The conformal block, in the large spin limit, depends on the twist of the exchanged operator
in an explicit way as can be seen in (2.60). It is easy to perturb the previous computation,
done to reproduce the contribution of the identity with the cross-channel double-twist
exchange, and include the correction to the dimension of these operators. First we expand
(2.60) at large J; and keep the first subleading term in the series. Then, performing the
integrals in J; and ¢; we obtain the following correction to the contribution of the leading

twist operators exchange

2 (M) ot a2 5
2 2jU254+3Us; i 1U2;
b—ara D {ln P L (Sa, — Sag, )] (uQ] m]“) . (2.69)
r ( ¢7) j (u2j_1u2j+1U§j71)§ P2 U2j+1

This term has the correct power law behavior coming from the direct-channel contribution

of the identity and two leading twist operators, cf. (2.56) or (2.24). This fixes a = 7, in
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agreement with the four-point function calculation. Moreover, it contains some of the logs
coming from the four-point block function g, , but it also has some unexpected log terms.
It is precisely these terms that will allow us to fix the correction to the OPE coefficient

between three double-twist operators

CirInJi +b;pInly) + v,
Pe, =P 14 G Nic J ) 0 +... 0, (2.70)
j J
where ¢; j, b; ; and v; are coefficients that we will fix. Upon inserting this in the cross-

channel conformal block decomposition, and integrating over J; and ¢;, we obtain

Tk

e o 2
7b]"¢+177%’1 ;],z 1 bj’¢+1+cj’12 1 21)] u?j—l“f?j—‘rl
In Ugi—1 Usila T SAy = SAoy_., —
26_7s

j i Uj—f—l
(2.71)
The correct log behavior imposes that
k
bii =0, biit1 = biito = 50 Cii= 0, Cijit1 = Ciit2 = 5 U= kS%
C2, T2(ApT(2J + 7
= Copr (BT ) (2.72)

22]*—11“2( 2A¢27T* )FZ ( 2];7‘* )

Thus, we see that we can reproduce exchanges in the direct channel that include at least
one identity by taking into account the contribution of large spin double-twist operators
in the cross channel. Moreover this procedure fixes the dimension and OPE coefficients
of these operators at large spin. The formula for the OPE coefficients is one of the main

results of this chapter.

2.3.2.3 Exchange of three leading twist operators

Before analysing the contribution of the exchange of three leading twist operators in the
direct channel, let us see what is the effect of dressing the large spin double-twist contribu-
tion in the cross channel by a term of the form Hg’zl Je7t. This can be used, for example,
to check what is the cross-ratio dependence of the corrections to the double-twist exchange
in the cross channel at large spin

q] 1"'2’“J+1
3

3 Ay
U2i—1 tree % i | 234516 Uy ®
H( o > /dJid&PJMZ_ [ | | Jh; J]G wots (i, Up) o | | qﬁqﬂ - . (2.73)

i=1 j=1 j= 1u2] ] RRERS
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It follows that multiple corrections to the dimension of operators exchanged in the OPEs
(23)(45) and (23)(45)(16), where r; = 0 and two or three nonvanishing exponents ¢; equal

—Tx, have, respectively, terms of the form

% Tx
<U1U5> (7 {lnuglnu4+...] , (ulu?’iu‘r’)f* InusInuglnug +...|, (2.74)
UsUs (U1U2U3)7
where the ... stand for the contribution of log terms in other cross-ratios that are not

important for the present discussion. One important feature of these two results is that
at least one power of uyqq is given by 7. This can be thought as coming from the direct-
channel contribution of a family of operators whose twist asymptotes to 27,. Another
curious feature is that there is necessarily a dependence on In ueven that cannot be generated
by the contribution of a single conformal block, as we can see from (2.58). This suggests
that this term comes from the contribution in the direct channel of an infinite family of
operators with twist 27,. This behavior was already observed in [78] for the case of the
four-point function from the existence of log? v terms.

Now we are ready to reproduce the last term in (2.56) from the cross-channel decompo-
sition. Since the direct-channel contribution (2.58) does not have any In teyen We conclude
from the analysis of the previous paragraph that this term does not come from the correc-
tion of the dimension of double-twist operators. Therefore it must come solely from the

correction to the OPE coefficient, which we propose to have the form

cirInJy + bk Inly) + v, InJ;, In¥;
Py = P 1+ZZ’“<]”“ et bplnte) £y plinJjnty) (2.75)
;

JT* Tx 7%;
y I Ji"4;
where the ¢; j, b; ; and v; were already fixed in the previous section and p(ln J;,In¢;) is a

polynomial function of the third degree’

2 2 2 2

1

p(nJj,Inlj) = c1 — c2In %3 In /) In ! +c3ln J1J2J3 +204[1nJ11n (JQJ3> 154
263

bl l1ls  fols 010903 /q
2 2 2 2
FlnJyln 2J3 g lnﬁgbél n 3(Inty Inlols + Inly1n ls) N In“¢; +1n“ 4y +1n 63]'
20,0 2 2

(2.76)

9This ansatz is justified because the scalar conformal block is a polynomial of degree 3 in log of cross-
ratios
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This polynomial generates the terms

Tx Agp—Tx
(ITw) 313 (225
I3(Ag)

) [801 + o hlUl anQ In U3 - 463 1HU1U2U3 + 264 ZanZ In U]] y
1<j
(2.77)

upon integration in J; and ¢;. A simple comparison with (2.58) fixes the values of ¢; to be

T(A)T3(A 1
co = Py ik, (AJT7(Ay) ; 03=4<

204 —A
FQ(%)F?)( ¢2 )

1
C1 = Z SA*—Z <4SQA*2 - 35(22,2 + 3<2> C2, Cq = SA*—Q Ca . (2.78)
2 5 2

2

ng_z - 452*T—2 - §2> co2,

2

for a scalar leading twist operator and

s n +PoooBlop + 3Poo1 Bogy + 3Po2Bloy s Pooo Bty
c1 =T7(Ay) S 2R, ve2 =T (A) —ox
r ( 2 ) r ( 2 )
(1) 1) (1) (2)
Py B Pyy1 B PyyoB Py B

D3 (%247 D3 (22 )

for the exchange a stress tensor, where we used the block for stress-tensor exchange derived
in appendix 2.A.2 and wrote Py, s,0, = Prrre,6,05- We emphasize the absence of the OPE
coefficients associated with the structures where two or three of the ¢;’s are equal to 1. This
happens since such structures are subleading in the U; — 0 limit. The constants BZZ)Z ¢, ATe
the coefficients multiplying the degree-m polynomial of In U; in the block associated to the
tensor structure labeled by 1, f2 and ¢3. These coefficients can be read off from equation

(2.114) in appendix 2.A.2. We remark that, as is well known, the OPE coefficients of the

stress tensor are not all independent and in fact satisfy

8(Pooo + Poo1) + d(d + 2) Poo2

(d+4)(d—2) ’
32(2 + d) Pooo + 8d(6 + d) Pyo1 — 4d(d* — 20) Py
(d—2)2(d +2)(d + 4) ’

Poi1 = -2

(2.80)

P =

since its correlation functions satisfy conservation equations [32]. This means that the
different OPE coefficients associated to the ¢; tensor structures are related to a set of three
independent numbers.

We end this section with a speculative holographic interpretation of our bootstrap
results which can be skipped by the more orthodox readers. In a four-point function,
radial quantization allows us to visualize a weak gravitational process in AdS where two

particles with large relative angular momentum come from the infinite past, interact, and
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continue towards the infinite future. This picture can be generalized for the six-point
function in the comb channel, which instead corresponds to a three-body gravitational
interaction. However, in the snowflake OPE that we analyzed, one cannot assign a single
time coordinate which leads to the cylinder picture. Instead, this channel corresponds to a
gravitational process where the asymptotic states are defined with respect to distinct time
coordinates'’, where the underlying geometry is instead a "pair of pants”. The physical

process is more easily understood by inspecting figure 2.6.

I

£\
5
N

FIGURE 2.6: Schematic representation of the gravitational processes dual to the six-point
comb channel on the left and to the six-point snowflake channel on the right. In the comb
case, three particles come from the infinite past, interact weakly and continue towards
future infinity. In the snowflake case, the blue and red particles come from the past
infinity of two different time coordinates, say t; and to, respectively. The blue one travels
to future infinity along #; and the red one along ts. A third, green particle comes from
past infinity in the ¢; direction and moves towards past infinity in ¢5. The process can
also be interpreted in other similar ways by permuting the role of the OPEs.

2.4 Examples

Consistency conditions of the bootstrap equations for higher-point functions impose con-
straints on the behaviour of three point functions of spinning operators as we have seen in
the previous sections. The goal of this section is to extract OPE coefficients of spinning
operators by performing an explicit conformal block decomposition of the generalized free
field theory correlator, as well as theories with cubic couplings, and confirm some of our

previous results.

10WWe thank Pedro Vieira for discussions on this point.
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2.4.1 Generalized free theory

The six-point function of operators ¢ in a generalized free field theory is given by

6

TT @ = 3 (@(a1)d(@2)) (9(ws)d () (b (as)d(ae)) = 3 (1)A

2 2 2
=1 perm perm $12$34$56
(2.81)
where we should sum over all permutations of operator positions. We can extract a pref-
actor (22,22,725)2¢ to write everything just in terms of cross-ratios,
6

3
_ —A
(20234236) > (] [ d(ea))npr = 1+ (urugus) ™ | 14 (ugugug) ¢+ U;
=1 ;

Ay Ay Ay
N Z <u2z+1u21+3) N <U2ilu2i+1u2i+3) N <U2i+1u2i+3U2i+1) (2.89)
Uai—1 u2i+2U2—1 ugi+2U2i 1

The prefactor we have extracted is appropriate to analyze the OPE limit in the channel

(12)(34)(56). The first term in (2.82) corresponds to the exchange of three identity op-
erators and the others can contain one identity and two double-twist operators, or three
double-twist operators. A systematic analysis of the operators that are exchanged in the
OPE in these three channels can be done using the six-point conformal blocks [64] or the
Casimir differential operator together with the boundary condition of the block in the
lightcone limit [133]. We obtained for the OPE of three leading double-twist operators,
which can not be extracted from the four-point function of ¢, the result

3 (Ji+£i—2j€j+1> (Ag) 1 (Ag);

(X, 4) - 3

P, = —
il;[ 221'71(]1,! 7! (A¢)€i <J1+22A¢_1) .
L

(2.83)

By taking first the large J; and then the large ¢; limit we recover the asymptotic behavior
(2.62) derived from the lightcone bootstrap in the previous section.

Note that for a free theory with Ay = (d — 2)/2 this is the full set of OPE data that
can be extracted from this correlator. In a generalized free theory there are subleading

double-twist operators ¢[1"9”7 ¢ whose OPE coefficients could be extracted.

2.4.2 ¢° theoryind =06 —¢

We now consider turning on a cubic coupling which will allow us to further test our predic-

tions involving, for example, the five-point function which vanishes for mean field theory.
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The five-point function in ¢ theory is given by!!

5 5

([T o) = D (de)(x2))(@(ws)d(xa)d(ws)) + ([ ] éi))

i=1 perm i=1

(2.84)

conn

This correlation function only has odd powers of € as can be seen by drawing a few Feynman
diagrams or from the strucutre of perturbation theory around the Z, symmetric free theory.
The leading term is a factorized correlator given by a product of a two-point function and
a three-point function. The two-point function starts at the free theory order, but the
three-point functions starts at order e, with a tree level contact diagram. The connected
contribution starts at order €3 and coexists with corrections to the factorized correlator.

To leading order in the € expansion the connected contribution is given by

(¢(z1) ... d(x5)) (2.85)

3
(Cé2¢) / dSx

conn 33%256:%4

2.2 .2 .9 (22
perm 10502500 (250)

This six-dimensional integral is proportional to a D-function Di1112 which we analyze in

Appendix 2.B.

2.4.2.1 Disconnected contribution to the five-point function

Let us write the block decomposition as

(B(1)... plas))D = S B G (), (2.86)

$12$34$15$35 .y,

where the superscript (1) indicates the order in the € expansion. We used that Ay = 24+0(e)
and that Py, starts at order e. Our goal is to derive the spectrum and OPE coefficients of
the operators exchanged in the (12)(34) channel for the leading disconnected contribution

that is given by

L¢
- C(l) a? 2o S 2 A A
do0 U13 S (usus) 2 wus o 2o ,8s
SV = s | u +< > + [uw 2+ (uguz) 2 +
Motn™ = ot e |7+ o) () ()
B¢
) Ay 2,2\ 2 A, 2y 2y
(uzuiug) ’ (u12 oy’ >] " (u;m) 1+ (uguqus) 2 +U2¢(U42 + ug? )]
(2.87)

"'This result can be obtained easily with the method of skeleton expansions as presented in [140]. Tt
would be interesting to do conformal block decomposition for five- and six-point correlators in ¢* and see
how the respective spinning OPE coefficients compare with the ones in A/ = 4 SYM [133].
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To obtain the block decomposition we use two independent methods which serves as a
cross-check of the calculation. Firstly we consider the Fuclidean expansion of the five-
point block discussed in Appendix E of [57], and match it to the small u; and u3 expansion
of the correlator. Using this we can obtain as many OPE coefficients as we desire. We can
then conjecture a general form for arbitrary Ji,Js and ¢, which we subsequently test by
comparing to the explicit higher order results. Alternatively, we can use a generalization of
the technique of [141] to higher-point correlators [133]. We act with the Casimir differential
operators on the correlator in terms of its small uq, ug expansion. Since the conformal blocks
are eigenfunctions of the Casimir operator, we can fix the OPE coefficients order by order
in u1,us by acting recursively with the differential operators. Again, we can do this to
arbitrarily high order, guess the general form of the coefficients and check it to even higher
order.

We find that depending on which pair of operators form the two-point function we have
different sets of operators being exchanged. When the two-point function is between points
x1 and 2, we have the identity in the (12) OPE and ¢ in the (34) OPE. The product of
OPE coefficients is simply given by Pz(l) = Cé?d). Similarly, when the two-point function is
between points x3 and x4, we have Pd()lz) = C’é?(b. When the two-point function is between
points 1 and x5, or between x9 and x5, the result is less trivial since it leads to an expansion
with an infinite number of operators. Adding up these two contributions, we find in the
(12) OPE the double-twist operators [¢¢]o, s, with dimension 4+ J and (even) spin J, along
with the operator ¢ in the (34) OPE. In this case we obtain P[(l) =l c2

dPlo, dPp ™~ dp[dPlo,.’
where

C2 _ 2T +2)’T(J +3)
$¢[9dlo.s L(J+1)r(2J+3)

(2.88)

which is the usual formula for the OPE coefficients of two scalar operators and a leading
double-twist operator, which holds in MFT with A, = 2. We may also consider the
factorised correlator with generic A,.'2 In this case we have several infinite towers of
subleading twist operators with dimension 2A4 4 2n 4 J and spin J. We checked that
the OPE coeflicients are again given by the four-point MFT result. This can be easily
understood by using the convergent OPE in the (34) channel, as discussed in section
2.3.1.1. A similar story holds when the two-point function is between points x3 and x5, or

between x4 and x5,

2For example studying ¢* theory in AdS with a massive scalar such that m? = As(Ay — d).
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Finally we can have a two-point function between z; and x3, 1 and x4, 2 and z3, and
xo and x4, which are the most non-trivial and interesting cases. Together they admit an
expansion in terms of blocks where the exchanged operators are [¢p¢]o s, in the (12) OPE
and [p¢@]o, s, in the (34) OPE. Thus we access OPE coefficients with one scalar and two
spinning operators, which have the extra quantum number ¢. It is not hard to propose
the formula for the OPE coefficients in the case £ = 0, where the dependence in J; and
Jo turns out to factorize due to the nature of the tensor structure of £ = 0. We find, for

generic Ay,

2 27T (i )T (Ji+ 28— 1)

p) — 96—, , (2.89)
[#9)o,.; [#90,.5£=0 zl_[l T (J;+1)T <A¢> r (AQS) r (Ji A %>
which for the Ay = 2 case drastically simplifies to
P _ m2 R 4 3)0 (2 + 3) (2.90)
[#¢]o, 11 [¢Plo,7,6=0 F(Jl + %)F(Jg + %) )

For higher ¢ we find that the J; and J> dependence no longer factorizes. Instead, for Ay = 2

(1) pw
we find that the ratio P[¢¢>]o 716800, J2£/ [66]0,.1, [66]0,.7, =0

in J; and Jo, with maximum degree 2¢ in both variables combined and maximum degree

is given by a symmetric polynomial

¢ in each variable separately. For example, the first few polynomials are given by

P 1

Pi,(l) = 5(3 + (J1+ o) + J1J2> :

Pr—s 1 2 712 2 2

o= <J2 T2+ Jo 2+ J2J1 + TIadi + 6(Jy + Jo) + 18), (2.91)
=0

P

ﬁ - (J2 T3~ (S 3 + J3T1) + 12722

F12(JoJ? + J2T0) + 85001 + T2(J1 + Jo) + 216),

where here we used the shorthand notation Py—; = P[(¢>a)5]o 71 66l0. 1 =i

down these polynomials to a very high order.'® Unfortunately we did not find a closed

We can easily write

form at arbitrary ¢. Nevertheless, we could perform the simpler task of finding the large

J1, J2 at fixed £ behavior, which in fact we were able to do for generic Ag. We found that

1)
Podlo.n 680t (J12)"

(1) T+ 1Ay,
Blodlo.s, [6610,5,t=0 (4 1)(A)e

(2.92)

13We can also write down a few of them for general Ay. In this case there is also a simple additional
denominator.
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Combining this result with the large spin behavior of the £ = 0 OPE coefficient, and then
taking the large ¢ limit, we find a perfect match with formula (2.42) obtained using the

lightcone bootstrap!

2.4.2.2 Comments on the six-point function

The six-point function of a scalar ¢ in the € expansion is given by

6 6

([T o) = D (dlen)d(e2))(S(ws)d(za)) ((x5)d(we)) + Y (d(x)dle)) ([ ] (@) oo

i=1 perm perm i=3

6
+ ) (D) d(w2)d(w3) (b (xa) d(ws)d(w6)) + <H 3(20)) | o - (2.93)

perm

The leading term is given by the mean field theory discussed above (with Ay =2+ O(¢))

U, The partialy factorized terms (two-point function times four-point

and is of order e
function and three-point function times another three-point function) begin at order €.
These have subsequent corrections of order €!, which is the order at which the connected
contributions begin. At leading order the latter is given by

6

d6x0 d6$7d6$8
<H ¢(xi)>‘conn = C@w </ 2 +/ 2 2 3~ | Tperm,

i=1 1295:2%433%6 H?=1 %20 $12$%7x27(x§7)2xi7xé218('%%8)2(x%8)2$78

where the first integral is the same as the six-point D-function D111111, which we analyze in
Appendix 2.B. It would be nice to systematically study all these corrections and to match
the asymptotics of the OPE coefficients with the lightcone bootstrap results presented in
section (2.3.2).

2.5 Discussion

We have shown how to use the lightcone bootstrap for five- and six-point functions to
determine the large spin behaviour of some new OPE coefficients. For the five-point func-

tion, in the case of a direct-channel identity exchange we determined the large Ji, Jo and

¢ behaviour of the OPE coeflicient C’g& Slo.s, (66101,

leading twist exchange in the direct channel, including the possibility of the stress tensor

in the cross channel. For the case of a

. . : (0) .
exchange, we determined the asymptotic behaviour of C' o[60l0.7, [60-1o.1, For the six-point

function, in the case of a direct-channel identity exchange, we determined the large J; and

£; behaviour of C'[(;;;)]O’Jl [8610., [6610.15 Subleading corrections to this OPE coefficient due
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to the direct-channel leading twist exchange were also bootstrapped. An interesting inter-
pretation of these results emerges in connection to the origin limit U; — 0. In this limit
we observed that the correlation function diverges at most as log UZ»3 in contrast with the
planar gauge theory case where the divergences can be an arbitrary power of log U; [64,
133]. The difference between these results follows from the existence or not of a twist gap
in a CFT correlator.

Our knowledge of higher-point conformal blocks is still in its infancy. In particular, our
work was limited to the leading order expansion of the blocks in the lightcone limit. In
our notation this corresponds to the leading term in the limit u,qq — O that defines the
lightcone blocks. It would be very interesting to study subleading corrections to the blocks
in this limit, which would allow us to bootstrap OPE coefficients with subleading double-
twist operators of the form [¢¢], ; and [¢O.], s. Additionally, to simplify our analysis,
we often took the origin limit U; — 0. It would also be interesting to compute subleading
terms in this expansion, which can be done using only the available lightcone blocks.

In this chapter, we only considered the lightcone blocks in the snowflake channel. For
the six-point function, the comb-channel block would lead to a different expansion involving
the exchange of mixed symmetry operators, which should be of triple-twist type. Such
operators are expected to be degenerate at large spin, but this degeneracy should be lifted
at finite spin. It is a very interesting question whether the bootstrap would be able to
address this question in the large spin expansion. First results in this direction were
obtained in [66]. This could be a sign of analyticity in spin for each triple-twist family.

Analyticity is also an open question regarding the new OPE coefficients whose large spin
behaviour we determined here. In this case, since there is a unique operator at each spin and
analyticity has been proven in the simpler case of the OPE coefficient Cyg (44, ,,» We could
also expect analyticity to hold. However, the situation here is more subtle because in this

case we also have the label ¢; that parametrizes tensor structures and is basis dependent.

(&)
(60,0, [#9]o,15 (000,15

the OPE coefficients of the low spin contributions of this family of operators. In particular,

This is an interesting question since in the case of C it would connect to

for an appropriate choice of the external scalar operators, this will connect to the OPE
coefficient between three energy-momentum tensors C’;@T. In this case one would hope to
derive reliable predictions by including the contributions from the first terms in the large
J expansion.

Analyticity in spin is also important for Regge theory of higher-point functions which
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we will discuss in the next chapter. This is clear since Conformal Regge Theory relies
on the analytic continuation in spin [86]. In the four-point case the Lorentzian inversion
formula established such analyticity [79]. Thus, deriving a Lorentzian inversion formula
for higher-point functions would shed light in this problem and, most likely, sistematize
the calculations reported in this chapter.

A more ambitious problem is to set up the Euclidean numerical bootstrap for higher-
point functions, with obvious gains in the available CF'T data. As it is well known, positivity
is a key ingredient in the numerical bootstrap of four-point functions. In the case of the six-
point function it is possible to choose reflection positive kinematics, however such positivity
is not guaranteed term by term in the block expansion. The situation looks even worse
in the case of the five-point function, since this correlator can not be seen as a positive
norm of a state. One possibility would be to consider a positive semi-definite matrix whose
matrix elements would involve the four-, five- and six-point functions. We hope to return

to these questions in the future.



Appendices for chapter 2

2.A Higher-point Conformal Blocks

2.A.1 Mellin amplitudes

The Mellin amplitude of a connected n-point function of scalar conformal correlators can

be defined as [142, 143]
(010 On () = [laM () T Tlw) (a2) 7 (29
1<i<j<n

where [dv]| denotes an integration with the constraints
n
Z%‘j =0, Y=, Yi=-—4. (2.95)
i=1

It is a well known fact by now that the OPE implies that the Mellin amplitude is a
meromorphic function of the Mellin variables ~;;. For each exchange of a primary operator

with dimension A and spin J there is an infinite set of poles in the Melllin amplitude,

Om
M ~ : —0,1,2,... , 2.96
vor — (A — J 4 2m) m ( )

where

2

k k n
==Y _pi| =D ) Yais (2.97)
i=1

a=1i=k+1
with the p; defined such that p;-p; = ~;;. The residue Q,, is related to lower point functions
and conformal blocks [144]. The label m is associated to the contribution of higher twist
descendant operators.
In particular, the equivalence between (2.94) and conformal block decompositions (2.15)

and (2.21) imposes that the Mellin amplitude for the five and six-point correlator needs to

63
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have the following poles

Zl C12J1 C34J2 C& Jo F ('Y)

M5 ~ Jl—AJl +2A¢ JQ—AJZ +2A¢ ) (298)
(’712 I E— ) (734 B E— )
()
Mg ~ 21, C1201C340,C56.5C' ), 7, 1 Flutats (7) (2.99)

Ji1—A g +2A Jo—A g, +2A J3—A g, +2A ’
(’712 - ¢> (734 — e ¢) (756 — e ¢>
where the functions Fj and Fj,;,;, are computed by Mellin transforming the lightcone blocks
used in this chapter and C'xyz are OPE coefficients. In the following we will determine
the form of Fj and Fj,;,;, for some specific cases!?.
Let us start with the five-point lightcone conformal block (2.16) with identical scalar
operators O; = ¢, and write the numerator using the binomial formula
Ji =1\ (i1 (J2 =D\ (i2\ [ [dtr)[dta]t? 72 (1 — t1)7285 771 (1 — t) 7t
> (7 Nl . Ny oa i, A, (2:100)
11 J1 19 72 2—a1 /112 &
i1,02,J1,J2 (1 - (1- tQ)U4) 2
A1=J1 Ag—Jo o
up * ug * (1 _U2)luélﬂ2“?“§f

A +BgtI1+Ia—Ay A —DotJitIa—20+Ay *

(1— (1 —t1)(1 —t2)(1 — up)) 2 (1= (1 —t1)us) 2

X

Next we introduce three Mellin variables si, s2, s3 with respect to the cross-ratios us, uy
and us,
Ji =1\ (1 Jo—1\ (i Aj—J] Ag—Jp
Z ( 1. ><1>< 2. )(,Q)Ul 2 Ug 2 (1 —uQ)l/d31d52d53F(51)F(52)F(53)
= 11 J1 (] J2
11,12,]1,]2

u—sl+j1+jzu—sg+izu’83“1+% (Al t A+ At o A¢>
2 4 5 )
g

(AQ—A1—2l+J1+J2+A¢> <A1—A2—2l+J1+J2+A¢,) 3
2 2 $1,52,83 9
s —s3

(2.101)

with the function By, s, s, given by

Dg—Ay—Jy—Jo+2(sg—s1)+2A—Dy+2jo
2 —j2— 11—J1—S
Bay nes = / (] [db](1 — )2t 2 fia e

Ay —Ag—J—Ja+21+2(sg—s1)+2j1 — A, 2s1=J1-J2=A1-Ax+A,

(1—t9) 2 (1—t1(1—t2)) 2 . (2.102)

For J; = J = 0 the function By, s, s; can be integrated to

A1—A —|—2(82—81) As—A -‘,—2(83—81) 2(81—82—83)+A
I'A)T (AT ¢ r ¢ T ¢
A GG cam— L 2 T o)

P23 re () (AR

17t would be interesting to repeat the analysis of appendix A.1 of [86] for higher-point functions.
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One of the advantages of this Mellin representation for the conformal block is that it makes
it easier to study certain limits. For example, to get the leading term in the us, uq,us — 0
limit we just have to close each contour si, s, s3 to the left picking all the poles along the

way. Notice that B, s, s, for generic spin can be written as a 3F» hypergeometric series

P (2490 7 (LRt T (i — o + G — s+ §) T (i1 — i+ % — 0+ 52)

831752733 -

2-di-fo-Simhal (44 4T (£ + 42)
A

F<€—|—j1—%—81-{—524-%—%)11(5-{172—%—81+53+%—7¢

(2.104)
F(£+i1_%+%_31+%>F<€+7;2+%_%—51+%>
A . A . A
" — 4+ F i —si s+l -2+ B A —si+ss+l, S+ B2 ,

Dy | AL | Ay ; Ji_ 2 By | AL Ay Ji 4 J2
S PR AFtets - Fosatl -F AT F a5+ F s+l

To find F; one needs to relate the Mellin transform we have computed to the Mellin
amplitude definition in (2.94). We use the conditions (2.95) to write the Mellin amplitude
in terms of five independent Mellin variables, namely:y12, V34, Y13, Y15, ¥35- After computing
the integral in y12 and 734, we can relate the two sets of Mellin variables, s;’s and ~;;, by
demanding the exponents of the cross-ratios to be the same on both expressions. To do so,
we first expand (1 —ug)! =", (,i)(—uz)k We find then the relation
_ 2425+ 2k —Ja+ Ay —2m3 — 2935

5 ;

_2i2+J1—J2—AJ1+AJ2+A¢—2’)/35
= 5 .

51 83 =15 + i1,

S2 (2.105)

This relation depends on indices that are summed over. Thus, performing the change of
variables in (2.101) leads us to finite sums of contour integrals. We would like to swap the
order of sums and integrals to be able to write F} from those finite sums. This can be done
if we are allowed to move, without crossing any poles, all the contours to the same region.
Assuming this can be done '°, to find Fj is just simple algebra. For specific values of spin
and scaling dimension of the exchanged operators, it is easy to see that F; defined in this
way is, as expected, a polynomial in the Mellin variables 713, 15, ¥35 Wwhose degree depends
on Ji, Jo, L.

It is possible to repeat the same analysis for the six-point conformal block in the light-

cone. Since the method is essentially the same we will just quote here the Mellin transform

15To be rigorous one needs to study in detail the very complicated pole structure of the integrand. This is
particularly challenging due to the possible presence of fake poles. As discussed in [145], gamma functions
that depend on more than a single Mellin variable can naively suggest the presence of families of poles that
differ depending on the order of integration of the Mellin variables. These poles are fake.
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of the block for the exchange of scalar operators

A
? 2 T(A 6 3 s A — s 45
H Z?Lzz<12A(. ) /HdSiF(Si) Us_; Ui*53+z'r <Z(25’+S’)> (2.106)
MrEA g ) 5T el
r <A21 —2(s3 + 56 — 32)> r <A13 — 2(s2 + 84 — 81)) r (Agg —2(s1 +s5 — 33)>

2 2 5 :

where 51 = 55+ 56,52 = sS4+ 55,53 = 54+ 56 and A;; = A; — A;. To relate this to Foo we
repeat the analysis above. We write the usual Mellin amplitude definition (2.94) in terms
of 9 independent Mellin variables «;;. After integrating in ~12,734 and 756, it is easy to
relate the remaining ~;; to s;’s by imposing the same power behaviour of the cross-ratios

on both Mellin representations. We find:

51 =123, S2=1"45, S3="Y16, S4=V46, S5="/24, 56 = Y26 - (2.107)

A simple computation shows that Fyop is independent of +;; as one would expect for

scalar exchanges.

2.A.2 Explicit computation of six-point blocks

In the following we compute the leading lightcone limit contribution for the exchange
of three minimal-twist operators in the snowflake channel of the six-point function. For
simplicity, let us first consider that the corresponding operators are scalars. It will be useful
to recall the definition of the block gk« (w2, U;) given in (2.22). This is a complicated
three-dimensional integral even in the simpler scalar case. One can show, however, that
no divergences appear from the limit uo; — 0 19, since the U;’s act as regulators of those
possible divergences. This substantially simplifies our analysis. The situation for the
spinning operators is technically more involved but it is still free of divergences in the limit
of ug; — 0.

As an example, consider the exchange of three leading-twist scalar operators with di-
mension 2 in terms of the cross-ratios yu, yu, Yo defined as

Us = Yw (1 _yu) (1 _yv)

~ Yolw) (1 = yw¥u) (1 = Yuwio)
(2.108)

Uy =

(1 - yv) (1 - yw)
1-—

Y% (1 - yu) (1 - yw)
T V2= 1

yuyw) ’ (1 - yvyu) (

16 This can be checked for example with the HyperInt package [146]. We find only logarithmic divergences
in U; whenever U; — 0.

7"The appearance of these cross-ratios is not surprising given the duality between null polygon Wilson
loops and correlation functions, see [133] for recent development in this topic. In fact these cross-ratios
have appeared before in the study of WL/scattering amplitudes in N' =4 SYM [147].
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In these cross-ratios, the block becomes

9222 (0, U;) H/ i Wiyit1 — 1)

Yi(yiv1 — D(yic1 — 1) + (1 + tiv1) (yiyirr — D (yiyio1 — 1)
(2.109)

where we have changed variables ¢; — t;/(t; + 1) and identified y1 = vy, y2 = Y, and
Y3 = Y. Lhe subscripts should be understood mod 3. These cross-ratios appear to be
a more natural choice to compute these integrals, as the integrand factorizes into simpler
pieces. The integration can be done exactly and written in terms of hyperlogarithmic

functions as

(1 = yuyw) (1 = yoyw) (1 — yuyo)
(1 - yw) (1 - yu) (1 - yv) (yuyvyw - 1)

—Ho(yo) <H07y;1(yu) + Ho, (g, )1 (yu) — Ho1 (yw) — Ho7y;1(3/u) - HO,I(yu)> + 2H0,(yvyw)—17y;1(3/u)

g2 (0.17) = (Ho<yu> (Hoa () + Hoo () — Hy o1 40)

+H0(yw) <Ho,y;1(yv) + HU,I(?JU) + Hoyyujl(yw - H(),y;l(yu) + HOJ(:%) - I—IO,(yvyw)*1 (yu)>

+ 2H1 (yv) (Ho,y;l(yu) - HO,(yvyw)*l(yu)) —2Hg =1 =1 (o) + Hy o1 6 (5u) = Ho, gy 1,0 (Yu)
+Hy o1 o(3) +2 (Ho,1,1(u) + Ho1,1(y0) + Ho1,1 (Yw)) — 2Hg (yy)-1,1 (W) — 2H, vty (W)
— (Ho,1,0(yu) + Ho1,0(yw) + Ho1,0(yw)) + 2H, -1 (y0) (H()’(yvyw)*l(yu) - HO,l(yu))
F2H () (Ho 0 () = Ho (=t (90) ) + 2y 01yt () — 2Hg oo o ()

+ Ho(yu)Ho (y0)Ho(yw) + Hy -1 o (yu) + C2(Ho(yw) + Ho(yu) + Ho(yv))> : (2.110)

The hyperlogarithm functions H are defined recursively via the integral [146]

2 dt In" z
Hoy wa,...won(2) = / P— Hos,wn(2), Hoo.0(2) = ——, H(z) =1 (2.111)
0 t—w n!

One can then check that in the limit where all y; — 0 (which corresponds to U; — 0), the
integral (2.109) is given by

yhglo (2‘109) ~ ln(yu) ln(yv) ln(yw) - €2 ln(yw) - 42 ln(yu) - C2 ln(yv) ) (2'112)
which is consistent with the behaviour in (2.58). In fact, one can repeat this computation
for several even integer values of the dimension of the exchanged scalar operators. In this
class of examples, the integral can be performed with the HyperInt package. We use several
parameterizations of the block and guess its general form in the kinematic limit we consider
in this chapter, namely ug;—1 — 0, followed by wug; — 0 and in last place U; — 0. This

is (2.58). We will later confirm these results by using a Mellin representation which we will
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define below.

For a stress tensor exchange, the form of the integrand is more complicated. Even for
specific values of the £;’s and of the space-time dimension d, we find that these computations
extend in time and therefore this procedure becomes less useful. It is however worth stating
that if we restrict ourselves to the case where y, = y, = Y, these computations can be
performed very quickly in HyperInt. We use these results as a sanity check for the Mellin
method we now present.

In the kinematics relevant for the bootstrap calculation of section 2.3 we need to take
ug; — 0, in which case we can derive a simplified Mellin representation. For that we
consider the lightcone block (2.22), set ug; — 0 in the integrand!® and then we Mellin

transform with respect to the cross-ratios U;. After some massaging we obtain

2J M .
st~ 1 [ i) LELED, 5 aprenete
QJF <2J+T) ni,m;

(J—ﬂz—i—fs—i) (J_ni+1_£1—i_€2—i)r (Si —ny — Ay + el—i)

ng m;

(2J —8;— V1 —l3_; + %)31 (J + Myp1 + 15 — 8 — Sig1 + %)Si—m—bﬂ'-&-ﬁlﬂ‘

o (2.113)

in the case where all the operators have the same twist and spin. The sums over n; and m;
were introduced to reduce the binomials that appeared in the numerator into monomials
of U;.

We would like to make an expansion in the limit U; — 0. In Mellin language this is
simply done by closing the s; contours to the left and picking the corresponding poles. At
leading order only some poles contribute. We will call these the leading poles. The leading
poles will only come from the gamma functions explicitly written above and which only
depend on one of the Mellin variables.

We observe that the position of the leading poles does not depend on the value of m;.
Therefore in the limit U; — 0, the leading contributions have to come from the terms with
m; = 0. For fixed values of spin, twist and ¢;, we perform the sum over n; and pick the
residues of leading poles. These leading contributions are located at values of s; such that
the exponent of the corresponding U; becomes 0, which leads to the expected logarithmic

behaviour when there is a double pole!?. If we use this mechanism in the case of scalar

8This does not lead to any divergences as discussed above.

190ther poles of the family will always contribute at subleading orders. In fact, if we have s; smaller than
the required value, there will be a non-vanishing power U; which leads to a subleading contribution. On
the other hand, if s; is instead larger, there is no corresponding pole and the residue is 0. In other words,
leading poles are the rightmost poles of the family prescribed by the explicit gamma functions we wrote
above.
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minimal-twist exchange, we immediately reproduce the result of (2.58)! Moreover, we can
also check that this procedure for the leading poles nicely matches the results of direct
integration using HyperInt in the limit y, = ¥, = Y.

For a stress tensor exchange, we have three possible values of ¢;’s, namely 0,1 and 2. If
two or three ¢;’s take value 1, those contributions will be subleading by powers of U;. We

thus list the results for the remaining cases

D(r+4)° |15 WU, 2 @ 8(7(r +6) +2)

000 _ . _

grrr = o (L5 (S301) =580+ T+ LA +e) &)U
6ar (=54) " [

St (8(7(7 +6)+2)+ C2>

+257 1 InU; InU: —E S(Sr —65() — + perm
gl ==y 1) T T T+ A +e) D)
+ T+6)+4
g%%QT = — ( ) ( ( ) ) [QS%Jrl + In UQ] (2114)
16T (i) (T+2)(t+4)(T+6)
I'(r+4
9Frr = — ( )’ PSgH +In U2} )

4T (T+4)6 H(r+2)(r +4)(7 +6)

where 7 = d — 2 is the twist of the stress-tensor. Notice the result diverges for 7 = 0. This
is not a problem since we are considering the case where there is a twist gap which happens

for d > 2. For other non-vanishing ¢;, the result is obtained by permuting the cross-ratios.

2.A.3 Euclidean expansion of six-point conformal blocks

The results of the main part of the chapter were derived using the leading term of the con-
formal blocks expanded around the lightcone. We will shift gears in this section and analyze
the conformal blocks expanded around the Euclidean OPE limit in a similar approach to
the one done for four- and five-point function conformal blocks [39, 42, 57].

The two key ingredients in the derivation of the blocks are that they satisfy the Casimir

differential equation
1 i) 2
{2 (L( R A 2)) - CA,J] Fas(zi) =0, (2.115)

with
Cag=0AA-d)+J(J+d—-2), (2.116)
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where L zp are the generators of the conformal group and their boundary condition coming
from the OPE

p1 I
O1)0w) = Y Coige— "0 0y ) (2.117)
i1 i2) — i192k ) A T84, — Bty k1. by Ligy )- .

k (77.4,) 2

In the Euclidean OPE limit there are three cross-ratios that approach zero
57 =y, 53 =gz, 52 = uj, (2.118)

and six others that remain fixed

5 _ U1 — UQUQ 5 . U3 — U4U1 5 . U2 — u6U3
YT s 2T sUs ST Uy
(UQ — Ul)UQ (u6 — UQ)Ug (U4 — U3)U1
— — 0 TeTs == "=/ 2.119
§4 SlSQUl ; §5 8183U2 ; §6 8283U3 ; ( )

in a six-point correlation function and are analogous to the four-point cross-ratios written
in equation (2.2). The cross-ratios that remain fixed can be interpreted as measuring the
angles that the points 2,4,6 approach 1,3,5. It follows from the OPE (2.117) that the

conformal block should behave as
5 A
Ga,i(s06) =157 95.(&), s —0, (2.120)
j=1

where g7, (&)% is a polynomial function of the cross-ratios &; that satisfies three differential

equations coming from the Casimir of the channel (12) in the limit s; — 0,

(4— D)0 + (A= €1)02, + (4 — €3)9E, — 2(2&2 + £1€4) ¢, Ok,
— 2(2&2 + £184)0g, Oy — 2(283 + £15) 0, O + (1 — d)(§10g, + a0, +&50g)  (2.121)

+ 2(26283 — §4&5 — 286)0g, Oy + J1(J1 +d —2) | g4,(&) =0,

with similar equations for the channels (34) and (56). These three differential equations,

together with the boundary condition for A — 0,

o i i £123 §4,56
9J; (gz) — é‘ill lo ngéfz A 63&{3 A b{fé?ﬁél , §172’3 — 7)\ , 54,5,6 — 7)\2 ,
(2.122)

20This is the analogue of the Gengebauer polynomial that appears in the leading term of the OPE of a
four-point function conformal block. Let us also remark that this function appears in the definition of the
conformal block using the shadow formalism.
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fix completely the form of the function. It is possible (and easy) to get subleading cor-
rections of gz, (&;) for any value of J; and ¢; from the differential equations. By analyzing

these corrections we were able to check that the function g, (&;) satisfies relations of the

type
- k
&k 97, . (fz) = Z CZ(‘l.)“iGgh—l-il,J2+i2,~~,43+i4,~~51+i6 (52)7 (2'123)
i=—1

that can be used to define it recursively. One example of these relations is?!

) AL — b = L3)(J1 + £ + L5) (1 1

= = 2.124

€_100000 ) +d—4) 2 +d—2) €100000 ) ( )
i _ 23(d 426+ 43— 2)) D) _ 26(d+2(6 + 43— 2))

~100—100 Qh+d—4)2J +d—2)° —1000-10 (251 +d—4)2J, +d—2)’
o - Aoty a0 _ ALt

~100—1-10 Q5 +d—4)2) +d—2) S0 00 +d—4) (25 +d—2)

Let us remark that there are similar relations for the Gegenbauer polynomial and for the
five-point analogue[57].
It is an interesting open problem to obtain a representation of the conformal block as

a series expansion in s;, as was done for four and five points[42, 57]%2.

2.B D-functions

In this appendix we analyze five- and six-point D-functions using standard technology from

perturbation theory in AdS [49, 148].

2.B.1 Five Points
We start from a five-point contact Witten diagram with a non-derivative interaction
1
WRS a1, 25) = /Ads Ay KA, (21,Y) ... Ka,(25,y) = Da,..As,  (2.125)
d+1

where the bulk-boundary propagator is defined as

A
Kalzi,y) = (W) . (2.126)

2! The other relations as well as the definition of g, ¢, (&;) in terms of a recurrence relation is provided in
a auxiliary file.

2Tt would also be interesting to see how the recent and new approaches to the conformal blocks[60-62)]
can help in this problem.
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We can expand this in five-point conformal blocks without knowing their explicit form,
using Harmonic analysis and the conformal partial waves. We will do this in the (12)(34)
channel, but other channels can be obtained with the same method. Start by introducing
auxiliary 1 = [ AdS dy'8(y’' —y) and attach the bulk to boundary propagators to the auxiliary
points in the desired (12)(34) structure, i.e.

wete = / dydy'dy" K, (v1,y") K (22, Y) Ky (23, Y ) Ky (24, 5" ) Kag (25, 9)0(y —y)d (y" —y) .

(2.127)
Next, we use the spectral representation of the AdS delta function and the split represen-
tation of the harmonic function to obtain

%o e
S(y1 — y2) /dﬂ?/ —5(¢) Knpe(@', y1) Kn—c(2', y2) , (2.128)

211

where ¢ is the imaginary spectral parameter, h = d/2 and the spectral function for the

Dirac delta is

47 (d_ .
g %;F()_FC)(;(C) ) . (2.129)

ps(c) =

Now, all three bulk integrals can be performed, since they are of the AdS three-point

function type

/dyKAl ($1, y)KA2 (1’2, y)KA3 ($3> y) = AA1,A2,A3 <01 (1‘1)02 ($2)03($3)> ’ (2'130)

where
1
(01(21)O2(22) O3(23)) = —x775 750, T (2.131)
Lo  Tog

is the kinematical three-point function without OPE coefficient, and

W%F(AH-A;—A:;)F(A1+A23—A2)F(A2+A23—A1) F<A1 + Ay + Az — d> '

81,082,485 = 2T (A1) T (Ag) T (Ag) 2
(2.132)
We are then left with two spectral integrals and two boundary integrals
Wete = / [dc|[dc"]da’da” ps () ps (" )an, gt An—c' As - Ohter Ag,04 (2.133)

(O01(21)O2(22) Oy (")) (Oh—er (2") O3 (25) O (7)) Oy o (27 ) O3 (23) O (24))

where [dc] = de/2mi. The position space integrals precisely coincide with the definition of

the five-point conformal partial wave for the exchange of two scalar operators of dimension
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h+c and h+¢”

Wt o (i) = / dzdz'(01020p1.0(2))(Oh—c (2") O5Oh—c(2"))(Opter (27) O304) -
(2.134)

Thus, we find the partial have expansion for the five-point contact Witten diagram

Wctc _ /[dcl] [dCII]ﬁ5<C,, C//)\I/hAi'C‘/ﬁj_c,,(.%'i) , (2135)
with
p5(c', ") = ps()ps()an, Ao htre Gh—c! Ash—c Ohger Ay, Ay - (2.136)

To obtain the conformal block expansion we deform the contours towards the real axis
and pick up the physical poles. To do this we need the relation between the conformal
partial waves and the conformal blocks. Since they solve the same Casimir equations,
the conformal partial waves must be a linear combination of the blocks for the exchanged
operators and their shadows. We provide a detailed analysis of this relation in Appendix
2.C. The coefficients can be obtained in the OPE limits and are given in terms of shadow

factors K (h — ¢ appears since it is the shadow of h + ¢)

2

\I»'ﬁjcjﬁicu (z3) = KhA_E‘(’:}/L_C”KhA_F’Z,L,JFCIGﬁi’c}';}ﬁfcu(:l?i) + 3 shadow terms (2.137)
With
d ~ ~
1 J 2T(A — d N(A+J—-1)T A+A—As+J T A+As—A1+J
KﬁleQ _ (_) & ( 2) ( ) ( 2 ) ( 5 ) (2.138)

NA-1DT(d—-A+J) I‘(A+A12—A2+J) F(A+A2;A1+J) ’
which are related to the shadow factors S we will compute below by K ﬁi}A? = (—%)J Sﬁi}AQ.
We will carefully describe these factors in Appendix 2.C. Note that since we only exchange

scalar operators we always have J = 0 so we suppress that label. We now have the block

expansion in contour integral form

Wete — /[dcl] [dc")ps (¢, C//)Gﬁl_g}ﬁj-c”(xi) , (2.139)
where
palc ") = ARG HGE L () (2.140)

and the factor of 4 comes from the shadow combinations. The function ps contains three

families of poles corresponding to the exchanged operators. Introducing the notation A’ =
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h+ ¢, we have

Family 1: A’ =A; 4+ Ay +2n;, A" =As5+A4+2my, (2.141)
Family 2: A = A1+ Ay + 2ng, A = A1+ Ao+ As + 2n9 + 2mo (2.142)
Family 3: A’ = A3+ Ay + A5+ 2n3+2ms3, A" =Az+ A4+ 2ms3. (2.143)

Thus we can write the block expansion as

o9 9
te _ Aq..A5 A1..As
W = Z P[12]n1[34]m1G[1§}nl,[34]m1 + Z P[12]n2 [125]n2+m2G[1§]n2,[125]n2+m2

ni,m1=0 ng,mo=0

0

Aq..A
+ Z P[345}n3+m3 [34]m3 G[3i5}n31m37[34}7n3 ) (2.144)

n3,m3=0

where [ij],, denotes the scalar double-twist [0;Oj],, with n laplacians, and similarly for the
triple-twists [ijk]n+m. The P, are related to the OPE coefficients through (2.17) with

¢ = 0. Finally, we specify how to obtain the P, from the residues of ps

/ "
P[12]n1 (34]my — Resar—ag+aq+2m Resar=a, +as12n, ps(A7, A7),
/ "
P19),, 12510y 4 my = RESAV=A +Ag+As+2n2+2ms RESA=A 4 A, 420, 05(A7, AT)

P[345]n3+m3 (34]mg — ReSA":A3+A4+2m3ReSA’:A”+A5+27L3p5(A/7 A//) . (2.145)
Some comments on this block expansion are in order:

e We have exchange of both double-twist and triple-twist operators. Unlike the double-
twist operators, of which there is only one of a given dimension, triple-twist operators
are degenerate at leading order in 1/N. Since we have operators of dimension A; +
Ag + As+2(n+m), and we sum over both n and m this means that there are p+ 1
triple-twist operators of dimension A1 + As + As + 2p.

e Large N counting determines that a connected five-point function has a leading
behaviour ~ 1/N3. (One can have factorized three-point x two-point functions at
order 1/N but let’s ignore those). We can check this large N behaviour in the OPE

coefficients. For family 1 we have

Puay, 345, = Cr2n2),, Cli2,, 50341m, Cl34]m, 34 (2.146)



2. LIGHTCONE BOOTSTRAP AT HIGHER POINTS 75

where the first and last OPE coefficient are the MFT ones, so we are accessing the

1/N? information in 0[12]7115[341m1. For the second family we have

P19y, (1250 4y = C12012], Cl12]1, 5125y 1y Cl125]my g 34 - (2.147)

where now the first two OPE coefficients are MF'T (although the second one is single-

twist /double-twist /triple-twist), and the 1/N?3 data we are probing is Cli2s) 4. The

ng+mo 3

third family is similar to the second one.

e For generic dimensions we have an expansion in terms of blocks, however when the ex-
changed operators in different families have dimensions that differ by an even integer,

we find that the OPE coefficients naively diverge. This happens when
A1 +As+ A5 —A3—Ay=2p or A1+ Ay —As—Az3—As=2¢q (2.148)

for some p,q € Z. By carefully regulating the external dimensions and taking the
limit, one finds that the divergences in OPE coeflicients cancel, and we get instead
derivatives of the blocks with respect to the exchanged dimension. This is the tell-
tale sign of anomalous dimensions for the exchanged operators. We will see this
explicitly in the Di1112 example that we will analyze below. Equivalently, we can
take the integer separated dimensions at the level of the spectral function, which
will then have double poles. Picking their residues also leads to the derivatives of the
blocks. In particular, recall that the D functions which admit a closed form expression
are the ones where the total dimension is an even integer. This means that either
A1+ Ao+ As and Az + Ay are both odd or both even. In any case, their difference is
an even number, and will therefore satisfy the above condition. Therefore, we learn

that explicitly computable D-functions must always contain derivatives of blocks.

2.B.1.1 The case of D112

The simplest computable (in terms of ladder integrals) five-point D-function is Dy1112. As
argued above, this D-function contains blocks and derivatives of blocks corresponding to
anomalous dimensions in its expansion. Following the limiting procedure described in the
previous section, the coefficients in the expansion can be read off. We can organize the
sum into two integers corresponding to the two exchanged operators. It is actually more
convenient to pick the two integers to parametrize the dimension of one of the operators and

the difference between the two. We separate the cases with same dimension and positive
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difference, since they are qualitatively different. Therefore we write
2 _ 350,»,11
) F—g+2n1+3 (1 4

2r—ad/2 12 2
21427 _dyon 42

o Doyl T
Wctc — Z

n1=0

Gatony 2+2m (2.149)

d/2
[ee] i / 6]‘_‘n1+1]‘15+”1+1r6+2n1+11—17%+n1+2]ﬁ7%+5+n1+2
+ Z F—l
=0,

n1=0,0=1 7g+5+2n1+3r2n1+2r—g+2n1+2r2(5+n1+1)F2(5+n1+1)—%

aA1 G2+2(n1 +5) 242n1

(=2

<S—§+5+m+1 + 5—g+5+2m+2 -2 (5—g+25+2n1+1 + 526+2n1+1> + Sony + 56+2n1> +1

_l’_
2”_d/2r2”1+2F—g+2n1+2F2(5+n1+1)F2(5+n1+1)—%

Fnl—i—lP,g+n1+2ré+n1+11ﬂ§+2n1+1r,%+5+nl+2F,g+5+2n1+3G2+2(n1+6),2+2n1

+ (A1 > Ag)) ,

where we introduced the shorthand notation I'; = I'(a). Specializing for concreteness to

the case d = 4 and explicitly writing the block expansion for the first few operators, we

have
10 134 10 4 16 134
BWC = dnGlyp — =7 Gag — ——7"Gag — —m Gaa+ = Gay — - Gap — —m°G
= G22 9 T™Go4 6757T 2,6 9 TGy + 97T 4,4 22577 4,6 6757T 6,2
— G —_r2G 122G, 00 o 2 2204 (01) 4 2 2 (0,1)
95" (04T 5™ G66 T g G e MGt A 1T G

)

4 8 2
+ §7r2G4 2(1’0) + EW2G672(1’0) + 1—57T2G6,4(1’0) + higher dimension operators,

(2.150)

which has the expected left-right symmetry. On the other hand, Di1112 admits an explicit
position space expression in terms of a linear combination of products of rational functions
of the five cross-ratios and one-loop ladder functions ®(z,z) with the arguments being all

possible five-point cross-ratios. In practice, we have to invert to the variables u, v and use

2Li3(1 — v) + log(u) log(v) n

O (u,v) = 1 (2.151)
—v
u(2(v + 1)Lig(1 — v) 4 log(u)(—2v + vlog(v) + log(v) + 2) + 2(v + vlog(v) — 1)) +O(u?)
(1—-v)? '
Using the radial expansion for the five-point blocks described in [57]
GA/yA/I = Z an’,n”SlA/+n/82A//+n//Hn’,n” (X17 X27 Xg) s (2152)
n-,n

Where a,, ,,» are kinematically fixed coefficients, s1, s2 are radial variables which are small

in the double (12)(34) OPE limit and # is a polynomial in the 1, X2, X3 angular variables,??

23We have 2x1 = &1,2x2 = &3 and —2x3 = &1 in terms of the &; variables introduced in [57].
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which are fixed in this limit. As an example we have:

Gapo = S%S%—FS%S%)@—S%S%)@—F%S%S% (4)(% — 1)4‘%8%8?(){3-2){1){2)4‘%8%8% (4)(% — 1) +0(s").
(2.153)

Using the explicit blocks and the expression in terms of ladder functions, we can form an

expansion in the small sj, s9 limit, and we precisely reproduce the block expansion derived

through harmonic analysis in the previous section.

2.B.2 Six Points

It is not hard to generalize the previous analysis to the six-point D-function. We will

consider the expansion in terms of the snowflake partial wave

o = [ drrss(010:04(w0))(Os0i0m (1)) (050600 (w0)) (O} (27Ol )DL (a))
(2.154)

A similar analysis to the five-point case leads to the spectral function

/36 (617 C2, 03) = pPs (Cl )P& (CQ)P(S (Q’))aAl Ao h+cy aAg,A4,h+CQ aA5,A6,h+63ah—cl ,h—co,h—c3 -+
(2.155)
Using the OPE limits discussed in Appendix 2.C, we can then determine the proportionality

factor between the partial wave and the block

h—cg,h—c3 p.-h+c1,h—cs p-h+c1,h

Uht ey hteahtes (Ti) = thccf C3th521 C3thccsl +62Gh+cl7h+627h+03 (x;)+7 shadow terms
(2.156)

Such that we can represent the six-point function by
wete = /[d01,2,3]P6(01,2,3)Gh+c1,h+cz,h+c3 (i), (2.157)

with
h—cg,h—c3 p-h+c1,h—c3 p-h+c1,htca ~

po(c1,3) = 8K, 2" TS K TS K T2 g (e 9.3) (2.158)
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This spectral function leads to the following families of exchanged operators

1. Aa=A1+2As+2n1, Ap=A3+ As+2ns, Ac = As + Ag + 2ng, (2.159)
2: Apa=A3+ A4+ A5+ Ag+2my, Ap = Ag+ Ay +2mg, Ac = As + Ag + 2mg3,
3 Aa=A1+A2+2p1, Ap=A1+Ax+ A5+ D¢+ 2p;, Ac = As + D¢ + 2p3,

40 Aa=A14+D0+2¢, Ap =03+ A4 +2q2, Ac = A1 + Do+ A3+ Ay + 2q;,

where m; = m1+mgy+m3 and similarly for the other indices. Note that we identify double-

and quadruple-twist operator families in the spectrum.

2.B.2.1 The case of Di11111

Once again we consider integer valued D-functions, the simplest of which has all dimensions
equal to 1. They are particularly useful in the study of ¢® theory in 6 — e dimensions. On
the lightcone (12)(34)(56), the D-function Dij1111 has been computed in [149]. The fact
that all dimensions are identical and furthermore integer, leads to the usual degeneracies,
and pole collisions, which are responsible for generating derivatives of blocks, and therefore
tree level anomalous dimensions.

Note that for poles to collide, we must have that some double-twist operators in family
1 have the same dimension as a quadruple trace operator in families 2,3 or 4. Therefore, the
sum of operators naturally organizes in terms of a triangle function. If the three dimensions
satisfy the triangle inequality, then there are no pole collisions, and the contributions can
only come from family 1. If the triangle inequality is violated by some exchanged operator
(and of course this can only happen to one operator at a time), then we must consider the

poles in family 1 along with the family who has that operator as a quadruple trace (e.g. if
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Ax > Ap + A¢ then we take family 2). We write

wete — > 7"'d/2F 3 Fni+1F2—%+n1F1_ni+nj+nk
- Z 9 " 3—g+ni+natna H

T T 242n1,242n9,24+2n5 1
2+2ni% 224 0op;

ni,n2,n3=0 i=1
20 Dopalng il a0l ay ) olsron 115 42m041
+1 2
ni,n2,0 1—‘2”1+2F2n2+2r_%+2n1+2r_g+2n2+2
/2
77 ng+nt+2rm+1rfg+6+2n1+2n2+3
X OA;G242n, 242002420, +

L e ) L WS
ad _w_%_5+2nt+3 - ¢_%+nt+2 + 2711_%_;,_27”4_2 + s — ¢6+2n1+1 + 2¢2m - w6+2n2+1 - wnt+1

2 : -1 -1 -1

n1,n2,0 netlt _dyp 427 —dynyyo

-1
P5+2n1+1P5F2n1+2F2n2+2rfg+2n1+2rfg+2n2+2r2(nt+1)

d/2
—Tr / Fn1+11“m+111%75+2m+3

X
—1 -1
QF—%+2nt+2F6+2n2+1F_g+nt+2

Gotony 242n0,242n, + (A3 < A1) + (Az < Ag) |,

(2.160)

where ny = nj +ng +6 and ¥, = S, —a~! — .

2.C Higher-point correlators and Harmonic Analysis

Harmonic analysis of the conformal group leads to the Euclidean inversion formula, which
extracts the CFT data from the full correlator. This tool is available even for higher-point
functions, but is generically not a useful apparatus for computations. A notable exception
is the case of MF'T correlators where the inversion can be performed rather explicitly in
the case of four-pt functions [150]. In this appendix we derive some of the results needed

to generalize this procedure to higher-point functions.

2.C.1 MFT six-point function from Harmonic Analysis

We will study the six-point function of identical real scalar operators ¢ of dimension Ay
presented previously in (2.81). Before moving on, it is important to point out that depend-
ing on the OPE channel (snowflake vs comb), we can have different amounts of identity
operator exchanges which must be accounted separately in the conformal partial wave ex-
pansion, since they are non-normalizable with respect to the Euclidean inversion formula.

To analyze this we recall the definition of the six-point partial waves. The snowflake partial
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wave is

W = / (010,04(27)) (030405 (x5))*(O5 06 O (w9))* (O (w7) Ol (w8) Ol (o)),
e (2.161)
where we introduced the notation f” = [dzidzj ... to make the equations more com-
pact, a,b, c,d are tensor structure labels and the daggers denote the dual representation,
meaning the indices of the A, B, C' exchanged operators are contracted. We can now iden-
tify the problematic identity exchanges. The 12 — 34 — 56 contraction corresponds to the
exchange of three identity operators, which is non-normalizable but can trivially be writ-
ten as the conventional prefactor times 1. We can also have the exchange of one identity
operator and two non-trivial double-twists. This will be the case, for example in the Wick
contraction 12 — 35 — 46. Pulling out the prefactor, we will be able to expand this in a fac-
torized form, as a two-point function times a four-point function, and of course the block
expansion of the four-pt function will be the non-trivial, but well-known MFT one. In
total, we have one wick contraction with three identities and six with one identity. Below,
we will therefore focus on the eight remaining non-trivial ones. On the other hand, we

have the comb-channel partial wave:

wGar = / (010204(27)) (O} (27)030p(5))" (O (25) 010 (9)) (O} (9) 05 Og)
e (2.162)
We can now have two identity exchanges (which is again a factor of 1 with the conventional
prefactor choice), or one identity exchange (four choices). We must account for 15 —34 —26
and 16 — 34 — 25 Wick contractions which exchanged an identity in the snowflake channel,
but do not do so in the comb channel. The remaining eight non-trivial contractions are
the same as before.
To obtain the OPE coefficients, we will be using the euclidean inversion formula, which
amounts to integrating the euclidean correlator multiplied by an appropriate conformal
partial wave. This works because of the orthogonality property of partial waves. The

appropriate inner product is given by

I dyy - dig, o
(<01.--0n>,<01~-0;>) :/les(%)(dil 3 (O1---0.)(O}---Of).  (2.163)
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2.C.1.1 Snowflake channel

For the snowflake partial waves we find the orthogonality property

(\Ilsf71...6,abcd \I,sf,if...étefgh> da,4/0B,B'9C,C

1,100 = 2.164
sV Egien ) T uiRa Tau(Be, In)ulAc. Jc) (2.164)

(<12A>a, <1T§T;ﬂ>e) ((34B>b, <:§TZNBT>f) (<560>c, <5T6TOT>9) ((ATBTOT>d, <ABc>h) :

where x x' = 276(vx — vx/)dy,7,, and we adopted the shorthand notation X = Ox.

The snowflake partial wave expansion is given by

(01...06) = > /duAddeycfggcd(yA,JA,VB,JB,VC,JC)\Ifle;-g(g;i), (2.165)
Ja,JB,Jc

and we invert this with the orthogonality relation

it & Ist (va,Ja,ve, Jp,ve, Jo)
Iefgh = O o O \I}Sf71T;"6i7€fgh — abed ) ) ) 9 9
(< ! 6 ¥ 3t pric ) (A, JA) (A, J)u(Ac, Jo)

<<12A>“, <1TQUU>8) ((34B>b, <§TZUBT>f) (<560>2 <5T6TCT>9) ((ATBTGT>d, <ABC>h)
(2.166)

Taking identical real scalars O; = @ = OF, this reduces the calculation of the spectral
function to the calculation of the integral on the left hand side of the above equation,

which is given by

<(’)A(x7)03(m8)(’)c(m9)>a((’)(x1) . O($6)>MFT . (2.167)

As discussed above, the MFT correlator consists of fifteen triplets of Wick contractions.
Clearly, when either of the pairs are 12, 34 or 56, we can integrate one of the vari-
ables, and this will shadow transform one of the three-point functions. However, we
will then have a three-point function with two coincident points, integrated over this
point, which is badly divergent. This is the reason why such contributions are non-
normalizable and need to be accounted for separately. Therefore, we henceforth focus
on a representative contribution, and the remaining ones can be obtained in an identical

manner (in fact some of them give a manifestly equal result). Let us take for concreteness
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(O(21)O(3))(O(x2)O(x5)) (O(24)O(6)) C (O(21) ... O(x6))mrT Performing the integra-
tion over 35 ¢ applies shadow transforms on the 3-pt functions:

I° :/W<@(x1)@(m)@j4<$7)><S[@](x1>@(x4)@js(x8)>(5[@](332)5[(’5](904)@2@9))><

X (Oa(27)O0p(2s)Oc(29)) (2.168)

with the shadow transform for the scalar defined as

(S[0(x)...) = /dy<@($)@(y)><0(y) ) (2.169)

We also define the shadow factor for the three-point functions, which is the fundamental

building block for the following calculations
(S]0]0;0,)* = S([0]0;0,)4(O0;04)°. (2.170)

We can now write the spectral function as

1t = [ TS (0(21)0(22) O} (7)) (O(a1) OLan) O ) Ol Ol Ol )

S([0]0OL)S(01010L) S(I010OL) (O A(27)Op(x5)Oc(9))” .
(2.171)

Let us make a few comments. First note that there is some freedom in choosing what
operators we actually shadow transform, and in the case where we transform two in the
same three-point function, we can also choose the order. This leads to apparently different
expressions, which presumably give the same result in the end. We should also point out
that independently of these choices, the shadow factors only include one spinning operator
and are therefore known in closed form for any J and d. Additionally, it is clear that each
three-point function has exactly one point in common with the other ones, and therefore
the position space integrals remain non-trivial.

To address this, we note that an integral of two three-point functions integrated by a
common point is just a four-point partial wave, which admits well-known crossing relations,
whose kernel are the 65 symbols of the conformal group. There is now some freedom
in choosing over what integration point to perform crossing. Crossing over the scalar

corresponds to a 65 symbol with three spinning operators. Crossing over a spinning one
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will lead to a similar result. Let us first define the 65 symbol?# through the crossing relation

abed

a [Al’ ‘]1] [AQ’ JZ] A,a J c
\Ij?f’l,?}” (w3, 22,21, 00) = Z/WA] [ | ‘1’15}4’ U1, 2,23, 24) -
J [As, Js] [Ag,Ja]  [A,J]

(2.172)

Let us cross through the scalar at x4 using

/ 024 (0} (7) O (22) O(24)) (O(24) O (1) Ol (ws)) = 3 / dA] (2.173)
2

b

A A A 5 5 5
/ 024 (O(1)O(12) 0 ()} (O (124) Ol (1) Oy (5))

[Ac,Jc] [Ap,Jp] [A,T]

With this, we can easily perform the x1, x5 integrals using the bubble integral formula

~ ~ ~ 6 2 ~ o~ o~
/ 42120 (1) O(@2) 0 (22) (O (@1)O(22) ' (w4)) = — 2% —b(ama) ({0O0}), (000,)) .
(A, Ja)
(2.174)
The delta function between operators O and O’ removes the auxiliary spectral integral,
and the position space delta function gives a final pairing between A, B,C three-point
functions. Collecting everything, we obtain

b
- N e A A A
)

(104,05,0L)",(040500)°) . (2.175)

Note that we have a 65 symbol with three spinning operators. When one or two of these
operators are scalars, this should be related to well-known 65 symbols through the tetra-
hedral S; symmetry. Otherwise, this is a non-trivial object to be obtained either through
weight-shifting operators, or more directly from the Euclidean inversion formula applied

to the cross-channel partial wave with the appropriate tensor structures.

21Qur convention for the 6j symbol differs from others in the literature by a normalization factor.
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2.C.1.2 Comb channel

In the comb channel we have slight modifications to the orthogonality properties. The

orthogonality relation now reads

it 04,40B,80c,c
\IIc,l...G,abcd7 mcllT:-GTJ€f9h> — J J ? X 2.176
( ABC AT BrOrt ,U,(AA,JA),U/(ABajB)N(AC7JC) ( )

((12A)“, (iféwy) (([lTSB>b, <A3TBT>f) (<BT40>C, <BZLTC’T>9> (<(§T56>d, <05T6T>h) ,

from which the spectral function now follows from the Euclidean inversion integral

it.6 IS . s(va,Ja,ve, J,ve, Jo)
[efoh = ( O0,...0 ,\I/C:“:-G*:efgh) _ _abed x 2.177
< 1 6> At Briont M(AAvjA)M(AB7JB)N(A07JC) ( )

((12A)“, (i*éffﬂf) (<ATsB>b, <A‘3TBT>f) (<BT4C>C, <BZUC*T>9) (<éf56>d, <05T6T>h) ,

Once again, we specialize to the case of identical external scalars O, such that the spectral

function can be obtained from the integral

I :/%(é(xl)@($2)@j4($7)><OA($7)@(.’L'3)©TB(:B8)>a<OB(:L'8)@(3;4)@8($9>>I)X
(Oc(29)O(5)O(6))(O(x1) . .. O(6))mp - 2.178)

34 Identity

As discussed above, in the Comb channel there are two qualitatively different types of terms
without an identity exchange. The non-trivial contractions in the snowflake channel are
also non-trivial in the comb channel. However, the (O(z3)O(x4)) Wick contraction, which
is an identity exchange in the snowflake OPE, now becomes a non-trivial contribution. Let

us take the 15 — 34 — 26 contraction. This gives a contribution

105 [EE2AES (0(01)0(2) O} (7)) (Oa(a7)O(24) Oy as))* (O ) SIO) ) O )

(Oc(29)S[0](x1)S[0](z2)) - (2.179)

Note that there is again a lot of freedom in what operator to take the shadow transform,
and in the subsequent steps. However, it is unavoidable to obtain a shadow transform on

a three-point function with two spinning operators, which gives a complicated (matrix)
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shadow factor

15 [ EEIE (6(01)0(02) O (7)) (O (7)O(4) O ) (O ) Olzs) Ofn))

S(0c[0]0)S(0c0[0))S(0p[010c)"(Oc (29)O(21)O(2)) . (2.180)
We can now apply the bubble integral formula for the x; o integrals. This imposes a delta
function between operators A and C, and also on their positions, 27 — xg. In the end, we

obtain

¥e] 1A A1 A

15 S 8(0c[010)S(0c0l0)S(05[0100)', (1000,4), (0400)) x

(<OA@@B>G,<OBO@A>C) . (2.181)

We again emphasize that this depends on a non-trivial shadow factor.

Non-trivial contractions: one point in common

Now, we have to consider again the eight non-trivial Wick contractions, which contain
no identity operators in any channel. There are two further classes of Wick contractions,
ones which will induce two common points between two pairs of three-point functions,
and ones where all three-point functions will have one point in common with each other.
A representative example of the second type is the Wick contraction 14 — 25 — 36. Its

contribution to the spectral function is given by

dwvlgi’g (O(21)O(22) O}y (7)) (Oa(27)O(w3) O (25)) (O () Olwa) O (9))

5
(Oc(29)O(w5)O(6))(O(21)O(24))(O(2) O(5)) (O (a3) O(wg)) - (2.182)

As usual we have some freedom in what operators to shadow transform. In this case, this
is particularly relevant, since out of the three shadow factors, we can have either zero, one
or two “difficult” shadow factors, depending on what operators we transform. Sticking to
the easiest possibility, we inevitably get only one common point per three-point function,
which means that once again we need to use crossing relations or 65 symbols to proceed

with the position space integrals. It is convenient to cross through O4(x7) and then do
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the x93 integrals using the bubble formula. In the end we get

ac

A [AB,JB] [A4, JA] o

5 S([0]004)S(Oc[0]0)S(Oc0[O])x (2.183)

A A Ac, Jc]
(1000}, (0000))
w(Ac, Jo)

(100L00), (0050L)")
There is just one more class of Wick contractions to analyze.

Non-trivial contractions: two points in common

We can also have two-point functions connecting the adjacent three-point functions of the
partial wave. A representative example for this case is the Wick contraction 16 — 23 — 45.

The contribution to the spectral function is given by

s | L (6(01)O(2) Ol (1)) O (1) Ol Oy ) (O 5 Olt) Oy )

(Oc(29)O(25)O(6)){O(21)O(6)) {O(22)O(3)){O(24)O(x5)) . (2.184)

Once again, we have the freedom to perform the shadow transforms, and we can get either

zero, one or two hard factors. Let us get all simple factors by making the choice

1% 5 / W19 (6(10)O(5) 0, (1)) (O a (7 O(3) Oy (1)) O (8) D) Ol r0))

S(0c[0]0)S(0cO[O))S(O10]04)(Oc(x9)O(w4) O(x1)) - (2.185)

There are now two possible approaches. We can try to do, for example the x3, x7 integrals,

which would involve a bubble integral with a spinning operator integrated over

a_ (5@3705(Z1 — .’L’g)
(A, 0)

(<<§0@A>, <o@oA>) .
(2.186)

/3 {0030} (21))(Oa(rr)Oa) Ol as)

This would mean that the operator exchanged at Op(zg) would need to be the same as
the external operator. It is not hard to argue that this is possible in MFT. We are then

able to do the final three-point pairing and obtain

o ((0004),(000,4))
15 8(0cl0]0)S(0c0[0])S(O[0]04)

(A, 0)

(@C’N)@c% <OOOC>> :
(2.187)
Note that the tensor structure indices went away, since Op became a scalar operator, and

therefore all tensor structures became unique.
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2.C.2 Partial wave decompositon and conformal blocks

In the previous section we formally derived the partial wave decomposition of MFT six-
point functions. However, to obtain the actual CFT data, we need to write down the
conformal block decomposition and read-off the OPE coefficients. In this subsection, we
establish a relation between the partial wave decomposition and the conformal block ex-
pansion. We quickly review the case of the four-point function which can be expanded in

partial waves as
LR dA
(0102030,) = Z /j Tmlab(A,p)‘Ifgi(ab) (x;) + discrete . (2.188)
P 2

Here discrete is associated with possible additional isolated contributions, notably includ-
ing the identity. The partial wave is defined in terms of a conformally-invariant integral

involving two three-point structures
w9 () / (01 050(2)) @ (050,51 (2))®) (2.189)

In order to relate the partial wave decomposition to conformal blocks we follow the
strategy of [150]. The partial wave in (2.189) is a solution of the Casimir equation and
therefore one can establish its relation to conformal blocks by uniquely estimating its form
in the OPE limit 1 — z2. Obviously the Euclidean OPE limit cannot be taken simply
inside the integral as the integrand probes regions where the OPE in the pair (12) is no
longer valid. However, understanding the leading behaviour outside this region is enough
to match those contributions to a given conformal block. For concreteness, consider the

replacement

(010:,0(2))@ — CEL(O (22)O(x)), (2.190)

where C’ggg encodes leading terms in the OPE O x Q2. With this replacement the integral

in (2.189) becomes a shadow transform of O,

0o ~ Ol (0304S[0M)®) = S(0304[0)2C{5 (030401 (2.191)
On the other hand, the conformal block ng) is a solution of the Casimir equation, which

in the OPE limit of O7 x Oy behaves as

GUP ~ ! (050,000 | (2 - 1), (2.192)
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It is thus clear that the partial wave must contain a term
O; A
v 5 5(0;04[0M)EGSY . (2.193)

Similarly, if one performs an OPE on O3 x Q4 instead, it is straightforward to show that

the partial wave contains a term
v 5 500,026 (2.194)
Putting everything together we conclude that
U = S(0304[0MGET + 5(0,0,[0))GE”, (2.195)

which reflects the fact that the Casimir equation is invariant under A — d — A. Inserting
this relation on (2.188), extending the integration region along the entire imaginary axis

and using shadow symmetry, allows us to write
d+zoo dA
Oy = Z/ Cac(D, p)GY? | (2.196)

where Cue(A, p) = Lp(A, p)S(O304[ON)]. As usual we can then deform the contour in-
tegration away from the principal series and pick up poles of C,e(A, p) on the real line,
which have residues that encode CFT data. For a particular exchanged operator O, we
have

C12:C34. = —Resa=n,C(A, py) . (2.197)

This formalism can straightforwardly be adapted to the case of higher-point functions.
For five-point functions, the discussion has already been presented in [49], but we also

review it here. We consider the partial wave
W (@) = / A2 4d% 5501050 1) (O1,0501) P (050304 (2.198)

where O4 p are exchanged operators. A five-point function can be decomposed in terms

of this partial wave

2+ioo dAA 2Jrzoo dA wbe
(O1...05) = Z/ 2m-/d o7 Labe(Ba; pas Ap, pB)Y 4 f( J(z:). (2.199)
pPAPB " 2 2

To expand this partial wave in terms of conformal blocks we again consider OPE limits.

In particular, we take x1 — x9 and x3 — x4 at the level of the integrand and we observe
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that the partial wave must contain the term

O, (abc a c A A
5" () 5 OO (SIOLOsSIO Y = (VS ) ClzaCiip (0405 OR)

)

ocGE;E,C)
(2.200)
where we have used the shorthand notation SFC = S([04]050,) and recognized the
leading behaviour of the conformal block fogc) in the OPE limits z1 — 9 and x3 — 4.

As above, we notice that the partial wave ¥, glbc)( ;) is a solution of the Casimir equations,

one for each OPE exchange, and therefore it enjoys the invariance A < d — A. We can

then propose the decomposition
\II%B(%) = R1GaB(%:) + RoG gp(wi) + RsG y5(7:) + RaG 55(i) (2.201)

where, as we have seen, R} = (S 55 a )¢ (S 4%)¢. In order to find the remaining R;’s we explore

the symmetry of the partial wave:
\I,%gbc) () = / e 4d%a 5(01050.4) @ (01,0500 D (05050,
_ / 2 ad'e!y e 5 ((S5F) 1001020, @ (01,0.4)(01, 050L)D (05050,
/ d'zad"ep(SI)3((ST7)7)E(01020.4) D (0},050}) @ (0 0504)

= (SR)((S3P) G ).

e“AB
(2.202)
Performing an OPE expansion on the g Qiabe) (), we observe
i (abc) 5B\b / aA5\d ~(aec) )
W) () S (S STNCL (), (2.203)
from which follows that
Ryt = (SE)4(557)2 (2.204)
Similarly, one can show that
Ry =S%PS%, Ri=SPsy. (2.205)

Just as we have shown in the 4-point case, one can use the shadow symmetry of I to

extend the region of integration such that

+zoo dAA dAB 5B Ab5\d aec
Lo =Y / / LB pai Ap o) (SHSENC
2

o ) dioo 27 2
(2.206)
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The exact same techniques can be applied to six-point functions. Here, we focus on
the snowflake decomposition which admits the partial wave expansion (2.165), where the
snowflake partial wave is defined in (2.161). In a completely analogous procedure as dis-
cussed above, we can relate this partial wave to conformal blocks. In particular, from the

shadow invariance of the Casimir equations it is natural to expand the partial wave as

\II%B,C@"Z’) = R1Gapc + RoG 55~ + R3G

ABC ABC

+ R5G 350 + RoG gz + R7G ipe + RsG 16 » (2.207)
where

Ry = SBCSACSAP | Ry = §25ACGAB | Ry = §3SOCGAP Ry = 5¥5BC5AC,

Rs = SIESHSAP . Re=535¥5BC, Ry =S2sPsAC, Ry =SS,
(2.208)

The computation of these coefficients exactly mimics the computations in (2.202) and
below. One can now insert (2.207) on the partial wave expansion and extend the region of

integration to the whole imaginary axis, keeping only one term which reads

5+ GA 4 dAg dA
2
(O1...06) = Z /d A Biqfabcd(AAapAJABapB;ACapC)X

; 27(’i 27(’i 27(2
100
PAPBPC 2

~~d ~
SEC 540 s4PT ). (2.209)

2.C.3 Direct computation of spinning shadow coefficients

In the previous subsections, we have repeatedly come across shadow coefficients involving
multiple spinning operators but the computation of these shadow coeflicients is an impor-
tant question on its own. In this subsection, we will derive some of them using the shadow
formalism. In [150] some of these coefficients were computed using weight-shifting opera-
tors from which recursion relations were derived [47]. Here, we extend these results and
compute directly the explicit integration involved in the definition of these coefficients. We

can write the shadow transform of an operator in a three-point structure as
<01028[03]>(a) = /ddwo<635$><010200>(a), (2.210)

where we have an implicit contraction of indices. Here we only consider symmetric and
traceless representations of the conformal group and so the two- and three-point structures

can be written in terms of the two fundamental building blocks [32] that appeared in (2.14).
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In particular we choose the normalization of the two-point structure to take the form

Hy
<O(331,21)O(£C2,22)> = g;A+J . (2.211)
12

On the other hand, the three-point structure is given by (2.13) once we omit the OPE
coefficients. As in the main text, we use here the index-free notation of [32, 46]. In

particular, in what follows we will use the formula

(a D) (b-2) = (‘;g])z(a%Q)‘zlcf}l ((;é;ﬁ) ’ (2.212)

where C?il is a Gegenbauer polynomial and h = d/2.
Before moving on to more complicated examples, let us, as a warm-up, compute the
shadow integral for three scalar operators. In this case, we can use the well-known star-

triangle formula [151]

/dd:v 1 7T (h — a)T'(h — b)['(h — c) 1
0 = )
(2%0)* (230) () I'(a)L (D)L (c) (2Fp)" e (i) =0 (235)
=G(a,b,c)
(2.213)
with a + b+ ¢ = 2h to get
_ [ 1 1
(P2,00:8[Pas]) = [ dzo 2d—A3) | o \A1tBy-Ay o AjAyiAy L, —AjTAyTA
Z30 (z15) 2 (1) 2 (z30) 2 9914
AP (Ax — BT As+A1—Ay T As+Agy—Ay (2.214)
T ( 3 ) ( ) ) ( 2 )

<¢A1 ¢A2 ¢A3> s

- F(Qh . AS)F(A3+A21—A2)F(A3+A22—A1)

from which we can easily read the shadow coefficient S(da, pa,[PAs])-

In [150] the authors computed the shadow coefficients for the case where two of the
operators were scalars and one of them had spin J. Here we compute the coefficients
corresponding to two spinning operators and a scalar and we shall recover their results as
a restriction. Let us take the operators at x; and x3 to be spinning operators whereas the
operator at xs is a scalar. In this case the three-point structure simplifies and we are left

just with the label £5 = /. We first do a shadow transform of the operator at x3

<OA17J1 ¢A2S[0A3,J3]>(£) =

_ (2.215)
—/dd$0<oA37J3(a}3,23)0

Koty @08y (w1, 21) b, (22) On ™ (20) )

where the indices to be contracted are explicitly shown. In light of the results of [32],

this contraction can be simply done in terms of encoding polynomials that depend on
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the buildings blocks H;; and V; j;. By doing so, one immediately recognizes that the
term associated with the two-point function is already of the desired form (a - D,,)”* with
at = (z03-23)Th3— 323525 .25 The terms in the three-point structure require some additional
care. It is easy to see however that the zy-dependent terms can be completed to a binomial

3 as appears in (2.212). After using this equation, one then

of degree J3 of form (b- zp)
needs to expand back the binomial and collect only the term we have started with. The
computation is straightforward and leads to the following expression for our integral

(x%2)*%(A1+J1+A2*A3+J3*2@)

ddx() = X
I3 (2 \2(A1+J1—Do+A3—J3) (.2 \2(—A1—J1+A0+A3—J3+20) (.2 \Ag+J
92 (1‘01)2( 1+J1—A2+A3 3)(:E02)2( 1—J1+A2+A3—J3 )(3303) 3+J3

_ Js—t ¢
X Vf{éo (Va1 + Va20) " (Vao1(zor - 21) — Hoza) (2.216)

where for compactness we defined H; 1 = (24 - 2j)(xrj - 21) — %(zj . zk)x?j
After performing the expansion of the integrand, one observes that all the terms to be

integrated take the simple form

(zo1 - 21)* (203 - 23)°
(1) (252)0 (233)°

The terms in the numerator can be found from taking derivatives of the denominator as

(2.217)

[(a+ a) (wij - z)”
L(a) (xf)ete

vy

(2 - O, ) (a%) 0 = 2°

2 (2.218)

It is then easy to integrate the terms in (2.217) by swapping the order of integration and

differentiation

(23))2(2dy)(xds)e 20T (a) 2°T(c)

/ddxo (o1 - 21)* (%03 - 23)7 _T(a—a)L(c— B)G(a Cabe— B)x

X (2100)" (25 00,)” (o) P (ady) T (0B
(2.219)

where a + b+ c=2h+ a+ 5 and G(a,b,c) was defined in (2.213).

We can use a conformal transformation to fix the position of the scalar operator xo at
infinity. For a scalar, this can be safely done without loss of information. Indeed, there is
only one nonzero ¢; which controls both z; and z3 and there is no zo-dependence. If one

does so, the integrand simplifies and the x?Q drop out. The action of the derivatives can

ZNotice that a®> = 0. We may then just keep the term k = 0 in the series definition of the Gegenbauer
L#] (D" ) e(22)”
=0 N

polynomial, C}(z) = k(T — k)]
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then be given in terms of known functions,

h+a+ 3 —0b)
I'(h—b)

2
2123
X 2F1(—a,—5,b+1—h—04—,3;2$13'Z3$1;3'Z1>.

(21 00y)" (23 - 8;,;3)5 (235)0" :2a25F( B(z24)bh—o=Bx

T13

(w31 - 21)* (213 - 23)

(2.220)

Putting everything together, we find

<0A1,J1 ¢A2S[0A3J3]>(£) =

ST S OO0

hT Ji+J3+2r—25+2t+A1 —Ag+As T J1—J3+2p—2t—A1+As+Ag
™ 2 2

i
[en]
=}

(_ 1)J3 +r+s+t+2w—m 2—J3

1—\ (J1+J3—2p—2q+21“—28+2t+A1—A2+A3) I-\ (Jl—J3+2p—2t—A1+A2+A3>
2 2

Ji—my,J3—
I'(As —h) (~p—q), (=L +q—r+s),  HEV Vsl ™
I'(1+w)l (p fq+ 83) (2—J1—J3—27~+252—2t—A1+A2—53) (:B%?))w ’
w

<OA1,J1 b, O£37]3>(m)
(2.221)

from which we can easily read the shadow coeflicients associated with each possible three-
point structure. One can check that this expression reproduces the results of [150] as a
special case.?S It is worth stating that all the sums here have indeed a finite number of
terms. This can be seen from the expression above by noticing that for sufficiently large w
the Pochhammer symbols in the numerator will vanish.

One could have wanted to do instead the shadow transform of the scalar operator. That
case is simpler as there is no need to deal with the contractions of indices as we did in the

beginning of this subsection. Keeping xo at infinity, we have the following integral to do

—A1—-J1+Ag—Ag—J3

2

d (z13) Ji—Ly,Js—L gl

/d o A1+(71+A27A37(]3( 5 )—Al—‘]1+A2+A3+.73 Vies Vaio His, (2.222)
x P x P
01 03

268trictly speaking there is a 2773 difference which follows from a different normalization of the two-point
function.
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which can be integrated in the exact same way as before. This is a straightforward com-

putation and we find

<OA17J1S[¢A2]OA3,J3>(£) -

Ji—£J3—L £ oo b+s—r
— X Z Z Ji =\ (J3 =\ (L) (l+s—r (_1)J1+J37p+q77"+23+57m><
P q T m

,ﬂ.hr (Jl + Jg —p—q-— 20 + AQ _ h) T (7J1+J3+A21+£27A3> T <J17J37A21+52+A3)

A J1+J3—2p—204+A1+Ax—A J1+J3—2q—20— A1+ Ao+ A
F(1+3)F<A2)I‘(1 3—<4p 5 1 2 3>F<1 3—49 5 1 2 3)

X

mysJi—my,sJz3—m
(=Ji+p+0)s(=J3+q+0)s H{3V 53" Vais (2.223)
(I+h+p+qg+20—J—J3— Ag)s (2 )A1+J1—522+A3+J3 ’
13

(Oarn gbﬁz OA3,J3>(m)

The shadow coefficients computed in this way also reproduce the known results of [150] in
the appropriate restriction.

Lastly, let us comment on the more generic situation where all operators have spin,
which is, of course, more complicated. Note that we were only able to write the action of
the derivatives in such a compact form because we fixed x2 to infinity. In the more general
case, we are no longer able to naively set x5 to infinity since we would lose control of /1 and
£3. On the other hand, we can still successfully integrate the shadow transform in a case-
by-case basis, but this becomes cumbersome for large values of spin. For completeness, let

us write down the integral that remains after having dealt with the contraction of indices

—A—J]—Ag—Jo+Ag—J34+20
2

. (—1)"1+ (at)
0 Jol D A+ —Bo—Jot+Ag+Tz o A1 =J1+AgF o+ Ag—J3+20)
27%3(x5,) 2 (252) 2

0y
bsy rJ1—la—L3 7, Jo—L1— 2 2 2
X HisVisg 2 Vo 0 (V3,02 (V2,013701 —T12- Z23502> + H0,3,23512> X

2 2 2 2 2 2 2 2\
X <V1,03 (‘/3,0255025”13 + V321203212 — 213 - 75395035”23) + H0,1,3$13x23) x

J3—01—4o
2 2 2 2 2 2
X <V3,21$03$12 + V3,02 (%25513 - 5501%3) ) ; (2.224)

(283) 29732 (a23) "2 (235) 7~

X
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where we assume that the shadow transform is done in the operator at x3. One can easily

see that all the terms can be integrated in the same way as before

/ddxo (zo1 - 21)* (o2 - 22)" (wo3 - 23)" _ T(a—a)T(b—B)T(c—9)
(@51)* (282)" (233)° 20T'(a) 2°T(b) 27T(c)

G(a—a,b—ﬁ,c—’y)

< (21 00) (22 0a) (5 00y (@h) M (a A )e e (2.225)

wherea+b+c=2h+a+ 3 +1.

This is all we need to successfully compute any shadow coefficient of a three-point
function of three operators in spin J; representation, but we did not manage to find a
simple and compact formula for the action of derivatives in the above expression. While
one can use this formalism to compute the shadow coeflicients of three spinning operators,
in practice the procedure becomes too computationally expensive at large spin. It would
be interesting to investigate if the weight-shifting formalism of [150] offers a more efficient

alternative.






Chapter 3

Conformal Multi-Regge Theory

3.1 Introduction

The vast majority of results of conformal bootstrap rely on the study of correlation func-
tions of four primary operators. While the full set of these contain all the dynamical data
of a theory, it is true that as the spin of these operators is increased the task of finding
these data becomes more and more challenging. This is the reasoning why most confor-
mal bootstrap works focus on correlation functions of scalar operators. In recent years,
on the other hand, it has become more and more appreciated the fact that consistency
conditions at the level of scalar higher-point functions can be the appropriate setting to
deal with this problem. Indeed, higher-point correlators give us access to more data than
their lower-point counterparts and in particular can probe many spinning data. Due to
the central role of conformal blocks in the conformal bootstrap, these have been considered
for higher-point functions in [51, 57-62, 152, 153]. Although their structure is generically
intricate, it simplifies drastically in the lightcone limit where bootstrap studies have been
performed in [1, 64-66]. Higher-point correlation functions have also been considered in
multiple contexts, for instance in holographic theories [3, 57, 129, 130] and more recently
in numerical bootstrap [58, 59, 68].

An important tool in the analytical conformal bootstrap is the Regge limit [83, 84, 86].
The Regge limit of four-point correlation functions in CFTs is the conformal analogue of
the limit of high centre-of-mass energy at fixed impact parameter of scattering amplitudes
in quantum field theory. Through AdS/CFT, it is thus relevant to study high-energy
scattering in the bulk. In terms of cross ratios, Regge limit resembles the behavior of

Euclidean OPE. However, in Regge limit this happens after a branch-cut of the conformal

97
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block decomposition is crossed. Conformal Regge theory provides a resummation of the
OPE in terms of families of operators called Regge trajectories [86]. In doing so, one needed
to assume a well-defined analytic continuation of OPE data to complex spin, which was later
established by the inversion formula [79]. This also puts the analytical conformal bootstrap
using the lightcone limit on a firm footing, by showing that the large spin expansion is not
asymptotic, but convergent. Regge limit has also been studied in the context of holography
[83, 84, 154]. Recently, these ideas have been tested on several physical models, with great
success [78, 155]. Regge limit and Regge behavior of correlation functions have also played
an important role in imposing causality constraints [92-94, 96, 156, 157].

This success in CFTs and the natural interest for multi-particle high-energy scattering
calls for a deeper analysis of Regge limit. In this chapter we start the discussion of the
generalization of the Regge limit to higher-point functions, mostly focusing on the case of
five-point functions. In the process we will also briefly review flat-space literature about
Regge theory for higher-point amplitudes that has not been object of attention for a long
time.

The outline of the chapter is as follows. In section 3.2, we review the literature on the
multi-Regge limit for S-matrix. In section 3.3, we discuss the setup of five-point correlation
functions in conformal field theories. We review the Euclidean OPE limit and the lightcone
limit and contrast it with our proposal for Regge limit. In section 3.4, we discuss analytic
properties of the correlator as it is continued to Regge limit. Here we also consider the
corresponding Mellin amplitude and Mellin partial wave and show that they produce the
expected Regge behavior in position space. In subsection 3.4.4, we consider the analytic
continuation of the Mellin amplitude in three quantum numbers by means of Sommerfled-
Watson transforms and resum the contribution of two leading Regge trajectories. Finally,

we conclude with some open directions in section 3.5.

3.2 Scattering in flat-space and Regge theory

In this section, we review Regge theory for scattering amplitudes in flat space. We begin by
reviewing the key ingredients in the case of 2 — 2 scattering process in four-dimensional
Lorentzian spacetime. Then, we review the generalization to the case of higher-point
scattering amplitudes. It will serve as the main inspiration for the conformal Regge theory

that we will consider later.
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Let us restrict to the more familiar case of 2 — 2 scattering, where we define the

Mandelstam invariants as
s = —(lﬁ —‘rkg)z, t= —(kl +k‘2)2, u = —(kl +k4)2, (3.1)

with k; the external incoming momenta. The Regge limit corresponds to the high-energy
limit of an amplitude, where s — oo with fixed t. Regge theory, on the other hand,
comes in play to address the experimental observation that s-channel processes exhibit a
small ¢t peak whenever there are exchanges of particles or resonances in the t-channel. One
would like to understand this behavior by considering a partial wave decomposition of the
amplitude. Consider the scattering amplitude of four spinless particles with equal mass m

in the t-channel decomposition

[e.9]

A(s,t) =Y (2] + D)ay()Py(2), (3.2)
J=0

where z = cosf = 1+ 2s/(t — 4m?) and Pj(z) is a Legendre polynomial of first kind of
degree J. 0 denotes the t-channel scattering angle and J is the angular momentum of the
exchanged particles. This series converges in the t-channel physical region, namely the
region ¢ > 4m? and s < 0, and therefore is not reliable to study the large s limit. Note
that the large s limit of a spin J partial wave behaves as s/. The infinite sum over J gets
more and more contributions from the higher J partial waves, in this limit. Regge theory
provides a rewriting of (3.2) in a form that can be analytically continued to this large s
region. This is done by complexifying angular momentum, extending Regge’s idea [158],
and allows to resum the contribution of a family of particles that correctly predict the
observed large s behavior.

Naturally, one would like to extend Regge theory to multi-particle exchange ampli-
tudes. The analytic structure of these amplitudes is less well understood than the four-
point analogue. The increasing number of Mandelstam invariants turns this into a more
technically-challenging goal, but there have been important contributions in the 70’s that
we now briefly review for the case of five-point amplitudes (see [159-169] for more details).

As represented in figure 3.1 (left), one can define ten two-body Mandelstam invariants

for a five-point function, in an analogous way to the 2 — 2 scattering definition (3.1), i.e.
Sij = —(kﬁi + k‘j)2 , (3.3)

where k; are again external incoming momenta. Similarly, we define t;;- and wu;j-type
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FIGURE 3.1: The ten two-body Mandelstam invariants of a five-point scattering amplitude
(left) and our choice of five independent ones (right).

invariants. Since not all the invariants are independent, we shall choose the following five
as independent, si3, S25, S45, t12, t34, as shown in figure 3.1 (right). We will be focusing on
the double Regge limit where so5, s45 — 00, and necessarily s13 — 0o, while ¢12 and 34 are
held fixed. It is also possible to define a single Regge limit by considering either so5 — 00
with s13/s95 also fixed, or s45 — oo with s13/s45 fixed.!

Let us consider the partial-wave decomposition of an amplitude A = A(sa5, S45,7; t12, t34)

of five identical massive particles in the 12, t34 channels,
0o 0o 2
A= Z Z H(2J1 -+ 1)@]17J27m(t12, t34)2’mdg71n(COS Hl)d;],fo(cos 92) s (3.4)
m=—oo J1’2:|m| =1

where n = s13/(s25545) and z = efToler | ag defined below. Here m denotes the allowed
helicities of exchanged particles. We also use Wigner-d functions which can be written in

terms of Jacobi polynomials 773"[3 as

1 / /
| _ ] = m—m m—+m , ,
d’, (cosf) = < (J+m) (] m)‘> ’ <sin 9) (cos 9) P (05 6)

(J+m)(J—m) 2 2 J=—m
(3.5)
with
J
By (-)™  JI Tn+a+1)I'(J—n+8+1) ,., n
i (Z)_nz:;) n! (J—mn)! I'(J+a+B+2) ST (36)

The scattering angles 01,02 and fyype; have a clear physical meaning - see e.g. [164]. Con-

sider the scattering process shown in the figure 3.1 with the exchanged momenta ¢f = t1o

! Another interesting limit to consider is the helicity-pole limit where s25 — oo with s13/s25 — oo while
t12,t34 and sas5 are fixed (or the one where the roles of s25 and s45 are swapped). This limit is experimentally
accessible in inclusive cross-sections [170]. It is also possible to consider the limit s13 — oo with all the
other Mandelstam invariants kept fixed.
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FIGURE 3.2: Scattering process shown in the resting frame of exchanged momentum
q2. This defines the angles 05 and Oroper. 61 is defined analogously in the rest frame of
exchanged momentum g .

and ¢3 = t34. Firstly, we lump together particles 3,4 and treat them as a single particle of
momentum ¢z. The angle 6; is defined as the scattering angle of the process 12 — 5(34)
which happens in a single plane in the center of mass frame. Secondly, we consider the rest
frame of the exchanged momentum ¢s. We denote the three momentum of particle-i by pj.
As depicted in figure 3.2, we can choose a coordinate system where p5 is aligned with the
z-axis and po lies somewhere in xz-plane. We define 6 as the zenith-angle of p3, whereas
OToller 1s the azimuth angle. Alternatively, the Toller angle can be thought of as the angle

between the two scattering planes corresponding to the ¢; and g9 rest frames, respectively.

The scattering angles are related to the Mandelstam invariants in a nontrivial way -

see e.g. [162, 165],

N | =

(t34 —m? - t12> +

N

S95 = 2m2 +

1/2

tio — 4m2)\(t1a, t 2

((12 m)t(m, 34,m)> cosf; |
12

1/2
1 1 [ (tga — Am>)N(t1o, t 2
545:2m2+7<t12—m2—t34)+7 (f31 — 4m7)A(t1a, t34,m7) cos by,
2 2 t34
| 1 (te — 4m2)A(tra, s m?) |
S13 = 2m? + - (m2 —t12 — t34) + - 12 12,734, cos 01 (37)
4 4 t12
1/2 1/2
(t31 — Am2)\(t1o, taa, m?) ) 1 { (tro — 4m?) (kg — am?)\
cos by + — X
t34 4 t12t34

1
4
1 9 5\ /2 . .
( —tyg — t34> cos 1 cos Oy — B ((tu —4m?)(t3q — 4m )) sin 04 sin 65 cos Ooier
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FIGURE 3.3: Singularities of A(s,t) in the s complex-plane at fixed ¢.

where we use \(a, b, c) = a® + b% + ¢ — 2ab — 2bc — 2ca. Note that here m corresponds to
the mass of the exchanged particles and should not be confused with helicity. We believe
the context makes clear which one we refer to. We emphasize that only si;3 depends on

Oolier- Moreover, in the double Regge limit,

N 2(t12t34)"? cos Orolier +m? — t1g — t3g
A(t12, t3a, m?) ’

(3.8)

independently of 61 and #2. This map suffers from some kinematical singularities in terms
of the variables t19,t34. These will be extracted from the possible types of singularities
that we study below and we focus only on dynamical singularities.

To explore the double Regge region from the partial wave decomposition (3.4), we need
a well-defined analytic continuation of the amplitude. In contrast to the 2 — 2 scattering,
for multiparticle scattering besides considering complex angular momentum, one also needs
to account for helicity dependence. As stressed in [159-162], the analytic continuation of
the amplitude to complex helicity values is also required. The proper procedure for analytic
continuation and its uniqueness deserve some comments. Let us first review some concepts
in the four-point case that will straightforwardly generalize to the five-point case we wish
to analyze in more detail.

We assume that a 2 — 2 scattering amplitude has only singularities with dynamical
origin. Namely, we only consider poles associated with bound states and branch-cuts
starting at physical thresholds for particle production. 2

In figure 3.3 we depict these singularities at fixed ¢ in the complex s plane. We assume
the following dispersion relation at fixed ¢
As,t) = — </+Oods’w +/+Oodu’]w> — Ap(s,t) + Ap(u,t).
0 - 0

(3.9)

2In particular we ignore the possible existence of anomalous thresholds. However, as long as these lie on
the real axis and the analytic structure resembles figure 3.3 with a different branch point for some fixed ¢,
the discussion that follows remains valid.
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Here, we have extended the notion of discontinuities Discs and Disc,, to include the contri-
butions of bound-state poles.?> We have also defined Ag and Ay, with respect to each of the
terms. As it is clear from the definition, each of the terms has only cut contributions along
one of the directions in the s complex plane. This fact is crucial in performing the analytic
continuation of the amplitude with good large J behavior which happens to be unique as

guaranteed by Carlson’s theorem. It is also useful to define the signatured amplitude *
1
Ad(s,t) = 5(AR(s, t)+ 0 AL(s, 1)), (3.10)

where § = +1. Note that we replace u by s in Ay ensuring that there are only cuts in
a single direction. The full amplitude can be easily reconstructed from the signatured

amplitudes as

A(s,ty = Y (Aé(s,t)wAé(u,t)). (3.11)
o==+1

In what follows, we assume that the signatured amplitudes have the same analytic structure
as the full amplitude. This assumption greatly simplifies the discussion of dynamical singu-
larities of partial-wave amplitudes. We are entitled to consider the partial wave expansion

of the signatured amplitude

o0

A(s,t) =Y (2] + D)af(t)Py(2). (3.12)
J=0

Using the orthogonality of Legendre polynomials P; and (3.10), we can write

S (t) = —— / N (DiscsAR(s’,t) n 5DiscsAL(s’,t)>QJ(z’), (3.13)

i 2
where z( is the branch point of the discontinuity and @ ; is the Legendre polynomial of the

second kind given by

1
Qu(z) = / 1dC ]:J_(CC) : (3.14)

3We assumed that no subtractions were needed in order to neglect contributions from arcs at infinity
from the Cauchy integral that gives rise to the dispersion relation. If this is not the case, one should proceed
considering instead a subtracted amplitude.

*The reader might be familiar with an equivalent decomposition of the full amplitude in terms of even
and odd angular momentum contributions. These are composed of signatured amplitudes. Indeed we have
Ao = At (s,t) + AT (—s,t) and A°4d = A~ (s,t) — A™(—s,t), where we use u ~ —s in Regge limit.
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| |7

FIGURE 3.4: Contour integrals for the Sommerfeld-Watson transform for the four particle

scattering in the J-complex plane. As one deforms the contour from C' to C’ one has

to consider the contribution from dynamical singularities which here we assume to be a
Regge pole.

Using the symmetry Py(z) = (—1)?P;(—z), we perform a Sommerfeld-Watson trans-

form of (3.12)

4l
¢ 2misinmJ

Ad(s,t) = (2J +1)a’(J,t)Py(—2), (3.15)

where C' is the closed contour depicted in figure 3.4. Due to the good large J behavior of
the partial-wave Py, one can continuously deform the contour from C to C’, as shown in
the same figure. We should account for all the possible singularities that may be encoun-
tered during this deformation. In this chapter, we always assume that these are pole-type
singularities °

A(t)

a®(J,t) ~ Too)’

(3.16)

where «(t) is a Regge trajectory and [(t) is regular in ¢. Regularity follows from the
assumption that A%(s,t) has the same analytic structure of the full amplitude A(s,t).
We also use the fact that Steinmann relations [171] impose the latter to have no double
discontinuity in s and ¢t. At large s, we keep the rightmost pole as it gives the leading
contribution and write

A(s,1) ~ - (“)2OT( — a(t)) A1), (3.17)

211

where we absorbed nonsingular factors into the definition of S(t).

50Other type of singularities like Regge cuts and nonsense-wrong-signature-fixed poles also exist. More-
over, singularities can also appear in a multiplicative manner but we neglect this scenario here for simplicity.
The interested reader can find a discussion on those in [165] and references thereafter.
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i

a>

FIGURE 3.5: Contour deformation in z = e*ruer for doing the Froissart-Gribov continu-
ation. The orthogonality relation holds on the black contours. We show the two different
branch cuts corresponding to a> discussed in (3.22).

For the five-particle case we consider a similar analytic structure of the amplitude in the
95, 845 and si3 complex planes as in the four-particle case. © We would like to decompose
the full amplitude in terms of signatured amplitudes with only right-hand or left-hand cuts
for each s-type invariant. We immediately see that we have to consider 23 = 8 possible

signatures. Indeed, one writes

Alsijstis) = ) {(A525645613(3257845,777751277534) + 825 AP0 (— 505, 45,1, 12, E34) +
6ij::|:1

(3.18)

045 A%25045013 (500 su0 ) t19, t34) + Oo5045 A%25045013 (—go5 — 545 1), t1g, t34)) + 013(n — —77)} ;

where we make a slight abuse of notation by writing u;; ~ —s;; as dictated by the double-
Regge limit we are exploring. Indeed, note that each of the signatured amplitudes 4925045013
is a function with only right-hand cuts in each of the invariants ss5, s45 and s13. While
095, 045 are the already familiar signatures associated with angular momenta in the t1o and

t34 channels, d13 is a new signature related to the helicity at the central vertex.

SGenerically one expects anomalous thresholds to exist in multipoint amplitudes. Here, however, we
consider the simpler case where they don’t appear. The same is done in the literature we are briefly
reviewing (see for instance, [159-162] and section 1.4 of [164] where there is brief discussion about anomalous
thresholds) and the counting of necessary signatured amplitudes follows from this assumption. It would be
interesting to understand how this counting is (or not) affected by the existence of anomalous thresholds
and how the partial-wave coefficients can be written as analytic functions of spin and helicity in that case.
Moreover, it would be relevant to understand if the existence of anomalous thresholds indeed alters the
asymptotic behaviour of the amplitude in the multi-Regge limit we describe here. Note, however, that
similarly to the four-point case we commented in footnote 2, if the anomalous thresholds lie on the real line
and the analytic structure still resembles that of figure 3.3, we do expect the counting and the discussion
of signatured amplitudes we review here to remain valid.
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Following [159], we first analyze the analytic continuation of helicity m to complex
values. Inspired by the form of the partial-wave decomposition (3.4), one expects the

following dispersion relation to hold in the z-complex plane,

1—e !
Disc, A (Sija n 7751']') /
Aot = - ( / / N / ) S dz' . (3.19)

To have a well-defined analytic continuation, we need to consider amplitudes with cuts

either only on the right or only on the left half plane in the respective Mandelstam variable.

Thus, we consider signatured amplitudes as introduced in (3.18). We can write

A3 (2 Z ad3zm (3.20)

m=—o00
where we suppress the dependence on labels or parameters that are irrelevant for this
discussion. Using the fact that signatured amplitudes are functions with only right-hand

cuts, 7 we have

o () ([ f0) L P e

For 2/ > 1 and m < 0 the z-integral gives 0, while for m > 0, it gives 2~™~!. On the other

hand, if 0 < 2’ < 1 and m > 0, the residues at the two poles cancel and the integral yields

0, whereas for m < 0 we find —2'~™~!. We can then define, as shown in figure 3.5,
5 1 > n—m—11y; 0 / /
ad?(m) = — (z") Disc, A3 (2")dz", (3.22)
218 J1ye
1 1—e
a5<13 (m) = / (z') "™ 'Disc, A% (2)dz', (3.23)
211 0

where it is clear that a(5>13 has a good asymptotic behavior in the right half-plane in the
complex m variable, whereas a<3 does so on the left-half plane. We can thus perform a

Sommerfeld-Watson transform in m and write

-1

A513 Z a513 Z 5<13 (m)zm

5 m d m
S L[ ammCan 1, me )
27 Jop sin mm 2mi Jo, sin mm
om0 e m) o
N 2m/o mn sin Tm (=2)", (3.24)

"Note that taking z — —z is related with 7 — —7 as one can see from (3.8).
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CL CR

C=-1+iR

FI1GURE 3.6: Contour integrals for the Sommerfeld-Watson transform in the m-complex

plane.
Iﬁ Poles of
F(*Jri»m)
o ° . . ° . . .

m m+1 m+2 m+3 v
Poles of T'(—m)

FiGURE 3.7: Contour of integration in J; and m-complex planes when the respective

variable is integrated first. Here, we only account for dynamical singularities given by

Regge poles and ignore the existence of Regge cuts and fixed poles. Note that there are
no dynamical singularities in the m-complex plane.

where the contours Cr,Cr and C are shown in figure 3.6. Recovering the previously

suppressed dependence and parameters, we have

o] 2

aZ(m) =Y [ [I@F+1) | aZ501502 (t12, t4)dih, (cos 61)diy(cos o), (3.25)
J1,Jo=m \i=1

which only makes sense if we also analytically continue in the two angular momenta,

dJi m(2J;i+1)

o, 2misinm(J; — sin(J; —m)

513

a2 (1, Jy,m, g, taa)dgh, (—21)diy(—22)

(3.26)

with contours C; as shown in figure 3.7 (left) and where z; = cos ;. This is a reasonable
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but non-trivial claim. In fact, [160, 161] was only able to check a well-defined analytic
continuation for a single angular momentum and helicity, but not the three simultaneously.
To the best of our knowledge, there is no derivation of the latter. In the following, we
assume that this defines a satisfactory analytic continuation of the signatured amplitude
in terms of the scattering angles and of 12 and t34. However, we would like to rewrite it in
terms of the Mandelstam invariants alone. This can be done by using the map (3.7). To
find the dependence on sg5 and s45, we mimic the analysis of the four-particle case. On
the other hand, the n dependence requires one more comment. We assume that A%3 is
an even function of the Toller angle and, in particular, a function of cosfyope; (and thus
invariant under z — 1/2)8. This requirement follows from the realization that 7 is an even

function of Opyer and therefore only even functions of O e can be rewritten in terms of

7. This ends up imposing a5>13 (m) = —a5<13(—m) and justifies dropping the subscripts when
we write
1 a3 (m)
Ads = — dm ——=(—n)™. 3.27
() 271 /C " sin mm (=n) ( )

Note that, as we write z in terms of 7, we redefine what we mean by a’#. ¢ We can

summarize the discussion on analytic continuations of five-particle amplitudes by writing

1\° -
A%0103 (595 545,70, L1, 134) = <2m> /dm H/ dJi(2J; + 1)
¢ i=17Ci

34J1 Jo _\m
il o oo O1) o - 92)(=) a¥005%3 (], Jy,m, tha, Lga)
sinTmsinm(J; —m)sinw(Jy —m)

= <21m,)3/cdm1“(—m) 13[1/01 dJi(2Ji + DI (=Ji + m) (3.28)

(—825) 71 7™ (—s45) 2T (—513) a0 0803 (] Ty m, t1a, )

where we used 1 = s13/(s25545) and in the second equality a525545513(J1, Jo,m,t19,t34) was
redefined.

Under the assumption that the analytic continuation of the signatured amplitude has
a good asymptotic behavior in Ji, J; and m such that we can ignore arcs at infinity, we
focus on possible singularities that one might encounter as we move the contours to the

left. In figure 3.7, we draw both m and J; complex planes when the respective variable is

8See [165] for whenever this is not the case.
In particular, as commented before, there are kinematical singularities in the map that we shall ignore
when we discuss dynamical singularities in a® (m).



3. CONFORMAL MULTI-REGGE THEORY 109

integrated first. In particular, we show the possible singularities. As before, we restrict our
analysis to Regge-pole-type of singularities and we refer interested readers to [164, 165] for
more details on other type of singularities. One expects the singularities in m to the left
of contour and that determine the asymptotic behavior of the amplitude to be completely
determined by the dynamical singularities in angular momenta. The reason for that is

bi-folded. First, note that the amplitude has the asymptotic behavior
(—s25)” 7" (—s45) 2™ (—s13)™ . (3.29)

Generically, this expression has a nonzero double discontinuity in the partially-overlapping
channel invariants, namely so5 and s45. However, this is forbidden by Steinmann rela-
tions [171]. Therefore, it must be that either J; —m or J» — m is a non-negative integer
after the capture of poles. It then follows that, in this limit, helicity singularities are fully

determined by angular momentum ones as
m=a—N, (3.30)

where « is the location of a dynamical singularity in J; or Jo and N is a non-negative
integer. In the above argument, we naturally assume that the asymptotic behavior is
attained within a physical region for the amplitude. It is conceivable, however, that such
asymptotics do not correspond to a physical behavior and thus the argument would require
an extension of validity of Steinmann relations for those configurations. The second reason
concerns the special nature of the helicity quantum number. The physical interpretation
of dynamical singularities are associated with the existence of particles. As helicity is not
a good Lorentz invariant and does not classify particles, as mass and spin do, we do not
expect dynamical singularities in m [164, 166]. Besides, these assumptions seem to work
well with specific models [164, 172] as we will see below.

We now focus on our particular case of interest, the contribution of two Regge poles
a1 (t) and as(t) in the double Regge limit with

B(m, t12,t34)
(J1 — a1(t12)) (J2 — ca(tsa))

In the Regge limit we move the C7 and Cy contours to the left in (3.28) and capture the

a525545513(<]1, Jg,m, t12,t34) =~ (331)

poles in complex angular momentum. The leading contributions come from the rightmost
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poles. We find

1
A%2015013 (505 545,70, 12, t3a) ~ 2m/ dm(201 4 1)(2a2 + DI (=m)I'(—a1 + m)I'(—az +
c

X (—825) " 7" (—545) 2" (—513) " B(m, t12, t34)

—1

~ (=525)" (—545)° [ (=)™ S T(~an + ))T(a1 — @z — i) B(ar — @',tm,t%)% (3.32)

—1

+(=m)* Y T(—az + i)l (az — a1 —i)B(az - i,tlz,t34)777,

From the first to second line we closed the C' contour to the left, capturing all the «;-
dependent poles, and absorbed overall constants into 8. In particular, if we consider the

limit 7 = s13/(s255845) — 00, we can just keep the leading contribution

A%25045013 (50c 545 1 tya, t3a) ~ (—813) 2 (—845) 2 T (—an )T (o — ag)B(ay, tia, t34)

+ (—513)*(—525)" " I (—a2)(ag — o) B2, t12,t34) ,
(3.33)

which clearly does not have double discontinuities in ss95 and s45, as follows from our
construction. Note that the apparent singularities in a3 = g are just spurious, as they
cancel each other.

There are many subtleties and unproven statements in deriving the Regge theory re-
sult (3.32), but the final form seems very reasonable in physical terms. We can analyze
these claims in specific models. We consider a dual resonance model of a five-particle

amplitude in the so-called Bardakci-Ruegg representation [173]

By = @ @ x;a(tu) (1 . xl)flfa(s%) x;a(t34) (1 . x2)717a(345)
Ty T2

X (1 — myg)~(e18)Tols2s)balsas) (3.34)

where the integral ranges from 0 to 1 in x; and x2. We defined a(z) = ag + x with ayg
the intercept of the Regge trajectory. As stated above, a single Regge limit happens when
So5 (Or S45), S13 — 0o with their ratio fixed. In this limit, it can be shown [164] that the

region 21 ~ 0 dominates in the integral (3.34). For the values 0 < s95/s13 < 1, it can be
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shown that
Bs = (—s13)""? ) " p, <_825> + (—s13) 2190 (—sgp) (1270 g, <_825>
— 513 o 513
(3.35)
where
['(n— a(ti2)) T(—n+ t1z — t34) T (n — a(s45))
n(l12,134, = , 3.36
Pn(ti2,t34, 845) I‘(tu " gy — a(345)) ol ( )
I'(n —aft I'(—n 4t —t12) I'(n 4+ t1a — t34 —
qn(t12,t34, S45) = (n — oftae)) D(—n + tas — t12) (n + t12 — taa — (545)) . (3.37)

F(tlg — 134 — a(845)) n!
Note that there are no simultaneous singularities in the overlapping Mandelstam invariants.
This follows from the explicit expressions of p, and g,. The first term has power-law
behavior in s13 and poles in s45, while having no singularities in so5. The second term, on
the other hand, has power-law behavior in both so5 and s13 times a function without any
singularities in s45. This is an instance of the Steinmann relations, which hold for the full
amplitude. The double Regge limit corresponds to taking a further limit s45 — oo with

the ratio n = s13/ (s25845) fixed. It leads to [164]

Bs = (—s25) (t12) (—s45) (t3a) / 5 I‘(m — a(tlg))F(m — a(t34))F(—TR) (=)™,
(3.38)
which is of the same form as (3.32).

With the knowledge of the multi-Regge limit in S matrix theory, we are now in a

position to study the multi-Regge limit in conformal field theories.

3.3 Kinematics of five-point conformal correlators

Correlation functions of local primary operators in any conformal field theory can be written
in terms of a simple prefactor, that absorbs the weight of external operators, and a non-
trivial function that depends on conformal invariant variables, usually called cross ratios,

that contains all the dynamics of the correlator. In this chapter, we will be mostly focused
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FI1GURE 3.8: We show our proposal for the Regge limit of the five-point correlator.

in correlators involving five operators. These depend on five different cross ratios through!©

(O(@1)O(@2)O0(3)O(4)Ofas)) = <) (&) (ﬁ‘”’ )29<u1.-.u5>,

A3FA 2 .2
2 2 3 4 T
(x7y) 2 (w34 2 15235
(3.39)
where xfj = (z; —x;)?, we used the shorthand notation A;; = A; — A, and the cross ratios
are defined as
2 .2
TioT
12735
13735

It is worth emphasizing that this is just a particular choice of cross ratios which is obviously
not unique. For instance, i3 = uzug would be as valid a choice as ug. The choice (3.40) has
the nice feature that the cross ratios can be defined by transforming the z; cyclically, i.e.
x; — w;41. This is particularly interesting when studying observables that are cyclically
symmetric [1, 64, 133].

In general, G(u;) is an intricate function of the cross ratios with a complex analytic
structure. One interesting question is, what are the allowed singularities of a correlation
function of five local operators and what is their physical meaning? This is a hard ques-
tion that we will not try to answer here in full generality (see [174] for progress in this
direction). Instead, we shall focus on a particular singularity that is associated with the

limit described in figure 3.8 and that is similar to the Regge limit of scattering amplitudes

0This is the same number as independent Mandelstam invariants in flat space scattering amplitudes as
reviewed in the previous section. The connection between correlation functions in conformal field theories
and scattering amplitudes is more clear in Mellin space, as we shall see in the next section.
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FIGURE 3.9: Position of points on the Euclidean cylinder. Two points 1 and 3, are at
T = —00 and T = 00.

reviewed in the previous section. There are two other more common (and simpler) singu-
larities, the Euclidean and lightcone OPE limits which will be relevant for the Regge limit
analysis. Indeed, it is possible to extract some information about these singularities from

the conformal block decomposition of five points

G(ui) = Y Piip,Grhon, (.. us), (3.41)
k1ka,l

where G’ile (u1,...us) are conformal blocks in the channel (12) and (34), P,fl k, are products
of three-point coefficients (to be described in more detail in the following subsection) and
the sum is over all primary operators.

In the following subsections, we will review and explore the Euclidean and lightcone

singularities and introduce the Regge limit for five-point correlation functions.

3.3.1 Euclidean limit

The simplest limit in a CF'T is when two operators are brought close to each other. In this
setup, the operator product expansion (OPE) is convergent and can be used safely. The
OPE is perhaps one of the most important properties of a CFT. This feature tells that
the product of two operators at distinct points can be replaced by a linear combination of

operators

Ciax

A +Ag—(Ap—Jg)
2

O(21)0(z2) = Z ; Fr (212, Dz, 85, ) Op(1, 2) (3.42)

ko (212)
where the sum runs over all primary operators, Cior are the OPE coefficients and Fj
is a differential operator that takes into account the contribution of descendants. The

auxiliary null variable z is used to encode the open indices of a symmetric and traceless
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spin J operator as

Oz, z) =21 .. M OMHI (1) (3.43)
while
d g\ o 1 ok
D.s (2 142 82) o~ 375z (3.44)

is used to recover the information about the indices. The exact form of F}, can be deter-
mined from consistency of two- and three-point correlation functions of local operators. It
follows from a simple computation that, at the leading order and in the limit o — x1, the

function Fj, is given by

x19 - D)7
Fe(ona, Do, 0y,) = 122 D) (3.45)
Tyl (g - 1)
Jk
where ... represent subleading terms. One feature of this simple result is that it is evident

that the limit is dominated by operators with lowest dimension Ajy. In particular, this
determines the dominant contribution of a five-point conformal block in the limits zo — z1

and x4 — 3

; 1Bk, , 2Bk,
(@19) 7 2 (z34) 2

Ciap, C- D)1 (z34-D )72
S P oGl (. ug) e D2 Gota QDI D2 (6, (1) )0y, (23, 2') O(as)) -
l

(3.46)

Note that the double limit in the pair of points (12) and (34) was taken to reduce the

correlator to a three-point function which is fixed by symmetry as

min(J1,J2) Z J —f J —K e
CiosVies Voii H
<Ok1 ($1,21>Ok2(1’2,22)0(1‘3)> - Z h1+h2*h1323 2123h1+3§ih2 122 hothg—hy
=0 (#7y) 2 (x13) 2z (w33) 2
(3.47)
where h; = A; + J; and
235(21 - 2 21 - T19)235 — (21 - 113) 23
Hig = (21 212)(22 - 212) — 12(212), Vigg = (21 712) 13x2 (21 Z13)w1y (3.48)
23
It follows from (3.46) that the constants P,fl k, are given by
Pk, = C126,C3a Ch s - (3.49)

Conformal blocks are complicated functions which are not known in closed form for

general dimensions. However, it is possible to compute them as an expansion around some
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limits. One method to obtain them takes advantage of the fact that they are eigenfunctions

of the conformal Casimir differential equation

(Dlg —cap, J1> G =0, (3.50)

with
cag=AA—d)+J(d+JT—-2), Dip=2uili +..., (3.51)
where ... represent other subleading terms. We omitted an analogous equation in the (34)

channel that can be obtained using symmetry.
The cross ratios (3.40) are not appropriate for all situations. For instance, in the limit

considered above where xo — x1 and x4 — x3, one has
uy,uz — 0, u —1 (i=2,4,5), (3.52)

which is insensitive to the angle at which the operators approach each other. For this limit,

it is preferable to use instead another set of cross ratios!![57]

1-— us 1-— Uy ug — 1
51 = ) 52 = ) 53 = )
2‘/’11,1 2,/U3 2‘/U1\/U3

which remain finite. These are related to the angles just mentioned above. The leading

(3.53)

behavior, in the Euclidean OPE limit, of the five-point conformal block can be written in

terms of these new cross ratios as

’ Bky Bky
Gl = Uy > ug? Ho(&), (3.54)
with
= — —
1 (212 - D2)” (w34 - Do) " Vil Vil HY,

J1+J3 J1—Jo Jo—J1 °
(235) "2 (af5) 2 (235) 2

i=1 Jit (3 (235)72 (234) 72

He(&) =] ] (1)
Ji

(3.55)

A brute force implementation of the action of the operators D, and D,/ on the previous
expression for the function #, will lead to a rather complicated sum [57] that we do not
show since it will not be important in the discussion. A simple analysis reveals that the

leading term of H, in the limit & 2 — A1 2, &3 — &3\? for large A, which corresponds to

1WWe have decided to use slightly different angles as compared with [57] to make it appear more symmetric
in the variables u;.
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considering lightcone limits'? z%,, 23, — 0, is of the form
Ji1—LgJa—1L
Hom e e+ (3.56)

where the ... represent subleading terms. Alternatively we can use the Casimir differential

equation, in the Euclidean limit, to obtain subleading terms in (3.56)

(1= &0Z + (1 —&)IZ, — (d—1)(£10e, + &30¢,) — 2(€183 + £2)06,0¢, + Cp | He =0,
(3.57)

[(1—€3)02, + (1 — &)9Z, — (d — 1)(£20e, + €30¢,) — 2(€283 + £1)0e,0¢, + Cpp | He =0,

with Cy = J(J +2h — 2). It is essential in extracting the dots in (3.56) from the Casimir
equation to assume that H, is polynomial in the variables &. However, this follows from
the definition (3.55).

It turns out that, after changing the cross ratio 3 to ¢ defined by!'?

G=-a6+0/0-0-8), (3.58)

the Casimir differential equation becomes much simpler

(d—2)¢0 + (¢* = 1)0;
&G-1

with an analogous equation for Jy. This form of the differential equation allows to look for

Ji(d+J1—2)+

+ (1= d)610e, + (1 - )0, |1, =0 (3.59)

solutions with a factorized form

H = fi(&)f2(£2)9(0), (3.60)

where we have used tilde to emphasize that the solution is factorized and possibly different

from (3.55). The function g(¢) satisfies a differential equation that can be read from (3.59)
(2= 1) + (d—2)¢0c + /(¢ +d—3)]ge =0, (3.61)

where the separation constant ¢'(¢' + d — 3) was chosen for convenience. One solution to

this differential equation that is polynomial in  is given by

d—2 1-¢ 0T(2h —3) d=3
, — ! gl 2
g = oF1 <—£,£ +d 3,75 = ) = Tans =5 Cr © (3.62)

21n this limit we can discard the second term in the differential operator D, which in turn makes its
action easier to implement. This just corresponds to throwing away the contribution of terms associated
with traces.

13These cross ratios were introduced in the context of conformal field theories in [152].
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This is clearly a polynomial of degree ¢'. It is also simple to check that

o ¢ A2y
fil6) =1 -&)2C;% 0 (&), (3.63)
is a solution to the differential equation arising from (3.59). The solution fs can be obtained
analogously. It can also be checked that this new solution My is consistent with the non-
factorized Hy in (3.55). Let us see how in more detail.
Both H; and H, satisfy the same differential equation, however they are not the same
function. Nevertheless it is possible to express Hy in terms of H and vice-versa, that is

e/
Hy = Z CoorHy (3.64)

£=0
The coefficients Cypp can be thought as a change of basis of three-point functions. To
determine them it is useful to take the limit &5 9 — A1 2 and & = €3A2, with A large. In

this limit the functions H,; and #, behave as

Hom &P+, Hemeelelg(O)+ ..., (3.65)

T(h+Ji — DT (h+ Jy — 1)2/1+/2-2¢
P(h + 0 — 1)2F(J1 —V+ 1)F(J2 7 1),

é:

(3.66)

where ¢ — (&1&2 + &3)/(&1&2) and the ... represent subleading terms. Using the previous

equation and (3.64) we can find the coefficients. Let us start by Cyp,

4 Y 4 / / k
J1¢Jo §3 _ ¢J1edo _ ¢J1edo (_E)k (6 +d_3)k§ <1 _C>
1 62 g C@Z (€1£2> - 51 €2 gf’(C) — 61 S2 kzzo k;l <d52>k 92 )

(3.67)

where £3/(£1&2) = ¢ — 1. The coefficients Cyp can be obtained straightaway leading to

(_gl)e (fl +d— 3)@ )

Cor = &(—1)* (3.68)
0(52) o
l
To find the inverse relation we make use of the identity
4 l / v 4
) (b+20)(—1
(b+14+0)(b+2) 2 2

0'=0
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for any variable x and constants b and ¢. Using this equation the inverse matrix C’gr ¢ Tollows

immediately

S
é

(1" (@d+2¢ -3)(5) (32),
et

(d+0 =3)(d+ 0 —2) (3.70)

This concludes the change of basis from (3.47) to the one that leads to (3.60), which we

call factorized basis. In this basis, the three-point function can be written as '

VIVl S Gy oy (604 d 3,452, e )
(Ok, (21,21) ... O(x3)) = 2 7 2Via3Vai3 7

hit+hg—h3 hi1+h3z—hg hoth3z—hy
(z1y) " 2 (z73)" 2 x33)" 2

(3.71)

where Cy are the OPE coefficients in the new basis. Let us remark that this is still polyno-
mial in the structures V and H, as it should. The factorized basis for the leading behavior
of the block in the Euclidean OPE limit is a new result. It would be interesting to construct

conformal blocks in a radial expansion[42, 57, 59] using this new basis.

3.3.2 Lightcone limit

The distance between two operators, in Lorentzian kinematics, can be small when one of
them approaches the lightcone of the other. This is in contrast with what has been analyzed
in the previous subsection where the operators were actually close in the Euclidean sense.
The OPE and more generally correlation functions are naturally organized, in this limit,
in terms of distances between the almost null related operators. For example, the leading

term in Fy of (3.42), in the limit 23, — 0, is given by
1
Fy = (212 - 05,7 / [dt] et¥12:9m1 (3.72)
0

where

D'(Ag + Jg) Aptdp
Tag) (0

[di]

dt (3.73)

M Note that, for integer £, the hypergeometric reduces to a polynomial,

4 4 14 o
d—2 Hi, (=), (L+d—-3), ( Hi, ) ( Hy, )
P4 l+d-—3 — —F— :E :E Cpp | ——2—
2 ( 2 2V123V213) o (d*2) o0 2Vi23Va13 = N\ 2V193Vors
o o
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for spin J operators. For exchanged scalar operators, it is also easy to write down the

formula for Fj, including all subleading corrections,

o i (—iy)" (A;a)n (A;a)n - <2n +2A+a

221(A)s, (2572, !

,2n+A,x21-8x1> (@2)", (3.74)

n=0

a— 1 b a—1
with a = A9 and 1 Fy(a, b, x) fo dt 't Fl(a)tF(b a)r(b) e’ In turn, these two formulae can

be used to derive the five-point conformal blocks in the lightcone limit by just applying

the OPE formula to a five-point correlator. For the leading term of spinning lightcone

conformal blocks we have
; Apn—=J1 Ag—J2 ' Ay pl
Clorm =ty T uy T (1—ug)fus? /0 (dt][dts] T (3.75)

with
Ji—t

Jo—t
T — (l—tl(l—uz)’LL4—UQU4) (l—tz(l—ug)U5—UQU5)
- ho—71—20+A, h1—Tg—20+A, hi+hg—Ay * (376)

(1-(1—ua)tz) 2 (1-(1—us)t1) 2 (1-(-t)(1—t2)(1-uz)) 2

For the scalar blocks in the lightcone we can write

+2n1 Ak2+2n2 Aoy 2n1+A347A5+Ak1 2n2+A21+Ak2

1
k1k200_ E uy E uz ? uy® uy : us ? /dtldthmm,
0

n1,n2=0

(3.77)

where the formula for fmm is shown in appendix 3.A. The cross ratios u; are appropriate
to describe the lightcone limit x%,, 73, — 0, as only two of them go to zero while the others
remain fixed.

One feature that is evident from the formulae above is that this limit is dominated by
operators that have lowest twist, defined by A — J. Hints of this property are already
present in (3.42) and (3.45).

Another interesting attribute of the lightcone block is that it allows to probe Lorentzian
regimes, this in sharp contrast with the Euclidean expansion (3.60) that is only valid when
the point x9 is in the vicinity of z1. In particular, the integral formulation of both (3.72)

and (3.74) is specially suitable to study monodromies of the block.

3.3.3 Regge limit

The limits described in the previous section shared a common feature as they could be
taken in a kinematics where all points are still spacelike separated from each other. This

is a significant restriction on the positions of operators and the physics that one is probing
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with a given correlation function. The goal of this subsection is to introduce and describe
another limit, the Regge limit, as depicted in figure 3.8. The main novelty is that some
points are timelike related, while others are still spacelike separated, more concretely the
pairs of points (1,4),(2,3),(3,5),(2,5) are timelike, while the other pairs remain spacelike.

The configuration represented in figure 3.8 can be parametrized by the following variables

x1 = —r (sinh d1,cosh d1,04_2), x2 = r (sinhde, coshde,04_2), (3.78)
xg = (—sinh dy, cosh d2,04_2), x4 = (sinhdy, — coshdy,04_2), x5 = (0, h1,he,04_3) .
where 0; are being taken to infinity and r and h; can assume generic values. Here we also

use a d-dimensional vector of zeros denoted by 04. This configuration can also be written

in terms of the cross ratios u; as

up =

(1+ 72+ 2rcoshé) (22 + r2 — 2hyr cosh §; 1+ 72+ 2rcoshd
4 (x% + 72 — 2hyr cosh 51)
s = (1 + 72 4 2r cosh 5) (1‘% 4+ 1 — 2hq cosh 52) ’
1 a:g + 1 + 2hq cosh 6 1 mg + 72 4 2hy7r cosh §;
V2 22 +1 —2h; cosh by’ U= V2 22 + 12 — 2hyrcosh §y |

2
472 (1‘% + 1 — 2hq cosh 52) <1 +7r2—92r cosh5>
) y U = )

(3.79)

Ugq =

where § = 61 + 02 and 22 = h? + h3. Tt is simple to see that both u; and ug approach zero
as the 0; are sent to infinity and that the remaining u; go to 1 (note that us approaches
1 faster then the other two cross ratios). This limit, in terms of cross ratios, is the same
as the Euclidean OPE limit discussed in section 3.3.1. The main distinction between these
two limits resides in the different causal ordering of the operators. The similarity to the
Euclidean OPE limit should come as no surprise to the reader that is familiar with Regge
limit for four points. In reality there is a simple reason for this to be the case as one can
also interpret this configuration as an OPE limit between 17 and 2, as well as 3 and 4,
where 17 and 4~ are defined respectively as the image of the points 1 and 4 on the next
and previous Poincaré patch on the Lorentzian cylinder. This is shown in figure 3.8.

The fifth point is kind of a spectator in this limit. Nonetheless, it is important as it
allows to introduce other parameters to differentiate the gaps §; and d9. This is essentially
the same as we already see in the Regge limit of five-point scattering amplitudes.

Note that in this section we made a choice of analytic continuation but there are
other possible ways to attain Regge kinematics. Indeed, with some care, one can even
move the fifth point in other directions and even boost it and find similar OPE behavior

after lightcones are crossed. The latter can be used as a guiding principle when we look
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for Regge kinematics. In Appendix 3.D, we present some additional kinematics and path
continuations that might be useful in understanding single-Reggeon exchanges or the Regge
limit six-point functions in CFTs .

As mentioned before, the different causal relations between the points have important
consequences. The analysis of the correlator in this setting is more elaborate and for this

reason we devote the next section to it.

3.3.4 Conformal partial waves

The conformal block decomposition (3.41) is not the most appropriate option to analyze the
Regge limit of correlation functions. A better alternative is to do the so-called conformal
partial wave decomposition

oo min(J1,J2)

dI/1 dl/g
G(u;) Z Z / b5, 7, (U1, v2) Foy g gy (W) (3-80)

273 27

where the conformal partial wave coefficient bf}l 7,(v1,v2) contains all the dynamical infor-
mation of the correlation function, i.e. dimensions and OPE coefficients. The function

F,, vy.01,05,0(u;) is the conformal partial wave defined by the integral

)
22.22,)20 (2. 22.)7 2
Ful,ug,Jl,Jz,Z(Ui) 7( 12734) (Alz 2:)72 /ddxﬁ ddx7 <O%7w1(x6,D21)O%7w2(x7,DZQ)O(x5)>(f)

(xfs)T

x (O(x )O(l’g)Od_Hyl (26, 21))(O(x )O(x4)(’)d+w2(a:7, 22)), (3.81)

where the ()(¥) should be understood as the term proportional to C{,; in (3.47) (in other
words, it is just the space dependence of the three-point function) and D, is the differential
operator defined in (3.44). It is simple to see that both integrals in z¢ and x7 are conformal
and that F,, j, , should satisfy the conformal Casimir equation in the channels (12) and

(34) with eigenvalue C4 4 iy and Cg respectively. In particular, this implies that

+’Ll/ ,J20

the conformal partial wave can be written as a linear combination of conformal blocks

which solve the same equation

Foivs,g,0 = Z Z Aa1 az 7+m1,/1’2+la2y27‘]l (i) , (3.82)

7§ Qa1,00= =4

= C4 The sum over £

where we used the symmetry of the eigenvalue C4 d i g
2 1Y

+’LV27J1

appears because the Casimir equation is not able to fix it, and so in principle we can have

a sum over this number. The coefficients A* were determined in [1] and are expressed in
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terms of several sums. It would be interesting to see if the coefficients in the new basis
introduced in 3.3.1 are simpler and, more importantly for this work, analytic in spin. The
conformal partial waves have the advantage that are Euclidean single valued!'®. Recall that

the correlator also enjoys this property in contrast with a single conformal block.

3.4 Regge theory

3.4.1 Wick rotation or how to go Lorentzian

The Regge limit of a correlation function is an intrinsically Lorentzian limit that explores
a specific causal configuration of the operators. On the other hand, CFTs have been better
understood in Euclidean space. It is thus important to understand how to analytically
continue from Euclidean to Lorentzian space and what can we say about convergence and
other properties of the Lorentzian correlator from CFT axioms. These questions have only
very recently been discussed in firmer grounds in [97, 176], extending the works of Liischer
and Mack [177, 178]. However, there the analysis focuses only on correlation functions of
n < 4 points and no systematic study for higher-point functions exists to date. 16

We want to consider Lorentzian invariant correlation functions of local operators that

commute at spacelike separated points,
W(z1,x9,...,25) = (O(x1)O(22) ... O(xy)) . (3.83)

These are called Wightman functions (or distributions). In particular, note that up to
spacelike separated points, different orders of local operators give rise to different Wightman
functions. We stress that these are not the standard time-ordered correlation functions

one encounters in QFT textbooks. In fact, one can decompose time-ordered correlation

15Conformal partial waves are single valued for integer J. It should be possible to add a term to them
to make them single valued for positive real J as was done in [175] for four points. We hope to return to
this point in the future.

!5 This seems to be technically challenging (see discussion of Appendix B of [97]) but we hope that our
results may also increase the motivation of community to tackle these questions on higher-point functions.
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functions in terms of Wightman functions'”

(QUT{O(1)Ow2) ... O)} 1) = (3.84)
= (QO(t1,%x1)O(t2,x2) ... O(tn, xn)|Q)0(t1 > ta > --- > t,,) + permutations

=W(z1,22,...,2,)0(t; > to > -+ > t,) + permutations.

One Wightman axiom states that Wightman functions are indeed tempered distributions
even at coincident points. This means that when integrated against test functions belonging

to Schwartz class f(z;) € S, the following integral is finite

/ddazl AW, ) fz) . () < 0o (3.85)

Our goal is to reach a Wightman correlation function with a given order starting from
a translational- and rotational-invariant Euclidean one. The basic idea is that there should
be some holomorphic function G(z1,...,z,) that reduces to a Lorentzian correlator in a
given limit and to a Euclidean one in another. Let us then consider a real-analytic (away

from coincident points) Euclidean correlator, with operators at x; = (74, %;),
<O(7_1;X1)O(7—27X2) ~--O<Tn7xn)>E7 (3'86)

where Euclidean times 7; are ordered 71 > 7 > --- > 7,. Recall that this ordering
is necessary. If we assume the existence of a Hilbert space and a Hamiltonian that is

bounded from below, we get that our Euclidean correlator can be rewritten as
(Q]0(0,x1)e” M=) 0(0, x9)e H(277) | O(7,,,%,) |0 F (3.87)

where we use the Heisenberg representation of the field operators O. To avoid high-
energy states being exponentially enhanced, we immediately recognize that the Euclidean
correlator needs to be “time-ordered”.

To move towards a Lorentzian configuration, we want to consider an analytic con-
tinuation of the Euclidean correlator. This is achieved by taking 7; — ¢; + it;. Heuris-
tically, adding the imaginary parts does not harm the convergence, as long as we keep
€1 > -+ > €,. This analytic continuation defines our function G(x1,...,x,) that is holo-

morphic in 7; = ¢; 4 it; and real-analytic in x;. We can then find a Lorentzian correlator

"We assume the existence of a Hilbert space with a unique vacuum € under the unitary action of the
Poincaré group. We can however talk about Wightman distributions without making any such assumption
since Wightman’s reconstrution theorem guarantees that we would find a Hilbert space once we assumed
spectral and positivity properties of the distributions - see [97, 179].
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by sending €¢; — 0 while keeping the order of limits,

(QO(t1,x1) ... O(tn, x,)|2) = lirno (Q|O(e1 +it1,x1) ... Olen + itn, x,)|QF . (3.88)
€;—>
€1>->€n

This formally defines our Wightman function W(x1, ..., z,). Note that to achieve different
orderings we should start from an Euclidean correlator in a different ordering. Holomor-
phicity may however be lost as we take ¢; — 0. We expect nonetheless the correlator to
converge at least in a distributional sense. For CFT Wightman functions, the authors in [97]
found power law bounds and used Vladimirov’s theorem to assure that indeed this limit
converges at least in the distributional sense (even at coincident points) for n < 4-point
functions in Minkowski space.'®

We want to consider the Regge limit of CFT five-point functions of identical scalars.

In this context, we are interested in correlation functions where the operator ordering is

consistent with time ordering. Using the causal relations of figure 3.8, we take

(P(xa)p(x1)p(w2)P(5)P(23)) (3.89)

where permutations between spacelike separated operators are equivalent. As we approach
the Regge kinematics, starting from a configuration where all operators are spacelike sepa-
rated (essentially equivalent to a Euclidean configuration), we find branch-cut singularities
whenever an operator crosses the lightcone of another. The way we deal with branch-cuts
depends on the ie prescription we adopted to reach this ordering of the Wightman function.
In particular, as we move from fully spacelike separated points to the Regge kinematics
we have {r2,, 23, 23, 23} — {|22,], |23;], |235], |735]} % exp(mi) which implies that the
cross-ratios ug,us and us go around 0 with the first going anticlockwise and the last two
in clockwise direction. At the branch-cuts, OPEs ¢1 X ¢9 and ¢3 X ¢4, in which we block
decompose our correlation function, are no longer convergent. We should then worry about
boundedness in Regge limit. For a four-point function in the Regge limit and with oper-
ator ordering consistent with time ordering one can prove its boundedness. The general
proof uses Rindler positivity [79, 180-182] and bounds the latter Wightman function with
another correlator of different ordering where the OPE does converge. This proof does
not work however with five-point functions. Nonetheless, we expect to be possible to find

these type of bounds between different ordered Wightman functions or different channel

18All the remaining Wightman axioms were also proved from standard axioms of translational- and
rotational- invariant Euclidean correlators.
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decompositions but we will not make these considerations any more precise here. Confor-
mal Regge theory, on the other hand, provides a method to resum divergent OPEs and
exhibit the dominant Reggeon-exchange contributions. This resumation invokes an ana-
lytic continuation of OPE data in spin for which, in the case of four-point functions, the
justification follows from the Lorentzian inversion formula [79, 101]. For higher-point func-
tions, there are additional representation labels associated with the possible three-point
structures between spinning operators.

In what follows we focus on double Reggeon-exchanges but similar analysis can be
performed at the level of the single Reggeon exchanges, that we briefly discuss in Ap-
pendix 3.D. The proper ie prescription for these cases follows straightforwardly from the
corresponding kinematics since we want to consider the operator orderings consistent with

time ordering.

3.4.2 Mellin amplitudes

The similarities of Mellin and flat space scattering amplitudes make the former a suitable
tool to build intuition. The goal of this section is to analyze the Regge limit for Mellin
amplitudes [86]. We shall see that the Regge limit for five operators, as defined in the
previous section, is dominated by the same kinematics of flat space scattering amplitudes
reviewed in section 3.2. In the following, we will review the definition of Mellin amplitudes,
some of its properties and then analyze the Regge limit in this language. The definition of

a Mellin amplitude, M(J;;), is given by'?

(O(1)... O(a)) = / @) M) ]

1<i<j<n

(3.90)

where we decided to extract a standard prefactor containing I" functions and the integration
variables d;; run parallel to the imaginary axis. Since the Mellin variables are restricted
by the condition y 0i; = 0, with d;; = —A;, we shall use the following set of independent

Mellin variables

t1g = 2A¢ — 2019 s t34 = 2A¢ — 2(534, (3.91)

513 = Ag + 2013, S5 = —2025 , 545 = —2045 ,

YHere we are assuming that there exists a Mellin amplitude. This might only be true if one performs
some subtractions of the correlator, such as the contribution of the identity.
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which is the same number as conformal cross ratios - see figure 3.10. One advantage of
Mellin amplitudes is that it is easy to analytically continue from the Euclidean configuration
to Lorentzian, as the space-time dependence is simple [142]. For example, the configuration
of figure 3.8 can be obtained just by adding a phase to the integrand [86]

45 t12  t34 s13+s45—t12  t34—S25—t12 . (513+525+545)+A¢

Go(ui) :/[dtwdsw]u4 uiu32 Uy (T M(sij,ti5) e "™

— A
p( 52\ p( 545 p 513152 F 55 513 ? (3.92)
2 2 2
_ _ — — 2A4 —t 204 — 1t
F<t12 8;3 845> F(t34 553 825) < ) 12> F< ) 34>

F<A¢ + s25 + t12 —7534> F<A¢+S45 —t12 +t34)
2 2

where G© is the correlator analytically continued to the Regge kinematics. This particular
phase seems to make the integrand divergent for large imaginary values of s;;. However,
the I' functions in the definition of the Mellin amplitude cancel this apparent divergence.

To see this in more detail we just have to use the identity

) ) . -\ a+b—1 .
r <a + f;) r (b - z“;> ~ 2mei3(@b) (”;) e 3% (3.93)

in a regime where s13 goes faster to infinity than s45 and so5. In the Regge limit, as defined
in section 3.3.3, we have that the cross ratios us — 14+0102€3, ug — 1—02&3, us — 1—01&1,
with u; = 02, u3 = 05 going to zero while & are left fixed. This simplifies the dependence

of the Mellin amplitude on the cross ratios

245 t1—2 L34 si3tsds—l1o  l34-s957 112 U2 134 i(yp5018) fya509 coshEg—y130109€3)
uy? ug® ug® uy  ? (T —uy® ug® e 2 . (3.94)
where we made the change s;; = iy;;. Note that the exponent is not small provided o; and
y;j scale appropriately. By putting every piece together we obtain that in the Regge limit

204 — ¢ 2A, — ¢ o1z slsa
O _ .4 1) 12 1) 34 1°09
G (u) = /[dtij] F(2 > F< 5 > 2t12+t34+% TR yeE Ty (3.95)
3 e 1

M2tisa 478y h2H8gfsa2 f34FAgtia 2 i(y259181+ya502 cosh €9 —y1301092€3)
[dyw]

ily3 ° Yoy Yo ° e 2 M(tij, yij)

where we have defined u; = 0%, u3 = 03 and we should take the leading behavior in
M(tij,yi5) when y;; — oo with y13/y25y25 fixed. Thus, in the remaining part of the section
we shall analyze the Mellin amplitude in this limit. Let us just remark that the region
of integration that dominates in the Regge limit is the same as for flat space scattering

amplitudes.
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525 545

ti12 t34

V—_—

513

FIGURE 3.10: Regge kinematics for scattering amplitudes can be defined as s13, 535, $75 —
?127.% — 0 while keeping t12 and t34 fixed. As can be seen in Mellin space the dominant
contribution to the kinematics described in figure 3.8 is the same.

One of the reasons to use Mellin amplitudes is their simple analytic structure. They
are meromorphic functions of the Mellin variables d;; with just simple poles. This property
follows, in a loose sense, from the structure of the OPE [144]. The exchange of primary
operator with dimension A and spin J (and its conformal family) implies that the Mellin
amplitude has a infinite set of poles whose residues are given by a dynamical part (related
to OPE data) and a kinematical one, i.e. determined by symmetry?’

_ Ry (6i5)
T orr—(A—J+2m)’

M((SZ]) %MA m:0,1, e (396)

where

k n
SLR=Y_ Y Gai, (3.97)

a=1i=k+1
m labels subleading twists and R,, is related with lower-point Mellin amplitudes whose
precise form has been studied in [144]. This property is analogous to the factorization in
flat space scattering amplitudes.

The residue itself, depending on the number of points, can have poles. To see this,
take as an example the Mellin amplitude of a five-point correlator and look, without loss
of generality, to poles in d12 (this corresponds to setting k = 2 and n = 5 in (3.97)). The
residue R,,(d;;), as mentioned before, depends on a kinematical part and on the four-point
Mellin amplitude M @345, where O is the operator being exchanged. A four-point Mellin

amplitude can also have poles for the very same argument.

20This formula should be valid for any CFT. The fact that we decided to extract I’ functions in the
definition of Mellin amplitudes does not imply that we are assuming the existence of double trace like
operators. If they do not exist in the spectrum then the Mellin amplitude should have zeros that cancel
the poles of these I' functions.
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In this language, the exchange of operators of dimension A; and As in the channels
(12) and (34) is respectively encoded by the presence of poles in the Mellin amplitude
M5(Sij,tij) at t19 = (A1 —J1+ 2m1) and t34 = (AQ —Jo + 2m2),

Qmymo (525, 545, 513)
M iy bii) =2 . + ..., 3.98
5(8J J) Z (t12— (7’1+2m1)) (t34—(7'2+2m2)) ( )

m;
where the ... represent regular terms (or poles at other locations). Notice that the poles
with my = mo = 0 are associated with the position space lightcone blocks 3.75 and m; > 0
correspond to corrections around the lightcone. The residue for these sequential poles is
related to three-point functions involving the operators that are exchanged.

Now it remains to analyze the large s;; limit of the Mellin amplitude M(t;;, s;;). As for
the four-point case, the Casimir differential equations can be translated into Mellin space,
where it transforms to a recurrence relation that we defer to (3.130) in appendix 3.A. For
the m; = 0 sector, the difference equation simplifies considerably. Moreover, for each pair
of spins (J1, J2), there are 1 4+ min(Jq, J2) polynomial solutions which can be labeled by an

integer ¢ and have the leading large s;; behavior

Qmi mo (525, S45, S13) = Cg7m17m282jé_ési§_£5€3 + ..., (3.99)
where ... represent lower degree terms in the Regge limit. Note that the £ denotes a differ-

ent basis of tensor structure compared to the position space. We have Mellin transformed
the lightcone blocks (3.75) and verified the behavior (3.99) in terms of scaling.
The recurrence relation (3.130) can be used to derive relations between ¢y, m, with

different values of m;

2m1657m17m2 (d — 2(J1 +mq + ’7’1)) — Clmi—1,mo (A¢ + 2J9 — 2mq9 — 119 — 20

)
X (2mq + 71 — 284) + Comy—1,ma—1 (2m1 + 71 — 284) (2mg + 12 — 2A4) =0, (3.100)

for the (12) channel where m;; = m; —m;. This particular limit is important in the Regge
kinematics. It gives two recurrence relations for the coefficients ¢y, m, that allow to fix
them all in terms of the seed cy. As mentioned before, the label m; in the poles are
related to corrections around the lightcone blocks. Fortunately, we have worked out all
these corrections for scalar operators in position space in (3.128) and it is a simple exercise
to translate the result into Mellin space, written in (3.129). In particular, this solution is

consistent with (3.100).
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It is possible to construct another solution to the scalar Casimir equation, written
in Mellin space, by studying conformal partial waves (or alternatively, exchanged Witten
diagrams using the split representation [183]). The idea behind this approach is simple,
however the computation involves several steps and for this reason is given in the appendix

3.B. The five-point scalar partial wave can be defined by

on | 172 Agi1+Agi—ta;_12; ’”"(A%—I*A%)“’ﬁ
™ |:Hi1 F( 5 - 2

Mm ,11270,0,0(517') = F(A5)F(A57i;1+w2 )F(t127t24+A5 )F<2h—A5—2iu1—iV2 )F( h—t12+2A57iV2 )

[( [[_.T (h7t12+gA5fiu2 ) r ( Aoy +ivy ) ) r < h=toy tivy ) r <t127t34+A5 )

t190—t34+Ap5 Ag—ivy+ivg Ag+ivy+ivy
b
3472

k) . t 7h+A +7,l/
2Eh+t12+Ar+il2/2 ? 71) + F(A5) F( 12 9 5 2)
2

h—ti19—ivy h—tig+ivy h—tgg—ivy
2 2

2 h—to; 1 2;+0iv; B) s > .
(HU::I: Hi:l F( : 2 - - 3F2 2+h—t1p—Ag—ivg h—tig+Ag—ivg ) 1 ’
2 ’ 2

where we use the notation 6;; = (A; + Aj —t;5)/2. Obviously, the Mellin amplitude of the

(3.101)

As

)

scalar conformal partial wave only depends on the variables 12 and t34 and it is symmetric
under v — —v. More importantly, it gives a solution valid at finite ¢;; and reduces to the
solution (3.129) when ¢;; are at the poles. This leads us to study the casimir equation away

from the poles. For this purpose let us write the Mellin amplitude as
M, g (sij,tig) = 895~ s 27 sty [ o, taa), (3.102)

and plug it in the the recurrence relation (3.130). In turn, this leads difference equation

for t12 and ¢34 that reads

Joo (12 — 71) (d — t1g — 710 — 2J1) + f20 (284 — t12) (f34 — t12 + Dy + 2J2 — 20)

4+ f o9 (2A¢ — tlg) (2A¢ — t34) =0, (3.103)

where the subindices denote fq,4, = f(t12 + a1,t34 + a2). This difference equation can be

further simplified by redefining f(t12,t34)

foo (11 = t12) (d — 2J1 — 71 — t12) + 2f 20 (t12 — tsa — Ay — 2Jo +20) —4f 5 5 =0
(3.104)

where f is given by

f(ti2, t34)
P pp—

F( . )F(2A¢;t34)'

(3.105)
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Note that this prefactor is precisely the same as the one that comes from the Gamma
functions in the definition of Mellin amplitudes (3.90). It is now simple to see that the
equation for J; = Jy and generic ¢ can be obtained from the scalar difference equation by

doing the following shifts
Ay =Dy +2(J1 =), d—d—2J;. (3.106)

This suggests that the Mellin partial wave for equal spin J; = Jo and generic £ can be
obtained from (3.101) by doing these replacements. One way to check this statement is to
build solutions with the recursion relations in spin derived in [62] (we have rederived parts
of these relations in the appendix 3.A using lightcone blocks) and verify that it agrees with
the solution that we proposed above.

These solutions for Mellin amplitudes can then be inserted in (3.95) to obtain the

conformal block in the Regge limit, that is

—J1 _1-J277
Gy g tanws (T Pi) = o1 oy P H 0, (61,60, 63) (3.107)
with
77 290y —t 290y —t 20— Ay + 1o + t3g — 2
7'[1111/2 (61752)53) = /dtlet34 F< ¢)2 12) I‘< ¢2 34) F( ) 212 34 )
2J1 — 20+ Ay +tip — 1 2Jy — 20+ Ay —tip + 1

F< 1 + 2¢+ 12 34)F< 2 + 2¢ 12 + 34) Moy oo (12, £32)

t34—t12—Ap—2J1+20 t1o—t3qg—A,—2J3+20 2—tjp—tzq+A4—2¢

“ 2 &2 i & : (3.108)

where My, ,,(t12,t34) is the conformal partial wave in Mellin space in the Regge limit.
This expression highlights two properties of the Regge limit, firstly the limit is dominated
by operators of high spin and, secondly, it depends on three fixed cross ratios that can be
thought of as angles, which is similar to what happens in the Euclidean OPE limit as we
mentioned before. In fact H,,,, solves the Casimir differential equation in the Euclidean
region (3.57) but with a different eigenvalue C. Let us point out that the integral (3.108)
can be done by picking up poles.

It follows from what was said above that H,,,,(£1, &2, £3) must have the same form as

(3.60), as it solves the same conformal Casimir equation.
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3.4.3 Comment on position space

The analysis of the Regge limit in Mellin space of the previous section exposed the sim-
ilarities to flat space scattering amplitudes but it does not emphasize enough the role of
analytic continuation in the cross ratios in changing the behavior of the conformal block.
This aspect is clearer in position space, in particular, in the lightcone expressions intro-
duced in subsection 3.3.2. The kinematics of the Regge limit (where some pair of points
are timelike while others are spacelike) can be reached from the Euclidean configuration
after doing analytic continuations in wuo, us and us around 0 as explained in section 3.4.1.

The analysis is simpler for the discontinuities around u4, us = 0 in the lightcone blocks
(3.75) and contains most of the physics we want to highlight in this subsection. These
discontinuities come from the first two terms in the denominator of (3.75), provided that
uz > 0. The origin of branch point at, say us = 0, comes from the region ¢ ~ 1/(1 — us)
where the denominator (1 — (1 — us)t1) changes sign. To deal with this it is convenient to

divide the integration region in two parts,

1 T 1
/ dh T — /1 ’ dt11+(—1)(h1722“A¢)/ dt, T, (3.109)
0 0 1

l-ug

where the phase comes from the change of sign in the factor (1 — (1 — us)t;). The first

term drops out when taking the discontinuity and so we obtain

1 1
Discus:()/ dt1 1 = (1 — (_1)(h1—72—2£+A¢>))u5/ dr T, (3_110)
0 us — 1 Jg

where we have changed variables to t; = (usm1 —1)/(us — 1) in order to have the integration
running from 0 to 1 again. It is possible to repeat the same steps to take the discontinuity
of U4q.
. . 1— .
Recall that the cross ratios u4, us and us approach 1 with % = ITJFC fixed in

the Regge limit. The discontinuity in w4 and us of the lightcone block after the Regge limit

is given by
A¢ T — Tz 2J1—2Jo m
1-J; 1-J 1+¢
2 : 2 s E (_ 2 ) FiFy
lim Disc g = i Y3 (L+¢)
g, us—1 us,u4=0 Aox—1 Al 12( 2J1+A¢ 204112 T 2J2—|—A¢—2€+T21 ’
¢ fixed 2 0 2

(3.111)
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where we have used 7;; = 7; — 7, the cross ratios (3.53) and

F =

2JZ+1+2m+2€+71+72 A¢ ’ 2
2

rT2 (2L D (7 4+ 20;) D7y + 2J; +m — 1) 0= Ji,Tip1 +2Jipn+m—1 (+1
2471 T
2%“%1" (7’1 +T2+2Ji-22m+2€—A¢)

The discontinuities in u4 and us are enough to reveal that the discontinuities of conformal
block behave with o%_Jl a;_‘b in the Regge limit, which compares with alAlazAQ of the
Euclidean block?!. It can also be shown from the previous formula that three sequential
discontinuities, Discy, u,.u5, €valuate to zero. Recall that four-point conformal blocks have
vanishing double discontinuity. We believe that conformal blocks have this property away

from the lightcone limit.

3.4.4 Conformal Regge theory for five points

Let us consider the representation of the five-point correlation function in terms of con-
formal partial waves, and its implications for the Regge limit. This basis is complete and
orthogonal. Since we have more control over the analytic properties of the partial waves
in Mellin space, we consider the expansion

min(J1,J2)

dvy dv
M 31]7 1] Z Z / : 2 J1,J2, (V17V2)MJ1,J2,€(32]7t1]) (3112)

o2mi 2mi

We suppress the dependence of the Mellin partial wave M ;, 7, ;, on the scaling dimensions,
as the nontrivial analytic continuation occurs in other quantum numbers. We have intro-
duced poles in the variables 11 and vy with residues corresponding to the OPE coefficients,
using
51 vo,J1,J2
by goe (V1,12) & CE h)‘i)@ ) (3.113)

where A; = A;(J;) is the dimension of the i-th exchanged operator of spin J;. We remark

that the product of the OPE coefficients P*

1w dyJp 11 (3.113) is a linear combination of

those in (3.49) that appear in the conformal block expansion.

21'We also need to consider the monodromy of the lightcone block around the branch point at us = 0. It
is possible to do a Mellin transform of the lightcone block and apply the method of the previous subsection
to derive all discontinuities. In the appendix, we provide several checks that the discontinuity of the block
in uo has the same behavior.



3. CONFORMAL MULTI-REGGE THEORY 133

J1, J2

v

FI1GURE 3.11: Integration contour in spins Ji, Jo. The blue contour can be deformed to

the red contour. We assume the leading Regge pole in the J;-plane is located at j;(v) and

we don’t draw any further dynamical singularities that might exist to the left. Red contour

is understood to be deformed to the right of the other infinite series of poles depending
on ¢ lying on the left in the J;-plane.

We would like to provide a Sommerfeld-Watson representation of (3.112). First, we

swap the range of summations as

dvy dv
M(si5, tij) Z Z / = 2 b g (V1 v2) MUy (i i) - (3.114)

o2mi 2mi
=0 J1,J2=

Next, we analytically continue in the spin quantum numbers. However, the b, j, ¢ are not
expected to have a unique analytic continuation in the quantum numbers. For that reason
we need to consider their signatured counterparts.

Let us remind the reader the analogous construction [86] for the four-point correlator
A(u,v) in terms of the cross ratios

_ 1,73 v = 14733 ‘ (3.115)

2 .2 2 .2
L13To4 T13To4

After expanding in Euclidean partial waves, we can write the correlation function as

A(u,v) Z/ —CAJFA J(u,v), (3.116)

d iR 20

where ca ; denotes the OPE function and Fj ; is the Euclidean partial wave. It can be

transformed to Mellin space as

(s,t) Z/ —CAJMA J(s,t). (3.117)

d iR 20
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Again, the OPE function ca s is not uniquely defined in the complex J plane. Thus, we

define the signatured OPE function COA7 7 by

o(s,t) Z/ —"MMM(S t), (3.118)

where the signatured Mellin partial waves are given by

M4 (s,1) = 2 [Ma(s,t) +OMa s(—s,1)], (3.119)

1
2
with # = 4. The signatured Mellin amplitude allows for a unique analytic continuation of
the signatured OPE function CGA, 7 [79]. The problem of the non-signatured OPE function
can be traced back the factor of (—1)‘] that appears in the transformation s — —s, which
follows from the large s behavior M (s, t) ~ s7.

A similar construction can be done for five-point functions. We split the full correla-

tor into eight parts depending on the signature denoted by 6 = (61,602,012) where each

component can be +. We define the signatured amplitudes as

1
My (825, 545, 513) = 3 [M (525, 845, 513) + 01 M (=525, 545, 513) + 02 M (525, —S45, 513)
+ 60102 M(—525, —545, 513) + 012 M(—825, =545, —513) + 01012 M (525, =545, —513)

+ 01202 M (595, 545, —S13) + 0101202 M (525, S45, —513)] - (3.120)

This equation is suitable only for s;; > 1. We also suppress the dependence on t;; for
brevity. We justify it by using the properties of the Mellin partial wave (3.102) which, in

terms of J/ = J; — ¢, behaves in the Regge limit as

Jy Jb
My, (sij» tij) = $25543 513 AGERZNE (3.121)
By analogy with the four-point case, we expect that OPE functions associated with the
expansion of the signatured amplitudes in (3.120) have a unique analytic continuation in
all quantum numbers Ji, J}, £. It would be interesting to put this on a firm footing by
deriving dispersion relations along the lines of [79]. The full Mellin amplitude can then be

written in terms of the signatured Mellin amplitude as

M((s25, 845, S13) = Z Mo(s25, 545, 513) - (3.122)
fe{-1,1}3
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In terms of the signatured analogue of partial waves defined through (3.120), we write

dVl dl/2 9 0
81J7tlj Z Z / Jl,Jé,Z(VhVZ)MJ{,J&,Z(SU’tij) . (3.123)

omi 27
£=0 J},J4=0

Next we perform a Sommerfeld-Watson transform on the £ contour

Ma(sij, tis) :/ 27 sin(l) sin(m

where C is the contour that encircles the poles at non-negative integers in £ complex plane

dV1 dl/g
Z / 0 g0 v2) My 5 (sijotig) . (3.124)

” omi 27
]/

counterclockwise.

Next we analytically continue in J| and .Jj by means of two Sommerfeld-Watson trans-
forms. The analytic structure in these variables is analogous to the case of four-point
correlation functions. Figure 3.11 shows the analytic structure of the integrand. In partic-

ular, there is a leading Regge pole in the J; plane at J; = j;(v;) given by

[Ai (Gi(vi)) = h] +v; =0. (3.125)
Picking the poles in the complex spin planes at J| = ji(v1) — ¢ and Jj = ja(vo) — ¢, we
obtain the following expression for the signatured correlators

0 0 V4
Mo [P A2 i) o) [ AL i)V V) oy netid) T
o 2mi 2mi P ¥ g 2w sin(wf) sin(x (1 (1) — £)) sin(w(ja(va) — €))
(3.126)

where f 110 18 defined as the signatured analogue of f in (3.105).

The integral over £ remains to be performed as we did not consider any particular limit
in 7. One should however comment on the anticipated singularities in this complex plane.
Indeed, we expect no dynamical poles in ¢, i.e. bm(m) ja(a), ,(v1,v2) should not have poles
in ¢ and therefore all the singularities to be considered are determined by the explicit sine
functions in the integrand. This assumption is inspired by an analogous procedure for the
five-particle S-matrix. Indeed, the quantum number ¢ here labels a choice of tensor basis for
three-point functions but it also seems to control the scaling and the asymptotic behaviour
of the amplitude in multi-Regge limit. It seems unreasonable that the asymptotic scaling
can be basis dependent and therefore we expect the singularities in £ to be fully determined
by the singularities in spin. This is just like the discussion for the helicity quantum number

in flat space following [166].
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In the Regge limit the full correlator takes the form
dl/1 dVQ i i dal
M= [5-5= s sl /C o 0 Gura i (tig) (3.127)
where the function g,, ., ¢(t;j) is defined from replacing (3.126) in (3.122). This allows us
to represent the Reggeized Mellin amplitude in terms of the operator content of the leading

Regge trajectories and their couplings to the external states.

3.5 Discussion

In this chapter, we discussed and analyzed the generalization of Regge limit to five-point
correlation functions in conformal field theories. The kinematics of this limit is similar to
the one of the four-point case [86] with one crucial difference, the insertion of one extra
point. In particular, the fifth point is essential to have different rapidities between the first
set of four operators. The location of the fifth point is also important for the interpretation
of the five-point Regge limit as an OPE limit in the second sheet. In particular, the
dimension and spin of the exchanged operators in this second sheet OPE are transformed
from the usual (A, J) to (1 — J,1 — A), which can be interpreted in terms of light-ray
operators [99].

Our proposal for the five-point Regge limit is also confirmed by the exploration of this
kinematics in Mellin space. More concretely, we verified that the Regge limit is dominated
by a region in Mellin space characterized by some large Mellin variables in close analogy to
the Regge limit of scattering amplitudes in flat space. This similarity leads us to focus more
on Mellin amplitudes to study the Regge limit. In particular, we analyzed the generalization
of Mack polynomials for Mellin amplitudes and discussed some of its properties. We derived
the conformal partial waves in Mellin space in the Regge limit for when the two exchanged
operators have the same spin and studied, in position space, the behaviour of the conformal
block in this limit, using recent results on lightcone blocks for higher-point functions.

Equipped with a new formula for the conformal partial waves in the Regge limit in
Mellin space, we extended conformal Regge theory to five-point correlation functions by
borrowing methods used in flat-space multi-point amplitudes. Our final result for the five-
point correlator in the Regge limit corresponds to the exchange of two Reggeon operators.

In the process, we discussed a novel basis of three-point functions of operators with
spin (Jy, Jo2,0), respectively. In this basis and in the Euclidean OPE limit the five-point

conformal block factorizes into products of Gegenbauer polynomials. These expressions



3. CONFORMAL MULTI-REGGE THEORY 137

appear to be a natural generalization of the Wigner d-functions used in the partial-wave
decomposition of five-particle amplitudes. This suggests that the typical basis used in
the literature for three-point functions of operators with spin (J, Jo, J3) might not be the
most natural one for the study of Euclidean conformal blocks. Given the importance of
conformal blocks in bootstrap, it would be interesting to study the properties of this basis
in more detail. The case of (Ji, Ja, J3) three-point function is accessible in the Euclidean
OPE limit of six-point function in the snowflake channel.

While the study of the analytic structure of higher-point functions is still in its infancy,
we expect that it admits some sort of simplification in the multi-Regge limit. It would
be interesting and relevant, nonetheless, to investigate if possible anomalous” branch-cuts
can affect the Regge limit both in flat space and in CFTs.

A more ambitious goal would be the derivation of a Lorentzian inversion formula for
higher-point functions. This would clarify many of the questions we raised here, namely
if there is or not some sort of analyticity in the label of tensor structures of three-point
functions with spin. We expect that an important ingredient towards that goal is the
multivariable generalization of the Cauchy formula, called the Bargman-Weil formula.

It would be interesting to generalize the Regge limit considered in this chapter to higher-
point functions. The generalization of the partial-wave expansion in S-matrix literature is
done in [163] for four dimensional quantum field theories. An analogous generalization of
the partial-wave expansion is expected to be within reach for three-dimensional CFTs for
n-point functions, where we would benefit from the fact that there are no representations
of the rotation subgroup of the conformal group in three dimensions with more than one
row in the Young tableaux. However, for higher dimensions, there will be proliferation of
indices labelling the internal vertices and no such simplification can be considered.

Finally, in flat-space literature, a crucial ingredient for the absence of singularities in
¢ was the use of Steinmann relations. It would be interesting to explore the analogue of

Steinmann relations in CFTs, with or without large central charge limit.






Appendices for chapter 3

3.A Lightcone blocks

The scalar five-point conformal blocks, mentioned in the main text, can be expressed in
terms of an expansion around the lightcone (3.77) by acting with (3.74) on a three-point
function. In (3.77) we have written it in terms of a function Z,, ,, given by

(a—A5> <2n1—A5+a) (a+4—A5—d) (2n1—A5+a+4—d>
— 2 n1 2 n2 2 ni 2 n2

Inl,n2 - a+2n1+2n27A5
(t%ullul—tl (tg (1—u5)+t2u4(UQU5—1)+u1u4+u5—l)+u5 (t%ug—t2 (U3—u2u4+1)+1)) 2

Aki +2n;

Ap. 2 —1
2 (=)mr@2ni+Ag,) | —* (ti(1—t;)) 2
n;
2A, +4—d 2.+ AL
—1 ni!(Aki)Q"i<k+) F2<%)
n;

where a = Ap, + Ag,. One nice feature of this result is that it allows to to analytic

(3.128)

(2

continuations in wuse, u4, us at all orders in uwq and ws, this is specially useful to verify that
the analytic continuation of the conformal block has a distinct behavior in the Regge limit.
With this expression in our hands we can also do a Mellin transform and obtain the Mellin
amplitude associated with the scalar conformal block. For instance the function @y, m, in

(3.98) is given in this case by

— A —
A7A¢ (n1+n2+§£7m17m27%)
2 nq

mi—nq

o | e e e

T2 _d
n;=01=1 (mi—n;)!T 2 )(1 2+Ak¢)mfni
2n2+A¢72m172m27K

A+2-d-Ay 2m1+A-2n1-Ay 2my+A+2—d—2n1-Ay -
2 2 2 ( no
mi—ni m2—n2 ma—na

X T Ag—2my+2mo—Ap, +Ap, r 2m1+2mo+A—Ay
2

F(A¢+2m172m2+Ak1 7Ak2 )
2

2

(3.129)

where A = Ay, + Ay,. Note that it does not depend on the variables si; as expected since
the exchanged operators are scalars. The apparent asymmetry in the channels (12) and

(34) is related with the choice of which differential operator Fj, we decide to act first on

139
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a three-point function. Another advantage of having the Mellin amplitude for the scalar
conformal block is that it can be used to generate some solutions for spinning blocks as we

have shown in section 3.4.2.

We have checked that the solution (3.129) satisfies the Casimir recurrence equation, in

the channel (12), given by

[dgoooo (2CA1J1 —a? 4+ a1(204 + a5 — a3 — 2d + 3Ay) — 2az(az + as) + 202 — 2a3a4 — 2a3as
+ Ay (5as — dag — 2a5 + 4d) + 2a + asas — 2A3)

+ doo—200(a1 — az + as — 2A4)(az — 2a2 — a5 + 2A4)

— dooo—20(a1 — 2a2 + as — Ay) (a1 — a3 + as — 2A4) — azdooa—20(a1 — 2a2 + as — Ay)

+ ard_2000—2(a1 — 2a2 — a5 + Ay) + ard_2002—2(a1 — 2az — a5 + Ay) + 2a1a2d_2_2_200
+ 2a1a2d_2_2000 + a1a5d_20—220 + a1a5d_20000 + aadoo—220(2a2 — az + a5 — 2A4)

+ asdoooz0(az — as — as + Ag) + azdoozoo(as + as — ag — Ay)] f(tij, 5i5) =0 (3.130)
where dijiyiqisis 18 defined by dijigigisis f (12, L34, S13, S25, Sa5) = f(ti2 +i1, ..., 845 +15) and
the coefficients a; are given by

_ 2A¢ — 134
= 5 ,
ay = s95 +t12 —t34 + Dy, a5 = 845 —t12 +1314 + Dy

ap = 2A¢ — t12, a az = A¢ — 813, (3.131)

This recurrence relation is also valid for spinning conformal blocks.

3.A.1 Spinning recursion relations

In [62] the authors have derived identities that blocks with different values of spin satisfy.
It is possible to verify part of these relations using lightcone blocks for unequal external
dimensions introduced in the previous subsection. Using (3.72) we can verify that the
lightcone blocks satisfy
A1,A5,A A1,A5,A
(2J1 + 20471 +T19—2— A5)GT11J17‘:’_27;27£ + 2(J2 — E)Gﬁf]l,i'z,jm@rl (3.132)

Ar+1,A5+1,A
42714+ 711 —=2)2J1+71 —1)[v u5GT11-i-1,J131772,=]327f _ (A1,A5,A3 -0
(2J1 + 711 — A —2) Vil T1,J1=1,72,J2,4
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where Gfllfiﬁi , represents the lightcone conformal block for the exchange of a twist 7;

and spin J; in the channels (12) and (34) for external with dimension A;,

1 T2 Ap

GELPRYA = P ud ug? (1 — up) /[dt1dt2](1 — ugus + to(ug — 1)ug) ™" (3.133)

71,J1,72,J2,€

(17’U,21L4+t1(11,271)u4)‘]2_Z
Ag+2J1+71 —T9—2¢ Ag+2Jo—71+T10—2¢ 2J1+2J9+711+73—Ap
(I4t1(us—1)) E (1+t2(ua—1)) 2 (I+(1—=t1)(1—t2)(uz—1)) 2

Ti+2J;+a; 1 Ti+2J;—a; 1
where [dt1dts] = T[], dtir(wﬁi)fujﬁ% Tfigﬁllal : with a1 = A1g,a0 = Azy. As
(e ()
before, the index ¢ labels a particular structure in the three-point function (3.47)
A1,A5,A3

By considering the Mellin transform of G , we can phrase the recurrence rela-

71,J1,72,J2,

tion in spin (3.132) in terms of a Mellin amplitudes

2021 + 11 — 2)(2J1 + 71 — 1)((A5 — 2005 + Tia) MO LA pBuasds )

T1+1,J1—=1,m2,J2, 71,J1—1,72,J2,¢
(2J1 + T — Alg — 2)
A1,A5,A A1,A5,A
+ @A +20+ 7+ 72— As = 2)MI T 4 2(Je = OMTE =00 (3.134)

with

T T To—T Ag—ag—T1

A5 A3 o F B A1,A5,A3 N\, —d45, 025+ 2L dis—das+ 2 H »

G Ty madn = Wi Uy [ [dOGIMET 2 o(0ig)uy P us Uy '(3ij)
1<j

(3.135)

where we have used the constraints to eliminate the some of the d;; and 12 and d34 are set

A1+%2_71 and A3+%4_72 respectively. We have suppressed the dependence on Mellin

to
variables in (3.134) since there are no shifts in them.
There is an extra identity that is needed to turn (3.132) into a self-consistent recurrence

relation

A1+1,A5,A5—1
Ar+20 - 1) (e + 20— 1) (11 + 2o+ 40 — A5 — 4) |:G7—11-1-1,E—i7—23:&-1,€—1,ﬂ—1 AL AsAs ]

(11 + 20— A1g — 2)(Agg + 710 + 20— 2) B

VU1 /u3 G7'1,€—1,7'2,é—1,€—1
A1+1,A5+1,A
(A5 —mi2) (1 +20-1) VUs(As +712) G 121 i _9qA185,0
(TQ + 20 — 2)(7’1 + 20 — Alg — 2) \/’LTl T1,0—1,79,0,0—1
(As +7i2) (T2 + 20 — 1) (11 + T2 + 40 — A5 — 4)Gﬁféﬁj,’ﬁ317g,1
(11 +20—2)(Agy + 75 + 20— 2)

T (T + 7o+ 40— Ag — 2)GALAEs ), (3.136)

T1,d,72,6,0
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3.B Scalar Mellin partial-wave

In this appendix, we derive the Mellin partial-wave for scalar exchange within a five-point

function. We start from partial-wave definition in position space

Foyomo00(zi) = / doder (6 d26(w6)) 6 (26)sd(en)) (S30ad(@r)) (3.137)

where the subscripts 0 in F},, 1,000 denote the scalar exchanges and v, v, refer to prin-
cipal series representations of the exchanged operators. The notation (¢;¢;¢i) denotes

kinematical structure of three-point functions

(@192¢3) = (—2P; - pz)%(AwAzng) (—2P; - P3) (A1+A3—As) (—2P, - PS)%(AerAzfAl) ’

(3.138)

where we use embedding space where —2F; - P; = :cf]

Note that as we only consider
scalar exchanges there is no sum over different possible tensor structures. In general, we
consider unequal scalar fields labelled by their scaling dimensions A;. For operators of
fixed position we do the abuse of notation ¢; = ¢(x;) but we retain the dependence on
integrated variables using ¢(x;). The latter notation corresponds to scalar operators of
scaling dimension h + iv; with h = d/2. Moreover, shadow operators of scaling dimension

h — iv; are denoted with an extra tilde.

In order to integrate over xg and x7 we use the Schwinger parametrization

1 1 ©dtij mta e PP
(—2P, - Pj)*  T(m+a) /0 T-]tijJr (=0, ) ety (3.139)
? J 1

for any power a, (—F; - P;) > 0 and some integer m such that Re(m + a) > 0. For our

purposes here, it is enough to take m = 0. It will also be useful to consider the following

change of variables

t1g = 2t1ta, tig = 201t, l9g = 2tol, 34 = 2t3t4, 137 = 2t3s,

tyr = 2tys, tsg = 2755%, tsy = 2t55, tgr = 2%5, (3.140)

which is introduced to reproduce the form of integral one finds from considering a tree-level
Witten diagram with two scalar exchanges using the notation of [143]. Here ¢;’s are related
with bulk-to-boundary propagators of the external scalars whereas t,%,s,s refer to split

representations of the bulk-to-bulk propagators.
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The integrals over x¢ and x7 are easy to compute successively by noting [143]
/ s [ aper e —or / AL oo (3.141)
0 0

where A;+ Ay = 2h with X and Y two timelike vectors. We then find (dropping constants)
5
dtdtdsds _ : dt; A, _
qu 12,00 0(-93z) ~ / th+w1th i h+zu2—h—w2 H/ZtiAz exp —tltzl‘%z t2 <§2t2 + 1) +1
A ttss i t;
—t1t322atlSS — t1tam? 4 ttsS — titsa=tt <32 (%2+1) +1> — totgw2attss — totaxa,ttss
3413 1tal14 15415 203423 204L94

—totsadtt <52 (EQ + 1) + 1> — tstyad, <32 + 1) — tatsalsss (%2 + 1) — tyt5a2. 53 (%2 + 1)

(3.142)
which is of the form of Symanzik’s formula [184]
) > ﬁ %téie_ DigtitiQii — __~ [ gs. HF g (3.143)
0 pqti' (2m)(”(" 3))/2 Y > )9y
= 1<j

with @;; > 0. The Mellin variables d;; are integrated along a contour parallel to the

imaginary axis with Re(d;;) > 0 and obey the constraints
n
D b= A (3.144)
J#
This allows us to find the inverse Mellin transform of the position-space partial-wave and

the Mellin partial-wave

1 —26;
FVlv”onyoyo(xi) = (27TZ) /d(SZ]Ml/l,I/Q,OOO ¥ HF ’L] ] ’ (3145)

1<j

The remaining integrations in ¢,¢, s and 5 are straightforward to do. We then find

. e . hto(Ag;_1—Ao; ) +iv:
x2h (H?_1F<A2z1+4\221 f2112z>(1—lv_ip< "( 2i 12 21) Z”l)))

F(As)F<A54?+w2 )F(t127t34+A5 )F<2h—A5—2iu1—iu2 >F<h7t12+2A57iu2 )

Moy 1,000(0i5) =

(3.146)

[ (HU:I: r (h—t12+gA5—iV2 ) T (A5+Ji2ul +ivg ) > r (h—tgg-‘,—iyg ) T (t12—t?é4+A5 )

t19— t54+A5 A5 zu1+ul2 A5+ZV1+ZV2
3Fo

tig—h+As+iv
As 2 h+t12+A5+w2 : > +I'(A5) T <%)

. h— t12 vy h—tjo+ivy h—tgzq—ivy
2 T h—t2;_12i+0iv; F ) 2 2 1
Ha’:j: Hi:l 2 342\ 24h— t12 Ag—ivg h— t12+A5 ivg )

)
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. A+ —t
where we use the notation ¢;; = %

Let us finish this appendix by noting that a similar computation can be performed for
spinning exchanges using Schwinger parametrization (3.139). To do so, at each moment,
we multinomially expand the integrand decomposing it into sums over integrands of similar
form to the ones encountered for scalar exchanges. In the end, one finds a spinning Mellin
partial wave written as several sums over scalar-type Mellin partial waves. In particular
the sums are bounded by the values of spin of the exchanged operators. This is no-good
for an analytic continuation in spin that we want to consider here. For that reason and

due to its length we do not write that result here.

3.C Explicit examples in position space

In this appendix, we single-out a conformal block contribution in position space and com-
pute its Regge-limit behavior.

We start with five-point conformal block lightcone limit in its integral representation

T T2 A rl
Grurae(us) = u 1w (1 — ug)u? / (dt][ds] (3.147)
0

Jo—4 Ji1—4
(1 — tl(l — UQ)U4 — ’LLQU4) 2 (1 — tQ(l — U2)U5 — UQU5) !
hg—T1—20+Ay hi—To—20+A4 hi+ho—Ay 2

(1—(1—w)te) 2 (1-(1-us)ts) =z  (1-(1-t)1—t2)(1—wug)) 2

where 7; = A; — J; is the twist and h; = A; + J; the conformal spin of the i-th exchanged

operator. The measure is given by [dt] = 12((AL\Z'7L{Z))(15(1 — 1)) i1

Generically, we do not know how to evaluath these integrals in terms of known analytic
functions. However, when the exponents in the denominator of the integrand are integers,
this is no longer the case.?? As a matter of example we consider the simple case of A; =
Ay =2 and J; = Jo = £ = 0. Note that this is just a choice and spinning cases would also
have a similar discussion but with longer explicit expressions. In this case, equation (3.147)
can be integrated and yields (apart from an overall constant)

Uiusus
1 — us + ug (ugus — 1)

[Liz (UQU4) — Liy (U4) + Lio (UQU5) — Lis (U5) — Lis (Ug) (3148)

—log (1 — ug)log (u2) — log (1 — uy) log (us) — log (1 — us) log (us)

+ log (u4) log (us) + log (ugus) log (1 — ugus) + log (uzus) log (1 — ugua) + ¢(2)] -

*2The package HyperInt [146] is particularly useful to evaluate these integrals.
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FIGURE 3.12: Discontinuities of lightcone block under analytic continuation (3.78). In

blue, the real part of the stripped-off lightcone block. In orange, the real part of the block

with log(us) — log(us) + 2mi. In green, the previous with log(uy) — log(ug) — 2mi and

in red, the latter with log(us) — log(us) — 2mi. On the right, a zoomed-in version of the
same plot. The plots are obtained with d2 = 0.7367.

As we perform the analytic continuation from an Euclidean to double-Reggeon exchange
kinematics that we presented in (3.78), we cross block branch-cuts and it mixes with other
solutions of the Casimir equations. In particular, the discontinuities of the block contain
the leading contributions in the Regge limit. Having an explicit expression to work with
we can tell the full story.

As we perform the analytic continuation and as the lightcones are crossed, pairs of
operators become timelike separated and cross-ratios uo, u4 and us go around 0. Note then
that we are indeed crossing branch-cuts of the expression (3.148). In particular, we observe
that only log terms in (3.148) can contribute to the discontinuity as u; goes around 0 with
log(z) — log(z) £ 2mi. The actual sign one picks is determined by how one moves around
branch-cuts. As we reviewed in the main text, this depends on the ordering of operators of
the Wightman function we consider. As before, here we take an ordering compatible with
the time-ordering of Regge kinematics, i.e. (ps01d205¢3). Taking this ordering and the
associated ie-prescription, we can perform the path continuation to Regge kinematics in
our explicit-lightcone-block contribution and observe its discontinuities concretely. This is
plotted in figure 3.12.2% As we move according to the chosen path for analytic continuation,
we observe that the lightcone block (blue) has discontinuities. The first one can be removed
if one replaces log(ug) — log(ua)+2mi as shown by the orange line. Clearly, this shows that
the discontinuity of the lightcone block is due to a logarithmic discontinuity in uy. Similarly,
when the orange line has a discontinuity, there is a continuation provided by the green line.

The latter is defined from the former with the replacement log(uys) — log(ug) — 27wi. We

Z3In this plot we only considered the terms within the brackets in (3.148). Note that only this part is
relevant for the discontinuities we want to study.

64
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conclude that a discontinuity in u4 has taken place. The same is true for the red line which
provides the continuation of the green line once we take log(us) — log(us) — 2mi and once
again a discontinuity, this time in us, has to be considered. This simple example shows in
practice what we had already guessed: the lightcone block has discontinuities associated
with us,uq4 and us going around 0 and all of them are important. Let us then study the
discontinuities of (3.148) on these variables.

It is possible to use the integral representation of the lightcone block to argue that there

are no sequential discontinuities involving ug, i.e.
Discy, Discuy or us Gy kot = DisCuy or us DisCuy Gy ko = 0. (3.149)

In the expression (3.148) this is straightforward to see as there are no products of the
type log(us) log(uyg) or log(usz)log(us). As it was stated in the main text and as we will
see below, it is actually the sum Disc,, G, k, ¢ + Discy;Discy, G, k,.¢ that dominates the
Regge behavior of the correlation function.

The discontinuity of expression (3.148) as ug goes around 0 with fixed ug,us > 0 is

given by
. uU1uU3zUs 1——u2
+27i lo , 3.150
1 —U5+U4(U2U5_ 1) & <(1—UQU4)(1—UQU5)> ( )
which in the limit ug,us — 1 with xo = (171};)% fixed simplifies to
o VIV 100 (xa) | (3.151)
(x2 — 1) Xaxs

1—ugq 1—us

where we also use x4 = NG and x5 = N which approach infinity due to the order

of limits considered. This order of limits does not correspond to the actual Regge limit:
indeed, we will call this ordered limit a boundary condition for Regge limit. The name
simply follows from the fact that we use it below as a boundary condition for a set of
recursion relations where we compute the Regge limit of a conformal block starting from

the lightcone. Note, moreover, that the scaling in both u; and ug in the expression above
(1=Js)/2

i of Regge limit. As stated above we are indeed describing

a double Reggeon exchange. This clearly contrasts with the Euclidean OPE scaling, uiAi/ 2,

agrees with the expected u

manifesting the difference between Regge and Euclidean kinematics. Perhaps a more strik-
ing example would follow from considering a spinning case from the beginning. The story
is no different in those cases but the expressions grow considerably in size. We also note the
existence of a log term in the case at hand. We point out that some other examples where

the lightcone block can be integrated do not have these contributions in the above limit.
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Its existence in this case suggests however that a generic function for the discontinuity of
the lightcone block as us goes around 0 must contain log terms when the representation
labels of the external and exchanged operators conspire in a certain way.

We now consider the discontinuity in u4 with fixed and positive us, us. This gives

. uU1uU3zUs5 1-— U4
+27i lo , 3.152
1 —us + ug(ugus — 1) & <(1 - UQU4)U5> ( )

which yields a boundary condition for Regge limit
LY (3.153)
X4
From the symmetry of (3.148) between uy and us we immediately see that a similar result
follows for the discontinuity in us. Note that these terms are subdominant in the limit
u1,us — 0 when compared to (3.151). In particular, in expression (3.153) uy scales as

u1A1/2 (17]2)/2'

whereas ug scales as ug The converse happens in the discontinuity in us

complex plane. This behavior should correspond to single Reggeon exchanges. Notably,
the sequential discontinuity in u4 and us produces a dominant contribution for the double
Reggeon kinematics. To see this, consider (3.152) and take the sequential discontinuity in

ugz. This gives
UU3Us5

+472 ,
1—us+ uy (UQU5 — 1)

(3.154)

which fixes the boundary condition for Regge limit
4WQM , (3.155)
(x2 — 1) xax5
that is as dominant as (3.151). We conclude in this simple example, the generic state-
ment we have made in the main text that Disc,, G, k,¢ + Discy; Discy, G, k¢ Provide the
dominant contributions of the correlation function in Regge limit.

Even though the existence of log terms in the boundary condition for the Regge limit
is not generic, we should however show how to deal with them when we compute the
conformal blocks at Regge limit. If there are no log terms in your case of interest, simply
set those terms to zero in the procedure below. We consider the Casimir equations in the
limit of u1,us — 0 with a block that scales as

1-J; 1-Jo

Grymye(wi) ocuy 7 ug * H(x2, x4, X5) - (3.156)
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In this limit, the Casimir equations for H simplify and read

& (4202 = 1000~ x3000) — (4= Ui — (13 - 4) ek, )
+4 (e = Dxad +1) 0, + (A - 1)(Ar —d + 1>xzx§] Hxz,xax5) =0 (3.157)

with an entirely similar second equation obtained from the above by replacing A; by As
and permuting the roles of x4 and x5. In our particular case of study, in the limit of
uy,us — 0, large x4, x5 and fixed xo, the leading Regge contribution of the block behaves

as

o

(x2 — 1)xaxs (a + blog(x2)) (3.158)

where a and b are constants. We can thus further impose in (3.157)

H Y Y
H(x2, x4:X5) = M. (3.159)
X4X5

According to (3.158) and considering a small-xo limit, we can look for solutions of the

Casimir equations of the form

n3

H(x2, x4, X5) = Z AnymansXo Xa 2 X5 2 4 bnynans 108(Xx2) X5 X2 2 x50 (3.160)

ni,n2,n3
where the coefficients @y, nyns and by, n,n, reduce to a and b, respectively, when all n;
are 0. The remaining expansion coefficients @y, n, n, and by, n, n, are fixed by the Casimir
equations. It is easy to see that this ansatz gives rise to terms in the Casimir equations of

the form )

Qny,na,ns3

c1+ny., c2—n2

X2 X4

X x (3.161)

bnl ;12,13

bny,na s 10g(X2)

Clearly, the terms that depend on log should cancel among each other in order to satisfy
the Casimir equation. This leads to two constraints per Casimir equation, one for the log-
dependent terms and one for the remaining. For the isolated log terms, we find recursion
relations for the coefficients by removing the y-dependence from the equations. To do so,

we shift each term accordingly, i.e. ny — niy — c1,n9 — no + co and n3 — n3g + c3. This
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leads to the following recursion relations

1

bnl,nz,ng = m |:4(n1 + 1) ((nl + nS)bn1+1,n2,n3—2 - (nl + 2)bn1+2,n2—2,n3—2)

—4(711 +n3g — 1)(711 + n3)bn1,n2,n372] (3.162)

with a similar one where we exchange the roles of ng and ny. Clearly, the above recursion
relation cannot be used whenever n3 = 0. In such case, the other recursion relation can
be used instead (and vice-versa). An entirely similar argument follows for the non-log-

dependent terms. We find the recursion relations

4

anynomg = (A —d+n) [(n1 +n2 = 1)(n1 + n2)an, ny—2,ns — (01 + 1) (1 + 12) @y 41,0520
+(n1 4+ 1)(n1 + 2)an, 42,052,052 + (211 + 212 — 1)bny ny—2.05 — (271 + N2 + 1)bny+1,00-2,n

+(2n1 + 3>bm+2,n2—2,n3—2] (3'163)
with another equivalent relation where the roles of ny and ngz are swapped.
These recursion relations are only meaningful once one prescribes a boundary condition.
We impose that
Qny noms = Onynang = 0 if ny<0Vna<0Vmnsz<O0,
ap,0,0 = a and b07070 =b. (3.164)
It is easy to check that these recursion relations fix the behavior of all the coefficients up

to those of the form ay,, 00 and by, 9o but note that these can be read from (3.158) by

expanding it on small x2 limit.

3.D Other Regge kinematics

In this short appendix, we detail other possible Regge kinematics that we did not explore

in detail in this chapter but that might be worth studying in the future.

Single Reggeon exchange

Within a five-point function, one can consider a single Reggeon exchange. In terms of
Mandelstam invariants so5 or s45 of figure 3.1 only one of the two becomes large. In the

context of CFTs, this translates to having only two operators, one in the first and one in
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the second Poincare patches, approaching each other in such a way that there is only one
cross-ratio going to 0 rather than two.

One possible analytic continuation that describes single Reggeon exchange is given by

x1 = —r (sinh(d1), cosh(61),04—2) z3 = (0,1,04-2) 25 = (0,h1, ha,04-3)

x9 = r (sinh(d2), cosh(d2), 04—2) rq=(0,—1,04_3) . (3.165)

with positive rapidities d; and 05 denoting a d-dimensional vector of zeros. In the large-
rapidities limit, one can check that uq; — 0 and uo, us — 1 with unfixed ug and uy. This
agrees with the Euclidean OPE limit in the (12) channel. Again, we emphasize that this
limit is attained after branch-cuts are crossed and thus in an intrinsically Lorentzian Regge

sheet.

Six-point snowflake

The six-point conformal block of external scalars is known in the lightcone limit in the
snowflake topology [1]. Even though here we did not attempt to analyze the cut-structure
of this block, we nonetheless write down an analytic continuation prescription to achieve
a Regge limit configuration that is consistent at the level of the cross-ratios with the OPE
on channels (12), (34) and (56).

We use the set of 9 cyclic cross-ratios

2,2
T3,T
12235
U] = —575°  Uipl = Uilg; ey, mod 6
T13%25
2,2
TiaT
13716
U1 =5 3 Ui+1 = Ui‘xi_mi_’_l mod 3. (3166)
L14%36

In the snowflake OPE limit w1, us, us — 0 and the remaining all go to 1. In the Regge
limit one should reobtain the same limiting values of the cross-ratios after some lightcones
are crossed. We start with a totally spacelike configuration and perform the analytic

continuation
= —r (sinh(él),cosh(dl), Od,g) Ty = (Sinh(51), — cosh(d1), 0d—2) (3.167)
To =711 (sinh(52), Cosh(52)7 Od,Q) 5 = (7’2 Sinh((53), r3, h,ro COSh(ég), Od,4)
xr3 = (— sinh(d2), cosh(da), Od,g) x6 = (—rgsinh(d3), ra, h, —r2 cosh(d3), 04—4) -

where one can see that we use 9 degrees of freedom. Note as well that for six-point functions

one can at most use the conformal symmetry to state that any generic correlation function
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is related to one that lives in some half-subspace in 4 dimensions [185]. Perhaps the most
notorious difference in this case is the need to boost a pair of points along some different
plane. It is easy to check however that this prescription indeed leads to the expected OPE

behavior for a snowflake six-point function.






Chapter 4

Kaluza-Klein Five-Point Functions

from AdS; x S° Supergravity

4.1 Introduction

Recent years have seen significant progress in computing holographic correlators, which
are key objects for exploring and exploiting the AdS/CFT correspondence. Traditionally,
holographic correlators are computed by diagrammatic expansions in AdS. Such a method
works in principle. However, in practice, it requires the precise knowledge of the exceedingly
complicated effective Lagrangians and is extremely cumbersome to use. Therefore, for
almost twenty years the diagrammatic approach led to only a handful of explicit results.
The new developments, on the other hand, are based in a totally different strategy which
relies on new principles. This is the bootstrap approach initiated in [128, 186], which
eschews the explicit details of the effective Lagrangian altogether. The new approach
works directly with the holographic correlators and uses superconformal symmetry and
consistency conditions to fix these objects. The bootstrap strategy has produced an array
of impressive results.! For example, at tree level general four-point functions for %—BPS
operators with arbitrary Kaluza-Klein (KK) levels have been computed in all maximally
superconformal theories [128, 186, 188, 189], as well as in theories with half the amount of
maximal superconformal symmetry [190-192]. Note that these general results are all in the
realm of four-point functions. Higher-point functions still mostly remain terra incognita. In
fact, only two five-point functions have been computed in the literature for IIB supergravity

on AdSs x S° [57] and SYM on AdSs x S? [129] respectively, and both for the lowest KK

'See [187] for a review.
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modes only. For the latter case, recently in [130], the authors computed the six-point
correlator of the lowest KK modes as well.

However, as stressed in this thesis, studying higher-point holographic correlator is of
great importance. Firstly, higher-point correlators allow us to extract new CFT data
which is not included in four-point functions. For example, the OPE coeflicient of two
double-trace operators and one single-trace operator can only be obtained from a five-
point function. Moreover, via the AdS unitarity method [50] higher-point correlators are
also necessary ingredients for constructing higher-loop correlators. Secondly, via the Ad-
S/CFT correspondence holographic correlators correspond to on-shell scattering ampli-
tudes in AdS. Recently, there has been a lot of progress in finding AdS generalizations of
flat-space properties [129, 192-205]. As we know from flat space, many remarkable proper-
ties of amplitudes are only visible at higher multiplicities. To further explore the analogy
between holographic correlators and scattering amplitudes it is necessary to go to higher
points. Finally, it has been observed in [48] that a ten-dimensional hidden conformal sym-
metry is responsible for organizing all tree-level four-point functions for IIB supergravity
on AdSs x S°. The nature of this hidden structure is still elusive. It is an interesting
question whether the 10d hidden symmetry is just a curiosity for four points or it persists
even at higher points.

For these reasons, in this chapter we continue to explore the bootstrap strategy for
computing higher-point correlators. In particular, we will focus on computing the five-
point functions of the form (pp222) for IIB supergravity in AdSs x S°, where three of the
operators have the lowest KK level but the other two have arbitrary KK level p. Our
strategy will be similar to that of [57], which computed the p = 2 case, but with impor-
tant differences. In [57], the starting point is an ansatz in position space which is a linear
combination of all possible Witten diagrams with unfixed coefficients. To fix the coef-
ficients, one imposes various constraints from superconformal symmetry and consistency
conditions. These includes factorization in Mellin space [144], the chiral algebra constraint
[206] and the Drukker-Plefka twist [207]. The first constraint is the consistency condition
for decomposing the five-point function into four-point functions and three-point functions
at its singularities. The second and the third conditions come from superconformal sym-
metry and are the statement that the appropriately twisted five-point function becomes
topological. Although these conditions uniquely fix the p = 2 five-point function, the
strategy of [144] suffers from a few drawbacks which make it difficult to apply efficiently
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to correlators with higher KK levels. Firstly, computing the higher-point Witten diagrams
in the ansatz is a nontrivial task. In particular, simplifications used in [144] for computing
p = 2 diagrams no longer exist for p > 2 and the analysis is in general more complicated.
Secondly, the three constraints were implemented in difference spaces, which makes the
algorithm less efficient. Factorization is most convenient in Mellin space. However, the
chiral algebra constraint and the Drukker-Plefka twist were implemented in the original
position space. The position space implementation requires computing explicitly a set of
five-point contact diagrams, i.e., D-functions, to which the ansatz reduces. As was shown
in [144], these D-functions can further be expressed in terms of one-loop box diagrams
which can be written as Lis and logarithms. But the complexity of the expression for
each D-function is determined by its total external conformal dimensions. For (pp222)
five-point functions, the sum of dimensions grows linearly with respect to p. Therefore, it
soon becomes computationally very expensive for large enough p.

We overcome these difficulties by proposing a new algorithm. It relies on the key ob-
servation that a more careful analysis of the Mellin factorization condition together with
the Drukker-Plefka twist allow us to completely fix the five-point correlators without using
the chiral algebra constraint. Although computing Witten diagrams is difficult in position
space, formulating the ansatz in Mellin space is straightforward thanks to their simplified
analytic structure in Mellin space. This is further aided by a new pole truncation phe-
nomenon which keeps the number of poles fixed irrespective of the KK levels. As a result,
we can write down the ansatz for the Mellin amplitude for general p. Moreover, we find
a way to implement the Drukker-Plefka twist directly in Mellin space. Therefore, we can
perform the bootstrap entirely within Mellin space without ever taking the position space
detour. This allows us to compute the five-point (pp222) Mellin amplitudes for arbitrary
p in a closed form. Although here we focused on this particular family of correlators, the
strategy applies straightforwardly to more general five-point functions.

The rest of the chapter is organized as follows. In Sec. 4.2 we discuss the superconformal
kinematics of the five-point functions. In particular, we will introduce the Drukker-Plefka
twist. In Sec. 4.3 we review the Mellin space formalism and the factorization of Mellin
amplitudes. We also explain how to implement the Drukker-Pleka twist in Mellin space. We
bootstrap the five-point functions in Sec. 4.4 and give the general formula for the (pp222)
Mellin amplitudes. In Sec. 4.4.5 we also comment on how to perform the bootstrap in

position space. We conclude in Sec. 4.5 with an outlook for future directions. Technical
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details are contained in the two appendices. In Appendix 4.A we explain how to compute
spinning four-point functions which are needed for factorizing the five-point functions.
In Appendix 4.A.4 we discuss how to glue together the R-symmetry dependence when

performing factorization.

4.2 Superconformal kinematics of five-point functions

We consider the correlation functions of the super primaries of the %—BPS multiplets.
These are scalar operators (’)lﬁl"'l’“ with I =1,...,6, k= 2,3,..., transforming in the rank
k symmetric traceless representation of the SO(6) R-symmetry group. Their conformal
dimensions are protected by supersymmetry and are determined by the R-symmetry rep-
resentation A = k. Via the AdS/CFT correspondence, they are dual to scalar fields in AdS
with KK level k and are usually referred to as the super gravitons. A convenient way to
keep track of the R-symmetry information is to contract the indices with null polarization

vectors

Opl(a;t) = Oty oty t-t=0. (4.1)

Our main target in this chapter is the following five-point correlator
Gp(wisti) = (Op(w1511) Op(w2; 12) Oa(w3; t3) O2 (w45 14) O2 (w55 15)) - (4.2)

More precisely, we will compute the leading connected contribution which is of order 1/N3
and corresponds to tree-level scattering in AdS. The disconnected piece factorize into a
three-point function and a two-point function, and is protected because the lower-point
functions are.

Symmetry imposes strong constraints on the form the correlator. For example, con-
formal symmetry allows us to write the five-point function as a function of five conformal

cross ratios after extracting an overall kinematic factor?

2 .2 2 .2 2 .2 2 .2 2 .2
_ T12T35 _ L1473 _ Ta5T3y _ L1375 Us — T15L24 (4.3)
_1,'21’2’ _332562’ _.132(1327 _332562, 5_5(32.'E2 '
13%25 13%24 24135 14735 14%25

where we have defined x;; = x; — x;. Similarly, extracting a kinematic factor also allows

us to express the R-symmetry dependence as a function of the following five R-symmetry

2We are using a different, but equivalent, set of cross ratios here compared to [57]. These new cross
ratios have appeared before in [64]. One reason why these variables are nice is that it is possible to associate
some xfj to uk, for example z12 only appears in u1. Another interesting property is that they are cyclically
related to each other.
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cross ratios

t12t35 1423 to5t34 t13t45 t15t24
= , 02 = , 03 = , O4= , O05=
t13tos t13t24 to4tss t14t35 t14t95

(4.4)

01

where we have introduced the shorthand notation t¢;; = ¢; - t;. However, there is more
we can say about the R-symmetry dependence. Since the polarization vectors t; are just
multiplied to saturate the R-symmetry indices, they must appear in G}, with positive

powers. Therefore, GG, must be a collection of monomials of the form [, ,¢;, with the

conditions

aij = aji 2 0, Zaij =ki, (4.5)

J#
where k1 = ko = p, k3 = k4 = k5 = 2 are the weights of the external operators. Note
the number of these monomials is finite and we will refer to them as different R-symmetry

structures. In Section 4.2.1, we will explicitly write down these structures.

The considerations so far have only used the bosonic symmetries in the full super-

conformal group. The dependence on the spacetime variables x?j and on the R-symmetry
variables t;; are not related. However, the fermionic generators in the superconformal group
will impose further constraints which correlate the x?j and t;; dependence. For five-point
functions, a thorough analysis the full consequence of the fermionic symmetries has not
been performed in the literature. However, two classes of such constraints are known. The
first is the chiral algebra construction [206] which constrain the five-point function when
all the operators are inserted on a two dimensional plane. The other is the Drukker-Plefka,
twist [207] which imposes constraints on the correlator with generic insertion positions. In

this chapter, we will only need the latter. We will review these conditions in Section 4.2.2.

4.2.1 R-symmetry

A systematic way to enumerate the R-symmetry structures of the (pp222) five-point func-

tion is to consider the Wick contractions. Different Wick contractions are illustrated in
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FIGURE 4.1: Inequivalent R-symmetry structures in the (pp222) five-point function. Here

(a1,a2) is (1,2) or (2,1) and (as, a4, as) can be any permutation of (3,4,5). Each thin line

represents a single contraction. The thick line represents the multi-contraction ¢{, with

the power a given by the number next to the line. The R-symmetry structures in the first

row have counterparts in the (22222) five-point correlator. For (pp222) they are simply

obtained by multiplying the p = 2 structures with {5 2. The R-symmetry structures in
the second row are new and do not appear in (22222).

Fig. 4.1 and the corresponding R-symmetry structures are explicitly given by

1 _ 4p—1
chg)a4a5 - t12 t2aslagastagastias
11 _ 4p—2
P153a)4a5 - t12 t1a3t2a3t2a4ta4a5t1a5 )

@) Y
Ta3a4a5 - 7512ta3a4ta4a5tasas )

aum  _ up—1 2

Ta3a4a5 =ty t2a3t1a3ta4a5 ) (4-6)
(111) _ 4p—2 2

ajazazaqas ta1a2ta1a4ta4a5t1a5ta2a3 )

I _ 4p—3
Nc£3)a4a5 — t12 t1a3t1a5t2a3t2a5t1a4t2a4 )

ND

azasas t11?2 3t%a3t%a4tla5t2a5 .

Here (aj,a2) is (1,2) or (2,1) and (a3, a4,as) can be any permutation of (3,4,5). The
Wick contractions in the first row of Fig. 4.1 exist for all p > 2 while the second row are
only possible when p > 3. This is a new phenomena that arises at the level of five-point
functions and should be contrasted with the four-point function case. In the four-point

function (pp22), the number of Wick contractions is the same irrespective of the Kaluza-

Klein weight p.3

3In fact, this is true even in the more general case (pqrs) as long as the extremality E of the correlator
remains the same. Here extremality is defined as ¥ = s — p — ¢ — r and we have assumed that s is the
largest weight of them.
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For p = 2, all the five points are on the same footing and there is no distinction

I 11 I 11 1T .
between PCES)M%, P053a)4a5 and among TCES)M%, T653a)4a5, nglaQ)(lSU«zLaS' Multiplying them by
thy 2 gives the corresponding structures when p > 2. Note that even when p > 3, some of

these R-symmetry structures in Fig. 4.1 still have residual symmetries and are invariant

under certain permutations of {as, a4,as}. For example, T(g)aws = Cg)ag% = Tcg,)a;m and
Tg&as =T, c$£25a4- We choose the independent R-symmetry structures to be

Pl (a3,a1,05) € {(3,4,5),(3,5,4), (4,3,5),(4,5,3),(5,3,4), (5,4,3)} ,

T s (a3, a4,0a5) € {(3,4,5)} ,

T o (a3,a4,a5) € {(3,4,5),(4,3,5),(5,3,4)} ,

T eras © (a1,02,a3,a4,a5) € {(1,2,3,4,5),(1,2,4,3,5), (1,2,5,3,4),(2,1,3,4,5),

(2,1,4,3,5),(2,1,5,3,4)} ,
Ny : (a3,a0,05) € {(3,4,5)},
N o (asaa,as) € {(3,4,5), (3,5,4), (4,3,5), (4,5,3), (5,3,4), (5,4,3)} .
(4.7)

This gives in total 29 independent R-symmetry structures. When p = 2, NC(L?M% and

N(g&% do not exist and we have 22 structures.

4.2.2 Drukker-Plefka twist and chiral algebra

A highly nontrivial constraint from superconformal symmetry is given by the topological
twist discovered in [207], which we will refer to as the Drukker-Plefka twist. In [207], it was
found that when the operators have the following position-dependent polarization vectors

(commonly referred to as a twist)

_ ] 1
b= (i} iad,iad ixf, 5 (1= (), (L4 (@)?) (48)

[ i

the twisted correlator preserves certain nilpotent supercharge. The twisted operators are
in its cohomology. More importantly, the translations of operators while keeping the po-
larizations twisted are exact. It then follows that the twisted correlators are topological,

i.e., independent of the insertion locations

Gp(zi;t;) = constant . (4.9)
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Note that in terms of the variables w?j and ?;;, the twist condition can also be written as
lij = j;.

Let us also mention another twist for contrast, namely the chiral algebra [206]. However,
we will not exploit this twist here. The chiral algebra twist requires that all the operators
are inserted on a two dimensional plane. The coordinates therefore can be parameterized by
the complex coordinates z, Z. Furthermore, the polarization vectors need to be restricted

to be four dimensional

tl = (t5707 0) Y M = 1?27 374 Y (4'10)

where t* can be written in terms of two-component spinors

th = ot 02T (4.11)

3 ax

Using the rescaling freedom of the polarization vector, we can write v and v as
Vi = (1,’[1)1) , U= (17@1) . (412)

When we twist the operators by setting w; = Z;, the correlator also preserves certain nilpo-
nent supercharge. The twisted operators are in its cohomology while the antiholomorphic
twisted translations are exact. Therefore, the twisted correlator are meromorphic functions

of z; only.

4.3 Mellin representation

It has been commonly advertised that Mellin space [142, 143] is a natural language for dis-
cussing holographic correlators. In this formalism, the connected correlators are expressed

as a multi-dimensional inverse Mellin transformation
(O(@1) ... O(5))conn = / [dslM(siy) [ T ()%, (4.13)
where the Mellin-Mandelstam variables satisfy
0ij = 0ji Oy = —4;, Z%‘ =0. (4.14)
J

The function M(6;;) encodes the dynamical information and is referred to as the Mellin
amplitude. Note that this definition is a bit schematic. To be precise, both the correlator
and the Mellin amplitude also depend on R-symmetry structures. However, for the moment

we will suppress this dependence to emphasize the analytic structure related to spacetime.
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One of the reasons that Mellin amplitudes is convenient for describing scattering in AdS is
they are meromorphic functions of the Mellin-Mandelstam variables. This follows directly
from the existence of the OPE in CFT. Moreover, in the supergravity limit, the poles
are associated with the exchanged single-trace particles in AdS. This makes the Mellin
amplitudes have similar analytic structure as tree-level scattering amplitudes in flat space
and allows us to apply flat-space intuitions in AdS.

More precisely, the exchange of a conformal primary operator with spin J and dimension

A = 7+ J in a channel is represented by a series of poles in the Mellin amplitude, labelled

by m =0,1,2,..., starting from the conformal twist 7
Qm((sz ) I =
M =~ J , OLR= Oab- 4.15
(5LR—(T+2m) LR ;b—%—l b ( )

Here, the exchange channel divides the external particles into two sets which we refer to as
L and R. We label the particles in L from 1 to ¢ and the ones in R from ¢+ 1 to n. dpp is
the Mandelstam variable in this channel. The residues Q,,(d;;) have nontrivial structures.
They are related to the lower-point Mellin amplitudes My and Mg for the (¢ + 1)- and
(n — ¢ 4+ 1)-point functions involving particles in L and R respectively (Figure 4.2). The
extra external state in each lower-point amplitude is the exchanged particle which has now
been put on-shell. This is the basic idea of Mellin factorization [144, 208]. In fact, it is very
similar to the factorization of amplitudes in flat space which has been studied for a long
time. However, there are also important differences. In flat space, the poles are located
at the squared masses of the exchanged particles. In Mellin space, as already pointed out,
the squared mass is replaced by the conformal twist and there is in general a series of poles
for each particle which are labelled by m in (4.15). These are related to the conformal
descendants. However, in theories with special spectra such as AdSs x S° IIB supergravity,
the series usually truncates. For example, for p = 2 the series truncates at m = 0 and
contains just one term. Moreover, compared to flat-space amplitudes, the lower-point
Mellin amplitudes also appear in the residue Q,, in a more complicated way. The precise
expression for the residues depends on the spin of the operator that is exchanged. The goal
of the following subsection is to explain all the details of this formula. In particular, we will
present the explicit residue formulas for exchanged fields with spins up to 2. We should
emphasize that the structure of factorization for the general (pp222) five-point functions
will turn out to be far richer than for the simple case of p = 2 which was analyzed in [57].

In particular, we will see poles with m > 1.
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5LR—(A—J—|—27TL)

FIGURE 4.2: Mellin amplitudes have poles correponding to the exchange of single-trace

operators. The residues at the poles are associated with lower-point Mellin amplitudes.

In the channel depicted in the figure, we have n = 5 and ¢ = 3. The Mellin amplitude on
the left has four points while the one on the right has only three.

Note that for the five-point function G, with p > 2 there are three non-equivalent

factorization channels which we choose to be

(12) = (ppx) (x222)
(45):  (22%) (kpp2) (4.16)
(13) : (2px) (xp22) ,

In each of them there are exchanged primary operators with spins ranging from 0 to 2 as

will be discussed in the following subsection.

4.3.1 Melllin factorization

To discuss Mellin factorization, we need to be more explicit about what fields can be
exchanged as they give rise to different lower-point functions. The problem of enumerating
exchanged fields reduces to finding all the possible cubic vertices sy, sy, X where s is the
scalar field dual to the superconformal primary O and X is a field to be determined. This
problem already appears in the case of four-point functions and therefore the answer is
also the same. The possible cubic vertices are determined by two conditions. The first is
the R-symmetry selection rule. The second is the condition that the cubic vertices cannot

be extremal*. These determine the possible exchange fields to be [128, 186]

{ki ke ={p,p} :+ X =52, A2, V2 -
{kl, kQ} = {2,2} . X = 59, AQVM y ()027/“, ; (417)

{k1,ko} ={2,p} :+ X = Sp s Ap s Ppw -

Tt also follows that four-point functions cannot be extremal or next-to-extremal. In particular, we do
not have the four-point functions (4222) and (6222).
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Here sy, is a scalar field and is dual to the superconformal primary O which has dimension
A = k and transform in the [0, k, 0] representation of SU(4). Ay, is a vector field and
is dual to a spin-1 operator Jj , which has dimension A = k + 1 and transforms in the
[1,k — 2,1] representation. ¢y, is a spin-2 tensor field and is dual to a spin-2 operator
Tk, Which has dimension A = k 4 2 and representation [0,k — 2,0]. When k = 2, Ay,
is the graviphoton and ¢y ., is the graviton. Their dual operators are correspondingly the
R-symmetry current and the stress energy tensor.

Let us emphasize again that in this subsection we will only focus on the Mellin-
Mandelstam variable dependence. Both M and My in fact also depend on R-symmmtry
variables. Therefore in the residues Q,, there is also a gluing of the lower-point R-symmetry
structures. However, this gluing is purely group theoretic. To avoid distracting the reader
from the discussion of the dynamics, we will leave the details of R-symmetry gluing to
Appendix 4.A.4. Alternatively, we can view the discussion in this subsection as the Mellin

factorization for each R-symmetry structure.

4.3.1.1 Exchange of scalars

The simplest example of factorization is the exchange of a scalar operator with dimension
A. The resulting M and Mg are again scalar Mellin amplitudes. Nevertheless, this
example contains most of the features we shall need. In particular, the m dependence will
be shared in the spinning cases. Therefore, we will first analyze this case in detail. The

residue Q,, introduced in (4.15) is given in [144]
—2I'(A)m!
(1 + A — g)

m

Qm = LinRp (4.18)

where L,, is related to M, by®

(5ab)
L, = g Mp(Oap + Nap) | | — Tab (4.19)
Znabzo 1<a<b<q ab
Nap="

and similarly for R,,. Notice that here and in the following we will often leave the spacetime
dimension d unspecified, but it should always be set to 4. This equation has several
interesting consequences, which will become more evident after analyzing a few examples.

Let us start with a three-point Mellin amplitude for M, which is just a constant ¢. In

5Notice that M L(0ab + ngp) is well defined when the Mellin-Mandelstam variables satisfy the pole
condition (4.15), in addition to their constraints (4.14). The parallel with scattering amplitudes makes this
point clear.
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this case, recalling that d1o = %(Al + A9 — drr) and Oz is set to A + 2m by the pole
condition (4.15), equation (4.18) with ¢ = 2 immediately gives

5 _
M me = L= A m 20)

Factorizing a five-point function leads to a three-point function and a four-point function.
For (pp222), there are three inequivalent factorization channels, which can be chosen to be
(12), (45) and (13). From (4.17), we know that the exchanged scalar operators in these

three channels have twists 2, 2 and p respectively. Thus, 01 in each case is given by

(12) : Srp=p—1—m,
(45) : drr=1-—m, (4.21)
(13)2 ELRzl—m,

and the correspoding values of érr are 2 +m,2 + m,p + m. After plugging these values
in (4.20), it is straightforward to see that the residue vanishes for m > 0 in the channels
(13) and (45), and for m > p—1 in the channel (12)°. Naively, one would conclude that in
the (12) channel the number of poles increases with p. However, this is too fast since the
other part R, can give more constraints. To see this explicitly, let us look at a four-point

Mellin amplitude which has the following generic form

163 + c2045 + c3 c1mdas (045 + 1) (3 — m)m—1

1
4dpt __ _
MR = Sor— 1 + ¢4 + 5034 + cgys — Ry = - |: Sar— 1
62 + c20 1—m)m
+ 1945 T ©2945 +eq | (2—m)y + 703( m) + (c5034 + c6045)(3 — M) | - (4.22)
034 — 1 034 — 1

Here we have evaluated the expression at the pole dpr = 7 4+ 2m. It follows that R,,
vanishes for this four-point Mellin Mg for m > 3 and therefore the number of poles does
not increase for arbitrary value of p. Let us also emphasize that all four-point Mellin
amplitudes that appear in the OPE of the correlator (pp222) have this structure as can be
checked in Appendix 4.A.

Let us note that the absence of poles for m > p — 1 can also be understood from the
pole structure of the Mellin integrand. The Gamma functions in the definition of Mellin
amplitude already have poles in this location and a pole in the Mellin amplitude at m > p—1

would give rise to a double pole. Such double poles are associated with the appearance of

5The zeros in these pochhammer symbols are exactly at a position to avoid a double pole, formed by one
coming from the explicit Gamma functions in the definition and the other from the factorization formula
(4.15).
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anomalous dimension [128, 143, 186], which we do not expect at this order. On the other
hand, at the moment we do not have a direct physical argument for the truncation of poles
at m > 3. Finally, this truncation continues to hold for the factorization formulas when

the exchanged operators have spins. This will be analyzed in the following subsubsection.

4.3.1.2 Exchange of operators with spins 1 and 2

In this subsection we will be interested in studying the contribution of operators with spins.
As it turns out, the analysis of the scalar case straightforwardly generalizes to the spinning
case. It is convenient to get rid of the Lorentz indices of these operators by contracting

them with null polarization vectors
O(x,z) = O ()2 ... 2%, (4.23)

where 22 = 0 ensures the operator is traceless (we refer the reader to Section 3 of [144] for
a more detailed review). The definition of Mellin amplitudes of one spinning operator and

n scalar operators is given by [144]

U 2T+ {a T'(5;;
(O(x0,20) - .. Op) = Z:Hzo xao/déM{a} )] iQO*gi{a}h 11 (xg){s)

ay,...,.ay=11=1 =1 ? 1<i<j<n 2]

(4.24)

where

n n
{a}i =67 +--- + 67, (;i:_z(sij; Zéi]‘ZJ—AO. (4.25)

Jj= ,j=1
We have used § to denote the Kronecker delta so that it can be distinguished from the
Mellin-Mandelstam variables 8. The Mellin amplitudes M 19} satisfy certain linear relations
that follows from the conformal invariance of the correlator, see equation (46) in [144]. Let
us first focus on the spinning generalization of (4.18) for the conserved currents which

reside in the £ = 2 supermultiplet. For exchanging the graviphoton, the residues are given

by’

0, == S S R, (4.26)

<2> a=1b=q+1
m

For exchanging the graviton, the residues are

e (L en] e

7As above we write d to denote the dimension of space-time and we will always set d = 4.
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where

q n
QW =" > Guildy; + 6565 LRI, (4.28)

a,b=114,j=q+1

q q
Ly, = Z 6ab[Lgyf—1]ab , Rp= Z 5ab[R?7?—1]ab :
a,b=1 a,b=1

Here we used the notation [f(8;;)]% = f(d;; + 6?5?- + 6?62’). The functions L% and L%
(and analogously RY,, R%) are defined in the same way as in (4.19). Let us also add that
for m = 0 the second term in Q,, for spin 2 is zero since both Ly and Ry vanish from the
definition. Therefore, the appearance of the pole in m does not lead to a divergence.
These residue formulas for spinning operators clearly are not the full story as there are
also non-conserved currents in the multiplets with & > 2. However, from (4.17) we can see
that such non-conserved currents only appear in the channel with sy and s,. Similar to
the scalar case (4.21), the analysis of the three-point functions requires the truncation at

m = 0. The residues are

q n
Qo=-ACA-1)>" Y~ 6,L5RY, for spin 1,  (4.29)
a=1b=q+1
A+DIA-1) < ¢ a si\ 7ab pij ,
Qo =— 5 Z Z 6ai(0pj + 650%) LG Ry for spin 2 . (4.30)
ab=114,j=q+1

The most general expressions for factorization with arbitrary external and internal dimen-
sions and m can be found in [144]. But they are not needed in this chapter.

As in the scalar case, the truncation of poles also relies on the form of the spinning
four-point amplitudes. They are given in Appendix 4.B (see (4.154) and (4.159) for explicit
expressions). In particular, they have the same analytic structure as the scalar four-point
amplitude (4.22) except that now they carry additional indices. As a result, the truncation
of poles also holds for the exchange of spinning operators. More precisely, we have the
same pole locations as in (4.21) where the allowed values for m are m = 0,1, 2 for (12) and
m = 0 for (45), (13).

To summarize, the Mellin factorization formulas allow us to reconstruct all the polar
part of the amplitude from the lower-point Mellin amplitudes. Furthermore, the spectrum
of the theory gives rise to a further simplification where the poles truncate to a finite range

independent of p.
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4.3.2 Drukker-Plefka twist in Mellin space

As we reviewed in the introduction, the two superconformal constraints, namely the chiral
algebra and the Drukker-Plefka twist, were both formulated and implemented in position
space [57]. To have a more streamlined algorithm, we would like to perform the bootstrap
entirely within Mellin space and therefore need to translate such position space constraints
into Mellin space. Let us first define the Mellin amplitude more precisely by restoring the
R-symmetry dependence suppressed in the definition (4.13). For the (pp222) correlator,
we have

Golwist) = [la0MGEt) T T3 (431)

1<i<j<5

where M(0;5,;;) is a linear combination of the 29 R-symmetry structures listed in (4.7).
Usually the implementation of the twists in Mellin space is achieved by using the observa-
2

tion that x7;

;- monomials multiplying the Mellin transform (4.31) can be absorbed into the

definition by shifting the Mellin-Mandelstam variables. This gives rise to difference equa-
tions in Mellin space. This strategy has been used, for example, in [209, 210] to rewrite
the superconformal Ward identities in Mellin space for four-point functions. In our case,
there are extra complexities.

The issue is that the chiral algebra constraint requires all the operators to be on a two
dimensional plane. When the number of operators n > 4, this cannot be achieved by a
conformal transformation and there are relations among the cross ratios.® The meromorphy
of the correlator after the chiral algebra twist depends crucially on these relations. On the
other hand, these relations do not hold in the definition of the Mellin ampllitude where the
locations of the operators are assumed to be general. Therefore, the position space chiral
algebra condition cannot be translated into Mellin space using the same strategy.

By contrast, the Drukker-Plefka twist only imposes conditions on the R-symmetry
polarizations and has no restriction on the operator insertions. Therefore, we can use the
same trick to implement the Drukker-Plefka twist in Mellin space. More precisely, we can

extract a kinematic factor and rewrite (4.31) in terms of cross ratios (4.3), (4.4)

Gp(:(:i, ti) = Kp / déij/\/l(dij, O’i)rppgzg U€_612u2_623 u§_534 UZ645 ué_‘sm . (4.32)

8In two dimensions, the number of independent cross ratios is 2n — 6 for n > 2. However, in high enough
spacetime dimensions, the number of independent cross ratios is @ The relation for the cross ratios
can be written in form of detM = 0 where the matrix M has elements M;; = z7;.
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Here K, is a kinematic factor

K, = $%3t€2t§4t15t35 (433)
P (afy)P(23,) (215235 ) s

and

Ipp222 = T (012) ' (615) I' (023) T' (915 — 023 — 634 + 1) T' (934) I' (623 + 1 — 015 — 645) I' (045)

F(p—512—515+’)/34—1)F(512—p—534—545+3)F(p—(512—523+(545—1) . (4.34)

Moreover, we have chosen 412,023, 034,945 and d15 as the independent Mellin variables.

Performing the Drukker—Plefka twist amounts to setting t;; — 22, or equivalently o — u

Z]’
for the cross ratios. To implement this in practice, we notice that doing the twist reduces
to multiplying the Mellin representation of different terms of the correlator K LGy, t)

. no . N3 N4 N5
by monomials uj™" uy?wsuy*uy

M(6ij,00) = ZO‘ 032050, o5 My,3(0if) — Zul uyug® wy ug® My, (04) -
{nz} {nl}
(4.35)
We can absorb them by shifting d;; and this has the effect on the Mellin amplitudes by

acting with a difference operator
uy ugzug3uz4u55/\/l{m}(5”) Dt /\/l{nl}(@]) (4.36)
where the explicit action of Dy, ., reads

Dny,...ns © My (6i5) = M,y (012 + 11, 623 + 2, ... ) X (012),,, (615),,, (623),,, (034),,, (045),,,

(015 — 023 — 034 + 1) 023 =015 — 015+ 1)y s s (P — 012 = 15+ 030 — 1), 0 e

ns—ng—ns3 (

(012 =P =034 — 045 +3)y, iy, @ — 012 =023 + 05 — 1), 0 o - (4.37)

The various Pochhammer symbols come from comparing the shifted Gamma factor with
the one in the Mellin representation definition. The full difference operator from the
Drukker-Plefka twist, denoted as Dpp, is then a sum of such operators acting on different
R-symmetry structures. As we explained in Sec. 4.2.2, the twisted correlator is just a
constant in position space. Following [128, 186], we should interpret its Mellin amplitude

as zero. Therefore, the Drukker-Plefka twist condition becomes in Mellin space

Dpp o M(d;5,0:) =0, (4.38)
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which explicitly reads

> Dayyooms © My (6i5) = 0. (4.39)
{ni}

The implications of this equation are discussed in the following section.

4.4 Bootstrapping five-point Mellin amplitudes

4.4.1 Strategy and ansatz

After introducing all the necessary ingredients, we are now ready to state our strategy. Our
strategy is comprised of three steps. First, we start by formulating an ansatz in Mellin space
which is based on our analysis of the analytic structure of the Mellin amplitudes. Second,
we impose the Mellin factorization condition which is the statement that the pole residues
should be correctly reproduced by the lower-point amplitudes. Finally, we implement the
Drukker-Plefka twist in Mellin space and completely fix the ansatz. In the following, we

explain the details of each step.

Step 1: Ansatz

As we emphasized in the previous section, Mellin amplitudes are merophormic functions
with simple poles corresponding to exchanging single-trace operators and residues related
to lower-point amplitudes via factorization. Based on this, we have the following ansatz
for the (pp222) Mellin amplitude

2
t) Baa(8:, ;) Cn(8:5, £37)
e m z]a ij aa\9ij, lij a jy lig

0 a=1,2,a=3,4,5 3<a<b<h

+ D(d;j,ti5) - (4.40)

Here A,,(d;5,ti;) is a rational function with possible poles in d34, d35, d45. In particular,
it includes simultaneous poles which correspond to double exchange processes in the (12),
(34) channels etc. Similarly, Bg,(d;j,ti;) is a rational function with possible poles in dj; at
0k = 1. The labels k, [ need to satisfy k,l # @, a but can be both from the set {3,4,5}, or
belong to different sets {1,2} and {3,4,5}, see equation (4.44). To avoid double counting,
Cjr(6ij,tij) and D(di5,t;;) do not have poles and they are polynomial functions of the
Mellin-Mandelstam variables. Note that here we have also used our Mellin factorization
analysis for the subleading poles from Section 4.3.1. We imposed that the poles in the (12)

channel truncate to m =0, 1, 2.
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More concretely, the function A,,(d;;,t;;) in the ansatz has the following form

A (655,155) = Asgm (035, tij) N Ass m(6i5, tij) N Ays m (035, tiz) + Ag(Gitiy) s (4.41)
034 — 1 035 — 1 045 — 1 ’

where A3y, Assg, and Ays,, are polynomials of degree 2 and Ay, is a polynomial of
degree 1. Written explicitly, A34,,, reads

a1taz+az<2 29
Agam(Bigotis) = Y Dy a5 052052 T, (4.42)
I=1

@
where {023, d25, 045} are chosen to be the independent Mellin-Mandelstam variables in ad-
dition to 012 and d34 which already appear in the poles. We have also used {77} to denote
collectively the 29 independent R-symmetry structures in (4.7). The expressions for Ass ,,
Ays,m are similar. The polynomial Ay, is given by

altastaz+as<l 29

Agn = > D (a5 05255054 TT (4.43)
a; I=1

The other terms in the ansatz are similar and are given by

Boo— i a1+§3§2 b{3,24,{ai}5?51 053 045 b{3,45,{ai}5?§ 053 034 b{3,25,{ai}5§31 054045
s 02q — 1 045 — 1 do5 — 1
I=1 (e}
a1+...as<1
FY by SO )T (1.44)
o

ar+...az<1l 29

Ca= . > chy 053053052057 ,
I=1

29
D= Z d'T; .
I=1

In making the ansatz we have assumed that the degrees of various polynomials are the
same as in the p = 2 correlator. This is expected from the flat-space limit which is related
to the high energy limit of the Mellin amplitude [143]. This can also be confirmed by Mellin

factorization, which will be used in greater detail in the next step.”

Step 2: Mellin factorization

9For example, it is straightforward to see that these are the correct degrees when exchanging scalar
operators. Exchanging vector or tensor fields is a bit more nontrivial but it is possible to check that the
degrees are correct. The only subtle point which avoids the factorization argument is the degree of the
regular piece. However, it is natural to assume that the degree is the same as the p = 2 case so that it has
the same high energy growth as the other terms.
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The second step of our strategy is to impose Mellin factorization. As explained in
the previous section, all the polar terms of the Mellin amplitude can be completely fixed
in terms of the lower-point Mellin amplitudes. For the (pp222) five-point function, all
these lower-point amplitudes are known and are given in Appendix 4.B. These lower point
functions depend on R-symmetry polarization vectors. One important detail which we
did not discuss is how to glue together the R-symmetry structures in the lower-point
functions using the representation of the exchanged fields. This step is explained in detail
in Appendix 4.A.4. Thus all terms in the ansatz (4.40), except for the regular term D,
can be fixed by using this factorization procedure. Note that the number of coefficients
that remain unfixed in the ansatz is quite low as D is just a constant with respect to the
Mellin-Mandelstam variables. It can depend only on the linear combination coefficients of

the 29 R-symmetry structures.

Step 3: Drukker-Plefka twist

The final step is to impose the Drukker-Plefka twist. As explained in Section 4.3.2 this
twist can be phrased in terms of a difference operator Dpp acting on the Mellin amplitude,
see (4.38). This relates the regular part with the singular part already fixed by factorization
and completely fixes the remaining coefficients!®.

Using this strategy, we obtain the (pp222) Mellin amplitudes in a closed form for arbi-

trary p. The final result for the Mellin amplitudes will be presented in the next section'!.

4.4.2 Mellin amplitude for p = 2

Due to the many R-symmetry structures involved, the expression for the full Mellin am-
plitude appears to be quite complicated at first sight. Therefore, before we present the
Mellin amplitude for general p, let us first revisit the p = 2 result of [57] and present it in
a simpler way.

When p = 2, the amplitude is symmetric under permutations of all the five external

points. The 22 R-symmetry structures also split into two classes and within each class the

0 At the same time the Drukker-Plefka twist provides a very non trivial consistency check for the proce-
dure of extracting correlation functions of super-descendants and gluing of R-symmetry structures described
in Appendix.

11t would also be interesting to extend this analysis to the first correction in o’. One promising candidate
is the p = 2 case since it is more symmetric and we can also use the known results for the four-point function
as an input [211].
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structures are related by permutations. The first class is the pentagon contraction

P, = {t12t23t34t45t15, .. } , o a=1,2,...,12, (4.45)
which includes P, gﬁ)% in (4.7). The second class is the contraction of three points times

the contraction of the remaining two points
Ta == {t12t23t13ti5, .. } 5 a = 1, 2, ey 10 5 (446)

which includes T(g(gl;fl) in (4.7). The full amplitude can be written as

12 10
Mp—y =Y MEP+> MIT, . (4.47)
a=1 a=1

It is sufficient to determine the coefficient amplitudes MY and M7 as the rest can be

obtained by permutations. We find

(612 — 1)(d34 — 1) (612 —1)(da5 — 1) (623 — 1)(6a5 — 1)
(925 + 055) (013 + 935) | (013 + 035) (13 + 014) | 1 < d35 d14
(023 —1)(615 — 1) (015 — 1)(d34 — 1) d12—1  da3—1

925 013 024
-2
+534—1+545—1+515—1) }7

P _ 4\[2{ (014 + 624) (013 + 014) (814 + G24) (024 + 25) . (da5 + 35) (524 + Ja5)

(4.48)

r_ (013 4 014)(23 4 024) | (913 + 915)(23 4 d25) | (914 + I15) (024 + d25)
My = 2\@( (2 — (s —1) (512 — 1)(0g5 — 1) (012 = 1)(0a5 — 1) )

It is clear that terms of the same structure are related by the permutations preserved by
the R-symmetry structure. We will see that the Mellin amplitude for general p also has

similar structures.

4.4.3 Mellin amplitudes for general p

For p > 2, we no longer have the full permutation symmetry and there are seven types
of R-symmetry structures as we discussed in Section 4.2.1. The Mellin amplitude can be

written as a sum over all the inequivalent R-symmetry structures

E : Z P,(I0) MEOT
M Ma3a4a5 asa4a5+ M03a4a5 asa4a5 345 345+§ :Masaws a3a4a5

n ZMT (ID) (1) +M34(I)N345 + ZM(JI\;(IELNG?GM , (4.49)

alazaszaqas al asasza4sas



4. KALUZA-KLEIN FIVE-POINT FUNCTIONS FROM ADSj5 X S° SUPERGRAVITY 173

where the sets Z; 2 3 contain the following permutations

I, = {(3’47 5)7 (37 5’4)7 (47 3, 5)7 (47 5, 3)7 (57 374)7 (5747 3)} )
I, = {(3’47 5)7 (4’3’5)7 (57374)} s (4.50)
I3 = {(17 2,3,4, 5)7 (17 2,4,3, 5)7 (17 2,5,3, 4)7 (27 1,3,4, 5)7 (27 1,4,3, 5)7 (27 1,5,3, 4)}

The coefficient Mellin amplitudes are given as follows. For the structures of Pégl 1ass Péﬁ)m,

the coefficients are

MPO 2\/51?{2 Oty Oy <51a3 *Otoy st 52&5) e
asaads po2—p+1 5a3a4 —1 5a4a5 —1 poz —p+1

p—= 2 61[14 + 520,4 -1 61(13 + 51(14 62(14 + 52&5
+ + —1
p 512 - P + 2 6(13(14 -1 6(14(15 -1

_ (p — 2)(]7 - 3) 5113115 (52!15 + 5113!15)(52(14 + 52@5) (61613 + 5a3a5)(51a3 + 51@4)
2p di2—p+3 (62a5 — 1)(Oagas — 1) (6105 — 1)(Gagas — 1)
+ p (51&3 + 5a3a5)(52a5 + 5a3a5) 1( 52a4 61a4 )
2 (51(15 - ]‘)(52(13 - 1) 2 51a5 -1 52(13 -1
b— 1 < 52(15 51a3 ) 6 — 7]7}
+ + + s 4.51
p (5a3a4 -1 5a4a5 -1 2]7 ( )

MP,(H) — \/§p2{ (612 + 52&5)(52115 + 50305) (d12 + 51&4)(51114 + 5@3@4)

e (0105 — 1) (0205 — 1) (0205 = 1) (0105 — 1)
(612 + 0245) (012 + 01as) (P —2)b12 2012 ( Olay 02a5 )
(51115 - 1)(52a4 - 1) (51a571)(52a4 - 1) (5a4a5 - 1) 52(13 -1 51a3 -1
_ 2(p+1)dio . (p—2)(012 + 1) + bazay n (p—2)(012 + 1) + dagas
p2(5a4a5 - 1) p(51a5 - 1) p(52a4 - 1)
1- p 51(14 52a5 p— 2
+ » <52a3_1+51a3_1)+ » } (4.52)

Upon setting p = 2, the two coefficient amplitudes become degenerate up to permuta-

tions and reproduce M in (4.48). The coefficient Mellin amplitudes of Tg(}l)g), T,gf}m and

111 .
T(SWQ)QBM% are given by

Mgigl) _ 2\@{ 1 ((61% + 0144) (6205 + 024,) 4 (0145 + 01a5) (0245 + 0245)

512 —-p+ 1 5(13(14 -1 503‘15 -1
(01, + 01a5)(02a, + 52a5)> (p—2)(d12 — p) }
+ + ,
5&4&5_1 612_p+2

(4.53)
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MTA ﬂp(p — 1) f (6204 + 9304) (0205 + 03a5) + (0104 + 03a4) (0105 + I3a5)
a3aaas dagas — 1 0245 — 1 0lag — 1
+ 2 (5104 + 52&4)(51% + 62(15) + 4(]? - 2) ((61a4 + 52&4 - 1)(51% + 52@5 - 1)
p(p—1) G2 —p+1 p(p—1) 12 —=p+2
p—3 (51!14 + 62@4 — 2)(51% + 52@5 — 2) 1
-5 6a as - 1 9
T 12 —p+3 5 (Pases =P = 1)
(4.54)
MT,(III) _ \/ip(p — 1) (5a1a2 + 5a2a5)(5a1a3 + 5113&5) + (5a1a2 + 5a2a4)(5a1a3 + 5a3a4)
4142434445 danaz — 1 Oaras — 1 Oaqay — 1
2 (dasas + dazas)(azas + Gagas +P — 2) P 2 (5a1a25a2a4 Oa1az0azas
p(p - 1) 6a4a5 -1 p—- 1 5a1a5 -1 5(11(14 -1
1+2
_+p(5a1a2_5a2a3+1>} .
p p

(4.55)
They become M7 in (4.49) when p = 2. Finally, the coefficients of the two new structures
N:,E?E), NQQM are

1 1 1

(615 —1)(d23 — 1) - (615 —1)(d24 — 1) " (613 —1)(d24 — 1)
1 1

1
55— 1) —1) | Gra—D(0os—1) " (0rs—1)(005 — 1)

2( 1 n 1 n 1 n 1 n 1 n 1 >}
p\d15—1 d25—1 d13—1 03—1 Odiu—1 doyu—1 ’

MY = V2p(p — 2)612{

1

(4.56)

89, 0
Mgy = = V2p(p = 2)9 { i : I
3a40a5 p(p ) 12 (51(15 — 1)(52a4 - 1) (52115 - 1)(61a3 o 1)

1 + 512 - p(61a3 + 52&4 + 6a3a4) }
p(62a4 - 1)(51113 - 1)

Note that they are proportional to p — 2 and therefore vanish for p = 2.

(4.57)

Let us also make a comment regarding the seemingly confusing bevahior at the flat-space
limit. The flat-space amplitude which one obtains from holographic correlators corresponds
to that of gravitons. In general, one expects that the dependence on the KK levels should
factorize as different KK modes all correspond to the same particle in flat space. However,
this is not the case if we naively take the high energy limit of the Mellin amplitudes. Clearly,
the p-dependence is not factored out as the component amplitudes of the new R-symmetry
structures for p > 2 have the same high energy scaling behavior as the other component
amplitudes. To understand this, it is important to note that the flat-space amplitude from
AdS is in a special kinematic configuration where the polarizations of the gravitons are

perpendicular to all the momenta [192]. However, such an amplitude for five points is zero
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in flat space.'? Therefore, the high energy limit of the Mellin amplitudes is not the flat-
space amplitude as one might have naively expected. In fact, in applying the prescription
of [143], there is an additional power of the inverse AdS radius 1/R which renders the flat-
space limit zero. In other words, the high energy limit of the Mellin amplitudes computes
only the 1/R corrections. We expect these corrections to have the same power counting for

different KK modes. However, we do not expect their explicit expressions to be universal.

4.4.4 A comment on consistency

Let us make a comment regarding the consistency of our result. In Section 4.3 we proved
the truncation of the poles in d12 by using factorization in the (12) channel which only
exploits the general analytic structure of the resulting four-point amplitude. Here we point
out that the truncation can also be seen from a different point of view when it involves
simultaneous poles with another channel. For concreteness, let us focus on the residue
of the amplitude at the pole d45 = 1. The residue is, via the factorization in the (45)
channel, related to a four-point function (pp2X) where the first three operators are 1, 2, 3
respectively. As we know from (4.17), the operator X belongs to the & = 2 multiplet and
can be the superprimary Oz, the R-symmetry current 7, or the stress tensor 7,,. The
Mellin amplitude of (pp2X) contains poles in 12 due to the operator exchanges in the (12)
channel. These four-point Mellin amplitudes are given explicitly in Appendix 4.B and we
observe a truncation of the subleading poles in §12 for m > 3. This gives another derivation
of the structure of the simultaneous poles in 12 and d45.

Similar consistency checks have also been performed in other channels (e.g., in the (13)

and (45) channel), as well as for the R-symmetry gluing (see Appendix 4.A.4 for details).

4.4.5 Comments on position space

Up to this point, all of our discussions are exclusively in Mellin space. This is mainly
because of the simplified analytic structure of Mellin amplitudes, as can be seen from
our main result (4.49). However, it is also sometimes convenient to have position space
expressions as some information is difficult to extract from the Mellin space representation.
This has to do with the fact that certain nonzero expressions in position space may naively

vanish in Mellin space. More precisely, different inverse Mellin transformations can only

12This is easiest to see using double copy. The gluon five-point amplitude with orthogonal polarizations
vanishes because it is impossible to contract five polarization vectors among themselves. By double copy,
the graviton five-point amplitude also vanishes.
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be added up if their contours can be smoothly deformed from one to another. Usually the
contour part is ignored for simplicity and one just adds up the Mellin amplitudes. This
causes some information to be lost in the process. In fact, we have already encountered
such an example in this chapter: The Drukker-Plefka twisted correlator is a constant in
position space but has zero Mellin amplitude.'® The existence of the ambiguities makes a
direct translation of Mellin space results into position space difficult.

One could also try to directly extend the position space algorithm of [57] to the (pp222)
correlators. However, as explained in the introduction, this is technically difficult. Here
we propose a hybrid approach. As explained in [57, 129], all five-point Witten diagrams
can be expressed as a linear combinations of five-point D-functions by using integrated
vertex identities'?. It is then natural to construct an ansatz in position space directly in
terms of the D-functions. This will avoid directly computing the Witten diagrams which
is a nontrivial task. More concretely, we propose that the ansatz for G, in position space

should have the following form
Apyons (@) =Y ey (tig)(@l) PiDg | & (i) (4.58)
{8}

where the coefficients cyg)(t;;) are linear combinations of all possible R-symmetry struc-

tures. The summation over 3;; are subjected to the constraints

A + Z Bij = A, (4.59)
J

YA <24 A, (4.60)

Bij >0, B >0, onlyif {Z,]} =+ {k‘, l} (4.61)

Bij > —2, (4.62)

Let us now unpack these constraints a little. The first condition (4.59) ensures that the ex-

ternal operators have the correct weights under conformal transformations. The constraint

15

(4.60) imposes a bound on the sum of weights in each D-functions.’® This is expected

13See also [128] for more examples in four-point functions.

141t is known for some time [121] that four point exchange Witten diagrams can be express in terms D-
functions when certain conditions on the dimension of the operators are met, which is what often happens
in =4 SYM.

150ne can see explicitly that it is the case for the p = 2 five-point function. Moreover, the same bound
also holds for four-point functions of higher KK modes.
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if we use the integrated vertex identities'® to reduce the exchange Witten diagrams to
contact Witten diagrams. Exchanging single-trace operators leads to singularities in po-
sition space. The condition (4.61) is the statement that particle exchanges have to be in
the compatible channels. The constraint (4.62) arises because the exchanged single-trace
operator operators have maximal spin 2. To understand this more precisely, let us notice

the following translation between position and Mellin space

AN (Zi Aid)
II ) “Dx, A, — M*3(5) = ’ 11 P05 —ai) g6y

The condition (4.62) ensures in Mellin space that the numerator associated with an ex-
change pole is at most quadratic. Finally, the constraint (4.63) controls the twists of the
exchanged single-trace operators. Let us emphasize that this position ansatz, as it stands,
does not manifest the truncation of poles seen in (4.40). Nevertheless, this truncation can
still be imposed in position space, though in a more intricate manner (this is in stark con-
trast with Mellin space). We notice that a given negative power (z2,)~® will lead to poles
in Mellin space at all the locations §12 = 1,2, ..., a. Therefore, even though the d12 poles
in Mellin space truncate according to (4.40), in position space the result will necessarily
involve all negative powers of (¥2,)™® with o = 1,2,...,p — 1. Truncation only implies
that the negative powers are related but cannot just simply eliminate a subset of them.
This is another instance where we can see explicitly that Mellin space is simpler.

To fix the coefficients in the ansatz, one can translate the ansatz back into Mellin space
and compare with the Mellin amplitude (4.49). This can be achieved by using the rule
(4.64). However, as explained above, only some of the coefficients can be fixed due to the
ambiguities of the translation. One may wonder if implementing the Drukker-Plefka twist
and the chiral algebra condition in position space!” will give rise to additional constraints.
But unfortunately we find that this is not the case. There still remains the possibility
that one can fix the remaining coefficients using the recently derived higher-point lightcone
conformal blocks [133] to impose factorization in position space. But we have not found a
very efficient way to implement this. Therefore, we will postpone the task of finding the

expressions in position space and leave it to future work.

5These will generalize the ones presented in Appendix A of [57] for p = 2.
17See Appendix D of [57] for more details on how to obtain explicit expressions for D-functions.
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4.5 Discussion

In this chapter we continued the journey of exploring the structure of five-point functions
of %—BPS operators of 4d N' = 4 SYM in the strongly coupled regime which is dual to
AdSs x S° 1IB supergravity. We improved the bootstrap approach of [57] which relies only
on superconfromal symmetry and consistency with factorization. The important difference
compared to the old approach is that both constraints are now implemented in Mellin
space. Moreover, in the new method we only need to use the Drukker-Plefka twist and the
chiral algebra condition is not needed. Using this approach, we obtained in a closed form
the Mellin amplitudes for the infinite family of correlators of the form (pp222).

Compared to the simplest (22222) case studied in [57], the pole structure of the Mellin
amplitudes of operators with higher KK levels is in general more complicated. However,
an important simplifying feature we observed here is a new type of pole truncation phe-
nomenon. We find that the residues of certain poles associated with conformal descendants
vanish. Moreover, in the (pp222) case the number of poles does not grow with respect to
p when p is large enough. Consequently, the pole structure of the Mellin amplitudes is
much simpler than what is naively expected. This property played an important role in
obtaining the (pp222) amplitudes and also gives us hope to bootstrap in closed forms more
general families of five-point functions with different KK levels.

Note that in deriving the pole truncation conditions, we have only used general proper-
ties of Mellin factorization. The same argument holds in many other theories and we expect
similar simplifications in the pole structure. This leads to a number of possible extensions
of our results in different setups. A prime example to consider is the gluon sector of certain
4d N' = 2 SCFTs which is dual to SYM in AdS5 x S3. The first five-point function for
the lowest KK level has been computed in [129]. To make further progress in computing
amplitudes of higher KK levels, one can adapt the strategy used here. One important
ingredient which still needs to be worked out is the relations between different component
correlators of the super four-point functions (see [202] for progress in this direction). This
would be the input for exploiting the full power of the Mellin factorization. However, this
will be a direct generalization to what we have done in Appendix 4.A. Another interesting
application is the 6d A/ = (2,0) theory which is dual to eleven dimensional supergravity in
AdS7 x S*.

Going beyond five-point functions, an exciting future direction is to compute the su-

per graviton six-point function of AdSs x S° IIB supergravity. This will provide a new
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benchmark for the program of holographic correlators at higher points. The results in this
chapter can already help us gain a nontrivial amount of knowledge of the structure of this
new correlator. Moreover, much of the technology developed here, in particular the Mellin
Drukker-Plefka twist, can also be straightforwardly applied to that problem. It appears to
be a feasible target and we hope to report progress in this direction in the near future.
Finally, let us mention that the (pp222) five-point functions we computed in this chapter
contain a wealth of new data of 4d N' = 4 SYM. Through OPE, we can extract various
non-protected three- and four-point functions. In [57] the authors constructed five-point
conformal blocks (see [1, 60, 61, 64, 212] for progress in higher-point conformal blocks) and
explained how to use them to extract data from the p = 2 five-point correlator. It would be
interesting to perform a similar analysis here for the (pp222) correlators. The expression
we have for general p will be helpful for solving the mixing problem for the CFT data
which is similar to the one appearing in four-point functions. It would also be interesting
to extract the chiral algebra correlator from our supergravity result and compare with the

field theory calculation. The four-point function case has been analyzed in [213, 214].






Appendices for chapter 4

4.A Higher R-charge super multiplet

A key element of the bootstrap analysis undertaken in the main text is the factorization of
Mellin amplitudes into lower-point correlators. As explained in Section 4.3.1 we do need as
an input the explicit expression for the Mellin amplitudes associated with the four-point

functions

(02050505)  (Jo020505)  (Ta020205) (4.65)
<020p0p02> <u720p0p02> <750p0p02> (4.66)
(0p0p020s)  (Jp0p0202)  (Tp0p0202) (4.67)

where O,, J, and 7, denotes the following components of the half-BPS supermultiplet O,

O : A=p, R =10,p,0], spin 0, (4.68)
Tp - A=p+1, R=[1,p—2,1], spinl, (4.69)
Tp - A=p+2, R=[0,p—2,0], spin 2. (4.70)

In the special case p = 2 they correspond respectively to the su(4) current and stress tensor,
hence their names. The first goal of this appendix is to explain how the correlators above
can be extracted from the (0,0,0203) component. This is a generalization of what has
been done in [215] for the case p = 2. The second goal of this appendix is to explain how the
factorization in Mellin space is implemented in the presence of some global symmetry. This
is done in Appendix 4.A.4. A final warning about notation is necessary. In the main text
we use the six component null vectors on which the R-symmetry act linearly. Here, as it
is natural from the super-space prospective will use four component R-symmetry variables

1. The basic two-point invariants are identified as
_ 2
tij = Yij - (4.71)

181
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4.A.1 Conventions

In the following we will list all the conventions for raising and lowering indices

Yo — Gabyz}b e (4.72)
where the € tensor is defined with
2= =1. (4.73)
It follows that
(Y1i)aa(y17)* = vt + vi; — v » (4.74)

which, in a particular case becomes
det y;; = %(yij)da(yij)aa =y (4.75)
The Schouten identity can be used to show that
eibebay2 — yadybh iy ab (4.76)
Finally, the inverse can easily be seen to be

gl = Yao (4.77)

and, with these conventions we also have

8yady = Yaa - (4.78)

4.A.2 Differential Operators

In order to consider different components of the %—BPS supermultiplets we will work in

analytic superspace. The eight bosonic and eight fermionic coordinates of this superspace

are packaged in a supermatrix
XPA = 7 (4.79)

whose superdeterminant is

det (xad _ padyd—alpad>

detX = .
See det o

(4.80)
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The supersymmetrization of the propagator d;; = ygj / :U?j is given by

~ 2.
d; = Sdeth]) - z\% (4.81)
where we introduce the short-hand notation
R i Ty (4.82)
The two-point function of half-BPS superfields O, is then simply
(05(X:)0, (X)) = (dij)P - (4.83)

The relevant superdescendants are obtained extracting the appropriate component by act-

ing with certain differential operators:

T =-DM0,(X)| _ .. (4.84)

Given the charges and symmetries of those operators the ansatz for the differential opera-

tors needs to be'8

4 . 0 o 0
D(J) — \aY &, a=a ' i i i 4.
X e 55 g+ g ) (4.85)
and
G s 0 0 0 0
(T) _ya1ya2Y¥1YY2 g1a2 aja
DY) = XN )NT )\ eM92e0192 % ((%alal 702 Pponin 3pa2a2+
0 0 0 0 0 0 0 0

+un 6ﬁa1(5¢1 apaldl ayazdg 81-042(512 + 2 ayalfh ayazdg 8xa10'51 (9370‘2‘5‘2) ) (486)

Before fixing the coefficients let us quote two simple identities which are very useful in the

following!”
-1
0 1 _ A Xia_ (4.88)
OXAA sdet(X) sdet(X)’
0 1 _ (AIHAD(AIHB) -1 y -1
X AA Xgg = —(=1) Xea X ag (4.89)

¥ These differential operators depend on p through the coefficients p, v1, vo. This dependence is not
explicit in the notation.
9The second identity is obtained as follows

9 « 0
HXAA B_axAA

Byl C B o1 (AI+AD(CIHB) cB8 O -1
XBXI1 = 5508 Xl 4 (1) XP 5 X (4.87)

0=

Multiplying this equation by (71)<|A|HA|)(‘C‘HBD and chl from the left (with summation over C) we obtain
(4.89).
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where |a| = |a&] = 0, |a] = |a|] = 1. In order to fix the coefficients in the ansatz (4.85),
(4.86) it suffices to impose that two-point functions do not have off-diagonal components

between different superdescendants. So we impose

J !
(Tp(1)0p(2)) = D (0,(X1)0p(X2))| , ;o = 0, (4.90)
which fixes the unknown coefficient in D) to be
1
w=—. 4.91
) (4.91)

The action of the resulting operator on the two-point function is given by?°
J -~ —_—A 7. _ _ ~
D (di2)? = (1= p) XX of 9 Xg) X! (o) (4.92)

where X = X9, from which one derives the two-point function of the descendant J using

the formula

DY) DY (d1a)? gm0 = (197 (Xlezl/b) (XﬂﬁlM) <51?/le”2) (52?4{21”1) (d12)” .
(4.93)
From this equation we can extract the normalization of J,. For the spin 2 operator we

need to consider

(T,(1)05(2)) = D{™(0,(X1)0,(X2))],,_ = 0,

T J !
(To(1)7,(2)) = DD (0,(X1)0, (X0))], o = 0, (4.94)
which in turn fixes the coefficients v; to be
4 2
_ ’ _ I 4.95
e (W [C R (4.95)

In the case of the stress tensor multiplet, when p = 2, these coefficients agree with those

found in [215]. The action of the resulting operator on the two-point function is given by

D) (d12)? = 2% (p — 1)(p + AT AN N 2eindzemnoa y o1 X o1 XL X1 (dyo)P,

aqlar T doax T arar T aza
(4.96)

20The fact that is vanishes when p = 1 is consistent with the fact that in this case the (field strength)
supermultiplet is ultrashort and does not possess a J component.
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where X = Xjo, from which one derives the two-point function of the descendant 7 using

the formula

2 (9%2)1’_2
(5‘7%2)”2 .

Three-point function with one descendant operator can be obtained using the formulae

~ _ 2 /_
D" D (da)?|, = 160*(p — 1)(p + 3) ()\1331_21/\2) <)\2x1_21/\1) (4.97)

i (&\12)(1(&\13)p_a|p,ﬁ:0 = AN 23 V123 (d12)"(d13)"™", (4.98)
D§T) (6712)p(6713)p_a|p’ﬁ:0 =B (A1,23)2 det (yfgl - y1_31> (d12)*(dy3)P™*, (4.99)
where
Ay g3 = A1(27y — 273 ) A1, Vias :=01(yry — yi3 vt (4.100)
and
P (p+1)(p+2)

4.A.3 Four-point functions

The two- and three-point functions of O, operators are related in a simple way to the ones
of their superprimaries O,: they are obtained by replacing the propagators d;; with the
super-propagators CZJ For four-point functions the situation is more involved due to the
presence of cross ratios, but it is still true that the correlators of O, is uniquely fixed by

the one of O,. This is achieved by replacing the familiar space-time and R-symmetry cross

ratios
u= T p= T (0 )
33%335%4 ’ 1‘%35”%4 ’
2 .2 2.2
o=V _ 5, =5 _ (1 _ o)1 -a). (4.102)
Y13Y24 Y13Y24

with their super-symmetrizations, namely the four eigenvalues of the supermatrix
Z = X, X3 Xg, X5 (4.103)
12413 <434<%24 - :

More explicitly, we can extract the independent superconformal invariants by taking four

independent supertraces

k k

k_a", k=1,2,34. (4.104)

T =Str(Z%) = +2" - a
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When all fermionic variables are set to zero the matrix above reduces to

-1 -1
T1oL1a Ty X 0
7l 12413 L3424 . (4.105)

p,p=0 -1 -1
0 Y12Y13 Y34Y24

and upon taking the supertrace gives

tpo=1], o= 2" +7° —af —a, (4.106)

which establishes the relation between the quantities ¢ and the cross ratios introduced

above. In terms of the cross-ratios the four point function reads
(0, (X1)0p, (X2)O0p, (X3)0p, (Xa)) = (di2) (dsa)? G(2,7:0. ). (4.107)

The function G satisfies the super-conformal Ward Identities and have a specific polyno-
mial dependence on the R-symmetry cross ratios. We will come back to these constraints
momentarily. To extract the relevant components from (4.107) we need to act with the

differential operators D/) and D) given in (4.85), (4.86).

Action of D), D) on four-point functions. The spinning four-point functions are

extracted by the action of the differential operators from (4.85) and (4.86)

(Tps (1)Op, (2)Opy (3)Opy (4)) = 1DV (O(X1)0p, (X2)0p, (X3)0p, (X4))|
(Tpr (1)Op, (2)Opy (3)Opy (4)) = 1D{™(0(X1)0y, (X2)0p, (X3)0p, (X

p,p=0"’

Mysmor  (4.108)

with coefficients determined in (4.91) and (4.95) above. In what follows we will always
apply the differential operator at point 1, so we will need to consider two particular cases
of the four-point function, either p; = 2 and ps = p, or the opposite. The action of
derivatives on the superpropagators are discussed in the previous section. The action of
derivatives on the G factor is done in two steps. First we relate the derivatives with respect

to the eigenvalues of the Z matrix

2

(4.109)

21:/2\, 20 =7z, z;),:@, 24 =

to derivatives with respect to the supertraces (4.104). This is done by using the chain rule

4
09 _ 5~ 07 09 (4.110)
oty = oty 9z
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The Jacobian matrix can be derived easily since the variables are related according to

(4.106), and is given by
) (@)
R G VA & (4.111)
ot; i ewilzi—26)°

where QE@ ; are symmetric polynomials formed with the three variables zj; (here written

for i = 4)

(()4):1a Q§4):Zl+22—|—23,
;4) = 2129 + 2123 + 2223, Qz(;l) = 212223, (4.112)

and Fy = F5, = 0 and F3 = F; = 1. The second step is to take derivatives of ?k with respect

to the supercoordinates X fA using, for example

0

2t =k (—1)Al(Zk-1)B 4.113
973 =k (=1)"( A > ( )

a ~ _ : _ _
OXAAtk =k (_1)|A‘ (X121ZkX12),BA (X121 - X131)BA’ (4.114)
1

and similarly for higher derivatives. This procedure is straightforward but tedious, the

result takes the schematic form given in (4.126).

General structure of the correlator.  Superconformal Ward identities and polynomiality

in the R-symmetry variables imply that
(0p(1)0,(2)02(3)02(4)) = G*° + &8, R Hy(u,0). (4.115)
where R is the well-known function

2
v v v
R=w d%2d§4 + ad%3d%4 + E d%4d%3 + a(v —Uu— 1)d12d13d24d34

v v
+ E(l — U — U)d12d14d23d34 + E(u —1- U)d13d14d23d24 . (4.116)

The free piece of the correlator can be supersymmetrized as shown in the next paragraph,
while the supersymmetrization of the anomalous component is achieved with the method
described above, where we supersymmetrize the cross ratios. The spinning anomalous

functions will then be expressed in terms of derivatives of the dynamical function H,(u,v).

The free theory check. As a check of the formulae derived in the previous section, will
now consider the case of correlators in the free field theory. In the SU(N) gauge theory,

and for the particular configuration we are interested in, the tree-level four-point functions
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at any value of N are

2 -1) ,_
<Op(1)op(2)02(3)02(4)>er6 = d11)2d§4 + 52p (d%4d§3 + d%3d§4> -+ ﬁg_l)dﬁ 2d14d23d13d24
2 _
+ NTIilde Ydaa(diadas + disdas) . (4.117)

The four-point function (0,0,0202) is obtained from the above by simply replacing the
propagator d;; with its supersymmetrized version Li-j introduced in (4.81). We can rewrite
this expression in terms of cross ratios as

2 2 2 2
Voo o 2p uT  uT U
Gpp22 = 1+ d9p (W + > + N1 ((p - I)W + —+ U) . (4.118)

u? vo

In this case, the correlation function of superdescendants can be obtained either applying
the general procedure discussed in the previous paragraph or by replacing the propagator
d;; with c@j in (4.117) and then applying the differential operators D)), D) Both

procedures give the same result, as they should, providing a check of the general procedure.

Frame simplifications. = The computation we described can be simplified by choosing a
frame. First, we wish only to apply the differential operator on the point 1 of the four-
point function, so we can set to zero the fermionic variables associated to the remaining
points from the beginning. Second, the matrix Z is superconformally invariant, so we can
take advantage of conformal and R-symmetry transformations to send both xo and ys to
0, while sending x3 and ys to infinity. Effectively the computation simplifies significantly

to the evaluation of

(4.119)

Pi>1,P;51=0"

b= str (X, x71")

where the matrix Z becomes

(X X_l)A | B (xlxll)g (prya g (4.120)
1<%4 B P4»ﬁ4:0_ (7 —1)(1 ( —1)[1 ’ ’
P1Ty )g \Y1Ys Jp

and the cross ratios in this frame are given by

2 2
7 - T4 =
— =2z — =1-2)(1-%
5= S =-90-3),
- Yis

3 =1-a)(l-a). (4.121)
Yy Ya
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With a simple calculation we obtain (in this frame)

b=t =Tr(ezy!) —Tr(yyy ) =2+z7—a—a (4.122)
B=ty— 2T (pry ' poyi) .

ts =t3—3Tr (ﬁx;lxlznllpw_l) —3Tr (ﬁﬂUleyZlylyzi_l) ;

ty =ty —4Tr (ﬁxll(%xll)%yf) —4Tr (ﬁlepyzl_l(ylyzl_l)z)

— 4T (poy egat pyr i) — 2 T (por pur ey oy t) L (4123)
where p = p1, 7 = py.

Summary. The final expression for the spinning correlators in (4.108) involves the struc-
tures Ay ;5 and V7 ;; introduced in (4.100). These quantities are not independent but satisfy
the relation

Arog = Aro3+ Ay 3g, (4.124)

and similarly for V7 ;;. In particular the correlator involving 7, is linear in A;;; and V5,
while the one involving 7, is quadratic in A; ;; and independent of V; ;;. Once the general

expression for the correlator is obtained in terms of Ay ;;, one can decompose into

Mz = ZxQxlk , M = O'Zd)\(llX? (4.125)
1k

elements, which will have a natural counterpart in the Mellin approach of the next section

(compare to (4.24))

4
1 Z Tk
(T (1)0p, (2)0p, (3)0p, (4)) = —g5—0 > o) (u, 0591, Vi a5) =5,
T12 T34 =2 L1k
4
1 2 Tig 20Ty
(T (1) 03 ()0 (3)0p, (1)) =~ S AED (,05y) =B 2T (4.196)
Tia T34" =2 Tk Ty
where
Yij =yt Viij - (4.127)

4.A.4 R- Symmetry gluing

Realization of su(4) R-symmetry in the space of polynomials. It is convenient to use an
index free notation to implement finite dimensional representations of su(4). The compo-
nents of a given representation are packaged in a polynomial Ox(y,v,?) in the variables

Y v, 7% (here a € {1,2},a € {1,2}) subject to certain constraints that depend on the
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su(4) Dynkin labels R = [g, p, r]. The fist constraint states that Oz (y, v, 7) is homogeneous
in v and T of degree ¢ and r respectively. The second constraint is slightly more involved.

In the case R = [0, p, 0], so that O is independent of v, T it reads

.0 p+1
<waw“ 8y‘m> Or(y) =0, Vo w,w. (4.128)

The case R = [1,p — 2,1] is more involved. Since we will not use it in this work we will

not present the identification of R = [1,p — 2,1] as the kernel of differential operators.

Two-point functions take the form
Glgpr)(1,2) = (y72)? (v1y1202)? (v2y1201)" - (4.129)

Projections and gluing. To implement factorization in Mellin space in the presence
of some global symmetry (in our case the su(4) R-symmetry) it is necessary to take into
account this extra structure. To do so, we introduce a projector that singles out the
contribution of a given operator?! O which we denote by

0l = 57 Dléig PHO" ™I | _ . (4.130)
where D is a differential operator which is fixed (up to a normalization that will be explained
momentarily) by the requirement that (4.130) is invariant under su(4). The notation *
denotes conjugation which acts on representations as [q,p,7]* = [r,p,q]. When we insert
the quantity |O| in an n-point correlation function it is understood that we first place
|O(£))(O*(r)|, next act with the differential operator D on the coordinates ¢ and r and

finally set the coordinates ¢ and r to be equal. To fix the normalization of D we insert |O|

in the two-point function
(0*(1)0(2)) = No Grio(1,2), (4.131)
where G is given in (4.129) and obtain the condition

DY GR(1,0)GR(r,2) ’e = Gr(1,2). (4.132)

=r
The explicit form of Dx is slightly complicated. The simplest one is given by

p p n n _ 1)
pl r) n—M (k,n—F) (P =14 D(n—k)+1 k n—k
-1 Ok @) ",

k=0
(4.133)

2'Here we use the notation O instead of O since we are ignoring the space-time part.
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where (a),, denotes the Pochhammer symbol, M (a,b) = max(a,b), m(a,b) = min(a, b) and

1
S N (4.134)
aqulal 8y?2a2 2

0 - 0j 1= 1922

The general expression for the differential operator Dy; ;5 ) is more complicated, but it
easy to obtain for fixed p using the defining relation (4.132). Let us report the simplest

member of this family as an example

3

B ﬁ (81’48?428@) (avrayr(‘%,«) R (4.135)

Dy = 0.0 (Grx) (3000, 0, -01)

where the contraction of indices is understood using the € tensor.

Application to five-point functions. = When we insert the projector (4.130) in a 5-point
function we will produce a product of a 3-point and a 4-point function on which the
differential operator D acts. In the following we denote by — the combination of acting
with D) and setting the coordinates ¢ = r. The case that is relevant for the exchange of

O, which transform in a [0, p, 0] representation is

[(wio) (wae)P ] [Wi)P 2 (i) (i) ] — (4.136)

2\p=3(,2 (,2 2 2.2 2.2 2 2.2 (2 2 2 .92 2 2 2
%(yZi)p (ym' (Y2;y1x + YijY2r) + (P — 2)Y1:92, Yok — fm Y12 (YarYij + Y2,Vik) — ﬁ leyQiyjk>

(4.137)

Similarly, using the definitions above, gluing the 3 and 5 point functions corresponding to

the exchange of J, (which transforms in the representation [1,p — 2,1]) is achieved by the

subsitution

(3072 Yo | [ W22 (2) Yiow] — (1.138)
(y3:)"™" <y§i vd; (i — viwde) + v (2303 (e — Bl + a0 (vl — y%wﬁ)))
(4.139)

For the exchange of 7, we use the same rules as (4.136) with p replaced by p — 2.

4.B Strong coupling correlators

We can define the inverse Mellin transform of the scalar correlator as

(O (1105 (210 (310, (4) = a5y Gla) = [ sy M) [T =52 (@.140)
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Conformal symmetry requires the Mellin variables d;; to obey the following equations
D 6= A, (4.141)
J#i

effectively leaving only two degrees of freedom for four-point functions. It is useful to

consider the following parametrization

At As — 50s
8ij = M’ (4.142)
2
so that the solution is given simply as
S12 = S34 = S, S14 = 823 = 1, 513 = 524 = 2(p1 +p2) —s—t. (4.143)

For the configuration we are interested in we can then write the inverse Mellin transform

as

detu%vt_pé_m M(s,t;0,7) H I'(d55(s,1)) - (4.144)

1<j

G(u,v;0,7) :/

Equivalently, the Mellin transform of the spacetime correlator is
& & _s_q P1tpa—t 4
M(s,t;0,7) HF((sij(s,t)) = / du/ dvu"27"v 2 G(u,v;0,7). (4.145)
When the correlator has a factorized form as in (4.115), then it is convenient to introduce

the Mellin transform of the dynamical function H,(u, v)
. - o0 [e.e] s p—t
My (s,t) [T (5i(s,1)) = / du/ dvu 2" Hy(u,v), (4.146)
1<

where the shifted variables are defined as

613 = 013 + 2, 94 = 0oy + 2,

0;j = 0;; otherwise, (4.147)

and make crossing properties of the Mellin amplitude simpler. At strong coupling the
Mellin space version of the correlator was found to have a particularly simple structure

[128, 186], and in the case under consideration it reduces to

> 32

Mo(s:0) = o 5= =5 =0 (4.148)
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For the spinning correlators we can also write inverse Mellin transforms as follows

4
S D(6: + 8F) 17 D(03)
(1 (1)0p, (2)0p, (3 2 [ 19 M TT MO T 0,
k=2 1k i=2 14 i<j Tij

4 Z T 2T & i y ! 1j
T (O DOBOn) = 3 S [ag a0 [T 200

ki—e Tk Tu =2 T1i i<j Tij
(4.149)
with Jf the Kronecker-delta, and the Mellin variables are constrained by
4 4
§i==> b,  bi=—A, > i=8-A (4.150)

j=2 i,j=2
In the two cases of interest we have S — A; = pq, so the d;; variables have the same
solution as in the scalar case, see (4.142) and (4.143). Comparing with the form of the
correlators obtained in the previous section, we can see that the inverse Mellin trasform of

the functions introduced in (4.126) are exactly the M* and M* above

dsdt % t— topi=py

4
My, o (8,65, Yiag) [ [T+ 65) [ T(635)
=2

i<j

k . _
1(71)172 (u’ U3 ylja le,zg) - /

4
dsdt s t-p1-p
5;@?;;)2(“ U3 yz]) / 4 u2v N QMI;i p2(87t;yij)HF(6i +6i€ +6£)HF(5U) (4.151)
=2

i<j
Inversing the logic we then have
1 o s p1tpo—t k
./\/llgl pQ(Sat;yijayl,ij)HF(éi —i-Ef)HF( ij / dudv u_E_lv 2 _1a§)13p2(u,’l}§yij,yl,ij) X
i=2 i<j 0
- = s—1, PPl 1 (K,

M’;i pZ(S,t; yij)H (0 +5k +5l HF ij :/ dudvu 27l = Bz(n p)z(u U3 Yij) -

=2 1<J 0

(4.152)

(k)

As explained in the previous section, the functions ay,’p, and Bgfzi;)g are given in terms of
derivatives of the dynamical function from the scalar correlator. When p; = 2 and ps = p,

or p; = p and py = 2, we are then relating with H), from (4.115), and so we should use

a b N
/ du/ do w51y mvnaauaaavb p(u,v) = My(s —2m+ 2a,t — 2n + 2b)

X (— 1)“+b<m—a—;> (n—b—l—p_}—g_) HI’(&‘j(S—Zm—Qa,t—%L—2b)),
a bi<j

(4.153)
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which allows us to write ME and MH¥!

P12 p1.pe fOT those two configurations in terms of

the scalar Mellin amplitude Mp(s,t). At the end of the day, the Mellin amplitudes for
(J2020,0,) are

2(p 2) 2 p 2 2( —1)
2 p
M2,p ( D ) ( s ] ) | f Y24 ?J34 1,23

2(p—2 2 P 2(p—1
—2(2+p—8—t)< (54)+52+tp>y§3y3§p "Y1 4

1 1
t—p 4d+p—s—t

_2)

— 2p(s — 2p) ( Y134,

2
) yg:s y§4 3/34(1p

2 P 2 2p-1
+22+p—s—1) <32_tp>y23y35‘p )Y1724
1 L 1
t—p dtp—s—t

2p—2
—2p(s — 2p) ( ) Y33 Y34 3/34(1]) ) Yi34. (4.154)

Note that in general we expected poles at s—2, t—p and p+4—s—t. However, in the M%p
component we see also the presence of a pole at s —4. While this might appear unexpected
at first, it is in fact due to the shift in the Gamma functions of spinning correlators. When
p1 = 2 and p2 = p the relevant factors are

(85 + 1)T(d34) =T <3 - ;) T (p - ;) . (4.155)

It is then evident that the Gamma functions do not prohibit the satellite pole at s — 4

(unless p = 2, in which case the residue vanishes). Meanwhile for (7,0,0202) we have

2—|—p—s—t 2(p—3)

Mo = 2p ; 2 L i;]i; 2_ tyfép_g)yfs Y1 Y123 + o, 2 Y1 vz Y14
2 <1 M fp T +pli s — t) ook e Vi

2 2p(s —2p)  2p(s(p—1)—2p)\ 202
+<s(p—2)— P + R —— y1§p )y§3y§4Y1,34,
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ﬁylép )9%429333/1,24

3 _
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b= 2X ) [ 0y ity Yios +

D Atp_s 72

P p 2(p-3) 2 2 2
211+ Y
+ ( t—p+4—|—p—s—t>y12 Y14 Y23 Y24 1,23

2t —p—2) Alp—1) 2p(p — 1) 2p—2) 2 9
U e .
" P b + s —2 +4+p—s—t Y12 Y24 Y34 Y123

224+p—s—1t 4(p—1 2p 2p—2

+ ( ) (p -2+ ( ) _ ?Jlép )933 Vi Y124
P s—2 t

2(s — 2p) 2p 2p 2p-2) 2 2

—(p—2- - Yi34. 4.156
+ (p F_p dip_s—_t)Yiz Ylalim ( )

In this case the Gamma factors for M%Q are
s s
['(02+ 1I'(d34) =T <p +1— 2> r <2 - 2) , (4.157)

and that is why the shift does not lead to any unexpected pole. For the other Mellin

components M3 and M? _ we have

P1,p2 P1,P2
(634 1) (04) =T (S+;—p> T (W) ’
(54 + 1)D(d33) =T <4+2p_t> r (2+2p_t> : (4.158)

which explains why there cannot be any new poles in these channels for any of the two
configurations considered.

Moving on to the spin 2 case, the Mellin amplitudes for the (72020,0,) correlator are

16 p—3 2 2 plp-1 plp—1 2(p—1
Mgzz:<1—p—|—6(p—2)< + >+S ez pp D) v udaval ",

3 s—6 s—4 -2 t—p 44+p—s5—t

2,3:16<1_p_6(p—2)_ 4 plp=1)  2p(p 1) ) 9 9 2p-1)

2,p 3 s—4 s—2 t—p _4+p—s—t Y23 Y24 Y34 )
33 _ 16 2 p(p—1) p(p—1) 2(p—1

There are once again some satellite poles, but the explanation follows exactly the same

. . 2.2 . .
reasoning as before. The relevant Gamma factors in M3’ are in this case

(85 + 2)T(d34) =T <4 - ;) r ( - ;) : (4.160)
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thus allowing poles both at s —4 and s — 6 (except if p = 2,3). Meanwhile, for M?3 (and

also M?%) the relevant Gammas are

T(85 + 62)(634) =T (3 - ;) T < - ;) , (4.161)

and so the only satellite pole in those Mellin components is at s — 4. At last, for the

correlator (7,0,020) we have

22 8(p—2)(s+2)
M2 = 1 2)

<8(p—1)—2p 2p ) 2p—3) o
t

4 2
_|_
t—p Atp_s— Y12 Y14 Y23 Y24

2p s =1)=2p\ 2p-3) 5 o 4
+<t—p+4—|—p—s—t Vi Yis Y23 Yo

2(p—2), 2

8Y1o Y23 y§4y§4< 9 16
+ —1)(p—2)s —4(p> —2) + ——
T +2) (=1 —-2)s—4(p" -2)+ —
2p(s(p—2)—2p) 2p(s(p—2) — 2p)
t—p 44+p—s—t ’
28 8p—2) sSp=1) =25 —2p+2)(p—1) plsp=1+6p+2) -3
p,2 (p_|_ 1)(p+2) t—p 4+p—8—t Y12 y14y23y24
2p(s —p+1) (=1 —sp(p—1) +2(0° +p+2) | 2,3
+< —p + T —— yép )y%3y§3y§4
2(p—2) 2 2 2
815 Y23 Y24 934< 16p
+ —D(p-2)s—2(p+2)(p—1) —
T D +2) (p=1p=2)s =20 +2)p-1) - —5
_2(s(p=2) = (p-DP+2)  plsp-1p-2) - 2(p* +p+2))
t—p 44+p—s—t ’
33 8(p—2)(s—2p) 2112— (s —2 p—l) 2p? 2(p—3)
Mp,Q = (v + p+2 - Atp—s— Y12 y14y23y24
2p —1)—1—2 3
+<t » 4—|—p—s t> ylép )y13y23y24]
2(p—2) 2 2 9
8y19  Yss yg4y34< 8p(p — 1)
+ —1)(p—2)s—4p+ L2
T D+ 2) P=Dp=2)s—dp+—"—
L220% =2) —s(p=2) | 2°(s(p=2) +2)
t—p A¥p—s—t )~

(4.162)



4. KALUZA-KLEIN FIVE-POINT FUNCTIONS FROM ADSj5 X S° SUPERGRAVITY 197

Note that in the final expressions above we omit the Mf‘)hm and Mgfm cases, but they

can be easily obtained from the equations relating different Mellin components

> oM =0,
k

> 0k + MM =0, (4.163)
k

which play a similar role to the equation (4.124) relating the tensor structures in position
space. Finally, note that for the particular case of p; = ps = 2 the expressions above

simplify and agree with those found in our earlier work [57].

4.B.1 Example of factorization

The goal of this subsection is to show explicitly how to use factorization, lower-point Mellin
amplitudes and the R-symmetry gluing rules from Appendix 4.A.4 to recover part of the
five-point function. To simplify the presentation we will focus on the factorization of the
scalar 20 operator exchanged in the channel (45).

The building blocks for the factorization are the Mellin amplitude of the four-point
function (0,0,0203) and the three-point function (O20205)

4t01t23t€;2 (512 (p (tozt1s — tostiz) — (p — 1)tortas) + (p — 1)ptostiz + 5%215011523)
dogz — 1

Magza =Cooo tastaotso (4.164)

MprQ ==

where we decided to write explicitly only part of the four point function to simplify even
further the analysis. The label 0 in the formula is associated to the operator that is being
exchanged in the factorization channel.

Now we can borrow the formula from (4.15,4.18)to obtain

Mppaa Mooz
Mppaag = 20 (2) = 2222 == 4.165
where the ... stand for other poles and contributions of other operators. The gluing in

R-symmetry space gives, implementing?? (4.136) for p = 2,

1 tastioi
teates trivtris = 5 <(t4¢1t5i2 + taiytsi ) — 3”22> : (4.166)
teatestry, = tairtsiy - (4.167)

*Recall that t;; = y;;.

+ ...
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Thus we obtain

2COOOt23t45t€52
Mpp2oo = 3012 ( t15 (t13t24 — t12t34) + t1a (p (t13t25 — t12t3s
pp. 3(523_1)(545_1)[ p ( ) (p( )

—2(p — 1)t15t23)) + (p — 1)pt12 (3t15t34 + 3t1atzs — t13tas) + 65%2t14t15t23> ]+...
(4.168)

where, again, the dots stand for other poles and contributions of other operators. In
particular this formula can be compared with our previous result for five point function of

20’ operators.



Chapter 5

Conclusion and open directions

In this last chapter, we summarize the contributions of this thesis and comment on possible
open avenues extending this work. We hold ourselves from repeating the discussions in the
end of each chapter, but for convenience we stress the main conclusions and targets for
future research.

Motivated by the potential game-changer and revolution that higher-point functions
can be in the bootstrap program discussed in chapter 1, we made significant contributions
to make these observables more amenable to analytic studies in various regimes.

In chapter 2, we introduced an analytic lightcone bootstrap for five and six-point corre-
lators in a snowflake topology. In doing so, we found the form of the large spin behaviour
of new OPE coefficients. For the five-point case, this includes the OPE coefficients of two
double-twist-like operators and the external scalar. For the six-point correlators, we went
one step further. Besides finding the large-spin behaviour of OPE coefficients with three
spinning operators of the leading double-twist family [¢¢]o s, we considered subleading
corrections in the direct channel. These are reproduced in the cross channel by considering
anomalous dimensions and corrections to the OPE coefficients of these operators. There
are some clear open directions stemming from this work that one may want to pursue.
As mentioned above, this program was carried out in a snowflake decomposition of the
correlators. The extension of these ideas to the comb-channel decomposition of six-point
correlators would provide access to large-spin behaviour of triple-twist operators. The first
steps towards this goal were done in the recent work [66]. It would be interesting to push
further their ideas by analysing more possible contributions in the direct channel. Still in
the snowflake channel, there is more to be done. Similarly to the four-point follow-ups of

the original works [44, 45], one can consider subleading contributions in conformal spin for
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both anomalous dimensions and OPE corrections as done in [75, 76]. This can in prin-
ciple be done by using only the lightcone blocks that are available in this chapter, but
it is not clear yet what role will be played by the label for different tensor structures of
three-point functions in this generalization. On the other hand, by computing subleading
corrections to the lightcone blocks, one expects to be able to bootstrap subleading families
of double-twist operators. These are directions we intend to study in the near future.

An important question raised by our lightcone bootstrap for higher-point functions is
the possible existence of analyticity of OPE coefficients not only in spin but also in the
label of different three-point functions involving spinning operators. This question was
also naturally found in chapter 3. In this chapter, we discussed the generalization of Regge
limit and Regge theory for five-point correlation functions of primary operators in CFT. We
proposed Regge limit’s corresponding kinematics and stressed the relevance of the position
of the new fifth operator. In particular, we showed that this kinematics leads to a similar
cross-ratio behaviour to that of Euclidean OPE limit but only after crossing branch-cuts
of the conformal block. Also, in Mellin space, we noted that the proposed kinematics is
translated to the dominance of a region of large Mellin variables in close analogy with the
Regge limit of scattering amplitudes in flat space. After reviewing flat-space literature for
multi-Regge theory, we extended conformal Regge theory to higher-point functions. In this
process, we found the need to appeal for analyticity of CFT data in spin and in the basis
of tensor structures of three-point functions with spins in (at least) 8 different signatures.
However, this label is basis dependent and does not identify the operators of the theory,
therefore we expect no dynamical poles in it.

Finding a Lorentzian inversion formula for higher-point correlators would answer the
question about the existence of analyticity in this label or not. Note, however, that as
there is a basis choice to make, it is not clear if the analyticity can only be made manifest
in a given basis and, if so, what basis that is.

For the derivation of a Lorentzian inversion formula for higher-point functions, we
expect Regge boundedness to be an important ingredient. Even though we expect this
boundedness to be true for our choice of kinematics, we have not provided a proof of
that fact. The general proof for four-point correlators uses a positive-definite Rindler
inner product and explores the fact that the Regge limit is given by a Rindler-symmetric
configuration. This is not the case of the five-point Regge limit we presented. It would

be interesting to establish Regge boundedness by other means. For example, by exploring
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a different OPE channel where no cuts are crossed and OPE convergence is guaranteed.
Alternatively, by finding some conformal mapping between this kinematics and other that
can be bounded by the Euclidean correlator. This calls for a more systematic understanding
of singularities in higher-point functions. Proving Regge boundedness is important per se
but would, most likely, also invite the explorations of conformal dispersion relations for
higher-point functions.

As a byproduct of our studies in chapter 3, we also introduced a new basis for three-
point functions with spins, that allowed us to completely factorize the conformal block in
the Euclidean limit. The full implications and simplifications that this basis can bring to
the efficient computation of higher-point conformal blocks are yet to be discovered, but we
hope to report on that soon.

In chapter 4, we continued exploring the structure of five-point functions of half-BPS
operators in A/ = 4 SYM in the strongly coupled regime, dual to IIB supergravity in
AdS5 x S°. We presented an algorithmic bootstrap approach and found the closed-form
expression in Mellin space for the infinite number of correlators (pp222), extending previous
results for p = 2 [57]. Our method is entirely done in Mellin space and relies only on Mellin
factorization and a superconformal twist. A key and essential simplification allowing us to
study generic p contributions was the discovered pole truncation mechanism in Mellin space
that allows us to have an ansatz with a pole structure much simpler than one could have
previously anticipated. This property gives us hope that it is possible to bootstrap the form
of more generic five-point functions with different Kaluza Klein modes. This is an avenue
that we wish to pursue. Moreover, we believe the algorithm, with slight modifications,
can be applied in a broad spectrum of problems such as five-point correlation functions in
different superconformal theories and six-point functions in AdSs x S°. Furthermore, it
would be interesting to use the factorization properties of Mellin amplitudes to compute
stringy corrections to our result. This is another open direction in which we hope to report
news in the near future.

Let us conclude this thesis by making some final remarks about other potential appli-
cations of higher-point functions that would be very interesting to explore. As stressed
throughout the thesis, scalar higher-point functions probe infinitely many OPE coefficients
between generic spinning operators in a very natural way. This opens the door to extract
CFT data that is unreachable by current methods. It would be interesting to further de-

velop numerical bootstrap methods for higher-point functions. First steps towards this
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goal were done in [58, 59, 68]. In Lorentzian kinematics, causality imposes nontrivial
constraints on CFT data. In this regard, extending causality constraints to higher-point
functions may then help us find new bounds for OPE coefficients of generic spin operators

and, for instance, further constrain the effective action of dual gravity theories in AdS.
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