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We obtain a Lorentz covariant wave equation whose complex wave function transforms under a Lorentz boost according to the
following rule, ΨðxÞ⟶ eði/ℏÞf ðxÞΨðxÞ. We show that the spacetime-dependent phase f ðxÞ is the most natural relativistic extension
of the phase associated with the transformation rule for the nonrelativistic Schrödinger wave function when it is subjected to a
Galilean transformation. We then generalize the previous analysis by postulating that ΨðxÞ transforms according to the above
rule under proper Lorentz transformations (boosts or spatial rotations). This is the most general transformation rule
compatible with a Lorentz invariant physical theory whose observables are bilinear functions of the field ΨðxÞ. We use the
previous wave equations to describe several physical systems. In particular, we solve the bound state and scattering problems of
two particles which interact both electromagnetically and gravitationally (static electromagnetic and gravitational fields). The
former interaction is modeled via the minimal coupling prescription while the latter enters via an external potential. We also
formulate logically consistent classical and quantum field theories associated with these Lorentz covariant wave equations. We
show that it is possible to make those theories equivalent to the Klein-Gordon theory whenever we have self-interacting terms
that do not break their Lorentz invariance or if we introduce electromagnetic interactions via the minimal coupling
prescription. For interactions that break Lorentz invariance, we show that the present theories imply that particles and
antiparticles behave differently at decaying processes, with the latter being more unstable. This suggests a possible connection
between Lorentz invariance-breaking interactions and the matter-antimatter asymmetry problem.

1. Introduction

A complex scalar field ΦðxÞ is usually defined as a function
of the spacetime coordinates x = ðct, rÞ such that it remains
invariant under a symmetry operation, i.e., ΦðxÞ =Φ′ðx′Þ,
where Φ′ðx′Þ is the field after we apply the symmetry oper-
ation. In its more general standard definition, one may also
multiply the transformed field by a constant complex num-
ber of modulus one [1–5]. A paradigmatic example of a
physical system described by a complex scalar field is a
charged Klein-Gordon particle, which transforms according
to the above rule under proper Lorentz transformations
(boosts or space rotations).

And what about the nonrelativistic wave function, which
is a solution to the Schrödinger equation [6]? Is it a complex
scalar field in the above sense? Strictly speaking, it is not.
This comes about because under a Galilean transformation,

it changes according to the following prescription [1], ΨðxÞ
= eði/ℏÞθðx′ÞΨ′ðx′Þ, where the phase θðx′Þ is not a constant,
being a function of the spacetime coordinates. We require
ΨðxÞ to transform in this way in order to have the Schrödin-
ger equation invariant under a Galilean transformation [1].

The Schrödinger field ΨðxÞ illustrates that it is perfectly
possible to build a logically consistent field theory assuming
a more general transformation law for a complex scalar field
under a symmetry operation, where the phase θ depends on
the spacetime coordinates. The extension of the latter obser-
vation to the relativistic domain is the leitmotif of the pres-
ent work. We want to determine the wave equation whose
wave function transforms similarly to Schrödinger’s wave
function and which is invariant (Lorentz covariant) under
proper Lorentz transformations.

We can also understand the main idea of this work, as
described above, as the search for the answer to the
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following simple question: What is the Lorentz covariant
wave equation associated with a complex scalar field ΨðxÞ
whose bilinear ΨðxÞΨ∗ðxÞ = jΨðxÞj2, rather than ΨðxÞ itself,
is assumed to be a Lorentz invariant (scalar)? Note that here
we are demanding not ΨðxÞ but rather ΨðxÞΨ∗ðxÞ to be a
Lorentz scalar. The above question can be rephrased as fol-
lows: What is the Lorentz covariant wave equation associ-
ated with a complex scalar field ΨðxÞ that changes after a
Lorentz transformation according to the following rule: Ψð
xÞ⟶ eði/ℏÞf ðxÞΨðxÞ? Here, f ðxÞ is an arbitrary real
spacetime-dependent phase that is chosen to guarantee the
Lorentz covariance of the wave equation.

The motivation underlying the above question is related
to the fact that almost all observables in quantum field the-
ory are bilinear functions of the fields. Thus, a scalar quan-
tum field theory built from the start by assuming that the
bilinear functions rather than the fields themselves are
invariant should, in principle, be consistent with all known
experimental facts.

The first step towards answering the above questions is a
critical examination of the physical meaning of the nonrela-
tivistic phase θðxÞ above, which allows us to naturally infer
its relativistic extension. With the relativistic transformation
rule for ΨðxÞ at hand, we can search for the wave equation
whose wave function transforms according to it and which
is covariant under a Lorentz boost. By adding a few extra
assumptions, such that we should recover the Schrödinger
wave equation at the nonrelativistic limit, we show that the
relativistic wave equation we obtain is unique. We also show
its connection to the Klein-Gordon equation, and we apply it
to the description of a variety of physical problems at the
first quantization level.

We then move to the construction of the classical and
quantum field theories related to this relativistic wave equa-
tion. As we show in the following pages, it is possible to
build consistent relativistic classical and quantum field theo-
ries if we employ the more general definition of a complex
scalar field as outlined above. We also determine the scenar-
ios under which the complex scalar field theories here pre-
sented are equivalent to the Klein-Gordon theory. For
Lorentz invariant self-interactions and for electromagnetic
interactions, the predictions of the present theory and those
derived from the Klein-Gordon theory are the same.

A few surprises appeared during our journey to the clas-
sical and, in particular, to the quantum field theories here
presented. First, as a logical consequence of those theories,
we noticed that we can ascribe “negative” masses to antipar-
ticles, while still keeping their energies positive. We then
proved that this intriguing result, naturally emerging from
the present theory, does not lead to any conflict with
present-day experimental facts. We also observed that parti-
cles and antiparticles with the same wave number no longer
had the same energies and that we could make them have
different momenta as well by properly tuning the free
parameters of the field theories here developed. Despite all
these peculiarities, and as we already noted above, at the
level of electromagnetic interactions, the present theories
were shown to be equivalent to the Klein-Gordon one.
Moreover, we showed that the “negative”masses for antipar-

ticles lead to interesting experimental predictions if we add
Lorentz invariance-breaking interactions to the theory. In
this scenario, particles and antiparticles do not behave sym-
metrically and the process of baryogenesis emerges naturally
(antiparticles are more unstable). This surprising and inter-
esting result could not have been anticipated without fully
developing the quantum field theory associated with the
Lorentz covariant Schrödinger equation given in the first
part of this work. We also noted that for gravitational inter-
actions, the present theory can be tuned such that particles
and antiparticles either attract or repel each other.

A few other subjects are addressed in this work, all con-
nected in one way or another to the wave equations here
derived. These results, together with the major ones high-
lighted above, are for ease of access systematically put
together below before we start the more technical part of this
work.

2. Outline of This Work

This work can be divided into three main parts. The first
one, comprising Sections 3 to 5, develops the main idea of
this manuscript in the framework of first quantization. Being
more specific, the following results are achieved in the first
part:

(1) In Section 3, we derive a wave equation, which we
dub Lorentz covariant Schrödinger equation, that is
covariant under proper Lorentz transformations
and whose wave function transforms under a
Lorentz boost according to equation (18),

Ψ r, tð Þ⟶ e i/ℏð Þθ r,tð ÞΨ r, tð Þ: ð1Þ

This is the relativistic extension of the transformation
law (10) associated with the nonrelativistic Schrödinger
equation

(2) In Section 4, we obtain by elementary methods the
four-current density associated with the Lorentz
covariant Schrödinger equation. We also show how
to write it in a manifestly covariant way, and we
show its relation to the Klein-Gordon equation

(3) In Section 5, we apply the Lorentz covariant Schrö-
dinger equation to describe a multitude of physical
systems. Possible applications to condensed matter
systems are also briefly discussed. The main points
of this section are as follows: (a) we investigate the
free particle solutions (external potential V = 0) of
the Lorentz covariant Schrödinger equation, which
already hint towards the possibility of the existence
of antiparticles possessing negative masses and posi-
tive energies; (b) we then study the case of a nonnull
constant potential (V ≠ 0), where the dependence of
the particle’s mass on its value is highlighted; (c) for
a constant potential, we also show that the Lorentz
covariant Schrödinger equation can be seen as
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formally equivalent to the complex variable extension
of the telegraph equation. This implies that for certain
values of V, we can have a distortionless and disper-
sionless wave packet evolution; (d) the bound state
problem associated with a Coulomb-like potential V
is presented and solved; (e) we apply the minimal cou-
pling prescription to the Lorentz covariant Schrödinger
equation in order to include electromagnetic interac-
tions in a gauge invariant way. Of particular interest is
the exact solution to the bound state problem where
we have the simultaneous action of static electromag-
netic and gravitational fields between two particles.
The electromagnetic interaction is modeled via the
minimal coupling prescription while the gravitational
interaction enters via the external potential V; and (f)
we also perturbatively study the scattering between
two scalar particles of different masses and charges
when both the electromagnetic and gravitational inter-
actions are simultaneously taken into account

The second part of this work, contained in Sections 6
and 7 and in Appendixes A and B, develops the classical
and quantum field theories associated with the Lorentz
covariant Schrödinger equation. Specifically,

(1) in Section 6, we present the Lagrangian formulation
of the Lorentz covariant Schrödinger equation and
we also investigate the continuous and discrete sym-
metries related to it. Of particular notice is the need
to modify the charge conjugation operation such
that the mass changes its sign when we implement
this symmetry operation. Only in this way can we
properly exchange the roles of particles with antipar-
ticles and, at the same time, guarantee the validity of
the CPT theorem

(2) in Section 7, we formulate the quantum field theory
associated with the Lorentz covariant Schrödinger
Lagrangian. We show that it is possible to build a
canonically second quantized theory out of the
Lorentz covariant Schrödinger fields that is logically
consistent. In the framework of second quantization,
the necessity to identify particles and antiparticles
with masses having different signs is further clarified.
It is shown that particles and antiparticles have dif-
ferent but positive-definite expressions describing
their relativistic energies. We then prove the equiva-
lence between the Lorentz covariant Schrödinger
theory and the Klein-Gordon theory when we add
relativistic invariant self-interacting terms to the
Lagrangian density. We also show the equivalence
between both theories when electromagnetic interac-
tions are present. The details of those proofs are
given in Appendix B. However, if we include interac-
tions that do not respect Lorentz invariance, we
prove by giving explicit examples that both theories
lead to different predictions. We discuss a possible
connection between those Lorentz invariance-
breaking interactions and the asymmetry of matter
and antimatter seen in the present-day universe

(3) in Appendix A, we explore the main features associ-
ated with a noncanonical quantization of the Lorentz
covariant Schrödinger fields, whose origin is traced
back to requiring the relativistic energies associated
with particles and antiparticles to be the same. This
leads to the violation of the microcausality condition
and, interestingly, to the emergence of an instanta-
neous gravitational-like interaction between the sca-
lar particles of the theory. We also speculate about
the possibility of arriving at a consistent quantum
field theory of gravitation if we work with quantum
field theories whose main assumption is the exis-
tence of particles and antiparticles having both posi-
tive energies but positive and negative masses

In Section 8, the third and last part of this work, we gen-
eralize the Lorentz covariant Schrödinger equation, present-
ing a new Lorentz covariant wave equation where the four
spacetime coordinates and its derivatives appear on an equal
footing. For the free particle case, we have

∂μ∂
μΨ − 2iκμ∂μΨ = 0: ð2Þ

Note that κμ is not a four-vector (the four constants
κ0, κ1, κ2, κ3 are invariants under proper Lorentz transfor-
mations, being the equivalent in the present theory of
the mass “m” in the Klein-Gordon theory. In other words,
it is a postulate of the present theory that κ0, κ1, κ2, κ3 are
invariants under proper Lorentz transformations); it is a
shorthand notation for the four constants κ0,⋯, κ3. The
above equation is Lorentz covariant if we use the more
general transformation law for Ψ as given below. This
should be contrasted with the original Lorentz covariant
Schrödinger equation developed in the first part of this
work,

∂μ∂
μΨ − i

2mc
ℏ

∂0Ψ = 0, ð3Þ

where we have a first-order time derivative of the wave
function and no first-order space derivatives. To arrive at
the generalized Lorentz covariant Schrödinger equation,
we assume that under a proper Lorentz transformation
(boosts or spatial rotations), the wave function changes
according to the following prescription:

Ψ r, tð Þ⟶ e i/ℏð Þf r,tð ÞΨ r, tð Þ, ð4Þ

with f ðr, tÞ being uniquely determined by the requirement
of the covariance of the wave equation under spatial rota-
tions and boosts. In other words, in addition to assuming
that f ðr, tÞ ≠ 0 for Lorentz boosts, as we did in the first
part of this manuscript, we now assume that f ðr, tÞ ≠ 0
for spatial rotations as well.

We also show in Section 8 the conditions under which
the generalized Lorentz covariant Schrödinger Lagrangian
leads to the same predictions of the Klein-Gordon theory.
It turns out that for Lorentz invariant self-interactions and
electromagnetic interactions, we can make the two theories
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agree by properly adjusting the values of the constant coeffi-
cients (κμ) appearing in the generalized Lagrangian density.
Interestingly and contrary to the original Lorentz covariant
Schrödinger Lagrangian, there still remains a free parameter
at our disposal after enforcing the equivalence of the gener-
alized theory and the Klein-Gordon one. Finally, we show
that the inclusion of interaction terms in the Lagrangian that
are not Lorentz invariant destroys the equivalence between
both theories.

3. Galilean Invariance and Lorentz Covariance

Our main goal in this section is to derive a wave equation
that is Lorentz covariant if its solution, the wave function,
transforms similarly to the way the solution to the nonrela-
tivistic Schrödinger equation transforms under a Galilean
boost. To achieve that, we first review how and why the solu-
tion to the Schrödinger equation transforms according to
equation (10). We then propose a natural relativistic gener-
alization of this transformation rule and derive the most
general linear wave equation that is covariant under proper
Lorentz transformations if its wave function transforms
according to the relativistic extension of equation (10).

3.1. Galilean Invariance of the Schrödinger Equation. First
off, we need to clearly explain what one usually means by
stating that the Schrödinger equation is invariant under a
Galilean transformation [1].

Let S and S′ be two inertial reference frames whose Car-
tesian coordinate systems are connected by the following
Galilean boost:

r = r′ + vt ′, ð5Þ

t = t ′: ð6Þ

Here, r = ðx, y, zÞ and r′ = ðx′, y′, z′Þ are the Cartesian
coordinates of systems S and S′, respectively, while t and
t ′ are the respective time coordinates measured in those
inertial frames. The constant vector v gives the relative
velocity of S′ with respect to S.

In reference frame S, the Schrödinger wave equation for
a particle of mass m subjected to the potential Vðr, tÞ is

iℏ
∂Ψ r, tð Þ

∂t
= −

ℏ2

2m∇2Ψ r, tð Þ +V r, tð ÞΨ r, tð Þ, ð7Þ

where Ψðr, tÞ is the particle wave function and ∇2 = ð∂2/∂
x2Þ + ð∂2/∂y2Þ + ð∂2/∂z2Þ is the Laplacian written in Carte-
sian coordinates.

Now, using equations (5) and (6) together with the chain
rule, we get

∇2 = ∇′2, ð8Þ

∂
∂t

= ∂
∂t ′

− v · ∇′, ð9Þ

where the dot means the scalar product and ∇′ is the gradi-
ent operator in system S′, namely, ∇′ = ð∂/∂x′, ∂/∂y′, ∂/∂z′Þ
. Substituting equations (8) and (9) into (7) and assuming
that the wave function in S is connected to the wave function
in S′ according to the following prescription,

Ψ r, tð Þ = e i/ℏð Þ θ r′ ,t ′ð ÞΨ′ r′, t ′
� �

, ð10Þ

we obtain the invariance of the Schrödinger equation,

iℏ
∂Ψ′ r′, t′

� �
∂t ′

= −
ℏ2

2m∇′2Ψ′ r′, t ′
� �

+ V ′ r′, t ′
� �

Ψ′ r′, t ′
� �

,

ð11Þ

if, and only if,

θ r′, t ′
� �

= mv2

2 t ′ +mv · r′ + cte, ð12Þ

where cte is a real constant that is usually assumed to be zero
and v2 = v · v. We also assume that the potential transforms
as Vðr, tÞ =V ′ðr′, t ′Þ. The Coulomb potential, for instance,
is the paradigmatic example of a potential that transforms
according to the above prescription under a Galilean boost.

Note that strictly speaking, we can only make the Schrö-
dinger equation invariant under a Galilean boost by impos-
ing that the wave function “fails” to be invariant thereunder.
In other words, the prescriptionΨðr, tÞ =Ψ′ðr′, t ′Þ connect-
ing the wave functions in coordinate systems S and S′ does
not suffice to make the Schrödinger equation invariant
under a Galilean transformation. Nevertheless, the probabil-
ity density jΨðr, tÞj2 is invariant under the transformation
given in equation (10) and thus invariant under a Galilean
boost.

We can also understand equation (10) as a way to obtain
the solution to the Schrödinger equation in reference frame
S′ if the solution in S is already known,

Ψ′ r′, t′
� �

= e− i/ℏð Þθ r′ ,t ′ð ÞΨ r, tð Þ = e− i/ℏð Þθ r′ ,t ′ð ÞΨ r′ + vt ′, t ′
� �

:

ð13Þ

This prescription relating the solution in S′ to the one in
S is crucial for the consistency of the description of the same
physical system in different Galilean inertial frames. The fol-
lowing simple example illustrates this point and further clar-
ifies how to apply equation (13) in order to get Ψ′ðr′, t ′Þ
from Ψðr, tÞ.
3.1.1. Example: The Plane Wave. Let us assume that in S, we
have a free particle with momentum p. For simplicity, we set
Vðr, tÞ = 0 and assume, without loss of generality, that we
are dealing with a one-dimensional problem. Up to an over-
all global phase, the solution to the Schrödinger equation (7)
describing such a particle is the plane wave
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Ψ x, tð Þ = ei kx−ωtð Þ = e i/ℏð Þ px− p2/2mð Þtð Þ, ð14Þ

where p2/2m is the particle’s energy.
Let us now solve the same problem in the reference

frame S′, which we assume is moving away from S with con-
stant velocity v = ðv, 0, 0Þ, with v > 0. This means that S′ is
moving along the positive direction of the x-axis. In this
frame, the momentum of the particle is no longer p but p
−mv and the solution to the Schrödinger equation (11) is

Ψ′ x′, t ′
� �

= ei k′x ′−ω′t ′ð Þ = e i/ℏð Þ p−mvð Þx ′− p−mvð Þ2/2mð Þt ′ð Þ,
ð15Þ

where now ðp −mvÞ2/2m is the particle’s energy.
It is not difficult to see that the naive prescription Ψðx,

tÞ⟶Ψ′ðx′, t ′Þ connecting the wave functions from these
two reference frames will not transform the right-hand side
of equation (14) into the right-hand side of (15). However,
noting that equation (12) for this specific problem is

θ x′, t ′
� �

= mv2

2 t ′ +mvx′, ð16Þ

where we have set cte = 0, we get after equation (13)

Ψ′ x′, t ′
� �

= e− i/ℏð Þθ x ′ ,t ′ð ÞΨ x, tð Þ = e− i/ℏð Þθ x ′ ,t ′ð ÞΨ x′ + vt′, t ′
� �

= e− i/ℏð Þ mv2/2ð Þt ′+mvx ′ð Þe i/ℏð Þ p x ′+vt ′ð Þ− p2/2mð Þt ′ð Þ

= e i/ℏð Þ p−mvð Þx ′− p−mvð Þ2/2mð Þt ′ð Þ,
ð17Þ

which is exactly equation (15). This simple example clearly
illustrates why prescription (10) is mandatory to properly
connect the solutions to the Schrödinger equation obtained
in two different inertial reference frames. (We employed
the term invariance to denote that the Schrödinger equation
does not change its form under a Galilean boost because this
is the usual practice in nonrelativistic treatises on quantum
mechanics (see ref. [1], for example.) From now on, we
reserve the term invariant to quantities such as the rest mass
of a particle, the speed of light, the electric charge, or any
scalar quantity that has the same numerical value in any
inertial reference frame. Equations that look the same in all
inertial frames after we apply a given transformation will
now be called covariant.)

3.2. Lorentz Covariant Schrödinger Equation. Looking care-
fully at equation (12), we can understand the terms multi-
plying t ′ and r′, namely, mv2/2 and mv, as the
contribution to the energy and momentum of the particle
of mass m that is related to the fact that reference frame S′
is moving from S with constant velocity v. For example,
assume the particle is at rest in S′. From the point of view
of S, it is moving away with constant velocity v and thus with
kinetic energy mv2/2 and momentum mv.

The above interpretation is the key that opens the door
to the relativistic version of equations (10) and (12), which
will ultimately allow us to obtain a natural modification to
the Schrödinger equation that makes it Lorentz covariant.

Calling γ = 1/
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2/c2

p
the Lorentz factor, m the parti-

cle’s rest mass, and c the speed of light in vacuum, the rela-
tivistic kinetic energy and momentum for a particle of mass
m are, respectively, ðγ − 1Þmc2 and γmv, where v is the par-
ticle’s velocity. With that in mind, we postulate that under a
Lorentz transformation connecting two different inertial
frames S and S′ with relative velocity v, the wave functions
describing a particle of mass m in S and S′ are connected
by the following relation:

Ψ r, tð Þ = e i/ℏð Þθ r′,t ′ð ÞΨ′ r′, t ′
� �

, ð18Þ

with

θ r′, t ′
� �

= γ − 1ð Þmc2t ′ + γmv · r′ + cte: ð19Þ

Note that we can set the real constant cte to zero without
losing in generality. Equation (18) is formally identical to
equation (10) and when c⟶∞ equation (19) tends to
(12) since limc⟶∞γ= 1 and limc⟶∞½ðγ − 1Þmc2� =mv2/2.

With the wave function’s transformation law given by
equations (18) and (19), we are naturally led to ask the fol-
lowing question:

What is the form of the wave equation that is covariant
under a Lorentz boost and whose wave function transforms
under such a boost according to equations (18) and (19)?

We can answer that question unambiguously; i.e., we can
get one and only one wave equation, if we add the following
extra very natural assumptions in our search for the Lorentz
covariant Schrödinger equation:

(i) It tends to the nonrelativistic Schrödinger equation
when c⟶∞

(ii) It is isotropic, namely, covariant under three-
dimensional spatial rotations in the same sense as
the nonrelativistic Schrödinger equation is

(iii) It is a homogeneous linear partial differential equa-
tion of order not greater than two and with constant
coefficients multiplying the derivatives

The first assumption above guarantees that we recover
the nonrelativistic quantum mechanics when the physical
system studied moves with small velocities. The second
assumption assumes that there is no privileged orientation
in space, a symmetry that is also respected by the nonrelativ-
istic Schrödinger equation. The third and last extra assump-
tion keeps the superposition principle valid in the relativistic
domain and restricts our search to the simplest wave equa-
tions, namely, those that are homogeneous and that have
at most second-order derivatives and constant coefficients
multiplying those derivatives. Note that we allow the coeffi-
cient multiplying the wave function Ψðr, tÞ to be
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nonconstant since we want to recover the term Vðr, tÞΨðr, tÞ
of the nonrelativistic Schrödinger equation. Using this ter-
minology, the nonrelativistic Schrödinger equation is a
homogeneous linear partial differential equation of order
two (in the spatial variables) with constant coefficients mul-
tiplying the derivatives.

Before we start our search for the Lorentz covariant
Schrödinger equation, we need first to set up some conven-
tions and notation. The contravariant four-vector xμ is
defined such that ðx0, x1, x2, x3Þ = ðct, x, y, zÞ. Working with
the metric gμν = diag f1,−1,−1,−1g, where gμν is a diagonal
4 × 4 matrix, the covariant four-vector is xμ = gμνx

ν=
ðct,−x,−y,−zÞ. We assume the Einstein summation conven-
tion with Greek indexes running from 0 to 3 and Latin ones
running from 1 to 3. The scalar product between two four-
vectors is defined as xμyμ, which makes it invariant under
Lorentz boosts and spatial rotations. We also define the
covariant four-gradient as ∂μ = ð∂/∂x0, ∂/∂x1, ∂/∂x2, ∂/∂x3Þ
and the contravariant four-gradient by ∂μ = gμν∂ν, where
gμν = gμν since we are dealing with Minkowski spacetime.

In the four-vector notation just defined, the most general
homogeneous linear partial differential equation in the vari-
ables xμ, of order less or equal to two, and with constant
coefficients multiplying the derivatives is

aμν∂μ∂νΨ xð Þ + bμ∂μΨ xð Þ + f xð ÞΨ xð Þ = 0: ð20Þ

Here, ΨðxÞ =Ψðr, tÞ, aμν, and bμ are constants (relativis-
tic invariants), and f ðxÞ = f ðr, tÞ; i.e., it may depend on time
and on the spatial coordinates. The function f ðxÞ is propor-
tional to the relativistic version of the potential that affects a
particle described by the nonrelativistic Schrödinger equa-
tion. Later, we will fix its value using the first extra assump-
tion above.

By invoking the isotropic condition for the free particle
case, i.e., the wave equation should be covariant under any
spatial orthogonal transformation belonging to the group S
Oð3Þ when f ðxÞ = 0, we can show that several of the aμν

and bμ constants are zero. To see this note that the free par-
ticle Schrödinger equation is covariant under spatial rota-
tions if

Ψ r, tð Þ = eiαΨ′ r′, t
� �

, ð21Þ

where α is a constant (usually set to zero) and r′ is con-
nected to r by an orthogonal transformation belonging to
the SOð3Þ group, namely, r′ =Mr, with M ∈ SOð3Þ.

The covariance of the free particle Schrödinger equation
under transformations belonging to the group SOð3Þ can be
easily proved using equation (21) and by noting that the
Laplacian does not change under such transformations. We
are thus led to assume that the wave functions that are solu-
tions to the Lorentz covariant Schrödinger equation also
obey equation (21) when we spatially rotate the system of
coordinates. This requirement is our second extra assump-
tion pointed out above.

Let us start analyzing how the term bμ∂μΨðxÞ of equa-
tion (20) changes under a spatial rotation. Writing this term
explicitly, we have

b0∂0Ψ r, tð Þ + b1∂1Ψ r, tð Þ + b2∂2Ψ r, tð Þ + b3∂3Ψ r, tð Þ: ð22Þ

If we rotate the system of coordinates counterclockwise
by π radians about the x3-axis, it is not difficult to see that

new components of the vector xμ becomes xμ′ = ðx0′ , x1′ ,
x2′ , x3′Þ = ðx0,−x1,−x2, x3Þ. Applying the chain rule, this
implies that

∂μ′ = ∂0′ , ∂1′ , ∂2′ , ∂3′ð Þ = ∂0,−∂1,−∂2, ∂3ð Þ: ð23Þ

Substituting equations (21) and (23) into (22) and
neglecting the irrelevant constant phase, we obtain

b0∂0′Ψ′ r′, t
� �

− b1∂1′Ψ′ r′, t
� �

− b2∂2′Ψ′ r′, t
� �

+ b3∂3′Ψ′ r′, t
� �

:

ð24Þ

We can only make equations (24) and (22) look the
same, i.e., guarantee covariance under this particular rota-
tion, if b1 = −b1 and b2 = −b2. This implies that b1 = b2 = 0.
A similar analysis, where we fix, for instance, the x1-axis
and rotate the other two spatial axis, leads to b3 = 0. This
reduces the term given by equation (22) to

b0∂0Ψ r, tð Þ: ð25Þ

Turning our attention to the term aμν∂μ∂νΨðxÞ of equa-
tion (20), we note that the same reasoning that led to bj = 0
leads to a0j + aj0 = 0, for j = 1, 2, 3. This must be the case
since the derivatives accompanying the constants a0j or aj0

are of the form ∂0∂j and ∂j∂0, with only one spatial coordi-
nate. Assuming that we can change the order of the deriva-
tives and this can always be done for well-behaved wave
functions Ψðr, tÞ, we get ða0j + aj0Þ∂0∂jΨðr, tÞ for that piece
of the wave equation where one and only one of the super-
script indexes is zero. Using the same arguments that led to
equation (23), we can always rotate the axis to get ∂j′ = −∂j

for a given j. For example, if we rotate the system of coor-
dinates counterclockwise by π radians about the x3-axis, we
get that ða01 + a10Þ∂0∂1Ψðr, tÞ changes to −ða01 + a10Þ∂0′
∂1′Ψ′ðr′, tÞ (and similarly for j = 2). The covariance can
only be guaranteed if a01 + a10 = 0 and a02 + a20 = 0. By
rotating the system about the x1-axis by π radians, we see
that a03 + a30 = 0 in order to preserve the covariance of
the wave equation under this particular rotation.

To deal with the remaining purely spatial terms aij∂i∂j

ΨðxÞ, we rotate the system of coordinates by π/2 instead of
π radians. For instance, if we rotate the system of coordi-
nates counterclockwise by π/2 radians about the x3-axis,
the components of the vector xμ in the rotated frame is

xμ′ = ðx0′ , x1′ , x2′ , x3′Þ = ðx0, x2,−x1, x3Þ. And if we now
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apply the chain rule, we get

∂μ′ = ∂0′ , ∂1′ , ∂2′ , ∂3′ð Þ = ∂0, ∂2,−∂1, ∂3ð Þ: ð26Þ

Substituting equation (26) into

a12 + a21
� �

∂1∂2Ψ r, tð Þ ð27Þ

and using equation (21), we obtain, up to an irrelevant
global phase, equation (27) in the rotated frame,

− a12 + a21
� �

∂2′∂1′Ψ′ r′, t
� �

: ð28Þ

Since the order of the derivatives can be exchanged
freely for physical wave functions, we can only have
covariance under this rotation if a12 + a21 = 0. Repeating
the previous analysis where we rotate the system either
about x2 or x1 by π/2 radians, we get that we should have
a13 + a31 = 0 and a23 + a32 = 0 to keep the rotational covari-
ance of the wave equation (20).

By a similar argument, we can show that a11 = a22 = a33.
For example, the counterclockwise π/2 rotation about the x3

-axis leads to equation (26). This implies, together with
equation (21), that the quantity

a11∂1∂1Ψ r, tð Þ + a22∂2∂2Ψ r, tð Þ ð29Þ

changes to

a11∂2′∂2′Ψ′ r′, t
� �

+ a22∂1′∂1′Ψ r′, t
� �

ð30Þ

after this rotation. By demanding the covariance under this
rotation, we get that a11 = a22. Repeating the previous argu-
ment for a rotation of π/2 about the x1-axis gives a22 = a33.

Putting all those results together, equation (20) becomes

a00∂0∂0Ψ xð Þ − a11∂j∂
jΨ xð Þ + b0∂0Ψ xð Þ + f xð ÞΨ xð Þ = 0,

ð31Þ

where we have used that ∂j = −∂j. Note that this equation is
covariant under all rotations since the only remaining spatial
derivatives, namely, −∂j∂

j = ∇2, is the Laplacian, which does
not change its form under rotations.

So far, we have not investigated what restrictions a
Lorentz boost impose on the remaining constants shown
in equation (31). In order to do that, it is convenient to
rewrite equation (31) as follows:

A∂20Ψ xð Þ − B∂j∂
jΨ xð Þ + C∂0Ψ xð Þ + f xð ÞΨ xð Þ = 0: ð32Þ

In this notation, our task is to determine what are the
values and relations among A, B, and C that arise after we
impose the covariance of equation (32) and assume that Ψ
ðxÞ transforms according to the prescription (18) under a
Lorentz boost. Note that we are assuming that f ðxÞ is a rel-

ativistic scalar; namely, it transforms to f ′ðx′Þ under a
Lorentz boost.

Since we already proved the covariance of equation (32)
under three-dimensional spatial rotations, we do not lose in
generality by assuming that the velocity v of the inertial ref-
erence frame S′ with respect to S is directed along the x1

-axis. With such a choice for v, the variables xμ are con-
nected to xμ′ by the following Lorentz transformation:

x0 = γ x0′ + βx1′
� �

, ð33Þ

x1 = γ x1′ + βx0′
� �

, ð34Þ

x2 = x2′, ð35Þ

x3 = x3′, ð36Þ
where

β = v
c
,

γ = 1ffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p :
ð37Þ

By applying the chain rule, we get

∂0 = γ ∂0′ − β∂1′ð Þ, ð38Þ

∂1 = γ ∂1′ − β∂0′ð Þ, ð39Þ
∂2 = ∂2′, ð40Þ
∂3 = ∂3′: ð41Þ

Inserting equations (38)–(41) into (32), using equations
(18) and (19), and carrying out the derivatives, the wave equa-
tion (32) can be written up to an overall phase as follows:

A′∂20′Ψ′ x′
� �

+ B′∂21′Ψ′ x′
� �

+ B∂22′Ψ′ x′
� �

+ B∂23′Ψ′ x′
� �

+ C′∂0′Ψ′ x′
� �

+D′∂0′∂1′Ψ′ x′
� �

+ E′∂1′Ψ′ x′
� �

+ F ′Ψ′ x′
� �

+ f ′ x′
� �

Ψ′ x′
� �

= 0,

ð42Þ

where

A′ = γ2 A + β2B
� �

, ð43Þ

B′ = γ2 β2A + B
� �

, ð44Þ

C′ = γ i2mc
ℏ

1 − γð ÞA − γβ2B
� �

+ C
	 


, ð45Þ

D′ = −2γ2β A + Bð Þ, ð46Þ

E′ = −γβ
i2mc
ℏ

1 − γð ÞA − γB½ � + C
	 


, ð47Þ
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F ′ = imc
ℏ

imc
ℏ

1 − γð Þ2A + γ2β2B
� �

+ 1 − γð ÞC
	 


: ð48Þ

Equation (42) is what wave equation (32) becomes after a
Lorentz boost for arbitrary values of the constants A, B,
and C. In order to make equations (42) and (32) look the
same, i.e., in order to have Lorentz covariance, we must
have D′ = 0, E′ = 0, and F ′ = 0. The first condition, D′ =
0, implies B = −A, as can be seen by looking at equation
(46). Inserting this last relation into equation (47), we get
that E′ = 0 if C = −i2mcA/ℏ. With this value for C and using
that B = −A, we automatically get F ′ = 0. Also, using that A
= −B, we get C′ = C = −i2mcA/ℏ, A′ = A, and B′ = −A = B.
By gathering all these results together, we can write equation
(42) as follows:

A∂20′Ψ′ x′
� �

− B∂j′∂
j′Ψ′ x′

� �
+ C∂0′Ψ′ x′

� �
+ f ′ x′

� �
Ψ′ x′
� �

= 0,

ð49Þ

which explicitly shows the Lorentz covariance of the wave
equation (32). If we now use that

B = −A andC = −i
2mc
ℏ

A, ð50Þ

and that we must have A ≠ 0, we can cast equation (32) as fol-
lows:

∂μ∂
μΨ xð Þ − i

2mc
ℏ

∂0Ψ xð Þ + f xð Þ
A
Ψ xð Þ = 0: ð51Þ

To fix the value of A, we need the first extra assumption,
namely, we need to impose that equation (32), or equivalently
(51), tends to the nonrelativistic Schrödinger equation when
c⟶∞. This can be accomplished more easily by first rewrit-
ing equation (51) in the nonrelativistic notation. Noting that
the d’Alembertian ∂μ∂

μ = ð1/c2Þð∂2/∂t2Þ − ∇2, ∂0 = ð1/cÞð∂/∂
tÞ, and ΨðxÞ =Ψðr, tÞ, we can rewrite equation (51) as

1
c2
∂2Ψ r, tð Þ

∂t2
− ∇2Ψ r, tð Þ − i

2m
ℏ

∂Ψ r, tð Þ
∂t

+ f r, tð Þ
A

Ψ r, tð Þ = 0:

ð52Þ

If we take the nonrelativistic limit of equation (52), assum-
ing thatΨðr, tÞ and its first- and second-order derivatives does
not diverge, the limit c⟶∞ gives

−∇2Ψ r, tð Þ − i
2m
ℏ

∂Ψ r, tð Þ
∂t

+ lim
c⟶∞

f r, tð Þ
A

� �
Ψ r, tð Þ = 0:

ð53Þ

On the other hand, the nonrelativistic Schrödinger equa-
tion (7) can be put in the following form:

−∇2Ψ r, tð Þ − i
2m
ℏ

∂Ψ r, tð Þ
∂t

+ 2m
ℏ2

V r, tð ÞΨ r, tð Þ = 0: ð54Þ

Comparing equations (53) and (54), we see that they are
equal if

lim
c⟶∞

f r, tð Þ
A

� �
= 2m

ℏ2
V r, tð Þ: ð55Þ

Since A does not depend on r and t, we can without loss of
generality set

lim
c⟶∞

f r, tð Þ = 2m
ℏ2

V r, tð Þ, ð56Þ

lim
c⟶∞

A = 1, ð57Þ
as the conditions upon f ðr, tÞ and A that allow us to get the
nonrelativistic Schrödinger equation as the exact nonrelativis-
tic limit of the Lorentz covariant Schrödinger equation.

We can go even further and prove that A = 1, for what-
ever value of c, if we note that equation (57) implies that

A = 1 + 〠
N

j=1

Aj

cj
, ð58Þ

where N ≥ 1, Aj is a constant, and cj is a positive power of
the speed of light c. In addition to that, equation (56) implies
that A must be dimensionless, since otherwise ð f ðr, tÞ/AÞΨ
ðr, tÞ will have a different dimension when compared to
the other three terms of equation (52). Now, the only dimen-
sional constants appearing so far, and in particular in the
free particle case, are the mass of the particle m, the speed
of light c, and Planck’s constant ℏ. This means that Aj = αj
mxjℏy j , where αj is a pure number and xj, yj are exponents

to be determined such that Aj/cj becomes dimensionless.

The dimensions of m, c, and ℏ are ½m� =M, ½c� = LT−1,
and ½ℏ� =ML2T−1, where M means mass, L length, and T
time. Thus, ½Aj/cj� = αj½mxj �½ℏyj �½c−j� =Mxj+yjL2yj−jT−y j+j. Aj/
cj is dimensionless if xj + yj = 0, 2yj − j = 0, and −yj + j = 0.
The last two equations give j = 2yj and j = yj, which is only
possible if j = yj = 0. This result when inserted into the first

relation gives xj = 0. We see then that Aj/cj = αj, a pure num-
ber, and that equation (58) reads

A = 1 + 〠
N

j=1
αj: ð59Þ

But since limc⟶∞A = 1, we must have

lim
c⟶∞

〠
N

j=1
αj = 0: ð60Þ

This implies that

〠
N

j=1
αj = 0, ð61Þ
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for any value of c because αj, being a pure number, does not
depend on c. Equation (61) together with (59) leads to the
desired result, namely, A = 1 for any value of c.

Using that A = 1, we can write the Lorentz covariant
Schrödinger equation (52) as

1
c2
∂2Ψ r, tð Þ

∂t2
− ∇2Ψ r, tð Þ − i

2m
ℏ

∂Ψ r, tð Þ
∂t

+ f r, tð ÞΨ r, tð Þ = 0,

ð62Þ

where the nonrelativistic limit of f ðr, tÞ is given by equation
(56). Finally, if we abuse notation and make the convention
that Vðr, tÞ represents both the nonrelativistic potential as
well as its relativistic extension, we can write the Lorentz
covariant Schrödinger equation (52) as follows:

1
c2
∂2Ψ
∂t2

− ∇2Ψ − i
2m
ℏ

∂Ψ
∂t

+ 2mV

ℏ2
Ψ = 0, ð63Þ

where we have written Ψ and V instead of Ψðr, tÞ and
Vðr, tÞ to simplify notation. Equation (63) is the Lorentz
covariant wave equation that we were searching for and
that satisfies all the assumptions laid out in the beginning
of this section. (We should remark that the results here
reported can be readily adapted to two independent real
fields. This is true because we can map a single complex
field to two real and independent scalar fields. See, for
instance, Sections 2.2 and 3.2 of ref. [4] and Section 4.2
of ref. [5].)

Note that all time derivatives above are associated with
the “geometrical time” of the reference frame S, where all
measurements and observables are made and defined for a
given experiment in S. Putting it simply, t is the time an
observer at the inertial frame S records looking at his or
her watch. This should be compared with the following free
particle wave equation, derived in refs. [7–10] using a whole
set of different assumptions than those employed here:

1
c2
∂2Ψ
∂t2

− ∇2Ψ − i
2m
ℏ

∂Ψ
∂τ

= 0: ð64Þ

In equation (64), τ is an invariant free parameter usually
associated with the proper time of the system being studied.
As such, it does not change under a Lorentz boost and equa-
tion (64) is Lorentz covariant if its wave function transforms
according to the standard definition of a complex scalar
function, i.e., Ψ′ðr′, t ′Þ =Ψðr, tÞ. In the context of the
Lorentz covariant Schrödinger equation, however, τ is no
longer a free parameter and we must set τ = t in order to
have a consistent Lorentz covariant wave equation whose
wave function transforms according to equation (18) under
a Lorentz boost.

It is important to stress at this point that we have made
no attempt to uniquely determine the relativistic invariant
f ðr, tÞ, or equivalently, Vðr, tÞ. In this sense, wave equation
(63) is not strictly unique. However, for the free particle case,
this point is not relevant and we do have a unique wave
equation stemming from the three assumptions given at

the beginning of this section. On the other hand, when we
have an external field, we just need equation (56) to be satis-
fied in order to recover the nonrelativistic Schrödinger equa-
tion from the wave equation (62). Equivalently, we must
have Vðr, tÞ tending to the potential energy associated to this
external field when c⟶∞ to recover the nonrelativistic
Schrödinger equation from (63).

Most of the time, in this work, we will be dealing with
the free particle case, in particular when we second quantize
the Lorentz covariant Schrödinger equation, and with the
minimal coupling prescription, when modeling how a
charged particle interacts with electromagnetic fields. There-
fore, in those instances, the issue of the nonuniqueness of the
relativistic invariant f ðr, tÞ is not a problem since we will be
assuming f ðr, tÞ = 0.

On the other hand, we will also solve several bound state
or scattering problems where we will assume that Vðr, tÞ is
given by its nonrelativistic version. For particles with small
velocities, this is a very good approximation. Also, this is
the approach we will follow when dealing with an external
gravitational field. (Although we do not need in this work
the exact relativistic expression for Vðr, tÞ, we make the fol-
lowing conjecture aiming at an effective invariant modeling
of it. What we show below is just a sketch and should not
be taken as the final and definitive prescription to the relativ-
istic version of Vðr, tÞ. The argument goes as follows. When
we are presented with the nonrelativistic Schrödinger equa-
tion (7), it is implicitly assumed that the external source
associated with the potential energy V is at rest. In this rest
frame, we can define a unitary and dimensionless four-
vector nμ = ð1, 0, 0, 0Þ that is proportional to the four-
momentum of the source (the source momentum is zero
since it is at rest). Since V has dimension of energy, we
can also postulate the existence of a four-vector vμ such that
in this frame, it is given by vμ = ðV , 0, 0, 0Þ. Now, it is clear
that nμvμ =V and it is tempting to replace V in equation
(63) by nμvμ as the relativistic scalar whose nonrelativistic
limit tends to the potential V appearing in the Schrödinger
equation.)

It is worth mentioning that we can also write equation
(63) in two other useful ways, one that shows its resem-
blance to the nonrelativistic Schrödinger equation,

−
ℏ2

2mc2
∂2Ψ
∂t2

+ iℏ
∂Ψ
∂t

= −
ℏ2

2m∇2Ψ + VΨ, ð65Þ

and the other using the four-vector notation,

∂μ∂
μΨ − i

2mc
ℏ

∂0Ψ + 2mV

ℏ2
Ψ = 0: ð66Þ

Remark 1. If we were dealing strictly with the free particle
case, we would not be able to fix the value of A. In this sce-
nario, f ðr, tÞ = 0 and any value of A ≠ 0 would give equation
(63), with Vðr, tÞ = 0, from equation (52).

Remark 2. Again, if we restrict ourselves to the free particle
case, the nonrelativistic Schrödinger equation follows
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directly from equation (63) when c⟶∞. There is no need
to go through the discussion contained between equations
(52) and (63).

Remark 3. We can write equation (63) more compactly if we
define ~∂μ = ∂μ − ðmc/ℏÞδμ and ~∂

μ = ∂μ − ðmc/ℏÞεμ, where δμ
= εμ = ði, 1/ ffiffiffi

3
p

, 1/
ffiffiffi
3

p
, 1/

ffiffiffi
3

p Þ . Note that ~∂
μ
is not gμν~∂ν.

With this convention, equation (66) is ~∂μ~∂
μ
Ψ + ð2mV/ℏ2Þ

Ψ = 0.

Remark 4. It is possible, though, to redefine ∂μ such that

∂μ = gμν∂ν is still valid. This is accomplished if �∂μ = ∂μ + ði
mc/ℏÞζμ, with ζμ = ð−1, 0, 0, 0Þ, and if we measure the poten-
tial energy from a different origin, starting from mc2/2
instead of zero. In other words, using �∂μ and �V =V +mc2/
2, equation (63) becomes �∂μ�∂

μ
Ψ + ð2m�V/ℏ2ÞΨ = 0, where

�∂μ = gμν�∂ν.

3.2.1. Example: The Plane Wave. It is instructive at this
point to study the free particle case in the light of equa-
tion (63), the Lorentz covariant Schrödinger equation.
For simplicity, we deal with the one-dimensional case,
assume that in the reference frame S the particle of mass
m has momentum p = ðp, 0, 0Þ, and that S′ moves away
from S with velocity v = ðv, 0, 0Þ, where v > 0.

Setting Vðx, tÞ = 0 and writing

Ψ x, tð Þ = e i/ℏð Þ px−Ktð Þ, ð67Þ

it is not difficult to see that equation (67) is a solution to
equation (63) if

K = −mc2 +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2c4 + p2c2

p
: ð68Þ

Note that we also have another possible relation between
K and p giving a solution to equation (63), i.e., K = −mc2

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2c4 + p2c2

p
. We will deal with this other possible solu-

tion later, where we will attempt to give a physical interpre-
tation to it that has intriguing consequences.

Looking at equation (68) and remembering that a rela-
tivistic particle satisfies

E2 =m2c4 + p2c2, ð69Þ

E being the total energy of the particle, we immediately see
that K is the particle’s kinetic energy, where we have sub-
tracted from E the particle’s rest energy mc2. We can thus
rewrite equation (67) as

Ψ x, tð Þ = e i/ℏð Þ mc2t+px−Etð Þ: ð70Þ

Using equations (18) and (19), the wave function in the

reference frame S′ is, up to a constant phase,

Ψ′ x′, t ′
� �

= e− i/ℏð Þ γ−1ð Þmc2t ′+γmvx ′½ �Ψ x, tð Þ

= e− i/ℏð Þ γ−1ð Þmc2t ′+γmvx ′½ �Ψ γ x′ + vt ′
� �

, γ t ′ + vx′
c2

 ! !
,

ð71Þ

where we have used equations (33) and (34) to obtain the
last line. Employing equation (70) to evaluate equation
(71), we arrive at

Ψ′ x′, t ′
� �

= e i/ℏð Þ mc2t ′+γ p1−βp0ð Þx ′−cγ p0−βp1ð Þt ′½ �, ð72Þ

where p0 = E/c and p1 = p are the first two components of the
four-momentum pμ = ðp0, p1, p2, p3Þ=ðE/c, px, py, pzÞ.

Under a Lorentz boost in the x-direction, the four-
momentum pμ transforms as

p0′ = γ p0 − βp1
� �

, ð73Þ

p1′ = γ p1 − βp0
� �

, ð74Þ

p2′ = p2, ð75Þ

p3′ = p3: ð76Þ

Using equations (73) and (74), equation (72) becomes

Ψ′ x′, t ′
� �

= e i/ℏð Þ mc2t ′+p1 ′ x ′−cp0 ′ t ′
� �

= e i/ℏð Þ mc2t ′+p′x ′−E ′t ′½ �,
ð77Þ

where p′ = p1′ and E′ = p0′c are, respectively, the particle’s
momentum and total energy in reference frame S′.

As expected, equation (77), which is a solution to the
Lorentz covariant Schrödinger equation in the reference
frame S′, can be obtained from equation (70) by simply
changing the unprimed quantities x, t, p, and E to the
respective primed ones.

4. Basic Properties of the Lorentz Covariant
Schrödinger Equation

4.1. Probability Four-Current Density. If we write the wave
function Ψðr, tÞ in its polar form,

Ψ r, tð Þ = R r, tð ÞeiS r,tð Þ/ℏ =
ffiffiffiffiffiffiffiffiffiffiffiffi
ρ r, tð Þ

p
eiS r,tð Þ/ℏ, ð78Þ

the transformation law (18) for the wave function under a
Lorentz boost becomes

R r, tð Þ = R′ r′, t ′
� �

or ρ r, tð Þ = ρ′ r′, t ′
� �

, ð79Þ
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S r, tð Þ = S′ r′, t ′
� �

+ γ − 1ð Þmc2t ′ + γmv · r′, ð80Þ

where we have set cte = 0 in equation (19).
Using equations (79) and (80), we want to prove that the

following object,

Jμ = ρc −
ρ

m
∂S
c∂t

, ρ
m
∂S
∂x

, ρ
m
∂S
∂y

, ρ
m
∂S
∂z


 �
= ρc −

ρ

m
∂0S,

ρ

m
∂1S,

ρ

m
∂2S,

ρ

m
∂3S

� �
,

ð81Þ

is a contravariant four-vector and that it satisfies the conti-
nuity equation, ∂μ Jμ = 0, whenever the potential Vðr, tÞ is
real. These two properties allow us to identify Jμ as the prob-
ability four-current density of the Lorentz covariant Schrö-
dinger equation.

Note that the three spatial terms of Jμ, namely, J=
ðJ1, J2, J3Þ, are formally identical to the three vector compo-
nents of the probability current density of the nonrelativistic
Schrödinger equation [1],

J = −
iℏ
2m Ψ∗∇Ψ −Ψ∇Ψ∗ð Þ: ð82Þ

Equivalently, J can also be seen as formally equal to the
three spatial terms of the Klein-Gordon equation four-
current density [2].

The time component of Jμ, on the other hand, can be
written as

J0 = ρc + iℏ
2m Ψ∗∂0Ψ −Ψ∂0Ψ

∗ð Þ: ð83Þ

The time component of the Klein-Gordon four-current
density [2] is formally equal to the second term of the right-
hand side of equation (83). The first term, ρc, is the extra
ingredient we need to guarantee that Jμ is a four-vector if Ψð
r, tÞ transforms according to equations (79) and (80).

Let us start the proof that Jμ is a four-vector. For sim-
plicity, and without loss of generality, we assume a Lorentz
boost along the x1-direction. This implies that v = ðv, 0, 0Þ.
Thus, using equations (38), (79), and (80) and carrying out
the derivatives, the time component of Jμ can be written as
follows,

J0 = ρ′c − ρ
′

m
γ ∂0′S′ + γ − 1ð Þmc − β∂1′S′ − βγmv
h i

: ð84Þ

Noting that v = βc and that γ2ð1 − β2Þ = 1, we get after a
couple of simplifications

J0 = ρ′c − ρ
′

m
γ

mc
γ

1 − γð Þ + ∂0′S′ − β∂1′S′
� �

= γ ρ′c − ρ
′

m
∂0′S′

 !
+ β ρ′

m
∂1′S′

 !" #
= γ J0′ + βJ1′
h i

:

ð85Þ

In a similar way, we get

J1 = γ J1′ + βJ0′
� �

, ð86Þ

J2 = J2′, ð87Þ

J3 = J3′: ð88Þ
Equations (85)-(88) are the laws a contravariant vector

must obey after a Lorentz boost in the x1-direction (cf. equa-
tions (33)-(36)], proving that Jμ is indeed a four-vector.

Let us move to the proof that Jμ is a conserved current.
Computing the four-divergence of equation (81), we get

∂μ J
μ = c∂0ρ −

1
m
∂μρ∂

μS −
ρ

m
∂μ∂

μS: ð89Þ

To make progress, we need to insert the polar form of
the wave function, equation (78), into the Lorentz covariant
Schrödinger equation, equation (63). Carrying out the deriv-
atives and noting that R = ffiffiffi

ρ
p

, we can show that equation
(63) is equivalent to the following two coupled equations:

ρ∂μ∂
μρ −

1
2 ∂μρ∂

μρ −
2ρ2
ℏ2

∂μS∂
μS − 2mc∂0S − 2mVR

� �
= 0,

ð90Þ

ρ∂μ∂
μS + ∂μρ∂

μS −mc∂0ρ +
2mρVI

ℏ
= 0: ð91Þ

Equations (90) and (91) are, respectively, what we get by
equating the real and imaginary parts of equation (63) to
zero. We have also written

V =VR + iVI , ð92Þ

since a complex potential can be used to phenomenologi-
cally model, for example, dissipative processes.

If we divide equation (91) by m, we can write it as

c∂0ρ −
1
m
∂μρ∂

μS −
ρ

m
∂μ∂

μS = 2ρVI

ℏ
: ð93Þ

Comparing equations (93) and (89), we see that

∂μ J
μ = 2ρ

ℏ
VI : ð94Þ

Equation (94) is the continuity equation with a source or
sink modeled by the complex part of the potential V . If V is
real, as one would expect for closed systems described by
Hermitian operators, we arrive at

∂μ J
μ = 0, ð95Þ

proving that Jμ is the conserved current of the Lorentz
covariant Schrödinger equation.

It is worth mentioning that ∂μ Jμ tends exactly to the
continuity equation of the nonrelativistic Schrödinger

11Advances in High Energy Physics



equation. This can be seen writing equation (95) explicitly in
terms of its derivatives and using the definition of J0 as given
in equation (81),

∂μ J
μ = 1

c
∂J0

∂t
+∇ · J = ∂ρ

∂t
−

1
mc2

∂
∂t

ρ
∂S
∂t


 �
+∇ · J = 0: ð96Þ

Taking the limit where c⟶∞, we get

∂ρ
∂t

+∇ · J = 0, ð97Þ

which is the continuity equation associated with the nonrel-
ativistic Schrödinger equation.

4.2. Manifest Covariance. Our goal here is to recast the
Lorentz covariant Schrödinger equation in a manifestly
covariant way. This can be accomplished by noting that
the Lorentz covariant Schrödinger equation, equation (63),
is equivalent to equations (90) and (91). Moreover, equation
(91) is equivalent to the continuity equation (94), which is
already written in a manifestly covariant form,

∂μ J
μ = 2ρ

ℏ
VI : ð98Þ

What remains to be done is to rewrite equation (90) in a
manifestly covariant way. Using equation (81), it is not diffi-
cult to see that

Jμ J
μ = ρ2c2 − 2ρ2c

m
∂0S +

ρ2

m2 ∂μS∂
μS: ð99Þ

After multiplying equation (99) by m2/ρ2, we arrive at

m2

ρ2
Jμ J

μ − ρ2c2
� �

= ∂μS∂
μS − 2mc∂0S: ð100Þ

Using equation (100), we can rewrite equation (90) as

ρ∂μ∂
μρ −

1
2 ∂μρ∂

μρ −
2m2

ℏ2
Jμ J

μ − ρ2c2
� �

+ 4mρ2
ℏ2

VR = 0:

ð101Þ

Equations (98) and (101) are the manifestly covariant
equations we were looking for. They are, respectively, the
imaginary and real parts of the Lorentz covariant Schrödin-
ger equation, written in a manifestly covariant way, that one
obtains after inserting the wave function in its polar form
(78) into equation (63).

4.3. Connection to the Klein-Gordon Equation. Looking at
equation (63), it is not difficult to realize that the nonrelativis-
tic limit of the Lorentz covariant Schrödinger equation gives
exactly the usual Schrödinger equation. Indeed, taking the
limit where the speed of light c⟶∞, the first term of equa-
tion (63) tends to zero and what remains is the nonrelativistic
Schrödinger equation. This is most clearly seen using equation
(65), where the remaining terms after the limit in which c

⟶∞ is the nonrelativistic Schrödinger equation written in
its usual form. Note that to obtain the nonrelativistic Schrö-
dinger equation from the Klein-Gordon equation, a much
more involved limiting process is needed [2].

On the other hand, if the mass m⟶ 0, equation (63)
is the standard relativistic invariant wave equation for a
massless scalar particle or, equivalent, the massless Klein-
Gordon equation. It is worth mentioning that when m =
0, Ψ is a relativistic scalar in the conventional way, i.e.,
Ψ⟶Ψ after a Lorentz transformation (cf. equations
(18) and (19) for m = 0).

Our goal now is to search for the phase transformation
that we must implement on Ψ to go from the Lorentz covar-
iant Schrödinger equation, equation (63), to the Klein-
Gordon equation with m ≠ 0 [2]. In order to determine the
correct phase transformation, we make the following ansatz:

Ψ r, tð Þ = e− i/ℏð Þf tð ÞΦ r, tð Þ, ð102Þ

where f ðtÞ depends only on the time. The reason to
work with a function f that does not depend on the position
vector r is related to the fact that the spatial derivatives of
equation (63) are already the ones appearing in the Klein-
Gordon equation. To arrive at the Klein-Gordon equation
starting with equation (63), we just need to be able to find
an f that allows us to get rid of the first-order time derivative
after the transformation above.

Inserting equation (102) into equation (63) and carrying
out the derivatives, we get, up to a global phase,

1
c2
∂2Φ
∂t2

− ∇2Φ −
2i
ℏ

m +
_f
c2

 !
∂Φ
∂t

−
i€f
c2ℏ

+
_f
2

c2ℏ2
+ 2m _f

ℏ2
−
2mV

ℏ2

 !
Φ = 0,

ð103Þ

where the dot and double dots over f denote the first- and
second-order derivatives with respect to time t. To obtain
the Klein-Gordon equation, we must first impose that

m +
_f
c2

= 0, ð104Þ

which leads to

f tð Þ = −mc2t + cte: ð105Þ

This condition guarantees that equation (103) has no
first-order derivatives of Φ with respect to time.

Inserting equation (105) into equation (103), we get

1
c2
∂2Φ
∂t2

− ∇2Φ + m2c2

ℏ2
+ 2mV

ℏ2


 �
Φ = 0: ð106Þ

Equation (106) can be seen as a generalization of the Klein-
Gordon equation, effectively describing a scalar field Φ in the
presence of an external potential V. If we set V = 0, we recover
the Klein-Gordon equation for massive scalar fields [2],
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1
c2
∂2Φ
∂t2

− ∇2Φ + m2c2

ℏ2
Φ = 0: ð107Þ

We have thus proved that if Ψ satisfies the Lorentz covari-
ant Schrödinger equation (63), the wave function Φ, connected
to Ψ by the phase transformation

Ψ r, tð Þ = e i/ℏð Þmc2tΦ r, tð Þ, ð108Þ

satisfies the generalized Klein-Gordon equation (99). In
Figure 1, we show pictorially how the Lorentz covariant Schrö-
dinger equation is connected to the nonrelativistic Schrödinger
equation and to the Klein-Gordon equation.

5. Predictions of the Lorentz Covariant
Schrödinger Equation

5.1. The Free Particle. Here and in Sections 5.2, 5.3, and 5.4,
we assume, without losing generality, that we deal with a
one-dimensional problem.

The free particle solution (plane wave solution) to the
Lorentz covariant Schrödinger equation is obtained assum-
ing Vðx, tÞ = 0. Inserting the ansatz

Ψ x, tð Þ = e i/ℏð Þ px−Ktð Þ ð109Þ

into equation (63), we see that equation (109) is a solution to
equation (63) if

K = K± = −mc2 ±
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2c4 + p2c2

p
: ð110Þ

The physical meaning of K+ is straightforward. It is the
relativistic kinetic energy of a free particle of mass m > 0,
where E = K+ +mc2 =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2c4 + p2c2

p
is its total relativistic

energy. The physical interpretation of K− is subtler than that
of K+, at least at the stage of first quantization. A rigorous
justification of what will be said about K− here and in Sec-
tion 5.2 will be given in Section 7, where we develop the
quantum field theory of the Lorentz covariant Schrödinger
equation. Our goal here is to motivate and to qualitatively
explore the main features of equation (63) that lead to the
results outlined below and rigorously established when we

“second quantize” the Lorentz covariant Schrödinger
equation.

If we could redefine the zero of the potential V in such a
way that K± changed to ~K± = ±

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2c4 + p2c2

p
, the same

interpretation associated with the negative and positive
energy solutions of the Klein-Gordon equation would be
valid here. We would associate ~K+ > 0, the positive energy
solution of the wave equation, to a particle of massm, energy
~K+, and traveling forward in time (t > 0). The negative solu-
tion would be reinterpreted as an antiparticle with the same
mass m and positive energy −~K− = ~K+ traveling backwards
in time:

e i/ℏð Þ px−~K−tð Þ = e i/ℏð Þ px+~K− −tð Þ½ � = e i/ℏð Þ px−~K+ −tð Þ½ �: ð111Þ

However, as we show in Section 5.2, we cannot redefine
the zero of the potential independently of p to get ~K± = ±ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2c4 + p2c2
p

. This means that for each value of the magni-
tude of p, we would need to work with a different zero of the
potential for this interpretation to make sense. We believe
this solution is unsatisfactory, and in order to have a p
-independent interpretation of K±, we are obliged to take
the following route.

If we stick with the zero of the potential at V = 0, we
readily see that K− ≠ −K+ and the previous interpretation
attributed to the negative energy K− does not follow. This
can be remedied by the following procedure. Looking at
equation (111) and comparing the far left term with the far
right one, we note that ~K−t = ~K+ð−tÞ. This last equality is
clearly not satisfied by K− and K+. We can only satisfy it if
the antiparticle that travels backwards in time also has a neg-
ative mass, namely, K− changes to �K− =mc2 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2c4 + p2c2

p
. In this scenario, we have �K−t = K+ð−tÞ and the particle of
mass m, positive energy K+, and traveling forward in time
must have an antiparticle with a negative mass traveling
backwards in time with energy −�K− = K+.

This interpretation is not too wide of the mark if we
study the solutions to the Lorentz covariant Schrödinger
equation when we set V = 0 and change m⟶ −m. In this
case, it is not difficult to see that equation (63) has the

Massless Klein-Gordon equation

Klein-Gordon equation

1
c2 𝜕t2

𝜕2 𝛹
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Figure 1: Relationship among the Lorentz covariant Schrödinger equation and the other standard scalar wave equations of quantum mechanics.
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following solutions:

Ψ x, tð Þ = e i/ℏð Þ px−�Ktð Þ, ð112Þ

with

�K = �K± =mc2 ±
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2c4 + p2c2

p
: ð113Þ

We now have that �K− = −K+, which allows us to write

e i/ℏð Þ px−�K−tð Þ = e i/ℏð Þ px+�K− −tð Þ½ � = e i/ℏð Þ px−K+ −tð Þ½ �: ð114Þ

Therefore, to the particle with mass m, energy K+, travel-
ing forward in time, we must have an antiparticle with mass
−m, energy −�K− = K+, traveling backwards in time. The same
interpretation can be attached to the pair of solutions with
energies given by �K+ and K− since here we also have −K− =
�K+. The solution with �K+ =mc2 +

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2c4 + p2c2

p
describes a

particle of mass −m, traveling forward in time, and with posi-
tive energy �K+, while the solution with K− is its antiparticle
with mass m traveling backwards in time.

We can intuitively understand why this interpretation
will rigorously appear in the second quantization of the
Lorentz covariant Schrödinger equation by the following
argument. Looking at equation (63) when V = 0, we note
that if we change m to –m, we get the following equation:

1
c2
∂2Ψ
∂t2

− ∇2Ψ + i
2m
ℏ

∂Ψ
∂t

= 0: ð115Þ

On the other hand, by taking the complex conjugate of
equation (63), we arrive at

1
c2
∂2Ψ∗

∂t2
− ∇2Ψ∗ + i

2m
ℏ

∂Ψ∗

∂t
= 0: ð116Þ

Comparing equations (115) and (116), we see that they
are formally the same, having the same mathematical struc-
ture. In other words, the solution Ψ∗ of the complex conju-
gate equation is equivalent to the solution Ψ of the negative
mass equation. In this way, when second quantizing the
complex Lagrangian leading to equation (63) and its com-
plex conjugate version, the conserved charge obtained via
Noether’s theorem will be formed by particles with positive
and negative masses.

It is instructive to remark that the Klein-Gordon equa-
tion does not possess this feature, even when we deal with
its complex version. Looking at equation (107), we see that
the Klein-Gordon equation is unchanged if m⟶ −m and
that its complex conjugate version is formally equivalent to
equation (107). The key ingredient that makes the Lorentz
covariant Schrödinger equation change its structure when
m⟶ −m, or when we take its complex conjugate, is the
presence of the term

i
2m
ℏ

∂Ψ
∂t

, ð117Þ

which has the imaginary number i and which is linear in the
massm. The Klein-Gordon equation has no term linear inm
or explicitly depending on i. (In the context of Foldy-
Wouthuysen transformations, the interpretation of the pos-
itive and negative energy solutions of the Dirac equation as
describing particles with positive and “negative” masses is
also possible for weak external fields [11]. Furthermore, for
optical and quantum hydrodynamic systems, effective nega-
tive masses associated with particle-like excitations in those
systems were experimentally reported [12–16].)

5.2. Particle in a Constant Potential. We now assume that
the potential Vðx, tÞ is a nonnull constant V . Inserting the
ansatz given by equation (109) into (63), we have that it is
a solution to equation (63) if

K = K± = −mc2 ±
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2c4 + p2c2 + 2mc2V

p
: ð118Þ

Adding mc2 to both sides of equation (118) and squaring
it lead to

E2 − p2c2 =m2c4 + 2mc2V , ð119Þ

where we have defined

E = K +mc2: ð120Þ

The right-hand side of equation (119) is a Lorentz
invariant and can be compactly written as

pμpμ =m2c2 + 2mV =m2c2 1 + 2V
mc2


 �
, ð121Þ

where pμ = ðE/c, pÞ is the four-momentum.
In the particle’s rest frame p = 0 and evaluating equation

(121) in this frame, we get for the particle’s rest energy,

E0 =mc2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 + 2V

mc2

r
=m′c2: ð122Þ

We see that the presence of the potential V changes the
rest mass of the particle to

m′ =m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 + 2V

mc2

r
: ð123Þ

For small values of V , such that

V
mc2

≪ 1, ð124Þ

we have

m′ ≈m + V
c2
: ð125Þ

Equation (125) means that the mass of any particle in
the presence of a small potential changes equally by the same
quantity, namely, V/c2. For high values of V , the changes in
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the mass are different for each type of particle (it depends on
the value of m) and are given by equation (123). These
results tell us that the mass of a particle described by the
Lorentz covariant Schrödinger equation depends on the
background external field to which it is subjected and which
is phenomenologically modeled by the potential V . This fea-
ture might be useful in the effective description of condensed
matter systems, where the “spacetime” structure is given by
an effective Minkowski spacetime with limiting velocity ceff
< c and effective masses differing from the “bare” masses
defined when V = 0. Note that this feature is also seen in
the generalized Klein-Gordon equation (106) since it also
depends on the potential V . (The possibility of an external
potential that is not related to electromagnetic or gravita-
tional fields and that may change the rest mass of a particle
is introduced by Stueckelberg in ref. [17].)

We can also obtain a stronger condition than (124) to
the validity of equation (125) and in a way that connects
the magnitude of the potential V with the magnitude of
the particle’s momentum jpj = jpj. This is achieved by
rewriting equation (118) as

E
pc


 �2
= mc2

pc
+ V
pc


 �2
+ 1 − V

pc


 �2
ð126Þ

and noting that if

V
pc


 �2
≪ 1, ð127Þ

we get that 1 − ðV/pcÞ2 ≈ 1 and thus

E
pc


 �2
≈

mc2

pc
+ V
pc


 �2
+ 1: ð128Þ

Rewriting equation (128) as

E2 − p2c2 ≈ m + V
c2


 �2
c4 =m′2c4, ð129Þ

we immediately see that it is the energy-momentum relation
for a particle of mass m′, where m′ is given by equation
(125). Therefore, if

Vj j≪ pj jc, ð130Þ

a particle with mass m when subjected to the constant field
V will behave like a free particle of mass m + V/c2.

In order to better appreciate the meaning of K+, as given
by equation (118), we expand it in powers of 1/c2 and com-
pare the resulting expansion with what one would expect in
the nonrelativistic limit. A simple calculation leads to

K+ =
p2

2m + V + O
1
c2


 �
, ð131Þ

where Oð1/c2Þ denotes terms of order higher or equal to 1/c2.

Looking at equation (131), we see that in the limit of c
⟶∞, we obtain that K+ is the nonrelativistic kinetic
energy plus the potential energy of the particle. This is con-
sistent with assigning to K+ the interpretation that it is the
total relativistic energy of the particle minus its “bare” rest
energy mc2 when we get back to the relativistic domain. A
similar interpretation is attached to K− if we remember that
we should consider it the solution to the Lorentz covariant
Schrödinger equation with a negative mass. In other words,
K can only be interpreted as the particle’s relativistic kinetic
energy when V = 0.

We end this section proving, as claimed in Section 5.1,
that it is not possible to redefine the zero of the potential
independently of p to get K± = ±

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2c4 + p2c2

p
. If we try to

obtain a scenario where K± = ±
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2c4 + p2c2

p
, we have to

solve for V the following equation (cf. equation (118)):

−mc2 ±
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2c4 + p2c2 + 2mc2V

p
= ±

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2c4 + p2c2

p
: ð132Þ

Its solutions are

V = mc2

2 ±
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2c4 + p2c2

p
: ð133Þ

Looking at equation (133), we see that it is not possible
to have V independent of the magnitude of jpj. Moreover,
even allowing for a p-dependence, we cannot get the job
done since we need different values of V to set either K+
or K− to be

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2c4 + p2c2

p
or −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2c4 + p2c2

p
, respectively

(note the ± in the expression for V above). This completes
the proof of the claim given in Section 5.1.

5.3. Complex Variable Telegraph Equation. If we look at
equation (121), we note that as we decrease the value of
the external potential V , we decrease the value of the Lorentz
invariant pμpμ. Eventually, for a sufficiently low potential, we

will get pμpμ = 0. In this scenario, when V = −mc2/2, it is
expected that a particle of “bare” mass m behaves like a
massless particle. Moreover, a wave packet in this case is
expected to propagate without distortion and without
spreading. This is indeed the case as we prove below.

The one-dimensional Lorentz covariant Schrödinger
equation, equation (63), can be written as

1
c2
∂2Ψ
∂t2

−
∂2Ψ
∂x2

− i
2m
ℏ

∂Ψ
∂t

+ 2mV

ℏ2
Ψ = 0: ð134Þ

This equation has the same structure as the Heaviside
telegraph equation [18, 19], a real partial differential equa-
tion which under certain conditions has a solution in which
a distortionless propagation of a wave packet is possible.
Equation (134) is a complex version of the telegraph equa-
tion, and it inherits the main features of the real Heaviside
telegraph equation. As we show below, under a particular
condition for the external potential V , equation (134) has a
solution in which a wave packet propagates distortionless
and without dispersion.
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We should also mention that when V = 0, equation (134)
is similar to the complex telegraph equation postulated by
Sancho in his search for a nonrelativistic wave equation
leading to a noninstantaneous spread of a localized wave
packet [20],

2mτ
ℏ

∂2Ψ
∂t2

−
∂2Ψ
∂x2

− i
2m
ℏ

∂Ψ
∂t

= 0, ð135Þ

with τ being a free parameter with dimension of time. Equa-
tion (126) was obtained by extending to the complex plane
the real telegraph equation [18, 19] and adjusting the coeffi-
cients multiplying the derivatives such that the Schrödinger
equation is obtained for an “instantaneous” relaxation time
(τ = 0). In ref. [20], it was shown that we indeed have a non-
instantaneous spread of the wave function for a localized ini-
tial condition whenever τ ≠ 0. Comparing equations (134)
and (135), we see that they become equal if τ = ℏ/ð2mc2Þ.

If we insert the ansatz (cf. equation (108))

Ψ x, tð Þ = e i/ℏð Þmc2tΦ x, tð Þ ð136Þ

into equation (134), we get

1
c2
∂2Φ
∂t2

−
∂2Φ
∂x2

+ m2c2

ℏ2
+ 2mV

ℏ2


 �
Φ = 0: ð137Þ

Choosing

V = −
mc2

2 , ð138Þ

equation (137) becomes

1
c2
∂2Φ
∂t2

−
∂2Φ
∂x2

= 0: ð139Þ

This is the standard wave equation for a massless scalar
particle in one dimension. Its general solution is

Φ x, tð Þ = F x − ctð Þ +G x + ctð Þ, ð140Þ

where Fðx − ctÞ and Gðx + ctÞ are nondispersive traveling
waves to the right and to the left, respectively.

The general solution to equation (134) is thus

Ψ x, tð Þ = e i/ℏð Þmc2t F x − ctð Þ +G x + ctð Þ½ �: ð141Þ

For a wave packet traveling to the right, we have Gðx +
ctÞ = 0 and thus

Ψ x, tð Þ = e i/ℏð Þmc2t F x − ctð Þ: ð142Þ

This leads to a probability density that propagates with-
out dispersion and distortion to the right and with the speed
of light c,

ρ x, tð Þ =Ψ∗ x, tð ÞΨ x, tð Þ = F x − ctð Þj j2: ð143Þ

We can also test the previous result by studying the
propagation of a wave packet for decreasing values of the
potential V . As we decrease V , less dispersive is the evolu-
tion of the wave packet, until we reach the critical value
V = −mc2/2 where a dispersionless evolution of the wave
packet is achieved.

A possible way to achieve such a huge negative potential
would be to work with a scalar charged particle subjected to
a constant electric potential φ. If q is its charge, V = qφ and
equating it to −mc2/2 gives φ = −mc2/ð2qÞ. We can estimate
the order of magnitude of the electric potential using the rest
mass of the electron and its charge. This gives φ ≈ −2:54 ×
105V . In other words, one needs an electric potential of mag-
nitude of the order of 100 thousands volts to start to see a
dispersionless propagation.

However, if we work with greater charges or lower
masses, the lower the voltage needed. For some condensed
matter systems such as a semiconductor, the effective mass
of the electron can be as low as 1% of its rest mass. In these
materials, an electric potential of the order of −103V would
be enough to see a dispersionless evolution.

5.4. Free Particle Wave Packets. We now investigate how
wave packets evolve according to the Lorentz covariant
Schrödinger equation when we set V = 0, comparing its evo-
lution to the ones predicted by the Klein-Gordon equation
and by the nonrelativistic Schrödinger equation when we
set the Hamiltonian equal to

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2c4 + p∧2c2

p
, with p̂ = −iℏ∂

/∂x. In all cases, we will be dealing with the positive energy
solutions.

If we write the wave function as

Ψ x, tð Þ = 1ffiffiffiffiffiffiffiffi
2πℏ

p
ð
f Ψ pð Þe i/ℏð Þ px−K pð Þt½ �dp, ð144Þ

f ΨðpÞ is the momentum distribution of the wave packet and
KðpÞ, a function of the momentum p, is determined by
inserting equation (144) into the corresponding wave equa-
tion and imposing that Ψðx, tÞ should be a solution to the
wave equation. The integration above includes the entire real
line; i.e., p runs from −∞ to ∞.

If we insert equation (144) into the one-dimensional
Lorentz covariant Schrödinger equation for a free particle,
namely, equation (134) with V = 0, we guarantee that equa-
tion (144) is a solution to it if

K pð Þ = −mc2 +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2c4 + p2c2

p
, ð145Þ

where KðpÞ is the positive energy solution. Similarly, insert-
ing equation (144) into equation (137) with V = 0, where the
latter equation is the one-dimensional Klein-Gordon equa-
tion for a particle with mass m, we get

K pð Þ =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2c4 + p2c2

p
: ð146Þ

Comparing the two dispersion relations above, equations
(145) and (146), we note that they differ by −mc2, which
does not depend on p. This means that the probability
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density jΨðx, tÞj2 computed from equation (144) is the same
whether we work with the Lorentz covariant Schrödinger
equation or with the Klein-Gordon equation.

It is also instructive if we compute the dispersion relation
for the following wave equation:

iℏ
d
dt
Ψj i =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2c4 + p̂2c2

q
Ψj i, ð147Þ

which is the standard Schrödinger equation written in the
bra-ket notation with Ĥ =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2c4 + p̂2c2

p
. Here, Ĥ is the rel-

ativistic Hamiltonian for a free particle where the momen-
tum p is replaced by the operator p̂ = −iℏ∂/∂x. If we
project it onto the momentum space, we can easily operate
with

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2c4 + p̂2c2

p
on the momentum eigenstates and solve

the corresponding differential equation. Fourier transform-
ing back to the position representation, we realize that Ψðx
, tÞ evolves according to equation (144) and with a disper-
sion relation given by equation (146). In other words, the
Lorentz covariant Schrödinger equation, the Klein-Gordon
equation, and the wave equation (147) predict the same
wave-packet dynamics in the free particle regime.

5.5. Time-Independent Potentials. We proceed with the
investigation of the main predictions of the Lorentz covari-
ant Schrödinger equation, studying now its general features
when the particle of mass m is subjected to a time indepen-
dent, and not necessarily constant, potential. Specifically, we
want to address the bound state solutions to equation (63)
when Vðr, tÞ =VðrÞ.

Inserting the ansatz

Ψ r, tð Þ = e−iKt/ℏψ rð Þ ð148Þ

into equation (63), where K is a constant, we get the follow-
ing time-independent equation:

−ℏ2

2m ∇2ψ rð Þ + V rð Þψ rð Þ = λψ rð Þ, ð149Þ

where

λ = K2

2mc2
+ K


 �
: ð150Þ

Equation (149) is formally identical to the time-
independent nonrelativistic Schrödinger equation, with λ being
its eigenvalue.We thus see that any solution to the latter is also a
solution to equation (149), the time-independent Lorentz
covariant Schrödinger equation. Due to the linearity of equation
(63), its general solution for time-independent potentials is the
superposition of the stationary solutions (148),

Ψ r, tð Þ =〠
n

e−iKnt/ℏψn rð Þ, ð151Þ

whereψnðrÞ is an eigenvector of equation (149) with eigenvalue
λn and, for bound state problems, Kn is the following solution

to equation (150):

Kn = −mc2 +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2c4 + 2mc2λn

p
: ð152Þ

To better appreciate the physical meaning of K, we expand
it in powers of 1/c2,

K = λ − 1
2
λ2

mc2
+ O 1/c4
� �

: ð153Þ

In the nonrelativistic limit, when c⟶∞, K = λ and we
recognize it as the energy of the nonrelativistic system, with
the rest energy already absent. The standard notation in the
nonrelativistic regime is to employ the letter E instead of λ to
represent the eigenvalues of equation (149) since in this regime,
they are the system’s total energy (no rest energy included).
Similarly, we can understand K as the relativistic bound energy
of the system, with the rest energy already excluded.

5.5.1. Example: The Hydrogen Atom. Let us study the solu-
tion to equation (149) when a particle of mass m and charge
−e (an electron, for instance) is subjected to the electrostatic
Coulomb potential generated by a particle of mass M and
charge e > 0 (a proton, for example). In the SI units, the
potential is

V rð Þ = −
e2

4πε0
1
r
, ð154Þ

where r is the distance between the two particles and ε0 is the
vacuum permittivity. IfM≫m, we can consider the massM
at rest and m in equation (149) is, for all practical purposes,
equal to the mass of the lightest particle. Otherwise, we
should understand m in equation (149) as the reduced mass
mM/ðm +MÞ. We are also leaving out of our analysis any
spinorial properties of the electron and proton. We are effec-
tively dealing with charged scalar particles.

Inserting equation (154) into (149), we see that we for-
mally have the nonrelativistic Schrödinger equation for the
Hydrogen atom, whose eigenvalues are [2]

λn = −
mc2

2
α2

n2
: ð155Þ

Here, n ≥ 1 is a positive integer and α, the fine structure
constant, is

α = 1
4πε0

e2

ℏc
: ð156Þ

Inserting equation (154) into (149), we get

Kn = −mc2 1 −
ffiffiffiffiffiffiffiffiffiffiffi
1− α

2

n2

r !
ð157Þ

= −
mc2

2
α2

n2
1 + α2

4n2

 �

+ O α6
� �

, ð158Þ
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where the last line is the expansion of the exact value of
Kn up to fourth order in the fine structure constant.

It is interesting to compare the previous result with the
solution to the same problem using the Dirac equation min-
imally coupled to the electromagnetic field. In this case, we
get after subtracting the particle’s rest energy [2]

KD
n,j+1/2 = −mc2 1 − 1 + α

n − j + 1/2ð Þð Þ +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j + 1/2ð Þð Þ2 − α2

q
0B@

1CA
2264
375
−1/28>><>>:
9>>=>>;

= −
mc2

2
α2

n2
1 + α

2

n2
n

j + 1/2ð Þ −
3
4


 �� �
+ O α6
� �

,

ð159Þ

where n ≥ 1 is a positive integer and j + 1/2 = 1, 2,⋯, n. The
last expression above is KD

n,j+1/2 expanded up to fourth order
in α.

Computing the energy of the ground state predicted by the
Lorentz covariant Schrödinger equation, equation (157) with
n = 1, and by the Dirac equation, equation (159) with n = 1
and j + 1/2 = 1, we get the same result to all orders of α,

K1 = KD
1,1 = −mc2 1 −

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2

p� �
: ð160Þ

Moreover, if we compute the energies predicted by the
Dirac equation for n ≥ 1 using the highest possible value for
the total angular momentum; i.e., if we set j + 1/2 = n in equa-
tion (159), we get

KD
n,n = −mc2 1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α

2

n2

r !
= Kn: ð161Þ

These are exactly the energies predicted by the Lorentz
covariant Schrödinger equation (cf. equation (157)), a remark-
able match with the most energetic bound energies predicted
by the Dirac equation for a given n.

It is worth noting that we have neglected the spin prop-
erties of the electron and of the proton and we have not min-
imally coupled the Lorentz covariant Schrödinger equation
with the electromagnetic field to arrive at those results. We
just have inserted the Coulomb potential as given above
directly into the Lorentz covariant Schrödinger equation. It
is really impressive that such a simple approach leads exactly
to a subset of the bound energies predicted by the Dirac
equation. And of course, to break the degeneracy and get
bound energies depending on the total angular momentum
of the electron, we either have to add the spin-orbit coupling
by hand in the Lorentz covariant Schrödinger equation or
deal directly with a spin-1/2 relativistic wave equation as
Dirac did.

Before we move on to the next section, we want to com-
pare the bound energies given by the Lorentz covariant
Schrödinger equation with the ones given by solving the
Klein-Gordon equation under the same conditions and min-
imally coupled with the electromagnetic field. Subtracting
the rest energy, we have [2]

KKG
n,l = −mc2 1 − 1 + α

n − l + 1/2ð Þð Þ +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l + 1/2ð Þð Þ2 − α2

q
0B@

1CA
2264
375
−1/28>><>>:
9>>=>>;

= −
mc2

2
α2

n2
1 + α

2

n2
n

l + 1/2ð Þ −
3
4


 �� �
+ O α6
� �

,

ð162Þ

where n ≥ 1 is a positive integer and l = 0, 1, 2,⋯, n − 1. The
last line is KKG

n,l expanded up to fourth order in α. Equation
(162) is similar to (159), with j + 1/2 changed to l + 1/2,
where l labels the orbital angular momentum of the mass
m.

Calculating the ground state energy predicted by the
Klein-Gordon equation, namely, equation (162) with n = 1
and l = 0, we obtain

KKG
1,0 = −mc2 1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2 1 +

ffiffiffiffiffiffiffiffiffiffiffiffi
1−4α2

p� �r" #
ð163Þ

= −
mc2

2 α2 1 + 5
4 α

2

 �

+ O α6
� �

: ð164Þ

Looking at equation (164), we see that the ground state
energy predicted by the Klein-Gordon equation minimally
coupled to the electromagnetic field is not equal to equation
(160), the ground state energy given by the Dirac equation
and by the Lorentz covariant Schrödinger equation. Even
to order of α4, the values of the ground state energies are
already different. In other words, at the level of the ground
state energy, the Lorentz covariant Schrödinger equation
gives a better description of the hydrogen atom than the
Klein-Gordon equation minimally coupled to the electro-
magnetic field. It is worth mentioning, nevertheless, that if
we insert V given by equation (154) into the generalized
Klein-Gordon equation, equation (106), we will get the same
bound energies reported here for the Lorentz covariant
Schrödinger equation (equation (157)).

5.6. Minimal Coupling with the Electromagnetic Field. Our
goal now is to study the Lorentz covariant Schrödinger equa-
tion, as given by equation (63), minimally coupled to an
electromagnetic field. We also want to study the simulta-
neous action of the electromagnetic and gravitational fields
on a particle of mass m and charge q, where the static New-
tonian gravitational potential enters in equation (63) via the
potential energy VðrÞ. (See refs. [21–24] for general-
relativistic and post-Newtonian corrections in hydrogen-
like systems when the spin of the interacting particles is also
included in the analysis.)

The electromagnetic minimal coupling, in SI units and
in the metric signature we have been using, is obtained by
replacing in the wave equation all derivatives ∂μ according
to the following prescription [2]:

∂μ⟶Dμ = ∂μ +
iq
ℏ
Aμ, ð165Þ
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where the covariant four-vector potential is

Aμ =
φ

c
,−A

� �
: ð166Þ

Here, φ and A = ðA1, A2, A3Þ are, respectively, the elec-
tric and vector potentials characterizing an electromagnetic
field.

Applying prescription (166) to equation (66), we have

DμD
μΨ − i

2mc
ℏ

D0Ψ + 2mV

ℏ2
Ψ = 0, ð167Þ

where V should be thought as the particle’s potential energy
associated with an external field whose origin is not electro-
magnetic. All electromagnetic interactions are embedded in
the minimal coupling assumption.

Noting that after a Lorentz boost, Dμ transforms as a
covariant four-vector and that DμD

μ is a Lorentz invariant,
we can show that equation (167) is Lorentz covariant if Ψ
transforms according to equation (18). In addition to that,
it is not difficult to see that if we implement the gauge trans-
formation

~Aμ xð Þ = Aμ xð Þ + ∂μχ xð Þ, ð168Þ

we get

~Dμ ~D
μ ~Ψ − i

2mc
ℏ

~D0 ~Ψ + 2mV

ℏ2
~Ψ = 0, ð169Þ

where

~Dμ = ∂μ +
iq
ℏ
~Aμ, ð170Þ

~Ψ xð Þ = e− iq/ℏð Þχ xð ÞΨ xð Þ: ð171Þ
In other words, the Lorentz covariant Schrödinger equa-

tion minimally coupled to the electromagnetic field is invari-
ant with respect to a local gauge transformation given by
equation (156) if the wave function transforms according
to equation (171).

5.6.1. Bound State Solutions in a “Pure” Static Electric Field.
We now set V = 0; i.e., we have a “pure” electromagnetic
problem, and assume that the particle of mass m and charge
q = −e < 0 is subjected to an attractive Coulomb potential
generated by a “fixed” charge e. This is essentially the hydro-
gen atom where we disregard the spinorial aspects of the
electron and the proton. In this scenario,

Aμ = φ/c, 0, 0, 0ð Þ, ð172Þ

with

φ = 1
4πε0

e
r
: ð173Þ

Inserting equations (172) and (173) into equation (167)
and separating the time variable from the spatial ones using
the ansatz given by equation (148), we get

−ℏ2c2∇2ψ rð Þ = K −V rð Þ +mc2
� �2 −m2c4
h i

ψ rð Þ, ð174Þ

where

V rð Þ = −
e2

4πε0
1
r
= −ℏc

α

r
ð175Þ

is the particle’s electrostatic potential energy.
If we make the substitution K +mc2 ⟶ E, equation

(174) becomes the stationary Klein-Gordon equation mini-
mally coupled to the electromagnetic field via the Coulomb
potential [2]. Therefore, the bound energies for the present
problem are simply Kn,l = EKG

n,l −mc2, where EKG
n,l are the

bound energies for the Klein-Gordon equation. The explicit
form of Kn,l is given by equation (162).

5.6.2. Bound State Solutions in a “Pure” Gravitational Field.
We now set Aμ = 0 and

V rð Þ = −
GmM
r

= −ℏc
~α

r
, ð176Þ

where G is the gravitational constant, M is the mass of the
“fixed" particle generating the gravitational field that acts
on m, and ~α =GmM/ℏc is the “gravitational fine structure
constant.”

Inserting equation (176) into equation (167) and using
that Aμ = 0, the stationary equation we get is given by equa-
tion (149), whose bound state energies are given by equation
(157) with α changed to ~α. Note that for the hydrogen atom,
the leading term in the energy is of the order ~α2mc2 ~ 1
0−83mc2, irrelevant if compared to α2mc2 ~ 10−5mc2, the
leading contribution coming from the Coulomb potential.

5.6.3. Bound State Solutions in Static Electric and
Gravitational Fields. It is very instructive to study the case
in which we have a charged scalar particle described by the
Lorentz covariant Schrödinger equation minimally coupled
to the electromagnetic field and also subjected to a gravita-
tional field. The leading contribution coming from a static
gravitational field is obtained setting VðrÞ as given by equa-
tion (176). The Coulomb potential is modeled via equations
(172) and (173).

As we will show below, the bound energies to this prob-
lem are not simply independent contributions coming from
the electromagnetic and gravitational fields. We will see that
the way the system “feels” the gravitational field depends on
the electromagnetic field acting on it. In other words, the
bound energies depend not only on isolated functions of α
and ~α but also on functions of the product α~α. The simulta-
neous presence of both fields leads to bound energies that
couple the electromagnetic and gravitational fields in a non-
trivial way.
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Inserting equations (172), (173), and (176) into (167)
and employing the ansatz (148), the stationary Lorentz
covariant Schrödinger equation can be written as

∇2ψ rð Þ = −
1

ℏ2c2
K −V rð Þ½ �2 + 2mc2 K −V rð Þ −V rð Þ½ �� �

ψ rð Þ:

ð177Þ

If we express the Laplacian operator in spherical coor-
dinates and write ψðrÞ = ψn,l,mðrÞ = un,lðrÞYm

l ðθ, ϕÞ, where
r = jrj and θ and ϕ are, respectively, the polar and azi-
muthal angles of the spherical-polar coordinates, equation
(177) decouples into the following two equations:

1
un,l

d
dr

r2
dun,l
dr


 �
+ r2 f rð Þ

ℏ2c2
= l l + 1ð Þ, ð178Þ

1
Ym
l

1
sin θ

∂
∂θ

sin θ ∂Y
m
l

∂θ


 �
+ 1
sin2θ

∂2Ym
l

∂ϕ2

" #
= −l l + 1ð Þ:

ð179Þ
The solutions to equation (179) are the spherical har-

monics [3], where l = 0, 1, 2,⋯ and m = 0, ±1, ±2,⋯,±l.
The radial equation (178), where

f rð Þ = K −V rð Þ½ �2 + 2mc2 K −V rð Þ −V rð Þ½ �, ð180Þ

becomes

d2

dr2
−
l l + 1ð Þ
r2

+ f rð Þ
ℏ2c2

" #
Rn,l = 0 ð181Þ

after using that

un,l rð Þ = Rn,l rð Þ
r

: ð182Þ

Computing explicitly f ðrÞ, we can rewrite equation (181)
as

d2

dr2
−
l l + 1ð Þ − α2

r2

"
+ 2 Eα +mc2~α
� �

ℏcr
−
m2c4 − E2

ℏ2c2

�
Rn,l = 0,

ð183Þ

where

E = K +mc2: ð184Þ

We will restrict ourselves to bound energies such that
−2mc2 < K < 0. This is equivalent to working with jEj <m
c2. With such values for E, the constant

B =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 m2c4 − E2ð Þ

ℏ2c2

s
ð185Þ

is a real number. Now, defining

ρ = Br, ð186Þ

λ = 2 Eα +mc2~α
� �

Bℏc
, ð187Þ

μ =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l + 1

2


 �2
− α2

s
, ð188Þ

equation (183) becomes

d2

dϱ2
−
μ2 − 1/4
ϱ2

+ λ
ϱ
−
1
4

" #
Rn,l ϱð Þ = 0: ð189Þ

Equation (189) is formally the same one obtains when
solving the Klein-Gordon equation minimally coupled to
the electromagnetic field [2]. The only difference between
the present problem and the one given in ref. [2] is the
absence of the term proportional to ~α in equation (187).
Therefore, we can follow the same steps given in ref. [2] to
arrive at the following solution to equation (189):

Rn,l ϱð Þ =Ne−ϱ/2ϱμ+1/21F1 a, b ; ϱð Þ, ð190Þ

where 1F1ða, b ; ϱÞ is the confluent hypergeometric func-
tion, N a normalization constant, and

b = 2μ + 1, ð191Þ

a = μ + 1
2 − λ: ð192Þ

The function 1F1ða, b ; ϱÞ⟶∞ when ρ⟶∞, and
thus, in order to get a finite and normalizable solution, we
have to truncate the series that defines the confluent hyper-
geometric function. This is achieved if [2]

a = −n′ = 0, 1, 2, 3,⋯: ð193Þ

Equation (193) leads to the quantization of the bound
energies, whose values are given by solving for E equation
(192),

μ + 1
2 − λ = −n′, ð194Þ

where λ is given by equation (187). Picking the solution in
which ∣E ∣ <mc2 and using equation (184), we finally get

Kn,l = −mc2 1 + α~α

w2 + α2 − 1 + α2

w2


 �
1 + ~α2

w2 + α2 − ~α2


 �� �−1/2( )
,

ð195Þ
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where

w = n − l + 1
2


 �
+

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l + 1

2


 �2
− α2

s
, ð196Þ

n = n′ + l + 1: ð197Þ

Equation (197) together with the fact that l = 0, 1, 2,⋯
leads to n = 1, 2, 3,⋯ and l = 0, 1, 2,⋯, n − 1.

It is not difficult to see that if ~α = 0, we recover the pure
electromagnetic solution (162) and that if α = 0, a simple cal-
culation shows that we get back to the pure gravitational
solution, namely, equation (157), with α changed to ~α. The
more interesting scenario occurs when both the electric
and gravitational fields are turned on. In this case, the effect
of the gravitational field acting on the particle m is affected
by the presence of the electric field. This is clear looking at
equation (195), where we see that the bound energies
depend also on products of α~α.

We can better appreciate this feature if we expand equa-
tion (195) in terms of α and ~α,

Kn,l = −
mc2α2

2n2 −
mc2α4

2n4
n

l + 1/2 −
3
4


 �
+ O α6
� �

−
mc2α~α
n2

+ O α3~α
� �

−
mc2~α2

2n2 + O ~α4
� �

:

ð198Þ

The first two terms in the right-hand side of equation
(198) are, respectively, the nonrelativistic energy and the
dominant relativistic correction due to the presence of a
Coulomb potential alone, as discussed in Section 5.6.1. The
sixth term in equation (198) is the nonrelativistic energy
due to the presence of a gravitational field alone (cf. Section
5.6.2). The fourth term in equation (198),

−
mc2α~α
n2

, ð199Þ

is the dominant contribution to the bound energy coming
from the simultaneous presence of an electric field and a
gravitational field. For the hydrogen atom, we have

α~αmc2 ~ 10−44mc2 ~ α20mc2, ð200Þ

which is too small to be detected using today’s technology.
On the other hand, the simultaneous existence of electric
and gravitational fields leads to a contribution to the bound
energies about 40 orders of magnitude greater than the
expected one due to the presence of a gravitational field
alone, which is of order ~α2mc2 ~ 10−83mc2.

In order to have a gravitational contribution to the
bound energies of order α4, which is the order of magni-
tude of the dominant relativistic correction to the bound
energies due to an electric field, we would need ~α ~ α3.
This is achieved with a “heavy proton” of mass of the
order of 108 kg.

From a fundamental point of view, however, the fact that
this simple model leads to a nontrivial influence of the grav-
itational field on how an electromagnetic field acts upon a
particle of mass m deserves further investigation. It is not
unlikely, as we show in Section 5.7, that the scattering
between two charged particles, one of which is very massive,
might lead to detectable predictions within the present
model. (Note that by solving the standard Schrödinger equa-
tion for a particle subjected simultaneously to static electric
and gravitational fields, we get for the bound energies KSch

n

= −mc2α2/ð2n2Þ −mc2~α2/ð2n2Þ −mc2α~α/n2. In other words,
the mixed term given by equation (199) is already present
at the nonrelativistic level. Equation (195), on the other
hand, is the relativistic bound energies Kn,l we obtain by
solving the Lorentz covariant Schrödinger equation for the
same physical system. As can be seen by looking at equation
(198), Kn,l tends to KSch

n for small values of α and ~α.)

5.6.4. Bound State Solutions in a Static Electric Field and a
Constant Gravitational Field. If we have a Coulomb field
minimally coupled to a charged particle of mass m, as
given by equations (172) and (173), together with a con-
stant gravitational field acting on it, which is achieved by
setting V a constant in equation (176), we can repeat the
steps detailed above and get the following expression for
the bound energies:

Kn,l = −mc2 1 − 1 + α2

w2


 �−1/2
1 + 2V

mc2


 �1/2
" #

, ð201Þ

where w was defined in equation (196).
Looking at equation (201), we see that it is similar to

equation (162), the pure electrostatic solution to the Lorentz
covariant Schrödinger equation. However, the term
ð1 + α2/w2Þ−1/2 does not appear alone now. It comes multi-
plied by ½1 + 2V/ðmc2Þ�1/2, whose origin stems from the
presence of a constant gravitational field. Also, if V ~mc2

α2, we would get corrections to the bound energies of order
α4, which could in principle be detected.

5.6.5. Bound State Solutions in a Gravitational Field and a
Constant Electric Field. For completeness, we present the
bound energies when we have a constant electric field, which
is achieved by setting equation (175) to a constant and using
equation (176) to model the gravitational field. The bound
energies in this case are

Kn,l =V −mc2 1 −
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ~α2

n2

r !
, ð202Þ

where n = 1, 2, 3,⋯. This case is less interesting since it is
simply the pure gravitational case with bound energies dis-
placed by V , the electric potential energy due to a constant
electric field.

5.6.6. Solutions in Constant Electric and Gravitational Fields.
We are now interested in the plane wave solutions arising
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from solving equation (167) when both the electric and grav-
itational fields acting on the particle are constant. The time-
independent equation we need to solve is given by equation
(177), with V and V treated as two constants. Inserting the
ansatz

ψ rð Þ = e i/ℏð Þp·r ð203Þ

into equation (177), we get

K± =V −mc2 ±
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2c2 +m2c4 + 2mc2V

p
, ð204Þ

where p = jpj. Defining m′ =mð1 + 2V/ðmc2ÞÞ1/2, E = K± +
mc2, and squaring equation (204), we get

pμpμ =m′2c2, ð205Þ

where

pμ = E −V

c
, p


 �
: ð206Þ

Looking at equation (204), we see that the constant elec-
tric field affects K+ and K− equally, displacing both energies
by the same quantity V . On the other hand, the constant
gravitational field affects K+ and K− differently, leading to
the same results already discussed in Section 5.2.

It is worth mentioning the following two points. First, we
can make K+ = −K− working with the Lorentz covariant
Schrödinger equation minimally coupled to a constant elec-
tric field. Specifically, if we set V =mc2, we accomplish this
task. This feature cannot be achieved without working in the
minimal coupling scenario or by applying an external grav-
itational field, as we can see by looking at equation (204).
See also Sections 5.1 and 5.2 for more details.

Second, equation (204) leads to a dispersion relation
whose dependence on the value of the external constant
gravitational field affects a particle’s wave packet dynamics
in a nontrivial way. This point becomes clearer inserting K
ðpÞ as given by equation (204) into equation (144), which
gives the time evolution of a one-dimensional wave packet
in the presence of constant electric and gravitational fields.
The wave packet dynamics will differ from that of a free par-
ticle (V = V = 0) due to the presence of the term 2mc2V
inside the square root of the dispersion relation (204). This
factor introduces nontrivial changes when we integrate
equation (144) to obtain the wave packet dynamics. Note
that the effect of a constant electric field is trivial. It does
not change the wave packet dynamics since it only adds a
global phase to Ψðx, tÞ.
5.7. Coulomb and Gravitational Scattering. Our goal here is
to compute perturbatively the differential cross section for
a beam of charged particles of mass m hitting charged parti-
cles of massM at rest. The charges of the incident and target
particles are respectively q and Q, the kinetic energy of the
incident particles are K <mc2, and we model the interaction
of those particles via static electric and gravitational fields.

The stationary Lorentz covariant Schrödinger equation
describing the simultaneous action of the Coulomb and
gravitational fields is given by equation (177), which can be
rewritten as

∇2ψ rð Þ + k2ψ rð Þ = J rð Þψ rð Þ, ð207Þ

with

k2 = E2 −m2c4
� �

/ ℏ2c2
� �

, ð208Þ

J rð Þ = − V rð Þ½ �2 + 2EV rð Þ + 2mc2V rð Þ
ℏ2c2

: ð209Þ

For the present problem, we have

V rð Þ = qQ
4πε0r

= −ℏc
α

r
=V rð Þ, ð210Þ

V rð Þ = −
GmM
r

= −ℏc
~α

r
=V rð Þ, ð211Þ

where jrj = r. Note that now, we have that α = −qQ/ð4πε0ℏcÞ.
For α > 0, the charges attract each other, and for α < 0, we
have a repulsive electrostatic interaction. The same interpre-
tation for the sign of ~α applies. For ordinary matter, we
always have ~α > 0.

Using elementary techniques, we can transform equation
(195) to its integral form [3],

ψ rð Þ = ψ0 rð Þ+
ð
G r − r′
� �

J r′
� �

ψ r′
� �

d3r′, ð212Þ

where ψ0ðrÞ is the solution to equation (207) with JðrÞ = 0
and

G rð Þ = −
eik rj j

4π rj j ð213Þ

is the Green function of the Helmholtz equation, i.e., solu-
tion to ∇2GðrÞ + k2GðrÞ = δð3ÞðrÞ, with δð3ÞðrÞ being the
three-dimensional Dirac delta function.

Assuming we are dealing with localized potentials situ-
ated at the origin (r′ = 0) and noting that in a scattering
experiment, we want the wave function far away from the
target, i.e., jrj≫ jr′j, we can write the Green function as [3]

G r − r′
� �

= −
eikr

4πr e
−ik·r′ + O

1
rj j2


 �
, ð214Þ

where k = kr̂. Moreover, considering that the incident parti-
cles move along the z-axis with a well-defined momentum
and energy, the stationary wave function describing them
can be written as

ψ0 rð Þ = eik′·r, ð215Þ

where k′ = kẑ.
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Now, employing the first Born approximation (weak
potential approximation), which implies that

ψ rð Þ ≈ ψ0 rð Þ ð216Þ

inside the integral of equation (212), we get after equations
(209) and (214)

ψ rð Þ = eikz + f θð Þ e
ikr

r
: ð217Þ

The scattering amplitude is given by

f θð Þ = 1
ℏ2c2κ

ð∞
0
r sin κrð Þ V rð Þ½ �2dr

−
2E

ℏ2c2κ

ð∞
0
r sin κrð ÞV rð Þdr

−
2m
ℏ2κ

ð∞
0
r sin κrð ÞV rð Þdr,

ð218Þ

where

κ = 2k sin θ/2ð Þ ð219Þ

and θ is the polar angle with respect to the incident z
-direction, defining the polar angular position of the detector
measuring the scattered particles. To arrive at equation
(218), we relied on the fact that the potentials are spherically
symmetric. This allowed us to straightforwardly integrate

over the solid angle dΩ′ = sin ðθ′Þdθ′dϕ′, where d3r′ = r′2

dr′dΩ′, κ · r = κr cos θ, and κ = k′ − k in equation (212).
It is worth mentioning that the origin of the first and sec-

ond terms of equation (218) can be traced back to applying
the minimal coupling prescription to the Lorentz covariant
Schrödinger equation, while the third one is related to the
existence of an external potential whose origin is not electro-
magnetic. Moreover, for small energies (E≪mc2), the sec-
ond and third terms of equation (218) tend, at the first
Born approximation level, to the scattering amplitude
obtained by solving the nonrelativistic Schrödinger equation
for a particle subjected to the external potential V ðrÞ +VðrÞ.
The first term, on the other hand, is absent from any nonrel-
ativistic treatment of this problem, being a purely relativistic
contribution to the scattering amplitude.

By inserting equations (210) and (211) into (218), we can
explicitly compute the three remaining integrals. This leads
to

f θð Þ = πα
2

2κ + 2Eα
ℏcκ2

+ 2mc2~α
ℏcκ2

= πℏcα2

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −m2c4

p
sin θ/2ð Þ

+ ℏc Eα +mc2~α
� �

2 E2 −m2c4
� �

sin2 θ/2ð Þ ,

ð220Þ

where we used equations (208) and (219) to arrive at the last
line. Note that we have a term that is second order in α in

equation (220). This means that we must also compute the
second Born approximation to obtain all the other second-
order terms contributing to the scattering amplitude.

With the aid of equation (220), the differential cross sec-
tion can be written as [3]

dσ
dΩ

= f θð Þj j2: ð221Þ

In order to compare equation (220) with its nonrelativis-
tic version, the one coming from solving the standard Schrö-
dinger equation at the same level of approximation, and to
properly identify its dominant relativistic corrections, it is
convenient to write equation (220) in terms of the kinetic
energy of the particle,

K = E −mc2: ð222Þ

Using equation (222), expanding up to first order in K/
ðmc2Þ, and retaining terms of lowest order in α and ~α, equa-
tion (220) becomes

f θð Þ = ℏc
4K sin2 θ/2ð Þ α + ~α + K

2mc2
α − ~αð Þ

� �
+ O αo~αs

K
mc2


 �2
" #

+ O αn~αqð Þ,
ð223Þ

where o, s, n, q are integers such that o + s = 1 and n + q ≥ 2.
If we solve the nonrelativistic Schrödinger equation for a
particle subjected to the potential V ðrÞ +VðrÞ, we get for
the first Born approximation

f Sch θð Þ = ℏc
4K sin2 θ/2ð Þ α + ~αð Þ = 1

4K sin2 θ/2ð Þ −
qQ
4πε0

+GmM

 �

:

ð224Þ

Comparing equations (223) and (224), we see that the
dominant relativistic correction to the scattering amplitude
is

f Rel θð Þ = ℏc
8mc2 sin2 θ/2ð Þ α − ~αð Þ = 1

8mc2 sin2 θ/2ð Þ −
qQ
4πε0

−GmM

 �

:

ð225Þ

It is interesting to observe that the leading relativistic
correction to the scattering amplitude due to the gravita-
tional field has a different sign when compared to the
nonrelativistic term (~α⟶ −~α). Loosely speaking, the rela-
tivistic correction looks like a “negative” mass interacting
with a positive one; i.e., we have an effective gravitational
repulsive force.

It is important to notice that the pieces of equation (223)
proportional to ~α are relevant only if jαj ≈ j~αj. This implies
that

M ≈
1

4πε0G
qQ
m

: ð226Þ
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For a beam of electrons incident on a target composed of
particles of mass M and with the same charge of the elec-
tron, equation (226) leads to M ≈ 3:79 × 1012 kg ≈6:35 × 1
0−13M⊕, whereM⊕ is the mass of the Earth. Looking at equa-
tion (226), we see that we can decrease the mass M by
increasing the mass of the incident particles. For instance,
for incident particles with m = 1μg (one microgram), we
get M ≈ 3:45μg if both particles have the same charge of
the electron. Moreover, by tuning the values of the charges
q and Q, we can also obtain manageable values for the
masses m and M that might lead to an experimental test of
equation (223) if we build on state-of-the-art experimental
techniques that can detect the gravitational attraction
between millimeter-sized particles with masses of the order
of 100mg [25].

Finally, if we look at equation (220), we see that it is pos-
sible to completely suppress the first-order contribution to
the scattering amplitude if

Eα +mc2~α = 0: ð227Þ

Solving the previous equation by noting that E = γmc2,
with γ = 1/

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2/c2

p
and v being the speed of the incident

particle, we get

mM
qQ

= γ

4πε0G
, ð228Þ

after inserting the definitions of α and ~α.
This means that by properly setting m, M, q, and Q such

that equation (228) is satisfied, only second-order effects will
be present in the scattering amplitude. This feature can be
employed to indirectly test the influence of gravitation at
the quantum level. If after the proper tuning of the masses
and charges no first-order scattering effect is seen, this can
only be attributed to the concomitantly action of the static
gravitational and electric fields between the incident and tar-
get particles. And any observed second-order scattering can
be compared to (220) and the ones coming from the second
Born approximation, two of which are proportional to ~α2

and α~α, genuine quantum contributions to the scattering
amplitude related to the presence of a gravitational field.

5.8. Justifying the Way We Modeled the Gravitational
Interaction. We start assuming that we are dealing only with
stationary electromagnetic fields and in the minimal cou-
pling scenario. Specifically, we restrict ourselves to the Cou-
lomb potential and set V = 0 in equation (167). In this case,
the four-vector potential is given by equation (172) and
equation (167) can be written as

−
ℏ2

2m∇2Ψ +VΨ = iℏ
∂Ψ
∂t

−
ℏ2

2mc2
∂2Ψ
∂t2

+ iℏV
mc2

∂Ψ
∂t

+ V 2

2mc2
Ψ:

ð229Þ

Using the ansatz (148), it is not difficult to see that ∂Ψ/
∂t = −iKΨ/ℏ and that ∂2Ψ/∂t2 = −K2Ψ/ℏ2, where K is the
bound energy of the system. Using experimental data, as

Schrödinger probably did, or relying, for example, on the
Bohr model, we know that

Kj j ~ mc2α2

2 : ð230Þ

This leads to

∂Ψ
∂t

���� ���� ~ mc2α2

2ℏ Ψj j,

∂2Ψ
∂t2

�����
����� ~ m2c4α4

4ℏ2
Ψj j:

ð231Þ

Moreover, using the Bohr radius r0, where

1
r0

= mcα
ℏ

, ð232Þ

we have

Vj j ~mc2α2: ð233Þ

Thus, using equations (231) and (233), the dominant
order of magnitude for the four terms on the right-hand side
of equation (229) is

iℏ
∂Ψ
∂t

���� ���� ~ mc2α2

2 Ψj j,

ℏ2

2mc2
∂2Ψ
∂t2

�����
����� ~ mc2α4

8 Ψj j,

iℏV
mc2

∂Ψ
∂t

���� ���� ~ mc2α4

2 Ψj j,

V 2

2mc2
∂Ψ
∂t

���� ���� ~ mc2α4

2 Ψj j:

ð234Þ

Of the four terms above, only the first one is of order α2

while the remaining three are of order α4. This fact together
with equation (233) fully justifies why we can neglect as a
first approximation all but the first term in the right-hand
side of equation (229). Proceeding in such a way, we obtain
the nonrelativistic Schrödinger equation,

−
ℏ2

2m∇2Ψ +VΨ = iℏ
∂Ψ
∂t

+ O mc2α4 Ψj j� �
: ð235Þ

Furthermore, the term VΨ is the dominant term when it
comes to the presence of a static electric field acting on a
charged particle. Thus, it is not unreasonable to assume that
VΨ should be the dominant term when we have other static
fields acting on the particle, the Newtonian gravitational
field being an example (see Sections 5.6 and 5.7). And in this
case, since the “gravitational fine structure constant” ~α is
much smaller than α2, we must work with all terms appear-
ing in equation (229) when investigating the simultaneous
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action of electromagnetic and gravitational fields on a scalar
charged particle, similarly to what we have done in Sections
5.6 and 5.7. (As we show in this work, antiparticles appar-
ently possess negative masses and we can adjust the present
theory such that particles and antiparticles repel or attract
each other gravitationally. Therefore, all the results above
where we considered two particles interacting gravitationally
can be readily extended to the case where we have a particle
and an antiparticle repelling each other by properly choosing
the sign of ~α.)

6. Lagrangian Formulation

We now start the second part of this paper. In this section,
we will show the Lagrangian formalism associated with the
Lorentz covariant Schrödinger equation. The wave function
Ψ and its complex conjugate Ψ∗ will be considered two
independent “classical” fields. Our goal will be to develop
the main features of the classical field theory associated with
the Lagrangian that leads to the Lorentz covariant Schrödin-
ger equation, in particular those features needed to prepare
the ground for Section 7. In that section, we will implement
the “second” quantization of the classical fields here studied
and develop the quantum field theory of the Lorentz covar-
iant Schrödinger equation. We also show in Section 6 how
smoothly one goes from the relativistic conserved quantities
to the ones derived from the nonrelativistic Schrödinger
equation. By simply taking the c⟶∞ limit, we promptly
recover the nonrelativistic quantities from the relativistic
ones.

Treating Ψ and Ψ∗ as two independent fields, we define
the Lagrangian describing these two fields as

L =
ð
d3xL Ψ,Ψ∗, ∂μΨ, ∂μΨ∗� �

: ð236Þ

Here, L is the Lagrangian density, assumed to depend
on the fields and at most on their first derivatives; d3x = d
x1dx2dx3 is the infinitesimal spatial volume; and, unless
stated otherwise, the integration is taken over all space. We
assume that the fields and their derivatives vanish at the
boundaries of integration. Note that L is such that

Ð
d3xL

has the dimension of energy.
We define the action as

S =
ð
dtL = 1

c

ð
d4xL Ψ,Ψ∗, ∂μΨ, ∂μΨ∗� �

, ð237Þ

where d4x = dx0d3x is the infinitesimal four-volume. Apply-
ing the variational principle to the action, i.e., demanding
that the infinitesimal variation of the action vanishes,

δS = 0, ð238Þ

we get the following Euler-Lagrange equations:

∂L
∂Ψ

= ∂μ
∂L

∂ ∂μΨ
� � !

, ð239Þ

∂L
∂Ψ∗ = ∂μ

∂L
∂ ∂μΨ∗� � !

, ð240Þ

where the Einstein summation convention is implied for
repeated indexes. In obtaining equations (239) and (240),
we varied the fields Ψ and Ψ∗ as two independent variables
and assumed that they vanished at the boundaries.

When inserted into equations (239) and (240), the sim-
plest Lagrangian density leading to the Lorentz covariant
Schrödinger equation and its complex conjugate is

Lasym = ℏ2

2m ∂μΨ∂
μΨ∗ + iℏcΨ∗∂0Ψ −V Ψj j2, ð241Þ

where jΨj2 =ΨΨ∗ and for simplicity, we write ð∂μΨÞð∂μ
Ψ∗Þ = ∂μΨ∂

μΨ∗. If we take the nonrelativistic limit, we
recover the Lagrangian density that gives the Schrödinger
equation, i.e., limc⟶∞Lasym =LSchr, where

LSchr =
ℏ2

2m ∂jΨ∂
jΨ∗ + iℏΨ∗∂tΨ −V Ψj j2

= −
ℏ2

2m∇Ψ · ∇Ψ∗ + iℏΨ∗ ∂Ψ
∂t

−V Ψj j2:
ð242Þ

Note that Lagrangian density (241) is not symmetric in
the fields Ψ and Ψ∗ due to the second term on the right-
hand side. This is solved by working with the following Her-
mitian Lagrangian density:

Lsym = ℏ2

2m ∂μΨ∂
μΨ∗ + iℏc

2 Ψ∗∂0Ψ −Ψ∂0Ψ
∗ð Þ −V Ψj j2:

ð243Þ

The Lagrangian densities (241) and (243) are connected
by a four-divergence and as such are equivalent. Specifically,
Lsym =Lasym + ∂μ f

μ, where f 0 = −iℏcjΨj2/2 and f j = 0.
The advantage of working with the symmetric form is

related to the fact that all Noether currents inherit that sym-
metry. This is not always the case with the asymmetric
Lagrangian density although, as expected, the conserved
Noether charges are the same working with either Lagrang-
ian density. Furthermore, after a long but straightforward
calculation, we can show that the symmetric Lagrangian
density, equation (243), is Lorentz invariant if Ψ transforms
according to equation (18) and ∂μ transforms as a covariant
vector. The asymmetric Lagrangian density, on the other
hand, is not Lorentz invariant, although the action Sasym =Ð
d4xLasym is. Obviously, the action for the symmetric

Lagrangian is also Lorentz invariant since we already have
Lorentz invariance at the level of its Lagrangian density.
For all these reasons, we will only work with the symmetric
Lagrangian density in the rest of this work.

Specifically, we will employ the following symmetric
Lagrangian density to describe the Lorentz covariant Schrö-
dinger fields, akin to the usual way one writes the complex
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field Klein-Gordon Lagrangian density,

L = ∂μΨ∂
μΨ∗ + imc

ℏ
Ψ∗∂0Ψ −Ψ∂0Ψ

∗ð Þ − 2mV

ℏ2
Ψj j2

= ∂μΨ∂
μΨ∗ + imc

ℏ
Ψ∗∂0Ψ −

2mV

ℏ2
Ψj j2:

ð244Þ

Note that L = ð2m/ℏ2ÞLsym. Also, if in equation (244)
we set V = 0 and use equation (108), we obtain the complex
field Klein-Gordon Lagrangian density.

6.1. The Hamiltonian Density. The Hamiltonian density of
the Lorentz covariant Schrödinger equation is obtained from
the Lagrangian density (244) by the following Legendre
transformation;

H =ΠΨ∂tΨ +ΠΨ∗∂tΨ
∗ −L = ∂L

∂ ∂0Ψð Þ ∂0Ψ + ∂L
∂ ∂0Ψ∗ð Þ ∂0Ψ

∗ −L ,

ð245Þ

where ∂t = c∂0. Here,

ΠΨ = ∂L
∂ ∂tΨð Þ = 1

c
∂L

∂ ∂0Ψð Þ ,

ΠΨ∗ = ∂L
∂ ∂tΨ∗ð Þ = 1

c
∂L

∂ ∂0Ψ∗ð Þ

ð246Þ

are, respectively, the conjugate momenta to the fields Ψ and
Ψ∗. Due to the symmetry of the Lagrangian density in those
fields, it is not difficult to see that ΠΨ∗ =Π∗

Ψ. A direct calcu-
lation gives

ΠΨ = 1
c
∂0Ψ

∗ + im
ℏ
Ψ∗, ð247Þ

ΠΨ∗ = 1
c
∂0Ψ −

im
ℏ
Ψ: ð248Þ

Now, inserting equations (244), (247), and (248) into
(245), we get

H = ∂0Ψ∂0Ψ
∗+∇Ψ · ∇Ψ∗ + 2mV

ℏ2
Ψj j2: ð249Þ

Looking at equation (249), we see that it is clearly posi-
tive for the free-field case (V = 0) as well as whenever mV
> 0. For mV < 0, the positiveness of equation (249) can be
broken for a sufficiently high value of ∣mV ∣ . Also, using
equations (247) and (248), we can express the temporal
derivatives appearing in equation (249) as functions of the
fields Ψ and Ψ∗ and their conjugate momenta. This leads
to the following way of writing the Hamiltonian density:

H = c2ΠΨΠΨ∗+∇Ψ · ∇Ψ∗ + imc2

ℏ
ΨΠΨ −Ψ∗ΠΨ∗ð Þ + m2c2

ℏ2
1 + 2V

mc2


 �
Ψj j2:

ð250Þ

Noting that ΠΨ∗ =Π∗
Ψ, equation (250) becomes

H = c2ΠΨΠ
∗
Ψ+∇Ψ · ∇Ψ∗ + imc2

ℏ
ΨΠΨ −Ψ∗Π∗

Ψð Þ

+ m2c2

ℏ2
1 + 2V

mc2


 �
Ψj j2 = c2 ΠΨj j2 + ∇Ψj j2

−
2mc2

ℏ
Im ΨΠΨð Þ + m2c2

ℏ2
1 + 2V

mc2


 �
Ψj j2,

ð251Þ

where Im ðzÞ stands for the imaginary part of the complex
number z. Setting V = 0, we can write the Hamiltonian den-
sity as

H = c2ΠΨΠ
∗
Ψ+∇Ψ · ∇Ψ∗ + m2c2

ℏ2
Ψj j2 + imc2

ℏ
ΨΠΨ −Ψ∗Π∗

Ψð Þ:

ð252Þ

Note that the first three terms at the right-hand side are
formally the same as those appearing in the complex field
Klein-Gordon Hamiltonian density while the last one is par-
ticular to the Hamiltonian density of the Lorentz covariant
Schrödinger equation. This last term couples the conjugate
momenta with the fields.

6.2. The Noether Currents. Here, we assume that the external
potential V is constant. This means that the Lagrangian den-
sity (244) does not depend explicitly on the space-time coor-
dinates, only on the fields and their derivatives. As such,
whenever the Lagrangian density [4], and more generally
the action [5], is invariant under a continuous one-
parameter set of transformations, or a symmetry transfor-
mation for short, we get a local conserved current. This is
the essence of Noether’s theorem [4, 5].

Calling δxμ an infinitesimal variation of the space-time

coordinates, δΨT =Ψ′ðx′Þ −ΨðxÞ and δΨ∗
T =Ψ∗ ′ðx′Þ −Ψ∗

ðxÞ the total variations of the fields, the Noether four-
current density of the Lagrangian density (244) reads

jμ = ∂L
∂ ∂μΨ
� � δΨT + ∂L

∂ ∂μΨ∗� � δΨ∗
T −T μνδxν, ð253Þ

where the canonical energy-momentum tensor is

T μν = ∂L
∂ ∂μΨ
� � ∂νΨ + ∂L

∂ ∂μΨ∗� � ∂νΨ∗ − gμνL: ð254Þ

Note that to first order in the infinitesimal variation δxμ,
we have

δΨT =Ψ′ xð Þ −Ψ xð Þ + δxμ∂μΨ xð Þ = δΨ xð Þ + δxμ∂μΨ xð Þ,
ð255Þ

with a similar expression for δΨ∗
T .

If under a symmetry transformation the Lagrangian den-
sity is invariant (δL = 0), we obtain the continuity equation
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∂μ jμ = 0. Thus, the following quantity is conserved:ð
d3xj0 xð Þ: ð256Þ

6.2.1. Invariance under Space-Time Translations. Under a
space-time translation, Ψ′ðx′Þ =ΨðxÞ and thus, δΨT = δ
Ψ∗

T = 0. Using this fact and assuming an infinitesimal con-
stant translation δxμ = aμ of the coordinates, it is not difficult
to see that the Lagrangian density (244) is invariant under
such operation.

In this case, the Noether current (253) becomes

jμ = −T μνaν, ð257Þ

where

T μν = ∂μΨ∗∂νΨ + ∂μΨ∂νΨ∗ + imc
ℏ

Ψ∗∂νΨ −Ψ∂νΨ∗ð Þδμ0 − gμνL:

ð258Þ

Since each component of aμ is arbitrary and independent
of each other, we obtain that

∂μT
μν = 0, ν = 0, 1, 2, 3: ð259Þ

The corresponding conserved “charges” are

H =
ð
d3xT 00 =

ð
d3xH , ð260Þ

cPj =
ð
d3xT 0j =

ð
d3x cP j� �

, j = 1, 2, 3: ð261Þ

Using equations (244) and (258), a direct computation
gives

H = ∂0Ψ∂0Ψ
∗+∇Ψ · ∇Ψ∗ + 2mV

ℏ2
Ψj j2, ð262Þ

cP j = ∂0Ψ∗∂jΨ + ∂0Ψ∂jΨ∗ + imc
ℏ

Ψ∗∂jΨ −Ψ∂jΨ∗
� �

= 2 Re ∂0Ψ∗∂jΨ
� �

−
2mc
ℏ

Im Ψ∗∂jΨ
� �

,

ð263Þ
where Re ðzÞ is the real part of the complex number z.

Comparing equation (262) with (249), we see that, as
expected, they are identical. Equation (262) is the Hamilto-
nian density of the Lorentz covariant Schrödinger equation,
and its associated conserved charge, equation (260), is the
Hamiltonian H giving the total energy of the system. The
three quantities P j, j = 1, 2, 3, are interpreted as the momen-
tum density associated with the fields Ψ and Ψ∗ along three
orthogonal spatial directions. This is true because they are
derived from the invariance of the Lagrangian density under
spatial translations. The associated conserved charges, Pj,
are the total momentum of the fields projected along three
orthogonal spatial directions (cf. equation (261)). Note also

that for c⟶∞, the first term on the right-hand side of equa-
tion (263) goes to zero and P j ⟶ ð2m/ℏÞ Im ðΨ∗∂jΨÞ. This
latter term is proportional to the momentum density of the
nonrelativistic Schrödinger Lagrangian, which is given by –iℏ
Ψ∗∂jΨ if we use the appropriate nonrelativistic normalization
for the wave function.

We can also write the momentum density vector P

= ðP 1,P 2,P 3Þ as

cP = −2 Re ∂0Ψ∗∇Ψ
� �

+ 2mc
ℏ

Im Ψ∗∇Ψð Þ: ð264Þ

Similarly to what we did with the Hamiltonian density,
if we use equations (247) and (248), we can express the
momentum density as a function of the conjugate
momenta,

P j =ΠΨ∂
jΨ +ΠΨ∗∂jΨ∗ = 2 Re ΠΨ∂

jΨ
� �

, ð265Þ

where the last term comes from the fact that ΠΨ∗ =Π∗
Ψ.

And noting that ∂j = −∂j, we have

P = −2 Re ΠΨ∇Ψð Þ: ð266Þ

6.2.2. Invariance under Spatial Rotations. Under a spatial
rotation, we also have δΨT = δΨ∗

T = 0 (see equation (21)).
Now, however, an infinitesimal spatial rotation leads to δ
xμ = ωμν xν, where the tensor ωμν is antisymmetric. Using
the notation ½ωμν�k to label about which axis we are rotat-
ing, rotations about the x-, y-, and z-axes are, respectively,
given by the tensors ½ωμν�1, ½ωμν�2, and ½ωμν�3. Calling ε the
infinitesimal angle of rotation, we have ½ω2

3�1 = −½ω3
2�1 =

½ω1
3�2 = −½ω3

1�2 = ½ω1
2�3 = −½ω2

1�3 = ε, with all the other ½ωμν�k
being zero. Putting together all these results and noting
that the Lagrangian density (244) is unchanged by this
symmetry operation, the Noether current (253) becomes

jμ½ �k = −T μν ωνα½ �k xα, ð267Þ

where ωνα = −ωνα and ∂μ½jμ�k = 0.
Fixing our attention to a rotation about the z-axis and

noting that ε is an arbitrary constant, we have,

j0
� �

3 = T 01x2 −T 02x1
� �

, ð268Þ

with the corresponding conserved charge

cM3 =
ð
d3x j0
� �

3 =
ð
d3x c l3
� �

: ð269Þ

Computing explicitly T 01 and T 02 using equation
(254), we can express the angular momentum density
along the z-direction as
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cl3 = ∂0Ψ −
imc
ℏ
Ψ


 �
x2∂1Ψ∗ − x1∂2Ψ∗� �

+ ∂0Ψ∗ + imc
ℏ
Ψ∗


 �
x2∂1Ψ − x1∂2Ψ
� �

:

ð270Þ

If we repeat the above calculation for rotations about
the x- and y-axis, we get similar results, showing that the
angular momentum densities along the x- and y-direc-
tions, l1 and l2, are obtained from l3 by cyclic permuta-
tions of the spatial indexes. The angular momentum
density vector l = ðl1, l2, l3Þ can be written as

cl = ∂0Ψ −
imc
ℏ
Ψ


 �
r × ∇Ψ∗ + ∂0Ψ∗ + imc

ℏ
Ψ∗


 �
r × ∇Ψ

= 2 Re ∂0Ψ∗ + imc
ℏ
Ψ∗


 �
r × ∇Ψ

� �
,

ð271Þ

where the symbol × above stands for the cross product.
Using the three-dimensional Levi-Civita tensor εijk, we

can rewrite the angular momentum density vector as

clk = 2 Re ∂0Ψ∗ + imc
ℏ
Ψ∗


 �
εijkxi∂jΨ

� �
: ð272Þ

Here, εijk = giagjbgkcεabc, where εabc = 1 for abc = 123 and
cyclic permutations, εabc = −1 for abc = 213 and cyclic per-
mutations, and εabc = 0 whenever at least two indexes are
equal.

Note that the angular momentum density tends to l
⟶ 2 Re ½ðim/ℏÞΨ∗r × ∇Ψ� when c⟶∞, which is pro-
portional, up to a normalization constant, to the angular
momentum density of the nonrelativistic Schrödinger
Lagrangian.

Finally, using equations (247) and (248), we can write
the angular momentum density as a function of the conju-
gate momenta,

l = r ×ΠΨ∗∇Ψ∗ + r ×ΠΨ∇Ψ = 2r × Re ΠΨ∇Ψ½ �: ð273Þ

It is worth mentioning that the “correct” sign for the
angular momentum density does not follow from Noether’s
theorem and in order to have an angular momentum density
agreeing with the standard definition of angular momentum,
we need to insert a minus sign [2]. Using equation (266), this
gives

l = −2r × Re ΠΨ∇Ψ½ � = r ×P ð274Þ

the expected standard relation between vector momen-
tum and vector angular momentum densities. Observe that
the total angular momentum is given by (we are running
out of letters to denote the several quantities in this work.
We used the letter M for the angular momentum instead
of L since the latter is already used to denote the Lagrangian.
Sometimes, we will even use the same letter to denote differ-
ent quantities in order to comply with the usual notation for

those quantities. The context will make it clear which mean-
ing to ascribe to a given notation)

M =
ð
d3x l: ð275Þ

6.2.3. Invariance under Global Phase Transformations. The
Lagrangian density (244) is clearly invariant under the fol-
lowing transformation of the field:

Ψ′ xð Þ = e−iθΨ xð Þ, ð276Þ

where θ is a real constant. For an infinitesimal θ, we get that
Ψ′ðxÞ ≈ ð1 − iθÞΨðxÞ. This leads to

δΨT = −iθΨ xð Þ ð277Þ

and analogously to

δΨ∗
T = iθΨ∗ xð Þ: ð278Þ

Since now there is no change in the coordinates (we are
dealing with an internal symmetry), we have that δxμ = 0.
The Noether current (253) is thus

jμ = ∂L
∂ ∂μΨ
� � δΨT + ∂L

∂ ∂μΨ
∗� � δΨ∗

T : ð279Þ

Inserting equations (244), (277), and (278) into (279)
and dropping the arbitrary constant θ, we get

j = j1, j2, j3
� �

= i Ψ∇Ψ∗ −Ψ∗∇Ψð Þ ð280Þ

and

j0 = −i Ψ∂0Ψ
∗ −Ψ∗∂0Ψð Þ + 2mc

ℏ
Ψj j2, ð281Þ

where we used that ∂0 = ∂0 and ∂j = −∂j. The conserved

charge is (we use ~q and ~Q instead of q and Q since we save
the latter to represent the exact SI value of a given particle’s
electric charge)

c~Q =
ð
d3xj0 =

ð
d3x c ~qð Þ: ð282Þ

Comparing equations (280) and (281) with equations
(82) and (83), we see that, up to a multiplicative constant
equal to −ℏ/ð2mÞ, they are the same. We have thus recovered
the probability four-current density we obtained before
using a different method.

As we did to the other conserved quantities, we can
express the charge density ~q in terms of the conjugate
momenta of the fields. Inserting equations (247) and (248)
into (281), we get

~q = −i ΨΠΨ −Ψ∗Π∗
Ψð Þ = 2 Im ΨΠΨð Þ: ð283Þ
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6.3. Discrete Symmetries. We now briefly discuss the three
major discrete symmetries one usually encounters in any
field theory, namely, space inversion (parity), time reversal,
and charge conjugation. We save for later, after we second
quantize the Lorentz covariant Schrödinger equation, a more
thorough discussion on this subject, specially the aspects
related to charge conjugation. However, even at the first
quantization level, we already see that the charge conjuga-
tion operator requires a different definition in order to
“save” the CPT theorem. Actually, it will become clear after
second quantization that the Lagrangian density (244) sat-
isfies the CPT theorem only if we define the charge conjuga-
tion operator such that it also implements what we will call
the “mass conjugation operation.” Simply put, we must
change the sign of the mass m when applying the charge
conjugation operation. Only in this way can we properly
exchange the roles of particles with antiparticles and, at the
same time, satisfy the CPT theorem.

6.3.1. Space Inversion or Parity. Space inversion is imple-
mented by changing the sign of the space coordinates of
the system under investigation,

x = r, tð Þ⟶ x′ = r′, t ′
� �

= −r, tð Þ: ð284Þ

Following the same steps detailed in ref. [5], it is not dif-
ficult to see that the parity operation leads to the following
transformation rule for the second quantized field associated
with the Lorentz covariant Schrödinger equation:

P̂ bΨ r, tð ÞP̂ † = bΨ −r, tð Þ: ð285Þ

Here, P̂ is a unitary operator denoting the space
inversion operation. (The most general parity operation

is P̂ bΨðr, tÞP̂ † = ηP bΨð−r, tÞ, with ηP a complex number
such that ∣ηP ∣ = 1. However, for charged scalar fields,
one can always set ηP = 1 without losing in generality. This
argument is still valid for the time reversal and charge
conjugation operations. See ref. [5] for details.) Note that
we are using the symbol “^” to distinguish the second
quantized fields from the classical ones. In Section 7, we
will drop the hat symbol when dealing with operators to
simplify notation.

Using equation (285) and its complex conjugated ver-
sion, as well as equation (284) and the fact that under space
inversion ð∂0, ∂jÞ⟶ ð∂0,−∂jÞ, we can show that

P̂ L̂ r, tð ÞP̂ † = L̂ −r, tð Þ, ð286Þ

P̂ ĤP̂
† = Ĥ, ð287Þ

P̂ P̂P̂ † = −P̂, ð288Þ

P̂ M̂P̂
† = M̂, ð289Þ

where L̂ , Ĥ, P̂, and M̂ are the second quantized versions of
the Lagrangian density, the Hamiltonian, the linear momen-

tum vector, and angular momentum vector of the Lorentz
covariant Schrödinger equation (see equations (244), (260),
(261), and (275)). The relations given by equations (286)-
(289) are the ones expected from our classical intuition
about space inversion.

6.3.2. Time Reversal. Time reversal is given by changing the
sign of the time coordinate only,

x = r, tð Þ⟶ x′ = r′, t ′
� �

= r,−tð Þ: ð290Þ

As before, the same techniques given in ref. [5] to build
the time reversal operator for the Klein-Gordon field remain
valid here. Repeating those steps, we get an antiunitary oper-
ator T̂ that implements the time reversal operation. Its
action on the quantum field bΨ is

T̂ bΨ r, tð ÞT̂ † = bΨ r,−tð Þ: ð291Þ

Since T̂ is antiunitary, we have that

T̂ zT̂
† = z∗, ð292Þ

where z is a complex number.
Using equations (290)-(292) and that ð∂0, ∂jÞ⟶ ð−∂0,

∂jÞ under time reversal, we now have

T̂ L̂ r, tð ÞT̂ † = L̂ r,−tð Þ, ð293Þ

T̂ ĤT̂
† = Ĥ, ð294Þ

T̂ P̂T̂ † = −P̂, ð295Þ

T̂ M̂T̂
† = −M̂: ð296Þ

Note that due to the explicit presence of the imaginary i
in the expression for the Lagrangian density, the antiunitar-
ity of T̂ is crucial to obtain the above relations.

6.3.3. Charge Conjugation. Charge conjugation is not related
to space-time coordinate transformations, and since it
exchanges particles with antiparticles, it has no immediate
classical analog. In fact, it is defined such that the creation
and annihilation operators for particles are transformed to
the ones associated with antiparticles.

If we follow the prescription defining the charge conju-
gation operator for the Klein-Gordon fields, we see that it
is given by a unitary operator Ĉ such that

Ĉ bΨ xð ÞĈ† = bΨ†
xð Þ: ð297Þ

However, when applying it to the Lagrangian density
(244), we realize that, due to the presence of the term pro-
portional to the imaginary number i, the charge conjugation
operation (297) does not leave the Lagrangian density
invariant (normal ordering implied). This fact, together with
how the parity and time reversal operations P̂ and T̂ affect
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the Lagrangian density, would lead to a violation of the CPT
theorem since we are dealing with a Lorentz invariant
Lagrangian. A possible fix would be to define Ĉ as an antiu-
nitary operator. This will change the sign of i in the Lagrang-
ian density, leaving it invariant under charge conjugation.

Although an antiunitary charge conjugation operator
solves the CPT theorem violation problem, we will see in
Section 7 that either a unitary or an antiunitary Ĉ does not
properly exchange the roles of particles with antiparticles.
The only acceptable solution is to extend the charge conju-
gation operation such that it anticommutes with any func-
tion of the mass. Putting it simply, we must change the
sign of the mass m when applying the extended charge con-
jugation operator.

If we define the “mass conjugation” operator M̂ such
that

M̂f mð ÞM̂† = f −mð Þ, ð298Þ

where f ðmÞ is an arbitrary function of the mass m, the
extended charge conjugation operator we need is given by

Ĉm = M̂Ĉ , ð299Þ

with Ĉ given by equation (297). It is not difficult to see that
Ĉm leaves the Lagrangian density (244) invariant and, as we
will see in Section 7, it properly changes the roles of particles
with antiparticles. (We implicitly assumed that we were
dealing with the free field (V = 0). However, looking at equa-
tion (244), everything that was said above also applies to V

≠ 0 provided that ĈmVĈ
†
m = −V . If V satisfies the previous

transformation property, we get that equations (300)-(303)
are also satisfied. Moreover, it is not difficult to see that the
Lagrangian density (244) is invariant if we simultaneously
apply the following three transformations: m⟶ −m, V
⟶ −V , and Ψ⟶ exp ½−i2mc2t/ℏ�Ψ.)

Using equation (299), we can show that

ĈmL̂ r, tð ÞĈ†
m = L̂ r, tð Þ, ð300Þ

ĈmĤĈ
†
m = Ĥ, ð301Þ

ĈmP̂Ĉ
†
m = P̂, ð302Þ

ĈmM̂Ĉ
†
m = M̂: ð303Þ

6.3.4. The CPT Theorem. The CPT theorem applies to the
Lorentz covariant Schrödinger Lagrangian if we use the
extended charge conjugation operator Ĉm defined above.
Strictly speaking, we have the CPTM theorem here since
not only the charge but the mass must change sign to leave
the action invariant.

If we define the CPT operation by

bΘ = ĈmP̂ T̂ = M̂ĈP̂ T̂ , ð304Þ

it is not difficult to show that

bΘL̂ xð Þ bΘ† = L̂ −xð Þ, ð305Þ

bΘĤ bΘ† = Ĥ, ð306Þ

bΘP̂ bΘ† = P̂, ð307Þ

bΘM̂ bΘ† = −M̂: ð308Þ

Using equation (305) and equation (237) that defines the
action, we get after changing the variables x⟶ −x

bΘ Ŝ bΘ† = Ŝ: ð309Þ

In other words, the action is invariant under the CPT
operation (304) defined here.

6.3.5. More on the New Charge Conjugation Operation. In a
static external gravitational field, we can as a first approxi-
mation model the interaction of a particle with inertial mass
m by setting V =mgφðxÞ, where φðxÞ represents the gravita-
tional potential associated with the field acting on the parti-
cle and mg the particle’s gravitational mass (“gravitational
charge”). The corresponding interaction Lagrangian density
is given by (see equation (244))

L̂ int =
−2mmgφ bΨ bΨ†

ℏ2
: ð310Þ

So far, we have not said how the charge conjugation
operator affects the gravitational mass. Assuming the latter
is invariant under the action of Ĉm, we have that

ĈmL̂ intĈ
†
m =

2mmgφ bΨ bΨ†

ℏ2
= −L̂ int, ð311Þ

where normal ordering is implied and we have used equa-

tions (298), (299), and that ĈmmgĈ
†
m =mg. Note that Ĉm

commutes with φ since the former does not act on the exter-
nal source of the gravitational field.

Since the free-field part of equation (244) does not
change under the action of Ĉm, the minus sign in equation
(311) obtained after applying the charge conjugation opera-
tion implies that antiparticles will react to the external grav-
itational field differently when compared to the response of
particles to the same field. If we had an attractive interaction
when dealing with particles, we would now get a repulsive
one for antiparticles. Note that we can make particles and
antiparticles respond in the same way to a gravitational field
if we postulate that the charge conjugation operation antic-
ommutes with the gravitational mass mg. This is equivalent
to assuming that mg =m in equation (311). In other words,
if the gravitational mass and inertial mass are equal, we will
always have particles and particles, antiparticles and
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antiparticles, and particles and antiparticles attracting each
other gravitationally.

What happens if we now have an external static electric
field? After the minimal coupling prescription, the interact-
ing part of the Lagrangian density becomes (see equations
(172) and (B.12))

L̂ int = −
iq
ℏ

bΨ†
∂0 bΨ� �

A0 + q2

ℏ2
bΨ bΨ†

A0A
0 −

2qμ
ℏ
bΨ bΨ†

A0,

ð312Þ

where A0 is the source of the external electromagnetic field.
Applying the charge conjugation operator, we now get (nor-
mal ordering implied)

ĈmL̂ intĈ
†
m = iq

ℏ
bΨ†

∂0 bΨ� �
A0 + q2

ℏ2
bΨ bΨ†

A0A
0 + 2qμ

ℏ
bΨ bΨ†

A0,

ð313Þ

where we used that μ =mc/ℏ changes sign under the action
of Ĉm since it depends on m; the external potential A0 is
unaffected by the action of the charge conjugation operator.
Comparing equations (312) and (313), we see that we can go
from one to the other by simply changing the sign of the
charge q. This is the expected result when we apply the
charge conjugation operation: the antiparticle behaves like
a particle with opposite electric charge. Note that we would
have obtained the same conclusion if instead of working
with the minimal coupling prescription, we had used equa-
tion (244) with the electrostatic interaction modeled by set-
ting V = qφðxÞ, with φðxÞ denoting the electrostatic
potential of the external electric field.

7. Second Quantization of the Lorentz
Covariant Schrödinger Equation

We now start the canonical quantization of the Lorentz
covariant Schrödinger fields. We will try to stay as close as
possible to the notation and traditional ways of dealing with
the canonical quantization of a classical field theory [4, 5].
After finishing the canonical quantization of the free field
and the computation of the Feynman propagator, we will
present two applications of the present formalism. We will
analyze the scattering cross section for two particles whose

interaction is given by ðλ/4Þ½ΨðxÞΨ†ðxÞ�2, and we will also
develop the scalar electrodynamics for the Lorentz covariant
Schrödinger fields. Comparisons with the predictions com-
ing from the complex Klein-Gordon fields subjected to these
same interactions will also be made as well as with interac-
tions that break Lorentz invariance.

7.1. General Solution to the Lorentz Covariant Schrödinger
Equation. We can write the most general free-field solution
(V = 0) of equation (63) as (to simplify notation, we will
not use the symbol “^” to denote the second quantized field
operators)

Ψ xð Þ =
ð edk+ake−iω+

k teik·r+
ð edk−b†keiω−

k te−ik·r, ð314Þ

which is equivalent to

Ψ xð Þ =
ð edk+akeiμx0e−ikx+ ð edk−b†keiμx0eikx =Ψ+ xð Þ +Ψ− xð Þ:

ð315Þ

Note that we must multiply b†k as well as ak by eiμx
0
.

Here, the expansion coefficients ak and b†k , which depend
on the wave number k = ðk1, k2, k3Þ, were promoted to oper-
ators. Also, kx = kμx

μ and

k0 = ωk
c

= Ek
ℏcð Þ , ð316Þ

Ek =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2c4 + ℏ2c2 kj j2

q
, ð317Þ

ω±
k = ∓μc + ωk , ð318Þ

μ = mc
ℏ

, ð319Þ

edk± = f ± ∣k ∣ð Þd3k, ð320Þ
with f ±ðjkjÞ real functions that depend only on the magni-
tude of the wave number. The integration in d3k are carried
out from −∞ to ∞ and the fields are usually assumed to be
zero at the boundaries of integration.

If we want akðbkÞ and a†kðb†kÞ to be bona fide particle
(antiparticle) annihilation and creation operators, we should
impose the following commutation relations [4]:

ak , a†k ′
h i

= bk , b†k ′
h i

= δ 3ð Þ k − k′
� �

, ð321Þ

ak , ak ′½ � = bk , bk ′½ � = 0, ð322Þ

ak , bk ′½ � = ak , b†k ′
h i

= 0, ð323Þ

where δð3Þðk − k′Þ = δðk1 − k1′Þδðk2 − k2′Þδðk3 − k3′Þ is the
three-dimensional Dirac delta function.

With these assumptions, we must choose the functions
f ±ðjkjÞ such that the standard equal-time commutation rela-
tions among the fields ΨðxÞ and Ψ†ðxÞ and their conjugate
momenta are satisfied. In other words, f ±ðjkjÞ is fixed in
order to have the following set of commutation relations
valid:

Ψ t, rð Þ,ΠΨ t, r′
� �h i

= iℏδ 3ð Þ r − r′
� �

, ð324Þ

Ψ† t, rð Þ,ΠΨ† t, r′
� �h i

= iℏδ 3ð Þ r − r′
� �

: ð325Þ

We also require that the remaining commutators involv-
ing any other combinations among theΨ-fields, among their
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conjugate momenta, and among them and their conjugate
momenta are zero.

As we show in Appendix A, using equations (321)-(323),
we can only satisfy equations (324) and (325), together with
the other field commutation relations that must be zero, if

f + ∣k ∣ð Þ = f − ∣k ∣ð Þ = ℏc2

2πð Þ32ωk

 !1/2

, ð326Þ

where ωk is given by equation (316). Using equation (326),
we can write equation (315) as

Ψ xð Þ = eiμx
0
ð
d3k

ℏc2

2πð Þ32ωk

 !1/2

ake
−ikx + b†ke

ikx
� �

: ð327Þ

Note that the standard complex Klein-Gordon field
expansion is given by equation (327) without the term
eiμx

0
[4].

Inserting equation (327) into the normal ordered expres-
sions for the free-field Hamiltonian, linear momentum, and
conserved charge, equations (260), (261), and (282), respec-
tively, we get (see Appendix A)

H =
ð
d3k ℏω+

ka
†
kak + ℏω−

kb
†
kbk

� �
, ð328Þ

Pj =
ð
d3k ℏkj a†kak + b†kbk

� �h i
, ð329Þ

~Q =
ð
d3k ℏ a†kak − b†kbk

� �h i
, ð330Þ

where

E±
k = ℏω±

k = ∓mc2 + Ek: ð331Þ

Looking at equations (328) and (331), we see that the
energies associated with particles and antiparticles are not
the same, contrary to what one gets when dealing with the
Klein-Gordon Hamiltonian. These energies are, neverthe-
less, always nonnegative, solving the “negative energy prob-
lem” that we faced when dealing with the first quantized
fields (Section 5.1). Moreover, if m⟶ −m, we get that E+

k
⟶ E−

k . In this sense, when it comes to their energies, the
particles and antiparticles can be regarded as effectively dif-
fering by the sign of its mass. However, as can be seen look-
ing at equations (329) and (330), the linear momentum and
conserved charge do not depend explicitly on the sign of the
mass m. We can also understand the meaning of E±

k by not-
ing that E+

k is actually the kinetic energy associated with a
classical relativistic particle. In this way, E−

k is the “kinetic
energy” of a particle with an effective negative mass and it
is in this sense that the discussion carried out in Section
5.1 about negative masses should be understood. (Note that
in the present theory, the mass of a particle cannot be pro-
portional to the expectation value of the Hamiltonian in its
rest frame, where the expectation value is computed using

a single particle state a†kj0i = j1ki, with k = 0 since we are
in the particle’s rest frame [5]. This is true because equations
(328) and (331) give h1kjHj1ki = 0. This implies that the
usual proof stating that particles and antiparticles must have
the same mass as defined by the previous expectation value
cannot be applied here (see pages 331 and 332 of [5]).)

One might wonder if it is not possible to force the ener-
gies of the particles and antiparticles to be the same, in par-
ticular equal to Ek , by properly adjusting the values of
f ±ð∣k ∣ Þ in equation (315). As we show in Appendix A, this
is possible. But the price to pay is a theory that is apparently
no longer local. This feature shows up since we can only
make particles and antiparticles have the same energy if ½Ψ
ðt, rÞ,Ψ†ðt, r′Þ� ≠ 0, which leads to a violation of the micro-
causality condition. Also, the fact that the latter commutator
is not null implies a modification to equations (324) and
(325); i.e., we no longer have a canonically second quantized
theory (see Appendix A). Unless stated otherwise, we will
not deal with this scenario in the remaining of this section.

7.2. Continuous and Discrete Symmetries. The conserved
Noether “charges” obtained for the classical fields in Section
6.2 manifest themselves here, for instance, in the following
commutators being zero (see equations (328)-(330)):

H,H½ � = H, Pj� �
= H, ~Q
h i

= 0: ð332Þ

This means that the energy, the momentum, and the
charge are all conserved for the free field.

Moving on to the discrete symmetries, we can now finish
the discussion initiated in Section 6.3. Starting with space
inversion (parity), we can now insert equation (327) into
(285) to obtain the following transformation rules for the
creation (annihilation) operators:

P̂ akP̂
† = a−k , P̂ a†kP̂

† = a†−k ,

P̂ bkP̂
† = b−k , P̂ b†kP̂

† = b†−k:
ð333Þ

Proceeding similarly with the time reversal operator, we
get

T̂ akT̂
† = a−k , T̂ a†kT̂

† = a†−k , ð334Þ

T̂ bkT̂
† = b−k , T̂ b†kT̂

† = b†−k: ð335Þ

The analysis of charge conjugation, as anticipated in Sec-
tion 6.3, is a little more involved. If we apply the standard
charge conjugation operator Ĉ , i.e. equation (297), to equa-
tion (327), we get

ĈΨ xð ÞĈ† =
ð edk ĈakĈ

†
eiμx

0
e−ikx + Ĉb†kĈ

†
eiμx

0
eikx

� �
:

ð336Þ

where edk = ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏc2/½ð2πÞ32ωk�

q
d3k. Comparing equation (336)
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with the complex conjugate of equation (327),

Ψ† xð Þ =
ð edk bke

−iμx0e−ikx + a†ke
−iμx0eikx

� �
, ð337Þ

we realize that is not possible to identify ĈakĈ
†
with bk and

Ĉb†kĈ
†
with a†k due to the presence of the term eiμx

0
in equa-

tion (336) and e−iμx
0
in equation (337). Defining Ĉ antiuni-

tary will not do the job either since in this case, equation
(336) becomes

ĈΨ xð ÞĈ† =
ð edk ĈakĈ

†
e−iμx

0
eikx + Ĉb†kĈ

†
e−iμx

0
e−ikx

� �
:

ð338Þ

Comparing equation (338) with (337), we see that we do
not get the expected interchange of particles with antiparti-

cles. Actually, we get ĈakĈ
† = a†k and Ĉb†kĈ

† = bk .
However, we can get a bona fide charge conjugation

operator if we use Ĉm as given by equation (299). The oper-
ator Ĉm incorporates the “mass conjugation” operation as
defined in equation (298). This means that Ĉm anticom-
mutes with any function of the mass m. In this case, we have

ĈmΨ xð ÞĈ†
m =

ð edk ĈmakĈ
†
me

−iμx0e−ikx + Ĉmb
†
kĈ

†
me

−iμx0eikx
� �

,

ð339Þ

since μ is linear in m and k0 and edk are functions of m2.
Comparing equation (339) with (337), we immediately get

ĈmakĈ
†
m = bk , Ĉma

†
kĈ

†
m = b†k , ð340Þ

ĈmbkĈ
†
m = ak , Ĉmb

†
kĈ

†
m = a†k , ð341Þ

the desired properties of a good charge conjugation
operator.

We should also mention that although we used equation
(327) to arrive at the previous transformation properties for
the creation and annihilation operators, all the results
remain valid had we used equation (315) and the fact that

Ĉm
edk±Ĉ†

m = edk∓. In particular, this means that all the previ-
ous results apply to the creation and annihilation operators
of the noncanonically second quantized theory given in
Appendix A.

7.3. Microcausality and the Lorentz Covariance of the Field
Commutators. Our first task will be the explicit calculation
of the commutator ½ΨðxÞ,Ψ†ðyÞ� at arbitrary space-time
points x = ðx0, x1, x2, x3Þ and y = ðy0, y1, y2, y3Þ. This will
allow us to clearly see its Lorentz covariance and prove that
the Lorentz covariant Schrödinger fields respect the micro-
causality condition [4, 5]. Then, we will present a general
argument connecting the commutators between the Lorentz
covariant Schrödinger fields with the commutators of the

Klein-Gordon fields, allowing us to readily extend the com-
mutation properties of the latter to the former fields.

Let us start introducing the following shorthand nota-
tion for the field operators,

Ψ xð Þ =Ψx,Ψ† xð Þ =Ψ†
x, ð342Þ

ΠΨ xð Þ =Πx,ΠΨ† xð Þ =Π†
x, ð343Þ

where the last equality causes no confusion since for the
Lorentz covariant Schrödinger fields, we always have ΠΨ†

ðxÞ=Π†
ΨðxÞ. Now, using equations (315), (342), and

(343), we get

Ψ xð Þ,Ψ† yð Þ� �
= Ψ+

x , Ψ+
y

� �†� �
+ Ψ−

x , Ψ−
y

� �†� �
, ð344Þ

where we used that ½Ψ+
x , ðΨ−

y Þ†� = ½Ψ−
x , ðΨ+

y Þ†� = 0 to arrive
at the right-hand side of equation (344). (Note that
ðΨ+

x Þ† is one thing and ðΨ†
xÞ+ is another. The latter is

the positive frequency part of Ψ†
x, associated with the

destruction operator bk , while the former is the adjoint
of Ψ+

x .) This is true since Ψ+
x is proportional to the oper-

ator ak , ðΨ−
y Þ† to bk , and ½ak , bk ′ � = 0.

Using the explicit plane wave expansions for Ψ±
x as given

in equation (315) and the commutation relations (321), we
obtain

Ψ±
x , Ψ±

y

� �†� �
= iℏcΔ±

LS x − yð Þ, ð345Þ

where

Δ±
LS xð Þ = eiμx

0
Δ± xð Þ, ð346Þ

Δ± xð Þ = 1
±iℏc

ð
d3k f ± kð Þ� �2e∓ikx: ð347Þ

The subscript “LS” reminds us that the quantities above
are the ones for the Lorentz covariant Schrödinger fields.
The same quantities without the subscript, as we will see
shortly if we use equation (326), are the ones we obtain deal-
ing with the complex Klein-Gordon fields.

Using equations (345) and (346), we can write equation
(344) as

Ψ xð Þ,Ψ† yð Þ� �
= iℏcΔLS x − yð Þ, ð348Þ

where

ΔLS xð Þ = Δ+
LS xð Þ + Δ−

LS xð Þ = eiμx
0
Δ+ xð Þ + Δ− xð Þ½ � = eiμx

0
Δ xð Þ:
ð349Þ
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If we now use equation (326), we get

Δ± xð Þ = ∓ic
2 2πð Þ3

ð
d3k

e∓ikx

ωk
= −Δ∓ −xð Þ ð350Þ

and

Δ xð Þ = Δ+ xð Þ + Δ− xð Þ = −c
2πð Þ3

ð
d3k

sin kxð Þ
ωk

: ð351Þ

As usual, we are employing the definitions given in equa-
tions (316)-(319). Equations (350) and (351) are exactly the
ones we get when working with the complex Klein-Gordon
Lagrangian [4, 5]. Note that ΔðxÞ and Δ±ðxÞ satisfy the
Klein-Gordon equation [4, 5] and a direct calculation shows
that ΔLSðxÞ and Δ±

LSðxÞ satisfy the Lorentz covariant Schrö-
dinger equation.

The Lorentz invariant form of equation (351) is [4]

Δ xð Þ = −i
2πð Þ3

ð
d4k δ k2 − μ2

� �
ε k0
� �

e−ikx, ð352Þ

where d4k = dk0dk1dk2dk3, k2 = kνk
ν, μ, and kx = kνx

ν are
Lorentz invariants and the integrals run from −∞ to ∞.
Here, εðk0Þ gives the sign of k0, which is also Lorentz invari-
ant. (The sign of k0 is invariant under proper Lorentz trans-
formations for time-like vectors, which is what we have here
for the four-vector k due to the mass shell condition δ
ðk2 − μ2Þ. By a proper Lorentz transformation, we mean
spatial rotations and Lorentz boosts. Time reversal and
space inversion are excluded.)

Looking at equations (348) and (349), it is clear that the
commutator (348) is covariant under spatial rotations. Let us
see what happens under a Lorentz boost. Assuming, without
loss of generality, a Lorentz boost along the x1-direction, we
have

Δ xð Þ⟶ Δ xð Þ, ð353Þ

Ψ xð Þ⟶ eiθ xð Þ/ℏΨ xð Þ, ð354Þ

x0 ⟶ γ x0 + βx1
� �

, ð355Þ
with θðxÞ given by equation (19). Using equations (353)-
(355), a direct calculation gives

Ψx,Ψ†
y

h i
= iℏcΔLS x − yð Þ⟶ Ψx,Ψ†

y

h i
= iℏcΔLS x − yð Þ:

ð356Þ

This last result, together with the covariance of the com-
mutator under spatial rotations, proves the covariance of ½
ΨðxÞ,Ψ†ðyÞ� under proper Lorentz transformations.

If we compute the previous commutator at equal times
(see equation (A.8) of Appendix A), we get

Ψ t, xð Þ,Ψ† t, yð Þ� �
= 0, ð357Þ

which implies according to equation (348) that

ΔLS 0, x − yð Þ = 0: ð358Þ

When the time argument is zero, equation (349) gives

ΔLS 0, x − yð Þ = Δ 0, x − yð Þ, ð359Þ

and thus, according to equation (358),

Δ 0, x − yð Þ = 0: ð360Þ

But since Δðx − yÞ is invariant under a proper Lorentz
transformation, we have that Δðx − yÞ = 0 whenever
ðx − yÞ2 < 0. This is true because any two space-like vectors
are connected to each other via a proper Lorentz transfor-
mation. Also, the fact Δðx − yÞ = 0 when ðx − yÞ2 < 0 and
equation (349) imply that ΔLSðx − yÞ = 0 whenever ðx − yÞ2
< 0. This last result combined with equation (348) and with
equation (356), which shows the Lorentz covariance of the
commutator, leads to

Ψ xð Þ,Ψ† yð Þ� �
= 0,  if x − yð Þ2 < 0: ð361Þ

Equation (361), telling us that fields with space-like sep-
aration commute, is the microcausality condition. This guar-
antees that the second quantized Lorentz covariant
Schrödinger Lagrangian leads to a local quantum field the-
ory [4, 5].

We can also connect the field commutators of the
Lorentz covariant Schrödinger theory with the ones of the
Klein-Gordon theory as follows. First, if we use equation
(342), i.e., the relation connecting the Lorentz covariant
Schrödinger Lagrangian with the Klein-Gordon one, we get

Ψ xð Þ,Ψ† yð Þ� �
= eiμ x0−y0ð Þ Φ xð Þ,Φ† yð Þ� �

, ð362Þ

where ΦðxÞ and Φ†ðxÞ are the complex Klein-Gordon fields.
Moreover, applying equation (108) to (247), we obtain

ΠΨ xð Þ = e−iμx
0
ΠΦ xð Þ, ð363Þ

where ΠΦðxÞ is the conjugate momentum to ΦðxÞ. Thus,
using equations (108) and (363), the remaining nontrivial
(not obviously zero) commutators can be written as

ΠΨ xð Þ,ΠΨ† yð Þ½ � = e−iμ x0−y0ð Þ ΠΦ xð Þ,ΠΦ† yð Þ½ �, ð364Þ

Ψ xð Þ,ΠΨ yð Þ½ � = eiμ x0−y0ð Þ Φ xð Þ,ΠΦ yð Þ½ �: ð365Þ

The first thing worth noting is that the equal time com-
mutation relations of the Lorentz covariant Schrödinger and
Klein-Gordon fields are the same. Indeed, for equal times,
we have x0 = y0 and according to equations (362), (364),
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and (365), we immediately get

Ψ t, xð Þ,Ψ† t, yð Þ� �
= Φ t, xð Þ,Φ† t, yð Þ� �

,
ΠΨ t, xð Þ,ΠΨ† t, yð Þ½ � = ΠΦ t, xð Þ,ΠΦ† t, yð Þ½ �,
Ψ t, xð Þ,ΠΨ t, yð Þ½ � = Φ t, xð Þ,ΠΦ t, yð Þ½ �:

ð366Þ

As such, we can understand equations (108) and (363) as
a canonical transformation since they preserve the commu-
tation relations as we move to the new “variables,” namely,
fields. It is also important to remark that equations (362),
(364), and (365) are only valid if equation (326) is true, since
this is the only way to guarantee a canonical quantization of
the Lorentz covariant Schrödinger fields. Therefore, equa-
tions (362), (364), and (365) do not apply to the nonca-
nonically quantized Lorentz covariant Schrödinger fields
given in Appendix A, where, for example, ½Ψðt, xÞ,Ψ†ðt, yÞ�
≠ 0, in clear contradiction to equation (362) and the fact that
½Φðt, xÞ,Φ†ðt, yÞ� = 0.

Before we move on to the computation of the Feynman
propagator, we note that we can write Δ±ðxÞ and ΔðxÞ as
the following integrals, where k0 is considered a complex
variable [4]:

Δ± xð Þ = −
1
2πð Þ4

ð
C±
d4k

e−ikx

k2 − μ2
, ð367Þ

Δ xð Þ = −
1
2πð Þ4

ð
C
d4k

e−ikx

k2 − μ2
: ð368Þ

The complex contour integral in k0 is such that C± is any
counterclockwise closed path encircling only ±ωk/c and C is
any counterclockwise closed path encircling ωk/c and −ωk/c,
the two simple poles of the integrand.

7.4. The Feynman Propagator. The first step towards a per-
turbative treatment of any interaction involving the Lorentz
covariant Schrödinger fields, or involving them and other
types of fields, is the calculation of the Feynman propagator.
The Feynman propagator ΔFLS

ðx − x′Þ is defined as [4, 5]

iℏcΔFLS
x − x′
� �

= 0 T Ψ xð ÞΨ† x′
� �n o��� ���0D E

, ð369Þ

where j0i is the vacuum state and we use the subscript “LS”
to differentiate the Feynman propagator associated with the
Lorentz covariant Schrödinger fields from ΔFðxÞ, the Feyn-
man propagator related to the Klein-Gordon fields.

In equation (369), the symbol T denotes time ordering,
giving rise to the T-product (time-ordered product),

T Ψ xð ÞΨ† x′
� �n o

= h x0 − x0′
� �

Ψ xð ÞΨ† x′
� �

+ h x0′ − x0
� �

Ψ† x′
� �

Ψ xð Þ,

ð370Þ

with h being the Heaviside step function,

h x0
� �

= 1, if x0 > 0,

h x0
� �

= 0, if x0 < 0:
ð371Þ

Using equation (345) and remembering that ΨðxÞ =Ψ+

ðxÞ +Ψ−ðxÞ, with Ψ+ðxÞ and Ψ−ðxÞ, respectively, functions
of annihilation and creation operators, we have

0 Ψ xð ÞΨ† x′
� ���� ���0D E

= iℏcΔ+
LS x − x′
� �

, ð372Þ

0 Ψ† x′
� �

Ψ xð Þ
��� ���0D E

= −iℏcΔ−
LS x − x′
� �

: ð373Þ

If we now insert equations (370), (372), and (373) into
(369), we get

ΔFLS
xð Þ = h x0

� �
Δ+
LS xð Þ − h −x0

� �
Δ−
LS xð Þ ð374Þ

and also

ΔFLS
xð Þ = eiμx

0
ΔF xð Þ, ð375Þ

if we employ equation (346). Here, ΔFðxÞ = hðx0ÞΔ+ðxÞ − h
ð−x0ÞΔ−ðxÞ is the Feynman propagator associated with the
complex field Klein-Gordon Lagrangian, also known as the
charged meson propagator [4, 5].

Under a proper Lorentz transformation, ΨðxÞ changes
according to equations (18) and (19) while hðx0Þ is an
invariant. The latter is true because the sign of x0 for time-
like vectors is not altered under a proper Lorentz transfor-
mation. These two facts lead to the following transformation
rule for equation (369):

ΔFLS
xð Þ⟶ eiθ xð Þ/ℏΔFLS

xð Þ: ð376Þ

To arrive at equation (376), which tells us how the Feyn-
man propagator of the Lorentz covariant Schrödinger fields
transforms under a proper Lorentz transformation, we have
also assumed that the latter changes the vacuum state j0i by
at most a global phase. Equation (376), combined with the
transformation rule for x0 and the invariance of ΔFðxÞ under
a proper Lorentz transformation, allows us to show that
equation (375) is covariant under a proper Lorentz transfor-
mation, i.e.,

ΔFLS
xð Þ = eiμx

0
ΔF xð Þ⟶ ΔFLS

xð Þ = eiμx
0
ΔF xð Þ: ð377Þ

Due to the connection between the Klein-Gordon and
the Lorentz covariant Schrödinger propagators as given by
equation (375), we can carry over the integral representa-
tions of the former to the latter. Following ref. [4], we have

ΔFLS
xð Þ = eiμx

0

2πð Þ4
ð
CF

d4k
e−ikx

k2 − μ2
, ð378Þ
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where the contour of integration CF is given in Figure 2 and
should be understood in the following sense. For x0 > 0, the
contour of integration is closed in the lower half of the com-
plex k0-plane, leading to a clockwise contour integration
whose path we denote by C+

F . On the other hand, for x0 < 0,
we use the upper half plane to close the path of integration,
which gives a counterclockwise integration around path C−

F .
In this way, computing the complex integral in k0 using the
residue theorem, we obtain Δ+

LSðxÞ for the former contour of
integration and −Δ−

LSðxÞ for the latter, the expected results
for the Feynman propagator (see equation (374)).

We can also write the Feynman propagator with all inte-
grals being real variable integrals if we slightly displace the
poles off the real axis,

±ωk
c

⟶ ±ωk
c

∓ iη, ð379Þ

with 0 < η≪ 1, and use the following integral representation:

ΔFLS
xð Þ = eiμx

0

2πð Þ4
ð
d4k

e−ikx

k0
� �2 − ωk/cð Þ − iηð Þ2

= eiμx
0

2πð Þ4
ð
d4k

e−ikx

k2 − μ2 + iε
:

ð380Þ

To arrive at the last equality, we have neglected the η2

term since η≪ 1 and made the following identification:

ε = 2ηωk
c

: ð381Þ

With this definition, the k0 variable is also integrated
from −∞ to∞. After the integration in k0, we take the limit
η⟶ 0, or equivalently ε⟶ 0, obtaining the correspond-
ing expression for the Feynman propagator, namely, Δ+

LSðxÞ
for x0 > 0 and −Δ−

LSðxÞ for x0 < 0.
Using equation (380), we can show that the Feynman prop-

agator ΔFLS
ðxÞ is the Green function of the free Lorentz covar-

iant Schrödinger equation. Setting V = 0 in equation (63) and
replacingΨðxÞ forΔFLS

ðxÞ as given in equation (380), we obtain
after a little calculation and after taking the limit ε⟶ 0 that

∂ν∂
νΔFLS

xð Þ − i2μ∂0ΔFLS
xð Þ = −

eiμx
0

2πð Þ4
ð
d4k e−ikx: ð382Þ

Noting that the four-dimensional Dirac delta function can
be written as ð2πÞ4δð4ÞðxÞ = Ð d4k e−ikx, we get

∂ν∂
νΔFLS

xð Þ − i2μ∂0ΔFLS
xð Þ = −eiμx

0
δ 4ð Þ xð Þ = −δ 4ð Þ xð Þ:

ð383Þ

We have used that eiμx
0
δð4ÞðxÞ = δð4ÞðxÞ = 0 for x0 ≠ 0 and

that limx0⟶0e
iμx0δð4ÞðxÞ = limx0⟶0δ

ð4ÞðxÞ to arrive at the last
equality. If we equate the left-hand side of equation (383) to
zero, we get the free Lorentz covariant Schrödinger equation.

Equating it to −δð4ÞðxÞ, we obtain the definition of its Green’s
function, proving that ΔFLS

ðxÞ is indeed the Green function of
the free Lorentz covariant Schrödinger equation. For the
Klein-Gordon equation, the analogous expression to equation
(383) is [5]

∂ν∂
νΔF xð Þ + μ2ΔF xð Þ = −δ 4ð Þ xð Þ: ð384Þ

7.5. Turning on the Interaction among the Fields. The tech-
niques built to perturbatively handle scattering problems
among interacting quantum fields, in particular those suited
to the Klein-Gordon fields [4, 5], remain valid for the Lorentz
covariant Schrödinger fields.Working in the interaction picture
(in previous sections of this work, specially when dealing with
the second quantization of the free fields, we were working in
the Heisenberg picture), it is not difficult to see that the Lorentz
covariant Schrödinger fields evolve according to the same
dynamical equations and satisfy the same commutation rela-
tions of the free fields. On the other hand, the evolution of the
quantum state describing the initial particle configuration
evolves according to the Schrödinger equation, whose Hamilto-
nian is given by the interaction part of the total Hamiltonian
describing the system being investigated. Moreover, a simple
inspection on the proofs leading to the Dyson series and to
Wick’s theorem shows that they remain valid here too.

As such, the probability amplitude for a system initially
in the state jαini to be found after the collision (scattering)
in the final state jαouti is

Sfi = αout Sj jαinh i: ð385Þ

Here, invoking the adiabatic hypothesis, jαinðoutÞi are
eigenstates of the free-field Hamiltonian, with jαini the initial
state in the remote past (t⟶ −∞) and jαouti the final state
in the far future (t⟶∞). The operator describing this tran-
sition is called the S-matrix and its manifestly covariant per-
turbative expansion is given by the Dyson series,

S = T exp −
i
ℏc

ð
d4xH I

int xð Þ
	 


= 1 + 〠
∞

n=1

−i/ ℏcð Þ½ �n
n!

ð
d4x1 ⋯ d4xnT H I

int x1ð Þ⋯H I
int xnð Þ� �

,

ð386Þ

Im(k0)

CF –

CF +

Re(k0)
k0 = –ωk / c

k0 = ωk / c

Figure 2: The contours of integration leading to the Feynman
propagator for the Lorentz covariant Schrödinger fields.
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where T is the time ordering operator and H I
int is the Hamil-

tonian density describing the interaction among the fields
expressed in the interaction picture (the superscript I denotes
interaction picture). Similarly to the Klein-Gordon case, the
time-ordered term in the Dyson series is expanded using
Wick’s theorem in order to carry out transition amplitude cal-
culations. It is in this step that the Feynman propagator (369)
appears, being usually called in this context a “contraction.”

An important property of the Lorentz covariant Schrö-
dinger fields, valid when they are canonically quantized, is
the simple relation connecting them to the complex Klein-
Gordon fields as given by equations (108) and (363). These
relations, originally shown to be true for the free fields being
described in the Heisenberg picture, remain valid in the
interaction picture. This is easily seen either by inspecting
the time evolution of these fields in the interaction picture
or by noting that these transformations connecting the
Lorentz covariant Schrödinger fields to the Klein-Gordon
ones are given by c-numbers and, as such, commute with
the unitary transformation taking us from the Heisenberg
to the interaction picture. Written in the interaction picture,
equations (108) and (363) become

ΨI xð Þ = eiμx
0
ΦI xð Þ, ð387Þ

ΠI
Ψ xð Þ = e−iμx

0
ΠI
Φ xð Þ: ð388Þ

As can be seen explicitly in Appendix B, these relations
are crucial to prove that to any order in perturbation theory
and for Lorentz covariant interactions, the Klein-Gordon
and the Lorentz covariant Schrödinger theories are essen-
tially equivalent. However, for interactions violating Lorentz
invariance, the predictions stemming from both theories are
drastically different (the noncanonically quantized theory
given in Appendix A is not equivalent to the Klein-Gordon
theory either, even for Lorentz covariant interactions. This
is true because, contrary to the canonically quantized case,
the propagator of the noncanonically quantized theory is
not trivially related to the Klein-Gordon one).

7.6. Breaking Lorentz Invariance. The equivalence between
the Klein-Gordon and the Lorentz covariant Schrödinger
theories established above is only valid for Lorentz invariant
Lagrangian densities (actually, being more general, we just
need Lorentz invariant actions). If we introduce, neverthe-
less, interaction terms breaking Lorentz invariance, we can
have certain processes that only occur in the Lorentz covar-
iant Schrödinger theory. See, however, Refs. [26, 27] for
interesting and alternative ways of introducing interaction
terms that break Lorentz invariance in the framework of
the standard Klein-Gordon theory and in the Higgs sector.

For example, consider the following interaction term (as
always, normal ordering is implied, and here, it is also
implied an adjoint term in order to have a Hermitian Ham-
iltonian):

H int ∝Ψ Ψ†� �3
: ð389Þ

This term is not Lorentz invariant since after a proper
Lorentz transformation, we have, according to equation
(18),

Ψ xð Þ Ψ† xð Þ� �3
⟶ e−i2θ xð Þ/ℏΨ xð Þ Ψ† xð Þ� �3

: ð390Þ

The analogous term for the Klein-Gordon theory,
namely, ΦðΦ†Þ3, is invariant under a proper Lorentz trans-
formation since in this case, Φ⟶Φ.

An interaction term such as (389) allows, among other
processes, for an antiparticle at rest to decay into two parti-
cles and one antiparticle, all of them at rest too (see
Figure 3(a)). This process is kinematically forbidden for
the Klein-Gordon theory, violating conservation of energy,
while for the Lorentz covariant Schrödinger theory, the total
energy and momentum can be made equal before and after
the decay.

This can be seen by noting that to first order in perturba-
tion theory (at the tree level), this process is associated with
the initial state jαini = b†kj0i and to the final state jαouti =
b†k1a

†
k2a

†
k3 j0i. A nonnull probability amplitude is obtained

using the following term coming from (389):

Ψ− Ψ†� �−� �2
Ψ†� �+, ð391Þ

where ðΨ†Þ+ destroys the antiparticle, Ψ− creates another

antiparticle, and ½ðΨ†Þ−�2 creates the remaining two parti-
cles. The previous field operators are defined by noting that
we can write Ψ =Ψ+ +Ψ− and Ψ† = ðΨ†Þ+ + ðΨ†Þ−, which
after equation (327) can be explicitly written as

Ψ+ xð Þ =
ð
d3kf ke

iμx0e−ikxak , ð392Þ

Ψ− xð Þ =
ð
d3kf ke

iμx0eikxb†k , ð393Þ

Ψ† xð Þ� �− = ð d3kf ke−iμx0eikxa†k , ð394Þ

Ψ† xð Þ� �+ = ð d3kf ke−iμx0e−ikxbk , ð395Þ

where

f k =
ℏc2

2πð Þ32ωk

" #1/2
,

k0 = ωk
c

= Ek
ℏcð Þ ,

Ek =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2c4 + ℏ2c2 kj j2

q
:

ð396Þ

Suppressing the superscript I that indicates operators in
the interaction picture, equations (385), (386), and (391)
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give to the first order in perturbation theory

S 1ð Þ
fi = αout S

1ð Þ
��� ���αinD E

, ð397Þ

where

S 1ð Þ = −
i
ℏc

ð
d4xH int = −

ig
ℏc

ð
d4xΨ− xð Þ Ψ† xð Þ� �−� �2

Ψ† xð Þ� �+,
ð398Þ

with g being the effective coupling constant associated with
this process. If we now use equations (392)-(395) and the
explicit expansion for jαinðoutÞi, we get

S 1ð Þ
fi = −

ig
ℏc

ð
d4xd3q1 ⋯ d3q4 f q1 ⋯ f q4e

−i 2μx0+ q4−q1−q2−q3ð Þx½ �

� 0 ak2ak3a
†
q2a

†
q3bk1b

†
q1bq4b

†
k

��� ���0D E
:

ð399Þ

A direct calculation using the commutation relations
given by equation (321) leads to

0 ak2ak3a
†
q2a

†
q3bk1b

†
q1bq4b

†
k

��� ���0D E
= δ 3ð Þ k − q4ð Þδ 3ð Þ k1 − q1ð Þδ 3ð Þ

� k2 − q3ð Þδ 3ð Þ k3 − q2ð Þ + δ 3ð Þ k − q4ð Þδ 3ð Þ k1 − q1ð Þδ 3ð Þ

� k2 − q2ð Þδ 3ð Þ k3 − q3ð Þ:
ð400Þ

Inserting equation (400) into (399) and noting that by
relabeling the integration variables, the two terms in equa-

tion (400) give the same contribution, we get

S 1ð Þ
fi = −

2ig
ℏc

ð
d4xf k f k1 f k2 f k3e

−i 2μ+k0−k01−k02−k03ð Þx0ei k−k1−k2−k3ð Þ·r

= −
2ig
ℏc

f k f k1 f k2 f k3 2πð Þ4δ 2μ + k0 − k01 − k02 − k03
� �

δ 3ð Þ

� k − k1 − k2 − k3ð Þ:
ð401Þ

To arrive at the last line, we employed the integral repre-
sentation of the Dirac delta function.

The two Dirac delta functions in equation (401) are
related to the conservation of energy and linear momentum

for the present process; i.e., Sð1Þfi is different from zero only if
the arguments of the delta functions are zero. Considering
the decaying particle at rest, we have ℏck0 =mc2 and k = 0.
Thus, conservation of energy leads to

2μ + k0 − k01 − k02 − k03 = 0,
2ℏcμ + ℏck0 − ℏc k01 − k02 − k03

� �
= 0,

2mc2 +mc2 − Ek1 − Ek2 − Ek3 = 0:

ð402Þ

But Ekj
=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2c4 + h2c2jkjj2

q
≤mc2, for j = 1, 2, 3. There-

fore, we can only satisfy

Ek1 + Ek2 + Ek3 = 3mc2 ð403Þ

if kj = 0; i.e., all particles are at rest after the decay. Note that
the momentum conservation equation is automatically satis-
fied if k = kj = 0.

We could have anticipated the possibility of this decay
process by noting that for the Lorentz covariant Schrödinger
theory, the particle and antiparticles have different energies,
E+
k = −mc2 + Ek and E−

k =mc2 + Ek , respectively (see equa-
tions (314), (328), and (331)]. Hence, if we look at the Feyn-
man diagram for this process (Figure 3(a)), energy
conservation leads to

E−
k = E−

k1 + E+
k3 + E+

k3 , ð404Þ

which is exactly what we obtain according to equation (401)
if we use the definition of E±

k (for the Klein-Gordon theory,
the analog of equation (404) is Ek = Ek1 + Ek3 + Ek3 , which
can never be satisfied. Indeed, in the rest frame of the anti-
particle with momentum k, we have Ek =mc2 while the
right-hand side is always greater or equal to 3mc2. Also, to
obtain the same predictions associated with the Lorentz
covariant Schrödinger theory when the fields interact

according to H int ∝ΨðΨ†Þ3, we need for the Klein-

Gordon theory an interaction given by H int ∝ e−i2μx
0
Φ

ðΦ†Þ3, a very unnatural interaction term).
For Lorentz invariant interactions, which we have seen

must always be built with bilinear terms such as ΨΨ†, this
gap of energy between particles and antiparticles gets

k1

k k

k’
kγ

k2

k3

Hint ∝ Ψ (Ψ†)3 Hint ∝ (Ψ† 𝜕𝜇 Ψ†) A𝜇

Figure 3: Feynman diagrams in momentum space showing two
possible processes for the Lorentz covariant Schrödinger theory
when we introduce interaction terms that break Lorentz invariance.
These two processes are kinematically forbidden for the Klein-
Gordon theory subjected to analogous interaction terms. (a) An
antiparticle (b-particle) with momentum k and energy E−

k decays
into another antiparticle and two particles (a-particles). The
energies of the particles are E+

k3 and E+
k2 . We can represent this

process by the following equation, b⟶ baa. Note that the process
(not shown in the picture) in which particles and antiparticles
exchange roles, a⟶ abb, is kinematically forbidden. (b) An
antiparticle decays into a photon and a particle, b⟶ aγ. The
processes (not shown in the picture) a⟶ bγ, a⟶ aγ, and b⟶
bγ are all kinematically forbidden.
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“averaged out.” This happens because we always have an
equal number of e−iμx

0
and eiμx

0
when we employ the field

expansions to do any calculation (see, for instance, equations
(392)-(395)). However, when we have an interaction term
breaking Lorentz invariance, we no longer have a balanced
number of e±iμx

0
in the field expansions. This is why the pre-

vious process does not violate energy-momentum conserva-

tion and why we have Sð1Þf i as given by equation (401).

Remark 1. The above interaction that breaks Lorentz invari-
ance should be considered with caution. It is best to under-
stand it as a “toy model” and not as a fundamental
interaction. The same should apply to the interaction we will
study next. They are simple examples illustrating a kinemat-
ically forbidden interaction in the framework of the Klein-
Gordon theory that is kinematically allowed in the frame-
work of the Lorentz covariant Schrödinger theory. The inter-
action term given by equation (389), leading to the Feynman
diagram of Figure 3(a), when taken alone brings to the table
an “unstable vacuum.” Since an antiparticle decays into two
particles and an antiparticle, the decay process will never
cease because we will always have the same antiparticle as
a product of the decay. This unstoppable proliferation of
decays is not currently observed. We could have avoided this

problem working with the following interaction, H int ∝
ðΨ†Þ3, which also breaks Lorentz invariance but leads to
one antiparticle decaying into only two particles. We can
alternatively understand the interaction (389) as being mod-
ulated by a time-dependent coupling constant that decreases
as time goes by. In primordial times, it was relevant, but
today, it is completely suppressed.

We can also have processes involving photons that are
not seen in the Klein-Gordon theory but that are present
in the Lorentz covariant Schrödinger theory if we introduce
appropriate Lorentz invariance-breaking terms in the inter-
action Hamiltonian density. For instance, interactions such
as

Ψ†∂μΨ
†� �
Aμ orΨ†Ψ†Aμ ð405Þ

allow for the possibility of an antiparticle decaying into a
particle and a photon (see Figure 3(b)).

The equation expressing the conservation of energy for
this process is

E−
k = E+

k′ + Ekγ , ð406Þ

which in the rest frame of the decaying particle (k = 0)
becomes

mc2 + Ek = −mc2 + Ek′ + Ekγ , ð407Þ

2mc2 = −mc2 + Ek′ + Ekγ : ð408Þ

Equation (407) tells us that we must have

Ek′ + Ekγ = 3mc2, ð409Þ

which can be satisfied since any process such that Ek′ + Ekγ
>mc2 and that conserves momentum (k′ + kγ = 0) is kine-
matically possible. The solution to this problem is Ekγ = 4m
c2/3, E+

k = 2mc2/3, and jpγj = jp′j = ℏcjkγj = ℏcjk′j = 4mc/3.
For the Klein-Gordon theory, we would have instead of

equations (406) and (407)

Ek = Ek′ + Ekγ ,

mc2 = Ek′ + Ekγ ,
ð410Þ

which cannot be satisfied because the right-hand side must
be greater than mc2.

Remark 2. The two interactions that break Lorentz invari-
ance studied in this section when taken alone lead to the vio-
lation of charge conservation as well. For the interaction
given by the Feynman diagram of Figure 3(b), we have, for
instance, a positive antiparticle decaying into a neutral pho-
ton and a negative particle. If we want to save charge conser-
vation, we can either say that those processes are forbidden
despite being kinematically allowed or postulate the exis-
tence of a negative antiparticle decaying in an analogous
way into a positive particle and a photon. Those two pro-
cesses taken together would lead to an overall charge conser-
vation in our universe. A similar reasoning can restore
overall charge conservation for the interaction (389).

Before we move on, it is worth mentioning two points
concerning the previous results. First, the Lorentz covariant
Schrödinger theory supplemented with appropriate interac-
tion terms that break Lorentz invariance might lead to sim-
ple and useful effective field theories to describe condensed
matter physical process. Indeed, in a condensed matter sys-
tem, there is a “privileged” inertial frame, namely, the con-
densed matter system itself, and the introduction of
Lorentz invariance-breaking interactions is not a serious
threat to the modeling of the interactions among pseudopar-
ticles within it.

Second, the asymmetry in the decay rates associated with
particles and antiparticles, due to the introduction of inter-
action terms breaking Lorentz invariance, points to a possi-
ble way to understand the asymmetry between matter and
antimatter in our universe [28]. As we previously remarked,

the introduction of an interaction term such as ΨðΨ†Þ3
implies that only the decay b⟶ baa is possible (see
Figure 3(a)), while the corresponding process obtained by
exchanging the roles of particles with antiparticles, a⟶ a
bb, is kinematically forbidden. Therefore, for an initially
symmetric distribution of matter and antimatter, the asym-
metry in the previous two decay channels will eventually
lead to an asymmetry in the matter and antimatter distribu-
tion (baryogenesis). And if this asymmetry in the decay
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channels is always present and not counterbalanced by any
other process, in the long run, there will be practically no
antimatter in the universe.

Note that the underlying reason for the asymmetry in
the two decay channels above is the gap in the mass between
particle and antiparticle naturally present in the Lorentz
covariant Schrödinger theory and no extra fields or interac-
tions are needed to obtain an asymmetric behavior between
matter and antimatter [26, 27, 29–33]. On the one hand, for
Lorentz invariant interactions, this mass difference is effec-
tively suppressed and no asymmetry between matter and
antimatter is observed. On the other hand, for interaction
terms violating Lorentz invariance, the mass gap becomes
relevant, leading to an asymmetry between matter and anti-
matter that is testable. With that in mind, two important
issues arise: (1) Is there a fundamental physical process lead-
ing to the violation of the Lorentz invariance of the Lorentz
covariant Schrödinger theory? What causes it? Can it be
traced back to the presence of a background gravitational
field? Is this Lorentz invariance-breaking process a feature
of the present-day universe or it was relevant in its begin-
ning, being suppressed during its evolution? (2) Can we find
a Lorentz invariant theory that gives different masses for par-
ticles and antiparticles and, at the same time, leads to an
asymmetry in the decay of particles and antiparticles as
described above? Can it be done without violating the CPT
theorem, or at least without violating its extension, the
CPTM theorem as given in this work?

8. Generalizing the Lorentz Covariant
Schrödinger Equation

If we look at the second term of the Lagrangian density
(244), we realize that there are no derivatives in the spatial
variables and the following question naturally arises: Is it
possible to come up with a Lorentz invariant Lagrangian
density where the four space-time derivatives appear on an
equal footing? Furthermore and similarly to the Lorentz
covariant Schrödinger fields of the previous sections, can
this be done in such a way that this Lagrangian density yields
the same predictions of the Klein-Gordon one if we restrict
ourselves to Lorentz invariant interactions? Our goal in this
section is to show that the answers to those questions are
affirmative.

8.1. Obtaining the Lagrangian Density and the
Transformation Law for ΨðxÞ. We start with the following
Hermitian Lagrangian density ansatz:

L = ∂μΨ∂
μΨ∗ + iκμΨ∗∂μΨ − i κμð Þ∗Ψ∂μΨ∗, ð411Þ

where κμ does not transform like a four-vector under a
Lorentz transformation. It is just a shorthand notation for
the four constants κ0, κ1, κ2, κ3. Being more specific, we pos-
tulate that κ0, κ1, κ2, κ3 are Lorentz invariants under proper
Lorentz transformations. These constants are the analog in
the present theory of the mass “m” that appears in the
Klein-Gordon Lagrangian density. We will see later that κμ

must be a real quantity to guarantee the Lorentz invariance

of the Lagrangian density (411) and that κ2 = κμκμ = μ2 =
m2c2/ℏ2, with m being the rest mass of a Klein-Gordon sca-
lar particle, if we want the present theory to be equivalent to
the Klein-Gordon theory. Also, if κ0 = μ and κj = 0, we
recover the Lorentz covariant Schrödinger Lagrangian den-
sity previously studied.

Under an infinitesimal proper Lorentz transformation
(spatial rotations or boosts), the space-time coordinates in
the rest frames S and S′ are connected by the following rela-
tion:

xμ = xμ′ − εμνxν′, ð412Þ

where ∣εμν ∣ ≪1 and εμν = −ενμ. The antisymmetry of εμν is a
consequence of the invariance of the norm of the four-vector
xμ under a proper Lorentz transformation. The derivative
transforms according to

∂μ = ∂μ′ − εμν∂
ν′: ð413Þ

We also assume that under an infinitesimal proper
Lorentz transformation, the wave functions ΨðxÞ and Ψ′ðx
′Þ are connected by

Ψ xð Þ = e i/ℏð Þ bμxμ′Ψ′ x′
� �

, ð414Þ

where bμ is real and of the order of εμν.
Inserting equations (413) and (414) into (411), we get to

first order in εμν,

L = ∂μ′Ψ′∂μ′Ψ′∗ + iκμΨ′∗∂μ′Ψ′ − i κμð Þ∗Ψ′∂μ′Ψ′∗

−
Ψ′�� ��2
ℏ

κμ + κμð Þ∗½ �bμ − i
bμ

ℏ
+ ενμκν


 �
Ψ′∗∂μ′Ψ′

+ i
bμ

ℏ
+ ενμ κνð Þ∗


 �
Ψ′∂μ′Ψ′∗ + O εμν

�� ��2� �
:

ð415Þ

Comparing equations (411) and (415), we see that they
have the same form if

κμ + κμð Þ∗½ �bμ = 0, ð416Þ

bμ

ℏ
+ ενμκν = 0, ð417Þ

bμ

ℏ
+ ενμ κνð Þ∗ = 0: ð418Þ

The last two equations imply that ðκνÞ∗ = κν, i.e., κν is
real, and that

bμ = ℏεμνκν, ð419Þ

where we used the antisymmetry of εμν to express the right-
hand side as shown above. Inserting equation (419) into the
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left-hand side of (416) and noting that κμ is real and that εμν
is antisymmetric, we get

2ℏεμνκμκν = ℏ εμν + ενμ
� �

κμκν = 0: ð420Þ

Thus, equations (416)-(418) are all satisfied if bμ is given
by equation (419).

This means that under an infinitesimal proper Lorentz
transformation, the Lagrangian density (it is worth noting
that we cannot have Lorentz invariance if L = iκμΨ∗∂μΨ
− iðκμÞ∗Ψ∂μΨ∗. The term ∂μΨ∂

μΨ∗ is crucial to guarantee
a Lorentz invariant Lagrangian density)

L = ∂μΨ∂
μΨ∗ + iκμΨ∗∂μΨ, ð421Þ

with κμ real and constant, is invariant if Ψ transforms as

Ψ xð Þ⟶ e−iεμνκ
μxνΨ xð Þ: ð422Þ

To arrive at the transformation law for ΨðxÞ under finite
proper Lorentz transformations, we follow the usual prescrip-
tion of implementing N infinitesimal transformations and
then letting N ⟶∞. For instance, a counterclockwise rota-
tion of ϕ radians about the x3-axis gives (see Appendix C)

Ψ xð Þ⟶ ei κ
1 1−cos ϕð Þ−κ2 sin ϕ½ �x1ei κ1 sin ϕ+κ2 1−cos ϕð Þ½ �x2

�Ψ xð Þ⟶ ei κ1x1+κ2x2ð Þ 1−cos ϕð Þ+ κ1x2−κ2x1ð Þ sin ϕ½ �Ψ xð Þ:
ð423Þ

Similarly, for a rotation of ϕ about the x1-axis, we get

Ψ xð Þ⟶ ei κ2x2+κ3x3ð Þ 1−cos ϕð Þ+ κ2x3−κ3x2ð Þ sin ϕ½ �Ψ xð Þ: ð424Þ

The transformation law for a rotation about the x2-axis is
obtained from the previous one by relabeling the superscript
indexes: 2⟶ 3 and 3⟶ 1 (from the above results, it is clear
that the transformation law for ΨðxÞ when we have a rotation
of ϕ about an arbitrary axis n is ΨðxÞ⟶ exp fi½r − ðr · n̂Þn̂�
· κð1 − cos ϕÞ + iðκ × rÞ · n̂ sin ϕgΨðxÞ).

Since from spatial rotations about the x3 and x1-axes we
can build an arbitrary spatial rotation, it is sufficiently gen-
eral to give only howΨðxÞ transforms after a boost in a spec-
ified direction. For a boost along the x1-axis characterized by
β, we have (see Appendix C)

Ψ xð Þ⟶ ei γ−1ð Þκ0−γβκ1½ �x0+i γβκ0− γ−1ð Þκ1½ �x1Ψ xð Þ, ð425Þ

where γ = 1/
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
is the Lorentz factor. To check the con-

sistency of the calculations given in Appendix C, a direct cal-
culation using equations (423), (424), and (425), with the
corresponding transformation laws for ∂μ, shows that the
Lagrangian (421) is indeed invariant under those finite
proper Lorentz transformations.

8.2. The Wave Equation and Its Solution. The Lagrangian
density (421) leads to the following wave equation if we

insert it into the Euler-Lagrange equation (240):

∂μ∂
μΨ − 2iκμ∂μΨ = 0: ð426Þ

Inserting the ansatz

Ψ xð Þ = ei κμx
μ±kμxμð Þ = ei κ±kð Þx ð427Þ

into equation (426), we get

κ2 − k2
� �

Ψ = 0: ð428Þ

We can only satisfy equation (428) and thus raise the
ansatz (427) to the status of a solution to the wave equation,
if

k2 = κ2 = κ0
� �2 − κj j2: ð429Þ

Due to the linearity of the wave equation (426), its gen-
eral solution is a linear combination of (427) comprising
all values of k compatible with the boundary conditions of
the problem being solved.

So far, the four real constants κμ are arbitrary. If we set
κj = 0 and κ0 = μ =mc/ℏ, we get back to the Lorentz covari-
ant Schrödinger equation. This shows that the latter equa-
tion is a particular case of the general wave equation we
are now dealing with. As we show next, if κ2 = μ2, with m
interpreted as the rest mass of a scalar particle, we can con-
nect the present wave equation with the Klein-Gordon equa-
tion in a straightforward way.

8.3. Connection with the Klein-Gordon Equation. Building
on our previous experience with the Lorentz covariant
Schrödinger equation, we expect that the following relation
will take us from the present wave equation to the Klein-
Gordon one:

Ψ xð Þ = eiκxΦ xð Þ = eiκμx
μ

Φ xð Þ: ð430Þ

Using equation (430), we get that

∂μ∂
μΨ = ∂μ∂

μΦ + 2iκμ∂μΦ − κ2Φ
� �

eiκx,

−2iκμ∂μΨ = 2κ2Φ − 2iκμ∂μΦ
� �

eiκx,
ð431Þ

and thus, the wave equation (426) becomes

∂μ∂
μΦ + κ2Φ = 0: ð432Þ

The wave equation (432) is formally equivalent to the
Klein-Gordon one, and we have an exact match if

κ2 = κμκμ = μ2 = mc/ℏð Þ2, ð433Þ

where m is the rest mass of the scalar particle described by
the Klein-Gordon equation. We can also show that equation
(430) when inserted into the Lagrangian density (421) leads
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to the Klein-Gordon Lagrangian density if equation (433) is
satisfied.

It is worth mentioning that we just need κ2 = μ2 to iden-
tify the transformed wave equation with the Klein-Gordon
one. In other words, out of the four real constants κμ, only
one is fixed by equation (433). Three of them are still free
to be set to any value we wish. For an isotropic three-
dimensional space, we expect all κj to be equal. This reduces
the free parameters to just one real constant. However, for
condensed matter systems, where anisotropic physical sys-
tems are commonplace, the freedom to choose the values
of κj might be an important asset [34, 35].

8.4. Canonical Quantization. We now start the canonical
quantization of the generalized Lorentz covariant Schrödin-
ger fields. We have two main goals in carrying out this task.
First, we want to show that it is possible to implement this
second quantization program to its logical completion with-
out any contradiction. Then, for Lorentz covariant interac-
tions, we want to show the equivalence between the just
developed second quantized theory and Klein-Gordon’s.

8.4.1. Equal Time Commutation Relations. The most general
solution to the wave equation (426), now understood as an
operator, can be written as

Ψ xð Þ =Ψ+ xð Þ +Ψ− xð Þ, ð434Þ

where

Ψ+ xð Þ =
ð
~dk+ake

iκxe−ikx,

Ψ− xð Þ =
ð
~dk−b

†
ke

iκxeikx,
ð435Þ

and

k0 =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2 + kj j2

q
,

~dk± = f ± ∣k ∣ð Þd3k:
ð436Þ

Requiring that the commutation relations for the crea-
tion and annihilation operators are given by equations
(321)-(323), the fields Ψ and Ψ† satisfy the equal time
canonical commutation relations (324) and (325) if

f + kj jð Þ = f − kj jð Þ = f kj jð Þ = ℏc2

2πð Þ32ωk

 !1/2

, ð437Þ

where

ℏωk = Ek = ℏck0: ð438Þ

The conjugate momenta to the fields are given by

ΠΨ = 1
c
∂0Ψ

† + iκ0

c
Ψ†,

ΠΨ† = 1
c
∂0Ψ −

iκ0

c
Ψ,

ð439Þ

and they are connected to the Klein-Gordon ones as follows:

ΠΨ = e−iκxΠΦ, ð440Þ

ΠΨ† = eiκxΠΦ† : ð441Þ
8.4.2. Conserved Quantities. Following the prescription given
in Section 6, we now have the following expressions for the
Hamiltonian, momentum, and charge densities (normal
ordering always implied):

H = ∂0Ψ∂0Ψ
†+∇Ψ · ∇Ψ† − iκ ·Ψ†∇Ψ, ð442Þ

cP j = −∂0Ψ∂jΨ
† − ∂0Ψ

†∂jΨ − iκ0Ψ†∂jΨ, ð443Þ
c~q = iΨ†∂0Ψ + 2κ0Ψ†Ψ: ð444Þ

Note that now the charge current is given by

c~j = iΨ†∇Ψ + 2κΨ†Ψ: ð445Þ

Similarly to what we did for the Lorentz covariant Schrö-
dinger fields, by inserting equation (434) into equations
(442)-(444) and then into equations (260), (261), and
(282), we obtain

H =
ð
d3k ℏω+

ka
†
kak + ℏω−

kb
†
kbk

� �
,

Pj =
ð
d3k ℏkj+a

†
kak + ℏkj−b

†
kbk

� �
,

~Q =
ð
d3k ℏ a†kak − b†kbk

� �h i
,

ð446Þ

where

E±
k = ℏω±

k = ∓ℏcκ0 + Ek

pj± = ℏkj± = ∓ℏκj + ℏkj:
ð447Þ

In addition to the energy gap associated with a pair of
particle and antiparticle characterized by the vector k, we
also have a momentum gap. In contrast to the Lorentz
covariant Schrödinger equation, we now have a complete
symmetry between energy and momentum, which allows
us to define the two quantities below:

pμ± = E±
k , cp±

� �
, ð448Þ

where p± = ðp1±, p2±, p3±Þ. Equation (448) gives the energy and
momentum of a particle (pμ+) and antiparticle (pμ−) created,
respectively, by a†k and b†k acting on the vacuum state.
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When it comes to the discrete symmetries, we need to
modify the operators that implement the parity, time rever-
sal, and charge conjugation operations as follows. The parity,
time reversal, and charge conjugation operators are now
defined as (note that to simplify notation, we are not using
the symbol “” to denote operators as we did in Section 6.3)

P κΨ r, tð ÞP †
κ =Ψ −r, tð Þ, ð449Þ

T κΨ r, tð ÞT †
κ =Ψ r,−tð Þ, ð450Þ

CκΨ r, tð ÞC†
κ =Ψ† r, tð Þ: ð451Þ

In equations (449)-(451), we have

P κ =K1P ,
T κ =K1T ,
Cκ =K2C ,

ð452Þ

where

K1 f κ
μð ÞK†

1 = f κμ
� �

, ð453Þ

K2 f κ
μð ÞK†

2 = f −κμð Þ: ð454Þ

Here, f ðκμÞ is an arbitrary function of κμ and P ,T , and
C are the standard parity, time reversal, and charge conjuga-
tion operators of the Klein-Gordon theory (see also Section
6.3). We should remark that P and C are unitary operators
while T is antiunitary.

Equation (454) generalizes the “mass conjugation” oper-
ation, equation (298), which is needed to correctly define a
charge conjugation operation for the Lorentz covariant
Schrödinger equation. The operation defined in equation
(453), on the other hand, only changes the sign of the spatial
components of κμ, i.e., K1 f ðκ0, κÞK†

1 = f ðκ0,−κÞ.
Using equations (449)-(451), we can show that we get

the expected behavior for properly defined parity, time
reversal, and charge conjugation operations. Specifically,
equations (286)-(289), equations (293)-(296), and equations
(300)-(303) are all satisfied. Furthermore, equations (449)-
(451) imply that the creation and annihilation operators sat-
isfy the correct transformation laws, namely, equations
(333)-(335) and (340)-(341).

Similarly, the CPT theorem, which in the present context
should be more properly called the CPTM theorem, is once
more “saved” if we define the CPT operation as

Θ =CκP κT κ =K2CPT : ð455Þ

To arrive at the last equality we used that K j commutes

with C ,P , and T and thatK2
j is the identity operator. With

this definition for the CPT operation, equations (305)-(309)
continue to hold for the generalized Lorentz covariant
Schrödinger theory.

8.4.3. Arbitrary Time Commutators. A direct calculation
gives

Ψ xð Þ,Ψ† x′
� �h i

=
ð
d3k f kj jð Þ½ �2 e−i k−κð Þ x−x ′ð Þ − ei k+κð Þ x−x ′ð Þh i

=
ð
d3k f kj jð Þ½ �2ei k−κð Þ· r−r′ð Þ e−iω

+
k t−t ′ð Þ − eiω

−
k t−t ′ð Þh i

:

ð456Þ

Similarly to the Lorentz covariant Schrödinger fields, we
can write the previous commutator as

Ψ xð Þ,Ψ† x′
� �h i

= iℏcΔGLS x − x′
� �

, ð457Þ

where

ΔGLS xð Þ = eiκxΔ xð Þ: ð458Þ

Here, the Lorentz invariant ΔðxÞ is given by

Δ xð Þ = −i
2π3

ð
d4kδ k2 − κ2

� �
ε k0
� �

e−ikx , ð459Þ

where all variables are real and integrated from −∞ to ∞.
Note that contrary to equation (352), we have κ2 instead of
μ2 inside the delta function.

The other nonnull commutators are

ΠΨ xð Þ,ΠΨ† x′
� �h i

= e−iκ x−x ′ð Þ
ð
d3k f kj jð Þ½ �2 ω2

k
c4


 �
� e−ik x−x ′ð Þ − eik x−x ′ð Þh i

=
ð
d3k f kj jð Þ½ �2 ω2

k
c4


 �
ei k+κð Þ· r−r′ð Þ

� e−iω
−
k t−t ′ð Þ − eiω

+
k t−t ′ð Þh i

,

ð460Þ

Ψ xð Þ,ΠΨ x′
� �h i

= eiκ x−x ′ð Þ
ð
d3k f kj jð Þ½ �2 iωk

c2


 �
� e−ik x−x′ð Þ + eik x−x′ð Þh i

=
ð
d3k f kj jð Þ½ �2 iωk

c2


 �
ei k−κð Þ· r−r′ð Þ

� e−iω
+
k t−t ′ð Þ + eiω

−
k t−t ′ð Þh i

:

ð461Þ
8.4.4. The Feynman Propagator. The Feynman propagator,
which we call ΔFGLS

ðxÞ, is given by

ΔFGLS
xð Þ = h x0

� �
Δ+
GLS xð Þ − h −x0

� �
Δ−
GLS xð Þ, ð462Þ

where

Δ±
GLS xð Þ = eiκxΔ± xð Þ: ð463Þ
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Here, Δ±ðxÞ are the standard delta functions appearing
in the analysis of the Klein-Gordon propagator, with all
quantities that are functions of μ2 changed to functions of
κ2 (equation (350) with k0 and ωk expressed as functions
of κ2 instead of μ2).

Alternatively, using equations (462) and (463), we have

ΔFGLS
xð Þ = eiκxΔF xð Þ, ð464Þ

with

ΔF xð Þ = 1
2πð Þ4

ð
d4k

e−ikx

k2 − κ2 + iε
: ð465Þ

Here, η≪ 1, ε = 2ηωk/c, and all variables are real and
integrated from −∞ to ∞. As usual, the limit ε⟶ 0 is
implied after the integration is made.

8.5. Connection with the Klein-Gordon Theory. We divide
the forthcoming analysis in two parts. First, we show that
the S-matrix describing a given process (scattering or decay)
involving the generalized Lorentz covariant Schrödinger
fields is equal to the S-matrix one obtains modeling the same
process using Klein-Gordon fields. This only happens for
interactions that are invariant under a proper Lorentz
transformation.

Second, we show that the same S-matrix leads to the
same scattering cross section (or decay rate) for both theo-
ries. This apparently trivial result should be properly dis-
cussed since the generalized Lorentz covariant Schrödinger
Lagrangian and the Klein-Gordon Lagrangian lead to for-
mally different expressions for the current density vector
(flux of particles), an important quantity employed in the
definition of a scattering cross section.

8.5.1. Equivalence of the S-Matrices. For interactions of the

type given by equation (B.7), with the ðλ/4ÞðΨΨ†Þ2 interac-
tion being a particular example, the equivalence of the S
-matrices is proved using exactly the same arguments and
steps employed in the corresponding proof given before for
the Lorentz covariant Schrödinger fields. The only differ-
ence, a formal one that does not change the arguments used
in the previous proof, is that instead of equations (387) and
(388), we now have according to equations (430) and (440)

ΨI xð Þ = eiκxΦI xð Þ, ð466Þ

ΠI
Ψ xð Þ = e−iκxΠI

Φ xð Þ: ð467Þ

Furthermore, since in the present case the conjugate
momenta to the fields are the same as the ones associated
with the Lorentz covariant Schrödinger fields, the proof of
the equivalence of the S-matrices when we include electro-
magnetic interactions is almost the same as the one given
in Appendix B.2. Note that the conjugate momenta do not
change because the new extra terms appearing in the
Lagrangian density describing the generalized Lorentz

covariant Schrödinger fields do not depend on time
derivatives.

Repeating the same calculations given in Appendix B.2,
we obtain in the interaction picture the following Hamilto-
nian density describing the electromagnetic interaction
among the fields:

H I
int = −L I

int +
q2

ℏ2
ΨI� �†

ΨIAI
0 AI� �0, ð468Þ

where

L I
int = −

iq
ℏ

ΨI� �†∂μΨI
h i

AI� �μ + q2

ℏ2
ΨI� �†

ΨIAI
μ AI� �μ

−
2q
ℏ
κμ ΨI� �†

ΨIAI
μ:

ð469Þ

If we now use equation (466), a direct calculation shows
that equation (468) is transformed to equation (B.43), the
interaction Hamiltonian density for the Klein-Gordon the-
ory. Using the same arguments given in Appendix B.2, this
fact is enough to establish the equivalence between the S
-matrix of the present theory and the S-matrix coming from
the Klein-Gordon theory.

8.5.2. Equivalence of the Scattering Cross Sections. If we ana-
lyze the standard way to define a differential cross section for
a given process [4, 5], we realize that the following three dis-
tinct steps are taken to arrive at an experimentally meaning-
ful quantity:

(1) Terms like ½ð2πÞ4δð4Þð∑kfinal′ −∑kinitialÞ�
2
are identi-

fied with VTð2πÞ4δð4Þð∑kfinal′ −∑kinitialÞ, where V
and T represent, respectively, a finite volume (box
normalization for plane waves) and the duration of
the experiment. Here, ∑k′final −∑kinitial denotes the
conservation of energy and momentum written in
terms of the four-wave vector. The most common
situation is the one where we have k1 and k2, two ini-
tial particles, and two or more final ones

(2) The calculation of the transition probability per unit
time, w = jSfij2/T, where Sfi is the shorthand notation
for the probability amplitude describing a given process

(3) The definition of the differential scattering cross sec-
tion as

dσ = w
jj j
Y
final

Vd3k′final
2πð Þ3 , ð470Þ

where jjj is the magnitude of the flux of incoming particles
and

Q
finalVd

3k′final/ð2πÞ3 represents a group of final parti-
cles with wave numbers in the interval k′final and k′final + d
k′final. Also, the normalization adopted for the wave func-
tions is one particle per volume V
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Since we have proved the equivalence of the S-matrices,
items (1) and (2) above are easily seen to be the same
whether we deal with the Klein-Gordon or with the general-
ized Lorentz covariant Schrödinger fields. Item (3), however,
deserves a little more thought. To prove that it is equivalent
for both theories, we have to show the equivalence of the
incident particle flux j.

The flux associated with the generalized Lorentz covari-
ant Schrödinger equation, given by equation (445), can be
written as

j = −
iℏ
2m Ψ†∇Ψ + 2iκΨ†Ψ
� �

: ð471Þ

In the above expression, we are using the first quantiza-
tion nonrelativistic normalization −iℏ/ð2mÞ for the flux for
reasons that will become clear in a moment. If we now use
equation (430), equation (471) becomes

j = −
iℏ
2mΦ

†∇Φ, ð472Þ

which is the incident particle flux we obtain working directly
with the Klein-Gordon equation.

To better appreciate the equivalence of both fluxes, we
explicitly compute j for the two cases of interest here. For
simplicity, we will work at the first quantization level.

For the Klein-Gordon equation and assuming the target
at rest, the plane wave normalized to one particle per volume
representing an incident flux of particles with four-wave
number kμ is given by

Φ xð Þ = 1ffiffiffiffi
V

p e−ikx: ð473Þ

A direct calculation using equation (472) gives

j = ℏk
m
Φj j2 = p

m
1
V

= v
V
, ð474Þ

where we have made the identification of ℏk with the Klein-
Gordon particle’s momentum and p/m with its velocity v.

On the other hand, the solution to the generalized
Lorentz covariant Schrödinger equation representing a par-
ticle with four-wave number kμ is

Ψ xð Þ = 1ffiffiffiffi
V

p eiκxe−ikx: ð475Þ

Using equation (471), we get

j = ℏk
m
Ψj j2 = ℏk

m
Φj j2 = ℏk

mV
, ð476Þ

which is clearly the same flux j we obtain working with the
Klein-Gordon fields, proving thus the complete equivalence
between both theories.

Before closing this section, we would like to reinforce
once more that the above analysis, in particular the equiva-

lence of the S-matrices, is only true for a Lorentz invariant
Lagrangian. The same arguments given in Section 7.6 apply
here. Therefore, for interaction terms breaking Lorentz invari-
ance, we can have certain types of decay and scattering pro-
cesses that are impossible to happen in the Klein-Gordon
theory (note also that the previous equivalence proof between
the two theories assumed two types of possible interactions:
self-interactions and electromagnetic interactions. It is possi-
ble that whenever we have a consistent quantum field theory
of gravitation, the Klein-Gordon and the Lorentz covariant
Schrödinger theories will show different predictions even if a
fully Lorentz invariant interaction is present. The reason for
such a guess is related to the fact that the mass (energy) and
momentum gapmay not be trivially “averaged out” if a consis-
tent quantum gravity theory is built. More intuitively, “nega-
tive” masses will reduce the usual contribution of positive
masses in generating a gravitational field. However, as we
showed in Section 6.3.5, the mathematical framework of the
Lorentz covariant Schrödinger Lagrangian can be adjusted to
accommodate particles and antiparticles attracting or repelling
each other gravitationally, at least at the level of Newtonian
static gravitational fields. Therefore, at our present level of
understanding, the issue of how particles and antiparticles
interact gravitationally in the framework of the Lorentz covar-
iant Schrödinger theory is left as an open problem).

9. Conclusion

The original motivation leading to this work, on the one
hand, stems from the fact that the great majority of physical
observables in the framework of quantum field theory are
bilinear functions of the fields. In nonrelativistic quantum
mechanics, we also have that the experimentally relevant
quantities are almost always functions of the probability
density ΨðxÞΨ∗ðxÞ, a bilinear function of the wave function.
Therefore, working either with ΨðxÞ or eði/ℏÞf ðxÞΨðxÞ, where
f ðxÞ is an arbitrary function of the spacetime coordinates,
we obtain the same predictions.

On the other hand, in classical and quantum field theo-
ries, one usually defines a complex scalar field as a quantity
that is itself invariant under a given symmetry transforma-
tion: ΨðxÞ⟶ΨðxÞ. However, it is clear that whenever
bilinear functions of the fields are associated with observable
quantities, we only need those bilinears to be invariant under
that symmetry operation to obtain invariant physical results.
In other words, by assuming the more general transforma-
tion rule for the fields, ΨðxÞ⟶ eði/ℏÞf ðxÞΨðxÞ, we should
get in principle an equivalent description for a physical sys-
tem whose observables are bilinear functions of those fields.
Therefore, we revisited the classical and quantum field theo-
ries of complex scalar fields assuming from the start the
more general transformation law for the fields when they
are subjected to a symmetry operation. We wanted to check
if we could consistently develop those field theories to their
logical conclusion, comparing the final products with cur-
rent complex scalar field theories based on the more simple
transformation law, where it is assumed that f ðxÞ is either
zero or a nonnull constant.
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As we showed in this work, we can indeed build logically
consistent classical and quantum field theories assuming the
more general transformation law for the fields under a sym-
metry operation. In particular, we showed that it is possible
to have a Lorentz covariant theory if we assume that the
complex scalar field ΨðxÞ transforms according to the more
general prescription above under proper Lorentz transfor-
mations (boosts or spatial rotations). With the aid of very
natural auxiliary assumptions, namely, linearity and a wave
equation with at most second-order derivatives, we obtained
the Lagrangian, the corresponding wave equation, and the
function f ðxÞ that give the most general Lorentz covariant
theory in this scenario. We also determined under what con-
ditions the complex scalar field theories here developed
match the Klein-Gordon theory and under what conditions
we may have different predictions. It turned out that for
Lorentz invariant self-interactions and for electromagnetic
interactions, we can make the present theories equivalent
to the Klein-Gordon theory. For interaction terms that vio-
late Lorentz invariance, however, we showed by giving
explicit examples that the present theories are no longer
equivalent to Klein-Gordon’s.

In addition to the formal development of the present
complex scalar field theories, we applied them to describe
several physical systems. This helped us to become familiar-
ized with the new concepts introduced along the logical con-
struction of the theory. Of the many physical systems we
studied, we would like to call attention to our investigations
about the bound states and the scattering cross sections asso-
ciated with two interacting charged particles, where both the
electromagnetic and gravitational interactions were simulta-
neously included to model the interaction between them.
The electromagnetic interaction entered via the minimal
coupling prescription while gravity was introduced via an
external potential. We obtained the exact solution for the
bound state problem and computed perturbatively the dif-
ferential scattering cross section when dealing with the cor-
responding scattering problem. We also estimated the
order of magnitude of the charges and masses of the parti-
cles in which gravitational effects can no longer be discarded.

During our studies, a few unexpected results emerged.
The first one showed up already at the first quantization
level. We observed that the eigenenergies associated with
the plane wave solutions to the Lorentz covariant Schrödin-
ger equation implied that particles and antiparticles no lon-
ger had degenerated relativistic energies and, intriguingly,
we observed that we could only exchange the roles of parti-
cles with antiparticles if, in addition to changing the sign of
the charge, we also changed the sign of the mass for all phys-
ical quantities depending on it. This suggested that we could
assign “negative” masses to the antiparticles. A full under-
standing of this fact was possible when we second quantized
the theory, where it was noted that this interpretation for the
mass sign of the antiparticle is actually necessary for the log-
ical consistency of the theory. This became apparent when
we dealt with the charge conjugation operation. It could only
be consistently defined if, and only if, we extended its stan-
dard definition such that the charge conjugation operator
anticommuted with functions of the mass of the particle.

In other words, the charge conjugation operation has to
change the sign of the masses when acting upon a given field
operator to be properly defined.

Despite the “negative” masses for antiparticles, we
showed that both particles and antiparticles have nonnega-
tive energies and the same momentum for a given wave
number k. Later, at the last part of this work, when we gen-
eralized the Lorentz covariant Schrödinger equation, we
showed that it is also possible to break the degeneracy in
the value of the momentum. For a given value of k, particles
and antiparticles also have different momenta.

As we already remarked above, the present theories were
shown to be equivalent to the Klein-Gordon one for Lorentz
invariant self-interactions and electromagnetic interactions.
However, by including interaction terms in the Lagrangian
density that are not Lorentz invariant, we showed that this
equivalence with the Klein-Gordon theory is no longer valid.
We showed that certain types of interactions that violate
Lorentz invariance imply that an antiparticle can decay into
two particles and one antiparticle or into a particle and a
photon. The equivalent processes for particles decaying into
more antiparticles than particles were shown to be kinemat-
ically forbidden. This pointed to a second unexpected result,
namely, that very simple Lorentz invariance-breaking inter-
actions could explain the asymmetry in the abundance of
matter and antimatter in the present-day universe.

In order to better understand the nondegeneracy of the
energies of particles and antiparticles, we also second quan-
tized the Lorentz covariant Schrödinger Lagrangian impos-
ing that the energies of particles and antiparticles were the
same and given by the standard relativistic expression. We
observed that this could only be achieved if the fields did
not satisfy the canonical commutation relations anymore.
This led to the violation of the microcausality condition as
well. Albeit this nonlocal character of the noncanonically
quantized theory, we noted that the specific way in which
the microcausality condition was violated resulted in the
emergence of an instantaneous gravitational-like interaction
between the particles of the theory. In other words, particles
and antiparticles could be brought to have the same relativ-
istic energy if they interacted similarly to what Newton’s
gravitational law prescribes. The emergence of this
gravitational-like potential may be just a particularity of
the present theory but it suggests that the assumption that
antiparticles have negative masses with positive energies
might shed a new light in our quest for a consistent quantum
theory of gravity.

Summing up, let us distill and write down the two major
messages that we tried to convey by writing this work. First,
it is possible to build logically consistent and Lorentz covar-
iant classical and quantum field theories assuming a more
general transformation law for complex scalar fields under
a symmetry operation. These theories can be adjusted to
reproduce exactly the Klein-Gordon theory when we have
Lorentz invariant self-interactions and when we introduce
electromagnetic interactions via the minimal coupling pre-
scription. Second, for logical consistency, we have to assume
that antiparticles possess negative masses while still having
positive energies. These two points when analyzed together
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tell us that it is perfectly legitimate, at least at the level of
electromagnetic interactions, to assume that particles and
antiparticles have masses with different signs without con-
tradicting any known experimental fact. When we include
gravitational interactions, it remains an open problem to rig-
orously analyze whether matter and antimatter attract or
repel each other within the present framework (at the level
of static Newtonian fields, we showed that it can be adjusted
to accommodate both possibilities). To solve this issue for
ordinary matter and antimatter, we need to measure with
high accuracy how a particle and an antiparticle interact
gravitationally. We need to know, for example, how an anti-
hydrogen atom responds to the Earth’s gravitational field
[36]. If they repel each other, the Lorentz covariant Schrö-
dinger Lagrangian is another possible starting point to theo-
retically understand more fully what is going on [37–40]. If
they attract each other, the present theory is as good as the
Klein-Gordon one to describe this experimental result.

Appendix

A. Proof of the Main Results of Section 7

A.1. Canonical versus Noncanonical Quantization. Our main
goal here is to show how equations (324) and (325) follow
from equations (321)-(323) with the appropriate choice of
f ±ðjkjÞ for equation (315). We also want to determine what
values for f ±ðjkjÞ make particles and antiparticles have the
same energies, and, then, we want to explore the main con-
sequences of the theory built on this particular choice for
f ±ðjkjÞ. From now on, we assume we are dealing with the
free field (V = 0).

Let us start listing the mathematical identities employed
routinely in all calculations that follow. In the calculations of
either the Hamiltonian, linear momentum, and conserved
charge or in the computations of the several commutators
below, the following representation of the Dirac delta func-
tion is useful:

δ 3ð Þ k − k′
� �

= 1
2πð Þ3

ð
d3x e±i k−k′ð Þ·r: ðA:1Þ

With the help of equation (A.1), it is not difficult to
arrive at the following identities:

1
2πð Þ3

ð
d3x e±i k−k′ð Þx = δ 3ð Þ k − k′

� �
,

1
2πð Þ3

ð
d3x e±i k+k′ð Þx = e±i k0+k0 ′

� �
x0δ 3ð Þ k + k′

� �
,

ðA:2Þ

where k0 and k0′ are given by equation (316). Another pair
of useful identities is

ω−
kω

+
k = c2 kj j2,ffiffiffiffiffiffi

ω−
k
ω+
k

s
−

ffiffiffiffiffiffi
ω+
k
ω−
k

s
= 2μ

kj j ,
ðA:3Þ

where μ is given in equation (319) and ω±
k are defined in

equation (331).
Inserting equation (315) into the normal ordered expres-

sions of equations (260), (261), and (282), we obtain with the
help of equations (A.1)-(A.3)

H =
ð
d3k

2 2πð Þ3
c2

f + kð Þ½ �2ω+
kωka

†
kak + f − kð Þ½ �2ω−

kωkb
†
kbk

n o
,

ðA:4Þ

Pj =
ð
d3k

2 2πð Þ3
c2

f + kð Þ½ �2ωkk
ja†kak + f − kð Þ½ �2ωkk

jb†kbk
n o

,

ðA:5Þ

~Q =
ð
d3k

2 2πð Þ3
c2

f + kð Þ½ �2ωka
†
kak − f − kð Þ½ �2ωkb

†
kbk

n o
:

ðA:6Þ

Similarly, using the commutation relations for the crea-
tion and annihilation operators given by equations (321)-
(323), the equal time commutation relations involving the
fields and their conjugate momenta (equations (247) and
(315)) become

Ψ t, rð Þ,Ψ t, r′
� �h i

= Ψ† t, rð Þ,Ψ† t, r′
� �h i

= ΠΨ t, rð Þ,ΠΨ t, r′
� �h i

= 0,

ΠΨ† t, rð Þ,ΠΨ† t, r′
� �h i

= Ψ t, rð Þ,ΠΨ† t, r′
� �h i

= Ψ† t, rð Þ,ΠΨ t, r′
� �h i

= 0,

ðA:7Þ

with the nontrivial ones being

Ψ t, rð Þ,Ψ† t, r′
� �h i

= − Ψ† t, rð Þ,Ψ t, r′
� �h i†

=
ð
d3k eik· r−r′ð Þ f + kð Þ½ �2 − f − kð Þ½ �2�� �

,

ðA:8Þ

ΠΨ t, rð Þ,ΠΨ† t, r′
� �h i

= − ΠΨ† t, rð Þ,ΠΨ t, r′
� �h i†

=
ð
d3k eik· r−r′ð Þ ω2

k
c4


 �
f − kð Þ½ �2 − f + kð Þ½ �2�� �

,

ðA:9Þ

Ψ t, rð Þ,ΠΨ t, r′
� �h i

= − Ψ† t, rð Þ,ΠΨ† t, r′
� �h i†

=
ð
d3k eik· r−r′ð Þ iωk

c2


 �
f + kð Þ½ �2 + f − kð Þ½ �2�� �

:

ðA:10Þ

Repeating the above calculations for two arbitrary space-

47Advances in High Energy Physics



time points x and x′ and using that x0 = ct, we get

Ψ xð Þ,Ψ x′
� �h i

= Ψ† xð Þ,Ψ† x′
� �h i

= ΠΨ xð Þ,ΠΨ x′
� �h i

= 0,

ΠΨ† xð Þ,ΠΨ† x′
� �h i

= Ψ xð Þ,ΠΨ† x′
� �h i

= Ψ† xð Þ,ΠΨ x′
� �h i

= 0,

ðA:11Þ

Ψ xð Þ,Ψ† x′
� �h i

= − Ψ† xð Þ,Ψ x′
� �h i†

=
ð
d3k eik· r−r′ð Þ e−iω

+
k t−t ′ð Þ f + kð Þ½ �2 − eiω

−
k t−t ′ð Þ f − kð Þ½ �2

n o
,

ΠΨ xð Þ,ΠΨ† x′
� �h i

= − ΠΨ† xð Þ,ΠΨ x′
� �h i†

=
ð
d3k eik· r−r′ð Þ ω2

k
c4


 �

�
	
e
−iω−

k t−t′Þ f − kð Þ½ �2 − e
iω+k t−t′Þ f+ kð Þ½ �2ð g,�

Ψ xð Þ,ΠΨ x′
� �h i

= − Ψ† xð Þ,ΠΨ† x′
� �h i†

=
ð
d3k eik· r−r′ð Þ iωk

c2


 �
� e−iω

+
k t−t ′ð Þ f + kð Þ½ �2 + eiω

−
k t−t′Þ f − kð Þ½ �2ð g:n

ðA:12Þ
Looking at equations (A.8) and (A.9), we see that they

can only be zero if f +ðjkjÞ = ±f −ðjkjÞ. The only remaining
nonzero commutators with this choice are given by equation
(A.10), and they become equal to iℏδð3Þðr − r′Þ = ðiℏÞ/½ð2πÞ3�Ð
d3k eiðr−r′Þ·k if

i2ωk
c2


 �
f ± kð Þ½ �2 = iℏ

2πð Þ3 : ðA:13Þ

Solving for f ±ðkÞ, we obtain equation (326), and insert-
ing it into equation (A.10), we recover equations (324) and
(325) of the main text. Note that strictly speaking, f +ðkÞ =
−f −ðkÞ is also a possible solution. However, all relevant
quantities depend only on the square of these functions
and we choose f +ðkÞ = f −ðkÞ, equation (326), for simplicity.
Moreover, inserting equation (326) into equations (A.4)-
(A.6) we obtain equations (328)-(330) of the main text.

We have just seen that the choice f +ðkÞ = f −ðkÞ =
½ðℏc2Þ/ðð2πÞ32ωkÞ�

1/2
leads to the canonical commutation

relations for the Lorentz covariant Schrödinger fields. In this
scenario, the energies of the particles and antiparticles are
not the same. We now look for the values of f +ðkÞ and
f −ðkÞ that lead to particles and antiparticles having the
same energy. As we will see, this can only be achieved if
the fields no longer satisfy the canonical commutation
relations and if the microcausality condition [4] is
violated.

If we set

f ± kð Þ½ �2 = ℏc2

2πð Þ32ω±
k
, ðA:14Þ

we can write the normal ordered equations (A.4)-(A.6) as
follows:

H =
ð
d3kℏωk a†kak + b†kbk

� �
, ðA:15Þ

Pj =
ð
d3k ℏkj

ωk
ω+
k
a†kak +

ωk
ω−
k
b†kbk


 �
, ðA:16Þ

~Q =
ð
d3k ℏ

ωk
ω+
k
a†kak −

ωk
ω−
k
b†kbk


 �
: ðA:17Þ

Looking at equation (A.15), we see that the particle and
the antiparticle have the same energy Ek = ℏωk . If we use
equations (316) and (331), we get

ωk
ω±
k
= 1 ± mc2

ℏω±
k


 �
, ðA:18Þ

which gives us the correction to the momentum and charge
as compared to what one traditionally expects for these
quantities. For particles created by a†k , their momentum
and charge are increased by ðmc2Þ/ðℏω+

kÞ while for antiparti-
cles created by b†k , the same quantities are reduced by ðmc2

Þ/ðℏω−
kÞ. This is consistent with considering particles with

mass m and antiparticles with mass −m. Also, we can under-
stand ðmc2Þ/ðℏω+

kÞ as the ratio between the rest energy of a
particle with mass m to its kinetic energy ℏω+

k . Now, if m
⟶ −m, we get ðmc2Þ/ðℏω+

kÞ⟶ ð−mc2Þ/ðℏω−
kÞ. This

means that we can interpret the latter as the ratio between
the rest energy of an antiparticle with mass −m and kinetic
energy ℏω−

k . Note that we can interchange the roles of parti-
cles with antiparticles in the expressions for the momentum
and charge, leaving them invariant, if ak ↔ bk and m⟶ −
m, where the latter operation implies ω±

k ⟶ ω∓
k .

Let us see now what happens to the equal time commu-
tation relations of the fields. Inserting equation (A.14) into
equations (A.8)-(A.10), the no-trivial commutation relations
become

Ψ t, rð Þ,Ψ† t, r′
� �h i

= −
mc2

∇2
r
δ 3ð Þ r − r′
� �

, ðA:19Þ

ΠΨ t, rð Þ,ΠΨ† t, r′
� �h i

= −m 1 − μ
2

∇2
r


 �
δ 3ð Þ r − r′
� �

,

ðA:20Þ

Ψ t, rð Þ,ΠΨ t, r′
� �h i

= iℏ 1 − μ
2

∇2
r


 �
δ 3ð Þ r − r′
� �

,

ðA:21Þ
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where 1/∇2
r is the inverse Laplacian,

1
∇2
r
eik·r = −

eik·r

kj j2 : ðA:22Þ

Note that for this particular choice of f ±ðkÞ, we have that
½ΠΨðt, rÞ,ΠΨ†ðt, r′Þ� = ðim/ℏÞ½Ψðt, rÞ,ΠΨðt, r′Þ�.

If we use the integral representation of the Dirac delta
function, equation (A.1), and apply the inverse Laplacian,
we get the following integral during the calculations leading
to the commutators (A.19)-(A.21):

ð
d3k

eik· r−r′ð Þ
kj j2 = 4π

r − r′
�� ��

ð∞
0
du

sin u
u

= 2π2

r − r′
�� �� : ðA:23Þ

With the aid of equation (A.23), we get for equations
(A.19)-(A.21)

Ψ t, rð Þ,Ψ† t, r′
� �h i

= mc2

4π
1

r − r′
�� �� , ðA:24Þ

ΠΨ t, rð Þ,ΠΨ† t, r′
� �h i

= −m δ 3ð Þ r − r′
� �

+ μ2

4π r − r′
�� ��

 !
,

ðA:25Þ

Ψ t, rð Þ,ΠΨ t, r′
� �h i

= iℏ δ 3ð Þ r − r′
� �

+ μ2

4π r − r′
�� ��

 !
:

ðA:26Þ
The important messages are contained in equations

(A.24) and (A.26). First, equation (A.24) tells us that ½Ψðt,
rÞ,Ψ†ðt, r′Þ� ≠ 0, which implies the violation of microcausal-
ity [4, 5]. On the other hand, equation (A.26) shows that the
field and its conjugate momentum do not satisfy the canon-
ical commutation relation. In addition to the canonical term,
we have a correction given by iℏμ2/ð4πjr − r′jÞ. This term,
whose origin stems from equation (A.24), can be seen as giv-
ing origin to an instantaneous Coulomb-like potential. Con-
trary to the instantaneous Coulomb potential coming from
the photon propagator [4], here, the “charges” associated
with this interaction are the masses of the particles. What
is intriguing here, however, is that we are dealing with scalar
matter fields not vector fields like the photons. The emer-
gence of this Coulomb-like potential may be just a coinci-
dence but, pushing further the speculation, it may be that a
more general quantum field theory incorporating positive
and negative masses might naturally lead to the emergence
of the gravitational interaction.

A.2. More on the Commutators for the Noncanonically
Quantized Fields. We can repeat the steps followed in Sec-
tion 7.3 using equations (A.13) and (A.14) to obtain that

Ψ xð Þ,Ψ† yð Þ� �
= iℏc ~ΔLS x − yð Þ, ðA:27Þ

where

~ΔLS xð Þ = eiμx
0 ~Δ xð Þ,

~Δ xð Þ = ~Δ
+
xð Þ + ~Δ

−
xð Þ,

~Δ
+
xð Þ = −ic

2 2πð Þ3
ð
d3k

e−ikx

ω+
k
,

~Δ
−
xð Þ = ic

2 2πð Þ3
ð
d3k

eikx

ω−
k
,

ðA:28Þ

with k0 = ωk/c. We are putting the tilde “~” on top of any
quantity coming from the noncanonically quantized theory
in order to differentiate it from the ones associated with
the canonically quantized theory in the main text.

If we use the Heaviside step function hðk0Þ, in which h
ðk0Þ = 1 for k0 > 0 and hðk0Þ = 0 for k0 < 0, we have

~Δ
±
xð Þ = −i

2πð Þ3
ð
d4k h ±k0

� �
ε k0
� �

δ k2 ± 2μω±
k /c

� �
e−ikx

= −i
2πð Þ3

ð
d4k

k0

k0 − μ
h ±k0
� �

ε k0
� �

δ k2 − μ2
� �

e−ikx ,

ðA:29Þ

where the other quantities above were defined in Section 7.
Noting that hðk0Þ + hð−k0Þ = 1 for any k0 ≠ 0, we get

~Δ xð Þ = −i
2πð Þ3

ð
d4k

k0

k0 − μ
ε k0
� �

δ k2 − μ2
� �

e−ikx: ðA:30Þ

If inside the integral sign we add and subtract the term
−μ/ðk0 − μÞ, we can write ~ΔðxÞ in the following illustrative
way:

~Δ xð Þ = Δ xð Þ + ~δ xð Þ, ðA:31Þ

where

~δ xð Þ = −i
2πð Þ3

ð
d4k

μ

k0 − μ
ε k0
� �

δ k2 − μ2
� �

e−ikx ðA:32Þ

and ΔðxÞ is given by equation (352). We can thus under-
stand ~δðxÞ as the correction to ΔðxÞ when we deviate from
the canonical quantization path of Section 7.

In analogy to equation (367), we can write ~Δ
±ðxÞ as the

following contour integral, where k0 is considered a complex
variable:

~Δ
±
xð Þ = −

1
2πð Þ4

ð
~C
±
d4k

e−iμx
0
e−ikx

k20 − ω±
k/cð Þ2

= −
1
2πð Þ4

ð
~C
±
d4k

e−iμx
0
e−ikx

k2 ± 2μω±
k/cð Þ

:

ðA:33Þ

Here, ~C
+
is any counterclockwise closed path encircling

only ω+
k /c and ~C

−
is any counterclockwise closed path

49Advances in High Energy Physics



encircling −ω−
k /c. Obviously, ~ΔðxÞ = ~Δ

+ðxÞ + ~Δ
−ðxÞ. We can

have an integral representation in which ~Δ
+ðxÞ and ~Δ

−ðxÞ
have the same integrand, differing only in the path of inte-
gration,

~Δ
±
xð Þ = −

1
2πð Þ4

ð
C±
d4k

k0

k0 − μ
e−ikx

k2 − μ2
: ðA:34Þ

The above paths of integration are defined in equation
(367); i.e., C± encircles counterclockwise only ω±

k /c. Note
that we cannot express ~ΔðxÞ with the integral representation
above and using the path C, as we did for ΔðxÞ in equation
(368), since now we have a pole in k0 = μ. If we insist using
the path C of equation (368), we must subtract the contribu-
tion of the latter pole to the integral,

~Δ xð Þ = −
1
2πð Þ4

ð
C
d4k

k0

k0 − μ
e−ikx

k2 − μ2

" #
−

iμe−iμx
0

2 2πð Þ ∣ x ∣ :

ðA:35Þ

Let us return to the second line of equation (A.29),

which is conveniently written to prove the invariance of ~Δ
±

ðxÞ under proper Lorentz transformations. Its invariance
under spatial rotations is obvious. The subtle point lies in
proving its invariance under a Lorentz boost and to prove
that we first note that the Dirac delta guarantees that we
are on mass shell and therefore hð±k0Þ and εðk0Þ are invari-
ant under a Lorentz boost. The other invariants in equation
(A.29) are d4k, k2, μ2, and kx. Thus, after a Lorentz boost
from reference frame S to S′ in the x1-direction, we have

~Δ
±h i
′ x′
� �

= −i
2πð Þ3

ð
d4k′

γ k0′ + βk1′
� �

γ k0′ + βk1′
� �

− μ
h ±k0′
� �

� ε k0′
� �

δ k′
� �2

− μ2
� �

e−ik′x′:

ðA:36Þ

If we now make the following change of variables (this is
not another Lorentz boost),

k0′′ = γ k0′ + βk1′
� �

, ðA:37Þ

k1′′ = γ k1′ + βk0′
� �

, ðA:38Þ

we get for the right-hand side of equation (A.36),

~Δ
±h i
′ x′
� �

= −i
2πð Þ3

ð
d4k′′ k0′′

k0′′ − μ
h ±k0′′
� �

ε k0′′
� �

� δ k′′
� �2

− μ2
� �

e−ik
0 ′ ′ γ x0 ′+βx1 ′
� �� �

× eik
1′′ γ x1 ′+βx0 ′
� �� �

+ik2′′x2′+ik3′′x3′
:

ðA:39Þ

Note that we still have x′ in equation (A.39) since we are
just changing variables in the integral and not performing a
Lorentz boost. Moreover, the change of variables (A.37)-
(A.38) are formally equivalent to a Lorentz boost from the

point of view of k′ and this is why
Ð
d4k′hð±k0′Þεðk0′Þδ½

ðk′Þ2 − μ2� is invariant when we go to k′′.
Finally, if we remember that the variables in S′ are con-

nected to the ones in S by the following relation,

x0 = γ x0′ + βx1′
� �

,

x1 = γ x1′ + βx0′
� �

,

x2 = x2′,
x3 = x3′,

ðA:40Þ

equation (A.39) becomes after we rename the integration
variable k′′ to k

~Δ
±h i
′ x′
� �

= −i
2πð Þ3

ð
d4k

k0

k0 − μ
h ±k0
� �

ε k0
� �

δ k2 − μ2
� �

e−ikx:

ðA:41Þ

Comparing equation (A.41) with (A.29), we see that they
are the same, which proves that under a proper Lorentz

transformation, ~Δ
±ðxÞ is invariant. The invariance of ~Δ±ðxÞ

and Δ±ðxÞ also implies that ~ΔðxÞ and ~δðxÞ are invariant
under proper Lorentz transformations and that the commu-
tator (A.27) and the Feynman propagator (A.42) are Lorentz
covariant quantities.

A.3. The Feynman Propagator for the Noncanonically
Quantized Fields. In the present case, equation (374)
becomes

~ΔFLS
xð Þ = h x0

� �
~Δ
+
LS xð Þ − h −x0

� �
~Δ
−
LS xð Þ, ðA:42Þ

with

~Δ
±
LS xð Þ = eiμx

0 ~Δ
±
xð Þ: ðA:43Þ

Using equation (A.33), we get

~Δ
±
LS xð Þ = −

1
2πð Þ4

ð
~C
±
d4k

e−ikx

k2 ± 2μω±
k/cð Þ : ðA:44Þ
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It is not as simple as in the canonically quantized case to
write the Feynman propagator as a single complex integral.
The reason for this difficulty can be seen looking at the
denominators of equation (A.33). Instead of the two simple
poles we met when dealing with the canonically quantized
theory, we now have four simple poles, namely, k0 = ±ω+

k /c
and k0 = ±ω−

k /c. This means that the path along the real axis
of the complex contour integral defining the propagator is
different whether we have x0 > 0 or x0 < 0. For x0 > 0, the
clockwise path ~C

+
F must enclose only the pole k0 = ω+

k /c,
skirting counterclockwise the other three poles. For x0 < 0,
the counterclockwise path ~C

−
F must enclose only the pole

k0 = −ω−
k /c, skirting clockwise the remaining three poles.

With this understanding for the path ~CF , we have

~ΔFLS
xð Þ = 1

2πð Þ4
ð
~CF

d4k
1

k2 + 2μω+
k/cð Þ + 1

k2 − 2μω−
k/cð Þ

" #
e−ikx

= 1
2πð Þ4

ð
~CF

d4k
2k2 − 4μ2

k4 − 4μ2 k0
� �2

" #
e−ikx:

ðA:45Þ

The same difficulty above manifests itself when writing
the propagator considering the four variables kν real, with
all integrals running from −∞ to∞. In this case, we can cir-
cumvent the four-pole problem using the Heaviside step
function, which allows us to write

~ΔFLS
xð Þ = 1

2πð Þ4
ð
d4k

h x0
� �

k2 + 2μω+
k /cð Þ + iε+

+ h −x0
� �

k2 − 2μω−
k /cð Þ + iε−

" #
e−ikx:

ðA:46Þ

In equation (A.46), the limit ε± ⟶ 0 is understood.
Also, in analogy to the canonically quantized theory,

ε± = 2ηω±
k

c
, ðA:47Þ

with 0 < η≪ 1, and

k2 ± 2μω±
k /c

� �
+ iε± = k0

� �2 − ω±
k /c − iη

� �2, ðA:48Þ

where second-order terms in η2 were discarded.
Using equations (A.31)-(A.32), (A.42)-(A.43), and

(A.46), we have

~ΔFLS
xð Þ = ΔFLS

xð Þ + ~δFLS xð Þ, ðA:49Þ

where ΔFLS
ðxÞ is the propagator for the canonically quan-

tized theory and

~δFLS
xð Þ = −ieiμx0

2πð Þ3
ð
d4k

μ

k0 − μ
1 + ε k0

� �
ε x0
� �

2 δ k2 − μ2
� �" #

e−ikx ,

ðA:50Þ

where εðx0Þ is the sign function (do not confuse it with the
small ε appearing in the denominator of the propagator).
A similar interpretation attributed to ~δðxÞ applies here;
namely, ~δFLSðxÞ is the correction to the Feynman propagator
due to our departure from the canonical quantization of Sec-
tion 7.

Building on equation (A.35), we also have

~ΔFLS
xð Þ = eiμx

0

2πð Þ4
ð
d4k

k0

k0 − μ − iαð Þ
e−ikx

k2 − μ2 + iε

" #
−

iμh x0
� �

2 2πð Þ xj j ,

ðA:51Þ

where α > 0, ε > 0, and the limit ðα, εÞ⟶ ð0, 0Þ is implied
after integration in k0. If we use that limx0⟶0hðx0Þ = 1/2,
we realize that in equation (A.51), the last term is related
to the instantaneous gravitational-like potential that arises
when we noncanonically quantize the Lorentz covariant
Schrödinger equation.

Furthermore, if we use the integral representation for the
Heaviside step function,

h x0
� �

= −
1
2πi

ð
dk0

e−ik
0x0

k0 + iα
, ðA:52Þ

with α > 0 and α⟶ 0 implied, and that

1
xj j =

2
2πð Þ2

ð
d3k

eik·x

kj j2 , ðA:53Þ

we have after changing the variable of integration k0 ⟶ k0

− μ

−iμh x0
� �

2 2πð Þ xj j = μe
iμx0

2πð Þ4
ð
d4k

e−ikx

k0 − μ − iαð Þ� �
kj j2

: ðA:54Þ

Thus, using equation (A.54), we can rewrite equation
(A.51) as

~ΔFLS
xð Þ = eiμx

0

2πð Þ4
ð
d4k

k0

k0 − μ − iαð Þ� �
k2 − μ2 + iε
� � + μ

k0 − μ − iαð Þ� �
kj j2

( )
e−ikx

= eiμx
0

2πð Þ4
ð
d4k e−ikx

1
k0 − μ − iαð Þ

k0

k2 − μ2 + iε
+ μ

kj j2
" #( )

:

ðA:55Þ

B. Equivalence with the Klein-Gordon Theory

B.1. The ðλ/4Þ½ΨðxÞΨ†ðxÞ�2 Interaction. The interaction
Lagrangian density

L int = − λ/4ð Þ Ψ xð ÞΨ† xð Þ� �2 ðB:1Þ

does not depend on time derivatives and thus [4, 5]

H int = −L int = λ/4ð Þ Ψ xð ÞΨ† xð Þ� �2
: ðB:2Þ
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Note that H int is clearly Lorentz covariant since the
phase change induced in ΨðxÞ by a proper Lorentz transfor-
mation is compensated by the one induced in Ψ†ðxÞ (see
equation (18)). Also, since the interaction picture is con-
nected to the Heisenberg picture via a unitary transforma-
tion, we obtain

H I
int = −L I

int = λ/4ð Þ ΨI xð Þ ΨI xð Þ� �†n o2
: ðB:3Þ

Inserting equation (B.3) into (386), we get

S = T exp −
iλ
4ℏc

ð
d4x ΨI xð Þ ΨI xð Þ� �†n o2

	 

: ðB:4Þ

If we now use equation (387), we arrive at

S = T exp −
iλ
4ℏc

ð
d4x ΦI xð Þ ΦI xð Þ� �†n o2

	 

: ðB:5Þ

Looking at equation (B.5), we realize that it is the S
-matrix for the complex Klein-Gordon fields if they interact
according to

H I
int = λ/4ð Þ ΦI xð Þ ΦI xð Þ� �†n o2

: ðB:6Þ

This tells us that the S-matrix for the Klein-Gordon and
Lorentz covariant Schrödinger fields is identical if they are
subjected to the same type of interaction (equations (B.3)
and (B.6)). Furthermore, the flux and linear momentum
associated with a particle are formally the same in both the-
ories, as can be seen comparing equations (82) and (329)
with the respective ones coming from the Klein-Gordon the-
ory. Therefore, any scattering cross section (decay rate)
computed for both theories has the same value if the collid-
ing (decaying) particles are assumed to have the same initial
linear momentum.

The preceding analysis can be easily extended to any
interaction of the type

H int = gn Ψ xð ÞΨ† xð Þ� �n, ðB:7Þ

with n a real number and gn the associated coupling con-
stant. Since Ψ and Ψ† have the same exponent, we can use
equation (387) and the same arguments above to prove the
equivalence between the Klein-Gordon and the Lorentz
covariant Schrödinger theories.

On the other hand, the requirement for Lorentz covari-
ance forbids interactions given by

H int = gn~n Ψ xð Þ½ �n Ψ† xð Þ� �~n, with n ≠ ~n: ðB:8Þ

Indeed, for different values of n and ~n, we have after a

proper Lorentz transformation

Ψ xð Þ½ �n Ψ† xð Þ� �~n
⟶ ei n−~nð Þθ xð Þ/ℏ Ψ xð Þ½ �n Ψ† xð Þ� �~n, ðB:9Þ

which clearly shows the lack of Lorentz covariance if n ≠ ~n.
When we have two (or more) types of particles with dif-

ferent masses, similar arguments forbid interaction terms

proportional to Ψn1
1 ðΨ†

1Þ~n1Ψn2
2 ðΨ†

2Þ~n2 , for nj ≠ ~nj, j = 1, 2.
Here, Ψj corresponds to the field associated with the particle
of mass mj. For Klein-Gordon fields, interactions given by
terms similar to those of equation (B.8) are possible since
they remain invariant under a proper Lorentz
transformation.

B.2. Scalar Electrodynamics. The proof of the equivalence
between the Klein-Gordon and the Lorentz covariant Schrö-
dinger quantum scalar electrodynamics is more subtle.
Before presenting this proof, we need first to develop the
classical scalar electrodynamics of the Lorentz covariant
Schrödinger fields. After obtaining the classical Hamiltonian
density describing all fields and the interactions among
them, we are ready to proceed to its canonical quantization
and give the proof of the equivalence of both theories.

Applying the minimal coupling prescription, equation
(165), to the free Lorentz covariant Schrödinger Lagrangian
density, equation (244), we get

L = DμΨ
� �

DμΨð Þ∗ + iμ Ψ∗ D0Ψð Þ −Ψ D0Ψð Þ∗½ � =LLS +L int:

ðB:10Þ

Here, the free field and interaction Lagrangian densities
are

LLS = ∂μΨ∂
μΨ∗ + iμΨ∗∂0Ψ, ðB:11Þ

L int = −
iq
ℏ
Ψ∗∂μΨ
� �

Aμ + q2

ℏ2
ΨΨ∗AμA

μ −
2qμ
ℏ
ΨΨ∗A0:

ðB:12Þ
Equation (B.10) is invariant under a gauge transforma-

tion, namely, if

Ψ xð Þ⟶ e iq/ℏð Þχ xð ÞΨ xð Þ,
Aμ⟶ Aμ − ∂μχ xð Þ,

ðB:13Þ

we have that

L ⟶L: ðB:14Þ

In equation (B.12), the third term at the right-hand side
is characteristic of the Lorentz covariant Schrödinger
Lagrangian, while the first and second ones are formally
equivalent to what one would get by applying the minimal
coupling prescription to the Klein-Gordon Lagrangian.

52 Advances in High Energy Physics



If we use equation (108),

Ψ xð Þ = eiμx
0
Φ xð Þ, ðB:15Þ

which connects the Lorentz covariant Schrödinger and
Klein-Gordon equations, we get after inserting it in equation
(B.10)

LLS ⟶LKG, ðB:16Þ

L int ⟶ −
iq
ℏ
Φ∗∂μΦ
� �

Aμ + q2

ℏ2
ΦΦ∗AμA

μ: ðB:17Þ

Here, LKG is the Klein-Gordon free-field Lagrangian
density and the right-hand side of equation (B.17) is exactly
the interaction term one gets by applying the minimal cou-
pling prescription to LKG.

We should also mention that similarly to LLS, the inter-
action Lagrangian density L int, equation (B.12), is invariant
under a proper Lorentz transformation. This is proved via a
direct calculation using equation (18), the transformation
rule for ΨðxÞ under a proper Lorentz transformation, and
the respective covariant and contravariant transformation
rules for the vectors ∂μ and Aμ.

The complete scalar electrodynamic Lagrangian density
also has the electromagnetic (EM) free-field term LEM,
which is a function of the four-potential Aμ (the four com-
ponents of Aμ are considered independent variables) [4, 5].
Therefore, the total Lagrangian density for the scalar electro-
dynamics (SED) becomes

LSED =LLS +LEM +L int: ðB:18Þ

In order to carry out the canonical quantization of the
scalar electrodynamics, we need the Hamiltonian density
associated with LSED. Since the interaction term L int does
not contain time derivatives of the fields Aμ, the canonically
conjugate fields related to them are the same as those of the
free-field case. As such, after the Legendre transformation
leading from the Lagrangian to the Hamiltonian density,
we have LEM ⟶HEM, where HEM is the standard free-
field Hamiltonian density for the electromagnetic field [4,
5]. However, L int contains terms involving time derivatives
of the fields Ψ and Ψ∗. This means that their canonically
conjugate fields are different from the free-field case, which
ultimately implies that H int is no longer simply −L int.

The new conjugate field to Ψ is

ΠΨ = ∂LSED
∂ ∂tΨð Þ = ∂LLS

c∂ ∂0Ψð Þ + ∂L int
c∂ ∂0Ψð Þ = 1

c
∂0Ψ

∗ + iμΨ∗ −
iq
ℏ
Ψ∗A0


 �
:

ðB:19Þ

In a similar way, the conjugate field to Ψ∗ is

ΠΨ∗ = 1
c

∂0Ψ − iμΨ + iq
ℏ
ΨA0


 �
=Π∗

Ψ: ðB:20Þ

Using equations (B.19) and (B.20), the Hamiltonian density

H =ΠΨ∂tΨ +ΠΨ∗∂tΨ
∗ −LLS −L int +HEM ðB:21Þ

becomes

H =HLS +HEM +H int, ðB:22Þ

where HLS and HEM are, respectively, the free-field Hamilto-
nian densities for the Lorentz covariant Schrödinger and elec-
tromagnetic fields, while

H int =
iqc
ℏ
ΠΨ∗Ψ∗ −ΠΨΨð ÞA0 + iq

ℏ
Ψ∗∂jΨ
� �

� Aj −
q2

ℏ2
ΨΨ∗AμA

μ + q2

ℏ2
ΨΨ∗A0A

0:

ðB:23Þ

Equation (B.23) is formally the same as the one we would
get if we had worked with the Klein-Gordon Lagrangian [5].
Here, however, the expressions for ΠΨ and ΠΨ∗ are given by
equations (B.19) and (B.20) while in the Klein-Gordon case,
we do not have the terms iμΨ∗ and −iμΨ in equations (B.19)
and (B.20), respectively.

In order to quantize equation (B.23), the independent
field variables Ψ, Ψ∗, ΠΨ, ΠΨ∗ , and Aμ are promoted to
operators, satisfying the usual equal-time commutation rela-
tions. The commutation relations for the scalar fields are
given in equations (324) and (325), and the commutation
relations for the four-vector potential can be found in refs.
[4, 5]. Also, to avoid ordering ambiguities among the opera-
tors as well as to eliminate nonphysical vacuum contribu-
tions, we normal order all products of operators.

Going to the interaction picture, we have

H I =H I
LS +H I

EM +H I
int, ðB:24Þ

where the operator O in the Heisenberg picture is connected
to its representation in the interaction picture by the follow-
ing unitary transformation:

OI =U tð ÞOU† tð Þ: ðB:25Þ

The unitary operator above is [4, 5]

U tð Þ = eiH
S
0t/ℏe−iHt/ℏ, ðB:26Þ

with

HS
0 =HS

LS +HS
EM ðB:27Þ

being the total free-field Hamiltonian in the Schrödinger
picture. Note that HS

j =
Ð
d3xH S

j ðt, xÞ, j = LS or EM. The

quantity H = Ð d3xHðt, xÞ is the complete Hamiltonian,
having the same form in the Schrödinger and Heisenberg
pictures.

In order to apply the Dyson series, we have to write the
interaction part of the Hamiltonian density in terms of oper-
ators in the interaction picture. Using equation (B.23), the
unitarity of UðtÞ, and that UðtÞ does not depend on the
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spatial variables, we obtain with the help of equation (B.25)

H I
int =

iqc
ℏ
ΠI
Ψ† ΨI� �† −ΠI

ΨΨ
I

h i
AI� �0 + iq

ℏ
ΨI� �†∂jΨ

I
h i

� AI� �j − q2

ℏ2
ΨI ΨI� �†

AI
μ AI� �μ + q2

ℏ2
ΨI ΨI� �†

AI
0 AI� �0

:

ðB:28Þ

We now eliminate the conjugate fields ΠI
Ψ and ΠI

Ψ† in

favor of the time derivatives of the fields ∂0ΨI and ∂0ðΨIÞ†
. To that end, we note first that

∂0Ψ
I = ∂0 UΨU†� �

= ∂0Uð ÞΨU† +U ∂0Ψð ÞU† +UΨ ∂0U
†� �
:

ðB:29Þ

Using the definitions of UðtÞ and U†ðtÞ, a direct calcula-
tion leads to

∂0U = −
i
ℏc

UH int, ðB:30Þ

∂0U
† = i

ℏc
HintU

†: ðB:31Þ

Moreover, ∂0Ψ is obtained from the time evolution of Ψ
in the Heisenberg picture,

∂0Ψ = 1
iℏc

Ψ,H½ �: ðB:32Þ

Inserting equations (B.30), (B.31), and (B.32) into (B.29),
we get

∂0Ψ
I = i

ℏc
U H0,Ψ½ �U†, ðB:33Þ

where

H0 =HLS +HEM: ðB:34Þ

Since HEM has no dependence on the matter fields, it
commutes with Ψ and equation (B.33) is reduced to

∂0Ψ
I = i

ℏc
U HLS,Ψ½ �U†: ðB:35Þ

The commutator above, with the aid of equations (252),
(324), and (325), is given by

HLS,Ψ t, xð Þ½ � =
ð
d3x′ HLS t, x′

� �
,Ψ t, xð Þ

h i
=
ð
d3x′c2 ΠΨ t, x′

� �
,Ψ t, xð Þ

h i
ΠΨ† t, x′

� �
+
ð
d3x′iμcΨ t, x′

� �
ΠΨ t, x′
� �

,Ψ t, xð Þ
h i

= −iℏc2ΠΨ† t, xð Þ + μcℏΨ t, xð Þ:
ðB:36Þ

Inserting equation (B.36) into (B.35), we finally get

∂0Ψ
I = cΠI

Ψ† + iμΨI : ðB:37Þ

An analogous calculation leads to

∂0 Ψ
I� �† = cΠI

Ψ − iμ ΨI� �†
: ðB:38Þ

Equations (B.37) and (B.38) are what we need to elimi-
nate the conjugate fields in equation (B.28). Remembering
that we are adopting the normal ordering prescription (we

can freely write, for example, ðΨIÞ†ΨI instead of ΨIðΨIÞ†),
we obtain

H I
int = −L I

int +
q2

ℏ2
ΨI� �†

ΨIAI
0 AI� �0, ðB:39Þ

where

L I
int = −

iq
ℏ

ΨI� �†∂μΨI
h i

AI� �μ + q2

ℏ2
ΨI� �†

ΨIAI
μ AI� �μ

−
2μq
ℏ

ΨI� �†
ΨI AI� �0

:

ðB:40Þ

Note that L I
int is invariant under a proper Lorentz

transformation while the so-called “normal-dependent

term” ðq2/ℏ2ÞðΨIÞ†ΨIAI
0ðAIÞ0 is not [5].

Equation (B.39) differs from the one we would obtain if
we worked with the Klein-Gordon fields by the last term in
equation (B.40),

2μq
ℏ

ΨI� �†
ΨI AI� �0

: ðB:41Þ

However, the extra term (B.41), together with the rest of
H I

int, will not lead to different physical processes that are not
contained in the Klein-Gordon theory.

To see this, we rewrite equation (B.39) as

H I
int =

q
ℏ

i ΨI� �†∂μΨI
h i

AI� �μ + 2μ ΨI� �†
ΨI AI� �0n o

+ q2

ℏ2
ΨI� �†

ΨIAI
0 AI� �0 − ΨI� �†

ΨIAI
μ AI� �μh i

:

ðB:42Þ

In equation (B.42), we have grouped terms proportional
to the charge q and those proportional to q2.

If we now insert equation (B.15) into (B.42), we obtain

H I
int =

q
ℏ

i ΦI� �†∂μΦI
h i

AI� �μn o
+ q2

ℏ2
ΦI� �†

ΦIAI
0 AI� �0h

− ΦI� �†
ΦIAI

μ AI� �μ�:
ðB:43Þ

Note that terms proportional to q and q2 in equation
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(B.42) are respectively mapped to the ones proportional to q
and q2 in equation (B.43).

Furthermore, equation (B.43) is exactly the interaction
Hamiltonian density we obtain when dealing with the
Klein-Gordon theory and it is not difficult to see that the
free-field Hamiltonians are all transformed to the ones of
the Klein-Gordon theory after equation (B.15). Therefore,
the S-matrix of the Klein-Gordon and Lorentz covariant
Schrödinger theories is the same. This implies, using the
same arguments given in Appendix B.1, that in the frame-
work of scalar electrodynamics, both theories lead to equiv-
alent predictions when it comes to scattering and decay
processes.

C. Transformation Law for ΨðxÞ under Finite
Proper Lorentz Transformations

After an infinitesimal counterclockwise spatial rotation of a
reference frame about its x3-axis, the original coordinates
xμ describing a four-vector are related to those in the new
frame (xμ′) as follows:

x0 = x0′, ðC:1Þ

x1 = x1′ − εx2′, ðC:2Þ

x2 = x2′ + εx1′, ðC:3Þ

x3 = x3′, ðC:4Þ
where ε is an infinitesimal angle of rotation.

To simplify the notation in the following calculations, it
is convenient to use ct, x, y, z to label the coordinates of the
above contravariant four-vector. Also, the inertial frame
before any rotation is implemented is called S0 and the iner-
tial frame after n infinitesimal rotations is denoted by Sn.
The coordinates of a four-vector in Sn is given by ctn, xn, yn
, zn. Therefore, according to equations (C.2) and (C.3), after
n spatial rotations about the z-axis, we have

xn−1 = xn − εyn, ðC:5Þ

yn−1 = εxn + yn: ðC:6Þ
After N infinitesimal rotations, we end up at the frame

SN . Solving the system of recursive relations (C.5) and
(C.6) with the “final conditions” xN and yN , we get

xn =
1
2 1 − iεð ÞN−n + 1 + iεð ÞN−n� �

xN −
i
2 1 − iεð ÞN−n − 1 + iεð ÞN−n� �

yN ,

ðC:7Þ

yn =
i
2 1 − iεð ÞN−n − 1 + iεð ÞN−n� �

xN + 1
2 1 − iεð ÞN−n + 1 + iεð ÞN−n� �

yN :

ðC:8Þ
According to equations (414) and (419), after an infini-

tesimal rotation about the z-axis, the wave functions in
Sn−1 and Sn are connected to each other according to the fol-

lowing transformation law:

Ψn−1 = e−iε κyxn−κxynð ÞΨn: ðC:9Þ

To arrive at equation (C.9), we used that ε21 = −ε12 = ε,
with all other εμν being zero, and renamed κ1 and κ2 to κx
and κy.

Using repeatedly equation (C.9), we obtain after N infin-
itesimal rotations ε about the z-axis that

ΨN = e
iε κy 〠

N

n=1
xn−κx 〠

N

n=1
yn

 !
Ψ0: ðC:10Þ

If we now employ equations (C.7) and (C.8), the sums in
equation (C.10) become

〠
N

n=1
xn = −

i
2ε 1 + iεð ÞN − 1 − iεð ÞN� �

xN −
1
2ε 2 − 1 − iεð ÞN − 1 + iεð ÞN� �

yN ,

ðC:11Þ

〠
N

n=1
yn =

1
2ε 2 − 1 − iεð ÞN − 1 + iεð ÞN� �

xN −
i
2ε 1 + iεð ÞN − 1 − iεð ÞN� �

yN :

ðC:12Þ
Inserting equations (C.11) and (C.12) into (C.10), we

obtain

ΨN = exp −
iκxxN
2 f εð Þ + κyxN2 g εð Þ − κxyN2 g εð Þ − iκyyN

2 f εð Þ
	 


Ψ0,

ðC:13Þ

where

f εð Þ = 2 − 1 − iεð ÞN − 1 + iεð ÞN , ðC:14Þ

g εð Þ = 1 + iεð ÞN − 1 − iεð ÞN : ðC:15Þ

A finite rotation ϕ can be split into N infinitesimal ones
such that

ε = ϕ/N: ðC:16Þ

Inserting equation (C.16) into equations (C.14) and
(C.15) and taking the limit for large N , we get

lim
N⟶∞

f ϕ/Nð Þ = 2 1 − cos ϕð Þ, ðC:17Þ

lim
N⟶∞

f ϕ/Nð Þ = 2i sin ϕ: ðC:18Þ

If we identify Ψ0 as the wave function in the rest frame S
before the finite rotation ϕ is implemented, limN⟶∞ΨN as
the wave function at the rest frame S′ after the rotation,
and if we go back to the four-vector notation, equations
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(C.17) and (C.18) when inserted into (C.13) give

Ψ xð Þ = ei κ1x1 ′+κ2x2 ′
� �

1−cos ϕð Þ+ κ1x2 ′−κ2x1 ′
� �

sin ϕ
� �

Ψ′ x′
� �

:

ðC:19Þ

Equation (C.19) is nothing but the transformation law
given by equation (423) for a finite rotation ϕ about the x3

-axis. By similar calculations, we can get the transformation
laws for ΨðxÞ when we rotate about the x2 and x1-axes.

Let us now show how the transformation law for finite
boosts can be derived for ΨðxÞ. To that aim, we write a finite
boost along the x1-axis as a rotation in a hyperbolic space.
The coordinate transformation is thus

x0 = x0′ cosh ξ + x1′ sinh ξ, ðC:20Þ

x1 = x0′ sinh ξ + x1′ cosh ξ, ðC:21Þ

x2 = x2′, ðC:22Þ

x3 = x3′, ðC:23Þ

where the “hyperbolic angle” ξ is called the “rapidity” and is
given by

tanh ξ = β = v/c: ðC:24Þ

Here, v is the speed of frame S′ with respect to S,
directed along the x1-axis. Note that cosh ξ = γ and sinh ξ
= βγ.

Expressed as given by equations (C.20) and (C.21), two
successive boosts along the x1-axis with rapidity ξ and ξ′
give x0 = x0′′ cosh ðξ + ξ′Þ + x1′′ sinh ðξ + ξ′Þ and x1 = x0′′

sinh ðξ + ξ′Þ + x1′′ cosh ðξ + ξ′Þ, where xμ′′ are the coordi-
nates of the four-vector xμ in the frame S′′. This is formally
equivalent to spatial rotations if the hyperbolic sines and
cosines are changed to the usual trigonometric ones. There-
fore, the calculations above leading to the transformation
law for ΨðxÞ after a spatial rotation can be readily adapted
to a boost if we note that for an infinitesimal boost (ξ≪ 1),
we have

x0 = x0′ + ξx1′,
x1 = x1′ + ξx0′:

ðC:25Þ

The analog to equations (C.5) and (C.6) is

ctn−1 = ctn + ξxn,
xn−1 = ξctn + xn,

ðC:26Þ

whose solution is

ctn =
1
2 1 + ξð ÞN−n + 1 − ξð ÞN−n
h i

ctN + 1
2 1 + ξð ÞN−n − 1 − ξð ÞN−n
h i

xN ,

xn =
1
2 1 + ξð ÞN−n − 1 − ξð ÞN−n
h i

ctN + 1
2 1 + ξð ÞN−n + 1 − ξð ÞN−n
h i

xN :

ðC:27Þ

Repeating all the steps of the previous calculation, we get

ΨN = e
iξ κx 〠

N

n=1
ctn−κct 〠

N

n=1
xn

 !
Ψ0 ðC:28Þ

and

〠
N

n=1
ctn =

1
2ξ 1 + ξð ÞN − 1 − ξð ÞN
h i

ctN −
1
2ξ 2 − 1 + ξð ÞN − 1 + ξð ÞN
h i

xN ,

ðC:29Þ

〠
N

n=1
xn = −

1
2ξ 2 − 1 + ξð ÞN − 1 + ξð ÞN
h i

ctN + 1
2ξ 1 + ξð ÞN − 1 − ξð ÞN
h i

xN :

ðC:30Þ
Inserting equations (C.29) and (C.30) into (C.28), we

arrive at

ΨN = exp iκctctN
2 f ξð Þ + iκxctN

2 g ξð Þ − iκctxN
2 g ξð Þ − iκxxN

2 f ξð Þ
	 


Ψ0,

ðC:31Þ

where

f ξð Þ = 2 − 1 + ξð ÞN − 1 − ξð ÞN , ðC:32Þ

g ξð Þ = 1 + ξð ÞN − 1 − ξð ÞN : ðC:33Þ
To go from successive infinitesimal boosts to a finite one,

we set

ξ = Ξ/N ðC:34Þ

and take the appropriate limits in equations (C.32) and
(C.33),

lim
N⟶∞

f Ξ/Nð Þ = 2 1 − cosh Ξð Þ, ðC:35Þ

lim
N⟶∞

f Ξ/Nð Þ = 2 sinh Ξ: ðC:36Þ

Noting that cosh Ξ = γ and sinh Ξ = βγ, equations
(C.35) and (C.36) allow us to write (C.31) as

Ψ xð Þ = ei γ−1ð Þκ0−γβκ1½ �x0 ′+i γβκ0− γ−1ð Þκ1½ �x1 ′Ψ′ x′
� �

: ðC:37Þ

To arrive at equation (C.37), we have reversed to the
usual four-vector notation, namely, ctN = x0′, xN = x1′, κct
= κ0, κx = κ1, and identified Ψ0 with ΨðxÞ and ΨN with
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Ψ′ðx′Þ. Equation (C.37) is the transformation law for Ψ
ðxÞ when it is subjected to a finite boost along the x1

-axis, namely, equation (425) given in the main text.
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