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ABSTRACT

Kosmakov Maksim. Ph.D., Purdue University, May 2023. Certain aspects of quantum

and classical integrable systems. Major Professor: Vitaly Tarasov.

We derive new combinatorail formulas for vector-valued weight functions for the evolution

modules over the Yangians Y (gln). We obtain them using the Nested Algebraic Bethe ansatz

method.

We also describe the asymptotic behavior of the radial solutions of the negative tt∗

equation via the Riemann-Hilbert problem and the Deift-Zhou nonlinear steepest descent

method.
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1. INTRODUCTION

Before sixties of XX century the list of problems of classical and quantum physics that admit

exact solution in one or another form was very short and included just a few examples (some

problems on tops in classical mechanics, Ising model, Heisenberg model). They seemed to

be exotic exceptions.

In the sixties-seventies the situation drastically changed: large families of non-trivial

exactly solvable models were discovered in that time and the basic principles underlying

their construction and integrability were understood. Herewith it has appeared that many

of them unexpectedly emerge in very different physical contexts and are directly related to

the structure of our world.

There are several important types of integrable systems that are known:

• Models with a small number of degrees of freedom (integrable cases of tops).

• Systems of N interacting particles in one dimension: the Calogero-Moser model and

all its relatives (classical and quantum).

• Nonlinear partial differential equations as well as difference equations: the Korteweg-

de Vries equation (KdV), the nonlinear Schrodinger equation (NLS), the sine-Gordon

equation (SG), the Toda chain and the 2D Toda lattice, the Benjamin-Ono equation

(BO), the Kadomtsev-Petviashvili equation (KP) and many others.

• Models of statistical mechanics on 2D lattice: Ising model, six- and eight-vertex

models and their generalizations.

• Integrable models of quantum physics on 1D lattice: spin chains of XXX, XXZ and

XYZ type and their various generalizations.

• Integrable models of quantum field theory in 1 + 1 dimensions: one-dimensional

bose-gas with point-like interaction (quantum NLS equation), the Thirring model,

the sine-Gordon model, ...

This division is rather conditional and the list is not complete. There are deep and beautiful

connections between the different types of integrable models. For example, poles of singular
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solutions to integrable partial differential equations move as particles of integrable many-

body systems of the Calogero-Moser type. Another example is that the connection between

classical and quantum systems is not exhausted by their correspondence in the classical limit.

Here are several possible meanings of integrability:

• A possibility to integrate the equation (i.e. eliminate all derivatives).

• Existence of a complete set of integrals of motion in involution (the Liouville integra-

bility).

• Presence of a large set of exact solutions and a possibility to express the answers

through known elementary or special functions.

• A possibility to reduce the problem to a solution of a finite system of algebraic or

integral equations.

• Presence of rich symmetries and interesting algebraic or analytic structures.

The different types of integrable systems mentioned above provide examples to all these

meanings of the notion of integrability.

This dissertation consists of two parts. The first part, discussed in Chapter  2 , is connected

to the quantum integrable systems. The second part, discussed in Chapter  3 , is connected

to the classical integrable systems. In this common introduction we would like to recall

the main concepts of the integrability. We will start with finite dimensional Hamiltonian

systems, where we have the notion of integrability in the Liouville sense.

1.1 Liouville integrability

Consider a Hamiltonian dynamical system with a 2d-dimensional phase space M param-

eterised by the canonical variables

(qµ, pµ), µ = 1, ..., d.

12



Let the Hamiltonian function be H(qµ, pµ), where qµ, pµ denotes the collection of variables

( 1.1 ). The Hamiltonian equations are

dqµ
dt

= ∂H

∂pµ
= {qµ, H},

dpµ
dt

= −∂H
∂qµ

= {pµ, H}, µ = 1, ..., d,
(1.1.1)

where {·, ·} are the Poisson brackets, that satisfy the following requirements :

{qµ, qν} = {pµ, pν} = 0, {qµ, pν} = δµν , µ, ν = 1, . . . , d. (1.1.2)

One calls the system (  1.1.1 ) Liouville integrable if one can find d independent conserved

quantities Fµ, µ = 1, ..., d, in involution, namely

{Fµ, Fν} = 0, ∀ µ, ν = 1, ..., d. (1.1.3)

Independence here refers to the linear independence of the set of one-forms dFµ. Note that,

since d is the maximal number of such quantities, and since conservation of all the Fµ means

{H,Fµ} = 0 ∀µ = 1, ..., d, then one concludes that

H = H(Fµ),

i.e. the Hamiltonian itself is a function of the quantities Fµ.

Theorem (Liouville). The equations of motion of a Liouville-integrable system can be solved

“by quadratures".

Due to this theorem for a Liouville integrable system there always exists a change of

canonical coordinates, where one of the new variables coincides with the conserved quantity

Fi:

(pµ, qµ)→ (ϕµ, Fµ) ,

13



and whose equations of motion can be described by

dϕµ
dt

= ∂H

∂Fµ
= Ωµ,

dFµ
dt

= − ∂H
∂φµ

= 0,
(1.1.4)

with some constants Ωµ, µ = 1, . . . , d. In these new coordinates the dynamic is very simple:

Fµ(t) = αµ and ϕµ(t) = Ωµt+ ϕµ(0), µ = 1, . . . , µ,

where αµ are constants. Such coordinates (Fµ, ϕµ) are called action-angle coordinates.

Example (1 dimensional Harmonic-oscillator). The Hamiltonian for the 1D classical har-

monic oscillator, with mass m = 1, is given by

H = p2

2 + ω2q2

2 = E, ω ∈ R.

If we introduce new variables (F, ϕ) by

p = F cosϕ,

q = F

ω
sinϕ,

then in new coordinates the Hamiltonian becomes

H = F 2

2 = E = const.

Thus the variables (F, ϕ) are the actions-angle coordinates since they satisfy (  1.1.4 ) with

Ω =
√

2E.

Liouville theorem is very powerful and plays an important role in classical integrability.

But there is another formalism that possesses many advantages in comparison: the Lax pair

and the classical YangBaxter equation. The main advantage of this procedure is that one

can naturally generalize it to describe (1 + 1) integrable field theories by using the so-called

Lax connection.

14



1.2 Lax pair

Suppose one can find two matrices L,M such that Hamilton’s equations of motion can

be written in the following form:
dL

dt
= [M,L], (1.2.1)

where [M,L] is a commutator of two matrices: [M,L] ≡ML− LM .

Such two matrices L,M are said to form a Lax pair. From (  1.2.1 ), we can immediately

obtain a set of conserved quantities:

On ≡ trLn,

since
dOn

dt
=

n−1∑
i=0

tr Li [M,L]Ln−1−i = 0, ∀ n ∈ N.

Of course not all of these conserved charges are independent, and in the next section we will

discuss the required condition for the independence. Let us also point out that the Lax pair

is not unique. For example, adding constant multiples of the identity to L and M preserves

( 1.2.1 ). Less trivial freedom is a gauge transformation

L −→ g L g−1, M −→ gM g−1 + dg

dt
g−1,

with g an invertible matrix depending on the phase-space variables.

Example. A Lax pair for the harmonic oscillator can be written down as follows:

L =

 p ωq

ωq −p

 , M =

 0 −ω
2

ω
2 0

 .

Example (KdV equation). The Korteweg-de Vries equation (KdV) was one of the first

examples of the integrable systems that has infinitely many integrals of motion [  54 ]. It

was suggested in 1895 for description of waves on shallow water. Propagation of waves in
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nonlinear media with dispersion in the case of general position is also described by the KdV

equation.

4ut = 6uux + uxxx.

The corresponding Lax pair has the following form [  36 ]:

∂tL = [A,L],

where

L = ∂2 + u, A = ∂3 + 3
2u∂ + 3

4ux, ∂ := ∂/∂x.

Although A and L are not matrices in this case, one can still use the algebraic structure to

construct the integrals of motions.

Example (Toda lattice). The first and most prominent example of a discrete integrable

system is the Toda lattice discovered half a century ago [ 94 ,  95 ]. It describes the system of

n points q1, q2, . . . , qn on the real line interacting with the potential

U(q1, . . . , qn) =
n−1∑
i=1

e−(qi+1−qi).

The Hamiltonian equations of motion of the Toda lattice imply

(qn)tt = eqn+1−qn − eqn−qn−1 , n ∈ N. (1.2.2)

In 1974 Flaschka [  37 ,  38 ] and Manakov [  62 ] separately showed that the equation ( 1.2.2 )

with periodic condition qn = q1, can be written in Lax form through a change of variables, and

thus the periodic Toda lattice Hamiltonian system is completely integrable. Six years later,

Moser [  69 ] showed that the (real, finite) nonperiodic Toda lattice is completely integrable as

well.
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1.3 Classical r-matrix and involutivity

Suppose we have found a Lax pair for a 2d-dimensional Hamiltonian dynamical system,

and suppose that we can obtain d independent conserved quantities. This does not yet

guarantee their involutivity ( 1.1.3 ). Hence, we have not yet secured integrability. For that,

we need an extra ingredient.

We will regard L and M as elements of some matrix algebra g, with the matrix entries

being functions on phase space. We introduce the following tensor notation:

X1 ≡ X ⊗ 1, X2 ≡ 1⊗X

as elements of g⊗ g. Then, one has the following

Theorem. The eigenvalues of L are in involution if and only if there exists an element

r12 ∈ g⊗ g, function of the phase-space variables, such that

{L1, L2} = [r12, L1]− [r21, L2], (1.3.1)

where r21 = P ◦ r12, P being the permutation operator acting on the two copies of g⊗ g.

Assume that r is a constant matrix independent of the dynamical variables and suppose

r12 = −r21. In order for the Jacobi identity to hold for the Poisson bracket (  1.3.1 ) one needs

to impose the following condition on r:

[r12, r13] + [r12, r23] + [r13, r23] = 0. (1.3.2)

We call such an r a constant classical r-matrix, and (  1.3.2 ) the classical Yang-Baxter equation

(CYBE).

The most interesting case for our purposes will be when the Lax pair depends on an

additional complex variable u, called the spectral parameter. This means that in some cases

we can find a family of Lax pairs, parameterised by u, such that the equations of motion are

equivalent to the condition (  1.2.1 ) for all values of u.
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1.4 Zero curvature representation and transfer matrix

An important step we need to take is to generalise what we have reviewed so far for

classical finite-dimensional dynamical systems, to the case of classical field theories. We will

restrict ourselves to two-dimensional field theories, meaning one spatial dimension x and one

time t. This means that we will now have equations of motion obtained from a classical field

theory Lagrangian (Euler-Lagrange equations).

The notion of integrability we gave earlier, based on the Liouville theorem, is inadequate

when the number of degrees of freedom becomes infinite, as it is the case for field theories.

What we will do is to adopt the idea of a Lax pair, suitably modifying its definition, as a

starting point to define an integrable field theory.

Suppose you can find two (spectral-parameter dependent) matrices L,M such that the

Euler-Lagrange equations of motion can be recasted in the following form:

∂L

∂t
− ∂M

∂x
= [M,L]. (1.4.1)

We will call such field theories classically integrable.

Example. The Painlevé equations, which we discuss in the second part of the dissertation,

are examples of the classically integrable systems.

The condition (  1.4.1 ), known as the zero curvature representation, is also the compati-

bility condition for the following auxiliary linear problem:

(∂x − L)Ψ = 0,

(∂t −M)Ψ = 0.

Such two matrices L,M in (  1.4.1 ) are also said to form a Lax pair, and one can in

principle obtain a sequence of conserved quantities for the field theory by following a well-

defined procedure.
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Let us introduce the so-called monodromy matrix T (u) by

T (u) = P exp
 ∫ s+

s−
L(x, t, u)dx

,
where P denotes a path-ordering with greater x to the left, s− and s+ are two points on the

spatial line, and u is the spectral parameter. This object can be thought of as implelementing

a parallel transport along the segment [s−, s+], in accordance with the fact that the Lax pair

can be thought of as a connection.

Assuming that our spatial domain is [0, 2π] with periodic boundary condition on the

fields, one can show that

∂t T = [M(0, t, u), T ].

This implies that the trace of T , called the transfer matrix

t(u) ≡ trT (u),

is conserved for all u. By expanding in u, one obtains a family of conserved charges, which

are the coefficients of the expansion:

t(u) =
∑
n≥0

Qn u
n, ∂tQn = 0, ∀n ≥ 0. (1.4.2)

This forms the starting point for the construction of the integrable structure.

1.5 Sklyanin Exchange Relations

In the previous section we have constructed family of the conserved charges coming

from the transfer matrix t(u). But we don’t know yet if the are independent. Motivated

by ( 1.3.1 ), we suppose that the canonical Poisson brackets imposed on the fields have the

following consequence for L:

{L1(x, t, u), L2 (y, t, u′)} = [r12 (u− u′) , L1(x, t, u) + L2 (y, t, u′)] δ(x− y), (1.5.1)
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Let us also assume that the r-matrix r12 (u− u′) does not itself depends on the fields, and

satisfies

r12 (u− u′) = −r21 (u′ − u) .

Theorem (Sklyanin Exchange Relations). Given ( 1.5.1 ), the Poisson brackets of the mon-

odromy matrix satisfy

{T1(u), T2(u′)} = [r12(u− u′), T1(u)T2(u′)]. (1.5.2)

From this, one can immediately conclude that the conserved charges generated by the

transfer matrix are all in involution. Indeed, tracing by tr1⊗ tr2 both sides of (  1.5.2 ), one

obtains

{t(u), t(u′)} = 0, (1.5.3)

where we have used cyclicity of tr1⊗ tr2 which is the natural trace operation on g ⊗ g. By

expanding ( 1.5.3 ) we obtain the desired involution property of the charges (  1.4.2 ).

Moreover, under the assumptions described after (  1.5.1 ), the Jacobi identity for Sklyanin’s

exchange relations ( 1.5.2 ) admits all matrices r, that satisfy the classical Yang-Baxter equa-

tion with spectral parameter, namely

[r12 (u1 − u2) , r13 (u1 − u3)] + [r12 (u1 − u2) , r23 (u2 − u3)] + [r13 (u1 − u3) , r23 (u2 − u3)] = 0.

Summarizing, we have seen that the variables L and T can be thought of as the most

convenient variables to display the integrable structure of the classical models. It will not

come as a surprise then that quantisation, that we discuss in the next sections, best proceeds

from the Sklyanin relations.

1.6 Quantum harmonic oscillator

For the Quantum systems by the integrability we mean the presence of rich symmetries

and interesting algebraic or analytic structures. Let us illustrate it on the simple example

of quantum harmonic oscillator.
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The Hamiltonian operator for the quantum harmonic oscillator has form

Ĥ = 1
2(P̂ 2 + Q̂2).

The operators P̂ and Q̂ satisfy the following commutation relations

[Q̂, Q̂] = [P̂ , P̂ ] = 0, [Q̂, P̂ ] = i,

where [Q̂, P̂ ] is a commutator of two operators. These relations can be thought as a quanti-

zation of the relations (  1.1.2 ).

There is a canonical representation of these operators Q̂ and P̂ acting on the functions

ψ(x) from the Schwartz space:

Q̂ψ(x) = xψ(x), P̂ψ(x) = −i d
dx
ψ(x).

For such P̂ and Q̂ the Hamiltonian operator Ĥ becomes differential operator :

Ĥψ = − d2

dx2ψ(x) + x2ψ(x).

Suppose we are interested in the spectrum of this operator, i.e levels of energies E:

Ĥψ = Eψ.

We could study this equation using the standard tools of ODE but instead we will use some

algebraic structure of this model. First we define the annihilation operator by

â = 1√
2

(Q̂+ iP̂ ),

and its adjoint, the creation operator, by

â∗ = 1√
2

(Q̂− iP̂ ).
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Together with the number operator N̂ = â∗â these operators will satisfy the following com-

mutation relations:

[â, â∗] = 1, [N̂ , a∗] = a∗, [N̂ , a] = −a. (1.6.1)

The Hamiltonian Ĥ in terms of â, â∗ becomes

Ĥ = 1
2(N̂ + 1),

so the eigenvectors of N̂ are also the eigenvectors of Ĥ. Suppose we have found such an

eigenvector ψ of N̂ :

N̂ψ = λψ,

then one can show, using commutation relations (  1.6.1 ), that aψ is also an eigenvector of

N̂ with energy λ − 1. In other words, given any energy eigenvector, we can act on it with

the annihilation operator â, to produce another eigenvector with less energy. By repeated

application of the operator â, it seems that we can produce energy eigenstates down to

λ = −∞. However, since

λ = (ψ, N̂ψ) = (ψ, â∗âψ) = (âψ, âψ) ≥ 0

the smallest eigenvalue of N̂ is 0. The corresponding eigenvector |0〉, called vacuum vector,

is also the eigenvector of Ĥ with eigenvalue 1
2, in other words we have

Ĥ|0〉 = 1
2 |0〉.

By the same reasoning, one can show that the vectors

|n〉 = (â∗)n√
n!
|0〉 (1.6.2)
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are the eigenvectors of the Hamiltonian Ĥ with the eigenvalues En = n+ 1
2 . Finally, one can

easily find the vector |0〉 as a solution of the equation:

â|0〉 = 0 ⇐⇒ ψ(x)′ + xψ(x) = 0,

and using formula (  1.6.2 ) obtain the following expression for the all eigenvectors |n〉:

|n〉 = 1√
2nn!

exp(−x2/2) Hn(x),

where Hn(x) are the Hermite polynomials, H0 ≡ 1.

Summarizing, we were able to find eigenvalues and eigenvectors of the Hamiltonian Ĥ

algebraically, using the annihilation and creation operators. In other quantum integrable

systems the algebraic structure is much more complicated, but nevertheless the idea of the

creation and annihilation operators sometimes is very helpful (see Section  2.1.2 ).

1.7 Quantisation

We have seen in Section  1.4 that the matrices T (t, u) and L(x, t, u) are the most con-

venient variables to describe the integrability in classical case. One can try to describe the

quantum analog of these matrices, in other words, try to quantize them.

Mathematically, the quantisation procedure involves the concept of Lie bialgebras and the

so-called Manin triples (see for instance [ 29 ] and references therein). The term quantisation

incorporates the meaning of completing the classical algebraic structure to a quantum group,

or, equivalently, obtaining from a classical r-matrix a solution to the quantum Yang-Baxter

Equation

R12 R13 R23 = R23 R13 R12, Rij ∼ 1⊗ 1 + i ~ rij +O(~2).

The quantisation of the Sklyanin exchange relations is attained by simply “completing the ~

series" into the famous RTT relations:

T̂1(u)T̂2(u′)R(u− u′) = R(u− u′)T̂2(u′)T̂1(u), T̂ (u) = T (u) +O(~), (1.7.1)
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where the quantum monodromy T̂ is now understood as the normal-ordering of the classical

product integral expression. We can see that (  1.7.1 ) tends to ( 1.5.2 ) for ~→ 0.

This RTT relation will be the starting point of our discussion in Section  2.1.1 .
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2. COMBINATORIAL FORMULAE FOR RATIONAL WEIGHT

FUNCTIONS

One of the quantum integrable models that we mentioned in the introduction was the Heisen-

berg model. The problem to find eigenvalues and eigenvectors of the Hamiltonian for the

Heisenberg model was first addressed by H.Bethe [  5 ] who looked for the eigenvectors as val-

ues of a certain rational function (Bethe vector) on solutions of some system of algebraic

equations (Bethe ansatz equations).

The algebraic interpretation of the approach proposed by H.Bethe and other authors

[ 101 ,  86 ,  87 ] is called Algebraic Bethe ansatz (ABA). It was developed as a part of the

Quantum Inverse Scattering Method (QISM), that emerged in the late 70’s in the works

of the Leningrad School [  32 ,  33 ]. The Nested Algebraic Bethe ansatz (Nested ABA) is a

generalization of the Algebraic Bethe ansatz for the integrable models associated with higher

rank Lie algebras. It was developed almost simultaneously with ABA in [ 56 ,  58 ,  57 ,  78 ].

Later, the nested Bethe vectors (also called vector-valued weight functions) were used

to construct integral representations for solutions of the quantized Knizhnik-Zamolodchikov

(qKZ) equations [  92 ]. The results of [  57 ] has been extended to higher transfer matrices

in [  70 ]. Combinatorial formulae for the vector-valued weight functions associated with the

differential Knizhnik–Zamolodchikov equations were developed in [  63 ,  81 ,  82 ,  79 ,  34 ].

In the rank one case combinatorial formulae for vector-valued weight function are im-

portant in various areas from computation of correlation functions in integrable models,

see [ 53 ], to evaluation of some multidimensional generalizations of the Vandermonde deter-

minant [  90 ]. In the gln case combinatorial formulae, in particular, clarify analytic properties

of the vector-valued weight function, which is important for constructing hypergeometric

solutions of the qKZ equations associated with gln.

Let us finish this paragraph mentioning that the physical applications of Nested ABA are

very wide as well. It turns out that Nested ABA models provide a more realistic description

of strongly interacting systems. The reason is that in the Nested ABA we are dealing

with several creation operators. This allows us to consider systems where several degrees

of freedom of fundamental particles interact, for example, the spin and the charge of the
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electrons. Therefore, the Nested ABA solvable models have found wide application primarily

in the physics of strongly correlated electronic systems (Yang–Gaudin model [  64 ,  65 ,  101 ,  45 ],

t-J model and Hubbard model [ 83 ,  59 ,  60 ,  28 ]). We can also consider systems consisting of

several types of particles, such as systems with impurities (Kondo model) [  1 ,  97 ,  98 ]. For a

more detailed description of the application of Nested ABA to Fermi gases and ultracold atom

systems, we refer the reader to review [  46 ]. It is also worth mentioning that the Hamiltonians

of integrable systems with a large number of degrees of freedom arise in supersymmetric

gauge theories [  67 ].

The goals of this chapter.

Quantum integrable models are frequently connected with Lie algebras g. For instance

the Heisenberg chain is connected with the Lie algebra sl2. Furthermore, quantum integrable

systems usually have a chain structure. The whole space of states of a quantum system is a

tensor product of the space of states of each node of this chain. The space of the states for

one node of the chain is an irreducible finite dimensional representation of the Lie algebra

g. The Bethe vector for the whole chain can be constructed from the Bethe vector of each

node. This part is well understood. My research concerns obtaining formulas for the weight

function for one node in the case of the Lie algebra gln. The technique that we used is the

Nested Algebraic Bethe ansatz.

The main idea of the Nested Algebraic Bethe ansatz is to consider a sequence of subal-

gebras and construct weight functions for the larger subalgebras using weight functions for

the smaller ones. There are two standard choices of subalgebras in gln-case

gln ⊃ gl1 ⊕ gln−1 and gln ⊃ gln−1 ⊕ gl1. (2.0.1)

On the matrix level it means to proceed from n×n matrices to (n−1)× (n−1) matrices by

either cutting out the first row and the first column or the last row and the last column. There

is a natural question whether one can make a cut in the middle and consider a subalgebra

glm ⊕ gln−m ⊂ gln, where 1 < m < n− 1.
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There is a general formula that gives a procedure how to calculate the Bethe vector. It has

form B(t)v, where B(t) is some rational function of t = (t1, . . . , tξ) with values in the universal

enveloping algebra Ug, and v is a weight singular vector in some irreducible representation

of g. For the case when g = gln, B(t) contains standard generators eab, a,b = 1, . . . , n and

where vector v in this case should satisfy the following conditions: it should be annihilated

by eab, 1 ≤ a < b ≤ n, and it should be eigenvector of eaa, 1 ≤ a ≤ n, in other words,

eabv = 0, 1 ≤ a < b ≤ n, eaav = Λav, 1 ≤ a ≤ n,

for some complex numbers Λa.

Our goal is to write down an explicit formula for Bgln(t)v for the irreducible representation

V of gln, v ∈ V , in a given spanning set of this representation. There are spanning sets of V

that have the form ∏
a>b e

sab
ab v. Since the generators eab do not commute, we have to chose

some ordering in this product. If we have a chain of subalgebras of gln, then it provides

some natural ordering of eab.

For the standard choice of subalgebras ( 2.0.1 ) such formulas for Bgln(t)v were obtained

in [  90 ]. Their result shows that for the chain of subalgebras that starts with gln ⊃ gln−1⊕gl1

one has

Bgln(t)v =
∑

s∈Zn−1
≥0

Fs(t) · esn,n−1
n,n−2 e

sn,n−2
n,n−2 . . . e

sn,1
n,1 Bgln−1(t)v,

where Fs(t) are some explicit rational functions and s = (sn,n−1, sn,n−2, . . . , sn,2, sn,1). Simi-

larly, for gln ⊃ gl1 ⊕ gln−1 one has

Bgln(t)v =
∑

r∈Zn−1
≥0

Gr(t) · er21
21 e

r31
31 . . . e

rn1
n1 Bgln−1(t)v,

where Gr(t) are some explicit rational functions and r = (r21, r31, . . . , rn1).

In our work we obtained new formulas for Bgln(t)v for a spanning set corresponding to the

chain of subalgebras that starts with gln ⊃ glm ⊕ gln−m. Our main result, stated in Section

 2.4.3 , can be formulated as follows :
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Theorem. For any m, 1 ≤ m ≤ n− 1, one has

Bgln(t)v =
∑

q

Wq(t)
∏

m+1≤i≤n

∏
1≤j≤m

e
qij

ij Bgln−m
(t)Bglm(t)v,

where the sum is taken over all collections of nonnegative numbers q = {qij}, m+1 ≤ i ≤ n,

1 ≤ j ≤ m. The function Wq(t) has the following structure

Wq(t) = Symt1 . . . Symtn−1 Uq(t),

where t consists of n − 1 groups: t = (t1, t2, . . . , tn−1), and the function Uq(t) is a product

of ratios of linear functions in t. Each group tj corresponds to the j-th simple root αj of gln
and the structure of the products in Uq(t) reflects the Dynkin diagram of gln.

For m = 1 and m = n− 1 it gives the formulas from [  90 ].

Our proof is based on the Nested ABA. In the next section we recall the main ideas of

this method.

2.1 Algebraic Bethe Anstaz

2.1.1 RTT -relation and integrable models

The key relation for the Algebraic Bethe Ansatz (ABA) and the Nested Algebraic Bethe

Ansatz (Nested ABA) is the RTT -relation

R(u, v)(T (u)⊗ I)(I ⊗ T (v)) = (I ⊗ T (v))(T (u)⊗ I)R(u, v) (2.1.1)

Here T (u) is a n by n matrix :

T (u) =


T11(u) . . . T1n(u)

. . . . . . . . . . . .

T1n(u) . . . Tnn(u)

 ,
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whose entries act in some vector space H. We can think of T (u) as an operator in Cn ⊗H.

T (u) is called the monodromy matrix and the space Cn is called the auxiliary space. The

R-matrix is acting in Cn ⊗ Cn.

Another commonly used form of equation (  2.1.1 ) is

R12(u, v)T1(u)T2(v) = T2(v)T1(u)R12(u, v), (2.1.2)

here the subscripts show in which of the two auxiliary spaces Cn the T -matrices act nontriv-

ially. The R-matrix R12(u, v) acts in both spaces Cn.

The first problem is to find an R-matrix acting in Cn⊗Cn. The R-matrix should satisfy

the Yang–Baxter equation

R12(u1, u2)R13(u1, u3)R23(u2, u3) = R23(u2, u3)R13(u1, u3)R12(u1, u2),

in order to provide compatibility of the RTT -relation. Our main example of the non-trivial

R-matrix has the following form:

R(u, v) = I + g(u, v)P, g(u, v) = c

u− v
, (2.1.3)

where I is the identity operator in Cn⊗Cn,P is the permutation operator in the same space,

and c is a constant. The permutation operator has the form

P =
n∑

i,j=1
Eij ⊗ Eji,

where Eij is the n× n matrix with the unit at the intersection of i-th row and j-th column

and zeros elsewhere:

(Eij)lk = δilδjk, i, j, l, k = 1, . . . , n.
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The simplest example of the monodromy matrix T (u) is R(u, v) itself. The RTT -relation

( 2.1.2 ) in this case becomes the Yang-Baxter equation (  2.2.3 ). Another example of T (u)

matrix, which is analogous to the previous one,

T (u) = R0L(u, ξL) . . . R01(u, ξ1), (2.1.4)

turned out to be connected to the SU(n)-invariant inhomogeneous XXX Heisenberg chain.

The parameters ξi are inhomogeneities. Each R-matrix R0i(u, ξi) acts in the tensor product

V0 ⊗ Vi, where every Vi is Cn. The auxiliary space of the monodromy matrix is V0 ∼ Cn.

The quantum space is

H = V1 ⊗ · · · ⊗ VL = Cn ⊗ · · · ⊗ Cn︸ ︷︷ ︸
L times

.

This example gives us the first evidence of the connection between the solutions of the RTT

relation and integrable models. We can state this connection more precisely.

Consider the trace of the monodromy matrix T (u) in the auxiliary space Cn :

trT (u) =
n∑
i=1

Tii(u).

The RTT -relation ( 2.1.2 ) yields

[ trT (u), trT (v)] = 0.

Thus, if we consider T (u) as a function of u and expand it near some point u0, then trT (u)

will be a generating function of commuting operators:

trT (u) =
∑
k

(u− u0)k Ik, [Ik, In] = 0.

It turns out that in many cases the Hamiltonian H of the integrable model belongs to this

commuting family. And thus it is a natural question to study the eigenvectors and eigenvalues

of the transfer matrices trT (u). Most of the tools to find eigenvalues and eigenvectors
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of transfer matrices are known under the name of Bethe ansatz. Its basic principles and

techniques can be found in [  53 ,  30 ,  84 ,  85 ]

In the next sections we will discuss the Bethe ansatz using the gl2, gl3, gl4 cases as

examples.

2.1.2 gl2 case

We start with the gl2-case to demonstrate the method. In this case matrix T (u) has the

following form

T (u) =

 A(u) B(u)

C(u) D(u)

 .
And the transfer matrix is

trT (u) = A(u) +D(u).

In the method of ABA we assume that there exists a vector v, called vacuum or weight

singular vector, that satisfy the following properties:

A(u) = a(u)v, D(u)v = d(u)v, C(u)v = 0.

Clearly, v is an eigenvector of trT (u):

trT (u)v = (a(u) + d(u)) v.

We look for other eigenvectors of trT (u) in the following form:

Ψ = B (u1) . . . B (un) v.

It turns out that Ψ is an eigenvector of trT (u) if the parameters u1, . . . , un satisfy a system of

Bethe equations ( 2.1.5 ). Those eigenvectors Ψ are called Bethe vectors. The operators

B and C can be thought as the creation and annihilation operators (recall Section  1.6 ).

31



For example, consider B(u)v. Using RTT -relation we have

A(z)B(u) = f(u, z)B(u)A(z) + g(z, u)B(z)A(u),

D(z)B(u) = f(u, z)B(u)D(z)− g(z, u)B(z)D(u),

f(u, v) = 1 + g(u, v) = u− v + c

u− v
,

and it gives

(A(z) +B(z))B(u)v = (f(u, z)a(z) + f(z, u)d(z))B(u)v + g(z, u)(a(u)− d(u))B(z)v.

So we see that B(u)v is an eigenvector of the trT (u) if a(u) = d(u).

In general, one can prove that Ψ = B (u1) . . . B (un) v is an eigenvector of trT (u) if

a (uj)
d (uj)

=
n∏

k=1,k 6=j

f (uj, uk)
f (uk, uj)

, j = 1, . . . , n. (2.1.5)

To conclude this short introduction, we would like to mention that there are two natural

questions. The first on is whether the constructed vector Ψ is a non zero vector: Ψ 6= 0.

The second one is whether the Bethe ansatz gives all the eigenvectors of the transfer matrix.

The answers to these questions are not trivial, see [  55 ], [  75 ],[ 71 ], [  72 ],[ 74 ].

2.1.3 gl3 case

The problem of finding Bethe vectors in the gl3 (and higher rank) based models is much

more sophisticated than in the case considered above. For the gl3 case matrix T (u) has the

following form

T (u) =


T11(u) T12(u) T13(u)

T21(u) T22(u) T23(u)

T31(u) T32(u) T33(u)

 ,

and

trT (u) = (T11(u) + T22(u) + T33(u)) .
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The vacuum vector v should satisfy

Tii(u)v = Λi(u)v, Tij(u)v = 0, if i > j.

Clearly, v is an eigenvector of trT (u):

trT (u)v = (Λ1(u) + Λ2(u) + Λ3(u)) v.

Other examples of the Bethe vectors are

Ψ = T12(u)v (if Λ1(u) = Λ2(u)), Ψ = T23(v)v (if Λ2(v) = Λ3(v)).

Less trivial example is

Ψ = T12(u)T23(v)v + g(v, u)Λ2(v)T13(u)v = T23(v)T12(u)v + g(v, u)Λ2(u)T13(v)v,

and the corresponding equations are

Λ1(u)
Λ2(u) = Λ3(v)

Λ2(v) = f(v, u).

One could try to generalize the construction from the gl2-case, and consider a monomial

Bβ1 (u1) . . . Bβa (ua) v, a = 0, 1, . . . (2.1.6)

as a candidate for the transfer matrix eigenvector. Here every βi is equal to either 1 or

2, B1(u) ≡ T12(u) and B2(u) ≡ T13(u). Generically, the monomial (  2.1.6 ) is not invariant

under the action of trT (z). Therefore, it is quite natural to replace the monomial (  2.1.6 ) by

a polynomial

Ψa(u) =
∑

β1,...,βa

Bβ1 (u1) . . . Bβa (ua)Fβ1,...,βav, a = 0, 1, . . . ,
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where Fβ1,...,βa are some numerical coefficients, the sum is taken over every βi ∈ {β1, . . . , βa}

and each βi takes the values βi = 1, 2. This form gives the motivation for the Nested

Algebraic Bethe Ansatz.

The Nested Algebraic Bethe Ansatz is a method that provides a systematic construction

of the Bethe vectors for gl3 and higher ranks. The idea is to reduce gl3 case to gl2 case. It

can be achieved by considering the block structure for the matrix T (u). For example, we

can introduce the following block structure :

T (u) =

 A(u) B(u)

C(u) D(u)

 =


A(u) B1(u) B2(u)

C1(u) D11(u) D12(u)

C2(u) D21(u) D22(u)

 . (2.1.7)

As we have seen it is natural to look for the Bethe vector in the following form:

Ψa,b(u,v) =
∑

β1,...,βa

Bβ1 (u1) . . . Bβa (ua)Fβ1,...,βa(u,v), (2.1.8)

u = {u1, . . . , ua}, v = {v1, . . . vb},

where βi ∈ {1, 2}, 1 ≤ i ≤ a, and Fβ1,...,βa(u,v) are some vectors. The method of Nested

ABA gives an algorithm how to construct Fβ1,...,βa(u,v).

We start with the following gl2 expression:

T̂ (a)
0 (z,u) = D0(z)T (a)

0 (z,u), T (a)
0 (z,u) = r0a (z, ua) . . . r01 (z, u1) , (2.1.9)

where D0(z) comes from the block structure of T (u), see (  2.1.7 ), and r (u, v) is the gl2

R-matrix r that acts in C2 ⊗ C2, see (  2.1.3 ).

This T̂ (a)
0 (z,u) acts in the space V0 ⊗ Ĥ, where

V0 ∼ C2, Ĥ = H⊗
(
C2
)⊗a

,

whereH is the original quantum space of the gl3 model. The subscript 0 in T̂ (a)
0 (z,u) stresses

that the auxiliary space is V0.
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The matrix D(u), which acts in the space V0 ⊗ H, can be treated as gl2 monodromy

matrix, since it satisfies the RTT -relation with the R-matrix r: r12(u, v)D1(u)D2(v) =

D2(v)D1(u)r12(u, v). Moreover, the vector v is a singular weight vector of this monodromy

matrix.

The matrix T (a)
0 (z,u) in turn can be considered as the monodromy matrix of the inhomo-

geneous gl2-invariant XXX chain of the length a, see (  2.1.4 ). The role of the inhomogeneity

parameters is played by the parameters u = {u1, . . . , ua}. Notice that T (a)
0 (z,u) acts in

the V0 ⊗ Ha, where the quantum space Ha is the tensor product (C2)⊗a. Moreover, this

monodromy matrix T (a)
0 (z,u) has the vacuum vector Ω(a), where

Ω(a) =
( 1

0

)
⊗ · · · ⊗

( 1

0

)
︸ ︷︷ ︸

a

.

Thus, T̂ (a)
0 (z, ,u) defined by (  2.1.9 ) is the monodromy matrix of the gl2 algebra, being

the product of two monodromy matrices whose entries act in different spaces. Moreover, it

has the vacuum vector v ⊗ Ω(a).

The rest of the construction looks similar to the gl2 case. We present T̂ (a)
0 (z,u) as

T̂ (a)
0 (z,u) =

 Â(a)(z,u) B̂(a)(z,u)

Ĉ(a)(z,u) D̂(a)(z,u)

 ,
and define

F(u,v) = B̂(a) (v1,u) . . . B̂(a) (vb,u) v ⊗ Ω(a)

Next we fix the basis of C2: w1 =

1

0

 , w2 =

0

1

, and consider the following basis of

(C2)⊗a:

wβ1 ⊗ . . .⊗ wβa , βi ∈ {1, 2}, i = 1, . . . , a.
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Finlay, the desired coefficients Fβ1,...,βa from (  2.1.8 ) can be obtained as the “coordinates" of

F(u,v) in this basis:

F(u,v) =
∑

β1,...,βa

Fβ1,...,βa(u,v)⊗ wβ1 ⊗ . . .⊗ wβa .

One can show that the vector constructed above,

Ψa,b(u,v) =
∑

β1,...,βa

Bβ1 (u1) . . . Bβa (ua)Fβ1,...,βa(u,v),

is indeed an eigenvector of the transfer matrix trT (u) if the following equations are satisfied:

Λ1 (uk)
Λ2 (uk)

= f (uk, ûk)
f (ûk, uk)

f (v, uk) , k = 1, . . . , a,

Λ2 (vj)
Λ3 (vj)

= f (vj, v̂j)
f (v̂j, vj)

1
f (vj,u) , j = 1, . . . , b,

(2.1.10)

where

f (z, ŵi) =
∏

wj ∈w

wj 6=wi

f (z, wj) ; f(z,v) =
∏
vk∈v

f (z, vk) .

We could start with a different splitting of the transfer matrix T (v):

T (v) =


A11(v) A12(v) B1(v)

A21(v) A22(v) B2(v)

C1(v) C2(v) D(v)

 , (2.1.11)

and get another eigenvector vector Ψ̃a,b(u,v) of trT (v). It would have form

Ψ̃a,b(u,v) =
∑

β1,...,βa

Bβ1 (u1) . . . Bβa (ua) F̃β1,...,βa(u,v), (2.1.12)

where βi ∈ {1, 2}, 1 ≤ i ≤ a. It turns out that Ψ̃a,b(u,v) is the eigenvector of the transfer

matrix trT (u) if the parameters u,v in ( 2.1.12 ) satisfy the same system of algebraic equations

( 2.1.10 ). One could ask whether these two vectors Ψ̃a,b(u,v) and Ψ̃a,b(u,v) coincide or not.

The answer is positive and is given in the next section.
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2.1.4 Trace formula

The formulas for the Bethe vectors Ψa,b(u,v), given by (  2.1.8 ), and Ψ̃a,b(u,v), given

by ( 2.1.12 ), look very different. For instance they are based on two different embeddings,

( 2.1.7 ) and (  2.1.11 ), and thus have different ordering of the operators Ba(u). Moreover, some

of those operators have different arguments. Nevertheless, these different representations

describe the same Bethe vector. It follows from the fact that both of these representations

can be obtained from one formula, called the trace formula [  92 ,  89 ,  4 ].

The main advantage of the trace formula is that it can be easily generalized to the case

of gln. Besides, the Bethe parameters u and v are included in this representation in a more

symmetric way. Finally, by the construction Ψa,b(u,v) is symmetric over the variables v. It

turns out that is also symmetric over the variables u, and this symmetry is far from evident

at this moment. The new formula for Bethe vectors will allow us to prove the symmetry of

these vectors with respect to the parameters u.

To formulate the trace formula in the gl3 case we start with a tensor product Vk1 ⊗ · · · ⊗

Vka ⊗ Vn1 ⊗ · · · ⊗ Vnb
, where each Vj ∼ C3. Let

Tk̄(u) = Tk1(u1) . . . Tka(ua), Tn̄(v) = Tn1(v1) . . . Tnb
(vb),

and

Rn̄,k̄(v,u) =
→∏

1≤i≤b

←∏
1≤j≤a

Rni,kj
(vi, uj). (2.1.13)

Here every Tj acts in Vj ⊗ H. Each R-matrix Ri,j acts in Vi ⊗ Vj. We would like to draw

attention to the ordering of the R-matrices in the double product (  2.1.13 ). There the index

i changes in the standard increasing direction, while the index j changes in the decreasing

direction. For example, for a = b = 2, the product ( 2.1.13 ) reads

Rn̄,k̄(v,u) = Rn1,k2(v1, u2)Rn1,k1(v1, u1)Rn2,k2(v2, u2)Rn2,k1(v2, u1).
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Proposition. The off-shell Bethe vectors of the gl3-invariant models have the following

form:

Ψa,b(u; v) = trk̄,n̄
(
Tk̄(u)Tn̄(v)Rn̄,k̄(v,u)E21

k1 . . . E
21
ka
E32
n1 . . . E

32
nb

)
v. (2.1.14)

The trace is taken over all the spaces Vk1 , . . . , Vka , Vn1 , . . . , Vnb
. The matrices E21

kj
and E32

nj

are the standard basis matrices that respectively act in the spaces Vkj
and Vnj

.

Equation (  2.1.14 ) is known as a trace formula. Observe that using the RTT relation

( 2.1.2 ), formula (  2.1.14 ) can be written in the following form:

Ψa,b(u; v) = trk̄,n̄
(
Rn̄,k̄Tk̄(u)Tn̄(v)(v,u)E21

k1 . . . E
21
ka
E32
n1 . . . E

32
nb

)
v. (2.1.15)

It turns out that the vector Ψa,b(u,v), given by (  2.1.8 ), can be obtained by the expansion

of formula (  2.1.14 ), while the vector Ψ̃a,b, given by (  2.1.12 ), can be obtained by the expansion

of the formula (  2.1.15 ). But since they represent the same vector they have to coincide.

2.1.5 gl4 case

We have seen in Section  2.1.3 that the idea of Nested ABA is to reduce the gln case to

the gln−1 using the block structure. In gl4 case we have two standard options of splitting

that reduce problem to the gl3 case :

T (u) =



A11(u) A12(u) A13(u) B1(u)

A21(u) A22(u) A23(u) B2(u)

A31(u) A32(u) A33(u) B3(u)

C1(u) C2(u) C3(u) D(u)


, (2.1.16)

T (u) =



A(u) B12(u) B13(u) B14(u)

C21(u) D22(u) D23(u) D24(u)

C31(u) D32(u) D33(u) D34(u)

C41(u) D42(u) D43(u) D44(u)


. (2.1.17)
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But there is also a natural splitting that decomposes gl4 into two gl2 cases:

T (u) =



A11(u) A12(u) B13(u) B14(u)

A21(u) A22(u) B23(u) B24(u)

C31(u) C32(u) D33(u) D34(u)

C41(u) C42(u) D43(u) D44(u)


. (2.1.18)

For the standard splittings (  2.1.16 ) and (  2.1.17 ) the corresponding formulas for the Bethe

vector can be obtained from the result of [  90 ], but for the splitting ( 2.1.18 ) no formulas were

known.

In the next sections we provide new formula for the Bethe vector that corresponds to this

splitting (  2.1.18 ) and generalize the result for the gln case, where the splitting corresponds

to the subalgebra glm ⊕ gln−m ⊂ gln, 1 ≤ m ≤ n− 1.
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2.2 Notations

In this section we discus the notations that will be used in this chapter.

We will be using the standard superscript notation for embeddings of tensor factors into

tensor products. For a tensor product of vector spaces V1 ⊗ V2 ⊗ . . . ⊗ Vk and an operator

A ∈ End(Vi), denote

A(i) = 1⊗(i−1) ⊗ A⊗ 1⊗(k−i) ∈ End(V1 ⊗ V2 ⊗ . . .⊗ Vk).

Also, if B ∈ End(Vj), i 6= j, denote (A⊗B)(ij) = A(i)B(j), etc.

Fix a positive integer n. All over the paper we identify elements of End Cn with n × n

matrices using the standard basis of Cn. That is, for L ∈ EndCn we have L = (Lab )
n
a,b=1,

where Lab are the entries of L. Entries of matrices acting in the tensor products (Cn)⊗k

are naturally labeled by multiindices. For instance, if M ∈ End (Cn ⊗ Cn), then M =(
Mab

cd

)n
a,b,c,d=1

.

The rational R-matrix is R(u) ∈ End(Cn ⊗ Cn),

R(u) = 1 + 1
u

n∑
a,b=1

Eab ⊗ Eba, (2.2.1)

where Eab ∈ End (Cn) is the matrix with the only nonzero entry equal to 1 at the intersection

of the a-th row and b-th column. The entries of R(u) are

Rab
cd(u) = δacδbd + 1

u
δadδbc. (2.2.2)

The R-matrix satisfies the Yang-Baxter equation

R(12)(u− v)R(13)(u)R(23)(v) = R(23)(v)R(13)(u)R(12)(u− v). (2.2.3)

The Yangian Y (gln) is a unital associative algebra with generators (T ab ){s} , a, b = 1, . . . , n,

and s = 1, 2, . . .. Organize them into generating series:
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T ab (u) = δab +
∞∑
s=1

(T ab ){s} u−s, a, b = 1, . . . , n. (2.2.4)

The defining relations in Y (gln) are

(u− v) [T ab (u), T cd (v)] = T ad (u)T cb (v)− T ad (v)T cb (u) (2.2.5)

for all a, b, c, d = 1, . . . , n.

Combine series ( 2.2.4 ) into a matrix T (u) =
n∑

a,b=1
Eab ⊗ T ab (u) with entries in Y (gln).

Then relations (  2.2.5 ) amount to the following equality

R(12)(u− v)T (1)(u)T (2)(v) = T (2)(v)T (1)(u)R(12)(u− v),

where T (1)(u) =
n∑

a,b=1
Eab ⊗ 1⊗ T ab (u) and T (2)(v) =

n∑
a,b=1

1⊗ Eab ⊗ T ab (v).

The Yangian Y (gln) is a Hopf algebra. In terms of generating series ( 2.2.4 ), the coproduct

∆ : Y (gln)→ Y (gln)⊗ Y (gln) reads as follows:

∆ (T ab (u)) =
n∑
c=1

T cb (u)⊗ T ac (u), a, b = 1, . . . , n. (2.2.6)

Denote by ∆̃ : Y (gln)→ Y (gln)⊗ Y (gln) the opposite coproduct

∆̃ (T ab (u)) =
n∑
c=1

T ab (u)⊗ T cb (u), a, b = 1, . . . , n. (2.2.7)

Fix a collection of nonnegative integers ξ1, ξ2, . . . , ξn−1. Set ξ = (ξ1, ξ2, . . . , ξn−1) and

ξa = ξ1 + . . .+ ξa, a = 1, . . . , n− 1. Consider the variables tai , a = 1, . . . , n− 1, i = 1, . . . ξa.

We will write

ta = (ta1, . . . , taξa
), t = (t1, . . . , tn−1). (2.2.8)

We will use the ordered product notation for any noncommuting factors X1, . . . , Xk,

→∏
1≤i≤k

Xi = X1X2 . . . Xk,
←∏

1≤i≤k
Xi = XkXk−1 . . . X1.
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Consider the vector space (Cn)⊗ξn−1 and define

[j]
T(tj) =

→∏
1≤k≤ξj

T (ξj−1+k)(tjk),
[k,j]
R (tk, tj) =

→∏
1≤i≤ξk

 ←∏
1≤l≤ξj

R(ξk−1+i,ξj−1+l)(tki − t
j
l )
,

where we view T (ξj−1+k)(tjk) as a matrix with entries in Y (gln) acting on (ξj−1 + k)-th copy

of Cn in (Cn)⊗ξn−1 . For the expression

T̂ξ(t) =
[1]
T(t1) . . .

[n−1]
T (tn−1)

←∏
1≤i≤n−1

 ←∏
1≤j<i

[i,j]
R (ti, tj)

, (2.2.9)

denote by Bξ(t) the following entry

Bξ(t) =
(
T̂ξ(t)

)1ξ1 ,2ξ2 , ...,n−1ξn−1

2ξ1 ,3ξ2 , ...,nξn−1
, (2.2.10)

where

1ξ1 ,2ξ2 , . . . , (n − 1)ξn−1 = 1, 1, . . . 1︸ ︷︷ ︸
ξ1

, 2, 2, . . . 2︸ ︷︷ ︸
ξ2

, . . . , n− 1, n− 1, . . . , n− 1︸ ︷︷ ︸
ξn−1

,

2ξ1 ,3ξ2 , . . . ,nξn−1 = 2, 2, . . . , 2︸ ︷︷ ︸
ξ1

, 3, 3, . . . , 3︸ ︷︷ ︸
ξ2

, . . . , n, n, . . . , n︸ ︷︷ ︸
ξn−1

.

To indicate the dependence on n, if necessary, we will write B〈n〉ξ (t) . For a weight singular

vector v with respect to the action of Y (gln), we call the expression Bξ(t)v the (rational)

vector-valued weight function of weight (ξ1, ξ2 − ξ1, . . . , ξn−1 − ξn−2,−ξn−1) associated with

v.

There is a one-parameter family of automorphisms ρx : Y (gln) → Y (gln) defined in

terms of the series T (u) by the rule ρxT (u) = T (u − x), where in the right-hand side, each

expression (u− x)−s has to be expanded as a power series in u−1.

Denote by eab, a,b = 1, . . . , n, the standard generators of the Lie algebra gln. A vector

v in a gln -module is called singular of weight (Λ1, . . . ,Λn) if eabv = 0 for all a < b and

eaav = Λav for all a = 1, . . . , n.
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The Yangian Y (gln) contains the universal enveloping algebra U(gln) as a Hopf subalge-

bra. The embedding is given by the rule eab 7→ (T ba){1} for all a, b = 1, . . . , n. We identify

U(gln) with its image in Y (gln) under this embedding.

The evaluation homomorphism ε : Y (gln) → U(gln) is given by the rule ε : (T ab )(u) 7→

δab + ebau
−1 for all a, b = 1, ..., n. Both the automorphisms ρx and the homomorphism ε

restricted to the subalgebra U(gln) are the identity maps.

For a gln-module V denote by V (x) the Y (gln)-module induced from V by the homo-

morphism ε ◦ ρx. The module V (x) is called an evaluation module over Y (gln).

A vector v in a Y (gln)-module is called singular with respect to the action of Y (gln) if

T ab (u)v = 0 for all 1 ≤ b < a ≤ n. A singular vector v that is an eigenvector for the action of

T 1
1 (u),...,T nn (u) is called a weight singular vector, and the respective eigenvalues are denoted

by 〈T 1
1 (u)v〉, . . . , 〈T nn (u)v〉.

Example. Let V be a gln-module and v ∈ V be a gln-singular vector of weight (Λ1, . . . ,Λn).

Then v is a weight singular vector with respect to the action of Y (gln) in the evaluation

module V (x) and 〈T aa (u)v〉 = 1 + Λa(u− x)−1, a = 1, . . . , n.

For k < n we consider two embeddings of the algebra Y (glk) into Y (gln), called φk and

ψk:

φk(T 〈k〉(u))ab = (T 〈n〉(u))ab ψk(T 〈k〉(u))ab = (T 〈n〉(u))a+n−k
b+n−k (u) (2.2.11)

a, b = 1, . . . , k. Here (T 〈k〉(u))ab and ((T 〈n〉(u))ab are the series T ab (u) for the algebras Y (glk)

and Y (gln), respectively.

2.3 Combinatorial formulae for the gl4 case

In this section we will focus on the gl4 case. We are interested in writing down the

following expansion for a weight function in a evaluation module over the Y (gl4):

Bξ(t)v =
∑

~m∈Z6
≥0

F~m(t) · em32
32 em31

31 em42
42 em41

41 em21
21 em43

43 v (2.3.1)
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with the functions F~m(t) given by explicit formulas. Various similar expansions for Bξ(t)v

were obtained in [  89 ], however, expansion (  2.3.1 ) is not covered there.

2.3.1 Splitting property of the weight functions

Let T 〈2〉ab (u) be series (  2.2.4 ) for the algebra Y (gl2), and R〈2〉(u) be the corresponding

rational R-matrix, see (  2.2.1 ). Consider two Y (gl2)-module structures on the vector space

C2. The first one, called L(x), is given by the rule

π(x) : T 〈2〉(u) 7→ (u− x)−1R〈2〉(u− x),

and the second one, called L̄(x), is given by the rule

$(x) : T 〈2〉(u) 7→ (x− u)−1
((
R〈2〉(x− u)

)(21))t2
,

where the superscript t2 stands for the matrix transposition in the second tensor factor.

Let w1,w2 be the standard basis of the space C2. The module L(x) is a highest weight

evaluation module with gl2 highest weight (1, 0) and highest weight vector w1. The module

L̄(x) is a highest weight evaluation module with gl2 highest weight (0,−1) and highest weight

vector w2. For any X ∈ End(C2), set ν(X) = Xw1 and ν̄(X) = Xw2.

Recall the coproducts ∆ and ∆̃, see ( 2.2.6 ) and ( 2.2.7 ), and the embeddings ψ2 :

Y (gl2) → Y (gl4) and φ2 : Y (gl2) → Y (gl4) given by (  2.2.11 ). For any k, denote by

∆(k) : Y (gl2) → (Y (gl2))
⊗(k+1) and ∆̃(k) : Y (gl2) → (Y (gl2))

⊗(k+1) the iterated coproduct

and opposite coproduct. Consider the maps

ψ2 (x1, . . . , xk) : Y (gl2)→
(
C2
)⊗k
⊗ Y (gl4),

ψ2(x1, . . . , xk) = (ν⊗k ⊗ id) ◦ (π (x1)⊗ · · · ⊗ π (xk)⊗ ψ2) ◦∆(k),

and

φ2 (x1, . . . , xk) : Y (gl2)→
(
C2
)⊗k
⊗ Y (gl4),
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φ2 (x1, . . . , xk) = (ν̄⊗k ⊗ id) ◦ ($ (x1)⊗ · · · ⊗$2 (xk)⊗ φ2) ◦ ∆̃(k).

For any element g ∈ (C2)⊗k ⊗ Y (gl4), we define its components ga, a = (a1, . . . , ak), by the

rule

g =
2∑

a1,...,ak=1
wa1 ⊗ · · · ⊗wak

⊗ ga.

In the gl4 case, we have ξ = (ξ1, ξ2, ξ3), and formula (  2.2.10 ) takes the form

Bξ(t) =
(

[1]
T(t1)

[2]
T(t2)

[3]
T(t3)

[32]
R (t3, t2)

[31]
R (t3, t1)

[21]
R (t2, t1)

)1ξ1 2ξ2 3ξ3

2ξ1 3ξ2 4ξ3

.

Proposition 2.3.1. Let v be a Y (gl4)-singular vector, ξ1, ξ2, ξ3 be nonnegative integers, and

t = (t11, . . . , t1ξ1 ; t21, . . . , t2ξ2 ; t31, . . . , t3ξ3). Then one has

Bξ(t)v =
∑
a,b

(
T (t2)

)a

b

(
φ2(t2)

(
B〈2〉ξ1

(t1)
))a(

ψ2(t2)
(
B〈2〉ξ3

(t3)
))b−2

v, (2.3.3)

where the sum is taken over all sequences a = (a1, a2, . . . , aξ2), b = (b1, b2, . . . , bξ2), such that

ai ∈ {1, 2}, bi ∈ {3, 4} for all i = 1, . . . , ξ2, b − 2 = (b1 − 2, b2 − 2, . . . , bξ2 − 2), and

(
T (tj)

)a

b
= T (tj1)a1

b1T (tj2)a2
b2 . . . T (tjξj

)aξ2
bξ2
.

Proof. Formula (  2.3.3 ) follows from the definition of the maps ψ2(t2) and φ2(t2) and

Lemma  2.3.2 below.

Lemma 2.3.2. One has

Bξ(t)v =
∑
a,b

(
T (t2)

)a

b

( [21]
R (t2, t1)

[1]
T(t1)

)1ξ1 , 2ξ2 ,3ξ3

2ξ1 , a,3ξ3

( [3]
T(t3)

[32]
R (t3, t2)

)1ξ1 , b, 3ξ3

1ξ1 ,3ξ2 , 4ξ3
v,

where the sum over a, b is the same as in formula ( 2.3.3 ).

Proof. Using Yang-Baxter equation ( 2.2.3 ), we can write B(t) in the following form,

Bξ(t)v =
( [21]
R (t2, t1)

[2]
T(t2)

[1]
T(t1)

[3]
T(t3)

[31]
R (t3, t1)

[32]
R (t3, t2)

)1ξ1 , 2ξ2 , 3ξ3

2ξ1 , 3ξ2 , 4ξ3
v.
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Therefore,

Bξ(t)v =
∑

p,q,r,s

( [21]
R

[2]
T

[1]
T
)1ξ1 ,2ξ2 ,3ξ3

p,q,3ξ3

( [3]
T
)p,q,3ξ3

p,q,r

([31]
R
)p,q,r

2ξ1 ,q,s

( [32]
R
)2ξ1 ,q,s

2ξ1 ,3ξ2 ,4ξ3
v, (2.3.4)

where p = (p1, . . . , pξ1), q = (q1, . . . , qξ2), r = (r1, . . . , rξ3), s = (s1, . . . , sξ3). In (  2.3.4 ), we

omitted the arguments t1, t2, t3 since they can be restored from the context.

We say that r ≥ 3ξ3 if ri ≥ 3 for all i = 1, . . . , ξ3. Observe that by the definition of a

singular vector and the commutation relations

T 3
b (w)T 3

d (u) = w − u− 1
w − u

T 3
d (u)T 3

b (w)− 1
w − u

T 3
d (w)T 3

b (u),

we have
[3]
T(t3)3ξ3

r v = 0 unless r ≥ 3ξ3 .

Furthermore, for r ≥ 3ξ3 , we have by induction on ξ3 that
([31]
R
)p,q,r

2ξ1 ,q,s
= δp,2ξ1 δr,s.

Indeed, for ξ3 = 0, the statement is true. Assume that
([31]
R
)p,q,r

2ξ1 ,q,s
= δp,2ξ1 δr,s for r ≥ 3ξ3

if ξ3 = n − 1, and consider the case ξ3 = n. Let r = (r1, . . . , rn), s = (s1, . . . , sn), r̃ =

(r1, . . . , rn−1), s̃ = (s1, . . . , sn−1), then we have

([31]
R
)p,q,r

2ξ1 ,q,s
=
∑

x

 →∏
1≤i≤n−1

( ←∏
1≤j≤ξ1

R(ξ2+i,j)
)p,q,r̃,rn

x,q,s̃,rn

 ←∏
1≤k≤ξ1

R(ξ3,k)

x,q,s̃,rn

2ξ1 ,q,s̃,sn

. (2.3.5)

Observe that the R-matrix entry Rjl
ik with i 6= l is not zero if and only if i = j and k = l,

and Rik
ik = 1. Because of that and since rn ≥ 3, the last factor

(∏
R(3n,1k)

)x,q,s̃,rn

2ξ1 ,q,s̃,sn
in (  2.3.5 )

equals δx,2ξ1 δrn,sn , and we get

([31]
R
)p,q,r

2ξ1 ,q,s
=
 →∏

1≤i≤n−1

( ←∏
1≤j≤ξ1

R(ξ2+i,j)
)p,q,r̃,rn

2ξ1 ,q,s̃,rn

δrn,sn = δp,2ξ1 δr̃,s̃ δrn,sn = δp,2ξ1 δr,s,

by the induction assumption.

Since
( [3]
T
)p,q,3ξ3

p,q,r
v = 0 unless r ≥ 3ξ3 and

([31]
R
)p,q,r

2ξ1 ,q,s
= δp,2ξ1 δr,s for r ≥ 3, formula

( 2.3.4 ) becomes
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Bξ(t)v =
∑

p,q,r,s

( [21]
R

[2]
T

[1]
T
)1ξ1 ,2ξ2 ,3ξ3

p,q,3ξ3

( [3]
T
)p,q,3ξ3

p,q,r

( [32]
R
)2ξ1 ,q,s

2ξ1 ,3ξ2 ,4ξ3
v,

and can be further transformed as

Bξ(t)v =
∑

a,b,c,r

( [2]
T
)c,a,3ξ3

c,b,3ξ3

( [21]
R
)1ξ1 ,2ξ2 ,3ξ3

c,a,3ξ3

( [1]
T
)c,b,3ξ3

2ξ1 ,b,3ξ1

( [3]
T
)2ξ1 ,b,3ξ3

2ξ1 ,b,r

( [32]
R
)2ξ1 ,b,r

2ξ1 ,3ξ3 ,4ξ3
v,

(2.3.6)

where the sum is over all sequences a = (a1. . . . , aξ2), b = (b1. . . . , bξ2), c = (c1, . . . , cξ1),

r = (r1, . . . , rξ3) such that ai, bi, ci, ri ∈ {1, 2, 3, 4}. Since
( [21]

R
)1ξ1 ,2ξ2 ,3ξ3

c,a,3ξ3
= 0 if ai ≥ 3 for

some i, and
( [32]
R
)2ξ1 ,b,r

2ξ1 ,3ξ3 ,4ξ3
= 0 if bi ≤ 2 for some i, terms in the sum in the right-hand side

of ( 2.3.6 ) equal zero unless ai ∈ {1, 2} and bi ∈ {3, 4} for all i. Taking the sum over c and r

in formula (  2.3.6 ) we get the statement of Lemma  2.3.2 .

Example. Here we illustrate the proof of the relation
([31]
R
)p,q,r

2ξ1 ,q,s
= δp,2ξ1 δr,s if r ≥ 3ξ3 for

ξ1 = ξ3 = 2. In this case, p = (p1, p2), r = (r1, r2), s = (s1, s2), and

([31]
R
)p,q,r

22,q,s
=

∑
a,b,c,d

Rp2r1
ab (t31 − t12) Rp1b

cs1 (t31 − t11) Rar2
2d (t32 − t12) Rcd

2s2(t32 − t11).

For r1 ≥ 3, r2 ≥ 3, we have Rar2
2d (t32 − t12) = δa,2 δr2,d, thus

([31]
R
)p,q,r

22,q,s
=
∑
b,c

Rp2r1
2b (t31 − t12) Rp1b

cs1 (t31 − t11) Rcr2
2s2(t32 − t11).

Then Rcr2
2s2(t32 − t11) = δc,2 δr2,s2 and Rp2r1

2b (t31 − t12) = δp2,2 δr1,b, so that

([31]
R
)p,q,r

22,q,s
= Rp1r1

2s1 (t31 − t11) δp2,2 δr2,s2 = δp2,2 δp1,2 δr1,s1 δr2,s2 = δp,22 δr,s.

2.3.2 Main theorem for the gl4 case

The main result of this section is Theorem  2.3.9 formulated at the end of this section.

We will approach it in several steps.
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For a nonnegative integer k, set

Qm (t1, . . . , tm) =
∏

16i<j6m

ti − tj − 1
ti − tj

. (2.3.7)

For an expression f (t1, . . . , tm), define

Symt f (t1, . . . , tm) =
∑
σ∈Sm

f (tσ1 , . . . , tσm) ,

and

Symt f(t1, . . . , tm) = Symt (f(t1, . . . , tm)Qm (t1, . . . , tm)) . (2.3.8)

Proposition 2.3.3. Let ξ be a nonnegative integer and t = (t1, . . . , tξ). Then

∆
(
B〈2〉ξ (t)

)
=

=
ξ∑

η=0

1
(ξ − η)!η!Symt

[(
B〈2〉η (t1, . . . , tη)⊗ B〈2〉ξ−η (tη+1, . . . , tξ)

)( ξ∏
i=η+1

T
〈2〉
22 (ti)⊗

η∏
j=1

T
〈2〉
11 (tj)

)]
.

This proposition goes back to [  55 ], [  92 ]. For convenience, we give its proof in Section  2.3.5 .

Given a subset I of {1, 2 . . . , k} denote by I∗ the complement of I in {1, 2, . . . , k}. Define

a vector wI ∈ (C2)⊗k by the rule

wI = wa1 ⊗wa2 ⊗ . . .⊗wak
,

where ai = 2 if i ∈ I, and ai = 1 if i 6∈ I.

Fix a Y (gl2)-module V and a weight singular vector v ∈ V with respect to the Y (gl2)-

action,

T
〈2〉
21 (u)v = 0, T

〈2〉
11 (u)v = 〈T 〈2〉11 (u)v〉v, T

〈2〉
22 (u)v = 〈T 〈2〉22 (u)v〉v.

Here 〈T 〈2〉11 (u)v〉 and 〈T 〈2〉22 (u)v〉 are the corresponding eigenvalues. Given complex numbers

z1, . . . , zk, consider the Y (gl2)-module L(z1) ⊗ · · · ⊗ L(zk) ⊗ V . Observe that w⊗k1 ⊗ v is a

weight singular vector with respect to the action of Y (gl2) in this module.
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Proposition 2.3.4. For the Y (gl2)-module L(z1)⊗ · · · ⊗ L(zk)⊗ V , we have

B〈2〉ξ (t)
(
w⊗k1 ⊗ v

)
=

=
∑
I

1
(ξ − |I|)!Symt

FI(t, z)
|I|∏
a=1
〈T 〈2〉11 (ta) v〉

(
wI ⊗ B〈2〉ξ−|I|(t|I|+1, . . . , tξ)v

) , (2.3.9)

where the sum is over all subsets I ⊂ {1, . . . , k} such that |I| ≤ ξ, and for a given I = {i1 <

i2 < . . . < i|I|},

FI(t, z) =
|I|∏
a=1

 1
ta − zia

k∏
m=ia+1

ta − zm + 1
ta − zm

. (2.3.10)

Proof. Observe that for each Y (gl2)-module L(zi), i = 1, . . . , k, the corresponding vector

w1 ∈ L(zi) is a weight singular vector:

T
〈2〉
11 (u)w1 =

(
1 + (u− zi)−1

)
w1, T

〈2〉
22 (u)w1 = w1, T

〈2〉
21 w1 = 0.

Moreover, B〈2〉1 (u)w1 = T
〈2〉
12 (u)w1 = (u − zi)−1w2 and B〈2〉ζ (u1, . . . , uζ)w1 = 0 for ζ ≥ 2.

Then formula (  2.3.9 ) follows from Proposition  2.3.3 by induction on k.

Given complex numbers z1, . . . , zk, consider the Y (gl2)-module V ⊗ L̄(zk)⊗ · · · ⊗ L̄(z1).

Observe that v⊗w⊗k2 is a weight singular vector with respect to the action of Y (gl2) in this

module.

Proposition 2.3.5. For the Y (gl2) module V ⊗ L̄(zk)⊗ · · · ⊗ L̄(z1), we have

B〈2〉ξ (t)
(
v ⊗w⊗k2

)
=

∑
I

1
(ξ − |I|)!Symt

F̃I(t, z)
|I|∏
i=1
〈T 〈2〉22

(
tξ−|I|+i

)
v〉
(
B〈2〉ξ−|I|

(
t1, . . . , tξ−|I|

)
v ⊗wI∗) , (2.3.11)

where the sum is over all subsets I ⊂ {1, . . . , k} such that |I| ≤ ξ, and for a given I = {i1 <

i2 < . . . < i|I|},

F̃I(t, z) =
|I|∏
a=1

 1
zia − tξ−a+1

k∏
m=ia+1

zm − tξ−a+1 + 1
zm − tξ−a+1

. (2.3.12)
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Proof. Observe that for each Y (gl2)-module L̄(zi), i = 1, . . . , k, the corresponding vector

w2 ∈ L̄(zi) is a weight singular vector:

T
〈2〉
11 (u)w2 = w2, T

〈2〉
22 (u)w2 =

(
1 + (zi − u)−1

)
w2, T

〈2〉
21 (u)w2 = 0.

Moreover, B〈2〉1 (u)w2 = T
〈2〉
12 (u)w2 = (zi − u)−1w2 , and B〈2〉ζ (u1, . . . , uζ)w2 = 0 for ζ ≥ 2.

Then formula (  2.3.11 ) follows from Proposition  2.3.3 by induction on k.

For t = (t1, . . . , tξ), z = (z1, . . . .zk), y ∈ C, and a subset I = {i1 < i2 < . . . < i|I|} ⊂

{1, . . . , k}, define the functions

VI(t, z, y) = 1
(ξ − |I|)!Symt

(
FI(t, z)

|I|∏
a=1

(ta − y)
)

(2.3.13)

and

ṼI(t, z, y) = 1
(ξ − |I|)!Symt

(
F̃I(t, z)

|I|∏
a=1

(tξ−a+1 − y)
)
. (2.3.14)

Consider the collection Sp,q,r,k of pairs of subsets of {1, . . . , k} with given cardinalities of

the subsets and their intersection. Namely,

Sp,q,r,k = {(I, J) | I, J ⊂ {1, . . . , k}, |I| = p, |J | = q, |I ∩ J | = r} .

For I ⊂ {1, . . . , k}, set Ǐ = {k − i+ 1, i ∈ I}.

Theorem 2.3.6. Let V be a gl4-module and let v ∈ V be a gl4-singular vector of weight

(Λ1,Λ2,Λ3,Λ4). Let ξ1, ξ2, ξ3 be nonnegative integers, t1 = (t11, . . . , t1ξ1), t2 = (t21, . . . , t2ξ2),

t3 = (t31, . . . , t3ξ3), and t = (t1, t2, t3). For every triple (p, q, r), p = 0, . . . ,min(ξ2, ξ3), q =

0, . . . ,min(ξ2, ξ1), r = max(0, p + q − ξ2), . . . ,min(p, q), fix a pair (Ip,q,r, Jp,q,r) ∈ Sp,q,r,ξ2.

Then,
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1. In the evaluation Y (gl4)-module V (x), one has

Bξ(t)v =
3∏

a=1

ξa∏
i=1

1
tai − x

×

×
min(ξ2,ξ3)∑

p=0

min(ξ2,ξ1)∑
q=0

min(p,q)∑
r=max(0,p+q−ξ2)

Symt2

(
VǏp,q,r

(t3, t2, x− Λ3) ṼJp,q,r(t1, ť
2
, x− Λ2)

)
×

× eξ2−p−q+r
32 eq−r31 ep−r42 er41e

ξ1−q
21 eξ3−p

43 v

(p− r)!(q − r)! r!(ξ2 − p− q − r)!
,

(2.3.15)

where ť
2 = (t2ξ2 , . . . , t

2
1).

2. The function Symt2

(
VǏp,q,r

(t3, t2, x− Λ3)ṼJp,q,r(t1, ť
2
, x− Λ2)

)
in ( 2.3.15 ) does not de-

pend on the choice of the pair (Ip,q,r, Jp,q,r).

Proof. First statement follows from Propositions  2.3.7 and  2.3.8 given below. The second

statement is an immediate corollary of Proposition  2.3.8 .

Propositions  2.3.7 and  2.3.8 are proved in Sections  2.3.3 and  2.3.4 , respectively.

Proposition 2.3.7. In the notation of Theorem  2.3.6 , we have

Bξ(t)v =
3∏

a=1

ξa∏
i=1

1
tai − x

×

×
min(ξ2,ξ3)∑

p=0

min(ξ2,ξ1)∑
q=0

min(p,q)∑
r=max(0,p+q−ξ2)

( ∑
(I,J)∈Sp,q,r,ξ2

ṼJ(t1, t2, x− Λ2)VI(t3, t2, x− Λ3)×

×eξ2−p−q+r
32 eq−r31 ep−r42 er41e

ξ1−q
21 eξ3−p

43 v
)

.

(2.3.16)

Proposition 2.3.8. In the notation of Theorem  2.3.6 , we have

∑
(I,J)∈Sp,q,r,ξ2

ṼJ(t1, t2, x− Λ2)VI(t3,t2, x− Λ3) =

=
Symt2

(
VǏ0

(t3, t2, x− Λ3) ṼJ0(t1, ť
2
, x− Λ2)

)
(p− r)!(q − r)! r!(ξ2 − p− q − r)!

,

(2.3.17)

where (I0, J0) is any pair from Sp,q,r,ξ2 .
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Below we reformulate Theorem  2.3.6 in a more closed form.

Theorem 2.3.9. Let V be a gl4-module and let v ∈ V be a gl4-singular vector of weight

(Λ1,Λ2,Λ3,Λ4). Let ξ1, ξ2, ξ3 be nonnegative integers, t1 = (t11, . . . , t1ξ1), t2 = (t21, . . . , t2ξ2),

t3 = (t31, . . . , t3ξ3), and t = (t1, t2, t3). For every triple (p, q, r), p = 0, . . . ,min(ξ2, ξ3), q =

0, . . . ,min(ξ2, ξ1), r = max(0, p+ q− ξ2), . . . ,min(p, q), fix two sequences i = {i1 < . . . < ip}

and j = {j1 < . . . < jq}, such that |{i1, . . . , ip} ∩ {j1, . . . , jq}| = r. Then,

1. In the evaluation Y (gl4)-module V (x), one has

Bξ(t)v =
3∏

a=1

ξa∏
i=1

1
tai − x

×

×
min(ξ2,ξ3)∑

p=0

min(ξ2,ξ1)∑
q=0

min(p,q)∑
r=max(0,p+q−ξ2)

Symt1 Symt2 Symt3 Gi,j(t)×

× eξ2−p−q+r
32 eq−r31 ep−r42 er41e

ξ1−q
21 eξ3−p

43 v

(ξ2 − p− q + r)!(q − r)!(p− r)! r!(ξ1 − q)!(ξ3 − p)!
,

(2.3.18)

where

Gi,j(t) =
p∏
a=1

(
t3a − x+ Λ3

t3a − t2ia

ξ2∏
m=ia+1

t3a − t2m + 1
t3a − t2m

)
×

×
q∏
s=1

( t1ξ1−q+s − x+ Λ2

t2js − t1ξ1−q+s

ξ2−js∏
l=1

t2l − t1ξ1−q+s + 1
t2l − t1ξ1−q+s

)
.

(2.3.19)

2. The function Symt1 Symt2 Symt3 Gi,j(t) does not depend on the choice of the se-

quences i, j.

Proof. Given the pair (Ip,q,r, Jp,q,r) from the formulation of Theorem  2.3.6 , define the

sequences i = {i1 < . . . < ip} and j = {j1 < . . . < jq} by the rule

Ip,q,r = {ξ2−i1+1, ξ2−i2+1, . . . , ξ2−ip+1}, Jp,q,r = {ξ2−j1+1, ξ2−j2+1, . . . , ξ2−jq+1}.

Notice that {i1, . . . , ip} = Ǐp,q,r, {j1, . . . , jq} = J̌p,q,r, and

|{i1, . . . , ip} ∩ {j1, . . . , jq}| = |Ip,q,r ∩ Jp,q,r| = r.
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Then combining formulas (  2.3.10 ), ( 2.3.12 ),( 2.3.13 ), ( 2.3.14 ), we obtain that

VǏp,q,r
(t3, t2, x− Λ3) = 1

(ξ3 − p)!
Symt3

p∏
a=1

t3a − x+ Λ3

t3a − t2ia

ξ2∏
m=ia+1

t3a − t2m + 1
t3a − t2m

 (2.3.20)

and
ṼJp,q,r(t1, ť

2
, x− Λ2) =

= 1
(ξ1 − q)!

Symt1

q∏
b=1

t1ξ1−b+1 − x+ Λ2

t2jq−b+1
− t1ξ1−b+1

ξ2−jq−b+1∏
l=1

t2l − t1ξ1−b+1 + 1
t2l − t1ξ1−b+1

 .
After substituting b = q + 1− s, the last formula becomes

ṼJp,q,r(t1, ť
2
, x− Λ2) =

= 1
(ξ1 − q)!

Symt1

q∏
s=1

t1ξ1−q+s − x+ Λ2

t2js − t1ξ1−q+s

ξ2−js∏
l=1

t2l − t1ξ1−q+s + 1
t2l − t1ξ1−q+s

 . (2.3.21)

Plugging (  2.3.20 ), ( 2.3.21 ) into formula (  2.3.15 ) we obtain formulas (  2.3.18 ), (  2.3.19 ).

Item 2) reformulates item 2) of Theorem  2.3.6 .

Example. Below we give two examples of natural choices of the sequences i, j in Theorem

 2.3.9 and write down the corresponding expressions for the function Gi,j(t), see formula

( 2.3.19 ).

1. i = i1 = {1 < . . . < p}, j = j1 = {p+ 1− r < . . . < p+ q − r}. Then

Gi1,j1(t) =
p∏
a=1

t3a − Λ3

t3a − t2a

ξ2∏
m=a+1

t3a − t2m + 1
t3a − t2m

×
×

q∏
c=1

 t1ξ1−q+c − Λ2

t2p−r+c − t1ξ1−q+c

ξ2−p+r−c∏
l=1

t2l − t1ξ1−q+c + 1
t2l − t1ξ1−q+c

 .

2. i = i2 = {q + 1− r < . . . < q + p− r}, j = j2 = {1 < . . . < q}. Then

Gi2,j2(t) =
p∏
a=1

 t3a − Λ3

t3a − t2q−r+a

ξ2∏
m=q−r+a+1

t3a − t2m + 1
t3a − t2m

×
×

q∏
b=1

t1ξ1−b+1 − Λ2

t2b − t1ξ1−b+1

ξ2−b∏
l=1

t2l − t1ξ1−b+1 + 1
t2l − t1ξ1−b+1

 .
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Notice that the equality

Symt1 Symt2 Symt3 Gi1,j1(t) = Symt1 Symt2 Symt3 Gi2,j2(t),

stated in item 2) of Theorem  2.3.9 , is not obvious.
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2.3.3 Proof of Proposition  2.3.7 

Let V be a gl4-module and v ∈ V a gl4-singular vector of weight (Λ1,Λ2,Λ3,Λ4). Let

ξ1, ξ2, ξ3 be nonnegative integers, t1 = (t11, . . . , t1ξ1), t2 = (t21, . . . , t2ξ2), t3 = (t31, . . . , t3ξ3) and

t = (t1, t2, t3). Recall that in the evaluation Y (gl4)-module V (x), we have T ab (u) = δab +

eba(u− x)−1, thus

T aa (u)v = u− x+ Λa

u− x
v.

By Proposition  2.3.1 ,

Bξ(t)v =
∑
a,b

( [2]
T(t2)

)a

b

(
φ2(t2)

(
B〈2〉ξ1

(t1)
))a(

ψ2(t2)
(
B〈2〉ξ3

(t3)
))b−2

v, (2.3.22)

where the sum is taken over all sequences a = (a1, a2, . . . , aξ2), b = (b1, b2, . . . , bξ2), such that

ai ∈ {1, 2}, and bi ∈ {3, 4} for all i = 1, . . . , ξ2.

Let ψV (x) be the Y (gl2)-module obtained by pulling back the module V (x) through

the embedding ψ2. In order to compute
(
ψ2(t2)

(
B〈2〉ξ3

(t3)
))b

v, we take the weight function

B2
ξ3(t3)

(
w⊗ξ2

1 ⊗ v
)

in the Y (gl2)-module L(t21)⊗· · ·⊗L(t2ξ2 )⊗ ψV (x) and apply Proposition

 2.3.4 for k = ξ2. Then we obtain

(
ψ2(t2)

(
B〈2〉ξ3

(t3)
))b−2

v =

= 1
(ξ3 − |I|)!

Symt3

FI(t3, t2)
|I|∏
m=1

t3m − x+ Λ3

t3m − x

ξ3∏
r=|I|+1

1
t3r − x

 eξ3−|I|
43 v,

where the subset I ⊂ {1, . . . , ξ2} and the sequence b = (b1, . . . , bξ2) are related as follows:

bj = 3 if j /∈ I and bj = 4 if j ∈ I. Therefore, by formula (  2.3.14 ) we have

(
ψ2(t2)

(
B〈2〉ξ3

(t3)
))b−2

v =
ξ3∏
r=1

1
t3r − x

VI(t3, t2, x− Λ3) eξ3−|I|
43 v.

The next step is to compute
(
φ2(t2)

(
B〈2〉ξ3

(t3)
))a

e
ξ3−|I|
43 v. Notice that for any nonnegative

integer m, we have

T 2
1 (u)em43v = 0, T 2

2 (u)em43v = u− x+ Λ2

u− x
em43v, T 1

1 (u)em43v = u− x+ Λ1

u− x
em43v.
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Let φV (x) the Y (gl2)-module obtained by pulling back V (x) through the embedding φ2. To

compute the
(
φ2(t2)

(
B〈2〉ξ3

(t3)
))a

e
ξ3−|I|
43 v, we take the weight function B2

ξ1(t1)(eξ3−|I|
43 v⊗w⊗ξ2

2 )

in the Y (gl2)-module φV (x) ⊗ L(t2ξ2 ) ⊗ · · · ⊗ L (t21) and apply Proposition  2.3.5 for k = ξ2.

Then we obtain

(
φ2(t2)

(
B〈2〉ξ1 (t1)

))a

e
ξ3−|I|
43 v =

= 1
(ξ1 − |J |)!

Symt1

F̃J(t1, t2)
|J |∏
m=1

t1m − x+ Λ2

t1m − x

ξ1∏
r=|J |

1
t1r − x

 eξ1−|J |
21 e

ξ3−|I|
43 v,

where the subset J ⊂ {1, . . . , ξ2} and the sequence a = (a1, . . . , aξ2) are related as follows:

aj = 1 if j ∈ J and aj = 2 if j /∈ J . Therefore, by formula (  2.3.13 ) we have

(
φ2(t2)

(
B〈2〉ξ1 (t1)

))a

e
ξ3−|I|
43 v =

ξ1∏
r=1

1
t1r − x

ṼJ(t1, t2, x− Λ2) eξ1−|J |
21 e

ξ3−|I|
43 v.

Finally, for the sequences a, b that are related to the sets I, J as above, we have

([2]
T(t2)

)a

b
=

ξ2∏
r=1

1
t2r − x

eξ2−p−q+r
32 eq−r31 ep−r42 er41, (2.3.23)

where p = |I|, q = |J |, r = |I ∩ J |.

Now formula ( 2.3.16 ) follows from formulas (  2.3.22 )–( 2.3.23 ).
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2.3.4 Proof of Proposition  2.3.8 

Consider the algebra A generated by two commuting copies of the symmetric group Sk

and rational functions of z1, . . . , zk subject to relations ( 2.3.24 ) below. We denote the copies

of Sk in A by Ṡk and S̈k, and mark elements of Ṡk and S̈k by the corresponding dots, keeping

the notation Sk without dots for the abstract symmetric group.

Let z = (z1, . . . , zk) and zσ = (zσ(1), . . . , zσ(k)). The additional relations in A are

σ̇f(z) = f(zσ) σ̇, τ̈ f(z) = f(z) τ̈ . (2.3.24)

For a = 1, . . . , k − 1, let sa ∈ Sk be the transposition of a and a + 1. Consider the

elements ŝ1, . . . , ŝk of A,

ŝa =
(

za − za+1

za − za+1 − 1 s̈a −
1

za − za+1 − 1

)
ṡa. (2.3.25)

It is straightforward to check that they satisfy the following relations,

ŝaŝa+1ŝa = ŝa+1ŝaŝa+1, ŝ2
a = 1.

Therefore, the assignment sa 7→ ŝa defines an algebra homomorphism CSk → A. For any

σ ∈ Sk, we denote by σ̂ the corresponding element of A. Every element σ̂ can be written in

the following form

σ̂ =
∑
τ∈Sk

Xσ,τ (z) τ̈ σ̇, (2.3.26)

where Xσ,τ (z) are functions of z1, . . . , zk.

Let |σ| denote the length of σ ∈ Sk.

Lemma 2.3.10. The functions Xσ,τ (z) have the following properties ,

Xσ,τ (z) = 0 if |τ | > |σ|, (2.3.27)

Xσ,τ (z) = δσ,τXσ,σ(z) if |τ | = |σ|, (2.3.28)
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Xσ,σ(z) =
∏

a<b,σ−1(a)>σ−1(b)

za − zb
za − zb − 1 . (2.3.29)

Proof. Formulas (  2.3.27 ),( 2.3.28 ) follow from formula (  2.3.25 ) by inspection. Formula

( 2.3.29 ) can be shown by induction on |σ|.

Denote by σ0 the longest element of Sk, σ0(i) = k − i+ 1, i = 1, . . . , k. Let

Φ(z) =
∏
a<b

za − zb − 1
za − zb

.

Notice that

Φ(z) = 1
Xσ0,σ0(z) . (2.3.30)

Lemma 2.3.11. One has

∑
λ∈Sk

Xλ,ρ(z)Φ(zλσ0)Xσ0λ−1,σ0τ−1(zλσ0) = δρ,τ . (2.3.31)

Proof. Since σ̂τ = σ̂τ̂ , by formula (  2.3.26 ) we have

Xστ,ρ(z) =
∑
π

Xσ,π(z)Xτ,π−1ρ(zσ). (2.3.32)

Taking here ρ = σ0, and using Lemma  2.3.10 and formula (  2.3.30 ), we get

∑
π

Xσ,π(z)Xτ,π−1σ0(zσ) = δστ,σ0

1
Φ(z) . (2.3.33)

Replacing now z by zσ
−1 in formula (  2.3.33 ) and taking there τ = µ−1σ0, we get

∑
π

Xσ,π(zσ−1)Xµ−1σ0,π−1σ0(z) = δσ,µ
1

Φ(zσ−1) . (2.3.34)

Formula ( 2.3.34 ) can be understood as the matrix equality AB = C for k! × k! matrices

A,B,C with entries labeled by permutations:

Aσ,π = Xσ,π(zσ−1), Bπ,µ = Xµ−1σ0,π−1σ0(z), Cσ,µ = δσ,µ
1

Φ(zσ−1) .
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Therefore the product BC−1A equals the identity matrix, which can be written as follows:

∑
µ

Xµ−1σ0,π−1σ0(z)Φ(zµ−1)Xµ,σ(zµ−1) = δπ,σ .

After the substitution λ = µ−1σ0, ρ = π−1σ0, τ = σ−1σ0, we get formula (  2.3.31 ).

Lemma 2.3.12. One has

Xµ,σ(zsa) = za − za+1

za − za+1 + 1Xsaµ,saσ(z) + 1
za − za+1 + 1Xsaµ,σ(z). (2.3.35)

Proof. By formulas (  2.3.25 ), (  2.3.26 ), we have

Xsa,sa(z) = za − za+1

za − za+1 − 1 , Xsa,id(z) = −1
za − za+1 − 1 ,

and Xsa,τ (z) = 0, otherwise. Therefore, by formula (  2.3.32 ) we obtain

Xsaπ,σ(z) = za − za+1

za − za+1 − 1Xπ,saσ(zsa)− 1
za − za+1 − 1Xπ,σ(zsa).

Replacing here z by zsa and making the substitution π = saµ, we get formula (  2.3.35 ).

Lemma 2.3.13. One has

Xµ,σ(zsaµ−1) = za − za+1

za − za+1 − 1Xµsa,σsa(zsaµ−1)− 1
za − za+1 − 1Xµsa,σ(zsaµ−1). (2.3.36)

Proof. By formula (  2.3.32 ), we have

Xµsa,σ(z) =
∑
π

Xµ,π(z)Xsa,π−1σ(zµ).

Thus

Xµsa,σ(z) =
∑
π

Xµ,π(z)Xsa,π−1σ(zµ) = Xµ,σ(z)Xsa,id(zµ) +Xµ,σsa(z)Xsa,sa(zµ).
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Replacing here z by zµ
−1 , we get

Xµsa,σ(zµ−1) = Xµ,σ(zµ−1)Xsa,id(z) +Xµ,σsa(zµ−1)Xsa,sa(z).

Substituting now µ with µsa, we obtain (  2.3.36 ).

For σ ∈ Sn and a subset I = {i1, . . . , im} ⊂ {1, . . . , n}, denote

σ(I) = {σ(i1), . . . , σ(im)}.

Recall the functions VI(t, z, y), ṼJ(t, z, y), see formulas ( 2.3.10 ),( 2.3.13 ) and (  2.3.12 ),( 2.3.14 ).

Lemma 2.3.14. For each a = 1, . . . , k − 1, we have

VI(t; zsa , y) = za+1 − za
za+1 − za − 1Vsa(I)(t, z, y)− 1

za+1 − za − 1VI(t, z, y), (2.3.37)

ṼI(t; zsa , y) = za − za+1

za − za+1 − 1 Ṽsa(I)(t, z, y)− 1
za − za+1 − 1 ṼI(t, z, y). (2.3.38)

Proof. By the structure of formulas (  2.3.10 ),( 2.3.13 ) for the function VI(t, z, y), it is

enough to prove formula (  2.3.37 ) for k = 2. In this case, the statement follows from the

identities:

1 = z′ − z
z′ − z − 1 −

1
z′ − z − 1 ,

1
t− z′

· t− z + 1
t− z

= z′ − z
z′ − z − 1 ·

1
t− z′

− 1
z′ − z − 1 ·

1
t− z

· t− z
′ + 1

t− z′
,

(t′ − z)(t− z′ + 1)(t− t′ − 1)− (t− z)(t′ − z′ + 1)(t′ − t− 1) =

= (t′ − z′)(t− z + 1)(t− t′ − 1)− (t− z′)(t′ − z + 1)(t′ − t− 1).

The proof of formula (  2.3.38 ) is similar by using formulas (  2.3.12 ),( 2.3.14 ) for functions

ṼJ(t, z, y).
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The statement of Proposition  2.3.8 is given by formula ( 2.3.17 ). It can be written as

follows

∑
(I,J)∈Sp,q,r,k

VI(t3, z, x− Λ3) ṼJ(t1, z, x− Λ2) =

= 1
Cp,q,r,k

∑
σ∈Sk

Vσ0(I0)(t3, zσ, x− Λ3) ṼJ0(t1, zσσ0 , x− Λ2) Φ(zσ),
(2.3.39)

where Sp,q,r,k in the left-hand side is the set of all pairs of subsets I, J of {1, . . . , k}, such

that |I| = p, |J | = q, |I ∩ J | = r, and we use k = ξ2, z = t2. In the right-hand side,

Cp,q,r,k = (p − r)!(q − r)! r!(k − p − q − r)! and (I0, J0) is any fixed pair from Sp,q,r,k. We

also expanded Symt2 according to formulas (  2.3.7 ),(( 2.3.8 ), and observed that Ǐ0 = σ0(I0),

ť
2 = zσ0 .

In the rest of the proof, we will suppress the arguments t1, t3, x−Λ2, x−Λ3 because they

are the same in both sides of formula (  2.3.39 ) and will never be changed in the reasoning.

Notice that every pair (I, J) ∈ Sp,q,r,k can be obtained from an arbitrary fixed pair

(I0, J0) ∈ Sp,q,r,k by the action of the symmetric group Sk. Therefore, the left-hand side of

the formula (  2.3.39 ) can be written in the following way

∑
(I,J)∈Sp,q,r,k

ṼJ(z)VI(z) = 1
Cp,q,r,k

∑
σ∈Sk

Ṽσ(J0)(z)Vσ(I0)(z). (2.3.40)

Using Lemma  2.3.11 , we get

∑
σ∈Sk

Ṽσ(J0)(z)Vσ(I0)(z) =
∑

σ,π,τ∈Sk

Ṽσ(J0)(z)Xπ,σ(z)Φ(zπσ0)Xσ0π−1,σ0τ−1(zπσ0)Vτ(I0)(z),

(2.3.41)

since from formula (  2.3.31 )

∑
π∈Sk

Xπ,σ(z)Φ(zπσ0)Xσ0π−1,σ0τ−1(zπσ0) = δσ,τ .

Lemma 2.3.15. We have

∑
σ∈Sk

Ṽσ(J0)(z)Xπ,σ(z) = ṼJ0(zπ). (2.3.42)
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Proof. We will use induction on the length of the permutation π. For π = id, formula

( 2.3.42 ) is clear, and for π = sa with some a = 1, . . . , k − 1, formula (  2.3.42 ) coincides with

formula (  2.3.38 ). For the induction step, we find a such that |saπ| = |π| − 1, and denote

ρ = saπ. Then by the induction assumption

∑
σ

Ṽσ(J0)(z)Xρ,σ(z) = ṼJ0(zρ).

Replacing here z by zsa , we get

∑
σ

Ṽσ(J0)(zsa)Xρ,σ(zsa) = ṼJ0(zsaρ) = ṼJ0(zπ). (2.3.43)

Using formulas (  2.3.35 )), (  2.3.38 ), the left-hand side of (  2.3.43 )) becomes

∑
σ

(za − za+1)2

(za − za+1)2 − 1 Ṽsaσ(J0)(z)Xsaρ,saσ(z) +
∑
σ

za − za+1

(za − za+1)2 − 1 Ṽsaσ(J0)(z)Xsaρ,σ(z)−

−
∑
σ

za − za+1

(za − za+1)2 − 1 Ṽσ(J0)(z)Xsaρ,saσ(z)−
∑
σ

1
(za − za+1)2 − 1 Ṽσ(J0)(z)Xsaρ,σ(z).

Changing the summation index in the first and second sums from σ to saσ, we observe that

the second and third sums cancel each other, while the first and forth sums combine together

and simplify to the expression

∑
σ

Ṽσ(J0)(z)Xsaρ,σ(z) =
∑
σ

Ṽσ(J0)(z)Xπ,σ(z),

which appears in the left-hand side of formula (  2.3.42 ).

Lemma 2.3.16. We have

∑
τ

Vτ(I0)(z)Xσ0π−1,σ0τ−1(zπσ0) = Vσ0(I0)(zπσ0). (2.3.44)
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Proof. Recall the notation σ0(I0) = Ǐ0. Transform formula (  2.3.44 ) by making the sub-

stitutions µ = σ0π
−1, σ = σ0τ

−1,

∑
σ

Vσ−1(Ǐ0)(z)Xµ,σ(zµ−1) = VǏ0
(zµ−1). (2.3.45)

The rest of the proof is analogous to that of Lemma  2.3.15 .

To prove formula (  2.3.45 ), we will use induction on the length of µ. For µ = id, formula

( 2.3.45 ) is clear, and for µ = sa with some a = 1, . . . , k − 1, formula (  2.3.45 ) coincides with

formula (  2.3.37 ). For the induction step, we find a such that |µsa| = |µ| − 1, and denote

ρ = µsa. Then by the induction assumption,

∑
σ

Vσ−1(Ǐ0)(z)Xρ,σ(zρ−1) = VǏ0
(zρ−1),

and replacing here z by zsa , we get

∑
σ

Vσ−1(Ǐ0)(zsa)Xρ,σ(zsaρ−1) = VǏ0
(zµ−1) = VǏ0

(zsaρ−1). (2.3.46)

Using formulas (  2.3.36 ), (  2.3.37 ), the left-hand of (  2.3.46 ) side becomes

∑
σ

(za+1 − za)2

(za+1 − za)2 − 1Vsaσ−1(Ǐ0)(z)Xρsa,σsa(zsaρ−1)−

−
∑
σ

za − za+1

(za − za+1)2 − 1Vsaσ−1(Ǐ0)(z)Xρsa,σ(zsaρ−1)+

+
∑
σ

za − za+1

(za − za+1)2 − 1Vσ−1(Ǐ0)(z)Xρsa,σsa(zsaρ−1)−

−
∑
σ

1
(za+1 − za)2 − 1Vσ−1(Ǐ0)(z)Xρsa,σ(zsaρ−1).

Changing the summation index in the first and second sums from σ to σsa, we observe that

the second and third sums cancel each other, while the first and the forth sums combine

together and simplify to the expression

∑
σ

Vσ−1(Ǐ0)(z)Xρsa,σ(zsaρ−1) =
∑
σ

Vσ−1(Ǐ0)(z)Xµ,σ(zµ−1),
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which appears in the left-hand side of formula (  2.3.44 ).

Using Lemmas  2.3.15 and  2.3.16 , we evaluate the sums over σ and τ in the right-hand

side of the formula ( 2.3.41 ) and get the equality

∑
σ∈Sk

Ṽσ(J0)(z)Vσ(I0)(z) =
∑
π

Vσ0(I0)(zπσ0)ṼJ0(zπ)Φ(zπσ0). (2.3.47)

Using formula ( 2.3.40 ) in the left-hand side and making the substitution π = σσ0 in the

right-hand side we obtain that ( 2.3.47 ) can be written as

∑
(I,J)∈Sp,q,r,k

ṼJ(z)VI(z) = 1
Cp,q,r,k

∑
σ

Vσ0(I0)(zσ)ṼJ0(zσσ0)Φ(zσ),

which is formula (  2.3.39 ). Proposition  2.3.8 is proved.
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2.3.5 Proof of the coproduct formula

In this section we will consider only the algebra Y (gl2) and, for convenience, we will not

write the superscript 〈2〉. We will use the commutation relations

T11(u)T11(t) = T11(t)T11(u), T12(u)T12(t) = T12(t)T12(u), T22(u)T22(u) = T22(t)T22(u),

(2.3.48)

T11(u)T12(t) = u− t− 1
u− t

T12(t)T11(u) + 1
u− t

T12(u)T11(t), (2.3.49)

T22(u)T12(t) = u− t+ 1
u− t

T12(t)T22(u)− 1
u− t

T12(u)T22(t), (2.3.50)

following from the defining relations in Y (gl2), see (  2.2.5 ). We will also use the next state-

ment.

Proposition 2.3.17. One has

T11(u)T12(t1) . . . T12(tk) =
k∏
i=1

u− ti − 1
u− ti

T12(t1) . . . T12(tk)T11(u)+

+
k∑
l=1

1
u− tl

k∏
m=1
m6=l

tl − tm − 1
tl − tm

T12(t1) . . . T12(tl−1)T12(tl+1) . . . T12(tk)T12(u)T11(tl),

(2.3.51)

and

T22(u)T12(t1) . . . T12(tk) =
k∏
i=1

u− ti + 1
u− ti

T12(t1) . . . T12(tk)T22(u)−

−
k∑
l=1

1
u− tl

k∏
m=1
m 6=l

tl − tm + 1
tl − tm

T12(t1) . . . T12(tl−1)T12(tl+1) . . . T12(tk)T12(u)T22(tl).

(2.3.52)
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Proof. The statement goes back to [ 31 ]. We will prove it by induction on k. Consider

formula (  2.3.51 ). The statement for k = 1 is given by formula (  2.3.49 ). We use the induction

assumption to move T11(u) through the product T12(t1) . . . T12(tk−1):

T11(u)T12(t1) . . . T12(tk−1)T12(tk) =
k−1∏
i=1

u− ti − 1
u− ti

T12(t1) . . . T12(tk−1)T11(u)T12(tk)+

+
k−1∑
l=1

1
u− tl

k−1∏
m=1
m 6=l

tl − tm − 1
tl − tm

T12(t1) . . . T12(tl−1)T12(tl+1) . . . T12(tk−1)T12(u)T11(tl)T12(tk).

(2.3.53)

Then we apply ( 2.3.49 ) to the product T11(u)T12(tk) and T11(tl)T12(tk) and the right-hand

side of (  2.3.53 ) becomes

k∏
i=1

u− ti − 1
u− ti

T12(t1) . . . T12(tk−1)T12(tk)T11(u)+

+ 1
u− tk

k−1∏
i=1

u− ti − 1
u− ti

T12(t1) . . . T12(tk−1)T12(u)T11(tk)

+
k−1∑
l=1

1
u− tl

k∏
m=1
m 6=l

tl − tm − 1
tl − tm

T12(t1) . . . T12(tl−1)T12(tl+1) . . . T12(tk−1)T12(u)T12(tk)T11(tl)

+
k−1∑
l=1

1
u− tl

1
tl − tk

k−1∏
m=1
m6=l

tl − tm − 1
tl − tm

(
T12(t1) . . . T12(tl−1)T12(tl+1) . . . T12(tk−1)×

× T12(u)T12(tl)T11(tk)
)

The first term here coincide with the first term in the right-hand side of formula (  2.3.51 ).

The third term here is the second term of ( 2.3.51 ) without l = k summand. We also used

that T12(u) and T12(tk) commute, see ( 2.3.48 ). The second and forth summands combine

into the product

1
u− tk

k−1∏
m=1

tk − tm − 1
tk − tm

T12(t1) . . . T12(tl−1)T12(tl+1) . . . T12(tk−1)T12(u)T11(tl), (2.3.54)
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using the following identity

1
u− tk

k−1∏
i=1

u− ti − 1
u− ti

+
k−1∑
l=1

1
(u− tl)(tl − tk)

k−1∏
m=1
m 6=l

tl − tm − 1
tl − tm

= 1
u− tk

k−1∏
m=1

tk − tm − 1
tk − tm

.

The product (  2.3.54 ) is exactly the summand with l = k of the second term in ( 2.3.51 ).

Formula (  2.3.51 ) is proved.

The proof of formula (  2.3.52 ) is similar to that of formula (  2.3.51 ) with relation (  2.3.50 )

used instead of ( 2.3.49 ).

Recall that for the gl2 case we have

Bξ(t) = T12(t1) . . . T12(tξ),

and thus Proposition  2.3.3 can be rewritten as follows.

Proposition 2.3.18. Let ξ be a nonnegative integer and t = (t1, . . . , tξ). Then

∆ (T12(t1) . . . T12(tξ)) =

=
ξ∑

η=0

1
(ξ − η)!η!Symt

[( η∏
i=1

T12(ti)⊗
ξ∏

j=η+1
T12(tj)

)( ξ∏
k=η+1

T22(tk)⊗
η∏
l=1

T11(tl)
)]
.

(2.3.55)

Remark. Notice that according to ( 2.3.48 ), the factors in each of the large products com-

mute among themselves, so the order of the factors is irrelevant. (  2.3.55 ).

Proof. Consider the summand from the right-hand side of (  2.3.55 ) with a given η,

Fη,ξ−η(t) = Symt

[( η∏
i=1

T12(ti)⊗
ξ∏

j=η+1
T12(tj)

)( ξ∏
k=η+1

T22(tk)⊗
η∏
l=1

T11(tl)
)]
. (2.3.56)
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Let

Pη,ξ−η(t) =
∏

1≤i≤η<j≤ξ

ti − tj − 1
ti − tj

( η∏
i=1

T12(ti)⊗
ξ∏

j=η+1
T12(tj)

)( ξ∏
k=η+1

T22(tk)⊗
η∏
l=1

T11(tl)
)
,

Uη,ξ−η(t) =
∏

1≤i<j≤η

ti − tj − 1
ti − tj

∏
η+1≤i<j≤ξ

ti − tj − 1
ti − tj

,

tσ = (tσ(1), . . . , tσ(ξ)).

Using this notation, formula ( 2.3.56 ) can be written as

Fη,ξ−η(t) =
∑
σ∈Sξ

Uη,ξ−η(tσ)Pη,ξ−η(tσ).

Observe that Fη,ξ−η(t) is symmetric in t1, . . . , tξ. Denote by Sη × Sξ−η the subgroup of Sξ
stabilizing the subsets {1, . . . , η} and {η + 1, . . . , ξ}. We have

Fη,ξ−η(t) = 1
η!(ξ − η)!

∑
τ∈Sη×Sξ−η

Fη,ξ−η(tτ ) = 1
η!(ξ − η)!

∑
τ∈Sη×Sξ−η

∑
σ∈Sξ

Uη,ξ−η(tτσ)Pη,ξ−η(tτσ).

Changing the summation variable in the inner sum, σ = τ−1ρτ , and using the fact that

Pη,ξ−η(tρτ ) = Pη,ξ−η(tρ) for all τ ∈ Sη × Sξ−η, we get

Fη,ξ−η(t) = 1
η!(ξ − η)!

∑
τ∈Sη×Sξ−η

∑
ρ∈Sξ

Uη,ξ−η(tρτ )Pη,ξ−η(tρτ ) =

= 1
η!(ξ − η)!

∑
ρ∈Sξ

Pη,ξ−η(tρ)
∑

τ∈Sη×Sξ−η

Uη,ξ−η(tρτ ).

Furthermore, using the identity

∑
τ∈Sn

∏
1≤i<j≤n

xτ(i) − xτ(j) − 1
xτ(i) − xτ(j)

= n!,

we obtain that ∑τ∈Sη×Sξ−η
Uη,ξ−η(tρτ ) = η!(ξ − η)! and

Fη,ξ−η(t) =
∑
ρ∈Sξ

Pη,ξ−η(tρ). (2.3.57)
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Using formula ( 2.3.57 ), the statement of Proposition  2.3.18 can be formulated as follows:

∆ (T12(t1) . . . T12(tξ)) =
ξ∑

η=0

1
(ξ − η)!η!

∑
ρ∈Sξ

Pη,ξ−η(tρ). (2.3.58)

We will prove this formula using the induction on ξ. The base of induction at ξ = 1 is given

by formula ( 2.2.6 ):

∆
(
T12(t1)

)
= T12(t1)⊗ T11(t1) + T22(t1)⊗ T12(t1). (2.3.59)

To make the induction step, we use that

∆ (Bξ(t)) = ∆
(
T12(t1)

)
∆
(
T12(t2) . . . T12(tξ)

)
, (2.3.60)

expand the first factor according to ( 2.3.59 ), and apply the induction assumption to expand

the second factor. Denote by S ′ξ−1 ⊂ Sξ the subgroup of permutations ρ, such that ρ(1) = 1.

Then the right-hand side of formula (  2.3.60 ) becomes

T12(t1)⊗ T11(t1)
ξ∑

η=1

1
(ξ − η)!(η − 1)!

∑
τ∈S′

ξ−1

Pη−1,ξ−η(tτ(2), . . . , tτ(ξ))+

+T22(t1)⊗ T12(t1)
ξ−1∑
η=0

1
(ξ − 1− η)!η!

∑
ρ∈S′

ξ−1

Pη,ξ−η−1(tρ(2), . . . , tρ(ξ)),
(2.3.61)
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where in the first term we shifted the summation variable of the exterior sum. Using the

definition of Pη,ξ−1−η(t) and Pη−1,ξ−η(t), we further expand expression (  2.3.61 ):

ξ∑
η=1

1
(ξ − η)!(η − 1)!

∑
τ∈S′

ξ−1

∏
1<i≤η<j≤ξ

tτ(i) − tτ(j) − 1
tτ(i) − tτ(j)

×

×
(
T12(t1)

η∏
i=2

T12(tτ(i))⊗ T11(t1)
ξ∏

j=η+1
T12(tτ(j))

)( ξ∏
k=η+1

T22(tτ(k))⊗
η∏
l=2

T11(tτ(l))
)

+

+
ξ−1∑
η=0

1
(ξ − η − 1)!η!

∑
ρ∈S′

ξ−1

∏
1<i≤η+1<j≤ξ

tρ(i) − tρ(j) − 1
tρ(i) − tρ(j)

×

×
(
T22(t1)

η+1∏
i=2

T12(tρ(i))⊗ T12(t1)
ξ∏

j=η+2
T12(tρ(j))

)( ξ∏
k=η+2

T22(tρ(k))⊗
η+1∏
l=2

T11(tρ(l))
)
.

In the first term we move T11(t1) through the product∏ξ
j=η+1 T12(tτ(j)) using formula (  2.3.51 ):

T11(t1)
ξ∏

j=η+1
T12(tτ(j)) =

( ξ∏
j=η+1

t1 − tτ(j) − 1
t1 − tj

T12(tτ(j))
)
T11(t1)+

+
ξ∑

p=η+1

1
t1 − tτ(p)

( ξ∏
j=η+1
j 6=p

tτ(p) − tτ(j) − 1
tτ(p) − tτ(j)

T12(tτ(j))
)
T12(t1)T11(tτ(p)).

Similarly, in the second term we move T22(t1) through the product ∏η
m=2 T12(tρ(m)) using

formula ( 2.3.52 ):

T22(t1)
η+1∏
i=2

T12(tρ(i)) =
( η+1∏
i=2

t1 − tρ(i) + 1
t1 − tρ(i)

T12(tρ(m))
)
T22(t1)−

−
η+1∑
s=2

1
t1 − ts

( η+1∏
i=1
i 6=s

tρ(s) − tρ(i) + 1
tρ(s) − tρ(i)

T12(tρ(i))
)
T12(t1)T22(tρ(s)),

After all, the right-hand side of (  2.3.60 ) becomes a sum of four terms:

∆ (Bξ(t)) = Y1(t) + Y2(t) + Y3(t) + Y4(t),
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where

Y1(t) =
ξ∑

η=1

1
(ξ − η)!(η − 1)!

∑
τ∈S′

ξ−1

[ ξ∏
l=η+1

t1 − tτ(l) − 1
t1 − tτ(l)

∏
1<i≤η<j≤ξ

tτ(i) − tτ(j) − 1
tτ(i) − tτ(j)

×

×
(
T12(t1)

η∏
i=2

T12(tτ(i))⊗
ξ∏

j=η+1
T12(tτ(j))

)( ξ∏
k=η+1

T22(tτ(k))⊗ T11(t1)
η∏
l=2

T11(tτ(l))
)]
,

Y2(t) =
ξ−1∑
η=1

1
(ξ − η)!(η − 1)!

∑
τ∈S′

ξ−1

ξ∑
l=η+1

[
1

t1 − tτ(l)

∏
1<i≤η<j≤ξ

tτ(i) − tτ(j) − 1
tτ(i) − tτ(j)

ξ∏
m=η+1
m 6=l

tτ(l) − tτ(m) − 1
tτ(l) − tτ(m)

×
(
T12(t1)

η∏
k=2

T12(tτ(k))⊗ T12(t1)
ξ∏

m=η+1
m6=l

T12(tτ(m))
)( ξ∏

i=η+1
T22(tτ(i))⊗ T11(tτ(l))

η∏
j=2

T11(tτ(j))
)]
.

Y3(t) =
ξ−1∑
η=0

1
(ξ − η − 1)!η!

∑
ρ∈S′

ξ−1

[ η+1∏
m=2

tρ(m) − t1 − 1
tρ(m) − t1

∏
1<i≤η+1<j≤ξ

tρ(i) − tρ(j) − 1
tρ(i) − tρ(j)

×

×
( η+1∏
m=2

T12(tρ(m))⊗ T12(t1)
ξ∏

l=η+2
T12(tρ(l))

)(
T22(t1)

ξ∏
i=η+2

T22(tρ(i))⊗
η+1∏
j=2

T11(tρ(j))
)]
.

Y4(t) = −
ξ−1∑
η=1

1
(ξ − η − 1)!η!

∑
ρ∈S′

ξ−1

[ η+1∑
k=2

1
t1 − tρ(k)

∏
1<i≤η+1<j≤ξ

tρ(i) − tρ(j) − 1
tρ(i) − tρ(j)

η+1∏
m=2
m6=k

tρ(k) − tρ(m) + 1
tρ(k) − tρ(m)

×
(
T12(t1)

η+1∏
m=2
m6=k

T12(tρ(m))⊗ T12(t1)
ξ∏

l=η+2
T12(tρ(l))

)(
T22(tρ(k))

ξ∏
i=η+2

T22(tρ(i))⊗
η+1∏
j=2

T11(tρ(j))
)]
.

To complete the proof we will show that

Y1(t) + Y3(t) =
ξ∑

η=0

1
(ξ − η)!η!

∑
ρ∈Sξ

Pη,ξ−η(tρ) and Y2(t) + Y4(t) = 0. (2.3.62)

We will start with the first equality in (  2.3.62 ).

Observe that

Y1(t) =
ξ∑

η=1

1
(ξ − η)!(η − 1)!

∑
σ∈Sξ

σ(1)=1

Pη,ξ−η(tσ),
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and

Y3(t) =
ξ−1∑
η=0

1
(ξ − η − 1)!η!

∑
σ∈Sξ

σ(η+1)=1

Pη,ξ−η(tσ).

On the other hand, we have

ξ∑
η=0

1
(ξ − η)!η!

∑
σ∈Sξ

Pη,ξ−η(tσ) =

ξ∑
η=1

1
(ξ − η)!η!

∑
σ∈Sξ

σ−1(1)∈{1,...,η}

Pη,ξ−η(tσ) +
ξ−1∑
η=0

1
(ξ − η)!η!

∑
σ∈Sξ

σ−1(1)∈{η+1,...,ξ}

Pη,ξ−η(tσ).

Denote by sa,b ∈ Sξ the transposition of a and b. Then we have

∑
σ∈Sξ

σ−1(1)∈{1,...,η}

Pη,ξ−η(tσ) =
η∑
l=1

∑
τ∈Sξ,
τ(1)=1

Pη,ξ−η(tτs1,l) = η
∑
τ∈Sξ,
τ(1)=1

Pη,ξ−η(tτ ).

For the first step we used l = σ−1(1) and τ = σs1,σ−1(1), so that τ(1) = 1. For the second

step we used the equality Pη,ξ−η(tτs1,l) = Pη,ξ−η(tτ ) .

Similarly, ∑
σ∈Sξ

σ−1(1)∈{η+1,...,ξ}

Pη,ξ−η(tσ) = (ξ − η)
∑
ρ∈Sξ,

ρ(η+1)=1

Pη,ξ−η(tρ).

Therefore,

ξ∑
η=0

1
(ξ − η)!η!

∑
σ∈Sξ

Pη,ξ−η(tσ) =

=
ξ∑

η=1

1
(ξ − η)!(η − 1)!

∑
σ∈Sξ

σ(1)=1

Pη,ξ−η(tσ) +
ξ−1∑
η=0

1
(ξ − 1− η)!η!

∑
σ∈Sξ

σ(η+1)=1

Pη,ξ−η(tσ) =

= Y1(t) + Y3(t).
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Finally, we show that Y2(t) + Y4(t) = 0. Observe that Y2(t) can be written as

Y2(t) =
ξ−1∑
η=1

1
(ξ − η)!(η − 1)!

ξ∑
l=η+1

∑
τ∈S′

ξ−1

[ 1
t1 − tτ(l)

∏
1<i≤η<j≤ξ

tτ(i) − tτ(j) − 1
tτ(i) − tτ(j)

ξ∏
m=η+1
m 6=l

tτ(l) − tτ(m) − 1
tτ(l) − tτ(m)

×
(
T12(t1)

η∏
k=2

T12(tτ(k))⊗ T12(t1)
ξ∏

m=η+1
m6=l

T12(tτ(m))
)( ξ∏

i=η+1
T22(tτ(i))⊗ T11(tτ(l))

η∏
j=2

T11(tτ(j))
)]
.

Changing the summation variable in the inner sum, τ = σsl,η+1 , we obtain that

Y2(t) =
ξ−1∑
η=1

1
(ξ − η)!(η − 1)!

ξ∑
l=η+1

∑
σ∈S′

ξ−1

[ 1
t1 − tσ(η+1)

×

×
ξ∏

m=η+2

tσ(η+1) − tσ(m) − 1
tσ(η+1) − tσ(m)

∏
1<i≤η<j≤ξ

tσ(i) − tσ(j) − 1
tσ(i) − tσ(j)

×

×
(
T12(t1)

η∏
k=2

T12(tσ(k))⊗ T12(t1)
ξ∏

m=η+1
T12(tσ(m))

)( ξ∏
i=η+2

T22(tσ(i))⊗
η+1∏
j=2

T11(tσ(j))
)]
.

The expression under the inner sum over σ does not depend on l, so after a certain redistri-

bution of factors, we get

Y2(t) =
ξ−1∑
η=1

1
(ξ − η − 1)!(η − 1)!

∑
σ∈S′

ξ−1

[ 1
t1 − tσ(η+1)

×

×
ξ∏

m=η+2

tσ(η+1) − tσ(m) − 1
tσ(η+1) − tσ(m)

η∏
i=2

tσ(i) − tσ(η+1) − 1
tσ(i) − tσ(η+1)

∏
1<i<η+1<j≤ξ

tσ(i) − tσ(j) − 1
tσ(i) − tσ(j)

×

×
(
T12(t1)

η∏
k=2

T12(tσ(k))⊗ T12(t1)
ξ∏

m=η+1
T12(tσ(m))

)( ξ∏
i=η+2

T22(tσ(i))⊗
η+1∏
j=2

T11(tσ(j))
)]
.

(2.3.63)

In a similar way Y4(t) can be written as

Y4(t) = −
ξ−1∑
η=1

1
(ξ − 1− η)!η!

η+1∑
k=2

∑
ρ∈S′

ξ−1

[ 1
t1 − tρ(k)

∏
1<i≤η+1<j≤ξ

tρ(i) − tρ(j) − 1
tρ(i) − tρ(j)

η+1∏
m=2
m 6=k

tρ(k) − tρ(m) + 1
tρ(k) − tρ(m)

×
(
T12(t1)

η+1∏
m=2
m 6=k

T12(tρ(m))⊗ T12(t1)
ξ∏

l=η+2
T12(tρ(l))

)(
T22(tρ(k))

ξ∏
i=η+2

T22(tρ(i))⊗
η+1∏
j=2

T11(tρ(j))
)]
,
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and changing the summation variable in the inner sum, ρ = σsk,η+1 , we get

Y4(t) = −
ξ−1∑
η=1

1
(ξ − 1− η)!η!

η+1∑
k=2

∑
σ∈S′

ξ−1

[ 1
t1 − tσ(η+1)

×

×
η∏

m=2

tσ(η+1) − tσ(m) + 1
tσ(η+1) − tσ(m)

∏
1<i≤η+1<j≤ξ

tσ(i) − tσ(j) − 1
tσ(i) − tσ(j)

×

×
(
T12(t1)

η∏
m=2

T12(tσ(m))⊗ T12(t1)
ξ∏

l=η+2
T12(tσ(l))

)( ξ∏
i=η+1

T22(tσ(i))⊗
η+1∏
j=2

T11(tσ(j))
)]
.

The expression under the inner sum over σ does not depend on k, so after a certain redistri-

bution of factors we get

Y4(t) = −
ξ−1∑
η=1

1
(ξ − η − 1)!(η − 1)!

∑
σ∈S′

ξ−1

[ 1
t1 − tσ(η+1)

×

×
η∏

m=2

tσ(η+1) − tσ(m) + 1
tσ(η+1) − tσ(m)

ξ∏
q=η+2

tσ(η+1) − tσ(q) − 1
tσ(η+1) − tσ(q)

∏
1<i<η+1<j≤ξ

tσ(i) − tσ(j) − 1
tσ(i) − tσ(j)

×

×
(
T12(t1)

η∏
m=2

T12(tσ(m))⊗ T12(t1)
ξ∏

l=η+2
T12(tσ(l))

)( ξ∏
i=η+1

T22(tσ(i))⊗
η+1∏
j=2

T11(tσ(j))
)]
.

(2.3.64)

Formulas ( 2.3.63 ) and (  2.3.64 ) show that Y2(t) +Y4(t) = 0. This complete the proof of

formula ( 2.3.58 ). Proposition  2.3.18 is proved.
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2.4 Combinatorial formulae for the gln case

In this section we will generalize the result of the previous section and obtain combina-

torial formulas for the weight functions in the gln case. We start with the generalization of

Proposition  2.3.1 .

2.4.1 Splitting property

Let T 〈r〉ab (u) be series (  2.2.4 ) for the algebra Y (glr), and R〈r〉(u) be the corresponding

rational R-matrix, see ( 2.2.1 ). For the rest of the section we fix integers m and n, 1 ≤ m < n.

Consider Y (gln−m)-module structure on the vector space Cn−m given by the rule

π(x) : T 〈n−m〉(u) 7→ (u− x)−1R〈n−m〉(u− x). (2.4.1)

Let v1,v2, . . . ,vn−m be the standard basis of the space Cn−m. The Y (gln−m)-module defined

by ( 2.4.1 ) is a highest weight evaluation module with gln−m highest weight (1, . . . , 0, 0) and

highest weight vector v1.

Consider Y (glm)-module structure on the vector space Cm given by the rule

$(x) : T 〈m〉(u) 7→ (x− u)−1
((
R〈m〉(x− u)

)(21))t2
, (2.4.2)

where the superscript t2 stands for the matrix transposition in the second tensor factor.

We denote the standard basis of the space Cm by w1,w2, . . . ,wm. The Y (glm)-module

defined by (  2.4.2 ) is a highest weight evaluation module with glm highest weight (0, . . . , 0,−1)

and highest weight vector wm.

For any Z ∈ End(Cn−m), set ν(Z) = Zv1, and for any X ∈ End(Cm), set ν̄(X) =

Xwm. Recall the coproducts ∆ and ∆̃, see (  2.2.6 ) and (  2.2.7 ), and the embeddings ψn−m :

Y (gln−m)→ Y (gln), φm : Y (glm)→ Y (gln) given by (  2.2.11 ). For any r, denote by (∆〈r〉)(k) :

Y (glr) → (Y (glr))
⊗(k+1) and (∆̃〈r〉)(k) : Y (glr) → (Y (glr))

⊗(k+1) the corresponding iterated

coproduct and opposite coproduct. Consider the maps

ψn−m (x1, . . . , xk) : Y (gln−m)→
(
Cn−m

)⊗k
⊗ Y (gln),
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ψn−m(x1, . . . , xk) = (ν⊗k ⊗ id) ◦ (π (x1)⊗ · · · ⊗ π (xk)⊗ ψn−m) ◦ (∆〈n−m〉)(k),

and

φm (x1, . . . , xk) : Y (glm)→ (Cm)⊗k ⊗ Y (gln),

φm (x1, . . . , xk) = (ν̄⊗k ⊗ id) ◦ ($ (x1)⊗ · · · ⊗$ (xk)⊗ φm) ◦ (∆̃〈m〉)(k).

For any element g ∈ (Cn−m)⊗k ⊗ Y (gln), we define its components gb, b = (b1, . . . , bk), by

the rule

g =
n∑

b1,...,bk=m+1
vb1−m ⊗ · · · ⊗ vbk−m ⊗ gb.

For any element h ∈ (Cm)⊗k ⊗ Y (gln), we define its components ha, a = (a1, . . . , ak), by the

rule

h =
m∑

a1,...,ak=1
wa1 ⊗ · · · ⊗wak

⊗ ha.

Given nonnegative integers ξ1, . . . , ξn−1, and the variables t = (t11, . . . , tn−1
ξn−1), see (  2.2.8 ),

introduce
ξ = (ξ1, . . . , ξn−1),

ξ̇ = (ξ1, . . . , ξm−1),

ξ̈ = (ξm+1, . . . , ξn−1),

t = (t11, . . . , t1ξ1 ; t21, . . . , t2ξ2 ; tn−1
1 , . . . , tn−1

ξn−1),

ṫ = (t11, . . . , t1ξ1 ; t21, . . . , t2ξ2 ; tm−1
1 , . . . , tm−1

ξm−1),

ẗ = (tm+1
1 , . . . , tm+1

ξm+1 ; tm+2
1 , . . . , tm+2

ξm+2 ; tn−1
1 , . . . , tn−1

ξn−1).

(2.4.3)

Recall that ξa = ξ1 + ξ2 + . . .+ ξa, a = 1, . . . , n− 1.

Let V be a gln-module, x ∈ C, and V (x) be the evaluation Y (gln)-module. Consider a

weight singular vector v ∈ V (x) of gln-weight Λ = (Λ1, . . . ,Λn). That is, we have

T ab (u)v = 0, 1 ≤ b < a ≤ n, T aa v = u− x+ Λa

u− x
v, a = 1, . . . , n.

We are interested in finding a formula for the vector Bξ(t)v, where Bξ(t) is given by (  2.2.10 ).
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Proposition 2.4.1. Let v ∈ V (x) be a weight singular vector and ξ1, . . . , ξn−1 be nonnegative

integers. Then one has

Bξ(t)v =
∑
a,b

T (tm)a
b

(
φm(tm)

(
B〈m〉
ξ̇

(ṫ)
))a(

ψm(tm)
(
B〈n−m〉
ξ̈

(ẗ)
))b

v, (2.4.4)

where the sum is taken over all sequences a = (a1, a2, . . . , aξm), b = (b1, b2, . . . , bξm), such

that ai ∈ {1, 2, . . . ,m}, bi ∈ {m+ 1,m+ 2, . . . , n} for all i = 1, . . . , ξm, and

T (tm)a
b = T (tm1 )a1

b1T (tm2 )a2
b2 . . . T (tmξm

)aξm
bξm

. (2.4.5)

Proof. Using the definition of the maps ψm(tm) and φm(tm), formula (  2.4.4 ) can be

written as

Bξ(t)v =
∑
a,b

T (tm)a
b

 →∏
1<j≤m

→∏
1≤i<j

[j i]
R (tj, ti)

 [m−1]
T (tm−1) . . .

[1]
T(t1)

`1

`2(a)

×

×

[m+1]
T (tm+1) . . .

[n−1]
T (tn−1)

 →∏
m+1≤j≤n−1

→∏
m≤i<j

[j i]
R (tj, ti)

`2(b)

`3

v,

(2.4.6)

where the sequences a, b are as in ( 2.4.4 ) and

`1 = (1ξ1 , . . . , (m − 1)ξm−1 ,mξm , (m + 1)ξm+1, . . . , (n − 1)ξn),

`2(a) = (2ξ1 , . . . ,mξm−1 ,a, (m + 1)ξm+1, . . . , (n − 1)ξn),

`3 = (2ξ1 , . . . ,mξm−1 , (m + 1)ξm , (m + 2)ξm+1, . . . ,nξn).

To prove formula (  2.4.6 ), we take the definition of Bξ(t)v following from formulas ( 2.2.9 ),

( 2.2.10 ), and observe that using the Yang-Baxter equation, one can express Bξ(t)v as follows:

Bξ(t)v =
 →∏

1≤i<j≤m

[j i]
R

 [m]
T

[m−1]
T . . .

[1]
T

[m+1]
T . . .

[n−1]
T

 →∏
m+1≤j≤n−1

→∏
1≤i<j

[j i]
R

`1

`3

v.
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In detail, that gives

Bξ(t)v =
∑

a,b,x,y,z

T (tm)a
b

 →∏
1<j≤m

→∏
1≤i<j

[j i]
R (tj, ti)

`1

`4(y,a)

T (tm−1)y(m−1)

x(m−1) . . . T (t1)y(1)

x(1)×

× T (tm+1)•z(m+1) . . . T (tn−1)•z(n−1)

 →∏
m+1≤j≤n−1

→∏
1≤i<j

[j i]
R (tj, ti)

`5(x,b,z)

`3

v,

(2.4.7)

where

x = (x(1), . . . ,x(m−1)), y = (y(1), . . . ,y(m−1)), z = (z(m+1), . . . , z(n−1)),

x(l) = (xl1, . . . , xlξl
), y(l) = (yl1, . . . , ylξl

), z(l) = (zl1, . . . , zlξl
),

T (ts)y(s)

x(s) = T (ts1)
ys

1
xs

1
T (ts2)

ys
2
xs

2
. . . T (tsξs

)y
s
ξs
xs

ξs
, T (ts)•

z(s) = T (ts1)s+1
zs

1
T (ts2)s+1

zs
2

. . . T (tsξs
)s+1
zs

ξs
,

`4(y,a) =
(
y(1), . . . ,y(m−1),a, (m + 1)ξm+1, . . . , (n − 1)ξn

)
,

`5(x, b, z) =
(
x(1), . . . ,x(m−1), b, z(m+1), . . . , z(n−1)

)
,

and the sum is taken over sequences a, b,x,y, z with entries belonging to {1, . . . , n}.

The next step is to show that for every j = m + 1, . . . , n − 1, the product
→∏

1≤i<j

[j i]
R

in the second line of formula (  2.4.7 ) can be truncated to
→∏

m≤i<j

[j i]
R and the sum over x =

(x(1), . . . ,x(m−1)) reduces to a single term with x = (2ξ1 , . . . ,mξm−1). This can be done

by induction on j. The key idea is to combine two observations. First, since v is a weight

singular vector, we have zsk ≥ s for all s = m+ 1, . . . , n− 1, and k = 1, . . . , ξs. And second,

the entries of R-matrix ( 2.2.1 ) have the property Ra b
c d = δacδbd if b > c, see formula (  2.2.2 ).

We have worked out this reasoning in detail for the gl4-case in previous section.

After the last step, formula (  2.4.7 ) becomes

Bξ(t)v =
∑

a,b,y,z

T (tm)a
b

 →∏
1<j≤m

→∏
1≤i<j

[j i]
R (tj, ti)

`1

`4(y,a)

T (tm−1)y(m−1)

2ξm−1 . . . T (t1)y(1)

2ξ1 ×

× T (tm+1)•z(m+1) . . . T (tn−1)•z(n−1)

 →∏
m+1≤j≤n−1

→∏
1≤i<j

[j i]
R (tj, ti)

`6(b,z)

`3

v,

(2.4.8)
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where

`6(b, z) =
(
2ξ1 , . . . ,mξm−1 , b, z(m+1), . . . , z(n−1)

)
.

Formula ( 2.2.2 ) for entries of the R-matrix implies that the entry
( →∏

1<j≤m

→∏
1≤i<j

[j i]
R
)`1

`4(y,a)

equals zero unless ai ∈ {1, 2, . . . ,m} for all i = 1, . . . , ξm. Similarly, we have that the entry( →∏
m+1≤j≤n−1

→∏
1≤i<j

[j i]
R
)`6(b,z)

`3
equals zero unless bi ∈ {m+1,m+2, . . . , n} for all i = 1, . . . , ξm.

Therefore, the sum over a, b in formula ( 2.4.8 ) reduces to the same range of summation

variables as in formula (  2.4.6 ). Furthermore, the sums over y and z in (  2.4.8 ) can be

evaluated,

∑
y

 →∏
1<j≤m

→∏
1≤i<j

[j i]
R (tj, ti)

`1

`4(y,a)

T (tm−1)y(m−1)

mξm−1 . . . T (t1)y(1)

2ξ1 =

 →∏
1<j≤m

→∏
1≤i<j

[j i]
R (tj, ti)

 [m−1]
T (tm−1) . . .

[1]
T(t1)

`1

`2(a)

and ∑
z

T (tm+1)•z(m+1) . . . T (tn−1)•z(n−1)

 →∏
m+1≤j≤n−1

→∏
1≤i<j

[j i]
R (tj, ti)

`6(b,z)

`3

=

[m+1]
T (tm+1) . . .

[n−1]
T (tn−1)

 →∏
m+1≤j≤n−1

→∏
m≤i<j

[j i]
R (tj, ti)

`2(b)

`3

.

Thus we transformed formula (  2.4.8 ) to formula (  2.4.6 ). Proposition  2.4.1 is proved.

Remark. The statement of Proposition  2.4.1 holds for any singular vector v in any Y (gln)-

module.

Remark. For ξm = 0, Proposition  2.4.1 takes the form

Bξ(t)v = φm
(
B〈m〉

ξ̇
(ṫ)
)
ψm

(
B〈n−m〉

ξ̈
(ẗ)
)
v. (2.4.9)

Notice that the transformation of formula ( 2.4.8 ) to formula (  2.4.6 ) in the case ξm = 0

remains nontrivial.
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2.4.2 Weight functions

Fix a positive integer M . Consider a collection of nonnegative integers λ = (λ1, . . . , λm)

such that ∑m
k=1 λk = M . Set λs = ∑s

k=1 λk, s = 1, . . . ,m. Introduce the variables

us1, . . . , u
s
λs , s = 1, . . . ,m . Denote us = (us1, . . . , usλs) and u = (u1, . . . ,um−1). Let

J = (J1, . . . , Jm) be a partition of {1, . . . ,M} into disjoint subsets J1, . . . , Jm such that

|Jk| = λk, k = 1, . . . ,m.

Similarly, consider a collection of nonnegative integers µ = (µm+1, . . . , µn), such that∑n
l=m+1 µl = M . Set µr = ∑n

k=r+1 µk, r = m, . . . , n − 1. Introduce the variables

vr1, . . . , v
r
µr , r = m, . . . , n − 1. Denote vr =

(
vr1, . . . , v

r
µr

)
and v = (vm+1, . . . ,vn−1). Let

I = (Im+1, . . . , In) be a partition of {1, . . . ,M} into disjoint subsets Im+1, . . . , In such that

|Ij| = µj, j = m+ 1, . . . , n.

Given partitions I,J as above, we define rational functions UI(v; vm) and ŨJ(u; um)

that will be extensively used later in this paper. Set

UI(v; vm) =

=
n−1∏

l=m+1

µl∏
a=1


µl−1∏
c=1

i
(l−1)
c =i(l)

a

(
1

vla − vl−1
c

) µl−1∏
d=1

i
(l−1)
d

>i
(l)
a

(
vla − vl−1

d + 1
vla − vl−1

d

) µl∏
b=a+1

vlb − vla + 1
vlb − vla

 , (2.4.10)

where the numbers i(l)c are defined as follows

n⋃
k=l+1

Ik = {i(l)1 < . . . < i
(l)
µl }.

Similarly, set

ŨJ(u; um) =

=
m∏
l=2

λl∏
a=1


λl−1∏
c=1

j
(l−1)
c <j

(l)
a

(
ula − ul−1

c + 1
ula − ul−1

c

)
λl−1∏
d=1

j
(l−1)
d

=j(l)
a

(
1

ula − ul−1
d

)
λl∏

b=a+1

ula − ulb + 1
ula − ulb

 , (2.4.11)
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where the numbers j(l)
c are defined as follows

l⋃
k=1

Jk = {j(l)
1 < . . . < j

(l)
λl }.

For a function f (x1, . . . , xk) of some variables, denote

Symx1,...,xk
f (x1, . . . , xk) =

∑
σ∈Sk

f
(
xσ(1), . . . , xσ(k)

)
.

Introduce the weight functions WI(v; vm) and W̃J(u; um)

WI(v; vm) = Symvm+1
1 ,...,vm+1

µm+1
. . . Symvn−1

1 ,...,vn−1
µn−1

UI(v; vm), (2.4.12)

W̃J(u; um) = Symu1
1,...,u

1
λ1
. . . Symum−1

1 ,...,um−1
λm−1

UJ(u; um), (2.4.13)

For σ ∈ SM and J = (J1, . . . , Jm), set σ(J) = (σ (J1) , . . . , σ (Jm)). Similarly, for I =

(Im, . . . , In), σ(I) = (σ (Im) , . . . , σ (In)). For a, b = 1, . . . , n, let sa,b be the transposition of

a, b.

Here is the main property of the weight functions, see for instance [  80 ].

Lemma 2.4.2. Let z = (z1, . . . , zξm). Then one has

WI (v; z1, . . . , za+1, za, . . . , zξm) =

= za+1 − za
za+1 − za − 1Wsa,a+1(I)(v; z)− 1

za+1 − za − 1WI(v; z),

W̃J (u; z1, . . . , za+1, za, . . . , zξm) =

= za − za+1

za − za+1 − 1W̃sa,a+1(J)(u; z)− 1
za − za+1 − 1W̃J(u; z).

This property provides us with the tool for the proof of the main result of this paper,

Theorem  2.4.7 .
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2.4.3 Main theorem for the gln case

The main result of this section is Theorem  2.4.7 formulated at the end of this section. It

will be approached in several steps. We use the notation given in (  2.4.3 ).

Definition 2.4.1. For a collection a = (a1, . . . , aξm) such that ai ∈ {1, 2, . . . ,m} for all

i = 1, . . . , ξm, we define a partition J(a) = (J1, . . . , Jm) of {1, . . . , ξm} by the rule Jl =

{j|aj = l}. Denote | ∪sr=1 Jr| = ζs, so that we have ξm = ζm ≥ ζm−1 ≥ . . . ≥ ζ1 ≥ 0. Denote

ζ = (ζ1, . . . , ζm−1).

For a collection b = (b1, . . . , bξm) such that bi ∈ {m+1,m+2, . . . , n} for all i = 1, . . . , ξm,

we define a partition I(b) = (Im+1, . . . , In) of {1, . . . , ξm} by the rule Il = {i|bi = l}.

Denote | ∪nr=s+1 Ir| = ηs, so that we have ξm = ηm ≥ ηm+1 ≥ . . . ≥ ηn−1 ≥ 0. Denote

η = (ηm+1, . . . , ηn−1).

Lemma 2.4.3. The correspondence a 7→ J(a) and b 7→ I(b) are bijections.

Proof. By inspection.

Consider η ∈ Zn−m−1
≥0 , ζ ∈ Zm−1

≥0 , such that ηi ≤ ξi and ζj ≤ ξj for all relevant i, j. Set

tm = (tm1 , . . . , tmξm
)

ẗ[η] =
(
tm+1
1 , . . . , tm+1

ηm+1 ; . . . ; tn−1
1 , . . . , tn−1

ηn−1

)
,

ẗ(η,ξ̈] =
(
tm+1
ηm+1+1, . . . , t

m+1
ξm+1 ; . . . ; tn−1

ηn−1+1, . . . , t
n−1
ξn−1

)
,

ṫ[ξ̇−ζ] =
(
t11, . . . , t

1
ξ1−ζ1 ; . . . ; tm−1

1 , . . . , tm−1
ξm−1−ζm−1

)
,

ṫ(ξ̇−ζ,ξ̇] =
(
t1ξ1−ζ1+1, . . . , t

1
ξ1 ; . . . ; tm−1

ξm−1−ζm−1+1, . . . , t
m−1
ξm−1

)
.

Lemma 2.4.4. For a given sequence b = (b1, . . . , bξm), where bi ∈ {m + 1,m + 2, . . . , n},

consider the corresponding partition I(b) and the decreasing sequence ηm = ξm ≥ ηm+1 ≥

· · · ≥ ηn−1 as described in Definition  2.4.1 . Denote η = (ηm+1, . . . , ηn−1) ∈ Zn−m−1
≥ 0 . Let ṽ

be a vector, such that T ac (u)ṽ = 0, for m ≤ c < a ≤ n, and T cc (u)ṽ = (1 + Λc(u − x)−1)ṽ,

c = m, . . . , n. Then for ξ̈ − η ∈ Zn−m−1
≥0 , we have
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(
ψn−m(tm)

(
B〈n−m〉

ξ̈
(ẗ)
))b

ṽ =
n−1∏

b=m+1

1
(ξb − ηb)!

Symẗ

[
UI(b)

(
ẗ[η], t

m
)
Lη,ξ̈(ẗ, tm)

]
ṽ,

where UI(b)
(
ẗ[η], t

m
)

is given by formula (  2.4.10 ) and

Lη,ξ̈(ẗ ) =
n−2∏

a=m+1

ηa+1∏
i=1

ξa∏
j=ηa+1

ta+1
i − taj + 1
ta+1
i − taj

n−1∏
l=m+1

ηl∏
i=1

tli − x+ Λl

tli − x
ψn−m

(
B〈n−m〉

ξ̈−η

(
ẗ(η,ξ̈]

))
.

(2.4.14)

If ξ̈ − η 6∈ Zn−m−1
≥0 , then

(
ψn−m(tm)

(
B〈n−m〉

ξ̈
(ẗ)
))b

ṽ = 0.

Proof. The statement coincide with Lemma 4.3 from [ 89 ] up to an adjustment of notation.

Lemma 2.4.5. For a given sequence a = (a1, . . . , aξm), where ai ∈ {1, 2, . . . ,m}, consider

the corresponding partition J(a) and the increasing sequence ζ1 ≤ ζ2 ≤ · · · ≤ ζm−1 ≤ ζm =

ξm as described Definition  2.4.1 . Denote ζ = (ζ1, . . . , ζm−1) ∈ Zm−1
≥0 . Let v̂ be a vector, such

that T cb (u)v̂ = 0, for 1 ≤ b < c ≤ m, and T bb (u)v̂ = (1 + Λb(u− x)−1)v̂, b = 1, . . . ,m. Then

for ξ̇ − ζ ∈ Zm−1
≥0 , we have

(
φm(tm)

(
B〈m〉

ξ̇
(ṫ)
))a

v̂ =
m∏
l=1

1
(ξl − ζl)!

Symṫ

[
ŨJ(a)(ṫ(ξ̇−ζ,ξ̇], t

m)L̃ζ,ξ̇(ṫ )
]
v̂,

where ŨJ(a)(ṫ(ξ̇−ζ,ξ̇], t
m) is given by formula (  2.4.11 ) and

L̃ζ,ξ̇(ṫ ) =
m−2∏
a=1

ξa+1−ηa+1∏
i=1

ξa∏
j=ξa−ηa+1

ta+1
i − taj + 1
ta+1
i − taj

×

×
m−1∏
l=1

ηl−1∏
i=0

tlξl−i − x+ Λl+1

tlξl−i − x
φm

(
B〈m〉

ξ̇−ζ

(
ṫ[ξ̇−ζ]

))
.

(2.4.15)

If ξ̇ − ζ 6∈ Zm−1
≥0 , then

(
φm(tm)

(
B〈m〉

ξ̇
(ṫ)
))a

v̂ = 0.
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Proof. The proof is analogous to the proof of Lemma 4.3 in [  89 ] with Corollary 3.4 there

replaced by Corollary 3.2 op.cit.

Consider collections q = (qsp : s = m + 1, . . . , n, p = 1, . . . ,m) of nonnegative integers,

and introduce
ηk(q) =

n∑
s=k+1

m∑
p=1

qsp, k = m+ 1, . . . , n− 1,

ζl(q) =
n∑

s=m+1

l∑
p=1

qsp, l = 1, . . . ,m− 1.
(2.4.16)

Given ξ = (ξ1, . . . , ξn−1), define a set

Qm,n =
{

q = (qsp) :
n∑

s=m+1

m∑
p=1

qsp = ξm, ηk(q) ≤ ξk, ζl(q) ≤ ξl, for all k, l
}
. (2.4.17)

In addition, for any q ∈ Qm,n, we consider the set Sq of all pairs (I,J) of partitions I =

(Im+1, . . . , In), J = (J1, . . . , Jm) of {1, . . . , ξm} with given cardinalities of intersections,

Sq =
{

(I,J) : |Is ∩ Jp| = qsp, s = m+ 1, . . . , n, p = 1, . . . ,m
}
. (2.4.18)

Notice that, ∣∣∣∪nr=k+1Ir
∣∣∣ = ηk(q),

∣∣∣∪lr=1Jr
∣∣∣ = ζl(q).

Proposition 2.4.6. Let v ∈ V (x) be a weight singular vector of gln-weight (Λ1, . . .Λn),

then one has

Bξ(t)v =
∑

q∈Qm,n

( ∏
m+1≤i≤n

∏
1≤j≤m

e
qij

ij

) m−1∏
a=1

1
(ξa − ζa)!

n−1∏
b=m+1

1
(ξb − ηb)!

ξm∏
l=1

1
tml − x

×

× Symẗ Symṫ

Lη,ξ̈(ẗ )L̃ζ,ξ̇(ṫ )
∑

(I,J)∈Sq

ŨJ(ṫ(ξ̇−ζ,ξ̇], t
m)UI

(
ẗ[η], t

m
)v,

(2.4.19)

where the sequences η = (ηm+1, . . . , ηn−1) and ζ = (ζ1, . . . , ζm−1), are given by the rule

ηk = ηk(q), ζl = ζl(q), k = m+ 1, . . . , n− 1, l = 1, . . . ,m− 1.
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Proof. Taking formula (  2.4.4 ) for Bξ(t)v, we apply Lemma  2.4.4 to the expression(
ψm(tm)

(
B〈n−m〉

ξ̈
(ẗ)
))b

v. Next we observe that the vector ψn−m
(
B〈n−m〉

ξ̈−η

(
ẗ(η,ξ̈]

))
v in the

right-hand side of (  2.4.14 ) satisfies the conditions for the vector v̂ in Lemma  2.4.5 . Applying

Lemma  2.4.5 to the expression
(
φm(tm)

(
B〈m〉

ξ̇
(ṫ)
))a

ψn−m
(
B〈n−m〉

ξ̈−η

(
ẗ(η,ξ̈]

))
v , we obtain

Bξ(t)v =
∑
a,b

(
T (tm)

)a

b
Symẗ Symṫ

ŨJ(a)(ṫ(ξ̇−ζ,ξ̇], t
m)UI(b)

(
ẗ[η], t

m
)
Lη,ξ̈(ẗ )L̃ζ,ξ̇(ṫ )

v,

where
(
T (tm)

)a

b
is given by (  2.4.5 ), while the partitions J(a), I(b) and the sequences η =

(ηm+1, . . . , ηn−1), ζ = (ζ1, . . . , ζm−1) are described in Definition  2.4.1 .

On the next step, we use the bijection between the sequences a, b and the partitions

I,J , see Lemma  2.4.3 , to rewrite the sum ∑
a,b as the sum ∑

I,J over pairs of partitions.

The latter sum can be further written as the double sum ∑
q∈Qm,n

∑
(I,J)∈Sq

over collections

q ∈ Qm,n and pairs of partitions (I,J) ∈ Sq. Thus we obtain

Bξ(t)v =
∑

q∈Qm,n

( ∑
(I,J)∈Sq

(
T (tm)

)a(J)

b(I)
×

× Symẗ Symṫ

ŨJ(a)(ṫ(ξ̇−ζ,ξ̇], t
m)UI(b)

(
ẗ[η], t

m
)
Lη,ξ̈(ẗ )L̃ζ,ξ̇(ṫ )

)v,
where a(J), b(I) are the sequences corresponding to the partitions I, J .

Finally, we observe that in the module V (x) we have
(
T (tm)

)a

b
= ∏

i,j e
qij

ji

∏ξm

l=1
1

tml − x
.

The last expression and the product Lη,ξ̈(ẗ )L̃ζ,ξ̇(ṫ ) depend only on the collection q and can

be moved out of the sum ∑
(I,J)∈Sq

. Proposition  2.4.6 is proved.

The next theorem is the main result of this paper. It will be proved in Section  2.4.4 .
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Theorem 2.4.7. Let v ∈ V (x) be a weight singular vector of gln-weight (Λ1, . . .Λn) and

ξ = (ξ1, . . . , ξn−1) be a collection of nonnegative numbers. Then one has

Bξ(t)v =
∑

q∈Qm,n

( ∏
m+1≤i≤n

∏
1≤j≤m

e
qij

ij

(qij)!

) m−1∏
a=1

1
(ξa − ζa)!

n−1∏
b=m+1

1
(ξb − ηb)!

ξm∏
l=1

1
tml − x

×

× Symtm Symṫ Symẗ

[
Lη,ξ̈(ẗ )L̃ζ,ξ̇(ṫ ) ŨJ0(ṫ(ξ̇−ζ,ξ̇], ť

m)UǏ0

(
ẗ[η], t

m
)

Φ(tm)
]
v.

(2.4.20)

Here the set Qm,n is given by ( 2.4.17 ), I0 = (Im+1, . . . , In) , J0 = (J1, . . . , Jm) is any pair

of partitions of {1, . . . , ξm} such that (I0,J0) ∈ Sq, see ( 2.4.18 ), Ǐ0 = (σ0(Im+1), . . . , σ0(In)),

where σ0 ∈ Sξm is the longest permutation, σ0(i) = ξm−i+1, the sequences ζ = (ζ1, . . . , ζm−1),

η = (ηm+1, . . . , ηn−1), are given by the rule ηk = ηk(q), ζl = ζl(q) for all k, l, see

( 2.4.16 ), the functions Lη,ξ̈(ẗ, tm), L̃ζ,ξ̇(ṫ, tm) are given by ( 2.4.14 ),( 2.4.15 ), the functions

UǏ0(b)

(
ẗ[η], t

m
)
, ŨJ0(a)(ṫ(ξ̇−ζ,ξ̇], ť

m) are given by ( 2.4.10 ), ( 2.4.11 ), ť
m = (tmξm

, . . . , tm1 ) and

Φ(tm) =
∏

1≤a<b≤ξm

tma − tmb − 1
tma − tmb

.

Remark. For ξm = 0, we have η = (0, . . . , 0), ζ = (0, . . . , 0). Then ŨJ0(a)(ṫ(ξ̇−ζ,ξ̇], ť
m) = 1,

UǏ0(b)

(
ẗ[η], t

m
)

= 1, Lη,ξ̈(ẗ ) = ψn−m
(
B〈n−m〉

ξ̈
(ẗ )

)
, L̃ζ,ξ̇(ṫ ) = φm

(
B〈m〉

ξ̇
(ṫ )

)
. Notice that

ψn−m
(
B〈n−m〉

ξ̈
(ẗ )

)
is a symmetric function of ts1, . . . , tsξs

for each s = m+ 1, . . . , n− 1, while

φm
(
B〈m〉

ξ̇
(ṫ )

)
is a symmetric function of tp1, . . . , tpξp

for each p = 1, . . . ,m − 1. Therefore,

formula ( 2.4.20 ) reduces to formula ( 2.4.9 ):

Bξ(t)v = φm
(
B〈m〉

ξ̇
(ṫ)
)
ψm

(
B〈n−m〉

ξ̈
(ẗ)
)
v.

Remark. In cases m = 1 Theorem  2.4.7 becomes Theorem 3.3 from [  89 ],

Bξ(t)v =
ξ1∏
l=1

1
t1l − x

∑
q∈Qn

( ∏
2≤i≤n

eqi
i1

(qi)!

) n−1∏
b=2

1
(ξb − ηb)!

×

× Symt1 Symẗ

[
Lη,ξ̈(ẗ)UI0

(
ẗ[η], t

1
)

Φ(t1)ψn−1
(
B〈n−1〉

ξ̈−η

(
ẗ(η,ξ̈]

))]
v.
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In case m = n− 1 it becomes Theorem 3.1 from [  89 ]:

Bξ(t)v =
ξn−1∏
l=1

1
tn−1
l − x

∑
q∈Qm,n

(n−1∏
j=1

e
qj

nj

(qj)!

) n−2∏
a=1

1
(ξa − ζa)!

×

× Symtn−1 Symṫ

[
L̃ζ,ξ̇(ṫ ) ŨJ0(ṫ(ξ̇−ζ,ξ̇], t

n−1)Φ(tn−1)
]
v.
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2.4.4 Proof of Theorem  2.4.7 

Throughout this section, we use the notation from Theorem  2.4.7 . We will begin with

two auxiliary lemmas.

Lemma 2.4.8. Consider functions F (x1, . . . , xk) and G(x1, . . . , xl), k ≤ l, such that the

function G(x1, . . . , xl) is a symmetric function of x1, . . . , xk and of xk+1, . . . , xl. Then

Symx1,...,xl

[
F (x1, . . . , xk)G(x1, . . . , xl)

]
=

= 1
k!Symx1,...,xk

[(
Symx1,...,xl

F (x1, . . . , xk)
)
G(x1, . . . , xl)

]
.

Proof. By inspection.

Recall the weight functions WI(v; z), W̃J(u; z), see ( 2.4.12 ),( 2.4.13 ), and the functions

Lη,ξ̈(ẗ, tm), L̃ζ,ξ̇(ṫ, tm) given by ( 2.4.14 ),( 2.4.15 ).

Lemma 2.4.9. One has

Symẗ

[
UI

(
ẗ[η], t

m
)
Lη,ξ̈(ẗ )

]
=

n−1∏
s=m+1

1
ηs!

Symẗ

[
WI

(
ẗ[η], t

m
)
Lη,ξ̈(ẗ )

]
,

Symṫ

[
ŨJ(ṫ(ξ̇−ζ,ξ̇], ť

m)L̃ζ,ξ̇(ṫ )
]

=
m−1∏
s=1

1
ζs!

Symṫ

[
W̃J(ṫ(ξ̇−ζ,ξ̇], ť

m)L̃ζ,ξ̇(ṫ )
]
.

Proof. Observe that for every s = m + 1, . . . , n − 1, the function Lη,ξ̈(ẗ ) is symmetric

in ts1, . . . , t
s
ηs

and in tsηs+1, . . . , t
s
ξs

. Similarly, for every s = 1, . . . ,m− 1, the function L̃ζ,ξ̇(ṫ )

is a symmetric in ts1, . . . , t
s
ξs−ζs

and in tsξs−ζs+1, . . . , t
s
ξs

. Then the statement follows from the

formulas ( 2.4.12 ),( 2.4.13 ) by applying Lemma  2.4.8 several times.

Recall that for σ ∈ Sξm and a partition J = (J1, . . . , Jm) of {1, . . . , ξm}, we have σ(J) =

(σ (J1) , . . . , σ (Jm)). Similarly, for I = (Im+1, . . . , In), we have σ(I) = (σ (Im+1) , . . . , σ (In)).

The next proposition is the key point of the proof. For a collection z = (z1, . . . , zξm) set

Φ(z) =
∏

1≤a<b≤ξm

za − zb − 1
za − zb

.
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Proposition 2.4.10. One has

∑
σ∈Sξm

Wσ(I)
(
ẗ[η], z

)
W̃σ(J)(ṫ(ξ̇−ζ,ξ̇], z) =

= Symz

[
Wσ0(I)(ẗ[η], z)W̃J(ṫ(ξ̇−ζ,ξ̇], z

σ0)Φ(z)
]
,

(2.4.21)

where σ0 is the longest permutation in Sξm , σ0(i) = ξm − i+ 1, and zσ0 = (zξm , . . . , z1).

Proof. Formula (  2.4.21 ) can be written as

∑
σ∈Sξm

Wσ(I)
(
ẗ[η], z

)
W̃σ(J)(ṫ(ξ̇−ζ,ξ̇], z) =

∑
π∈Sξm

Wσ0(I)(ẗ[η], z
π)W̃J(ṫ(ξ̇−ζ,ξ̇], z

πσ0)Φ(zπ),

(2.4.22)

zπ = (zπ(1), . . . , zπ(ξm)). Then the proof of formula (  2.4.22 ) is literately the same as that of

formula ( 2.3.47 ) with Corollary  2.4.2 substituting Lemma  2.3.14 .

Proof of Theorem  2.4.7 : First we apply Lemma  2.4.9 to formula (  2.4.19 ) and get

Bξ(t)v =
∑

q∈Qm,n

( ∏
m+1≤i≤n

∏
1≤j≤m

e
qij

ij

) m−1∏
a=1

1
(ξa − ζa)!

n−1∏
b=m+1

1
(ξb − ηb)!

ξm∏
l=1

1
tml − x

×

×
m−1∏
s=1

1
ζs!

n−1∏
s=m+1

1
ηs!

Symẗ Symṫ

Lη,ξ̈(ẗ )L̃ζ,ξ̇(ṫ )
∑

(I,J)∈Sq

W̃J(ṫ(ξ̇−ζ,ξ̇], t
m)WI

(
ẗ[η], t

m
)v.
(2.4.23)

Notice that every pair (I,J) ∈ Sq can be obtained from an arbitrary fixed pair (I0,J0) ∈ Sq

by the action of the symmetric group Sξm . Therefore, the inner sum in the right-hand side

of formula (  2.4.23 ) can be written in the following way,

∑
(I,J)∈Sq

WI

(
ẗ[η], t

m
)
W̃J(ṫ(ξ̇−ζ,ξ̇], t

m) =

=
( ∏
m+1≤i≤n

∏
1≤j≤m

1
(qij)!

) ∑
σ∈Sξm

Wσ(I0)
(
ẗ[η], t

m
)
W̃σ(J0)(ṫ(ξ̇−ζ,ξ̇], t

m).
(2.4.24)
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Here ∏i,j (qi,j)! is the cardinality of the isotropic subgroup of the pair (I0,J0). Applying

Proposition  2.4.10 for z = tm to the sum over permutations ∑σ∈Sξm
in the right-hand side

of (  2.4.24 ), we get

Bξ(t)v =

=
∑

q∈Qm,n

( ∏
m+1≤i≤n

∏
1≤j≤m

e
qij

ij

(qij)!

) m−1∏
a=1

1
(ξa − ζa)!

n−1∏
b=m+1

1
(ξb − ηb)!

ξm∏
l=1

1
tml − x

×

×
n−1∏

s=m+1

1
ηs!

m−1∏
s=1

1
ζs!

Symtm Symṫ Symẗ

[
Lη,ξ̈(ẗ )L̃ζ,ξ̇(ṫ ) W̃J0(ṫ(ξ̇−ζ,ξ̇], ť

m)WǏ0

(
ẗ[η], t

m
)

Φ(tm)
]
v

Finally, we use Lemma  2.4.9 once more to transform the symmetrization Symṫ Symẗ in the

last formula to the form in formula ( 2.4.20 ).
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3. ASYMPTOTICS OF tt∗ EQUATION

The idea of topological field theories (TFT) as solvable models was proposed in [  99 ]. In

[ 99 ,  22 ,  23 ,  100 ] it was shown that topological correlators (at tree level) in a 2D TFT model

are holomorphic functions on moduli of the TFT model obeying an overdetermined system

of nonlinear PDE (the equations of associativity of primary operator algebra). Integrability

of this equations was proved in [  26 ].

The problem of calculation of the ground state metric of a family of TFT was studied in

general situation (for both massless and massive theories) in [ 13 ]. In this paper a system of

PDE for the ground state metric (being a Hermitian metric on the moduli space of TFT)

was derived. The topological and "antitopological" (i.e. complex conjugate) correlators serve

as coefficients of these PDE. This general construction of calculating of ground state metric

was called in [6] a topological-antitopological fusion or tt∗ fusion. The equation of the same

form arise for the metric on moduli space of Calabi-Yau varieties [  88 ,  10 ]. The Hermitian

metric on the moduli space in this case is the same as the Zamolodchikov metric [ 103 ] of

the underlying N = 2 superconformal field theories. In [ 13 ,  11 ,  12 ] a number of particular

integrable reductions of the main equations was found. It was shown that under some

symmetry assumption the equations of topological-antitopological fusion can be reduced to

affine Toda equations (particularly, to Euclidean sinh-Gordon) and to some other integrable

systems of the soliton theory. For massive perturbations of topological conformal field theory

(TCFT) many particular reductions of the main equations can be solved via the Painlevé

transcendents of the third kind.

In [  27 ] the integrability of the equations of topological-antitopological fusion was proven

in the general case. This integrability immediately follows from the zero-curvature represen-

tation of these equations depending on a spectral parameter.
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3.1 Main result

The two-dimensional Toda lattice is an important integrable system. For instance it is

an example of a nonabelian Chern-Simons theory in classical field theory (see [  102 ]), and

it can be interpreted in differential geometry as the equation for primitive harmonic maps

taking values in a compact flag manifold ([  8 ],[ 9 ]). Such maps are closely related to harmonic

maps into symmetric spaces. These maps in turn have many geometrical interpretations,

e.g. surfaces in R3 of constant mean curvature (see [ 25 ]), or special Lagrangian cones in

C3([  66 ]).

We shall be concerned with the so called “negative sign tt∗-Toda" equation (see [ 14 ,  15 ,

 16 ]). This is the system

2 (wi)zz̄ = e2(wi+1−wi) − e2(wi−wi−1), wi : U → R, i ∈ Z, (3.1.1)

where U is an open subset of C = R2. We assume the following conditions on wi:

• periodicity: wi = wi+n+1 for all i ∈ Z, for some n ∈ Z≥0,

• w0 + · · ·+ wn = 0,

• anti-symmetry conditions: wi + wn−i = 0, i ∈ Z.

All these conditions are clearly consistent with equation ( 3.1.1 )

The first manifestation of the integrability of this system is its zero curvature formulation:

dα + α ∧ α = 0 for all λ ∈ C∗ = C− {0},

where

α(λ) =
(
wz + 1

λ
W t

)
dz + (−wz̄ + λW ) dz̄,
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and

w = diag (w0, . . . , wn) , W =



ew1−w0

. . .

ewn−wn−1

ew0−wn


.

In other words, ( 3.1.1 ) is the compatibility condition 2wzz̄ = − [W t,W ] for the linear system

 Ψz =
(
wz + 1

λ
W
)

Ψ

Ψz̄ = (−wz̄ + λW t) Ψ.
(3.1.2)

A solution of (  3.1.1 ) is called radial if every wi = wi(z, z̄), i = 1, . . . , n, depend only on

the real variable x = |z|. For radial solution of (  3.1.1 ), system (  3.1.2 ) reduces to

Ψx = 1
x

(zΨz + z̄Ψz̄) =
(1
λ

z

x
W + λ

z̄

x
W t

)
Ψ.

This can be regarded as the equation for an isomonodromic deformation, which is another,

perhaps more famous, manifestation of integrability, and a well known approach to studying

equations of Painlevé type (see [ 35 ],[ 48 ] and also [  41 ]). Namely, if we impose the (Euler-type)

homogeneity condition

λΨλ + zΨz − z̄Ψz̄ = 0,

we obtain

Ψλ =
(
− 1
λ2 zW −

1
λ
xwx + z̄W t

)
Ψ,

which is a meromorphic o.d.e. in λ with poles of order two at 0 and ∞. Writing µ = λx/z,

we obtain

Ψµ =
(
− 1
µ2xW −

1
µ
xwx + xW t

)
Ψ. (3.1.3)

The compatibility condition of the linear system

 Ψµ =
(
− 1
µ2xW − 1

µ
xwx + xW t

)
Ψ

Ψx =
(

1
µ
W + µW t

)
Ψ

(3.1.4)
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is the radial version (xwx)x = 2x [W t,W ] of (1.1).

For the case n = 2, constraints on wi give w2 = −w0 and w1 = 0. Thus, ( 3.1.1 ) becomes

2(w0)tt̄ = e−2w0 − e4w0 . (3.1.5)

This equation was studied by Kitaev in [ 52 ] using the WKB method.

Remark. The equation ( 3.1.5 ) is also known as the Bullough-Dodd equation. By substituting


x = 3

4s
2
3

w̃ = s
1
3 e−2w0 ,

one can show that it becomes the following equation:

w̃ss = w̃2
s

w
− w̃s

s
− w̃2

s
+ 1
w̃
.

This is a special case of the Painlevé III equation [  77 ,  44 ].

We are interested in asymptotics of the solutions of ( 3.1.5 ). The technique that we used

to achieve this goal is the Riemann-Hilbert problem (see [  17 ,  61 ,  19 ,  18 ]). Recall that to solve

the Riemann-Hilbert problem on an oriented contour Γ with a jump matrix J(z), z ∈ Γ,

means to find matrix-valued function Ψ(z) which satisfies the following properties

• Ψ(z) is analytic outside of contour Γ;

• Ψ(z) satisfies the jump condition Ψ+(z) = Ψ−(z)J(z) on the contour Γ, where " + "

means the boundary value from the left of the contour Γ and " −” means the boundary

value from the right of the contour Γ;

• Ψ(z) satisfies appropriate normalization conditions .

For the case n = 2, we showed that Ψµ from (  3.1.3 ) satisfies the following Riemann-

Hilbert problem: the contour Γ is the union of the unit circle and the imaginary axis, see

the picture,
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Figure 3.1. Riemann-Hilbert problem for tt∗ equation.

and the jump matrices are

S
(∞)
1 =


1 ω2s 0

0 1 0

ω2s −ωs 1

 , S
(∞)
2 =


1 0 −ωs

−ωs 1 ω2(s+ 1)

0 0 1

 ,

E1 =


A B B

B ωsA− ω2sB +B A

B A ω2sA+B − ωsB


ă

E2 = 1
9d3E

−1
1 d3, d3 = diag(1, ω, ω2),
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where ω = exp 2πi
3 , A, s are real numbers, B is a complex number. Triple A,B, s satisfy the

following equations
(1 + s)A+ ω2B + ω2B̄ = 1

3 ,

A2 − 1
3A = |B|2 .

Our main result describes the connection between the monodromy data (A,B, s) of Ψµ and

the asymptotics of the solutions w0 of (  3.1.5 ).

Theorem 3.1.1. The asymptotic behavior of the radial solutions w0(x) as x→∞ is

w0(x) = ρ√
x

cos(2
√

3x+ ν ln x+ γ) +O
(1
x

)
,

where
ρ2 =

√
3

2 ν, ρ > 0,

γ = ν ln(24
√

3) + π

12 + arg (ω2B) + arg Γ(iν),

ν = 1
2π ln 3A.

The proof of this theorem is given in the next sections. Let us outline the structure.

Our main tools is the RHP and its connection to the asymptotics of the Painlevé equation.

We recall the main ideas of this method in Section  3.2 . Then, following the procedure

discussed in that section, we start with the symmetries of the equation (  3.1.4 ) and describe

the monodromy data (Stokes matrices Sk and the connection matrices Ek) in Sections  3.3 

and  3.4 . In Section  3.5 we modify our RHP using the decomposition of Sn = QnQn+ 1
3
Qn+ 1

3
,

described in Subsection  3.3.5 , and “open lenses” using decomposition Ei = LiDiRi, described

in Section  3.6 . In Section  3.7 we solve the global parametrix problem and the local problems.

We observe that the local problem at point ξ = 1 has a block structure and can be reduced to

a standard RHP for the parabolic cylinder function. Other local problems can be obtained

from ξ = 1 local problem using symmetries described in Section  3.3 . Finally, in Section  3.8 

we show that the error problem satisfies the conditions of the small norm theorem and in

Subsection  3.8.2 we obtain the asymptotic behavior stated in Theorem  3.1.1 .
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3.2 Riemann-Hilbert problem and isomonodromy

The six classical Painlevé transcendents were introduced at the turn of the twentieth

century by Paul Painlevé and his school, as the solution of a specific classification problem

for second order ODEs of the type

uxx = F (x, u, ux) ,

where F is a function meromorphic in x and rational in u and ux. The problem was to

find all equations of this form, which have the property that their solutions are free from

movable critical points, i.e., the locations of possible branch points ind essential singularities

of the solution do not depend on the initial data. The motivation for posing this problem is

quite clear: the absence of movable critical points means that every solution of the equation

can be meromorphically extended to the entire universal covering of a punctured complex

sphere, determined only by the equation. This implies that such equations share one of the

fundamental properties of linear equations.

It was shown by Painlevé and Gambier (1900, 1910), that within a Möbius transformation,

u 7→ α(x)u+ β(x)
γ(x)u+ δ(x) , x 7→ ϕ(x),

α, β, γ, δ, ϕ - are meromorphic in x,

there exist only fifty such equations (see monograph [  47 ]). Each of them either can be

integrated in terms of known functions, or can be mapped to a set of six equations, which

cannot be integrated in terms of known functions. These six equations are called Painlevé

equations, and their general solutions are called Painlevé functions or Painlevé transcendents.

The canonical forms for the Painlevé equations are:

1. uxx = 6u2 + x

2. uxx = xu+ 2u3 − α

3. uxx = 1
u
u2
x − ux

x
+ 1

x
(αu2 + β) + γu3 + δ

u
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4. uxx = 1
2uu

2
x + 3

2u
3 + 4xu2 + 2 (x2 − α)u+ β

u

5. uxx = 3u−1
2u(u−1)u

2
x − 1

x
ux + (u−1)2

x2

(
αu+ β

u

)
+ γu

x
+ δu(u+1)

u−1

6.
uxx = 1

2

(1
u

+ 1
u− 1 + 1

u− x

)
u2
x −

(1
x

+ 1
x− 1 + 1

u− x

)
ux+

u(u− 1)(u− x)
x2(x− 1)2

(
α + β

x

u2 + γ
x− 1

(u− 1)2 + δ
x(x− 1)
(u− x)2

)

Here, α, β, γ, δ are complex parameters. During the rest of the twentieth century a great

deal of facts about these equations were discovered: the structure of movable singularities,

families of explicit solutions, their transformation properties, etc.

During the last thirty years, great progress in the theory of Painlevé equations them-

selves has been achieved. Just as for their linear counterparts, it is now possible to derive

explicit connection formulae for the Painlevé transcendents relating the relevant asymptotics

parameters at different critical points. This fact is based on the Isomonodromy Method. This

method was introduced in 1980 by H. Flaschka and A.C. Newell [  35 ] , and by M. Jimbo, T.

Miwa and K. Ueno [ 48 ], and it is based on the intrinsic relation of the Painlevé functions to

the monodromy theory of systems of linear ODE with rational coefficients.

Let us outline the isomonodromy formulation of the Painlevé equations. Consider the

generic case of a linear system with rational coefficients, i.e., the Fuchsian system,

dΨ
dλ

=
n∑
j=1

Aj
λ− aj

Ψ, Ψ, Aj −N ×N matrices

The monodromy group of this system is defined as a representation of the fundamental

group of the punctured Riemann sphere (more exactly, a conjugate class of representations),

ρ : π1
(
CP1\ {a1, . . . , an,∞}

)
7→ GL(N,C)

generated by encircling the singular points a1, . . . , an, a∞ =∞ :

Ψ(λ)|(λ−aj)7→(λ−aj)e2πi = Ψ(λ)Mj; λ− a∞ ≡ λ−1,

M∞Mn . . .M1 = I.
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The matrices M1, . . . ,Mn,M∞ are called monodromy matrices, and the set

m = {M1, . . . ,Mn} ,

monodromy data. This set completely defines (up to a conjugation) the monodromy group

M of the above Fuchsian equation. Following [  48 ] we will call the set

A = {a1, . . . , an;A1, . . . , An}

singular data of the Fuchsian system and the set

M = {a1, . . . , an;M1, . . . ,Mn} ≡ {a1, . . . , an;m}

its extended monodromy data. We will also use the notations

A ≡ {A}, M≡ {m}, and Me ≡ {M}

for the sets of singular, monodromy, and extended monodromy data, respectively. The

associated Riemann-Hilbert problem consists of proving the existence of a Fuchsian system

with given singular points and monodromy group, i.e., with the given set

{a1, . . . , an;M} ≡M.

More generally, one has to analyze the direct and inverse monodromy maps, i.e., the maps

A 7→M

and

Me 7→ A

respectively. This constitutes the central question of the global theory of Fuchsian systems.
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Let us consider the situation when the the matrix size is N = 2, and we have four singular

points, n = 3. In the generic situation, the system can be written as follows: (1)

dΨ
dλ

=
(
A

λ
+ B

λ− 1 + C

λ− x

)
Ψ ≡ A(λ)Ψ,

with
trA = trB = trC = 0,

A+B + C = diag(A+B + C).

Thus

dimA = 8

In this case it can be shown that

dimM = 7 = dimA− 1.

Hence, one expects a one-parameter family of equations, i.e., a curve in the space A, with a

given monodromy group M. This is in fact the point where the Painlevé equations appear.

Indeed, if one writes (cf. [  48 ]) the (1, 2)-th element of matrix A(λ) as

A12(λ) = w(λ− u)
λ(λ− 1)(λ− x)

then,

m ≡ const ⇐⇒ u = u(x) satisfies the PVI equation.

The Riemann-Hilbert (RH) problem has a long and illustrious history. A comprehensive

solution was obtained only relatively recently by A.A. Bolibruch [ 7 ]. We will limit our

discussions to how the monodromy problem can be used to study the Painlevé equations. In

order to put the other Painlevé equations into a similar context, we consider more general

linear systems, namely systems with irregular singularities.
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3.2.1 The Stokes phenomenon.

Let A(λ) be an N × N(N > 1) matrix-valued rational function of the complex variable

λ. Consider in the complex λ-plane the first order linear ODE,

dΨ
dλ

= A(λ)Ψ (3.2.1)

for an N × N matrix-valued function Ψ(λ). The local analytic theory of systems of linear

ordinary differential equations (ODEs) with rational coefficients deals with the behavior of

the solutions of equation (1.1.1) near a given point λ0 ∈ CP 1.

Let λ0 ∈ CP 1 be a non-Fuchsian singular point of equation (  3.2.1 ), i.e., let equation

( 3.2.1 ) have the following local form

dΨ
dξ

=
 ∞∑
k=−r−1

Ak+1ξ
k

Ψ, λ ∈ Dλ0\ {λ0} , r > 0, (3.2.2)

Here ξ and Dλ0 are the local variable and the disk centered at λ0 respectively :

ξ =


λ− λ0, if λ0 6=∞

1/λ, if λ0 =∞

Dλ0 =

 {λ ∈ C : |λ− λ0| < ρ} , 0 < ρ ≤ ∞, if λ0 6=∞,

{λ ∈ C : |λ| > ρ} ∪ {∞}, 0 ≤ ρ <∞, if λ0 =∞,

We assume that the coefficient A−r of the leading order singularity in the Laurent series

in ( 3.2.2 ) has distinct eigenvalues. This means that we only discuss the generic case when

the Jordan form Λ−r of the matrix A−r is a diagonal matrix with distinct entries,

P−1A−rP = Λ−r, detP 6= 0,

Λ−r = diag (α1, . . . , αN) , αi 6= αj, i 6= j.
(3.2.3)

Under this generic conditions it was proven in [  48 ,  96 ] that the formal solution of (  3.2.1 )

exists and it is unique.
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Proposition. Equation ( 3.2.1 ) has a unique formal fundamental solution

Ψf (λ) = P

( ∞∑
k=0

Ψkξ
k

)
ξΛ0 exp

{
Λ−r
−r

ξ−r + · · ·+ Λ−1

−1 ξ
−1
}

≡ P

( ∞∑
k=0

Ψkξ
k

)
eΛ(ξ), Ψ0 = I,

(3.2.4)

where

Λ(ξ) =
−1∑
k=−r

Λk

k
ξk + Λ0 ln ξ, (3.2.5)

all the matrices Λk, k = −r, . . . , 0, are diagonal, and the matrix Λ−r is defined in ( 3.2.3 ).

All the coefficients Ψk as well as the diagonal exponent Λ(ξ) in ( 3.2.4 ) can be determined

recursively, via the Laurent series (1.1.38), as polynomials of the matrix coefficients Ak,

k ≥ −r.

One may conjecture that the formal solution Ψf (λ) ( 3.2.4 ) represents the asymptotics

of a genuine fundamental solution of ( 3.2.1 ) as λ → λ0. This is indeed the case provided

λ belongs to one of certain sectors of Dλ0 . In order to understand how these sectors can

be singled out let us discuss the question of uniqueness of the genuine fundamental solution

Ψ(λ) assuming that

Ψ(λ) ∼ Ψf (λ), λ→ λ0, λ ∈ Ω, (3.2.6)

where the sector Ω is defined as

Ω = {ξ ∈ C : 0 < |ξ| < ρ, θ1 < arg ξ < θ2} .

Suppose Ψ̃(λ) is another solution of (  3.2.1 ) satisfying the same asymptotic condition ( 3.2.6 ).

The matrix functions Ψ(λ) and Ψ̃(λ) satisfy the same linear ODE; moreover, in virtue of the

asymptotics (  3.2.6 ) they are the fundamental solutions of this equation. Hence their matrix

ratio

C ≡ Ψ−1(λ)Ψ̃(λ),
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is well defined and does not depend on λ. Thus

C = lim
λ→λ0

Ψ−1(λ)Ψ̃(λ), λ ∈ Ω,

Since the asymptotic equation (1.1.45) is satisfied by both the Ψ-functions, equation (1.1.47)

can be rewritten as

C = lim
ξ→0

e−Λ(ξ){I +O(ξ)}eΛ(ξ), ξ ∈ Ω,

or, componentwise,

Cij = lim
ξ→0

e(Λ(ξ))jj−(Λ(ξ))ii {δij +O(ξ)} , ξ ∈ Ω. (3.2.7)

Hence in order to be able to conclude that C = I, which would imply the uniqueness of the

solution (  3.2.6 ), we need the sector Ω to contain at least one ray

Re
{
(αj − αi) ξ−r

}
= 0.

for each pair (i, j), i < j. Indeed, in this case for each pair (i, j), i 6= j, we can choose a path

terminating at ξ = 0 along which

Re {(Λ(ξ))jj − (Λ(ξ))ii} < 0,

and hence the exponential term in ( 3.2.7 ) decays. Assuming that ξ in (  3.2.7 ) belongs to this

path, we have that

Cij = 0, ∀i 6= j.

This, together with the equations

Cjj = 1, ∀j = 1, . . . , N,

(which follow from (  3.2.7 ), yield

C = I.
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We can summarize the observations above in the following theorem.

Theorem. Let A(λ) be a N ×N matrix-valued function holomorphic in the punctured disk

Dλ0\ {λ0}, and let λ0 ∈ CP1 be a multiple pole of A(λ)dλ of order r + 1, r > 0

A(λ)dλ =
 ∞∑
k=−r−1

Ak+1ξ
k

 dξ, λ ∈ Dλ0\ {λ0} ,

r > 0, A−r 6= 0.

Suppose that the leading coefficient A−r of the Laurent series (1.1.53) has distinct eigenvalues

(generic case). Suppose also that the sector

Ω = {ξ ∈ C : 0 < |ξ| < ρ, θ1 < arg ξ < θ2} ⊂ Dλ0

is a Stokes sector at the point λ0. Then in Ω there exists a unique fundamental solution Ψ(λ)

of equation ( 3.2.1 ) satisfying the asymptotic condition,

Ψ(λ) ∼ Ψf (λ), λ→ λ0, λ ∈ Ω,

where Ψf (λ) is the formal series ( 3.2.2 ), and the principal branch of ln ξ in ( 3.2.5 ) is chosen.

3.2.2 Isomonodromic deformations and Painlevé II

We start with the system with only one irregular singularity of order 3 at λ =∞ :

dΨ
dλ

= A(λ)Ψ, A(λ) = A3λ
2 + A2λ+ A1, Ai ∈ Mat(2,C).

In the generic situation one can always reduce this system to the normal form

A(λ) = −4iλ2σ3 + 4iλ

 0 u

−v 0

+

 a −2w

−2z −a

 , (3.2.8)

σ3 =

 1 0

0 −1


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The corresponding canonical solutions Ψk(λ) (see Section  3.2.1 ) in the neighborhood of

λ =∞ are characterized by their asymptotics

Ψk(λ) = (I +O(1/λ)) exp
{
−4

3iλ
3σ3 − ixλσ3 − ν log λσ3

}
,

k − 2
3 π < arg λ < πk

3 , λ→∞,

k = 1, . . . , 7,

where

x = ia− 2uv, ν = vw − uz.

The monodromy data m are given by the parameter ν and the set of Stokes matrices Sk
defined as

Sk = Ψ−1
k Ψk+1, k = 1, . . . , 6.

These matrices have a triangular structure,

S2l =

 1 s2l

0 1

 , S2l+1 =

 1 0

s2l+1 1

 ,
and satisfy the cyclic relation

S1 S2 . . . S6 = e−2πiνσ3 .

Therefore,

dimM = 4 = dimA− 1,

and again we expect nontrivial isomonodromy deformations. In fact (cf. [  35 ], [ 48 ]), if one

takes the quantity x as a parameter for the isomonodromy curve, so that u, v, z and w become

functions of x, then the condition m ≡ const. is equivalent to the system

 w = ux, uxx − xu− 2u2v = 0,

z = vx, vxx − xv − 2v2u = 0.
(3.2.9)

105



Similarly to the Fuchsian case , the proof of ( 3.2.9 ) is based on the fact that the x-

independence of the Stokes matrices S1, . . . , S6, implies that the function Ψ ≡ Ψ1 satisfies

the system

∂Ψ
∂λ

= A(λ)Ψ, (3.2.10)
∂Ψ
∂x

= U(λ)Ψ,

where the matrix A(λ) is the one from (  3.2.8 )

U(λ) = −iλσ3 + iλ

 0 u

−v 0

 .
This time it is straightforward to show that the associated zero-curvature relation,

Ax(λ)− Uλ(λ) + [A(λ), U(λ)] = 0 (identically in λ),

is equivalent to system (  3.2.9 ). Under the reduction,

u = v,

system (  3.2.9 ) becomes a particular case (α = 0) of the second Painlevé equation:

uxx − xu− 2u3 = 0.

3.2.3 Riemann-Hilbert problem and asymptotics

We have seen in the previous section that to obtain the second Painlevé equation:

uxx − xu− 2u3 = 0. (3.2.11)

106



we have to consider the reduction u = v. This condition implies the restrictions

sk+3 = −sk, ν = 0,

so that M = {(s1, s2, s3) : s2 − s1 − s3 − s1s2s3 = 0} and hence

dimM = 2.

This means that for generic (s1, s2, s3), one can take s1 and s3 as independent coordinates

on M.

Reversing the arguments used earlier relating this equation to the isomonodromy defor-

mations of the system (  3.2.10 ), we can now say that the monodromy data,

s1 = s1 (x, u, ux) , s3 = s3 (x, u, ux) ,

are the first integrals of equation (  3.2.11 ). Formally this means that we have solved equation

( 3.2.11 )! Indeed, we have found a complete set of independent first integrals. However, since

these integrals are not explicit, the important question is: Can we make this fact an efficient

tool for the study of the PII equation? It turns out that the answer is positive.

The starting point of this approach is, following ideas of Birkhoff [  6 ], to consider the

basic monodromy relation, Sk = Ψ−1
k Ψk+1, as a jump condition for the sectionally analytic

function Y (λ) :
Y (λ) = Ψk(λ)eθ(λ)σ3 ≡ Yk(λ), θ(λ) = 4i

3 λ
3 + ixλ,

π

3 (k − 2) + π

6 ≤ arg λ ≤ π

3k −
π

6 , k = 1, . . . , 6,

on the anti-Stokes rays, arg λ = πk/3 − π/6, k = 1, . . . , 6. This gives rise to a special type

of oscillatory Riemann-Hilbert problem, which is now understood as a factorization or jump

problem:
Yk+1(λ) = Yk(λ)e−θ(λ)σ3Ske

θ(λ)σ3 ,

arg λ = πk

3 −
π

6 , k = 1, . . . , 6,

lim
λ→∞

Y (λ) = I.

(3.2.12)
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(The last normalization equation is actually the reason for the introduction of the function

Y (λ).

The problem (  3.2.12 ) is depicted in Figure  3.2 . The corresponding solution u (x, s1, s3)

of the second Painlevé equation ( 3.2.11 ) can be determined from Y (λ) by the equation

u (x; s1, s3) = 2 lim
λ→∞

(λY12(λ)) .

Figure 3.2. The contour and the jump matrices for Painlevé II

The problem (  3.2.12 ), as well as the Fuchsian inverse monodromy problem , are particular

cases of a Riemann-Hilbert factorization problem. This problem involves finding an analytic

(matrix valued) function having prescribed jumps across a given contour. Following the

tradition developed in mathematical physics, it is such more general factorization problems

(and not just the inverse monodromy Fuchsian and/or the Birkhoff problems) that we will

call Riemann-Hilbert problems.

The investigation of the Cauchy problem for the Painlevé II equation based on the analysis

of the RH problem (  3.2.12 ), as well as the investigation of its discontinuous generalization

for α 6= 0 (complete Painlevé II equation) was studied in [ 39 ,  40 ].

The last important step was taken in the works of P. Deift and X. Zhou [  21 ], [ 20 ], who

introduced an elegant scheme of the asymptotic analysis of this type of oscillatory factor-

ization problems; their method can be thought of as a nonlinear steepest descent method.
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The asymptotic method of Deift and Zhou, in complete analogy with the classical method,

exploiting the analytic structure of the relevant jump matrices deforms the original contours

of the RH problem to contours where the relevant oscillatory factors become exponentially

small as x → ∞. In this way, the original RH problem reduces to a collection of local RH

problems associated with the relevant saddle points. However, the noncommutative nature

of the RH problem requires the development of several totally new and rather sophisticated

technical ideas, which, in particular, allow us to solve the local RH problems in closed form.

The remarkable fact is that the final result of the analysis is as efficient as the asymptotic

evaluation of the classical oscillatory integrals.

In the next section we will apply this technique to obtain the asymptotics of the negative

tt∗ equation.
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3.3 The monodromy data

First we start with the Stokes phenomena for the negative tt∗ equation ( 3.1.5 ). Recall

that we have the Lax pair representation for this equation given by (  3.1.4 ).

Notice that the first equation of (  3.1.4 ) implies that both ζ = 0 and ζ = ∞ are the

irregular singularities of Poincaré rank 1 and so the monodromy data consists of Stokes

matrices defined around these points and connection matrices which relates solutions near 0

with ones near ∞.

Using the general monodromy theory of ODEs described in Chapter 1 of [  41 ], we shall

give the Stokes data for ( 3.1.4 ) at ζ = 0 and ζ =∞ with the connection matrices.

3.3.1 Formal solutions

First, we will find the formal solution at ζ = 0. We start by checking if the coefficient

matrix of the leading term of the Lax pair given in (  3.1.4 ),

Ψζ =
(
− 1
ζ2W −

x

ζ
wx − x2W T

)
Ψ, (3.3.1)

is diagonalizable. By direct computation, all eigenvalues of W are distinct and they are

1, ω, ω2 where ω = ei
2π
3 . So, one can obtain a non-singular matrix P0 which diagonalizes

W into d3, where

P0 =


e−w0 e−w0 e−w0

1 ω ω2

ew0 ω2ew0 ωew0

 , d3 = diag(1, ω, ω2),

and they satisfy WP0 = P0d3. We can further write P0 by decomposing it as

P0 =


e−w0 0 0

0 1 0

0 0 ew0




1 1 1

1 ω ω2

1 ω2 ω

 = e−wΩ,
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where we defined

Ω =


1 1 1

1 ω ω2

1 ω2 ω

 .

By Proposition 1.1 of [ 41 ], one can obtain a unique formal solution of (  3.3.1 ) at ζ = 0 of the

form

Ψ(0)
f (ζ) = P0(I +O(ζ))e

1
ζ
d3 . (3.3.2)

Note that the formal monodromy exponent is 0 in this case.

Similarly, we can obtain the formal solution at ζ = ∞. Let ζ 7→ 1
ζ
. Then, ( 3.3.1 ) turns

out to be

Ψζ =
(
x2

ζ2W
T + x

ζ
wx +W

)
Ψ.

The coefficient matrix of the leading term is x2W T , and W T is diagonalized as follows:

W TP∞ = P∞d3

where P∞ = ewΩ−1. In virtue of Proposition 1.1 of [  41 ], one can obtain a unique formal

solution of (  3.3.1 ) at ζ =∞ of the form

Ψ(∞)
f (ζ) = P∞(I +O(ζ−1))e−x2ζd3 . (3.3.3)

Note that the formal monodromy exponent is 0 in this case also.

Note. Since ω2 + ω + 1 = 0, the product of Ω with itself can be expressed by

Ω2 =


1 1 1

1 ω ω2

1 ω2 ω




1 1 1

1 ω ω2

1 ω2 ω

 =


3 0 0

0 0 3

0 3 0

 =: 3C,

111



where

C =


1 0 0

0 0 1

0 1 0

 .

We also note that C2 = I. Thus, we have

Ω−1 = 1
3CΩ = 1

3ΩC. (3.3.4)

3.3.2 Stokes sectors

Next, we shall give some details of Stokes rays and Stokes sectors at ζ = 0. As we saw in

the previous subsection, eigenvalues of −W are −1, −ω, and −ω2. Recall that Stokes sectors

are defined so that the fundamental solution is uniquely determined there by the asymptotic

solution Ψ(0)
f . In other words, when two fundamental solutions Ψ(0) and Ψ̃(0) with the same

asymptotic condition are given, the following matrix C tends to the identity matrix I:

C = Ψ(0)(ζ)−1Ψ̃(0)(ζ) ∼ e−
1
ζ
d3(I +O(ζ))e

1
ζ
d3

=


1 + ∗ ∗e−

1
ζ

(1−ω) ∗e−
1
ζ

(1−ω2)

∗e
1
ζ

(1−ω) 1 + ∗ ∗e−
1
ζ

(ω−ω2)

∗e
1
ζ

(1−ω2) ∗e
1
ζ

(ω−ω2) 1 + ∗

→ I as ζ → 0,

if ζ is in a Stokes sector. Thus the Stokes rays at ζ = 0 should be the following:

l(1,2)
n =

{
ζ ∈ C ∪ {∞}

∣∣∣ arg ζ = −2π
3 − nπ

}
,

l(1,3)
n =

{
ζ ∈ C ∪ {∞}

∣∣∣ arg ζ = −π3 − nπ
}
,

l(2,3)
n =

{
ζ ∈ C ∪ {∞}

∣∣∣ arg ζ = −nπ
}
.
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Recall that the Stokes sectors contain exactly one Stokes ray for each superscript (i, j)

with i < j. Thus, one can take the following Stokes sectors:

Ω(0)
1 (ζ) =

{
ζ ∈ C∗

∣∣∣ − 2π
3 < arg ζ < 2π

3

}
,

Ω(0)
2 (ζ) =

{
ζ ∈ C∗

∣∣∣ − 5π
3 < arg ζ < −π3

}
,

Ω(0)
3 (ζ) =

{
ζ ∈ C∗

∣∣∣ − 8π
3 < arg ζ < −4π

3

}
= Ω(0)

1 (ζe2πi).

So, in principle, we have only two distinct Stokes sectors at ζ = 0.

Figure 3.3. Stokes rays and Stokes sectors at ζ = 0.

In a similar way, we can define the Stokes sectors at ζ =∞. First, we need Stokes rays

at ζ =∞:

l(1,2)
n =

{
ζ ∈ C ∪ {∞}

∣∣∣ arg ζ = 2π
3 + nπ

}
,

l(1,3)
n =

{
ζ ∈ C ∪ {∞}

∣∣∣ arg ζ = π

3 + nπ
}
,

l(2,3)
n =

{
ζ ∈ C ∪ {∞}

∣∣∣ arg ζ = nπ
}
.

Then, one can take the following Stokes sectors so that they contain exactly one Stokes ray

for each superscript (i, j) with i < j.

Ω(∞)
1 (ζ) =

{
ζ ∈ C∗

∣∣∣ − 2π
3 < arg ζ < 2π

3

}
,

Ω(∞)
2 (ζ) =

{
ζ ∈ C∗

∣∣∣ π3 < arg ζ < 5π
3

}
,

Ω(∞)
3 (ζ) =

{
ζ ∈ C∗

∣∣∣ 4π
3 < arg ζ < 8π

3

}
= Ω(∞)

1 (ζe−2πi).
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Moreover, we observe that

Ω(0)
n (ζ) = Ω(∞)

n (ζ−1) for n ∈ Z. (3.3.5)

Figure 3.4. Stokes rays and Stokes sectors at ζ =∞.

3.3.3 Stokes matrices

As a step toward the Stokes matrices, we shall define canonical solutions. According to

Theorem 1.4 in [ 41 ], in each sector Ω(∞,0)
n for n = 1, 2, 3, there exists a unique solution Ψ(∞,0)

n

of (  3.3.1 ) satisfying the asymptotic condition,

Ψ(∞,0)
n (ζ) ∼ Ψ(∞,0)

f (ζ), ζ →∞, 0, ζ ∈ Ω(∞,0)
n , n = 1, 2, 3.

Moreover, we have

Ψ(∞)
3 (ζ) = Ψ(∞)

1 (ζe−2πi) and Ψ(0)
3 (ζ) = Ψ(0)

1 (ζe2πi).

So, such solutions, Ψ(∞)
n and Ψ(0)

n , have analytic continuations to the universal covering C̃∗,

and we continue to denote them by Ψ(∞)
n and Ψ(0)

n for the extended solution.

Stokes matrices are defined by

S(∞,0)
n = [Ψ(∞,0)

n (ζ)]−1Ψ(∞,0)
n+1 (ζ) (3.3.6)
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for n = 1, 2.

Lemma 3.3.1. Stokes matrices admit the following structure,

S
(∞)
1 =


1 ∗ 0

0 1 0

∗ ∗ 1

 , S(∞)
2 =


1 0 ∗

∗ 1 ∗

0 0 1

 ,

S
(0)
1 =


1 0 ∗

∗ 1 ∗

0 0 1

 , S(0)
2 =


1 ∗ 0

0 1 0

∗ ∗ 1

 .

Proof. We will prove here for S(∞)
1 only. The same approach can be applied to determine

the structure of other Stokes matrices.

We start with Ψ(∞)
n+1Ψ

(∞)−1
n+1 = I. By definition of Stokes matrices (  3.3.6 ), it follows that

Ψ(∞)
n S(∞)

n Ψ(∞)−1
n+1 = I. For ζ ∈ Ω(∞)

n ∩ Ω(∞)
n+1, it can be further written as

lim
ζ→∞

Ψ(∞)
f S(∞)

n Ψ(∞)−1
f = I

=⇒ lim
ζ→∞

P∞(I +O(ζ−1))e−x2ζd3S(∞)
n ex

2ζd3(I +O(ζ−1))−1P−1
∞ = I

=⇒ lim
ζ→∞

e−x
2ζd3S(∞)

n ex
2ζd3 = I.

Therefore, if we write

S(∞)
n =


∗ ∗ ∗

∗ ∗ ∗

∗ ∗ ∗

 ,

then we should have

lim
ζ→∞


∗ ∗e−x2ζ(1−ω) ∗e−x2ζ(1−ω2)

∗ex2ζ(1−ω) ∗ ∗e−x2ζ(ω−ω2)

∗ex2ζ(1−ω2) ∗ex2ζ(ω−ω2) ∗

 = I, (3.3.7)
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for ζ ∈ Ω(∞)
n ∩ Ω(∞)

n+1.

Suppose n = 1. Then, ζ belongs to Ω(∞)
1 ∩ Ω(∞)

2 , which means

ζ ∈
{
ζ ∈ C ∪ {∞}

∣∣∣∣∣ π3 < arg ζ < 2π
3

}
.

And it follows that

π

6 < arg ζ(1− ω) < π

2 ,
π

2 < arg ζ(1− ω2) < 5π
6 ,

5π
6 < arg ζ(ω − ω2) < 7π

6 ,

which implies that equality (  3.3.7 ) holds if S(∞)
1 has the following structure

S
(∞)
1 =


1 ∗ 0

0 1 0

∗ ∗ 1

 .

Our equation (  3.3.1 ) has many symmetries , that we describe in the next section. These

symmetries allow to reduce the number of the parameters (Stokes data) that are needed to

parameterize Stokes matrices.

3.3.4 Anti-symmetry relations

Anti-symmetry relation at ζ =∞

Let A(ζ) be the coefficient matrix of (  3.3.1 ):

A(ζ) = − 1
ζ2W −

x

ζ
wx − x2W T .
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Then, one can observe the following symmetry equation:

∆AT (−ζ)∆ = A(ζ), (3.3.8)

where

∆ =


0 0 1

0 1 0

1 0 0

 .

Moreover, (  3.3.8 ) implies the following lemma:

Lemma 3.3.2. Ψ(ζ) is a solution of (  3.3.1 ), then so is Ψ̃(ζ) := ∆ΨT−1(−ζ).

One can expect that the asymptotics of Ψ̃(ζ) as ζ →∞ will be represented by the formal

solution. But when we take into account ( 3.3.3 ), it turns out some normalization is needed,

because it holds that

∆P T−1
∞

d3

3 = P∞.

This leads the Anti-symmetry relation for the formal solution:

∆[Ψ(∞)
f (−ζ)]T−1d3

3 = Ψ(∞)
f (ζ). (3.3.9)

Indeed,

∆[Ψ(∞)
f (−ζ)]T−1d3

3 = ∆[P∞(I +O(ζ−1))ex2ζd3 ]T−1d3

3
= ∆P T−1

∞ (I +O(ζ−1))e−x2ζd3
d3

3
= ∆P T−1

∞
d3

3 (I +O(ζ−1))e−x2ζd3

= P∞(I +O(ζ−1))e−x2ζd3

= Ψ(∞)
f (ζ).
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Moreover, considering the Stokes sectors of each canonical solution (see Figure  3.4 ), we

observe that (  3.3.9 ) implies the Anti-symmetry of canonical solutions at ζ =∞:

∆[Ψ(∞)
2 (eiπζ)]T−1d3

3 = Ψ(∞)
1 (ζ)

∆[Ψ(∞)
3 (eiπζ)]T−1d3

3 = Ψ(∞)
2 (ζ)

(3.3.10)

In terms of Stokes matrices, they can be interpreted as follows:

S
(∞)
2 = d−1

3 [S(∞)
1 ]T−1d3. (3.3.11)

The proof is straightforward:

S
(∞)
1 = [Ψ(∞)

1 ]−1[Ψ(∞)
2 ] = 3d−1

3 [Ψ(∞)
2 ]T∆∆[Ψ(∞)

3 ]T−1d3

3 by ( 3.3.10 )

= d−1
3 (Ψ(∞)−1

3 Ψ(∞)
2 )Td3 = d−1

3 [S(∞)
2 ]T−1d3.

⇔ S
(∞)
2 = d−1

3 [S(∞)
1 ]T−1d3.

Anti-symmetry relation at ζ = 0

Furthermore, A(ζ) admits another symmetry relation,

1
x2ζ2 ∆A

(
− 1
x2ζ

)
∆ = A(ζ).

Lemma 3.3.3. If Ψ(ζ) is a solution of (  3.3.1 ), then so is Ψ̃(ζ) := ∆Ψ
(
− 1
x2ζ

)
.

Again, in the limit of ζ →∞, this solution Ψ̃(ζ) with some normalization is asymptoti-

cally represented by the formal solution:

∆Ψ(∞)
f

(
− 1
x2ζ

)
3d−1

3 = Ψ(0)
f (ζ). (3.3.12)

A version of canonical solutions follows from (  3.3.12 ) and (  3.3.5 ):

∆Ψ(∞)
n+1

(
eiπ

1
x2ζ

)
3d−1

3 = Ψ(0)
n (ζ) (3.3.13)
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for n = 1, 2. Thus, the Anti-symmetry relation of canonical solutions at ζ = 0 is

Ψ(0)
2 (ζ) = ∆

[
Ψ(0)

1 (eiπζ)
]T−1

3d−1
3 . (3.3.14)

In terms of Stokes matrices, they can be interpreted as follows:

S(0)
n = d3S

(∞)
n+1d

−1
3 ,

S
(0)
2 = d3[S(0)

1 ]T−1d−1
3 .

(3.3.15)

3.3.5 Cyclic symmetry relations

The coefficient matrix A(ζ) has one more symmetry, namely

ωd−1
3 A(ωζ)d3 = A(ζ).

Using this symmetry, we obtain the next lemma:

Lemma 3.3.4. If Ψ(ζ) is a solution of (  3.3.1 ), then so is Ψ̃(ζ) := d−1
3 Ψ(ωζ).

Cyclic symmetry relations of the formal solutions

In the limit of ζ → ∞, we claim that this solution Ψ̃(ζ) with some normalization is

asymptotically represented by the formal solution:

d−1
3 Ψ(∞)

f (ωζ)Π = Ψ(∞)
f (ζ), (3.3.16)

where

Π =


0 1 0

0 0 1

1 0 0

 .
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In order to prove this equation, we need to have

d−1
3 P∞Π = P∞ and Π−1ex

2ωζd3Π = ex
2ζd3 ,

which can be checked by the direct computation.

Similarly, in the limit of ζ → 0, we now claim that the solution Ψ̃(ζ) in Lemma  3.3.4 

with the following normalization is asymptotically represented by the formal solution:

d−1
3 Ψ(0)

f (ωζ)Π−1 = Ψ(0)
f (ζ). (3.3.17)

In order to prove this equation, we need to have

d−1
3 P0Π−1 = P0 and Πe

1
ωζ
d3Π = e

1
ζ
d3 ,

which also can be checked by the direct computation.

Cyclic symmetry relations of the fundamental solutions

Using Anti-symmetry relations of the formal solutions we were able to deduce symme-

tries of the canonical solutions. But in the case of the cyclic symmetry relations it is not

straightforward. To overcome this difficulty, we will define some rotated sectors of Ω(∞,0)
n and

consider fundamental solutions defined on each sector. Then, for such fundamental solutions,

we shall give the cyclic symmetry relations.

First, we work on the case of ζ =∞. For n ∈ 1
3Z, define

Ω(∞)
n+ 1

3
:= ei

π
3 Ω(∞)

n .

Then, we call fundamental solutions of (  3.3.1 ) defined on each sector having the asymptotic

condition as ζ →∞ as

Ψ(∞)
n (ζ) on Ω(∞)

n for n ∈ 1
3Z. (3.3.18)
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Paying attention to which sector ζ belongs to, we observe the following cyclic symmetry

relations of (  3.3.18 ) by (  3.3.16 ):

d−1
3 Ψ(∞)

n+ 2
3
(ωζ)Π = Ψ(∞)

n (ζ) on Ω(∞)
n (3.3.19)

for n ∈ 1
3Z.

Next we consider ζ = 0. As we checked in ( 3.3.5 ), Stokes sectors at ζ = 0 and Stokes

sectors at ζ =∞ are related by Ω(0)
n (ζ) = Ω(∞)

n (ζ−1) for n ∈ Z. Similarly, we can define the

sectors,

Ω(0)
n (ζ) := Ω(∞)

n (ζ−1)

for n ∈ 1
3Z, so that fundamental solutions Ψ(0)

n (ζ) defined on each sector Ω(∞)
n have the unique

asymptotic condition to the formal solution Ψ(0)
f (ζ). Then, the cyclic symmetry relations of

such fundamental solutions follow by (  3.3.17 ):

d−1
3 Ψ(0)

n− 2
3
(ωζ)Π−1 = Ψ(0)

n (ζ) on Ω(0)
n (3.3.20)

for n ∈ 1
3Z.

Cyclic symmetry relations of Jump matrices

Once we have the cyclic symmetry relations, (  3.3.19 ) and (  3.3.20 ), we would like to find

the corresponding symmetries of the Stokes matrices. However, we have obtained the cyclic

relations for fundamental solutions defined on rotated Stokes sectors, not for the canonical

solutions. Thus, we begin with computing new jump matrices defined on the intersection of

two sectors. We start with the case of ζ =∞.
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Lemma 3.3.5. Let Q(∞)
n := Ψ(∞)−1

n Ψ(∞)
n+ 1

3
defined on Ω(∞)

n ∩ Ω(∞)
n+ 1

3
for n ∈ 1

3Z. Then, jump

matrices have the following structure,

Q
(∞)
1 =


1 ∗ 0

0 1 0

0 0 1

 , Q(∞)
1 1

3
=


1 0 0

0 1 0

0 ∗ 1

 , Q(∞)
1 2

3
=


1 0 0

0 1 0

∗ 0 1

 ,

Q
(∞)
2 =


1 0 0

∗ 1 0

0 0 1

 , Q(∞)
2 1

3
=


1 0 0

0 1 ∗

0 0 1

 , Q(∞)
2 2

3
=


1 0 ∗

0 1 0

0 0 1

 .

Proof. We will prove here for Q(∞)
1 only. The same approach can be applied to determine

the structure of other jump matrices.

Consider a jump matrix,

Q
(∞)
1 := Ψ(∞)−1

1 Ψ(∞)
1 1

3
on Ω(∞)

1 ∩ Ω(∞)
1 1

3
=
{
−π3 < arg ζ < 2π

3

}
. (3.3.21)

Apply (  3.3.21 ) to the equation Ψ(∞)
1 1

3
Ψ(∞)−1

1 1
3

= I, and we have Ψ(∞)
1 Q

(∞)
1 Ψ(∞)−1

1 1
3

= I. For

ζ ∈ Ω(∞)
1 ∩ Ω(∞)

1 1
3

, it can be further written as

lim
ζ→∞

Ψ(∞)
f Q

(∞)
1 Ψ(∞)−1

f = I

=⇒ lim
ζ→∞

P∞(I +O(ζ−1))e−x2ζd3Q
(∞)
1 ex

2ζd3(I +O(ζ−1))−1P−1
∞ = I

=⇒ lim
ζ→∞

e−x
2ζd3Q

(∞)
1 ex

2ζd3 = I.

Therefore, if we write

Q
(∞)
1 =


∗ ∗ ∗

∗ ∗ ∗

∗ ∗ ∗

 ,
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we should have

lim
ζ→∞


∗ ∗e−x2ζ(1−ω) ∗e−x2ζ(1−ω2)

∗ex2ζ(1−ω) ∗ ∗e−x2ζ(ω−ω2)

∗ex2ζ(1−ω2) ∗ex2ζ(ω−ω2) ∗

 = I, (3.3.22)

for ζ ∈ Ω(∞)
1 ∩ Ω(∞)

1 1
3

. Since ζ satisfies −π
3 < arg ζ < 2π

3 , it follows that

−π2 < arg ζ(1− ω) < π

2
−π6 < arg ζ(1− ω2) < 5π

6
π

6 < arg ζ(ω − ω2) < 7π
6 ,

which implies that equality of ( 3.3.22 ) holds if Q(∞)
1 has the following structure

Q
(∞)
1 =


1 ∗ 0

0 1 0

0 0 1

 .

The cyclic symmetry relations of jump matrices Q(∞)
n for n ∈ 1

3Z follows from (  3.3.19 ).

For example, for ζ ∈ Ω(∞)
1 ∩ Ω(∞)

1 1
3

, we have

Q
(∞)
1 = Ψ(∞)−1

1 (ζ)Ψ(∞)
1 1

3
(ζ)

= (d−1
3 Ψ(∞)

1 2
3

(ωζ)Π)−1d−1
3 Ψ(∞)

2 (ωζ)Π

= Π−1Ψ(∞)−1
1 2

3
(ωζ)Ψ(∞)

2 (ωζ)Π

= Π−1Q
(∞)
1 2

3
Π

Similarly, for any n ∈ 1
3Z, it holds that

Q(∞)
n = Π−1Q

(∞)
n+ 2

3
Π. (3.3.23)
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Moreover, Stokes matrices S(∞)
1 and S

(∞)
2 can be expressed using Q(∞)

n ’s for n ∈ 1
3Z.

Proposition 3.3.6. S(∞)
n = Q(∞)

n Q
(∞)
n+ 1

3
Q

(∞)
n+ 2

3
for n = 1, 2.

Proof. For ζ ∈ Ω(∞)
1 ∩ Ω(∞)

2 , we have

Ψ(∞)
2 = Ψ(∞)

1 2
3
Q

(∞)
1 2

3
= Ψ(∞)

1 1
3
Q

(∞)
1 1

3
Q

(∞)
1 2

3
= Ψ(∞)

1 Q
(∞)
1 Q

(∞)
1 1

3
Q

(∞)
1 2

3
.

Thus, the Stokes matrix S(∞)
1 is expressed as the product, S(∞)

1 = Q
(∞)
1 Q

(∞)
1 1

3
Q

(∞)
1 2

3
. Similarly,

we have S(∞)
2 = Q

(∞)
2 Q

(∞)
2 1

3
Q

(∞)
2 2

3
.

Repeating this discussion to Lemma  3.3.5 for Q(0)
n := Ψ(0)−1

n Ψ(0)
n+ 1

3
which is defined on

the intersection Ω(0)
n ∩Ω(0)

n+ 1
3
, we can show that Q(0)

n has the same structure as Q(∞)
n+1 for each

n ∈ 1
3Z. Then, we have a decomposition of S(0)

n :

S(0)
n = Q(0)

n Q
(0)
n+ 1

3
Q

(0)
n+ 2

3
(3.3.24)

for n ∈ 1
3Z. Moreover, making use of ( 3.3.20 ), it follows that

Q(0)
n = Π−1Q

(0)
n+ 2

3
Π (3.3.25)

for n ∈ 1
3Z.

3.3.6 Computation of Stokes matrices

So far, we got Anti-symmetry relations of Stokes matrices, (  3.3.11 ) and (  3.3.15 ), and

cyclic symmetry relations of Q(∞,0)
n ’s, (  3.3.23 ) and (  3.3.25 ), to parameterize Stokes matrices

with the smallest number of parameters. Before doing actual computation, let us rephrase

Anti-symmetry relations of the Stokes matrices in terms of Q(∞,0)
n also.

Q
(∞)
n+1 = d−1

3 [Q(∞)
n ]T−1d3

Q
(0)
n+1 = d3[Q(0)

n ]T−1d−1
3

Q(0)
n = d3Q

(∞)
n+1d

−1
3

(3.3.26)
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for n ∈ 1
3Z. They can be proved in the similar way of getting (  3.3.11 ) and (  3.3.15 ) in the

subsection  3.3.4 .

In summary, we have the following symmetry equations:

• Anti-symmetry of formal solutions (( 3.3.9 ), (  3.3.12 )):

∆[Ψ(∞)
f (−ζ)]T−1d3

3 = Ψ(∞)
f (ζ)

∆Ψ(∞)
f

(
− 1
x2ζ

)
3d−1

3 = Ψ(0)
f (ζ)

∆[Ψ(0)
f (−ζ)]T−13d−1

3 = Ψ(0)
f (ζ)

• Anti-symmetry of canonical solutions (( 3.3.10 ), (  3.3.13 ),( 3.3.14 )):

∆[Ψ(∞)
n+1(eiπζ)]T−1d3

3 = Ψ(∞)
n (ζ)

∆Ψ(∞)
n+1

(
eiπ

1
x2ζ

)
3d−1

3 = Ψ(0)
n (ζ)

∆[Ψ(0)
n−1(eiπζ)]T−13d−1

3 = Ψ(0)
n (ζ)

• Anti-symmetry of Jump matrices (( 3.3.26 )):

Q
(∞)
n+1 = d−1

3 [Q(∞)
n ]T−1d3

Q
(0)
n+1 = d3[Q(0)

n ]T−1d−1
3

Q(0)
n = d3Q

(∞)
n+1d

−1
3

• Cyclic symmetry of formal solutions ((  3.3.16 ), (  3.3.17 )):

d−1
3 Ψ(∞)

f (ωζ)Π = Ψ(∞)
f (ζ)

d−1
3 Ψ(0)

f (ωζ)Π−1 = Ψ(0)
f (ζ)
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• Cyclic symmetry of fundamental solutions ((  3.3.19 ), (  3.3.20 )):

d−1
3 Ψ(∞)

n+ 2
3
(ωζ)Π = Ψ(∞)

n (ζ)

d−1
3 Ψ(0)

n− 2
3
(ωζ)Π−1 = Ψ(0)

n (ζ)

• Cyclic symmetry of Jump matrices ((  3.3.23 ), (  3.3.25 )):

Q(∞)
n = Π−1Q

(∞)
n+ 2

3
Π

Q(0)
n = Π−1Q

(0)
n+ 2

3
Π

Parametrization of S(∞)
n

Let us start with

Q
(∞)
1 =


1 a 0

0 1 0

0 0 1

 .

By the Anti-symmetry relation, it follows that

Q
(∞)
2 = d−1

3 [Q(∞)
1 ]T−1d3 =


1 0 0

−aω2 1 0

0 0 1

 .

Then, we use the cyclic symmetry to have

Q
(∞)
1 1

3
= Π−1Q

(∞)
2 Π =


1 0 0

0 1 0

0 −aω2 1

 .
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Using the cyclic symmetry relation once more, we can express Q(∞)
1 2

3
using a:

Q
(∞)
1 2

3
= ΠQ(∞)

1 Π−1 =


1 0 0

0 1 0

a 0 1

 .

Proposition  3.3.6 implies that

S
(∞)
1 = Q

(∞)
1 Q

(∞)
1 1

3
Q

(∞)
1 2

3
=


1 a 0

0 1 0

a −aω2 1

 . (3.3.27)

The parameterization of Q(∞)
1 1

3
with a enables us to do more. Indeed,

Q
(∞)
2 1

3
= d−1

3 [Q(∞)
1 1

3
]T−1d3 =


1 0 0

0 1 a

0 0 1


and

Q
(∞)
2 2

3
= d−1

3 [Q(∞)
1 2

3
]T−1d3 =


1 0 −aω2

0 1 0

0 0 1



in virtue of the Anti-symmetry. Moreover, Proposition  3.3.6 gives a parametrization of S(∞)
2

in terms of a:

S
(∞)
2 = Q

(∞)
2 Q

(∞)
2 1

3
Q

(∞)
2 2

3
=


1 0 −aω2

−aω2 1 a2ω + a

0 0 1

 . (3.3.28)
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Parametrization of S(0)
n

By (  3.3.26 ), we can translate all Q(0)
n ’s with a parameter a:

Q
(0)
1 =


1 0 0

−a 1 0

0 0 1

 , Q(0)
1 1

3
=


1 0 0

0 1 aω2

0 0 1

 , Q(0)
1 2

3
=


1 0 −a

0 1 0

0 0 1

 ,

Q
(0)
2 =


1 aω2 0

0 1 0

0 0 1

 , Q(0)
2 1

3
=


1 0 0

0 1 0

0 −a 1

 , Q(0)
2 2

3
=


1 0 0

0 1 0

aω2 0 1

 .

Since ( 3.3.24 ) tells us how to compute S(0)
1 and S

(0)
2 using Q(0)

n ’s, we have

S
(0)
1 =


1 0 −a

−a 1 a2 + aω2

0 0 1

 and S
(0)
2 =


1 aω2 0

0 1 0

aω2 −a 1

 . (3.3.29)

Therefore, we find that each Stokes matrix is parameterized by a single parameter a —

Stokes data, as in ( 3.3.27 ), (  3.3.28 ), and (  3.3.29 ).

3.3.7 Connection matrices

In this section we describe the connection matrices Ek which connects solutions at ζ =∞

and solutions at ζ = 0 by

Ψ(∞)
1 (ζ) = Ψ(0)

1 (ζ)E1,

Ψ(∞)
2 (ζ) = Ψ(0)

2 (ζe−2πi)E2,
(3.3.30)

for all ζ in the universal covering C̃∗. We claim that the connection matrix E1 generates E2

and this can be checked by upcoming lemma where we deal with several symmetry relations.

As with the Stokes matrices, our goal is to understand how many parameters are needed to

explicitly write E1.
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Lemma 3.3.7. E2 = S
(0)−1
1 E1S

(∞)−1
2 = S

(0)
2 E1S

(∞)
1 = 1

9d3E
T−1
1 d3.

Note. By the Anti-symmetry relations of the Stokes matrices, ( 3.3.11 ) and ( 3.3.15 ), one can

write

S
(∞)−1
2 = d−1

3 [S(∞)
1 ]Td3 and S

(0)−1
1 = d−1

3 [S(0)
2 ]Td3,

so that the first symmetry of Lemma  3.3.7 can be written as follows too:

E2 = d3[S(0)
2 ]Td−1

3 E1d
−1
3 [S(∞)

1 ]Td3.

Anti-symmetry relation of E1

Let us call the symmetry in Lemma  3.3.7 ,

S
(0)
2 E1S

(∞)
1 = 1

9d3E
T−1
1 d3, (3.3.31)

the Anti-symmetry relation of E1. Using (  3.3.15 ), we have

S
(∞)
1 d−1

3 E1S
(∞)
1 = 1

9E
T−1
1 d3. (3.3.32)

Taking a determinant of the both sides of equation (  3.3.32 ), we get

detS(∞)
1 det d−1

3 detE1 detS(∞)
1 =

(1
9

)3
detET−1

1 det d3

⇔ (detE1)2 =
(1

3

)6
⇔ detE1 = ±

(1
3

)3

where we used det d±1
3 = 1 and detS(∞)

n = 1. We can also determine which sign should

appear in detE1. Taking a determinant at (  3.3.30 ), we have

detE1 = det Ψ(∞)
1

det Ψ(0)
1
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so all we have to know is det Ψ(∞,0)
1 . But E1 is independent of ζ so one can replace det Ψ(∞,0)

n

by det Ψ(∞,0)
f = detP∞,0. Since

P0 = P T−1
∞ = ewΩ,

it follows that detP0 = (detP∞)−1 = det Ω = −i3
√

3 by the direct computation. Thus,

detE1 = 1
(det Ω)2 = − 1

27 .

Cyclic symmetry relation of E1

By definition of the Jump matrices Q(∞,0)
n for n ∈ 1

3Z introduced in subsubsection  3.3.5 ,

we have

Ψ(∞,0)
1 2

3
(ζ) = Ψ(∞,0)

1 (ζ)Q(∞,0)
1 Q

(∞,0)
1 1

3
.

Using the cyclic symmetry relation, (  3.3.25 ) and (  3.3.20 ), it follows that

Ψ(∞)
1 = d−1

3 Ψ(∞)
1 2

3
(ωζ)Π = d−1

3 Ψ(∞)
1 (ωζ)Q(∞)

1 Q
(∞)
1 1

3
Π, (3.3.33)

and

Ψ(0)
1 = Ψ(0)

1 2
3
(ζ)

(
Q

(0)
1 Q

(0)
1 1

3

)−1
= d−1

3 Ψ(0)
1 (ωζ)Π−1

(
Q

(0)
1 Q

(0)
1 1

3

)−1
. (3.3.34)

Substituting ( 3.3.33 ) and (  3.3.34 ) into (  3.3.30 ), we have

d−1
3 Ψ(∞)

1 (ωζ)Q(∞)
1 Q

(∞)
1 1

3
Π = d−1

3 Ψ(0)
1 (ωζ)Π−1

(
Q

(0)
1 Q

(0)
1 1

3

)−1
E1

=⇒ d−1
3 Ψ(0)

1 (ωζ)E1Q
(∞)
1 Q

(∞)
1 1

3
Π = d−1

3 Ψ(0)
1 (ωζ)Π−1

(
Q

(0)
1 Q

(0)
1 1

3

)−1
E1

=⇒ E1Q
(∞)
1 Q

(∞)
1 1

3
Π = Π−1

(
Q

(0)
1 Q

(0)
1 1

3

)−1
E1.

130



Thus, we obtain

E1 =
(
Q

(0)
1 Q

(0)
1 1

3
Π
)
E1

(
Q

(∞)
1 Q

(∞)
1 1

3
Π
)
. (3.3.35)

Moreover, using the symmetry relation ( 3.3.26 ), equation (  3.3.35 ) turns out to be

E1 =
(
d3Q

(∞)
2 d−1

3 d3Q
(∞)
2 1

3
d−1

3 Π
)
E1

(
Q

(∞)
1 Q

(∞)
1 1

3
Π
)

=⇒ d−1
3 E1 =

(
Q

(∞)
2 Q

(∞)
2 1

3
d−1

3 Πd3

)
d−1

3 E1

(
Q

(∞)
1 Q

(∞)
1 1

3
Π
)
.

By direct computation, one can get d−1
3 Πd3 = ωΠ. Hence, it follows that

d−1
3 E1 = ω

(
Q

(∞)
2 Q

(∞)
2 1

3
Π
)
d−1

3 E1

(
Q

(∞)
1 Q

(∞)
1 1

3
Π
)
. (3.3.36)

We call this relation the cyclic symmetry relation of E1.

In summary,

• Anti-symmetry relation of E1 of the connection matrices (( 3.3.31 )):

S
(0)
2 E1S

(∞)
1 = 1

9d3E
T−1
1 d3

• Cyclic symmetry relation of the connection matrices (( 3.3.36 )):

d−1
3 E1 = ω

(
Q

(∞)
2 Q

(∞)
2 1

3
Π
)
d−1

3 E1

(
Q

(∞)
1 Q

(∞)
1 1

3
Π
)

3.3.8 Computation of the connection matrix E1

Using the cyclic symmetry relation (  3.3.36 )we obtain

d−1
3 E1

(
Q

(∞)
1 Q

(∞)
1 1

3
Π
)−1

= ω
(
Q

(∞)
2 Q

(∞)
2 1

3
Π
)
d−1

3 E1. (3.3.37)
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Let us parameterize the entries of the matrix E1 by


A B C

D E F

G H I

 ,

then the LHS of (  3.3.37 ) becomes

d−1
3 E1Π−1Q

(∞)−1
1 1

3
Q

(∞)−1
1 =


B aω2A− aB + C A

ω2E aωD − aω2E + ω2F ω2D

ωH aG− aωH + ωI ωG

 ,

and the RHS of (  3.3.37 ) becomes

ω
(
Q

(∞)
2 Q

(∞)
2 1

3
Π
)
d−1

3 E1 =

=


D E F

−aω2D + ω2G+ aωA −aω2E + ω2H + aωB −aω2F + ω2I + aωC

ωA ωB ωC

 .

Therefore, by comparing each matrix, we obtain 9 entry-wise identity equations . They are

reduced to the following six equations:

D = B, E = aω2A− aB + C, F = A,

H = A, I = aA+B − aω2C, G = C.

Thus the parametrization of E1 can be reduced to 3 letters, A, B, and C:

E1 =


A B C

B aω2A− aB + C A

C A aA+B − aω2C

 . (3.3.38)
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Next, rearranging the equation ( 3.3.32 ), we get

S
(∞)
1 d−1

3 E1S
(∞)
1 d−1

3 ET
1 = 1

9I ⇔ Ẽ1Ẽ1 = 1
9I,

(3.3.39)

where we defined Ẽ1 := S
(∞)
1 d−1

3 E1 and used the fact that E = ET . Let’s use parametrization

( 3.3.27 ) of S(∞)
1 and (  3.3.38 ) of E1 to compute more about (  3.3.39 ). In other words, by

comparing each entry of Ẽ2
1 = 1

9I, we will obtain other identity equations. First, compute

Ẽ1:

Ẽ1 = S
(∞)
1 d−1

3 E1 =


A+ aω2B B + a2ωA− a2ω2B + aω2C C + aω2A

ω2B aωA− aω2B + ω2C ω2A

aA− aωB + ωC aB − a2A+ a2ωB − aωC + ωA ωB

 .

Then, comparing Ẽ1
2 with 1

9I, we have

(Ẽ2
1)3,3 = 1

9 ⇔ A2 + ω2B2 + ωC2 + aω2AB − aωBC + aCA = 1
9 (3.3.40)

and

(Ẽ2
1)3,1 = 0⇔ aA2 + AB + ω2BC + ωAC = 0. (3.3.41)

Subtracting the aω2 multiple of (  3.3.41 ) from (  3.3.40 ), we have

(1− a2ω2)A2 + ω2B2 − 2aωBC + ωC2 = 1
9 . (3.3.42)

Using ( 3.3.41 ) and ( 3.3.42 ), one can express B and C in terms of A respectively. For

now, we will stop here, but after we talk about the reality condition next section, we shall

give more detailed parameterization. So far, we figured out that the connection matrix E1

is parameterized by two complex numbers: a and A. Recall {a} was called the Stokes data.

Together with one more parameter A, we call {a,A} the monodromy data.
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3.4 Reality condition

Recall that we consider the real solution w0(x) ∈ R for x ∈ R. In terms of the first

equation of the Lax pair (  3.1.4 )

Ψζ =
(
− 1
ζ2W −

x

ζ
wx − x2W T

)
Ψ, (3.4.1)

we should have that

A(ζ) = − 1
ζ2W −

x

ζ
wx − x2W T ,

satisfies A(ζ) = A(ζ). This implies that if Ψ(ζ) is a solution of ( 3.4.1 ) then so is Ψ(ζ). We

will see how they are related in this section.

3.4.1 Reality condition of the formal solutions

Recall that the formal solution at ζ = ∞ is given by (  3.3.3 ), so that by taking complex

conjugate we have

Ψ(∞)
f (ζ) = P∞(I +O(ζ−1))e−x2ζd3

= P∞C(I +O(ζ−1))Ce−x2ζd3 ,
(3.4.2)

where we used the property of C2 = I. First, note that

d3 = Cd3C. (3.4.3)

Also, since P∞ = ewΩ−1, we have

P∞ = ew
1
3Ω (3.4.4)
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by ( 3.3.4 ). Furthermore,

ΩΩ = 3C ⇔ 1
3Ω = Ω−1C−1.

Thus, together with (  3.4.4 ), we obtain

P∞C = ewΩ−1 = P∞. (3.4.5)

Substitution ( 3.4.3 ) and (  3.4.5 ) into (  3.4.2 ), it follows that

Ψ(∞)
f (ζ) = P∞C(I +O(ζ−1))Ce−x2ζd3

= P∞(I +O(ζ−1))CCe−x2ζd3C

= P∞(I +O(ζ−1))e−x2ζd3C.

Therefore, we obtain the reality condition of the formal solutions:

Ψ(∞)
f (ζ)C = Ψ(∞)

f (ζ).

Similarly, the formal solution at ζ = 0 has the same property:

Ψ(0)
f (ζ)C = Ψ(0)

f (ζ).

3.4.2 Reality condition of the Stokes matrices

In this section we discuss how the reality condition affects the Stokes matrices. Recall

that the Stokes sectors for the canonical solution at ζ =∞ are given in the Subsection  3.3.2 :

Ω(∞)
1 =

{
ζ ∈ C∗

∣∣∣ − 2π
3 < arg ζ < 2π

3

}
,

Ω(∞)
2 =

{
ζ ∈ C∗

∣∣∣ π3 < arg ζ < 5π
3

}
.

135



By taking complex conjugate of ζ, i.e. arg ζ = 2π − arg ζ above, Stokes sectors for the

solution Ψ(∞)
n (ζ) for n = 1, 2 are

Ω(∞)
1 :=

{
ζ ∈ C∗

∣∣∣ 4π
3 < arg ζ < 8π

3

}
,

Ω(∞)
2 :=

{
ζ ∈ C∗

∣∣∣ π3 < arg ζ < 5π
3

}
.

Then, we have the relation

Ω(∞)
1 = Ω(∞)

3 ,

Ω(∞)
2 = Ω(∞)

2 ,

on the level of Stokes sectors and the version of the canonical solutions are

Ψ(∞)
1 (ζ)C = Ψ(∞)

3 (ζ),

Ψ(∞)
2 (ζ)C = Ψ(∞)

2 (ζ).

Thus the reality condition of the Stokes matrices are

S
(∞)
1 = [Ψ(∞)

1 (ζ)]−1Ψ(∞)
2 (ζ) = C[Ψ(∞)

3 (ζ)]−1Ψ(∞)
2 (ζ)C = CS

(∞)−1
2 C (3.4.6)

This can be interpreted as the reality condition of the Stokes data. Since S(∞)
n for n = 1, 2

are parametrized in (  3.3.27 ) and (  3.3.28 ), we have

S
(∞)
1 =


1 a 0

0 1 0

a −aω 1

 and S
(∞)−1
2 =


1 0 aω2

aω2 1 −a

0 0 1

 .

Therefore, condition (  3.4.6 ) implies a = aω2. Thus, one can write a as

ā = aω2 =⇒ a = ω2sR. (3.4.7)

for some real parameter sR.
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3.4.3 Reality condition of the connection matrices

In this section we will find the reality condition for the connection matrix E1. Let

arg ζ = − arg ζ this time. Then, the Stokes sectors have the property,

Ω(∞)
1 = Ω(∞)

1 and Ω(0)
1 = Ω(0)

1 ,

which implies the reality condition of the canonical solutions,

Ψ(∞)
1 (ζ)C = Ψ(∞)

1 (ζ)

Ψ(0)
1 (ζ)C = Ψ(0)

1 (ζ).
(3.4.8)

By (  3.3.30 ) and (  3.4.8 ), it follows that

E1 =
[
Ψ(0)

1

]−1
Ψ(∞)

1 = C
[
Ψ(0)

1

]−1
Ψ(∞)

1 C = CE1C. (3.4.9)

3.4.4 More about monodromy data

In the previous section, we parameterized E1 with three complex parameters A, B, C

and the Stokes multiplier a as in (  3.3.38 ) that satisfy two identities, ( 3.3.40 ) and (  3.3.41 ).

In virtue of the reality condition, ( 3.4.7 ) and ( 3.4.9 ), we can show that the monodromy data

consists of two real numbers.

To begin with, we will compare the both sides of (  3.4.9 ):

(LHS) =


A B C

B aω2A− aB + C A

C A aA+B − aω2C



(RHS) =


A C B

C aA+B − aωC A

B A aωA− aB + C

 .
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Then, we have

A = A, B = C, aω2A− aB + C = aA+B − aωC.

The last equation is trivial if we have A = A, B = C and ( 3.4.7 ). Let us write A as AR to

highlight that it is a real number.

Recall (  3.3.41 ): aA2 + AB + ω2BC + ωAC = 0. Since A = A, B = C, and a = ω2sR, it

further turns out to be

sR(AR)2 + |B|2 + AR(ωB + ω2B̄) = 0. (3.4.10)

By setting ωB = x+ iy where x, y ∈ R, then (  3.4.10 ) provides us with

sR(AR)2 + 2ARx+ x2 + y2 = 0⇔ y2 = −sR(AR)2 − 2ARx− x2, (3.4.11)

Next, recall (  3.3.42 ): (1− a2ω2)A2 + ω2B2 − 2aωBC + ωC2 = 1
9 . Since A = A, B = C, and

a = ω2sR, it turns out to be

(1− (sR)2)(AR)2 − 2sR|B|2 + (ω2B2 + ωB̄2) = 1
9 . (3.4.12)

Since ω2B2 = (ωB)2 = x2− y2 + 2ixy and ωB̄2 = ω2B2 = x2− y2− 2ixy, (  3.4.12 ) turns out

to be

(1− (sR)2)(AR)2 − 2sR(x2 + y2) + 2(x2 − y2) = 1
9 , (3.4.13)

Substituting ( 3.4.11 ) into (  3.4.13 ), we have

(
2x+ (1 + sR)AR

)2
= 1

9 ⇔ x = −3(sR + 1)AR ± 1
6 . (3.4.14)
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And inserting (  3.4.14 ) into (  3.4.11 ) gives

y = ±
√
−9(AR)2((sR)2 + 2sR − 3)± 6AR(sR − 1)− 1

36 .

Therefore, the expression of B in terms of sR and AR is,

B = ω2
(
−3(sR + 1)AR ± 1

6 ±

± i
√
−9(AR)2((sR)2 + 2sR − 3)6AR(sR − 1)− 1

36

 . (3.4.15)

So, we proved that E1 is parametrized by sR and AR only:

E1 =


AR B B

B ωsRAR − ω2sRB +B AR

B AR ω2sRAR +B − ωsRB


where B is given by (  3.4.15 ). As a corollary, we give the updated version of the monodromy

data, {sR, AR}.
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3.5 Riemann-Hilbert setting

Recall the functions Ψ(∞,0)
n on the universal covering C̃∗ of C∗ that we discussed in the

subsection  3.3.3 . This functions Ψ(∞,0)
n were originally defined on the Stokes sector Ω(∞,0)

n

and then extended to C̃∗ by analytic continuation. But hereafter we would like to consider

Ψ(∞,0)
n as holomorphic functions only on the projected Ω(∞,0)

n on C∗. In other words, these

functions are sectionally holomorphic on C∗ whose jumps are given by using the monodromy

data. This gives rise to the Riemann-Hilbert problem for the negative tt*-Toda equations.

3.5.1 Ψ-problem

Let us choose the sectionally holomorphic function shown in Figure  3.5 . Altogether, we

call these functions Ψ̂. The two rays in this diagram have arguments π
2 + πZ and the circle

is the unit circle. We call the oriented contour Γ1.

Figure 3.5. Riemann-Hilbert Problem of Ψ̂.
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Bellow we will prove that the jump matrices for this functions Ψ(∞,0)
n are indeed as

prescribed.

• For ζ on the outer part of the arg ζ = π
2 ray,

Ψ̂+(ζ) = Ψ(∞)
2 (ζ) = Ψ(∞)

1 (ζ)S(∞)
1 = Ψ̂−(ζ)S(∞)

1

by ( 3.3.6 ).

• For ζ on the semi-circle in the right half-plane,

Ψ̂+(ζ) = Ψ(0)
1 (ζ) = Ψ(∞)

1 (ζ)E−1
1 = Ψ̂−(ζ)E−1

1

by ( 3.3.30 ).

• For ζ on the inner part of the arg ζ = −π
2 ray,

Ψ̂+(ζ) = Ψ(0)
1 (ζ) = Ψ(0)

2 (ζ)S(0)−1
1 = Ψ̂−(ζ)S(0)−1

1

by ( 3.3.6 ).

• For ζ on the inner part of the arg ζ = −3π
2 ray,

Ψ̂+(ζ) = Ψ(0)
2 (ζ) = Ψ(0)

3 (ζ)S(0)−1
2 = Ψ(0)

1 (ζe2πi)S(0)−1
2

=
arg ζ = π/2

Ψ(0)
1 (ζ)S(0)−1

2 = Ψ̂−(ζ)S(0)−1
2

by ( 3.3.6 ).

• For ζ on the outer part of the arg ζ = −π
2 ray,

Ψ̂+(ζ) = Ψ(∞)
1 (ζ) =

arg ζ = 3π/2
Ψ(∞)

1 (ζe−2πi) = Ψ(∞)
3 (ζ)

= Ψ(∞)
2 (ζ)S(∞)

2 = Ψ̂−(ζ)S(∞)
2

by ( 3.3.38 ).
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• For ζ on the semi-circle in the left half-plane,

Ψ̂+(ζ) = Ψ(0)
2 (ζ) =

π/2 < arg ζ < 3π/2
Ψ(0)

2 (ζe−2πi)

= Ψ(∞)
2 (ζ)E−1

2 = Ψ̂−(ζ)E−1
2

by ( 3.3.30 ).

At the self-intersection of Γ1, p1 and p2 in Figure  3.5 , one can check the following cyclic

relation, since we have no formal monodromy,

E2 = S
(0)
2 E1S

(∞)
1 = S

(0)−1
1 E1S

(∞)−1
2 .

Our next goal is to connect the asymptotic of the radial solution of the negative sign

tt*-Toda when x→∞, with the RHP that we introduced above. We will first simplify this

RHP by the sequence of transformations.

3.5.2 Φ-problem

We first transform the Ψ-problem introducing Φ(ζ) by Figure  3.6 . This transformation

comes from the decomposition of the Stokes matrices proved in Proposition  3.3.6 and ( 3.3.24 ).

We call the new oriented contour Γ2.

One can check that this change of the contour gives new jump matrices written in green

in Figure  3.6 along with the new contour Γ2. Now, let’s write these jump matrices altogether

by GΦ.

3.5.3 Φ̃-problem

Next, we define Φ̃(ζ) as like Ψ̃(ζ):

Φ̃(ζ) =


Φ(ζ) if |ζ| > 1

Φ(ζ)1
3C if |ζ| < 1

.
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Figure 3.6. Riemann-Hilbert Problem of Φ.

This further transforms the Φ-problem in Figure  3.6 into the Φ̃-problem. Although this does

not change the jump contour, the jump matrices will be modified:

• Jumps on the rays outside the unit circle do not change.

• Jumps on the rays inside the unit circle change from GΦ to CGΦC.

• Jumps on the unit circle change from GΦ to 1
3GΦC.
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Some simplification of jump matrices

After this transformation the jump matrices inside the unit circle will be simplified. For

example,

CQ
(0)−1
2 2

3
C =

( 3.3.26 )
Cd3Q

(∞)−1
1 2

3
d−1

3 C =
( 3.3.26 )

C
[
Q

(∞)
2 2

3

]T
C =

computation
Q

(∞)
2

One can repeat the similar discussion for the others.

Next, by setting Ẽ−1
n = 1

3E
−1
n C for n = 1, 2, we can simplify the jump matrices on the

unit circle as well. For example,

1
3Q

(∞)−1
1 E−1

1 Q
(0)−1
2 2

3
C = Q

(∞)−1
1

(1
3E
−1
1 C

)(
CQ

(0)−1
2 2

3
C
)

= Q
(∞)−1
1 Ẽ−1

1 Q
(∞)
2 .

One can repeat the similar discussion for the other jump matrices on the unit circle. Thus,

the updated jump matrices on Γ2 are depicted in Figure  3.7 .

Asymptotics near the singularities

Lastly, we will check the asymptotic behavior near the singularities. By definition of

Φ̃(ζ) and (  3.3.3 ), we have

Φ̃(ζ) = P∞(I +O(ζ−1))e−x2ζd3 ,

as ζ →∞. On the other hand, as ζ → 0, we have the following asymptotics:

Φ̃(ζ) = 1
3P0(I +O(ζ))e

1
ζ
d3C = 1

3P0(I +O(ζ))C
[
Ce

1
ζ
d3C

]
= 1

3P0C(I +O(ζ))e
1
ζ
d−1

3 = 1
3e
−wΩ(I +O(ζ))e

1
ζ
d−1

3

= e−wΩ−1(I +O(ζ))e
1
ζ
d−1

3

by definition of Φ̃(ζ) and (  3.3.2 ).
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Figure 3.7. Riemann-Hilbert Problem of Φ̃.

3.5.4 Φ̂-problem

Define Φ̂ in Figure  3.8 so that all jump contours are rotated by π
3 degree in anti-clockwise.

First, notice that original jump contours but the unit circle are not jump contours anymore.

For example,

• For ζ on the outer part of the arg ζ = π
6 ray of Figure  3.8 ,

Φ̂+(ζ) = Φ̃+Q
(∞)−1
2 = Φ̃−(ζ)Q(∞)

2 Q
(∞)−1
2 = Φ̃−(ζ) = Φ̂−(ζ).
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Figure 3.8. Riemann-Hilbert Problem of Φ̂.

• For ζ on the inner part of the arg ζ = π
6 ray of Figure  3.8 ,

Φ̂+(ζ) = Φ̃+Q
(∞)−1
1 = Φ̃−(ζ)Q(∞)

1 Q
(∞)−1
1 = Φ̃−(ζ) = Φ̂−(ζ).

Thus, the ray with arg ζ = π
6 is not the jump contour. Similarly, all the other rays in Figure

 3.7 are eliminated. Instead, jump matrices are moved on new rays.

Next, we will check how we get jump matrices on the unit circle in Figure  3.8 . For

example,
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• For ζ on the 1/6-circle with 0 < arg ζ < π
3 in the right half-plane of Figure  3.8 , we

have either

Φ̂+(ζ) = Φ̃+ = Φ̃−Ẽ1
−1 = Φ̂+(ζ)Ẽ1

−1

or

Φ̂+(ζ) = Φ̃+Q
(∞)−1
2 = Φ̃−Q(∞)−1

1 Ẽ1
−1
Q

(∞)
2 Q

(∞)−1
2

= Φ̃−Q(∞)−1
1 Ẽ1

−1 = Φ̂−(ζ)Ẽ1
−1
.

• For ζ on the 1/6-circle with π
3 < arg ζ < 2π

3 in the upper half-plane of Figure  3.8 , we

have either

Φ̂+(ζ) = Φ̃+ = Φ̃−Q(∞)−1
1 Ẽ1

−1
Q

(∞)
2

= Φ̂+(ζ)Q(∞)−1
1 Ẽ1

−1
Q

(∞)
2

or

Φ̂+(ζ) = Φ̃+Q
(∞)−1
2 1

3
= Φ̃−Q(∞)

1 2
3
Ẽ2
−1
Q

(∞)−1
2 2

3
Q

(∞)−1
2 1

3

= Φ̃−Q(∞)−1
1 1

3
Q

(∞)
1 1

3
Q

(∞)
1 2

3
Ẽ2
−1
Q

(∞)−1
2 2

3
Q

(∞)−1
2 1

3

= Φ̃−Q(∞)−1
1 1

3
Q

(∞)−1
1 S

(∞)
1 Ẽ2

−1
S

(∞)−1
2 Q

(∞)
2

= Φ̂−Q(∞)−1
1 S

(∞)
1

1
3E
−1
2 CS

(∞)−1
2 Q

(∞)
2

= Φ̂−Q(∞)−1
1 S

(∞)
1

1
3E
−1
2 S

(0)
2 CQ

(∞)
2

= Φ̂−Q(∞)−1
1

1
3E
−1
1 CQ

(∞)
2 = Φ̂−Q(∞)−1

1 Ẽ1
−1
Q

(∞)
2 ,

where the last two equality is obtained from Proposition  3.3.7 .

This is how jump matrices on the unit circle in Figure  3.8 are obtained. Let us call jump

matrices in Figure  3.8 altogether GΦ̂ and the jump contour Γ3.
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The asymptotics near the singularities are not changed from Φ̃(ζ):

Φ̂(ζ) = P∞(I +O(ζ−1))e−x2ζd3 , as ζ →∞

Φ̂(ζ) = e−wΩ−1(I +O(ζ))e
1
ζ
d−1

3 , as ζ → 0.
(3.5.1)

3.5.5 Y -probelm

Considering the asymptotics (  3.5.1 ), let’s introduce the following scaled version:

Y (ζ) := P−1
∞ Φ̂

(
ζ

x

)
e−xθ(ζ) (3.5.2)

where θ(ζ) = −ζd3 + 1
ζ
d−1

3 . Then, we interpret the Riemann-Hilbert setting in terms of

the Y function. Since the transformation ( 3.5.2 ) is just scaling, the jump contour does not

change from Γ3 as in Figure  3.8 , but jump matrices do change from GΦ̂ to GY :

Y+(ζ) = P−1
∞ Φ̂+

(
ζ

x

)
e−xθ(ζ) = P−1

∞ Φ̂−
(
ζ

x

)
GΦ̂e

−xθ(ζ)

= P−1
∞ Φ̂−

(
ζ

x

)
e−xθ(ζ)exθ(ζ)GΦ̂e

−xθ(ζ)

= Y−(ζ)exθ(ζ)GΦ̂e
−xθ(ζ).

Now, the normalization condition of this problem becomes the following:

• As ζ →∞, we have

Y (ζ) = I +O(ζ−1)

by ( 3.5.1 ).

• As ζ → 0, we have

Y (ζ) = O(1) = Ωe−2wΩ−1 +O(ζ)

by ( 3.5.1 ) and the fact P∞ = ewΩ−1.
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So, we ended up trying to solve the following RHP.

Riemann-Hilbert Problem 1. Find a solution Y satisfying

• Y (ζ) ∈ H(C \ Γ2) with the contour Γ3 depicted in Figure  3.8 .

• The jump conditions are

Y+(ζ) = Y−(ζ)exθ(ζ)GΦ̂e
−xθ(ζ).

where GΦ̂ is given in Figure  3.8 .

• The normalization condition is

Y (ζ) = I +O(ζ−1) as ζ →∞,

Y (ζ) = O(1) = Ωe−2wΩ−1 +O(ζ) as ζ → 0.

Jump matrices on rays

In the previous section we stated the RHP for Y (ζ). By the small norm theorem ([  41 ],

Theorem 8.1), we know that this problem is solvable if the jump matrices are close to identify

in L2 ∩ L∞ norm. Let us check that this condition is satisfied in our case.

GΦ̂ =


∗ ∗ ∗

∗ ∗ ∗

∗ ∗ ∗


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and set

ϕ1(ζ) = (1− ω)ζ − (1− ω2)1
ζ

=
√

3
(
ζe−i

π
6 − 1

ζ
ei

π
6

)

ϕ2(ζ) = (1− ω2)ζ − (1− ω)1
ζ

=
√

3
(
ζei

π
6 − 1

ζ
e−i

π
6

)

ϕ3(ζ) = (ω − ω2)ζ + (ω − ω2)1
ζ

= i
√

3
(
ζ + 1

ζ

)
,

then GY becomes

GY =


∗ ∗e−xϕ1 ∗e−xϕ2

∗exϕ1 ∗ ∗e−xϕ3

∗exϕ2 ∗exϕ3 ∗

 . (3.5.3)

We need to find the stationary points for each exponent. First,we consider ϕ1. Since

ϕ′1(ζ) =
√

3(e−iπ
6 + ζ−2ei

π
6 ),

it equals zero when ζ = ±e−iπ
3 , i.e., ϕ1(ζ) has its stationary points at ζ = ±e−iπ

3 . Moreover,

their values are

ϕ1
(
±e−i

π
3
)

= ∓2
√

3i.

We also note that ϕ′′1(ζ)
∣∣∣
ζ=±e−i π

3
= −2

√
3ζ−3ei

π
6

∣∣∣
ζ=±e−i π

3
= ±2

√
3eiπ

6 . Let ζ = ξ + iη. Then,

ϕ1(ζ) =
√

3
(√

3ξ
2 + η

2 −
√

3ξ
2(ξ2 + η2) −

η

2(ξ2 + η2)

)

+ i
√

3
(
−ξ2 +

√
3η
2 +

√
3η

2(ξ2 + η2) −
ξ

2(ξ2 + η2)

)
.

The level curves of Re(ϕ1(z)) = 0 are

√
3ξ
2 + η

2 −
√

3ξ
2(ξ2 + η2) −

η

2(ξ2 + η2) = 0.
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Together with change of the sign of Re(ϕ1(z)), the level curve of Re(ϕ1(z)) = 0 is drawn in

Figure  3.9 .

Figure 3.9. The level curves of Re(ϕ1(z)) = 0.

Next, consider ϕ2. Since

ϕ′2(ζ) =
√

3(eiπ
6 + ζ−2e−i

π
6 ),

it equals zero when ζ = ±eiπ
3 , i.e., ϕ2(ζ) has its stationary points at ζ = ±eiπ

3 . Moreover,

their values are

ϕ2
(
±ei

π
3
)

= ±2
√

3i.

We also note that ϕ′′2(ζ)
∣∣∣
ζ=±ei π

3
= −2

√
3ζ−3e−i

π
6

∣∣∣
ζ=±ei π

3
= ±2

√
3e−iπ

6 . Let ζ = ξ + iη. Then,

ϕ2(ζ) =
√

3
(√

3ξ
2 − η

2 −
√

3ξ
2(ξ2 + η2) + η

2(ξ2 + η2)

)

+ i
√

3
(
ξ

2 +
√

3η
2 +

√
3η

2(ξ2 + η2) + ξ

2(ξ2 + η2)

)
.

The level curves of Re(ϕ2(z)) = 0 are

√
3ξ
2 − η

2 −
√

3ξ
2(ξ2 + η2) + η

2(ξ2 + η2) = 0.
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Together with change of the sign of Re(ϕ2(z)), the level curve of Re(ϕ2(z)) = 0 is drawn in

Figure  3.10 .

Figure 3.10. The level curves of Re(ϕ2(z)) = 0.

Finally, consider ϕ3. Since

ϕ′3(ζ) = i
√

3(1− ζ−2),

it equals zero when ζ = ±1, i.e., ϕ3(ζ) has its stationary points at ζ = ±1. Moreover, their

values are

ϕ3 (±1) = ±2
√

3i.

We also note that ϕ′′3(ζ)
∣∣∣
ζ=±1

= 2
√

3ζ−3i
∣∣∣
ζ=±1

= ±2
√

3i. Let ζ = ξ + iη. Then,

ϕ3(ζ) =
√

3
(
−η + η

ξ2 + η2

)
+ i
√

3
(
ξ + ξ

ξ2 + η2

)
.

The level curves of Re(ϕ3(z)) = 0 are

−η + η

ξ2 + η2 = 0.

Toghether with change of the sign of Re(ϕ3(z)), the level curve of Re(ϕ3(z)) = 0 is drawn

in Figure  3.11 .

Therefore, jump matrices of Y -problem on each of the rays admits the property of ap-

proaching to the identity matrix as x→ +∞. In fact,
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Figure 3.11. The level curves of Re(ϕ3(z)) = 0.

• If the jump matrix is given by exθQ
(∞)
1 e−xθ, then by the parametrization of Q(∞)

1 in

subsubsection  3.3.6 and (  3.5.3 ), we have

exθQ
(∞)
1 e−xθ =


1 ae−xϕ1 0

0 1 0

0 0 1


such that |e−xϕ1| → 0 by Figure  3.7 and  3.9 .

• If the jump matrix is given by exθQ
(∞)
1 1

3
e−xθ, then by the parametrization of Q(∞)

1 1
3

in

subsubsection  3.3.6 and (  3.5.3 ), we have

exθQ
(∞)
1 1

3
e−xθ =


1 0 0

0 1 0

0 −aω2exϕ3 1


such that |exϕ3| → 0 by Figure  3.7 and  3.11 .
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• If the jump matrix is given by exθQ
(∞)
1 2

3
e−xθ, then by the parametrization of Q(∞)

1 2
3

in

subsubsection  3.3.6 and (  3.5.3 ), we have

exθQ
(∞)
1 2

3
e−xθ =


1 0 0

0 1 0

aexϕ2 0 1


such that |exϕ2| → 0 by Figure  3.7 and  3.10 .

• If the jump matrix is given by exθQ
(∞)
2 e−xθ, then by the parametrization of Q(∞)

2 in

subsubsection  3.3.6 and (  3.5.3 ), we have

exθQ
(∞)
2 e−xθ =


1 0 0

−aω2exϕ1 1 0

0 0 1


such that |exϕ1| → 0 by Figure  3.7 and  3.9 .

• If the jump matrix is given by exθQ
(∞)
2 1

3
e−xθ, then by the parametrization of Q(∞)

2 1
3

in

subsubsection  3.3.6 and (  3.5.3 ), we have

exθQ
(∞)
2 1

3
e−xθ =


1 0 0

0 1 ae−xϕ3

0 0 1


such that |e−xϕ3| → 0 by Figure  3.7 and  3.11 .

• If the jump matrix is given by exθQ
(∞)
2 2

3
e−xθ, then by the parametrization of Q(∞)

2 2
3

in

subsubsection  3.3.6 and (  3.5.3 ), we have

exθQ
(∞)
2 2

3
e−xθ =


1 0 −aω2e−xϕ2

0 1 0

0 0 1


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such that |e−xϕ2| → 0 by Figure  3.7 and  3.10 .

Jump matrices on the unit circle

The last piece to be considered is the ones on the unit circle. Recall that GY is given by

GY =


∗ ∗e−xϕ1 ∗e−xϕ2

∗exϕ1 ∗ ∗e−xϕ3

∗exϕ2 ∗exϕ3 ∗


it turns out that each ϕk is purely imaginary for ζ on the unit circle, so jump matrices there

are oscillating. We can simplify our problem by decomposing GY into 3 matrices where the

left and the right matrices have exponential decay at the outside and inside of the unit circle

respectively, and the middle matrix is diagonal and constant. Suppose

Ẽ−1
1 = L1D1R1, Q

(∞)−1
1 Ẽ−1

1 Q
(∞)
2 = L2D2R2,

Q
(∞)
1 2

3
Ẽ−1

2 Q
(∞)−1
2 2

3
= L3D3R3, Ẽ

−1
2 = L4D4R4,

Q
(∞)−1
2 Ẽ−1

2 Q
(∞)
1 = L5D5R5, Q

(∞)
2 2

3
Ẽ−1

1 Q
(∞)−1
1 2

3
= L6D6R6,

(3.5.4)

such that exθLke−xθ and exθRke
−xθ have non-diagonal entries with exponentially decay and

Dk are constant diagonal matrices. Then, one can transform the Φ̂-problem to the following

Φ̌-problem in Figure  3.12 by opening lenses so that new contours intersect with rays and the

unit circle by 45 degree. We call the new oriented contour Γ4.

If we think about the corresponding Y̌ -problem just by replacing Φ̂ with Φ̌ in (  3.5.2 ),

we observe that all jump matrices of Y̌ -problem but all Dk’s tend to the identity matrix.

Thus, we will be able to build an model RHP for Y̌ D(ζ) with only a jump matrix Dk’s

on the unit circle. We call its solution a global parametrix. However, such convergence of

the jump matrices is not uniform near the stationary points. In order for Y̌ (ζ) to take

continuous boundary values, the approximation of Y̌ -problem by Y̌ D-problem is not enough

and extra care is needed around each stationary point. So, we have to construct different

model RHPs there and call their solutions local parametrices. Since we want to make global
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and local parametrices be a uniformly accurate approximation of Y̌ (ζ), we lastly consider a

small norm RHP for an error function R(ζ) by comparing Y̌ (ζ) with its parametrices.

Note. In analogy with the classical steepest descent method, the main contribution to the

asymptotics of Y̌ (ζ) as ζ → +∞ comes from the unit circle and from the neighborhood of

the stationary points.

Figure 3.12. Riemann-Hilbert Problem of Φ̌.

So, the question becomes how to decompose GY on the unit circle. Consider, for instance,

GY = exθẼ−1
1 e−xθ, it should have the following decomposition,

GY =


1 ∗e−xϕ1 ∗e−xϕ2

0 1 0

0 ∗exϕ3 1




∗

∗

∗




1 0 0

∗exϕ1 1 ∗e−xϕ3

∗exϕ2 0 1

 ,
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since the left matrix has an exponential decay at non-diagonal entries when ζ belongs to the

outside of the unit circle and the right matrix has the same exponential decay at non-diagonal

entries when ζ belongs to the inside of the unit circle. But, essentially, the decomposition of

Ẽ−1
1 is rather needed, because

GY = exθ


1 ∗ ∗

0 1 0

0 ∗ 1




∗

∗

∗




1 0 0

∗ 1 ∗

∗ 0 1

 e−xθ.

For the same reason, we need the following decompositions.

Q
(∞)−1
1 Ẽ−1

1 Q
(∞)
2 =


1 ∗ 0

0 1 0

∗ ∗ 1




∗

∗

∗




1 0 ∗

∗ 1 ∗

0 0 1

 .

Q
(∞)
1 2

3
Ẽ−1

2 Q
(∞)−1
2 2

3
=


1 0 0

∗ 1 0

∗ ∗ 1




∗

∗

∗




1 ∗ ∗

0 1 ∗

0 0 1

 .

Ẽ−1
2 =


1 0 0

∗ 1 ∗

∗ 0 1




∗

∗

∗




1 ∗ ∗

0 1 0

0 ∗ 1

 .

Q
(∞)−1
2 Ẽ−1

2 Q
(∞)
1 =


1 0 ∗

∗ 1 ∗

0 0 1




∗

∗

∗




1 ∗ 0

0 1 0

∗ ∗ 1

 .

Q
(∞)
2 2

3
Ẽ−1

1 Q
(∞)−1
1 2

3
=


1 ∗ ∗

0 1 ∗

0 0 1




∗

∗

∗




1 0 0

∗ 1 0

∗ ∗ 1

 .
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3.6 Decomposition of Jump matrices on the unit circle

In this section we obtain the desired decomposition of the connections matrices discussed

in the previous section. We start with some useful identifies.

3.6.1 Some identities between AR and B

Here we recall identities (  3.3.41 ) and ( 3.3.42 ). By the reality condition, we also have

A = A, B = C, and a = ω2sR. Then, it follows that

[(1 + aω)AR + ωB + ω2B]2 = (1 + a2ω2 + 2aω)(AR)2 + ω2B2 + ωB
2

+ 2[(1 + aω)ωAB + |B|2 + (1 + aω)ω2AB]

= (1 + a2ω2)(AR)2 + ω2B2 + ωB
2 + 2[aω2AB + aAB]

= (1− a2ω2)(AR)2 + ω2B2 + ωB
2 − 2aω|B|2

= 1
9 .

One can have the following identity by choosing plus sign when taking the square root at

both sides.

(1 + aω)AR + ωB + ω2B = 1
3 . (3.6.1)

By (  3.4.10 ) and (  3.6.1 ), it follows that

(AR)2 − 1
3A

R = |B|2. (3.6.2)

Moreover, (  3.3.41 ) and (  3.6.1 ) implies

a(AR)2 −B2 + ARB − aω2ARB = −ω2|B|2 − ωARB −B2 − aω2ARB

= −ωARB − 1
3ωB + ωARB

= −1
3ωB.

(3.6.3)
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3.6.2 Desired decompositions

Proposition 3.6.1. Recall that Lk and Rk are defined in ( 3.5.4 ). Then, we have

L1 =


1 − B

AR − ω2 |B|2
(AR)2 − B

AR

0 1 0

0 ω2 B
AR 1

 , D1 =


1

3AR

3AR

1

 ,

R1 =


1 0 0

− B
AR − ω |B|

2

(AR)2 1 ω B
AR

− B
AR 0 1

 .

L2 =


1 ω B

AR 0

0 1 0

− B
AR −ω |B|

2

(AR)2 − ωsR − B
AR 1

 , D2 =


1

3AR

1
3AR

 ,

R2 =


1 0 − B

AR

ω2 B
AR 1 −ω2 |B|2

(AR)2 − ω2sR − B
AR

0 0 1

 .

L3 =


1 0 0

ω2 B
AR 1 0

−ω2 |B|2
(AR)2 − B

AR − B
AR 1

 , D3 =


3AR

1
1

3AR

 ,

R3 =


1 ω B

AR −ω |B|
2

(AR)2 − B
AR

0 1 − B
AR

0 0 1

 .
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L4 =


1 0 0

−ω |B|
2

(AR)2 − ωsR − B
AR 1 − B

AR

ω B
AR 0 1

 , D4 =


3AR

1
3AR

1

 ,

R4 =


1 −ω2 |B|2

(AR)2 − ω2sR − B
AR ω2 B

AR

0 1 0

0 − B
AR 1

 .

L5 =


1 0 ω2 B

AR

− B
AR 1 −ω2 |B|2

(AR)2 − B
AR

0 0 1

 , D5 =


1

1
3AR

3AR

 ,

R5 =


1 − B

AR 0

0 1 0

ωB
A
−ω |B|

2

(AR)2 − B
AR 1

 .

L6 =


1 − B

AR −ω |B|
2

(AR)2 − ωsR − B
AR

0 1 ω B
AR

0 0 1

 , D6 =


1

3AR

1

3AR



R6 =


1 0 0

− B
AR 1 0

−ω2 |B|2
(AR)2 − ω2sR − B

AR ω2 B
AR 1

 .

Proof. By straightforward calculations using identities (  3.6.2 ) and (  3.6.3 ).
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3.7 Model Riemann-Hilbert Problems

We denote the arcs of S1 where the jump matrices Dn are defined by Cn, and denote

intersections of the unit circle and the infinite ray by pn, see Figure  3.12 .

This section consists of three steps. First, we solve a model RHP  2 on the unit circle

S1 = ⋃6
n=1 Cn to get the global parametrix Y̌ D. Then, we construct a model RHP near p1

to get a local parametrix P (1)(ζ). Lastly, we obtain other local parametrices:

P (w)(ζ), where w = −ω, ω, −1, ω, and −ω,

from P (1)(ζ) and using the symmetry relations.

3.7.1 Global parametrix

Consider the following model RHP for the global parametrix.

Riemann-Hilbert Problem 2. Find a solution Y̌ D satisfying the following conditions

(see Fig.  3.13 ):

• Y̌ D(ζ) ∈ H(C \ S1).

• On the unit circle oriented counterclockwise

Y̌ D
+ (ζ) = Y̌ D

− (ζ)GD,

where the jump matrices are

GD = Di if ζ ∈ Ci, i = 1, . . . 6,

with D1, · · · , D6 parametrized in subsection  3.6.2 .

• The normalization condition : Y̌ D(z)→ I as ζ →∞.
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Figure 3.13. Riemann-Hilbert Problem of Y̌ D.

Theorem 3.7.1. The solution of the RHP  2 is

Y̌ D(ζ) =
(

ζ − 1
ζ − 1/2− i

√
3/2

)− 1
2πi

lnD1 (ζ − 1/2− i
√

3/2
ζ + 1/2− i

√
3/2

)− 1
2πi

lnD2

×
(
ζ + 1/2− i

√
3/2

ζ + 1

)− 1
2πi

lnD3 (
ζ + 1

ζ + 1/2 + i
√

3/2

)− 1
2πi

lnD4

×
(
ζ + 1/2 + i

√
3/2

ζ − 1/2 + i
√

3/2

)− 1
2πi

lnD5 (
ζ − 1/2 + i

√
3/2

ζ − 1

)− 1
2πi

lnD6

.

(3.7.1)

Proof. We will check ( 3.7.1 ) satisfies all conditions in the RHP  2 .

(i) Let

f1(ζ) =
(

ζ − 1
ζ − 1/2− i

√
3/2

)− 1
2πi

lnD1

, f2(ζ) =
(
ζ − 1/2− i

√
3/2

ζ + 1/2− i
√

3/2

)− 1
2πi

lnD2

,

f3(ζ) =
(
ζ + 1/2− i

√
3/2

ζ + 1

)− 1
2πi

lnD3

, f4(ζ) =
(

ζ + 1
ζ + 1/2 + i

√
3/2

)− 1
2πi

lnD4

,

f5(ζ) =
(
ζ + 1/2 + i

√
3/2

ζ − 1/2 + i
√

3/2

)− 1
2πi

lnD5

, f6(ζ) =
(
ζ − 1/2 + i

√
3/2

ζ − 1

)− 1
2πi

lnD6

.
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Note that each fn(ζ) is a composite function of a certain linear fractional transformation

and the power function.

Also, for the arc of the unit circle with two endpoints α and β in the ζ-plane, we can

consider the composite function of a square root and a linear fractional transformation,

ϕ(ζ) = ζ − α
ζ − β

,

such that ϕ maps that arc to the straight line on the ϕ(ζ)-plane with an angle θ, admits

the branch cut. This is because a complex logarithmic function requires a branch cut, for

it to be a single-valued function. By writing a principal logarithm by Logθ after choosing a

branch at the angle θ line, one can write
√
ϕ(ζ) by

√
ϕ(ζ) = e

1
2Logθϕ(ζ).

That is why
√
ϕ(ζ) has a branch cut on the arc of the unit circle with two endpoints α and

β, and is holomorphic everywhere except for on the arc.

Each fn(ζ) has such a linear fractional transformation and so it has a distinct branch

cut, Cn, in ζ-plane. Therefore, their product,

Y̌ D(ζ) = f1(ζ)f2(ζ) · · · f6(ζ),

is holomorphic except for on S1.

(ii) Now, we check the jump condition. Let’s focus on the arc C1 now. From the above

branch cut discussion, all fn(ζ)’s but f1(ζ) have no jump on C1, i.e.,

fn,+(ζ) = fn,−(ζ) (3.7.2)

for n = 2, · · · , 6.

Let

ϕ1(ζ) = ζ − 1
ζ − 1/2− i

√
3/2

.
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Then, C1 is mapped into the straight line starting from the origin with an angle 5π/6. Since

approaching from the positive side of C1 gives an angle −7π/6 to ϕ1(ζ) and approaching

from the negative side of C1 gives ϕ1(ζ) an angle 5π/6. Thus, we know that +-side limit of

ϕ1 and −-side of limit of ϕ1 differs by e−2πi:

ϕ1,+(ζ) = ϕ1,−(ζ)e−2πi.

Taking − 1
2πi lnD1 powers on the both sides, we have

f1,+(ζ) = f1,−(ζ)elnD1 = f1,−(ζ)D1. (3.7.3)

By (  3.7.2 ) and (  3.7.3 ), we have

Y̌ D
+ (ζ) = f1,+(ζ)f2,+(ζ) · · · f6,+(ζ)

= f1,−(ζ)D1f2,−(ζ) · · · f6,−(ζ)

= Y̌ D
− (ζ)D1

on C1. Note that we use the diagonality of all matrices to interchange them so as to get the

last equality. This jump condition holds for other arcs too.

(iii) The normalization condition is easy; as ζ → ∞, we have each linear fractional

transformation in fn(ζ) goes to 1 and so (  3.7.1 ) tends to I.

Remark. In the neighborhood of p1, we consider a small ball U1 centered at 1. Let

R
(1)
1 = U1 ∩ (outside of the unit circle)

R
(2)
1 = U1 ∩ (inside of the unit circle) ∩ (upper half plane)

R
(3)
1 = U1 ∩ (inside of the unit circle) ∩ (lower half plane).
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Then, we observe the following asymptotic behavior of Y̌ D(ζ) in the neighborhood of p1 = 1,

Y̌ D(ζ) = P1Θ1(ζ)


1 0 0

0 (ζ − 1)ν 0

0 0 (ζ − 1)−ν

×


I for ζ ∈ R(1)
1

D1 for ζ ∈ R(2)
1

D6 for ζ ∈ R(3)
1 ,

(3.7.4)

where P1Θ1(ζ) is a Taylor expansion of Y̌ D(ζ)/(ζ − 1) 1
2πi

lnD1D
−1
6 ,

P1 =


e−πiν 0 0

0

0
e

πiν
2
(
2
√

3
)−νσ3



P1 =
( 1

1 + ω

)− 1
2πi

lnD1 (1 + ω

1− ω

)− 1
2πi

lnD2 (1− ω
2

)− 1
2πi

lnD3

×
( 2

1− ω

)− 1
2πi

lnD4 (1− ω
1 + ω

)− 1
2πi

lnD5

(1 + ω)−
1

2πi
lnD6 ,

and ν = − 1
2πi ln 3AR (provided that AR > 0).

3.7.2 Local parametrix near p1

Now we consider the model RHP for the local parametrix near p1 of Y̌ -problem whose

contour is depicted in Figure  3.12 . In the ζ-plane, take a small disk U1 around p1, which we

later rigorously define in (  3.7.5 ). We call a function defined locally on U1 by Φ(0)(ζ). Jump

matrices of this problem are written in Figure  3.14 . More precisely, they are

165



Figure 3.14. Φ(0)(ζ)-problem.

G1 = exθD1e
−xθ =


1/3AR

3AR

1

 ,

G2 = exθL1e
−xθ =


1

(
− B
AR − ω2 |B|2

(AR)2

)
e−xϕ1 − B

AR e
−xϕ2

0 1 0

0 ω2 B
AR e

xϕ3 1

 ,

G3 = exθQ
(∞)
2 2

3
e−xθ =


1 0 −ωsRe−xϕ2

0 1 0

0 0 1

 ,

G4 = exθL−1
6 e−xθ =


1 B

AR e
−xϕ1

(
ωsR + B

AR

)
e−xϕ2

0 1 −ω B
AR e

−xϕ3

0 0 1

 ,

G5 = exθD−1
6 e−xθ =


3AR

1

1/3AR

 ,

G6 = exθR−1
6 e−xθ =


1 0 0

B
AR e

xϕ1 1 0(
ω2sR + B

AR

)
exϕ2 −ω2 B

AR e
xϕ3 1

 ,
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G7 = exθQ
(∞)−1
1 2

3
e−xθ =


1 0 0

0 1 0

−ω2sRexϕ2 0 1

 ,

G8 = exθR1e
−xθ =


1 0 0(

− B
AR − ω |B|

2

(AR)2

)
exϕ1 1 ω B

AR e
−xϕ3

− B
AR e

xϕ2 0 1

 .

Next, define Φ(1)(ζ) by multiplying Φ(0)(ζ) by certain matrices as in Figure  3.15 . Matrices

L and R used in this definition are

L =


1 − B

AR e
−xϕ1 − B

AR e
−xϕ2

0 1 0

0 0 1

 , R =


1 0 0

B
AR e

xϕ1 1 0

− B
AR e

xϕ2 0 1


Notice that these multiplications does not affect the asymptotic behavior on the boundary

of the disk.

Figure 3.15. Definition of the Φ(1)(ζ)-problem..
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One can compute jump matrices Hi for the Φ(1)-problem as they are written in Figure

 3.16 . More precisely,

H1 = R−1G2 =


1 0 0

0 1 0

0 s1e
xϕ3 1

 , H2 = G1G8LG
−1
1 =


1 0 0

0 1 3ARs1e
−xϕ3

0 0 1

 ,

H0 = G5G1 =


1 0 0

0 3AR 0

0 0 1
3AR

 , H3 = G−1
5 L−1G7G6G5 =


1 0 0

0 1 0

0 −3ARs1e
xϕ3 1

 ,

H4 = G4G3R =


1 0 0

0 1 −s1e
−xϕ3

0 0 1

 ,

where s1 = ω2 B
AR .

Figure 3.16. Φ(1)(ζ)-problem.
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Let us now introduce a new variable z(ζ) by

z(ζ) : =
√

2xeiπ
2

√
ϕ3(ζ)− i2

√
3.

Let ε satisfy 1
2 < ε < 2

3 . Then, the map ζ 7→ z is conformal on

U1 =
{
ζ ∈ C

∣∣∣∣ |ζ − 1| < 1√
2 31/4

xε−1
}
, (3.7.5)

since z′(ζ) 6= 0 there, i.e. the map z just rotates the contours of Figure  3.16 and preserves

the angle among them. Since ε < 1 by choice, z(ζ) behaves

z(ζ) ∼
√

2xei 3π
4 31/4(ζ − 1) (3.7.6)

in U1. On ∂U1, |z| = xε−
1
2 →∞ as x→∞. Furthermore, it holds that

xϕ3(ζ) = x2
√

3i− z2

2 +O(x3ε−2). (3.7.7)

When we write Ψ(1)(z) = Φ(1)(ζ), we can consider everything in the z-plane. The jump

contour and jump matrices of Ψ(1)(z)-problem are expressed in Figure  3.17 . Moreover, these

jump matrices admit a 2× 2 block structure,

K1(z) = H1(ζ) =


1 0 0

0

0
S1

, K2(z) = H2(ζ) =


1 0 0

0

0
S2

,

K0 = H0 =


1 0 0

0

0
D0

, K3(z) = H3(ζ) =


1 0 0

0

0
S3

,

K4(z) = H4(ζ) =


1 0 0

0

0
S4

,
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Figure 3.17. Ψ(1)(z)-problem.

where

S1 =

 1 0

s1e
xϕ3 1

 =

 1 0

ŝ1e
− z2

2 1

 ,

S2 =

1 3ARs1e
−xϕ3

0 1

 =

1 e−2πiν ŝ1e
z2
2

0 1

 ,

D0 =

3AR 0

0 1
3AR

 = e−2πiνσ3 ,

S3 =

 1 0

−3ARs1e
xϕ3 1

 =

 1 0

−e−2πiν ŝ1e
− z2

2 1

 ,

S4 =

1 −s1e
−xϕ3

0 1

 =

1 −ŝ1e
z2
2

0 1

 ,

(3.7.8)
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where we used (  3.7.7 ) and set

ŝ1 = s1e
i2
√

3x and ν = − 1
2πi ln 3AR = 1

2πi ln(1− |s1|2).

Thus, what we need to find is a 2 × 2 matrix valued function φ(0)(z), with the jump

contour in Figure  3.17 and the jump matrices ( 3.7.8 ). Let us formulate the following RHP:

Riemann-Hilbert Problem 3. Find a solution φ(0)(z) satisfying

• φ(0)(z) is holomorphic in C \ Γ5 where Γ5 is the jump contour defined in Figure

 3.17 .

• φ
(0)
+ (z) = φ

(0)
− (z)Gφ(0) , where the jump matrix Gφ(0) is given by (  3.7.8 ).

• φ(0)(z) = (I +O(1/z))zνσ3 as z →∞.

One can solve this problem by the use of parabolic cylinder function. (See [  41 ], Chapter

2, Section 1.5). The asymptotic behaviour of φ(0)(z) is

φ(0)(z) =

I + 1
z

 0 −α

ν/α 0

+O(z−2)

 zνσ3 , (3.7.9)

where

α = − i

ŝ1

√
2πe2πiν

Γ(−ν) ,

as z →∞.

Thus, the asymptotic behaivor of Ψ(1)(z) on the boundary of U1 is

Ψ(1)(z) =

I + 1
z


0 0 0

0

0
m

(0)
1

+ · · ·




1

zν

z−ν

 ,
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where

m
(0)
1 =

 0 −α

ν/α 0



by (  3.7.9 ). Going backward, one can find the asymptotic behavior of Φ(1)(ζ) and then that

of Φ(0)(ζ). In fact, on the boundary of U1, it holds that

Φ(0)(ζ) =I + 1
z(ζ)


0 0 0

0

0
m

(0)
1

+ · · ·




1

z(ζ)ν

z(ζ)−ν

×


I for ζ ∈ R(1)
1

D1 for ζ ∈ R(2)
1

D6 for ζ ∈ R(3)
1 .

(3.7.10)

where

R
(1)
1 = U1 ∩ (outside of the unit circle)

R
(2)
1 = U1 ∩ (inside of the unit circle) ∩ (upper half plane)

R
(3)
1 = U1 ∩ (inside of the unit circle) ∩ (lower half plane).

INtroducing

E(ζ) = Y̌ D(ζ)


1

z(ζ)−ν

z(ζ)ν

×


I for ζ ∈ R(1)
1

D−1
1 for ζ ∈ R(2)

1

D−1
6 for ζ ∈ R(3)

1

(3.7.11)

where z(ζ) is given by (  3.7.6 ), we can define a local parametrix near p1 by

P (1)(ζ) = E(ζ)Φ(0)(ζ).
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Notice that E(ζ) is holomorphic in U1. Indeed, it admits the following Taylor expansion,

E(ζ) = P1Θ1(ζ)


1 0 0

0 (
√

2xei 3π
4 31/4)−ν 0

0 0 (
√

2xei 3π
4 31/4)ν



by ( 3.7.4 ) and (  3.7.11 ). Moreover, on the boundary of U1, Φ(0)(ζ) has the asymptotic ex-

pansion (  3.7.10 ), so we have the matching up condition,

P (1)(ζ) = Y̌ D(ζ)

×

I + 1
z(ζ)



I

D−1
1

D−1
6




1 0 0

0

0
z−νσ3




0 0 0

0

0
m

(0)
1




1 0 0

0

0
zνσ3





I

D1

D6


+ · · ·


= Y̌ D(ζ)(I +O(1/

√
x)).

(3.7.12)

Therefore, we could construct a local parametrix P (1)(ζ) which matches up with the global

parametrix Y̌ D(ζ) on the boundary of U1.

3.7.3 Other local parametrices

Proposition 3.7.2. Other local parametrices are expressed by P (1)(ζ) essentially. In fact,

we have

P (−1)(ζ) = d−1
3

[
P (1)(−ζ)

]T−1
d3. (3.7.13)

P (−ω)(ζ) = Π−1P (−1)(ωζ)Π. (3.7.14)

P (ω)(ζ) = ΠP (1)(ωζ)Π−1. (3.7.15)

P (ω)(ζ) = d−1
3

[
P (−ω)(−ζ)

]T−1
d3. (3.7.16)

P (−ω)(ζ) = d−1
3

[
P (ω)(−ζ)

]T−1
d3. (3.7.17)
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Proof. Let G(w)(ζ) denote the jump matrices for P (w)(ζ)-problem. If ( 3.7.13 ) is true, we

have that

P
(−1)
+ (ζ) = P

(−1)
− (ζ)G(−1)(ζ)

⇔ d−1
3

[
P

(1)
+ (−ζ)

]T−1
d3 = d−1

3

[
P

(1)
− (−ζ)

]T−1
d3G

(−1)(ζ)

⇔
[
P

(1)
+ (−ζ)

]T−1
=
[
P

(1)
− (−ζ)

]T−1
d3G

(−1)(ζ)d−1
3

⇔
[
G(1)(−ζ)

]T−1
= d3G

(−1)(ζ)d−1
3

⇔ G(−1)(ζ) = d−1
3

[
G(1)(−ζ)

]T−1
d3.

So, we need to check if all jump matrices of the RHP near p4, that is ζ = −1, are related to

the local parametrix in (  3.7.13 ) as above. We saw the anti-symmetry for Q(∞)
n already,

Q
(∞)
n+1 = d−1

3

[
Q(∞)
n

]T−1
d3.

Moreover, it holds that

L−1
3 = d−1

3 [L6]T d3, L4 = d−1
3 [L1]T−1 d3, D4 = D−1

1 .

Note that the normalization condition is good in this case too.

Next, we check the matching up condition. By (  3.7.12 ),

P (−1)(ζ) = d−1
3

[
Y̌ D(−ζ)

]T−1
d3(I +O(1/

√
x)).

But d−1
3

[
Y̌ D(−ζ)

]T−1
d3 =

[
Y̌ D(−ζ)

]−1
= Y̌ D(ζ). Thus,

P (−1)(ζ) = Y̌ D(ζ)(I +O(1/
√
x)).

So, our P (−1)(ζ) satisfies all the local parametrix conditions. Thus, ( 3.7.13 ) holds.

The similar type of proof can be applied to show the other relations, (  3.7.14 ) – (  3.7.17 ).
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3.8 The approximate solution of the original RHP as x→∞

Let Uw =
{
ζ ∈ C | |ζ − w| < 2−1/23−1/4xε−1

}
for 1

2 < ε < 2
3 . At each pi, we shall define

a small disk of this type. Let us call their union by Uall:

Uall = U1 ∪ U−ω ∪ Uω ∪ U−1 ∪ Uω ∪ U−ω.

Then, define a piecewise holomorphic function,

Y̌ (as)(ζ) =



Y̌ D(ζ) if ζ ∈ C \ Uall

P (1)(ζ) if ζ ∈ U1

P (−ω)(ζ) if ζ ∈ U−ω

P (ω)(ζ) if ζ ∈ Uω

P (−1)(ζ) if ζ ∈ U−1

P (ω)(ζ) if ζ ∈ Uω

P (−ω)(ζ) if ζ ∈ U−ω

which is discontinuous on the boundary of each disk and on the unit circle with holes at

1,−ω, . . . ,−ω.

3.8.1 The error Riemann-Hilbert Problem

In the previous sections we have constructed asymptotic solution Y̌ (as)(ζ). Let us intro-

duce the error functions R(ζ) by

R(ζ) := Y̌ (ζ)
(
Y̌ (as)(ζ)

)−1
,

where Y̌ (as)(ζ) is the exact solution of the RHP. Then the error function R(ζ) solves the

following RHP.
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Riemann-Hilbert Problem 4. Find a solution R(ζ) satisfying

• R(ζ) is holomorphic in C\Γ6 where Γ6 is the jump contour defined in Figure  3.18 .

• R+(ζ) = R−(ζ)GR, where the jump matrix GR are

GR =


Y̌ D(ζ)GY̌

(
Y̌ D(ζ)

)−1
if ζ ∈ Γ4 \ Uall

Y̌ D(ζ)
(
P (w)(ζ)

)−1
if ζ ∈ ∂Uw.

• R(ζ) = I +O(1/ζ) as ζ →∞.

Figure 3.18. The jump contour of R(ζ)-problem.

Moreover, R(ζ) is uniformly close to I due to the structure of jump matrices of Y̌ -problem

on Γ4 and the matching up conditions such as ( 3.7.12 ). Indeed,

||GR − I||L2(Γ6)∩L∞(Γ6) ≤ c1
1√
x
.
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This small norm condition implies the unique solvability of the RHP  4 for the error function

R(ζ). Indeed, solving this RHP is equivalent to solve the following singular integral equation,

R(ζ) = I + 1
2πi

∫
Γ6

ρ(ζ ′)(GR(ζ ′)− I)
ζ ′ − ζ

dζ ′, ζ /∈ Γ6. (3.8.1)

Then, the small norm theorem (Theorem 8.1 in [ 41 ]) implies the unique solvability of R(ζ).

Furthermore, we have

||ρ− I||L2(Γ6) ≤ c2
1√
x
. (3.8.2)

If we consider the limit ζ → 0, then the equation ( 3.8.1 ) becomes

R(0) = I + 1
2πi

∫
Γ6

ρ(ζ ′)(GR(ζ ′)− I)
ζ ′

dζ ′

= I + 1
2πi

∫
Γ6

GR(ζ ′)− I
ζ ′

dζ ′ + 1
2πi

∫
Γ6

(ρ(ζ ′)− I)(GR(ζ ′)− I)
ζ ′

dζ ′

= I + 1
2πi

∫
Γ6

GR(ζ ′)− I
ζ ′

dζ ′ +O
(1
x

)
,

(3.8.3)

where the last equality is obtained by using Cauchy Schwarz inequality, ( 3.8.2 ) and

∣∣∣∣∣
∣∣∣∣∣GR(·)− I

·

∣∣∣∣∣
∣∣∣∣∣
L2(Γ6)

≤ c3
1√
x
.

Taking into account

p1 = {1}, p2 = {−ω}, p3 = {ω}, p4 = {−1}, p5 = {ω}, p6 = {−ω},

let us write the boundary of Uw’s as follows:

γ1 = ∂U1, γ2 = ∂U−ω, γ3 = ∂Uω, γ4 = ∂U−1, γ5 = ∂Uω, γ6 = ∂U−ω.
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Then, since we can ignore the exponentially small contribution of Γ6, we can transform

( 3.8.3 ) into the equation,

R(0) = I +
6∑

n=1

1
2πi

∫
γn

GR(ζ ′)− I
ζ ′

dζ ′ +O
(1
x

)
. (3.8.4)

3.8.2 Computation of the asymptotic solution

In this subsection, we will describe the asymptotic behavior of the solution w0(x) as

x→∞. First, we note that R(0) by definition satisfies

Y̌ (0) = R(0)Y̌ D(0). (3.8.5)

By (  3.7.1 ), we have Y̌ D(0) = I. Then, we compute the asymptotics of Y̌ (ζ) as ζ → 0. In

section  3.5 , we saw that Y̌ (0) = O(1). More precisely, it holds that

Y̌ (0) = Ωe−2wΩ−1 +O(ζ)

= 1
3


1 + e2w0 + e−2w0 ω2 + ωe2w0 + e−2w0 ω + ω2e2w0 + e−2w0

ω + ω2e2w0 + e−2w0 1 + e2w0 + e−2w0 ω2 + ωe2w0 + e−2w0

ω2 + ωe2w0 + e−2w0 ω + ω2e2w0 + e−2w0 1 + e2w0 + e−2w0



=



1 2
3w0(ω − 1) 2

3w0(ω2 − 1)

2
3w0(ω2 − 1) 1 2

3w0(ω − 1)

2
3w0(ω − 1) 2

3w0(ω2 − 1) 1


+O(w2

0).
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Thus, from (  3.8.5 ), we have

R(0) =



1 2
3w0(ω − 1) 2

3w0(ω2 − 1)

2
3w0(ω2 − 1) 1 2

3w0(ω − 1)

2
3w0(ω − 1) 2

3w0(ω2 − 1) 1


+O(w2

0). (3.8.6)

We will obtain another expression for R(0) considering the residues of the integrals (  3.8.4 ).

Let’s consider jump matrix GR(ζ) on ∂U1. By (  3.7.12 ) and (  3.7.4 ), it holds that

GR(ζ) = Y̌ D
(
P (1)(ζ)

)−1

= Y̌ D(ζ)

I −
1
z



I

D−1
1

D−1
6




1 0 0

0

0
z−νσ3




0 0 0

0

0
m

(0)
1




1 0 0

0

0
zνσ3





I

D1

D6


+ · · ·

 Y̌
D−1

= P1Θ1(ζ)


1

z−ν(ζ − 1)ν

zν(ζ − 1)−ν



×

I −
1
z


0 0 0

0

0
m

(0)
1

+ · · ·




1

zν(ζ − 1)−ν

z−ν(ζ − 1)ν

Θ−1
1 (ζ)P−1

1

= I − 1
z(ζ)Θ̃1(ζ)P1


1

κ−1

κ




0 0 0

0

0
m

(0)
1




1

κ

κ−1

P−1
1 Θ̃1(ζ)−1 +O

(1
x

)
,

where we set

zν(ζ − 1)−ν = κ (1 +O(ζ − 1)) , κ = e
3πi

4 ν(2x)ν/23ν/4
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and Θ̃1(ζ) is some Taylor series coming from Θ1(ζ) and zν(ζ − 1)−ν . Since

P1 =


e−πiν 0 0

0

0
e

πiν
2
(
2
√

3
)−νσ3

,

we can compute the residue at ζ = 1 as

resζ=1
GR(ζ)− I

1 =


0 0 0

0

0
m̂

(0)
1

, (3.8.7)

where

m̂
(0)
1 = − 1√

2x
3−1/4e−

3πi
4 (2
√

3)−νσ3κ−σ3

 0 −α

ν/α 0

κσ3(2
√

3)νσ3 .

It then follows from ( 3.8.7 ) that

resζ=1
GR(ζ)− I

1 =


0 0 0

0 0 α̂

0 β̂ 0

 , (3.8.8)

where

α̂ = α√
2x

(24
√

3x)−ν3−1/4e−
3πi

4 −
3πi

2 ν ,

β̂ = − 1√
2x

ν

α
(24
√

3x)ν3−1/4e−
3πi

4 + 3πi
2 ν ,

with

α = − i

s1ei2
√

3x

√
2πe2πiν

Γ(−ν) , ν = − 1
2πi ln 3AR = 1

2πi ln(1− |s1|2), s1 = ω2 B

AR .
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Using symmetry relations between local parametrices, (  3.7.13 ) – ( 3.7.17 ), one can find

all the other residues. By (  3.7.13 ), we have

GR(ζ) = dT−1
3 GT−1

R (−ζ)d3

and

1
2πi

∫
∂U−1

GR(ζ)− I
ζ

dζ = 1
2πi

∫
∂U−1

dT−1
3 (GT−1

R (−ζ)− I)d3

ζ
dζ

= d−1
3

[
1

2πi

∫
∂U1

GR(ζ)− I
ζ

dζ

]T−1

d3.

This implies that

resζ=−1
GR(ζ)− I

ζ
= d−1

3

[
− resζ=1

GR(ζ)− I
ζ

]T
d3

=


0 0 0

0 0 −β̂ω

0 −α̂ω2 0

 .

Similarly, the relation (  3.7.15 ) implies

resζ=ω
GR(ζ)− I

ζ
= Π

[
resζ=1

GR(ζ)− I
ζ

]
Π−1 =


0 α̂ 0

β̂ 0 0

0 0 0

 .

The relation (  3.7.14 ) implies

resζ=−ω
GR(ζ)− I

ζ
= Π−1

[
resζ=−1

GR(ζ)− I
ζ

]
Π

=


0 0 −α̂ω2

0 0 0

−β̂ω 0 0

 .
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The relation (  3.7.16 ) implies

resζ=ω
GR(ζ)− I

ζ
= d−1

3

[
− resζ=−1

GR(ζ)− I
ζ

]T
d3 =


0 0 β̂

0 0 0

α̂ 0 0

 .

The relation (  3.7.17 ) implies

resζ=−ω
GR(ζ)− I

ζ
= d−1

3

[
resζ=ω

GR(ζ)− I
ζ

]T
d3

=


0 −β̂ω 0

−α̂ω2 0 0

0 0 0

 .
(3.8.9)

Therefore, the residue calculations (  3.8.8 ) – (  3.8.9 ) from (  3.8.4 ) provide another expression

of R(0),

R(0) =


1 α̂− ωβ̂ β̂ − ω2α̂

β̂ − ω2α̂ 1 α̂− ωβ̂

α̂− ωβ̂ β̂ − ω2α̂ 1

+O
(1
x

)
. (3.8.10)

Comparing ( 3.8.6 ) with (  3.8.10 ), we obtain the following result:

w0(x) =
√

3
2e 5πi

6
(α̂− ωβ̂) +O

(1
x

)

where

α̂ = α√
2x

(24
√

3x)−ν3−1/4e−
3πi

4 −
3πi

2 ν

β̂ = − 1√
2x

ν

α
(24
√

3x)ν3−1/4e−
3πi

4 + 3πi
2 ν
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with

α = − i

s1ei2
√

3x

√
2πe2πiν

Γ(−ν) , ν = − 1
2πi ln 3AR = 1

2πi ln(1− |s1|2), s1 = ω2 B

AR .

Finally, one can write this result in the form of Theorem  3.1.1 .
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