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ABSTRACT

Kosmakov Maksim. Ph.D., Purdue University, May 2023. Certain aspects of quantum
and classical integrable systems. Major Professor: Vitaly Tarasov.

We derive new combinatorail formulas for vector-valued weight functions for the evolution
modules over the Yangians Y (gl,,). We obtain them using the Nested Algebraic Bethe ansatz
method.

We also describe the asymptotic behavior of the radial solutions of the negative tt*
equation via the Riemann-Hilbert problem and the Deift-Zhou nonlinear steepest descent

method.
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1. INTRODUCTION

Before sixties of XX century the list of problems of classical and quantum physics that admit
exact solution in one or another form was very short and included just a few examples (some
problems on tops in classical mechanics, Ising model, Heisenberg model). They seemed to
be exotic exceptions.

In the sixties-seventies the situation drastically changed: large families of non-trivial
exactly solvable models were discovered in that time and the basic principles underlying
their construction and integrability were understood. Herewith it has appeared that many
of them unexpectedly emerge in very different physical contexts and are directly related to
the structure of our world.

There are several important types of integrable systems that are known:

o Models with a small number of degrees of freedom (integrable cases of tops).

o Systems of N interacting particles in one dimension: the Calogero-Moser model and

all its relatives (classical and quantum).

« Nonlinear partial differential equations as well as difference equations: the Korteweg-
de Vries equation (KdV), the nonlinear Schrodinger equation (NLS), the sine-Gordon
equation (SG), the Toda chain and the 2D Toda lattice, the Benjamin-Ono equation
(BO), the Kadomtsev-Petviashvili equation (KP) and many others.

o Models of statistical mechanics on 2D lattice: Ising model, six- and eight-vertex

models and their generalizations.

o Integrable models of quantum physics on 1D lattice: spin chains of XXX, XXZ and

XYZ type and their various generalizations.

o Integrable models of quantum field theory in 1 + 1 dimensions: one-dimensional
bose-gas with point-like interaction (quantum NLS equation), the Thirring model,

the sine-Gordon model, ...

This division is rather conditional and the list is not complete. There are deep and beautiful

connections between the different types of integrable models. For example, poles of singular
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solutions to integrable partial differential equations move as particles of integrable many-
body systems of the Calogero-Moser type. Another example is that the connection between
classical and quantum systems is not exhausted by their correspondence in the classical limit.

Here are several possible meanings of integrability:

A possibility to integrate the equation (i.e. eliminate all derivatives).

 Existence of a complete set of integrals of motion in involution (the Liouville integra-

bility).

o Presence of a large set of exact solutions and a possibility to express the answers

through known elementary or special functions.

o A possibility to reduce the problem to a solution of a finite system of algebraic or

integral equations.
e Presence of rich symmetries and interesting algebraic or analytic structures.

The different types of integrable systems mentioned above provide examples to all these
meanings of the notion of integrability.

This dissertation consists of two parts. The first part, discussed in Chapter 2, is connected
to the quantum integrable systems. The second part, discussed in Chapter 3, is connected
to the classical integrable systems. In this common introduction we would like to recall
the main concepts of the integrability. We will start with finite dimensional Hamiltonian

systems, where we have the notion of integrability in the Liouville sense.

1.1 Liouville integrability

Consider a Hamiltonian dynamical system with a 2d-dimensional phase space M param-

eterised by the canonical variables

(qﬂﬂpu)a on = ].,...,d.
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Let the Hamiltonian function be H(q,,p,), where g, p, denotes the collection of variables

(1.1). The Hamiltonian equations are

dq OH
—St=—= {Q,ua H}7
dt  Op,
o . (1.1.1)
=R = H =1,...,d
o 0 {pu. H}Y,  p=1,..4
where {-, -} are the Poisson brackets, that satisfy the following requirements :
{g 0t ={pwr}t =0, {gup}t=0w, wrv=1....d (1.1.2)

One calls the system (1.1.1) Liouwville integrable if one can find d independent conserved

quantities F),, u = 1,...,d, in involution, namely

{F,,F,} =0, Vou,v=1,..,d. (1.1.3)

Independence here refers to the linear independence of the set of one-forms dF),. Note that,
since d is the maximal number of such quantities, and since conservation of all the F}, means

{H,F,} =0V p=1,..,d, then one concludes that

H:H(Fu)a

i.e. the Hamiltonian itself is a function of the quantities F),.

Theorem (Liouville). The equations of motion of a Liouville-integrable system can be solved

“by quadratures”.

Due to this theorem for a Liouville integrable system there always exists a change of

canonical coordinates, where one of the new variables coincides with the conserved quantity
F:

(P> @) — (@, ),
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and whose equations of motion can be described by

de, OH
o~ oF,
" (1.1.4)
AF, __OH _
a — 0¢,
with some constants €2, u = 1,...,d. In these new coordinates the dynamic is very simple:

F,(t)=a, and ¢,t)=Qt+¢.0), p=1,..., 4,

where o, are constants. Such coordinates (F),, p,) are called action-angle coordinates.

Example (1 dimensional Harmonic-oscillator). The Hamiltonian for the 1D classical har-
monic oscillator, with mass m = 1, is given by
2 W2

p
2+ 5 , weE

If we introduce new variables (F, ¢) by

p = F'cosp,

F
q= —sinep,
w

then in new coordinates the Hamiltonian becomes

FQ
H:TZE:const.

Thus the variables (F, ) are the actions-angle coordinates since they satisfy (1.1.4) with

Q=+vV2F.

Liouville theorem is very powerful and plays an important role in classical integrability.
But there is another formalism that possesses many advantages in comparison: the Lax pair
and the classical YangBaxter equation. The main advantage of this procedure is that one
can naturally generalize it to describe (1 + 1) integrable field theories by using the so-called

Lax connection.
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1.2 Lax pair

Suppose one can find two matrices L, M such that Hamilton’s equations of motion can
be written in the following form:
dL

= = 1], (1.2.1)

where [M, L] is a commutator of two matrices: [M,L] = ML — LM.
Such two matrices L, M are said to form a Laz pair. From (1.2.1), we can immediately

obtain a set of conserved quantities:

0, = trL",
since
dO,, n-l . 1
7 :ZtrLZ[M,L]L” =0, VneN.
i=0

Of course not all of these conserved charges are independent, and in the next section we will
discuss the required condition for the independence. Let us also point out that the Lax pair
is not unique. For example, adding constant multiples of the identity to L and M preserves

(1.2.1). Less trivial freedom is a gauge transformation

.

L—gLg, MHgMg’“rdtg ,

with g an invertible matrix depending on the phase-space variables.

Example. A Lax pair for the harmonic oscillator can be written down as follows:

o
I
V|

w
L:pqu:

wq —p

NS
@)

Example (KdV equation). The Korteweg-de Vries equation (KdV) was one of the first
examples of the integrable systems that has infinitely many integrals of motion [54]. Tt

was suggested in 1895 for description of waves on shallow water. Propagation of waves in
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nonlinear media with dispersion in the case of general position is also described by the KdV
equation.

dup = 6UUy, + Upgy -
The corresponding Lax pair has the following form [36]:
8,5_[/ = [A, L],
where
L=0"+u, A=0 —i-guﬁ—l—zux, 0:=0/0x.

Although A and L are not matrices in this case, one can still use the algebraic structure to

construct the integrals of motions.

Example (Toda lattice). The first and most prominent example of a discrete integrable

system is the Toda lattice discovered half a century ago [94, 95]. It describes the system of

n points q1, ¢o, - . ., ¢, on the real line interacting with the potential
n—1
U((h, L ;Qn) — Z e~ (@i+1—ai)
i=1

The Hamiltonian equations of motion of the Toda lattice imply

n )it = eqn+liqn — €qniqn71 n e N 122
(¢n) :

In 1974 Flaschka [37, 38] and Manakov [62] separately showed that the equation (1.2.2)
with periodic condition ¢, = g1, can be written in Lax form through a change of variables, and
thus the periodic Toda lattice Hamiltonian system is completely integrable. Six years later,
Moser [69] showed that the (real, finite) nonperiodic Toda lattice is completely integrable as

well.
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1.3 Classical r-matrix and involutivity

Suppose we have found a Lax pair for a 2d-dimensional Hamiltonian dynamical system,
and suppose that we can obtain d independent conserved quantities. This does not yet
guarantee their involutivity (1.1.3). Hence, we have not yet secured integrability. For that,
we need an extra ingredient.

We will regard L and M as elements of some matrix algebra g, with the matrix entries

being functions on phase space. We introduce the following tensor notation:

X15X®1, XQEl@X

as elements of g ® g. Then, one has the following

Theorem. The eigenvalues of L are in involution if and only if there exists an element

ri9 € g ® g, function of the phase-space variables, such that

{L1, Lo} = [ri2, L1] — [ra1, Lo, (1.3.1)

where ro; = P orys, P being the permutation operator acting on the two copies of g ® g.

Assume that r is a constant matrix independent of the dynamical variables and suppose
r1o = —ry1. In order for the Jacobi identity to hold for the Poisson bracket (1.3.1) one needs

to impose the following condition on 7:

[r12, 18] + [112, 23] + [113,723] = 0. (1.3.2)

We call such an r a constant classical r-matriz, and (1.3.2) the classical Yang-Baxter equation
(CYBE).

The most interesting case for our purposes will be when the Lax pair depends on an
additional complex variable u, called the spectral parameter. This means that in some cases
we can find a family of Lax pairs, parameterised by u, such that the equations of motion are

equivalent to the condition (1.2.1) for all values of u.
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1.4 Zero curvature representation and transfer matrix

An important step we need to take is to generalise what we have reviewed so far for
classical finite-dimensional dynamical systems, to the case of classical field theories. We will
restrict ourselves to two-dimensional field theories, meaning one spatial dimension x and one
time ¢. This means that we will now have equations of motion obtained from a classical field
theory Lagrangian (Euler-Lagrange equations).

The notion of integrability we gave earlier, based on the Liouville theorem, is inadequate
when the number of degrees of freedom becomes infinite, as it is the case for field theories.
What we will do is to adopt the idea of a Lax pair, suitably modifying its definition, as a
starting point to define an integrable field theory.

Suppose you can find two (spectral-parameter dependent) matrices L, M such that the

Euler-Lagrange equations of motion can be recasted in the following form:

oL  OM
o~ = ML) (1.4.1)

We will call such field theories classically integrable.

Example. The Painlevé equations, which we discuss in the second part of the dissertation,

are examples of the classically integrable systems.

The condition (1.4.1), known as the zero curvature representation, is also the compati-

bility condition for the following auziliary linear problem:

(9, — L)¥ =0,
(&, — M)T = 0.

Such two matrices L, M in (1.4.1) are also said to form a Laz pair, and one can in
principle obtain a sequence of conserved quantities for the field theory by following a well-

defined procedure.

18



Let us introduce the so-called monodromy matriz T'(u) by

/s+ L(z,t, u)dx] ,

where P denotes a path-ordering with greater = to the left, s_ and s, are two points on the

T(u) = Pexp

spatial line, and u is the spectral parameter. This object can be thought of as implelementing
a parallel transport along the segment [s_, s ], in accordance with the fact that the Lax pair
can be thought of as a connection.

Assuming that our spatial domain is [0, 27| with periodic boundary condition on the

fields, one can show that

o, T = [M(0,t,u),T).

This implies that the trace of T', called the transfer matrix
t(u) = trT(u),

is conserved for all u. By expanding in u, one obtains a family of conserved charges, which

are the coefficients of the expansion:

t(u) = > Q,u", 0:Q, =0, Vn > 0. (1.4.2)

n>0
This forms the starting point for the construction of the integrable structure.
1.5 Sklyanin Exchange Relations

In the previous section we have constructed family of the conserved charges coming
from the transfer matrix t(u). But we don’t know yet if the are independent. Motivated
by (1.3.1), we suppose that the canonical Poisson brackets imposed on the fields have the

following consequence for L:

{Li(x,t,u), Ly (y,t,u')} = [rio (u — '), Ly(x, t,u) + Lo (y,t,u')] 6(x — y), (1.5.1)

19



Let us also assume that the r-matrix ri5 (u — ') does not itself depends on the fields, and
satisfies

ro (u—u') = —ryy (U —u) .

Theorem (Sklyanin Exchange Relations). Given (1.5.1), the Poisson brackets of the mon-

odromy matriz satisfy

{T1(u), To(u)} = [r12(u —u'), T1 (u)To(u)]. (1.5.2)

From this, one can immediately conclude that the conserved charges generated by the
transfer matrix are all in involution. Indeed, tracing by tr; ® try both sides of (1.5.2), one

obtains

{t(u), t(u')} =0, (1.5.3)

where we have used cyclicity of tr; ® tro which is the natural trace operation on g ® g. By

expanding (1.5.3) we obtain the desired involution property of the charges (1.4.2).
Moreover, under the assumptions described after (1.5.1), the Jacobi identity for Sklyanin’s

exchange relations (1.5.2) admits all matrices r, that satisfy the classical Yang-Baxter equa-

tion with spectral parameter, namely

[7“12 (U1 - Uz) » 13 (U1 - Us)] + [7“12 (U1 - Uz) » 23 (UQ - Us)] + [7“13 (Ul - U3) » 23 (UQ - Us)] = 0.

Summarizing, we have seen that the variables L and 7" can be thought of as the most
convenient variables to display the integrable structure of the classical models. It will not
come as a surprise then that quantisation, that we discuss in the next sections, best proceeds

from the Sklyanin relations.

1.6 Quantum harmonic oscillator

For the Quantum systems by the integrability we mean the presence of rich symmetries
and interesting algebraic or analytic structures. Let us illustrate it on the simple example

of quantum harmonic oscillator.
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The Hamiltonian operator for the quantum harmonic oscillator has form

1

H=
2

(P*+@%).
The operators P and Q satisfy the following commutation relations
[Q.Q=[P.Pl=0, [Q.P]=4,

where [Q, P] is a commutator of two operators. These relations can be thought as a quanti-
zation of the relations (1.1.2).
There is a canonical representation of these operators Q and P acting on the functions

¥ (x) from the Schwartz space:

For such P and Q the Hamiltonian operator H becomes differential operator :

. 2
A1y = — () + 2% (a).

Suppose we are interested in the spectrum of this operator, i.e levels of energies E:
Hy = Ev.

We could study this equation using the standard tools of ODE but instead we will use some

algebraic structure of this model. First we define the annihilation operator by



Together with the number operator N = a*a these operators will satisfy the following com-

mutation relations:

[a,a*] =1, [N,a*]=da*, [N,a]=—a. (1.6.1)

The Hamiltonian H in terms of a,a* becomes

ﬁ:¢N+m

so the eigenvectors of N are also the eigenvectors of H. Suppose we have found such an

eigenvector ¢ of N:

Ny = Mp,

then one can show, using commutation relations (1.6.1), that ay is also an eigenvector of
N with energy A — 1. In other words, given any energy eigenvector, we can act on it with
the annihilation operator a, to produce another eigenvector with less energy. By repeated
application of the operator a, it seems that we can produce energy eigenstates down to

A = —oo. However, since

A= (1, Ny) = (i, a*ay) = (@, ap)) > 0

the smallest eigenvalue of N is 0. The corresponding eigenvector |0), called vacuum vector,

N 1
is also the eigenvector of H with eigenvalue 2 in other words we have
A 1
H|0) = —]0).
0) = 510)

By the same reasoning, one can show that the vectors

n) = =) (1.6.2)
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are the eigenvectors of the Hamiltonian H with the eigenvalues F,, = n+ % Finally, one can

easily find the vector |0) as a solution of the equation:
al0) =0 <= Y(x) + xyp(x) =0,

and using formula (1.6.2) obtain the following expression for the all eigenvectors |n):

1 2
|TL> = \/Qn—n!eXp<_x /2) Hn<x))

where H,(x) are the Hermite polynomials, Hy = 1.

Summarizing, we were able to find eigenvalues and eigenvectors of the Hamiltonian H
algebraically, using the annihilation and creation operators. In other quantum integrable
systems the algebraic structure is much more complicated, but nevertheless the idea of the

creation and annihilation operators sometimes is very helpful (see Section 2.1.2).

1.7 Quantisation

We have seen in Section 1.4 that the matrices T'(¢,u) and L(x,t,u) are the most con-
venient variables to describe the integrability in classical case. One can try to describe the
quantum analog of these matrices, in other words, try to quantize them.

Mathematically, the quantisation procedure involves the concept of Lie bialgebras and the
so-called Manin triples (see for instance [29] and references therein). The term quantisation
incorporates the meaning of completing the classical algebraic structure to a quantum group,
or, equivalently, obtaining from a classical r-matrix a solution to the quantum Yang-Bazter
Equation

R12 ng R23 = R23 R13 ng, Ri]’ ~ 1® 1 +ihTij + O(hz)

The quantisation of the Sklyanin exchange relations is attained by simply “completing the h

series” into the famous RT'T relations:
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where the quantum monodromy T is now understood as the normal-ordering of the classical
product integral expression. We can see that (1.7.1) tends to (1.5.2) for h — 0.

This RT'T relation will be the starting point of our discussion in Section 2.1.1.
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2. COMBINATORIAL FORMULAE FOR RATIONAL WEIGHT
FUNCTIONS

One of the quantum integrable models that we mentioned in the introduction was the Heisen-
berg model. The problem to find eigenvalues and eigenvectors of the Hamiltonian for the
Heisenberg model was first addressed by H.Bethe [5] who looked for the eigenvectors as val-
ues of a certain rational function (Bethe vector) on solutions of some system of algebraic
equations (Bethe ansatz equations).

The algebraic interpretation of the approach proposed by H.Bethe and other authors
[101, 86, 87] is called Algebraic Bethe ansatz (ABA). It was developed as a part of the
Quantum Inverse Scattering Method (QISM), that emerged in the late 70’s in the works
of the Leningrad School [32, 33]. The Nested Algebraic Bethe ansatz (Nested ABA) is a
generalization of the Algebraic Bethe ansatz for the integrable models associated with higher
rank Lie algebras. It was developed almost simultaneously with ABA in [56, 58, 57, 78].

Later, the nested Bethe vectors (also called vector-valued weight functions) were used
to construct integral representations for solutions of the quantized Knizhnik-Zamolodchikov
(qKZ) equations [92]. The results of [57] has been extended to higher transfer matrices
in [70]. Combinatorial formulae for the vector-valued weight functions associated with the
differential Knizhnik—Zamolodchikov equations were developed in [63, 81, 82, 79, 34].

In the rank one case combinatorial formulae for vector-valued weight function are im-
portant in various areas from computation of correlation functions in integrable models,
see [53], to evaluation of some multidimensional generalizations of the Vandermonde deter-
minant [90]. In the gl, case combinatorial formulae, in particular, clarify analytic properties
of the vector-valued weight function, which is important for constructing hypergeometric
solutions of the qKZ equations associated with gl,,.

Let us finish this paragraph mentioning that the physical applications of Nested ABA are
very wide as well. It turns out that Nested ABA models provide a more realistic description
of strongly interacting systems. The reason is that in the Nested ABA we are dealing
with several creation operators. This allows us to consider systems where several degrees

of freedom of fundamental particles interact, for example, the spin and the charge of the

25



electrons. Therefore, the Nested ABA solvable models have found wide application primarily
in the physics of strongly correlated electronic systems (Yang—Gaudin model [64, 65, 101, 45],
t-J model and Hubbard model [83, 59, 60, 28]). We can also consider systems consisting of
several types of particles, such as systems with impurities (Kondo model) [1, 97, 98]. For a
more detailed description of the application of Nested ABA to Fermi gases and ultracold atom
systems, we refer the reader to review [46]. It is also worth mentioning that the Hamiltonians
of integrable systems with a large number of degrees of freedom arise in supersymmetric

gauge theories [67].

The goals of this chapter.

Quantum integrable models are frequently connected with Lie algebras g. For instance
the Heisenberg chain is connected with the Lie algebra sly. Furthermore, quantum integrable
systems usually have a chain structure. The whole space of states of a quantum system is a
tensor product of the space of states of each node of this chain. The space of the states for
one node of the chain is an irreducible finite dimensional representation of the Lie algebra
g. The Bethe vector for the whole chain can be constructed from the Bethe vector of each
node. This part is well understood. My research concerns obtaining formulas for the weight
function for one node in the case of the Lie algebra gl,. The technique that we used is the
Nested Algebraic Bethe ansatz.

The main idea of the Nested Algebraic Bethe ansatz is to consider a sequence of subal-
gebras and construct weight functions for the larger subalgebras using weight functions for

the smaller ones. There are two standard choices of subalgebras in gl, -case

gl, ogl,®gl, and gl, ogl,_; dal;. (2.0.1)

On the matrix level it means to proceed from n x n matrices to (n — 1) x (n — 1) matrices by
either cutting out the first row and the first column or the last row and the last column. There
is a natural question whether one can make a cut in the middle and consider a subalgebra

gl,,®gl, ,, Cgl,, wherel <m <n—1.
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There is a general formula that gives a procedure how to calculate the Bethe vector. It has
form B(¢)v, where B(t) is some rational function of ¢ = (¢4, .. ., t¢) with values in the universal
enveloping algebra Ug, and v is a weight singular vector in some irreducible representation
of g. For the case when g = gl,,, B(t) contains standard generators e, a,b = 1,...,n and
where vector v in this case should satisfy the following conditions: it should be annihilated

by ew, 1< a<b<n,and it should be eigenvector of e,,, 1 < a < n, in other words,

e =0, 1<a<b<n, CaaV = Agv, 1< a<n,

for some complex numbers A,.

Our goal is to write down an explicit formula for By (¢)v for the irreducible representation
Vof gl,, v €V, in a given spanning set of this representation. There are spanning sets of V/
that have the form [],; e2¢*v. Since the generators e, do not commute, we have to chose
some ordering in this product. If we have a chain of subalgebras of gl,, then it provides
some natural ordering of eg,.

For the standard choice of subalgebras (2.0.1) such formulas for By (t)v were obtained

in [90]. Their result shows that for the chain of subalgebras that starts with gl,, D gl,,_, ® gl

one has
. Sn,n—1 _Sn,n—2 Sn,1
Bg[n (t)U - Z FS(t) Cpn—2€nn—2 -+ -Cn1 Bg[n_1(t)vu
v —1
sEZgo
where F(t) are some explicit rational functions and s = (s,n—1, Snn—2; - - -, Sn,2, Sp.1). Simi-

larly, for gl,, D gl, @ gl,,_; one has
By, (t)v = Z Gr(t) - esi'est . eni' By, (B)v,
reZ’ZLEl

where G,.(t) are some explicit rational functions and 7 = (re1, 731, .., Tn1)-
In our work we obtained new formulas for By (¢)v for a spanning set corresponding to the
chain of subalgebras that starts with gl,, D gl,, ® gl,,_,,. Our main result, stated in Section

2.4.3, can be formulated as follows :
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Theorem. For any m, 1 <m <n —1, one has

By, (t)o = Wo@t) I Il & Ba, . (t)Bg, (t),

m+1<i<n 1<j<m

where the sum is taken over all collections of nonnegative numbers g = {q;;}, m+1 <i <mn,

1 < j <m. The function Wy(t) has the following structure
Wy(t) = Symya ... Symyn—1 Uy(2),

where t consists of n — 1 groups: t = (', t*,... "), and the function U,(t) is a product
of ratios of linear functions in t. Each group t/ corresponds to the j-th simple root o; of gl,
and the structure of the products in Uy(t) reflects the Dynkin diagram of gl,,.

Form =1 and m =n — 1 it gives the formulas from [90)].

Our proof is based on the Nested ABA. In the next section we recall the main ideas of

this method.

2.1  Algebraic Bethe Anstaz

2.1.1 RTT-relation and integrable models

The key relation for the Algebraic Bethe Ansatz (ABA) and the Nested Algebraic Bethe
Ansatz (Nested ABA) is the RT'T-relation

R(u,v)(T(w) @ NI RTw)) =T @T)(T(u) @ I)R(u,v) (2.1.1)

Here T'(u) is a n by n matrix :
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whose entries act in some vector space H. We can think of 7'(u) as an operator in C" @ H.
T'(u) is called the monodromy matrix and the space C" is called the auziliary space. The
R-matrix is acting in C" ® C™.

Another commonly used form of equation (2.1.1) is

Ryo(u, v)Th (u)T2(v) = To(v)T1(u) Ri2(u, v), (2.1.2)

here the subscripts show in which of the two auxiliary spaces C" the T-matrices act nontriv-
ially. The R-matrix Rja(u,v) acts in both spaces C".
The first problem is to find an R-matrix acting in C" ® C". The R-matrix should satisfy

the Yang-Baxter equation

R12<u17 Uz)Rla(Uh U3)R23(U2> Uz) = R23(U2> U3)R13(U1, U3)R12(U1, U2)a

in order to provide compatibility of the RTT-relation. Our main example of the non-trivial

R-matrix has the following form:

R(u,v) =1+ g(u,v)P, g(u,v) = ¢ : (2.1.3)

u—v

where I is the identity operator in C" ® C", P is the permutation operator in the same space,

and c is a constant. The permutation operator has the form
n
P= > E;®E;,
ij=1

where £;; is the n x n matrix with the unit at the intersection of i-th row and j-th column
and zeros elsewhere:

(El])lk :5i15jk7 i,j,l,k: ].,...,TL.
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The simplest example of the monodromy matrix 7'(u) is R(u,v) itself. The RTT-relation
(2.1.2) in this case becomes the Yang-Baxter equation (2.2.3). Another example of T'(u)

matrix, which is analogous to the previous one,

T(U) = ROL(U,fL) c. R()l(u, 51), (214)

turned out to be connected to the SU(n)-invariant inhomogeneous X X X Heisenberg chain.
The parameters &; are inhomogeneities. Each R-matrix Ry;(u,&;) acts in the tensor product
Vo ® V;, where every V; is C". The auxiliary space of the monodromy matrix is V ~ C".

The quantum space is

H=V® -V =C"®---0C".
—_————

L times

This example gives us the first evidence of the connection between the solutions of the RTT
relation and integrable models. We can state this connection more precisely.

Consider the trace of the monodromy matrix 7'(u) in the auxiliary space C™ :
trT(u) = Ty(u).

i=1

The RTT-relation (2.1.2) yields
[tr T'(u), tr T'(v)] = 0.

Thus, if we consider T'(u) as a function of u and expand it near some point wug, then tr 7'(u)

will be a generating function of commuting operators:

trT(u) =Y (u—up)* I, [I, 1) = 0.
k

It turns out that in many cases the Hamiltonian H of the integrable model belongs to this
commuting family. And thus it is a natural question to study the eigenvectors and eigenvalues

of the transfer matrices tr7'(u). Most of the tools to find eigenvalues and eigenvectors
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of transfer matrices are known under the name of Bethe ansatz. Its basic principles and
techniques can be found in [53, 30, 84, 85]
In the next sections we will discuss the Bethe ansatz using the gl,, gl;, gl, cases as

examples.

2.1.2 gl, case

We start with the gl,-case to demonstrate the method. In this case matrix 7'(u) has the

following form

And the transfer matrix is

trT'(u) = A(u) + D(u).

In the method of ABA we assume that there exists a vector v, called vacuum or weight

singular vector, that satisfy the following properties:

Clearly, v is an eigenvector of tr T'(u):

tr T (u)v = (a(u) + d(u)) v.

We look for other eigenvectors of tr7'(u) in the following form:

U =B (uy)...B(u,)v.

It turns out that W is an eigenvector of tr 7'(u) if the parameters uy, . . ., u, satisfy a system of
Bethe equations (2.1.5). Those eigenvectors W are called Bethe vectors. The operators

B and C' can be thought as the creation and annihilation operators (recall Section 1.6).
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For example, consider B(u)v. Using RTT-relation we have

A(2)B(u) = f(u, 2)B(u)A(2) + g(z,u) B(2) A(u),
D(2)B(u) = f(u,2)B(u)D(2) — g(z,u) B(2) D(u),

) =1+ glu,v) = =2

u—v

and it gives

(A(2) + B(2))B(u)v = (f(u, z)a(z) + f(z,u)d(2)) B(u)v + g(z,u)(a(u) — d(u)) B(z)v.

So we see that B(u)v is an eigenvector of the tr 7T'(u) if a(u) = d(u).

In general, one can prove that W = B (uy) ... B (u,) v is an eigenvector of tr7'(u) if

alu;) I1 “J’“’“) j=1,...,n. (2.1.5)
1,

h=torj | (g, )’

To conclude this short introduction, we would like to mention that there are two natural
questions. The first on is whether the constructed vector ¥ is a non zero vector: W # 0.
The second one is whether the Bethe ansatz gives all the eigenvectors of the transfer matrix.

The answers to these questions are not trivial, see [55], [75],[71], [72],[74].

2.1.3 gl case

The problem of finding Bethe vectors in the gly (and higher rank) based models is much
more sophisticated than in the case considered above. For the gl; case matrix 7'(u) has the

following form

Tu(u) Tio(u) Tis(u)
T(u)=| Tor(u) Too(u) Tos(u) |,
Tsi(u) Ta(u) Tss(w)
and

tr T(U) = (TH(U) + TQQ(U) + ng(u)) .
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The vacuum vector v should satisfy

Tii(w)v = Ay(u)v, Tij(u)v =0, ifi>j.

Clearly, v is an eigenvector of tr T'(u):

tr T'(u)v = (Aq(u) + As(u) + As(u)) v.

Other examples of the Bethe vectors are

V= Tm(U)’U <1f A1 (U) = AQ(U)), v = TQg(U)U (lf AQ(’U) = A3(U))

Less trivial example is

U = Tio(u)Tos(v)v + g(v, u)Aa(v) Tiz(uw)v = Tog(v) T2 (uw)v + g(v, u)Ae(u)Tis(v)v,

and the corresponding equations are

One could try to generalize the construction from the gl,-case, and consider a monomial
Bg, (u1) ... Bg, (ug)v, a=0,1,... (2.1.6)

as a candidate for the transfer matrix eigenvector. Here every [3; is equal to either 1 or
2, Bi(u) = Tia(u) and Bs(u) = Ti3(u). Generically, the monomial (2.1.6) is not invariant
under the action of tr 7'(z). Therefore, it is quite natural to replace the monomial (2.1.6) by

a polynomial

Uo(u)= > Bg (w)...Bg, (ua) Fs,,. g0, a=01,...,
B, Ba
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where Fj, . g, are some numerical coefficients, the sum is taken over every §; € {f1,..., .}

and each f; takes the values 3; = 1,2. This form gives the motivation for the Nested
Algebraic Bethe Ansatz.

The Nested Algebraic Bethe Ansatz is a method that provides a systematic construction
of the Bethe vectors for gl; and higher ranks. The idea is to reduce gl; case to gl, case. It

can be achieved by considering the block structure for the matrix 7'(u). For example, we

can introduce the following block structure :

A(u) | Bi(u) Ba(u)
T(u) = = | Cy(u) | Dyy(u) Dio(u) |- (2.1.7)
CQ(U) D21<u) D22

As we have seen it is natural to look for the Bethe vector in the following form:

\I[a,b<'u’7 ’U) = Z Bﬁl (ul) SR B,Ba (ua) Fﬁl ----- Ba (u7 U)v (2'1°8)
Bl 77777 Ba

w=Au,...,u}, v=A{v,...0},

where 3; € {1,2}, 1 < i < a, and Fj, . g,(u,v) are some vectors. The method of Nested

ABA gives an algorithm how to construct Fg, g, (u,v).

We start with the following gl, expression:
To(z,uw) = Do() T (2,w), T (2,0) = 70q (2,10) - . - 701 (2,11) (2.1.9)

where Dgy(z) comes from the block structure of T'(u), see (2.1.7), and r (u,v) is the gl,
R-matrix 7 that acts in C* ® C?, see (2.1.3).
This 76(@)(2, w) acts in the space Vy ® H, where
Vi~ H=He ()"

where H is the original quantum space of the gl; model. The subscript 0 in 76(‘1) (z,u) stresses

that the auxiliary space is V.
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The matrix D(u), which acts in the space Vy ® H, can be treated as gl, monodromy
matrix, since it satisfies the RTT-relation with the R-matrix r: rio(u,v)Dq(u)Dy(v) =
Dy (v)Dy (u)ri2(u, v). Moreover, the vector v is a singular weight vector of this monodromy
matrix.

The matrix 70 (z, w) in turn can be considered as the monodromy matrix of the inhomo-
geneous gly-invariant X X X chain of the length a, see (2.1.4). The role of the inhomogeneity
parameters is played by the parameters u = {us,...,u,}. Notice that %(a)(z,u) acts in
the Vy ® H®, where the quantum space H* is the tensor product (CQ)@)Q. Moreover, this

monodromy matrix 76(‘1)(;:, u) has the vacuum vector Q(®), where

Q(a):<;>®...®<;>.

a

Thus, %(a)(z,,u) defined by (2.1.9) is the monodromy matrix of the gl, algebra, being
the product of two monodromy matrices whose entries act in different spaces. Moreover, it
has the vacuum vector v ® Q@

The rest of the construction looks similar to the gl, case. We present 7A6(a)(z, u) as

77w = | X
C9(z,u) DY (z,u)
and define
F(u,v) = B (v1,u) ... B9 (v, u) v® Q@

1 0
Next we fix the basis of C%: w; = , Wy = , and consider the following basis of

0 1
()

wg, ® ... Y ws,, ﬁi€{1,2}7i21,...,a.
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Finlay, the desired coefficients Fj,

.....

F(wu,v) in this basis:

.....

T
Ag (ug)  f (g, up)
) (2.1.10)
AQ(Uj) _ f(vja’vj) 1 j:]. ' b
As(vs)  f(B5,05) f (v, w)’ B
where
flzyw) = [ fzywy)s flz0) =[] f(z0).
:;];ZZ v EV
We could start with a different splitting of the transfer matrix 7'(v)
An(U> Alg(U) Bl(U>
T(w)=| Axn(v) Axn(v)|B(v) |, (2.1.11)
Ci(v)  Cy(v) | D(v)
and get another eigenvector vector W, ,(u, v) of tr T'(v). It would have form
i’ab ’LL ’U Z Bﬁl U,l B,Ba (Ua) F51 77777 5a(u,’ll), (2112)

.....

where §; € {1,2}, 1 <i < a. It turns out that W, ,(u,v) is the eigenvector of the transfer
matrix tr T'(u) if the parameters w, v in (2.1.12) satisfy the same system of algebraic equations
(2.1.10). One could ask whether these two vectors ¥, ,(u, v) and ¥, (u, v) coincide or not.

The answer is positive and is given in the next section.
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2.1.4 Trace formula

The formulas for the Bethe vectors W, ,(u,v), given by (2.1.8), and ¥, ,(u, v), given
by (2.1.12), look very different. For instance they are based on two different embeddings,
(2.1.7) and (2.1.11), and thus have different ordering of the operators B,(u). Moreover, some
of those operators have different arguments. Nevertheless, these different representations
describe the same Bethe vector. It follows from the fact that both of these representations
can be obtained from one formula, called the trace formula [92, 89, 4].

The main advantage of the trace formula is that it can be easily generalized to the case
of gl,,. Besides, the Bethe parameters u and v are included in this representation in a more
symmetric way. Finally, by the construction ¥, ;(u,v) is symmetric over the variables v. It
turns out that is also symmetric over the variables u, and this symmetry is far from evident
at this moment. The new formula for Bethe vectors will allow us to prove the symmetry of
these vectors with respect to the parameters wu.

To formulate the trace formula in the gl; case we start with a tensor product V;, @ --- ®

Vie @ Vpy @ -+ @ Vi, where each V; ~ C3. Let

Ti(w) = Ty, (ur) ... Tk, (ug), Ta(v) =T, (v1) ... Ty, (vp),

and
e

Rﬁy,;('v,u) = ﬁ H naky (Vi ). (2.1.13)
1<i<b 1<j<a
Here every T} acts in V; ® H. Each R-matrix R;; acts in V; ® V;. We would like to draw
attention to the ordering of the R-matrices in the double product (2.1.13). There the index
1 changes in the standard increasing direction, while the index j changes in the decreasing
direction. For example, for a = b = 2, the product (2.1.13) reads

Rﬁ 1_4(07 u) = Rn1,/€2 (Ulv uﬂ)RmJﬁ (Uh ul)Rm,kz (027 UQ)RmJﬂ (U27 ul)'

)
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Proposition. The off-shell Bethe vectors of the gls-invariant models have the following

form:
Uop(u;v) = try (’]I‘,;(u)']l‘n(v)]RnJ;(v, wE; ... EJ'E? ... ng)v. (2.1.14)
The trace is taken over all the spaces Vi, ..., Vi, Vayy ..., Va,. The matrices E,%]l and Ef{f

are the standard basis matrices that respectively act in the spaces Vi, and Vi, .

Equation (2.1.14) is known as a trace formula. Observe that using the RTT relation

(2.1.2), formula (2.1.14) can be written in the following form:

Uap(u;v) = try (Rny,—cT,;(u)Tﬁ(v)(v, wE; ... EJ'E? ... ng)v. (2.1.15)

It turns out that the vector ¥, ,(u, v), given by (2.1.8), can be obtained by the expansion
of formula (2.1.14), while the vector \ila,b, given by (2.1.12), can be obtained by the expansion

of the formula (2.1.15). But since they represent the same vector they have to coincide.

2.1.5 gl case

We have seen in Section 2.1.3 that the idea of Nested ABA is to reduce the gl case to
the gl,_; using the block structure. In gl, case we have two standard options of splitting

that reduce problem to the gl; case :

Ap(u) Agp(u) As(u) | By(u)

T(u) = Agi(u) Asg(u) Ags(u) | Ba(u) ’ (2.1.16)
Az (u) Asa(u) Asz(u) | Bs(u)
Ci(u)  Co(u) Cs(u) | D(u)
A(u) | Bia(u) Biz(u) Bia(u)

) - Ca1(u) | Daa(u) Doz(u) Dos(u) (2.1.17)
Cs1(u) | Dsa(u) Dsz(u) Dzs(u)
Cin(u) | Dyg(u) Dys(u) Das(u)
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But there is also a natural splitting that decomposes gl, into two gl, cases:

All(u) Alg(u) Blg(u) Bl4(u)

) — Agi(u)  Ago(u) | Bag(u) Bag(u) ' (2.1.18)
Cs1(u)  Csa(u) | D3z(u) Dsa(u)
041 (U) 042 (U) D43 (U) D44 (U)

For the standard splittings (2.1.16) and (2.1.17) the corresponding formulas for the Bethe
vector can be obtained from the result of [90], but for the splitting (2.1.18) no formulas were
known.

In the next sections we provide new formula for the Bethe vector that corresponds to this
splitting (2.1.18) and generalize the result for the gl, case, where the splitting corresponds
to the subalgebra gl,, © gl,,_,, Cgl,, 1 <m<n—-1
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2.2 Notations

In this section we discus the notations that will be used in this chapter.
We will be using the standard superscript notation for embeddings of tensor factors into
tensor products. For a tensor product of vector spaces Vi ® Vo ® ... ® V. and an operator

A € End(V}), denote
AD = 180D o A0 18¢) c EndVi @ Vo ® ... @ Vi).

Also, if B € End(V}), i # j, denote (A ® B)W) = AOBU) etc.

Fix a positive integer n. All over the paper we identify elements of End C" with n x n
matrices using the standard basis of C". That is, for L € EndC" we have L = (L§),,_,,
where L¢ are the entries of L. Entries of matrices acting in the tensor products (C")**
are naturally labeled by multiindices. For instance, if M € End (C" ® C"), then M =

(a1),
cd a,b,c,d=1 )

The rational R-matrix is R(u) € End(C" ® C"),

1 n
R(u) =14+ = > Eu Q Ep, (2.2.1)

u a,b=1
where E,;, € End (C") is the matrix with the only nonzero entry equal to 1 at the intersection

of the a-th row and b-th column. The entries of R(u) are
ab 1
Rei(w) = dacOpa + —Oaad- (2.2.2)

The R-matrix satisfies the Yang-Baxter equation

R (y — )R () R (v) = R (v) R (u) R1? (0 — v). (2.2.3)
The Yangian Y (gl, ) is a unital associative algebra with generators (1)} a,b=1,... n,
and s = 1,2,.... Organize them into generating series:
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Ty (w) =6+ > (T u=, ab=1,... n. (2.2.4)

s=1

The defining relations in Y'(gl,,) are

(u =) [T3'(u), T3 (v)] = T3 (w) Ty (v) = T4 (0) Ty (u) (2.2.5)

forall a,b,c,d=1,...,n
Combine series (2.2.4) into a matrix T'(u) = i Equp ® T (uw) with entries in Y(gl,,).
a,b=1
Then relations (2.2.5) amount to the following equality

R (y — ) TO(u)TP (v) = T® (0)TD (u) R (0 — v),

where TO(u) = 32 Ep © 1@ T¢(w) and TOw) = 3> 1© By @ T9(v).
a,b=1 a,b=1

The Yangian Y (gl,,) is a Hopf algebra. In terms of generating series (2.2.4), the coproduct
A:Y(gl,) — Y(gl,) ®Y(gl,) reads as follows:

n

ZTbc )@ THu), a,b=1,... n. (2.2.6)

Denote by A : Y(gl,) — Y (gl,) ® Y(gl,) the opposite coproduct

n

ZTba )@ Ty(u), ab=1,...,n. (2.2.7)

Fix a collection of nonnegative integers &1,&s,...,&, 1. Set & = (&1,&,...,&,-1) and
=&6+...+&,a=1,...,n—1. Consider the variables t¢, a=1,...,n—1, i =1,...&,.

We will write

t = (t,... 1), t=(t,. . .t "), (2.2.8)
We will use the ordered product notation for any noncommuting factors X, ..., Xy,
— —
II )Q ::)(LXQ...)(k, II )Q':Ij(hx%,l...)(y
1<i<k 1<i<k
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Consider the vector space (C™)®¢"" and define

i J M (§j71+k) J [k.J] k 47 o h (fkfl_;'_i Ej*l_i_l) k j
Tw)= ]I T ), Rt = [ | I B¢ 900 -],
1<k<g; 1<i<g, \ 1<I<g;

where we view T " +%)(#/) as a matrix with entries in Y (gl,,) acting on (£¢/~! + k)-th copy

of C" in (C™)®¢"™". For the expression

. R < fig]
Te(t)= T(t)... T ") ]] II R@#.¢) |, (2.2.9)
1<i<n—1 \ 1<j<i

denote by Be¢(t) the following entry

~ 1&17252,”.,,1_1%—1
Be(t) :( . )25173527..””5%1 : (2.2.10)
where
1922 (n—1)""=1,1,...1,22,...2, ... . n—1,n—1,...,n—1,
—_— —
&1 &2 En—1
20082  pf1=2292...233....3 ...,n,mn,...,0.
N————
& &2 En—1

To indicate the dependence on n, if necessary, we will write Bém(t) . For a weight singular
vector v with respect to the action of Y(gl,), we call the expression B¢(t)v the (rational)
vector-valued weight function of weight (£, — &1, .., &1 — &n—2, —&n—1) associated with
.

There is a one-parameter family of automorphisms p, : Y(gl,) — Y(gl,) defined in
terms of the series T'(u) by the rule p,T(u) = T'(u — x), where in the right-hand side, each
expression (u — z)~% has to be expanded as a power series in u™!.

Denote by eq, a,b = 1,...,n, the standard generators of the Lie algebra gl,,. A vector

v in a gl, -module is called singular of weight (Al,... , A") if epv = 0 for all a < b and

€V =Agv foralla=1,...,n.
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The Yangian Y (gl,,) contains the universal enveloping algebra U(gl,,) as a Hopf subalge-
bra. The embedding is given by the rule ey, — (T2){ for all a,b = 1,...,n. We identify
U(gl,,) with its image in Y (gl,,) under this embedding.

The evaluation homomorphism € : Y(gl,,) — U(gl,) is given by the rule € : (T)(u) —
dap + epqut for all a,b = 1,...,n. Both the automorphisms p, and the homomorphism e
restricted to the subalgebra U(gl,,) are the identity maps.

For a gl,-module V' denote by V(z) the Y (gl,)-module induced from V' by the homo-
morphism € o p,. The module V(x) is called an evaluation module over Y (gl,).

A vector v in a Y(gl,)-module is called singular with respect to the action of Y(gl,) if
T¢(u)v =0 for all 1 <b < a <n. A singular vector v that is an eigenvector for the action of

TH(uw),...,T™(u) is called a weight singular vector, and the respective eigenvalues are denoted

by (T1(uw)v), ... (T (u)v).

Example. Let V be a gl,-module and v € V be a gl,,-singular vector of weight (Al ... A™).
Then v is a weight singular vector with respect to the action of Y'(gl,) in the evaluation

module V(x) and (T (u)v) =1+ A%(u—x)" L a=1,...,n.

For k < n we consider two embeddings of the algebra Y (gl,,) into Y'(gl,,), called ¢, and
Vi:

ox(T™ (w)y = (T (w)); Ue(T (w)y = (T ()5 (w) (2.2.11)

a,b=1,...,k Here (T*® (u))f and ((T‘ (u))§ are the series T{*(u) for the algebras Y (gl;,)
and Y (gl,,), respectively.

2.3 Combinatorial formulae for the gl, case

In this section we will focus on the gl, case. We are interested in writing down the

following expansion for a weight function in a evaluation module over the Y (gl,):

Be(t)v = Y Fal(t) - efyel®elyeyit e ey v (2.3.1)

= ~76
mEZZO
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with the functions F;(t) given by explicit formulas. Various similar expansions for Be(t)v

were obtained in [89], however, expansion (2.3.1) is not covered there.

2.3.1 Splitting property of the weight functions

Let Té? (u) be series (2.2.4) for the algebra Y (gl,), and R‘®(u) be the corresponding
rational R-matrix, see (2.2.1). Consider two Y (gl,)-module structures on the vector space

C2. The first one, called L(x), is given by the rule
m(z) : T? (u) = (u—2)'RP (u — ),
and the second one, called L(z), is given by the rule

() : T (u) = (2 — )" (<R<2> (z — u)>(21))t2,

where the superscript ¢, stands for the matrix transposition in the second tensor factor.

Let wi, wy be the standard basis of the space C2. The module L(x) is a highest weight
evaluation module with gl, highest weight (1,0) and highest weight vector wy. The module
L(z) is a highest weight evaluation module with gl, highest weight (0, —1) and highest weight
vector wy. For any X € End(C?), set v(X) = Xw; and v(X) = Xwo.

Recall the coproducts A and A, see (2.2.6) and (2.2.7), and the embeddings o :
Y(gl,) — Y(gly) and ¢2 : Y(gl,) — Y(gly) given by (2.2.11). For any k, denote by
A® Y (gl,) — (V(gh)®* ™ and A Y(gly) — (Y(gl,))®*™ the iterated coproduct

and opposite coproduct. Consider the maps
L
Uy (@, k) Y (gh) = (C?) 7 @Y (gly),

Yoy, 2) = (W¥F @id) o (7 (21) @ - @ 7 (z3) @ y) © AW

and

b2 (1, 1) Y(gh) = (€))7 @ Y(gl,),
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QZ52 (.171, Ce ,ZEk) = (ﬁ®k ®1d) @) (w (xl) X Q oy (l‘k> & (;52) @) A(k)

For any element g € (C2)®k ® Y (gl,), we define its components g%, a = (ay, ..., ax), by the
rule

2
g= >, Wy @ Q@ Wg @9

ai,...,ap=1

In the gl, case, we have & = (&1, &2, &3), and formula (2.2.10) takes the form

2o, Bl (32] 31] 21 161 282 3¢3

Be(t) = (T(tl)']I‘(tQ)T(tg)?[g(tS,tz) R(t3,t1)R](t2,t1)> .

Proposition 2.3.1. Let v be a Y (gl,)-singular vector, &1, &3, &5 be nonnegative integers, and

t= (t%,...,té;t%,...,té;t:f,...,tgg). Then one has

23\ * 2y (1@ 1) ) 2y (1@ )\
Be(tjo = (7)) (0ale) (BE(¢))) (vale) (B (#)) v (2.3.3)
a,b
where the sum is taken over all sequences @ = (ay,ao, ..., ag,), b = (b1, b, ..., be,), such that

a; € {1,2},b; € {3,4} foralli=1,...,&, b—2=(by —2,bo —2,...,b;, —2), and

(T@)) = TERTE . T,

Proof. Formula (2.3.3) follows from the definition of the maps 1(#?) and ¢(t?) and
Lemma 2.3.2 below. L

Lemma 2.3.2. One has

a /[21] [1] 161,282,383 /3] [32] 161, b, 33
Be(£)v = Z(T<t2>) < R (£, tl)T(t1)> <T(t3) R (t3,t2)> v,

ab b 2&17 a,353 15173627 483
where the sum over a, b is the same as in formula (2.3.3).

Proof. Using Yang-Baxter equation (2.2.3), we can write B(t) in the following form,

[21] R B Bl [32] >1€1,2€273€3
v.

Be(t)v = ( R (2, tHT#*) TN T () R (¢3, ) R (£, %)

2¢1, 3€2, 4%

45



Therefore,

21) 2 [1]\ 161,262 365/ 3]\ pa3 31\ par /(32 \ 260,00
Be(tyo= 3 (R’H‘T) ("JI‘) (R) (]R) v, (2.34)

p,gq,r,s p,q,3%3 p,q,T 281 q,s 261,382 483

where p = (p1,...,Pg), @ = (@1, -, qe,), T = (r1,. .., 7e;), § = (S1,...,8¢). In (2.3.4), we
omitted the arguments !, 2, ¢3 since they can be restored from the context.
We say that r > 3% if r; > 3 for all i = 1,...,&;. Observe that by the definition of a

singular vector and the commutation relations

—u—1 1
T3 w)T3 () = L2 P3() T3 (w) — T3 (w) T3
p (W) 15 (u) W — a (W) Ty (w) w—u ()T (u),
(3] .
we have T (t2)3*v = 0 unless r» > 3%.
[31] \ P.a;r
Furthermore, for » > 3%, we have by induction on &; that (R ) = 0p 261 Op.s-
241,q,5 ’

[31] \ P.q.7
> = 0p26 Ors for r > 3%

Indeed, for & = 0, the statement is true. Assume that (R

2¢1,9,s
if & = n — 1, and consider the case {3 = n. Let r = (r1,...,7r,), 8 = (S1,...,8,), T =
(ri,..,"n-1), 8 = (81,...,8n_1), then we have
3] \ pra.r - - L P4, - \ x,q,8,rn
(R ) =2 1 ( II Rr¢ “’3)) [ rRE® . (235)
2Las e \1<i<n-1 M1<j<h vgir \1Sk<E 261 4.3,

Observe that the R-matrix entry Ri,i with i # [ is not zero if and only if i = j and k = [,
in (2.3.5)

ik . (3n,1%) ,q,8,Tn,
and R!} = 1. Because of that and since r, > 3, the last factor ( [[ R )
ik 2511‘11575n

equals 0, 96, 0y, 5, , and we get

pzqzrarn

31\ Pa,r - < 2
(R > _ 11 ( [ R+ > G = 0261 07,5 0o = 021 O,

2°1,q,8 1<i<n—1 “M<j<g 261 g i
ydHrosIn

by the induction assumption.

[3] \ Pa,3%3
Since ( T )
p7q77‘

(2.3.4) becomes

[31] \ P.a;T
) = 0,26 Or s for 7 > 3, formula

v = 0 unless r > 3% and (R
2%1,q,5
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[21] [2] [1] \ 1%1,2%2,3%3 [3] \ P:a,3%3 / [32] \ 2%1,¢.s
]B%g(t)v: Z ]R']I”]I‘) <']I‘> (R) v,

P,q,T,8 p,q,3%3 P,q,r 261,352,453

and can be further transformed as

Bg(t)v =
[2] \ c,a,38 , [21] \ 161,262,383, [1] \ €,b,33 3] \ 261,b,363  , [32] \ 261,byr (2.3.6)
2 (M (F e (M (M (B
ab,e,r c,b,3%3 c,a,383 2€1p,3€1 261 b,y 2€1,3€3 483
where the sum is over all sequences @ = (ay....,ag), b = (b1....,bs,), ¢ = (c1,...,¢q),

[21] 161,262 363
) =0ifa; >3 for

r = (r1,...,7¢) such that a;,b;,¢;,m; € {1,2,3,4}. Since ( R
(32]
some 7, and ( R

c,a,3%3

261 7b7 . . . . . .
) i = 0 if b; < 2 for some 7, terms in the sum in the right-hand side

2¢1,383 483
of (2.3.6) equal zero unless a; € {1,2} and b; € {3,4} for all . Taking the sum over ¢ and r

in formula (2.3.6) we get the statement of Lemma 2.3.2. O

(31] \ P9,
Example. Here we illustrate the proof of the relation <R > . = 006 Op s if 7 2> 3% for
251.,q,s

& = & = 2. In this case, p = (p1,p2), 7 = (11,72), § = (51, 52), and

[31] \ Pa,7
(R, = 5 R (6~ th) RNE - ) Rep () - 83) Rsty (65 — 1),

cs1 2s2
2
2%,q;s a,b,c,d

For (a1 > 3 o =~ > 3 we have arQ (t3 - tg) - 6a 2 57‘2 ds thus

1]\ par p27”1 3 p1b /43 cro (43 1
(R) —ZR (3 —t3) RPP(#5 — 1)) (ts — 7).

) cs1 259
2%,9,s

Then RS2 (t3 —t]) = 02 0ry.5, and R (3 — 1) = 6,2 6ry 6, SO that

259

[31] p-ar D171 (43 1
(R ) = RQsl (tl - tl) 5172,2 57”2,82 — OUpo,2 (5171,2 5?1751 67“2,82 = 6p,22 57“,8‘

22 q,s
2.3.2 Main theorem for the gl, case

The main result of this section is Theorem 2.3.9 formulated at the end of this section.

We will approach it in several steps.
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For a nonnegative integer k, set

to—t—1
Qu (b oty =TT 247)
1<i<j<m b Tl
For an expression f (t1,...,t;), define
Symy f(tr,ostm) = Y fltors - ston),
gESm
and
Sym, f(t1, ..., tm) = Sym, (f(t1,. .., tm)Qm (L1, ..., tm)) . (2.3.8)

Proposition 2.3.3. Let £ be a nonnegative integer and ¢t = (1,...,t¢). Then

_ ¢ n
€ —n) |Symt{(B§72> (t1, - ty) ® B§2—>n (tysts - - - ,t§)> ( [T 7)ol Tff)(fj))]
n=0 77)'77' i=n+1 j=1

This proposition goes back to [55], [92]. For convenience, we give its proof in Section 2.3.5.
Given a subset I of {1,2...,k} denote by I* the complement of [ in {1,2,...,k}. Define

a vector w! € (C2)* by the rule

WI :Wal ®W[l2 ®®W(Lk7
where a; =2ifi€l,and a; =1ifi & I.
Fix a Y (gl,)-module V' and a weight singular vector v € V' with respect to the Y (gl,)-
action,

T (wo =0, T (wpw = (TF (W), Ty (u)o = (Tgy (u)v)v.

Here (T\7 (u)v) and (T35 (u)v) are the corresponding eigenvalues. Given complex numbers
21, ..., 2, consider the Y (gl,)-module L(z) ® --- ® L(2) ® V. Observe that wi’* @ v is a

weight singular vector with respect to the action of Y'(gl,) in this module.
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Proposition 2.3.4. For the Y (gl,)-module L(z) ® - -+ ® L(z) ® V', we have
B (t) (w?k ®v) =

S

1

1]
Fy(t, z) [T (ta)v) (W' @ BE (s, - ,tg)v)] ,

a=1

(2.3.9)

where the sum is over all subsets I C {1,...,k} such that |I| <&, and for a given I = {i; <

19 < ... <i‘[|},

|| k _
Fi(t, z) = ]‘[( ! 11 ttm+1) (2.3.10)

a=1 \ta = Zia i — Fm
Proof. Observe that for each Y (gl,)-module L(z;), i =1,..., k, the corresponding vector

wy € L(z;) is a weight singular vector:
T wwi = (1+ (w—2)")wi, T @wi =wi, 7w, =0.

Moreover, IB%P(U)WI = T1<22>(u)wl = (u— 2z) 'wy and ]B%é2>(u1, cou)wy = 0 for ¢ > 2.
Then formula (2.3.9) follows from Proposition 2.3.3 by induction on k. [

Given complex numbers z1, ..., z, consider the Y (gl,)-module V ® L(z) ® - -- ® L(z1).
Observe that v ® w3 is a weight singular vector with respect to the action of Y (gl,) in this

module.

Proposition 2.3.5. For the Y (gl,) module V & L(z;) ® - -- ® L(z1), we have

IB%E2> (t) (U ® W®k) =
|

Fr(t,z) [[(15 (t£—|1|+z‘) v) (Bffm (tl, e 7t£—\1|) v® WI*)] ;

=1

(2.3.11)

>

I

where the sum is over all subsets I C {1,...,k} such that |I| < ¢, and for a given I = {i; <

iy < ... <1},

Zig tffa+1 m=ig+1 Zm — t£7a+1

Filt,z) = ﬁ (1 ﬁ Zm ~ lecar 1) . (2.3.12)
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Proof. Observe that for each Y (gl,)-module L(z;), i = 1,...,k, the corresponding vector

wy € L(2;) is a weight singular vector:

T (w)wy = wa,  To2 (u)wy = (1 + (2 — u)_l) wy, T4 (u)wq = 0.

Moreover, B (u)w, = T1<22>(U)W2 = (z; —u)"'wy , and ]B%é?)(ul, —ooue)wy = 0 for ¢ > 2.

Then formula (2.3.11) follows from Proposition 2.3.3 by induction on k. O

For t = (t1,...,t¢), 2z = (21,....2), y € C, and a subset [ = {i; < iy < ... <7} C
{1,...,k}, define the functions

1 1]
Vi(t, z,y) = ms}mﬂt <Fl(t7z) [I(t— ?/)) (2.3.13)
: a=1
and ”
- 1 o
Vil 2,9) = G S (Frtt.2) I te-aes - »)- (2.3.14)
Consider the collection S, x of pairs of subsets of {1,...,k} with given cardinalities of

the subsets and their intersection. Namely,
Spari ={L,J) | LI C{L,... .k}, I =p, [T =q [INJ| =71}

For I C {1,...,k},set I ={k—i+1,iel}.

Theorem 2.3.6. Let V be a gl,-module and let v € V' be a gl,-singular vector of weight
(AL, A2 A3 AY). Let £1,&, & be nonnegative integers, t' = (t1,. .. ,tél), t? = (t%,...,té),
= (13,... 1), and t = (t',¢*,t°). For every triple (p,q,r), p = 0,...,min(&,&3), ¢ =
0,...,min(&,&), r = max(0,p + ¢ — &), ...,min(p,q), fix a pair (Lpg,, Jpgr) € Spares-
Then,
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1. In the evaluation Y (gl,)-module V(z), one has

3 §a
th = al_Il Zl_ll tf — :L‘
min(€2,£3) min(§2,£1) min(p,q) 7
X Z Z Z Symt2 ( ‘/ip,qf (t37 t2’
q=0 r=max(0,p+q—&2)

Ezpq+r —r _p—r_r §1—q _E3—D
€32 631 €10 €41€21 €43 U

“-lg-nrG—p—g—r)

where ¥ = (tz,, -, t1).

v — AV, (5 2 — A?)) x

(2.3.15)

2. The function Sym,z (le , (B — AV, (8 iZ, T — AQ)) in (2.3.15) does not de-

pend on the choice of the pair (1p ., Jpqr)-

Proof. First statement follows from Propositions 2.3.7 and 2.3.8 given below. The second

statement is an immediate corollary of Proposition 2.3.8.

Propositions 2.3.7 and 2.3.8 are proved in Sections 2.3.3 and 2.3.4, respectively.

Proposition 2.3.7. In the notation of Theorem 2.3.6, we have

3 &a

=TT o

a=1li=1 "

min(€2,€3) min(£2,61) min(p,q)

x p;o q; 3 ( S U

r=max(0,p+q—&2) (1,J)ESp,q,r ¢4

a—p—q+r q—r _p—r_r _§1—q _E3—Dp
X €33 gy ehy epesy Teqy P

Proposition 2.3.8. In the notation of Theorem 2.3.6, we have

STVt - A V(8 — AP) =

([vJ)ESp,quQ

B Sym,2 (Vjo(tg, 2z — N3V, (8, iQ, x — Az))

r— A)Vi(t 2,

(p—7)g =) rl(&

where (lo, Jo) is any pair from S, ;. , -

o1

—p—q—r)!

r— A%*)x

(2.3.16)

(2.3.17)



Below we reformulate Theorem 2.3.6 in a more closed form.

Theorem 2.3.9. Let V be a gl,-module and let v € V' be a gl,-singular vector of weight
(AL, A2 A3 AY). Let &,&, & be nonnegative integers, t' = (t1,. .. 77%1)7 2= (13,... ,té),
= (... ,t§3), and t = (', t3). For every triple (p,q,7), p = 0,...,min(&, &), ¢ =
0,...,min(&, &), r =max(0,p+q—&2), ..., min(p, q), fir two sequences t = {iy < ... <'i,}

and j = {j1 < ... <jg}, such that |{i1,...,ip} N{Jj1,..., 44} = 7. Then,

1. In the evaluation Y (gl,)-module V (z), one has

SO

a=11i=1 "
min(€2,£3) min(&2,61) min(p,q)
X Z Z > Symy: Symyge Symys G ;(t) X (2.3.18)
r=max(0,p+q—¢&2)

€2pq+7“ —r_p—r §1—q , &3—p
€32 631 €yy €}1€31 €43 U

G-p—a+a—n)lp—nr & — (& —p)

where

-zt AN & B2 41
Gi,j(t)=H<_ 11 >><

3 _ 42
a iq m=tqa+1 ta tm

1 _ 2 E2—js 42 _ 41

X ﬁ beymqus — T F AT ey ]
2 _ tl t2 - tl :
Js &1—q+s =1 l §1—q+s

(2.3.19)

2. The function Sym, Sym, Symys G ;(t) does not depend on the choice of the se-

quences , J.

Proof. Given the pair (I, ,,, Jpqr) from the formulation of Theorem 2.3.6, define the

sequences ¢ = {i; < ... < iy} and j = {j1 < ... < j,} by the rule
Lpgr = {&—i1+1,&—ix+1, ... So—ip+1},  Jpgr = {&—n1+1,6—Jat+1, ... &+ 1}
Notice that {i1,...,ip} = Lpgrs {J1s-- s Jg} = Jpqr, and

’{ilw'->ip}m{j17'--7jq}’ ‘ b,q,T mJP#LT’:T'
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Then combining formulas (2.3.10), (2.3.12),(2.3.13), (2.3.14), we obtain that

J Boz+A 2 B2 4
Vi 8t —A)=—— S fa TR Ya _tm T2 2.3.20
B ) ) (& —p)! e al;ll ts =1, m=1;£i-l ta —th ( )
and

Vjp’qﬂ)(tl, '722, xr — A2) =

th ey — A A2 g2 gl ]
2 1 2 1 ’
tjq—b+1 - t§1—b+1 =1 tl - t§1—b+1

1 q
= — Svmyu
G —grme 1l

After substituting b = ¢ + 1 — s, the last formula becomes

VJp,q,r (tl? iZ’ T — A2) -

1 Y Sk U SN | (2.3.21)
Symtl H : 2q H T :
(f - ) s=1 tjs - t§1—q+s =1 tl - t{l—q-i-s

Plugging (2.3.20), (2.3.21) into formula (2.3.15) we obtain formulas (2.3.18), (2.3.19).
Item 2) reformulates item 2) of Theorem 2.3.6. O

Example. Below we give two examples of natural choices of the sequences 2, 7 in Theorem

2.3.9 and write down the corresponding expressions for the function G;;(t), see formula

(2.3.19).
lLLi=4t={l<...<phj=j,={p+1—-r<...<p+q—r}. Then

j4 — A3 &2 B2 41
11,.71 H( t? H W X

a m=a+1

¢ [t} — N2 Gpdreeq2 gl +1
H §1—g+c H ! §&1—g+tc
X (t 1 T 1 T .

p—r+c tél—q-i-c =1 £ _t61—q+c

2.i=t={¢+1—-r<...<q+p—r},j=3,={1<...<q}. Then

— A3 £ 32 4] y
B2

127.72 = H (tS _ t

a=1 q—r+a m=q—r+a+1

¢ [t — A% Shy2 4l +1
£1—b+1 ! &1-b+1
X H ( té 1 H tlz : 1 :

=1 - t&1—b+1 =1 - t§1—b+1

o
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Notice that the equality

Symtl Symtz Symts Gi17j1 (t) = Symtl Symtz Symtg Gig,j2 (t),

stated in item 2) of Theorem 2.3.9, is not obvious.
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2.3.3 Proof of Proposition 2.3.7

Let V be a gl,-module and v € V a gl,-singular vector of weight (A!, A%, A3 A%). Let
&1, &, & be nonnegative integers, 8 = (¢, ... 71%1)’ 2= (t3,... ,té), = (3,... ,tg’g) and
t = (t',t*t%). Recall that in the evaluation Y (gl,)-module V(z), we have T (u) = 0y +

epa(u — )71, thus

- A
T%(u)v = Lﬂv_
u—x
By Proposition 2.3.1,
2] a a b—2
Be(tho = 3 (T(8) (eal®) (BE(1)) (val®) (BE(#)) v (2322)
a,b
where the sum is taken over all sequences @ = (a1, as, ..., ag), b= (b1,ba, ..., bg,), such that

a; € {1,2}, and b; € {3,4} foralli =1,...,&.

Let “V(x) be the Y (gly)-module obtained by pulling back the module V(z) through
the embedding 1. In order to compute (@Z)g(tg) (Bé? (t3)>>bv, we take the weight function
BZ, (t°) (vv?52 ® v) in the Y(gly)-module L(#}) ® - - - ® L(t,) ® ¥V (x) and apply Proposition
2.3.4 for k = &. Then we obtain

<w2(t2) (Bé? (tg))>b_2v B

1 17| B x4+ A3 & 1 :
— S F t3 t2 m §§_| |
(53 _ |]|>' Y13 I( ’ )T;!;Il t%% — T];|[+1 t;T; _ €43 VU,

where the subset I C {1,...,&} and the sequence b = (b, ...,bs,) are related as follows:
b;j=3if j ¢ I and b; =4 if j € I. Therefore, by formula (2.3.14) we have

&3 1

(wa() (BE <t3>))b_2v =1+

r=1"r

Vit 2w — A%) ey,

The next step is to compute (¢2(t2) (]B%g) (t3))> 55"y, Notice that for any nonnegative

integer m, we have

2
u—x+ A u—x+ A
2 m,. 2 m,. __ m 1 m,. 1 m
T7 (weyzv = 0, T5(u)ejzv = u— 4y Ty (w)ejzv = u— sl
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Let ®V (x) the Y (gly)-module obtained by pulling back V (x) through the embedding ¢,. To
compute the <¢2(t2) (BE? (t3)>> ¢3!y, we take the weight function BZ, ) (5 Mo wie)
in the Y (gly)-module ?V(z) ® L(tZ,) ® --- ® L (1}) and apply Proposition 2.3.5 for k = &.

Then we obtain

(¢2(t2) (B§f>(t1)))“e§%—|f|v _

1 _— ~ 11 tl — T+ A2 &1 1 —|J _
= Sym. |F(t ¢ m T Sl g
<€1—|J|)| Yy J( ) )ng trln—l‘ r1_|[J| ti—x 21 43 )
where the subset J C {1,...,&} and the sequence a = (a1, ..., as) are related as follows:

aj=11if j € J and a; =2 if j ¢ J. Therefore, by formula (2.3.13) we have

a 3! 1 - B B
(02t (BE ) ) 5o = TT 5= V(e 82— 43) e o

r=1"r

Finally, for the sequences a, b that are related to the sets I, J as above, we have

12 “ 2 1 —p—q+r _q—7 _p—T
(T() =TI e el el e, (2.3.23)

r=1"r

where p = |I|,q = |J|,7 = |I N J|.
Now formula (2.3.16) follows from formulas (2.3.22)—(2.3.23).
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2.3.4 Proof of Proposition 2.3.8

Consider the algebra A generated by two commuting copies of the symmetric group Sk
and rational functions of 2, ..., z; subject to relations (2.3.24) below. We denote the copies
of S, in A by Sy and Sy, and mark elements of Sj, and ), by the corresponding dots, keeping
the notation S, without dots for the abstract symmetric group.

Let z = (21,...,2) and 27 = (2,(1), - - -, Zo(k)). The additional relations in A are

of(z) = f(z%) 0, 7f(z) = f(z)7T. (2.3.24)

For a = 1,...,k — 1, let s, € S; be the transposition of a and a + 1. Consider the

elements §q,...,8; of A,

A

a ~ ~a . 1 .
R (ko b (2.3.25)
Za — Zay1 — 1 Za — Za+1 — 1

It is straightforward to check that they satisfy the following relations,

SaSa+15a = Sat+1545a+1, s, =1

Therefore, the assignment s, +— §, defines an algebra homomorphism CS, — A. For any
o € Si, we denote by & the corresponding element of A. Every element ¢ can be written in

the following form

6=> X,.(z)70, (2.3.26)

TES)
where X, ;(z) are functions of 2y, ..., 2.

Let |o| denote the length of o € S.

Lemma 2.3.10. The functions X, -(z) have the following properties ,
Xor(2)=0 if |7]> |0l (2.3.27)

Xor(2) = 007 Xoolz) if |7 =]0], (2.3.28)

)
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X,o(2) = I . (2.3.29)

a<b,oc=1(a)>c~1(b) Zo — 2 — 1
Proof. Formulas (2.3.27),(2.3.28) follow from formula (2.3.25) by inspection. Formula

(2.3.29) can be shown by induction on |o|. O

Denote by oq the longest element of Si, 0o(i) =k —i+1,i=1,... k. Let

@(z):l‘[iz“_zb_l.

a<b “a T %b
Notice that
1
O(z) = ———. (2.3.30)
Xog.00(2)
Lemma 2.3.11. One has
Y Xop(2)2(227°) Xggr-1 091 (227°) = 8pr (2.3.31)

AESk

Proof. Since a1 = 67, by formula (2.3.26) we have

Xorp(2) = 3 X (2) Xy pm1,(2°). (2.3.32)

™

Taking here p = 0y, and using Lemma 2.3.10 and formula (2.3.30), we get

1

zﬂ—:Xa,ﬂ'(z)XT,w—lao (zo') = 50’7’,0'0 (I)(Z) . (2333)
Replacing now z by 27 ' in formula (2.3.33) and taking there 7 = i~ 'og, we get
071 1
;XO’,?T('Z )X,uflaoﬂrflao (Z) - 5a,u m- (2334)

Formula (2.3.34) can be understood as the matrix equality AB = C for k! x k! matrices
A, B, C' with entries labeled by permutations:

AUJI’ = Xa,ﬂ(za )a Bw,p = Xuflaoﬂrflao(z)a Co‘,u =9 :
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Therefore the product BC~'A equals the identity matrix, which can be written as follows:

1 -1

> Xtog 100 (2) (2" ) Xo(2" ) = br0
I

After the substitution A = p~log, p = 7oy, 7 = 0715, we get formula (2.3.31). O
Lemma 2.3.12. One has

Za — Za+1 1

Xo(2%) = —m— X s,0(2) + ——mm—
pa(27) Za = Zay1 T 1 au7u()+za—2a+1+1

Xoopo(2). (2.3.35)

Proof. By formulas (2.3.25), (2.3.26), we have

a ~ ~a —1
Xopu(2) = —2 20 X, a(z) =

) )
Zag — Zay1 — 1 Za — Zay1 — 1

and X, -(z) = 0, otherwise. Therefore, by formula (2.3.32) we obtain

a ~ ~a 1
Xooro(z) = &Xmsw(zsa) _

Xro(2%).
Za — Ra+1 — 1 71'70( )

Za — Za+1 — 1
Replacing here z by z** and making the substitution m = s,pu, we get formula (2.3.35). O

Lemma 2.3.13. One has

1 Za — Ra+1 1 1

X/%U(zsaiF ) - XMSa,asa(zsaM7 ) - Xusa’0<z8aﬁfl>‘ (2336)

Za_za+1_1 Za_za+1_1

Proof. By formula (2.3.32), we have

X/tsaﬂ(z) = Z Xuaﬁ(z)Xsam*lo(z#)-

™

Thus

Xusa,a(z) = Z Xum(z>Xsa,7r*1cr(z#) = Xu,a(z)Xsa,id(z“) + Xyosa (Z)X5a75a (2").

™
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Replacing here z by 2P we get
Xpusao (2" ) = X0 (2" I)Xsa,id(z) + Xu,asa(zﬂ_1>Xsa,sa(z>-

Substituting now p with ps,, we obtain (2.3.36). O

For o € S,, and a subset I = {iy,...,in} C {1,...,n}, denote

o(I)={o(i1),...,0(im)}

Recall the functions V; (¢, z, y), Vi (t, z, y), see formulas (2.3.10),(2.3.13) and (2.3.12),(2.3.14).

Lemma 2.3.14. For each a =1,...,k — 1, we have
Zat1l — Za 1
Vit z%,y) = ———V, (pn(t,z,y) — ———Vi(t, z,y), 2.3.37
[{ERNT) Pp— (s 2, y) — 1t 2, y) ( )
- Za — Zatl & 1 ~
Vi(t; z%,y) = ——V, . (n(t, z,y) — —— Vi (¢, 2, y). 2.3.38
1(t; 2%, y) — (¢ 2, y) P— 1(t,2z,y) ( )

Proof. By the structure of formulas (2.3.10),(2.3.13) for the function Vi(t,z,y), it is
enough to prove formula (2.3.37) for £ = 2. In this case, the statement follows from the

identities:
2 —z 1
1=

2—z—1 2Z—z-1

1 t—z+1 2 —z 1 1 1 t—2 +1

t— 2 t— 2z d—2—1 t—2 A —2—-1 t—2z t—z

t—2)t—Z+1D)t—t'—-1)—(t—2)t =2+t —t—1) =
={t'-)t—z+D)t -t —-1)— (=2t —2+1){ —t—1).

The proof of formula (2.3.38) is similar by using formulas (2.3.12),(2.3.14) for functions

VJ(tazvy)‘ O
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The statement of Proposition 2.3.8 is given by formula (2.3.17). It can be written as

follows

Z ‘/}(t37Z,ZL‘—A3> VJ(tI,Z,[E—AZ) =

(1,J)ESp,q,r,k (2 3 39)
) N 3.
- Z VUO(IO)(t?’, 27,0 — NV (', 277 2 — A?) &(27),

va(Z7r7k o'esk

where S, in the left-hand side is the set of all pairs of subsets I, J of {1,...,k}, such
that |I| = p, |J| = ¢, [INJ| = r, and we use k = £2, z = t*. In the right-hand side,
Cogre = —1)lg—r) rl(k —p—q—r)! and (Iy, Jo) is any fixed pair from S, . We
also expanded Sym,. according to formulas (2.3.7),((2.3.8), and observed that Iy = oo(1o),
i = 200,

In the rest of the proof, we will suppress the arguments t!, #3, 2 — A%, z — A3 because they
are the same in both sides of formula (2.3.39) and will never be changed in the reasoning.

Notice that every pair (I,J) € S, 4, can be obtained from an arbitrary fixed pair

(Lo, Jo) € Spgri by the action of the symmetric group Si. Therefore, the left-hand side of

the formula (2.3.39) can be written in the following way

> BV = o

(I,J)ESp q,r.k

Z VU(Jo)(Z)Vo(IO)(Z)- (2.3.40)

aqﬂlzk JESk

Using Lemma 2.3.11, we get

S Vo) 2)WVatn(2) = D Vo) (2)Xn o (2)2(27°) Xogr-1.00r-1 (277°) Va(re) (2),

gESy o,m,TES)
(2.3.41)
since from formula (2.3.31)
Z Xmg(Z)(I)(ZWUO)Xgow—lvgoT—l(zwoo) = 6077__
TESK
Lemma 2.3.15. We have
~U(J0)(z)X7r,a(z) = f/:]0 (Zﬂ—)- (2342)



Proof. We will use induction on the length of the permutation 7. For 7 = id, formula
(2.3.42) is clear, and for m = s, with some a =1,...,k — 1, formula (2.3.42) coincides with
formula (2.3.38). For the induction step, we find a such that |s,7| = |r| — 1, and denote

p = sgm. Then by the induction assumption

Z VU(JO) (Z)Xp,a(z) = VJO (2°).

Replacing here z by z°* | we get

Z VU(Jo)(zsa)Xp,U(zsa) = f/Jo (z%7) = VJO (z7). (2.3.43)

o

Using formulas (2.3.35)), (2.3.38), the left-hand side of (2.3.43)) becomes

Z (Za — Za+1)2 ‘;; o )( ) s s U + Z — fatl Vs a(J )(z)Xs O'(Z) -
o (%0 = Zag1)? =1 777 apnsa Za—2’+1) —1 7 "

Za — Zail ~ 1 -
- Z (Za — Za41)? — 1V0(J0)(z)XSaP,SaU(z) - Z (20 — Zat1)? — 1VU(J0)(Z)XSaP70(z)'

Changing the summation index in the first and second sums from o to s,o, we observe that
the second and third sums cancel each other, while the first and forth sums combine together

and simplify to the expression

Z VU(JO) (z)Xsa/’ o Z U(Jo) (%),

g

which appears in the left-hand side of formula (2.3.42). O

Lemma 2.3.16. We have

Y Ve1) (2) Xogr1,00r-1 (277°) = Vg (1) (2™°). (2.3.44)
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Proof. Recall the notation oo(ly) = Iy. Transform formula (2.3.44) by making the sub-

stitutions u = oom !, 00 = op7 !,

1 1
Y Vi () X2 ) = Vi (2 ). (2.3.45)
The rest of the proof is analogous to that of Lemma 2.3.15.
To prove formula (2.3.45), we will use induction on the length of p. For p = id, formula
(2.3.45) is clear, and for u = s, with some a = 1,...,k — 1, formula (2.3.45) coincides with
formula (2.3.37). For the induction step, we find a such that |us,| = |u| — 1, and denote

p = uSq. Then by the induction assumption,

-1

Zvafl(fo)(z)Xp,a(zp )= Vi (2" ),

and replacing here z by z%, we get

SV, gy (2 X (20 =V (27 = V(2. (2.3.46)

0 0

Using formulas (2.3.36), (2.3.37), the left-hand of (2.3.46) side becomes

(Za+1 - Za)2 Sa —1
(Zat1 — 2a)? — 1V'°’a0‘1(fo)(z>XPSa,crsa(z ’)-

Za — Ra+1 sap—]
N Z (Z — +1)2 _ 1Vsa0*1(lvo)(z>Xpsa,a(z p )+

o fadl Sap~ !

t2 (20 = Zat1)® — 1Va—1<fo>(z)Xp5a,asa(z 7)—
1 L

- Z (ZaJrl - Za)2 — 1V071(f0)(z)XP3a70(z P )

Changing the summation index in the first and second sums from o to os,, we observe that
the second and third sums cancel each other, while the first and the forth sums combine

together and simplify to the expression

-1

Z Vo—l(fo)(z)Xpsa,a(zsap7 ) = Z Vo_1(j0)(Z)XM7(,(ZH ),
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which appears in the left-hand side of formula (2.3.44). O

Using Lemmas 2.3.15 and 2.3.16, we evaluate the sums over ¢ and 7 in the right-hand

side of the formula (2.3.41) and get the equality

> Votao) (2)Va10)(2) = 3 Vi (1) (277°) Vg (27) B (27). (2.3.47)

ocESk

Using formula (2.3.40) in the left-hand side and making the substitution ©# = ooy in the
right-hand side we obtain that (2.3.47) can be written as

Z V( )VI ZV‘TO(IO) VJO( UUO><D<ZU)7

(1,J)ESp q,rk pqu o

which is formula (2.3.39). Proposition 2.3.8 is proved.
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2.3.5 Proof of the coproduct formula

In this section we will consider only the algebra Y (gl,) and, for convenience, we will not

write the superscript (2). We will use the commutation relations

T (w)Tia(t) = T ()T (w), Tio(w)Tia(t) = Tia(t)Tia(u), Too(u)Tae(u) = Too(t)Toe(u),

(2.3.48)
Ty () Tha (t) = “;:1 T ()T (u) + ul_t Tro(w)Tha (£), (2.3.49)
Too() Trolt) = % T o) — —— Tialu) T8, (2.3.50)

following from the defining relations in Y (gl,), see (2.2.5). We will also use the next state-

ment.

Proposition 2.3.17. One has

k
Tll(U)Tlg(tl) .. Tl?(tk:> = H 7u y Tlg(tl) . le(tk)Tll(U)+
i=1 i
ool ok —t,—1
+ Z H Tio(th) ... Tho(ti—1) T2 (b)) - Tho(te) Tha(w) Tha (t),
-1 u — tl me=1 tl — tm
m=#l

(2.3.51)

u — ti + 1
%Tlg (tl) Ce T12 (tk)TQQ (U)—

u—t;

(2.3.52)
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Proof. The statement goes back to [31]. We will prove it by induction on k. Consider
formula (2.3.51). The statement for & = 1 is given by formula (2.3.49). We use the induction

assumption to move T1(u) through the product Tho(t1) ... Tio(tk—1):

Ti1(uw)Tha(t) - .. Tho(te—1)Th2(ts) = 1:[ LHTH@I) o Tho(te—1)Tha (w) Tha(tk)+

-1 Ut

=1 Mt —1

+2 1=

=1 m=1
m#£l

— Tio(ty) ... Tha(ti1)Tha(trr) - - Tha(tr—1)Thz(w) T (8) Taa(tr)-

(2.3.53)
Then we apply (2.3.49) to the product T11(u)Ti(tx) and T11(¢;)T12(tx) and the right-hand
side of (2.3.53) becomes

1:[ 1T12(t1) T12(tk—1)T12(tk)T11(u)—|—

i=1 “_tz

1 klu—tl—l

+ 11

Tho(t1) .. Tha(tk—1)Th2(u)Th (tk)

u—tg ;5 u—1;
bt =t — 1
+ Z - H P Tha(tr) .. Tho(ti1) Tho(tir) - - Tho(te—1)Tho(w) Tho(te) Tha (1)
l Tynn;é% l
+> 11 <T12(t1) CTha(ti-1)Tha(tiga) - - Tha(tr—1) X
llu—tltl—tk%# tl—t

X Tlg(u)le(tl)Tll(tk))

The first term here coincide with the first term in the right-hand side of formula (2.3.51).
The third term here is the second term of (2.3.51) without | = k& summand. We also used
that Tio(u) and Tio(tx) commute, see (2.3.48). The second and forth summands combine

into the product

1 Aty —t,—1
U_tkm:1 tk—t

Tio(t1) ... Tio(ti))Tha(tisr) - . - Tia(tet) Do) T (1), (2.3.54)
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using the following identity

Py —t,—1 kD 1 MLt —t, — 1 1 ot —t,—1
H +> I1- = : :
u—tk i—1 ’U,—ti =1 (u—tl)(tl—tk) m—1 tl—tm u—tkm:l tk—tm
m#l

The product (2.3.54) is exactly the summand with | = & of the second term in (2.3.51).
Formula (2.3.51) is proved.

The proof of formula (2.3.52) is similar to that of formula (2.3.51) with relation (2.3.50)
used instead of (2.3.49). O

Recall that for the gl, case we have

Be(t) = Tia(th) ... Tia(te),

and thus Proposition 2.3.3 can be rewritten as follows.

Proposition 2.3.18. Let ¢ be a nonnegative integer and t = (¢1,...,t¢). Then

A (Tm(tl) Ce Tlg(tg)) =
¢

Z €= n, ,Symt[(iﬁle(u)@ ﬁ Tu(tj)>( f[ Tm(tk)@ﬂTH(tl))}.

j=n+1 k=n-+1 =1

(2.3.55)

Remark. Notice that according to (2.3.48), the factors in each of the large products com-

mute among themselves, so the order of the factors is irrelevant. (2.3.55).

Proof. Consider the summand from the right-hand side of (2.3.55) with a given 7,

L n £ 3 n
Fy¢—p(t) = Sym, KH Tio(t) ® H T12(tj)> ( H Too(tr) ® H T11<tl)):|. (2.3.56)

i=1 j=n+1 k=n+1 =1
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Let

t; — £ n
Ppey(t) = ]I (H Tio(ti) ® H Tha(t, ) ( I[I Too(tv) ®]] Tn(tl)>,
1<i<n<i<g b — t i=1 j=n+1 k=n+1 =1

Um&n@) = H

1<i<j<n

t’ = (tg(l), ce ;ta(f))-

I

ti—1; n+1<i<j<é¢

ti—t;

Using this notation, formula (2.3.56) can be written as

né 77 Z Un& n 775 n(ta)-

O’GSS

Observe that F), ¢, (t) is symmetric in ¢;,...,t,. Denote by S, x S_, the subgroup of S¢
stabilizing the subsets {1,...,n} and {n+1,...,&}. We have

an n(t> (5177) Z Fn,i—n(tT) = M Z Z Un7£—n(tm)Pn7£—n(tm)'

’ TES»,]XSE,,,, ’ TES»,]XS{:,,,, O’ESE

Changing the summation variable in the inner sum, ¢ = 77 !p7, and using the fact that
Poen(tm) = P,e_p(t°) for all T € S, x S¢_,,, we get

Fey(t) = (517]) Z Z Ung—n(877) Py ey (87) =

T€Sy XSy pESe

5 Z (tp> Z U777§—77(tp7)'

)’ pESe TESy xS

Furthermore, using the identity

v o e tn-log,

r€S, 1<i<j<n  L7(i) = Lr(j)

we obtain that Y g, s, Upe—n(t’™) = nl(§ —n)! and

Fpe ) =Y P, . (2.3.57)

pESe
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Using formula (2.3.57), the statement of Proposition 2.3.18 can be formulated as follows:

3

A (Tia(ty) - .. Tia(te)) Zf > Pren(t). (2.3.58)
= 77 77 pESg

We will prove this formula using the induction on £. The base of induction at £ = 1 is given

by formula (2.2.6):
A(Tia(th)) = Tia(tr) @ Tia(t1) + Toa(tr) ® Taa(th)- (2.3.59)
To make the induction step, we use that
A (Be(t)) = A(Tia(h)) A(Tialt) - Tialte)), (2.3.60)

expand the first factor according to (2.3.59), and apply the induction assumption to expand
the second factor. Denote by S;¢_; C S¢ the subgroup of permutations p, such that p(1) = 1.
Then the right-hand side of formula (2.3.60) becomes

¢ 1
Tio(t1) @ Tha(t1) Z Z Pyve—n(tr)y - tee)+
n=1 5 77)( TESé 1
C (2.3.61)

+152(t1) ® Tia(th) Z —ll Z Pmﬁ—n—l(tp@)v T 7tp(§)>v
SE—1-nu %
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where in the first term we shifted the summation variable of the exterior sum. Using the

definition of P,¢_1_,(t) and P,_;¢_,(t), we further expand expression (2.3.61):

£ 1 try — ey — 1
Z_:g Z H (@) (4) %

77)( _1 TES,_, 1<i<n<j<g br) = tr()

¢ n
(le t1) HT12 +6)) @ Thi(t1) H Tha(t- ) >( I Tt ® HT11<tT(l)>>+

=2 j=n+1 k=n+1 =2

o) — to() — 1
+Z£ 77—1) 2 1 :

" pESL_ | 1<i<nl<j<E to(i) — to(j)

n+1 n+1
<T22 t) [ Thz(tp)) @ Tia(th) H Tho(t )( H Too(tpy) ® HTH )

=2 Jj=n+2 k=n+2

In the first term we move 77 (¢1) through the product H§=n+1 Th2(t+(j)) using formula (2.3.51):

3
t—t o —1
Ty (t) H Tis(t- ( 11 lt(]iT12(tT(j)))T11(tl)+
j= 77+1 j=n+1 L4
Sty — o — 1
+ Z 3 < H (:) (;) T12(t7'(j))>TIQ(tl)TII(tT(p))-
p= n+1 7(p) j:';—&-l T(p) = “7(5)
J#p

Similarly, in the second term we move Th(t;) through the product [I,_; Th2(tpm)) using
formula (2.3.52):

A, T — b + 1
Too(t1) [ Th2(tp)) = ( 11 wT12(tp(m))>T22(tl)_
i=2 i=2 V1 p(4)
n+1

-2

n+1
bos) — Loy +1
(H p(s) p(3) Tlg(tp(i))>Tl?(t1>T22(tP(s))’
—t, il Lo(s) — Loti)

After all, the right-hand side of (2.3.60) becomes a sum of four terms:

A (Be(t)) = Yi(t) + Ya(t) + Ya(t) + Ya(t),
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where
—1 by —tey =1

d 1
=1 (€ —m!(n—1)! Tes]_ [l:n+1 t1 —tr) 1<i<n<j<¢ tr(i) = tr(y)

)( H T (tr(ry) ® T1a(t1) HTll ))]7

n 3
X <T12(t1) H Thia(tr@) ® H Tia(tr(
i=2 j=n+1 k=n+1 =2
i 1 > i ll try) = trg) = 1 1t~ trm — 1
= €=l = DUEF Sl — b 1cigpegze o)~ EG) T ) = Bt
¢
<T12 t1) H Tha(try) @ Tha(tr) [T Thalts )( H Toa(tr(9)) ® Ta(tr) H T T(j)))]
k=2 m=n+1 1=n+1 Jj=2
m=#l
e-1 1 iy — 1 Loty — oy — 1
Yi(t) = Z 1 Z [ H lpm) =1 — 1 H p(1) — bp(4) %
o (E—n—1)n! pesp  Lm=2 Tom) =T igicpiicyee Lol T Tol)
N+l fas
8 ( H Tha(tpim)) ® Ti2(t1) H Tha(t )(T22 tr) H Tos(toiy) @ 11 Tll(tp(j))ﬂ'
l=n+2 i=n+2 =2

1" o) — togm) + 1

bo(i) = tp() —

n—=1 (E—n— 1) ! peS;_ L k=2 b — Lp(r) l<i<n+1<j<¢ toi) = to(i) m;]% to(k) = Lp(m)
n+1 n+1
(Tm t1) H Tio(tpm)) ® Ti2(th) H Ths(t, >(T22 p(k)) H T (tpiy) @ H Tll@p(j)))]-
¢% l=n+2 i=n+2 j=2

To complete the proof we will show that

and  Ya(t) +Ya(t) = 0.  (2.3.62)

3

pESg

We will start with the first equality in (2.3.62).

Observe that .
1
p— P 5
LE -1 X
o(1)=1
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and

t>=Z(€_771_1),, Y. Puey(t?).

n=0 n 0’655
o(n+l)=1
On the other hand, we have
Yoy
P, (t7)
n=0 g n 77' o€Se e 77
Yo X Sy
Pe_n(t7) + Pe_y(t7).
7]:1 77 O'ESg ! ! n=0 (5 - T]>'77' O’GS& ! !
o HDE{L,.m} o~ (1E{n+1,...£}

Denote by s, € Se the transposition of @ and b. Then we have

Z Peq(t7) = ZZ »:nt””—ﬂz me—n (7).

0’655 =1 TESg TGSS
o (1)e{L,...n} T(1)=1 T(1)=1

For the first step we used | = ¢7'(1) and 7 = 0's1,-1(1), so that 7(1) = 1. For the second
step we used the equality P, ¢_,(t7"") = P, ¢, (t7) .

Similarly,
Z Pm&—n(tg) =(¢—n) Z Pné—n(tp)‘
O’GS{ pESg,
o M (De{n+1,..£} p(n+1)=1
Therefore
¢ 1
Poe (%) =
7,2) (€ —n)ln! ;ﬂg e
> L ¥ sl ¥y
- Pye n(t7) + Phe—y(t7) =
n=1 (6 - 77)'(77 1)' oESe e n=0 (5 —-1- 77) 77' o€Se
o(1)=1 o(n+1)
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Finally, we show that Y3(t) + Y4(¢) = 0. Observe that Y5(t) can be written as

-1
:522 1 Z T [ I tri) — ey — 1 ﬁ tray — trgm) — 1
n=1 (5 o 77) <n o 1 l=n+1 TES/ 1 (l) 1<i<n<g<¢ t"'(l) = Ur(5) m:;?l tT(l) - tT(m)
<T12 131 H Tha(tr(ry) @ Tia(t1) H Tha(tr(m) ) < H Too(trsy) @ Tha(trq H Th(t )))}
k=2 m=n+1 i=n+1 j=2

m#l

Changing the summation variable in the inner sum, 7 = 05,41, we obtain that

Sem e 2 s
n=1 (5 - 77)'(77 _ 1 ' l=n+1 UES/ . - tO'(T]+1)
to(nt1) — to(m) — 1 toti) — toj) — 1

X X

m=nt+2  lomt1) = to(m) 1<i<77<j<§ to(i) = to()

£ n+1
(T12 t1) HT12 o(k)) @ Tha(t1) H Tha(to(m)) )( 11 T22(ta(i))®HT11<ta(j)>>:|-
j=2

k=2 m=n+1 i=n+2

The expression under the inner sum over o does not depend on [, so after a certain redistri-

bution of factors, we get

-1
1 1
£) — [x
772:1 (5_77_1)|(77_ 1)!06%31 1 _to(n—‘,-l)
tort1) — toem) — 1 v L) — to(rrn) — 1 to(i) —to(j) — 1

X X

ment2  lom+1) —lom) i tom—ta(nﬂ) l<icnticj<e  to() ~ to(h)

3 n+1
<T12 t1) Hle o(k)) @ Tia(th) H Tho(tom) )( 11 T22(tcr(i))®HTll(ta(j))>:|-

k=2 m=n+1 i=n+2 j=2
(2.3.63)

In a similar way Yj(t) can be written as

1
to) = to) — 1T o) — tpim) + 1

§—1 1 n+1 |:

Yi(t) =) > D

n=1 €—-1-nni= peS;_, —bo(k) 1<icpiicj<e o) — o) m;]% to(k) — tp(m)

m

n+1 n+1
<T12 131 H Tha(tpmy) @ Ti2(t1) H Tha(tp) )<T22 H T (tpiy) ® H T11<tp(j)))]7
Jj=2

=2 l=n+2 i=n+2
i n n
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and changing the summation variable in the inner sum, p = osj 41, we get

£—-1 n+1

WO =— e A, 2 Ll o)

kZGS’l

[l —lem £1 - p lew ey 71

=5 tom+1) — to(m) 1<i<n+1<j<§ to(i) = to(y)

n+1
T1o(ty) H Thao(to(m)) @ Tha(tr) H Tha(t )( H Too(toy) @ [] Tll(to(j))>:|~
j=2

l=n+2 i=n-+1

X
— 3

The expression under the inner sum over o does not depend on k, so after a certain redistri-

bution of factors we get

— 1 1
g €—n—Dln-1)! Z [tl_to(n+1)x

aESé_l

" ﬁ o n+1 fom) + 1 4y Lot = tog) — 1 o tu- 1
m=2

o) ~lo(m) 4o t(nH)_t() 1<i<77+1<j<§ toi) = to()

n+1
X (Tm 29 H Tha(to(m)) @ Tha(t1) H Tha(t >( H Ty (te()) ® HTll ﬂ
l=n+2 i=n+1
(2.3.64)
Formulas (2.3.63) and (2.3.64) show that Y2(t) +Yy(t) = 0. This complete the proof of
formula (2.3.58). Proposition 2.3.18 is proved. O
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2.4 Combinatorial formulae for the gl, case

In this section we will generalize the result of the previous section and obtain combina-
torial formulas for the weight functions in the gl,, case. We start with the generalization of

Proposition 2.3.1.

2.4.1 Splitting property

Let Té?(u) be series (2.2.4) for the algebra Y (gl.), and R (u) be the corresponding
rational R-matrix, see (2.2.1). For the rest of the section we fix integers m and n, 1 < m < n.

Consider Y (gl,,_,,)-module structure on the vector space C"~™ given by the rule
m(z) : T (u) = (u— ) PR™ (u — z). (2.4.1)

Let vy, Vo, ..., V,_m, be the standard basis of the space C*~™. The Y (gl,,_,,)-module defined
by (2.4.1) is a highest weight evaluation module with gl,_,, highest weight (1,...,0,0) and
highest weight vector v;.

Consider Y (gl,,)-module structure on the vector space C™ given by the rule

() : T (u) s (2 — )" ((R<m> (z — u)) (21))t2, (2.4.2)

where the superscript ¢y stands for the matrix transposition in the second tensor factor.

We denote the standard basis of the space C™ by wi, wa, ..., W,,. The Y(gl,,)-module
defined by (2.4.2) is a highest weight evaluation module with gl,,, highest weight (0,...,0,—1)
and highest weight vector w,,.

For any Z € End(C"™™), set v(Z) = Zvy, and for any X € End(C™), set v(X) =
Xw,,. Recall the coproducts A and A, see (2.2.6) and (2.2.7), and the embeddings ,_p, :
Y (gly_m) — Y (aL,), om : Y(gl,,) — Y(gl,) given by (2.2.11). For any r, denote by (A{)®)
Y(gl) — (Y(gl)®*™ and (AM)® : y(gl) — (Y(gl,))***Y the corresponding iterated

coproduct and opposite coproduct. Consider the maps

Y (1) V(gL ) = (€ P @ Y(gl,),

5



Y@,y ) = (P @1id) o (7 (21) -+ & 7 (26) @ ) 0 (AP,

and

Gm (21, ) 1 Y (gl,) = (C™)*F @ Y(gl,),
O (21, 2p) = (PP @id) o (w (21) ® - @ @ () ® Ppm) 0 (AP,
For any element ¢ € ((C”’m)wC ® Y (gl,), we define its components g°, b = (by,...,by), by

the rule

g = Z Vbl—m®"'®vbk—m®gb'

For any element h € (C™)** @ Y (gl,,), we define its components h®, a = (ay,. .., a;), by the

rule
h = i W, @ @ Wg, ® h%
ar,emap=1
Given nonnegative integers 1, ..., &, 1, and the variables t = (¢],. .. 7t2;11>7 see (2.2.8),

introduce

£= (&, 1),

§= (& &m1),

&= (mi1s - &n 1),

(2.4.3)

(CZ TR 7 0 = PO 7 (A N g )

t= (... .ttt ),
(

I (gm+1 m—+1 ., gm+2 m+2 . gn—1 n—1
t=(" .t N St N P B
Recall that ¢* =& +&+...+&,a=1,...,n—1.
Let V be a gl,-module, x € C, and V(z) be the evaluation Y (gl,)-module. Consider a

weight singular vector v € V(z) of gl,-weight A = (Ay,...,A,,). That is, we have

_ A,
T u)v=0,1<b<a<n, Tgvzwv, a=1,...,n.
u—x

We are interested in finding a formula for the vector B¢ (t)v, where Bg(t) is given by (2.2.10).
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Proposition 2.4.1. Let v € V(z) be a weight singular vector and &1, . . ., §,_1 be nonnegative

integers. Then one has
ety = ST (6(e") (87 0)) (o) (B ®)) v (244)

where the sum is taken over all sequences a = (a1, as,...,ae,), b = (by,ba, ..., b, ), such

that a; € {1,2,....,m}, b e {m+1,m+2,...,n} foralli=1,...,&,, and

Ty =T ) Tt - - T Db (2.4.5)

Proof. Using the definition of the maps ,,(t™) and ¢,,(t"™), formula (2.4.4) can be

written as

1<j<m 1<i<j

Be(t)o =Y T(t™)p (( ﬁ f[ [ﬁ](tj,ti)) [mTl](tm‘l)...%(tl)) X

><([mfl](tm+1)...[nTl](t"‘l)( I 10 [izf](tj,ti))) v,

m+1<j<n—1 m<i<j

where the sequences a, b are as in (2.4.4) and

6 =05 (m—1)"" mé (m4+ 1) (n— 1)),
La)=(2,... . m* a,(m+ 1) (n—1)"),

L5 = (25,... mé (m+ 1) (m 4+ 2)5F . nd),

To prove formula (2.4.6), we take the definition of B¢(¢)v following from formulas (2.2.9),

(2.2.10), and observe that using the Yang-Baxter equation, one can express B¢(t)v as follows:

01
= [jd]\ [m] [m—1] [1] [m+1] [n—1] - - [ji]
IB%g(t)v:(< 11 R)'I[‘ T ..TT..T ( I 1 R)) v,

1<i<j<m m+1<j<n—1 1<i<j l5
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In detail, that gives

£y
- [ji .
Beto= ¥ T (I I Ew.e) Ty - T4
a b »,Y,Z 1<j<m 1<7,<]
1 e — - i i £5(x,b,z)
TN T (T T E@)
(2.4.7)

where

T = (w(l)’ T 7m(m71)>7 Y= (y(1)7 e 7y(m71))7 z = (z(m+1)7 [P ’z(n71)>’

w(l) = (xlh s ’xlfl)’ Yy = (ylv S 7yél)’ Z(l) = (le, . "Zél)’

s\y(® s\Y] s Ve, s s\ s s\s s
T = TEDETW)S - T, TE)w = TE)F T . T

'e4(y7 a) = (y(l)’ ctt 7y(m71)7 a? (m + 1)£m+17 c (n - 1)577‘)’

l5(x,b,z) = (:v(l), M p D) ’z(n—l)) |

and the sum is taken over sequences a, b, x,y, z with entries belonging to {1,...,n}.
— [
The next step is to show that for every j = m + 1,...,n — 1, the product ] R

1<i<j
in the second line of formula (2.4.7) can be truncated to f[ '[fR?] and the sum over = =
(W, ..., 2™~Y) reduces to a single term with & = (2% ,m_zjjrnffl) This can be done
by induction on j. The key idea is to combine two observations. First, since v is a weight
singular vector, we have z; > sforalls=m+1,...,n—1,and k =1,...,&. And second,
the entries of R-matrix (2.2.1) have the property RS = 6,.05q if b > ¢, see formula (2.2.2).
We have worked out this reasoning in detail for the gl,-case in previous section.

After the last step, formula (2.4.7) becomes

41
AV m—1 1
= 3 T (H I R, t@)) T(tm—l)ggm_j...T(tl)ggjx

aby. 1<j<m 1<i<j £4(y.a) (2.4.8)

N - i £6(b,z)
T ﬂﬂww( I1 HR”ﬁ) ;

m+1<j<n—1 1<i<j
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where

Le(b, z) = (251’ ombmet p D) ,z(”_l)) .

— [.7 Z} 1

Formula (2.2.2) for entries of the R-matrix implies that the entry ( ﬁ 1 R )

1<j<m 1<i<j £4(y,a)
equals zero unless a; € {1,2,...,m} for all : = 1,...,&,. Similarly, we have that the entry
— = 74\ ts(b,2) .
( I1 II R ) equals zero unless b; € {m+1,m+2,...,n}foralli=1,...,&,.
m+1<j<n—1 1<i<j 3

Therefore, the sum over a,b in formula (2.4.8) reduces to the same range of summation

variables as in formula (2.4.6). Furthermore, the sums over y and z in (2.4.8) can be

evaluated,
- o [ “ (m—1) Ly®
i m—1 m—1 1
I II R@.t) T ) e T(E)se, =
y \1<j<m 1<i<j £a(y,a)
£1
- - [m—1] ) L
II II R@&.¢)] T @& ")...T("
1<j<m 1<i<y £2(a)
and

- = [ji] ts(b2)
ZT(tm+1)z(m+l> T(tn 1) (ne1) H H R t] tz —
£3

z m+1<j<n—1 1<i<j

e B e N Sopa o\ e®
T (tm+)... T (") H H R (1) .

m+1<j<n—1 m<i<j £3

Thus we transformed formula (2.4.8) to formula (2.4.6). Proposition 2.4.1 is proved. O

Remark. The statement of Proposition 2.4.1 holds for any singular vector v in any Y (gl,,)-

module.

Remark. For &,, = 0, Proposition 2.4.1 takes the form

Be(t)v = ém (B (1)) vm (BE ™™ () v. (2.4.9)

Notice that the transformation of formula (2.4.8) to formula (2.4.6) in the case &, = 0

remains nontrivial.
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2.4.2 Weight functions

Fix a positive integer M. Consider a collection of nonnegative integers A = (Aq, ..., Ay)
such that 7" Ay = M. Set \* = >3 A\, s = 1,...,m. Introduce the variables
ui, ... uls, s = 1,...,m . Denote u®* = (uj,...,u}s) and w = (ul,...,u™ ). Let
J = (J1,...,Jm) be a partition of {1,..., M} into disjoint subsets Ji,...,J, such that
| Tk =M, E=1,...,m.

Similarly, consider a collection of nonnegative integers u = (fms1,-- -, Mn), such that
Syt = M. Set p" = Yy . ipk, T = m,...,n — 1. Introduce the variables
vf, ..., 0, v =m,...,n — 1. Denote v" = (v{,...,v;r) and v = (v™ ... 0", Let

I=(l,.1,...,1,) be a partition of {1,..., M} into disjoint subsets I,,1, ..., I, such that
|| =pj, j=m+1,....n.
Given partitions I,J as above, we define rational functions Uy(v;v™) and Uy (u;u™)

that will be extensively used later in this paper. Set

UI(U; Um) =
i -1 -1
n—1 ﬁ MH 1 ) p <Ué—vf[1+1> ﬁ ob— b 41 (2.4.10)
- 1 -1 S T 1 )
l=m+1a=1 — Vg — Ve d=1 Vg — Yy b=at+1 b~ Va
(=1 _,0) =D,
a a

where the numbers i) are defined as follows

U n={"<...< iﬁl)}.
k=1+1

Similarly, set
ﬁJ(“’; u”) =

m Al A1 ol _u£—1+1> A1 ( 1 ) L Y A | (2.4.11)

| mo(%%A) T

=2 a=1 . c=1 . Ug c —
(1—1) . (- .
i< =50

I _
uh — uy
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where the numbers j{) are defined as follows
: 0] 0
U= 10 <. <30,
k=1
For a function f (z1,...,z)) of some variables, denote

Symxl,.‘.,xk f (xlv s 7xk) = Z f (wa(l)a e 7xa(k)) .

og€ESy,

Introduce the weight functions Wy (v; v™) and W (u; w™)

Wr(v;v™) = Symym+1  m+1 ... Sym n-1 a1 Up(v;o™), (2.4.12)
1 [ Hm+1 1 [ anl
Wr(w; u™) = SYmMii ot o Symym-1 mo1 Us(u;u™), (2.4.13)
ey P m—

For 0 € Sy and J = (J1,...,Jm), set o(J) = (0 (J1),...,0(Jn)). Similarly, for I =
(s -y 1n), 0oI) = (6 (L) ,...,0(1,)). Fora,b=1,...,n, let s, be the transposition of
a,b.

Here is the main property of the weight functions, see for instance [80].

Lemma 2.4.2. Let z = (zy,..., 2, ). Then one has
Wi (v 21, ..o, Zat1s Zas - - -5 26,) =
= I n(iz) - Wilws2),
W, (W 215+, Zat1s Zas - -+ Zem) =
_ T g ) L

Za — Zay1 — 1 Za — Za+1 — 1

This property provides us with the tool for the proof of the main result of this paper,
Theorem 2.4.7.
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2.4.3 Main theorem for the gl, case

The main result of this section is Theorem 2.4.7 formulated at the end of this section. It

will be approached in several steps. We use the notation given in (2.4.3).

Definition 2.4.1. For a collection a = (ay,...,ae,) such that a; € {1,2,...,m} for all
i =1,...,&y, we define a partition J(a) = (Ji,...,J,) of {1,...,&,} by the rule J, =
{jla; = 1}. Denote | Us_, J.| = (s, so that we have &, = (5 > Gno1 > ... > ¢ > 0. Denote
¢ = (G, s Gmor)

For a collection b = (by, ..., bg,,) such that b; € {m+1,m+2,...,n}foralli=1,...,&,,
we define a partition I(b) = (Iy41,...,1,) of {1,...,&,} by the rule I; = {i|b; = [}.
Denote | Ul_,., I,| = 7n,, so that we have &, = Nm > Nmy1 > ... > 1y—1 > 0. Denote

n= (nm-‘rla s 77]71—1)'

Lemma 2.4.3. The correspondence a — J(a) and b — I(b) are bijections.
Proof. By inspection. O]

Consider n € Z%," L ¢ce Z>0 , such that n; < & and (; < & for all relevant 4, j. Set

t" = (.t
’77+1’ ’7In1

n—
t(ng} 77m+1+17.. §m+17'.. 1+1"'.7t§n71)’

— (41 . . mfl
t[é_c] — (t17. .. ’télfcl’ .o 7t1 té- g Cm 1),

2 _ 1 1.
t(57C7é} — (t$1_<1+17' . ’t€17 . tf?’n 1— Cm 1415 t&m 1) .

Lemma 2.4.4. For a given sequence b = (by,...,bg,,), where b; € {m +1,m+2,...,n},
consider the corresponding partition I(b) and the decreasing sequence 7, = &, > Dmy1 >

- > Np—1 as described in Definition 2.4.1. Denote = (M1, .., Mn-1) € ZL§"" 1 Let o
be a vector, such that T(u)o = 0, for m < ¢ < a < n, and T¢(u)o = (1 + A°(u — x)7)7,

¢=m,...,n. Then for & — nEZ”mlwehave
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1

(vn-wem) (5 @) ) 0= T g ms (U (") Lol

where Uy ) (i'[n], tm) is given by formula (2.4.10) and

Ln,é'(i.) -
o2 Menn Gaogetl_ya ] onolomogl x+Al (2.4.14)

H H H M H H —r— Un- m(Eé'rinm (f(n,é]))

a=m+1 i=1 j=n+1 I=m+11i=1

Ifté—n¢ Z%,™ ", then <wn_m(tm) (Bén_m (ﬂ))b@ =0.

Proof. The statement coincide with Lemma 4.3 from [89] up to an adjustment of notation.

O

Lemma 2.4.5. For a given sequence a = (a1, ...,ag, ), where a; € {1,2,...,m}, consider
the corresponding partition J(a) and the increasing sequence (; < (o <+ < (o1 < (=
&m as described Definition 2.4.1. Denote ¢ = (¢1,...,(m-1) € Z’go_l. Let © be a vector, such
that T (u)d =0, for 1 <b < c¢<m, and TP(u)d = (1 + Ab(u —2)71)d, b=1,...,m. Then

for é — ¢ e Z>0 , we have

m

(gbm(tm) (Bém>(t))>a@ = H (&jg)!Symt« [ﬁj(a)(i(é_c’é}, tm)z<7é<£ )} @,

=1
where Uy q) ( (é—cg»t") is given by formula (2.4.11) and

m—2 Ea+1—Ta+1 €a totl a4

Le@)=T1 I II et
i j

a=1 =1 j=€a—Ma+1

1n'—1 4l 11 (2.4.15)
m—11n— t _CC—|—A )

St (m)
" z:Hl 1}) | th_,—x Om <Bé—< (fiea))-

If € — ¢ ¢ Z7, then (¢m(tm) (B (t)))a@ — 0.
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Proof. The proof is analogous to the proof of Lemma 4.3 in [89] with Corollary 3.4 there
replaced by Corollary 3.2 op.cit. [

Consider collections ¢ = (¢sp : s=m+1,...,n, p=1,...,m) of nonnegative integers,

and introduce

Z qup, k=m+1,...,n—1,

s=k+1p=1

n l
Z qupu l=1,...,m—1.

s=m+1p=1

Given & = (&1,...,&,-1), define a set

(2.4.16)

Qmn = {q = (qsp) : zn: i%p =&my Me(q) <&, (lq) <&, forall k,l}. (2.4.17)

s=m+1p=1

In addition, for any q € Q,,,, we consider the set S, of all pairs (I,J) of partitions I =
(Ims1, -y L), J = (J1y ooy ) of {1,...,&,} with given cardinalities of intersections,

Sq:{(I,J): I;NJpl =qsp, sS=m+1,...,n, pzl,...,m}. (2.4.18)

Notice that,

(q)7 r| = Cl(q)

n
UT:k+1 T

Proposition 2.4.6. Let v € V(z) be a weight singular vector of gl -weight (Ay,...A,),

then one has

q m—1 n—1 1 Em 1
qe%;z n <m+£[z<n 1<1]_£m ) a=1 Ca) b:l:r;[-i-l (& —m)! l:l_ll tt—x )
(2.4.19)
x Symy Symy | Ly ¢ ()L ¢(8) > UslE e e g™ Ur (£ t™) |0,
(IJ)ES,

where the sequences n = (911, -, Mn-1) and ¢ = ({1, ..., Gno1), are given by the rule

771<::771<:(Q)7 Cl:Cl(q)7 k:m+17"'an_17 lzlaam_l
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Proof. Taking formula (2.4.4) for B¢(t)v, we apply Lemma 2.4.4 to the expression

b
(¢m(tm) (]B%é.”_m)(i))) v. Next we observe that the vector v, _,, (Bén_;m (1'5.(,775-])) v in the

right-hand side of (2.4.14) satisfies the conditions for the vector ¢ in Lemma 2.4.5. Applying

Lemma 2.4.5 to the expression (gbm(tm) (Bém (t ))) L~ ( gn nm> (E(n,é']» v, we obtain

Bg(t)v = Z(T(tm)) Symt Symt UJ ( (E Cﬁ]’ )UI(b) (i.[n],tm> Lnf(t)EC,ﬁ(t) (%

a,b

where <T(tm)) is given by (2.4.5), while the partitions J(a), I(b) and the sequences n =
b

(Mmsty - sMa1), € = ((1, ..., (m_1) are described in Definition 2.4.1.
On the next step, we use the bijection between the sequences a,b and the partitions
I,J, see Lemma 2.4.3, to rewrite the sum -, as the sum > ; ; over pairs of partitions.

The latter sum can be further written as the double sum > ;co, . >>(1,7)es, Over collections

q € Q. and pairs of partitions (I,J) € S;. Thus we obtain

R

4€Qm.n “(I,J)ES, b(I)

X Symy Sym; UJ(a)<t(£ & U ( tm) Ln,g(i’)LC,g‘(t‘ )] )U>

where a(J), b(I) are the sequences corresponding to the partitions I, J.
1

i, j’L —J?

Finally, we observe that in the module V' (z) we have (T(tm)> = IL €% T, P

The last expression and the product ng(f)zcyé (£) depend only on the collection g and can

be moved out of the sum > j)es,. Proposition 2.4.6 is proved. O

The next theorem is the main result of this paper. It will be proved in Section 2.4.4.
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Theorem 2.4.7. Let v € V(x) be a weight singular vector of gl,-weight (Aq,...A,) and

&= (&,...,& 1) be a collection of nonnegative numbers. Then one has
- (T )Tty Tty s
qGQm n m+1<i<n 1<j<m qi] ° a=1 (5@ - Ca)' b=m+1 (fb - nb)' =1 t}’n — X

x Symyn Sym; Symy [ Ly (£) L ¢(8) Uy (bg_c e ® U, (Enpp t™) @(E™)] v
(2.4.20)

Here the set Q. is given by (2.4.17), Iy = (L1, .-, 1n) , Jo = (J1,..., ) is any pair
of partitions of {1,...,&n} such that (I, Jo) € Sy, see (2.4.18), Iy = (00(Ims1), - - -, 00(1n)),
where oy € Se,, is the longest permutation, oo(i) = &, —i+1, the sequences ¢ = (C1,- .-, Gm-1),
N = (hstse o 0n), are given by the rule me = ne(@), G = Glg) for all k, I, see
(2.4.16), the functions L, (t ), I}C?é(i,tm) are given by (2.4.14),(2.4.15), the functions
Ut ) (i'[ I ) Uso(a ( E-cépt t") are given by (2.4.10), (2.4.11), £ = (tg ... 1) and
- 1
o) = I _btm
1<a<b<én  la b
Remark. For ¢, =0, we have n = (0,...,0), ¢ = (0,...,0). Then UJO )(t E-cdpt £ =1,

Upywy (B #") = 1 Lyet) = vum (BY ™ (#)), Lee#) = 6m (BI(£)). Notice that
Un—m (Bé"—”1> (t)) is a symmetric function of ¢7, ...tz for each s =m +1,...,n — 1, while
Om (Bém) (t)) is a symmetric function of #{,...,#{ for each p = 1,...,m — 1. Therefore,

formula (2.4.20) reduces to formula (2.4.9):

Be(t)o = 6 (B{" (})) tm (B ™™ (1)) 0.
Remark. In cases m = 1 Theorem 2.4.7 becomes Theorem 3.3 from [89],

&1 1 n—1

Bs(t)vzl:r[ltll_IZ( e )H
P

qeQ, 2<iln QZ)' b=2 €b nb

X Symy Sym; [ nE Uy, ( ,tl) (") n- (]Bén 7,1> (t(n 5]))} v-
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In case m = n — 1 it becomes Theorem 3.1 from [89]:
g'n 1 -
Bty 11— ¥ (11

I=1 L qe€Qumn Vj=1 ) 1:[ Ca)

x Symyes Symy [Leg(d) Uny(Eg tn_l)q’(t”_l)} v.
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2.4.4 Proof of Theorem 2.4.7

Throughout this section, we use the notation from Theorem 2.4.7. We will begin with

two auxiliary lemmas.

Lemma 2.4.8. Consider functions F(z1,...,x;) and G(x1,...,7;), k < [, such that the

function G(x1,...,x;) is a symmetric function of xy, ...,z and of xgy1,...,x;. Then

Proof. By inspection. O

Recall the weight functions Wy (v; z), Wy(u; z), see (2.4.12),(2.4.13), and the functions
Ly e, t™), L, ¢(£,t™) given by (2.4.14),(2.4.15).

Lemma 2.4.9. One has

n—1 1

Sym;{ [UI (i.[n],tm) Ln,g(t)] = H 7' Symg {WI (fw, tm> Lm&(t)} ,

s=m+1 '/S*

m—1
o ymy ¥ . 1 . . ~ .
Symg |0 (e ¢t e eld)] = I ¢y s (Wl ¢t Ieeld)]

Proof. Observe that for every s = m + 1,...,n — 1, the function Lnf(f) is symmetric
intj,...,t; and in t; .,... ¢t . Similarly, for every s =1,...,m — 1, the function ch(t)
is a symmetric in t3, ..., ¢ . and in g _. 4,...,t; . Then the statement follows from the

formulas (2.4.12),(2.4.13) by applying Lemma 2.4.8 several times. O

Recall that for o € S¢,, and a partition J = (Ji, ..., J,,) of {1,...,&,}, we have o(J) =
(0 (J1),...,0(Jp)). Similarly, for I = (I;,41,...,1,), we have o(I) = (0 (I;ps1) ..., 0 (1p)).

The next proposition is the key point of the proof. For a collection z = (z1,. .., 2, ) set

o(z)= [ -2l

1<a<b<g, ~“a T Fb
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Proposition 2.4.10. One has

> Wotwy (Ha, 2) Wi (g _c 4 2) =
7€ Sem (2.4.21)

= Sym. |Way (s 2) Wi ¢ 2™)0(2)].
where oy is the longest permutation in Sg,,, 00(i) =&, — i+ 1, and 27° = (z¢,,, ..., 21).

Proof. Formula (2.4.21) can be written as

> Wowy (i 2) Won(ig_cgo2) = 20 Waoin (i 2)Wa e g 27) 2 (27),

O’ESEm WES{m

(2.4.22)

™

2" = (2r(1),- - - Zr(gm))- Then the proof of formula (2.4.22) is literately the same as that of
formula (2.3.47) with Corollary 2.4.2 substituting Lemma 2.3.14. O

Proof of Theorem 2.4.7: First we apply Lemma 2.4.9 to formula (2.4.19) and get

m— n—1 1 Em 1

Be(t)v = Z ( H H qm> H <a) bzl;IH (¢ Htm X

_ | _
4€0m.n “m+1<i<n 1<j<m a=1 b—)! =1 U T

mll nll

1:[ ? H —Symt Symt

s=m—+1 5

ne@)Lee@) >0 Wik o t™)Wr (E,27) |0,
I,J)eSq
(2.4.23)
Notice that every pair (I,J) € S, can be obtained from an arbitrary fixed pair (1o, Jo) € S,
by the action of the symmetric group Sg,,. Therefore, the inner sum in the right-hand side

of formula (2.4.23) can be written in the following way,

> Wi (E t7) Walke g t") =
(I,7)€S,

(I I

m+1<i<n 1<j<m

(2.4.24)

1 . N .
<qij>!) > Watto) (B ™) Watao) (f_c g t7)-

g e S§TVL
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Here T]; ; (¢i;)! is the cardinality of the isotropic subgroup of the pair (Io,Jo). Applying
Proposition 2.4.10 for z = ¢™ to the sum over permutations > ,cg, ~in the right-hand side

of (2.4.24), we get

Bg(t)v ==
eg;j m—1 1 n—1 1 Em 1
-2 ) e I g L

— Symyn Sym; Sym; [L,mé-(t VLo e(B) Wiy (Eg_e g B W, (i'[n], tm) @(tm)} v

Finally, we use Lemma 2.4.9 once more to transform the symmetrization Sym; Sym; in the

last formula to the form in formula (2.4.20). O
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3. ASYMPTOTICS OF tt* EQUATION

The idea of topological field theories (TFT) as solvable models was proposed in [99]. In
(99, 22, 23, 100] it was shown that topological correlators (at tree level) in a 2D TFT model
are holomorphic functions on moduli of the TFT model obeying an overdetermined system
of nonlinear PDE (the equations of associativity of primary operator algebra). Integrability
of this equations was proved in [26].

The problem of calculation of the ground state metric of a family of TFT was studied in
general situation (for both massless and massive theories) in [13]. In this paper a system of
PDE for the ground state metric (being a Hermitian metric on the moduli space of TFT)
was derived. The topological and "antitopological" (i.e. complex conjugate) correlators serve
as coefficients of these PDE. This general construction of calculating of ground state metric
was called in [6] a topological-antitopological fusion or tt* fusion. The equation of the same
form arise for the metric on moduli space of Calabi-Yau varieties [88, 10]. The Hermitian
metric on the moduli space in this case is the same as the Zamolodchikov metric [103] of
the underlying N = 2 superconformal field theories. In [13, 11, 12] a number of particular
integrable reductions of the main equations was found. It was shown that under some
symmetry assumption the equations of topological-antitopological fusion can be reduced to
affine Toda equations (particularly, to Euclidean sinh-Gordon) and to some other integrable
systems of the soliton theory. For massive perturbations of topological conformal field theory
(TCFT) many particular reductions of the main equations can be solved via the Painlevé
transcendents of the third kind.

In [27] the integrability of the equations of topological-antitopological fusion was proven
in the general case. This integrability immediately follows from the zero-curvature represen-

tation of these equations depending on a spectral parameter.
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3.1 Main result

The two-dimensional Toda lattice is an important integrable system. For instance it is
an example of a nonabelian Chern-Simons theory in classical field theory (see [102]), and
it can be interpreted in differential geometry as the equation for primitive harmonic maps
taking values in a compact flag manifold ([8],[9]). Such maps are closely related to harmonic
maps into symmetric spaces. These maps in turn have many geometrical interpretations,
e.g. surfaces in R? of constant mean curvature (see [25]), or special Lagrangian cones in
C*([66)).

We shall be concerned with the so called “negative sign ¢t*-Toda" equation (see [14, 15,

16]). This is the system
2 (wi)zg — 2wit1—w;) _ 62(wi—wi—1)7 w;:U—R,i€Z, (3.1.1)

where U is an open subset of C = R2. We assume the following conditions on w;:

 periodicity: w; = Wi, for all i € Z, for some n € Zxy,
.w0++wn207
e anti-symmetry conditions: w; +w,_; =0, 1 € Z.

All these conditions are clearly consistent with equation (3.1.1)

The first manifestation of the integrability of this system is its zero curvature formulation:
doe+aNa=0 forall e C"=C - {0},

where

1
a()) = <wz 4 )\Wt> dz + (—ws + AW) dz,
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and

w1 —wW
61 0

w = diag (wy, . .., wy,), W =

Wn —Wn—1

e

In other words, (3.1.1) is the compatibility condition 2w,; = — [W*' W] for the linear system

U, = (w.+ W)W
U, = (—ws + AW T,

(3.1.2)

A solution of (3.1.1) is called radial if every w; = w;(z,2), 1 = 1,...,n, depend only on

the real variable x = |z|. For radial solution of (3.1.1), system (3.1.2) reduces to

1 _ 1z Z 4

W, = - (20, 4 20,) — (W I ) v,

x Az x
This can be regarded as the equation for an isomonodromic deformation, which is another,
perhaps more famous, manifestation of integrability, and a well known approach to studying
equations of Painlevé type (see [35],[48] and also [41]). Namely, if we impose the (Euler-type)

homogeneity condition

AU, 4 20, — 20, = 0,

we obtain

1 1 _
U, = <—)\22W — Xﬂcwz + th) v,

which is a meromorphic o.d.e. in A with poles of order two at 0 and co. Writing u = Az/z,

we obtain

1 1
U, = <—2xW — —zw, + th> v, (3.1.3)
7 7

The compatibility condition of the linear system

(—ﬁxW — Srw, + CCWt) v

3.1.4
(AW + pwt) w (314)

Wy,
v,
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is the radial version (zw,), = 2z [W* W] of (1.1).

For the case n = 2, constraints on w; give wy = —wy and wy; = 0. Thus, (3.1.1) becomes
2(wp )y = €20 — etvo, (3.1.5)

This equation was studied by Kitaev in [52] using the WKB method.

Remark. The equation (3.1.5) is also known as the Bullough-Dodd equation. By substituting

This is a special case of the Painlevé III equation [77, 44].

We are interested in asymptotics of the solutions of (3.1.5). The technique that we used
to achieve this goal is the Riemann-Hilbert problem (see [17, 61, 19, 18]). Recall that to solve
the Riemann-Hilbert problem on an oriented contour I' with a jump matrix J(z), z € T,

means to find matrix-valued function W(z) which satisfies the following properties
o U(z) is analytic outside of contour I’

o U(z) satisfies the jump condition W, (z) = ¥_(2).J(z) on the contour I', where " + '
means the boundary value from the left of the contour I' and " —” means the boundary

value from the right of the contour I';
o U(z) satisfies appropriate normalization conditions .

For the case n = 2, we showed that ¥, from (3.1.3) satisfies the following Riemann-
Hilbert problem: the contour I' is the union of the unit circle and the imaginary axis, see

the picture,
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55

Figure 3.1. Riemann-Hilbert problem for ¢¢* equation.

and the jump matrices are

1 w’s 0 1 0 —ws
SP=10 1 0], S5=|-ws 1 Wi (s+1) 1,
w?s —ws 1 0 0 1
A B B
Ei=|B wsA—w?sB+B A
B A w?sA+ B —wsB

Q¢

1
Ey = §d3E1_1d3, ds = diag(1,w,w?),
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where w = exp %, A, s are real numbers, B is a complex number. Triple A, B, s satisfy the

following equations

1
(1+8)A+w’B+w?B = 3

1
A% — A= |BJ”.

Our main result describes the connection between the monodromy data (A, B, s) of ¥, and

the asymptotics of the solutions wy of (3.1.5).

Theorem 3.1.1. The asymptotic behavior of the radial solutions wy(x) as x — 00 is

p

wo(z) = ﬁ cos(2V3z +vinz +~)+ O (;) ,

where

3
pQ:é_v, p>0,

v = vIn(24V3) + % + arg (w?B) + arg I'(iv),
1
= —In3A.
v=g_ln

The proof of this theorem is given in the next sections. Let us outline the structure.

Our main tools is the RHP and its connection to the asymptotics of the Painlevé equation.
We recall the main ideas of this method in Section 3.2. Then, following the procedure
discussed in that section, we start with the symmetries of the equation (3.1.4) and describe
the monodromy data (Stokes matrices Sy and the connection matrices Fy) in Sections 3.3
and 3.4 . In Section 3.5 we modify our RHP using the decomposition of S, = @,Q,, +%Qn +1
described in Subsection 3.3.5, and “open lenses” using decomposition F; = L;D; R;, described
in Section 3.6. In Section 3.7 we solve the global parametrix problem and the local problems.
We observe that the local problem at point & = 1 has a block structure and can be reduced to
a standard RHP for the parabolic cylinder function. Other local problems can be obtained
from £ = 1 local problem using symmetries described in Section 3.3. Finally, in Section 3.8
we show that the error problem satisfies the conditions of the small norm theorem and in

Subsection 3.8.2 we obtain the asymptotic behavior stated in Theorem 3.1.1.
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3.2 Riemann-Hilbert problem and isomonodromy

The six classical Painlevé transcendents were introduced at the turn of the twentieth
century by Paul Painlevé and his school, as the solution of a specific classification problem

for second order ODEs of the type
Uy = F ([L’,U,Ux) )

where F' is a function meromorphic in x and rational in v and wu,. The problem was to
find all equations of this form, which have the property that their solutions are free from
movable critical points, i.e., the locations of possible branch points ind essential singularities
of the solution do not depend on the initial data. The motivation for posing this problem is
quite clear: the absence of movable critical points means that every solution of the equation
can be meromorphically extended to the entire universal covering of a punctured complex
sphere, determined only by the equation. This implies that such equations share one of the
fundamental properties of linear equations.

It was shown by Painlevé and Gambier (1900, 1910), that within a M6bius transformation,

a(x)u + f(x) . .
v v(x)u+6(x)’ = (@),

a, 3,7,9, ¢ - are meromorphic in x,

there exist only fifty such equations (see monograph [47]). Each of them either can be
integrated in terms of known functions, or can be mapped to a set of six equations, which
cannot be integrated in terms of known functions. These six equations are called Painlevé
equations, and their general solutions are called Painlevé functions or Painlevé transcendents.

The canonical forms for the Painlevé equations are:
1. Uy = 6 + 2
2. Upy = xUu+2U° —

3. Uy = i — %+ L (0w’ + B) + qut + 3
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4o Uy = 2 + 30+ 4z +2 (22 — ) u+ 2

5. s = gy = b+ U (ot £) 4 24 B30

_1<1+ 1 . > <1+ 1 ) .
um_Q u u—1 wuwu—=x T x—l U—2x U
—1

u(u —1)(u— x) z(z —1)
e (o )

Here, o, 8,7,0 are complex parameters. During the rest of the twentieth century a great

deal of facts about these equations were discovered: the structure of movable singularities,
families of explicit solutions, their transformation properties, etc.

During the last thirty years, great progress in the theory of Painlevé equations them-
selves has been achieved. Just as for their linear counterparts, it is now possible to derive
explicit connection formulae for the Painlevé transcendents relating the relevant asymptotics
parameters at different critical points. This fact is based on the Isomonodromy Method. This
method was introduced in 1980 by H. Flaschka and A.C. Newell [35] , and by M. Jimbo, T.
Miwa and K. Ueno [48], and it is based on the intrinsic relation of the Painlevé functions to
the monodromy theory of systems of linear ODE with rational coefficients.

Let us outline the isomonodromy formulation of the Painlevé equations. Consider the

generic case of a linear system with rational coefficients, i.e., the Fuchsian system,

\IJ U, A; — N x N matrices

The monodromy group of this system is defined as a representation of the fundamental

group of the punctured Riemann sphere (more exactly, a conjugate class of representations),
P (CIP’l\ {ai, ..., ay,, oo}) — GL(N,C)

generated by encircling the singular points aq, ..., a,, @s = 00 :

\Ij()\>|()\—aj)!—)()\_a]-)627ri - \I}(A)M], A — Qoo = )\_17
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The matrices My, ..., M,, M., are called monodromy matrices, and the set

m:{Ml,...,Mn},

monodromy data. This set completely defines (up to a conjugation) the monodromy group

M of the above Fuchsian equation. Following [48] we will call the set

A={ay,...,an;A1,..., An}

singular data of the Fuchsian system and the set

M= {a,...,an;My,..., M, } ={ay,...,a,;m}

its extended monodromy data. We will also use the notations

A={A}, M={m}, and M, ={M}

for the sets of singular, monodromy, and extended monodromy data, respectively. The
associated Riemann-Hilbert problem consists of proving the existence of a Fuchsian system

with given singular points and monodromy group, i.e., with the given set

{ay,...,a,; M} = M.

More generally, one has to analyze the direct and inverse monodromy maps, i.e., the maps

A= M

and

M,.— A

respectively. This constitutes the central question of the global theory of Fuchsian systems.
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Let us consider the situation when the the matrix size is N = 2, and we have four singular

points, n = 3. In the generic situation, the system can be written as follows: (1)

dW A B C
o <A+)\—1+)\—I)\D:A(A>\Ij’
with
trA=trB=trC =0,
A+ B+ C =diag(A+ B+ C).
Thus

dim A =8

In this case it can be shown that

dimM=7=dim.A— 1.

Hence, one expects a one-parameter family of equations, i.e., a curve in the space A, with a
given monodromy group 9. This is in fact the point where the Painlevé equations appear.

Indeed, if one writes (cf. [48]) the (1,2)-th element of matrix A(\) as

w(A — u)
AA=1)(A—x)

Alg()\> —

then,

m = const <= u = u(x) satisfies the PVI equation.

The Riemann-Hilbert (RH) problem has a long and illustrious history. A comprehensive
solution was obtained only relatively recently by A.A. Bolibruch [7]. We will limit our
discussions to how the monodromy problem can be used to study the Painlevé equations. In
order to put the other Painlevé equations into a similar context, we consider more general

linear systems, namely systems with irregular singularities.
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3.2.1 The Stokes phenomenon.

Let A(A) be an N x N(N > 1) matrix-valued rational function of the complex variable

A. Consider in the complex A-plane the first order linear ODE,

dv
— =AY 3.2.1
= A0 (321)
for an N x N matrix-valued function W(\). The local analytic theory of systems of linear
ordinary differential equations (ODEs) with rational coefficients deals with the behavior of
the solutions of equation (1.1.1) near a given point \g € CP".

Let A\g € CP! be a non-Fuchsian singular point of equation (3.2.1), i.e., let equation

(3.2.1) have the following local form

W_ [ S Anet) v, €D\ N}, >0 (322)
3 ke —r—1

Here ¢ and D), are the local variable and the disk centered at A\ respectively :

: A—Xy, if N # o0
- 1/, if \g =00
D, = {AeC: ] A=X|<p}, 0<p<oo, if N# o0,
{AeC: A\ >ptU{oc}, 0<p<oo, if A= o0,
We assume that the coefficient A_,. of the leading order singularity in the Laurent series
in (3.2.2) has distinct eigenvalues. This means that we only discuss the generic case when
the Jordan form A_, of the matrix A_, is a diagonal matrix with distinct entries,

PA,P=A_,, detP 0,
(3.2.3)

A—r:diag(ala"'aal\f)7 al#a]’ 27&]

Under this generic conditions it was proven in [48, 96] that the formal solution of (3.2.1)

exists and it is unique.
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Proposition. Equation (3.2.1) has a unique formal fundamental solution

Wy(\) = P (i \I’ké’“> €% exp {A"f” T A‘lgl}
=0 —r —1

. (3.2.4)
=P (Z \Ifkgk> MO =1,
k=0

where
-1

A
Ag) = 0 7€+ Aolng, (3.2.5)
k=—r
all the matrices Ag,k = —r,...,0, are diagonal, and the matriz A_, is defined in (3.2.3).
All the coefficients Uy, as well as the diagonal exponent A(€) in (3.2.4) can be determined

recursively, via the Laurent series (1.1.38), as polynomials of the matriz coefficients Ay,

k> —r.

One may conjecture that the formal solution W(\) (3.2.4) represents the asymptotics
of a genuine fundamental solution of (3.2.1) as A — X¢. This is indeed the case provided
A belongs to one of certain sectors of D,,. In order to understand how these sectors can
be singled out let us discuss the question of uniqueness of the genuine fundamental solution
U(\) assuming that

U(A) ~Us(N), A=Xy, A€EQ, (3.2.6)

where the sector €2 is defined as
Q={£ecC: 0<l<p b <argl<by}.

Suppose W()) is another solution of (3.2.1) satisfying the same asymptotic condition (3.2.6).
The matrix functions ¥(\) and W()\) satisfy the same linear ODE; moreover, in virtue of the
asymptotics (3.2.6) they are the fundamental solutions of this equation. Hence their matrix
ratio

C =T N)T(N),
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is well defined and does not depend on A. Thus

C = lim U YN)T(N), reQ,
/\—>)\0

Since the asymptotic equation (1.1.45) is satisfied by both the ¥-functions, equation (1.1.47)
can be rewritten as

C =lime O +0(¢)}eM®, ¢eq,
£—0
or, componentwise,

Ci; = %5% e(M€) 55 —(A(€))ui {6;; +O(6)}, €€Q. (3.2.7)

Hence in order to be able to conclude that C' = I, which would imply the uniqueness of the

solution (3.2.6), we need the sector €2 to contain at least one ray
Re {(Oéj — ;) zf_’"} =0.

for each pair (7,7),7 < j. Indeed, in this case for each pair (i, j),7 # j, we can choose a path

terminating at & = 0 along which

Re {(A(€))s; — (A(©))a} <0,

and hence the exponential term in (3.2.7) decays. Assuming that £ in (3.2.7) belongs to this
path, we have that
Cij =0, Vi#j.

This, together with the equations

(which follow from (3.2.7), yield
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We can summarize the observations above in the following theorem.

Theorem. Let A(M\) be a N x N matriz-valued function holomorphic in the punctured disk

Dy, \ { )Xo}, and let Ao € CP* be a multiple pole of A(N)d\ of order v+ 1,7 > 0

A(N)dX = ( fj Amf‘“) d§, A€ Dy\{X o},

k=—r—1

r>0, A, #0.

Suppose that the leading coefficient A_,. of the Laurent series (1.1.53) has distinct eigenvalues

(generic case). Suppose also that the sector
Q={eC: 0<|[¢<p, 0O <argl<by} C Dy,

is a Stokes sector at the point Ng. Then in Q) there exists a unique fundamental solution W (\)

of equation (3.2.1) satisfying the asymptotic condition,
UA) ~Wp(N), A=A, A€
where V() is the formal series (3.2.2), and the principal branch of In€ in (3.2.5) is chosen.

3.2.2 Isomonodromic deformations and Painlevé I1

We start with the system with only one irregular singularity of order 3 at A = oo :

dv

ﬁ = A()\)\I’, A()\) = Ag)\2 + AQ)\ + Alv Az € Mat(2, (C)

In the generic situation one can always reduce this system to the normal form

0 wu
A(N) = —4iX%03 + 4i) + : (3.2.8)
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The corresponding canonical solutions Wi(A) (see Section 3.2.1) in the neighborhood of

A = oo are characterized by their asymptotics

4
wk(A)::(14-cx1/A))exp{-3¢A3ag-—ian3-ylongg},

k—2 wk
7r<arg/\<?,

A — 00,

k=1,...,7,

where

T =1a—2uv, V= 0w — Uz.

The monodromy data m are given by the parameter v and the set of Stokes matrices Sk
defined as
Sk=V"V,1, k=1,...,6.

These matrices have a triangular structure,

1 S91 1 0
So; = . Saq1 = )
0 1 Sorp1 1

and satisfy the cyclic relation

Sl SQ ce SG = 6_2WWU3.

Therefore,

dimM=4=dimA—1,

and again we expect nontrivial isomonodromy deformations. In fact (cf. [35], [48]), if one
takes the quantity x as a parameter for the isomonodromy curve, so that u, v, z and w become
functions of z, then the condition m = const. is equivalent to the system

W = Uy, Ugy — U — 20?0 = 0,

(3.2.9)

2 =y, Vge — TV — 20%u = 0.
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Similarly to the Fuchsian case , the proof of (3.2.9) is based on the fact that the a-

independence of the Stokes matrices Sy,...,Ss, implies that the function ¥ = W, satisfies
the system
ov
— = ANV 3.2.10
= A, (3210
ov
— =U\)V
S =UW,

where the matrix A(A) is the one from (3.2.8)

0 wu
—v 0

U(\) = —idos + i)

This time it is straightforward to show that the associated zero-curvature relation,

As(A) = Ux(A) + [A(N), U(N)] =0 (identically in ),

is equivalent to system (3.2.9). Under the reduction,

U=,

system (3.2.9) becomes a particular case (o = 0) of the second Painlevé equation:

Upy — TU — 2u° = 0.

3.2.3 Riemann-Hilbert problem and asymptotics

We have seen in the previous section that to obtain the second Painlevé equation:

Upe — U — 2u® = 0.
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we have to consider the reduction v = v. This condition implies the restrictions
Sky3 = —Sk, v =0,
so that M = {(s1, $2,53) : S2 — $1 — S3 — $15283 = 0} and hence
dim M = 2.

This means that for generic (si, s2, s3), one can take s; and s3 as independent coordinates
on M.
Reversing the arguments used earlier relating this equation to the isomonodromy defor-

mations of the system (3.2.10), we can now say that the monodromy data,
S1 =51 (QC,'U/,U:E), 83 = S3 (x7u7uw)7

are the first integrals of equation (3.2.11). Formally this means that we have solved equation
(3.2.11)! Indeed, we have found a complete set of independent first integrals. However, since
these integrals are not explicit, the important question is: Can we make this fact an efficient
tool for the study of the PII equation? It turns out that the answer is positive.

The starting point of this approach is, following ideas of Birkhoff [6], to consider the
basic monodromy relation, S, = W, 'W,,,, as a jump condition for the sectionally analytic
function Y'(\) : _

Y (A) = Up(N)efNos = v (N, WM:=§A1+MA
%k—%+%§a@A§§k—% k=1,....6,
on the anti-Stokes rays, arg A = wk/3 — 7/6,k = 1,...,6. This gives rise to a special type
of oscillatory Riemann-Hilbert problem, which is now understood as a factorization or jump

problem:
Yk+1(}\) = Yk(A)e_e(A)U3Sk€9(A)03’
ak 7
N=_— _ =
arg 3 o
lim Y(\) = 1.

A—00

k=1,...,6, (3.2.12)
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(The last normalization equation is actually the reason for the introduction of the function
Y (N).

The problem (3.2.12) is depicted in Figure 3.2. The corresponding solution u (z, s1, s3)
of the second Painlevé equation (3.2.11) can be determined from Y (\) by the equation

u(x;s1,83) = 2Ah_>n(f>1o (AY12(N)) .

L (5,9 -
_|+

I

Figure 3.2. The contour and the jump matrices for Painlevé I1

The problem (3.2.12), as well as the Fuchsian inverse monodromy problem , are particular
cases of a Riemann-Hilbert factorization problem. This problem involves finding an analytic
(matrix valued) function having prescribed jumps across a given contour. Following the
tradition developed in mathematical physics, it is such more general factorization problems
(and not just the inverse monodromy Fuchsian and/or the Birkhoff problems) that we will
call Riemann-Hilbert problems.

The investigation of the Cauchy problem for the Painlevé II equation based on the analysis
of the RH problem (3.2.12), as well as the investigation of its discontinuous generalization
for aw # 0 (complete Painlevé II equation) was studied in [39, 40].

The last important step was taken in the works of P. Deift and X. Zhou [21], [20], who
introduced an elegant scheme of the asymptotic analysis of this type of oscillatory factor-

ization problems; their method can be thought of as a nonlinear steepest descent method.
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The asymptotic method of Deift and Zhou, in complete analogy with the classical method,
exploiting the analytic structure of the relevant jump matrices deforms the original contours
of the RH problem to contours where the relevant oscillatory factors become exponentially
small as * — oo. In this way, the original RH problem reduces to a collection of local RH
problems associated with the relevant saddle points. However, the noncommutative nature
of the RH problem requires the development of several totally new and rather sophisticated
technical ideas, which, in particular, allow us to solve the local RH problems in closed form.
The remarkable fact is that the final result of the analysis is as efficient as the asymptotic
evaluation of the classical oscillatory integrals.

In the next section we will apply this technique to obtain the asymptotics of the negative

tt* equation.
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3.3 The monodromy data

First we start with the Stokes phenomena for the negative tt* equation (3.1.5). Recall
that we have the Lax pair representation for this equation given by (3.1.4).

Notice that the first equation of (3.1.4) implies that both ¢ = 0 and { = oo are the
irregular singularities of Poincaré rank 1 and so the monodromy data consists of Stokes
matrices defined around these points and connection matrices which relates solutions near 0
with ones near oco.

Using the general monodromy theory of ODEs described in Chapter 1 of [41], we shall

give the Stokes data for (3.1.4) at ( =0 and ¢ = oo with the connection matrices.

3.3.1 Formal solutions

First, we will find the formal solution at ¢ = 0. We start by checking if the coefficient

matrix of the leading term of the Lax pair given in (3.1.4),

1
U, = (—2W T, - xQWT> v, (3.3.1)
¢ ¢
is diagonalizable. By direct computation, all eigenvalues of W are distinct and they are

- 27 . . . . . .
1, w, w? where w = €3 . So, one can obtain a non-singular matrix P, which diagonalizes

W into d3, where

—wo —wo —wo

€ (& €

Ph=11 w w? |, ds = diag(1,w,w?),

ewo  w2ewo  (ewo
and they satisty W Py = Pyds. We can further write Fy by decomposing it as

e 0 O 1 1 1

0 0 ev]\1 w? w
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where we defined

1 1 1
Q=11 w w?
1 w? w

By Proposition 1.1 of [41], one can obtain a unique formal solution of (3.3.1) at { = 0 of the

form
WO(¢) = Ry(I + O(())ec™. (3.3.2)

Note that the formal monodromy exponent is 0 in this case.
Similarly, we can obtain the formal solution at ( = oco. Let { — % Then, (3.3.1) turns

out to be

CC'Q X

The coefficient matrix of the leading term is 22W7, and W7 is diagonalized as follows:

WTP, = P ds

where P, = ¢“Q71. In virtue of Proposition 1.1 of [41], one can obtain a unique formal

solution of (3.3.1) at ( = oo of the form
WEY(Q) = Pool(l + O(¢H))e ™45, (3.3.3)

Note that the formal monodromy exponent is 0 in this case also.

Note. Since w? +w + 1 = 0, the product of  with itself can be expressed by

1 1 1 1 1 1 3 00
P =11 w w? 1 w w?| =10 0 3| =:3C,
1 w? w 1 w? w 0 30



where

1 00
C=10 01
010
We also note that C? = I. Thus, we have
1 1

3.3.2 Stokes sectors

Next, we shall give some details of Stokes rays and Stokes sectors at ( = 0. As we saw in
the previous subsection, eigenvalues of —W are —1, —w, and —w?. Recall that Stokes sectors
are defined so that the fundamental solution is uniquely determined there by the asymptotic
solution \Ilgco). In other words, when two fundamental solutions ¥® and ¥© with the same

asymptotic condition are given, the following matrix C' tends to the identity matrix I:

C = wO(Q)TTO(Q) ~ e (T 4+ O(())et™

145 se td9) geme-e?)

= *e%(l_w) 1+ * *e_%(w_w2) — 1 as ( — 0,
xec(1=¥) o= 1+ %

if ( is in a Stokes sector. Thus the Stokes rays at ¢ = 0 should be the following:

2
lfll’Q) = {( € CU{oo} ’ arg ( = —% —nw},
119 = {C e CU {oo} ’ arg ( = —g —mr},

123 — {C € CU{oo} ‘ arg ( = —mr}.
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Recall that the Stokes sectors contain exactly one Stokes ray for each superscript (i, 7)

with ¢ < j. Thus, one can take the following Stokes sectors:

o’ ={cec
o) ={cec
o) ={cec

27r< ¢ < 7r}
3 85 =737
T
arg ¢ 3},
8 4 |
~ o <arg( < —;} QP (¢e*™)

Figure 3.3. Stokes rays and Stokes sectors at ( = 0.

In a similar way, we can define the Stokes sectors at ( = co. First, we need Stokes rays

at ( = oo:
lg’m:{CECU{oo} arg§:2;+n7r},
113 :{CG(CU{OO} arg(zg—kmr},
123 = {C € CU{oo} | arg( = mr}.

Then, one can take the following Stokes sectors so that they contain exactly one Stokes ray

for each superscript (i, 7) with ¢ < j.

o) ={cec
(o) = {cec
(o) = {cec

27r< C<27T}
— — <ar — ¢,
3 85 =73
Z<8u1“ C<57T}
3 S ML ST

4 8 )/~ —omi
% <arg( < ;} =l )(Ce 2,
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Moreover, we observe that

QV(¢) =" forne Z. (3.3.5)
() N
Ly 2

Figure 3.4. Stokes rays and Stokes sectors at ( = oo.

3.3.3 Stokes matrices

As a step toward the Stokes matrices, we shall define canonical solutions. According to

(c0,0)

Theorem 1.4 in [41], in each sector Q) for n = 1,2, 3, there exists a unique solution ¥

of (3.3.1) satisfying the asymptotic condition,

0 () ~ WED(C), ¢ 00,0, ¢ € QD 0 =1,2,3.

Moreover, we have
U (Q) = U7 (¢e*™) and W (¢) = WV (¢M).

So, such solutions, ¥(*) and ¥ have analytic continuations to the universal covering C*,
and we continue to denote them by ¥(®) and ¥ for the extended solution.

Stokes matrices are defined by

S = w001 T (¢) (3.:3.6)
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forn=1,2.

Lemma 3.3.1. Stokes matrices admit the following structure,

1 = 0 1 0 *

S — o 1 o], s =1x 1 &,
x x 1 0 01
1 0 =% 1 %« 0

SO =1 1 «[,89=1]01 0
0 0 1 * % 1

Proof. We will prove here for Sfoo) only. The same approach can be applied to determine
the structure of other Stokes matrices.

We start with mgﬂ\DS’jP = I. By definition of Stokes matrices (3.3.6), it follows that
\Ifﬁl"o)S(oo)\Il;f)l_l = 1. For ¢ € Q™) N Q;o_f)l, it can be further written as

n

i ) go) g (o)1 _
Jim WIS =

= lim Poo(l + O(C1))e ¢ 500 e2*Cs (1 - O(c=1)) Pl = T

= lim e ¢ ger s = T,

(—o

Therefore, if we write

* ok %
then we should have
* *e—x24(1—w) *e—.Z‘QC(].—UJQ)
lim | sez*¢(1-w) * we— 0w [ =T, (3.3.7)
(—oo
*6r2<(1_W2) *6332((“)_‘*)2) *
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for ¢ € Q) N Q).

Suppose n = 1. Then, ¢ belongs to 2° N QL% which means

CE{CECU{O@}‘g<argC<2§T}.

And it follows that

g< arg((1 —w) < g,
om
67

5) 7
% <arg ((w—w?) < g,

g <arg((l —w?) <

which implies that equality (3.3.7) holds if Sloo) has the following structure

1 = 0
s =10 1 0

* % 1

]

Our equation (3.3.1) has many symmetries , that we describe in the next section. These
symmetries allow to reduce the number of the parameters (Stokes data) that are needed to

parameterize Stokes matrices.

3.3.4 Anti-symmetry relations

Anti-symmetry relation at {( = oo

Let A(C) be the coefficient matrix of (3.3.1):

A(Q) = —Clgw - zwx — 22w
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Then, one can observe the following symmetry equation:

AAT(=)A = A(Q), (33.8)
where
0 01
A=101 0
1 00

Moreover, (3.3.8) implies the following lemma:

Lemma 3.3.2. ¥(() is a solution of (3.3.1), then so is ¥(¢) := AUT~1(—().

One can expect that the asymptotics of @(C ) as ¢ — oo will be represented by the formal
solution. But when we take into account (3.3.3), it turns out some normalization is needed,

because it holds that

d

APT-1
© 3

= P.

This leads the Anti-symmetry relation for the formal solution:

A (- = w0, (3.39)

Indeed,

A[\IJS”OO)(—C)]T_IOZ; = APy (I + O(g—1)>ez2<d3]T_1C§a

= APLHI+ O(¢)e e D

3
- APi‘lf’(f +O(¢)e e
= Pl +O(C))em %
= U5(Q).
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Moreover, considering the Stokes sectors of each canonical solution (see Figure 3.4), we

observe that (3.3.9) implies the Anti-symmetry of canonical solutions at ¢ = oc:

A (OIS = B ()

J (3.3.10)
A (O = W)
In terms of Stokes matrices, they can be interpreted as follows:
55 = a1 ST (3.3.11)

The proof is straightforward:

o o)1 — [e.9] — o o — d
S = (WP 5] = 35 [05) T ARSI by (3.3.10)
— ds_l(\ljgoo)_lqjéoo))'rdg — d3_1[5200)]T_1d3.
& S5 = dy 1SNy,
Anti-symmetry relation at ( =0

Furthermore, A(¢) admits another symmetry relation,

L A4 <—1> A = A(Q).

$2C2 :L.QC

Lemma 3.3.3. If ¥(() is a solution of (3.3.1), then so is ¥(¢) :== AW (_90%7)

Again, in the limit of ¢ — oo, this solution W(¢) with some normalization is asymptoti-

cally represented by the formal solution:

AT (—%) 3d;t =0 (0). (3.3.12)

A version of canonical solutions follows from (3.3.12) and (3.3.5):

o T 1 —
AT <e $2<> 3d;' = w(() (3.3.13)

118



for n = 1,2. Thus, the Anti-symmetry relation of canonical solutions at {( = 0 is
o aT-1
v (¢) = A[E0 (™) 3dst (3.3.14)
In terms of Stokes matrices, they can be interpreted as follows:

SO = dySi7)dy

n n

(3.3.15)
S8 = da[SONT-1 gt

3.3.5 Cyclic symmetry relations

The coefficient matrix A(¢) has one more symmetry, namely
wdz " A(w()ds = A(C).

Using this symmetry, we obtain the next lemmas:

Lemma 3.3.4. If ¥(() is a solution of (3.3.1), then so is ¥(¢) := d3 ' ¥(w().

Cyclic symmetry relations of the formal solutions

In the limit of { — oo, we claim that this solution W(¢) with some normalization is

asymptotically represented by the formal solution:

d; 0 (wOI = (), (3.3.16)
where
010
I=|0 0 1
100
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In order to prove this equation, we need to have
d3 ' P Il = Py and I171e" @S] = ¢7°¢ds

which can be checked by the direct computation.
Similarly, in the limit of ¢ — 0, we now claim that the solution \I~I(C ) in Lemma 3.3.4

with the following normalization is asymptotically represented by the formal solution:
d; 0wt = v(¢). (3.3.17)
In order to prove this equation, we need to have
d;'PIT" = Py and Tleoe®TT = et
which also can be checked by the direct computation.

Cyclic symmetry relations of the fundamental solutions

Using Anti-symmetry relations of the formal solutions we were able to deduce symme-
tries of the canonical solutions. But in the case of the cyclic symmetry relations it is not
straightforward. To overcome this difficulty, we will define some rotated sectors of (>0 and
consider fundamental solutions defined on each sector. Then, for such fundamental solutions,
we shall give the cyclic symmetry relations.

First, we work on the case of ( = co. For n € %Z, define

Then, we call fundamental solutions of (3.3.1) defined on each sector having the asymptotic

condition as ( — oo as

1
T () on Q) forn e §Z. (3.3.18)
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Paying attention to which sector ( belongs to, we observe the following cyclic symmetry

relations of (3.3.18) by (3.3.16):
dgl\lfffj)% (WO = W) (¢) on Q) (3.3.19)

for n € %Z.
Next we consider ( = 0. As we checked in (3.3.5), Stokes sectors at ( = 0 and Stokes
sectors at ¢ = oo are related by Q0 (¢) = Q) (¢~1) for n € Z. Similarly, we can define the

sectors,

for n € $7Z, so that fundamental solutions ¥(?(¢) defined on each sector Q{*) have the unique
asymptotic condition to the formal solution \Ilgco)((’ ). Then, the cyclic symmetry relations of
such fundamental solutions follow by (3.3.17):

d;l \IJ(O)

2
3

(O =T9(¢) on QO (3.3.20)
for n € %Z.

Cyclic symmetry relations of Jump matrices

Once we have the cyclic symmetry relations, (3.3.19) and (3.3.20), we would like to find
the corresponding symmetries of the Stokes matrices. However, we have obtained the cyclic
relations for fundamental solutions defined on rotated Stokes sectors, not for the canonical
solutions. Thus, we begin with computing new jump matrices defined on the intersection of

two sectors. We start with the case of ( = oo.
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Lemma 3.3.5. Let Q™) := \Ifgloo)*llllffi)l defined on Q) N Qio_i); for n € 3Z. Then, jump
3 3

matrices have the following structure,

1 % 0 100 100

Q=10 10| . &Y =]0o 10| @Y=]01 0]
00 1 0 1 £ 01
100 100 10«

=1+ 10, =]01 «|.&F=]010
00 1 00 1 00 1

Proof. We will prove here for ngo) only. The same approach can be applied to determine
the structure of other jump matrices.
Consider a jump matrix,

0o 00)— 0 0 00 2
QY = v on 0P Nl = {—W <arg( < W}. (3.3.21)
3 3 3 3

Apply (3.3.21) to the equation \Ilgio)\lfgcf)*l = I, and we have \Ifgoo)Qloo)\Ifﬁo)*l = ]. For
3 3 3
¢ € QPN Q% it can be further written as

1
13

: (00) (00) py(0) =1 _
clggo\ljf Q1 "y =1

= lim Poo(I + O(C1))e ™ s QD er™s (1 L O(¢C)) P =T
—00

= lim ei$2€d3ngo)ezQCd3 =1.

(—00

Therefore, if we write
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we should have

* *e—xQC(l—w) *e—:pQC(l—wQ)
41520 s C(1-w) * we— @ =) [ =] (3.3.22)
*eng(l—wz) *€x2C(w—w2) %

for ¢ € Q1 N ngg) Since ( satisfies —% < arg( < 2, it follows that

—g <arg((l —w) < g

—% <arg((l —w?) <

NESE

% <arg((w—w?) <
which implies that equality of (3.3.22) holds if ngo) has the following structure

1 % 0
Q=101 0
00 1

]

The cyclic symmetry relations of jump matrices Q> for n € %Z follows from (3.3.19).

For example, for ¢ € 2° N Q5 we have

1,
13

Q) = v (OT(0)
= (45 (@)I) g U (WO
= I @) U (o)

= QM
3
Similarly, for any n € %Z, it holds that

QL) = H’lQif%H. (3.3.23)
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Moreover, Stokes matrices Sfoo) and Séoo) can be expressed using Q(>)’s for n € %Z.
Proposition 3.3.6. S(®) = Q OO)Q Q (00) for n=1,2.

Proof. For ¢ € Q) NP, we have
\I/(OO _ le _ )Qg?)Q%O) _ \Ijgoo)ngo)Qg?)Q%O)~

Thus, the Stokes matrix S\° is expressed as the product, ${° = Qloo)Qgio)Qg?). Similarly,
3 3
we have Séoo) = Qéoo)Qéof)Q;?) O
3 B

0) .= @)= 15 which is defined on

Repeating this discussion to Lemma 3.3.5 for @), 1
3

the intersection Q¥ N QSJJ)F 1, we can show that Q(¥) has the same structure as Qn 11 for each
3

n € 3+Z. Then, we have a decomposition of S0
sV =QVQ),Q)), (3.3.24)
for n € %Z. Moreover, making use of (3.3.20), it follows that
QY =1L (3.3.25)
for n € %Z.

3.3.6 Computation of Stokes matrices

So far, we got Anti-symmetry relations of Stokes matrices, (3.3.11) and (3.3.15), and
cyclic symmetry relations of Q(>)s; (3.3.23) and (3.3.25), to parameterize Stokes matrices
with the smallest number of parameters. Before doing actual computation, let us rephrase

Anti-symmetry relations of the Stokes matrices in terms of Q) also.

Q%) = d5 ' [Q)) " dy

Q) = dg[Q(O)]T‘ldg : (3.3.26)
Q 0 = d3Qn+1
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for n € $Z. They can be proved in the similar way of getting (3.3.11) and (3.3.15) in the
subsection 3.3.4.

In summary, we have the following symmetry equations:
 Anti-symmetry of formal solutions ((3.3.9), (3.3.12)):

d S
5 =970

Aquf")( 1C>3d1 v (¢)

AP (=) 13d5" = 0P (Q)

AT (=)

« Anti-symmetry of canonical solutions ((3.3.10), (3.3.13),(3.3.14)):

AN = ()
Miﬁ%( £> 3dy"' = w(Q)

ALY (em¢)] T 13d5" = T (¢)

« Anti-symmetry of Jump matrices ((3.3.26)):

Q) = d; Q1T 1dy
QL) = d [Q(O)}T’ld?
Q - d Qn+1

o Cyclic symmetry of formal solutions ((3.3.16), (3.3.17)):

dy " (WO = U (()
ds 0P (wOT ! = v (¢)
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 Cyclic symmetry of fundamental solutions ((3.3.19), (3.3.20)):

d5 0 (WO = T (C)

d; 0O (WOt = w(Q)

2 n
3
o Cyclic symmetry of Jump matrices ((3.3.23), (3.3.25)):

(00) — 11-1)()

n

QY =171
Parametrization of S,(LOO)

Let us start with

1 a O
Q=101 o0
00 1

By the Anti-symmetry relation, it follows that

1 0 0
QY =@ ds = | —aw? 1 0
0 01
Then, we use the cyclic symmetry to have
1 0 0
QY =m'n=10 1 0
0 —aw® 1
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Using the cyclic symmetry relation once more, we can express nggo) using a:
3

1 00
QY =1mefn = o 1 0
a 0 1
Proposition 3.3.6 implies that
1 a 0
5 :Qg@Qg)Qgg@ —lo 1 o (3.3.27)
a —aw? 1

The parameterization of ngf) with a enables us to do more. Indeed,
3

1 00

Q(OO) _dfl[Q(OO)]Tfld —lo 1
21 — @3 ¥l 3= a
0 0 1

and

1 0 —aw?
Q) =d' Q3 =10 1 0
00 1

in virtue of the Anti-symmetry. Moreover, Proposition 3.3.6 gives a parametrization of Séoo)
in terms of a:

2

1 0 —aw
S5 = éoo)Qé?Q;? =|-aw? 1 d*w+al- (3.3.28)
0 0 1
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Parametrization of S

By (3.3.26), we can translate all Q”)’s with a parameter a:

1 00 10 0 10 —a
Q" =]-a10[.QY=]01 a|. QF=01 0]
0 01 00 1 00 1
1 aw® 0 1 0 0 1 00
=10 1 of.Ql=|o 1 0| Q=0 10
0 0 1 0 —a 1 aw? 0 1

Since (3.3.24) tells us how to compute Sio) and Séo) using Q(¥’s, we have

1 0 —a 1 aw? 0
Sfo): —a 1 a®+aw?| and Séo): 0 1 0f- (3.3.29)
0 0 1 aw? —a 1

Therefore, we find that each Stokes matrix is parameterized by a single parameter a —

Stokes data, as in (3.3.27), (3.3.28), and (3.3.29).

3.3.7 Connection matrices

In this section we describe the connection matrices Ej, which connects solutions at ( = co

and solutions at ¢ = 0 by

(3.3.30)

for all ¢ in the universal covering C*. We claim that the connection matrix F; generates Fs
and this can be checked by upcoming lemma where we deal with several symmetry relations.
As with the Stokes matrices, our goal is to understand how many parameters are needed to

explicitly write Fj.

128



Lemma 3.3.7. B, = 5\ B8 = SV E51) = {ds Bl ds.

Note. By the Anti-symmetry relations of the Stokes matrices, (3.3.11) and (3.3.15), one can

write
SEOT = a7 S dy and SO = dy[SS] T ds,
so that the first symmetry of Lemma 3.3.7 can be written as follows too:
By = d3[SO)dy By [S°)  ds.

Anti-symmetry relation of E;

Let us call the symmetry in Lemma 3.3.7,
1
S B 5 = sl s, (3.3.31)

the Anti-symmetry relation of Ey. Using (3.3.15), we have

1
S R 5 = GE s, (3.3.32)

Taking a determinant of the both sides of equation (3.3.32), we get

N o (1Y
det 51 det d;* det Ey det 5 — (9) det BT det ds

1\6 1\3
& (det By)? = (3) o det By = + <3>

where we used detds' = 1 and det S = 1. We can also determine which sign should

appear in det F;. Taking a determinant at (3.3.30), we have

det W™

det B, =
' det \IJSO)
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so all we have to know is det \I;§°°’°). But FE is independent of ¢ so one can replace det ¥

by det U = det Py . Since

gloo,O)

Py =PI = ¢

Y

it follows that det Py = (det Py)™' = det Q = —i3v/3 by the direct computation. Thus,

1 1

detBy= — = —
CET et T 27

Cyclic symmetry relation of F;

By definition of the Jump matrices Q™% for n € éZ introduced in subsubsection 3.3.5,

we have
U3 (¢) = U (O
Using the cyclic symmetry relation, (3.3.25) and (3.3.20), it follows that

VP = " (O = d5 U (W) QP QUL (3.3.33)

and

=

1 -1
o = v (Qe) =4 vwon (@) . (333

wl—

Substituting (3.3.33) and (3.3.34) into (3.3.30), we have

—1
4 @O QT = d e o (QPQ1) By

1
— 'O BQFQT = v (oY) By

(
13
-1

— BQMQYT =1 <Qg0>Qg) E,.

130



Thus, we obtain

£ = (@) £ (@),

Moreover, using the symmetry relation (3.3.26), equation (3.3.35) turns out to be

By = (@5 d; s Qa1 ) En (@)

— d;'E, = ( <2°°)Q5?d51r1d3> dy By ( gw@g?n) .

By direct computation, one can get dz 'Ilds = wIl. Hence, it follows that

4B = QR i B (@R ).

We call this relation the cyclic symmetry relation of E;.

(3.3.35)

(3.3.36)

In summary,

o Anti-symmetry relation of E; of the connection matrices ((3.3.31)):

1
SV B8 = S By

» Cyclic symmetry relation of the connection matrices ((3.3.36)):

&' B = (Q7Q5T) 5 B (@@

3.3.8 Computation of the connection matrix F;

Using the cyclic symmetry relation (3.3.36)we obtain

-1
d;lEl (Q%OO)QEO)H) — W ( gOO)QéO;)H) dglEl.
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Let us parameterize the entries of the matrix F; by

A B C
D E FYI,
G H 1

then the LHS of (3.3.37) becomes

B aw?A —aB + C A
dglElﬂ‘ng"%")’lQﬁ“)’l = |w?F awD — aw?E + w?F W?D |,
wH aG — awH + wl wG

and the RHS of (3.3.37) becomes

w (@57 d;' By -
D E F

= | —aw?D + WG + awA —aw’E + w?H + awB —aw?F + Wl + awC
wA wB wC

Therefore, by comparing each matrix, we obtain 9 entry-wise identity equations . They are

reduced to the following six equations:

D=B, E=awA—aB+C, F=A,

H=A, I=aA+B—-an’C, G=C.

Thus the parametrization of F; can be reduced to 3 letters, A, B, and C":

A B C
Ey=|B aw?A—aB+C A . (3.3.38)
C A aA+ B — aw?*C
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Next, rearranging the equation (3.3.32), we get
(o) ;=170 olo0) 1 pr _ 1 npm 1
S d5 BySdy BT = 51 BiEy = ol (3.3.39)

where we defined E; := S foo)dg 1B, and used the fact that £ = E”. Let’s use parametrization
(3.3.27) of 5 and (3.3.38) of E; to compute more about (3.3.39). In other words, by

comparing each entry of £? = é[ , we will obtain other identity equations. First, compute

Eli

A+ aw’B B+ ¢*wA — a?w?B + aw?C C + aw?A
E = S§oo)d§1E1 = w?’B awA — aw?B + w*C w?A
aA — awB +wC aB — a*’A + a*>wB — awC + wA wB

Then, comparing E12 with %] , we have
(E?)35 = Sl) & A%+ W B? 4+ wC? + aw’AB — awBC + aCA = El) (3.3.40)
and
(E?)31 = 0 & aA® + AB + w?BC +wAC = 0, (3.3.41)
Subtracting the aw? multiple of (3.3.41) from (3.3.40), we have
(1 — a’w?)A? + w?B? — 2awBC + wC? = El) (3.3.42)

Using (3.3.41) and (3.3.42), one can express B and C' in terms of A respectively. For
now, we will stop here, but after we talk about the reality condition next section, we shall
give more detailed parameterization. So far, we figured out that the connection matrix £
is parameterized by two complex numbers: a and A. Recall {a} was called the Stokes data.

Together with one more parameter A, we call {a, A} the monodromy data.
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3.4 Reality condition

Recall that we consider the real solution wp(x) € R for x € R. In terms of the first

equation of the Lax pair (3.1.4)

Ve = (—éw dcde xQWT> v, (3.4.1)

we should have that

A(C) = —éw - zwx — 22w,

satisfies A(C) = A(¢). This implies that if ¥(() is a solution of (3.4.1) then so is ¥U({). We

will see how they are related in this section.

3.4.1 Reality condition of the formal solutions

Recall that the formal solution at { = oo is given by (3.3.3), so that by taking complex

conjugate we have

P (Q) = Pl + 0 ))e %

o L (3.4.2)
=P C(I+O(h))Ce ™%,
where we used the property of C? = I. First, note that
dz = CdsC. (3.4.3)
Also, since Py, = e*Q~ !, we have
— 1
P = €"50) (3.4.4)
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by (3.3.4). Furthermore,
1 11
QN =3C < §Q =Q C.
Thus, together with (3.4.4), we obtain
P.C=e"Q ' =P,. (3.4.5)

Substitution (3.4.3) and (3.4.5) into (3.4.2), it follows that

WP (Q) = PO(I +0(C)Ce 4%
— Po(I 4+ O(C1))CCe "0
= Pyo(I+O(¢T))e ™ C

Therefore, we obtain the reality condition of the formal solutions:

v (Q)C = o).

Similarly, the formal solution at ( = 0 has the same property:

v ()0 =1 (C).

3.4.2 Reality condition of the Stokes matrices

In this section we discuss how the reality condition affects the Stokes matrices. Recall
that the Stokes sectors for the canonical solution at ( = co are given in the Subsection 3.3.2:
QF”:{geC*

—2—7T<ar C<27T}
3 eSS

T <ar C<57T}
g S ML= Tg

o = {cec
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By taking complex conjugate of ¢, i.e. arg( = 27 — arg( above, Stokes sectors for the

solution W™ (C) for n =1,2 are

o0 8
ol :{gec* <argC<;},
pos 5
NS {gec* <arg§<;r}
Then, we have the relation
Q) = 0f,
Q) = a5,

on the level of Stokes sectors and the version of the canonical solutions are

U0 = 57 (0),
v () = B (Q).

Thus the reality condition of the Stokes matrices are

SI) = [P (€) = Cles ()T (0 = oSy e (3.4.6)

This can be interpreted as the reality condition of the Stokes data. Since S(>) for n = 1,2
are parametrized in (3.3.27) and (3.3.28), we have

1 a@ 0 1 0 aw?
s= 1o 1 of and S = |aw? 1 —a
a —aw 1 0 0 1

a=aw? = a = w?s". (3.4.7)

for some real parameter s*.
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3.4.3 Reality condition of the connection matrices

In this section we will find the reality condition for the connection matrix E;. Let

arg ( = —arg ( this time. Then, the Stokes sectors have the property,
o =P and o =,

which implies the reality condition of the canonical solutions,

()0 = i (¢)

— ) (3.4.8)
v ()0 = (0.
By (3.3.30) and (3.4.8), it follows that
_ — 1l o
B =[e] e = [qfﬂ vo = oEC. (3.4.9)

3.4.4 More about monodromy data

In the previous section, we parameterized E; with three complex parameters A, B, C
and the Stokes multiplier a as in (3.3.38) that satisfy two identities, (3.3.40) and (3.3.41).
In virtue of the reality condition, (3.4.7) and (3.4.9), we can show that the monodromy data
consists of two real numbers.

To begin with, we will compare the both sides of (3.4.9):

A B C
(LHS) =B aw?A—aB+C A
C A aA+ B — aw*C
A C B
(RHS) = | C @A+ B —awC A
B A awA —aB+C
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Then, we have

A=A B=C, aw*A—aB+C=aA+ B —awC.

The last equation is trivial if we have A = A, B = C and (3.4.7). Let us write A as A® to
highlight that it is a real number.
Recall (3.3.41): aA? + AB + w?BC + wAC = 0. Since A = A, B=C, and a = w?s®, it

further turns out to be
sR(A®)? 1+ |B)? + A®(wB + w’B) = 0. (3.4.10)
By setting wB = x + iy where 2,y € R, then (3.4.10) provides us with
AR +24%2 + 2%+ = 0 & y? = —sF(AF)? — 24z — 27, (3.4.11)

Next, recall (3.3.42): (1 — a’w?)A? + w?B? — 2awBC + wC? = ;. Since A=A, B=C, and

a = w?s®, it turns out to be

(1= (s%)2)(AR)2 — 2% B + (* B® + wB?) = ; (3.4.12)

Since w?B? = (wB)? = x? — 3 + 2ixzy and wB? = W2B? = 2% — y? — 2ixy, (3.4.12) turns out

to be

(1— () (A%)? — 2% (2? + %) + 2(2® — 9?) = ;, (3.4.13)
Substituting (3.4.11) into (3.4.13), we have

(20 +(1+ SR)AR)Q = ; P Ca +61>AR 1 (3.4.14)
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And inserting (3.4.14) into (3.4.11) gives

L [—9(AR)((sR)2 + 257 — 3) £ 6AR(sE — 1) — 1
v= jE\/ 36 '

Therefore, the expression of B in terms of s® and AF is,

_ R R
B:w2< 3(s +61)A +1

L \/—9(AR)2((5R)2 +25® — 3)6AR(sE — 1) — 1) |

36

So, we proved that F; is parametrized by s® and AR only:

AR B B
Ei=| B wsfAR — 2B+ B AR
B AR W2sRAR + B — wsRB

(3.4.15)

where B is given by (3.4.15). As a corollary, we give the updated version of the monodromy

data, {s® A®}.
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3.5 Riemann-Hilbert setting

Recall the functions ¥(>% on the universal covering C* of C* that we discussed in the

(00,0)

subsection 3.3.3. This functions W(*? were originally defined on the Stokes sector ()

and then extended to C* by analytic continuation. But hereafter we would like to consider
(9 as holomorphic functions only on the projected Q% on C*. In other words, these
functions are sectionally holomorphic on C* whose jumps are given by using the monodromy

data. This gives rise to the Riemann-Hilbert problem for the negative tt*-Toda equations.

3.5.1 VU-problem

Let us choose the sectionally holomorphic function shown in Figure 3.5. Altogether, we
call these functions ¥. The two rays in this diagram have arguments 7 + 7Z and the circle

is the unit circle. We call the oriented contour I';.

N L — ]

SPG)

L ()
©
Rt Nt
T _

‘ E)_(av31;<% -Ycangte-g ‘%4@.»5‘%%

Ak i
()
S;

20, T N Lo Ly T

-2 -1 0 1 2

Figure 3.5. Riemann-Hilbert Problem of 0.
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Bellow we will prove that the jump matrices for this functions W(*% are indeed as

prescribed.

For ¢ on the outer part of the arg( = 7 ray,

by (3.3.6).

e For ¢ on the semi-circle in the right half-plane,
bi(0) =00 = WO E T = U (QF!

by (3.3.30).

o For ¢ on the inner part of the arg ¢ = —7 ray,

b (=) =8Q)sV " = ()5

by (3.3.6).
o For ¢ on the inner part of the arg ( = —37” ray,
V.(0) = v (¢) = v ()8 = v (gt sy
= w8 =0 (s
arg( =m/2
by (3.3.6).

o For ¢ on the outer part of the arg( = —7 ray,

b, (0) = v W (Ce ) = w§(C)

= U5 ()5 = W (¢) S5

arg{z?nr/Z

by (3.3.38).
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e For ( on the semi-circle in the left half-plane,

b, Q) =0 (Q) = ) (¢e>m)

w/2 < arg( < 3w/2

= U5 Ey = U_(Q)Ey!

by (3.3.30).

At the self-intersection of I'y, p; and py in Figure 3.5, one can check the following cyclic

relation, since we have no formal monodromy;,
By =S¥ B, S = S0 B sy

Our next goal is to connect the asymptotic of the radial solution of the negative sign
tt*-Toda when x — oo, with the RHP that we introduced above. We will first simplify this

RHP by the sequence of transformations.

3.5.2 ®-problem

We first transform the W-problem introducing ®(¢) by Figure 3.6. This transformation
comes from the decomposition of the Stokes matrices proved in Proposition 3.3.6 and (3.3.24).
We call the new oriented contour I's.

One can check that this change of the contour gives new jump matrices written in green

in Figure 3.6 along with the new contour I's. Now, let’s write these jump matrices altogether

by Gq,.

3.5.3 ®-problem

Next, we define ®(¢) as like ¥(():
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-2 -1 0 1 2

Figure 3.6. Riemann-Hilbert Problem of ®.

This further transforms the ®-problem in Figure 3.6 into the ®-problem. Although this does

not change the jump contour, the jump matrices will be modified:
o Jumps on the rays outside the unit circle do not change.
o Jumps on the rays inside the unit circle change from Gg¢ to CGoC.

o Jumps on the unit circle change from Gg to %G@C.
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Some simplification of jump matrices

After this transformation the jump matrices inside the unit circle will be simplified. For
example,

T
T i

computation

OO0 - g lo -
CQ?% 0(3;3.26) ¢ 3Q1§ 3 0(3.326)

One can repeat the similar discussion for the others.
Next, by setting E,j = éEg 1O for n = 1,2, we can simplify the jump matrices on the

unit circle as well. For example,

1 o0)— - - 00)— 1 — - o0)—1 f7— o0
OB o= o (5B (ciie) = of T B

One can repeat the similar discussion for the other jump matrices on the unit circle. Thus,

the updated jump matrices on I'y are depicted in Figure 3.7.

Asymptotics near the singularities

Lastly, we will check the asymptotic behavior near the singularities. By definition of
®(¢) and (3.3.3), we have

D(C) = Po(I + O(¢H))e 0,

as ( — oo. On the other hand, as ( — 0, we have the following asymptotics:

B(0) = S Aol + OQ)el 0 = LRI+ O(0)C [CetC]

= RO+ O(O) = Ze (I + 0(0)e™

1

=07 (1 + 0(Q))et™

by definition of ®(¢) and (3.3.2).
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Figure 3.7. Riemann-Hilbert Problem of ®.

3.54 @-problem

Define ¢ in Figure 3.8 so that all jump contours are rotated by % degree in anti-clockwise.
First, notice that original jump contours but the unit circle are not jump contours anymore.

For example,

« For ¢ on the outer part of the arg( = ¥ ray of Figure 3.8,

b, (¢) =D QT =B (O)QFIQNI T = d_(¢) = d_(0).
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Figure 3.8. Riemann-Hilbert Problem of P,

 For ¢ on the inner part of the arg ( = ¢ ray of Figure 3.8,
.(¢) = 21Q7 7 = 2 ()RR T = 2_(() = &(Q)
1 - 1 &1 — -(6)

us

Thus, the ray with arg( = %

is not the jump contour. Similarly, all the other rays in Figure
3.7 are eliminated. Instead, jump matrices are moved on new rays.
Next, we will check how we get jump matrices on the unit circle in Figure 3.8. For

example,
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 For ¢ on the 1/6-circle with 0 < arg( < % in the right half-plane of Figure 3.8, we

have either

or

2 ¥ 00)— T 00)—1 5 —1 0 00)—
b, ()=, Q) = QI E, QY QY

~ 1

= &)—ngo)_lﬁlil = ci)—(OE1

e For ¢ on the 1/6-circle with § < arg( < %’T in the upper half-plane of Figure 3.8, we

have either

= = 00)—1r7 —1 ~(c0
o, ()=, =0 QP E, QY

or

=2 QY QYO E QR

_ é,Qg?)’lQ(OO)’15§°°)E Lgeo)=1 (o)

R N

= Qs LB s o)

— G QP LET OO = 6 QR Q)

where the last two equality is obtained from Proposition 3.3.7.

This is how jump matrices on the unit circle in Figure 3.8 are obtained. Let us call jump

matrices in Figure 3.8 altogether G4 and the jump contour I's.
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The asymptotics near the singularities are not changed from é(( ):

B(C) = Poo(I +O(C))e™ %, as ¢ — oo

) _ (3.5.1)
D) = e QNI 4+ O(())eth |, as ¢ — 0.
3.5.5 Y-probelm
Considering the asymptotics (3.5.1), let’s introduce the following scaled version:
Y(¢) = P_'d (i) e~ (3.5.2)
where 0(¢) = —(ds + %dg’ !, Then, we interpret the Riemann-Hilbert setting in terms of

the Y function. Since the transformation (3.5.2) is just scaling, the jump contour does not

change from I's as in Figure 3.8, but jump matrices do change from G to Gy:

N P N
X T
_ p14 <C> =20(0) 0(0) (3 . ~20(0)
o T\ g 3]

— Y ()6 OG e,

Now, the normalization condition of this problem becomes the following:

e As ( — oo, we have
Y(Q)=1+0(™)

by (3.5.1).

e As ( — 0, we have

by (3.5.1) and the fact P, = e*Q7L.
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So, we ended up trying to solve the following RHP.

Riemann-Hilbert Problem 1. Find a solution Y satisfying
e Y(¢) € H(C\I'y) with the contour I's depicted in Figure 3.8.

e The jump conditions are
Y, (€) = Y_(Q)e™ O G e,

where G4 is given in Figure 3.8.

e The normalization condition is

Y(O)=I+0() as ¢ — oo,
Y(¢)=0(1) = Qe 2Q + O(¢) as ¢ — 0.

Jump matrices on rays

In the previous section we stated the RHP for Y (¢). By the small norm theorem ([41],
Theorem 8.1), we know that this problem is solvable if the jump matrices are close to identify

in L2 N L>™ norm. Let us check that this condition is satisfied in our case.

x k%
Gg= 1% * *
x kX
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and set

SN it _ 1z
go1<<>=<1—w><—<1—w><—¢§<< : )
2 —_ _wl: 626—16_2%
€)= (1 =)0 = (1) \/§<< : )

then Gy becomes

* xe TP xeTTP2
Gy = | xe™# * *e T3 | (3.5.3)
*eTP2  xeTP3 *

We need to find the stationary points for each exponent. First,we consider ¢;. Since
P1(¢) = V3(eF + ('),

it equals zero when ¢ = +e~%5 i.e., ;(() has its stationary points at ( = £e~*5. Moreover,

their values are

o1 (ie—i%) — F2V/3i.

We also note that go’l’(C)‘ L = —24/3(¢ 36’

g = +21/3€'5. Let ¢ = & +in. Then,

(=%e'3 (==e
gV VB
%(O_\/g( 2 2T @ 2(€2+772)>
. & V3 V31 3
“ﬁ<_2+ 2 +2<£2+n2>‘2<§2+n2>>'

The level curves of Re(¢1(z)) = 0 are

+ — 0.

VBE V3¢ n
2 2

20 +12)  22+n2)
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Together with change of the sign of Re(¢1(2)), the level curve of Re(py(z)) = 0 is drawn in
Figure 3.9.

L 1 I I I
-2 -1 0 1 2

Figure 3.9. The level curves of Re(p1(z)) = 0.

Next, consider ¢s. Since
£h(Q) = VB[S + (e,

it equals zero when ¢ = 4¢3, i.e., o(¢) has its stationary points at ¢ = +e’5. Moreover,

their values are

0o (iei%) = +2V/3i.

We also note that go’é(()‘ 5= —2\/3(3ei%

(=+ s +21/3e7'6. Let ( = £ + in. Then,

B V3§ V3¢ "
p2(¢) = V3 <T T2 24 * 2(&2 +772)>

. £ V3n V31 3
+”§G+ 2*d@um%+me+w9'
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Together with change of the sign of Re(¢2(2)), the level curve of Re(ps(z)) = 0 is drawn in
Figure 3.10.

L | I I I
-2 -1 0 1 2

Figure 3.10. The level curves of Re(y2(z)) = 0.

Finally, consider ¢3. Since

eh(C) =iV3(1—(?),

it equals zero when ¢ = +1, i.e., p3(() has its stationary points at ( = +1. Moreover, their

values are

@3 (£1) = +2V/3i.

We also note that gog(C)’ = 2\/§§_3i’

1 = L= +24/3i. Let ¢ = € + in. Then,

(=%

: £
©3(C) = \/5(—77+ 52_7_772) +iV3 <§+ 524‘772) :
The level curves of Re(p3(z)) = 0 are

U
=0
&+

Toghether with change of the sign of Re(p3(2)), the level curve of Re(p3(z)) = 0 is drawn
in Figure 3.11.
Therefore, jump matrices of Y-problem on each of the rays admits the property of ap-

proaching to the identity matrix as x — +oco. In fact,
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L L 1 . 1
-2 -1 0 1 2

Figure 3.11. The level curves of Re(¢s3(z)) = 0.

o If the jump matrix is given by e??Q{°”e=*%, then by the parametrization of Q™ in

subsubsection 3.3.6 and (3.5.3), we have

1 ae ™™ 0
Qe =10 1 0
0 0 1

such that |e=*#1| — 0 by Figure 3.7 and 3.9.

o If the jump matrix is given by exanof)e_xo, then by the parametrization of ngf) in
3 3

subsubsection 3.3.6 and (3.5.3), we have

1 0 0

exGQEOlO)e—wQ =10 1 0
3

0 —aw?e®™s 1

such that |e"#3| — 0 by Figure 3.7 and 3.11.
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o If the jump matrix is given by em(’Qg)e*w, then by the parametrization of nggo) in
3 3

subsubsection 3.3.6 and (3.5.3), we have

1 0 0
e:cGnggo)e—xG — 0 1 0

ae®™? (0 1

such that |e"#?| — 0 by Figure 3.7 and 3.10.

o If the jump matrix is given by e®?Q5 e~ then by the parametrization of Q5 in

subsubsection 3.3.6 and (3.5.3), we have

1 0 0
€m9Q§w)€_$9 = | —aw?e®™ 1 0
0 01

such that [e"#'| — 0 by Figure 3.7 and 3.9.

o If the jump matrix is given by er;io)e_w, then by the parametrization of Q;Of) in
3 3

subsubsection 3.3.6 and (3.5.3), we have

10 0
engéoéo)e*ze =10 1 ae *¥s
0 0 1

such that |e”®#3| — 0 by Figure 3.7 and 3.11.

e If the jump matrix is given by eer;?)e_l’e, then by the parametrization of Qéogo) in
3 3

subsubsection 3.3.6 and (3.5.3), we have

1 0 —aw’e %2
er&@(zogo)e—IQ — 0 1 0
3
0 0 1
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such that |[e=*¥2| — 0 by Figure 3.7 and 3.10.

Jump matrices on the unit circle

The last piece to be considered is the ones on the unit circle. Recall that Gy is given by

* ke TPl xeTTP2
GY = *62@1 * *67:2593
*eTP2 xeTPs *

it turns out that each ¢, is purely imaginary for ( on the unit circle, so jump matrices there
are oscillating. We can simplify our problem by decomposing GGy into 3 matrices where the
left and the right matrices have exponential decay at the outside and inside of the unit circle

respectively, and the middle matrix is diagonal and constant. Suppose

E' = LiD\Ry, ngo)_lélegoo) = LoDy Ry,
QFE;' QY = LeDsRy, Ey' = LuDyR, (3.5.4)

Q5B Q) = LsDsRs, QB QY = LeDo R,

2
23

such that e*L,e™ and e*® R,e~*% have non-diagonal entries with exponentially decay and
Dy are constant diagonal matrices. Then, one can transform the @—problem to the following
$-problem in Figure 3.12 by opening lenses so that new contours intersect with rays and the
unit circle by 45 degree. We call the new oriented contour I'y.

If we think about the corresponding Ev/—problem just by replacing ® with ¢ in (3.5.2),
we observe that all jump matrices of }V/—problem but all D;’s tend to the identity matrix.
Thus, we will be able to build an model RHP for Y?(¢) with only a jump matrix Dj’s
on the unit circle. We call its solution a global parametriz. However, such convergence of
the jump matrices is not uniform near the stationary points. In order for Y/(C) to take
continuous boundary values, the approximation of Y-problem by Y P_problem is not enough
and extra care is needed around each stationary point. So, we have to construct different

model RHPs there and call their solutions local parametrices. Since we want to make global

155



and local parametrices be a uniformly accurate approximation of }7(( ), we lastly consider a

small norm RHP for an error function R((¢) by comparing }V/(g ) with its parametrices.

Note. In analogy with the classical steepest descent method, the main contribution to the
asymptotics of }V/(C ) as ( — 400 comes from the unit circle and from the neighborhood of

the stationary points.

2F \
I \

L LAk

Figure 3.12. Riemann-Hilbert Problem of P,

So, the question becomes how to decompose Gy on the unit circle. Consider, for instance,

Gy = e E7 e it should have the following decomposition,

1 xe TP1 xem P2 * 1 0 0
Gy =10 1 0 * ke™P 1 ke T8
0 xe™¥s 1 x| \ xe™2 0 1
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since the left matrix has an exponential decay at non-diagonal entries when ( belongs to the
outside of the unit circle and the right matrix has the same exponential decay at non-diagonal
entries when ( belongs to the inside of the unit circle. But, essentially, the decomposition of

E;!is rather needed, because

1 % x* * 1 00
Gy=¢"{0 1 0 * « 1 x|e .
0 = 1 * x 0 1
For the same reason, we need the following decompositions.
1 = 0 * 1 0 =%
ngo)ilEﬁlegoo): 010 * x 1 *
* % 1 * 0 01
1 00 * 1 % *
QYE'QY " =% 1 0 x 01 =
* % 1 * 0 01
1 0 0 * 1 %
Ey'=1% 1 % % 010
* 0 1 * 0 % 1
1 0 x% * 1 = 0
QXITEQ =[x 1« i 010
0 01 * x % 1
1 % x* * 1 00
Qé?)Elei?)_lz 0 1 =% * x 1 0
3 3
0 0 1 ) \x x 1
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3.6 Decomposition of Jump matrices on the unit circle

In this section we obtain the desired decomposition of the connections matrices discussed

in the previous section. We start with some useful identifies.

3.6.1 Some identities between A® and B

Here we recall identities (3.3.41) and (3.3.42). By the reality condition, we also have
A=A, B=C, and a = w?s®. Then, it follows that

(14 aw)A® + wB + w?B)?* = (1 + d®w? + 2aw)(A®)? + W?B? + wB’
4+ 2[(1 4 aw)wAB + |B|? + (1 + aw)w?*AB]

(14 a®w?)(A®)? + w?B? + wB’ + 2jaw’AB + aAB|

(1 — a®w?)(A®)? + W*B? + wB’ — 2aw|B|?
1
=5
One can have the following identity by choosing plus sign when taking the square root at

both sides.
(1+ aw)A® + wB + w’B = ; (3.6.1)
By (3.4.10) and (3.6.1), it follows that
(AR)?2 — ;AR _ B, (3.6.2)
Moreover, (3.3.41) and (3.6.1) implies

a(A®)? — B + ARB — qu?ARB = —w?|B]* — wA*B — B — aw?ARB
_ 1 — _
= —wARB — SwB+ wA*B (3.6.3)
1 —
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3.6.2 Desired decompositions

Proposition 3.6.1. Recall that L; and Ry are defined in (3.5.4). Then, we have

B 2 |B|? B 1
I = —wimpe —aF 3AF
Li=10 1 0 [, D= 3AR ;
0 w? 2 1 1
1 0 0
_ , _
Ry = % w(lﬁJ)Q 1 w%
o 0 1
1 wE 0 1
Ly, = 0 1 0, Dy = 3AR ;
, _
1 0 ~-L
2
Ry = wQ% 1 —wz—(lﬂﬁ — wrs® — %
0 0 1
1 0 3AR
Ly = w? 1 , D3 = 1 ;
2 |BJ? B B 1
—WaRyE T AR T aE 3AE

Ry

I
(@]
—_

|

|
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) _
Ly= —w% wsf—L 1 L, Dy= IR ;
W 0 1 1
2
1 —w? ([ﬁ{')z w?s® — L WL
Ry=10 1 0
0 — B 1
1 0 w? 1
o 2
Ls = _% 1 —w? (|ABR|)2 - % » 5 3}111{ )
0 0 1 3AR
1 - 0
Rsy=10 1 0
B |B|2 B
wz —CL)(A )2 — AR 1
) _
Lg=|0 1 wh , D¢ = 1
0 0 1 3AR
1 0 0
R = -£ 10
2
—w? ([ﬁJ)Q —w?s® — fR wzﬁ 1

Proof. By straightforward calculations using identities (3.6.2) and (3.6.3).
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3.7 Model Riemann-Hilbert Problems

We denote the arcs of S! where the jump matrices D,, are defined by C,, and denote
intersections of the unit circle and the infinite ray by p,, see Figure 3.12.

This section consists of three steps. First, we solve a model RHP 2 on the unit circle
St = J8_, C, to get the global parametrix VP, Then, we construct a model RHP near p

to get a local parametrix P ((). Lastly, we obtain other local parametrices:
P®™(¢), where w = —w, w, —1, @, and —w,
from PM(¢) and using the symmetry relations.

3.7.1 Global parametrix

Consider the following model RHP for the global parametrix.

Riemann-Hilbert Problem 2. Find a solution Y satisfying the following conditions

(see Fig. 3.13):
« YP(¢) € H(C\ SY).
¢ On the unit circle oriented counterclockwise
YP(¢) = YP()Gp,
where the jump matrices are

Gp=D; ifCeC, i=1,...6,

with Dy, .-, Dg parametrized in subsection 3.6.2.

« The normalization condition : Y (z) — I as { — co.
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15F0 T T T

1.0

0.0+

-051-

-1.0f

ISR PR S NS SR S N 11
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5

Figure 3.13. Riemann-Hilbert Problem of yD.

Theorem 3.7.1. The solution of the RHP 2 is

¥P(0) = ( (-1 )”3 (g— 1/2—N§/2>‘21ﬂ1“”
S \C—1/2—1iV3/2 C+1/2—1iv3/2

1

. —%lan —% n Dy
) (c +1/2— z\/§/2> ( (1 ) " s
¢+1 C+1/2+iV3/2
. <<+1/2+z\/§/2>‘21m1“D5 (g— 1/2+z'\/§/2>‘21ﬂ1“D6
¢ —1/24iv3/2 (-1 '

Proof. We will check (3.7.1) satisfies all conditions in the RHP 2.

(i) Let
B C—1 —5-InDy B C—1/2—i\/§/2 —5=1InD;
f1<c>—<<_1/2_m/2) ,f2<<>—<<+1/2_m/2> ,
C(C12-iy3pe\ B ¢+1 7 I Da
a0 = (SN T o - (5 ) T
_(CH1/24ivE/y T C(C—12+iEj2)
o) = (SRR T g - (SN T
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Note that each f,(¢) is a composite function of a certain linear fractional transformation
and the power function.
Also, for the arc of the unit circle with two endpoints v and § in the (-plane, we can

consider the composite function of a square root and a linear fractional transformation,

such that ¢ maps that arc to the straight line on the ¢(¢)-plane with an angle 6, admits
the branch cut. This is because a complex logarithmic function requires a branch cut, for
it to be a single-valued function. By writing a principal logarithm by Logy after choosing a

branch at the angle 6 line, one can write (/¢ (() by
0(¢) = o3 Logee(C).

That is why 1/¢(¢) has a branch cut on the arc of the unit circle with two endpoints o and
B, and is holomorphic everywhere except for on the arc.
Each f,(¢) has such a linear fractional transformation and so it has a distinct branch

cut, C,, in (-plane. Therefore, their product,

YP(C) = f1(Q) f2(0) -+ fs(©),

is holomorphic except for on S*.
(ii) Now, we check the jump condition. Let’s focus on the arc C| now. From the above

branch cut discussion, all f,,(¢)’s but f1({) have no jump on (1, i.e.,

fnt(Q) = fn,~(C) (3.7.2)

forn=2,--- 6.
Let

_ ¢
C(—1/2—iV3/2

©1(¢)
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Then, C is mapped into the straight line starting from the origin with an angle 57/6. Since
approaching from the positive side of C; gives an angle —77/6 to ¢1(¢) and approaching
from the negative side of C gives ¢1(¢) an angle 57/6. Thus, we know that +-side limit of

21,

1 and —-side of limit of ¢, differs by e~

p1+(0) = p1,-(¢)e ™™™

Taking —ﬁ In D; powers on the both sides, we have

fr4(Q) = fi-(Q)e™ Pt = f-(¢) D1 (3.7.3)

By (3.7.2) and (3.7.3), we have

YP) = fis(Qfor(©) -+ fo(C)
= (D1 for(C) -+ f5_(C)
= }V/—D(g)Dl

on (7. Note that we use the diagonality of all matrices to interchange them so as to get the
last equality. This jump condition holds for other arcs too.
(iii) The normalization condition is easy; as ( — oo, we have each linear fractional

transformation in f,(¢) goes to 1 and so (3.7.1) tends to I. O

Remark. In the neighborhood of p;, we consider a small ball U; centered at 1. Let

R =U N (outside of the unit circle)
REQ) = Uy N (inside of the unit circle) N (upper half plane)

RY =Un (inside of the unit circle) N (lower half plane).
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Then, we observe the following asymptotic behavior of Y2 (¢) in the neighborhood of p; = 1,

1 0 0 I for € Rﬁl)
Y2 =PoiO) o (c—1* 0 x{D, for ¢ e R? (3.7.4)

0 0 -1 Dg for ¢ € R@,
where P,©;(¢) is a Taylor expansion of Y2(¢)/(¢ — 1)#1“D1D51,

e—m'u 0 0
Py

e (2\/5) e

1\l ] p gy aminDe 1\ i Ds
P = <1) () ()
+w l—w 2

2 —ﬁlnD;; 1—w —ﬁlnDs L b
< [ —— -~ 1 “2m 16
(1—w) (1+w) (1+w) '

and v = —3= In 34" (provided that A® > 0).

3.7.2 Local parametrix near p;

Now we consider the model RHP for the local parametrix near p; of }vf—problem whose
contour is depicted in Figure 3.12. In the (-plane, take a small disk U; around p;, which we
later rigorously define in (3.7.5). We call a function defined locally on U; by ®©(¢). Jump

matrices of this problem are written in Figure 3.14. More precisely, they are

165



Figure 3.14. & (¢)-problem.

1/3A]R
Gl — 6909D16—:L‘9 — 3AR ,
1
) _
D@ - ) e~k
Gy=e¢"Lie™ = | 1
0 w2 B eres
1 0 —wsRe @¥2
G3 = GIGQ;O%O)eizO =10 1 0 )
00 1
1 Be o (wsR + %) e~ Tp2
Gy=e"Lgte™ = | 1 _W%Q—w:s
0 0 1
3AR
G5 — ezGDglewa — 1
1/3AR
166 0
GG — e:cHRG—le—xG — %e:p@l 1
<w23R + %) erp2 _w2%61@3

0
0
1

Y



Gr=e"QY e = o 10|,
—w?sRer2 (0 1
1 0 0
Gg = e Rie ™ = (—% — w—(ﬁ';) e™r 1 w%e‘w3
— L eme 0 1

Next, define @) (¢) by multiplying ®© (¢) by certain matrices as in Figure 3.15. Matrices

L and R used in this definition are

1 —Bewn B 100
L=]0 1 0 ,R=| Bewr 1 0
0 0 1 —Lem2 01

Notice that these multiplications does not affect the asymptotic behavior on the boundary

of the disk.

Figure 3.15. Definition of the ®)(¢)-problem..
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One can compute jump matrices H; for the ®M-problem as they are written in Figure

3.16. More precisely,

1 0 0 1 0 0
Hi=R'Gy=|0 1 0|, Hi=GGsLG'=|0 1 3A%se s

0 s 1 0 0 1
1 0 0 1 0 0
Ho=G5G1= |0 348 0 |, H3=G;'L7'G:GsG5 = |0 1 0,
0 0 s 0 —3ARg e 1
10 0
Hi=G,GsR=|0 1 —sie=s |,
00 1

where 57 = w?£%.

Figure 3.16. ®()(¢)-problem.
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Let us now introduce a new variable z(() by

2(Q) 1 = V2ze'3\[ip3(¢) — i2V/3.

Let ¢ satisfy % <e< % Then, the map ¢ — z is conformal on

1
Uy = {g eC ‘ IC—1] < Wx“}, (3.7.5)

since 2/(() # 0 there, i.e. the map z just rotates the contours of Figure 3.16 and preserves

the angle among them. Since € < 1 by choice, z(() behaves
2(C) ~ 2zt T 3¢ — 1) (3.7.6)
in U;. On Uy, |z| = 252 — 0o as x — co. Furthermore, it holds that
2
203(C) = 22v/3i — 5+ O(x%72). (3.7.7)

When we write U (z) = ®1)(¢), we can consider everything in the z-plane. The jump
contour and jump matrices of ¥ (z)-problem are expressed in Figure 3.17. Moreover, these

jump matrices admit a 2 x 2 block structure,

1 0 0 1 0 0
Ki(z)=Hi({)=1] 0 , Ko(z) =Ho(()=1| 0 ,
o 0
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where

Ky
Ky Ks
0
Ko
Ko
-2 —J1 o 0 . 11 o
Figure 3.17. W™ (2)-problem.
1 0 1 0
= 2 )
51€%3 1 s;e 7 1
J— 22
1 3A%s1e s 1 e 25eT
0 1 0 ’
3A% 0 oni
— e 7rwcr37
1
0 zm
1 0 1 0
— ) 2
—3ARs %3 1 —e M gTe™ T 1
—_ 22
1 —Sje s 1 —5e=
0 1 0 1

170
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where we used (3.7.7) and set

, 1 1
- i2v/3x d — _ 1 AR — In(1 — 2
51 = s1€ and v 57 n3 37 n(l — |s1]%).

Thus, what we need to find is a 2 x 2 matrix valued function ¢(®(2), with the jump

contour in Figure 3.17 and the jump matrices (3.7.8). Let us formulate the following RHP:

Riemann-Hilbert Problem 3. Find a solution ¢(*)(z) satisfying

o #9(2) is holomorphic in C \ I's where I's is the jump contour defined in Figure
3.17.

. gb(f)(z) = ¢(£))<2)G¢(0)7 where the jump matrix G is given by (3.7.8).

o 0(2)=(I+0(1/2))2" as z — 0.

One can solve this problem by the use of parabolic cylinder function. (See [41], Chapter
2, Section 1.5). The asymptotic behaviour of ¢(¥(z) is

1 0 —«

pO>2)=|T+= +O(272) | 278, (3.7.9)
“\v/a 0
where
i \/ﬂeQﬂ'iV
a=——=—"
51 D(=v)
as z — 00.

Thus, the asymptotic behaivor of W()(z) on the boundary of U is
0 00 1

1
qj(l)(z): I+=1o 4+ oV

z (0) ’
mq
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where

by (3.7.9). Going backward, one can find the asymptotic behavior of ®1)(¢) and then that
of ®©(¢). In fact, on the boundary of Uj, it holds that

B0(Q) =
00 0 1 I  for(e Rgl)
o (3.7.10)
I - v
o0 0 + 2(¢) x{D, for ¢ € R}
0 2(¢)7" D for ¢ € RY.
where
RV =U;n (outside of the unit circle)
RgQ) = Uy N (inside of the unit circle) N (upper half plane)
RY = n (inside of the unit circle) N (lower half plane).
INtroducing
1 I for¢eRY
E@Q)=YP()| ()™ x{ D' for ¢ € RY (3.7.11)

2(¢) D;' for ¢ € RY

where z(() is given by (3.7.6), we can define a local parametrix near p; by
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Notice that E(({) is holomorphic in U;. Indeed, it admits the following Taylor expansion,

1 0 0
E(()=P0:(Q) |0 (V2ze'T 314y 0
0 0 (V2xei T 314

by (3.7.4) and (3.7.11). Moreover, on the boundary of U, ®®(¢) has the asymptotic ex-

pansion (3.7.10), so we have the matching up condition,

PU) =YP(C)

1
I - —1
o KRR Lo A 0 0
| o 0 0
Dﬁ
=YP(OU +0(1/ V).

Dy

+o- | (38712)

Therefore, we could construct a local parametrix P(V)(¢) which matches up with the global

parametrix ?D(O on the boundary of Uy.

3.7.3 Other local parametrices

Proposition 3.7.2. Other local parametrices are expressed by P (¢) essentially. In fact,

we have

PUV(Q) =gt [PO(=0)]  ds.
PER() =TT PED (wOILL
P@(¢) = IPW (w2

T-1

PO =d; ' [PE(=Q] ds

&

PEQ) = dy ' [P(=()
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Proof. Let G™)(¢) denote the jump matrices for P)(¢)-problem. If (3.7.13) is true, we
have that

So, we need to check if all jump matrices of the RHP near p4, that is ( = —1, are related to

the local parametrix in (3.7.13) as above. We saw the anti-symmetry for Q{*) already,

o

ngi)l = d§1 [Q%OO) ds.
Moreover, it holds that

Lyt = d;' [Le)" ds, Ly = d3 " [L,]" " ds, Dy = Dy,

Note that the normalization condition is good in this case too.

Next, we check the matching up condition. By (3.7.12),

PV =YP(O +01/VT)).

So, our P71 () satisfies all the local parametrix conditions. Thus, (3.7.13) holds.
The similar type of proof can be applied to show the other relations, (3.7.14) — (3.7.17).
O
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3.8 The approximate solution of the original RHP as © — o

Let U, = {C eC|lC—w|< 2_1/23_1/%8_1} for § <& < 2. At each p;, we shall define

a small disk of this type. Let us call their union by U,y;:
Uy =UhUU_5UU,UU_1UUzUU_,.

Then, define a piecewise holomorphic function,

YP(¢) i ¢eC\Uau
PY)  ifcel
PER(() ifCelUsy
YN = P@(¢) if¢el,
PEV) (el
P@(¢) if¢eUy

PE(Q) if (e U,

which is discontinuous on the boundary of each disk and on the unit circle with holes at

1,—-w,...,—w.

3.8.1 The error Riemann-Hilbert Problem

In the previous sections we have constructed asymptotic solution }7(“5)(( ). Let us intro-

duce the error functions R(¢) by

R(¢) = V() (V*(0)

where Y(@9)(¢) is the exact solution of the RHP. Then the error function R(() solves the
following RHP.
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Riemann-Hilbert Problem 4. Find a solution R(() satisfying

e R(() is holomorphic in C\ I's where I'g is the jump contour defined in Figure 3.18.

e R,(¢) = R_({)GR, where the jump matrix Gy are

: {Y/%)GY (YP(Q) " i ¢eTi\ U
R=19. —1
Y2(¢) (P™(0)) if ¢ € OU,,.

« R(Q)=T+0(1/¢) as ¢ — .

05F-

-0.5+-

| T K T W W | TR N '

Y B
-1.0 -05 0.0 0.5 1.0

Figure 3.18. The jump contour of R(()-problem.

Moreover, R(¢) is uniformly close to I due to the structure of jump matrices of Y-problem

on I'y and the matching up conditions such as (3.7.12). Indeed,

1
|Gr — I||L2(rg)nLee (rs) < Clﬁ~
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This small norm condition implies the unique solvability of the RHP 4 for the error function

R(¢). Indeed, solving this RHP is equivalent to solve the following singular integral equation,

L p()(Gr() — 1)
27mi Jrg ¢"—=C

d¢’, ¢ ¢ T, (3.8.1)

Then, the small norm theorem (Theorem 8.1 in [41]) implies the unique solvability of R(().

Furthermore, we have

1
o= Tllzz < & (3.8.2)

If we consider the limit ¢ — 0, then the equation (3.8.1) becomes

L pl)(Gr(E) = T)

R(0) =1+ 5 N o dg¢’
L GR) T, 1 (p(¢) = DGR -T)
_1+2m/m<,dg+2m/% o dc' (3.8.3)
B 1 Gr(¢)—T 1
_I+2m’/r6(’ dc +0(x),

where the last equality is obtained by using Cauchy Schwarz inequality, (3.8.2) and

<03

HGRU -1 o
. LQ(FG) o \/E.

Taking into account

pr=A{1}, p2 = {0}, ps = {w}, pa={-1}, ps = {W}, ps = {-w},

let us write the boundary of U,,’s as follows:

v =0Uy, 72 =0U_g, v3 =0U,, v4 = 0U_y1, 75 = OUg, 76 = OU_,,.
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Then, since we can ignore the exponentially small contribution of I's, we can transform

/l: Y: s '

3.8.2 Computation of the asymptotic solution

In this subsection, we will describe the asymptotic behavior of the solution wg(z) as

x — oo. First, we note that R(0) by definition satisfies
Y (0) = R(0)Y?(0). (3.8.5)

By (3.7.1), we have Y2(0) = I. Then, we compute the asymptotics of Y(¢) as ¢ — 0. In
section 3.5, we saw that Y (0) = O(1). More precisely, it holds that

v

Y(0) = Qe 2"Q7' + O(C)

1_’_62100_’_672100 w2+w62w0+672w0 w+w262w0_}_672w0

1
— g w + w262w0 + e—2w0 1 + €2w0 + €—2w0 w2 + we2w0 + e—2wo
2 2 2
1 swo(w —1)  Fwp(w® —1)
= | 2wo(w? — 1) 1 Zwp(w — 1) | +O(wp).
2 2 2
swo(w —1)  Fwo(w® —1) 1
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Thus, from (3.8.5), we have

2wp(w — 1)

%wo(w2 —1)

Wi

3

wo(w — 1)

wo(w? — 1)

wlN

Fwo(w? — 1)

wo(w — 1)

+ O(wp).

(3.8.6)

We will obtain another expression for R(0) considering the residues of the integrals (3.8.4).

Let’s consider jump matrix Gr(¢) on 0U;. By (3.7.12) and (3.7.4), it holds that

1
“D 1 .
=YY" () |- > D;
Dg!
1
= P16:(() 27" — 1)
000
<=1 0 +
z m§°>
0
1
—J_ Lév(op -1

where we set

PC—1D)=k(1+0(=1)), k=eT"(22)"/?3"/*
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Dy s+ yP-1
Z—ua3 mgo) Zl/ffa‘ !
D
(G
1
(¢ — 1) Cha (el
z (¢ —=1)
0 00 1
0 v [PeT o (5),
(0)
my
k] \0 -1



and ©,(¢) is some Taylor series coming from ©;(¢) and z*(¢ — 1)™". Since

0 0O
G -1
resc— R(gl) =10 | (3.8.7)
my
where
mgO) - _ 3_1/46_%(2\/§)_V03H_03 KJG3<2\/§)VUS.
V2 via 0
It then follows from (3.8.7) that
0 0 O
G -1
resc—1 R(Cl) =10 0 al, (3.8.8)
0 B
where
& = ——(24v/32) 3~ VA -
V2z ’
-~ ]_ T s
b= By e R
with
i /2meiv 1 . 1 , , B
o= e T(—p) v= —%IDSA = %ln(l —Is1]%), s1=w i
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Using symmetry relations between local parametrices, (3.7.13) — (3.7.17), one can find

all the other residues. By (3.7.13), we have

GRr(Q) = d5 "G (=()ds

and
L el L di (G (=) = D)ds ;.
2mi Jou_, ¢ 2mi Jou_y ¢
Sy Ge@Q-1, 1
_ 1) - R
=ds lZm’ /0U1 ¢ dg] s
This implies that
Gr(O) =1 Gr(O)—11"
rese—_1 RC :dgl [—resczl ] ds
0 0 0
=10 0 —pw
0 —aw? 0
Similarly, the relation (3.7.15) implies
0 a 0
-1 —1 N
rese— G (CC) =1I [resCl Gr(C ] = B 0 0
0 00
The relation (3.7.14) implies
-1 -1
reSCZ_wGR(CC) _ -1 lrescz_l Gr(¢) ] I
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The relation (3.7.16) implies

. 00 f
resc—gm GR(CC) —! =d, [— rese—_i GR(CC) — I] ds=10 0 0
a 0 0

The relation (3.7.17) implies

T
reS¢=—w G(R(i_)_] — dgl [resczw GR(CC) - ]‘| d3
0 w0 (3.8.9)
—|_aw?2 0 0
0 0

Therefore, the residue calculations (3.8.8) — (3.8.9) from (3.8.4) provide another expression

of R(0),

- wa
1 —wh | +0 (i) (3.8.10)

R(0) = B w?a
—wp B—wQ& 1

Comparing (3.8.6) with (3.8.10), we obtain the following result:

wo(x) = f(a —wh) 10 (i)

where
a = L(24\/§:c)’”3*1/4e*%*%v
vV 2z
3 1 v 37i 3rmi
= ————(24V/3z)V3 Ve T Y
P 2V 21:04( \/_a:) ¢
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with

; eV 1 1 B
‘ e v=——In34% = —In(1—[s1%), 51 = w?——=
271

a:_sleﬁ\/gx I(—-v) ’ 2mi AR’

Finally, one can write this result in the form of Theorem 3.1.1.
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