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Abstract
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Department of Physics
PhD

Static spherically symmetric solutions in higher derivative gravity

by Alun Perkins

We consider the four-derivative modification to the Einstein-Hilbert action of general rel-
ativity, without a cosmological constant. Higher derivative terms are interesting because they
make the theory renormalisable (but non-unitary) and because they appear generically in
quantum gravity theories.

We consider the classical, static, spherically symmetric solutions, and try to enumerate all
solution families. We find three families in expansions around the origin: one corresponding
to the vacuum, another which contains the Schwarzschild family, and another which does
not appear in generic theories with other number of derivatives but seems to be the correct
description of solutions coupled to positive matter in the four-derivative theory. We find three
special families in expansions around a non-zero radius, corresponding to normal horizons,
wormholes and exotic horizons. We study many examples of matter-coupled solutions to the
theory linearised around flat space, which corroborate our arguments.

We are assisted by use of a "no-hair" theorem that certain conditions imply that R = 0,
which is applicable in many cases including asymptotically flat space-times with horizons.

The Schwarzschild black hole still exists in the theory, but a second branch of black hole
solutions is found that can have both positive and negative mass, and that coincide with the
Schwarzschild black holes at a single mass.

The space of asymptotically flat solutions is probed numerically by shooting inwards from
a weak-field solution at large radius, and the behaviour at small radius is classified into the
families of series solutions (most of which make an appearance). The results are inconclusive

but show several interesting features for further study.
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18 Chapter 1. Introduction

1.1 Introduction to higher derivative gravity theories

General relativity is one of the most successful physical theories to exist. It provides the most
accurate predictions of the movements of planets and stars and it predicted experimentally
testable phenomena that did not appear in Newtonian gravity, including light bending, gravi-
tational redshift, the precession of the perihelion of Mercury and gravitational waves. General
relativity also provides us with the only example of an exact description of macroscopic ob-
jects: black holes. A stationary, isolated black hole in general relativity is highly constrained
by powerful uniqueness theorems and is described exactly by known solutions expressible in
terms of standard functions, and in fact a good deal is understood about how this idealised
situation (isolated and stationary) relates to the more realistic setting of the final state after
gravitational collapse of stellar objects. Stationary, isolated black holes in general relativity
are described by just three parameters: their mass, angular momentum and electric charge.
Unlike all other macroscopic objects, black holes are not interpreted as approximations or ag-
gregates of smaller objects, but are exact. General relativity has been a very great success, but
physicists are still led to seek a superseding theory because general relativity turns out to be
fundamentally incompatible with quantum mechanics.

We now give a heuristic explanation of the incompatibility using power counting, follow-

ing [3]. The Einstein-Hilbert action for general relativity is

S g = 16jTG/\/TgRoﬁX. (1.1.1)

The path integral of the quantum field theory for gravity would be

| Do expisian). (1.12)

We formulate the problem as the QFT of a graviton on a flat background, so let us write the

expansion

Guv =N + h;w
Ry Y

so that the Lagrangian /—g R has terms going as (0h)?, h(dh)?, h?(0h)?, h3(dh)?, etc. From
this one can see that for momentum k the graviton propagator goes as k2 and each vertex
goes as either k2, k.p, or p> where k is an internal momentum and p is the momentum of an
external leg. The amplitude for a diagram goes as the integral [ ‘kKA(. ..)d*k over each loop,
and this goes as ~ A” with the momentum cutoff scale A, where D is called the degree of di-
vergence. The maximal divergence of a graviton diagram therefore goes as D = 4(# of loops) —

2(# of propagators)+2(# of vertices). Using the topological relation (# of vertices) = (# of propagators)—
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(# of loops) + 1, we see that D = 2 + 2(# of loops) which is always positive.

FIGURE 1.1: Example tree level and one-loop diagrams of graviton-graviton scat-
tering

Consider the one-loop diagram in figure 1.1. If we consider the contribution to the one-
loop diagram’s amplitude from the k% contribution to the vertices, with the loop integral and
the loop’s two propagators, we get [* k%p%d*k ~ A*p. If we add a cosmological term to the
Lagrangian (+(const.) [ /g d*x), which has no derivatives of h, it modifies the amplitude of
the (no-loop) four-point vertex by a factor ~ p° and can cancel the leading divergence of the
one-loop diagram. If we next consider the contribution to the one-loop diagram’s amplitude
from the k.p contribution to the vertices, with the loop integral and the loop’s two propaga-
tors, we get [ k2p2d*k ~ A2p2. This can be cancelled out with the (no-loop) four-point
vertex diagram, which also goes as p?, so this can be absorbed with an adjustment to the cou-
pling G — G(A). If we finally consider the contribution to the one-loop diagram’s amplitude
from the p? contribution to the vertices, with the loop integral and the loop’s two propaga-
tors, we get [ A k=4p*d*k ~ In(A) p*. For this to be cancelled out by the (no-loop) four-point
vertex the Lagrangian must be modified to include a term with four-derivatives of the metric,
schematically, a curvature squared term.

We then repeat the whole process for the two-loop diagram. At two loops the maximal

6 so we make

divergence is ~ A%p?, and the sub-leading divergences are ~ A%p? A%p? In(A)p
another adjustment to the cosmological term and another adjustment to the coupling, and we
adjust the coupling of the four-derivative term, but to cancel all the divergences we need a
six-derivative term in the Lagrangian, schematically, curvature cubed. This continues, and
to remove divergences at higher and higher loop orders we would need higher and higher
derivative terms, and ultimately we would need an infinite number of counterterms.

The forms of the one-loop counterterms were found rigorously by "t Hooft and Veltman in
[4] to be

R* and R"™R, . (1.1.3)

This relies on the four-dimensional Gauss-Bonnet identity that the integral

Igp = /d4x\/—g(RWpUR’“’p" — 4R, R" + R?) (1.1.4)
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is an integral of a total derivative, giving the Euler number of the space (a topological invari-
ant), so that the quantity R,,,, R***° is not independent of R*R,,, and R?. The counterterms
for higher orders can also be found [5] but for the theory to be valid at all energy scales an
infinite number of counterterms would be needed so the theory would not be predictive - this
is the essence of the problem of non-renormalizability.

The form of the one-loop counterterms motivates the study of the quantum theory of the

action

I= /d4$Jjg (v (R —2A) — 2a R, R + (6 + 2;‘) R2> (1.1.5)

where « and (3 are dimensionless coupling constants. This Lagrangian has four derivatives of
the metric, and is the most general four-derivative metric in four dimensions due to the Gauss-
Bonnet identity. In [6] Stelle studied this theory, for A = 0 1 and it was found to have linearised
dynamical degrees of freedom corresponding to the massless graviton from general relativity
and corresponding to two new massive particles, one with spin-two (m4 = 5) and one scalar
<m02 = %) . Unfortunately, the spin-two particle was found to be a ghost. In [7] Stelle showed
that this theory is renormalizable, which can be seen from its graviton propagator which he

showed to be

1 2P (k) 4P (k)
D oo _ nvpo _ nvpo ..
wwpo(K) @)t <k2(2ak32 ) 6Bk £ ) + (gauge fixing terms)
(2) (0—s) (2) (0—s)
1 2Pw/pa - 4Pw/pa 2P;},I/p0’ 4Pw/pa ..
:7(277)% ( 12 T mZ R4 m? + (gauge fixing terms) | ,

where the P,,,,(k) are the projectors for symmetric rank-two tensors. For a # 0,3 # 0 the
large-k behaviour is modified from the k=2 of general relativity to k%, controlling the diver-
gences. The second line shows the negative sign for the particle with mass m», and thus its
ghost nature. The ghost causes the vacuum to be an unstable solution and the theory to be
non-unitary, which are significant barriers to adopting the theory as a physical model. In fact
all higher derivative theories, whether gravitational or any other theory with more than two
time derivatives in the Lagrangian, generically suffer from Ostrogradsky’s instability [8], of
having energy unbounded from below. Though the higher derivative terms may appear to be
perturbations of the lower-derivative theory, in fact they not only make the solutions unstable
but also introduce additional degrees of freedom to the theory.

Various authors have discussed theories with ghosts, and not all are convinced that theories

with ghosts are beyond saving. It was argued by Simon in [9] that a method of perturbative

! If reading [7] note that his couplings had the same names but were defined differently: (their 3) = (our 8 + %a)
and (their «) = (our 2a). Our convention will prove more convenient for this study. They also use the opposite
convention for the Riemann tensor, so that for the same ordering of indices their Riemann/Ricci tensor/scalar is
minus our Riemann/Ricci tensor/scalar.
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constraints should be applied at each stage of series of higher derivatives terms that are as-
sociated with a small expansion parameter, that exclude solutions that cannot be expressed
as Taylor series in that small parameter. It has also been suggested by Smilga in [10] that
certain theories can have ghosts of a sort that do not cause instabilities of the vacuum nor non-
unitary scattering matrices, and further research in this direction may be applicable to higher
derivative gravity. Another way to possibly save the theory of higher derivative gravity was
presented by Hawking and Hertog in [11], where a toy model of a scalar field was used as an
analogy for higher-derivative gravity and a prescription for calculating amplitudes was pre-
sented. The prescription removes the ghost’s negative norm states, negative probabilities and
instability, trading them for acausality and non-unitarity. An example of an electron showed
that it responded to an interaction early but only by a time of order (its classical radius) 1.
The non-unitarity was shown to become measurable only at high energies and so its presence
could be tolerated in the theory. The higher-derivative theory was then well-defined as a per-
turbation of the lower-derivative theory. Alternatively Salvio and Strumia [12] suggest casting
the higher-derivative quantum theory as unitary but with negative norm states and building
a useable theory of mixed-norm states, however they conclude by saying that a probabilistic
interpretation of a theory with such states has yet to be found. Yet more ideas for naturally
avoiding the problems caused by the ghost will appear below.

We shall use the Gauss-Bonnet theorem to write the action (1.1.5) in a form that shall prove

more natural 2. The theory we will study in this paper is defined by the action

I'=1-algp = / d*zv/=g (Y(R = 2A) — aCly e C**” + BR?) (1.1.7)

where we shall always take A = 0 unless specified, and by correspondence with general rel-
ativity we use v = 15-5. In the research we present we do not deal with the problems of its
corresponding quantum theory, but treat it as an effective theory appropriate over some range

of energies and we shall seek to enumerate all or most of the classical solution families. The

or
7 égﬁ“’ 7

tensor [6]. In more than four dimensions the Gauss-Bonnet term (1.1.4) is not a total derivative,

variation of the action (1.1.7) with respect to the metric is a symmetric, divergenceless
so must be included in the action of a general four-derivative theory, where it is a Lovelock
term [13], meaning that it also has the special property that its variation with respect to the
metric is symmetric and divergenceless, and further that it features only two derivatives of the

metric. The metric equations of motion of the term (1.1.4) would, however, not be solved by

% We use the identity

d—3 d(d — 3)
nrvpo _ LY po o " 2 "z . 2
C""? Cvpe = (R""° Ruvpo — 4R" Ry + R*) + 4 R Ry CEDIC ] 1)R (1.1.6)

in d = 4 dimensions
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R, = 0, the well-understood solution to general relativity, so the theory would be more diffi-
cult to study. One can use Lovelock terms to construct gravity theories with higher curvature
terms but entirely without ghosts, and in [14] Feng and Lu construct solutions to such gravity
theories coupled to Maxwell fields and p-form field strengths, using non-minimal coupling
schemes designed to avoid ghosts in the matter sector as well.

Quadratic curvature terms appear in a variety of contexts and there are a number of rea-
sons to be interested in them. One appearance is in the low-energy effective theory of the 10
dimensional Eg x Fg heterotic superstring, where a term R, ,, R"'*° appears, multiplied by
a function of the dilaton. The corresponding quantum theory has ghost modes, but one can
add Ricci squared terms to the Riemann squared term to become the term (1.1.4) we have al-
ready mentioned. This removes the ghost modes from its quantum theory for D > 4 [15].
The Einstein-Gauss-Bonnet theory was also studied by Boulware and Deser in [16] where it
was found that both flat space and anti-de-Sitter space are solutions. The AdS solution, how-
ever, has ghost excitations and thus the flat solution is naturally preferred for this theory. The
cosmological Finstein-Gauss-Bonnet theory was also considered and it was found that it has
an effective cosmological constant with two possible values, but only was ghost-free for the
smaller value, which is interesting with regards to the cosmological constant problem.

The classical theory with Lagrangian R — 2A + o/ R? was found by Stelle [6] and Whitt
[17] to be equivalent to a general relativity coupled to a massive scalar field and Whitt [17]
and Starobinksy [18] found it to have solutions that describe Planck-era inflation. It was also
shown to admit a limited no-hair theorem proving that stationary, axisymmetric, asymptoti-
cally flat solutions with a horizon, for A = 0,a > 0, must have R = 0 3. In [19] Mignemi
and Wiltshire pointed out that after using Whitt’s results to show that R = 0 then the field
equations become equivalent to those of GR with R = 0, and the uniqueness theorems of GR
can be invoked to show that all static spherically symmetric asymptotically flat vacuum black
hole solutions must be Schwarzschild. They further show that in all f(R) theories of the form
f(R) = >,_1anR" a2 > 0 it is still true that all static spherically symmetric black hole so-
lutions are Schwarzschild. The matter coupling of the R + R? theory without a cosmological
term was considered by Pechlaner and Sexl in [20] where they note that Schwarzschild is not
the only asymptotically flat solution, and in fact it is not the exterior solution of a positive
definite mass distribution with normal minimal coupling. Solutions of this theory coupled to
a perfect fluid were considered by Michel in [21] and the total mass of the fluid matter was
related to the pressure at its core (r = 0). It was found that the mass of a star has a maximum
value, appearing at some finite central pressure. They also note that even for non-zero mass,
there are non-trivial non-Schwarzschild non-singular solutions in this theory, and in all f(R)

theories *. The energy of the R + 3R? theory was studied by Boulware, Deser and Stelle [23]

3 we remark here that later on we shall present similar theorems for more general quadratic Lagrangians using

the additional assumption of staticity
* comments on f(R) theories are outside the scope of this work but for a review see for example [22]
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[24] and they found that (assuming 3 > 0) if the quantity 1 4+ SR is non-negative on an initial
spatial slice then the energy of the space-time is non-negative. This implies that such solutions
near to flat space, which has zero energy, have greater energy, and thus that flat space is stable.

The scale-invariant theory with Lagrangian R? + C? has a "zero energy theorem", shown
by Boulware, Horowitz and Strominger in [25], that all asymptotically flat vacuum solutions
have zero ADM mass. The linearised solutions can have non-zero mass, however, so this
implies that the linearised solutions are not limits of the exact solutions. This motivates the
study of this theory because it may save it from the quantum instabilities caused by the ghost
mode. On the other hand, non-asymptotically flat vacuum solutions include all Einstein spaces
R, = Aguu, for X the effective cosmological constant of the space (c.f. our presentation of the
equations of motion for an Einstein space in eq (1.3.7) for v = 0), and Deser and Tekin [26] [27]
found an expression for the energy £ = mA3(a + 63) where m is the mass parameter of the
solution. Conformal gravity, with Lagrangian C?, was found by Riegert [28] to have a Birkhoff
theorem, that all spherically symmetric solutions are static and described by a 3-parameter
solution family (including the charge of a Maxwell field). The ghost-free scale invariant the-
ory, with only the R? term in the Lagrangian (the C? term being responsible for the ghost),
has vacuum Einstein solutions, which are equivalent to solutions of general relativity with
a cosmological term and coupled to a scalar field, and also a range of other solutions with
R = 0,R,, # 0 described by Kehagias et al. in [29]. Solutions of this theory coupled to
matter cannot be asymptotically flat, and even small masses result in strong curvature [20].
Vacuum solutions can be asymptotically flat, and static spherically symmetric solutions in-
clude asymptotically Reissner-Nordstrom solutions with non-singular black holes and with
traversable wormholes [30]. The issue of matter coupling in the general four-derivative La-
grangian will be one of our key interests and will be discussed in sections 2.3 and 3.1.

Our main consideration will be the theory of the most general four-derivative Lagrangian
(1.1.7) without a cosmological constant, but including a cosmological constant leads to a num-
ber of differences. Deser and Tekin [26] [27] found that Schwarzschild-de-Sitter solutions in
this theory have energy E = m(1 + 2A(a + 63)). In [31] Lu and Pope considered the linearisa-
tion around the AdS background (A < 0) of the 8 = 0 case, i.e. with Lagrangian R — 2A — aC?.
The equations of motion then show a massless graviton and a massive spin-2 mode that is
stable for 0 < o < — 2. The theory where this is saturated (o« = —-%) they call critical gravity,
because the mass of the spin-2 is reduced to zero. In critical gravity the energies of the now-
massless spin-2 mode and the graviton are both zero, while new logarithmic modes appear,
and the mass of the space-time (given by the formula above) vanishes. This was followed-up
in [32] where instead an inequality for « is given so that theory’s spin-2 modes can still be non-
tachyonic, even while still having their usual problem of negative energy, but in fact they can
then be truncated from the theory with a suitable boundary condition, leaving a unitary theory.

Our consideration of the theory that includes a cosmological constant is limited to appendix A
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where we present a limited "no-hair" theorem that static solutions of this theory, with a hori-
zon and whose scalar curvature is asymptotically constant, must have R = 4A throughout the
space.

In the present work we consider four dimensions and A = 0, using the most general such
four-derivative theory (1.1.7). The classical solutions were first studied in detail in [6], which
focused on static spherically symmetric solutions. Such solutions will always have one free
parameter due to the static symmetry allowing scaling of g;;, but the radial coordinate is fixed.
We shall give the number of free parameters in the form n + 1 to avoid confusion over whether
the time-scaling parameter is included or not. Linearised solutions around Minkowski space
were found to have 5+1 free parameters, one of which is the ADM mass, two of which are co-
efficients of Yukawa potentials e """ /r (for r the radius, using Schwarzschild coordinates) for
the two new massive particles, and the final two are coefficients of rising Yukawa potentials
e™" /r. Applying a boundary condition of asymptotic flatness removes the rising exponentials
in the metric and also require that mg and mg are real, or equivalently that & > 0,3 > 0, or
equivalently that the two massive modes are non-tachyonic. An asymptotically flat linearised
solution coupled to a static, spherically symmetric perfect fluid existing for radius » < [ was
found and it was apparent that the solution depended on the size and pressure of the source
as well as its mass, in contrast to general relativity where Birkhoff’s theorem finds spherically
symmetric solutions to have 1+1 free parameters. Stelle recalled that the Schwarzschild solu-
tion is not the solution that couples to positive matter in the R+ R? theory [20], and the Yukawa
terms present in the matter-coupled linearised solutions in the general four-derivative theory
imply that the Schwarzschild solution is not the exterior solution of positive matter in the more
general theory either. We will review and develop the linearised solutions in section 2.3. A
Frobenius analysis for asymptotic solutions around the origin, of the form g,, ~ r* + O (r**1)
and gy ~ r* + O (r'*1), yielded three solution families (s, t) = (0,0)o, (1, —1)o or (2,2)o (where
we put the subscript to avoid confusion with other pairs of numbers with other meanings
elsewhere in this work). The (0,0), family is the only one of the three that does not have a
curvature singularity at » = 0, the (1, —1)g family contains the 1+1 parameter Schwarzschild
family, and the (2,2)¢ family was not well understood. At the time computer algebra was
not available so further properties of these solution families were not very clear, but we shall
review and considerably develop this approach in section 2.2.

Static spherically symmetric solutions were later also considered in detail by Holdom in
[33]. Now using computer algebra, Holdom was able to find the (0, 0)¢ family to many orders
and determine that it has 2+1 free parameters. This family is interesting because it also appears
in theories with 6, 8 and 10 derivatives (with the same number of free parameters), which
makes it seem more physically relevant than the (1, —1)p and (2, 2), families which do not. In
fact Holdom searched for solutions of the form g, ~ r5+0 (r**1), gy ~ r'+0O (r'™!), assuming

(unlike Stelle) that s,¢ € Z and found that the (0, 0)( family is the only such family present in



1.1. Introduction to higher derivative gravity theories 25

6, 8 and 10 derivative theories with generic couplings. This can be understood from the fact
that the (0,0)o family does not have strong curvature at the origin, so is not very sensitive
to the presence of higher-order curvature terms in the gravity Lagrangian being considered.
In this family the metric component g,, goes as 1 + O(r?), which is positive at the origin, so
asymptotically flat solutions in this family must have an even number of horizons and seem to
lack singularities, in contrast to general relativity. The question of whether this family might
replace Schwarzschild as the family that couples to matter was considered. It was observed
that matter-coupled solutions of the (0,0) form still had 2+1 free parameters, contrary to the
expectation that they would be fixed by the properties of the source. We will observe later
in section 2.3.6 that we believe the two non-trivial free parameters of this family (in vacuum
and for the 4-derivative theory) both parameterise asymptotic non-flatness, which seems to
correspond with this result.

Holdom found the (2, 2)( family in the four-derivative theory to have 5+1 free parameters,
the same number as the linearised solution, which suggested that it was the best candidate
for constructing a solution that interpolates between weak gravity at large radius and a region
of strong gravity near the origin. He found a numerical solution of an asymptotically flat
(2,2)p solution for a = 38 = 53— = $7G. It approximated the Schwarzschild solution outside
the Schwarzschild radius, but instead of a horizon it had a region of strong curvature with
radius of the same order as the Schwarzschild radius. This solution is classically physically
reasonable, but the region of strong curvature suggests that including higher-derivative terms
in the action might change the solution in the "interior", possibly making it non-singular.

Holdom also studied the matter coupling of the four-derivative theory. An incompressible
source with density p(r) = poe " /R* (and a pressure p(r) fixed relative to it) was coupled to
an asymptotically flat horizonless non-vacuum (0, 0) solution, and a numerical solution found
for a single value of R and a range of densities py. In general relativity the central pressure
p(0) increases with increasing mass (M := [ p(r)4mr?dr) and becomes infinite at a finite mass,
causing gravitational collapse. In the higher derivative solution, in contrast, the integrated
density is not the same as the ADM mass. The relation between mass and pressure M (p(0)) has
a positive correlation for small pressures, but the mass reaches a maximum at finite pressure
and then starts to decrease as the pressure increases (this picture is the same considering either
kind of mass). It was argued that this is still true even with more realistic sources, and therefore
that gravitational collapse may not occur. This is a rather strange picture of matter coupling,
because only sources lighter than some maximum can exist. It may be that another solution
family describes the more massive sources. The issue of matter coupling will be one of our key
interests and in section 3.1 we shall argue that (2, 2), families are the correct description for
positive minimally-coupled matter.

Nelson [34] considered static solutions (not requiring spherical symmetry) and proved that
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the Ricci scalar must vanish in static asymptotically flat space-times with a horizon °. This
contrasts with the various matter-coupled solutions that have been found by various authors,
which do not generically have vanishing Ricci scalar. Roughly speaking, the implication is
then that matter-coupled solutions must either be non-asymptotically-flat or must not have
a horizon. To make a less rough, more solid argument of this point will require a lot more
evidence and rigour, but still it is a striking statement that was a significant motivation for the
current work. We review the proof and generalise it to space-times without horizons in section
2.1 and to theories with cosmological constants in appendix A. The theorem will enable us to
make many comments connecting asymptotic solutions about finite radii with their behaviour
at infinity, which was not possible before. Note that using this theorem, where applicable, to
constrain solutions to have R = 0 reduces the theory’s set of solutions to those of the R + C?
theory.

This thesis primarily includes work presented in [1] and [2] and its structure is as follows:
In section 1.2 we present some background material that will be useful for understanding some
parts of the thesis. In section 1.3 we present the covariant and the static, spherically symmetric
equations of motion which are this thesis’s primary focus. In chapter 2 we try to find all the
solution families of the theory and their basic properties, using expansions around the origin
(section 2.2), around a non-zero radius (section 2.4), perturbative expansions around flat space
(section 2.3), and inform the analysis with a theorem constraining the Ricci scalar (section 2.1).
In chapter 3 we shift focus to firstly considering a physical property of a realistic solution, and
then going from that property to see what solutions families can have it. In section 3.1 we
use our knowledge of solution families to present arguments that coupling to positive matter
is described by a solution family quite different to any in general relativity, and we present a
sketch of some of the calculations that would be involved in constructing explicit solutions. In
section 3.2 we discuss black hole solutions, and present a proof that the Schwarzschild solution
above a certain mass is isolated, and then we find numerical examples of a second type of
asymptotically flat black hole that coincides with the Schwarzschild solution below that mass.
In section 3.3 we explore the space of asymptotically flat solutions numerically to see which
finite-radius solution families connect to them. Most of the solutions families we found will

appear but there will be some unexpected features and the results will be inconclusive.

1.1.1 Conventions and notation

We use the "mostly plus" convention for the metric, so its signature is

(_7 +7 +7 +)

5 Unfortunately the paper’s further argument that certain conditions imply the entire Ricci tensor must vanish
was found to contain errors.
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We use the following convention for the Riemann tensor
Vu, V|V =R, P,V (1.1.8a)
and the following convention for the Ricci tensor and scalar

Ru =R, (1.1.8b)
R=R". (1.1.8¢)

By correspondence with general relativity our Lagriangian parameter v has value

- 1
167G

v (1.1.9)

When doing numerical work we shall often set 7 = 1 and leave it out of our equations, but

M
1677

We sometimes use the abbreviation "LO" for "leading-order" of a perturbative series, and
"NLO" for the next-to-leading order.

when describing mass we shall still write GM instead of for clarity.
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1.2 Background material

1.2.1 Junction conditions

The problem of finding solutions of higher derivative gravity naturally has a lot in common
with the problem of finding solutions of general relativity. Many of the same tools can be
used, including all the differential geometry, but some important theorems cannot be used,
in particular the uniqueness theorems. In this section we discuss the theory of coupling to a
codimension 1 hypersurface using the formalism developed by Israel [35] and we shall fol-
low the pedagogical discussion of it from [36]. The formalism for this is not covered in most
undergraduate courses on general relativity but will be needed by us when we derive prop-
erties of solutions coupled to matter. We will wish to consider vacuum solutions, so we shall
couple to concentrated matter sources. Matter sources with dimensions 0+1 or 1+1 are not
well-defined [37] so we will consider only the examples of a thin or filled spherical shell with
vacuum outside.

In four dimensions hypersurfaces with dimension 2+1 have codimension 1 and partition
space-time into two regions. For example, we shall be particularly interested in static time-like
hypersurfaces, which are extent in time and have normal vectors that are space-like, which
partition space-time into interior and exterior regions. We shall consider examples where the
hypersurface is a boundary surface, representing a jump discontinuity in the stress-energy
density, or a surface layer where a stress-energy density is infinite and concentrated at the
surface. In general relativity dealing with such surfaces is made difficult by the fact that not
only may the line element be different on either side of the surface, the coordinates may also
differ.

Let the time-like hypersurface ¥ partition space into two regions, M* and M~, with dif-
ferent metrics g;“ﬁ and g,,5. Consider the M region, and describe the hypersurface with

coordinates y,. The induced metric on the surface X is h:b = gofﬁ %)y(: %. The first junction

condition is simply that the two manifolds M* are joined at the boundary ¥ in a geometrical
sense. More formally, it is that the hypersurface has a well-defined geometry, so the induced
metric calculated from the location of ¥ in M™ must be equivalent to the induced metric cal-
culated from its location in M, i.e. related by a coordinate transformation. We shall use
such a coordinate transformation to write hj{b = h_, = hg. For the remaining coordinate
we use geodesic distance from ¥. Imagine that 3 is pierced orthogonally by a congruence of
geodesics, and that points not on X are labelled by /, defined as the proper time/proper dis-
tance from ¥ along a geodesic, such that [ is positive in M*, negative in M~, and 0 on X. In
this way we define a set of continuous coordinates that we may use on both sides of the hy-
persurface. This is an example of what Israel called "natural coordinates" and they will make
calculations much easier. Next we consider requiring the space-time to be a solution to some

gravitational equations of motion. In the literature the equations of motion are usually the
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Einstein equation, but the discussion can be adapted to other equations such as the equations
of higher derivative gravity.
We allow the stress-energy tensor to be distribution-valued, that is featuring Heaviside step

functions © and Dirac delta functions d. ® So we will solve for stress-energy tensors of the form

Tos = ONT 5+ O(=1)T 5 + 6(1)Sap (1.2.1)

where to write this we implicitly needed a coordinate basis that exists in both M* and M~,
such as the one we constructed. The quantity S,3 can be shown to be tangent to the hyper-
surface and it has the interpretation of the stress-energy of the hypersurface ¥. If we use
the Einstein equation then we have R,z = 87G (Taﬁ — % gag(TM;gV‘s)). So R,p must also be
distribution-valued. Schematically, R is two derivatives of the metric. We make an ansatz that

in general relativity a distribution-valued R will arise from a metric of the form
Jap = @(l)g;t@ + 9(_09;5 . (1.2.2)
Let us define a notation for the difference of a tensor Ay across the hypersurface

(1.2.3)

(Al = AR (MO = AR (M)

5 -
Computing the Christoffel symbols gives us terms like g0 g.. where therefore 0 g. is of the

form
0r9ap = O(1)Oygss + O(=1)Dy955 + €d(1)gap]ny (1.2.4)

but we recall that the value of g on X is given by the pull-back, h, and that & is continuous

across X. This means that the §(!) term vanishes and the Christoffel symbols are of the form

rl,=00r™ +e(-nr7, . (1.2.5)

where I'®) are calculated with g*, respectively. Computing the Riemann tensor gives us terms
like 91" 4+ I I': and it is of the form

R.;"5 = O(MRYY +0(-)RY +6(1) (n,[T%] - nslT,)) (1.2.6)
where we used that d,! = n,, (since the hypersurface is time-like), and where R&) are calcu-

lated with T'*, respectively. Note that [['s] is the difference of two Christoffel symbols in the
same coordinate system, so is a tensor. From these results we can calculate the stress-energy,

and we do indeed find it to be of the form (1.2.1). One can derive that S,z is tangent to the

® Recall the properties ©(1)*> = ©(I) and ©(1)O(—1) =0
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hypersurface ¥, and that its components are related to the discontinuities of the extrinsic cur-
vature across X:

Su = s (1Kua] = [K] hay) (1.27)
In section 3.1 we discuss coupling and in section 3.1.2.1 we find it useful to work through an
explicit example of coupling to a source in general relativity.

The higher derivative equations of motion, which we shall see later, have equations of mo-
tion of a different form. They go as 871G T,,3 ~ R+ VVR + R?. This significantly changes the
construction because the right-hand side is schematically four derivatives of the metric. We
still need the stress-energy tensor to be of the form (1.2.1), so we must calculate what form the
metric should take. We shall not calculate the general form of such a metric here, but later on
when we deal with junction conditions (section 3.1) we shall consider a specific example. There
we shall find that the metric is continuous across the hypersurface, but it has discontinuities
in the second derivative of the normal component and in the third derivative of the tangential
component. There is another case, the Einstein-Weyl theory, whose linearised solutions are
considered in section 2.3.4.1, where the metric has discontinuities in the normal component
and in the first derivative of the tangential component. Interestingly, this Einstein-Weyl ex-
ample therefore seems to have the same junction conditions as general relativity, despite the
higher differential order, but a general discussion of this is beyond the scope of the present

work.
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1.2.2 Uniqueness theorems in general relativity

Black holes in general relativity are tightly constrained by powerful uniqueness theorems. The
simplest is Birkhoff’s theorem, which proves that there is a single spherically symmetric vac-
uum solution to Einstein’s equations, which must be static, and the total mass of the gravitating
object is its only free parameter.

Birkhoff’s theorem can be shown as follows. Consider the most general four-dimensional
spherically symmetric metric. The requirement of spherical symmetry means that it must have
at least the isometries and Killing vectors of the metric on a sphere dQ? = d§? + sin?(0)d¢?,
where 6 and ¢ are the usual spherical polar coordinates. One can show that a spherically

symmetric metric must be of this form
ds® = fi(7, p)dr? + fo(r, p)dp?® + f3(1, p)drdp + r*dQ> (1.2.8)
and a coordinate transformation to ¢(7, p) , (7, p) can always bring it into this form
ds* = —B(t,r)dt* + A(t,r)dr* + r2dQ? (1.2.9)

which is therefore the most general spherically symmetric metric. The Einstein tensor of this

metric in four dimensions has non-zero components:

B
Gtt :W (TA/ + A(A - 1))

A
G =14

—_ / P
Grr —377“2 (T‘B + B(l A))
/r‘ PO .2 .. 2 2

Goo =157 (r [AAB +BA2— 2BAA - BA'B' — AB™| — 2B2A' + 2AB [B' + TB”D

G =sin’(0)Geo ,

where dots denote derivatives with respect to ¢, and primes denote derivatives with respect to
r. Note that by the Bianchi identity Ggy is not independent of G and G,,. We assume that
outside some radius r¢ there is a vacuum. The G = 0 component immediately tells us then

that (in that region) A has no time-dependence. The combination Gtt%’l“Q + Gl is equal to

’%’ + %. The vanishing of this implies that % = _%” and therefore that the ratio %’ is time
independent, and therefore that B is of the form B = B;(t) x B, (r). Therefore B(t,r) = (’;;EZ);

where we have chosen to write the time-dependent function as C’(t)? instead of By(t), but
it is still true that C(¢) is simply a constant of integration for integration with respect to r.

Simplifying the metric using what we have derived, the metric is:

_Cl(t)Q

2 _
ds® = Al

dt® + A(r)dr? + r2d0? (1.2.10)
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and changing to a different time coordinate ¢t = t2(t) = C(t) makes the metric

1

=AW

dty + A(r)dr? + r2dQ? . (1.2.11)
So starting from the Einstein equation of a spherically symmetric metric we need nearly no
calculation to show that all spherically symmetric metrics are also static. If we stop being shy
about calculation then we can solve the first-order non-linear ordinary differential equation

Gy = 0 to yield the Schwarzschild solution

1

r

(where the constant of integration has been related to the mass by correspondence with New-
tonian gravity). Birkhoff’s theorem is that all spherically symmetric vacuum solutions to GR
are also static, and that the unique solution is the Schwarzschild solution. Remarkably, the
solution outside a spherically symmetric source is independent of the details of the source and
of its evolution.

The proof of the converse, that static vacuum solutions must be spherically symmetric, is
much more difficult. It was originally proven by Israel in [38] for pure gravity and in [39]
for gravity coupled to a electric field, subject to some assumptions. A space-time is static if
it admits a hypersurface-orthogonal Killing field which is time-like over some domain. The

metric of a static space-time can always be written in the form
ds® = gap(x€)dada® — V2 (2°)dt? | (1.2.13)

where t is the time-like (in the exterior region) coordinate, roman indices run over the other co-
ordinates 1, 2, 3, and greek indices run over all four coordinates 1, 2, 3, 4. Spatial hypersurfaces

¥ of constant ¢ are considered. Israel’s proofs are subject to the following assumptions

¢ Everywhere outside the horizon there is vacuum, or if considering EM fields there is an
"electrovacuum” meaning there are no charges but there is the energy density of the EM
fields.

¢ There is an infinite red-shift surface, i.e. a surface where g+ = 0 and the Killing vector
becomes null, that bounds ¥ (this will also be the horizon, but infinite red-shift surfaces

are not always the same as horizons).
¢ 3 is asymptotically Euclidean, i.e. the space-time is asymptotically flat
¢ The curvature invariant R, ,- R***? is bounded on X.

¢ (If considering EM fields) The EM fields are either purely electric, or purely magnetic,

and admit a scalar potential that is asymptotically that of a monopole.
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* The equipotential surfaces V' = ¢ = const. > 0 within ¥, are 2-spaces that are simply
connected. This condition can be expressed alternatively as the condition that magnitude
of the Killing vector must have non-zero gradient everywhere outside the horizon, or as
the condition that there is no point outside the horizon where a non-accelerating particle

can remain at rest.

¢ If the lower bound of V' on X is zero, then as ¢ — 0+ the limiting 2-space is closed and
has a finite area (the case where the lower bound is positive need not be considered since

this implies that the space-time is everywhere flat).

If these are given, then it is proven that the only solution is the Reissner-Nordstrom solution, or
if there are no EM fields, its special case, the Schwarzschild solution. The last three conditions
are technical restrictions that mean the proof cannot be used in the case of a horizon with dif-
ferent topology (other than spherical), and cannot rule out solutions with equilibrium points,
where a test particle would experience no force. Hawking [40] later showed that a space-time
that is asymptotically flat and asymptotically predictable (meaning that from a Cauchy surface
one can determine what happens at future null infinity) and has a time-like Killing vector (i.e.
that is stationary), and where the matter satisfies the weak energy condition 7, must also have
a second Killing vector, that near infinity corresponds to a Poincare transformation, so it must
correspond to a rotation. Thus stationary black holes must be either static (if not rotating) or
axisymmetric (if rotating). He then uses this to prove that in such stationary space-times with
sources obeying the dominant energy condition ®, the connected components of the horizon
must have topology S?, i.e. that black holes are spherical but there may be multiple black
holes. This addresses the last condition of Israel’s proof by deriving it from a more physical
statement. The last three, technical restrictions of Israel’s proof were removed later by long
proofs by Muller Zum Hagen, Robinson and Seifert in [41] for pure gravity and in [42] for
gravity coupled to EM fields, and later again by simple proofs by Robinson in [43]. Thus the
final result is that it can be proved that static solutions must be spherically symmetric Reissner-
Nordstrom solutions using only intuitive, physically reasonable assumptions.

The similar result for stationary black holes is a lot harder to prove. In 1971 [44] Carter
showed that black holes that are stationary, asymptotically flat, vacuum, with spherical topol-
ogy, have only two free parameters - the mass M and angular momentum J. Solutions were
shown to fall into discrete (M, J) families - that is, perturbations of solutions could only shift
M and J but not deform it into a different family. The Kerr black hole solution is of course one

such family. Its zero-angular-momentum limit, Schwarzschild, has been proven to be unique,

7 The weak energy condition is a constraint on the stress-energy tensor requiring that 7}, v*v” > 0 for v*
an arbitrary future-directed time-like vector, meaning that any observer would measure the energy density to be
non-negative.

8 The dominant energy condition is a constraint on the stress-energy tensor requiring that —7%,v" should be a
future-directed time-like or null vector field, for v* an arbitrary future-directed time-like vector, meaning that any
observer would measure the momentum density to be time-like or null.
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so the other families cannot have zero-angular-momentum limits (at least not ones that satisfy
the assumptions) and are thus argued to be unlikely to be physically realistic solutions. Soon
afterwards Hawking’s paper removed the need to assume spherical topology. The further
step of proving that the Kerr black hole is indeed the only stationary solution was made by
Robinson in 1975 [45]. The question of a charged stationary black hole is harder again. Robin-
son [46] was also able to show that charged rotating black holes fall into discrete (M, J, Q)
solution families, which include the Kerr-Newman solution. Since the above theorems prove
that there are unique solutions in the zero charge and/or zero angular momentum limits, and
that the Kerr-Newman solution limits to those, then solutions discretely different from Kerr-
Newman cannot have admissable limits of zero charge and/or zero angular momentum, and
are therefore physically unappealing. The full proof was completed by Mazur [47] and Bunting
[unpublished] , who showed that in fact there are no such other solutions, i.e. that the Kerr-
Newman solution is the only such black hole solution. For reviews of uniqueness theorems in
general relativity see, for example, [48], [49], [50] and [51], which were useful to the author.
The theory of higher derivative gravity treated in this thesis, in contrast, has no such
uniqueness theorems. Comparison to the uniqueness theorems available in general relativ-
ity highlights how much more difficult it will be to make physical statements about higher
derivative gravity. The uniqueness theorems in general relativity assumed at various places
throughout the literature that there are no naked singularities. There is no proof that there
cannot be naked singularities in general relativity, it is called the "cosmic censorship conjec-
ture". One example of a way in which the higher derivative theory is less clear is that later
on we shall actually find static spherically symmetric solutions with naked singularities, and
even argue that they may be in some respects more physical than black holes. We also have
no proof that black hole solutions must have spherical topology, nor that static solutions must
be spherically symmetric, nor that spherically symmetric solutions must be static. This means
that restricting consideration to the static spherically symmetric solutions constitutes a con-
siderable assumption, even though it seems physically reasonable. We also note that in the
higher derivative theory an important unresolved matter is whether charged solutions or ro-
tating solutions can limit to any of the static spherically symmetric solutions that we will find,
and if so, which ones. There is only a single no-hair theorem that we are aware of in the higher
derivative theory, which is that black holes that are static and asymptotically flat must have
R = 0. We shall present this proof later in section 2.1.1 and we shall also modify it to find
constraints on a variety of solution families that do not (or may not) have horizons. Generally
though the higher derivative theory has few proofs that certain important symmetries must
exist, and lacks knowledge of the full range of solutions, so when we find solutions with both
properties that make them seem unphysical and properties that make them seem physically

plausible we will keenly feel the absence of uniqueness theorems and their clarifying power.
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1.2.3 Frobenius’ method for finding series solutions to differential equations

The focus of this work is to find the static spherically symmetric solutions of higher derivative
gravity. By definition in such solutions the metric does not depend on time or angle, so de-
pends only on a single radial coordinate. The problem, therefore, amounts to solving coupled
non-linear ordinary differential equations for the metric components in terms of the radial
coordinate. We shall see the equations later in section 1.3, and find that they are extremely
large and extremely non-linear. There is no general procedure for finding solutions to such
differential equations. One method we shall use to tackle the equations is to study solutions
perturbatively close to the solutions to GR. But we also wish to learn about solutions not per-
turbatively close to the solutions of GR. We shall use another method, which is borrowed from
the study of linear second-order ordinary differential equations, Frobenius” method. In this
section we discuss some definitions and theorems for linear second-order ordinary differential
equations, but do not delve into too much detail since our goal is only to justify the way we
will use the same approach to solve unrelated non-linear differential equations. When writing
this explanation of Frobenius’ method [52] and [53] were useful to the author.

Define a second-order linear ordinary differential equation as

y"(x) + p(x)y'(x) + q(x)y(x) = 0 (1.2.14)

for general functions p(z) and ¢(z). For convenience of notation let us define the differential

operator
Ly = y"(x) + p(x)y'(x) + q(z)y(z) - (12.15)

This definition of a general second-order linear ODE is invariant under shifts of the dependent
variable z — x — x(, so without loss of generality let us consider the solutions around the point
x =0.

1.2.3.1 Ordinary points of the differential equation

If the functions p(x) and ¢(x) are analytic about the point = 0, then this is an ordinary point
of the differential equation. It can be shown that if = 0 is an ordinary point then every

solution y(x) is analytic about z = 0, and its solutions can be written as

y(x) = apz", (1.2.16)
n=0



36 Chapter 1. Introduction

where the series expansion for y converges in all of the region where the series expansions for

p and ¢ converge. This solution can be substituted into the differential equation (1.2.14) to get

Ey = (alp(()) + aoq(O) + 2&2)

+ 2 (a1p'(0) + 2a2p(0) + aoq’'(0) + a1¢(0) + 6as)
L o

+ 2% (a1p”(0) + 4azp’(0) + 6asp(0) + aoq” (0) + 2a14'(0) + 2a2q(0) + 24a4) + O(z?) .

So we see that by solving order-by-order in = we fix the coefficients a,,. The differential equa-
tion is of second order, so the solution must have two arbitrary constants, so two of the a,
remain free. Rather than having some undetermined a,, it is more usual to write the general

solution as the sum of two completely determined functions, y; and y»,

y(z) = ciy1 () + caya(w) , (1.2.17)

where ¢; and c¢; are arbitrary constants.

1.2.3.2 Regular singular points of the differential equation

If the functions p(z) and/or ¢(x) diverge at x = 0 then it is a singular point of the differen-
tial equation. A necessary and sufficient condition that the solution y(x) is finite is that the
functions P(z) := zp(z) and Q(z) := 2?q(z) are analytic at x = 0. We shall use the following

re-writing of the differential equation
0=2"Ly =2y (x) + 2 P(x)y () + Qx) y(z) , (1.2.18)

where we have simply multiplied to remove a denominator. For analytic P(x), Q(x), this
point is called a reqular singular point (if either of these is not analytic then then it is called an
irregular singular point). Frobenius” method for finding series solutions of differential equations
is designed to find the solutions around a regular singular point. There is at least one solution

to the differential equation of the form

y=2"> anx" , a#0, (1.2.19)
n=0
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where this series converges in all of the region where P(x) and Q(z) converge, as stated by

Fuch’s theorem. Substituting this into the differential equation we get
2 Ly = a* <a0(3(P(0) +s5s—1)+Q(0))
+ z (ao (sP'(0) + Q'(0)) + a1((s + 1)(P(0) + s) + Q(0))) + O(x2)> :

Since the differential equation is linear, the lowest-order term is ag(s(P(0) + s — 1) + Q(0)), so
making this vanish leaves ag arbitrary but gives us a quadratic equation for s. This is called the
indicial equation. The two roots of this equation are s = o and s = 3, and let us say W.L.O.G.

that o < 8. The proposed solutions of the differential equation corresponding to each root are
Yo = xa Z agla)lan and yﬁ — lﬁ Z G%B)I'n )

If the two roots differ by a non-integer amount, then the full solution is a simple sum of these

two functions

y=cYya+cys , a—p¢7L. (1.2.20)

However, if the roots are the same or differ by an integer then things are more complicated; let
us consider it now.

Consider the series expansion of the equation (1.2.18). Write P(z) = > pp2™ and Q(x) =
> gma™, and substitute the ansatz (1.2.19) into (1.2.18). This gives:

2Ly = x° ( <Z(s +n)(s+n— 1)anx”)

n

g () () ()

where we define the g, as a series expansion of the differential equation. To write the g,

explicitly define a convenient notation

fn):=(s+n)(s+n—1)+po(s+n)+q

h(n,m) :=pm(s+n) + gm
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so that the series coefficients of the differential equation are

go = aof(0)
g1 = alf(l) + aoh(O, 1)
g2 = azf(2) + a1h(1,1) + agh(0,2)

gn = anf(n) + > an_ hin—k,k).
k=1
The solution method is to solve the equation order by order, setting each g, = 0 to fix each a,,
respectively, and this completely fixes the series for the s we are using (up to ag). However,
this is not possible if one of the f(n) is zero. What is the condition for this to happen? Consider

the indicial equation and use it to re-express f(n) in terms of the roots

f(0) = s(s =1) +pos + o

=(s—a)(s—p)
.'.qo:aﬁ
p=1l—-a-p

L f(n) = (s+n—a)(s+n-p)
f)lmq =1 (n = (6 —a)) .

If 5 — a ¢ Z then f(n) # 0 and the method can determine all the ! and there is no problem,
but if not then we can now see the complication: if 5 — o = i € Z* then f(4)|,_, = 0. Let us
say that we solve the equations ¢,<;—1 = 0 for the variables s, a;<,<;—1 (remember that it is a
linear ODE so ap must be arbitrary), and then consider the equation g; = 0. If f(i) = 0 then
the equation g; = 0 is a function only of s, a;<,<;—1 and there are two possibilities. The first
possibility is that the equation g; = 0 is identically satisfied, and then the system is consistent
but a; is free. In the v, solution «; is the coefficient of z®t* = 2, and it is free simply because
we can always add a multiple of yz to y, and have it still be a solution. In this case the full
solution is again simply

Y = C1Ya + C2Yp , (1.2.21)

where, unlike equation (1.2.20), these series mingle together for the terms 227 7. The second
possibility is the generic one, it is that the equation g; = 0 makes the system overconstrained,
and y, is not a solution. We see that in the case where § — a = i € Z" then generically y, is
not the second solution. In the case of equal roots o = 3 then y,, = y3 is not independent, and

again, the second solution is not y,. We therefore say that there is always one solution of the

? this is what happens if one applies this method to an ordinary point of the ODE
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form (1.2.19), for the larger root, 5 > «. But if the second solution is not also of the form (1.2.19)
then what form does it have? We now search for the second solution.

Consider the case of equal roots o = . Apply the differential operator £ to y to get

n
2’ Ly = 2° Zgnx" , gn = anf(n) + Z an—i h(n —k, k) .
n k=1
For now let us not solve the equation gy = 0 for s, but let us solve the other equations g,,~0 = 0

for the a,, = ay(ap, s). We now have

2

x“Ly = 2% go 2° = 2%ag f(0) = z°ap(s — @) .

gn>0=0

We already know that the first solution to this is y,, because we can see that 2? Ly, = 2?Ly ’ — =
0. We find a second solution using differentiation to exploit the second zero of the (s —a)? term
thus:

= 2%ag [In(z)(s —a) +2] (s — a),

which vanishes when s = a. So we see that the function y»(z) := 9sy(z, s)|,_,, also satisfies
Lys = 0. Inspection of the form of this solution makes it clear that it is independent, and is

therefore the only other solution:

g2 = Ooy(w,8)|me = 05 (2° Y an()2")| = In(@) 2D apa™ +2° Y ) (a)a”

= In(z) yo + z Za’n ™.
The full solution is
Y= 1Y + c2 [m(:c)ya +2%Y d, x"} . (1.2.22)
Written out this is of the form
y=x® ((ao + ko ln(:p)) + (a1 + k1 ln(w))zl + (ag + ko ln(m))m2 +.. > . (1.2.23)

We note that there is a logarithm in the leading order term z®(ag + ko In(x)).

Consider the case of roots that differ by an integer, 5 — o = i € Z*. Recall that solving
the differential equation order by order, 22Ly = 2° " gn2", where g, = a, f(n) + ..., where
f(n) = (s+n—a)(s+n— ), could not give all the a,, of the s = « solution, because of a zero of
f(n)|,_,- Let us now look at the problem in a different way. Expand the differential equation,

order by order and let us not solve gy = 0 for s, but solve the other ¢,,~o = 0 for the a,, = a,(s).
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We now have

2

Ly = 2%ap f(0) = x°ap(s — a)(s — B)

gn>0=0

1 n
an(s) = — 7 ;ank h(n —k, k) .

By inspection, the general solution for the coefficients a,, = a,(ao, s) is of the form

s GOZE: )..:h(”.) S

{p]

p(hp“x.”,hp“%fu%f@%.“,ﬂn—lg

where the first line is a sum of many terms with products of f(1 < k < n — 1) in the denom-
inator and products of h(k,[) in the numerator, and the second line has been rearranged to a
single fraction with unspecified function F' being a polynomial function of its arguments that

the reader can work out exactly if desired. The problem with determining a; now manifests

1 1 1
as the factorm ~ ST T va

while keeping a finite. By inspection of the solution we can see that such a factor will also be

present in every term a,>;. We are therefore led to define a function

y(x,s) = (s —a) Zan
=z an (s)x™

This, where the a,(ao, s) are the same as above, is straightforwardly also a solution of the

differential equation when either s = S or s = «

e Ly, o= 2"a0f(0) = 2%ao(s — a)*(s = B) .
The factor (s — «) in y, means that the coefficients of z" are b, := (s — a)a,. The factors
ﬁ ~ ﬁ = 1a, which are present in all a,>;, are therefore cancelled in the b, which

remain finite when we set s = a. However, for the lower-order terms b,,; there isno m factor,
and the (s — ) makes these vanish. The first non-zero term in v, is therefore (s — a)x*a;(s)z* =

W$S+i ~ 2. This means that we have simply found the s = 8 solution again:

wlr,s=a)= (s —a)z’ Zan(s)x”

S=x
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As in the case of equal roots, in the case of roots differing by an integer we find the only way

to generate a second independent solution is differentiation with respect to s.

2L (Dsyp(z, S))‘gn>o=0 = 0s (332£yb(377 5)‘gn>0:o)
= 0s (z°ao(s — a)*(s — B))
= 2%ap [In(z)(s —a)(s — B) + (s —a) +2(s = B)] (s —a) .

Which vanishes when s = a. Writing this new solution explicitly:

v = O 9)lma = 05 (23 bals)e”)|

= (hq(:v) x® Z bp(s)x" + x° Z b;l(s)a:”> .
= In(z)ys + 2y _bja", (1.2.25)

where in the third line we recalled that (s — a)z° )" an(s)z™|,_, = 2° > bu(s)a"|,_, = ys.
Inspection of the form of this solution makes it clear that it is linearly independent of y3, and

is therefore the only other solution. The full solution is therefore

y=c1ys+ c2 (ln(x)yg + 2 Z b’n:c”) =ys (c1 + c2In(z)) + cpz® Z dp " . (1.2.26)

Note that the leading order term is still %, and the logs appear later. Written out this is of the

form
y=az° <d0 +diz+ - +di T+ (ag + ko ln(a:)>33i + (al + k1 ln(x))x”l + .. ) . (1.2.27)

The formalism described here applied to general second-order linear ordinary differen-
tial equations, but it can be generalised to higher-order linear ordinary differential equations,
which follows similarly but where we differentiate more times, so terms like In(z)?2, In(x)3, etc.,
appear as well. For higher order equations there is no proof that such solutions are guaran-
teed to exist, but the method can still be useful. Later in chapter 3.2.1 this formalism will be
applied to a second-order linear ordinary differential equation, but more often we shall simply
draw inspiration from this formalism when we are working on third-order and second-order
pairs of non-linear coupled ODEs. We shall expand our two functions in the form of (1.2.19)
and find series solutions. Seeing the alternative solutions (1.2.22) and (1.2.25) we also use trial
functions with In(z) terms and In(z)" terms. Trial solutions of the Frobenius form will actually
prove very successful. However, unfortunately, in the non-linear case we have no theorems to

tell us about the convergence properties of such solutions.
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1.3 Equations of motion

1.3.1 The general case

Consider the four-dimensional higher-derivative action (1.1.7)
/ d*zv/=g (v(R — 2A) — aClypsC**" + BR?) .

Varying it with respect to the metric — produces the equations of motion [6]

rw

1 1 2 1
ETW =H, =y <R;w — igWR + Agm,> + 3 (e =3B8)V,V,R —2a0R,, + 3 (a+60) guwOR

2 1 2
— 4aRM R 5 + 2 <5 + 3a> Ry + 59y <2aR"ARn,\ - (,6 + 3a> R2) :

(1.3.1a)

Where the identity
1
R Rpve = Ryp R’ — VpV(“R,,)p + ivuVVR (1.3.2)

can be used to write them in an alternative way. We consider only the case where A =
except where specified. Note that all vacuum solutions to general relativity (12, = 0) are still
vacuum solutions of the higher-derivative theory. In particular note that this implies that the
Schwarzschild solution is still a vacuum solution. The equations of motion satisfy generalised
Bianchi identity:

VYH,, =0 (1.3.3)

and have trace

1
HJ = 680R — YR = T},

(1.3.4)
which is of fourth-order in derivatives of the metric for 5 # 0 and of second-order for 5 = 0.
As already stated the work in [7] showed that the theory describes two massive particles

beyond the massless graviton of GR, one spin-2 particle and one spin-0 particle

2 Y
N 13.
m2 2@ y ( 3 Sa)
y
mg = AR (1.3.5b)

providing an intuitive rewriting of (1.3.4)

Hl'=638(0-mg)R. (1.3.6)
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1.3.1.1 Comparison to the solutions of general relativity

The solutions to the Einstein field equations of general relativity are

T, 1 T
Ruy = 2 4 gu— (20— =) .
M2y +g“"d—2< 27)

Substituting these into the fields equations of the higher-derivative theory, (1.3.1), gives

1 1 4 « 2c
H,, = gt + 1-92 2@(04 = 3p) (90T =V, V,T) — §DTW + TVPV(“TVI))

a T2 1 1 2
- ;Tpqu O g <_O‘ + 5308 a))
1

Tr,,———
B 3v2d—2

o
(da — 38) + Hg,prgT""7

2 2 4 1
AT, % 364 ATgu— ———(a—
iy (3840t 325 88— 40)) + ATy o 39
4
—i—gWA2§

(—a— gﬂ+df123a+ (d12)22(35—o¢)> :

This has to be equal to %TW for it to be a solution to the theory, so we see that it misses being
a solution by terms like 72, VVT, AT or A% If, however, we simplify this by considering the
Einstein space solutions R, = ﬁ(A — A)gu, corresponding in general relativity to T,(ER) =

29 g, then we find the energy-momentum density of this solution in the higher derivative

theory is
| 2 d—4 ,
§TNV = H/“, =7 )\ g/“, — g;“, g m (A — )\) (20[ (d — 3) + 3,8 d) (1.3.7a)
- 2 d—4

= 3T o 5 g (A - A2 (2a (d—3)+38 d> . (1.3.7b)
So we see that in d = 4 an Einstein space is sourced by the same stress-energy in higher-
derivative gravity as in general relativity. In d # 4 Einstein spaces only have the same energy-
momentum density in the two theories if A = A.

Unless stated, we shall always be considering the theory with no cosmological constant
and for a vacuum 7),,,, for which the solutions to general relativity are all also solutions to the

higher derivative theory in any dimension.

1.3.2 The static spherically-symmetric case

We shall be studying the static spherically-symmetric solutions of the equations of motion

(1.3.1), so we shall use Schwarzschild coordinates:

ds® = —B(r) dt* + A(r) dr® + r?d? + r* sin? 0 d¢* . (1.3.8)
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In this ansatz we have two independent equations of motion, corresponding to the two free
functions in the metric (1.3.8). The purpose of this work is to attempt a complete description
of static spherically-symmetric solutions, so we emphasise that we leave A and B completely
general, and do not choose any simplifying assumptions (e.g. AB = const.) as is often done.

The static spherically-symmetric H tensor has the form

Hy(r) 0 0 0
0 H,, 0 0
H,, = (r) : (1.3.9)
0 0 Hpp(1) 0
0 0 0 Hyg(r)sin? 0
where the three different components are related by the » component of (1.3.3):
Hrr ' 2H7“7’ B/Hrr 2H6’9 B,Htt
— =0. 1.3.10
<A>+Ar+2AB Y (13.10)
Accordingly the system is described by just two independent equations:
1
Hy = iTtt ; (1.3.11a)
1
H,. = iTTT : (1.3.11b)

This restriction to the static spherically-symmetric case is a consistent truncation. This can be
checked by substituting in the static spherically-symmetric ansatz (1.3.8) into the Lagrangian

and checking that the equations of motion implied by

1 0T an 1 6T
v—gdA v—g 0B

match those from (1.3.1) evaluated for (1.3.8).

(1.3.12)

We shall usually study the vacuum solutions with 7}, = 0.

1.3.3 Differential Order
1.3.3.1 For the generic higher-derivative theory

The higher-derivative equations of motion are complex and highly nonlinear. The equations
of motion Hy; and H,, are functions of A(r), B(r), A'(r), B'(r), A" (r), B"(r), A®), B®) but Hy
is a function also of B™), but this dependence can be eliminated in a suitable combination of

the equations.

0= H,,, (1.3.13a)
0=Hy— X(r)Hpr — Y (r)0,Hyy | (1.3.13b)



1.3. Equations of motion 45

where the appropriate X (r) and Y (r) are

_ (o« —3B8)B B . /

* T R (r(a—3H)F —2a+ 68)B) (MO‘ 36)B (rA' —24) B
T4 +68)B" (34— rA') —r*(a - 3B)AB’2> (1.3.14a)
e ot (1.3.14b)

A(2(a+68)B—r(a—33)B")
In full, these equations are
24r* A3BYH,, = 8r3A’B*B®) (r(a — 38)B’ — 2(a + 68)B)

— 4r*AB*A" (r*(a — 38)B” — 4r(a + 63) BB’ + 4(a — 123) B?)
— 41 (o — 33)A®B*B"?

— 4r*ABB" <2rBA’ (r(a—38)B —2(a+683)B)
+ A (3r*(a — 38)B” — 12r(a + 33) BB’ + 8(a + 63) B?) )

+ 7r*B?A” (r*(a — 38)B"” — 4r(a + 6B8) BB’ + 4(a — 128) B?)
+2r?ABA'B' (3r*(a — 38)B” — 4r(2a + 38) BB’ + 4(a + 2453) B?)
+24A%B3 (’)/TSB, + B (’yr2 — 125))

+ A2 <7r4(oz —38)B"™ — 4r3(5a + 123) BB"
— 47 (o — 48B)B*B"? + 32r(a + 68) B3 B’ — 16(cx — 215)B4>

+8A4*B* (20 — 68 — 3y7?) (1.3.15)
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a function of A, B, A', B, A", B", B®) and the other equation

24 AP B2 (arB' — 3rB' — 2aB — 128B)” (Htt — X (r)Hyy — Y(r)@THrr> -

72a8r3 A2 AP B* (r(a — 38)B' — 2(a + 68)B)

+ 36apr2AB3 A" <l3rBA’ (2(a +68)B — r(a — 38)B’)
— 2A4(—r*(a — 38)B"”? + r(a +63)BB’ + 2(a + 6,8)B2)>

+128r*(a — 38)A*B?B" ((a + 68)B — r(a — 38)B')

+4r3A’BB" <BBBA’ (r*(a —3B8)*B"” +r (o — 1508 + 363*) BB’ — 6a(a + 63)B?)
— 3BAB' (—r*(a — 38)*B” — 6ar(a — 38)BB’ + 2 (7a” + 483 + 36%) B?)
+y(=r) (e — 38)A’B* (2(a + 68) B — r(a — 38)B) >

+ 504083 B*A” (r(a — 38)B’ — 2(a + 68)B)

— 36r2AB% A" <r3(a —38)2B" + 3r% (17a® — 57a8 + 183%) BB"
— 60ar(a + 68)B*B' — 4 (23a* + 15003 + 725?) B3>

—68rA’BA’ <r4(a —38)2B" + 13 (11a* — 3903 + 183%) BB" — 4r* (8a” + 51af + 183%) B*B"
+4r (11a? — 1208 + 186%) B3B' — 16 (4a® + 21ap — 184%) B4>

+ A3< —dr(a —3B)B'B’ (128(5a + 3B) + r(a — 38)A’ (yr* — 128))

— 2r’°B*B" (68 (o® 4 6603 + 363°) + vr°(a — 38)*A")
—8(a+68)B° (—68(5a + 38) — rA’ (2a (yr? — 63) + 38 (128 + 1?)))

—38r°(a = 38)?B” + 36r* (=190 + 5103 + 184°) BB +124r° (130” + 840 + 3657) 323’3>
—8A4°B* (r(a —38)B' (a (yr* — 68) + 68 (38 +r?))

+ (a+68)B (o (68 — 2vr*) — 38 (68 +717)) )
—2A'B? <’yr5(a —3B)*B"” — 6r*(a — 38)BB” (a (yr® — 48) + 38 (48 + 7))

+4r(a — 36)323' (a (’yr2 - 245) + 643 (77“2 — GB)) +4 (2a2 + 15a8 + 1862) B3 (126 + fyrz) ) ,

(1.3.16)

a functionof A, B, A’, B', A" B", A®.

The reader will not be surprised to hear that it is too difficult to solve these in closed form.
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The main focus of this work shall be to learn as much as possible about the solutions of these
two coupled non-linear differential equations, use various analytic and numerical techniques.
These equations of motion are two coupled third-order ordinary differential equations, so we
expect that they will have six free parameters. It would be possible to reduce a pair of linear
coupled third-order ordinary differential equations to a single sixth-order ordinary differential

equation, but for the non-linear equations we can merely outline the equivalent procedure:

(1.3.15): 0= fi(r,A,B,A',B', A", B" B")
1.3.16): 0= g1(r, A, B, A", B', A", B", A"
( ) g ( ) Y ) Y
8,(1.3.16): 0 = d,q1(r, A, B, A, B, A", B", A"
_ 92(7‘, A,B,A/,B/,A”,B//,A///,B///,A(4))
- B" = 92_1(7’,14,B,A/,B/,AII,B//7AI”,A(4))
subinto (1.3.15) : 0 = fo(r, A, B, A", B', A" B" A" A®)
B = fQ_I(?”,A,B,A/,B,,A//,A/,/,A(4))
subinto (1.3.16) : 0 = gs(r, A, B, A", B', A" A"  A®)
B/ _ ggl(’l",A,B,A/,A/,,AIII,A(4))
sub f; ! and g3 into (1.3.16) : 0 = gu(r, A, B, A', A", A", AW)
- B = g4_1(7’,A,A’,A/’,A"’,A(4))
sub into (1.3.16) : 0 = g5(r, A, A", A", A" AW A®) A0))

but this would require inversion of high-order polynomials, so we cannot prove that it is pos-
sible. However, later we shall find various perturbative solutions and see that there are six free

parameters, so we believe that this is the order of the system.

1.3.3.2 For the Einstein-Weyl theory

We shall see later that the 3 = 0, or Einstein-Weyl, case with Lagrangian density YR — aC? is
of particular interest to us. In this case the system is simpler and in fact has a lower differen-
tial order. The simplification is clearly visible in the fourth-order trace equation (1.3.4) which

becomes simply the second-order equation

R=——T} (1.3.17)
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and the absence of the massive scalar particle (1.3.5b). In this case the vacuum equations of

motion are equivalent to the two equations

0= H/ (1.3.18a)
rr 3rBA" —2A (rB' + B) +2A%B A 2B —rB’

0= H" —(H"M?* = —§,(H""=——", (1.3.18b
a A 3yr2AB (H,7) 62 (A7) 3yrB ( )

which are second order in B and first order in A, and second order in A and first order in B,
respectively.

In full, these equations are

—3r2A232(1.3.18a) =rBA' (rB'+4B) + A (r*B” — 2rB (rB" + 2B') — 4B%) + 4A°B?
(1.3.19a)
20r* A’ B%(1.3.18b) =ar’B*A”? (5B — 4rB') + aA* (—4B°* (rA' + 2) + r*B"” — 3r’ BB”)
+arAB (r*A'B” + 2rBB' (rA” + A') + 4B* (A’ — rA”))
+2A4°B? (yv®B' + B (4o + y1?%)) — 29r*A'B? (1.3.19b)

So we expect four free parameters in the Einstein-Weyl case.
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2.1 Constraining the Ricci scalar

211 The proof

In [34] an important result was proved about the Ricci scalar in higher derivative gravity in
static vacuum space-times. We now discuss and extend that result. The starting point for the
proof is the trace of the equations of motion (1.3.4).

0=H! = 60R-—vR = 63(0—-mg)R. (2.1.1)

It is clear that for 3 = 0 we can immediately say R = 0 for all vacuum space, whereas for
B # 0 we can only say that (O — mg) R = 0 for all vacuum space. In [34] static symmetry
and appropriate boundary conditions were used to show that this still implies R = 0. The
argument is presented here in a different style using a time-like dimensional reduction instead

of a time-like Killing vector field. Using static symmetry write the metric as '.

ds® = —\(x)%dt? + hgy(x)dzda® (2.1.2)
where the indices a, b run over the spatial coordinates z. It follows straightforwardly that
1
OR:=g""V,V,R=D"D,R + X (D)) (Do R) (2.1.3)

where D, is the covariant derivative for the spatial metric h,p, and thus that

H} 1
0= ﬁ = DD, R + N (D\) (DyR) — m¢R . (2.1.4)

Multiply this by AR and integrate over a volume S of the spatial dimensions
HH
0= / vh d%ﬁAR = / Vh &z [AR (D*DoR) + R (D)) (D,R) — m¢ AR*] , (2.1.5)
S S
and then integrate by parts:
0= / Vh d®z [D* (AR DuR) — A (D°R) (DoR) — m¢ AR?] . (2.1.6)
S

The integrand consists of a boundary term and two bulk terms. The theorem is then: If the
space-time has Minkowski signature and the boundary term contribution vanishes, then R = 0
throughout the integration region. Strictly, the proof requires that m¢@ > 0 < 3 > 0, and that
the spatial metric hgy, is positive definite, for which Minkowski signature is sufficient. Then the
proof simply states that since the two bulk terms obviously have the same sign, therefore they

must vanish everywhere because of the vanishing of the boundary term and of the integral as

'Note that in the proof in [34] the metric was written differently, with Adt?, so our A is not the same as theirs
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a whole. In the space-times we consider we shall often be able to choose a suitable integration
region such that the boundary term vanishes. An example is a boundary at infinity, assuming
asymptotic flatness, so that D,R = 0 on the boundary and the contribution to the integral
vanishes. We discuss some example space-times in the next subsection.

Later we shall need the explicit expression for the contribution of the boundary term to

(2.1.6) so we calculate it here:
boundary contribution = / vh [Dy (A R D°R)] Bz = / Oq [\/E ARDR|d%z. (2.1.7)
S S

So far the proof has been valid for all static space-times, but in particular we shall be interested
in the specialisation to the static spherically symmetric case, where only the » component is

non-zero, and we find a simplification of the boundary contribution:

r

boundary contribution = / Or [\/ AB r?sin(f)R DTR} drdfd¢ = 4r [\/ ABr* RD"R
S r_
(2.1.8)

so we define a function C(r) as

C(r):= VABr? RD"R| (2.1.9)

T

and we shall evaluate it in the various solutions we find. The most general spherically sym-
metric application of the theorem is then that R = 0 at radii between two zeroes of C(r). A
generalisation of this proof to the case where there is a cosmological constant A was presented

in [1] and [2] and is discussed in appendix A.

2.1.2 Physical implications

Being able to prove that the Ricci scalar vanishes affords a great simplification of the equations

of motion. Consider the vacuum equations of motion (1.3.1) for R =0:
1
0= Hyulp_oy=—2a <DRW + 2R\ Ry — 2V, V R} — QQWRPC’RPU> + YR, (2.1.10)

There is no dependence on 3. The equations of motion for R = 0 are in fact identical to those of
the Einstein-Weyl theory, i.e. the theory with 8 = 0. Thus this proof makes the Einstein-Weyl
theory of considerable interest. We saw in section 1.3.3.2 that in the static spherically symmetric
situation the Einstein-Weyl theory reduces to two coupled second-order ODEs, with four free
parameters, instead of the third-order equations of and six free parameters of the full theory.
At various places in this work we find that several calculations that are intractable in the full
theory are tractable in the Einstein-Weyl theory.

We now consider two physical situations that stand out for consideration in light of the

theorem (2.1.6). The first is a simply connected region covering all space, the second is the



52 Chapter 2. Properties of Solution Families

region exterior to a horizon. In both of these the theorem (2.1.6) can be used to show that the
Ricci scalar vanishes subject to some reasonable assumptions which we now discuss.

Firstly we consider an asymptotically flat space-time with vacuum and Minkowski signa-
ture throughout. We choose a simply connected spatial integration region covering all space
i.e. with a single boundary at » — co. On the boundary R and D,R vanish by asymptotic
flatness. Thus R = 0 throughout all space-time.

Secondly we consider an asymptotically flat space-time containing a horizon. We choose
the integration region to be a vacuum Minkowski-signature region outside the horizon, ex-
tending out to infinity. On the inner boundary (the horizon) since A(z) vanishes by definition
the boundary contribution is again zero and it follows that R = 0 everywhere outside the
horizon. 2

This theorem will prove to be very useful because with every solution we find we will be
able to use this theorem to relate local properties (of the boundary term) to bulk properties (R

for some open range of ) and we shall see some more examples later on.

2.1.3 The trace-free part

In [34], after using the trace equation to prove R = 0 given certain assumptions, the trace-free
part of the equations of motion was discussed. Unfortunately we find errors in that calculation
% and we discuss a corrected version here.

Take the trace-free part of the equations of motion ,
1
0= Hyulp_o=—2a (DRW + QRZRZ,,, —2V,V, Rl — 2g#,,R”"]-'ipc,> +YR, (2.1.11)

and multiply it by AR*” and break it up into the time and space parts. As a side note we

present a list of identities involved in that calculation. The connection and curvature break up

*One might be concerned that although A(z)|;,..1,0n = O it may be that another quantity, e.g. 9 R diverges on the
horizon such that the combination is non-vanishing. Later, while assuming spherical symmetry, we shall explicitly
calculate the whole boundary contribution C(r) near to the horizon and find that it indeed vanishes on the horizon.

8 Specifically, in [34] their equations (2.28) and (2.30) are written in the convention (1.1.8) for curvature tensors,
but their equations of motion (2.1) would only be correct if the opposite convention was used. The resulting errors
in the analysis of the equations of motion invalidate their conclusion regarding the trace-free part.
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simply as
T = AD'A (2.1.12a)
D,
It = TA (2.1.12b)
I =0 (2.1.12¢)
Yy =0 (2.1.12d)
0; =0 (2.1.12€)
Roo = AD; D\ (2.1.12f)
Ro;i =0 (2.1.12¢g)
_ 1
Rij = Rij — 7 DiD;X, (2.1.12h)

where Rl-j denotes the Ricci tensor of the spatial metric ;;. We use these to find the more

complex identities:

_ 2
0= R=2¢g"Rypy+R= R— 12 Ftoo (2.1.13a)
VoRoo = 0 (2.1.13b)

A2
ViR = 5-DiRt (2.1.13¢)
VoRio = — %RDM — AR;; DI (2.1.13d)
oR;: = d.1oe
VoRi; =0 (2.1.13e)
ViRjo =0 (2.1.13f)
ViRjk = DiRjk (2.1.13g)
O¢ = D'D;é + %DiADiqﬁ (2.1.13h)
N i s A p_ Pl i\ :
ORop = %5 D'D;R + 5 D'AD;R — RD'AD;\ — 28;;D'AD’\ (2.1.131)
1 1 _ 2
OR;; = D*DyR;; + XD’“ADkRij — 3z RDIAD;A - )\QD(Z-/\Rj)ka)\ (2.1.13))
Ao o . ) L 1._ 4
VpVoRtf = — SRD'DiA = AS;; D' DA — RiyD'AD'A = AD?AD'Rij — - RDAD'A - (21.13K)
1 _ 1 1 1 _

V,ViR! = DyD;R} — oz RDAD;A — ﬁDi)\Rjka/\ - XD’“)\D,Rjk + oy DADR (2113])

R2
R Ry = == + RV (2.1.13m)

R

RURJR, = — - + RyRLRY (2.1.13n)

where R denotes the Ricci scalar of the spatial metric h;;. In particular note that R, is block-

diagonal in the time and space parts. We also need the contracted Bianchi identity for R = 0:



54 Chapter 2. Properties of Solution Families

1
VF Ry, =5 VR =0 (2.1.14a)

1 ‘ R
*RijDJ)\ + ED@)\ . (2.1.14b)

- 0=V*R . =DIR;:.
S0=V"R,; RZ]+)\ o\

The result of the calculation is

/fd?’ [AR’“’H

—z

.

/fd3 [ ( RD'R+ X R"D'R_ —2) R,,D‘R'i—)\RDjRji>

- A DR D;R + 2\ D'RD’Rj; — A\ D'R* [D; R}, — 2D; Ry

P2
- RT (mg + R) — A RYR;; (mg — 273)] :

where R is defined as o
RR; RY
T Rmn Ron :

For an asymptotically flat vacuum space-time the boundary term vanishes at spatial infinity,

(2.1.15)

so the hope would be that the remaining bulk terms could be shown to be all positive- or
negative-semi-definite, and therefore each to separately vanish. However, in our calculation
this is not the case and we cannot conclude that R, vanishes (nor any other new constraints
on it). In fact in [2] an explicit numerical solution was found of an asymptotically flat solution
with a horizon but non-vanishing Ricci curvature, and we will discuss and develop such black
holes solutions in section 3.2. Although the Ricci tensor does not vanish, these solutions will
only deviate from Ricci-flatness via a single parameter, so it may indeed be tractable to prove
other constraints on the Ricci tensor but we have not succeeded in doing so.

A generalisation of all the expressions in this section to the case where there is a cosmo-
logical constant A was presented in [1] (repeated in more detail in [2]) and is discussed in
appendix A. Unfortunately allowing non-zero A does not open up any new possibilities for

proving constraints on the curvature.
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2.2 Solutions near the origin

The static spherically-symmetric equations of motion were analysed near the origin in [6] and
three solution families were found. We can now build on this, including using Mathematica to
give confident statements about the number of free parameters in the solutions. We expect to
always find at least one free parameter, because the static symmetry allows us to freely scale

the B function by positive constants.

2.21 Frobenius analysis
In [6] they made the ansatz

A(r) = agr® + asp1r*t + Aopor* 24+ ...,

(2.2.1)
B(r) =b; (r' + b1 T byt 4 )

(as # 0,b: # 0) and attempt to find a suitable s,¢ and coefficients ay,, b,,. They found that the

only solutions that exist for all «, 5 are the (s, t) pairs

L4 (0, 0)0
° (1, —1)0
o (2, 2)0

where we write the 0 subscript to indicate that these are (s,t) of solutions (2.2.1) around the
origin.
We find additional solution families that exist only for suitable o > 33 > 0:
t—2 (82 + 25 +2)2

— + —

but since these require precise values for the couplings these solutions will not be considered
further. We also do not consider the theory with a = 0.

In [6] only the leading order terms in the expansions were found. In [33] the (0,0)p and
(2,2)p families were expanded further, and the number of free parameters could be counted
with confidence. We repeated the expansion analysis, for the general «, 3 theory and also
for the 8 = 0 theory, and including the (1, —1)y family, and we show our results below. In
each family we expanded out to at least 12 orders, and found that in each family all the free
parameters had appeared by fourth order at the latest. The three short sections below present
these solution families. There are a few physical comments but the most interesting points will

wait slightly until section 2.2.2.
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2.2.1.1 The (0,0)o family

The first few terms of this solution family are

A(r) =1+ agr?
402 (v(2a + 3B) — 36a8bs) + 18a23(10a + 35) — 2ba (y(ar — 38) + 9B8b2(2a + 33))

+ 1803
+ O(r9), (2.2.2a)
Bb(or) =1+ byr?
r (5438 + ag (—ary + 108a8bs + 387) + by (v(a + 68) + 548bs (20 — B)))
* 36003
+0(r®) . (2.2.2b)

which has 3=2+1 free parameters: ag, by and the trivial parameter by.

This solution can be compared to the (0, 0)g solution of general relativity, which is Minkowski
space (and the zero-mass limit of the Schwarzschild solution). In our coordinate ansatz (1.3.8)
(where the r coordinate is fixed) Minkowski space has one free parameter, corresponding to its
static symmetry.

For later reference we also present the (0, 0)g solution for the 5 = 0 theory which is equal
to (2.2.2) fixing by = as:

12005 +7 | ¢3200%a3 + 100aayy + 2
Alr) =1 o ’ ? 8 2.2.
(r) + as <r i T 200 + 00 (2.2.33)
B(r) o 424aas 47 960a%a3 + 14daagy + 2 .
= @ 2.2.3b
bo + ag <r +r 100 +r 336002 +0(%)) | ( )

and has 2=1+1 free parameters. Note that we have R, = 0 if and only if Minkowski space, if
and only if ay = 0.

We consider this solution family to be the vacuum. Being of (0, 0) type is sufficient for the
metric to be non-singular. Further, if one looks at the Riemann curvature tensor related to local

orthonormal frame, Rped = Ruvpochelebed, we find that the non-zero components are

A-1

Ry, :Tr? (2.2.4a)

Al

Bl
Ryyty = Rzt o AB (2.2.4¢0)
Rizta 414;732 (-AB"” — BA'B' + 2BAB") | (2.2.4d)

and others related by symmetry, where ¢, z, y, z are the chosen orthonormal coordinates for the
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local inertial frame. We can see that R4 is non-diverging in the limit » — 0 if and only if
A(r) — 1,A'(r) — 0, B(r) — constant, B'(r) — 0 and B”(r) non-diverging. So the necessary
and sufficient condition for being non-singular is that A and B are of the form c; +c2r? +0(r?).
Additionally being a solution of the field equations implies that A and B are elements of this
solution family.

Later in section 2.3.6 we discuss this family further using comparisons to perturbative so-

lutions.

2.2.1.2 The (1, 1), family

The first few terms of this solution family are:

1
A(r) =arr — a%r2 + a‘;’ri)’ + aqrt — ET’5 (a1 (30152 + 19(1‘11 + 35a4))

1
+ ZOG%T6 (21a1by + 101at + 141as) + O(r"), (2.2.5a)
B 1 1
bE:) =-tat bar® + 1—61"3 (a1bs + ai + ay)
1
- 4—037“4 (a1 (ar1bs + af + aq)) + O(r°) , (2.2.5b)

which has 4=3+1 free parameters: ay, a4, b2 and the trivial parameter b_;.
The (1, —1)o family is clearly the family that contains the classic Schwarzschild solution of
Einstein theory. For later reference we also present the (1, —1), solution to the 5 = 0 theory

which is equal to (2.2.5) fixing a4 = %ale — a‘ll.

5 23
A(r) = ayr — afr® + ajr® + r* <3a1b2 — cﬁ) +r° <a‘;’ - 66%52> +0(r%) (2.2.6a)
B 1 1 1
b(r) == +a+byr’+ 601527"3 - 57“461%52 +0(r%) . (2.2.6b)
—1 r

Where we have chosen the parameterisation so that there is a clear similarity between a; and
the Schwarzschild mass of the Schwarzschild solution, and by # 0 describes the space of devi-
ation from Schwarzschild. Specifically, b, = 0 is necessary and sufficient for R, = 0, in which
case a1 = — 3 (G Mschwarzschild) -

At the origin, the (1,—1)¢ indicial structure gives rise to a curvature singularity, with

Rypo RMP7 going like r—5 as r — 0 [6].
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2.2.1.3 The (2,2)q family

The first few terms of this solution family are

4
A(r) = asr? + agbsr® — % (2@2 + bg — 8b4) + asr®

6
r ( — 12a%a3 — 2a3 (b5 (a® — 6033 — 2528%) + 27 (208bs + 7))
+ap (bgf (—1602 + 141308 — 728%) + 2b4b2 (190> — 222303 + 1803%)

— 36bsbs (a? + 458%) + 12abj (o + 1626)) + 324a53b3(Ta + 35))

Forn, (2.2.7a)
B
b(r) =12 + bgr® + byr® + byr®
2
7“6
+ 2160ds ( — 12aaj + a3 (14b3(2a + 38) — 24ab,)

+ as (205(67a — 3B) + 2b4b3(158 — 227a) + 45bsbs(Ta — 33) + 180ab}) + 2Tasbs(a + 35))

+0(r7), (2.2.7b)

which has 6=5+1 free parameters as, b3, b4, b5, a5 and the trivial parameter b,.

This family does not appear in General Relativity. It is singular at the origin, with R,,, ,, RF**? ~
r~8asr — 0][6].

For later reference we also present the (2, 2)q solution to the 5 = 0 theory which is equal to

(2.2.7) fixing

a5 =~ 7 86211 (10ca3 + as (11ab3 + 45v) + o (12b3 — 25b4b3 — 10b3)) (2.2.8a)
3
b= o (60ad + aa (o +277) + o (864 — 190483 — 613)) (2.2.8b)

~ 18abs
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and begins with

A(r) = agr® + agbsr® — érA‘ (a2 (2a2 + b3 — 8b4))
17 (a2 (10043 + az (11ab3 + 457) + a (12b5 — 25b403 — 1003)))

18 (Oébg)
79 (a2 (140003 + 10as (2ab3 + 12abs + 637) + a (1103 + 144b4b3 — 35607) ) )
144«
+0(r"). (2.2.9a)
B(r) _ 2, by 4+ bt — r® (6cad + ap (abd +27v) + o (8b — 196403 — 6b7))
bg 18 (Oébg)
1 b3 + 4abs + 90
L Lo (_oe(abi+dabi+907) 9242 — 4b% — 14462 + 5002
36 «
+0(r7) . (2.2.9b)

2.2.2 Constraints on the Ricci scalar for the near-origin solution families

We shall also consider the solutions in the light of the theorem (2.1.6). Consider a spherically-
symmetric space-time with a vacuum everywhere except perhaps the origin, and integrate
over e < r < oo, taking € — 0. The inner boundary is near the origin and is described by these
near-origin solutions, but at the origin itself the space-time may be singular or non-vacuum
so we exclude it from the integration region. If we find (possibly subject to conditions) that
the contribution from the inner boundary vanishes, then we would also need to show that the
space-time has Minkowski signature before we could prove that R must vanish. The boundary
term contribution is given by C(r) (2.1.9) with ry — oo and r_ = ¢ — 0. The contribution from

r — oo vanishes by asymptotic flatness, so we must determine if

Cir=e—0)=VAB RO R (2.2.10)

r=e—0

vanishes. We calculate it in the three solution families below.

Solution family RO"R C(r)
(0,0)0 F(ag = b2)*r + 0(r%) ~O(r%)
(1, =1)o —si% (§a1by —af — a4)2?” +O(r3) ~ O(r3)
(2,2)0 B (a2(14a2b3—2b§+19(;bg4b3—45b5)+27a5)2T—5 L0 | ~00)

The table shows that the (0,0)¢ and (1, —1)¢ families have the boundary contribution at

r = € tend to zero as € tends to zero, so in the region » > 0 the space-time has R = 0 (if it
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has Minkowski signature throughout). This is consistent with our claim that the (0, 0) family
represents the vacuum, in that we find that the theorem applies equally well if the origin is
excluded from the integration region, or included (i.e. a simply connected region with a single
boundary at r — o0). The (0,0)p and (1, —1)g solutions for R = 0 & [ = 0 were given
already in (2.2.3) and (2.2.6). They are obtained from their general expressions by setting to
zero (aa—be) and (as— %al b —i—a‘ll), respectively, so we can say that these quantities parameterise
asymptotic non-flatness in the R # 0 parts of these families (at least they do when the other
conditions of the theory are met, if possibly not always). This does not necessarily imply that
the R = 0 parts of these families are asymptotically flat.

On the other hand, for the (2, 2)q family the boundary term contribution is generically not
zero, and in fact blows up as € — 0, and the proof fails. However, the (2, 2), family is a (5+1)-
parameter space of solutions and R does in fact vanish in a subspace of its parameter space. In
the (2,2) family R and C(r) generically go as 7~ !. The condition on the parameters to remove
the divergent term in R is also necessary and sufficient to remove the divergence from C(r)
(such that C(r) ~ r®). We can use the theorem within this subspace. This is a (4+1)-parameter

space given by b5 = bs where

270,5

~ 1
by .= — (14a2b3 +

_ . 3
= 203 + 1064b3> . (2.2.11)

az
This can be compared to the space of (2, 2), solutions where R vanishes, which is of course a
subspace of the space where R is non-divergent, which is a (3+1)-parameter space (given by

(2.2.8)), where a5 = ds as well as bs = b5

i = — 18“2b (100a3 + as (11ab3 + 457) + o (1263 — 25b,b3 — 1067))
abs
-1 M5 .
bs =— | 14asbs + & — ng + 10b4b3
45 as
1
= Tsai (6ca3 + az (b3 +277) + o (8bg — 19b4b3 — 6b3)) .

We learn that if bs = bs, and the space-time has Minkowski signature for » > 0, and D,R
vanishes at infinity, then as is constrained. Conversely, it follows that if b5 = b5, and the space-
time has Minkowski signature for » > 0 and a5 # a5 then D,R does not vanish at infinity,
and the space-time is not asymptotically flat. So within the solution space bs = bs (Minkowski
signature) we can say that (a5 — d5) is one of the two parameters controlling asymptotic non-
flatness, analogous to Cy+ in the linearised solution from [6] which we shall see later in section
2.3.
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2.2.3 Non-Frobenius solutions

One should worry that there are other solution families not described by the Frobenius ansatz
(2.2.1). We do in fact find a solution family more like the form (1.2.27), which we name (1, —1)y,,
which we detail next before moving on to a description of the searches that did not yield new

solution families.

2.2.3.1 A wider (1,—1)o family: (1, —1)},

The Frobenius solution (1.2.27), had logs appearing at sub-leading orders. We also consider an
ansatz of that form. We note, however, that the (2, 2), family already has the full number of
free parameters of the theory, so we do not expect to be able to add terms of the form £ In(z) to
it. The (0, 0)o family has been determined to be the vacuum (an analysis which depended on
its first two terms only), and its number of free parameters is the same as the vacuum family
in the linearised theory, so we do not expect to be able to include any log terms, since they
would have to be associated with additional free parameters. That leaves the (1, —1)¢ family.

We write the following ansatz

=71 (ap + poIn(r) + (a1 + p1 In(r))r + (az + p2 In(r))r® + ...)
= % (1+ qgoln(r) + (by + qi In(r)r + (b2 + 2 In(r))r? + )

A
B
bo

For 8 = 0 we find that all the p; and g; are zero for « < 9. For 3 # 0, however, we find that logs

are admissible in the third order terms.

A=r
B 1 :
Fﬁz}f1+%r+hﬁ+%®+qﬂdﬂﬁs+@x+%mﬁﬂﬁ~0v
—1

(a1 + asr + azr® + (as + paIn(r))r® + (a5 + ps In(r))r* + .. )

where there are 4+1 free parameters b_1, a1, a4, b2, ps. At sixth order we find that ps = 0 appears
to be required. We note that we are solving coupled non-linear third-order ODEs, and we take
inspiration from the generalisation of Frobenius” method from second-order linear ODEs (see
section 1.2.3) to third-order linear ODEs, which causes In(r)? terms to appear. Generalising our
ansatz to allow In(r)? terms allows it to remain a solution for p; # 0, and makes the solution

of the form:

A=r(m + agr + agr? +...) +1H(T)ZCpr+ln(r)2f7r7+_“
p=4

1
= (1—|—bor—|—b1r2+...) +ln(r)2dqrq—|—g5r5ln(r)2+... ,

B
b_1 s

where f7 = f7(a1, a4, b2, ps) and g5 = g5(a1, aq, b2, p4) so there are 4+1 free parameters.



62 Chapter 2. Properties of Solution Families

The boundary term of the theorem (2.1.6) went as O(r?) in the (1, —1), family, but in this

wider family it goes as

b_ 81p?
Or) = \/Zl a;1(7a+m155)2 <36a2 In(r) + p% ((7Tor+158) (3 (a] + a4) — 5a1bs) + 18ps(a — B))

— ra;36a* + rza%18a2> + 0 + 0@ In(r)) + O(r* In(r)?) + ... .

The leading order is ps(~ '+ ~ In(r)). This boundary contribution does not vanish for py # 0
The R = 0 & [ = 0 sub-family has ps = 0 and is the same as the (1, —1) family. In the
(1, —1)}, family we assume p4 # 0, so we cannot say that R must vanish for asymptotically flat

solutions in this family. In this family the Ricci scalar goes as

54 «

. 0y, 22.1
a2 mﬂwm n(r) + O(r) (2.2.13)

It is interesting to note that although the In(r) expressions appeared at third-order in the metric,
they are the leading order in the Ricci scalar. In the (1, —1)g family the Ricci scalar went as
~ O(rY) but in the (1, —1)y, family the leading order is lower, p4 In(r). This gives us a sense in
which we can say that these are different families, rather than interpreting the (1, —1)( family
as merely a sub-family of the (1, —1);, family: though the p4 term is sub-leading in the metric

it is the leading order term in the curvature.

2.2.3.2 Searching for other non-Frobenius solutions

We have tried various other ansatzes but found no other solution families. We detail the out-
come of the search below. Note that it is usually not possible to rule out a solution of a partic-
ular form, but only to say that no such solution is positively confirmed.

The Frobenius analysis of linear differential equations in fact involves solutions of another
form, that we haven’t mentioned so far, the form of (1.2.23) or (1.2.27). We are now dealing with
non-linear differential equations, to let us consider an ansatz that allows logs to any power, but

for now we restrict consideration to the leading order, to make the problem tractable.

A =r1" (agln(r)™ 4+ O(e)) (2.2.14)
B =br™ (In(r)™ + O(e)) . (2.2.15)

The only allowed (n,, ns) cases are (0,0)o, (1,—1)o, (2,2)o, and for each it can be shown that
neither m, # 0 nor m; # 0 are admissible, and this follows for both the $ # 0 theory and the

B = 0 theory. So we see that there are no logs in the leading order terms.
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One ansatz we have tried uses exponentials. This has been tried only in the simpler 8 = 0

theory. The form is

A =50 (2.2.16a)
B ="' | (2.2.16b)

where S(r) and/or T'(r) are large near the origin. For S(r — 0) >> 0 there is no solution. For

S(r — 0) << 0 we must choose an ansatz for S, 7T in order to say more. We choose

S =sorin(r)™ (1 + es(r)) (2.2.17a)
T =tor™In(r)™ (1 4 e(r)) (2.2.17b)

and look for ng, ny, mq, my such that the leading order is not of the Frobenius form for both
A and B. There are no solutions except possibly the special cases n, = 0 and/or n, = 0.
However, in these cases the NLO becomes relevant so to examine these cases we need to use

an ansatz for the NLO as well. We use the ansatz

S =sor™in(r)™ 4+ syrPeln(r)?(1 4 es(r)) (2.2.18a)
T =tor"™in(r)™ + t1rPoin(r)® (1 + €(r)) , (2.2.18b)

where n, = 0 and/or n, = 0. There is now a very large variety of possible cases of combina-
tions of ng, ny, Ma, M, Pas Db, Gas ¢, Which cannot be examined exhaustively. In the case n, = 0

we can eliminate most solutions, but we cannot eliminate the solutions

ny =py (2.2.19a)
b =Pa (2.2.19b)
Pa =0 (2.2.19¢)
po =0,mq =0=my (2.2.19d)

because an examination of them requires consideration of the NNLO as well. Similarly in the

case n, = 0 we can eliminate most solutions, but we cannot eliminate the solutions

Ng =Pa (2.2.20a)
Na =P (2.2.20b)
Pq =0 (2.2.20c)
mp =0 (2.2.20d)

because an examination of them requires consideration of the NNLO as well. In the case n, =
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0 = ny then there are no non-Frobenius cases except possibly the special case p, = 0 = py,
where further examination requires consideration of the NNLO too. We cannot conclude that
this non-Frobenius form for A and B is not a solution, but since the LO and NLO fail to give
specific values for the indices we decide to not consider it further.

Another ansatz considered in the 5 = 0 theory is one similar to the solution around an

irregular singular point of a linear ODE.

A =e*TE(r) (2.2.21a)
B ="M FE(r), (2.2.21b)

where S(r),T(r), E(r), F(r) are Frobenius series, and we require that at least one of S and T
is large near the origin (we will not discuss the case where they are both finite ). For S(r —
0) >> 0 there is no solution. To discuss S(r — 0) << 0 or S(r — 0) finite then we need to

define terms in our ansatz

S(r) :%ST(T) (2.2.22a)
T(r) :%TT(T) (2.2.22b)
E(r) =r*Er(r) (2.2.22¢)
F(r) =r'Pp(r) (2.2.22d)

where the T subscripts denote Taylor series, and we shall require that « > 0 and v > 0.
Consider S(r — 0) finite - i.e. u = 0 - one finds that there is no solution. Next consider
S(r — 0) << 0, implying v > 0. Solving at next-to-leading order we learn that v = u > 1. At
the next order we learn that ¢t = s 4 2u + 2 and going to higher orders we can rule out more of
possible values for u, At the highest order studied v < % is excluded, and we did not continue
to check higher values of w.

Another ansatz considered is » powers not in integer steps, A, B ~ r® + rotd Write

A =ar® 4 agppr®T 4. (2.2.23a)
B =by (r' 4 bygyr'™ + ) (2.2.23b)

and look for positive real non-integer z,y ({z,y € R™ | z,y ¢ Z}). as before we find that the
leading order has (s,t) = (0,0)¢ or (1,—1)p or (2,2)o. For the = 0 theory we can rule out

any non-integer x, y. For the # # 0 theory we can eliminate non-integer x, y in the (0,0)o and
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(1, —1) cases but for the (2, 2), case there are possible solutions:

1
y=2,x>2,by= ZCLQ (2.2.24)
1
orz=2,y>2,a4 = —gaf (2.2.25)
2
Oy =, 7 < 2,020 = b (22.26)

which would need consideration of the NNLO too before they could be ruled out. However,
they are consistent with the Frobenius solution (2.2.7). (2.2.24) is consistent with (2.2.7) with
x =3,by =0, by = Tas where one would have A ~ r? + 75, (2.2.25) is consistent with (2.2.7)
withy = 3, bg = by = 0. (2.2.26) is consistent with (2.2.7) with = 1, b3 # 0. So although we
cannot completely rule out solutions of this form we fail to find evidence for their existence.
So we do not find any non-Frobenius solutions. Our investigation indicated that the oo = 33

(ms = m¢) theory is a special case and may be different, but we do not consider it here.

2.24 Summary

We present the key properties of all the families of solutions around the origin that we have
found in table 2.1.

Solution family C(r) number of free parameters
(generic o, 3) (8 =0)
(0, 0)o O(r?) 2+1 1+1
(1,-1)o O(r?) 3+1 2+1
(2, 2)o O(r—1) 5+1 3+1
(1, =1)m O(r%1In(r)) 4+1 N/A

TABLE 2.1: Summary of free parameter counts in the three families of solutions
near the origin
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2.3 The Linearised theory

In [6] perturbations about Minkowski space were studied. These solutions can be used for
studying the large r regime when considering asymptotically flat solutions. When linearising
around flat space we can obtain closed-form solutions and it becomes possible to study cou-
pling to various matter sources, which is extremely difficult in the full nonlinear theory. We
shall expand on the matter coupling solutions that appeared in [6] to show more detail and
consider more situations.

The perturbations are written as

A=1+W(r)+O0O(W?) (2.3.1a)
B=1+V(r)+0(V?, (2.3.1b)

where W and V are both assumed to be small, of order ¢, and the equations of motion are

solved to linear order in e.

2.3.1 Solving the vacuum forr > 0

The first task is to find the vacuum solutions to the theory. To solve the vacuum equations it is

convenient to make the substitution

Y(r) = : (2.3.2)

but one should take note that while we require that the metric does not contain any delta

functions, with this substitution it is permitted for Y to contain delta functions. Specifically,

terms in W do not give rise to bulk terms in Y but do give rise to delta functions, while ei:”
terms in W give bulk and delta terms.
k wY
W~~~ implies Y = (TTQ Vo hansd() (2.3.3)

To solve note that the equations of motion (1.3.1) imply the pair of equations [6]

H}'=2(38 — a)V*V?V = yV?V —4(38 — a)V?Y + 29Y + O((W,V)?) (2.3.4a)
H' — H! =28V?*V?*V —yV2V +2(a — 28)VZY + O((W,V)?) , (2.3.4b)

where V? is the three-dimensional Laplacian operator. Note that although this is a very con-
venient form of the equations of motion, by (1.3.10) the equations (2.3.4) contain both H,, and
HJ,, forming a first order differential equation for H,, (specifically, %((2.3.423) + (2.3.4b)) =
3H,.(r) +rH..(r) + O(W,V)?)). So solutions to (2.3.4) must be refined with H,, = 0 as an

extra condition.



2.3. The Linearised theory 67

These vacuum equations of motion for > 0 can be solved using normal methods, giving

terms like V)Y ~ ei;m . This was done in [6] but featured a typo; the correct solutions are given
by
CQ 0 e—mo?“ emor e—sz emgr
V=C+ —= + Cp- + Co+ + Cy + Coy , (2.3.5a)
r r r r r
C —mor mor
W=_ ivo 0y C — (L4 mr) + Cos — (1= mor) (2.3.5b)
1 e~ mar 1 emar
- 502, (1 + mar) — §Cg+ " (1 —mar)
—mor mor 2 —maor mar
Y:—m02 <C()_6 +Co+e >+Tn2<02—6 +C'2+e >
T T 2 T T
1
- 47T53(77) (CQ’() — (Co— + Coy) + 5(02_ + 02+)> . (2.3.5¢)

There are six free parameters in these solutions, which can be broken up as one parameter, C,
corresponding to the time scaling symmetry, and five physical parameters.

By inspection of these solutions we see that we should restrict our consideration to positive
couplings «, 3. For negative o or negative 5 we would have pure imaginary masses ms or my,
respectively. Then W would have terms that went as ~ sin(im,r) and ~ cos(imyr) (n = 0, 2)
which are non-diminishing oscillations that are mutually exclusive with the the asymptotically
flat solutions that we wish to consider.

For a generic solution to the linearised theory the Ricci curvature is given by

3 2
R=-— 7:“0 (Co_e™™" + Coy ™) + O((W, V)?) (2.3.6a)
1
Ryt =5 (Co—mge ™" + Coymge™” + Co_mge ™" + Cormie™") + O(W,V)?) (2.3.6b)
1 —mor 2 mor 2
R, :2—7£< — Cp_e™ ™o (3(m0r) + 4dmor + 4) + Core™ (—S(mor) 4+ 4dmor — 4)

~ o™ (1 4 mar) — Core™ (1 — mar) + O((W, V)Q)) , (2.3.6¢)

which are all generically divergent, as are the curvature invariants constructed from the Rie-

mann and Ricci tensors

3(400_ +4Chy + Co + CQ+)2
8r6

3
RMVPUR“V’M Nﬁ (8(0{),)2 +4CyH— (4CO+ + Co_ + 02+) + 8(Co+)2 + 4004»(027 + 02+)

R, R"™ ~ + 00+ O((W,V)3) (2.3.7)

+ 8(C2,0)* + (Ca— + C24)(12C5,0 + 5(Ca— + C'2+)))
+O(r™ ) +0(W,V)?). (2.3.8)

The three curvature scalars R , R, R*" and R,,,-R"'*° and non-divergent at the origin if

and only if 0 = Cy 9 = Co— + Coy = Co— + Cpy. We do not expect the linearised theory to
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approximate the full theory if the curvature grows large, but it may be a good approximation
in this case of non-singular curvature. We comment on this again in section 2.3.6.

We can compare to the theorem (2.1.6) where we find that the boundary contribution C(r)

goes as
4
C(r) = _ 9myg (Co_e*mor + Co+em”) (C’o_e’mor(l + mor) + Cope™" (1 — mor))—i—O((W, V)Q) ,
(2.3.9)
which has two zeroes (at distinct radii 0 < r < o0) only if Co— = 0 = Cp4 which is clearly

necessary and sufficient for R (2.3.6a) to vanish everywhere, clearly reflecting the statement of
the theorem.

Note that here o = 30 is a special case where my = mg coincide. In this case the solutions
(2.3.5) would have only four independent functions of r. This is an artefact of the linearised
theory; there are still 5+1 free parameters in the static spherically symmetric theory. The free
parameter count for the non-linear o = 33 theory is found from an expansion around r, called
the (0,0),, family, that we shall see later in section 2.4.1.1, and it finds that there are still 5+1
free parameters.

We now couple this vacuum solution to different matter distributions. Since we can only
do this in the linearised theory this will provide most of our intuition about matter coupling

in the higher derivative theory.

2.3.2 Vacuum forr >0

The solutions (2.3.5) describe a vacuum for » > 0. To include the origin we can use Stokes’
theorem on (2.3.4) to find:

H ' =478°(F) v Cay
+ 47V25 (763 (3(Co— + Coy) — Cap) (2.3.10a)
H;' — H!' = — 476 (7) v Cayp

)

+ 47V263(7)2 <a(c2_ + Cay) +3B(Co_ + Cop) + Ea — 5] 02,0> ., (2.3.10b)

and one can also show that

4
lim r?H,dV = 127 <a(02_ +Coy) +128(Co_ + Cop) + = (a — 3ﬁ)02,0> . (2.3.11)

T‘()—)D TSTO 3
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so the true vacuum solution, i.e. vacuum for » > 0, has 0 = Cy g = Co— 4 Coq. = Co— + Co4+

sinh (mor) sinh (mor)

Vvacuum =C+ 200+
sinh(mor)
T

+2C+

ancuum = 2CO+ — my COSh(moT)> - 02_|_

(sinh(mgr)

(2.3.12a)

—ma cosh(m2r)> :

(2.3.12b)

One can clearly see that the vacuum solution is the Minkowski solution (V' = C, W = 0) if

and only if it is asymptotically flat.

This solution has 2+1 free parameters, because there are three independent constraints for

there to be a vacuum at the origin. This count agrees with the near-origin expansions, which

found the vacuum family to be the (2+1)-parameter (0,0)¢ family (2.2.2). This point will be

reinforced again in section 2.3.6.

2.3.3 A point source at the origin

In [6] the discussion of coupling to sources began with the simple and understandable example

of the point source. We will expand on the discussion of sources in [6] and begin by repeating

the point source example. We show the curvatures of this solution too. Take as source a point

mass at the origin,
Ty = 036 ME* ()

so that by
1
H,, iT’W
we can compare to (2.3.10) to get
HE = L
n o 5 (F)
; 1
H! — H! _§M53(F) :
and therefore
M
Cop=—3
20 247y
M
Co-+Cop =— ——
0— + Co+ GYE
M
Co + Cop =4——
2=+ 0o 247y’

and for an asymptotically flat matter distribution we say Co = Cp4 = 0.

(2.3.13)

(2.3.14)

(2.3.15a)

(2.3.15b)

(2.3.16a)
(2.3.16b)

(2.3.16¢)



70 Chapter 2. Properties of Solution Families

So the metric of a point source is [6]:

M
o —mor __ —mar
V=0 T (e e + 3) (2.3.17a)
W _ M (e_mor (1 + mor) + 26—77127‘ (1 + mQT) — 3) (23.17b)
24myr 7

indicating that v = ﬁ to match with the Schwarzschild result in the limit o, 5 — 0, i.e.
mo, Mg — OO .

The curvatures of a point source are:

:8% g ¢ 4 O(W, V) (2.3.184)
Ru :4;‘:% (4m2e ™" — m2e0m) 1 O((W, V)?2) (2.3.18b)
r :A&rj\iﬁ (e=mor [S(mor)2 + dmor + 4] — 472" [1 4 mar]) + O(W, V)?)
(2.3.18¢)
Ry B097 000" T0y) ME oy yy2y (2.3.18d)

288m2~2y2

The curvatures diverge towards the origin and tend to zero at large r.

This stress-energy solution is not persuasive enough, however, since there are two main
reasons to doubt its reliability. The first is that in general relativity there is a problem with
codimension 2 sources like this, in that they are not properly defined [37]. To be properly
defined the source should be codimension 0 or 1. The second is that the source is located at
r = 0, aregion where the linearised theory may not be valid because we see that the curvatures
become large, and in fact we shall see in section 2.3.6 that indeed, the non-vacuum linearised
solution is only valid for large r. Hence we turn to other examples of sources, macroscopic and

with codimension 1, for more confident statements about source coupling in the theory.

2.3.4 Shell source

We now turn to extended sources, whose solutions will illustrate the important point that there
is no uniqueness theorem for spherically symmetric solutions - in fact we shall explicitly see
that the exterior solution depends on the details of the source. We start with a simple example,

a thin spherical shell of matter of radius ¢:

_ M
42
T, =0 (2.3.19b)

Ty 5(r —0) (2.3.19a)
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where by the linearised V#T},, = 0 condition we must have
Too = 0+ O((W,V)?) . (2.3.20)

For r < ¢ we use the vacuum solution (2.3.12) with free parameters D, Dy_, D>_:

2Dy_ sinh 2Ds_ sinh
v =p_ 2D sinh(mor) ~ 2D,- sinh(mar) ’ (2.321a)
r r

T -
Wi — — 2D, (<m> - cosmmm) v Dy <<m> - Cosh<m2r>> ,
T T

(2.3.21b)

and for the exterior solution (r > /) we use the generic solutions (2.3.5) for Vout and Wy with
the free parameters C, Cy—, Co4, Co—, Coy..
For o # 0 and 3 # 0 we require step discontinuities (of the form ©(r — ¢)) in W and V"

(equivalently A” and B"’), with the following discontinuity structure

W ~ (continuous)

W' ~ (continuous)

. (M (e + 60)
i e S _
W" ~ (continuous part) 4dras O(r—1)
V' ~ (continuous)
V' ~ (continuous)
V" ~ (continuous)
. (M (o — 120)
" e S _
14 (continuous part) L ddnap O(r—1).
The solution in full is
inh Me—mot inh Me—m2t
Vi =D 4 Sbh0mor) (o Me sinh (mar) (o0, , oM™ (2.3.22a)
r 24mymol 6mymal
inh Me=mot
Wy — (S0 0mer) L osh (mor) ) (2Cos — 5 (2.3.22b)
T 24myml
sinh (mar) Me—m2¢
- — = h —
< . ms9 COS (mg’l“)) <Cg+ + 127ymol
M M sinh (mof) _ sinh (mgf) _
-D _ N pmmor g2 VTR pmmar 2.3.22
Vour * 8yl 24mAr (3 * mol ¢ mal ¢ ( <)
+ 2. sinh(mgr) 20y, sinh(mar)
M inh inh
Wou g oSBM20) gy oy - SBROTOD) gy (23.22d)
247yr mal mo/
emor efmor 1 emgr 1 e*TTLQT’
Co+ (1 — TTLOT‘) — Cot . (1 + moT) - §CQ+ (1 — TTLQT‘) + §CQ+ . (1 + mg’l“) R
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with Ricci scalar
sinh(mo?)

mof

—mor

Rout = mg e +O((W,V)?), (2.3.23)

8myr
So we see that the exterior metric and curvature of the spherical shell are of the same form
as the metric and curvature of the point source, with % terms multiplying the functions.
Since terms of this form appear both with ms and with mg the dependence on ¢ cannot be
absorbed by any of the other free parameters, and we see the unlike General Relativity there is
no Birkhoff theorem - the exterior metric depends not just on the total mass of the source but
also on its structure through the parameter /. In the / — 0 limit the % terms tend to 1 and
the solutions corresponds with the point source expressions. The interior metric is divergent
in the limit £ — 0 but this does not worry us since the volume of space that is described by that
metric would vanish.
The lack of a Birkhoff theorem was noted already in [6] using as example source a "balloon",

which we shall also cover in section 2.3.5.

2.3.4.1 The shell source in the 3 = 0 case

We find that in the limit 8 — 0 the coupling to sources is changed slightly. We shall see that
although the final result is changed simply, and is given by taking the same expression and
removing the mg terms, the derivation is changed significantly because the discontinuities
are different. We shall take the hollow shell source as an example and see that in the 5 = 0
case there is actually in discontinuity in the normal component of the metric (g,,) itself. The
reader may wish to refer back to the introduction to the topic of junction conditions in section
1.2.1. The simpler equations of motion for the Einstein-Weyl theory reveal that the appropriate

discontinuity structure for the linearised shell is the following;:

M
W ~ (continuous part) + ——O(r — ¢)

247yl
. M M
W’ ~ (continuous part) + Wd(r — /) — W@(r —0)
V' ~ (continuous)

V' ~ (continuous part) — L@(r — /)

P 24myl?

M M

V" ~ (continuous part) — Wd(r —0)+ W@(r —0).
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The solution is:

] h M —mol
Vi =D 4 Sulilmer) (o - M (2.3.24a)
r 6mymal
1 h M —ng
Win = — sinh (mor) _ mg cosh (mar) | | Coy + e
r 127ymol
M M sinh (mgf) _
Vout =D + —— — 3—4———=ZLeTm2 2.3.24b
out * 8yl 24myr < mol c ) ( )
+20y, sinh(mar)
M inh(mof
Woat =L (5= oS0020) oy oy (2.3.24¢)
247yr mal
1 esz 1 e—mgr
— 1- - 1 .
52 —— (L=mar) + 5 Coy —— (1 + mar)

Despite the different discontinuity structure, The only difference from the solution (2.3.22) is
that m¢ terms do not appear.
2.3.5 Balloon source

The next source we shall consider is a balloon of radius ¢. This expands upon the discussion

of the balloon in [6]. By balloon we mean a uniform mass and pressure for r» < ¢ and vacuum

outside:
25O —71) 0 0 0
0 PO — 0 0
T,ul/ = ( T) s (2325)
0 0 The 0
0 0 0 Tpgsin®6
where O(r) is the Heaviside theta function. Ty is fixed by the condition (1.3.3)
1
Tyo = Pr?O(l —r) — 5137«5“’5(5 —7) (2.3.26)

(plus higher-order terms). The interior solution is now modified to solve (2.3.4) for non-zero
H,:

2Dg_ sinh (mgr)  2Ds_ sinh (mar) r2 (47r€3P + M)

in(T) = D 2.3.27
Vin(r) r r TPt 16703 2327)
sinh (mor)
Win(r) = = 2Dg_ | —————= — myq cosh (myor)
inh Mr?
+ Dy_ M — mg cosh (mar) | + - (2.3.28)
r 8myl3

Note that the new terms that produce the bulk mass and pressure are proportional to r2, and

so near the origin V, W, V’, W’ are not different from the discussion in 2.3.1 above and the
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discussion of section 2.3.2 (regarding the condition to have no delta functions at the origin) is
unmodified for the balloon, i.e. 0 = D2y = Do_ + Do = Dy_ + Dy still applies to the interior
solution.

The discontinuity structure of the balloon is similar to that of the hollow shell, with discon-

tinuities in V"/(r) and W"”(r) at r = ¢:

1" _m (P(a+603)
out(l+) =Vin (£-) + 3608 (2.3.29a)
2P(a—
Woalt) =Wi(e-) - “Hie =30 2:329b)

We also enforce continuity of the lower order derivatives and the metric itself. The continuity
and discontinuity conditions form a system of six independent constraints, as one might expect
from the nature of the system, which is sixth order in differentials.

To present the solution, we shall enforce asymptotic flatness and use a shorthand notation
M, = M +n2x03P , (2.3.30)

making the interior and exterior metrics of a balloon

Vo =D+ — (302 42 315 ng My — 45| SBOTOT) gt
A8yl3 mg mor
_8 [3 L+ n212£ M, + 27r€5P] Smh(mﬂ)e—mzf>
ms mar
1 1 L inh
Win =——— | 3Mor? + |3 i 77220 M_o — 47lPP M — cosh(mor) e~mot
2403 mg mor
1 l inh
+2 [3 + T;LQ M + 27T£5P:| [Sm(mﬂ) - cosh(mgr)} e_m2£>
ms meor
1 M., M, \ M
Vour =D 2 — M+ Anl°P | —
! + 1670 < 2me 8€2m22 M A dm > 8myr
e~mor (' M_o [sinh(mgl) 3 sinh(mgf)
— cosh(mgl) | — 4ml>P————=
* 24myr ( 2m { mol cosh(mo!) : mol
e~ m2r M [sinh(mgf) 3 sinh(maf)
— — cosh(mel 2P P———==
6myr ( 2m [ mol cosh(myt)| +2m mol
M
Wour =
! 8mTyr
—mor(q M_ inh inh
¢ (1 + mor) 22 sinh(mof) _ cosh(mol) | — 47r£3pw
24myr 2mg mol mol
e~ "2" (1 + mar) My [sinh(mgf) 3 sinh(mgf)
3 — cosh(maf 2mf°P————=
+ 127yr ( 2m [ mal cosh(mz)| +2m mal

(where the exterior metric appeared already in [6])
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Like the hollow spherical shell, we see that the exterior metric depends on the details of the
source. The hollow spherical shell depended on the mass and size, M and ¢. The balloon has
these and also a third parameter describing it, the pressure P, and the result for the exterior
metric depends on M, ¢ and P as independent quantities. The exterior metric necessarily has
free parameters corresponding to static symmetry (D) and asymptotic non-flatness (Co, Cay,
here constrained to vanish). Since it also depends on multiple parameters of the source then
we see that all six free parameters of the theory are needed to describe the solution of a matter
source in the linearised theory. This is in contrast to general relativity where Birkhoff’s theorem
implies that spherically symmetric solutions depend on the matter distribution through only

one parameter.

2.3.6 Next correction to the linearised theory

For the § = 0 theory it is actually tractable to find the second-order perturbations around flat

space, too. Let us define precisely what we mean. Write A, B as

A =1+ eW(r)+ EWa(r) + O(e?) (2.3.32a)
B =1+ eV(r) + &Va(r) + O(e®) (2.3.32b)
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and solve the equations of motion to order €2, neglecting order €3. The solution is

1 mar
Vo =Ei (—2rmy) gCg_mg (302_m2 — 402706 )

r

1 —mar
+ Ei (2rm2) §C2+m2 (3C’2+m2 + 40270€ )

r

—mar
4 1027 (202,07”2 In(r) + Ci’o + 4C>
mar |
c 1O (—Cwm2 In(r) + Cj’o + 4C>

69 e—mz’r emzr
Ei(— _Mmyg—— _ -2
+ k1 ( ng) Co_moy 123 <CQ " Cot . )

69 e~ mar emar

Ei — [ 205 —

+ Ei (rmg) Coyma 123 < Cy " Cot - )
ef2m2r 9 2mor 1 9

+ TGZCQ_ (15 — 4m27') + 7‘7267402—’— (15 + 4m27")

maor —mar

e

. 69 e . 69
— Ei(—3rmy) mC%_mg " + Ei (3rma) @C’%erg

3 ) 15Cy_Coy  CaoC
_ _ 1 )

+ 402 02+m2 n(?") + 327“2 + r
1eme"

WQ =+ Z Ei (—2rm2) CQ_CQV()mQ (1 — mQT)
T

1 6—m27"

4 r

. 69 e~ mar emar
+ Ei(—rmg) ﬁCQ—WQ (—Cz— " (1 + mar) + Cayt . 2(1— my))

Ei (2rm2) CQ7OCQ+m2 (1 + mgr)

69 e~ mar emar
+ Ei (rmg) 275602+m2 <—CQ— " 2 (1 4+ mar) + Coy " (1-— m2T)>

1 —mar 7
+ < e Co0Co— <6m2 —2mgaIn(r) (1 + mar) + 7‘)

1e™m2" 7
+ 3 7 C2,0C24 <—GTTl2 + 2ma In(r) (1 — mor) + 7")

. 69 2 ez . 69 9 e—mar
+ Ei (—3rma) 275602777%2 (1 —mar) — Ei(3rma) 2—5602+m2 (1 4+ mar)
Le?mer , 2 2
+o 7 O (9 4 21mar + 20myr?)
1 e?mer 2,.2
+ @TC” (9 — 21mar + 20myr?)
1 320220 + 902_02+
B E— ’

where Ei is the exponential integral function defined as the principal value of the integral

Ei(z) = — / - et_tdt : (2.3.33)

—Zz
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At large and small argument Ei(z) goes as

In(lz]) +vg + O(x) , 0<|z| << 1
ey [0 2 +0) 0<lel <<t 03

e’ (z71+0(x7?) , 1<<|z|

where v is the Euler constant v ~ 0.577. So we can see that in the order €? solution the terms
that blow up as r gets large are still controlled by C>,.. We also see that the corrections blow
up for small  except in the vacuum case 0 = Cy 9 = Co— + Coy (2.3.12). Generically, for all
non-vacuum space-times the linearised solutions (2.3.5) only approximate the full theory away
from the origin. This is an important point since it is the reason why we have not compared
the linearised solutions (2.3.5) to the small-r solutions of section 2.2, though this would have
been extremely useful if it were possible.

Although generic solutions to the non-linear theory are not approximated by solutions to
the linearised theory, there should certainly exist a subset of solutions that are perturbatively
close to Minkowski for all r, that can be consistently described with the linearised solution.
The next-to-leading order corrections are non-divergent only for the vacuum solution family
0 = Cy9 = Ca_ + Cay, so it must be this family that is consistent for all finite . Recall
that the condition for the linearised solution to be vacuum is the same as the condition for its
curvatures to be non-singular at the origin. The vacuum family can therefore be compared to
the (0, 0)g solution of section 2.2.1.1. We can only use linearised solutions near the origin in the
non-singular, vacuum case, and all such linearised solutions have a (0, 0) behaviour at small r.
In the non-linear theory the (0,0), family is necessary and sufficient for being non-singular at
the origin. We feel justified in identifying the linearised vacuum solutions as the perturbative
approximation of the (0,0)o family at any radius.

The (0,0)o family had 2+1 free parameters in the general theory and 1+1 in the § = 0
theory. From the discussion in section 2.2.2 we saw that in the (0, 0)¢ family asymptotic flatness
(with or without any horizons) implies that the family reduces to its 3 = 0 version and that
az = by. This implies that the parameter (a; — by) describes a deviation from asymptotic
flatness analogous to Cy. Within the linearised § = 0 theory, the vacuum solutions are only
asymptotically flat if they are flat space, and we recall that in the non-linear 8 = 0 theory the
(0,0)p solutions are flat space if and only if a; = 0, so we believe that ay corresponds to Co.
In summary, we believe that the two non-trivial free parameters of the (0, 0)¢ family, as and by,
both describe asymptotic non-flatness, and the only asymptotically flat member of the (0, 0)o
family is Minkowski space.

The next-to-leading-order expressions found here will appear again in section 3.3 which

deals with asymptotically flat numerical solutions in the 8 = 0 theory.
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2.4 Solutions around r, # 0.

We gain further insight into solutions of the theory by studying expansions around an arbitrary
radius r¢. This will include radii where special things happen, e.g. a horizon. A Frobenius

analysis is very successful but we shall find other very important non-Frobenius solutions too.

2.4.1 Frobenius Analysis

We write the metric functions as expansions about an arbitrary point, i.e. series in (r —7g). This

will be much easier using a different radial function:

dr?
ds®> = —B(r) dt? + —— + r2dQ3 2.4.1
( ) f(r) 2 ( )
simply related to (1.3.8) by A(r) = 1/f(r).
The Frobenius ansatz we shall use is

f=fulr —10)" + fugr(r —ro)" 4. (2.4.2a)

B
= =(r—r0)" +bryr(r —ro) T+ (2.4.2b)

be

for some u and ¢, not confusing these undetermined placeholders (u,t) with the undetermined
placeholders (s, t) we wrote earlier (2.2.1)

In the 5 = 0 case the equations of motion imply the two relatively simple coupled second-
order ODEs (c.f. equations (1.3.19))

0=—2v2B3 (2.4.3a)
—3ar?’B3f? + 4ar® fB3 " (2.4.3b)
— 203 fB? "B’ (2.4.3c)
—r*afBf'B”? + ar® f2B" (2.4.3d)
+ 8afB% + 2y fB® — 8af? B3 + 4arB3 f’ (2.4.3¢)

—darfB3f + 2y fB?’B' — 202 f B2 f'B' — 3o f?BB" | (2.4.3f)
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H}!'

0="1 =_2f3B?% 4 272 f3BB" (2.4.4a)
,y

+r2f?Bf'B’ (2.4.4b)

+ 4r f2B%f! (2.4.40)

—4f2B? (2.4.4d)

+4f3B%* + 4rf3BB’ (2.4.4e)

These equations are simple and the reader can easily use a paper calculation to gain insight
into the method we use to determine v and ¢. Substituting the ansatz (2.4.2) into (2.4.3) we
find that if % < u then the term (2.4.3a) contributes the leading order behaviour, but does not
vanish, so we conclude that v < % In (2.4.4) we find that for all v < 2 the terms (2.4.4a) and
(2.4.4b) lead, and vanish only for ¢t = 0 or ¢t = 2 — u. Now we must examine the next-to-
leading order. For ¢t = 2 — u the leading-order terms are contributed by (2.4.4a) and (2.4.4b),
and (2.4.3c) and (2.4.3d), and vanish only for © = 1. On the other hand, fort = 0,if 1 < u
then the leading order appears in (2.4.3a) and (2.4.4d) but never vanishes. Fort =0and u < 1
then the leading order comes from the terms (2.4.3b) and (2.4.3c), and (2.4.4b) and (2.4.4¢),

and vanish only for u = 0. Thus we rule out all Frobenius solutions except the (u,t) pairs

¢ (u7t) = (17 1>7"0
° (u7t) = (070)7"0
° (u’t) = (170)7“0

where we write the 7y subscript to indicate that these are (u,t) of solutions (2.4.2) around
r=rg #0.

In the 8 # 0 theory there is a similar calculation producing the same (u,t) pairs. Details
of the calculation find that the a = 33 case may have different properties (due to solving
equations at leading order of the form (o — 33)(...) = 0), and that there may be a special
radius 7 s.t. 377 2 = 2(a — 33), though these may just be an artefact of the series approach.
Note, however, that we will also find some solutions not described by a Frobenius ansatz, and

these are detailed in section 2.4.2.

2411 The (0,0),, solution

This solution corresponds to no special point of the solution and since we impose no boundary

conditions at r # ry we expect this expansion to see the full number of free parameters of the
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theory. The first few terms in the solution are:

F(r) =fo+ fi(r —ro) + fa (r — o)

N (r —ro)°
432a8 ford (o — 38)biro — 2(a + 603))

— 4b3 (1302 + 848a + 3642 + 2(v — 38)%bor?) 7

+ 402 (0 —12(a — 38)barder + 665 + 365%)

+ 1601 (o — 38)%b37g + (7a® + 48Ba + 368%) barg + 5a? — 98% — 12a3) rg
16 ((? + 3B — 186%) bir§ + 5a® + 1857 + 33059) ) /}

( - 35(( 38)260r3 + (1902 — 518a — 1862) biri

+ 2< -« ’yblro 93%y b1r0 + 6aﬁvb 7“0 + 4a27b1b27"8 + 36527b1627“8 — 24aﬁ'yb1b2r(5]

+ 6a2ybrg — 54B%ybiry — 8alybary 4 1443%ybory — 24aBybary — 4’ ybird + 7232 ybyrd

— 120{B7b1r0 — 216536 T% + 144&521317“0 - 24oz2ﬁb1r0 — 80[277"3 — 725277“(2] - 600[577“(2]

— 72aff> ((o — 3B)birg — (a + 68)birg — 2(a + 683)) 7

— 43283b119 — 144a6%b119 + 9602 Bbiro + 361 ((a - 38)%birg + (11a? — 39Ba + 1852) biry

— 4b3 (8% + 51Ba + 185 + (o — 353)%barg) 1§

— 4by (—11a” + 12Ba — 188 + (a® — 158 + 363%) barg) 1o + 8(a + 63) (3abari — 8 + 63) )ro
—8645% — 720037 — 96a25) fo

+ 2f1ro ((a = 3B)biro — 2(a + 613)) ((a — 3ﬁ)'yblrg’ + 40477"% + 6577”8 — 36045]‘21"8 +728% — 24045)
— 36]”1 5 ((a — 36)%?7“3 +3 (a —98a + 180 ) 17“0 — 12a(a+ 68)byrg +4 (a2 —6Ba — 72ﬁ2))

+8 (—(oz —38)birog (a ('yr% - 65) + 60 (’y?"% + 36)) — (a+6p3) (a (66 — 277“8) - 38 ('7?”8 + 65))) >

L0 ((T _ r0)4> (2.4.5a)
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B(r)
bo

=1+by(r—ro)+ba(r— r0)2

(r —ro)°
48f3ri (biro(a — 38) — 2(a +653))

X <2f0 <41)1T8 (f1 (a - 2()27“8(0( - 3ﬁ) + 24,8) - 3"}/7’0)

+

+4 (4o firg(a + 68) + 368 — 3yrf)

+ 3b3 firg(a — 38) — 4b3 fir (2c + 38) — 4 farf (4(o — 128) + birg (o — 38) — dbyro(a + 683)) )
+ 13 ( — Thirg (o — 38) + 4bird (5a + 128) + 4b3rd (o + 6bar (o — 38) — 488)

— 32b17o (@ + 3bard (e + 38) + 683) + 16 (o + b3rg(a — 38) + dbarg (a + 68) — 215) )

+ firg (4(a — 128) + birg(a — 38) — 4biro(a + 68)) + 8 (—2a + 653 + 3y7) )

L0 <(T _ r0)4) 7 (2.4.5b)

which has 5+1 free parameters, fy, f1, f2, b1, b2 and the trivial parameter by.
The boundary quantity C(r) goes as a product of two functions F'(by, be, fo, f1,70) and

F (b1, b2, fo, f1,70, f2, @, B,7) over a denominator:

bo

Vi
C(r) :167“8’ (biro(a — 383) — 2(a + 683))
+O(r—ro) , -

X F(b17b2af07f1ar0) X F(b17b27f07f17r07f270‘767’7>

so for a given r( there are two (4+1)-parameter sub-solutions (equivalently, there are two possi-
bly constraints) where the O((r —r()?) term vanishes and therefore that this quantity vanishes
at rg. From the theorem (2.1.6) we see that if C'(r) vanishes at two radii 7; and ry it implies that
R =0forall 7 <7 < 7. From (2.4.6) we expect that this would be one constraint at r; and a
second (assumed independent) constraint at r2, so the R = 0 solution has two fewer parame-
ters than the generic solution. This agrees with the analysis of 1.3.3.2 where we found that the
solution with R = 0 < 3 = 0 has 4 free parameters compared to 6 in the generic theory.

The fact that in this expansion around an arbitrary point 7 the condition for the boundary
term C(rp) to vanish is one constraint compares well with the information in section 2.2.4.
Consider using (2.1.6) with integration region 0 < r < 19, and assume for the sake of argument
that even matching onto a specified small-r solution family, it is still true that C(rp) = 0 is
exactly one constraint. We saw that the two families where C(r — 0) vanished had one fewer
free parameter in the R = 0 theory than in the generic theory, which matches nicely with the

idea that the single condition C(ry) = 0 is sufficient to force R to vanish by (2.1.6).
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We present the solution for the 5 = 0 theory too.

f(r)=fo+ fi(r—ro)

(r —ro)® 3 2 2.2
+ 2(4a+0b + — b +2b +4
4aford (biro — 2) fo ( ( T oo Wao) afiro ( 170 170 ))

+ afg (b“;’rg’ — 3b%7’(2) — 8) + 70 (4af1 — 3af12r0 — 277“0) )

L0 ((T _ 7«0)3) (2.4.7a)
B(r) =1+4+0b; (r—ro)
bo
(r—rof (= firo (biro + 4) + fo (b33 — dbyrg — 4) + 4)
4f0"’g 170 \P170 0\Y170 170

+0((r=m0)") , (24.7b)

which has 3+1 free parameters, bo, b1, fo, f1, as expected.

2.4.1.2 The (1,1),, solution

This solution family corresponds to a horizon and goes as:

fr) = (r —ro) + f2 (r —m0)*> + O ((7" - 7"0)3> (2.4.8a)
B(r) _
p (o)

(r —ro)*

+ 98 f1r2(a — 35) ( — ﬂz( + (= 38) (14482 (a — 3B) + ¥*rg(a — 38) — 24Byri (o + 63))

1=

+ 728 firo (268 firo(e + 38)% — (o — 38) (48(a — 38) + SaBfor + i (~ (e +28))) )
+r5(a—38) (v — 3Bf2) + 12B8firo(a + 35))
40 <(r - 7“0)3) . (2.4.8b)

It has 3+1 free parameters: f1, f2, b1 and the location of the horizon, .
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In this solution family (2.1.9) goes as

by
V i 2 52 3 4
cr) =(r— 144 — 864 1296
(T) (T TO) 108537"8(06 _ 36)2 ( 64 B Oéﬂ + /8 +
+ (14452 firg(a+38)2 — 128 firo(a — 3B) (8aBfarg + a (48 — y1g) — 2B (68 + 4713))
+a? (yr2 —128) % — 608 (14452 + 128778 +~2rd)
1

+98% (14482 + 48878 +7%ri) ) (o = 38) (128 — 1) — 368 1ro(a — B))

— 2880 B2 f1 fors 4 72002 B2 f212 — 57602 5% f1rg

+ 72042B'yf17“8 + 864o<ﬁ3f1f27“3 — 864aﬁ3f12r8 + 2592aﬁ3f1r0 — 180aﬁ27f1r8

+ 12968% f2r2 — 25926 f17g — 10883 115 — 240 Byrd

+ o2y2rd + 36a8%yré — 6afy’ry 4+ 10863 yrE + 9B272r§>

+0 ((r—mro)?) , (24.9)

which always vanishes as r — 7.

We present the solution for the 3 = 0 theory too:

f(r) =fi(r—ro) (2.4.10a)
3y
237 T8 T 2f1 1
+(7‘—T0) <8O[+’f‘0+7‘(2]>
(r—ro)°

28802 f3r3 (fl (fl (daufy (—64a + 136 firo — 5yr) +yro (y7g — 28a))

+ 8y (6a + ’yr%) ) - 9727"())

+0 ((r —70) )
Bb(ﬂ —(r — 7o) (2.4.10b)
1
ERY
w (vro — fi (—8a + 16afirg + 1))
1°0

o 3

+ 2(87‘8(127“]?14)7“8 (f1 (fl (4af1 (716004 + 232afirg + 77“(2]) + 1o (777“(2) — 52&))

— 16y (’yr% — 3a) ) + 9727’0)

+ O ((7’ — T’())4) s
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which has 2+1 free parameters f1,b1 and . Itis related to the generic 3 theory by fixing fo = fo
where fy := g%_ém?}%m_% +oz and the + to the sign of f1 (368 firo(a — 8) — (a — 38) (128 — 1))
The (1,1),, family should be compared to the Schwarszchild solution. The (1,1),, be-
haviour has a smooth sign change of f(r) and B(r), describing a horizon. Consider the theo-
rem (2.1.6) with the integration region having one boundary at » = 79 and the other boundary
at r — oo. The boundary contribution C(r) (2.4.9) vanishes on both boundaries if the space-
time asymptotically flat, and tells us that R = 0, i.e. that we should restrict consideration to
(2.4.10).
This family is a particularly important family because it describes black holes. There is
a lot to say about the global structure of black hole solutions so the discussion is presented

separately in section 3.2.

2.4.1.3 The (1,0),, solution

This solution family has f ~ (r—rp) and B ~ 1+ ~ (r—rp). We postpone a physical discussion
of this family, however, until we consider its non-Frobenius generalisation, the (1,0)/, family,
in section 2.4.2.1. This family is better understood as an important special case of that more

general family. In this section we simply present the solution, which goes as:

_ (T_T0)2 2 2 3
f=fi(r—ro)— 18aBfiri(a —35) (12a Bf1— T2aB" f1 + 10837 f1

+ %+ (yro(a — 38) — 68 f1(2c + 303)) \/27aﬁf1 2+ 2(a — 38) (20 — 68 — 3yrd)

+ 90 B fire — 3oy fird + 135a8° firg + 276% firg + 2yro(a — 3&)2>

+O((r o)) (2.4.11a)
B =1+ M <f1r0(a +608) — j:\/27ozﬁf r2 +2(a — 383) (2a — 68 — 37r2)> +0 ((7‘ - 7“0)2)
bo firg(a —3p) bo 0 7

(2.4.11b)

which has 2+1 free parameters, by, f1, 7.

In this solution family (2.1.9) goes as

" 3613 (o — 3p)
+ 9a2f1 Ty — 12a2f1r0 + 27aﬁf1 ’FO

bo
C(r) =vr—ro \/’772 < + 3603 f1r0 + 2(a — 36) (40 — 3 (48 + 715))

-2+ (—2a+ 65+ 3afiro) \/27a6f1r0—|—2(a—35) (2@—66—3'yr%)>+...,

which vanishes at ryg.
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We present the solution for the 5 = 0 theory too:

ro zgojp?fjm (2.4.12a)
_ 2 2
F0) =1 (r — 1) — L TOQQQ(;Z tafi) Lo ((r = r0)%) (2.4.12b)
1
B(r) _ 72 v 3f
R
+ m (2y + 30zf12)2 (27 - 3ozf12)
+0((r—r0)?) , (2.4.12¢)

which has only 1+1 free parameters, by and f;.

2.4.2 Non-Frobenius solutions

As in the analysis of solutions around the origin, one might think that there are other solutions
around ry that are not described by the Frobenius ansatz r* x (a Taylor series), but may be of
the form of the Frobenius ansatz that uses logs or of an entirely different form.

We do, in fact, find two other solutions families, which we detail next, before moving on
to a description of searches we did that came back negative (or inconclusive). Both of the new
solutions are based on series of integer and half-integer powers of (r — rp). They are denoted
with their (u,t) brackets as usual, but with a subscript to indicate that the powers go up in

half-integer steps.

2.4.21 A consistent wormhole solution - (1,0)./,

We find one solution similar to the solution (2.4.11), except it sees the full number of free

parameters of the theory. For g # 0 the solution goes as

Fr) =f1(r—r0) + f2 (r — 10)** + O ((r — 10)?) (2.4.13)
Bb(? =14+bivr—ro+be (7’—7’0)+O<(7”—7’0)%> : (2.4.14)

This solution has 5+1 free parameters, fi, f2, b1, b2, 7o and the trivial parameter by.
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To talk about the theorem (2.1.6) we calculate the boundary term contribution:

bo
g

x <(a = 36) (15 (4baf1 + bi (f2 = b)) = 16) (15 (4b2/1 + by (f2 = b1 /1)) + 16) + 384775
+ 32f1rg (b%flm(za +38) + by faro(dor — 38) — 2by frro(a + 63) + 2 f1(a — 125)))
+0 <(r — ro)%> :
This tends to a finite value as » — rg, so the theorem (2.1.6) for asymptotically flat solutions
does not apply. It tends to the (r — r()? term shown, which is a product of two large bracketed

terms, and for a given ry either of the brackets could vanish for a choice of f> or by, however.

For g = 0 the solution is

) =y gy — ) (S (Biro + 12) — 16afy + 8m)

+0((r—ro)?) (24.15)

3ab1f1r(2)
B — :
(r) =1+b/r —10+ L ;02) (af127“0 (b%ro — 9) + 8af; + 2’y7“0) +0 ((7“ — ro)%> , (2.4.16)

which has 3+1 free parameters, fi, 79, b1 and the trivial parameter by.

This (1,0)./, family is interpreted as the generalisation of the (1,0),, family. To see this
one would take the limit as the coefficients of half-integers powers go to zero. Taking the
limit fo — 0, by — 0 causes the O ((r — ro)%) term in B, which goes as %, to blow up unless
the numerator is fixed to zero by constraining the value of b;. Those three requirements are
sufficient to reduce this family to the integer wormhole family (1, 0),, already shown.

In [2] the (1,0),, solution was interpreted as a wormhole. We shall develop that discussion

in the context of this generalisation of the family. Let us change coordinates to

1
r—ry = sz (2.4.17)
to write the metric near r» = rg in the form
ds* = —bg (1 - b—lp+ bﬁpQ + > dt* + Iy’ - <1p2 - r0>2d92 (2.4.18)
2 4 fitshp+1fs0?+... \4

The interpretation of the coordinate transformation (2.4.17) is that a p > 0 patch is sewed on to
a p < 0 patch. The natural next question then concerns the causal structure of the wormhole

and how it works with this patch structure.
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We can solve the geodesic equation
(XH)"(A) + T (XY (MN(X7)'(N) =0,

in the vicinity of the wormhole, choosing a radial geodesic and use coordinates ¢, p. Pick an
affine parameter such that p(0) = 0 and choose the time coordinate such that £(0) = 0. The

geodesic is then:

H\) = M(0) — iAQt’(O)le PO 509

#(0)2
/ / 2
p(\) = At’(O)’t),((g)) + éAQt’(O)2 jijf,((g)g - bob1f1> + 0\,
which has length
/ 2
YN ) = 205 — 02+ 00 (2.4.19)
1

The signs of these terms are determined by the signs of f; and by, which are both positive if
the signature of the space-time is to be — + ++ at r just above 79. So we see that there are
geodesics that pass through from the p > 0 patch to the p < 0 patch, they have p’(0) # 0,
t'(0) > 0, and they can be space-like, time-like or null. This underpins their interpretation as
traversable wormholes, since a time-like observer could pass through from the 0 < p (rg < )
region to the p < 0 (ro < r) region. We see from the transformed metric (2.4.18) that these
two patches have different metrics though, since it has terms odd in p. The integer wormhole
(1,0),, is an important special case because in that family the same coordinate transformation
shows us a metric with only even terms in p and so the two patches have the same metric.
What about the global structure of these solutions? Fixing the time coordinate so that
asymptotically g;; — —1 must be one constraint by static symmetry. Since this family has
5+1 free parameters, the maximum allowed by the system, there must be a mapping between
them and the 5+1 free parameters of the linearised solution (2.3.5) without any redundancy.
Therefore the two constraints of asymptotic flatness, Co1 = 0 = C>_, must be two constraints
on this family, using only the reasonable assumption that a comparison to the linearised theory
is valid. However, when considering asymptotic flatness in this family recall that there are two
large-r regions, one in the p > 0 patch and one in the p < 0 patch. In the half-integer solu-
tion family (1,0)./, these two regions do not have the same metric, and requiring asymptotic
flatness and gy — —1 in the other asymptotic region as well will be additional, independent
constraints . Thus there are six constraints on the 5+1 free parameters, and in this (5+1)-

parameter family there is a single asymptotically flat solution (a zero-parameter family). In

4 Note that usually, in the way we choose to parameterise our solutions, the constraint g¢(p — o0) — —1isa
constraint on what we call the trivial parameter, the parameter by that corresponds to scaling the time coordinate.
When there is a second patch with different metric, however, the requirement g (p — —o0) — —1 is an indepen-
dent constraint on the whole system of parameters, not just by, and therefore does not make by overconstrained.
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the integer solution family (1,0),, there are only 2+1 free parameters, but the two asymptotic
regions are the same, so the three conditions of asymptotic flatness and g;; — —1 in the one
patch are the same as in the other patch, so there are only three independent constraints, so
again we can find exactly one asymptotically flat solution in this family. Comparing, then,
the half-integer wormhole (1, 0)./, with the integer wormhole (1,0),, , it seems that within the
system of six independent constraints on (1,0)1/, that we described, we can cast three of them
as asymptotic flatness constraints and three as constraining the two patches to be identical i.e.
as fixing it to the (1, 0),, case.

Consider the theorem (2.1.6) for the integer wormhole (1, 0),, . The symmetry of the (1,0),,
family can be used to prove that C(rp) = 0 must vanish identically. Consider the following
picture. The use of two patches means we can choose one boundary in each patch, one at
r1,p > 0 and one at r1,p < 0. With some thought it is clear that this two-patch structure is
compatible with the theorem as we derived it. If C(r = r; > 1) is zero in one patch, then
by the symmetry of this solution it is also zero in the other patch, and by the theorem we can
say that R(rop < r < r;) = 0. The point is that in this family a single zero of C(r = 1 > 79)
is sufficient to prove the vanishing of the Ricci scalar, as opposed to the usual requirement of
two zeroes. Now consider an alternative picture. Consider the theorem in a single patch, and
put one boundary at » = 79 and one at r = r; > r(. In this picture we need C(r;) = 0 and
C(rp) = 0 in order to prove that R(ro < r < r;) = 0. However, from the previous picture we
also know that C'(r;) = 0 is sufficient to prove this. The two pictures are obviously equivalent.
So how can these two pictures be reconciled? The only way is if C(ry) = 0 identically in this
family. In the more general (1, 0)./, family the two patches are not identical and this proof fails,
and indeed we see that C(r() does not vanish identically in the wider family.

We believe we have a good picture of the global structure of these solutions, and although
the discussion falls short of a proof, a numerical analysis can quickly corroborate our ideas. We
shoot outwards from the (1,0),, family for § = 0, which has only 1+1 free parameters by and
f1. Fix the trivial parameter by = 1 and shoot from 1.01 x r towards large r. Recall that ry and
f1 are related by (2.4.12a), so there is only a single non-trivial free parameter. We find that there
are two behaviours. For large f; as you shoot outwards f(r) will go to zero, at which point
the numerical routines fail. For small f; as you shoot outwards f(r) grows large while B(r)
asymptotes to zero. By interpolating between such a too-large value of f; and such a too-small
value of f; a solution can be found that is regular out to a larger radius, and then by repeated
interpolation solutions regular to larger and larger distances can be found. Ultimately precise
tuning of f; will give us a single asymptotically flat solution. For values of the couplings o = 3
and vy = 1 the asymptotically flat solution appears around f; ~ 1.18151794738, corresponding
to a wormhole radius of rg &~ 0.577198137788. The wormhole of this radius remains flat out to
r ~ 25 and is plotted in figure 2.1. The numerical approach implies some uncertainty of the

quoted value of f; that corresponds to an asymptotically flat solution, but the procedure of
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interpolating between the two behaviours seems sound and could be carried out to arbitrary

accuracy as required.

08 s 08 -
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FIGURE 2.1: The asymptotically flat wormhole solution for oo = % and v = 1. The
left-hand plot shows the space-time staying flat out to » ~ 25, with f(r) tending
to 1 and B(r) tending to a constant. The right-hand plot shows detail around the
wormhole, for 0.58 < r < 2.5. In both graphs the function B(r) has been scaled
(as indicated), to make the functions of comparable size.

2.4.2.2 A consistent horizon solution - (2, 1), Jo

We find another solution that is similar to a horizon in that it is a zero of both B(r) and f(r).

The metric goes as:

Fr) =fo (r —r0)*'? + function(«, B, ro, fo, k)(r — ro)? + O ((r - ro)%)
B(r)
bo

=/ =7 + function(a, B, 7o, fo, k)(r — ro)' + O ((r —ro)?) |

where

k= irg\/ (o —3B) (a (—3682 (3fgrs —4) — 24Byrd + %) — 353 (1442 + 483yrd 4+ 72r())
(2.4.20)
which has 2+1 free parameters, fy, 79 and the trivial parameter by. This solution family does
not appear in the 5 = 0 theory, and therefore it cannot have R = 0 for an open interval of r.

However, evaluating the boundary quantity for the theorem (2.1.6) near rq gives

"0 543375 (a —

’Y\/% 2025 2 2
C(r)=vr—rg ) 54aadf?ry — 128k + g (vk — 1448% (a — 38))
+ 72§ (—(a — 38)) + 128774 (20 + 3ﬁ)> T

which vanishes towards 9. However, since solutions of the = 0 theory are equivalent to the

solutions with R = 0 Vr, and this solution does not exist for # = 0, we can say that R cannot



90 Chapter 2. Properties of Solution Families

vanish everywhere. In fact we can evaluate it near ry to find it goes as O(1) + O(y/r — r9):

_ k —~ri(a—38) + 128r¢(a — 38)

R 637“3(04 —30)

+O(Vr—10), (2.4.21)

and the leading order (the constant term) is never zero for the theory we wish to consider,
which has positive o, v, 79, and real f. So we consider the theorem (2.1.6) with inner integration
boundary at 9+ and outer integration boundary r — oo, and take the fact that the Ricci scalar
is not zero throughout the integration region, but the boundary term C(r) does vanish at the
inner integration boundary ry. Taken together we can say that if there is Minkowski ® signature
for ro < r < oo then the boundary term cannot vanish at the outer boundary » — oo, i.e. the
solution cannot be asymptotically flat. More generally we can say that (assuming Minkowski
signature) there are no zeroes of C' at radii larger than r by obtaining a contradiction. Suppose
that there is a zero of C at r1 > 79 s.t. C(r;) = 0. By (2.1.6) this would imply that R vanishes
for ro < r < r1, which is not possible. Thus no such zero of C(r > r¢) exists. Recall that
(assuming f # 0) C(r) would vanish either for R = 0 or 0, R = 0, and therefore there are no
zeroes of either of these for r > 7. So in fact, starting from the horizon at » = r(, as you move
towards increasing r either the Ricci scalar must monotonically increase or the Ricci scalar
must monotonically decrease (without asymptotically approaching zero).

This solution family is interpreted as a horizon. To see this, change coordinates to

Vr—rg = %(p - po) (2.4.22a)
2 2
r—rg = folgo (p— po)? (2.4.22b)

so that the metric is explicitly of the Schwarzschild form for p — py << po:

dp?
00 B(p—po)? + ...

2
— b

. PR (p—po)2+...>dt2+

(2.4.23)
Near this unusual "horizon" this fortunately allows us to use all the familiar apparatus of the
Schwarzschild solution. The interpretation of the coordinate transformation (2.4.22a) is that a
p > po patch is sewed on to a p < pg patch. Because it is locally Schwarzschild we can say
that time-like geodesics pass through from the p > pg patch to the p < pg patch (keeping the
same 6 and ¢), and find the coordinates ¢ and p changed from being time-like to being space-
like and vice-versa. The p < py patch also corresponds to » > rp, and thus an observer on
a time-like geodesic falls to a finite minimum radius and then touches this horizon and then
continues to increasing radius. The fact that the coordinates change in nature between space-

like and time-like when this happens makes further physical interpretation difficult, and it

Sor Euclidean
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should be borne in mind that we said that this solution cannot be asymptotically flat. The
proof that it is not asymptotically flat, however, was conditional upon a — + ++ signature
for » > rg. The physical interpretation just given complicates things, because the signature is
different in the two patches, so the proof can apply to at most one patch. It may be possible
to think of an interpretation where there are more creative signature changes at various radii,
and that this interesting solution could appear at one radius in the space-time, with another of
the interesting (r — ry) solution families at some other radius. In the current work we do not

spend any longer finding interpretations of this solution, however, and leave it as a curiosity.

2.4.2.3 Searching for other non-Frobenius solutions
One possible ansatz is

f=Fu(r =710)" + fuya(r —ro)" ™ + ... (2.4.24a)
B =by ((r —ro)" + bygy(r — o)™ +...) , (2.4.24b)

however it proves very difficult to confirm or exclude any s, ¢, z,y range for this ansatz. We
shall instead try the similar but simpler ansatz where the powers go up in steps <, for n some

integer n > 2:

F=folr —r0)" + fi(r — ro)" % + fo(r —ro)"" 5 + ... (2.4.25a)
bBO —(r = 10)! 4 b(r — 1)t 4 bo(r — o) TR 4+ (2.4.25b)

We cannot rule out solutions for all n, but trying the first few integers for n we can find no
solutions except those n = 2 solutions already discussed, in either the 3 = 0 case or the 3 # 0
case.

Another possible ansatz has logs in the leading order term in the expansion:

A= (r—ro)" (ao[In(r — ro)]™* + €u(r)) (2.4.26)
2 = (r=ro)™ ([ = )™ +(r)) 2427)

This proved difficult so only the 5 = 0 theory was examined. We can rule out solutions where
such log terms appear in the leading order, but we did not check if the sub-leading terms could
contain log terms of this form.

It is not possible to exhaustively exclude solutions families other than those already given,

but we now have more confidence in the assumption that there are no such families.
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2.4.3 Summary

The results for series expansions in (r — ) are summarised in table 2.2 where the numbers
in brackets refer to the leading-order behaviours of f and B, s.t. (u,t) corresponds to f ~
(r—ro)*+..., B~ (r—ro)'+...,and where (1,0), and (3, %)1/2 refer to the solution families
with both integer and half-integer powers of (r — r¢) appearing.

Solution family C(r) number of free parameters
(generic o, B) (8=0)
(0,0)r, O(1) 5+1 3+1
(1,1)y, O(r —ro) 3+1 2+1
(1,0)y, O/ =10) 2+1 1+1
(1,0)1/, O(1) 5+1 3+1
(3,5 O(/r =) 2+1 N/A

TABLE 2.2: Summary of free parameter counts in the five families of solutions
around r = rg
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3.1 Coupling to matter in the full non-linear theory

Considering all our results so far, there is a stark difference between the matter coupling in
the higher derivative theory and the matter coupling in GR. It is apparent from two of the
simpler results. The first result is that the theorem (2.1.6) implies that static space-times that
are asymptotically flat and have horizons must have R = 0 for all space above the horizon.
The second result is that when we do matter coupling in the linearised theory, the Ricci scalars
are not zero, for example (2.3.18a) and (2.3.23). Together these imply that matter coupled
solutions do not have horizons, and follows for matter sources of any mass and radius. The
contrast with General Relativity is clear. However, the weak link in the argument in the use
of the linearised theory. We saw in section 2.3.6 that for non-vacuum solutions the linearised
theory is only a valid approximation at large radii. In general relativity horizons only form for
matter sources contained within a radius 2G'M, so therefore in the higher derivative theory we
would wish to couple to matter at small radii, where the linear approximation may be poor.
In any case linearised solutions would not be good at describing horizons since a horizon is a
large deviation from flat space. The linearised theory is the only theory where we have found
matter-coupled solutions in closed form, because of its simplicity, but that same simplicity
causes us to doubt what it says about horizons.

The issue of horizons and matter coupling needs more examination, but the discussion
will have to cope without closed-form solutions. We present a range of arguments about the

features of the solutions in this section.

3.1.1 General arguments that matter fields in higher-derivative gravity are unlike

those in general relativity

We have already seen in the linearised theory (section 2.3) that the solutions of matter sources
have no Birkhoff theorem; the fields of extended sources depended on multiple parameters of
the source. In the balloon source example, the source was described by three parameters, and
the solution depended on all three of these, and had additionally one free parameter corre-
sponding to time-scaling, and two free parameters corresponding to asymptotic non-flatness,
totalling an irreducible dependence on 6 parameters, the maximum allowed by the theory. We
also saw in the extended sources that the interior solutions were joined to the exterior solu-
tions via six independent constraints. So we suppose that the vacuum exterior solution must
have six free parameters in order for the coupling to work, i.e. it is not possible to couple to an
exterior solution that has previously been constrained by some other consideration.

In the non-linear theory the coupling to matter is greatly more difficult than in the lin-
earised theory, so we can only present a schematic discussion. Knowing the number of free

parameters in each solution family will be key. Consider a shell source with a stress tensor like
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(2.3.19):

M

T =0, (3.1.1b)

Ttt

where the (non-linearised) conservation condition V*7),,, = (0, V#T},,0,0) = 0 requires the

other component be

T3B/Ttt
The equations of motion (1.3.1) expand schematically as
Hy=~BWy~AB 4L B 4 (3.1.2a)
Hy, = ~B@®4~ A"+ ~B"+..., (3.1.2b)
H99 — ~ B(4)_|_ ~ A(3)+ ~ B(3) + ..., (312C)

where we show only the high-derivative terms, i.e. the dots stand for functions of lower
derivatives of A, B, and the ~ are also understood to indicate that similar functions multiply

the high-derivative terms too. This suggests that we should consider

BW ~ §(r—0)+0(r—1), (3.1.3a)
A® ~ S =0 +0(r—1), (3.1.3b)
B® ~ (-0, (3.1.3¢)

A"~ O(r—1). (3.1.3d)

Then A, A', B, B', B” will be continuous at r = ¢, while A” has a step of size

_ M sla—3P)B —2(a+65)B

" oAl
Aoutlbs) = Ain(l-) = 2 3603 ret

(3.1.4)

We describe the region interior to the shell with the (0,0)g family (2.2.2), which is the vac-
uum family as discussed in section 2.2.1.1. This has 2+1 free parameters. Alternatively, one
could think of the condition to be vacuum at the origin as the three constraints A(0) = 1,
A'(0) = 0 = B’(0) coming from (2.2.4). We describe the solution in the region exterior to the
shell using some as yet undetermined solution family. We take inspiration from the linearised
theory and assume that the continuity and step conditions (3.1.3) and (3.1.4) form a system
of six independent constraints. Again inspired by the linearised theory we assume that the
asymptotic flatness requirement amounts to two constraints. We know from the static sym-
metry that requiring g (r — o0) = —1 is one constraint. We can count the total number of

constraints we are imposing on the space-time and work out the minimum number of free
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parameters necessary for the coupling scheme to work. We have two constraints for flatness
at infinity, one to fix the time coordinate (g;; — —1), and six constraints for the shell coupling,
totalling nine. There are three free parameters available in the interior metric, so we need the
exterior metric to be one of the vacuum solution families with six free parameters. We can see
from section 2.2.4 that such solutions are in the (2, 2)q family near the origin. One can imagine
taking the shell size ¢ to zero and in that limit finding the field of a point mass. This stress-
energy tensor would then have exterior metric in the (2, 2), family, a clear contrast to general
relativity where the field of a point source is in the (1, —1)g family.

We can consider this argument in the light of the results of [33] where solutions were found
that coupled a stress-energy tensor to the (0, 0)o family. The situation there was different - the

2 . . . . .
" so it was not considering vacuum solutions. One might

source was a density going as p ~ e~
still expect that those non-vacuum results still serve as a test of our claim that only the non-GR
(2,2)p family couples to matter. In fact those results found that asymptotically flat solutions
required a constraint on the pressure part of the stress-energy tensor, reflecting the gist of our
argument that (0,0), family descriptions are over-constrained. In contrast, our claim is that a
generic stress-energy tensor should be described by exterior solutions in the (2, 2), family. We
shall only explicitly consider the example of shell sources but the principle is expected to hold

2 . .
" source is encouraging.

for other sources too, and this comparison to results fora p ~ e~

An important feature of our argument was the assumption that the coupling conditions
were independent. This may not be true. It may be that given that the interior metric is in the
(0,0)p family, and given also that the two asymptotic flatness conditions have been imposed,
one or more of the six shell-coupling conditions might be automatically satisfied. For example
if two of the constraints were redundant with the other constraints then it would be possible to
place the (1, —1)o family as the exterior solution. Unfortunately, it is not possible to establish
if the constraints are independent or not without a closed form for the solution. However we
can discuss the feasibility of the proposed coupling of a shell to a (2, 2)y exterior solution. The

method is slightly involved so we first discuss general relativity.

3.1.2 Details of coupling the series solutions to matter

In the previous section we proposed that in the higher-derivative theory the field of a matter
source is completely different in the higher-derivative theory and general relativity, having a
(2,2)¢ form instead of (1,—1)o . However, it is not clear if this is possible or feasible. In this
section we discuss the method and its difficulties, but we first illustrate them with an general

relativistic example.
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3.1.2.1 Coupling in general relativity using the closed form

In the higher derivative theory we do not know the solutions for the metric, instead have
only series solutions. Our coupling method will be discussed in terms of series solutions,
accordingly, and we can do a general relativistic example. Firstly though, in this section we
derive the exact general-relativistic solution for comparison.

It is convenient to define the length scale
Ly = 2GM = M(87y)~t. (3.1.5)

The equations of motion of general relativity are compatible with the source (3.1.1) if there

is a step in the A function:

Bow(t4) = Bnll_) Aol0}) — Ay = AN
ou mn 9 u m KB(E)—LMAm(g_)
In terms of Ly, the space-time of a spherical shell has metric
An=1, (3.1.7a)
Bin =0, (3.1.7b)
1
Aout T (3.1.7¢)
Bout = T <1 — br) : (3.1.7d)
Y3
We want to write the exterior solution in the Schwarzschild form
1
Aout — 1 Ts 9 (3.1.821)
Bout = k2 (1 - Q) : (3.1.8b)
T

so we find expressions for the metric parameters in terms of the Schwarzschild radius r; and

time-scaling k?:

b= k2 (1 - %) , (3.1.9a)
Ly = k2 (1 - %) rs . (3.1.9b)

The signature of this space-time should be commented on, although it is not the key part of
this discussion. When the source is larger than the Schwarzschild radius, 0 < r; < ¢, then the
interior solutionis A = 1, B = b > 0, i.e. normal flat space-time. The signature is —+ ++ for all
r. When the source is smaller than the Schwarzschild radius, 0 < ¢ < r;, there is a horizon s.t.

the signature is — + ++ for rs < r, and then + — ++ for / < r < r,. However, then at r = ¢, as
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stated already B is continuous (and non-zero) but A has a step. This step will actually change
the sign of A to its positive interior value of 1. We see from (3.1.9a) that Bj, = b < 0 and from
(3.1.9b) that Ly; < 0. So we find that inside the source, for 0 < r < ¢ < r, that the signature is
+ + ++. This is not so strange in the context of the static symmetry. The source is inside the
horizon, so t is a space-like coordinate, but the source is static so it is in fact tachyonic, hence
the strange interior metric signature and the negative mass Ly;. The higher derivative theory
will avoid this peculiarity because A and B are continuous across the shell radius, and so we
expect a — + ++ signature for all r.

The key part of this discussion is that the interior free parameter b blows up as ¢~ as the
source is shrunk toward the origin. When one is using series solutions, expanded around the
r = 0, we shall have to deal with the limit ¢/ — 0, and we shall have to allow interior free

parameters to behave in this way.

3.1.2.2 Coupling in general relativity using a series solution

We repeat the coupling calculation for GR, this time using series solutions instead of the closed-
form solutions, to mimic the circumstances of the higher-derivative theory.

If one solved the equations of motion of general relativity using a Frobenius ansatz one
would find two solution families. The first is a vacuum solution, suitable for putting inside the
spherical shell, of the (0, 0)o form:

A(070)0 =1 4+ ... (3110&)

The second is a non-vacuum solution of the (1, —1)g form, corresponding to the Schwarzschild

solution.

Aq—1y, =TT — 22r? 4+ 283 — 2t 4 O(rP) (3.1.11a)

Ba_1), = % Yoyt (3.1.11b)

We shall place this solution outside the spherical shell source and solve the matching con-
ditions (3.1.6). We shall find we need to allow the free parameters to depend on the shell size

¢, (xz(£),y(¢),b(£)). The exterior free parameters will simply be Taylor series in ¢ so that as we

shrink the source they remain finite and preserve the (1, —1)o form.

2(0) = 2(0) + £/ (0) + %E%”(O) b (3.1.12a)

y(¢) =y(0) + ¢y (0) + %Ezy"(O) +..., (3.1.12b)
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whereas we take inspiration from the analytic solution of the previous section and allow b and

Lys to be Laurent series in /.

b=10% (b + bl + bpl® + b3l +...) (3.1.13a)
Lyg =% (Lo + Ly + PLoy + 3Ly +...) (3.1.13b)

and we shall find that the poles should be a = —1, d = —1 for the coupling to work. Coupling

the series solutions to the shell via (3.1.6) we find the solution:

y(0) = — Lag(€) (Lz(€) — Pa(0)? + O (63))
= — Loz(0) + £ (Lo (z(0)* — 2/(0)) — L12(0)) + O (¢2) (3.1.14a)

b(0) = — Ly (O)z(L) + O (£%)

= Lm0 Cr(0) - Lia(0)) + %e (—Loa"(0) — 2L12/(0) — 2L22(0)) + O (&%) .

¢
(3.1.14b)

We see that we are solving for combinations of L,, and x(m) (0), so there is some extra freedom
beyond what is needed for the matching. To understand this recall that for the purposes of
understanding the situation in the higher-derivative theory, we are pretending that we do
not know the exact forms of the interior and exterior solutions of the metric. The coupling
conditions (3.1.6) do not make reference to the Schwarzschild radius. Holding rs constant for
all ¢ will completely specify Ly;(¢) and z(¢). If we compare (3.1.14) to the closed-form solution
(3.1.9a), (3.1.9b) and (3.1.8), where we held r; fixed for all ¢, we find they are of the same form,
and we find agreement in the leading order for #:(0) = —;- and Lo = —k*rZ. Going to higher
and higher orders in ¢ will gradually reveal the closed-form solution for all £ with the values
x(l) = —% and Ly (¢) = k? ( — %) Ts.

3.1.2.3 Coupling in the higher-derivative theory

We now consider coupling a thin shell source described by (3.1.1). We describe the region
interior to the shell with the (0,0)¢ family (2.2.2), which is the vacuum family as discussed in
section 2.2.1.1. As argued in section 3.1.1 we want to see if it is possible to place the (2,2)o
family outside the shell. In order to avoid confusion with re-use of a,, b, notation we shall
write the exterior solution with w,, v, as

A= 1wy + riugw - r (wa (2vz (vaws = dva) + v5)) + rPws + O(r%) (3.1.15a)

V9 61)%

B = r?%vy + r3v3 4+ rtog + rPus + O(T6) . (3.1.15b)
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We presented the coupling scheme we intend to use in equations (3.1.3) and (3.1.4). The key
problem we shall encounter is exemplified by the continuity of A at » = ¢. For a very small
shell the interior solution is described by (0,0)o and therefore A ~ 1, whereas just outside in
the (2, 2)o family A(¢) ~ ¢? ~ 0. There are similar problems in the other continuity conditions
but we shall focus on this example. The resolution is in the same spirit as in the general rela-
tivistic example, where we saw in (3.1.9a) that the free parameters of the interior metric can be
diverging functions of /.

To proceed we will need a formula to understand the progression of terms in the (0,0)

series. Inspecting the full form of the series up to 14 orders one finds that the metric is of the

form
5P q
A=1+ar’+ Y Xnpmg ™" <7> ayh ™ <5> (3.1.16a)
n,p,q,m IB «
B 5P . q
W =1+b0?+ Y Yapmg ™ (g) b (i) : (3.1.16b)
n,p,q,m

where the X, 4 and Y}, p ¢ are rational numbers and the n,p, ¢, m sums are taken over
n=46,8,..;,1<p<50<qg<5-—1and0 <m < p. Using this it can be shown that the

free parameters should be written as functions of ¢ with the following scheme:

bo =/*Hy(?), wy =ws (L),
ay =072Gy(0), vy =wa(f),
by =072Fy(0), vz =v3(f),
vy =v4({),
ws =ws (L),
M =00u(0), vs =v5({) ,

where the functions of ¢ are all understood to be Taylor series, i.e. the poles have been made
explicit. Specifically ay and by should diverge as £~2. The ¢-power of the leading order of M
has not been determined.

For continuity of 4, i.e. Ain(/—) = Aout(¢+), we need to evaluate the series (3.1.16) at r = £:

3k L
An(l) =14+ Go(0)+ > &F (;) X,y nmt g G2(O " Fa(0)"2 ™ <§>q (3.1.17)

k,n,qm

where the sum is taken over k¥ = 0,2,4,6,...; k+2 <n =4,6,8,...;0 < ¢ < 5 —1and
0 <m< ”7_’“ Thus Ain(¢—) goes as Ay + O(¢"), whereas Aoyt (44) goes as 2, Solving the

equation for all ¢ requires that A, defined as the coefficient of the ¢ term in Aj,(¢-), should
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vanish:

Q™

Ag=1+ GQ(O) + Z Xn,%,m,q GQ(O)mFQ(O)%_m (

n?qﬂm

q
) , (3.1.18)

where the sum is taken forn = 4,6,8,...;0 < ¢ < § —1and 0 <m < 3. We need this sum to
converge, so that the coupling could be done with a finite-length series solution, and it must in
fact converge to zero. We have not comprehensively studied the convergence properties, but
have considered the simpler limit 8 << a. In this limit, the ¢ > 1 terms are suppressed and
we need only consider Xn,g,m,o- Of the coefficients appearing in this series, the Xn7%7%70 equal
1 for all n while the other coefficients X, » ,,,<z_; ¢ appear to grow at most linearly with n (for
atleast n < 14). Let us rename t = 37, X, 2.m,0 = Xt and Go(0) = (F2(0) and consider only
the first T' terms. We get

Ap=14 > Xy ("Fa(0) . (3.1.19)

t=1,2,3,4,..T
0<m<t

Assuming that the X} ,,, grow with ¢ at most linearly we can estimate the sum Aq by writing
Xim = a + bt. For the estimate Ag:

~ 1— Ct—H
Ag=1+ > (a+bt) ——F(0)", (3.1.20)
1-¢
t=12,34,..T
which has a ratio of terms at large ¢
a+b+bt Fp(0)+! 1 —tt2 15(0), ¢l <1

N (3.1.21)
atbt B0 1= cm0) = Go(0), [¢] > 1

Thus the series converges if |G2(0)] < 1 and |F>(0)] < 1. One would expect that the se-
ries converges outside the 3 << « limit too. So one needs to know many terms in the
(0,0)o series and also needs to deal with the matching of /2! terms and the matching of
A'(¢), B(£), B'(£), B"(£), A”({). We are encouraged by the A result and expect that this could
succeed if the computational difficulty was overcome. This would end with a solution for the

interior and exterior metric written in terms of «, /3,7, Ly (¢) and three other free parameters
p1(£), p2(£), p3(€).
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3.2 Global structure of black hole solutions

Possibly the most important question about any modified theory of gravity is : how do the
black holes change? In this section we consider the global properties of black hole solutions,
meaning the properties of the solutions that cover all . Let us recap some of what we al-
ready know from analyses already done and see how much we can deduce from them, and
afterwards build on them with new analyses.

The defining feature of black holes is that they have a horizon. We have already seen the
family of solutions around a horizon, the (1,1),, family, in section 2.4.1.2. By the theorem
(2.1.6) we saw that asymptotically flat solutions in this family must have R = 0 & 5 = 0. We
can count parameters and constraints in this family to learn a lot about the global properties
of the black hole solutions. Compare the (1, 1),, family in expansions around ry (2.4.10), to the
(1,—-1)o family around the origin (2.2.6), for the 5 = 0 theory. The (1, 1),, family has 2+1 free
parameters and certainly contains the 2-parameter Schwarzschild black hole solution. It has a
horizon in half of its 3d parameter space (f; finite, 7o > 0, by # 0). The (1, —1), family also has
2+1 free parameters and also certainly contains the (1+1)-parameter Schwarzschild solution.
The Schwarzschild family has a horizon for all values of the free parameter describing time-
scaling and all positive values of the horizon radius ry. Therefore in the (1, —1)¢ family there
is a half-plane of parameter space, vy > 0, where the solution has a horizon. Considering the
third free parameter, we consider it reasonable that the horizon exists not only in this half-
plane but in an open 3-dimensional volume of the parameter space. If that is true then both
(1,-1)p and (1,1),, have horizons in open 3d regions of their parameter spaces, both of which
contain the half-plane of the Schwarzschild solution. Therefore we suppose further that these
two asymptotic solution families are different descriptions of the same true solution family.
This argument connects the (1, 1),,, family with the origin.

We can make some connection between the (1, 1),, family and infinity » — oo. Consider

the (1, 1),, family for 3 # 0, (2.4.8) and define a reparameterisation:

~ 3 3 2 1
fQ:ZJ_i’Y_£+7_

8a  8afirg 0 g

We established in section 2.4.1.2 that asymptotic flatness implies that Af, = 0and R = 0, so it
is clear that A fy corresponds to the asymptotic non-flatness parameter Cyp. from the linearised
theory (2.3.5). We see that the (1,—1)¢ < (1,1),, family loses, one, not two, free parameters
when going from the § # 0 theory to the 8 = 0 theory, so we conclude that it has no sepa-
rate parameter analogous to Cy— from the linearised theory (2.3.5). In the 8 = 0 theory the

(1,-1)p < (1,1),, family has 2+1 free parameters, one more than the Schwarzschild solution.
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We make the difference from Schwarzschild explicit by writing the reparameterisation

Afi:=fi—fi
Fim o

where A f; = 0 corresponds to the Schwarzschild solution (2.4.10). If we now make a compar-
ison to the linearised theory again, note that in the 3 = 0 theory there are four free parameters
C,Cq,Co—,Coq. Inthe (1,1),, family the free parameter b, is certainly analogous to C, since
these describe time-scaling symmetry, and 7 is analogous to Cs g, since for Schwarzschild this
is o ~ GM, the mass of the solution. This suggests that the higher-derivative corrections
Cs—, Cyy manifest as the single parameter A f. We are particularly interested in how A f; # 0
affects the asymptotic behaviour of the family. We certainly would imagine that A f; # 0 will
produce asymptotically non-flat solutions, but this is not necessarily the case and more anal-
ysis is needed. The key question about the global structure of the (1, 1)y < (1, 1),, family is
then: what asymptotically flat black hole solutions are there? In the remainder of this section
we shall answer this question with a perturbative analysis and a numerical analysis. We shall
tind that when A f; is small, it does control asymptotic non-flatness, but that a finite value of it
can restore asymptotic flatness, i.e. that there are two asymptotically flat black hole solutions.
They both have R = 0 & 8 = 0, and one has Af; = 0, r free, b; free, and the other has
Afr = Afi(rg), ro free, by free.

3.2.1 Asymptotically flat perturbations from the Schwarzschild solution

We have established that in the higher derivative theory the family of black hole solutions
is two parameters larger than the Schwarzschild family in GR. We wish to consider asymp-
totically flat solutions, so we set one of the parameters (A f3) to zero, or equivalently restrict
consideration to the 5 = 0 theory. We are left with a solution space one parameter wider than
the Schwarzschild solution. We wish to understand this solution space, and learn about the
asymptotically flat solutions. We first study perturbations of the Schwarzschild solution.

Write the metric perturbations around the Schwarzschild solution as

70
f(ry=1- TA T eZal) (3.2.1a)
B(r) . 0
by L r(l+eZp(r))’ (3:2.1b)

and we expand the equations of motion to first order in ¢, giving us two coupled linear second-
order ODEs in Z4(r) and Zp(r). These equations will have four solutions modes. We ex-
pect two solution modes to exist within the Schwarzschild solution, and two perturbations

away from Schwarzschild. The two solution modes within Schwarzschild are shifts of o and
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changes of the time-scaling parameter. Solutions that shift ry look like

ro + 010 0
1-— =1-— 322
r r(1+ eZa(r)) (3223)
ro + 0ro 70
- =1-—F 3.2.2b
L r : r (14 eZp(r)) ( )
LeZA(r) =€eZp(r) = — iﬂ = constant . (3.2.2¢)
0
Solutions that shift the time-scaling parameter look like
To o
B = 1—-—)= l——m—— 2.3
(be =+ 0br) ( r ) b < r(14 eZB(r))) (3:2.:3a)
EZB = T’ &
ro b
Zp x (r—rgp) ) Zy=0. (3.2.3b)

The two remaining modes are away from Schwarzschild, but recall that the (1, 1),, family has
fewer free parameters than generic solutions to the 3 = 0 theory. The (1, 1),, family only has
2+1 free parameters, 1+1 of which are Schwarzschild and one of which describes solutions
different from Schwarzschild. So in effect, the condition that there be a horizon somewhere in
the space is a one-parameter constraint on the generic solution. Therefore we expect that in
the perturbations about Schwarzschild, described by two coupled linear second-order ODEs
in Z4(r) and Zg(r), one of the solution modes must remove the horizon. From the table 2.2
(assuming it does in fact have a complete list of all solution families) we see that solution
families with 4 (rather than 3) free parameters have B(r — r) — const.. Looking for functions
Zp that have B(r — r9) — const., but discarding the mode (3.2.2), we find that the mode that
removes the horizon has Zp divergent for small (r — 7). Thus we already know a lot about
what we will find in the solution space. There will be a mode where Zg diverges at rg, which
we will discard, a mode like (3.2.2), which we will discard, and a mode like (3.2.3) which we
will discard, and one remaining mode that we wish to study. Since we wish to discard the
mode (3.2.3) it is convenient to take a superposition of the two coupled linear second-order
ODEs that eliminates Zg and leaves a linear ODE in Z4 alone.

By taking a suitable superposition of our two linear ODEs we can eliminate Zp in this

combination:

Zp(r)—(r —ro)Zp(r) =
« (—87’2 + 167719 — 97"[2)) (r—ro)Z(r) 2ar(2r — 3rg)(r — TU)2ZZ(T)
2yrd — 2vyr3rg — darrg + 5047"8 2yrd — 2vyr3rg — darrg + 5047"8 ’

ZA(T) +

leaving us with an equation of motion that is a linear ODE in Z/,(r), Z}(r) and Z'{(r). One

of the solutions to this equation is obviously Z4 is constant, Z4 = k, which corresponds to
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functions Zp = k + const.(r — (), which are our two Schwarzschild modes (3.2.2) and (3.2.3)
which we want to discard. Thus the two Schwarzschild modes appear as the trivial solution to
the linear ODE in Z/,(r), Z'}(r), Z'{ (r) and are easily dropped from consideration by looking

for the non-trivial solutions. Define a function Y (r) with

_ [Ty
Zs= / ) ar’ (3.2.4)

where w(r) is a function that we shall fix, to change the form of the ODE for Y to convenient

forms. We now have a second-order linear ODE in Y (r) whose two solutions describe the two
perturbations away from Schwarzschild.

To write down the differential equation define a shorthand

o 1
= — = ——. 3.2.5
¢ 77"8 2m227“8 ( )

The differential equation we are studying is then
0= ho(r)Y(r) + ha(r)Y'(r) + ha(r)Y"(r) , (3.2.6a)
where

ho = w(r)? (2r7 — 19 (27‘6 +&rg (87"5 + 79 (7‘0 (5r3 + 4érg (8r2 — 1lrgr + 57“3)) — 16r4))))
— w'(r)24§r2 (r—rmp) r% (27“4 — 2ror> — 457“87“ + 5§r§)
— w(r)w/(r)4§r2 (2r — 3rp) r% (1”3 —ror? + §T8)

+ w(r)w” (r)26r? (r — ro) 13 (2r* — 2ror® — 4&rir + 5¢73) (3.2.6b)
hi = w(r)?4&r? (2r — 3ro) 13 (r® — ror? + 1)

+ w(r)w' (r)4&r? (r —ro) rg (2r* — 2rgr® — 4&rdr + 5¢r7) (3.2.6¢)
hy = —w(r)?2&r? (r — o) 1§ (2r* — 2ror® — A&rir + 5¢rg) . (3.2.6d)

We shall solve this equation in two approximations, the large-r limit and the near-horizon

limit, and to make it easier we choose w(r) = 1:

0= ho(r)Y(r) + ha(r)Y'(r) + ha(r)Y"(r) (3.2.7a)
ho = 2r" — 2rgr® — 857“81”5 + 1657‘8’7’4 — 557“37“3 — 32527"87‘2 + 44527“87“ — 20527“8 (3.2.7b)
hy = 4€r* (2r — 3ro) re (7‘3 —ror? + frg) (3.2.7¢)

hy = — 262 (r — 1) 7 (2r4 — 2ror® — 4€rgr + 557"3) . (3.2.7d)
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Let us solve this near the horizon, using Frobenius’s method. Write Y (r) = (r — r0)®* > yn(r —

r9)". The leading order term is

_2527"%5(5—1—1)%
r—T0

+O((r —ro)") (3.2.8)

so we see that there are two roots, s = 0 and s = —1. These roots differ by an integer so the
solution is of the form (1.2.26). The larger root is s = 0 so name the solution for the larger root
Yo:
Yo(r) = yn(r — o), (3.2.9)
n=0

so that the full solution is

Y (r) = e1Yo(r) + ca <Yo(r) In(r — 7o) + - _1T0 ; Y (r — ro)”> , (3.2.10)
where y/, are some coefficients to be determined. We see that the second solution, controlled
by ¢, is divergent, and it is clear that it corresponds to Z4 ~ In(r — r¢) and Zp ~ (r — o) 2
both divergent, and thus corresponds to removing the horizon from the solution. Therefore we
have found a two-parameter family of solutions, which is reduced to a one-parameter family
after requiring the horizon to exist, which is as we predicted. Thus we have now established
that we can eliminate all three modes that we wish to disregard, leaving only the fourth mode
still to study.

Next we consider what behaviours exist at large r. In fact we already have the answer - in
the large r limit the Schwarzschild solution that we are perturbing around becomes Minkowski,
and we have already written down the large-r solutions of perturbations around Minkowski

in equation (2.3.5). We write the 5 = 0 version of this solution here:

02,0 e—mQT maor

B=14V=1+C)+—=+C ——+Co— +O(e?)
C 1 —mar 1 mor
A=1+W=1— :70_502_€r (1+m27“)—§(3’2+6r (1 — mar) + O(e?)
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so we can find the large-r behaviour of Z4 and Zp in terms of W and V:

1
A= o~ <1 - eZA>
1-— m r—7To T—7T0
cedam — —W(r) (3.2.11)
To
1 —mar 1 mor
Y =2)(r)= - 56’2_ ¢ o mer — §CQ+er0 mer

B To To To
—=1l-——=x1—-—+—€Z
by r(l1+eZp) r + r OB

r
7o

C efmgr e+m2r
~ <1+2’0>+02_ + Coy .

To To

Alternatively one can take the large-r behaviour only of hgy, h1 and hy (3.2.7) and solve the

simple resulting ODE to get

const. X const.
= e™"(1 — mar) +

e "2 (1 4+ mar) , (3.2.12)

3/2 3/2
my my

which clearly agrees, for large-r, with the Y = Z/; expression obtained in (3.2.11). We see
two behaviours: the e™™2" term describes asymptotically flat perturbations and the the e™2"
term describes non-asymptotically flat perturbations. Generically, then, we expect that ad-
missible perturbations would not be asymptotically flat, but it is possible that by excluding
the three modes we’ve said that we are disregarding, we may have implicitly excluded the
non-asymptotically flat perturbation. That is, it seems likely that the perturbations around the
Schwarzschild solution are not asymptotically flat, but we have not yet proved it one way or
the other. It was shown in [2] that if « satisfies an inequality we can write such a proof, a "no-
hair" theorem that proves that the perturbations from Schwarzschild are not asymptotically
flat, and we turn to that next.

Take the ODE equation (3.2.6) (for a general function w(r) once more) and multiply it by

u(r)Y (r), and integrate it over r:

0= [ (o 0) 1Y) a0 ) )

= / uh0Y2 — uhQ(Yd)2 + (uhQY,Y)/ + Y’Y(uhl - u/hg - uh/g) dr .

T0

We choose a function u(r) such that (uh; — u’hg — uhfy) = 0 for convenience:

u(r) = const. (r — ro) , (3.2.13)

(2 (r—ro)rt 4+ ETS’ (5rg — 4r) 7“)2 w(r)?
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which has no sign changes in ryp < 7 < oo for any w(r). Let us assume WLOG that u(r) is

2
positive. Recalling our assumption that Y is finite near ry, we have that uhoY'Y ~ (:J(::S)Q) —0

so the boundary term does not contribute at the inner boundary. At large r it goes as uhoY'Y ~
WY’ Y, and for asymptotically flat perturbations Y’(r — oo) — 0 vanishes, so the
boundary term does not contribute at the outer boundary either. So we establish, for functions
w(r) with suitable limits, that asymptotically flat perturbations about a horizon must satisfy

the following equation:
0= / uhoY? — uho(Y')? dr. (3.2.14)

To
We have already said that u(r) is positive, so if hy and hy have opposite signs then the integrand
is positive-definite or negative-definite, so using this and the fact that the integral vanishes we
could then prove that Y (r) = 0 = Y’(r) throughout the integration region ry < r < oo.
We want hg and hs to have no sign changes in the integration region. It is clear from (3.2.6d)
that hy cannot be positive throughout the region r > r(, but on the other hand if can be negative
throughout all that region if

2
0<é< §7 =3.375 . (3.2.15)

Therefore we consider the condition for h to be positive. Positivity of (3.2.6b) is rather harder

to prove than negativity of hy. Transform the problem to new variables

_ Emax

T:TO(1+x)’ €_1+ya

and require positivity of hy throughout the quadrant z > 0,y > 0, and find the largest value of

Emax that our proof permits. With this substitution A is

— ZnN:O Zi\n/lzo Cn,m(Tngmax) "y

h
’ (1+y)?

(3.2.16)

A sufficient condition for hg to be positive is then that C), ,, > 0 for all n, m. Let us initially
consider the simple case w(r) = 1, where hg is given by (3.2.7b). In this case C,, ,,, > 0 reduces
to Emax < %, and one can also show that this is not only a sufficient condition but also the
necessary condition. We take the largest value &max = % and therefore write the bound on £ to
be:

3
0<é< 3 (3.2.17)

At this point the function w(r) becomes useful. By trying different functions in w(r) in (3.2.4)
and repeating the steps we can arrive at an equation of the same form but with different C,, ,,,,
and the transformed condition C,,,, > 0, which is sufficient but not necessary, may allow

greater values of {max. In [2] the best function that was found is

w(r) = (erd + 137 (3.2.18)
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where ¢ can be varied to find an optimal value. This choice of w allows a maximum value of

Emax of

&max = |the largest root of the equation: 0 = 28160x* + 121762% — 4337422 + 19179z — 2322
g q

~ 0.626
3 — 4gmax
c=——=0.246 .
8fmax - 3

Numerical study could reduce this bound by considering the necessary condition rather than
a sufficient one, and it may also be possible to increase the upper bound on ¢ using other
functions w(r), all of which must be subject to the limit from considering hy (3.2.15).

The result we have established is that there are no asymptotically flat perturbations away

from Schwarzschild if the horizon radius satisfies the inequality

,;02 < 0.626 or equivalently maro 2 0.894 . (3.2.19)
This immediately suggests three questions. One is: what happens when the r; saturates this
inequality? The Schwarzschild solution might not be isolated around that point. The second
is: what happens for small ry violating this inequality? We have tried but have not been able
to prove anything about that region, which may be because the situation is different there. The
third is: what about solutions with horizons that are finitely different from Schwarzschild? To
answer this last question we must now turn to a numerical analysis, and in doing so we shall

answer the other two questions as well.

3.2.2 Numerical study of solutions with horizons

To learn about solutions finitely different from the Schwarzschild solution we shall have to
resort to a numerical analysis. We remain in the 8 = 0 theory and fix the numerical values of

some of the free parameters in this description:

y=1 (3.2.20a)
o= % (3.2.20b)
(.mg=1) (3.2.20c)
by =1 (3.2.20d)
fi= 1+¢ (3.2.20¢)

To

ro, ¢ left free .
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We shall study different values of ry, and for each one vary ¢ such that when we numerically
shoot outwards from the horizon we reach an asymptotically flat solution. We shall shoot
from ry x 1.01, using values for A, A’, B, B’ given by (2.4.10) to 9 orders, and shoot outwards

tor ~ 30 or r =~ 20.

f(r)

L L L L r

0 5 10 15 20 25 30

FIGURE 3.1: Illustration of how a score 7 is assigned to a solution f(r). Five
example curves are shown, for rop = 2, with ¢ in the range 5.0844594 < ¢ <
5.0844617, each labelled with their score n[f(r)]. Curves that grow too large or
small before reaching the right-hand boundary are given a score that is the dis-
tance around the edge of the box to the intersection with the curve, illustrated
for the n = 11 curve with an arrow.

To find the asymptotically flat solutions we shall assign each solution a flatness score
n[f(r)]. Working with a numerical solution covering the region 7y < r < 7max, We analyse
the region 1.2r9 < 7 < Tmax, and there are two cases. The first case is that f doesn’t get very
large or very small, 0.1 < f(r) < 5, and the score is simply f(7max) —1. The second case is that f
becomes too large or too small at some radius 1, in which case the score is & (7max — 1) +const.
where the =+ is such that too-large curves have positive score and too-small curves have neg-
ative score, and the constant is chosen so that n[f(r)] is smooth. A diagram showing some
example solutions annotated with these requirements is shown in fig 3.1. For each radius r( of
black hole we can vary ¢ and observe how the score, 7, changes. We expect that for every g
there will be some values of ¢ that cause the score to vanish. We know to expect that ¢ ~ 0 will
be asymptotically flat, with zero score, because it will be the Schwarzschild solution. In fact
we shall find there is another asymptotically flat solution. Let us call the two values of ¢ that

correspond to asymptotically flat solutions ¢, where this should be Schwarzschild ¢ (7o) ~ 0,
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and ¢1(ro), where this is another solution, |¢1]| > |¢o|. Then n(¢o(ro)) = 0 and n(¢1(ro)) = 0.
In practice, since this will be done numerically, we shall not obtain exact zeroes of the score,

nor shall we find that ¢y = 0 exactly.

204

FIGURE 3.2: The asymptotic-flatness score n as a function of ¢ for ro = 1.1,
clearly showing two zeroes and indicating a second type of black hole for posi-
tive ¢.

Let us understand the system and the score using two examples. We shoot outwards from a
black hole of radius 1.1, varying the parameter ¢, and obtaining the score for each space-time,
and plot the results in figure 3.2. The plot shows negative score for ¢ < 0, positive score for
0 < ¢ < 0.7, and negative score again for ¢ 2 0.7, clearly showing that there are two zeroes, i.e.
two asymptotically flat black hole solutions. The scores 7(¢) are typically large in magnitude,
indicating that f(r) becomes large or small very close to the horizon. Around the two zeroes
of n(¢) the gradient is very steep, indicating that ¢ has to be extremely finely tuned to find the
asymptotically flat solutions, and this was troublesome throughout the numerical work. Next,
we shoot outwards from a horizon of a smaller radius, 7o = 0.7, and plot the scores 7(¢) in
figure 3.3. The plot shows similar characteristics, except that the second zero now occurs for
negative ¢ ~ —0.4. We shall see later that for some range of ry the function 7(¢) passes so
steeply through a zero that we can only put a bound on the ¢ value of that zero, but cannot
find the solution itself. When discussing the properties of the asymptotically flat solutions we
are forced to restrict consideration to ry outside that range.

The graphs of 7(¢) for these two radii are typical of those of other radii as well. All have
a rough top-hat shape of varying width, with two zeroes. We expect there to be a degenerate
top-hat shape, where the width vanishes and the two zeroes coincide. We used an automatic
routine to search for ¢;(rp) and ¢o(79), and obtain approximations to them (note that we do not

require perfect flatness, but admit space-times with —6 < n(¢1) < 11 for ¢ and —3 < n(¢g) < 3
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rp=0.7

201

-0.5 0.5

FIGURE 3.3: The asymptotic-flatness score 1 as a function of ¢ for 1o = 0.7,
clearly showing two zeroes and indicating a second type of black hole for nega-
tive ¢.

for ¢p). We plot the so-obtained values of ¢y and ¢; as a function of ry in figure 3.4. The ¢
values are not exactly zero but are of order 107> and 1075, reflecting the small inaccuracies
inherent in numerical work, and seemingly have a random distribution in 7, as can be seen
from a plot of them on an expanded scale in figure 3.5. It was not possible to obtain values of ¢;
for horizon radii 9 S 0.58 because the solutions become extremely sensitive to the value of ¢,
being extremely non-flat for tiny deviations from ¢q or ¢1, and do not yield easily to analysis,
not even to assigning a score. The minimum value of ¢; that we found is ~ —0.66, and we
note from equation (3.2.20e) that as ¢ — —1 then f; — 0, but since we know from our indicial
treatment that f; = 0 is not a solution, then perhaps it is not surprising that there are problems
probing this regime numerically.
The key result is that there are two asymptotically flat black hole solutions, at all values of
0.6 < 19 < 2 except one. Polynomial fits of ¢ () can find the point where it vanishes, and
at this point ¢; =~ ¢ and there is only a single asymptotically flat solution. This coincidence
point is at
ro ~ 0.876 . (3.2.21)

The next thing to do is to look at the properties of the new black holes, and to match their
large-radius behaviour to the linearised theory. This is most conveniently done for B(r), since
it includes all four parameters, and for Schwarzschild solutions the linearised solution for B is

also the exact solution. We write the linearised theory solution for B as

+ Co_ + Coy
T T r

(3.2.22)

C —mar mar
BwC’t(1+ 2,0 e e >’
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FIGURE 3.4: The values of ¢ that produce asymptotically flat solutions as a func-
tion of horizon radius ry, showing two values: the ¢¢(r) ~ 0 Schwarzschild
solution and a second curve ¢; (r) that intersects at 7o ~ 0.876.

where the time-scaling has been made exact using C; (instead of using the perturbative treat-

ment with C' as in (2.3.5)) By correspondence with GR, in these units (5 = 0,a = %, v =1),

GM = —%CQ,O . (3.2.23)

Let us first discuss what we expect to find. Since we are considering approximately asymp-
totically flat solutions, we hope to find small values for Cy,. For Schwarzschild black holes
this linearised expression has Co_ = 0 = Cy4 and is exact for all radii. The new black holes
are distinct from Schwarzschild, and the only parameter available to describe this distinction
is Co_, so we expect that they will have non-zero values of C>_. Now let us turn to our nu-
merical results and see if they agree. We numerically find the new black holes for ry < r < 30
and the Schwarzschild black holes for ry < r < 20, where these ranges have been chosen to
be as large as possible while keeping the maximum gradient of 7(¢) small enough to allow its
roots to be found. We fit the B(r) from the approximately asymptotically-flat numerical solu-
tions to the B(r) from the linearised theory, and obtain values for C;, Co_, Co4 and GM. The
values of Cy, Cs—, Co4 for the Schwarzschild branch and the new black hole branch are plotted
in figure 3.6 . The values of Cy are tiny, as intended, and are not clearly grouped, reflecting
that we intend to use only results with C>; = 0, but numerical issues cause random variations
around 0. The values of Cs_ for the Schwarzschild black holes are also small, of order 10~2 or
1071, as they should be, while for the new black holes the C;_ are of order 103, in line with

what was expected. The values of C>_ do not form a neat line because the fitting procedure
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FIGURE 3.5: Detail of the values ¢((r) of the Schwarzschild solutions. If the
method was perfect these values would all be exactly zero, so their non-zero val-
ues of order 1075 give us an indication of the method’s accuracy. The intermittent
patterns that are visible are assumed to be artefacts of the algorithms used.

is not well sensitive to this parameter, because the term it controls () is small in the large-r
region where the fitting takes place. The masses GM of the two branches are plotted together
in figure 3.7, along with a line showing the ideal Schwarzschild relation 7o = 2G M. The found
values G M (rg) on the Schwarzschild branch deviate from the ideal line by an amount of order
10~°, showing good agreement. This deviation of the numerical Schwarzschild black holes
from the ideal results is assumed to be purely due to inaccuracies of the method (and not to be
a physical result) and gives us a rough estimate of those inaccuracies.

The horizon radius ry =~ 0.876 at which the Schwarzschild black hole and new black hole
coincide compares well with the best bound (3.2.19) we obtained from the perturbative treat-
ment (recall we used m; = 1 for the numerics), which is close and slightly larger. It seems
that the bound we obtained is no accident, that in fact it is reflecting the existence of the coin-
cidence point. By optimising the choice of function w in (3.2.4) we could presumably improve
the bound (3.2.19) slightly to eventually obtain

ma To Z 0.876 . (3.2.24)

When this bound is saturated there is a crossing point where the Schwarzschild black hole is

not isolated from the new black hole. When r( violates this bound we see that the Schwarzschild
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FIGURE 3.6: The values of the C5_, Co and C; found when fitting the two types
of numerical black hole to the linearised theory as written in equation (3.2.22).

solution becomes isolated again, and the new black hole becomes distinct again. The most no-
table feature of the new black holes is that as well as existing with a positive mass, they also

exist with a negative mass. Negative-mass new black holes appear in the approximate range

ro 2 1.141, and restoring the dimensions we write the negative mass range as:

moro 2 1.141

¢ > 0.837 .

We can comment on how realistic these solutions are by considering the curvature scalar
R, R". The numerical solutions of the new black hole show that the curvature reduces to

~ 0 at large r as expected. The value of the curvature at the horizon may not be the maximum
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FIGURE 3.7: The values of the mass found when fitting the two types of numeri-
cal black hole to the linearised theory as written in equation (3.2.22). The curves
intersect at 79 ~ 0.876 and negative masses appear for o 2 1.141.

curvature of the space-time, but gives us some indication and is easy to evaluate. Using the
series expansion (2.4.10), we find that the value of the curvature near the horizon is given by

,:QRWR’” = 32:6‘ +O(r — o) (3.2.25)
(for general values of the couplings). This indicates that if the parameter of the asymptoti-
cally flat solution ¢ (rg, m2) is of order 1vrg = am#r then the curvature is large and higher-
curvature terms might significantly affect the solutions. In our numerical results, the value
of % takes its minimum, of zero, at the intersection point of the non-Schwarzschild and
Schwarzschild black holes (as expected) and monotonically increases as one moves away from
that point in either direction along the non-Schwarzschild black hole branch. Around the
appearance of negative-mass solutions we have % ~ 1.6, so if one considered corrections
from even-higher derivative terms in the Lagrangian, it is likely that the negative-mass non-
Schwarzschild black holes will change considerably or not appear, which chimes well with
their arguably unphysical nature.

To give the reader some physical intuition about the new solutions we plot ones with pos-
itive, negative and zero mass in figure 3.8.

The thermodynamic properties of the new black holes were studied in [1] where it was
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FIGURE 3.8: Comparison of the Schwarzschild black hole and the new black
hole for three different radii. The solid blue line shows f(r) of the Schwarzschild

solution. The dashed orange line shows f(r) of the new black hole solution. The

dotted green line shows the ratio % for the new black hole solution, scaled so

that it approaches 1 at large radius. The ry = 0.58, ro = 1.14 and ¢ = 2 plots are
for positive, ~ zero and negative mass new black holes, respectively.

found that for a given mass the temperature of the non-Schwarzschild black holes is lower than
the temperature of the Schwarzschild black hole, and conversely that for a given temperature
the mass of the non-Schwarzschild black hole is lower than the mass of the Schwarzschild black
hole. For a fixed mass below the coincidence mass (GM, = 0.44) the non-Schwarzschild black
hole has lower entropy than the Schwarzschild black hole, and for a fixed mass above the coin-
cidence mass the non-Schwarzschild black hole has a greater entropy than the Schwarzschild
black hole. An approximate relation for the masses and temperatures in terms of the Wald
entropy, for small entropy, was found and the non-Schwarzschild black holes were seen to ap-
proximately obey the first law dM = TdS. The thermodynamical properties of the two types
of black hole will be revisited in [54].

We note that the existence of a second branch of asymptotically flat black hole solutions
was predicted earlier by Brian Whitt in [55]. He considered the equations of motion of fourth-
order gravity in four dimensions, and studied perturbations around solutions to the Einstein
equation R,, = 0, with a view to determining their dynamic stability. We now know that
static asymptotically flat solutions with horizons must have R = 0 and similarly that static
asymptotically flat perturbation must also have R = 0, so we consider only the Einstein-Weyl
theory. Whitt did not know about this restriction and considered the general 4-dimensional
theory and a governing equation that features both perturbations 6 R,,, and perturbations 6 R.
Fortunately, however, Whitt decided to study the part governing dR,,, in isolation, as this is
sufficient for the time-dependent discussion, which makes his analysis equivalent to ours. The

governing equation of the perturbations is then found to be

1 _
<(AL),ua1/B + B\Nhittguagyﬁ> 6R}M/ =0, (3.2.26)
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where (5RW is the traceless part s.t. g“”éRW = 0, and where his couplings are related to ours

by

36+ 2« 2a 1
OWhitt = — 3 ) Bwhitt =— = —5
vy vy mqy
v v
a =§5wmtt : B=- 3 (Bwhitt + 3awWhitt) -

As a side note on the way to studying the dynamical stability, he noted that on the Schwarzschild
background there exists a single normalizable static spherically symmetric perturbation. This

was noted to indicate the existence of a second branch of spherically symmetric black hole

1 _0.19

solutions that intersects the Schwarzschild branch. The perturbation exists at — & =,
Bwhitt (GM)

which we translate to be in terms of horizon radius and our couplings to get
marg ~ 2v0.19 ~ 0.87 , (3.2.27)

and we see that this is in good agreement with our numerical result (3.2.21). While our nu-
merical results are limited in what they can say, the calculation by Whitt provides an algebraic
proof of the existence of the second branch. A detailed treatment of this bifurcation of black
hole solutions, the dynamical stability of the two types of black holes, their thermodynamics

and the relation between thermodynamics and stability will appear in [54].
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3.3 Asymptotically flat numerical solutions

3.3.1 Method

Our goal has been to learn about the asymptotically flat solutions to higher derivative gravity.
Our investigations so far have found that asymptotically flat solutions must have R = 0 if there
is a horizon or if the behaviour near the origin is either vacuum ((0, 0)g) or Schwarzschild-like
((1,—-1)p). The R = 0 case is thus seen to be important, but certain classes of asymptotically
flat space-times, notably those with wormholes and those that have (2, 2)y behaviour near the
origin, allow non-vanishing R. Our analyses using free parameter counts in the non-linear
and linearised theories have indicated that solutions minimally coupled to matter are of the
latter type, and need not have R = 0. The major missing component has been the relationships
between behaviours near the origin, or near r, and behaviours near infinity. In particular we
want to find an explicit example of a solution that is asymptotically flat, but has (2,2)q be-
haviour near the origin, as a critical piece of evidence in our argument that matter-coupled
solutions have those properties. In this section we use numerical shooting techniques to inves-
tigate the relationships between behaviours at large  and behaviours at smaller . We shall
find some agreement with results already obtained, albeit with significant difficulties with the
accuracy of the numerical method, and some areas of disagreement. Ultimately we will con-
clude that the method is promising but more study is needed, and in particular it must address
the accuracy issues.

We use numerical solutions to connect the origin and infinity, working in the 8 = 0 theory
for simplicity. We fix the large-r behaviour to be asymptotically flat, using the solutions to the
linearised theory at NLO as described in section 2.3.6, and fixing C' = 0 and Cyy = 0. This
leaves us with two free parameters, C> o and C>_. We can shoot towards the origin for many
different values of these, and for each solution we find we can categorise it as one of the known
behaviours (from tables 2.1 and 2.2).

Let us discuss what we expect to see. We look at the free parameter counts for each family.
The stated parameter counts always include the trivial time-scaling parameter, which we have
fixed in our shooting s.t. B(r — co) — 1, so this should be discounted. The stated parameter
counts may or may not include a parameter that corresponds to Cy, which we have fixed in
our shooting to vanish Co; = 0. We generally assume that they do include such a parameter.
So if we consider shooting inwards, varying Cs ¢ and C>_, and picture the Cs, Ca— plane,
then the asymptotic solution families will appear as areas, lines or points. Table 3.1 shows
how we expect the families to appear. Consider one such example: from the results of section
3.2.2, especially the graphs 3.6, we expect that the (1, 1),, family will appear as two lines, one
along Cy9 < 0,Co— =~ 0 corresponding to Schwarzschild and another corresponding to the

new black hole.
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Family | No. of free parameters | Expected appearance in Cy o, Co plane
(0,0)0 1+1 point

(1,-1)o 2+1 line

(2,2)0 3+1 area

(1,1)r, 2+1 line

(1,0), 1+1 point

(1,0)1 3+1 area

TABLE 3.1: The way we expect small/finite r solution families to appear in the
Cs,0, C2— plane when shooting inwards from large-r, C' = 0 = Cs;. We have
fixed both the trivial parameter and asymptotic flatness, which we usually expect
to constrain 1+1 free parameters.

We may not be able to resolve points or lines where certain solution families appear, and
we will have an issue where we need to know behaviours very close to the origin but the
origin is a singular point of the differential equations that is therefore likely to be fraught with
numerical issues. We also will have difficulty determining which (s, ¢) solution family we have
found. This may sound easy, but there are transitions between different near-origin families,
that are realised continuously, while s and ¢ change discretely. For values of C5, Co— near a
(s,t) transition (e.g. where there is a line of different family) it can be difficult to determine the
(s,t) of a solution. To help understand the difficulty of resolving lines and determining (s, ),
we consider the solutions to general relativity.

An easy way to determine the (s,t) values of a solution is to plot the functions

Pa(r) =18, In(A(r)) = “j;g) (3.3.1a)
Pg(r) == 8, In(B(r)) = Tg;g) . (3.3.1b)

The advantage of these is that if A(r) and B(r) are Frobenius series, of the form r®as+r**1as 1+

204,19 +1°T3a,,3 + ..., then P4 and Pg are of the form

2
Gs+1 2 (%H - 2a3a5+2)
as a?

Py=s+r . (3.3.2)
i.e. they are Taylor series and s and ¢ can be determined as the intercept of P4 and Pg, which
can easily be extrapolated from data that doesn’t quite reach the origin. The extrapolated value
of the intercept can be rounded to one of the few known values that s can take. This should

work very well away from transitions of s, but near a transition how does a discrete change of
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s manifest with a continuous change of the function? Consider the Schwarzschild solution:

A(r) = T (3.3.3a)
r 7’2
= —-———=+... (rs #0) (3.3.3b)
Ts s
T 7“2
PA:1+7+72+'” (rs #0) . (3.3.3¢)

For non-zero 7, the function P4 has intercept 1 and we would easily deduce that A ~ rl. We
plot P4 for different values of 7, in figure 3.9. For non-small negative r; it is easy to interpret
the graphs and to find the s value of the solution from the intercept of P4. For small negative
rs we see that P4 ~ 0 near the origin, except at very small r, where it suddenly steeply rises in
order to satisfy P4(r — 0) — 1. For positive r, there is a horizon, and numerical integration
cannot see the behaviour near the origin. However, for very small positive 7, the solution
appears to have P4 = 0 near the origin, and the steep slope corresponding to the horizon only
appears at very small radius. So if the numerical solution stops before » = 0, at some r = ¢,
then we would not see these steep slopes and we would wrongly believe that A ~ ¥ for some

values of rs s.t. —€’ < ry < €’. The complete picture we would draw in r, space would be

horizon, € <rg
A~ —d <rg<é (3.3.4)
A~rl 4 rs < €

i.e. the single point in the variable rs where A ~ r? becomes smeared into a finite range of 7

due to difficulties in numerically probing very small radius.

r 8, In(A(r)) for the Schwarzschild solution

\
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FIGURE 3.9: Illustration of how data very near the origin may be needed in order
to correctly identify the s index of a solution

This Schwarzschild example illustrates a second important point. Note that the analytic
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form of A(r) (3.3.3a) can be seen to have r! behaviour at small r for rs # 0, but in the limit
rs — 0 to have ¥ behaviour at small ». However, if one did not know the analytic form of
A(r) (3.3.3a) but only knew part of the series form (3.3.3b) then taking the limit »; — 0 would
take the apparent radius of covergence of the series to zero, and so the r° behaviour cannot be
discovered. In the asymptotic series we found in sections 2.2 and 2.4 to the higher derivative
theory, the various solution families found must be continuous deformations of each other (in
e.g. the variables of the linearised solution C, C o, Co— and C>4) but in practice this is difficult
or impossible to demonstrate from the series approach. This illustrates another reason to do a
shooting-inwards analysis of the system: this is the only way to gain an understanding of how
solution families deform into each other.

We shall employ this method of using P4 and Pg as defined in (3.3.1) to estimate the (s, ?)
values of numerical solutions in the higher derivative theory as well. As we move around
the Cy o - Co— plane we generally expect that things are similar to the Schwarzschild example
above, i.e. points and lines become blurred out to have a small width, and appear as small
circles or lines with finite width, respectively. This over-identification of constrained solutions
is fortunate in a way, because it will enable us to detect solutions that exist as lines or points.

Let us summarise the method. We use the same numerical values for the couplings as in

section 3.2.2

vy=1 (3.3.5a)
a= % (3.3.5b)
(ma=1), (3.3.5¢)

and we shoot inwards from large radius rmax = 10 towards small radius. The differential
equations we shall use are (1.3.19). We fix initial conditions A(max), A’ (Tmax), B("max), and
B'(rmax) using the solutions to the linearised theory at LO and NLO as described in section
2.3.6. We fix C = 0 and Co; = 0 and vary Cy and Cy_, so see what ranges of C» and
C5— connect to which small-r families. We stop numerical integration if either function A(r)
or B(r) become zero since such points are singular points of the differential equations. The
ranges of C o and C>_ will be chosen so that the perturbative solution (that is used as initial
value) is valid. The C’Q,g% term at 7 = rmax has size 0.1 x (3 and should be much less than

e—mar

1, s0 [Cap| S O(1) is appropriate. The Cy_ term r = Tmax has size Co_ x 5 x 107¢ so

r

|Co—| < O(10°) may be appropriate. In fact the term controlled by Cy_ grows so fast as we
shoot towards small r that we find it better to limit C5_ to smaller values than that. It will
turn out that presenting results for larger values of |C g| < 5 make the results clearer. We will
present results for [Cy 0| < 8and |Cy—| < 10°.

Our choice of rmax is chosen so that the exponential growth of the e /r terms is manage-

able, but it may strike the reader as modestly small. Later on we shall briefly discuss how the
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choice of rmax can significantly affect the accuracy of the findings and the numerical problems

one encounters.

3.3.2 Results

The C5-C>— plane is plotted to scale in figure 3.10. Some features are not visible in that
diagram though, so a diagram with exaggerated dimensions is presented in figure 3.11. Let
us consider each of the features we see in turn and comment on whether they conform to our
expectations or not.

The most apparent feature visible in the C3 o-C>_ plane is that open 2-dimensional ranges
of (C5,0-C>—) values correspond to wormhole solutions. This conforms to our expectations
since we saw in table 3.1 that since wormhole solutions have the maximum number of free
parameters, they appear generically. Wormholes appear in three quadrants of the diagram
and we show an example wormhole solution from each quadrant in figure 3.12. They show
diverging gradients of B(r) as the surface of the wormhole is approached, indicating that
they are members of the (1,0)./, family rather than the (1,0),, family, as expected since the
(1,0),, has fewer free parameters (we did not do a thorough check to find where the single
asymptotically flat (1,0),, solution (fig 2.1) appears). Note that the curvature scalar R, R" is
smaller than O(1) for the whole space outside the wormhole ry < 7, so we speculate that they
might also appear in theories with even higher curvature terms.

The second most apparent feature is that open 2-dimensional ranges of the C3 o-Cs_ plane
are (1,—1)¢ solutions. This does not conform to our expectations. We saw in table 3.1 that
the (1, —1)¢ family in the 3 = 0 theory was expected to have one fewer free parameter than
generic solutions, and thus to appear as a line in the C5¢-C>_ plane. There are several pos-
sible explanations. This may indicate that the asymptotic analysis around the origin was not
done to enough orders, and an additional free parameter was not seen. Alternatively, it may
indicate that the count of free parameters is correct, but all solutions in the (1, —1)y family are
naturally asymptotically flat, but this possibility is discounted very quickly after numerical
shooting outwards from the origin using (2.2.6) because non-asymptotically-flat solutions ap-
pear at once. Another possibility is that it indicates a non-Frobenius family of solutions that
also shares the leading-order characteristics of the (1, —1)¢ family but has terms of other forms
at sub-leading order (e.g. logarithms or fractional powers) but that escaped our investigations.
The final possibility is that there are issues with the numerical method in the specific context of
the equations (1.3.19). It doesn’t seem likely that numerical issues could cause such a striking
distortion of the features that a one-dimensional line wrongly appears as a two-dimensional
area covering around half the parameter space, though, but a more precise argument should be
made and a more careful study done before we can reach any conclusion with confidence. We
show the reader some plots from the (1, —1)( region as a basis to let them judge the evidence for

themselves. Plots of P4 and Pp from the top-right and bottom-left (1, —1), regions are shown
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FIGURE 3.10: The solution families encountered when shooting inwards from
large radius, varying Cz and C>_. The diagram is to scale. Between the
wormhole behaviour and the (1, —1)g behaviour are horizon and (2, 2), and be-
haviours, but they are not visible on this scale. They are visible on a diagram
with exaggerated sizes in figure 3.11
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FIGURE 3.11: The solutions families encountered when shooting inwards from
large radius, varying Cs ¢ and C,_, with dimensions exaggerated so that the ar-
eas of (2, 2), solutions and the lines of horizon solutions are visible. The horizon
solutions appear at the boundary of the wormhole region, and in a rough cross
shape, with the upper and right arms separated from the lower and left arms by
the region of wormhole solutions.
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FIGURE 3.12: Examples of wormhole solutions from all three quadrants and
the quadrant boundary where they appear. Both positive and negative masses
2GM = —Csyy are exhibited. The diverging gradient of the function B(r) indi-
cates that they are members of the (1,0)./, family rather than the (1,0),, family.

in figures 3.14 and 3.15 respectively. Note that the intercepts of the graphs are usually not ex-
actly 1 and —1, but nearby values. Due the issue illustrated in figure 3.9 we expect that near the
boundaries of the (1, —1)( regions there are continuous changes of our estimates of (s, t), even
though the true (s,t) would change discretely. So we are expecting estimates of (s, t) that are
neither (1, —1)g nor (2, 2) for certain regions of the Cy y—C_ plane. But what about the bulk of
the (1, —1)¢ regions? Define the bulk of the top-right (1, —1)¢ regionas —0.5 < C2, 10 < Cy_,
and the bulk of the bottom-left (1, —1)y region as Co 9 < —1.1 , Co— < 121.622Cy o + 8.10811,
i.e. the excluding the regions near the boundaries. Then the (s,t) values in that top-right
region have 1.129 < s < 1.180, —1.32 < t < —1.42, and in the bottom-left region have
1.133 < s < 1.147, —1.359 < t < —1.328. These are plotted in figure 3.16. It is clear that there is
a spread of values, following a clear trend, and that the values are distinct from their expected
values of (1, —1)¢. The larger values of s in the graphs are taken from nearer the point in figure
3.10 that is mid-way between the two (1, —1)¢ regions, roughly (C2,C2-) ~ (—0.9,0). The
smaller values of s are taken from farther from the centre. The fact that the (s,t) estimates
differ from (1, —1)o slightly could be simply put down to various numerical inaccuracies, or it
could be due to the effect illustrated in figure 3.9. The latter would suggest that the size of the
(1,—1)¢ region is being exaggerated. It would be quite wishful thinking to speculate that the
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(1, —1)p region is actually a line that has been smeared out into a very large area by this effect
and thus be consistent with our understanding of free parameter counts. Note finally that the
only place where 0.99 < s < 1.01 and —1.01 < ¢ < —0.99 simultaneously is at the border of the
top-right region of (1, —1)o with the right-hand (2, 2), region (see figure 3.11).

Co0=1, C2-=-8.3 C20=1, Co.=-8.6

L L L L Loy L L L L Loy
0.1 0.2 0.3 0.4 0.5 0.1 0.2 0.3 0.4 0.5

FIGURE 3.13: Plots of P4 and P for a finite range of C5_, showing that (2,2)
behaviour has finite width in C5_, and thus a 2-dimensional area.

Another unexpected feature of the C o-C_ plane is the way the (2, 2)( solutions appear.
This solution family has the maximum number of free parameters, so we expect it to appear
as an area in the plane. Its area of appearance is so narrow, though, that it is only visible as a
line in figure 3.10. We said above that lines may appear as narrow areas and gave an example
in equation (3.3.4). We can show that the width of the (2, 2), region appears to be different; it
appears to reflect a genuine width. We show plots of P4 and Pg for C>y = 1 for a selection
of values of C5_ in the range —9.1 < Cy_ < —8.3 in figure 3.13. It is apparent that for a finite
deformation of the curves the intercepts remain constant at 2, so the (2,2), solution clearly
appears to occupy an area rather than a line. To be more precise, in the part of the (2, 2), region
away from the boundary the (s,t) estimates satisfy 1.94 < s < 2.06 and 1.96 < ¢t < 2.03 (c.f.
the (1, —1)p region which actually had (s, ¢) ~ (1.14, —1.35)). The centres of the two branches
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FIGURE 3.14: Anillustrative selection of plots of P4 and Pp from solutions in the
top-right region of (1, —1) solutions, from both near to and far from the region’s

boundary.
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FIGURE 3.15: An illustrative selection of plots of P4 and Pp from solutions in the
bottom-left area of (1, —1)¢ solutions, from both near to and far from the region’s
boundary.
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FIGURE 3.16: The estimates of (s, t) for the top-right and bottom-left regions of
(1,—1)¢ solutions. In each graph the region with larger s is taken from nearer
the mid-point (Cy,9, C2—) = (—0.9,0) and the region with smaller s is taken from
farther the mid point.
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of the (2, 2)( solution can be approximately fitted to polynomials:

C"22) ~ _ 1267.7 — 3861.87 (Cayg) — 5574.46 (Cag)® — 4770.1 (Ca0)? — 2696. (Ca0)*
—1043.18 (Cy0)® — 279.186 (C2,)® — 50.9575 (Ca)”

— 6.06474 (Ca,0)® — 0.424736 (Ca0)® — 0.0132866 (Co )™ (3.3.6a)
O8N 22 o 0.866796 + 2.88585 (Ch,o) — 11.4821 (Ch )
+0.238216 (Ca0)> + 0.309514 (Ca0)* — 0.0525535 (Ca0)° , (3.3.6b)

so we define coordinates measuring deviations from these lines
Cér_ight 2,2 residual) = Oy — Célfght 2,2) (3.3.7&)
Célfft 2,2 residual) = Oy — Céright 2,2) ‘ (337b)

We plot the width profiles of the left branch and right branch in fig 3.17. The widths are only
approximately 0.01 (left) and 2 (right), which is extremely small on the scale of the range of
Cy_ we consider, but appears to be finite. This is in line with what we expected from our other
analyses, but it is a little surprising that the (2, 2)q area is quite so narrow.

Representative plots of A and B and the scalar curvature for various (2, 2)y solutions are
shown in figure 3.18. Plots for other points in the (2, 2)( region are similar in character. In each
solution it is apparent that curvature is small at large radii but then increases greatly towards
small radii. Let us define the strong curvature region as the region where R,, R* > 1 &

In(R,, R*") > 0, and its outer radius as 7strong-

>0, 7 <Tstrong

In( R R™) ~ (33.8)

<0, rstrong <T

These plots are in accord with Holdom’s similar result in [33], where he found a horizonless
asymptotically-flat (2, 2), solution and observed that it had a region of strong curvature near
to the would-be horizon. Our results show this again for a different choice of couplings (we
use 8 = 0, = % and he used o = 38 = 32%) and for a large number of solutions (of which
only a selection are shown in fig 3.18). In the positive-mass < negative Cs (2,2)y plots we
presented one can clearly see the function A become large and B become small, reminiscent
of the Schwarzschild solution where as rs ~ —Cs is approached A — +oo0 and B — 0, but
unlike the Schwarzschild solution the curvature gets strong and the metric functions curve
away again to avoid forming a horizon. The size of the region of strong curvature, 7syong,
for (2,2)o solutions at the centre of each of the region, is plotted as a function of Cs ¢ in
tigure 3.19. It shows that for positive ADM mass 2GM := —Cs there is a rough relation

Tstrong ~ —C2,0 = 2GM = Tschwarzschild, i-. that the strong curvature region is always roughly
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FIGURE 3.17: Width profiles of most of the left (Cs ¢ < 0) and right (Cs9 > 0)
areas of (2, 2)y solution. The coordinates on the vertical axes are defined in 3.3.6.
Itis a scatter plot of ( Cs 9 , Cpght/left 22 residuals ) points whose space-time is in the
(2,2)o family. Details of the numerics, and of the automatic algorithm for deter-
mining if a space-time is a member of the (2, 2), family, have resulted in ragged
edges of the borders with the wormhole region (the region below the right-hand
(2,2)o region and above the left-hand (2, 2), region). Manual examinations of the
space-times near the (2,2)y-wormhole border can sharpen the edge but proved
too time-consuming.
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C2,0=-4.0, C>-=-387.906 C20=-2.0, C-=-129.113

Ak ."’~.__~ Ak

oL oL

FIGURE 3.18: Example (2,2), solutions from both the right-hand (C2o > 0,
negative mass) and left-hand (C ¢ < 0, positive mass) regions.

of the necessary size to interfere with the formation of a horizon. Holdom’s similar result led
him to speculate that other theories with even higher curvature terms will also lack horizons.
The presence of higher curvature terms would likely mean that the "interior" regions are sig-
nificantly different from the ones in this theory, however. Holdom found that only the (0, 0)o
family is present in generic theory with even higher derivatives, so he speculated that the ef-
fect of many even-higher-curvature terms would be to deform the "interior" into this family, to
make it non-singular. Our discussion of coupling in section 3.1 emphasised parameter count-
ing of solution families, and in our discussion of the non-singular (0,0) family in sections
2.2.1.1 and 2.3.6 we concluded that what few free parameters this family does have are all fixed
by the requirement of asymptotic flatness. This makes it difficult to see how higher-curvature
corrections to the example (2, 2)g solutions could deform them into (0, 0)¢ solutions, but on the
other hand we have already described how Holdom'’s considerations of higher-curvature the-
ories seem to suggest that they must. We consider this question unresolved. For comparison,
in the wormhole solutions the curvature does not become strong outside of the wormhole, and
in the (1, —1)o solutions (recall that these do not have horizons) rsiong is generally larger than
in nearby (2,2)o solutions. In the (1, —1)o regions 7stong gets larger as one moves away from
the centre of the diagram 3.10 and as one moves away from the boundary of the (1, —1)g region
(the places where there are horizons) into the interior.

Horizons are apparent in the Cs o-C>_ plane, in an approximate cross shape. They appear
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fsirong @8 a function of G, o for (2,2), solutions
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FIGURE 3.19: The outer radius rsiong Of the region of strong curvature (defined as
R, R* > 1)in (2, 2), solutions near the centre of the (2, 2) strip in the C5 o-C5—
plane, as a function of Cs o.

at the edges of the wormbhole region as a limit of a wormhole solution. Recall that both worm-
1

holes and horizons have a zero of f(r) = g atr = o, but that wormholes have B(rg) # 0
and horizons have B(rg) = 0. The values of B(rg) are largest away from the edges of the
wormhole region, and tend to zero towards the edges, becoming zero at the boundary, thus
forming horizons. The solutions with horizons on the upper, lower and left-hand branches
are exactly the Schwarzschild solution, to good accuracy L with masses 2GM = ry = —Chp
matching the C o value at which they appear and not depending on their supposed value of
Cy— (we do not plot these solutions since the reader is so familiar with the Schwarzschild solu-
tion). This cannot be correct and must represent numerical issues, but we postpone discussion
until we have finished the description of the horizon solutions. The remaining solutions with
horizons, on the right-hand branch, are the non-Schwarzschild, or "new", black holes, and we
show examples with positive and negative mass in 3.20.

We can compare the non-Schwarzschild black holes we have found when shooting inwards
from large-r to the non-Schwarzschild black holes we found when shooting outwards from a
horizon in section 3.2.2. The relation between the horizon radius ro and the mass GM =
—%0270 is shown in figure 3.22 for both these two classes of numerical non-Schwarzschild black
holes. There is good agreement for GM 2 —2 or equivalently Cs ¢ < 4. The numerical results
from shooting inwards use perturbative solutions as initial conditions, so inaccuracies at larger
values of (s are to be expected.

Now we must comment on how this compares to what we expected to find. We know

This can be checked by examining e.g. A’ (r) + A(r)(A(r) — 1) and B’ (r) + B(r) — 1 for these solutions, which
will be zero for all > r¢ IFF Schwarzschild, for any 7



3.3. Asymptotically flat numerical solutions 133

C20=-0.2, C>-=-2.586 C20=1.25, Co-=-17.92

FIGURE 3.20: Non-Schwarzschild solutions with horizons, for both positive and
negative mass, found by shooting inwards from asymptotic flatness. See also
figure 3.8

C0=2, C,-=-33.155

FIGURE 3.21: A negative-mass Schwarzschild solution found with a small non-
zero value of C_ rather than the expected location of Co_ = 0.

GM =% Cao

« shooting outwards from horizon

A shooting inwards from large radius

FIGURE 3.22: A comparison of the mass-radius relation for Non-Schwarzschild
black holes, for the solutions obtained by shooting outwards from a horizon and
for the solutions obtained by shooting inwards from asymptotic flatness. See
also figure 3.7
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'00...... ® new BH
° + Schwarzschild BH

FIGURE 3.23: A scatter plot of the Cy ¢ and C,_ values found for the asymp-
totically flat horizon solutions in section 3.2.2 found by shooting outwards from
horizons. A large X marks the point (C5 o, C2—) ~ (—0.9, 0) of the solution where
the Schwarzschild and non-Schwarzschild black holes coincide. This scatter
plot is overlaid on a close-up of the lower-right quadrant of the diagram figure
3.10 of shooting-inwards results, i.e. the black lines mark the location of hori-
zon solutions between (1, —1)¢ and wormhole regions. The non-Schwarzschild
black hole scatter data can be seen to qualitatively agree with the shooting-
inwards data for Cy ¢ > 1.5 (though with some numerical differences), and the
Schwarzschild black hole scatter data to agree with the shooting-inwards data
for —0.5 < Ca S 0, but the remainder of the scatter data requires discussion
and analysis.

that Schwarzschild black holes have Co_ = 0 and Cby = —2GM < 0, so we expect to find
Schwarzschild horizons of radii 7o = —C5 along the negative Cy( axis. In fact we find
Schwarzschild horizons of those radii a little below the negative C3 axis, which we write
off as numerical inaccuracies on the effect of Co_ # 0 without worrying too much. Similarly,
we would expect (1, —1)g negative-mass Schwarzschild solutions along the positive C5 o axis.
Again, the expected Schwarzschild solutions are to be found slightly off the axis and we show
an example from position Cs o = 2, Co— =~ —33.155 in figure 3.21. We also found Schwarzschild
black hole solutions along the upper and lower arms, for C5 o ~ —0.8, all having roughly the
same radius 79 = —Cy ~ 0.8, even for large values of C,_. We know that Schwarzschild
solutions should only appear for Co_ = 0 so this represents very significant numerical issues,
but we shall make another observation before commenting on numerical accuracy.

We have said where we expected to find the Schwarzschild solutions, but we have yet to
say where we expected to find the non-Schwarzschild black holes and whether our results

match. The non-Schwarzschild black holes found by shooting outwards from a horizon in
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section 3.2.2 had values of Cyy and Cs_ fitted to them (plotted in figures 3.6 and 3.7). In
tigure 3.23 we compare those values to the (9 and Co_ values where we found the non-
Schwarzschild black holes in this section. There was some difficulty in fitting values of Cs_
to non-Schwarzschild black hole solutions with small mass, so the corresponding points have
poor precision, but it is still visible that the non-Schwarzschild black holes lie approximately
where they were expected to lie, in a seeming endorsement of the numerical accuracy of the
method. The Schwarzschild black holes to the right of the vertical arms, i.e. C2 9 2 —0.9, show
good agreement as well. However, for Cy o S —0.9 the agreement becomes very poor. We have
said already that we consider the left arm of 3.11 to be the continuation of the Schwarzschild
family of solutions for larger positive masses, but figure 3.23 shows that the left arm of the
shooting-inwards data starts at (C2, C2—) ~ (—1.5, —100) but the scatter data from shooting
outwards clearly has Co_ ~ 0. Worse, there are upper and lower arms of horizons in the
shooting-inwards data for this value of Cy . We can no longer avoid commenting on these
upper and lower branches of horizon solutions, which we have said must be incorrect both be-
cause they have non-zero values of C>_ and because they do not even vary with C,_. This may
indicate that Cs o ~ —0.9 is some sort of critical value where not only do the non-Schwarzschild
and Schwarzschild black holes coincide in a shooting-outwards analysis, but also the numeri-
cal shooting becomes insensitive to Co_ in a shooting-inwards analysis.

It is not clear why there should be a critical value of C o where significant numerical issues
appear, nor is it clear what exactly these issues are. The presence of the upper and lower arms
of Schwarzschild horizon solutions seems like it must be wrong, but it is closely linked to the
overall, broad shapes of the C5 o,C>— plane. At the moment, the upper and lower arms of hori-
zon solutions form a separation between large areas of (1, —1)g solutions and (1,0):, worm-
hole solutions. It is hard to cast doubt on the presence of these areas themselves, because they
show up for very large ranges of values. There must therefore be boundaries where other solu-
tions appear, as Cy o and Cy_ are varied continuously but solution properties change discretely.
The numerical solutions close to these boundaries are, not surprisingly, hard to interpret, but it
generally seems reasonable that a line of another family might appear at the boundary. It seems
natural that the extreme limit of a wormhole solution is a horizon, since both have f(ry) = 0,
while the wormhole has B(rg) > 0 and the horizon has B(rg) = 0. On the other hand, in
section 3.2 we tried to find all solutions with horizons. The non-Schwarzschild black holes we
found were determined to have C5 o,Cs— values of another region of the plane, far away from
the upper and lower branches of horizons. There were some numerical limits on that work,
however, so it is possible that there are other branches of non-Schwarzschild black hole solu-
tions. Optimistically, such a hypothetical additional branch of non-Schwarzschild black holes
might have C3,C>— values of roughly this part of the plane and might look extremely simi-
lar to Schwarzschild, but this is speculation. The other possibility is that some undiscovered

solution family is responsible for the seeming appearance of the upper and lower branches of
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horizon solutions, but there are no obvious candidates from among the families listed in table
3.1.

We can imagine that with some effort the numerical accuracy could be improved and the
reason for the upper and lower branches of black holes and for (> having a critical value
could be unravelled, and these current problems could be overcome. Perhaps something far
more radical could happen that simultaneously addresses the issues of the critical value of
(5,0, the upper and lower horizon branches, and the issue that the (1, —1)j region is an area
instead of the line that was expected, and we would be left with results that simply confirm
our beliefs from the other analyses. However, this doesn’t seem at all likely. We must conclude
that this shooting-inwards analysis has revealed unexpected new information to us, but it is
not clear what. It does not seem entirely safe even to say that the (1, —1), family is an area, and
thus has more free parameters than we realised from the asymptotic analyses, because there is
a contradiction in its boundary with the wormhole solutions. More analysis is needed.

Perhaps the most important way to improve the quality of the results would be to increase
the radius rmax from which the shooting starts. We had numerical issues with larger values,
but with more precision these could be overcome. Let us explain the nature of the problem.
The initial values for the shooting are calculated from evaluating the linearised solutions at
rmax, and the effect of this is that the initial values do not exactly correspond to asymptoti-
cally flat solutions (though by the number of free parameters they will always correspond to
some solution). This is likely responsible for a lot of problems with the results. The difficulty
overcoming it is that the value of the falling Yukawa term e~™" /r is so small at large radii that
rounding errors at large r have huge effects at small r. Our way around this problem was
to use only a modest value of rmax and to assume the shooting’s initial conditions were accu-
rate enough, but perhaps an approach using large rmax could be complementary to ours, even
though it swaps our issues for others.

As a final comment, we note that varying the value of o does not seem to change any of
the main features of the C5,C>— plane but does shift the boundaries around. In a similar
fashion to figure 3.10, we assume that the only features visible on the C3,Co— plane are a
large region of wormhole solutions, covering most of the top-left and bottom-right quadrants,
and two regions of (1, —1)g solutions in the top-right and bottom-left. Assuming that, to draw
the C5,0,C2— plane one only needs to draw the lines indicating the boundaries between these
regions. In figure 3.24 we show the C,C>_ plane with such lines drawn, overlaying three
sets of such lines for three different values of a. We note that as « varies, the coincidence point
of the Schwarzschild and non-Schwarzschild black holes is given by (3.2.27) to be

Mo r(()coincidence) ~0.87

2@ J\f (coincidence) _ Céc(())incidence) ~ — \/5 \/&0.87 ,
’ Y
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FIGURE 3.24: The outlines of the (1, —1), regions of the Cs ¢,C>_ plane, for three
different values of alpha: 0.3, 0.4 and 1.2. In each case the area to the top-right
of the top-right line is (1, —1), the area to the bottom-left of the bottom-left line
is also (1,—1)p, and the area in-between, extending from the top-left through
the centre to the bottom-right, is wormholes. The plot shows that for increasing
values of a the bottom-left (1, —1), region grows and reaches towards the left
axis. For increasing value of o the bottom-right boundary of the (1, —1), region
retreats out of the bottom-right quadrant towards the right axis.

so that (' o becomes more negative with increasing . The Cs ¢ value of the mid-point between
the upper and lower lines of boundary moves to more negative values as « is increased. The
analysis is too rough to dignify with a quantitative treatment, but we note that our results
are consistent with the supposition that the coincidence point of the Schwarzschild and non-

Schwarzschild black holes is always directly between the upper and lower boundary lines.
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In this thesis we considered the classical solutions to four-dimensional higher derivative
gravity truncated at four derivatives and without a cosmological term. We considered the
static spherically symmetric problem, in particular building on the work in [6], [33] and [34],
and reached an improved understanding of the solution space, especially the properties of
solutions coupled to matter, solutions that have horizons and solutions that are asymptotically
flat.

In the first part we attempted to document all the solution families that exist in the theory,
using both a Frobenius ansatz and other ansatzes. We reproduced the families around the
origin originally found in [6], the (0,0)o, (1, —1)¢ and (2, 2)¢ families, and confirmed the count
of free parameters for (0,0)y and (2, 2)y given in [33], and counted the free parameters of the
(1, —1)p family, which can include logarithmic terms. We also found series solutions around
r = ro # 0, which come in five families: (0,0),,, (1,1)r,, (1,0)r,, (1,0)1, and (3, %)1/2. We
reproduced the solutions to the linearised theory originally found in [6] and expanded upon
their discussion of linearised coupling to matter sources. Comparison of families from all three
of these methods allowed us to infer a lot about true solutions. This was bolstered considerably
by the spherically symmetric application of a theorem generalised from [34] which relates local
properties of a solution (an ideal application of the series expansions) to the property R = 0
that must hold for an open range of 7. A key application was allowing us to identify which
combination of the free parameters of the R # 0 part of a solution family corresponded to
non-flatness at infinity (for certain families). For example, it was possible to show that the
(3,4 /o family has no asymptotically flat members. Most importantly though it proved that
static asymptotically flat black hole solutions are fully described by the special Lagrangian
YR — aC?, which is very significant because the spherically symmetric solutions of that theory
have two fewer free parameters than the general theory.

All of the knowledge of vacuum solution families of the full theory, and vacuum and non-
vacuum solutions of the linearised theory, was brought together to make several arguments
that the Schwarzschild solution does not describe minimal coupling to positive matter. Many
arguments were made that solutions with minimal coupling to matter do not have horizons.
In fact, based primarily on knowledge of free parameter counting, it was argued that matter-
coupled solutions belong to the (2, 2)y family, which has no analogue in general relativity. This
is interesting if one looks to theories with even higher derivatives, since the curvature of (2, 2)
solutions is large for radii out to around the Schwarzschild radius, so disruption to the would-
be horizon may be taken seriously even if "interior" properties may not be. Holdom pointed
out in [33] that the (2,2)y solution family is generically not present in theories with higher
derivatives, however, so the matter coupling of such theories still needs investigation.

The Schwarzschild black hole is still a vacuum solution to the higher-derivative theory,
but a second branch of black hole solutions was found, that coincide with the Schwarzschild

solution for mary = m22GM ~ 0.876. The existence of a second branch was analytically
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proved by Whitt in [55]. For Schwarzschild black holes larger than at the branch point it was
shown that there are no asymptotically flat deformations. The non-Schwarzschild black holes
also appear with negative ADM mass, but these solutions have strong curvature at the horizon
and it is possible that they would not appear if higher derivative corrections were considered
(if, indeed, the non-Schwarzschild black holes would still appear at all).

The space of asymptotically flat solutions was explored using numerical shooting. It was
found that the generic asymptotically flat solutions are wormholes (1,0).,, and horizonless
(1, —1)p solutions. At the boundaries of the wormhole region the solutions limited to horizons
of the (1,1),, family, including the non-Schwarzschild black holes, which appeared where
expected and with the radii predicted by the numerical shooting outwards from horizons to-
wards infinity. Between the wormhole region and the (1, —1), regions there were very narrow
areas of (2, 2)( solutions. There were several reasons to question the accuracy of these results,
however. It was mildly surprising that the (2, 2), family, which was expected to be the generic
solution, appeared only in a small area. On the other hand, the (1, —1)( family was expected,
based on its count of free parameters from the series analysis, to appear as a line rather than
a region. As it is, around half of the asymptotically flat solutions were found to be (1, —1)o,
but there was some reason to doubt the numerical accuracy of this, especially that the solutions
consistently deviated from (r!,7~!) behaviour and instead had ~ (r!''4, r~135) behaviour. The
strangest result was that there seems to be a critical value of Cy oy = —2GM corresponding to
the mass at which the Schwarzschild and non-Schwarzschild black holes intersect. The point
(Cop,C2-) = (Céfginddence), 0) lies approximately right between the two (1, —1) regions (even
for other values of a). The two (1, —1), regions both have a boundary with the wormhole re-

Céfgimdeme). As you approach this boundary from the wormhole

gion on part of the line Cy g =
side the wormhole solutions limit to horizons, but these horizon solutions appear to be identi-
cal to a single Schwarzschild solution, even though they have a large range of non-zero values
of Cy_ which corresponds to higher-derivative effects. The findings are certainly interesting
but unfortunately they must be repeated with more numerical accuracy before the physical
message becomes clear. The most important factor may be to repeat the study using a different
starting radius rmax for the numerical shooting, though this trades our problems for others.
One of the most important areas for future research is the dynamical stability of these static
solutions in the presence of time-dependent perturbations. We have often restricted consider-
ation to asymptotically flat solutions, which are assumed to be more physically realistic, but
our static analysis tells us nothing about whether the solutions are dynamically stable, which
would be key to any claim of astrophysical relevance. The only non-trivial solution that is
known analytically is the Schwarzschild solution. The dynamical stability of Schwarzschild in
the four-derivative theory was studied by Whitt in [55], who concluded that it was stable, but
revisited by Myung in [56] who drew a comparison to a black string to find an unstable mode

that Whitt hadn’t considered. This will be followed up in [54] where the instability of small
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Schwarzschild black holes will be discussed and the thermodynamics of both types of black
hole presented in detail.

Our attempt to discover all solution families should be seen in the context of the solution
families of stationary space-times. It may be that some families are not physically realistic be-
cause they are not limits of stationary solutions. There is also the question of theories with
even higher derivatives. Holdom [33] found that only the (0,0), family exists as a vacuum
solution to generic theories with more derivatives, which is interesting because we have found
that black holes and matter-coupled solutions belong to other families, and we argued that
the (0,0)o family has flat space as its only asymptotically flat member. The issue of matter
coupling has been discussed thoroughly for the four-derivative theory, and it has been argued
that the (2, 2)o family provides the correct description. Since this family doesn’t exist in the-
ories with more derivatives, the issue of matter coupling in those theories is unresolved. The
classical, static, spherically symmetric solutions to four-derivative theory with a cosmological
constant will be different from the ones considered in this work, but it may be possible to find
them without too much difficulty using this work as a guide. Such theories are of particu-
lar interest because of the possibilities raised in [31] and [32] that they offer solutions to the
higher-derivative theory’s problems with unitarity.

Finally, we recall that there are very few uniqueness theorems for higher-derivative gravity,
so it may be that the most astrophysically realistic black hole solutions are of an even more
difficult character, for example without spherical symmetry, or without axisymmetry, or even

black holes with non-spherical topology.
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In [2] the expressions of section 2.1 were generalised to the case with a cosmological con-

stant. The Lagrangian is

I= / d*zv/=g (V(R — 2A) — aClypsC**” + BR?) . (A.0.1)

The equations of motion implied by this action are the same as (1.3.1) and (1.3.4) except for an

additional cosmological constant term.

Hy(A) = Hy (A = 0) + vAguw (A.0.2)
HM“(A) = HH#(A =0)+4vA . (A.0.3)

The proof that the Ricci scalar vanishes no longer holds - but instead one can show that the

Ricci scalar is constant. Start with the trace of the equations of motion:

HJM(A) =6B0R — v (R — 4A) (A.0.4)
=63 (OR — mg (R — 4A)) (A.0.5)
=64 (OS — mgS) , (A.0.6)

where the quantity S is defined as a shift of the Ricci scalar
S:=R—4A. (A.0.7)

The equation (2.1.13h) is used to obtain an equation similar to the A = 0 calculation of equation
(2.1.6):

H'(A
0= / vh d%’éé)xs - / Vh &z [D* (A S D,S) — A (DS) (DoS) —md AS?] . (A.0.8)
S s
Now the requirement that the contribution from the boundary term vanishes is actually un-

changed: we need the vanishing of D,S = D,R at infinity. The consequence is that the bulk

terms must vanish throughout the integration region:
S=0 & R=4A. (A.0.9)

Note that while in section 2.1 we assumed asymptotic flatness, which was sufficient for D, R
to vanish on the boundary, in the case with a cosmological constant we will be considering a

space-time satisfying R = 4A, which is not asymptotically flat.
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To discuss the trace-free part of the equations of motion we define shifts of other quantities

too:

S}u/ ::RMV - QWA (AOlO)
S =R-2A (A.0.11)

(A.0.12)

The trace-free part of the equations of motion is then given by

H,,(A
M =USuw — m2(A)2Suu + QSﬁsw — 2V, V57 — }gwgpaspa ) (A.0.13)

0 =

where we have used the identity

1
R Rypue =RypRE VYR + 5VuV R (A.0.14)

=S,pS0 =V, V.50 + VVS+2ASV+9VA2 (A.0.15)
Hp Iz H

Note also that the S = 0 equations of motion are not equivalent to Einstein-Weyl gravity
(the 8 = 0 case), but it is still true that they depend on the two couplings only through one
parameter, ma(A) L.

The dimensional reduction of the trace-free part of the equations of motion (A.0.13) pro-
ceeds exactly as in section 2.1.3 where the identities (2.1.13) and (2.1.14) can all still be used if

one reads every R, R, and Ras S, S, and S respectively. The final result is

.

/\Fdi" [ ( SD'S + X S"D'S. —2) s_Ds-i—AS*Djsﬂ)

/\fdi’* [)\S’“’

—4ZQ

- = D%s D;S + 2\ D'SDIS;; — X D'SI* [D;S), — 2D; Sk

~A 5; (ma(A)? +8) — X 895y (ma(A)” — 25)] )

where § is defined as o
S S .Sk

Unfortunately this suffers from the same problem as the A = 0 case and we cannot conclude

(A.0.16)

anything about S5, .

'if one had parameterised the Lagrangian as v(R — 2A) — %02 + B’ R? then the statement is that there

is no dependence on 3'.
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We can try using a slightly more general integrand,

i H
_ 00 ij\HV v
0=\ (a8 +b5Y)" =~ .

_pi <a4)‘§pz-5‘ +bA S D;S. —2bA S"D.S; — a) SDijz')

o D'S D;S
2 2

a—>b . - )

? .. I

2 DSSZJDA
Q2

- A SZ <am2(A)2 +

+ a) 2D'SDISji — b\ D'S* [D;S; — 2D;Sh]

+

36‘: bs) — SU8A (bm2(A)2 s 42 < “S) :

but we still cannot see any way to prove constraints on the curvature.
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