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Referat

Eine Untersuchung offener Probleme zur Verdampfung schwarzer Locher im
semi-klassischen Modell, beziiglich der Existenz von Quantenfeldtheorien
auf Raumzeiten, die verdampfende schwarze Locher beschreiben, sowie der
Existenz von Losungen der semi-klassischen Einstein Gleichungen, welche
schwarze Locher darstellen.

An investigation into open problems related to black hole evaporation in the
semi-classical framework, concerning the existence of quantum field theories
on spacetimes modelling evaporating black holes as well as the existence of
black hole solutions to the semi-classical Einstein equations.



Abstract

Approximately 50 years ago it was predicted that black holes, once formed,
leak away their mass via Hawking radiation, such that they either shrink to a
very small size or completely disappear. This idea gave rise to a long-standing
debate, as this shrinking, or colloquially evaporation, of black holes seems to
lead to non-unitary time evolution of quantum field theories defined on these
background geometries. For many, this is an unappealing feature. Hence it is
often argued that some fundamental phenomenon beyond the semi-classical
regime should intervene in the evaporation process and restore unitarity of
time evolution. Unfortunately, even on a semi-classical level, black hole evap-
oration is far from fully understood. It is not known if there are any solutions
to the semi-classical Einstein equations, which can be used to characterize
semi-classical gravity, that describe formation and evaporation of black holes.
Nor is it fully clear where semi-classical gravity gives a reasonable descrip-
tion of actual physics. In this dissertation we discuss some open problems
concerning semi-classical gravity in relation to black hole spacetimes. In
particular, we present an investigation into the compatibility of spacetimes
describing full black hole evaporation (and other spacetimes with a similar
causal structure) and algebraic quantum field theory. Secondly, we present
an approach that allows for the formulation of the semi-classical Einstein
equations as a (characteristic) initial value problem, which can be used as a
starting ground into the investigation of black hole solutions.

This dissertation is a cumulative work, consisting of two publications. The first
publication introduces a class of spacetimes, namely semi-globally hyperbolic
spacetimes, which generalize certain features of fully evaporating black hole
spacetimes. Spacetimes like these may be used to model the low-curvature
regime of a full black hole evaporation spacetime, where semi-classical gravity
(or some more detailed effective field theory of gravity) is expected to be valid.
In order to investigate the feasibility of such a point of view, the existence
of quantum field theories is investigated on these backgrounds. It is found
that while algebras of observables on these spacetimes are straightforward to
construct, the existence of globally defined sensible quantum states depends
in a non-trivial way on the geometry of a black hole evaporation spacetime
near its singularity as well as the regime where one wishes semi-classical
gravity to be implemented.

The second publication focusses on the semi-classical Einstein equations,
which couple a classical background geometry to a linear scalar quantum
field propagating through it. Following recent investigations into cosmological
solutions of these equations, we wish to formulate an initial value problem



for spherically symmetric solutions, which are hoped to contain black hole
solutions. Rather than formulating a Cauchy problem, with initial data given
on some space-like Cauchy surface, we argue that in this context it is more
convenient to formulate a Goursat problem, with initial data given on some
characteristic cone. We derive a constraint reminiscent of the Hadamard
condition on initial quantum states defined on these cones that guarantee
observables relevant to semi-classical gravity to admit finite expectation
values at the initial surface, and we derive an expression for these values.
Furthermore, we show how this formalism can be used to explicitly calculate
expectation values of these observables in the domain of the dependence of the
null cone from some initial quantum state, both as a linearised expression and
as a formal perturbation series in some parameter appearing in the metric.

Keywords

Quantum Field Theory on Curved Space-times, Semi-classical Gravity, Black
Hole Evaporation, Non-globally Hyperbolic Space-times, Hadamard States,
Goursat Problem



Acknowledgement

I thank my advisor, Prof. Dr. Rainer Verch, for the opportunity to pursue a
doctoral degree under his guidance, as well as his helpful advice and serious
but light-hearted discussions we were able to have on the research topic. My
thanks also go out to my fellow PhD students in Institute for Theoretical
Physics, especially Christiane, Claudio, Jan, Karim, Leonardo, Philipp and
Vahid for our shared experiences, from lovely conversations during joint lunch
breaks and train rides to supporting each other through stressful times. I
thank Prof. Dr. Nicola Pinamonti and his PhD students Paolo and Edoardo
for their welcoming attitude and the fruitful discussions we had during my
research visit to the University of Genoa. Furthermore I express my gratitude
towards other principle investigators of the Research Training Group, espe-
cially Prof. Dr. Stefan Hollands, Prof. Dr. Martin Ammon, Prof. Dr. Holger
Gies and Dr. Daniela Cadamuro, as well as associated researchers Dr. Albert
Much, Dr. Markus Frob and Dr. Jochen Zahn for their advise and support
both on practical as well as scientific matters. Lastly I wish to thank my
family and friends, without whose moral support I would not have been able
to complete this dissertation.

This doctoral project has been supported by the Deutsche Forschungsge-
meinschaft (DFG) under Grant No. 406116891 within the Research Training
Group RTG 2522: “Dynamics and Criticality in Quantum and Gravitational
Systems” (http://www.rtg2522.uni-jena.de/).

Author’s signature



Contents

Preamble
|Introducti0n| 8
(1.1 The semi-classical Einstein equations| 12
(L1.1 Known solution classes| 15
[1.2 Some open problems tor semi-classical black hole evaporation| 17
|Bibliography| 23
Publications
|Quantum fields on semi-globally hyperbolic space-times| 33

Hadamard states on spherically symmetric characteristic sur-
faces, the semi-classical Einstein equations and the Hawking

eﬁ'ect| 86




List of Figures

(1.1 A Penrose diagram of an evaporating black hole as drawn in |

Rel. |1]] 18

[[.1 ~Some Penrose diagrams ot two-dimensional semi-globally hy- |

perbolic space-times| 41
[[.2  Some Penrose diagrams ot two-dimensional semi-globally hy- |
perbolic space-times with time-ordered covers drawn in| 45
[[.3  Hypothesised Penrose diagram of a fully evaporating spherically |
symmetric black hole with its maximal cover| 46

[[.4 A punctured globally hyperbolic space-time with maximal cover| 60
.o Penrose diagram of the topology changing space-time M with |
two spatial directions of translational symmetry suppressed| 69

[[I.T A Penrose diagram sketching the geometric set-up| 93
[[I.2 A Penrose diagram of the space-time with the Vaidya metric
of eq. (154 with the domain of coordinate patch I as shaded
region| 129

[[I.3 A Penrose diagram of the space-time with the Vaidya metric |
of eq. ([154)) with the domain of coordinate patch II as shaded |

region, and the dotted line denoting the collapsing shell| 131




Preamble



1. Introduction

It is perhaps fair to say that one of the most influential results from quantum
field theory on curved background spacetimes is that, when a quantum field
propagates on an (astrophysical) black hole spacetime, an observer at infinity
will eventually observe the field configuration to be that of thermal radiation
coming from the direction of the black hole. First predicted in Ref. [1], it has
become known as the Hawking effect, or Hawking radiation. Even though
any experimental probing of this effect is still out of reach[l the potential
ramifications of this effect have had a major impact on the further development
of theoretical physics, of course within the field of quantum field theory on
curved spacetimes itself, but certainly also on quantum gravity.

Two ramifications stand out, one being that, through the temperature
associated with Hawking radiation, a black hole could be assigned a finite
temperature. For a Schwarzschild black hole of mass M, this Hawking
temperature can be found to be (in Planck units)

1
C8tM’
This corroborates a previously noted analogy between the dynamics of black
holes and the laws of thermodynamics (see Ref. [4]). It is a still unsettled
debate as to what degree this analogy is more than mathematical, and in
particular to what extent the similarities between the macroscopic laws of
black hole dynamics and thermodynamics imply that black hole physics
derives from a statistical treatment of microphysics. Most noteably, can black
hole entropy due to Bekenstein and Hawking,

A
Za
IThat is to say, while experimental observations of Hawking radiation produced by
actual black holes is certainly not yet feasible, theoretically analogous effects have been
observed in more ‘table-top’ size systems that share some similarities with black holes as
predicted by General Relativity, see e.g. Ref. [2| |3]. Though these systems may present
an interesting testing ground for certain aspects of Hawking radiation, in the absence of
any experimental proof that the analogy between these systems and actual black holes
occurring in nature is sufficiently strong, it is difficult to conclude anything definitive from
these experiments about the Hawking effect as it pertains to astrophysical black holes.

Ty (1.1)

Spr = (1.2)




with A the area of a Schwarzschild event horizon, be interpreted as a statistical
measure for the number of microstates available to describe the macroscopic
system a la Boltzmann. Calculations from various approaches towards quan-
tum gravity certainly suggest such an interpretation is possible, see e.g. Ref.
[5] based on a string theory model (see also Ref. [6] for a conceptual review of
this influential calculation), and Ref. [7] for a similar result from loop quantum
gravity. However, there does not seem to be any widespread consensus what
degrees of freedom actually ought to contribute to this entropy measure:
Those describing the near horizon region, or those describing the full black
hole (see Ref. [8]).

Hawking’s original paper inspired a thorough investigation into the ther-
mal properties of quantum field theories on spacetimes with horizons. This
lead to the discovery of the Unruh effect (Ref. |9]), and the observation that
both these effects relate to the Bisognano-Wichmann theorem (Ref. [10]),
which the thermal nature of the Minkowski vacuum state (restricted to some
wedge region) with respect to the flow of Lorentz boosts (see Ref. |11}, 12]).
Furthermore, a general theorem showing the thermal nature of stationary,
and sufficiently regular (i.e. Hadamard), quantum states on spacetimes with
an (asymptotically time-like) Killing field and bifurcate Killing horizon is
proven in Ref. [13]). Though these discoveries should not be understood
as equivalent to the Hawking effect ]| the relation between the presence of
Hawking radiation and the thermality of stationary Hadamard states near
horizons can certainly be made precise, as done in Ref. [14]. Broadly speaking,
due to gravitational redshift of signals coming from a neighbourhood near
a black hole horizon that reach asymptotic infinity, an observer receiving
such signals, in this case propagated by a quantum field, is probing the short
distance behaviour of the state of that field near the horizon (i.e. its scaling
limit). For a given (linear scalar) quantum field, such a scaling limit at a
point in a spacetime is universal for any Hadamard state near that point,
and hence at a horizon is identical to that of a thermal equilibrium state.
Thus the signals received by the asymptotic observer from this region closely
resemble those given off by a thermalized body, particularly one at the Hawk-
ing temperature. These signals, which in this case are simply the n-point
functions of the quantum state as they propagate through the spacetime,
are what is observed as Hawking radiation. Such a scaling limit can in fact
be shown to have thermal properties for a much wider class of (dynamical)
horizons than a Killing horizon (see Ref. [15]). In studying the correlations
between the quantum states defined on these scaling limit theories, one can

2 After all, the spacetime associated with a black hole formed by gravitational collapse
is certainly not stationary.



use the notion of relative entropy to arrive at an entropy concept for a black
hole horizon that behaves precisely as the Bekenstein-Hawking entropy, in
so far that it scales with the area of the horizon. This supports the view
that a microscopic interpretation of the laws of black hole dynamics may not
necessarily require a framework of quantum gravity, but can be fully stated in
terms of quantum field theory on curved spacetimes. To some extent, this has
some conceptual advantages, as in this scenario all thermodynamic quantities
at play, in particular the temperature and the entropy of the horizon, can
be given a microscopic definition in the same framework, while quantum-
gravity-based approaches focus mainly on the latter quantity. However, it
is less clear how, if at all, one could hope to derive the macroscopic laws of
black hole dynamics from these microscopic interpretations, as they do not in
themselves relate directly to geometric degrees of freedom and their dynamics.
Still, at the Planck scale, geometric and matter degrees of freedom may not
be so easily distinguished, or at least will be correlated. Thus, it may well
be that the scaling limit entropy considered in Ref. [15] can be seen as some
semi-classical limit of a more fundamental entropy concept.

The second ramification of the Hawking effect, and the one more relevant to
the articles that make up this dissertation, is the fact that, in principle inde-
pendently of the thermal nature of Hawking radiation, it carries away energy
from the neighbourhood of a black hole towards asymptotic infinity. More
precisely, one can calculate an outgoing positive energy flux at asymptotic
infinity associated with Hawking radiation (see again Ref. [1]). Under some
general assumptions, in particular stress-energy conservation and approximate
stationarity of the late-time quantum state, this implies that through the
black hole horizon one should have an energy flux of opposite sign, i.e. some
radiation carrying negative energy into the black hole. Already at a heuristic
level, this would imply that through this process the mass of the black hole
decreases and hence that the black hole shrinks | This process is generally
referred to as black hole evaporation and even though for any macroscopic
black hole this process of evaporation would be practically immeasurably
slow, the theoretical possibility of a black hole shrinking to an arbitrarily
small size through a radiative process that is (apart from the total mass,
angular momentum and charge) insensitive to whatever is inside the black
hole, has confounded many physicists in the years following the prediction of
this process. Particularly the fact that through this process a black hole may

3That the somewhat heuristic picture above of the outgoing energy flux at infinity
implying a decrease of the area of the black hole horizon is not trivial to make precise, and
requires some non-obvious assumptions, is illustrated in Ref. |16].
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eventually fully “evaporate’, and that this may not only apply to macroscopic
(say of Solar mass and heavier) black holes, but also to microscopic black
holes (either primordial or possibly those playing a role in quantum gravity
processes, for instance akin to virtual particles in more familiar scattering
processes of quantum fields, or those contributing in a ‘sum over histories’
approach to quantum gravity), suggest a fundamental irreversibility, or at
least breakdown of unitary time-evolution in quantum gravity (see Ref. |17,
18]).

This last observation, and its clash with the foundations of the most
popular approaches to quantum gravity (and the intuition of many major
figures in these fields), has come to be known as the ‘information loss paradox’
(see Ref. [19])]] Hawking radiation and black hole evaporation are semi-
classical concepts, but it is a valid question what would happen to these
processes if quantum effects of gravity (whatever they may be) are properly
taken into account. Guided by the assumption that a theory of quantum
gravity should indeed be unitary, in the sense that the time evolution of
the theory bijectively maps pure states to pure states (see Ref. [21]), many
have aimed to identify a mechanism beyond semi-classical physics through
which unitarity is restored, often motivated by various toy models in quantum
gravity. Here I shall not attempt to give an exhaustive list of these proposed
mechanisms. Some listings of (at some time) popular proposals can be found
in the references |19} 22]. T merely shall distinguish two classes of proposals,
those that agree with the conjectured semi-classical black hole evaporation
apart from deviations in some (microscopic) ‘high curvature regime’, which,
see e.g. Ref. [23], are sometimes referred to as conservative approaches, and
proposals that deviate from semi-classical (or effective field theory) physics on
macroscopic scales, called (perhaps somewhat abusively) radical approaches.
Examples of conservative approaches are certain remnant scenarios (see e.g.
Ref. [24]) or black-hole-to-white-hole transition scenarios (Ref. [25]), while
among the radical approaches one can count black hole complementarity (Ref.
[26]) and fuzzballs (Ref. [27]). With conservative resolutions readily available,
one may wonder why these radical approaches are so seriously considered.
One of the main reasons that some deem a radical resolution necessary, is
the so-called Page curve argument made in Ref. [28], which entails that if
the end state of black hole evaporation is to be pure (given a pure initial
state), the ‘release’ of information from the black hole should take place over
macroscopic time-scales. This argument is however based on rather strong
assumptions about the statistical origin of black hole thermodynamics. As

4In a personal account of an influential participant in the discussion surrounding the
paradox (Ref. [20]), this clash has even been framed as ‘the Black Hole War”.
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discussed, this is a debated issue.

The state of affairs is thus a zoo of proposals, both conservative and radical,
aimed at ensuring unitarity of black hole evaporation, which all have their
pros and cons both based on general requirements as well as assumptions tied
to particular theoretical frameworks used to understand the microphysics of
spacetime and gravity. It is often difficult to fully penetrate the assumptions
that underlie a particular proposal and without a way to establish a ‘correct’
theory of quantum gravity, it will remain unclear which of these proposals, if
any, is correct. This is not helped by the fact that, even in the semi-classical
framework from which the concept of black hole evaporation originates, this
process is not fully understood. It is hence worthwhile to take a step back
and address some important open questions: To what extent is this process
consistent within the semi-classical framework itself, can one rigorously show
that black hole evaporation occurs in semi-classical gravity and if so, what
can one expect to be the range of validity of such a black hole evaporation
solution? This dissertation shall explore concepts with which these questions
may be better understood, so as to put the information loss debate on firmer
foundations.

1.1 The semi-classical Einstein equations

For the purposes of this work, semi-classical gravity is taken to be characterized
by a (linear, scalar) quantum field defined on a class of classical curved
background spacetimes, where the background geometry (M, g) and the state
w of the quantum field are such that the semi-classical Einstein equations are
satisfied, i.e.

G = 6Ty o, (1.3)

where G, is the Einstein tensor associated with the metric g, (: T}, 1), is the
expectation value of a locally covariantly renormalized stress energy tensor
of the quantum field theory evaluated in the state w (usually taken to be
Hadamard such that (: 7),, :), is surely finite) and x a coupling constant
associated with the Newton constant. For the precise notion of a linear scalar
quantum field and the renormalized stress-energy tensor, the reader is pointed
to the attached publications and references therein. See in particular Sec. 2.3
and 4 of Publication II.

The semi-classical Einstein equations (abbreviated s.c.E.eqs.) are viewed
as a natural generalization of the classical Einstein equations to the context
of quantum field theory and one hopes that solutions to this equation in
some sense approximate a solution within a full theory of quantum gravity
in certain regimes. However, in the absence of a full theory, only formal
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arguments for such a statement are available, see e.g. Ref. [29] where some of
these arguments are collected. In this context, the metric g (or rather, the
geometry described by the diffeomorphism class of (M, g)) is interpreted as
an expectation value of a ‘quantum’ metric subject to quantum fluctuations.
However, as diffeomorphism classes of Lorentzian geometries do not form a
convex space under any obvious notion of convex sums, it is a priori not clear
if such an expectation value can be defined consistently. Hence, one usually
only expects such an interpretation to be sensible if the fluctuations in the
geometry are, in some appropriate sense, small. If one accepts this assump-
tion, typical justifications of the use of the semi-classical Einstein equations
furthermore depend on the further assumption that any quantum effects due
to present matter fields dominate those of pure gravity contributions. For
instance, in an approach where the s.c.E.eqs. are derived using perturbative
methods around some vacuum solution to classical Einstein equations, the
semi-classical Einstein equations hold at first loop order (or formally at first
order in /) under the assumption that one-loop pure graviton contributions
can be ignored (see Ref. [30, 29]). More generally, one may view the classical
scalar field as a place-holder for purely gravitational effects, assuming that
one-loop contributions of gravitons behave qualitatively similar to scalar fields.
In this latter point of view, the semi-classical Einstein equations are, in some
sense, a toy model for effective quantum gravity. Alternatively, if instead of
considering a single quantum field, a large number of fields are assumed to
contribute to the total stress-energy tensor, these contributions will automat-
ically dominate quantum gravitational effects in any low curvature regime
and as a result the s.c.E.eqs. formally follow (see Ref. [31]).

Early investigations into the semi-classical Einstein equations mostly focused
on the linearised equations around Minkowski spacetime, mostly based on
an axiomatic approach to a calculation of the stress-tensor (see Ref. [32]).
This linearised model clearly reveals some pathologies associated to the semi-
classical Einstein equations. First of all, due to the way the metric enters into
the renormalization of (: T}, )., [| the (linearised) s.c.E.eqgs. coupled to some
linear scalar field contain up to fourth order derivatives of the metric and
in particular, in coordinates adapted to a standard 341 split, contain up to
fourth order time-derivatives. Due to this, fixing a solution to these equations
will typically require more initial data then what is required for the Einstein
equations coupled to a classical scalar field. For an initial value problem on
some space-like Cauchy surface, one would expect to require at least up to

°The renormalization scheme is assumed to satisfy the requirements detailed Ref. |33,
Sec. 4.6], and is in particular locally covariant (see Ref. |34, 35]).
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third order time-derivatives of the metric at this surface as geometric input,
which (ignoring constraints) effectively doubles the size of the phase space
associated with the spacetime geometry in comparison with the classical
Einstein equations. Moreover, already at this linearised level, solutions to
these equations are unstable, as many solutions to the linearised equations
show runaway behaviour, such that small perturbations of the metric can grow
exponentially in some time-parameter. These runaway solutions therefore
quickly leave the regime in which at the very least the linearised equations, but
in principle also the full semi-classical Einstein equations, may be expected
to hold. Moreover, such instabilities (in particular of Minkowski spacetime)
are not observed in nature. Therefore this runaway behaviour is typically
deemed nonphysical.

Several methods have been proposed to remove this nonphysical behaviour
from the class of solutions to the semi-classical Einstein equations, and give
selection criteria on which solutions should be deemed as physical. One
such proposal is to only consider solutions that can be seen as corrections
to solutions to the classical Einstein equations, where the full semi-classical
solution is analytic in A (see Ref. [36]). Finding such solutions to the s.c.E.egs.
then involves solving a second order differential equation for each order in h.
This can be seen as an order reduction scheme to the semi-classical equations.
A similar order reduction scheme has been applied to the linearised s.c.E.eqs.
in Ref. [29], in order to study solutions to this equation to order A?.

For these solutions, it is shown in Ref. [29] that, in the regime where
the order-reduced linearised Einstein equations can be assumed to be valid
(and under some further assumptions concerning spacetime geometry at past
asymptotic infinity), the stress-energy tensor appearing on the right hand
side of the order-reduced equation satisfies a nontrivial energy condition,
namely a transversely smeared averaged null energy condition. As reviewed
in [37], energy conditions of this type, i.e. particular restrictions on certain
components of the stress-energy tensor on a given class of spacetimes, are
instrumental in proving singularity theorems. In the context of black hole
evaporation, one can wonder if gravitational collapse in semi-classical gravity
lead to the formation of a singularity (or more concretely, whether a Penrose-
type singularity theorem holds in this context), or if, through semi-classical
effects, the interior geometry of the black hole is regularized. At this point
in time, no Penrose-type singularity theorem has been formulated using an
energy condition that has been rigorously shown to hold for quantum fields
on curved backgrounds relevant to four-dimensional black hole formation and
evaporation.

The last decade saw developments in the study of solutions to the full semi-

14



classical Einstein equations. These are discussed in the next section.

1.1.1 Known solution classes

Solutions to the full semi-classical Einstein equations have been studied
particularly in the context of cosmological models, see e.g. Ref. [38, 139,
40, 41, 42]. More specifically, these works study solutions to the s.c.E.eqs.
where the spacetime takes the form of a 3+1 dimensional spatially flat
Friedman-Lemaitre-Robertson-Walker spacetime R x R with metric

ds? = —dt* + a(t)*ygs (1.4)

where gs is the standard Euclidean metric on R3, and where the linear scalar
quantum field is assumed to obey the equation of motion

(O—m?—&R)g =0, (1.5)

with [ the Laplace-Beltrami operator, m a mass, £ a dimensionless coupling
and R the Ricci scalar. Furthermore, it is assumed that the field is in a
‘sufficiently regular’ quasi-free state w of which the two-point function is
homogeneous and isotropic[f] Due to the symmetries of the spacetime and the
quantum state, it is convenient to expand the spatial dependence of the two-
point function in Fourier modes. As shown in [39], one can implement a locally
covariant renormalization scheme directly onto these Fourier space two-point
functions, such that one can rewrite the semi-classical Einstein equations (or
in particular their trace) in relatively tractable form[] This formulation of the
s.c.E.egs. forms the basis for their analysis as an initial value problem in [38]
40, |42]. Further relying on the previously mentioned Fourier decomposition
of two-point functions, constraints on initial data for the quantum state can
be formulated such that it is sufficiently regular for the relevant renormalized
quantities to admit finite expectation values. Furthermore, as worked out in
detail in [42], it turns out to be convenient to introduce an auxiliary reference
state (the construction of which relies on some further geometric assumptions)
which can be used to isolate the contributions to the s.c.E.eqs. that are asso-
ciated with the pathologies previously discussed for the linearised equations.
This allows one to rewrite the semi-classical equations in a form for which
local existence of solutions (i.e. on some finite time interval) subject to some

SSufficiently regular is made precise in Ref. [42], and comes down to a generalized
Hadamard condition.
"For the case of conformal coupling, i.e. £ = %, a similar result had also been derived in

38).
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particular initial data can be shown by formulating it as a fixed point problemﬁ

A second approach to studying exact cosmological solutions, carried out in
Ref. |43], has been to classify static solutions, in this case those where the
geometry takes the form of a (spatially compact) Einstein’s static universe
R x S% with metric

ds® — dt* + a®vgs, (1.6)

for vgs the metric of the unit three-sphere (as embedded in the Euclidean
R1). Similarly to the case above, one can expand sufficiently symmetric
two-point functions in terms of well-understood functions that are suitable to
the symmetry of the problem. Under some geometric assumptions, one also
can introduce a reference state on these geometries, in this case the ground
state of the quantum field theory. The semi-classical Einstein equations can
now be formulated fully in terms of the expansion coefficients associated with
a (sufficiently regular) two-point function and geometrical quantities, which
can be used to prove a variety of results for states and geometries solving
these equations.

As noted, the methods alluded to above make convenient use of the symme-
tries of both the spacetime and the two-point functions under consideration.
Expanding a two-point functions into decoupled contributions, such as into
Fourier modes as in the analysis of [42], naturally loses much of its power
once one considers spacetimes of lower symmetry. Especially in a setting of a
dynamical spacetime, one can argue that a mode-expansion-based treatment
of quantum fields is not necessarily the most naturalﬂ In order to extend our
understanding of exact solutions to the semi-classical Einstein equations to a
more general class of spacetimes, such as those describing black hole formation
and evaporation, it may be useful to develop further techniques for analysing
the evolution of states on a quantum fields and their associated expectation
value of the stress-energy tensor without deferring to such expansions. This
is the main motivation of Publication II.

8Extending this local existence result a global result has so far only been carried out for
conformal coupling £ = %, see [40].

9Nevertheless, even in the case of very little symmetry, mode expansion techniques may
still prove useful in some contexts, particularly in the case of spacetimes with asymptotic
symmetries, where mode decompositions prove useful in defining initial states, or in some
numerical approaches see e.g. Ref. [44] |45].
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1.2 Some open problems for semi-classical black
hole evaporation

As discussed briefly in the introduction, the prediction of the Hawking effect
naturally leads to the conclusion that black holes can shrink in size (i.e.
evaporate) over time due to the fact that their energy is radiated away
via Hawking radiation. For black holes significantly larger than the Planck
mass this should be a very slow process, simply due to the fact that the
Hawking radiation has a comparatively tiny temperature for large black
holes.m Nevertheless, one expects that after a long period of time a black
hole may eventually shrink to Planck size (in the sense that local curvature
scalars near the apparent horizon approach 1 in Planck units)ﬂ where one
cannot reasonably expect any classical geometry to accurately describe the
near-horizon physics. Still, in the absence of any clear mechanism that would
slow down the production of Hawking radiation as the black hole shrinks,
it is a priori not unreasonable to assume that even a Planck-size black hole
would continue to lose energy until it completely disappears. Therefore, in
Ref. [1], Hawking posits that a spacetime describing the complete lifetime
of a black hole, detailing both its formation and evaporation, should have a
Penrose diagram similar to Fig.

In principle, this Penrose diagram should be taken with some grains of salt.
It describes a spacetime with a naked singularity, in the sense that the space-
time contains inextendible causal curves that are completely contained in the
domain of outer communication I~ (.#) N IT(.# ), which is associated with
a Planckian curvature regime (i.e. the evaporation of the Planck-size black
hole). Therefore, one should only think of Fig. as an effective description
of a hypothetical full evaporation process, where the local physics away from
the Planckian regime can be treated via semi-classical gravity or effective
quantum gravity, while input from a full quantum gravity theory may be
required to give a consistent description of the physics in the high-curvature
regime. In order to investigate if this point of view can be made precise, and
to understand what kind input from Planck scale physics would be required to
consistently define such an effective description of black hole evaporation, one
requires a framework to treat quantum field theories on geometries such as a

0Even though usual calculations of the Hawking effect are performed on stationary
backgrounds, or at least stationary post some gravitational collapse process (see also Ref. [46]
14]), results from these calculations are thought to still be applicable in a quasi-stationary
regime where black holes shrink only very slowly.

"' This assumes that during the evaporation process, no further matter will fall into the
black hole, as this would again increase its size. However, to prevent a black hole from
shrinking, such a matter influx would have to be quite fine-tuned.
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Figure 1.1: A Penrose diagram of an evaporating black hole as drawn in Ref.
[1]

black hole evaporation spacetime or, in an appropriate sense, approximations
thereof. Such a framework is provided in Publication I.

As discussed in Publication I, the presence of the naked singularity, sometimes
referred to as the ‘evaporation event’, means that a (classical) spacetime
describing a fully evaporating black hole cannot be globally hyperbolic, or
even causally continuous (see Ref. [47]). In fact, one can view the breakdown
of global hyperbolicity due to full black hole evaporation as the main cause of
information loss. Any notion of global time evolution for quantum field theory
on some background spacetime can only be expected to be unitary if it is
defined with respect to a global notion of time for which the equal time slices
are Cauchy surfacesB which in particular requires the background spacetime
to be globally hyperbolic (see e.g. Ref. [21]). From a purely quantum field
theory perspective, information loss in itself is therefore not a problematic
aspect. However, if the spacetime in question is not globally hyperbolic, then
standard constructions of (linear scalar) quantum field theories such as in
Ref. [49], or results on global existence of well-behaved quantum states (such
as Ref. [50]) are not generally applicable.

Similar problems (or features, if you will) are known to occur for a
variety of non-globally hyperbolic spacetimes that appear in other contexts.
A prime example of this is given in Ref. [51], concerning spacetimes with
‘compactly generated Cauchy horizons’ (which relate to models of universes
in which a ‘time machine’ has been manufactured). Here it is shown that

12This is a property that in the context of algebraic quantum field theory is formulated
in terms of the time slice axiom, see e.g. Ref. [48].
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a linear scalar quantum field theory defined on some globally hyperbolic
sub-spacetime cannot be extended to the full spacetime in a sensible manner
(i.e. as an ‘F-local’ quantum field theory, see Ref. [52] or Publication I). A
related result is derived at the level of two-point functions, namely that
any extension of a well-behaved (i.e. Hadamard) two-point function on this
sub-spacetime to a globally defined two-point function (i.e. a bi-distribution
satisfying the equation of motion) cannot be locally Hadamard at every point
(in the sense of Ref. [13]), which concretely means that non-linear observables
such as Wick squares : ®? : or the stress-energy tensor : T), : may not be
defined everywhere. More recently, inextendibility of Hadamard two-point
functions has been observed for certain black hole spacetimes with non-globally
hyperbolic interior in Ref. [53], |54], where in particular components of the
stress-energy tensor have been shown to diverge near Cauchy horizons on
certain Reissner-Nordstrom-deSitter black holes.

An example of such an inextendibility result of Hadamard states that,
in light of Publication I, has some relevance to the black hole evaporation
spacetime, has been found in Ref. [55]. Here a quantum field theory is
considered on a so-called trouser spacetime, a 1+1-dimensional flat geometry
that undergoes a topology change[”| The causal structure of these topology-
changing geometries and the causal structure given by Fig. can be seen as
similar, in a sense made precise in Publication I, namely that these geometries
are semi-globally hyperbolic. However, as the naked singularity of black hole
evaporation spacetimes is not merely topological, but rather a curvature
singularity, generalizations of these types of arguments to the setting of black
hole evaporation are unfortunately not available.

With the examples above in mind, one cannot reasonably assume that
a quantum field theory on a full black hole evaporation spacetime admits
any globally defined well-behaved quantum states. This further indicates
the need for Planck-scale physics to be properly accounted for in at least a
finite-size high-curvature regime of the evaporation process, not just to give a
physically accurate description of black hole evaporation, but rather to give a
mathematically consistent one. Such mixed models of (semi-)classical physics
in a low-curvature regime and input from quantum gravity near the high-

13Ref. [55] focuses on a massless theory, and presents an argument involving an initial
vacuum state (modulo the divergent zero-frequency mode contributions) which can be
extended to the full spacetime, but fails to yield a finite energy density expectation value
on the Cauchy horizon induced by the topology change. Using ideas from Publication
I and the results on local quasi-equivalence of quasi-free Hadamard states and Ref. [56,
Prop. 3.5], these results can be generalized to extending arbitrary Hadamard states for
both massless and massive theories on this trouser spacetime, as well as for some higher
dimensional geometries.
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curvature regime have for instance been considered in a somewhat qualitative
sense in Ref. |25], where some of these models even seem to predict observable
consequences (see e.g. Ref. [57]). The framework of Publication I may be
used to treat the low-curvature regime (both pre and post evaporation) in
these types of models.

For a full dynamical treatment of the semi-classical regime of black hole
formation and evaporation that goes beyond the heuristic arguments already
put forward in Ref. [1], one would like to study black hole solutions to the semi-
classical Einstein equations. Unfortunately, it is not known if such solutions
even exist, let alone what they look like. In fact, this has been a major
open problem that has frustrated the discussion on black hole evaporation
for the past four decades. This is partly because for a quantum field on a
general spacetime background, it is very difficult to explicitly calculate the
expectation value of the stress energy tensor in any given state. Consider
for example the Unruh state on a Schwarzschild spacetime, which is used
to model Hawking radiation at significant distance from a collapsing body
forming a (classical) black hole. Only by numerical methods developed in the
last decade could the stress-energy tensor be evaluated at any finite distance
from the black hole (see Ref. [45]). While in principle these methods can be
generalized to more dynamical situations (see e.g. Ref. [58]), one quickly runs
into practical limitations of numerical analysis when trying to perform these
calculations.

Although the Unruh state evaluations may give some useful insights into
a solution to the backreaction problem, i.e. taking the effects of Hawking
radiation into account when evolving the semi-classical Einstein equations,
one typically only expects this Unruh state to give a reasonable approximation
to the stress-energy tensor appearing in this full problem when one restricts
oneself to some adiabatic regime. It has been put forward on numerous
occasions that semi-classical effects may have a significant impact on the way
black holes, or more specifically trapped surfaces, form during gravitational
collapse, see e.g. Ref. [59, 60, 61].@ Such processes would take place in a
regime that is certainly not adiabatic, but could definitely alter the original
picture of black hole evaporation sketched in Fig. This highlights that
gaining a better and more rigorous understanding of both semi-classical black
hole formation and evaporation is, although a major challenge, certainly
worthwhile to attempt. Taking inspiration from developments concerning the

14Some of these proposals appear to have some non-physical implications, see e.g. Ref.
[62], however these objections focus on the most simplified models for these collapse
mechanisms.
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semi-classical gravity in the cosmological setting, which was shortly discussed
in the previous section, Publication II aims to develop an approach with
which (existence of) spherically symmetric solutions to the s.c.E.eqs. may be
studied, which might in particular be used to analyse solutions describing
gravitational collapse.

Publication II takes inspiration from references [38, 39, 40, 41, 42] , which
concern themselves with the cosmological setting, in the sense that it aims
to provide a set-up in which the semi-classical Einstein equations (under
assumptions of spherical symmetry) can be studied from the perspective
of an initial value problem. In what it achieves, Publication II is most
closely analogous to Refs. |38]139]. Similarly to what had been undertaken
in these references for FLRW spacetimes, Publication II provides a globally
defined regularization scheme for (Hadamard) correlation functions (of some
linear scalar quantum field theory) defined on observables localized on some
partial Cauchy surface (in the sense of Ref. [63]). This allows the s.c.E.egs.
to be formulated in terms of geometric data at these surfaces and this
regularized two-point function. Nevertheless, the approach advocated in
Publication II and the approach used in the cosmological setting also differ
on a number of key points. Firstly, the correlation functions in Publication
IT are represented in position space, using some particular parametrization
of the partial Cauchy surfaces on which they are defined, rather than via a
Fourier-space representations such as is available on the highly-symmetric
FLRW spacetimes. Secondly, instead of considering correlation functions over
space-like full Cauchy surfaces (such as the slices of equal cosmological time
for FLRW backgrounds), the partial Cauchy surfaces considered in Pub. II
are characteristic surfaces, namely surfaces ruled by null geodesics emanating
from a point on the axis of spherical symmetry. This also means that the
type of initial value problem for which the results of Pub. II can be used,
is a characteristic initial value problem (or Goursat problem) rather than a
Cauchy initial value problem. In contrast, a Cauchy initial value problem
approach to the full s.c.E.eqs. has recently been investigated in Ref. [64]. This
work highlights the subtleties involved in setting up initial data that define a
Hadamard state on the full spacetime. As illustrated in Pub. II, relying in
part on the results of Ref. [65], these issues are less problematic when initial
states are defined on a characteristic surface, at least under the assumption
of spherical symmetry. Note furthermore that for classical scalar fields, a
characteristic approach to the Einstein equations has proven useful in the
past to study gravitational collapse and black hole formation, see Ref. [66|
67).

As noted above, Pub. II introduces a global regularization scheme for
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Hadamard correlation functions restricted to a lightcone surface. It achieves
this through constructing a Hadamard parametrix that is globally defined on
these characteristic surfaces, which is in contrast to the usual construction
of (locally covariant) Hadamard parametrices (see e.g. Ref. [13]), as the
latter construction typically only yields a parametrix on geodesically normal
neighbourhoods. Directly extending this construction to yield a Hadamard
parametrix on, say, some neighbourhood of a (partial) Cauchy surface is in
principle possible, see e.g. Ref. [68], but in general a far from straightforward
or tractable procedure. The construction of the characteristic Hadamard
parametrix defined in Pub. II circumvents these difficulties by making explicit
use of the lightcone geometry, which makes it a quasi-local (and arguably quite
manageable) procedure. The resulting regularized characteristic two-point
functions (yielded from subtracting the characteristic Hadamard parametrix
from Hadamard two-point functions on some lightcone) are shown to satisfy a
dynamical equation, which can be used to gain global control on expectation
values of renormalized observables. Using this ‘equation of motion’ for the
regularized two-point functions, one can in principle calculate (or at least
approximate) the expectation values of non-linear observables in the causal
future of the characteristic surface on which some initial state has been
defined. In Pub. II this is illustrated by a linear-order calculation (in terms of
deviations of the background metric from a Minkowski background) of (: ®2 :)
for a massless field on a Vaidya spacetime evaluated in the past asymptotic
vacuum state, but this method can certainly also be applied to calculate
linear-order contributions to the stress-energy tensor, which can be shown to
match the results of Ref. [32]. At a formal level, one can give an expression
to arbitrary order in metric perturbations, though in practice these will still
be challenging to calculate. Nevertheless, one can certainly use the results
of Pub. II to go beyond linear-order calculations, as using techniques from
Ref. [69], global estimates on expressions involving the regularized two-point
function (and in particular on certain coincidence limits) can be derived.
These estimates are not yet presented in Publication II. Nevertheless, these
ideas point towards a promising direction for further applications of the results
presented in this dissertation, in particular in the context of studying the
solutions to the s.c.E.eqs., where such estimates may play an important role.
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Summary of Publication

In light of recent discussions on the causal structure of a black hole evaporation
spacetime and its impact on quantum field theories on these backgrounds, as
discussed for instance in [1}, 2, 3], this work introduces a class of spacetimes
with causal structure sharing some particular aspects with the Penrose diagram
that is usually associated with an evaporating black hole. These spacetimes,
dubbed semi-globally hyperbolic spacetimes, can, loosely speaking, be seen
as globally hyperbolic up to some causal defects located on a discrete set of
time-slices. This class can be characterized in a variety of equivalent ways,
most notably via the existence of a global time function with particular
properties or via a covering by globally hyperbolic sub-spacetimes.

Using the latter characterization, a notion of a quantum field theory can
be introduced on these spacetimes which relies on a strengthened version of
F-locality, i.e. a minimal requirement for quantum field theories on arbitrary
non-globally hyperbolic backgrounds proposed in [4]. For free fields of this
kind, existence of globally defined quasi-free states (or one-particle structures)
is discussed. It is shown that such states exist if and only if there is a set of
locally defined quasi-free states with sufficiently large domains that satisfy
certain compatibility conditions. For the theories that can be constructed
on semi-globally hyperbolic spacetime, the dynamics of the theory can be
classified with respect to a (generalized notion of) information loss, or lack
thereof, via the property of complete dynamics.

Following this general discussion, the introduced concepts are explored for
some example spacetimes. A simple but illustrative example is that of the
punctured globally hyperbolic spacetime, previously discussed in a context
related to evaporating black holes in [5]. The introduced framework allows
for a recontextualization of uniqueness in extending linear scalar quantum
field theories to these backgrounds. It highlights the importance of regularity
conditions such as the Hadamard property in this setting, as well as the
relation of this condition to the completeness of the dynamics for theories on
these backgrounds. Furthermore, spacetimes with more general ‘gaps’ than
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the single puncture are considered and a method for constructing compatible
sets of local one-particle structures is given.

Next, black hole evaporation spacetimes are considered. It is observed that
the simple construction schemes for compatible sets of one-particle structures
cannot directly be applied to the full spacetime, hence existence of globally
defined well-behaved two-point functions cannot be established in this way.
Nevertheless, one can use the introduced formalism to construct two-point
functions on spacetimes that approximate the full black hole evaporation
spacetime, leaving out an arbitrary small neighbourhood surrounding the
‘evaporation event’. Hence, one can set up a sequence of quantum field theories
that, in the purely algebraic sense, have a quantum field theory on the full
black hole evaporation spacetime as a limit. The fact that the spaces of
two-point functions on this sequence of theories need not have a well-defined
limit, hints further in the direction that semi-classical gravity may not be
applicable to accurately describe near-singularity physics, even in a heuristic
sense. More concretely, input from quantum gravity is crucial to give a
consistent description of a black hole evaporation scenario, independently of
whether such a description admits information loss or not.

Lastly, some comments are made on how the given framework may be applied
to topology-changing spacetimes as well as how this framework compares
to other approaches of quantum field theories on non-globally hyperbolic
spacetimes, such as those admitting time-like boundaries. Some potential
conceptual shortcomings of the approach are also briefly touched upon as
part of the concluding remarks.
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Abstract

We introduce a class of space-times modelling singular events such
as evaporating black holes and topology changes, which we dub as
semi-globally hyperbolic space-times. On these space-times we aim to
study the existence of reasonable quantum field theories. We establish
a notion of linear scalar quantum field theories on these space-times,
show how such a theory might be constructed and introduce notions
of global dynamics on these theories. Applying these constructions
to both black hole evaporation and topology changing space-times,
we find that existence of algebras can be relatively easily established,
while the existence of reasonable states on these algebras remains an
unsolved problem.

1 Introduction

In the past sixty years we could witness the emergence of a robust framework
to describe quantum field theory on curved space-times. This framework,
often referred to as local or algebraic quantum field theory, is versatile
enough to study free quantum field theories, perturbative theories or even
non-perturbative interacting theories, both in terms of specific integrable
models and via an axiomatic approach, on a whole host of background space-
times (see [1] for an overview). However, not all background space-times lend
themselves particularly well to constructing quantum field theories on them.
In most cases where AQFT’s are considered, the background space-times are
assumed to be globally hyperbolic. This is an assumption on the global causal
structure of a background that, not coincidentally, is often also imposed when
studying the classical wave equation (or related PDE’s) on curved space-times.



While global hyperbolicity is a very convenient property in many contexts,
specifically when one is interested in the global dynamics of a theory, every
now and then one encounters a physically interesting space-time that is not
globally hyperbolic. In some cases one would still like to construct a quantum
field theory on these. Examples that may be of interest are space-times with
closed time-like curves, i.e. space-times admitting ‘time-machines’, space-
times with time-like (conformal) boundaries, like AdS space-times, topology
changing space-times, for instance space-times with dynamically formed worm-
holes, or space-times with more general naked singularities, such as a fully
evaporating black hole space-time. While for some of these space-times it can
be said that their physical relevance is mostly speculative, as is the case for
wormhole space-times, one cannot ignore nonglobally hyperbolic space-times
altogether.

In recent years the space-times that have garnered the most attention when
it comes to constructing quantum field theories on them, besides globally
hyperbolic space-times that is, are those with time-like boundaries. Examples
of work related to this are [2, |3, 4]. No doubt this is partly due to the advent of
holographic dualities in physics, most notably the AdS/CFT correspondence
which is closely associated with string theory, but also because some well-
known classical solutions to the Einstein equations actually admit (singular)
time-like boundaries, see for instance a Kerr black hole [5]. One could argue
that admitting time-like boundaries is actually only a very minor general-
ization with regards to global hyperbolicity. In fact many of the geometric
properties of globally hyperbolic space-times carry over to ‘globally hyperbolic
space-times with boundaries’” without too much change [6]. However on the
side of field theories, both classical and quantum, such a generalization does
warrant the introduction of appropriate boundary condition in order to fix
time-evolution of the states in a theory.

On the other side of the spectrum, in a sense very far removed from the
class of globally hyperbolic space-times, are space-times with closed time-like
curves. Quantum fields on space-times such as the space-like cylinder have
been considered in [7, 8], which lead to the introduction of a key property
that many agree a quantum field on any (non-globally hyperbolic) space-time
should adhere to, namely that of F-locality. This property, very loosely
speaking, entails that quantum field theories on any space-time should be
locally equivalent to a theory on globally hyperbolic space-times. A more
recent study of quantum fields on space-times with closed time-like curves
can be found in [9]. This work mostly focuses on investigating the D-CTC
condition, a model for closed time-like curves in quantum computational
network as introduced in [10], in the algebraic framework for quantum fields
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theory on curved space-times. However, this work also contains an explicit
construction of a QFT on Pollitzer space-times, that indeed contain closed
time-like curves and the resulting theory is in fact also F-local. While we do
not consider space-times with closed time-like curves, F-locality will still be a
key feature that we shall adhere to.

So what space-times do we focus our attention on here and why? As mentioned,
quantum fields on space-times with time-like boundaries have been relatively
well studied (at least in the context of linear scalar fields), and shall therefore
not be the focus of this work. Instead, we shall focus on space-times with more
discrete (naked) singularities. A main motivation for studying quantum fields
on such space-times comes from the supposed structure of evaporating black
holes (originating in |11, and more recently studied from the perspective
of causal structures in [12]), however we shall in fact study a more general
class of space-time for which black hole evaporation space-times are just one
example, that we will treat in [£.3] We shall dub this class the semi-globally
hyperbolic space-times. Beyond the black hole evaporation space-times, or
at least space-times of the conformal class that (semi-classically evolved)
evaporating black holes are expected to be a part of, it also contains, for
instance, the aforementioned topology changing space-times.

As we will make precise in this paper, to us constructing a (linear scalar)
quantum field theory specifically means constructing algebras generated by
‘operator valued distributions’ on a space-time, satisfying an appropriate
equation of motion. While in the case of globally hyperbolic space-times
such an approach is in one-to-one correspondence with building an algebra
from (symplectic smearings of) solutions to the classical equation of motion
(see [13]), this correspondence need no longer hold if one treats more general
space-times. This means that the problem of extending classical and quantum
field theory to non-globally hyperbolic space-times can become somewhat
further separated than on globally hyperbolic space-times.

We rigorously define the class of semi-globally hyperbolic space-times in
section [2| In the section that follows, section [3| we propose a notion of an
(f-local) linear scalar field theory on these space-times, describe how such a
theory can be constructed and discuss how one should interpret notions of
global dynamics on these theories. Thereafter, in section [4] and [5] we shall
discuss applications of our construction to some example space-times, where
we make the further distinction between so-called maximally semi-globally
hyperbolic space-times, such as the black hole evaporation space-time, and
other semi-globally hyperbolic space-times.
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2 Semi-globally hyperbolic space-times

In this section we define the our new class of space-times. However, before we
write down this definition, let us recall how globally hyperbolic space-times
are defined and what some of their important properties are. Many of these
definitions and results, as well as a more general overview of global causal
structures, can be found in [14].

Definition 1. A space-time M (without boundaries) is globally hyperbolic
if there exists a (smooth) hypersurface > C M such that each inextendible
time-like curve in M crosses X exactly once. Such a surface X is referred to
as a (smooth) Cauchy surface[]

There is another way to characterize globally hyperbolic space-times which
is often useful.

Proposition 1. A space-time M is globally hyperbolic if and only if it is
causal (i.e. contains no closed causal curves) and for each x,y € M the set
JH(x) N J(y) is compactP]

Some important features of this class of space-times are as follows.

Proposition 2. Let M globally hyperbolic with > C M a smooth Cauchy
surface, then

1. Given any X' C M a further Cauchy surface, then 3 =Y/ i.e. Cauchy
surfaces are diffeomorphic.

2. There exists a Cauchy time-function, i.e. a continuous function T :
M — R that strictly increases along each future directed causal curve
such that each non-empty level set T-'({t}) is a Cauchy surface.

3. Given a Cauchy time-function T : M — R and Xy = T~ ({t}) for some
t € T(M), then M =T (M) x %, F

The existence of a global time-function on a space-time is a feature that goes
under the name of stable causality. This is one of a hierarchy of causality
conditions, of which global hyperbolicity is the strongest. Clearly a stably

1One can drop the smoothness condition without changing the class of space-times
described by the definition, see [15].

2Recall that y € J* () if there is a future directed causal curve starting at 2 and ending
at y, and that y € J~(z) if # € J*(y). Furthermore, for a given set U C M one defines
JE(U) = U, (). The sets I*(z) and I*(U) are defined similarly, but with time-like
curves instead of causal curves.

3This is known as Geroch’s Theorem [16].
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causal space-time does not admit any closed time-like curves, but in fact this
property is equivalent to that even when the metric of a stably causal space-
time is perturbed (in a way made precise in [14]), no closed time-like curves
appear. This is a property we would like to keep in the class of space-times
we are considering. Furthermore, as stated we are interested in space-times
that, unlike in the case of time-like boundaries, only admit a discrete (i.e.
locally finite) number of naked singularities. We can make this precise in the
following way.

Definition 2. Let M a stably causal space-time. We say M is semi-globally
hyperbolic if there exists a time-function T : M — R, where for each a,b €
T(M) with a < b there exist a finite set {t;}I'_; with ty = a, t, = b and
t; < tiy1 such that for each i < n the (open) space-time T ((t;,t;11)) is
globally hyperbolic and T'[p-1(q, 1, )) @ @ Cauchy time-function. We call such
a time-function semi-Cauchy.

Some examples from this class are given by the Penrose diagrams in figure
It should be noted that many semi-globally hyperbolic may be embedded

Figure I.1: Some Penrose diagrams of two-dimensional semi-globally hyper-
bolic space-times

in to globally hyperbolic space-times, although generally not as a causally
convex subspace-time. In fact the most simple examples of these are globally
hyperbolic space-times from which a point has been removed. These and
some similar space-times are discussed in more detail in section [l We
furthermore note that, just as globally hyperbolic space-times (see [17]), the
semi-globally hyperbolic space-times form a category where the morphisms
are given by causally convex embeddings. To show this, we give an alternative
description of semi-globally hyperbolic space-times, which will also prove
useful in constructing quantum field theories.

Proposition 3. A space-time is semi-globally hyperbolic iff for each connected
component there is a countable cover {M; : j € J} of open causally convex
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globally hyperbolic spacetimes such that there is a locally finite total order <
on J satisfying for j < j'

M; N M # 0 if and only if j,7" nearest neighbours,
I+(Mj N Mj/) N (M] U Mj/) C Mj/, and I_(Mj N Mj/) N (M] U Mj/) C Mj.

Proof. Without loss of generality assume M is connected. Suppose M is
semi-globally hyperbolic and T": M — R a semi-Cauchy time function. Note
that for any n € Z we can find a finite set J,, = {t¢, ..., tm} C [n,n + 1] such
that tgo =n t,, =n+1 and t; < t;;; such that T-1((¢;,t;11)) causally convex
globally hyperbolic. Now define J = U,¢zJ,, which is a countable locally
finite totally ordered set J = {j, : n € Z} C R. For j,,jns1 € J nearest
neighbours such that 7, < j,+1, we set

M;, = D(TH((ju: jus1))) N T ((‘7”_1 e HW) )

2 2

Note that M; is causally convex globally hyperbolic, as D(T ! ((jn, jn+1))) is

jnfl“!‘j’n jn+1+jn+2 ) )

2 0 2
convex. Furthermore M;, N M;, # 0 if and only if [n —m| < 1.

We now show that 3; C M;, . Suppose x € %; = T ({j,}), then clearly

_ jn—l + ]n jn+1 + jn+2
e (= )
v 2 2

causally convex globally hyperbolic and 7! (( causally

Now, let 7, : R — M be an inextendible causal curve through x. Since 7T is a
time function, and hence strictly increasing along causal curves, there must
be a 2’ € 4,(R) such that j, < T'(z') < jns1, which means ~, goes through
Yr@y C Mj,. Since this holds for any time-like curve through z, we see
x € M;, and hence X;, C M, . Since this means that for each ¢t € R there is
an n € Z such that T7'({t}) C M, we see that

M =] M;.
jed
Observe that U,, = M;, NM;, ., is itself causally convex and hence globally

hyperbolic, that 3, ., is a Cauchy surface for U and that IT(U) = U U

In+1

It(%;,,,). Now suppose

MRS ]+<E]’n+1) N (Mjn U Mjn+1)7

4Here D(U) C M is the domain of dependence, i.e. the set of all points 2 € M such
that all inextendible causal curves through = intersect U C M.
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let T(x) >t > jnpe1 >t > j,, then any inextendible causal curve trough x
crosses either ¥, (i.e. x € M, ,,) or it crosses ¥, (i.e. x € M, ), but in the
latter case by continuity of T" we also see that the curve must cross >y, from
which we conclude that

[+<2jn+1) (M U M]n+1) C M;

In+1-"
This implies

I (M M M]n+1) (M U Mjn+1) C M;

In+1

and a similar argument shows that

I~(M;, 0 M;,.,) 0 (M;, UM,

In+1

) C Mjn'

This proves that every semi-globally hyperbolic space-time has a cover with
the desired properties.

Now suppose we have a countable cover {M; : j € J} as in the propo-
sition. Without loss of generality we can assume that J = Z. Observe
that M, N M,,1 # 0 is globally hyperbolic and hence we can define for
each n a space-like Cauchy surface ¥, of M, N M, i, which means that
M, N M, CI7(5,)UX,Ul(3,). Now define

M, = M, \ (Zp 1 UT (2, ) U, UTT(E,)).

First observe that (17 (X,-1) UX,_1) N MM, is a (relatively) closed subset
on M,, as

M, N (En—l U I_(En—l)) - (Mn N Mn—l) \ I+(En—1>7

and I*(X,_1) is open, which follows from [18, cor. 2.9]. Similarly (I*(%,) U X,)N
McM, is closed. This means in particular that M, is open. It is also
causally convex, as for a,b € M, we have J™(a) N J~(b) C M, com-
pact, and if we suppose J+( )N J=(b) N NI (3,-1) # 0, this means
a€cJ™ (En—l) UX,_1 C I~ (Zn 1) U X,_1, but as (I*(Zn_l) U Zn—l) N M, is
closed in M,,, we see that a € ¥,,_y U I~ (3,_1), which contradicts a € M,. A
similar contradiction can be derived for ¥, U I (X%,,) from which we see that
J*(a) N J~(b) € M, compact and hence M, is globally hyperbolic. Now we
can define a Cauchy time-function T}, : M,, — (n — 1,n).

Let v : (0,1) — M, a future directed inextendible time-like curve such
that limy_,; y(\) = 3,,. Clearly T,, oy is a bounded monotonically increasing
function, so limy_,1(7}, o y)(A) < n exists. Also, since 7 is inextendible and
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for each t € (n —1,n) there is a Cauchy surface 3, with T'(%;) = {¢}, then for
cach t € (n — 1,n) there will be an A € (0,1) such that (T"ov)(\) = ¢, hence

lim (7, 07)(Y) = n.

A similar argument can be made for curves approaching ¥,,_; and as a result we
see that we can define a unique continuous extension 7}, : (]\7[n U¥,1Ux,) —
[n — 1,n] satisfying T,,(3,)) = {n} and T,,(¥,_1) = {n — 1}.

From our assumptions we clearly see that for n # m we have ¥, N%,, = 0.
Moreover, suppose & € M, N M,, C M,N M,,, then n, m nearest neighbours.
Assume without loss of generality that m = n + 1. It follows that = € X,,,
x € I7(3,) or x € I"(X,), where we note that these three options are
mutually exclusive. Since x € M, this means z ¢ I7(3,) U, hence
x € I (X,), sox ¢ ]\7[n+1, which is a contradiction. Hence we see that
M, N M,, = 0. What follows is that

M=) M,U%,,

neZ

is a disjoint union and we can uniquely extend all T,,’s to a semi-Cauchy
time-function 7' : M — R such that T'[y; = T,. This implies that M is
semi-globally hyperbolic. O]

Since for each causally convex U C M for M = UJ;c; M; connected and semi-
globally hyperbolic with the cover satisfying the properties of proposition [3]
the cover U = U;¢;(U N M) satisfies the same properties (for each connected
component of U). The result below follows.

Corollary. Let M semi-globally hyperbolic and U C M causally convex. Then
U is also semi-globally hyperbolic.

As these aforementioned covers play a crucial role in the rest of this paper,
we ought to give them a name.

Definition 3. Let M semi-globally hyperbolic with a cover {M; : j € J}
satisfying the properties of proposition[3, we say this is a time-ordered cover.

Given the examples in figure [.1, we can draw in (some choice of) a time-
ordered cover as can be seen in figure .2l These time-ordered covers are
in general not unique, but for a certain subclass of semi-globally hyperbolic
space-times we can associate a preferred cover.

Definition 4. We say a space-time M is maximally semi-globally hyperbolic
if it is semi-globally hyperbolic and there is a time-ordered cover {M; : j € J}
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. Lo

M,

Figure 1.2: Some Penrose diagrams of two-dimensional semi-globally hyper-
bolic space-times with time-ordered covers drawn in

of connected sub-spacetimes M;, such that for each connected causally convex
globally hyperbolic U C M there is a j € J such that U C D(M;) and
such that M; C D(Mj) implies D(M;) = D(M;). We refer to the cover
{D(M;) : j € J} as the maximal cover.

Proposition 4. The maximal cover on a mazximally semi-globally hyperbolic
space-time 1s unique.

Proof. Suppose {D(M;) : j € J} and {D(My) : k € K} both maximal covers,
then for any j € J the space-time M; is connected causally convex globally
hyperbolic and hence there is a k € K such that M; C D(Ny), similarly there
is a j* € J such that Ny C D(M;/), which implies D(M;) = D(M;/), from
which is also follows that D(N,) = D(M;). Hence for each j € J there is a
k € K such that D(M;) = D(Nj) and vice versa. O

We have now characterized the class of space-times on which we shall attempt
to define linear scalar quantum field theories. It is worth mentioning again
that one subclass of these space-times that we will treat in section are
the (spherically symmetric) black hole evaporation space-times. These space-
times are characterized by their (symmetry reduced) Penrose diagram, most
famously drawn in [11]. As can be seen in figure [.3] these space-times are in
fact maximally semi-globally hyperbolic.

3 Linear scalar quantum fields on semi-globally
hyperbolic space-times

For our purposes, (real) linear scalar quantum field theory is a quantization
of a classical field satisfying the equation of motion

@ -=V)o=0. (1)
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Figure 1.3: Hypothesised Penrose diagram of a fully evaporating spherically
symmetric black hole with its maximal cover

Here [ = V#V, with V the Levi-Civita connection on a given background
space-time and V' some potentialE] If we want this potential V' to be locally
covariant, it should take the form V' = m + ¢R, with m the mass of the field
and ¢ a dimensionless coupling of the field to the Ricci scalar R. For the
purposes of this paper we consider m and & to be fixed. The construction
of the linear scalar quantum field theory on globally hyperbolic space-times,
including some important features of this theory, are reviewed in appendix [A]

3.1 Algebras from states

Based on the qualities of the real linear scalar quantum field on globally
hyperbolic space-times, we set out some list of requirements that we want our
quantum field theories on semi-globally hyperbolic space-times to satisfy. It
should be noted that we do not assume that every semi-globally hyperbolic
space-time M admits a sensible quantum field theory. Luckily, we can take
a page from [8] to get us started on some very minimal requirements for a
free scalar quantum field theory on any space-time. So for M a non-globally
hyperbolic space-time, we require that any real scalar quantum field theory
(i.e. some unital *-algebra A(M)) has the following properties.

o Net structure: There is some set O of open neighbourhoods in M
containing at least all relatively compact subspaces, such that for each
U € O there is an algebra

AM;U) C A(M),

®We take the metric to have (— + ++) signature.
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that in itself defines a quantum field theory on U, and where for any
U,V € O with U C V we have

A(M;U) C AM;V).

o F-locality: For each x € U € O there is a (a priori not necessarily
causally convex) globally hyperbolic N € O with z € N C U such that

A(M;N) = A(N),

via a net-preserving *-isomorphism, with A(N) the algebra of definition

3

The net structure is essential to localize observables of a quantum field theory
to regions in a space-time. F-locality on the other hand tells us that in some
arbitrarily small globally hyperbolic neighbourhood our quantum field theory
matches the standard theory on globally hyperbolic space-times (for some
given potential V'). This assumption can be understood from the fact that
locally we are not able to discern the global causal structure of a space-time, so
one would expect that at this local level one can also not distinguish between
a quantum field theory on globally hyperbolic and non-globally hyperbolic
space-times, which is fully in keeping with the traditions of local quantum
field theory. That being said, one can argue that on the basis of this logic, the
theory should match that of definition [I3] on any globally hyperbolic region,
and not just on some arbitrarily small one. However in the context that
F-locality was first discussed, namely in the presence of closed time-like curves,
such a requirement is too restrictive to even begin to construct a quantum
field theory [19]. Nevertheless, on our semi-globally hyperbolic space-times
we can often do a bit better, especially on maximally semi-globally hyperbolic
space-times. To keep some further bounds on what kind of theories one would
deem acceptable, we also introduce an additional requirement.

« The algebra A(M) can be generated by elements of the form ¢(f) for
f € D(M) such that for f,g € D(M), the commutator [¢(f),d(g)] €
A(M) is in the center of the algebra.

In principle one could allow theories with more involved commutation rela-
tions, but we deem this a natural generalization of the fact that in the globally
hyperbolic case these commutators are always a multiple of the identity. At
the very least this property requires that the commutation relation of our
algebra is always specified to some degree, unlike for instance in the approach
set out in [4]. As an upshot of this restriction, one can still sensibly define
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quasi-free states on such algebras.

Let us capture all the required features in the following definition for linear
scalar fields on semi-globally hyperbolic space-times.

Definition 5. Given a semi-globally hyperbolic space-time M with time-
ordered cover {M; C M };cr, we say a *-algebra A(M) is a scalar field algebra
on M if there is a surjective *-homomorphism ¢ : B(M) — A(M), with B(M)
as in definition [15, where ¢ defines a net structure

A(M;U) = p(B(M;U))

such that for each i € I there is a *~isomorphism v; : A(M;) — A(M; M;),
such that given the natural o : B(M;) — B(M) and surjective *-homomorphism
@i : B(M;) — A(M;) (via the quotient of definition[13), the following diagram

commutes

B(M) —2— A(M)

M

B(M;) —— A(M;),

and where, denoting for f € D(M)

we require that for all f,g,h € D(M)

A

[[6(f), $(9)], $(h)] = 0.

A

Note that the fact that commutators [¢(f), ¢(g)] are part of the center of the
algebra also allow us to construct a Weyl-like C*-algebra 2A(M) associated
with the *-algebra A(M). Namely, as the group C*-algebra of Z; , (A(M)) x
H(D(M)) with Z, o (A(M)) the self-adjoint elements of the center of the
algebra A(M) and the group operation defined by

(@3() - (5:3(9)) = (a+ 0+ 5167),0(0)). 3 +9))

If for N C M one defines A(M; N) C 2A(M) as the smallest C*-subalgebra
containing all elements {0} x ¢(D(N)) C A(M), then we see that for each
1€l

A(M; M;) = A(M;),
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via a net-preserving isomorphism, with 2A(M;) the standard Weyl-algebra on
the globally hyperbolic space-time M;. We conclude that from a scalar field
algebra A(M) we can construct an F-local net of C*-algebras on M.

As alluded to earlier, we have in fact imposed a stronger notion of F-locality on
these quantum field theories than what is usually considered. One comment
we should make here is that this definition depends on the choice of time-
ordered cover (or via proposition |3 a choice of semi-Cauchy time-function).
It is a priori not guaranteed that a scalar field algebra with respect to some
time-ordered cover will also be a scalar field algebra with respect to any
other time-ordered cover. In the case of maximally semi-globally hyperbolic
space-times this situation is less dire, as here one most naturally defines linear
scalar algebras with respect to the maximal cover. This then guarantees
that such an algebra is a linear scalar algebra with respect to any cover.
Nevertheless, with our mind set on some applications in section |5 we don’t
want to restrict our definition to just maximally semi-globally hyperbolic
space-times.

Having a *-algebra with a net structure is a good start, but of course one
also is interested in what kind of states such an algebra admits. A particularly
central question is whether a linear scalar algebra actually admits states in the
first place. While the C*-algebra 2A(M) associated with a scalar field algebra
A(M) will always admit states (see [20, Lemma 2.3.23]), this does not mean
that these states correspond to states on A(M), as n-point function of an
arbitrary state on 21(M) are generally not defined. Since n-point functions are
crucial objects in many uses of quantum field theory, especially those satisfying
the Hadamard property (see [21]), we view existence of n-point functions
as imperative for any reasonable scalar field algebra. This requirement is
the starting point of the construction in the rest of this section, where we
particularly focus on 2-point functions, quasi-free states and one-particle
structures, existence of which are of course equivalent to the existence of
n-point functions for all n.

A gluing procedure of one-particle structures

As mentioned above, we shall be constructing quantum field theories on
semi-globally hyperbolic space-times from (extended) one particle structures.
The definition of a one-particle structure is recalled in definition

Definition 6. For a semi-globally hyperbolic space-time M with time-ordered
cover {M; : j € J} we say (K, H) with H o Hilbert space and K : D(M) — H
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a real linear map is an extended one-particle structure if

K(D(M))+iK(D(M)) = H,
and for each j € J the pair (K;, H;) with
K; = Klpon),

and

H; = K(D(M;)) + i (D(M;)),

form a one-particle structure on (D(M;), on,), with oy, the standard presy-
plectic form on D(M;) given the wave eq. (1)), as defined in theorem |12 in
the appendiz.

Again here the choice of time-ordered cover influences what one would call
an extended one-particle structure, but in any case we have the following.

Proposition 5. Given the assumptions of the definition above, an extended
one-particle structure (K, H) satisfies

Ko(O—V)=0.

Proof. Note that given an open cover {M; : j € J} and f € D(M), we can
always find a finite J' C J with for each j € J an f; € D(M,) such that
[ =>jer f;- This means

E(@-V)f)=> K(O-V)f;)=> K(@-V)f;)=> 0=0

jev jer ey
[

For each extended one-particle structure one has a (real) pre-inner product p
and pre-symplectic structure o on D(M) via

u(f,g) = Re((K f, Kg)),

o(f,g) =2Im((Kf,Kg)).
Here we note that for any j € J

UTD(M].)2 = O0M;y,

with oy, the natural symplectic structure as defined in theorem .

In general these one-particle structures will not be ‘god-given’ and one has
to construct them. One way to do this is via compatible locally defined
one-particle structures. The main result of this section is therefore as follows.
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Theorem 6. A semi-globally hyperbolic space-time M with time-ordered cover
{M; : 5 € J} admits an extended one-particle structure if and only if there
is a chain of one-particle structures {(K;, H;) : j € J}, one for each globally
hyperbolic patch of the cover, such that for each j < j' nearest neighbours we
have for f,g € D(M; N Mj) that

(Kjf, K59); = (K f, Kig) -

We prove this statement by explicitly constructing such an extended one-
particle structure from a given chain via a procedure that we will refer to as
a minimal gluing.

To describe the minimal gluing of one-particle structure on patches of a
general semi-globally hyperbolic space-time, we first treat the simpler case of
a space-time that is just the union of two globally hyperbolic space-times.

Definition 7. Let M a space-time and My, My C M causally convex globally
hyperbolic such that they form an open cover of M. Suppose for each j €
{1,2} we have a one-particle structure (K;, H;) for the pre-symplectic space
(D(M;),0;) such that for f,g € D(M; N My)

(Kif, Kigh = (Kaf, Kag)o,

we say these one-particle structures form a compatible pair.
Now let p; the Hilbert space projection of H; onto

Oj == KJ(D(Ml N Mg)) + ZKJ(D(Ml N MQ)),

and U : Oy — Oy the unitary such that UK, f = Ky f for each f € D(MiNMy).
We define the minimally glued one-particle structure (K, H) with

o= Hi®Hy /{(1,12) : (U1, Y1) 142, Ya) o+ (11, U patha) 1+ (o, Upithr )2 = 0},

where we define the inner product on (.,.) on H as

([, 2)], [(D1, 92)]) = (U1, d1)1 + (W2, P2)2 + (U1, U pada)1 + (2, Up191)2,
and with K : D(M) — H defined by

K(fl +f2) = [(KlflaKQfQ)]a
for fi € D(M;).

For this construction of minimal gluing, we introduce the notation

(K, H) = (K, H))||(Ks, Hy).
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In the following lemma we prove that the definitions above are well-defined

Lemma 7. In the definition above (.,;) is a well-defined inner product on
the Hilbert space H and K : D(M) — H is a well-defined real linear map.

Proof. Starting with the claims on the inner product, we first note that for
(1, 42), (01, ¢2) € Hy ® H, the map

((Y1,%2), (D1, 92)) = (Y1, P1)1 + (Y2, D2)2 + (Y1, Upagpa)1 + (U2, Up1r)2

is a positive semi-definite sesquilinear map (i.e. it is a pre-inner product).
This follows immediately from the fact that we can rewrite

(Y1, 01)1 + (o, @2)2 + (U1, U'pada)1 + (2, Up1¢1)2 =
(pf@/)hpfﬁbﬁl + <p2L¢27p2L¢2>2 + (Up191 + patha, Upir + patha)o.

We can now recognize that H is the semi-norm reduction of H; & H, with
respect to the pre-inner product above, hence (.,.) is well-defined.

For H to form a Hilbert space with the inner product (.,.), we need to
show it is complete. Suppose [(¢1n,¢2,)] to form a Cauchy sequence in
H. Using the rewritten form of the inner product, we can see that P
is Cauchy in piHy, pya,, in py Hy and Upythy + patby in Oy. Therefore we
can define ¢ = lim,,_, pfz/q,n € pi Hy, vy = lim, 0 piwg,n € py Hy and
o = lim, o Up191 + pathy € O, and define ¥ = [(¢1, 9o + 1)o)]. Using that
p;; = 0, we now see that

lim |[(41,0, Yo0)] — [(¥1, %0 + )]l =

n—oo

T}Lﬂgoﬂpf(lbl,n — )|+ |lpy (Yo — o — 2)]|2
+ [|Up1 (1.0 — 1) + p2(V2n — o — Ua)||2 =
Jm o = dall + Iz van = alls + 1Up1 + potian = Yol = 0,

from which we conclude that H is complete.

Now to show that K is well defined, first observe that for any f € D(M)
there exist f; € D(M;) such that f = f; + f», as can for instance be seen
using partitions of unity. Now suppose fi + fo = g1 + g2 for g; € D(M;),
observe that f; — g1 = go — fo € D(M; U M;). We now see that

[[(K1fr, Ko fo)] = [(K1g1, Kago)]|l = [[[(K1(f1 — 91), Ka(f2 — g2))]l| =
|UK:(f1 = g1) + Ka(f2 — g2)ll2 = [ K2(fir — g1 + f2 — g2)|l2 = || K202 = 0.
Hence, K is well defined. O
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Using very similar arguments as above, we get the following.
Corollary. K(D(M)) +iK(D(M)) is dense in H.

Since the maps K [p(ar;y define one-particle structures equivalent to K;, the
minimal gluing (K, H) indeed defines an extended one-particle structures.
However generally this extension is not unique. This fact can be traced back
to the fact that in our construction of the minimal gluing, we defined the
inner product on H such that for ¢, € prHy and ¢, € py Hy we have

<[(1/}17 0)]7 [(07 ¢2)]> =0.

In the end this is a somewhat arbitrary choice and in principle there can be
many more extensions consistent with the same pair of one-particle structures.
However, as (., .) should still define an inner product on H, the cross-terms like
([(11,0)], (0, ¢2)]) cannot just be chosen fully arbitrarily. Setting these cross-
terms to zero is arguably the most simple, or minimal, consistent choice, which
is in fact why we chose to call this particular construction the minimal gluingﬁ

Until now we have only considered space-times that were built from two
globally hyperbolic patches. Let us now generalize our gluing procedure to
arbitrary semi-globally hyperbolic space-times.

Definition 8. Let M = U;c; M; be semi-globally hyperbolic with time-ordered
cover. Let (K;, H;) be one-particle structures that are pairwise compatible,
we then refer to {((K;,H;)) : j € J} as a compatible chain of one-particle
structures. We now define (K, H) = |[{((K;, H;)) : j € J} as follows. Let
J, 7' € J with j < 7', for the interval [j, j'] we define (f([m/], I:I[j,j/]) inductively
via

(K3 Higgn) = (Kpgngry i) |G, Hye).
Now for [7,7'] C [k, k'] C J we define oy j, e : Eﬁjﬁj/] — ﬁI[M/] as the unique
isometric embedding such that for f € D (Ule[j,j/] Mg) we have

U ek K g1 f = K f-

We now define H as the direct limit of the directed set {fl[j,j/];j <j'}, ie

H= || ﬁ[j,ﬂ/N

3,3’ €,3 <5’

6Uniqueness of the extension is guaranteed if one of the two one-particle structures,
or rather their associated quasi-free states, satisfy the Reeh-Schlieder property (see for
instance [22]), or at least satisfy it with respect to My N Ms. In fact suppose (K1, Hy)
satisfies the Reeh-Schlieder property, this means that pi- Hy = {0}.
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where (Hi;jn,¥5.1) ~ (Hpp), Ywwe)) if there are 11" € J such that [j,5'] U
[k, K] C L] and @ nuinyg = s inPike- This also yields an natural
isometric embedding ;.5 + Hyjjn — H.
For f € D(M), take some [j,j'] C J such that supp(f) € Uerj 0 M, and
now define . )
Kf = vy K5f-

Applying this definition to a slightly more simple setting, we get the following
result from straightforward calculation.

Proposition 8. Let M a semi-globally hyperbolic space-time M with time-
ordered cover M = Uj_, M; and a minimal extension (K, H) = ||j_o(K;, H;)
defined from a compatible chain of one-particle structures as in definition [8,
define

pj Hy = K;(D(M; N Mj1)) + K (D(M; 0 M;-1)),

as the projector w.r.t the inner product (.,.); and

Uj :K;(D(M; N M) + iK;(D(M; 0 Mj_1))
— K 1(D(M; N M;_q)) + iK;(D(M; N M;_y))

the natural unitary map, we find for f € D(My) and g € D(M,,)

<Kf7 f(g> - <K0f7 Ulpl-‘-Unanng>0'

Similarly, defining p’; : Hy_y — K; 1(D(M; N M;_1)) +iK;_1(D(M; N M;_1))
as the projector w.r.t. (.,.);_1, we find

Here we see explicitly that the fact that our covers admit some natural
time-ordering matters in the construction, as projectors p; and p;, even when
extended to H, generally do not commute, hence we need some (geometric)
input to decide on the ordering.

Constructing the algebra from one-particle structures

Our goal of this section is as follows. Given a set of extended one-particle
structures on a semi-globally hyperbolic space-time M = U,c; M;, we want
to construct the smallest scalar field algebra A(M) such that a given set of
one-particle structures extend to Fock-space representations of this algebra.

For a single extended one particle structure, we define the associated scalar
field algebra in the following way.
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Definition 9. Let M semi-globally hyperbolic and {M; : j € J} the ordered
cover. Given (K, H) an extended one-particle structure, we define the scalar
field algebra Ak my(M) as follows. Let B(M) the the pre-field algebra of linear
observables on M as defined in . Now let Jx,my C B(M) the smallest ideal
such that for each f,g € D(M) we have

() (9)] = io(f,9) € Tiem),
and for each f € D(M) satisfying
u(f, f) =0,
we have Y(f) € Jk,m)- We define
A(K,H)<M) = B(M)/j(KH) .
That this algebra satisfies definition [5] can be seen from the following lemma.

Lemma 9. Let M, {M; : j € J}, (K,H) and Ak,my(M) as in definition
@. For j € J, let J; C B(M;) the ideal of definition |15 and i} : B(M;) —
B(M; M;) the natural isomorphism. Then

T,y N B(M; M;) = L;(jy)
Proof. Suppose
a € Jix,my N B(M; My) C B(M; M),

this is equivalent to that a = Zév:o a,, where for each n there are b,, ¢, €
B(M; M;) such that either

1. f,g € D(M) with supp(f),supp(g) C M; such that

a, = ba([0(f),P(9)] — i (f, 9))en

or

2. f € D(M) with supp(f) C M; and p(f, f) = 0 such that

aAn = bnlﬁ(f)cn

In the first case, we clearly see that a,, € ¢}(J;), as we know that supp(f), supp(g) C

M.

J

O_(fv g) = UMj(fa g)
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In the second case, observe that

|0Mj <f7 g)|2 < 4:“(f7 f)lu’(ga g)

It follows that supp(f) C M; and ji(f, f) = 0 imply that oa, (f, g) = 0 for all
g € D(M; M;). This implication also goes the other way, as we know that if
o, (f,g) = 0 for all g € D(M; M;), then f € (O— V)D(M; M;) and hence
u(f, f) = 0.

We conclude that a € Jx,my N B(M; M;) if and only if a = 3, a, with
an € 15(J;), which is in turn equivalent to a € ¢}(J;). O

It should be clear that the quantum field algebra Ak (M) admits a quasi-
free state w for which the two-point function is given by u via

o (bucn(Pdumn(9)) = (KT Kg) = u(f.6) + So(f.0)

In fact we can easily lift the discussion following definition [I7] to this algebra
to see that the GNS representation associated with the state above also yields
a faithful Fock-space representation where the one-particle Hilbert space
matches H.

We have seen how, assuming the fact that a semi-globally hyperbolic space-
time admits a compatible chain of one-particle structures, we can construct a
quantum field theory on this space-time that admits a Fock-space representa-
tion with a one-particle Hilbert space that corresponds to the gluing of this
particular compatible chain of one-particle structures. However in general
there may be many compatible chains that can be extended in several ways
and one may not want to select a preferred one. We will reflect on this further
when we treat some example space-times. For now suppose that we have
some set F consisting of numerous extended one-particle structures, we wish
to construct an algebra that for each (K, H) € E admits a quasi-free state w
with matching two-point function and Fock-space representation. Such an
algebra can be easily constructed using these Fock space representations.

Definition 10. Let M semi-globally hyperbolic and {M; : j € J} the or-
dered cover. For a set E consisting of extended one-particle structures, let
(9 (x,m), T(x,m)) be the Fock space representation of Ak m(M) associated
with (K, H) € E. We now define Ag the algebra generated by operators

{du(f): f €D(M)} on
9= P Hwm,

(K,H)EE
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defined via

6u(f) (Wi = (rucm (Yucm (£) Yoem)

(K,H)EE (K,H)EE

Clearly, this algebra is a scalar field algebra in the sense of definition [3 It
is tempting to view the choice of which one-particle structures one uses to
define the theory as some choice of boundary condition. However, while these
are not two completely unrelated choices, as we will see for instance in section
[4.1], not every choice of a one-particle structure corresponds to a particular
boundary condition. Nevertheless, there is an intimate relationship between
the global dynamics of the theory and the set E. This is something we make
precise below.

3.2 Dynamics on scalar field algebras

Recall that quantum field theories on globally hyperbolic space-times ought to
satisfy the time-slicing axiom. This can be seen as quantum field theoretical
version of theorem i.e. the fact that there is some well-posed global
dynamics. We wish to also have a notion of global dynamics on our scalar
field algebras. This is given by the definition below.

Definition 11. Given a semi-globally hyperbolic space-time with time-ordered
cover M = Uje M;, we say a quantum field theory A(M) is past predictive
if for each j € J we have

Similarly it is future predictive if

We say a theory has complete dynamics if the theory is both past and future
predictive]

Here we should stress once again the choice of time-ordered cover matters
for this definition. However here this is very natural, as we have seen in
proposition |3| that the time-ordered cover relates to a choice of semi-Cauchy
time-function and hence to a global notion of time. Clearly what notion
of time one adheres may play a role in what one would consider the global

"The notion of past predictiveness can also be seen as that a theory does not suffer
from information loss, in the sense of [23]. One could equally say that future predictiveness
is the same as that theory does not suffer information gain, however unlike information
loss this is not a popular terminology.
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dynamics. In fact this is already true for globally hyperbolic space-times,
where if one chooses a time-function that is not Cauchy (but for instance only
semi-Cauchy), the time-slicing axiom fails in a sense. That is to say, once one
knows the n-point functions of a state in the neighbourhood of an equal time
surface, this need not uniquely fix them on the entire space-time.

In the case that our theory has been constructed from a single extended one-
particle structure, these predictiveness properties can be one-to-one related
with properties of this structure.

Proposition 10. Given M = Ujc;M; semi-globally hyperbolic and (K, H)
an extended one-particle structure, then Ak my(M) is future predictive if and
only if for each j € J

K(D(M;)) = K(D(Uj>;My)).

Proof. Clearly if K(D(M;)) = K(D(Uj:»;Mj)), then for any f € D(Up> M)
there exists an g € D(M;) such that K(f — ¢g) = 0 and hence

p(f—g,f—9)=0.
Hence QG(K,H)(f) = <;A5(K7H) (9) which implies
A (M5 Mj) C Ay (M5 Uy Myr) © Ay (M5 M;).

Reversely, given that for each f € D(U;>;M;/) there is a b € A(M; M;) such
that

A

b= o) (f)-
Then there are g1, ..., gy € D(M;) such that
M A A
b= 3 o (A1) (S,
k1,...kny=0

and using a similar calculation as the proof of proposition we find that
Chyoky = 0 for ky+...4+ky > 1, so we know that (given that b is self-adjoint)
there is some ¢ € R and g € D(M;) such that

b=c+ duc.m(9),

which implies QAS(Ky m(f —g) = ¢, and from the definition of Ak gy this can
only be so for ¢ = 0, which means that

wf—9.f—9)=0
and hence K(f — g) = 0. Therefore K(D(M;)) = K(D(Uji>;M;)). O
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We have now shown how, given a non-empty set E of extended one-particle
structures on semi-globally hyperbolic space-times M, a quantum field theory
Ap(M) can be constructed such that each (K, H) € F corresponds to a one-
particle subspace of a Fock-space representation on Ag(M). Furthermore we
have discussed some aspects of dynamics on these theories. In the next section
we will consider some example space-times and show how in various contexts
a choice of E can lead to theories with varying degrees of predictiveness.

4 Applications to maximally semi-globally hy-
perbolic space-times

Here we consider maximally semi-globally hyperbolic space-times. Unless
stated otherwise we always define our scalar field algebras with respect to
the maximal cover, which means that these theories behave as expected on
each causally convex globally hyperbolic neighbourhood. Firstly, we treat
space-times that are globally hyperbolic up to a missing point (and hence have
a unique completion to a globally hyperbolic space-time), then we will treat
space-times with a larger missing region, such that in particular embeddings
into globally hyperbolic space-times are highly non-unique, and thirdly we
will treat some space-times that cannot be embedded into globally hyperbolic
space-times, with particular attention to black hole evaporation space-times.

4.1 Punctured globally hyperbolic space-times

The most elementary class of semi-globally hyperbolic space-time, beyond
globally hyperbolic space-times themselves, are space-times that are globally
hyperbolic up to a missing point. So in particular, for NV globally hyperbolic,
and some p € N, the space-time M = N \ {p} is semi-globally hyperbolic.
Note in particular that any Cauchy time-function 7" : N — R restricts to a
semi-Cauchy time-function 7'[,,. It is not difficult to see that this space-time
is in fact maximally semi-globally hyperbolic, where the maximal cover is
given by M_ = N\ I*(p) and My = N \ I~(p), as illustrated in figure .
That this space-time admits a quantum field theory should be clear from
the fact that it can be embedded in a globally hyperbolic space-time. Each
quasi-free state wy on A(N) defines a one-particle structure (Ky, Hy) on
(N,on), which can be restricted to My to yield a compatible pair of one-
particle structures, and so forth. One may however wonder if this is the only
interesting quantum field theory one can construct on such a space-time.

In many cases, one wouldn’t expect that the absence of a single point in
a space-time should leave an imprint on the overall physics. After all, what
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Figure [.4: A punctured globally hyperbolic space-time with maximal cover

kind of physics can be associated with a single point? Certainly in classical
field theories, where one is often interested in smooth solutions to equations
of motions on smooth space-times, removing a point out of the background
will generally not yield any ambiguities of solutions, as long as we restrict
ourselves to smooth solutions. In fact, such a result also holds in quantum
field theory, where the role of smooth solutions to the equation of motion
are now played by (local) Hadamard states, that play an essential role in the
definition of higher order observables such as the stress-energy tensor, Wick
products and time-ordered products, see [13] 24} [25]. In fact as a consequence
of [26, theorem 3.5], we see that given that w,w’ Hadamard states on a scalar
field algebra A(M), by which we mean that their restriction to A(M; M,)
defines a Hadamard state in the sense of [27], it holds that

w=u' = whione) = Yaan) < Olaan = @ laen)-

Nevertheless, is some contexts one may also be interested in states that are
not Hadamard. This is especially true when one views the missing point in our
space-time as some place-holder for singular behaviour, say a point interaction
of some kind. In globally hyperbolic space-times it is well known via the
propagation of singularities theorem (see [27]) that if a state satisfies the
Hadamard condition around some Cauchy surface, it satisfies these conditions
on the entire space-time. The same cannot be said for the space-time M
introduced here, firstly it does not contain any global Cauchy surface, but
at a more fundamental level the missing point can be a source for singular
behaviour in distributions. That is to say, suppose that a 2-point function ws
on the space-time M satisfies the Hadamard conditions on M_, i.e. following
the definitions of [27]

WF (walpar_y2) = {(2, ks 2", k) € T(M_x M_)\O: (z,k) ~ (2, k), k > 0},
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then

WEF' (wy) C{(x, k; 2" k') €e T(M x M)\ O: (z,k) ~ (2, k'), k > 0}
U{(z, ks 2, k) € T(M x M)\ O: TMy > (z,k) ~ (p,€)
or TM, > (2, k") ~ (p, &) for some £ € T,N}.

Let us give an example. Let (K_, H_) and (K., H,) compatible Hadamard
one-particle structures inducing faithful Fock space representations on M_
and M, respectively, then we can define

K! - D(My) — H xC,
K. f = (K f.G"(f,p)),
H, = K (DOM,) + K5 (DOLL)),
such that for f,g € D(M,)
<Kjrf7 Kjrg>/+ = <K+f7 K+g>+ + GJr(fap)GJr(g’p)'ﬂ

By [26, theorem 3.5] we can deduce from the Hadamard property that
Ky (D(My U My)) 4+ iKy(D(M; U Ms)) is dense in Hy, therefore

(K, H) = (K-, HO|(Ky, Hy), (K, HY) = (K-, HO||/(KY, HY)

are the unique extended one-particle structures of these compatible pairs.
Since (K, H) corresponds to a quasi-free state on A(N), we see that

Agseny(M) = A(N; M) = A(N).

In particular, A (M) has complete dynamics. However, in the case of
(K', H'), the best we can do is find a surjective homomorphism,

Acrny (M) — A(N),
with qg(KlvH/)(f) — o (f). More specifically
A(N) 2 Ao (M) /T,
with Z the smallest ideal containing all gg( K (f) with

feD(M)N (O - V)D(N).

8Note that the new contribution to this inner product has to be real, otherwise it would
not respect the pre-symplectic structure on D(My).
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It is worth mentioning, that dividing out the ideal Z is not the only way to
reduce the theory A (g gy (M) to A(N). For example, given A\, Ay € R, we can
define Z,, ,, as the smallest ideal such that for any f € D(M)N(O—V)D(N)

S () + MGT(f,p) + MG (f,p) € Ty, s

Even though we have now chosen a different ideal, we see that also in this
case we have

A(KlvH')(M)/I)\1,>\2 = A(N)

This is not surprising, as one can view the fields [QAS( k1) (f)lz,, 5, 8 quantizing
the classical equation of motion

(O=V)p=—(A1+ A2)d(.,p)

on N. It is well known that quantizing the real scalar field with any external
(classical) source always results in the same algebra (see for instance [28]).

These examples illustrate that different choices of extended one-particle
structures do not necessarily correspond with different choices of ‘boundary
conditions’, whatever this means for a discrete boundary. In this case it may
be sensible to think of a source term at this point p as corresponding to a
boundary condition on M. Of course as discussed different choices of these
boundary conditions generate the same algebra with the same net-structure,
and hence could be though of as equivalent. What we have seen from the
theories defined by (K, H) and (K’, H') is that they differ in how much
‘uncertainty’ of such a boundary condition is present in the theory, rather
than what actually the boundary condition is. This intimately relates to
whether the theory defined has complete dynamics or not.

4.2 Space-times with macroscopic gaps

In the previous subsection we considered space-times that were globally
hyperbolic up to one missing point, but of course this can be generalized to
larger ‘missing regions’, for instance a space-like disk. Let us give a slightly
more abstract description of what kind of space-time we consider in this
section.

Let M = M_ U M, maximally semi-globally hyperbolic with 7": M — R
a semi-Cauchy time-function such that 7-({0}) is a smooth Cauchy surface
of M_N M., and ¥4, = T~*({+£t}) a Cauchy surface of M, for each t > 0.
So far this is nothing new, but now we assume that

E—t = Ztv
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and that M can be isometrically embedded in some N such that
Yy = ltifg Yot

which should be interpreted as the sets of all limits of sequences in [],,en 241,

are also smooth Cauchy surfaces of D(My) C N. Furthermore we require
that Xy = X, N ¥_ and that there is a diffeomorphism

d:E_—>E+,

that leaves Xy invariant.

Note that nowhere we have explicitly required that the ambient space-time
N is in itself globally hyperbolic, though in practice we can often choose
it to be that way. In this case such an embedding can be used to directly
define a quantum field theory on M via A(M) = A(N; M) which, due to the
fact that N is by no means uniquely defined, already shows that there are a
lot of different free scalar quantum field theories that can be defined on M.
However, there is another way one can construct such quantum field theories,
which do not make direct use of NV, but only use the surfaces ¥, and the
diffeomorphism d.

Suppose we have a one-particle structure (K_, H) on M_. Consider a test-
function f, € D(M,), we know that Ay, (fy) € £(M;) induces a function
o (f+) = A (f+)Iw, € D(X4) and a smooth distribution 7, (fy) € £'(X4)
given by

(re(fi) ) = [ dAWYalar, (£2)
We can now define ¢_(fy) = ¢ (fi)od € D(X,) and 7_(f) € £'(X_) via
(m-(f4),u) = (mp(fr),uo0d™).

It is not hard to see that 7_(f,) has a smooth compact integration kernel and
hence via theorem [11] ¢_(f,) and 7_(f,) define a unique spatially compact
solution to the Klein-Gordon equation A_(f;) € £(M_). We can now find
an fi € D(M_) such that Ay (f},) = A_(f}), which we use to define
Ky : D(My) — H via Ky(fy) = K_(f). Here we note that K_(f!) is
independent of the choice of fi € Ay ({A_(f4)}). One can show that
(K, H) defines a one-particle structure on M, . After all for f,, g, € D(M,)
we have

2Im((K fy, Kygy)) =2Im((K_f1, K_g.))
(f4

=0M_ 9;)

=(m(g4),0-(f+)) = (m-(9-), p—(f-))
=(my(94), 04+ (f+)) = (m4:(9-), o+ (f-))
:UM+(f+79+)7
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furthermore (K4 o (O — V))(f+) = K_(0) = 0, and since d is invertible
K, (D(M,)) = K_(D(M_)). From the fact that d leaves ¥, invariant, we
also see that

K_ TD(M_ nMy) — Ky TD(M_ NMy)s

which implies in particular that (K_, H) and (K, H) form a compatible pair.

In principle we can now define (K, H) = (K_, H)||(K, H). However in
general this one-particle structure does not lead to a theory with well-posed
global dynamics. In this particular case, we can define K : D(M) — H more
directly, where for f = f, + f_ with fy € D(M4) we set

Kf=Kify +K_[_.
The quantum field theory Ak z)y(M) that this extended one-particle structure
(K, H)

defines actually only depends on the choice of d and not on (K_, H). In fact
we can give an alternative construction of this algebra that bypasses the use
of these extended one-particle structures. We first extend the maps 7_ and
¢_ to D(M) in the natural way, i.e. such that for f_ € D(M_) we have
o (f-) =An_(f-)]x and so forth. We then see that

Ay (M) = Ay(M) = B(M)/Ta ,

with Jy the smallest ideal such that for each f,g € D(M) we have that

A

[(), d(9)] = i((m-(9)s - () = (7-(9), - () € Ty
and given that ¢_(f) =0 and 7_(f) = 0 we have

A~

U(f) € Ja

Note also that this theory has complete dynamics, which is due to the fact
that d is a diffeomorphism. Nevertheless, as we will see in section [5.1], the
construction above can be generalized to the case where d is a manifold
embedding instead of a diffeomorphism, but in this case these theories will
generally not be either past or future predictive.

4.3 Black hole evaporation space-times

The examples we have considered so far could mostly be embedded in globally
hyperbolic space-times. While these examples did allow us to play around with
the constructions outlined in section these space-times itself, or rather the
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quantum field theories on these space-times that deviate from the theories on
their embedding into globally hyperbolic space-times, are of limited physical
interest. We now focus our attention on a class of maximally semi-globally
hyperbolic space-time that have played a relevant role in the physics literature
over the past decades, namely the ‘black hole evaporation’ space-times. First
introduced in [11], (spherically symmetric) black hole evaporation space-
times are characterized by their Penrose diagram, drawn in figure [[.3] and
supposedly model a black hole that loses energy due to Hawking radiation
(a quantum field theoretical phenomenon which was also first discussed in
[11]) and are thought to shrink into nothingness due to the semi-classical
back-reaction of this radiation on the space-time metric. It should be noted
that no explicit semi-classical solution to general relativity coupled to a scalar
quantum field theory (via the semi-classical Einstein equations) is known
that models formation and evaporation of a black hole, nor is it known if
such solutions actually exist. Nevertheless the suggestion that such solutions
may exist in this framework has lead to significant controversy, which often
goes under the name of the information loss paradox [29, 30]. Covering this
discussion goes beyond the scope of this text. Nevertheless we do reiterate
the point of view pushed most notably in [23] that, as already alluded to
when we wrote down definition [T} from the perspective of quantum field
theory on curved space-time, information loss in itself is not at odds with any
theoretical foundations. Quantum field theories on semi-globally hyperbolic
space-times need not have complete dynamics (with respect to some semi-
Cauchy time-function). The time-slicing property is only assumed to hold
with respect to Cauchy surfaces. Since black hole evaporation space-times
are not globally hyperbolic, information loss (or even information gain) is,
at the level of semi-classical physics, not at all problematic. Of course when
one believes that semi-classical physics approximates an underlying quantum
gravity theory that by assumptions does not admit information loss, one
would either need to explain how information losing processes can emerge in
the semi-classical limit, or argue that black hole evaporation does not occur
in the way that one would expect based on semi-classical arguments.

So having established that in principle a theory admitting information loss
on black hole evaporation space-times is not against any foundations of quan-
tum field theory, a question that should be addressed is whether or not one
can actually construct such a theory in the first place. Using the constructions
that we have considered in this paper, we argue that black hole evaporation
space-times do admit linear scalar quantum field theories, however we will
see that this leads to a problem that is arguably more problematic than
information loss (at least from a semi-classical point of view), as it is unclear
if the resulting quantum field theory admits any (physically reasonable) states.
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Given that M is a black hole evaporation space-time, the construction of
A(M) is based on the observation that M can be approximated by space-
times with macroscopic gaps as discussed in section [£.2] That is to say, the
maximally globally hyperbolic space-time M = M, U M_ contains a nested
sequence M ™ = MJ(F") UM™ in the class of space-times introduced in section
[4.2] with

M} c Mt C My C M,

such that
M =M™, and D(M{") = M.

As we’ve seen in section [£.2) we can always construct an extended one-particle
structure on M ™, say (K™, H™) which we could even choose such that
Ak gy (M () has complete dynamics.

Now choose E(™ to be the set of all (unitary inequivalent) extended
two-point functions on M ™. Note that there are unique injective maps
ln : BEOFY — EM such that, given (K™, H™) = 1, (K", HO+D)) for
cach f,g € D(M™) Cc D(M®*V) we have

(KO f K0 gy — (D) f f(nd ) gy(nt),

That this map is injective and unique follows from the fact that for each
f € D(M™*D) there is (using the wave equation) a function g € D(M™)
such that KtV f = K+Dg  Therefore K™ uniquely determines K™+
(up to a unitary map). By the same argument we have that H™ = g+,
This means that there are natural embeddings

Nee+ry C Hem

of the Hilbert spaces as given in definition which means in particular that
we can define a Hilbert space projector p™ : § piy — 9 pins).

Shifting our attention to the algebras A (M), we note that we can
define surjective maps

k™ AE(n)(M(n)) — .AE(n+1)(M(n)),

given by ¢y (f)— P B (f)p™. That this map is surjective again follows
from that the ¢pm)’s satisfy the wave equation. This allows us to define a
nested sequence of ideals Z" C Agza) (M M) defined by

I = ker(k™ Vo ..o kM).
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This yields
7 ¢ Z™*Y | and .AE(1)(M(1))/I(n) = AE(n)(M(n)).

We now define
AM) = Ay (MW) / (Uz<n>> .

where for f € D(M) one defines ¢(f) = [$E<1>(f’)]u 7o for f € D(MW)
with f — f' € (O —V)D(M). This allows A(M) to be given a net structure
in the usual way, where we can see that for each U C M causally convex

globally hyperbolic
A(M;U) = A(U).

From here it is clear that A(M) is a linear scalar quantum field theory in the
sense of definition Bl

Until now all the theories that we constructed admitted states by design, we
first constructed a state (or rather one-particle structure) that our theory
should admit and built the algebra from there. The construction above does
not start from a state on A(M), but rather from a sequence of what one
could arguably call ‘approximate states’, in the sense that these states are
defined everywhere on the space-time up to some small neighbourhood of the
black hole singularity, which can be made arbitrarily small. In other words, if
one allows the physics to deviate (in an a priori unspecified way) from the
semi-classical model in an arbitrarily small neighbourhood of the singularity,
then one could hope that one of these ‘approximate states’ defines an algebra
that describes the physics away from the singularity in a sufficiently accurate
way, perhaps even yielding a theory that has complete dynamics. This idea is
in itself nothing new, after all one expects that near the singularity, where
curvature of the space-time blows up, that the semi-classical approximation
breaks down and one needs an underlying theory of quantum gravity to
accurately describe the situation. For this reason researchers working in
several quantum gravity communities have proposed various quantum gravity
mechanisms that could play a role in this regime. A recent example of this is
the black hole to white hole tunnelling mechanism that has been studied in
[31]. Such a mechanism would indeed yield a space-time that, outside this
transition region, looks exactly like one of these M(™’s, where the precise
choice of (K™, H™) ¢ E® that can be used to define the quantum field
theory on M ™ should somehow follow from the underlying quantum gravity
theory.

The question that remains, is whether A(M) admits any states at all. This
is an open question as far as the author is concerned. From the discussion
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following definition [ one can construct a Weyl-like algebra (M) associated
with A(M) which does admit states. However whether any of these states
can be extended to A(M), i.e. whether these states define n-point functions,
should be further analysed. Ome could hope that there exists some unit
vector in N, Nz, which if it existed does define a state on A(M), but
unfortunately the set of unit vectors in $zw) is not compact, and only its
convex hull is weakly compact (by the Banach-Alaoglu theorem, see [32]),
hence Cantor’s intersection theorem does not yield any non-zero elements
in N, Hrm. Therefore, as far as we can tell the only way to decide whether
A(M) admits any physically reasonable states would be an explicit calculation.
This calls for further investigation.

5 Some applications to non-maximally semi-
globally hyperbolic space-times

In the previous section we discussed some constructions of quantum field
theories on maximally semi-globally hyperbolic space-times. Due to the
nature of these space-times, the theories constructed automatically reduce
to the standard theory on globally hyperbolic space-times on each globally
hyperbolic causally convex region. However in some cases we would like to
construct quantum field theories on more general semi-globally hyperbolic
space-times. In this section we give two examples of such a construction.

5.1 Topology changing space-times

The first example that we will treat is a topology changing space-times.
Topology change has mostly been considered in the context of creating
wormholes, see for instance [33]. As mentioned in this paper, topology change
in space-times without naked singularities is only possible when the space-time
either contains closed time-like curves or is not time-orientable (see theorem
2 in [34]). However, our class of semi-globally hyperbolic space-times do allow
for naked singularities and hence one may be able to construct worm-hole
space-times that do fall in this class. Another example where topology change
plays a role are in so-called branching space-times (see for instance [35]),
which are meant to model indeterminism.

While we do not explicitly consider a branching space-time nor a wormhole
space-time, here we merely give a proof of principle that quantum field
theories can be constructed on at least some topology changing space-time. In
particular, we consider a semi-globally hyperbolic space-time M = M_ U M,
with M, having Cauchy surfaces ¥, = R3 and M_ having Cauchy surfaces
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Y_ =~ R? x S. We assume these space-times have a flat geometry and we have
drawn a Penrose diagram of the space-time (having reduced the R? symmetry)

in figure [[.5

Figure 1.5: Penrose diagram of the topology changing space-time M with two
spatial directions of translational symmetry suppressed

As one can see in this Penrose diagram, we are nearly in the same situation
as in section [1.2] where ¥y = ¥_ N X, is a Cauchy surface of M_ N M,
except for the fact that there is no diffeomorphism between »_ and >,
but we can find some submanifold >y C U C ¥_ such that d : U — ¥
is a diffeomorphism leaving ¥, invariant. This allows us to define for each
f+ € D(My) an ¢_(f+) € DU) C D(X-) and 7_(f4) € £'(U) C &'(X-)
with smooth integral kernel which we can use to define an extended one-
particle structure (K, H) from any one-particle structure (K_, H) on M_.
This allows us to construct a linear scalar quantum field theory on A4(M) in
exactly the same way as for the macroscopic gap space-times, however with the
notable difference that .A4,(M) has no complete dynamics, while it is not past
predictive. However it future predictive, as we see that Ay(M; M) = Ay(M).

5.2 Approximating time-like boundaries

As mentioned in the introduction, one class of non-globally hyperbolic space-
times on which quantum field theory has already been well-studied in [4],
are (certain) space-times with time-like boundaries. While these space-times
are not semi-globally hyperbolic, we can still use our construction to make
contact with quantum field theories on these backgrounds.

The class of space-times that we consider here are globally hyperbolic
space-times with time-like boundaries (as defined in [6]). These space-times
notably still satisfy a version of Geroch’s splitting theorem. In particular, let
M the bulk of a globally hyperbolic space-time with time-like boundary M,
then there is a time-function ¢ : M — R such that each level surface t = T is
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an acausal hypersurfaces Yp. In particular 3 is Cauchy in M = R x ¥7. We
claim that we can approximate this space-time by semi-globally hyperbolic
space-times.

We define

oo 2"—1

M® = ) U D(Sr)CM,

k=—o0 1=0

which clearly yields a nested sequence
M™ c ™D,

Furthermore for each x € M with T'(x) = ¢, we can define ¢’ = inf (T~ (J " (z)N
OM)) > t. Choosing k,l,m such that t < k + 2% < t', we see that each
inextendible causal curve through x must cross ¥, L and hence x € M™.
We conclude that

U M, =M.

neN
Now in principle we could consider E™ again as the set of all (unitarily
inequivalent) extended one-particle structures on M ™. Similarly to the case
of the black hole evaporation space-time, this yields a chain of surjective
*_isomorphisms

KM Agm (M(n)) — Apmsn) (M(n+1)),

and allow us to define
A(M) = AE(l)(M(l))/U ker(k™ o ..o k1) .

Here the quasi-free states A(M) can be characterized by the one-particle
structures (K, H) € E on M ]

The construction outlined above is actually inequivalent to the universal
extension algebra as constructed in |4]. Firstly A(M) is constructed such that
there exist generators {¢(f) : f € D(M)} € A(M), where [¢(f), d(g)] is in the
center of A(M). This is not true for the universal extension algebra. Another
difference is that while the universal extension algebra is constructed to reduce
to the standard quantum field algebra on each globally hyperbolic causally
convex U C M, in the case of A(M) this is only satisfied when U C D(%7)
for some T' € R. Here we see that the fact that definition [o| depends on the
choice of a semi-Cauchy time-function can actually be a strength instead of a
weakness. The construction of |4] as well as the construction above can both

9Note that, if non-empty, E can be identified with the inverse limit lim E(™).
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be used for implementing local boundary conditions such as the Dirichlet
condition (see [2]), however if one wants to implement non-local conditions,
such as periodic boundary conditions, the former construction can no longer
be used. In the case of periodic boundary conditions, where we assume
our space-time M to have two diffeomorphic disjoint time-like boundaries
OM = B; U By, an identification of these boundaries ¢« : By — B, induces a
new effective causal structure <, on the space-time. In general, a causally
convex U C M need not be causally convex with respect to <,, which is why
once cannot expect a theory respecting these boundary conditions to reduce
to the standard theory on U and hence the construction of [4] is not suitable.
However, if one can find a time-function ¢ : M — R that is compatible with
<,, i.e. for each z <, ' we have t(x) < t(2’), the construction outlined above
is sufficiently versatile to be compatible with these boundary conditions.
However, both constructions generally do not have complete dynamics.
Of course in our construction we did not make reference to a particular choice
of boundary conditions, so first these will need to actually be imposed by
dividing out a further ideal from A(M). As in [4], we can construct such
an ideal Z;, from an adjoint pair of retarded and advanced propagators
(G4, G_) satisfying the desired boundary conditions. Here it should be noted
that for this algebra Ag, (M) = A(M) / T, to admit any states, we need to

make sure that there exists an extended one-particle structure (K, H) € E
such that

[ V(G = Go)g = 20m (K f. Kg)).

As was also concluded in 4], if one compares the resulting algebra to explicit
constructions of quantum field theories, such as made in [2], one finds that the
resulting algebra Ag, (M) does not capture all relevant degrees of freedom,
only those that can be localized in the interior. This has as a consequence
that the dynamics on Ag, (M) is still not complete. In general, one needs to
also consider boundary degrees of freedom to construct a complete theory on
space-times with time-like boundaries.

6 Concluding remarks

We have seen that one can construct linear scalar quantum field theories
on various semi-globally hyperbolic space-times. Using the constructions of
section we saw that on any semi-globally hyperbolic space-time we can
define a scalar field algebra that admits states if and only if one could define a
compatible chain of one-particle structures on that space-time. Nevertheless
we have also seen that in some cases, such as in the case of the evaporating
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black hole space-time, one can construct scalar field algebras, but it is a
priori unclear if such an algebra admits any state. On the one hand this is
very much in the spirit of algebraic quantum field theory, where one aims to
disentangle purely algebraic considerations and questions concerning states
and representations. Arguably, the observation that on non-globally hyper-
bolic space-times, such as the black hole evaporation space-time, constructing
an algebra is not so problematic, but that the problems mainly arise when
one wants to find physically reasonable states, fits very well in this tradition.
On the other hand, the methods that we used to arrive at this construction
explicitly made use of one-particle structures and representations of the to be
constructed (sub)algebras. This means that, unlike for the well-established
construction of linear scalar quantum field theory on globally hyperbolic
space-times, the separation between algebras and representations has not
been made very cleanly in this work. Whether this is a shortcoming of our
constructions, or rather hints at the fact that the conceptual separation of
algebras and their representation is a luxury that one cannot always afford,
is, as far as the author of this paper is concerned, open for debate.
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Appendix A. Recalling a construction on glob-
ally hyperbolic space-times

In order to construct quantum field theories on semi-globally hyperbolic
space-times, we need to recall some facts about the linear scalar (quantum)
field on globally hyperbolic space-times. On these space-time has a well
posed initial value problem, as proven for instance in [37].

Theorem 11. Let M globally hyperbolic, > a smooth acausal Cauchy surface,
n € X(M) normal to 3, f € D(M) and ¢, € D(X). Then there is a unique
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F e E(M) such that
(D_V)F:f7 Frz‘:% vnFrE:ﬂ-'
Furthermore F € J(supp(f) U supp(e) Usupp(r))[7]

It is this (classical) result that motivates the restriction to globally hyperbolic
space-times when constructing a quantum field theory. In part, this is related
to the following consequence of the theorem above.

Corollary. Let M globally hyperbolic, there are two linear maps
Gy :D(M) — EM),
referred to as the advanced and retarded propagator, uniquely defined by

(O - V)G<(f) = f, supp(G(f)) C J*(sup(f))-
Using these propagators, one can make the following definition:

Definition 12. The causal propagator
A:DM)— EM),

is defined as
A(f) = G(f) = G-(f)-

This causal propagator plays a key role in the construction of the linear scalar
quantum field, in particular in fixing the commutator relations of the algebra
of field observables. It has the following properties, as proven in [13].

Theorem 12. Let M globally hyperbolic, 3 a smooth Cauchy surface, n €
X(M) normal to 2. Then

1. The range of the causal propagator Ss.. (M) := A(D(M)) is the set of all
spatially compact solutions to the equation of motion, i.e. F € S;.(M)
if

0To clarify some (standard) notation, X(M) is the set of real vectorfields on M, i.e.
smooth sections of the tangent bundle TM, D(M) is the vectorspace of smooth real scalar
functions on M with compact support (usually referred to as test functions and given an
appropriate topology which we do not consider here), £(M) is the space of arbitrary real
smooth functions on M and J(U) is the set of all points in M connected to some point
p € U C M via a causal curve.

73



2. The kernel of A is the linear subspace (O — V)D(M) C D(M)[]
3. For f € D(M) and F € E(M) with (O —V)F =0, we have

/M dV fF = /EdA(A(f)VnF — FVAA)) s

4. Defining for f,g € D(M)

ulfog) = [ avia()
we have

ou(f.9) = [ AAA(S)TaB(9) ~ Ag)Val (/)]s
As a consequence oy defines a symplectic form on %, i.e. a
non-degenerate anti-symmetric bi-linear map.

The symplectic space of classical solutions given above forms the basis for
the construction of the (real) scalar quantum field. This construction, which
generalizes the more familiar canonical quantization of the scalar field on
Minkowski space, can be traced back to [38], albeit in a Weyl algebra formu-
lation. Here we will give a formulation more similar to the construction as in
[1, Chapter 3].

Given a certain potential, the algebra of linear observables on M is defined
as the so-called CCR algebra of the symplectic space

( D(M) 7UM> .

(0= V)D(M)

Informally, this is given as the unital *-algebra A(M) generated by elements

{o(f) : f € DM},
subject to the following relations:
Vf,g € D(M),a €R: g(af +g) = ad(f) + d(9),
VfeD(M): o(f ) o (f),
Vf,g € D(M) : [8(f), 9(9)] = ion(f, 9)1,

A

VfeDM): (0 - V)f)=0-

This is made precise in the following definition, which for future purposes
constructs A(M) in two steps.

1Combining point 1 and 2, we see that A defines a linear isomorphism between
D(M)
o—vypan and Ss.c(M).
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Definition 13. For a (not necessarily globally hyperbolic) space-time M,
we define the pre-field algebra of real linear scalar observables B(M) in
the following way. Let (D(M)) the unital free *-algebra over C generated
by D(M)[?] Define T C (D(M)) as the smallest ideal such that for each
f,g € D(M) and a € C we have

(af +g) —a(f) —{g9) €T,

(f) =) el
Define

and denote for f € D(M) )
O(f) =[Pz

For M globally hyperbolic, we can define the linear scalar quantum field
algebra A(M). Let J C B(M) be the smallest ideal such that for each
f,9 € D(M) o

(), ¢(9)] —ion(f,9)1 € T,

and for f € D(M) such that for all g € D(M)

UM(f?.g) :Ov

we also have
We now set

For each f € D(M) denote

O(f) = [D(f)]7 € AM).

Both B(M) and (for M globally hyperbolic) A(M) are given a netstructure
where for U C M open, B(M,U) C B(M) the smallest unital *-subalgebra
such that for each f € D(M) with supp(f) C U we have (f) € B(M;U),
from which can we define for M globally hyperbolic

AM;U) = [B(M;U)ly-

12The unital free *-algebra can be seen as the algebra of polynomials over C with the
noncommuting variables (f) and (f)* for f € D(M).
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Observe that the pre-field algebra contains no information on dynamics
whatsoever. Both the dynamics of the field and commutation relations are
implemented by the quotient A(M) := B(M)/J ., where we should note that
if oar(f,g) =0 for all g € D(M), this is equivalent to Af = 0 and hence also
to f € (O—V)D(M), as we saw in theorem

While there are many equivalent ways of defining this algebra of observ-
ables, just as there are many ways of describing effectively the same symplectic
space of classical solutions, the construction above lends itself very well to the
interpretation of the linear observables as being generated by an ‘operator
valued distribution’ with integral kernel QAS(a:) satisfying the equation of motion.

It should be noted that the net structure A(M;-) (i.e. a net of *-algebra’s
indexed by open subsets U C M satisfying A(M;U) C A(M;V) whenever
U C V), has the following convenient properties, as shown to hold in [1,
Chapter 3.

Theorem 13. Let M globally hyperbolic, U,V C M. Then

1. If U and V not causally related, i.e. there is no causal curve connecting
U and V', then
[AM; U), A(M; V)] = {0}

This property is referred to as Einstein causality.

2. If there is a Cauchy surface ¥ C M such that ¥ C U, then
A(M;U) = A(M).
This is known as the time-slicing property.

3. If U causally convez (and as a result, globally hyperbolic in itself, see
/39, prop. 6.6.2]), then there is a *-isomorphism

t: AU) — A(M;U),

where Wy (f)) = du(f)-

Historically, these net structures of *-algebras were used as the basis for an
axiomatic framework to formalize the notion of quantum field theories on
Minkowski space-time, see in particular the Haag-Kastler nets as introduced
in [40]. It was this algebraic approach to quantum field theory that formed the
basis for Dimock’s generalization of the linear scalar field to arbitrary globally
hyperbolic space-times in [38]. In [17] and references therein it was then
recognized that the mathematical structures of nets of algebras on globally
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hyperbolic space-times could be further generalized into the framework of
category theory. Here it is noted that, as a result of point 3 of theorem [I3} A
can be seen as a functor from the category of globally hyperbolic space-times
(referred to as Loc), where morphisms are given by causally convex embed-
dings, to the category of *-algebras Alg, where the morphisms are given by
*_homomorphisms. This forms the basis of a general axiomatic framework
to describe covariant quantum field theories on arbitrary globally hyperbolic
space-times.

Of course where there is a *-algebra associated with a physical theory there
is a notion of states. We recall the definition.

Definition 14. Let A be a unital *-algebra. A state is a linear map
w:A—C,
such that w(1) =1 and for each a € A we have w(aa*) > 0.

For a globally hyperbolic space-time M, states on the algebra A(M) are
uniquely characterized by their n-point functions

wy, : D(M)" — C,

where wy,(f1, ..., fn) = w(G(f1)...0(f,)). We recall an important class of states
for the linear scalar fields.

Definition 15. A state w on A(M) is called quasi-free if there is a positive
semi-definite symmetric bilinear form (i.e. a real pre-inner product) u :
D(M)* — R satisfying

|UM<f7 g)|2 < 4u(fa f)#’(g7g)7
such that for each f € D(M) we have

w (exp(z‘ng(f))) = eXP(‘iH(ﬁ f)>,

where both sides of the equation should be interpreted as a power series
expansion and the equality should hold for each order of f.

It should be noted that via polarization formulas all n-point functions of a
quasi-free state are uniquely defined by the relation above. In particular

wy(f,9) = p(f,g) + ;UM(fa 9)-

Each quasi-free state can be uniquely associated with a one-particle structure.
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Definition 16. Given the presymplectic space (D(M),on) a one-particle
structure (K, H) is given by a Hilbert space H and a real linear map K :
D(M) — H such that K(D(M))+iK(D(M)) is dense in H, Ko((O—V) =0
and

2Im((K f, Kg)) = om(f, 9)-

Clearly each one-particle structure defines a quasi-free state via

u(f,g9) = Re((K f, Kg)),

and hence wy(f,g) = (K f, Kg). That each quasi-free state defines a unique
one-particle structure, is proven in |41 Appendix A].

For a general state w on an algebra A one can find a unique representation
(up to unitary equivalence) (9, ., 7, {,) such that $, a Hilbert space,
D, C 9, a dense subset, 7, : A — L(D,) a *~homomorphism and Q, € D,
a unit-vector with 7, (.A)(Q, dense in £, such that

w(a) = (Q,m,(a)).

This representation can be obtained using the GNS construction, see for
instance [1, Chapter 5]. For quasi-free states on our algebra A(M) these
representations take a special form.

Definition 17. For M globally hyperbolic, a (bosonic) Fock-space represen-
tation (9, 7) of A(M) is given by a Hilbert space of the form

5= s, (H),
n=0

where (K, H) is some one-particle structure on (D(M),oy), H®® = C and
Sy H®™ — H®™ the symmetrization operator, where the inner product (., .),
on S, (H®") is given by

<CL, b)o = db,

and for n > 0

< Z all 77777 inwil"'win7 Z bjl »»»» j’ﬂ¢j1'“¢j”>
B 5enes in jl
Z a’il ..... Zn b]1 ..... jn <w7;17 ¢j1> <¢Zn7 ¢]n>’

ilajl---inajn

and a *-homomorphism m mapping A(M) into the unbounded operators on $
such that

m(o(f)) = a(K f) + a(K )",
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with
a(f) (Yo, ..., ¥,,0,...) = (0, S1(Kf @ V), .., Sp1 (K f @ ¥,,),0,...).

We see that the creation and annihilation operators, a(v)* and a(1)) respec-
tively (for some 1) € H) satisfy the canonical commutation relations

{CL(w)a a<¢)] =0, [a(¢)*, CL(qb)*] =0, [a’(w>7 a((b)*] = <7vb7 ¢>

If one constructs the Fock space as a representation of the Weyl algebra, one
sees immediately that this representation is faithful from the fact that Weyl
algebras are simple (see [42, Theorem 5.2.8]) However for completeness we
give a direct proof for Fock space representations of A(M).

Proposition 14. The Fock space representations of a linear scalar field theory
A(M) for M globally hyperbolic are faithful, i.e. for each b € A(M),

(b)) =0 < b=0.

Proof. First note that for f € D(M) K f = 0 if and only if ngS(f) = 0. This
follows from the fact that K f = 0 implies o(f,g) = 0 for all ¢ € D(M) which
means f € (O —V)D(M).

Now suppose b € A(M). Without loss of generality there are a finite
number f; € D(M) for j = 1,...,N such that ¢; = Kf; € H linearly
independent and an M € N such that

M

b= > crkn (O (D)),
E1,..kn=0
which means
N
T(b) = D Chyoknidiedn (@(01)" + a(t1)* o (a(n) " + a(n))™.
E1,..kn=0

Note that Hy = span(¢y, ...,%y) is an N-dimensional Hilbert space, on which
we can find a basis {¢; € Hy : j = 1,..., N} such that

{5, 05) = 0ij-
Assume that 7(b) = 0. This must in particular mean that [7(b), A] = 0 for
any linear operator A on $). Defining

Da(B) = [A, B],

we can now calculate

This can be repeated for all lower order contributions to yield ¢, . x, = 0.
Thus b = 0. O
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A key conceptual result (see for instance |1, Chapter 5]) is that the class of
Fock-space representations (up to unitary equivalence) exactly matches the
class of GNS representations for a quasi-free state w per the correspondence of
quasi-free states to one-particle structures. Here of course $,, = $ and 7, = m,
but furthermore Q,, = (1,0, ....) and ®,, = 7(A(M))€2,,. These representations
allow for a particle interpretation where G(1)) can be interpreted as creating a
particle in the one particle state ¢ € H (taken to be a unit vector) such that
we can define number operators N (¢) = a*(¢)a(v), whose eigenvectors can
be interpreted as corresponding to states where a finite number of particles
in the one-particle state ¢ have been excited from the vacuum state €Q,,.
The eigenvalue then corresponds to the number of these particles. In the
absence of sufficient symmetries there is generally no clear way to select a
preferred particle interpretation and associated vacuum state, after all for free
scalar fields of Minkowski space-time a preferred Fock-space representation
is selected by the fact that it allows a unitary implementation of space-time
symmetries that leave particle numbers invariant. Nevertheless we still see the
fact that a theory allows for Fock-spaces and particle interpretations in the
first place as a very useful, if not necessary feature of a (linear scalar) quantum
field theory. Therefore in section [3, where we discuss the construction of
linear scalar quantum fields on semi-globally hyperbolic space-times, we
demand that these theories allow for Fock-space representations and in fact
use the one-particle structures as a main ingredient for the construction of
our theories.
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Summary of Publication

For a linear scalar quantum field theory A(M) on a globally hyperbolic
spacetime M, quasi-free Hadamard states w defined on some subalgebra
A(M;U) associated with some light-cone interior U = I (p) for p € M can
be constructed from particular bi-distributions A € D'(C' x C) on cones C' =
OU \ {p} via a characteristic initial value problem for the equation of motion
associated with the theory. This work investigates these bi-distributions,
under the requirement that the induced Hadamard state on A(M;U) may
be extended to the full spacetime. For simplicity, only spherically symmetric
spacetimes and characteristic cones centred at the axis of symmetry are
considered.

The extendibility requirement on the Hadamard state w fully fixes the
singular behaviour of boundary two-point function A, the general form of
which can be deduced from the known local singular behaviour of Hadamard
two-point functions on M. However, the precise singular contributions to A
can also be derived from first principles in this setting. In particular, assuming
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the metric takes the form
ds? = exp(28(t,r)) (— exp(2a(t,r))dt* — 2dtdr + r2d§22> , (IL.1)

then for a characteristic surface Cr = {t = T, r > 0}, the Hadamard state w
relates to the boundary two-point function A via

w(®(f)2(9)) = ARG ()lcp RG-(9)]cr), (I1.2)

for f,g € D(I.(Cr)), G_ the retarded propagator associated with the equa-
tion of motion and R = rexp(f). For each N € N one can explicitly construct

a bi-distribution h(TN) € D'(Cr x Cr) such that

AF,G) =M(F, G)
+ / drdQ [ drdQ RRw™ (r, Q7,0 F(r, Q)0,G (', ),
Cr Cr

(I1.3)
where the function w$") € C?¥+1(Cyx Cy) is the state-dependent contribution
to A. It is shown how locally, h(TN) corresponds to the standard Hadamard
parametrix modulo some smooth contributions. This allows one to calculate
expectation values of renormalized non-linear observables, such as Wick
squares and the stress—enerégy tensor, in the state w at the surface Cr directly

in terms of the function wTN) (for sufficiently large N).
Subtracting h(TN) from A yields a regularization procedure for two-point
functions restricted to light-cones which, in contrast to standard Hadamard
subtraction, is globally defined. More specifically, for some Hadamard state

w on A(M), we can extract a family of two-point functions ¢ — wi™ €

C*NHL((Cy x C4). The functions w™) satisfy a dynamical equation which
allows one to express wﬁN) in terms of w,}N) whenever ¢ > T'. In the context
of semi-classical Einstein equations, this means that, assuming spherical
symmetry, one can reduce the problem of finding a solution to this equation
to solving three equations involving the functions «, 5 and wgl), namely the
dynamical equation for wt(l) and two functionally independent components of
the Einstein equations. This allows one to formulate a characteristic initial
value problem for the semi-classical Einstein equations, which should be
further analysed to establish (local) existence of solutions.

As a more concrete application of the developed methods, it is shown how
the dynamical equation for ng) can be used to calculate expectation values
of non-linear observables on a fixed background given some initial quantum

state. This is illustrated by calculating the linear contribution to (: ®*:) in
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terms of a background geometry parameter. Nevertheless, this calculation can
be generalized to more involved observables such as the stress-energy tensor.
In principle, these methods can also be used to go beyond the linearized
contributions, either via analytic or numerical methods. Although one expects
these calculations to become quite involved in general, one should be able to
derive estimates on these non-linear observables.

Author’s contribution

The setting and approach has been discussed and agreed upon by RV and
DWJ. Any calculations and derivations have been worked out by DWJ.

Copyright Notice

This article previously appeared in doi-10.1088/1361-6382/ach039. It has been
published open access and is licensed under a Creative Commons Attribution
4.0 International License, see https://creativecommons.org/licenses/by/4.0/.

89


https://doi.org/10.1088/1361-6382/acb039
https://creativecommons.org/licenses/by/4.0/

Hadamard states on spherically symmetric
characteristic surfaces, the semi-classical Einstein
equations and the Hawking effect

Daan W. Janssen and Rainer Verch

Institute for Theoretical Physics,
University of Leipzig,
Germany

Abstract

We investigate quasi-free Hadamard states defined via characteristic
initial data on null cones centred at the axis of symmetry in spheri-
cally symmetric space-times. We characterize the necessary singular
behaviour of null boundary two-point functions such that one can
define non-linear observables at this null boundary and give formulas
for the calculation of these observables. These results extend earlier
characterizations of null boundary states defining Hadamard states in
the bulk of the null cone. As an application of our derived formulas, we
consider their implications for the semi-classical Einstein equations and
calculate the vacuum polarization associated with Hawking radiation
near a collapsing body.

1 Introduction

For many purposes, it can be argued that Hadamard states form the preferred
class of physical states on a linear scalar quantum field theory, see for instance
Ref. [1]. In particular, it is for this class of states that the expectation value of
non-linear observables, such as the (renormalized) stress-energy tensor can be
evaluated. A Hadamard state can be characterized by the singular behaviour
of its n-point functions. As for a quasi-free Hadamard state it is in particular
the two-point function that specifies the state on the entire algebra of linear
observables, it is also the singular behaviour of this two-point function, as a
bi-distribution on a space-time, that captures the Hadamard property. This
singular behaviour can be characterized in multiple ways, most notably via
an explicit asymptotic expansion of the integral kernel associated with the



two-point function, as given in Ref. [2], or equivalently via the microlocal
spectrum condition, as shown in Ref. [3]. That these definitions are equivalent,
is most neatly shown if we do not only consider the class of two-point functions
of Hadamard states, but the slightly more general notion of a Hadamard
paramatrices. In section |3 we will recall the precise characterisation of a
Hadamard parametrix in terms of its asymptotic expansion as well as recalling
the microlocal spectrum condition and the role of the commutation relation
and equation of motion in this definition.

On space-times that admit some characteristic Cauchy surface as a bound-
ary, Hadamard states can be constructed using a bulk to boundary correspon-
dence between the linear observables in the domain of dependence of this
boundary surface and an algebra of observables that can be defined on this
surface, as used in Ref. [4]. In asymptotically flat space-times these ideas can
be extended to conformal boundaries, in particular the past or future null
boundary of this space-time, as shown in Ref. [5]. As we will recall in more
detail in Sec. [2.3] on these boundary states one can consider an analogue of
the microlocal spectrum condition that guarantees the induced state in the
bulk to be Hadamard. This allows one to define expectation values for this
state of locally covariant non-linear observables in the bulk, such as Wick
squares and time-ordered products as defined in Ref. [6] and [7]. However,
generally such expectation values diverge near the boundary and hence this
state cannot be extended as a Hadamard state across this null boundary.
We shall argue that this is related to the fact that, unlike the situation for
bulk Hadamard parametrices, the wave front set condition formulated in
Ref. [4] does not uniquely fix the singular behaviour of boundary two-point
functions. We therefore introduce a necessary condition for extendibility of
the bulk Hadamard state in section [3] to explicitly derive the singular part of
the boundary two-point function.

For the resulting class of boundary states, we can now show that non-
linear observables near the boundary indeed remain finite. In Section 4] we
derive explicit formulas for various non-linear observables at the boundary
given a boundary two-point function. We shall show how these formulas are
particularly useful in the context of semi-classical gravity if one wishes to
study the semi-classical Einstein equations as a characteristic initial value
problem.

As a further application, in Sec. [5| we shall also give a computation a Wick
square expectation value of a quantum field near a gravitationally collapsing
body. We shall also comment on how these methods can be generalized to
calculate the contribution of the ‘Hawking radiation’ produced in gravitational
collapse to components of the (expectation value of the) stress-energy tensor
near the collapsing body. These calculations may open the way to a new
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understanding of the Hawking effect and black hole evaporation in the context
of semi-classical gravity.

2 Basic ingredients from geometry and field
theory

For simplicity we will for now restrict our attention to spherically symmetric
set-ups. Further generalizations we deem a priori possible, albeit calculation-
ally heavy.

2.1 Geometrical set-up

We consider a space-time M (assumed to be globally hyperbolic) that is
spherically symmetric and admits global coordinates (¢,7,€Q) : M — R X
R>o x S? (where this map defines a chart almost everywhere, in particular
with the exception of the axis of symmetry r = 0). We assume that in these
coordinates the metric is of the form

ds? = —exp(2(a + B))dt? + exp(26)(—2drdt + r2dQ?), (4)

where «, 8 are functions of ¢,7. Note that in the limiting case that a = 0,
this space-time is conformally flat, hence we shall refer to this coordinate
system as quasi-conformal coordinates. We should also point out that, as
can be read off from for instance the formula for the Ricci scalar R, that not
all smooth functions «,  are compatible with a space-time that is smooth
at r = 0. These regularity conditions shall be addressed when they become
relevant for computations!T]

! Admittedly this coordinate system differs from standard choices made to parameterize
spherically symmetric space-times. In more conventional choices the coordinate r is either
chosen to be an affine parameter for null geodesics (see for instance Ref. [§]) or is chosen
such that the volume of a two-sphere at r = R has surface area 47 R? (see Ref. [9]). In the
latter case, where the metric has the form

ds? = —A%d¢? — B2dRdt + R2d02, (5)

a coordinate transformation that brings the metric into the form of eq. (assuming
asymptotic flatness for simplicity) is given by

r(t, R) = </: dRij) o (6)
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We refer to the point with ¢ =T, r = 0 as pr € M and the hypersurface
t = T,r # 0 as Cp. The globally hyperbolic space-time ¢ > T will be
denoted as My := IT(Cyr). Following Ref. [9] we introduce a local null tetrad
(€i)i=o,. 3, defined away from r = 0 by

1
eg = 0y — 5 exp(2a)0,, e; = exp(—203)0,, (7)

and (e, e3) = (rexp(8))~1((y, () , where (1, () form a local orthonormal
frame of TpS? (with standard metric dQ?). Using this frame we can write

g =n"eey, (8)
where 7, is the Minkowski metric expressed in double null coordinates, i.e.
0
(9)

o= O O
—_— O O

Figure I1.1: A Penrose diagram sketching the geometric set-up

We can see that Cr is a characteristic (i.e. null) hypersurface ruled by the
bicharacteristics generated by ey, i.e. the null geodesics yrgq : (0,00) — Cr
satisfying
T~ exp(-20(T.r (V). mr(A) = 0. (10)
— =exp(— r imr(A) = 0.
dA P ’ ST
Note in particular that e; is both tangent and orthogonal to C'r. However,
as e; is a null vector, it can not be normalized. Furthermore, as the induced

/VTQ()‘) = (T7 T(/\)v Q),
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metric on Cr is degenerate, one cannot use it directly to define a sensible
R-valued hypersurface element on Cr to be used as an integration measure.
Nevertheless, the vector hypersurface element, that for a spacelike smooth
surface ¥ is defined as

dS = dzdydzvhn, (11)

with n the future directed normal vector to ¥ and h the determinant of the
induced metric on ¥ (in coordinates (z,y, z)), can be generalized to null
hypersurfaces as Cr. Using for instance a limiting procedure where Cr is
approached by space-like hypersurfaces, one finds that in our quasi-conformal
coordinates, this vector hypersurface element takes the form

dS = drdQr? exp(2/)0,. (12)

As we will see in Sec. this vector valued integral measure naturally appears
in the Klein-Gordon inner product, or alternatively the symplectic structure,
for solutions to the Klein Gordon equation on M.

2.2 The classical equation of motion for the scalar field

On the space-times introduced above, we consider a real scalar quantum field
theory. In particular, we consider a quantization of the real scalar field theory
given by the equation of motion

(O—m? - ER)p =: Pp =0, (13)

where classically we typically take ¢ € £(M) as a smooth function.E] Here m
is some mass parameter, ¢ a dimensionless coupling, R the Ricci curvature
scalar and [J the Laplace-Beltrami operator given by

9]

1
O¢ = V,V¥é = ffwww ,9), (14)

with V the Levi-Civita connection. In our coordinate system (and using
the vectorfields ey, e; as derivations), we can rewrite the sourced equation of
motion Py = f € D(M) as

2(e1 0 €)(rexp(B)e) = ((rexp(8)) *Aq — V) rexp(B)é — rexp(B)f, (15)

2 After quantization, the quantum field ® can be seen to live in the space of ‘operator
valued distributions’ (or more generally, distributions taking values in a *-algebra) instead
of smooth functions.
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where V is a modified potential and (e; o e) f = €i'd,, (e}, f).
V = m? + €8 — 20 exp(8)) " (e1 0 eo)rexp(B). (16)

Note that this additional term to the modified potential is reminiscent of the
Ricci scalar, which equals

R =12(rexp(B)) " (e1 0 eo)rexp(B)
semta (L)

+2(0,0)* + 8,2,04) .17

72 r
In fact we can write
V =m?+ (f — é) R
1 1— —
~ 5 exp(2(a — §) ( exff 20) _ 28;’0‘ +2(0,0)? + afa) , (18)

from which we can see that for a conformally coupled field, i.e. with & = %,
on a conformally flat background, i.e. where o = 0, the modified potential
takes the simple form V = m2. Due to frequent appearance in the rest of this
paper, it is convenient to define

R(t,r) := rexp(B(t,r)). (19)
Defining the differential operator on £(Cr)
1 - 1
Kr = 3 exp(26(T,r))V(T,r) — ﬁAQ — Orexp(2a(T,7))0, |, (20)
we can shortly write the sourced equation of motion as
R
(0,0, + K)Ro =~ . (21)

It is this form of the (sourced) Klein-Gordon equation that we shall use in
most of the following considerationsf

2.3 Quantum field theoretic set-up

As alluded to in the introduction, we can consider a quantum field theory to
live equivalently on the bulk M7 or on the boundary Crp. We shall quickly
introduce both these viewpoints.

3We shall often drop the subscript ¢ from K; when it is clear from context at what
surface C; it is meant to operate.
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The bulk theory

We use the framework of algebraic quantum field theory, in particular using the
model for the free real scalar quantum field due to Ref. [10] in the formulation
used for instance in Ref. [11]. In order to fix conventions and notation, we
shall quickly sketch the definition of the algebra of linear observables A(M) on
the space-time M. This is a unital *-algebra consisting of polynomials (with
complex valued coefficients) over objects of the form ®(f) with f € D(M) a
(real-valued) test function on M such thatf]

e (linearity) for a € R and f, g € D(M) we have
O(af +g) = ad(f) + ©(g), (24)
e (hermiticity) for f € D(M) we have
o(f) = 2(f), (25)

o (dynamics) for f € D(M) and P : E(M) — E(M) the differential
operator defined in eq. we have

o(Pf) =0, (26)
e (CCR) for f,g € D(M) we have
[©(f), ®(9)] = 1E(f,9). (27)
Here F : D(M)? — R is the commutator function defined by

E(f.g) = [ dvolgGe(f), (28)

with G. = G_ — GG the causal propagator and G4 the unique advanced and
retarded propagators given by PG4 (f) = f and supp(G+(f)) C JE(supp(f))
(see Ref. [12]).

40ne can work equally well with complex test functions, where for h = f;+ifs € D(M,C)
we define
®(h) :== @(f1) +i®(f2). (22)

This means in particular that

o(h)* = o(h). (23)

The choice for real test functions is here made in accordance with Ref. [2].

96



A state w : A(M) — C, which for hermitian operators can be interpreted
as mapping the operator onto its expectation value, is a normalized (i.e.
w(1) = 1) positive semi-definite (i.e. w(aa*) € R>g) complex-linear map. In
this work we restrict ourselves to quasi-free (or Gaussian) states, defined
uniquely by their two-point functions

A(f,9) = w(2(f)2(9)), (29)

typically taken to be (complex valued) bi-distributions on D(M ), where all
higher order n-point functions are calculated via Isserlis theorem (see Ref.
[13]). As reviewed in the same reference, such a two point function must have
the properties

« Ao(P®1)=Ao(1®P)=0,
¢ ReoA is a positive semi-definite symmetric real bilinear map on D(M)?,

e ImoA= %E,
« |E(f,9)]> <4A(f, [)A(g. 9).

In fact any bi-distribution satisfying the properties above defines a quasi-free
state.

Quasi-free states are said to satisfy the (local) Hadamard condition if on
any Cauchy normal neighbourhood U C M the two-point function has an
asymptotic expansion of a ‘fundamental solution’ to P,A(z,y) =0

1 | u > _ ") n
A~ ) LLF + T;Jv(")an In (a 20+> +wo ] . (30)

n)

Here o is the Synge world function, a an arbitrary length scale and u, v, w!
are smooth functions satisfying certain transport equations, which can be
derived from PA(z,y) = 0 (see Ref. [14] or Sec. [3)). The (local) bi-distribution
i (and similarly In(o)) is defined on D(U) as

1 . f(@)g(y)
— ) (+.9) = 1tim [ dvol, [ dvol :
<a+> (/.9) 210 Ju O Jy 0 Yo(x,y) +iae(T(x) — T (y)) + a2e?
(31)
where 7T is an arbitrary time-function on M. In the following sections we
shall often write this as

0 (f.9) = o(f,g) +10°(T(x) - T(y)) + (07) . (32)

A more complete discussion on this definition, including many subtleties that
are not addressed here, can be found in Ref. [2|. Here it should be noted
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that some technical details in the extension of the local definition above to
global Hadamard states, defined on a region larger than a Cauchy normal
neighbourhood, have been addressed only recently in Ref. [15].

As first shown in Ref. [3], the Hadamard condition can also be formulated
in the language of microlocal analysis (see Appendix[A]). A two-point function
is Hadamard if and only if it satisfies the microlocal spectrum condition, i.e.
for its wave front set we have

WEF'(A) =
{(@1h). (22 k) € (TOD N0 (1) ~ (o) by € (V1)) (33)

where (V;lr)d is the dual of the closed future light cone. This alternative
characterization has proven very useful for studying general properties of
Hadamard states, and can be nicely generalized beyond the scalar field in
3+1 dimensions, as seen for instance in Ref. [16]. While we will not make
direct use of tools from microlocal analysis, in later sections we definitely
rely on results on Hadamard states derived from this reformulation. Still, we
deem a detailed discussion of the wave front set mentioned above beyond
the scope of this text. In essence, the wave front set captures aspects of the
singular ultraviolet behaviour of a (bi-)distribution, generalizing the singular
support of a distribution. It is important to keep in mind that any arbitrary
bi-distribution satisfying the microlocal spectrum condition will generally not
have the asymptotic expansion give in eq. (30). As theorem 5.1 in Ref. [3]
indicates, to really establish the two-way connection between this expansion
and the microlocal spectrum condition, one needs the equation of motion
Ao(P®1)=Ao(1®P)=0 and the commutation relation Im(A) = $E,
or rather, that these identities hold up to smooth integral kernel. Hence a
bi-distribution satisfying the microlocal spectrum condition, and

WF(Ao(P®1)) = WF(Ao(1@ P)) = WF' (Im(A) - ;E> —0, (34)

can be referred to as a Hadamard parametrix. Notably, the fact that a
two-point function is positive semi-definite is not required in the theorem
cited above. In fact, theorem 6.3 of the same reference tells us that positivity
(again modulo a smooth function) is automatically satisfied for a Hadamard
parametrix.

The most well-known example of a Hadamard state is the Minkowski
vacuum state for free theories on flat space-time, but in fact any ground-
or thermal (i.e. KMS) state on a static space-time satisfies the microlocal
specrum condition (see Ref. |[17] and [18]). A state satisfying the Hadamard
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condition in a neighbourhood of a Cauchy surface will satisfy the Hadamard
condition on the whole space-time, hence the existence of Hadamard states on
any globally hyperbolic space-time can be asserted from existence on static
space-times using a deformation argument (see Ref. [19]). One can also give
existence results via a direct construction as performed in Ref. [20].

The boundary theory

For each T € R we can consider the algebra Az := A(M; Mr)J| Clearly,
these algebras satisfy Ar C Agp for any 77 < T. Following Ref. [4] we can
also associate an algebra By with the characteristic surface Cp such that
Ar = Br, which we view as a bulk to boundary correspondence, in the way
described below.

Recalling the definition of R in eq. and that of the causal propagator
G, in section , we define the map pr : D(My) = S,..(Cr) C E(Cr) via

pr(f) = RG.(f) TcTa (35)

where Ss_c.(CT) is defined such that this map is surjective. As proven in Ref.
[21],
pr(f) = pr(g) implies Go(f)r, = Ge(9) asys (36)

and hence, by theorem 3.4.7 in Ref. [12], f — g € PD(My). This means that
pr : D(Mr)/PD(Mr) — Ss..(Cr) is a linear isomorphism.
We can define a symplectic structure o¢,. on Ss. (Cr) via

oo (F.G) =2 /0 “ar /S A FO,G. (37)

This is chosen such that the map pr becomes a symplectomorphism, as
using the form of the Klein-Gordon equation in eq. (21)), we can see that for
fv g € D(MT)

E(f,g) = /MT dvol gG.(f)
=92 /TOO dt /Ooo dr . dQ RG.(f) [-0:0, — Ki] RG_(g)
) /0 Tar /S A9 [RG(£),RG_(9)] Ic, + [ dvolG_(g) PG.(f)

Mt
=2 [“ar [ apr(Dopr(s)

=0cCy (pT(f>7pT(g))v (38)

°For any open set U C M, the localized algebra A(M;U) C A(M) is defined as the
smallest unital *-algebra such that for any f € D(U) (understood as a subset of D(M)) we
have ®(f) € A(M;U).
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where we have used that Kp is symmetric on Ss.c,(CT) when given the
L*(Cr,drdQ) inner product, that near r = 0 we have RG.(g) = O(r)
and that RG.(g) is spatially compact, i.e. there is an 7 > 0 such that

supp(RG.(9)[¢,) C{r <7}

Completely analogously to as in section [2.3] we can now construct an algebra
Br generated by elements W(F') for F' € S, . (Cr) satisfying

e V(aF +G)=aV(F)+ Y(G),
. U(F)* = U(F),
° [‘IJ(F)v\IJ(GH = iO-CT(F7 G)

The symplectomorphism pr induces a natural *-isomorphism ¢ : Ap — Br
via

vr(®(f)) = W(pr(f))- (39)

Note that while the dynamics of the theory is implemented in (the net struc-
ture of) Az, we cannot say the same for Br. The latter theory can only be
seen as dynamical by virtue of its bulk to boundary correspondence. However,
as we will see in section [3.I] we can also understand this dynamics in terms
of the family of algebras {Br : T' € R} and their relations.

Clearly, just as on Az, we can define quasi-free states on Br using the 2-point
function Ay : S, (Cr)* — C satisfying

e Reo Ap is a positive definite symmetric real bilinear map,
L4 _[m O AT — %O-CT7
o |oc, (F,G)]* < 4 p(F, F)Ar (G, G).

A two-point function Ay can be used to define a two-point function Ay on
D(MT) via
Ar(f,9) = Ar(pr(f), pr(9))- (40)

Reversely, given a two-point function A on D(M), we can give a formal
expression for Ar such that Ar = Alp(y,2 via

Ar(r, Qv Q) = 40,0, R(T, r)R(T, v YA(T, r,; T, ", Q). (41)

Here A(z; ') is the (formal) integration kernel of A (with respect to the volume
measure induced by the metric) and Ar(r, Q;7/, Q') the formal integration
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kernel of Ay (with respect to the (hypersurface) area element drd(2). This
relation can be derived from noting that for f, g € D(Mry)

A(f.9) = [, dvolof(@)A(x.g) = 0, (RAC.9)lcypr(D). (42

Of course this only holds if A(., g) is sufficiently regular. As also noted in Ref.
[2], the formal relation cannot be made precise for arbitrary distributions.
Luckily, we can make sense of this expression for Hadamard states. That is
to say, as we will see in section [3| to do this one needs an appropriate choice
of time-function in the definition of i

As was shown in Ref. [4], a two-point function Ay induces a Hadamard
two-point function Az on D(Mry) if it satisfies the characteristic micro-local
spectrum condition (cuSC):

« aWF' (M) =WF(\)c, =0,

. V[}/F’((g\t) N{((r, ), (0,&); (", Q),(0",&)) e T*(Cy x Cy) : 0 >0 or o >
0 =0,

where we identify T(j’Q)C’t ~ R x TgS?. Here we again point to appendix
[A] for the relevant definitions and notation regarding the wave front set.
Notably, these conditions do not fully fix the singular behaviour of A, i.e.
for two boundary two-point functions, Ay and N, satisfying the cuSC, their
difference Ay — N need not be smooth. This is contrast with what we know for
Hadamard two-point functions on the bulk. If we consider Ar and A/, their
difference A7 — A% has a smooth integral kernel on MZ2. However, this kernel
may generally not be extendible as a smooth function to M? (and hence may
not define a smooth function on C2% via equation (41])). Here lies the reason
that the cuSC on Ar doesn’t fix the singular behaviour, as this condition does
not guarantee that Ay can be extended as a Hadamard two-point function to
all of M, or at the very least to a neighbourhood of Cp. Physically, this has
as a consequence that for these states the expectation values of observables
such as the stress-energy tensor may blow up as one approaches Cr from
above. Contrastingly, suppose that Ay and A define two-point functions Ay
and A/ that can be extended as Hadamard bi-distributions to all of D(M),
we have in particular that

(AT - A/T) rC% (T’ Q’ r/’ Q,) = ltlfjr.‘l(AT - A’,T)(ta T, Qa t, rlv Q,) (43)

exists and is a smooth function. This in turn implies that

(Ar = Ap) (1, Qy7, ) = 40,00 RE' (Ar — Ap) [ e (r, 00", ) (44)
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is smooth. Hence Ar and A} have the same singular behaviour. It is this
class of boundary two-point functions that we shall refer to as characteristic
Hadamard two-point functions.

The characteristic Hadamard two-point functions shall be the main object of
study in section[3] Arguably the most immediate question is what the singular
behaviour, given for instance in terms of an asymptotic expansion analogous
to eq. , is for these states.lﬂ This question is relevant if one wants to
consider the semi-classical Einstein equations in terms of a characteristic
initial value problem. Here one considers some initial state on a characteristic
surface such that at least the stress-energy tensor is well-defined at this surface.
One method to determine this singular behaviour would be via an explicit
calculation of Ay from some global Hadamard two-point function A using .
This is done for the vacuum state of a massless field on Minkowski space-time
in Ref. [2]. However for general spherically symmetric space-times this can be
rather tedious, as it for instance requires us to know the behaviour of o, the
Synge world function, and of u in a neighbourhood of the null geodesics that
rule Cp. In this paper we take an alternative approach that, arguably, allows
us to determine the necessary singular behaviour of Ay from first principles.
We will see in section [3| that the main benefit of this approach is that it
automatically yields us a characteristic Hadamard parametriz hr, i.e. a bi-
distribution defined globally on C' such that for each characteristic Hadamard
function Ay the difference A\ — hp is smooth. As we will discuss in section
this yields a point splitting procedure to renormalize operators such as
the stress-energy tensor with some particularly nice behaviour (compared to
directly point splitting with regards to a Hadamard parametrix that is locally
constructed). In particular, this procedure generalizes the point-splitting
procedure on conformally flat space-times discussed in Ref. [22].

3 The characteristic Hadamard parametrix

The asymptotic expansion of Hadamard states in eq. allows one to locally
define (order N) Hadamard parametrices

Llu  $~om 2
Hy=— ——i—ZU”U"In(a cr+) : (45)

Q2
82 oy 1T

6In principle one could consider feeding eq. directly into eq. . However, this
would typically not give a globally defined parametrix, nor would the restriction of o to
C2, at least on a neighbourhood where it is defined, be a convenient object to work with.
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such that A — Hy has an 2N + 1 times continuously differentiable distri-
bution kernel, which modulo a C*¥*! contribution is uniquely determined
by requiring that Hy o (P ® 1) is 2N — 1 times continuously differentiable
and u(z, ) = 1.[| In particular, following Ref. [14], or for a more recent and
timely account, Ref. [23], one can use the defining relations of the Synge
world function

V,.oVto =20, o(z,z) =0, (46)

where the covariant derivatives are understood to act on the first coordinate,
to derive that Hy is a parametrix if u and v™ satisfy the following transport
equations

IV oV, In(u) + Do — 4 =0, (47)
1
00 + Vho (V“v(o) —00v, ln(u)) + §Pu =0, (48)
n n n 1 n
(1 2 4 9 (9,00 D9, ) + 5P <0,

Given u(z,z) = 1 this system of equations is uniquely solved on Cauchy
normal neighbourhoods, in particular we get © = v/A with A the van Vleck-
Morette determinant. Furthermore, it has been shown in Ref. [24] that the
functions u and v™, the latter of which are referred to as the Seeley-DeWitt
(or sometimes Hadamard) coefficients, are symmetricﬁ A further important
feature of these coefficients, and hence of Hy, is that they are locally covariant.
That is, for fixed mass m and curvature coupling &, u(x,2’) and v (z,2')
only depend on the geometry of a geodesically convex neighbourhood of x
and x’. This is why the order N Hadamard parametrices can be used to give
locally covariant definitions of non-linear observables for this quantum field
theory, such as the stress-energy tensor, via a point-splitting procedure (see

"Strictly speaking, these are not Hadamard parametrices in the sense of how we described
them in section [2.3] as the P acting on Hy generally does not yield a smooth function,
however for many purposes, especially when defining non-linear observables of finite order,
such an ‘approximate’ notion of a Hadamard parametrix is sufficient.

8TIn actual fact, there is some ambiguity in the choice of transport equations, or more
generally in the definition of the Seeley-deWitt coefficients. For instance, the function u
can in principle be modified freely by any O(o) contribution. However, for any Hadamard
parametrix Hy with the desired properties, these ambiguities only lead to 2N + 1-times
continuously differentiable differences in the definition and are hence often irrelevant. The
coefficients defined by the transport equations above are seen as the canonical choice,
though of course even in this case, the bi-distributions Hy still contain a further ambiguity
in the choice of reference scale a.
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Ref. [6]).

We wish to do an analogous computation to construct a characteristic
Hadamard parametrix in terms of functions that one can naturally define on
a characteristic hypersurface’] Recall that in order for the uSC to imply the
Hadamard condition for a bi-distribution, we need to impose a dynamical
requirement, i.e. that it satisfies the equation of motion up to a smooth
source, and that it is consistent with the (singular part of the) commutation
relation. Comparing this to the cuSC, the commutation relation can be
imposed at the boundary, and the dynamical requirement inside the bulk
is imposed via the bulk to boundary correspondence. However, we do not
have a dynamical requirement at the boundary itself, the bulk two-point
function need not satisfy the equation of motion at a point on the charac-
teristic boundary (or, as two-point functions are distributional, rather on
‘test functions’ that are non-zero at some boundary submanifold). Hence, in
order to derive the singular structure of characteristic Hadamard two-point
functions, we shall impose a condition on these boundary two-point functions
that is related to the equation of motion being satisfied at this boundary. We
implement this dynamical requirement on boundary two-point functions via
the evolution of these two-point functions over the family of characteristic
surfaces {Cy : t € R}, as outlined in the following section.

3.1 The dynamics of boundary two-point functions

Suppose that A is a Hadamard two-point function on M. Let \; be the family
of boundary two-point functions on C; such that

Alparyz = Ao = Ao (pr @ pr). (50)

For f,g € D(M,) we can always find a t' > ¢ such that f,g € D(My). This
means that A(f, g) = Av(f, g). In particular

aMi(f,9) = 0. (51)
Using the bulk to boundary correspondence, we find that this implies

0= 3:M(f.9) = Mpelf) e(9)) + N(pe(£): pi(9))) + Ne(pe (), 24(9))) =(0~ |
52

9For two points on a characteristic surface that are not placed on the same bicharac-
teristic, i.e. the null curves generated by the vectorfield e;, the functions o, v and v,
depend highly non-trivially on the surrounding geometry of the surface. We aim to find an
expansion describing the same singular behaviour that is more adapted to our characteristic
approach.
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Due to the fact that G.(f) has compact spatial support, we can integrate the
classical equation of motion to write

s £ ) = [ ds (Kip(1))(s. 2). (53)

r

Formally, we can use this to write down a dynamical equation for the integra-
tion kernel A\, (r, 2;r,€'), namely

Ml i, Q) + K, / ds \(s, 57, Q) + K / ds \(r, 25, 2) = 0, (54)
0 0

where K; should be interpreted as acting on the unprimed coordinates (and
be dependent on r) and K on the primed coordinates, and depending on 7/ H

On our class of spherically symmetric space-times with quasi-conformal
coordinates as given in Sec. 4] we now wish to find a family of bi-distributions
hy on S, (Cy) that satisfy the cuSC, the commutation relation and such that

ilt + ht o (Ot ® 1) + h/t o (1 ® Ot) = _4St7 (55)

for some family of functions S; € £(M?) [c2 smooth in ¢ and where the map
Oy : S,.0.(Cy) — C°°(Cy) is given by

0N Q) = [ ds (Kuf)(5,9) (56)

r

Given some fixed T, we now consider a bulk two-point function Ay = Ar o
(pr ® pr) such that its corresponding boundary two-point function satisfies

Ar = hp + 40,8 RR wr, (57)

with
wr € E(M?)[¢z. (58)
This bulk two-point function Ar defines a family of boundary two point
functions {\}s>7, via the state induced on B; = A; C Ap. We now claim

that
A — hi € 0,00 RR'E(M?)] 2, (59)

and hence we can find a w; € E(M?)[¢z with

1

wy(r, Q' Q) = 1RR

/T ds / ds' O — he)(s,:6,9Q). (60)
0 0

10Gee appendix |B| for a derivation of this equation.
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In particular, such a w; should satisfy
((9t3rarr + Ktaw + K;@T) RR/wt = St. (61)

Indeed, given a w; satisfying equation for t > T, with wr determined
from Ap, then we can see that the family A\, = h; + 40,0 RR'w; satisfies
ON(f,g) =0 for any f, g € D(M;). Now we can easily conclude that

The question that remains, is whether eq. indeed has smooth solutions.
To show this, we write

¢
wi(r, 1", Q) = wyr —|—/ ds Fy o(r, ;1" Q), (63)
T

where for t > T

(0,0,0, + K100 + K;0,) RR'wy = 0, (64)
and fort >s>T
(0,0,0, + K0, + K|9,) RR'F, 5 = 0, (65)
such that
limwi, = wr, (66)
and . . y
lim Fyy = = /O dr /0 dr'S,. (67)

For this latter boundary condition, it is important to note that ﬁ Jo dr [ "dr'S,,
as well as all of its derivatives in r and r’, can be continuously extended to
r=0and " =0.

For ¢t > s > T, both wy 7 and F} 5 exist and are smooth, as they can be
given as restrictions to C? of the (smooth) integral kernel of

&0 & / / / / / A /
4/0 dr/S2dQ/O dr /SQdQ pT(f)(r,Q)pT(g)(r,Q)&T&/RRwT(r,Q,r,(é;)),

and

4/000 dr/sz dQ/OOO dr’ [ 49 p () Q)pul9)(r, ) S,(r, %’ ), (69)
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respectivelym To show that w; exists and is smooth, we first note that F, ; is
continuous as a function of s. After all, we have that d,F} ; is the restriction
to C? of the integration kernel of

[T [ [Tar [ a0 o (1) 0 (0) 0", 9)x

[Ss(r, Q' Q) + K/T dr Sy(r,Q;r", Q) + K’ /r dr’ Ss(r, Q4 r, Q)| .
0 0
(70)

Therefore, as 0 F; s exists as a smooth function of (r,€2; 7', §Y) for all s < ¢,
we know that F}, as well as all its derivatives in r, r’, 2 and ', are contin-
uous as a function of s. Furthermore, as both Fi; and F; 1 exist as smooth
functions on C?, then for all fixed (r,Q; 1/, Q), we know that F;, is bounded
on s € [T, t] and hence (Riemann) integrable. Hence we know that w; exists
and that furthermore, by the Leibniz integral rule, we know that w, is smooth.

To construct a characteristic Hadamard parametrix satisfying the dynamical
condition in the same vain as how one could construct Hy, we wish
to make an Ansatz about the form of h;. To understand which Ansatz to
make, it is helpful to consider a simple class of space-times and quantum
field theories on which the full singular structure of characteristic Hadamard
states is known explicitly.

A relevant example: the conformal vacuum

On a conformally flat spherically symmetric space-time (i.e. a = 0), we
consider a massless conformally coupled scalar field (m =0, £ = %) For such
a theory we can define the conformal vacuum state (see for instance Ref. [22])
via

At r, Q¢ r' Q) =

L exp(—ﬁ(t, T) — ﬁ(t,7 T")) (71)
42 | —(t —t)2 = 2(t — ' —i0%)(r — " —i0F) + 2r1/(1 — cos(f)) |’

UThat these integral kernels are smooth, can be seen from simple analogues to the
proof of theorem 5.3 in Ref. [4], where in this case we have for the initial data that
WF' (0,0 RR'wy) = WF'(Ss) = 0.
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where 6 is the relative angle between € and Q[ Notably on Minkowski
space-time this just matches the Minkowski vacuum state
!/ / / 1
A(t,r, 5t " Q) = : (73)

o 2
8méo

Doing a calculation completely analogous to the derivation of eq. (B.53) in
Ref. |2, we see that the conformal vacuum boundary two-point functions are
given by
-1 952(Q, Q)
Me(r, Q' Q) = — ’ .
o 4, ) 7w (r—r —i0t+)?2
Fur such a boundary two-point function, one can indeed show that eq.
holds.

(74)

3.2 An Ansatz for the singular behaviour of character-
istic Hadamard states

If we consider an arbitrary scalar field on a non-conformally flat space-time,
the two-point functions of eq. still satisfies the cuSC and is has an
imaginary part that yields the correct commutation relations. Hence, it
defines a Hadamard two-point functions A; on M;. In fact, for states of this
form this was already proven in Ref. [8]. If we calculate 0;A; for this family
of states (see Appendix , we find that

0N f,9) =~ [ Ardra p(£)(r Do) DR (), (75)

12Note that the time-function that is chosen here to regularize the integral kernel of this
state is given by T = r + ¢, which is indeed time-like as

g(VT,VT) =—exp(—285). (72)

This temporal function is chosen such that in the calculation of A;, one need not worry
about time-splitting, i.e. doing the calculation on C; x Ciio+, in order for to yield
a well-defined distribution. When one simply chooses 7 = ¢, the calculation of A; would
yield an expression for the integration kernel where integrals diverge in the limit ¢ | 0.
This technicality is discussed in Ref. [2].
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with

2ol = RNV )~ ANV )

L TRV () + 1 exp@A(r)V ()

(76)

GETE

In particular, we see that the boundary integral kernel of 0;A; is singular,
as it contains a dg2-like behaviour.ﬁ Aside from this singular behaviour in
the angular coordinates, we can see that for smooth space-times, nﬁ‘” is in
fact smooth at 7 =7’ > 0 (or rather has a unique smooth extension to this
submanifold). That being said, in general this x(*) still diverges near r = 0
or ' = 0. We wish to use eq. as the leading order singularity in our
Ansatz, so we will need to find additional lower order singular terms to ensure
that J;A; has a smooth boundary integral kernel. Analogous to the bulk
Hadamard expansion, we make the following Ansatz,

1 6(Q,Q)

A(r, ' Q) = —
t(ru T ) T (T’—T,—i0+)

1 N
5+ ﬁarar/R(t,r)R(t,r’))\t(r, Q' Q)

(77)
with

(78)

- (1 —cosb
)\t—wt—i-vtln(RR( cos )>

a?

Here we assume that w;, v, € £(M?) [z Note that the logarithmic diver-
gences precisely coincide with pairs of points on C; that are located on a
bicharacteristic. This is why it is reasonable to expect that these logarithmic
divergences match those of A when restricted to C?, i.e. that v; is related
to the Hadamard coefficients {v(™ : n € N}. We will verify this explicitly in
section [ If we consider purely our dynamical conditions on characteristic
Hadamard states, the appearance of these logarithmic divergences is also

13At first glance it may seem surprising that there are no terms containing Aqgdge
appearing in this distribution. After all, the operator K contains a term involving the
operator Aqg. However, as we see in Appendix [Bl this term indeed vanishes upon close
inspection. The fact that this term does not contribute for a relatively simple two-point
function, is a feature of our chosen of coordinates. For more general forms of the metric,
one sees that the leading order singular term of the characteristic Hadamard expansion
has to be modified into a more complicated form to get the same result.
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natural, as here we see that
AqIn(l — cosf) = 4mdg2(Q2, Q') — 1. (79)

It is this relation that allows us to cancel all singularities appearing in 9;A;
when v; is chosen such that it satisfies certain transport equations.

3.3 The transport equations for the characteristic
Hadamard coefficients

Similarly to the bulk Hadamard states, v; should be state-independent and
geometrical. That means in particular that it should respect the symmetries
of the space-time, which enables us to formally expand v; as

v (r, ' Q) = 3" ol (1) (1 = cos ). (80)
n=0

In principle, we don’t know a priori if this expansion is absolutely convergent,
but at least one can interpret this as an asymptotic expansion. Notably,
unlike the asymptotic expansion in eq. , this expansion is unique.ﬂ We

shall refer to vt(") as the characteristic Hadamard coefficients.

14Recall our comment on the ambiguity of v(") in footnote

110



This expansion allows us to rewrite the condition 9;A; = 0 as
~ 1 R ~ R -
0 :aTawatRRl)\t - *AQ [&xR’At + 87~R)\t‘|
9 r2 2

- ; (exp(28)V — 0, exp(20)0, ) RO, RN,
+ (exp(26/)\~// — Oy exp(2a/)(9r,) R/@«th}
+ 27Tl€§0)552

R/
=2 </i(0) — QTIQ&th(O)) dg2+

0o /
> (n+1)*(1 = cos0)" In(a 2 RR/(1 — cos0) ) |y — 27{18er§”+”
n=0

1 n
+ (1= cos )" [MatRR’ﬁTaT,RR'vt‘ )
+ 0,((8,R) (0, Rv™ — RR'8,0,0™)
R (n) (n1)
+ EE)TR ((Qn + Do —4(n+ 1)y, )
R n) 2, (n+1)
+ 5 (0:R) (n(n+ D = 2(n+ 1))

+ (eXp(Zﬁ)f/ — O, exp(2a)8r) ROy R)o™

— 8, exp(20) (8, R) 0, R'v\™ — w}f) exp(ZOz)&R@r/R’vt(”)}

+ (atarar’ + Ktar’ + Kf{ar>RR/U~)t + (T < Tl)? (81)
with
n 1 /7 (n v, / (n
M = 7 {atarar,RR o™ + (exp(28)V — 8, exp(20)3, ) ROy Rvf™
+ (n+ 1)n}?28¢Rv§”)] + (r < 1r'). (82)
r

We can read off the transport equation
R R n n
[Tz(%R' + TQ&R] o™ = k™, (83)

which has the unique solution (demanding vﬁ”) to be finite at » = 0 and

" =0)

N2 roo RGO (P
Ugn) (T, 7“/) — (TT ) / ( (1+rs 1+7r s)
0

. 4
RE T+ rs)2(1 1 r's) (84)
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We arrive at the conclusion that for characteristic Hadamard states, the
asymptotic expansion of v; is uniquely determined by the geometry near the
lightcone C;. The remaining smooth part w; is state-dependent and satisfies
the dynamical equation

(8,587»87«/ + Kt&/ + Ké@T)RR/wt = St (85)
with

1 1 / ; (n
Si=—5 20~ cose)”[RR,atRR 0,0, RR'v{"

+ 0, ((0,R) (9 R)0" — RR'0,0,0/")

'R/ n n
+ ﬁ&R ((2n + 1)y, ) 4(n + 1)v§ H))

R n n
+ ﬁ((?TR) (n(n + D™ = 2(n + 1)%] H))

+ (9 R) (exp(28)V — 0, exp(20), ) Ru;™

_ ;(& R) exp(20), 8, RR'0{™)

— 9, exp(20) (8, R)8, R'v™)

+ (r < r’)} (86)

Note that S; is independent of the reference scale a introduced in the logarith-
mic part of the two-point function. Hence one sees that for each Hadamard
distribution where the smooth part w; satisfies Eq. , one directly finds
a whole family of Hadamard bi-solutions parameterized by a. However, it
should be noted that these distributions in general do not define a two-point
function, as for arbitrary reference scale a this map may not be positive
semi-definite.

For general space-times and couplings the source term above is somewhat
unwieldy. It is likely not possible to write it in a closed form, or even find a
comprehensive formula for each term in the expansion. Luckily, calculating
the expansion of the source-term above to some finite order is still useful
when wanting to calculate certain coincidence limits of wy, as discussed in Sec.
Bl Nevertheless, in some simple cases we can find formulas for the terms in
the expansion to arbitrary order, for which we shall give a non-trivial example
of below.
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3.4 Example: the massive field on Minkowski space-
time

On Minkowski space-time, i.e. a = = 0, we consider a scalar field with mass
m. In particular, this means that V = m?. For quasi-free states satisfying

the Ansatz (77)) we find that
(0) m2 1 1
Ky = ( + ) : (87)

This implies that v\* = %2 = v where v(® is the Seeley-DeWitt coefficient
given by the transport equations from the beginning of this section. This
is a good first indication that our findings are consistent with the known
expansion of the Hadamard singularity. More generally, using also that our

space-time is time-translation invariant, we see that our recurrence relation

given by and simplify to

(n+1) _ 1 2 2 2 2 (n)
Ry = W ((m — 8,,)&/ + (m — 8T,)8r> T?”,Ut
+n(n+1) (18 r+ i@ ) rr/v™ (88)
T‘2 T T‘,Q T )
1 1 n n
deﬂ/ + 7”/267} o™ = k™. (89)
Making the further Ansatz
2
o =, (mPrr), (90)
we calculate
2
(n+1) _ M Gn 2 \ntl (1 1) 91
" 22(n+1)(mr'r) r+r’ ’ (91)

and see that the recurrence relation reduces to

Qp—1
n — y 92
¢ 2(n+1)n (92)
hence 1
(93)

= onnln 1)
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In fact, we can use the dynamical equation (85 to (almost fully) specify
the smooth part of the vacuum state. We note that for the source term .S; we
have

2n +3
2ntnl(n +2)1

Sy = <i + 1) m* i(mzrr/)"ﬂ(l —cosf)" (94)

) 2 =
The vacuum state ought to be invariant under continuous Poincaré transfor-
mations. This means in particular that in the bulk two-point function the
only dependence on space-time points enters via the Synge world function
o and (time)-orientation, where the latter is of particular relevance in the
commutator. The Hadamard coefficients v\™ found above define a (bulk)
Hadamard parametrix that indeed respects these symmetries. This means
that the smooth part of the two-point function ought to do the same. There-
fore the function w; is a function of o [c2 = r1'(1 — cos ), hence we make the

Ansatz
m2 0

W= - > by (mPrr' (1 — cos6))", (95)
n=0

we find that yields

2 00
(1 + 1) m- Z(m%r’)”“(l — cos 0)"71;1(1971 —2(n+1)(n+2)by11) = Sy,

ror) 2 =
(96)
from which one can deduce the relation
by, 2n+ 3
b1 = (97)

Gt (n+2) "MmrDn+2)

Note that this system of equations needs an initial condition on by to be
uniquely solvable. We can then express all coefficients b,, in terms of by,

1 25+ 1 1 n
; = bp —2H > ;
2”n'(n+ Z_: (j+1) 2nnl(n 4+ 1)! < 0 [n]+n+1
(98)
where H[n| = ;‘:1% are the harmonic numbers. Using the convention

H[0] = 0, we can now write down the full 2-point function of the massive
vacuum state

1

oo+ St () -+ )

where we have absorbed the unknown b, in to the reference scale a. Recalling
the remark made below Eq. , the reference scale a still needs to be fixed

, (99)
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to a particular value such that the bi-distribution above defines a positive
semi-definite two-point function. One can show that the expression above
can be written in terms of modified Bessel functions. Let F. = K| +cl; €
E(Rsp), with I; and K; modified Bessel functions of the first and second kind
respectively and ¢ € R an a priori free parameter, such that F, solves the
modified Bessel equation

2?02F,(z) + 20, F.(v) — (v* + 1) F.(x) = 0. (100)

We can now rewrite the expression for A,, above as
m
412\ 20+
where using the known expansions for the modified Bessel functions for x | 0

(see Ref. |25, p. 375])

Am = FC(m 20+)7 (101)

I(z) = ;x + O(z?), (102)
and
Ki(z) = i + L) In(z) + 2= 11(4) Lo, (103)

where v is the Euler-Masceroni constant, we can relate

1 2y—1,,,2

Of course the two-point function of the proper Minkowski vacuum state is
well known, and exactly matches the case where ¢ = 0, or a? = w To
show that this is indeed the unique choice for ¢ such that A,, is positive
semi-definite, we rely on an argument involving the behaviour of the two-point

function at large space-like separation. Write
Ay = Ao+ W, (105)

where
m

472/ 20+

the proper vacuum state two-point function and W € £(M x M) given by

Am,O = K1<m 20'+> (106)

m
47220

Due to the exponential decay of K;(x) as x — oo, we know that A,, o satisfies
the cluster decomposition property (see Ref. [26]). Let f,¢g € D(R*) and
Tv : D(M) — D(M) a translation map for a space-like vector v given by

va(x) = f(X - V)v (108)

I (mv20). (107)
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where we have identified points on Minkowski space with fourvectors. The
cluster decomposition property for this Poincare invariant two-point functions
tells us that

Sli)rglo Am,O(f + Tsvd, f + 7—svg) = Am,O(f7 f) + Am,()(g7 g) (109)

I (z) on the other hand is known to exponentially diverge (to positive infinity)
for v — oo. If we therefore choose f € D(M) such that f > 0 and f &
PD(M), one easily sees that for each B > 0 there is an d > 0 such that for
s>d

W(f,7svf) > B. (110)
Therefore for ¢ # 0,

An(f —etonf, [ — cTov f) = —00 as s — 0. (111)

we conclude that ¢ = 0 is the only possible choice to yield a positive definite
two-point function. Hence, using our methods, we regain the expanded form
of the vacuum two-point function for the massive scalar field on Minkowski
space-time

1 m > o)" e tm2o, n
A, = — Inf —— | —2H .
82 o, = 2 Z2”n'n+1) <n< 2 [n]+n+1

(112)

The state studied above is arguably very elementary and well understood,
therefore this construction does not really reveal anything new about the
massive vacuum state. Nevertheless, it acts as a good consistency check for
the methods we have introduced. In the next section, we will show that the
characteristic Hadamard parametrix

-1 d52(92,Y)
7w (r—r —i0+)?2

1
B, = + 53000 RRv n(a 2RR/(1 - cosh)), (113)

although not a locally covariant object, can be a very useful tool when
calculating the expectation values of non-linear observables, especially the
stress-energy tensor.

4 Wick squares, the stress-energy tensor and
all that

We shall now discuss how to use the characteristic parametrix defined in
Section [3| to calculate expectation values of renormalized locally covariant
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non-linear observables such as Wick squares and the stress-energy tensor
for a two-point function A\; on the boundary C;. Naively, one might define
non-linear observables by point-splitting A; and subtracting the characteristic
parametrix. However, such a procedure generally does not yield a locally
covariant renormalization scheme. Instead we require that our observables
are defined via a locally covariant renormalization scheme as described in [6].
In particular, the observables are constructed via a point-splitting procedure
where a locally covariant Hadamard parametrix H is subtracted. Here we also
take note of the finite renormalization ambiguity due to the non-uniqueness
of this prescription.ﬁ We start by calculating a simple Wick square (: ®? :),
which for a bulk two-point function A is defined as

(@ Ha(z) = lim (A — H)(2',7) + eym® + coR(z), (114)
' —x
where ¢, ¢y € R denote the renormalization ambiguities (depending analyti-
cally on &). If we formally restrict a Hadamard two-point function A to C?,
we now know that

. I ON 1 exp(—ﬁ(t, T) — 5(t7 T,))
A(t,r, Q5,1 Q) = 872 [i07 (r — 17 — 10%) + r7(1 — cos(8))

+ vy(r, Q; 7", ) In (a72RR/(1 — Cos 0))
—i—wt(r,Q;r’,Q’)], (115)

where we recognise the leading order term as the conformal vacuum 2-point
function restricted to the cone. We can now use this to rewrite the Wick
square as

87r2<: o? Ia(t,r, Q) =w(r,Q;r, Q)

. 1 u(t,r,Q;t,r, Q')
+ lim -
-0 R?(1 —cos(0))  o(t,r,Qt,r, Q)
. (0) 2201
+ Qlflingvt (r,r)In (a R*(1 — cos 8))
_ U(O) (t, T, Q’ t, T, QI) In (afza(t, r, Qy t? T, Q,))
+ 872 (clm2 + A (¢, 7, Q)) . (116)

'5In the case of the stress-energy tensor some of this ambiguity is fixed by additional
requirements, such as divergencelessness. See Ref. [27].
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To show that this is indeed finite, let us first observe that
1
a(t,r,Qt,r, Q) =[030](1 — cos ) + 6 ([630] + [8920]) (1 — cosf)?

+ O((1 — cos)?)
=R*(1 — cosf) (117)

+ 232(1 (0. R)(exp(20)(1 + 0,8) — 2r9,8))(1 — cos 0)?
+ O((1 — cos)?), (118)
and
u(t,r, Qt,r, ) =[u] + [05u](1 — cos ) + O((1 — cos §)?)
=1+ i(dQ)‘“’RW(l —cosf) +O((1 —cos6)?), (119)

12
where we have used the square bracket notation [...] to denote the coincidence
limit of a biscalars (see Ref. [28]). It follows that
. / 4 2 2
lim 1 o U(t, T, Qv ta T Y/ ) — [890-] + [800] o [891’6]’ (120)
- R?(1 —cos(0))  o(t,r,Qt,r, Q) 6R* R?

which is indeed finite.

Turning our attention to the logarithmic divergences, we want to show
that [v§°)] = [v(©)], which we’ve already seen to hold for the massive field on
Minkowski space-time. Indeed, if we expand the transport equation in
powers of (1’ — r), equating lowest order terms gives

8, R* v\ = r?[V] = ; (aTRi’f/ + 7;@3 exp(2a)> . (121)
Using relation for V, this differential equation reduces to

0. R[] = 0. (m*+ (e~ é) ®) =R, (122)
which indeed asserts that [v{”] = [v(©)].

Putting this all together, we can finalize our computation of (: ®2 :), which
gives

(@2 ale, = 8;[%] + Qoe. (123)

with
(1 — 6[03u])[0F0] + [00]

Qa2 = 18720802 + renormalization freedom
1 1
2
=cim” + (CQ - 2887‘(2> R — @C[GO, €1, €0, 61]. (124)
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Here C is the Weyl tensor. It should be noted that while Qg2 contains
the locally covariant renormalization ambiguity, it is not as a whole locally
covariant. In particular, the contribution

Cleo, €1, €0, €1] = —31R2 (1 — exp(2a) + 10, exp(2ar) — ;7283 exp(2a)
(125)

is a quantity associated with the local null tetrad depending on the chosen
lightcone. Of course [wy] is also not a locally covariant quantity, as it is
defined by subtracting the characteristic parametrix from \;. As we have
defined (: ®? :) such that it as a whole is locally covariant, we will refer to
Qo2 as the covariance correction term.

As we will encounter the following terms in the stress-energy tensor, we
will also calculate the covariance correction terms for

1
<: (9T(I>(()T(I> :> = @[&,&/wt] + Q(&@)?) (126)

and ]
(IVa®|z ) = 2=

872

which are calculated analogously to Qg2 m We get

Ry (m? + (€ = §) R) 1

[VQ : vﬂ'wt] + Q|WQ¢H§2’ (127)

8
__ _ IV, V, R R“RT—RW%)
Qoo 0672 288072 ( VeV B R =
1
+m ( - 6vavﬁoozrﬂr - 6vrvrc[607 €1, €o, 61]
+ (TRyy = (Ve co)s(e0)s)Cleo, 1, €0, 1]
+ renormalisation freedom (128)

16To ease these calculations, we used the xAct packages for Mathematica (see Ref. [29]).
The notebooks involving these calculations can be made available upon request.
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and
uv
Qivaalz, = (49°)" x

(_R#u(m2+(£—é)%) 1 <2VHV£R+R“R —SRufﬁ))
v S Ray v

9672 288072 3
2 1
 J (% L 54;6552 ) _ 172&1;07r2 (6" Rans =9 - 6RaﬂRa6))
+ 288107r2 (—6VQVBCQ#5V — 6V, V,Cleo, e1, €0, €1] + TR, Cleo, €1, e, 61])
+9&1)7T29W (D +20m? + (105 - 2) R — 18C[e, 1, €0, €1]
+ 5R]eq, €1, €9, €1] — 6R2) Cleo, €1, €o, 61]]
+ renormalisation freedom (129)

4.1 The stress-energy tensor

Classically, the stress energy tensor T of a linear scalar field (as defined for
instance in Ref. [30]) is (in terms of its components) given by

1 1
T/u/ :vu¢vu¢ - ig;vaqsqub - ig;wmQQbQ
1
+& R/w - iguug{ - V,uvu + g,w/D ¢2' (130)

This object is of main interest in the context of the (classical) Einstein
equations

1
R, — ig#,,iﬁ = 87T (131)
Similarly, a quantum stress-energy tensor : T :, which for general quantum

field theories is related to their relative Cauchy evolution as given in Ref. [31],
can be used to write down the semi-classical Einstein equations

1
R, — ig#,,% =8n(: T 1), (132)

which dynamically couples a quantum field to a background geometry. The
solution of such an equation is then given by a (globally hyperbolic) space-
time M and a state w on A(M) such that (: T),, :) is evaluated in w. The
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classical stress-energy tensor is divergenceless, and for the semi-classical
Einstein equations to be consistent, this also needs to hold for the quantum
stress-energy tensor,

V(T 1) =0. (133)

Following the analysis in Ref. [9], we can see that on our class of spherically
symmetric space-times there are only two functionally independent compo-
nents of the stress-energy tensor, that is assuming that (: T :) is smoothly
defined on the entire space-time (which is the case if it is evaluated for a
Hadamard state). Using our null tetrad introduced in Section these
independent components are (: T :)[eg, ;] and (: T :)[e1, e1]. Classically these
correspond to

Tleg,e1] =5 3 exp(-26) (5V30% — 9930 + Jm?e?

1
+ebelt [Ru = S0uR =V, +gu0] % (134
and

Tler, e1] =exp(—4p) (;83 ? - ¢3f¢>

1
+ el {RW — §9w/% -V,V, + gWD} 2. (135)

In principle : T : is given in terms of Wick squares : ®? : and : ®V,V,® :,
and hence can be renormalized using a point-splitting procedure. However,
not every renormalization scheme results in a stress-energy tensor that is
divergenceless. Luckily, one can always transform a (locally covariant) renor-
malization scheme for the stress-energy tensor into a divergenceless definition
by making use of the renormalization freedom of locally covariant Wick
squares. Following Ref. [27], or a more recent review in Ref. [23], if we denote
the stress-energy tensor regularized by point-splitting and subtracting the
Hadamard parametrix H by T**®, the divergenceless quantum stress-energy
tensor is given by

|
(T ) = (T79) + g D+ dy KO + dy K2 + dym? (R,W _ qu,,i)f{) dym* g,

(136)
with D the divergence correction
1
= 2 el “ -2 af o 1 — 22
576%2( RPO Ry 5 — 2R Ros + 5(1 — 66)°R
+12(1 — 56)0R — 60m?(1 — 6£)R + 180m4>, (137)
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K@ the conserved locally covariant geometric tensors of mass dimension 4

2 1
KV =—20R,, + 3VeViR+ 29, OR

nv
4 1
— 4Rup R + g, Rag RP + ngW -3 9w, (138)
1
K2 =2V, V, R — 29,,0R — 28R, + igw,%2, (139)

and d; the remaining renormalization freedom[T]
We want to express (: T :)[eg, e1] and (: T :)[eq, e;] on a characteristic surface

Cy in terms of the regularized boundary two-point function w;, going through
the same procedure as for the Wick squares, we find that

1 1 1= - 1
Tleo, 1] = (2 exp(~29) (5 Vlwr] - (Vhwi]) + 5m?fw

1
+ egeré {Ruu — 9w = ViV + g’“’D} [wt]>

+ Q[eo, e1], (140)
and
1 1 5 9
Tler,e1] =5 5 | exp(=45) (5020w] — PFw)
1

kel [ R = SR = V¥, + gl [wt]>

+ Qrles, e1], (141)
where

Qrleo, e1] = ! exp(—205)Qaonge + ;?712@@2

22

1
+ 68611/5 R/W - 59;“/% - V,uvu + g,ul/D Qa2
—D+rf, (142)

1"When (: T :) is used as a source in the semi-classical Einstein equations, one can absorb
ds and dy into a redefinition of Newtons constant and an introduction of the Cosmological
constant respectively. See Ref. [27].
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and
1
QT[€1,€1] ZGXP(—‘W) <283Q<I>2 - beazcb)
1
+f#d’[Rmf—2%wmf—vuvy+thj]Q¢m+ﬁfw (143)

with 7. f. the residual renormalization freedom. Generally the correction terms

Qrleo, e1] and Qrley, e1] contain second or higher order derivatives in ¢ of

the functions a and 5. However, in the case of conformal coupling (£ = ¢),

we can actually choose our renormalization freedom such that these terms do

not appear. Setting
1

dy = ——— 144
27 1728072’ (144)
and using the tensor H, defined in Ref. [32] as
o 2 1 op 1.5
H,, =—R /"R + §9%RW + §R Ropgu — ZER G (145)
we find
1 m? m*
QT[eo,el] :WH[e()u 61] - 967(;[60,61] + @g[eoa 61]
@™ 1, .
+m g (—6V VﬁC’aug,, + (4VHVV — SRW)C[eO, €1, €, 61])
8 1
+gl“/ <3|:| + 69{ — 180[60, €1, €, 61]
+5R[607 €1, €o, 61] - 6R2) 0[607 €1, €o, 61]]
+r.f., (146)
and
1 m?2
QT[€1,€1] :WH[Q, 61] - WR[ebel]

1
+28807T26TQT< - 6vav/80a#67/ + 4V,U«VZ/C[607 €1, €o, el]

——@RW44%V¢ﬁf@@#@@»0kmeh%¢ﬂ)
+r.f. (147)

As mentioned above, if the state on which we are evaluating the stress-energy
tensor is rotationally invariant, we can calculate all other components of the
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stress-tensor from these two. Given conformal coupling, we can use the fact
that for this renormalization choice, the trace of the stress-energy tensor
(involving the trace anomaly as found in Ref. [33]) can be calculated to be

m* 1

+

TN =g (T, ) =—m2(:d?:

(R Ragys — R* Rag)

(148)
This gives us

(g"(: T 1) +2(: Tleg,ea] 1)) . (149)

N | —

<Z T[GQ,BQ] I> = <Z T[Gg,eg] I> =
To find (: Tleq, o] :) we use the divergenceless of (: T :). In particular we use

(: T )VH el = 0"V ue (- Tes, €q] 1), (150)

where we note that

Ve, = 2170 (exp(?a) (roya — 1) e e,”) — (exp(2a) (18,8 + 1) — 218, 3) g’“’) :

(151)
This allows us to write down
0, R*(: Tleo, 0] 1) = — R*exp(28)(: T, Ve,
— O R? exp(283)(: T[eq, e1] 3
1
+ §3TR2 exp(2(a+ B8))(: Tleo, e1] 3, (152)

So indeed given that we know (: T[eg,e1] :) and (: T :) on some time
interval, we can determine (: T[eg, eo] :) (given that our geometry and state
is sufficiently regular at » = 0). Note that in the massless conformally flat
limit we recover exactly the results from Ref. [32].

5 An application: the response of non-linear
observables to gravitational collapse

As was first shown in Ref. [34], a black hole background gives rise to a particle
production process for the quantum fields propagating on it. That is to say,
for an asymptotically flat astrophysical black hole space-time, given that near
asymptotic past null infinity the field is in the vacuum state (see Ref. [5]
where this notion is made precise), an observer far away from the black hole
will at late times observe thermal radiation coming from the direction of the
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black hole[!] Such outgoing radiation carries away energy to infinity and,
under some assumptions (see e.g. Ref. [37]), one can show that if the black
hole background satisfies the semi-classical Einstein equations, this means
that the black hole effectively loses mass, i.e. it has a shrinking apparent
horizon. This effect is known as black hole evaporation. If this effect continues
until the horizon hits a black hole singularity, this gives rise to a number
of conceptual issues that are often referred to as the information loss para-
doz[™] Tt should be noted that calculations on Hawking radiation observed
at asymptotic infinity are of limited use when it comes to understanding the
dynamics of semi-classical black hole formation and evaporation. One would
like to know where and when Hawking radiation (which includes both the
late time thermal radiation as well as all other modes that one could observe
at asymptotic future null infinity) is produced. Certainly its origin can be
traced back to the gravitational collapse that ought to have formed a black
hole, but in order to understand what the local backreaction of Hawking
radiation is on the geometry as a whole, one needs to be able to locally
calculate the stress-energy tensor of the quantum field, especially around the

18 As is well known, for an eventually stationary black hole, this late time radiation
should be at the Hawking temperature

K

Ty = —
H 27_[_7

(153)
with x the surface gravity at the event horizon. In the context of black hole thermodynamics
this temperature is associated to the black hole itself (see Ref. [27]), and in fact one can
assign a similar temperature to any system with a bifurcate Killing horizon (see Ref. [2]). In
the case of the particle creation process mentioned above, the thermality of the radiation at
late times can be related to the scaling limit of Hadamard states near the event-horizon of
the black hole via a gravitation redshift effect (see Ref. [35] where this is made precise). In
fact, even for black holes that are not asymptotically static, one can generalise these ideas
with respect to the scaling limit near the apparent horizon of a black hole (see Ref. [36]).
As a consequence of these scaling limit arguments, one sees that the thermal behaviour is
universal for any initial state, i.e. not just the asymptotic vacuum state, as long as it is
Hadamard.

9Information loss in this case means that for quantum fields on space-times with fully
evaporating black holes, one expects that a final state (i.e. the state near future asymptotic
infinity) has less information content (i.e. is less pure) than the initial state. This is at
odds with the often held view that a fundamental theory of nature should be unitary and
hence information loss ought not to occur in a theory underlying semi-classical gravity, i.e.
quantum gravity (see Ref. [38]). This stance is not uncontroversial, as one can also take
the point of view that information loss is just part of life (see Ref. [39]). These conceptual
points aside, space-times of this sort also lead to more technical problems, as it is unclear
if quantum field theories on space-times with such causal defects as the naked singularity
produced at the end of evaporation even admit sensible states in the first place (see Ref.
10)).
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collapsing body. Analytic calculations are available in two-dimensional toy
models (see Ref. [41]), but there is no guarantee that these results carry over
to more realistic (four dimensional) models. We should also take note of
numerical approaches to calculating the expectation values of locally covariant
non-linear observables for quantum fields on black hole space-times, such
as the methods described in Ref. [42] and in Ref. [43], as well as a lattice
approach to semi-classical gravity recently proposed in Ref. [44]. However, in
the former two approaches a full analysis of the stress-tensor of a quantum
field on a dynamical black hole has, to the knowledge of the authors, not yet
been carried out to satisfactory degree, while in the latter approach we feel
some additional work is required to ensure that the stress tensor calculated
using this method is (approximately) locally covariant in the relevant regimes.

As an application of our characteristic approach to Hadamard states and
the calculation of non-linear observables, we shall demonstrate how one can
use these methods to calculate non-linear observables of Hawking radiation
produced in a simple collapse model as an expansion in the black hole mass.
In particular, we shall look at the response of the wick square : ®2 : for a
massless scalar field in the past asymptotic vacuum state, to the collapse of
a thin shell of null dust. We shall also comment on how these methods can
be generalized to calculate more involved non-linear observables on arbitrary
(spherically symmetric) gravitational collapse space-times, though explicit
calculations on these we shall leave for a future publication. Here it should
be noted that, as the space-time associated with null shell collapse is not
smooth and hence one has to be careful when applying results developed
for smooth space-times. Nevertheless, we deem these calculations to be a
promising starting point of an investigation to gain a better understanding of
semi-classical black hole formation and evaporation.

We consider a massless scalar field ® : D(M) — A(M), with M a black hole
space-time formed by collapsing null dust with a Schwarzschild radius R, @
Such a space-time is described by the ingoing Vaidya metric

ds? = — (1 _ W) dv? + 2dRdv + deQ2, (154)

r

2ONote that since the Ricci scalar of a Vaidya space-time vanishes, the dynamics of
the theory and the expectation values of wick squares evaluated for the past asymptotic
vacuum state are independent of £. In principle one could also consider a massive theory,
however for such a quantum field the past asymptotic vacuum state has a more complicated
form (see Sec. , and hence we shall not consider that state here.
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where ¥ is the Heaviside step function (see Ref. [45]) Y] We would like to bring
this metric in quasi-conformal form (i.e. in the form of eq. ), which are in
particular outgoing coordinates. Typically, it may not be possible to cover
the full space-time with a quasi-conformal globally hyperbolic coordinate
patch, but in this case we find two distinct patches that lend themselves for
answering different questions regarding the Hawking effect. Patch I covers the
entire black hole exterior, and the coordinates are uniquely fixed by matching
them to outgoing Vaidya coordinates in the post collapse region. This patch
is well-suited to re-derive the original results due to Hawking for this collapse
model, namely the radiation spectrum at future asymptotic infinity. Patch
IT covers a neighbourhood of the collapsing shell, inculding the path of the
shell inside the black hole interior, and is therefore more suited to gather
information about non-linear observables during gravitational collapse.

5.1 Constructing quasi-conformal coordinates

The first step in constructing the quasi-conformal coordinates, is to go to
double-null coordinates. This entails solving the equation

9y R(v, u) = ; (1 - %}{%) , (155)

where R is the radial coordinate of the Vaidya space-time, such that 47 R?
measures the area of a 2-sphere centered around the axis of symmetry. For
patch I, we demand that

lim 2R (v, u)

V—00 v —U

=1. (156)
This gives a solution

Ri(v.w) =00) (B, + RW (exp (52 = 1) )

+ 9(—v) (;’ + Ry + RW (exp (;R“S _ 1))) . (157)

Here W is the prime branch of the Lambert W-function (see Ref. [47]) and u
has as domain the full real number line. The metric now takes the form

OR(v,u)

u

ds* =2 dudv + R(v,u)*dQ>. (158)

21 This set-up is also considered in Ref. |46], where a mode-sum approach to evaluation
of the stress-tensor is proposed.
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To transform to quasi-conformal coordinates, we leave u unchanged, but
define the coordinate r by the relation

;' OR;!

ov ou (159)

For this choice of coordinates, a solution to the relation above, with boundary
condition
lim 7;(v,u)"t =0, (160)
V— 00

yields a well defined (non-negative) function that is strictly increasing in v for
the full black hole exterior (and hence one can inverse this function to get a
well defined 7 coordinate on the full exterior). This means we can define the
quasi-conformal coordinate patch I on the full black hole exterior, as drawn

in Figure [[I.2] In particular, one finds

Rr(0,u)?(v + 2R;(0,u)) .

riv,u) = d)Rrlv,w) + (=)o p G- h

(161)

Using (u, 7, ) coordinates, the metric takes quasi-conformal form, with

exp (201 (u, 1)) =9(r — Ry (0, u)) <1 _ }is)
IRy (0,u) — 1) R;(0,u)? — SEiI()(O;;)RS + 2r RS7
(162)
and R0
exp(Br(u,1)) = 1 — O(Ry (0, 1) — r) Rg L0 =7 (163)

R[(O, U)2 - TRS '

Using the quasi-conformal metric defined by functions a; and S; as above to
calculate £(”) from equation (76)), one finds that for r < R;(0,u) < r’

r+ 1) (Rr(0,u)® — 3rr' Ry (0,u)) + 4r?r’

O ) — gl
Fi, 1 (7 77) s drr'(r' — r)3R;(0,u)? ’

(164)

and that it is zero for r,7" < R;(0,u) and r,7" > R;(0,u). This function plays
a role in the source term for A\, (as defined in ([77))), in particular

(80,0, — KDy — K0 RR Ny (r, 417, Q) = =260 (r, 7)8(Q, Q). (165)

This relation is admittedly somewhat formal, as it only really holds when
both sides of the equations are smeared with Sy (C,) functions (as defined
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Figure I1.2: A Penrose diagram of the space-time with the Vaidya metric of
eq. (154]) with the domain of coordinate patch I as shaded region

in Sec. . Nevertheless we can loosely think of () as sourcing the
‘particle production’ for our quantum field living on a gravitational collapse
space-time. This really highlights the fact that the produced radiation
originates near the collapsing body, as opposed to near the horizon, as is
sometimes suggested@ As discussed in detail in [35], the presence of a Killing
horizon in the post collapse region implies that the radiation observed at &+
asymptotes towards a thermal spectrum, simply due to the universal nature
of a black hole geometry near such an horizon. Verifying the thermality of the
radiation produced in this particular collapse process, requires calculating the
asymptotic spectrum, which is a calculation we shall leave for another time.
What we will note is that the fact that the observed radiation asymptotes to

22Note in particular that the asymptotic mode functions typically used to calculate the
spectrum of the radiation produced in gravitational collapse, as observed by an observer
near .# . cannot be embedded into SS,C,(C’U) via (R-weighted) restriction to C,,. Not only
because these mode functions are not spatially compact, but also because mode function
typically diverge near the tip of C,,. This means in particular that the relation above
cannot be expected to hold when smeared with mode-functions, in fact the right hand side
will typically be divergent. Therefore, one cannot use this relation directly to calculate the
spectrum of the produced radiation. This can be mended by going to a higher order of
Hadamard subtraction, for which the resulting source term (given by eq. cut off at
finite n) is more well-behaved near r = 0 and hence can be integrated with a larger class of
functions.

Bt is slightly suggestive to speak of a region of origin of this radiation in the first
place. As can be seen from the support of /{SLO), the correlations of the two-point functions
between past and post collapse regions (i.e. the regions separated by r = R;(0,u)) are what
is primarily sourced by H&O). Of course these correlations then propagate to asymptotic
infinity, where they then read as radiation coming from the direction of the collapsing
body.
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a steady state (such as thermal radiation), can already be seen directly from

k9 as for r < R;(0,u) < 7’ this function asymptotes to

lim x© (r,r') = (r+ T/)(R% — 3rr'Rg) + 4r2p"2

166
U—00 4TT/(T/ _ r>3R% ( )

Shifting away from patch I, we will focus with more detail on coordinate
patch II. We construct this patch by solving (155)), where we demand that
for v <0

_R[Ap,u)::v';15 (167)
This gives for v > 0 that
u+ 2Rg v—u—2R5)>
pu— i . 1
R]](U,u) Rg+ RsW ( 9RS exp( 9Rs ( 68)

Here the domain of u is (—o0,0). Similarly to the null coordinates used
to construct patch I, the function R;; above can be used to construct null
coordinates on the black hole geometry. However, in this instance these null
coordinates cover the full space-time, where the metric again takes the form

8RU(’U, U)

ds? =2
5 ou

dudv + Ryr(v, u)?dQ%. (169)

Using once more the relation

orr OR7}
o = ou (170)

to define quasi-conformal coordinates (u,r;r,€2), we find that for u # —2Rg

o) = 05 ot
while for u = —2Rg this relation can be extended by continuity to
ria(v,~2Rs) = (=o)L o) ()
—exp (5
It should be noted that r;; blows up near the surface
U2
Ryi(v,u) = 1Rs (173)

130



Figure I1.3: A Penrose diagram of the space-time with the Vaidya metric of
eq. (154]) with the domain of coordinate patch II as shaded region, and the
dotted line denoting the collapsing shell

hence these quasi-conformal coordinates can only be used to cover the black
hole space-time up to this boundary.@ Luckily, the full trajectory of the col-
lapsing body is contained within the patch where r;; is defined. Furthermore,
we can calculate the induced metric on this boundary surface, namely

ds? (1 “)d2+ A (174)
s=(1——|du
Rg 16 R? ’
which in particular means that this (future) boundary is space-like. Therefore,
patch II, drawn in Figure is globally hyperbolic.
On the quasi-conformal coordinate patch II, we can now calculate the
metric coefficients to be

92Rs(2r + u) — (4r — u)u

exp(2arr) =1 —9(2r + u)Rs(2r + u) o

, (175

2R5(27‘ + u)

exp(frr) =1 —9(2r + u) (2 2Rs(2r + )

(176)

5.2 Calculating Wick squares on a Vaidya space-time

Now that we have found a quasi-conformal coordinate patch surrounding the
collapsing shell, we want to give an expression for expectation values locally

24Strictly speaking this relation defines this surface for u # —2Rg, by continuity this
relation can then be extended to u = —2Rg, i.e. where the surface crosses the horizon,
which happens at v = 2Rg In(2).

131



covariant non-linear observables that can be used for explicit calculations.
As a proof of concept, we shall restrict our attention to : ®2 :. We consider
the two-point function in the asymptotic past vacuum state. Recalling the
discussion of Sec. [} for a two-point function restricted to C,, of the form

1 exp(—f — )

A Q IQ/ —
(7, 0,7, ) 812 [ rr'(1 — cos @) 4+ i0F(r — ' — i0+)

+ o, (r, ') In(RR'(1 = cos 0)) + wi (r, 20", ) |,
(177)

with w(® (r, Q; 7/, Q') a C* function, the expectation value of : 2 : is given by

the expression
1
(: ®? )y = @wy)(r,Q;r, Q) + Qo2. (178)

The covariance correction term can be easily calculated to be

Rs(u? 4+ 2Rgs(2r + u))?
487235 '

Qa2 = 0(2r + 1) (179)

Calculating w(®(r, Q;7,€) is a bit more involved. First we establish that for
r< =t <
2

) ) _Rs (u3(r + 7)) = 12urr'(r + 1) — 36r27~’3> rrud(r’ — r)3
Ko7 (1,7") =

N 2R%(2r + u) (21 4+ w)(r(2r' + u) + 7'(2r + u)) (150)

Y

and that nff)n(r, ') =0 for r,r’ < —% and r,7’ > —%. Using relation (83),
we find for r < 5* <7’ that

Rs(2r +u)(2r' + u)(u® + 2Rs (21" + u))
Au™(r’ —r)3

X (u(u2 —2(r 4+ 7"u—12r") + 2R, (2r + u)(2r' + u)) , (181)

vr(rr’) =~

and also that this function is zero for r,r" < —% and r,7" > —%. We can now
write a dynamical equation for w(®(r, Q; 7/, ), namely
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(040,00 + K,0, + K.0,)) RRw® = — In(RR'(1 — cos §))xV

L 5 pr o0
| OuR R 0,0 R,

+0u (0. R) (v R — RR'9,0,0")

/
+ %@«RULO)
r
+ (0 R) (exp(26)f/ — 0, exp(204)8T) Rvl®
1
— E(E)TR) exp(20)0,0 RR'v{Y)
— 0, exp(2a) (0, R) 0 R'v(?)
+ (r <> r’)} = SO Q' Q). (182)
Using the formal integration kernel of the map p, : D(M,,) — SS.C,(C’u), given

by pu(r,Q; 1,7, ), we can write down a solution to this equation, provided
the initial data lim,; o, RR'w® (r,7') = 0. That being

wiy) (ro, Qo; 7, ) = 4/% du/dr/dQ/dr’/dQ’
pu(r’Q;uo’TO’Q(])p“(rlaQ/;UO7T6796>S£0)(707Q;T/;Q/).
(183)

While we cannot bring this expression into closed form, we point out that
this equation may be used as the starting point for a numerical calculation of
wuﬂ Alternatively, we may expand this equation in powers of Rg. Clearly
in the limit Rg — 0, coordinate patch IT reduces to (a patch of) Minkowski
space-time. Writing the operator K; = Kt(o) + RSKt(l), with Kt(o) the operator
in the Minkowski limit (i.e. for Rg = 0) we can write w( (r, Q; 7', Q') as a
formal series

wgo)(r, Q' Q) = Z ngg?zl(r, Q' Q) (184)
n=0

25 Admittedly, numerical calculations involving retarded propagators on black hole space-
times are far from easy to implement, especially as they themselves have non-trivial singular
behaviour. See for instance Ref. [48] where this problem is studied on a Schwarzschild
background.
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where

wq(t?)),o(roa Qo; 7“67 QE)) = 4exp(—PB(ug, o) — B(uo, 7“(')))
x [ du [ar [ao [ar' [ puo(r, 20, ro Q)puor, o, h, %)
XS&O)(T,Q;T/,Q,), (185)

with p, o the (r-weighted) causal propagator on Minkowski space-time, and

wi?)),nﬂ(?“o,Qo;?”&QB) = —46Xp(—5(uo,7”0) - 5(“077‘6))
/j‘o du/dr/dQ/dr’/dQ’pu,o(r,Q;uo,ro,Qo)pmo(r’,Q’;uo,r{),Qg)
x (KMo + KV'0,)R(u, r)R(u, " )w) (r, 1", ), (186)

The terms in this series expansion may be calculated numerically, but in
principle they may also be calculated by hand. Here we show how to calculate
wy (1, 257, Q2) to lowest order in Rg. We make two observations, firstly that
for ug > u we have that

rd (uo—u+ro—r— 7“2—1-7"(2]—27"7“00030)

p“’O(T’Q;UO’m?QO) = 47r(u0 —u+7“0—7“)
4] (COS —1-+ (uo—U)(uo—u+2(ro—r)))

2rrg
= . 187
47T7"0 ( )

Secondly, to calculate the contribution due to the logarithmic term in S,
we shall use that for |z|, || < 1, we can calculate the integral

2 1_ , o
d¢ln(1_xx/_cos¢vl—$2m>:27r1n< 22’ + |z x\)

2
(188)
This can be verified most easily by expanding the integrand in power series
of cos@. We can now explicitly work out the coincidence limit of w, to lowest
order in Rg, namely

wqg?))(ro,ﬂo;ro,ﬂo) :4/u0 du/dr/dQ/dr’/dQ’
Pu,o(r,Q;U(J;To;Qo)Pu,o(T/,Q/;Uo,’f’o,Qo)
X SQ(LO)(T, Q' Q)+ O(R%)

0

R
= —9(2ro +up) o5 + O(RY), (189)
0
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We find that this contribution to (: ®? :) exactly cancels that of the covariance
correction term (D¢, and hence we find

(: @2 :)(u,r) = O(RY). (190)

At this point we do not know if there is a particularly deep reason for this
lowest order term to vanish. In similar fashion as what is done in Ref. [41]
for the 141 dimensional case, one would like to compare this result to recent
numerical computations of (: ®? :) in the Unruh state, such as performed
in Ref. [49]. However, to properly make such a comparison, such first order
calculations as performed above are insufficient. At this point we do not know
the rate of convergence of the series expansions for any non-linear observable
calculated in this way. Hence, the first order term need by no means be the
most dominant, especially not once one evaluates these quantities near or
beyond the event horizon. Here it should be especially noted that in our
method the expansions are given at fixed dimensionfull coordinates, while if
one for instance wants to evaluate (: ®2 :) at the Schwarzschild radius, the
radial coordinate would also need to be rescaled with respect to Rg. That
being said, the functions o and 3, from which these expectation values are
ultimately calculated, have expansions in Rg that for a fixed value of this
expansion parameter have better convergence rates as one approaches the
collapsing shell. Therefore we suspect that a similar fact may hold for the
expansions of (: ®2 ).

Of course the mere expecation value of ®? does not tell us much about the
estimated back-reaction of the field onto the geometry, for which we would
at least need to calculate the expectation value of the stress-energy tensor.
Still, generalizing these methods to calculate the relevant components of the
stress-energy tensor do not require so much extra effort. However, for these
observables the thin shell collapse model used in this section may not be the
most practical, as given the low regularity of this space-time one may expect
these observables to diverge near the collapsing shell. Thus, in future work
we hope to use the methods developed above to calculate the stress-energy
tensor of a quantum field on more realistic (and regular) gravitational collapse
space-times, both analytically as well as numerically. We hope that this
will give us deeper insight into the back-reaction of quantum fields onto the
background geometry during gravitational collapse.

6 Concluding remarks

As far as the authors are concerned, the take-home messages of this paper
are the following: for spherically symmetric space-times, the singular part of
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the Hadamard two-point functions restricted to null cones can be described
entirely in terms of particular coordinates adapted to the light-cone and in
terms of derivatives of metric components at that cone. Here the amount of
time-derivatives (w.r.t. a time-function that has the null cone as a level surface)
necessary to write down a characteristic Hadamard parametrix modulo C?V+!
is at most N + 1, where for conformal coupled field this number even reduces
to N. While the overall form of the singular structure is by no means
surprising, as it can be viewed as a restriction of the usual Hadamard series
to the characteristic cone, the fact that this characteristic parametrix can
be naturally constructed on the full null cone (provided it can be covered
by quasi-conformal coordinates), gives us some novel tools in studying the
dynamics of Hadamard states, and how they backreact onto a dynamical
background geometry. In particular, we have seen how the characteristic
Hadamard parametrix can be used to write down a renormalization scheme
for non-linear observables, where the separation between the state-dependent
and universal part of the two-point function is made such that, at least for
conformally coupled theories, the semi-classical Einstein equations somewhat
simplify to a pair of differential equations that are first order in time. Whether
this actually means that the semi-classical Einstein equations have solutions
for any interesting sets of initial data on some null cone, i.e. whether their
Goursat problem is well posed, is a question we hope to answer in the future.
For now we will end on the point that the use of the characteristic Hadamard
parametrix as a tool to locally covariantly renormalize non-linear observables
gives us a way to explicitly calculate the expectation value of such observables
as some series expansion. It is hoped that these calculations can also be
numerically implemented, yielding a calculation method for observables of
quantum fields that, as opposed to more involved methods of calculating
locally covariant renormalized observables using numerics, does not involve
mode expansions of Hadamard states and Hadamard parametrices.
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Appendix A. Definitions from microlocal anly-

S1S

In this paper we give recite characterizations of (quasi-free) Hadamard states in

terms of their wave front sets. These are objects associated with a distribution

that play a central role in microlocal analysis. Here we shall recall the relevant

definitions. For a more complete and contextualized overview, see Ref. [50].
We shall first define the notion of a distribution.

Definition 18. On an open subset V- C R", the set of distributions D'(V)
are linear maps u : D(V') — R, where D(V') (real) vector space of compactly
supported real-valued smooth functions on V', such that for each compact
K CV there exists a C' € Ryg and an N € N such that

lu(f)] < Csup{|0sr..05" f(z)] :z € K, a; €N, > oy <N} (A.191)

=1

On an smooth n-manifold M, which has an atlas (U;, ¢;)ier consisting
of an open cover U; C M and homeomorphisms ¢; : Uy — V; C R™ such
that for each i,j € I the map ¢; o ¢;;" is smooth, a distribution density

@ : D(M) — R is a linear map such that for each i € I one can define a
distribution u; € D'(V;) via

wi(f) = a(f o by), (A.192)

with fo¢; € D(M) defined to be 0 outside Us;.

On a space-time M with metric g, the set of distributions D’(M) are the
linear maps v : D(M) — R such that i = dvolyu is a distribution density.
This means that for u; defined above we now have

wlf) = u ((f\M) o ¢i> , (A.193)

with |g| the absolute value of the determinant of the metric g in local coordi-
nates defined by ¢; 9

The space of distributions of compact support, i.e. maps u € D'(M)
for which there is a compact K C M such that for each f € D(M) with
supp(f)NK = 0 we have u(f) =0 (where the smallest K for which this holds

260ne can define distributions on a manifold without the use of a smooth density, see
Ref. [50, Def. 6.3.3.]. In a setting with a canonical choice of strictly positive smooth
density defining the integration measure on a manifold, such as in the case of a Lorentzian
space-time, distributions and distribution densities are canonically identified with one
another as in the definition above.
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defines supp(u) ), are denoted by E'(M). u € E'(M) can be viewed as a map
u:E(M) — R via the extension given by

(hu)(f) = u(hf), (A.194)
with h € D(M) and h(x) =1 for each x € supp(u).

To define the wave front set, we introduce the Fourier transform of a
compactly supported distribution on R™.

Definition 19. Given u € £(R™), we can define the Fourier transform 4 €
E(R™,C) via
(k) = u(cos((., k)) — iu(sin({., k))), (A.195)

where (.,.) is the standard Euclidean inner product on R™.

That this function is indeed smooth follows from Ref. [50, Thm. 2.1.3.].
We now define the wave front set of a distribution.

Definition 20. For V C R" open and u € D(V'), the wave front set W F (u) C
V x (R*"\ {(0,...,0)}) 2 T*V \ 0 is defined by (x,k) & WF(u) if and only
if there is an h € D(V) with h(xz) # 0 and a conic open neighbourhood
k €l C R™ such that for each N € Nvq there is a C' > 0 with for any € T’

(hu)(¢)] < C(1+ ¢, (A.196)

Let M a space-time of dimension n with atlas (U;, ¢;)ie; and let u €
D'(M). The set WF(u) C T*M \ 0, with T*M the cotangent bundle and
0= M x{(0,...,0)} the zero bundle, is given by (x, k) € WF(u) iff there is
an i € I with (x,k) € T*U; such that (¢:(x), (67")" (k) € WF(u).

The wave front set of a distribution tells us what operations defined on
smooth functions (multiplications, restrictions etc.) can be naturally extended
to it (see [50, Ch. 8.2.]). Furthermore, the wave front set plays a crucial role
in the propagation of singularities of weak solutions to differential equations
(see Ref. |51} Sec. 6.1]).

In this paper we mainly use the wave front set in the context of two-
point functions. As described in Sec. 2.3] for a real scalar field on a globally
hyperbolic space-time M, a two-point function is given by a map A : D(M)? —
C with

A(f.9) =l © )+ JB(f.9) (A.197)

M x M) with in particular pu(f ® f) > 0, u(f ® Pg) =

where © € D'(
= 0 and E(f,9)* < 4u(f, f)p(g,g). For such bi-distributions,

w(Pf® g)
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which uniquely extend to distributions on M x M, one often works with the
primed wave front set WE'(A) C (T*M)?\ 0%, which is defined as

(.Il, k?l, Ta, ]{32) S WF/(A) < ((l’l, l‘g), (/{31, —kg)) S WF(A) C T*(MXM)\O
(A.198)
For example, for the commutator function E given by Eq. , one has

WEF'(E) = {(21, k13 22, k2) € (T"M\O)* + g () (ki) (ki) = 0, (21, k1) ~ (22, k2)}
(A.199)
where the equivalence relation ~ on null covectors is defined as (xy, ky) ~

(22, ko) if there exists a null geodesic v : R — M with a,b € R such that

v(a) = z1, g (T1)¥(@)* = (k1)u, 7(b) = 22, g (x2)¥(b)* = (k2),. (A.200)

A relevant operation on (primed) wave-front sets of bi-distributions is the
following.

Definition 21. Given A a bi-distribution on M ,or equivalently A € D'(M X
M), we define

MW EF'(A) = {(x2, ko) € T*M\O : (21,0; 22, ko) € WF'(A) for some x1 € M},
(A.201)
and

WE' (N = {(x1,k1) € T*M\O : (21, k1;22,0) € WF'(A) for some xo € M}.
(A.202)

These objects correspond to the wave front sets of A smeared with a single
f € D(M). In particular, as proven in Ref. [50, Thm. 8.2.12.],

WEA(f,.)) = —uWEF'(A), WE(A(., f)) = WE'(A)y. (A.203)
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Appendix B. Detailed derivations of formulas

Here we write out the derivations of certain formulas from the main text in
some more detail.

B.1 Equation

This relation is somewhat formal, meaning that it may not be well-defined
for all distributions, hence one has to verify whether this relation holds for
a particular class of distributions at hand. Let us in this case consider a
family of functions \; € Ly(C? drdr'dQ2d€Y) for t € R such that ;)\, €
Ly (C?,drdr'dQdSY’). This family generates bi-distributions A; € D(M; x M;)
in the bulk via

Mlfg) = [ ar [“ar [ a0 [ a5, @)a( N Q) pulo) (7, 2).
0 0 52 52

(B.204)

We assume that for given f,g € D(M;) there is a § > 0 such that for

t—06 <t <t+0 wehave Ai(f,9) = Av(f,g), which means in particular that

dAt(f7 g)

= 0. B.205
& (B.205)

Let us furthermore assume for each t' € (t — d,t + 0) there exists a A€
Ly(C?,drdr'dQdSY’) such that [A\y| < X almost everywhere on C?. In this
case we can use the Leibniz integral rule to derive

d o 00
0 :&/0 dr/o dr/ /52 dQ L2 dQ/ )\t<T, 97 7’/, Q/)pt(f)(r, Q)Pt(g)(T/, Q/>
:/0 dT’/O dr’ /52 dQ /52 dQY (at)\t@",Q;r',Q/)) pt(f)(r, Q)pt(g)(r’,Q’)
"—/0 d?”/o dr/ /52 dQ o dQ’ >\t<7", Q; 7"/, Q/) (atpt<f)(r, Q)) pt(Q)(TI, Q/)

[T [Tar [ a0 [ a0 a2 @) £)(r. Q) @), 2)
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_/ dr/ dr’ /SZdQ A (DN, Q7 ) pu(F) (s Q) pe(9) (', )

+/ dr/ dr/dQ 4oy
‘5’2

n(r 0, ) ( /T s (Kipi(£)) (3. D)) prla) (. )
#[Tar [Tar [ ao [ aq
A2 D)o ). 2) ([ ds (Kupilg)) (5,2))
= [Tar [Tar [ ae [ 2 @ 2) (1) Q). 2)

+/ ds/ dr/SQdQ a9’

([ ar o', @) (il 1) (5. Do), 2)

+/ dr/ ds/SQdQ 4oy
([ ar r,Q;r,Q')> (1) Q) (Kap(9) (5, )
:/OO dr/oo dr’/SQ dQ/ A (O (r, 1" ) o) Q) pu(9) (7, )

+/ dr/ dr/dQ ae’
SQ

([ dsnls. 007, 20)) (p(£)) (2 2)prl) (0. )
#[Car [T dr/s2dQ dq’
([ st 25,90 )00, ) (i) (02
= [Tar [T [ ae [ a2 @, ) oD Qplg) (', 2)

+/ dr/ dr/SQdQ 4o’

(5 [ as (s 7', 2) ) i £) . Dpul ), )
[ Car [ dr/SQdQ dsy
(2 [ sl 55,9 ) D) o) .90 (3200

This relation holds for all test functions f,g € D(M;), from Ref. [52] we can
conclude that the image of p; is dense in an appropriate Sobolev space on C},
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which allows us to conclude that

O (r, 4" Q) + Kt/ ds \e(s, 0", Q) + Kt'/ ds \(r, Q;5,) = 0.
0 0
(B.207)
For the case of Hadamard two-point functions, A; will in general not be an L,

function. That this argument still goes through can be seen in the following
derivation.

B.2 Equation

Consider on a general spherically symmetric space-time with metric a
family of null boundary two-point functions
1 6(Q,Q)

A 7 (r—r —i0t)?’ (B-208)

on C; defining Hadamard bulk two-point functions A; on M; via

(. 2pul9)(,0)

(r —r" —ig)?

Af,g) = —Tim dr/ dr’ /S2dQ pulf (B.209)

el0 T

We first note that

/

d o0 e / pt(f)(rﬂ Q)pt(g)(T ) Q)
&/0 dr/o dr' [ a0 5

(r —r" —ig)?

[T [Far [ an P09
0 0 52

(
(r —r' —ig)?

b [Car [ ap 0 D000

(r —1r' —ie)?

(9, 0
_/ dr/ dr/dQ/det )(r, Q) pilg rQKt/d (2, 9)

[T [Tar [d [ a a5 Dnl) 6 DK [ dsf;jggg
:_/ dr/ dr’/SQ dQ/de'Pt(f)(ﬁ Q)pt(g)(r’,Q')Ktm
/ dr/ dr/ dQ/ A pi(f) (r, Q) pe(9) (1", Ql)thf;@ 1?))
+/0 dr/o dr’ /S dQ/S2 Ay pu(£)(r, Q)pt(g)(r’ﬁ')f(im

~[Tar [Tar [ a2 [ a2 p(ne Qpo)6" 0K,

(r —ie)
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=—f/ ar [ dr/dﬂpt )(r, Q) pi9) (', Q)
exp(28(t, 1)V (t,r) — exp(28(t, ")V (1,7")

(r—7r" —ig)
2/ dr/ dr/ A o () (1, ) pel9) (7, )
(peoalir) - gt
(r—r" —ig)3
(O exp(2a(t, 1)) + Oy exp(2a(t, r))))

(r—r' —ie)?

exp(24(t, r))f/(t, T)
(r' + ie)

1 oo S . exp(28(t, )V (t, )
“a A [La0nni el 9=

—ies [Tar [Tar [ a0 pulf >(7‘»9>Aum<g><r’,9)( e )

rr'(r —r' —ig) r'4+ie  r—ie
(B.210)

5 [Tar [T [ a0n(ne 00000

With some care, one can take the limit € | 0 and show that this is uniform in
t on a sufficiently small interval. Let us illustrate this for the last line of the
equation above. We consider the integral

/ d?”/ / dQ ptif (Tv Q)Ath(g) (7,/’ Q)
(f

+ie)rr!(r — ' — ig)

o / Pt )(7”7 Q)Ath(g)(TJ? Q) / .
_5/0 dr/0 dr . dQ 7 T i) O In(r —r' —ig)
[T [ B R DB
N 52 (' +ie)r
RGC tv 7Q A t /7 Q / .
— g/ dr/ (f)((;+ 2(5);3/'0 (o), ) In(r —r" —ie).

(B.211)

Note that G.(f)(t,0,9) is independent of Q. Therefore, we can easily see

R
. dQ 17%1 . —G(f)(t,r, Q) Aqpi(g)(r', Q) =0. (B.212)

Furthermore, both 9, 2G.(f)(t,r, Q) and SAqZG.(g)(t, r, Q) are continuous
function with spatially compact support, Wthh we shall denote by F' € C°(M)
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and G € C°(M) respectively. Let r,, be such that for ¢ € (a,b) some interval
we have F(t,r,Q) = G(t,r,Q) = 0 for r > r,,. We can now estimate

g [ an 2D Do)
52 r+15rr(r—r—i€)

x
dr
0

Tm m t Q /2G t / Q

<e|[Tar [Tar [ a0 Hit,r G Q) g
0 0 52 (r' +ie)

<4me sup |F(t,r, Q)G(t,r, Q)] /T dr /r dr' v [In(r — ' — ie)|
te(a,b), ryr’ <rp,Q€S52 0 0

<4me sup |\F(t,r, Q)G(t, T, Q)]

te(a,b), 1! <rpm,QeS?

Tm Tm
X dr/ dr’r’(lnr—r/ - ln( 7’2+€2> +7T>.
[T | tnfr = ']l + (/72 + %)
(B.213)
We now see that the integral in question indeed converges to 0 as ¢ tends
to 0. In particular, we see this convergence is uniform in ¢ on some finite

interval. This uniform convergence can be established for the full integral of
Eq. (B.210]) using similar arguments. This means in particular that

—hm/ dr/ dr/ a P Dpulg)(r', )
.

dt lo (r —r" —ig)?

:lim£ /0 dr /0 ar [ 1PN Dpg) (. 2)

10 (r —r' —ig)?

. (B.214)

and hence we find Eq. .
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