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Charge-parity (CP) violation in the couplings of the Higgs boson is a promising candidate for physics
beyond the SM and could play a key role in explaining the observed asymmetry of matter and antimatter
in the Universe. While probing CP violation at the Large Hadron Collider (LHC) is a complex task, the
continuously growing amounts of data provide new opportunities. Therefore, in this thesis, we propose
techniques to optimally exploit the growing dataset and find potential improvements in sensitivity and
interpretability compared to current approaches. In particular, we examine analysis strategies targeting
CP violation in the Higgs couplings to top quarks, gluons, and weak vector bosons. The gluon fusion
channel in association with two jets (ggF2j) is investigated using machine learning techniques. We find
that a dedicated signal region for this channel outperforms phase space regions with vector boson fusion
(VBF)-like kinematics. This could potentially improve current experimental constraints on the CP
structure of an effective Higgs-gluon coupling and be competitive with other channels for constraining
the top-Yukawa coupling. For a more direct probe, we discuss an extension of the Simplified Template
Cross Sections (STXS) framework for top-associated Higgs production (𝑡𝑡𝐻). We propose to extend
the current binning in the Higgs transverse momentum by a second CP-sensitive dimension. Three
observables are identified as optimal candidates for this extension. Finally, we use symbolic regression
(SR) to build analytical observables for the VBF and 𝑡𝑡𝐻 processes, which offer maximal interpretability.
This is especially important for a fundamental symmetry such as CP, which can only be unambiguously
identified by CP-odd observables. Using information at the detector level, we learn equations for
CP-odd as well as CP-sensitive, but CP-even, observables. They can be directly analyzed and used in
an analysis, while outperforming other methods. We compare the sensitivity of our various techniques to
traditional methods in the respective Higgs production and decay channels. Our results are relevant for
studies of the CP character of the Higgs boson using the full Run 2 and Run 3 data, but also for the high
luminosity phase of the LHC.
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Die Verletzung der Ladungskonjugations-Parität (CP) in den Kopplungen des Higgs-Bosons ist ein
vielversprechender Kandidat für Physik jenseits des Standardmodells und könnte eine Schlüsselrolle
bei der Erklärung der beobachteten Asymmetrie von Materie und Antimaterie im Universum spielen.
Die Untersuchung der CP-Verletzung am Large Hadron Collider (LHC) ist eine komplexe Aufgabe,
doch die stetig wachsende Menge an Daten bietet gleichzeitig neue Möglichkeiten. Daher schlagen wir
in dieser Arbeit Möglichkeiten vor, um den wachsenden Datensatz optimal zu nutzen und potenzielle
Verbesserungen in Bezug auf Sensitivität und Interpretierbarkeit im Vergleich zu bisherigen Ansätzen
zu finden. Insbesondere untersuchen wir Techniken für Analysen, die auf die Verletzung der CP-
Symmetrie in den Higgs-Kopplungen an Top-Quarks, Gluonen und schwache Vektorbosonen abzielen.
Die Produktion eines Higgs durch Fusion zweier Gluonen mit zwei zusätzlichen Jets (ggF2j) wird mit
Hilfe von Techniken des maschinellen Lernens untersucht. Wir stellen fest, dass ein speziell auf diesen
Kanal zugeschnittener Phasenraumbereich bessere Ergebnisse liefert als Phasenraumbereiche für die
Higgs-Produktion via Fusion zweier schwacher Vektorbosonen (VBF). Dies könnte möglicherweise die
aktuellen experimentellen Beschränkungen der CP-Struktur einer effektiven Higgs-Gluon-Kopplung
verbessern und mit anderen Kanälen zur Beschränkung der Top-Yukawa-Kopplung konkurrieren. Um
Letztere direkter zu testen, untersuchen wir eine Erweiterung der STXS-Struktur (Simplified Template
Cross Sections) für die gleichzeitige Produktion eines Higgs-Bosons und zwei Top-Quarks (𝑡𝑡𝐻). Wir
schlagen vor, die derzeitige Einteilung in transverse Impulse des Higgs in eine zweite, CP-sensitive
Dimension zu erweitern. Drei Observablen werden als optimale Kandidaten für diese Erweiterung
identifiziert. Schließlich verwenden wir symbolische Regression (SR), um analytische Observablen
mit maximaler Interpretierbarkeit für die VBF- und 𝑡𝑡𝐻-Prozesse zu konstruieren. Dies ist besonders
wichtig für eine fundamentale Symmetrie wie CP, die nur durch CP-ungerade Observablen eindeutig
identifiziert werden kann. Anhand von kinematischen Informationen auf Detektorebene lernen wir
Gleichungen für CP-ungerade sowie CP-sensitive, CP-gerade Observablen. Diese können einfach
untersucht und unmittelbar in einer Analyse verwendet werden, wobei sie andere Methoden übertreffen.
Wir vergleichen die Sensitivität unserer verschiedenen Techniken mit traditionellen Methoden in den
jeweiligen Higgs-Produktions- und Zerfallskanälen. Unsere Ergebnisse sind relevant für Studien der
CP-Struktur des Higgs-Bosons bei Verwendung der vollständigen Daten aus Run 2 und Run 3, aber
auch für die zukünftige ”High-Luminosity”-Phase des LHC.

Schlagwörter: Higgs Boson, CP-Verletzung, Maschinelles Lernen
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CHAPTER 1

Introduction

Particle physics aims to provide an understanding of the most fundamental building blocks of the
Universe. Over many decades of research, a description of these building blocks and their interactions
has been developed, which is known today as the Standard Model of particle physics. Ultimately, it led
to the discovery of a particle compatible with the predictions of the SM for the Higgs boson within the
experimental and theoretical uncertainties [1, 2]. While this discovery happened in 2012, the Higgs
boson was already predicted 50 years earlier [3–6]. Now, the SM is considered the most precisely tested
theory of nature. The experimental measurements of the last decades agree well with the SM predictions,
with only sparse exceptions (e.g. [7–10]).

Despite its great success, the SM is not a full theory of nature and has only been tested directly up to
energy scales of a few TeV. Consequently, it is unable to provide answers to many fundamental questions.
One of these is the overabundance of matter over antimatter in the visible Universe, without which life
would not be possible. While this so-called BAU can be measured precisely from the cosmic microwave
background and the abundance of light elements [11, 12], its origin remains unknown. The necessary
Sakharov conditions for producing it demand a first-order phase transition, baryon number violation, and
sizable amounts of C and CP violation [13], which can be realized by baryogenesis or leptogenesis.
However, the SM cannot explain the BAU as it fails to fulfill these conditions sufficiently. Especially, the
amount of CP violation in the SM is too low by several orders of magnitude [14, 15]. Therefore, new
sources of CP violation beyond the SM are needed.

The Higgs sector is an interesting candidate for looking for beyond the SM (BSM) physics for several
reasons. As the latest discovered particle of the SM, only a few of its properties and interactions with
other particles are determined with high precision. The partially large uncertainties leave room for effects
that have so far avoided detection. In electroweak baryogenesis [16, 17], the Higgs sector is directly
related to the generation of the matter-antimatter asymmetry via the electroweak phase transition. A
BSM Higgs sector can therefore help fulfill the Sakharov conditions by providing a first-order phase
transition or additional sources of CP violation (see e.g. [18–29]).

In the SM, all Higgs boson interactions are predicted to be CP-even. However, higher-dimensional
operators in effective theories are not constrained to be CP-conserving (see e.g. [30]). Furthermore,
many extended Higgs models or UV completions naturally introduce CP violation in the Higgs boson
interactions (see e.g. [31, 32]). Therefore, while a pure CP-odd state of the Higgs boson has been ruled
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Chapter 1 Introduction

out experimentally [33–35], it could be a mixed CP state. In this case, CP violation can appear at
tree level in the Yukawa couplings. This makes the top-Yukawa coupling an ideal candidate for probes
of CP violation in the Higgs sector, as it has the largest Yukawa coupling and is easily accessible at
the LHC. Closely related is the Higgs coupling to gluons, which is dominated by a top quark loop
in the SM and can therefore be used to place indirect constraints. Finally, while the CP state of the
Higgs couplings to the massive vector bosons is suppressed in many BSM models, it can be probed very
precisely experimentally [36–39].

In many cases, the most stringent constraints on the amount of CP violation present in the Higgs
boson couplings are imposed by the current bounds on the electron EDM [40] and the neutron EDM
[41]. Especially, the electron EDM constrains the CP-violating part of the top-Yukawa coupling to
O(10−3) [25, 42, 43]. However, these constraints rely on SM-like couplings of the Higgs boson to the
first-generation fermions, which themselves are only very weakly constrained [44–55]. In case of an
already small deviation, the constraints from the electron EDM may be lifted [27]. The LHC therefore
offers the only way of unambiguously searching for CP violation in individual Higgs couplings.

Performing CP analyses at the LHC is a highly complex task, as many effects can wash out the
sensitivity of the experiment. These include background events with a similar signature to that of
the signal process, parton showering and hadronization, limited detector resolution, or uncertainties
in the theory prediction. Especially, polarization information is often unavailable, either due to the
hadronization of strongly interacting particles or due to the insufficient statistics and detector resolution
in the case of photons [56–58]. It is therefore key to design the analyses optimally in terms of signal
extraction, reconstruction of the parton-level objects, and measuring the quantities that are most sensitive
to the CP state of the coupling under examination.

Several methods have been developed over the last years to aid with these challenges. The Simplified
Template Cross Section (STXS) framework provides a way to combine channels and results across
experiments to isolate BSM effects while keeping the theoretical uncertainties small [59, 60]. Furthermore,
many techniques employing machine learning have been developed in recent years, tailored to the
challenges met in LHC analyses. They offer higher sensitivity towards BSM effects as well as improved
efficiency when handling large datasets, but also rare processes with few signal events. This thesis
determines how methods of probing CP-violating Higgs couplings can be advanced and used to improve
experimental analyses at the LHC by comparing them to techniques that have been used in the past. For
this, the gluon fusion process in association with two jets (ggF2j), top-associated Higgs production (𝑡𝑡𝐻),
and vector boson fusion (VBF) are examined. A special focus is put on achieving optimal sensitivities
while keeping the results highly interpretable.

The thesis begins with a brief introduction to the SM and discusses some of its shortcomings, as
well as its extensions, with a focus on the Higgs sector in Chapter 2. An overview of experimental
techniques and recent results is provided in Chapter 3. Next, Chapter 4 introduces methods of statistical
learning, especially boosted decision trees and neural networks. The following chapters discuss the
results. Chapter 5 probes the constraints on the effective Higgs gluon coupling from ggF2j production
using multivariate techniques and interprets it in terms of the top-Yukawa coupling. Then, Chapter 6
investigates a CP-sensitive extension of the STXS framework for the 𝑡𝑡𝐻 process. Analytical expressions
for CP sensitive and optimal observables are obtained and analyzed in Chapter 7 by employing two
methods of symbolic regression. Finally, Chapter 8 concludes the findings of this thesis and provides an
outlook for future studies.
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CHAPTER 2

The theory of particle physics

Particle physics aims to describe the fundamental interactions of the Universe on the smallest and largest
scales. It provides mechanisms that possibly describe the dynamics of the very early universe as well
as its evolution to the present day. The ultimate goal of particle physics is to find nothing less than a
”theory of everything” – an accurate description of all fundamental forces valid at any energy scale.

The exact time and place of birth of particle physics is subject to debate. One could argue that it began
with the discovery of the first fundamental particle, namely the electron, by J. J. Thompson in 1897 [61].
In the years following this breakthrough, great progress was made in the description of the photon as a
point-like particle and its interaction with electrons, the two most notable works being the discovery of
quantum mechanics [62] and the explanation of the photoelectric effect [63]. Another two decades later,
Paul Dirac published a dynamic and relativistic description of quantum electrodynamics (QED) [64],
which is nowadays known as quantum field theory (QFT).

This chapter is structured as follows. First, a detailed introduction to the Standard Model of particle
physics (SM) is given in Section 2.1. This includes a discussion of the electroweak (EW) theory, quantum
chromodynamics (QCD), a description of the Higgs mechanism and the Higgs sector in general, and
a discussion of CP violation in the SM. Afterwards, physics beyond the SM (BSM) is introduced
in Section 2.2 by discussing shortcomings of the SM as well as possible extensions that can provide
explanations for said shortcomings.

2.1 The Standard Model of particle physics

The SM encapsulates our current knowledge of particle physics and is backed by a huge amount of
experimental confirmation. It is a QFT that successfully describes three of the four known fundamental
forces – the electromagnetic, weak, and strong forces – with only gravity missing, which is instead
described by general relativity. Historically, the SM emerged as a combination of findings, the first being
the Yang-Mills theory [65], which describes particle interactions as a gauge theory with a non-abelian
Lie algebra. This led to the foundation for both the EW unification as well as QCD. The former was
completed by several works describing spontaneous symmetry breaking in 1964 [4–6], the unified
description of electromagnetism and the weak force in 1967 [66–68], and finally the proof that such
a theory is renormalizable in 1971 [69]. QCD, on the other hand, owes its success to the invention
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Chapter 2 The theory of particle physics

Figure 2.1: Particle content of the SM. Figure taken from [75].

of the first quark model in 1961 [70, 71] and the discovery of asymptotic freedom in 1973 [72, 73].
The SM combines both theories and is based on a 𝑆𝑈 (3) × 𝑆𝑈 (2) ×𝑈 (1) gauge symmetry group (see
Appendix A for a detailed discussion).1

The particle content of the SM is shown in Fig. 2.1. It can be split into two groups of fundamental
particles: Fermions, which are spin-1/2 particles and the building blocks of matter and antimatter, and
bosons, which are integer-spin particles propagating the fundamental interactions between fermions
(with the Higgs boson as a special case). The fermions can be further split up into leptons and quarks.
Both come in three generations, and the leptons and quarks of a specific generation are placed in doublets
for the electroweak interaction, as detailed below. The fermions differ in their mass, which increases
with generation, and particles of each generation are generally allowed to mix.

Neutrinos are leptons that are not electrically charged and therefore only participate in the weak
interaction, mediated by the 𝑊± and 𝑍 bosons. They have very small but non-zero masses, which is
a direct consequence of the observed neutrino oscillations. The origin of the neutrino masses is still
unclear at this time. If the neutrinos are Dirac particles, their mass could originate from the known
SM Higgs mechanism. If instead they are Majorana particles, a BSM source is needed. The remaining
leptons are the electron, muon, and 𝜏, all of which are electrically charged and therefore interact both
weakly and electromagnetically. Their masses are several magnitudes higher than those of the neutrinos,
and the reason for this discrepancy is also currently unclear.

Just like leptons, the quarks can be grouped into two categories, up- and down-type quarks, that exist
1 Technically, due to the particle content of the SM and the respective quantum numbers of the particles, the 𝑆𝑈 (3) × 𝑆𝑈 (2) ×
𝑈 (1)/𝑍6 subgroup is sufficient. This can be important, for example, in grand unified theories [74].
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Chapter 2 The theory of particle physics

in three generations. Quarks carry both color and electric charge and are the only fermions that can
interact strongly via the exchange of gluons, as well as weakly and electromagnetically. While the up and
down quarks are the building blocks of the nucleons, the top quark holds a special role when it comes to
physics involving the Higgs boson. With a mass of about 172 GeV, it is not only the heaviest quark but
also the overall heaviest fundamental particle known.

The behavior and interactions of all particles in the SM are described by Lagrangian densities
L (
𝜙, 𝜕𝜇𝜙

)
(also just called Lagrangians) with the corresponding action 𝑆 =

∫
d4
𝑥L. From the principle

of least action 𝛿𝑆 = 0, one can derive the Euler-Lagrange equations

𝜕L
𝜕𝜙

= 𝜕𝜇
𝜕L

𝜕

(
𝜕𝜇𝜙

) (2.1)

which result in the equations of motion for the fields 𝜙 in the given theory.
Lagrangians need to respect the symmetries of the respective theory by being invariant under

transformations of the symmetry group (a short introduction is provided in Appendix A). The symmetries
in the SM can be grouped into global and local ones. Global symmetries that affect spacetime are
defined via the invariance under Poincaré transformations, which is required by special relativity. The
Poincaré transformations consist of translations and Lorentz transformations and lead to the conservation
of energy, linear momentum, and angular momentum via the Noether theorem. Lorentz invariance is
ensured by building a Lagrangian only from Lorentz scalars, while translational invariance is trivial
for the fields of the SM. Global internal symmetries of the SM are, e.g., the baryon number and lepton
number, which are said to be accidental symmetries.

Local internal symmetries in the SM are dubbed gauge symmetries and describe the invariance of the
Lagrangian under transformations of the fields. This ensures that the theory is independent of the point
of spacetime. In the SM, gauge invariance is achieved by promoting global to local symmetries. Starting
from a Lagrangian describing free fermions, the need for gauge invariance leads to the introduction of
the gauge bosons, as shown below.

Finally, it is possible to spontaneously break internal symmetries. In contrast to explicit symmetry
breaking, where terms of the Lagrangian violate the invariance, spontaneous symmetry breaking (SSB)
happens when the potential has a symmetry but the vacuum of the theory does not correspond to its
origin. Although the vacuum will have a degeneracy with the same symmetry as the potential, choosing
a specific vacuum (gauge) will break the symmetry. This concept is necessary for the completion of the
SM via the Higgs mechanism and will be discussed further in Section 2.1.3.

2.1.1 The electroweak interaction

The electroweak theory unifies electromagnetism and the weak interaction at energy scales 𝐸 ≳ 80 GeV
corresponding to the mass of the 𝑊 boson. At energies below the mass of the heavy gauge bosons,
quantum electrodynamics (QED) appears as a standalone force resulting from the interaction of electrically
charged particles with photons. To derive the QED Lagrangian, only two ingredients are needed: the
Lagrangian for a free Dirac particle Ψ

LDirac = Ψ̄
(
𝑖𝛾

𝜇
𝜕𝜇 − 𝑚

)
Ψ (2.2)
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and the internal 𝑈 (1) symmetry (see Appendix A). While Eq. (2.2) is invariant under a global
𝑈 (1) transformation of Ψ(𝑥) → 𝑒

𝑖𝑄𝑎Ψ(𝑥), where 𝑄 and 𝑎 are constants, it is not invariant under
Ψ(𝑥) → 𝑒

𝑖𝑄𝑎 (𝑥 )Ψ(𝑥) where 𝑎(𝑥) is some spacetime dependent function. To ensure gauge invariance,
the derivative 𝜕𝜇 is replaced by the covariant derivative 𝜕𝜇 → 𝐷𝜇 = 𝜕𝜇 + 𝑖𝑒𝑄𝐴𝜇 with the newly
introduced vector boson 𝐴𝜇. The latter transforms as 𝐴𝜇 → 𝐴𝜇 − 1

𝑒𝜕𝜇𝑎(𝑥). Substituting the covariant
derivative into Eq. (2.2) leads to an interaction term of the form

Lint = −𝑒𝑄Ψ̄𝛾𝜇𝐴𝜇Ψ (2.3)

where 𝑒 specifies the coupling strength of the interaction and is an intrinsic property of 𝐴𝜇, while 𝑄
is a quantum number of Ψ and identified as the electric charge of a particle. Finally, the properties of
the newly introduced gauge boson have to be described. While a mass term 𝑚

2
𝐴𝐴𝜇𝐴

𝜇 breaks the gauge
invariance, a dynamic term of the form

L𝐴 = −1
4
𝐹𝜇𝜈𝐹

𝜇𝜈 (2.4)

with
𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇 (2.5)

can be added without violating the imposed gauge invariance. Such a term is needed, as otherwise the
Euler-Lagrange equations of 𝐴𝜇 would require 𝑒𝑄 = 0 and therefore no interaction would be possible.
The full QED Lagrangian then reads

LQED = LDirac + Lint + L𝐴 = Ψ̄
(
𝑖𝛾

𝜇
𝐷𝜇 − 𝑚

)
Ψ − 1

4
𝐹𝜇𝜈𝐹

𝜇𝜈
. (2.6)

With the interaction term for the gauge boson, the Euler-Lagrange equation for 𝐴𝜇 now results in

𝜕𝜇𝐹
𝜇𝜈 = 𝑒𝑄Ψ̄𝛾𝜈Ψ (2.7)

which is the four-vector representation of the Maxwell equations. It is important to note, however, that
the quantities appearing in Eq. (2.6) are not necessarily the physical objects that can be measured in
an experiment. This is especially important for the parameter 𝑒, which is identified with the electron
charge. Higher order corrections to the interaction between a fermion Ψ and a photon 𝐴𝜇 lead to the
creation of virtual electron-positron pairs. This is referred to as vacuum polarization and will screen the
bare electron charge, with the strength of the screening being dependent on the energy scale. The scale
dependence of the electron charge can be calculated from the modification of the photon propagator after
renormalization. It follows the renormalization group equation

𝛽𝛼em = 𝑞2 𝜕𝛼em

𝜕𝑞
2 (2.8)
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Chapter 2 The theory of particle physics

with the beta function
(
𝛼em

)
and the electromagnetic coupling constant 𝛼em = 𝑒2

phys/4𝜋. At leading
order, the resulting energy dependence is

𝑒
2
phys(𝑞2) =

𝑒
2
phys(𝜇2)

1 + 𝛽0
𝑒2

phys (𝜇2 )
4𝜋 ln 𝑞2

𝜇2

, 𝛼em(𝑞2) = 𝛼em(𝜇2)
1 + 𝛽0𝛼em(𝜇2) ln 𝑞2

𝜇2

(2.9)

with 𝛽0 = − 1
3𝜋 . Evaluating Eq. (2.9) at a specific energy scale yields a physical charge. For example, the

value of 𝛼em(𝜇2 ≲ 𝑚2
𝑒) = 1/137 is well known and can therefore be used to predict the renormalized

charge at any energy. The scale dependence of the QED and other couplings is referred to as running of
the coupling.

The weak interaction appears as a four-point interaction at energy scales below the mass of the 𝑊
boson. It was first fully predicted in 1934 [76] to describe radioactive 𝛽-decays via the introduction of
the neutrino. The original form of the interaction between neutron, proton, electron, and neutrino was
predicted to have a pure vector-like structure in correspondence with the interaction in QED. However,
with the inclusion of parity violation as measured in 1956 [77], the only possibility for the structure of
the weak interaction was a combination of two terms: One that transformed as a vector and the other as
an axial-vector (V-A) under parity transformations [78–80]. Therefore, an interaction of the form

Lint =
𝐺𝐹√

2

[
𝑝𝛾𝜇 (1 − 𝑔𝐴𝛾5)𝑛

] [
𝑒𝛾𝜇 (1 − 𝛾5)𝜈

]
(2.10)

was obtained with the Fermi constant 𝐺𝐹 and a constant 𝑔𝐴 ≈ 1.
Nowadays, it is known that the weak interaction is not a four-point interaction but occurs via the

exchange of gauge bosons. It follows an internal 𝑆𝑈 (2) gauge symmetry, and particles that participate in
the weak interaction are therefore placed in 𝑆𝑈 (2) doublets. The 1 − 𝛾5 vector-axial-vector structure
of the weak interaction corresponds to the projection operator for left-handedness, and consequently,
only left-handed particles participate in it. A combined transformation of charge-conjugation and parity
(CP) preserves this structure so that right-handed antiparticles also interact weakly. Right-handed
(left-handed) (anti)particles do not participate in the weak interaction and are placed in 𝑆𝑈 (2) singlets.
With the particle content of the SM, there are a total of six 𝑆𝑈 (2) doublets and nine 𝑆𝑈 (2) singlets.
They read

Particle content Charged under

Ψ𝐿 =

{[
𝜈𝑒
𝑒

]
𝐿

,

[
𝜈𝜇
𝜇

]
𝐿

,

[
𝜈𝜏
𝜏

]
𝐿

,

[
𝑢

𝑑

]
𝐿

,

[
𝑐

𝑠

]
𝐿

,

[
𝑡

𝑏

]
𝐿

}
𝑆𝑈 (2)𝐿 ×𝑈 (1)𝑌

Ψ𝑅 =
{
𝑒𝑅, 𝜇𝑅, 𝜏𝑅, 𝑢𝑅, 𝑑𝑅, 𝑐𝑅, 𝑠𝑅, 𝑡𝑅, 𝑏𝑅

}
𝑈 (1)𝑌

where the subscripts 𝐿 and 𝑅 label the respective chirality, and the symmetry groups are needed for the
electroweak unification.

The weak interaction is accompanied by a new quantum number, weak isospin 𝑇3, which serves a role

7
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similar to the electric charge in QED. 𝑆𝑈 (2) doublets consist of two particles where the particle with
𝑇3 = +(−)1/2 is placed in the upper (lower) part of the doublet. 𝑆𝑈 (2) singlets have 𝑇3 = 0. The 𝑆𝑈 (2)
gauge group of the weak interaction gives rise to three generators, which in this case form a weak isospin
triplet. This means there are three particles mediating this interaction: Two that are charged (𝑊1 and𝑊2

with 𝑇3 = ±1, not the physical𝑊 bosons) and give rise to charged currents and one that is not charged
(𝑊3 with 𝑇3 = 0) and gives rise to neutral currents. The exchange of these bosons is only allowed for
particles with 𝑇3 ≠ 0.

The Lagrangian of the weak interaction is derived similarly to that of QED. Starting from the
Lagrangian for free fermions, the global gauge symmetry is promoted to a local one by replacing the
derivative with the covariant derivative

𝜕𝜇 → 𝐷𝜇 = 𝜕𝜇 + 𝑖𝑔𝐽𝑖𝑊 𝑖
𝜇 (2.11)

where 𝑔 is the weak coupling constant and the generators 𝐽𝑖 follow Eq. (A.5). The transformation
behavior of the three newly introduced bosons is fixed by requiring gauge invariance

𝑊
𝑖
𝜇 → 𝑊

𝑖′
𝜇 = 𝑊 𝑖

𝜇 − 𝜕𝜇𝛼𝑖 (𝑥) − 𝑔𝜖 𝑖 𝑗𝑘𝛼 𝑗 (𝑥)𝑊 𝑘
𝜇 . (2.12)

Analogous to QED, a kinematic term for the bosons is needed for a non-zero interaction, which reads

L𝑊 = −1
4
𝑊

𝑖,𝜇𝜈
𝑊

𝑖
𝜇𝜈 (2.13)

with
𝑊

𝑖
𝜇𝜈 = 𝜕𝜇𝑊

𝑖
𝜈 − 𝜕𝜈𝑊 𝑖

𝜇 − 𝑔𝜖 𝑖 𝑗𝑘𝑊 𝑗
𝜇𝑊

𝑘
𝜈 . (2.14)

The additional term in Eq. (2.14) with respect to Eq. (2.5) leads to three- and four-point interactions of
the𝑊 bosons.

At and above the energy scale of the physical𝑊 and 𝑍 boson masses, the electromagnetic and weak
interactions appear as one singular force. Their combined description is therefore dubbed the electroweak
(EW) unification. Such a unified theory is needed to explain the observed difference between the 𝑍 and
𝑊 boson masses. Within the electroweak interaction, the𝑈 (1) gauge symmetry of QED is modified to
conserve hypercharge

𝑌 = 2
(
𝑄 − 𝑇3

)
(2.15)

where the relation between the three conserved quantities is required to restore the photons’ properties at
low energies. As in QED, from the new𝑈 (1)𝑌 symmetry emerges one gauge boson 𝐵𝜇 with properties
similar to those of the photon. Only the coupling to fermions is modified

𝑈 (1)EM −→ 𝑈 (1)𝑌
𝑒𝑄 −→ 𝑔

′𝑌
2

with the new coupling strength 𝑔′. Left- and right-handed fermions have different, but non-zero couplings
to 𝐵𝜇 as can be seen from Eq. (2.15).

8
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Writing out the covariant derivative of the unified EW theory explicitly yields

𝐷𝜇 = 𝜕𝜇 + 𝑖
𝑔

2

(
𝑊

3
𝑊

1 − 𝑖𝑊2

𝑊
1 + 𝑖𝑊2 −𝑊3

)
𝜇

+ 𝑖𝑔′𝑌
2

(
𝐵 0
0 𝐵

)
𝜇

. (2.16)

The off-diagonal elements can be defined as

𝑊
± =

1√
2

(
𝑊

1 ∓ 𝑖𝑊2
)

(2.17)

where𝑊± are now the physical𝑊 bosons. The exchange of a𝑊 boson corresponds to a rotation in the
weak isospin space and transforms the upper particle of an 𝑆𝑈 (2) doublet into the lower one or vice
versa. The diagonal elements must be manipulated so that one of the bosons couples to fermions like the
QED photon. This can be achieved by a rotation

©­«
𝑊

3
𝜇

𝐵𝜇

ª®¬ = ©­«
cos 𝜃𝑊 sin 𝜃𝑊
− sin 𝜃𝑊 cos 𝜃𝑊

ª®¬ ©­«
𝑍𝜇

𝐴𝜇

ª®¬ (2.18)

with the weak mixing angle 𝜃𝑊 which therefore has to fulfill

𝑒𝑄 = sin 𝜃𝑊𝑔𝑇3 + cos 𝜃𝑊𝑔
′
𝑌 . (2.19)

This subsequently also fixes the coupling strength between the 𝑍 boson and the fermions

𝑔𝑍 = cos 𝜃𝑊𝑔𝑇3 − sin 𝜃𝑊𝑔
′
𝑌 (2.20)

which allows a coupling to right-handed fermions in contrast to the𝑊 boson. In total, the EW Lagrangian
with the unbroken 𝑆𝑈 (2) ×𝑈 (1) symmetry reads

LEW = Ψ̄𝑖𝛾𝜇𝜕𝜇Ψ − Ψ̄𝐿𝛾
𝜇 𝑔√

2
©­«

0 𝑊
+

𝑊
− 0

ª®¬𝜇 Ψ𝐿 − Ψ̄𝛾𝜇
(
𝑒𝑄𝐴𝜇 + 𝑔𝑍𝑍𝜇

)
Ψ (2.21)

where Ψ = Ψ𝐿 + Ψ𝑅.
There are several problems with this theory regarding the masses of both fermions and bosons.

Eq. (2.21) contains no term of the form 𝑚Ψ̄Ψ. This is because the different transformation behaviors of
left- and right-handed particles explicitly break the gauge invariance of the electroweak theory if any of
the fermions are massive. Furthermore, giving mass to the bosons by just adding a mass term to the
Lagrangian breaks gauge symmetry. Both are in contrast to experimental observations, and unlike in
QCD, there is no confinement mechanism to explain the short range of the interaction. To resolve these
problems, the different symmetries must be (spontaneously) broken to a common symmetry, which is
the idea of the Higgs mechanism discussed in Section 2.1.3. The Higgs mechanism also prevents the
cross section of the 4-point interaction from diverging at high energies for longitudinally polarized gauge
bosons [81].
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2.1.2 The strong interaction

The last fundamental force in the SM is the strong interaction, which is described by QCD. Historically,
while it was clear that a strong interaction must exist to explain the stability of atomic nuclei, it was
first attributed to the exchange of pions between protons and neutrons [82]. At the beginning of the
1960s, the first models describing quarks as constituents of nucleons were proposed [70, 71]. In the
same decade, evidence for the existence of a substructure of protons was found, proving the existence of
quarks [83]. Furthermore, the existence of particles like the Δ++ baryon with quark-substructure 𝑢𝑢𝑢
gave hints towards the color charge of quarks to avoid violating Pauli’s exclusion principle.

Similar to QED, the strong interaction emerges when the QCD lagrangian is required to be invariant
under 𝑆𝑈 (3), where the participating fermions live in a 3-dimensional color space. Starting again from
the Lagrangian for a free Dirac spinor, the invariance under 𝑆𝑈 (3) leads to a covariant derivative

𝐷𝜇 = 𝜕𝜇 + 𝑖𝑔𝑠𝑇𝑎
𝐺

𝑎
𝜇 (2.22)

with the Gell-Mann matrices 𝜆𝑎 = 2 𝑇𝑎 and the strong coupling constant 𝑔𝑠. There are eight generators
𝐺

𝑎
𝜇 that are identified with the gluons. These gauge bosons interact with quarks by changing their color

and therefore act as rotations in color space. The kinetic (Yang-Mills) term for the gluons is

L𝐺 = −1
4
𝐺

𝑎,𝜇𝜈
𝐺

𝑎
𝜇𝜈 (2.23)

with
𝐺

𝑎
𝜇𝜈 = 𝜕𝜇𝐺

𝑎
𝜈 − 𝜕𝜈𝐺𝑎

𝜇 − 𝑔𝑠 𝑓 𝑎𝑏𝑐𝐺𝑏
𝜇𝐺

𝑐
𝜈 . (2.24)

The structure constants 𝑓 𝑎𝑏𝑐 are fully determined by the 𝑠𝑢(3) algebra.
Eq. (2.23) gives rise to cubic and quartic couplings of gluons. While self-interactions also exist in the

EW theory, the gauge bosons involved in these interactions acquire a mass via the Higgs mechanism,
leading to the short-range nature of the weak interaction. There is, however, no evidence for gluons
having a non-zero mass. Instead, the reason for the limited range of the strong interaction comes from
the running of 𝑔𝑠. In contrast to QED, where virtual electron-positron pairs screen the bare electron
charge, the self-interaction of gluons dominates the contribution of virtual quark-antiquark pairs and
leads to an anti-screening of the color charge. As in Eq. (2.9), the running of the coupling is described at
leading order via

𝑔
2
𝑠 (𝑞2) = 𝑔

2
𝑠 (𝜇2)

1 + 𝛽0
𝑔2
𝑠 (𝜇2 )
4𝜋 ln 𝑞2

𝜇2

, 𝛼𝑠 (𝑞2) = 𝛼𝑠 (𝜇2)
1 + 𝛽0𝛼𝑠 (𝜇2) ln 𝑞2

𝜇2

(2.25)

but with 𝛽0 = 21
12𝜋 for the six known quark flavors. The positive sign of 𝛽0 makes 𝛼𝑠 increase with

lower 𝑞2 which results in a Landau pole near the so-called QCD scale 𝜇 = ΛQCD ∼ 200 MeV.2 This is
known as infrared slavery. The QCD scale corresponds to the radius of a proton when converted to a
distance. For distances larger than that, the creation of a quark-antiquark pair is energetically favored
over a long-range flux tube. Individual gluons and quarks can therefore not be resolved beyond this
distance, which is known as color confinement.
2 The exact value of Λ𝑄𝐶𝐷 depends on the renormalization scheme.
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2.1.3 The Higgs mechanism

While the EW theory manages to unify two fundamental forces of nature, it fails to explain the origin of
the (different) masses of its interacting fermions and bosons. This problem can be fixed by spontaneously
breaking the EW symmetry from which a new physical particle emerges, which is known as the
Brout-Englert-Higgs (BEH) mechanism [3–6]. The new particle is therefore required to couple to
fermions and weak bosons to generate mass terms, while leaving the QED boson massless, and acquire a
non-zero vacuum expectation value (vev) that breaks the symmetry. To fulfill all three criteria, the new
particle must transform non-trivially under 𝑆𝑈 (2) ×𝑈 (1), have hypercharge 𝑌 = 1, and must be a scalar
not to break Lorentz invariance. Therefore, the EW Lagrangian is extended by

LΦ = (𝐷𝜇Φ)†(𝐷𝜇Φ) −
(
𝜇

2Φ†Φ + 𝜆
(
Φ†Φ

)2
)

︸                      ︷︷                      ︸
𝑉 (Φ)

(2.26)

with the covariant derivative 𝐷𝜇 of the EW interaction (see Eq. (2.16)), and the complex scalar doublet

Φ = ©­«
𝜙
+

𝜙
0
ª®¬ = ©­«

𝜙1 + 𝑖𝜙2

𝜙3 + 𝑖𝜙4

ª®¬ (2.27)

consisting of real scalar fields 𝜙1,...,4. The Higgs potential 𝑉 (Φ) contains all terms allowed by gauge
invariance and renormalizability and introduces two new parameters 𝜇2 and 𝜆. For vacuum stability,
𝜆 > 0 is required while 𝜇2

< 0 is needed to obtain a non-zero vev. This form of the potential is known as
the "Mexican hat potential" and is depicted in Fig. 2.2. In this case the symmetric state at Φ†Φ = 0 is
unstable and instead

Φ†Φ = 𝑣2 =
−𝜇2

𝜆
(2.28)

minimizes the potential with the vev 𝑣.
From a gauge symmetry point of view, there is a freedom in choosing the 𝜙𝑖 from Eq. (2.27) so that

Eq. (2.28) is fulfilled. However, to identify the physical degrees of freedom, the unitary gauge is the
most helpful.3 As a first step, the ground state is fixed to

⟨Φ⟩ = 1√
2

(
0
𝑣

)
(2.29)

with 𝜙1 = 𝜙2 = 𝜙4 = 0, from which it is easy to see that the QED charge is preserved, as only the
𝑄 = 0 component of the Higgs doublet acquires a non-zero vev. The three (for this particular ground
state) zero-valued fields correspond to massless Nambu-Goldstone bosons [84–86]. These bosons are
unphysical since they vanish in the unitary gauge, which is a consequence of the locality of the broken
gauge symmetry. However, the degrees of freedom 𝜙𝑖 become related to the degrees of freedom of
physical bosons via the gauge invariance of the potential. More precisely, these are longitudinal degrees
of freedom for the𝑊± and 𝑍 bosons arising due to their non-zero mass.

3 Other gauges (e.g. 𝑅𝜉 ) introduce additional Goldstone interactions and propagators.
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Re(Φ)
Im(Φ)

𝑉 (Φ)

H
𝑣

1

Figure 2.2: Schematic of the so-called Mexican hat potential after EWSB. Both the vev as the ground state, as well
as the Higgs boson as its perturbation, are shown.

In contrast to a movement along the degenerate minima leading to unphysical Nambu-Goldstone
bosons, a movement transverse to them corresponds to an excitation. This can be parameterized by a
spacetime-dependent perturbation of the vacuum state

Φ(𝑥) = 1√
2

©­«
0

𝑣 + 𝐻 (𝑥)
ª®¬ (2.30)

where 𝐻 (𝑥) is an operator that can create (and annihilate) a physical scalar boson, the Higgs boson 𝐻.

Higgs dynamics

Inserting Eq. (2.30) into the Higgs potential 𝑉 (Φ) of Eq. (2.26) yields

𝑉 (Φ) = 1
4
𝜇

2
𝑣

2 − 𝜇2
𝐻

2 + 𝜆𝑣𝐻3 + 1
4
𝜆𝐻

4 (2.31)

with the terms linear in 𝐻 canceling out. The constant term in Eq. (2.31) does not affect the dynamics of
the Higgs field and therefore cannot be observed. The term quadratic in 𝐻 is responsible for the mass of
the Higgs boson

𝑚𝐻 =
√︃
−2𝜇2 =

√︁
2𝜆𝑣2 (2.32)

which is generated by the vev. Due to the two free parameters in the Higgs potential, 𝑚𝐻 is not predicted
by the BEH mechanism and has to be measured. The terms cubic and quartic in 𝐻 fix the strength of the
Higgs self-interactions (3-point and 4-point, respectively).
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Higgs-gauge interactions

The masses of the gauge bosons and their interactions with the Higgs are generated by the first part of
Eq. (2.26). Using Eq. (2.16), this becomes

(𝐷𝜇Φ)†(𝐷𝜇Φ) = 1
2
(𝜕𝜇𝐻) (𝜕𝜇𝐻) +

𝑔
2

4
(𝑣 + 𝐻)2𝑊−𝜇𝑊+,𝜇

+ 1
8
(𝑣 + 𝐻)2

(
−𝑔𝑊3

𝜇 + 𝑔′𝐵𝜇

) (
−𝑔𝑊3,𝜇 + 𝑔′𝐵𝜇

) (2.33)

in the unitary gauge, where the definitions for𝑊± have already been inserted. As already mentioned in
Section 2.1.1, the 𝑊3

𝜇 and 𝐵𝜇 can be rotated to the mass eigenstates 𝑍𝜇 and 𝐴𝜇. This fixes the weak
mixing angle to

cos 𝜃𝑊 =
𝑔
′√︃

𝑔
2 + 𝑔′2

, sin 𝜃𝑊 =
𝑔√︃

𝑔
2 + 𝑔′2

. (2.34)

Therefore, all that is left is

(𝐷𝜇Φ)†(𝐷𝜇Φ) = 1
2
(𝜕𝜇𝐻) (𝜕𝜇𝐻) +

1
4
(𝑣 + 𝐻)2

(
𝑔

2
𝑊
−
𝜇𝑊

+,𝜇 + (𝑔2 + 𝑔′2)𝑍𝜇𝑍
𝜇
)

(2.35)

where the first term describes the Higgs field dynamics and the other terms describe mass terms for the
𝑊
± and 𝑍 bosons, as well as their interactions with the Higgs boson. Importantly, there is no term of the

form 𝐴𝜇𝐴
𝜇, which means that the theory successfully predicts a massless boson that couples to fermions

with the coupling 𝑒𝑄. It also means that there is no tree-level coupling between the Higgs boson and the
photon.

Eq. (2.35) predicts the masses of the heavy gauge bosons to be

𝑚𝑊 =
1
2
𝑔𝑣, 𝑚𝑍 =

1
2

√︃
𝑔

2 + 𝑔′2𝑣, 𝑚𝑊

𝑚𝑍

= cos 𝜃𝑊 . (2.36)

It also predicts three-point (𝐻𝑊𝑊 , 𝐻𝑍𝑍) and four-point (𝐻𝐻𝑊𝑊 , 𝐻𝐻𝑍𝑍) interactions. The former
read

L𝐻𝑉𝑉,int = 𝐻

(
2
𝑚

2
𝑊

𝑣
𝑊
−
𝜇𝑊

+,𝜇 + 𝑚
2
𝑍

𝑣
𝑍𝜇𝑍

𝜇

)
(2.37)

where the factor 2 difference comes from the different degrees of freedom. As Eq. (2.37) shows, the
𝐻𝑉𝑉 couplings are predicted to be proportional to the square of the massive gauge bosons. Additionally,
the vev is related to the Fermi constant via

1
𝑣

2 =
𝑔

2

4𝑚2
𝑤

=
√

2𝐺𝐹 ⇒ 𝑣 ≈ 246GeV (2.38)

which is also dubbed the EW scale.
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Higgs-fermion interactions

In Eq. (2.21), a mass term for fermions was not allowed by gauge symmetry. However, this changes with
the introduction of the Higgs doublet. All terms

LYuk =
3∑︁

𝑖, 𝑗=1

(
𝐶
𝑢
𝑖 𝑗𝑄𝑖,𝐿Φ𝐶𝑢 𝑗 ,𝑅 + 𝐶𝑑

𝑖 𝑗𝑄𝑖,𝐿Φ𝑑 𝑗 ,𝑅 + 𝐶𝑙
𝑖 𝑗𝐿𝑖,𝐿Φ𝑙 𝑗 ,𝑅 + ℎ.𝑐.

)
(2.39)

are singlets under 𝑆𝑈 (2) and therefore respect the gauge symmetry. This is the so-called Yukawa
Lagrangian. The sum indicates the three fermion generations, 𝑄 and 𝐿 are the quark and lepton doublets,
and the 𝐶 𝑓 are complex matrices. To create masses for the up-type quarks, the charge conjugate

Φ𝐶 = −𝑖𝜎2Φ
∗ (2.40)

is used, which has the same transformation behavior as Φ. Inserting Eq. (2.30) into Eq. (2.39) leads to

LYuk =
1√
2
(𝑣 + 𝐻)

3∑︁
𝑖, 𝑗=1

(
𝐶
𝑢
𝑖 𝑗𝑢
′
𝑖,𝐿𝑢

′
𝑗 ,𝑅 + 𝐶𝑑

𝑖 𝑗𝑑
′
𝑖,𝐿𝑑

′
𝑗 ,𝑅 + 𝐶𝑙

𝑖 𝑗 𝑙
′
𝑖,𝐿𝑙
′
𝑗 ,𝑅 + ℎ.𝑐.

)
(2.41)

where the prime indicates that the quarks and leptons are in their weak eigenstate. To obtain mass terms
for the quarks and leptons, the matrices 𝐶𝑖 𝑗 have to be diagonalized. This is achieved via transformations

𝑉
†
𝑓𝐿
𝐶

𝑓
𝑉 𝑓𝑅

= diag(𝑦 𝑓1 , 𝑦 𝑓2 , 𝑦 𝑓3) , (2.42)

where 𝑦 𝑓 are the Yukawa couplings and 𝑦 𝑓𝑖 refers to the Yukawa coupling of the 𝑖th fermion generation.
This results in mass terms of the form

𝑚 𝑓 = 𝑦 𝑓
𝑣√
2

(2.43)

and interaction terms
LYuk,int = −

∑︁
𝑓

𝑚 𝑓

𝑣
𝐻 𝑓 𝑓 (2.44)

between the Higgs boson and fermions. In contrast to the 𝐻𝑉𝑉 couplings, the Yukawa couplings are
predicted to be directly proportional to the fermion masses. Mass terms for the neutrinos are not included
in the SM due to the absence of right-handed neutrinos.

2.1.4 CP violation in the Standard Model

The matrices in Eq. (2.42), which relate the weak eigenstate and the mass eigenstate of quarks and
leptons, lead to an interesting phenomenon. Inserting the transformation behavior for the up-type and
down-type quarks

𝑞𝑖 = (𝑉𝑞)𝑖 𝑗𝑞′𝑗 (2.45)
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into the electroweak Lagrangian in Eq. (2.21) yields

L𝑊 =
𝑔√
2
𝑢𝑖,𝐿𝛾

𝜇
(
𝑉𝑢𝐿

𝑉
†
𝑑𝐿

)
𝑖 𝑗

©­«
0 𝑊

+

𝑊
− 0

ª®¬𝜇 𝑑 𝑗 ,𝐿 (2.46)

in the mass basis. The matrix product
𝑉CKM = 𝑉𝑢𝐿𝑉

†
𝑑𝐿

(2.47)

forms the so-called Cabibbo-Kobayashi-Maskawa (CKM) matrix [87, 88], which provides the transition
probabilities of an up-type quark to a down-type quark (and vice versa) in a charged-current interaction.
The CKM matrix is complex, and of the initial 18 free parameters, only four survive due to the unitarity
constraint and absorption of free phases into field redefinitions (up to one global phase). Three of the
four remaining degrees of freedom are mixing angles between the quark generations, while the last one is
a phase 𝛿CKM, which is responsible for CP-violating effects. The diagonal elements of the CKM matrix
are close to one, which means that mixing between the three generations of quarks is strongly suppressed.

The CKM matrix is currently the only known source of CP violation within the SM. It was first
observed experimentally from the mixing of neutral kaons in 1964 [89]. A neutral kaon 𝐾0 and its
antiparticle 𝐾0 can mix via box diagrams in which two𝑊 bosons are exchanged. The imaginary part
of the CKM matrix leads to a difference in the mixing rates Λ(𝐾0 → 𝐾

0) − Λ(𝐾0 → 𝐾
0) ∝ 2 ImM

whereM is the matrix element of the process. This was experimentally confirmed by observation of
the CP-violating decay of a (physical) long-lived kaon 𝐾𝐿 into two pions. The current value for the
CP-violating phase in the CKM matrix has been measured to be 𝛿CKM = 65.5◦ [12].

Additional CP violation is expected in the lepton sector from the Pontecorvo-Maki-Nakagawa-Sakata
(PMNS) matrix [90, 91], which plays the same role as the CKM matrix for leptons and neutrinos. It
is needed to explain the measured oscillations of neutrinos [92]. The PMNS matrix has 4 or 6 free
parameters, depending on whether the neutrinos are Dirac or Majorana fermions, of which one is again a
CP-violating phase 𝛿PMNS. In contrast to the quark sector, the mixing between generations in the lepton
sector is not suppressed. Furthermore, current measurements of the CP-violating phase average to
𝛿PMNS ≈ 210◦ in the case of a normal-ordering of the mass eigenstates, which suggests a near-maximal
CP violation in processes involving neutrino mixing [12].

So far in this thesis, only the EW sector has been considered as a source of CP violation. However,
the SM allows for a CP-violating term in the strong sector of the form

L𝜃 =
𝑔

2

32𝜋2 𝜃QCD𝐺
𝑎,𝜇𝜈

𝐺
𝑎
𝜇𝜈 (2.48)

with the dual field strength tensor 𝐺𝑎
𝜇𝜈 = 1/2 𝜖𝜇𝜈𝜌𝜎𝐺𝑎,𝜌𝜎 . The SM does not provide a reason for a

strong suppression of 𝜃QCD, but measurements of the neutron EDM constrain 𝜃QCD < 10−10 [41]. This
is known as the strong CP problem.

Since every EDM of a fundamental particle requires CP violation, other EDMs also provide interesting
tests of the SM. EDMs in the SM are strongly suppressed, as the only CP violation comes from the
CKM matrix. A non-zero EDM measurement that exceeds the SM prediction is therefore a clear sign of
additional sources of CP violation. For example, the EDM of the electron (eEDM) arises in the SM
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at the four-loop level. The best current experimental constraint is |𝑑𝑒 | < 4.1 · 10−30
𝑒 cm [40], while

estimates of the SM eEDM yield values several orders of magnitude below this [93, 94]. However,
CP violation from the PMNS matrix could already increase the eEDM prediction by a lot [95]. It is
also sensitive to potential new sources of CP violation in the Higgs sector (see e.g. [27]), which will
be discussed further below. Consequently, EDM measurements provide a complementary method of
probing CP violation in addition to collider experiments. The latter are discussed in detail in Chapter 3.

2.2 Physics beyond the Standard Model

The Standard Model of particle physics is regarded as one of the most successful theories of all time. It is
a fundamental theory based on causality, relativity, symmetries, and quantum field theory. Furthermore,
it is renormalizable up to the Planck scale, has correctly predicted several new particles, and is unitary.
Still, it fails to explain a significant number of phenomena in the observable universe. Efforts to find
theories beyond the SM (BSM) that can correctly predict experimental deviations from the SM and
incorporate missing aspects, such as gravity, are therefore consistently increasing. Since the shortcomings
of the SM and possible explanations via BSM theories are a vast topic, this thesis will focus on a subset
of shortcomings that BSM extensions of the Higgs sector may explain.

2.2.1 Shortcomings of the Standard Model

The many shortcomings of the SM can be split into experimental observations that it cannot explain and
theoretical arguments. They include the hierarchy problem, the apparent meta-stability of the Higgs
potential, the strong CP problem as mentioned in Section 2.1.4, and simplicity arguments since the SM
contains a total of 26 free parameters, of which 20 parameters are in the flavor sector. Among the most
striking shortcomings are the inability of the SM to explain the origin of dark matter and dark energy,
its missing description of gravity, and its failure to account for the observed asymmetry of matter and
antimatter in the Universe.

The hierarchy problem

In the SM, the parameter 𝜇2 appearing in the Higgs potential (see Eq. (2.31)) is directly responsible for
the Higgs boson mass. It is also responsible for the nature of EWSB, as only 𝜇2

< 0 leads to spontaneous
symmetry breaking in the first place. Therefore, states of NP that appear at a higher mass scale 𝑀 and
couple to the Higgs boson introduce corrections to the Higgs mass

𝑚
2
𝐻 = (𝑚2

𝐻)
���
bare
− Δ𝑚2

𝐻

(
𝑀

2
NP

)
. (2.49)

If the SM is considered to describe physics accurately to the Planck scale𝑀𝑃 ∼ 1018 GeV, where quantum
gravity effects are expected, the corrections to the Higgs boson mass are of order Δ𝑚2

𝐻 ∼ 1036 GeV.
The fact that the SM does not explain the apparent fine-tuning of the Higgs boson mass to the EW scale,
despite these large corrections, is referred to as the hierarchy problem. In other words, the SM does not
explain the origin of its own symmetry breaking. Several BSM scenarios can deal with these issues, such
as supersymmetry or composite Higgs models, where 𝑚2

𝐻 is protected by new symmetries, or dynamical
solutions via the relaxion. A review of the hierarchy problem can be found in [96].
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Dark Matter

There are a large number of experimental observations that hint at the existence of some form of dark
matter, and it is estimated that dark matter makes up about 23% of the total matter in the observable
universe. The first experimental hint was the motion of galaxies in the Coma cluster [97]. A comparison
of the gravitational potential obtained via the virial theorem and a mass estimation via luminosity
measurements revealed that most of the mass could not be seen. Furthermore, the rotation curves of
galaxies show a constant velocity of the stars with respect to their distance from the galaxy nucleus,
also hinting towards additional matter being present [98]. Finally, the power spectrum of the cosmic
microwave background (CMB) shows peaks which can be well explained by dark matter [99]. While
the SM neutrinos are potential candidates for hot dark matter, there is no SM particle with properties
needed for the ΛCDM (cold dark matter) model, which is currently the preferred model of dark matter
and dark energy. Therefore, extensions of the SM often include at least one particle that can act as a
ΛCDM candidate. Examples are supersymmetry, in which the lightest supersymmetric particle is a dark
matter candidate, or models that introduce any axion or axion-like particle (originally designed to solve
the strong CP problem). Reviews of dark matter with a focus on cosmology or the LHC are [100, 101].

Gravity

The SM cannot be a complete description of nature as it only describes three of the four known
fundamental forces. While special relativity is embedded in QFT, an accurate description of gravity is
only provided by Einstein’s general relativity (GR) [102]. As it is not a quantized theory, the SM and GR
are currently not compatible. Consequently, a theory is needed that can unify both theories at energies
around the Planck scale, which is the goal of quantum gravity. Theories that unify the four fundamental
interactions while quantizing gravity are dubbed a "theory of everything," with string theory being a
potential candidate. Reviews on this topic include [103, 104].

Baryon asymmetry of the Universe

The baryon asymmetry of the Universe (BAU), or matter-antimatter asymmetry, can be measured from
big bang nucleosynthesis (BBN) and the CMB. Both measurements yield approximately [11, 12]

𝜂 =
𝑛𝐵 − 𝑛𝐵̄

𝑠
≈ 8.7 · 10−11 (2.50)

where 𝑛𝐵 (𝑛𝐵̄) is the (anti-)baryon number density and 𝑠 is the entropy density. To dynamically produce a
baryon asymmetry during the early Universe, the three so-called Sakharov conditions have to be fulfilled
[13]. They consist of

• violation of baryon number conservation,
• departure from thermal equilibrium,
• and C-violation and CP-violation.

However, the SM is unable to generate enough baryon asymmetry to account for the observed value of the
BAU. The baryon number is called an accidental symmetry of the SM, as no symmetry group imposes its
conservation. Instead, the SM simply does not contain processes that violate the baryon number, except
for hypothetical sphaleron processes, which have not been observed so far [105, 106]. Furthermore, the
departure from thermal equilibrium, which corresponds to a strong first-order phase transition of the EW
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vacuum for baryogenesis, is not possible for the observed Higgs mass of 𝑚𝐻 = 125 GeV [107, 108].
Finally, the amount of CP violation present in the SM does not suffice to account for the observed BAU,
even if a strong first-order phase transition is assumed [14, 15].4

One of the most popular proposed solutions to these problems is electroweak baryogenesis (EWBG)
[16, 17]. In models of EWBG, the BAU is generated during the EW phase transition, which is required
to be first-order. During the SSB, so-called bubbles arise in the Universe that contain the broken EW
symmetry. These bubbles start to expand rapidly, leading to a departure from thermal equilibrium.
CP-violating processes at the bubble wall are responsible for the creation of a chiral asymmetry in the
symmetric phase. This chiral asymmetry can be converted to baryon number violation via sphaleron
processes, which describe transitions between EW vacua and violate 𝐵 + 𝐿. Sphaleron processes are
efficient in the symmetric phase but become suppressed in the broken one, so that the violated baryon
number becomes frozen when it is caught by the expanding bubble. The amount of baryon asymmetry
produced this way depends on the bubble parameters, as well as the sources of CP violation [110–113].
A review of EWBG can be found in [114].

Tensions with experimental results

In recent years, there have been some experimental measurements in high-energy physics that yielded
observations in tension with the SM predictions. An example of this is a slim excess at 95 GeV in 𝛾𝛾
final state events, which was observed across experiments [115, 116]. Furthermore, there have been
long-standing discrepancies between measurements and predictions of the lepton flavor universality
anomalies and the 𝑔 − 2 of the muon. However, both of them have been weakened by recent results [117,
118]. Several measurements of the𝑊 boson mass from the CDF collaboration are in tension with the
SM prediction [9], whereas the most recent measurements by ATLAS and CMS agree with the SM [119,
120]. Overall, no clear indication of BSM physics has been found in high-energy physics experiments as
of today.

2.2.2 Parameterizing BSM physics

The term ”BSM” is very general and contains a vast landscape of theories. They can be roughly classified
into effective field theories (EFTs) [121] and models. The former are model-independent as they do not
require new states of physics, and are further discussed below. On the other hand, models introduce
concrete new degrees of freedom. They can be split into simple extensions of the SM, like singlet
extensions or the 2HDM, and UV-complete models. While simple extensions of the SM are often
designed to fix certain shortcomings of the SM and are usually again only valid up to some energy scale
Λ, UV completions aim to provide full descriptions of nature that are valid at all energy scales.

Effective field theories

Since there is currently no evidence that favors a concrete BSM model, it is often helpful to work with
an EFT approach. Such approaches are used when there are two theories, one being more underlying but
unknown, which are separated by some energy scale. In this case, the known theory accurately describes

4 There are models for which the amount of CP violation in the SM is enough to generate the BAU, but they require other
types of tailored NP, see e.g. [109].
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physics at low energies. Deviations due to the underlying theory are suppressed by the energy scale at
which new states appear, and where the EFT breaks down. A prominent example is the Fermi theory of
the beta decay, which describes the weak interaction as a 4-point interaction; an assumption that is valid
for 𝐸 < 𝑚𝑊 . The electroweak interaction of the SM takes on the role of the more underlying theory.

Nowadays, the same approach is used but with the SM as the low-energy theory. It is assumed
that states of NP appear at 𝐸 = ΛNP > 1 TeV, which are decoupled from the SM according to the
Appelquist-Carazzone theorem [122]. They can therefore only be detected indirectly via modifications of
SM parameters that are parameterized within an EFT. Two EFTs are widely used, which are the Standard
Model Effective Field Theory (SMEFT) [123] and the Higgs Effective Field Theory (HEFT) [124, 125].
The former includes the same 𝑆𝑈 (2) Higgs doublet as the SM and keeps its 𝑆𝑈 (3) × 𝑆𝑈 (2) ×𝑈 (1)
gauge structure intact, whereas this assumption is relaxed in the HEFT, and operators can possess a
different gauge structure. In single Higgs production processes, differences between the two might only
be visible in the 𝐻𝑉𝑉 couplings [126]. Therefore, and for simplicity, only the SMEFT is considered in
this work.

In the SMEFT, the SM Lagrangian is extended by operators of mass-dimension 𝐷 > 4 which are
suppressed by corresponding powers of the NP scale Λ. The total SMEFT Lagrangian is therefore an
infinite sum

LSMEFT = LSM +
∑︁
𝐷>4

1
Λ𝐷−4𝐶

(𝐷)
𝑖 𝑂

(𝐷)
𝑖 (2.51)

where the 𝐶𝑖 are called Wilson coefficients that parameterize the strength of the interactions induced
by the operators 𝑂𝑖. At 𝐷 = 5, there is only one operator that keeps the gauge structure of the SM
intact. It is called the Weinberg operator and generates a Majorana mass term for neutrinos, as well
as lepton number-violating processes. The current upper limits on neutrino masses suggest that NP
states responsible for them must exist at very high energies, so this operator is expected to be strongly
suppressed [127]. The operators at 𝐷 = 7 are lepton number-violating as well and are even further
suppressed.

The operators relevant for this thesis appear at 𝐷 = 6. In total, 59 non-redundant operators conserve
baryon and lepton number at this dimension, which form the so-called Warsaw basis [30, 123]. The
operators can be grouped by their field contents. There are 25 four-fermion operators, which generate an
effective four-point interaction involving mixtures of left- and right-handed fermions. Next, there are
15 purely bosonic operators that can modify the self-couplings of the strong, weak, and Higgs bosons
as well as their interactions. Operators involving a dual field strength tensor𝑊𝜇𝜈 or 𝐺𝑎

𝜇𝜈 give rise to
CP-violating interactions. Finally, there are 19 operators that mix fermionic and bosonic fields and can
modify their interactions, such as the Yukawa couplings. If the Wilson coefficient of such an operator is
complex, 𝑂𝑖 −𝑂†𝑖 ∝ 2 Im𝐶𝑖 will result in a CP-violating part of the modified interaction. However, as
the SMEFT operators are defined in the weak eigenstate, a complex Wilson coefficient does not directly
correspond to CP violation measured in an experiment. The complete list of the 𝐷 = 6 operators in the
Warsaw basis can be found in [30].

The Higgs Characterization Model

The SMEFT is a very general and powerful approach for modeling potential effects of BSM physics.
However, for analyses targeting the Higgs sector, it is sufficient to use a more specific effective framework
to capture deviations from the SM. The so-called Higgs Characterization model (HCM) was designed
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in 2013 to assess the nature and interactions of the Higgs boson discovered in 2012 [128]. The HCM
includes different spin hypotheses for the Higgs boson. However, experiments have confirmed the
zero-spin nature of the Higgs boson, and other values of the spin are therefore discarded (see the
discussion in Section 3.3.2). Furthermore, the HCM allows for a P-even and a P-odd state of the Higgs
boson. These two states can mix, resulting in CP violation in the interactions of the Higgs boson. In
contrast to the SMEFT, the HCM is defined in the mass basis and therefore, CP violation in the HCM
corresponds to the one observable in experiments.

In the SMEFT, the couplings between the Higgs boson and the SM fermions can be modified by
dimension-6 operators of the form Ψ2Φ3 in the Warsaw basis. The corresponding Lagrangian

L𝐷=6
Yuk =

𝐶ΨΦ

Λ2 (Φ
†Φ) (Ψ̄𝐿Ψ𝑅Φ) (2.52)

is added to the SM, where the value of the (complex) Wilson coefficient 𝐶ΨΦ determines the strength of
the Yukawa coupling modification. It modifies the existing three-point interactions, but also creates new
four- and five-point interactions involving two or three Higgs bosons. However, these are experimentally
less relevant compared to the three-point interaction and are not included in the HCM.

Instead, the modified Yukawa coupling is written as [128]

Lmod
Yuk = −

∑︁
𝑓

𝑦 𝑓√
2
𝑓

(
𝑐 𝑓 + 𝑖𝛾5𝑐 𝑓

)
𝑓 𝐻 (2.53)

in the HCM, where 𝑐 𝑓 is the CP-even part of the coupling and 𝑐 𝑓 the CP-odd part. This Lagrangian
includes the SM Yukawa-couplings and corresponds to Eq. (2.44) when choosing 𝑐 𝑓 = 1 and 𝑐 𝑓 = 0.
Other parameterizations are possible, such as

Lmod
Yuk = −

∑︁
𝑓

𝑦 𝑓√
2
𝑓 𝑔 𝑓

(
cos𝛼 𝑓 + 𝑖𝛾5 sin𝛼 𝑓

)
𝑓 𝐻 (2.54)

where
𝑔 𝑓 =

√︃
𝑐

2
𝑓 + 𝑐2

𝑓 , 𝛼 𝑓 = arctan 𝑐 𝑓 /𝑐 𝑓 (2.55)

are the rate modifier 𝑔 𝑓 and the CP-mixing angle 𝛼 𝑓 . CMS adopts the usage of an effective fractional
cross section [129]

𝑓
𝐻 𝑓 𝑓
CP =

|𝑐 𝑓 |2

|𝑐 𝑓 |2 + |𝑐 𝑓 |2
sgn

(
𝑐 𝑓

𝑐 𝑓

)
(2.56)

which connects to the CP-mixing angle via | 𝑓 𝐻 𝑓 𝑓
CP | = sin2

𝛼 𝑓 .
As mentioned above, a great advantage of using the coupling modifiers 𝑐 𝑓 and 𝑐 𝑓 is that they are

defined in the mass basis. Consequently, they are related to the Wilson coefficients of the SMEFT
via a rotation to the weak eigenstate. Performing the rotation, the relation between the coefficients in
Eq. (2.52) and Eq. (2.53) is [25, 26]

𝑐 𝑓 =
1 + 4 Re 𝐶̃ΨΦ + 3(Re 𝐶̃2

ΨΦ + Im 𝐶̃
2
ΨΦ)(

1 + Re 𝐶̃ΨΦ
)2 + Im 𝐶̃

2
ΨΦ

, 𝑐 𝑓 =
2 Im 𝐶̃ΨΦ(

1 + Re 𝐶̃ΨΦ
)2 + Im 𝐶̃

2
ΨΦ

(2.57)
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with

𝐶̃ΨΦ =
𝑣

2

2Λ2
𝐶ΨΦ

𝑦 𝑓
. (2.58)

The modification of the Yukawa Lagrangian leads to a modification of the Feynman rules and
consequently to signal strengths and kinematics that depend on the amount of CP-mixing. Generally,
the matrix element of a process can be split into

|Mtot |2 = 𝑐2
𝑖 |MCP−even |2 + 2𝑐𝑖𝑐𝑖 Re

(MCP−evenM∗CP−odd
) + 𝑐2

𝑖 |MCP−odd |2 (2.59)

where the parts proportional to 𝑐2
𝑖 and 𝑐2

𝑖 are CP-even and affect the rate, while the middle term is
CP-odd and gives the interference between the two contributions.

The HCM also allows for modifications of the Higgs-gauge boson couplings. In the SMEFT, they are
generated by operators of the form 𝑋

2Φ2. More precisely, there are six operators

OΦ𝑋 = Φ†Φ𝑋𝜇𝜈𝑋
𝜇𝜈
, ÕΦ𝑋 = Φ†Φ𝑋𝜇𝜈𝑋

𝜇𝜈 (2.60)

where 𝑋𝜇𝜈 = 𝑊 𝑖
𝜇𝜈 , 𝐵𝜇𝜈 , 𝐺

𝑎
𝜇𝜈 . Additionally, two more operators allow mixing of the 𝑊 and 𝐵 field

strength tensors. All of these operators can generate new four-point interactions between two Higgs and
two gauge bosons, but just like in the case of the Yukawa couplings, these are not included in the HCM.
Instead, only the three-point interactions are considered. The Higgs-gauge operators involving a dual
field strength tensor are CP-odd by definition.

The Lagrangians in the HCM describing the Higgs couplings to massless gauge bosons take on the
form [128]

Lmod
𝐻𝛾𝛾 = − 1

4𝑣

(
47𝛼em
18𝜋
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𝜇𝜈 + 4𝛼em
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𝜇𝜈

)
𝐻 (2.61)

and
Lmod

𝑔𝑔𝐻 = − 1
4𝑣

(
−𝛼𝑠

3𝜋
𝑐𝑔𝐺

𝑎
𝜇𝜈𝐺

𝜇𝜈,𝑎 + 𝛼𝑠
2𝜋
𝑐𝑔𝐺

𝑎
𝜇𝜈𝐺
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)
𝐻 (2.62)

for the Higgs-photon and Higgs-gluon coupling, respectively. The prefactors of the couplings are chosen
so that they resemble the loop contributions of the SM when the top quark is integrated out. Therefore,
the parameters 𝑐𝑔 and 𝑐𝑔 fully parameterize the loop in the gluon fusion production channel, and the SM
is recovered for 𝑐𝑔 = 1 and 𝑐𝑔 = 0.

The modified Higgs couplings to the heavy vector bosons are further split into parts [128]

Lmod
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)
𝐻

− 1
2Λ

(
𝑐𝑊𝑊
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𝜇𝜈𝑊

−,𝜇𝜈 + 𝑐𝑊𝑊+𝜇𝜈𝑊−,𝜇𝜈
)
𝐻

(2.63)

where the first line describes modifications of the tree-level SM coupling and the other lines modify
loop-induced couplings. A coupling between a CP-odd Higgs boson and heavy gauge bosons is not
allowed on tree level since such a coupling of mass-dimension 4 would introduce a hard breaking of
the CP-symmetry of the Lagrangian. The lowest mass-dimension at which such an interaction can be
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generated is 6 and corresponds to the second term in the second and third lines of Eq. (2.63).5

On the amplitude level, the coupling between the Higgs boson and any gauge bosonsV = 𝑊, 𝑍, 𝛾, 𝑔
can be written generally as [130]

𝐴(𝐻V1V2) ∼
[
𝑎
VV
1 + 𝜅

VV
1 𝑞

2
1 + 𝜅VV2 𝑞

2
2

Λ2

]
𝑚

2
V1
𝜖
∗
V1
𝜖
∗
V2
+ 𝑎VV2 𝑓

(1)
𝜇𝜈 𝑓

(2)𝜇𝜈 + 𝑎VV3 𝑓
(1)
𝜇𝜈 𝑓

(2)𝜇𝜈 (2.64)

with the field strength tensor 𝑓 (𝑖)𝜇𝜈 = 𝜖 𝜇V1
𝑞
𝜈
1 − 𝜖𝜈V1

𝑞
𝜇
1 and its dual 𝑓 (𝑖)𝜇𝜈 = 1/2𝜖 𝜇𝜈𝜌𝜎 𝑓 𝑖𝜌𝜎 . The 𝑎VV3

coupling parameterizes CP violation. The first part of Eq. (2.64) describes tree-level couplings and
so 𝑎𝛾𝛾1 = 𝑎𝑔𝑔1 = 𝜅𝛾𝛾1 = 𝜅𝑔𝑔1 = 𝜅𝛾𝛾2 = 𝜅𝑔𝑔2 = 0. For the gluon fusion loop, in contrast to Eq. (2.62), this
corresponds to an EFT where the top quark is not integrated out. The parameters of the two equations
can be related via

𝑐𝑔 = 1 − 6𝜋
𝛼𝑠
𝑎
𝑔𝑔
2 , 𝑐𝑔 =

4𝜋
𝛼𝑠
𝑎
𝑔𝑔
3 (2.65)

assuming SM-like contributions to the gluon fusion loop.
Similar to the 𝐻 𝑓 𝑓 case, CP violation in the 𝐻VV coupling allows to separate the matrix element

into three terms. The Higgs couplings to gluons and photons can be parameterized in the same way as
in Eq. (2.59), because the SM coupling is loop-suppressed and therefore comparable to a dimension-6
effective interaction. The SM 𝐻𝑉𝑉 coupling exists at tree level, but CP-violating interactions are
suppressed. Therefore, the matrix element is parameterized as

|Mtot |2 = |MCP−even |2 + 2𝑑 Re
(MCP−evenM∗CP−odd

) + 𝑑2 |MCP−odd |2 (2.66)

where 𝑑 is, e.g., a CP-violating Wilson coefficient, and the 𝑑2 term is strongly suppressed.

5 The modified loop-induced 𝐻𝑉𝑉 couplings in the HCM look like dimension-5 terms because 𝑣 was used as a reference scale
instead of Λ. The correct prefactors in correspondence with the SMEFT operators would be 𝑣/Λ2.
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CHAPTER 3

Probing the Higgs sector

Data taking at the Large Electron-Positron Collider (LEP) took place until the year 2000 and allowed for
narrowing down the potential mass for the SM Higgs boson to a mass window between 114 GeV and
158 GeV [131, 132]. One of the main tasks of its successor, the Large Hadron Collider (LHC), was to
find the Higgs boson and determine its mass and other properties. After the first launch of the LHC
in late 2008, it took less than four years for the two multi-purpose experiments ATLAS and CMS to
discover a particle that fits the SM predictions [1, 2]. Since then, numerous measurements have been
conducted to determine the properties of the discovered Higgs boson with high precision, such as its
mass, spin, width, and parity.

In this chapter, an overview of current Higgs boson studies and their most recent results will be
given. Section 3.1 briefly discusses the setup of the LHC and its two biggest experiments, ATLAS and
CMS. This is followed by a discussion of simulating events via Monte Carlo generators, as well as the
subsequent parton showering and detector simulation in Section 3.2. Finally, an overview of Higgs
physics at the LHC will be given in Section 3.3, and the most relevant experimental results for this thesis
are discussed.

3.1 The Large Hadron Collider

The LHC, located at CERN in Geneva and its surroundings, is the largest and most powerful particle
accelerator in the world. It is a circular proton-proton collider with a total length of 26.7 km that was
designed to reach center-of-mass (COM) energies of up to 14 TeV [133]. The protons collide at four
different interaction points at which events can be detected for the ATLAS, CMS, LHCb, and ALICE
experiments. Before the protons enter the LHC, they are pre-accelerated in the so-called injector chain.
It consists of a linear accelerator and three smaller synchrotrons which boost the protons to an energy of
450 GeV. The protons are not accelerated as a continuous beam but in bunches with a bunch spacing of
25 ns.

The LHC was designed to first test the validity of the SM via a discovery of the Higgs boson and
subsequently look for clear signals of potential NP. Since its operation began in 2008, it has collected
data in multiple runs, which are summarized in Table 3.1. Currently, Run 3 is operating at a COM
energy of

√
𝑠 = 13.6 TeV. This is the energy that the protons receive, while the actual collisions happen
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Years
√
𝑠 [TeV] L [fb−1]

Run 1 2010 − 2012 7 & 8 5 & 20

Run 2 2015 − 2018 13 139

Run 3 2022 − 2026 13.6 ∼ 300

Table 3.1: Overview of the LHC runs up to now, including the COM energy and the (expected) integrated luminosity
obtained by ATLAS and CMS.

(a) (b)

Figure 3.1: Schematics of the (a) ATLAS and (b) CMS detector. Figures taken from [136, 137].

between partons with only a fraction of the total energy, justifying the need for a multi-TeV collider to
perform Higgs measurements. However, due to the low cross sections of the Higgs production channels
compared to other SM processes, a high luminosity is needed as well. This is achieved by a high number
of colliding protons and a strong focusing of the beams via quadrupole magnets.

3.1.1 The ATLAS and CMS experiments

The two biggest experiments at the LHC are the ATLAS (A Toroidal LHC ApparatuS) and CMS
(Compact Muon Solenoid) experiments. They are also the two detectors capable of collecting the highest
luminosities at the LHC [134, 135]. Both detectors are used for very similar analyses in the context of SM
precision tests and BSM searches. Therefore, they offer the unique possibility to perform measurements
independently and cross-check each other’s results. Their structure was intentionally designed to be very
similar for this purpose. A schematic overview of the ATLAS and CMS detectors, highlighting their
most important systems, is shown in Fig. 3.1.

The kinematics of events detected in the experiments are commonly expressed in the laboratory
frame (lab frame). The coordinate system of the lab frame is defined such that the 𝑧-axis aligns with
the beam axis. As the detectors are of cylindrical shape, instead of 𝑝𝑥 , 𝑝𝑦 , 𝑝𝑧 a more commonly used
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parameterization consists of

𝑝𝑇 =
√︃
𝑝

2
𝑥 + 𝑝2

𝑦 , 𝜙 = cos−1
𝑝𝑥/𝑝𝑇 , 𝜂 = sinh−1

𝑝𝑧/𝑝𝑇 (3.1)

with the transverse momentum 𝑝𝑇 , the azimuthal angle 𝜙 and the pseudorapidity 𝜂. Additionally, the
angular distance between two particles can be defined as

Δ𝑅 =
√︃
(Δ𝜙)2 + (Δ𝜂)2 . (3.2)

Both detectors must be able to identify particles, provide the best possible resolution, and have fast
read-out times. To achieve this, they were built in an ”onion-like” structure. The part of both detectors
closest to the beam line is called the Inner Detector. It can precisely track the trajectory of particles and
therefore measure the momenta and electric charge of incoming objects. This allows the identification of
electrons. In both experiments, the Inner Detector covers a pseudorapidity region of |𝜂 | ≤ 2.5 and is
subjected to a strong magnetic field of 2 T in ATLAS (4 T in CMS).

Covering the Inner Detector are the calorimeters, namely the Electromagnetic Calorimeter (ECAL) and
the Hadronic Calorimeter (HCAL). The ECAL surrounds the Inner Detector and is designed to fully stop
electrons and photons. Their deposited energy can be measured because they produce electromagnetic
showers within the ECAL volume. The HCAL is the outer part of the calorimeter system. It stops
hadrons and measures their energy by producing hadronic showers. The calorimeters in ATLAS (CMS)
both cover a pseudorapidity region of |𝜂 | ≤ 3.2 (3.0) with additional forward calorimeters covering
|𝜂 | ≤ 4.9 (5.2).

Finally, the outermost part of the detector is the muon spectrometer. Compared to electrons, muons
cannot be stopped in the ECAL due to their higher mass and lower ionization losses. Although the muon
spectrometer is unable to fully stop the muons, a precise momentum reconstruction is possible via the
ionization of a gas.

Other particles cannot be detected (directly) at the ATLAS and CMS detectors. Heavy particles, such
as the top quark or massive bosons, decay before entering the detector volume. Furthermore, free quarks
and gluons hadronize prior to detection. In both cases, the distribution of the measurable final-state
particles contains information about the parton-level event. Finally, the interaction cross section of
neutrinos with matter is very small, and they escape the detector without any detection possibility.1

Information about neutrinos is mostly inferred from the missing transverse energy 𝐸miss
𝑇 of the total

event.

3.2 Event generation for phenomenology

Fixed order calculations

In order to perform phenomenological studies for high-energy physics, the possibility to create events
matching a specific underlying physics assumption is of great importance. Such a task is fulfilled by

1 During the shutdown between Run 2 and Run 3, the two neutrino detectors FASER and SND@LHC were constructed at the
LHC which are able to detect neutrinos coming from the interaction points [138–141] However, it is not possible to match
detected neutrinos to ATLAS or CMS events.
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Monte Carlo event generators. The central idea of these generators is to fully automate the computation
of any process in particle physics at a fixed order, independent of the types, number, and interactions of
the particles. There are multiple event generators available, with one of the most versatile ones being
MadGraph5_aMC@NLO [142–144].

In a perturbative theory, the non-trivial interactions that happen at the lowest order of the respective
coupling constants produce events at leading order (LO). MadGraph can generate physical LO events
at the parton-level by calculating the (squared) matrix elements |M|2 from the generated Feynman
diagrams and integrating the phase space via Monte Carlo sampling. The returned events are typically
unweighted by rejecting events with a probability according to their weight. The resulting distributions
are then reflective of their underlying theory. BSM theories can be incorporated into MadGraph with
files in the Universal FeynRules Output (UFO) format. UFO files for the SMEFT and the HCM are
available online [145–147] and are used for the event generation in this thesis (see the respective chapters
and Appendix B).

A great advantage of event generators is the possibility to isolate the effects of BSM couplings at a
specific interaction order. For example, MadGraph allows the usage of a restriction file, in which all
Wilson coefficients in the SMEFT are set to zero, except for a CP-conserving and a CP-violating one of
interest for a chosen process. In this case, the resulting squared matrix element can be split up into six
terms describing the SM, interference, and squared contributions. Specifying the NP interaction order
during the event generation will result in the isolation of the chosen contribution, as long as events are
generated at LO.
MadGraph also allows for generating events at next-to-leading order (NLO). Real corrections to the

LO diagrams are tree-level diagrams and can be calculated straightforwardly, while virtual corrections
are handled by MadLoop5. The finite parts and divergencies of the amplitude are computed in the ’t
Hooft-Veltman scheme [148], and tensor integrals are evaluated via integral reduction. Divergencies are
regularized dimensionally, while the renormalization scheme can be specified in the NLO model used.

The final step in the generation of parton-level events is the decay of unstable particles. For example,
in top-associated Higgs production at the LHC, 𝑝𝑝 → 𝑡𝑡𝐻, none of the final state particles will be
found in the detector due to their short lifetimes. However, generating the full (non-resonant) process,
including the decay to detectable particles, makes the calculation very inefficient, especially at NLO.
Instead, Madspin [149, 150] is used as a compromise between performance and information about spin
correlations and off-shell effects. For this, the narrow-width approximation (NWA) [151, 152]����� 1

𝑞
2 − 𝑚2 − 𝑖𝑚Γ

�����2 ∼ 𝜋

𝑚Γ
𝛿

(
𝑞

2 − 𝑚2
)

(3.3)

is used, which means that the width of the unstable particles is assumed to be close to zero. Consequently,
the production and decay of the full process factorize, and the decay can be treated as an independent
process.

Parton showering and hadronization

To model the evolution of the parton-level objects to detectable particles, several effects have to be
taken into account, which are visualized in Fig. 3.2. The first ones are initial-state radiation (ISR) and
final-state radiation (FSR). ISR considers that photons, gluons, and other particles may be emitted from
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Figure 3.2: Simplified event display from Pythia8 for 𝑡𝑡 production including all relevant effects of the parton
showering and hadronization. The beams enter from the left and right, and the hard interaction 𝑑𝜎0 is found in the
center of the figure. Measurable particles propagate outwards to the detector. Figure taken from [153].

the initial-state partons before the hard interaction. FSR describes the same effect for particles emerging
from the hard scattering process and any subsequent decays. The combination of both effects is called a
parton shower and is modeled with Pythia8 in this work [153]. It accurately accounts for the emission
of soft and collinear gluons via resummation of the logarithmic divergences.

To ensure that the physical process is correctly modeled when going from the hard scattering process
to the parton shower, it is necessary to perform matching and merging between them. Additional hard
jets created at the parton level, either from a high jet multiplicity at LO, real corrections from NLO, or
both, could also be present in the parton shower. This would lead to a double counting of the respective
jets. MadGraph5 automatically subtracts the possible double counting for an NLO event generation,
making a matching to the parton shower trivial but also necessary to produce physical samples. LO
events with several jet multiplicities need to be explicitly handled, e.g., by introducing a jet matching
scale to smoothly separate the hard process from the parton shower.

In addition to the radiation effects from the hard scattering, multiple parton interactions (MPIs)
describing secondary scattering processes between other partons of the beams are also taken into account
by Pythia8. Once the energy of the free particles charged under QCD reaches ΛQCD, they become
confined in so-called strings, which are color-singlets and break apart into hadrons shortly after. This is
known as the hadronization. These (primary) hadrons can further decay if they are unstable, and both
primary and secondary hadrons can interact with other nearby particles. Ultimately, a set of color-neutral,
stable particles and their momentum is obtained.
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Detector simulation

The final step of generating events that resemble measurements at the LHC is a simulation of the detector
response. The input for the detector simulation consists of the hard scattering process after showering
and hadronization. The most precise and versatile simulation tool for detector effects is Geant4 [154].
However, it is not suited for phenomenological studies with a large number of events due to its complexity
and slow computation time. Instead, Delphes3 is used, which provides a framework for fast detector
simulation specifically tailored towards hadron collisions at the LHC [155].

The processing of events in Delphes3 closely follows the structure of the ATLAS and CMS detectors
described in Section 3.1.1. In a first step, the inner detector is modeled by the propagation of hadrons
and leptons in a magnetic field. Charged particles can be reconstructed as a track with limited energy
and momentum resolution, as well as a smeared normalization of the transverse momentum. Afterwards,
particles that are within the angular coverage of the calorimeters deposit their energy in cells of either the
ECAL or the HCAL. Electrons and photons deposit their entire energy in the ECAL. Hadrons deposit
their energy in the HCAL if they are stable or in both calorimeters if they decay within the detector
volume. The hits in the calorimeters are classified by their energy and pseudorapidity with limited
resolution. Multiple particles that deposit their energy in the same calorimeter cell are referred to as a
tower.

After hits, tracks, and towers have been measured, the corresponding particles have to be identified.
This is performed by the particle-flow algorithm, which is also used for particle reconstruction in CMS
and is implemented in Delphes3 as a simplified version [156]. It combines all available information
from an event to improve the identification and resolution of particles and their momenta. The following
particles can be identified:

• Particles that have no track and deposit their entire energy in the ECAL are identified as photons.
• If a track matches the energy deposit in the ECAL, the particle is instead identified as an electron.
• Muons are reconstructed if they have a track and are detected in the muon system.

Other fundamental particles cannot be identified based on the track and tower information alone due to
their short lifetime (in the case of heavy particles) and hadronization. Instead, they have to be identified
from a collection of particles via an algorithm that matches a group of detectable particles to an initial
object. Objects that are reconstructed this way are dubbed jets. There are several algorithms designed
for reconstructing jets, which are implemented in Delphes via the FastJet package [157]. One of the
most used jet clustering algorithms is the so-called anti-𝑘𝑡 algorithm [158]. It computes the distances
between two particles 𝑖 and 𝑗 and the beam 𝐵 via

𝑑𝑖 𝑗 = min
(
𝑝
−2
𝑇,𝑖 , 𝑝

−2
𝑇, 𝑗

)
Δ𝑅2

𝑖 𝑗/𝑅2
, 𝑑𝑖𝐵 = 𝑝−2

𝑇,𝑖 (3.4)

and checks for the overall minimum value of all 𝑑. If 𝑑min ≡ 𝑑𝑖 𝑗 , the particles 𝑖 and 𝑗 are merged. If
instead 𝑑min ≡ 𝑑𝑖𝐵, particle 𝑖 is identified as a jet. The value of 𝑅 in Eq. (3.4) can be chosen freely, with
a common value of 𝑅 = 0.4 for light jets. The advantage of the anti-𝑘𝑡 algorithm is that it results in a
mostly circular jet cone in the (𝜙, 𝜂) plane.

Some parton-level objects can be identified from the properties of the reconstructed jet. A standard
procedure, but also an active area of research for current experimental analyses, is the identification of
jets originating from a 𝑏-quark or 𝜏-lepton, dubbed 𝑏-tagging or 𝜏-tagging (see e.g. [159–162]). Both
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Figure 3.3: Main channels for the production of a single SM Higgs boson at the LHC as a function of
√
𝑠. Figure

taken from [169].

are available in Delphes via the ”BTag” and ”TauTag” attributes with tunable efficiency. Recently, much
progress has been made in the identification of jets originating from a 𝑐-quark and in the differentiation
between light quark jets and gluon jets [163, 164], although such options are not implemented in
Delphes by default. Jets from more massive particles, such as the𝑊 , 𝑍 , and Higgs boson, as well as the
top quark, are generally reconstructed in several steps using more complicated techniques (see e.g. [165,
166]).

3.3 Higgs physics at the LHC

So far, most measurements of the 125 GeV Higgs boson are in excellent agreement with the predictions
for a SM-like Higgs boson. More than 10 years after its discovery, many of the properties of the Higgs
boson, such as its spin, the coupling strength to heavy particles, or its main production and decay
channels at the LHC, have been measured with great precision [167, 168]. A collection of the most
recent results can be found in [12]. However, many open questions remain, and there are large efforts to
find hints of NP. These include numerous possibilities such as deviations from the SM prediction in rare
decays, flavor-violating Higgs decays, or CP-violating Higgs interactions. Especially, the light-Yukawa
couplings are very weakly constrained [44–55].

3.3.1 Production and decay channels

Higgs production channels

The SM Higgs boson can be produced in several different channels at the LHC. The production cross
section of each channel depends on the COM energy

√
𝑠 and the availability of the initial states. Generally,
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(a) (b) (c) (d)

Figure 3.4: Feynman diagrams for the most relevant Higgs production mechanisms, namely (a) gluon fusion, (b)
vector boson fusion, (c) Higgsstrahlung, and (d) top-associated Higgs production.

for the energies of the LHC runs between 7 and 14 TeV, the production of a single Higgs boson becomes
increasingly more likely the higher

√
𝑠, as can be seen in Fig. 3.3. The relative importance of the

production channels stays approximately constant at these energies, with the exception of top-associated
Higgs production.

By far the most relevant production channel is the so-called gluon fusion (ggF). With a cross section
of 𝜎ggF ≈ 52.2 pb [12], it is responsible for about 88% of all Higgs bosons produced at the COM energy√
𝑠 = 13.6 TeV during Run 3 of the LHC. Two gluons fuse into a Higgs boson via a quark loop, as seen

in Fig. 3.4(a), which is dominated by the top quark. The contribution of other quarks is suppressed
due to the appearance of the respective Yukawa coupling in the diagrams.2 Despite this process being
loop-induced, it owes its relatively high cross section to the high abundance of gluons in the protons at
medium Bjorken scale 𝑥 [170], which is obtained from the parton distribution functions (PDFs) [171].
ggF stays the most relevant production mode, even in the exclusive case that two additional jets are
radiated at the parton level [172].

The second most likely production channel of a single Higgs boson is vector boson fusion (VBF) with
a cross section of 𝜎VBF ≈ 4.1 pb at

√
𝑠 = 13.6 TeV [12]. In this process, two quarks from the proton

beams radiate off a𝑊- or 𝑍 boson (denoted jointly as 𝑉 boson) which fuse into a Higgs boson, as shown
in Fig. 3.4(b).3 The 𝑉 bosons are produced off-shell and, due to the high energies of the LHC, they are
mostly longitudinally polarized. Since the initial quarks only give a fraction of their energy to the gauge
bosons, VBF has a distinct topology of two very forward jets with high momenta and therefore large
angular separation.

Higgs bosons can also be produced by being scattered off a weak vector boson. This is the underlying
process of 𝑉𝐻 production, or Higgsstrahlung, and the corresponding Feynman diagram is depicted in
Fig. 3.4(c). It is the main Higgs production mode at a lepton collider, but ranks third at the LHC with a
cross section of 𝜎𝑉𝐻 ≈ 2.41 pb [12]. For the LO s-channel diagram, the Higgs boson and 𝑉 boson are
produced back-to-back in 𝑝𝑇 . 𝑍𝐻 production receives a significant contribution at the loop level from a
gluon-fusion-like diagram with a 𝑔𝑔 initial state.

Furthermore, Higgs bosons at the LHC can be produced in association with a pair of heavy quarks.
The most prominent example for this is 𝑡𝑡𝐻 with 𝜎𝑡𝑡𝐻 ≈ 0.57 pb [12]. Fig. 3.4(d) shows how two gluons
turn into a 𝑡𝑡 pair via a t-channel top quark, which emits a Higgs boson. The 𝑡𝑡 pair can also be produced
at LO via an s-channel gluon. Despite the two gluons in the initial state, the cross section for 𝑡𝑡𝐻 is
small compared to ggF. This is due to the high energy required to produce the final state and the gluon

2 Furthermore, there is also destructive interference between the top quark and the other quark loops.
3 The term VBF can be misleading since gluons and photons are also vector bosons. Therefore, VBF is also sometimes called

WBF (weak boson fusion).
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(a) (b) (c)

Figure 3.5: Feynman diagrams for the most relevant Higgs decay mechanisms, namely (a) the Higgs to fermion
decay, (b) the Higgs decay into weak bosons, and (c) the Higgs decay into photons via a fermion or𝑊 boson loop.

luminosity decreasing heavily for high Bjorken scale 𝑥. Higgs production associated with a bottom
quark pair has a similar cross section 𝜎𝑏𝑏̄𝐻 ∼ 𝜎𝑡𝑡𝐻 [173]. The small bottom-Yukawa coupling compared
to the top quark is balanced by the more easily available final state. However, VBF and 𝑉𝐻 are direct
backgrounds of this process and make a measurement at the LHC challenging compared to 𝑡𝑡𝐻.

Finally, it is also possible to generate a Higgs boson in association with a single top quark. The 𝑡𝐻
channel can be further categorized into channels with a light quark, a bottom quark, or a𝑊 boson in the
final state. The emission of the Higgs boson is possible from top and bottom quark lines, as well as𝑊
boson lines. This leads to negative interference between the diagrams, reducing the total cross section of
the process to about 𝜎𝑡𝐻 ≈ 0.09 pb [12]. However, the large interference effects allow probing the sign
of the top-Yukawa coupling in the context of Eq. (2.53) (see e.g. [174]).4

Apart from the processes for single Higgs production mentioned above, Higgs bosons can also be
produced in pairs. This is important for measuring the self-coupling of the Higgs boson. While such
events are rare, they are already being investigated with good precision [175, 176].

Higgs decay channels

Unlike the Higgs production channels, its decay channels are not influenced by
√
𝑠 and the proton PDFs.

Instead, the decay channels of the Higgs boson are completely defined via the masses and the couplings
of the particles involved in the decay process. The SM predicts that the total decay width of the Higgs
boson is

Γ𝐻 ≈ 4 · 10−3 GeV . (3.5)

The fact that Γ𝐻 ≪ 𝑚𝐻 allows usage of the NWA as defined in Eq. (3.3), for which the production and
decay of the Higgs boson factorize.

The most likely decay channel is 𝐻 → 𝑏𝑏̄ with a branching ratio of 𝐵𝑅(𝐻 → 𝑏𝑏̄) = 0.582, shown in
Fig. 3.5(a). This is due to the 𝑏 quark being the particle with the highest mass for which 2𝑚𝑋 < 𝑚𝐻 and
the fermionic decay width scaling with 𝑚2

𝑓 . Although over half of the produced Higgs bosons decay
into a pair of 𝑏 quarks, this channel usually does not provide the highest sensitivity in analyses at the
LHC and consequently does not belong to the discovery channels of the Higgs boson. The large QCD
background at 𝑝𝑝 colliders makes this final state difficult to extract. Nonetheless, it remains an important
channel for many analyses and allows probing the bottom-Yukawa coupling. Other fermionic decay
channels, such as 𝐻 → 𝜏

+
𝜏
−, 𝐻 → 𝑐𝑐, or 𝐻 → 𝜇

+
𝜇
− are suppressed compared to the 𝑏𝑏̄ decay and

4 A similar interference pattern can be found in the sub-leading 𝑔𝑔 → 𝑍𝐻 process, but it is suppressed.
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become increasingly difficult to detect. The leptonic decays have the advantage of emitting electrons or
muons in the final state, which are significantly easier to tag than quark jets.

The second highest decay width of the Higgs boson can be found in the 𝐻 → 𝑊𝑊
∗ decay with

𝐵𝑅(𝐻 → 𝑊𝑊
∗) = 0.214. Since 2𝑚𝑊 > 𝑚𝐻 , this decay channel is kinematically forbidden, and one of

the𝑊 bosons must be produced off-shell, which is denoted by𝑊∗. The large coupling of the Higgs boson
to the𝑊 boson compensates for the off-shell suppression. Both𝑊 bosons are produced favorably with
small momenta. The case of the 𝐻 → 𝑍𝑍

∗ decay is similar, except that the even higher mass of the 𝑍
boson suppresses the branching ratio to 𝐵𝑅(𝐻 → 𝑍𝑍

∗) = 2.62 · 10−2. Despite this, the 𝐻 → 𝑍𝑍
∗ → 4𝑙

decay was among the two channels used to discover the Higgs [1, 2]. The four leptons in the final state
make the decay very clean, and it is therefore dubbed the ”golden channel”. The weak boson decay is
pictured in Fig. 3.5(b).

Finally, the Higgs boson can decay into massless particles via loop-induced processes. The most
relevant channel of this form is the 𝐻 → 𝛾𝛾 decay, shown in Fig. 3.5(c), which is mediated by a fermion
or𝑊 boson loop. As in the gluon fusion production, the amplitude of the fermionic loop scales with 𝑚2

𝑓

and therefore the top quark gives the dominating fermionic contribution. The overall largest contribution
to the decay is provided by the𝑊 boson loop. However, it interferes destructively with the top quark
loop, resulting in a small branching ratio of 𝐵𝑅(𝐻 → 𝛾𝛾) = 2.27 · 10−3. Like the 𝐻 → 4𝑙 decay, the
diphoton final state is experimentally very clean, which made it the second of the two discovery channels.
Other possible loop-induced decays are the 𝐻 → 𝑍𝛾 and 𝐻 → 𝑔𝑔 channels. While the former has a
smaller branching ratio than 𝐻 → 𝛾𝛾, the latter has the third largest partial decay width due to the
absence of the destructively interfering𝑊 boson loop. Still, the 𝐻 → 𝑔𝑔 channel is experimentally not
relevant, since the huge QCD background makes it very hard to detect.

3.3.2 Current experimental constraints

Signal strengths

Over the last years since the discovery of the Higgs boson, its production and decay channels have been
studied intensively and with varying precision. A summary of the production mode measurements
performed by the CMS experiment can be found in Fig. 3.6(a). The signal strength of 𝑔𝑔𝐻 production is
the best constrained (< ±10% @ 1𝜎). The error is dominated by the systematic uncertainties, as there is
a lot of statistics from the high cross section of this channel. The second-best constrained is the VBF
signal strength, with a 15% uncertainty but a higher statistical error. The 𝑉𝐻 and 𝑡𝑡𝐻 production modes
have larger uncertainties of around 20% − 25% which are all dominated by the comparably low statistics.
All measurements agree with the SM prediction within 2𝜎, except for the 𝑡𝐻 production cross section.
However, this channel suffers from very low statistics as well as challenging separation from the 𝑡𝑡𝐻
process, which poses as the main background.

For the decay modes, the best constrained signal strengths are in the 𝐻 → 𝛾𝛾, 𝐻 → 𝑍𝑍 , 𝐻 → 𝑊𝑊

and 𝐻 → 𝜏𝜏 channels, as can be seen in Fig. 3.6(b). They all have a precision at 1𝜎 of around 10%. The
𝐻 → 𝛾𝛾 and 𝐻 → 𝑍𝑍 channels benefit from a low systematical uncertainty, as they were also the two
discovery channels, while the 𝐻 → 𝑊𝑊 and 𝐻 → 𝜏𝜏 decays profit from a large branching ratio and low
QCD background. The 𝐻 → 𝑏𝑏̄ decay, despite its large branching ratio, is constrained to a precision of
only 20% due to the difficulties of separating it from the QCD background. Finally, the 𝐻 → 𝜇𝜇 and
𝐻 → 𝑍𝜇 signal strengths exhibit large uncertainties due to their low statistics, although recent results
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(a) (b)

Figure 3.6: Combined cross section measurements from CMS in (a) the Higgs production channels and (b) the
Higgs decay channels, including the standard deviations (SD ≡ 𝜎). Figures taken from [168].

show significant improvements [177]. All measurements agree with the SM value within 2𝜎.
The production and decay channel measurements can be used to extract constraints on the size of

the Higgs couplings to the SM particles. The results of the ATLAS experiment for the various Higgs
coupling measurements are shown in Fig. 3.7, where 𝜅𝑖 = 𝜇𝑖/𝜇SM

𝑖 is the ratio of the measured signal
strength 𝜇 and the SM prediction. The best constrained couplings are the (effective) Higgs couplings to
the vector bosons, as well as the 𝜏 lepton, due to the respective well-constrained production or decay
channels. Constraints on the Higgs couplings to the quarks of the third generation are slightly weaker as
they originate from 𝑡𝑡𝐻 production or the 𝐻 → 𝑏𝑏̄ decay, respectively. Only very weak constraints can
be put on 𝜅𝜇 and 𝜅𝑍𝛾 . Again, no notable deviation from the SM can be found. Only in the case that
invisible and undetectable decays of the Higgs boson are allowed as free parameters do the bottom- and
𝜏-Yukawa couplings show very slight deviations.

The spin and CP states

Apart from its couplings to other SM particles, the quantum numbers of the Higgs boson 𝐽CP can also
be probed at the LHC. Due to the Higgs particle being a boson, only integer spins 𝐽 are allowed. A spin
of 𝐽 = 0 corresponds to a scalar particle as predicted by the SM and is experimentally favored. The
𝐽 = 1 hypothesis would make the Higgs a vector boson. However, it can be confidently excluded by the
observation of the 𝐻 → 𝛾𝛾 decay according to the Landau-Yang theorem [178]. While this is not the
case for a 𝐽 = 2 Higgs boson, the resulting differing kinematics of such a particle allow the exclusion of
this hypothesis with very high confidence. It can be probed in various channels such as 𝑉𝐻 production,
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Figure 3.7: ATLAS measurements of the (effective) coupling strengths of all SM particles to the Higgs boson,
including the 1𝜎 level (= 68% CL). Figure taken from [167].

or the 𝐻 → 𝑍𝑍 and 𝐻 → 𝑊𝑊 decays [33–35].
The CP state of the Higgs boson is predicted to be even in the SM, and the results in Figs. 3.6 and 3.7

are also only valid under this hypothesis. Charge conjugation alone is very hard to test experimentally,
and there are no studies that set strong limits on the C state of the Higgs boson. Instead, experimental
analyses concentrate on P-odd and C-even observables, which can be used to define genuine CP-odd
observables (see e.g. the discussion in [179]). The parity nature has a large impact on the kinematics of
the Higgs decay products. The parity-odd case P = −1 is excluded with high precision, translating to an
exclusion of the pure CP-odd hypothesis of the Higgs boson [33–35].

Since C and P are internal symmetries of the Higgs boson, it could also be a mixed CP state. The
CP-mixed couplings for a spin-zero Higgs boson are parameterized in Eqs. (2.53) and (2.61) to (2.63).
The tightest experimental constraints are currently placed on the CP nature of the interaction between the
Higgs and the weak gauge bosons, which are obtained in the 𝐻 → 𝑊𝑊 and 𝐻 → 4𝑙 channels [36–39].
Constraints are set on the three Wilson coefficients 𝐶Φ𝑊 , 𝐶Φ𝑊𝐵, and 𝐶Φ𝐵, which give rise to anomalous
𝐻𝑉𝑉 interactions. All of them are observed to have an absolute value smaller than one at the 1𝜎 level.
Furthermore, CP violation in these couplings is loop-suppressed for simple extensions of the SM, due
to the non-existence of a tree-level coupling between a pseudoscalar Higgs and heavy vector bosons.
CP violation in the Yukawa couplings is much less constrained at the LHC. In the case of the

𝜏-Yukawa coupling, information can be obtained from the 𝐻 → 𝜏
+
𝜏
− decay with a subsequent decay of

the 𝜏 leptons [180]. A scalar and pseudoscalar Higgs boson give different 𝜏 spin dependences on the
differential decay width in the Higgs boson rest frame. In terms of the CP-mixing angle from Eq. (2.54),
it can be expressed as

𝑑Γ(𝜙→ 𝜏
+
𝜏
−) ∝ 1 − 𝑠+𝑧 𝑠−𝑧 + |𝑠+𝑇 | |𝑠−𝑇 | cos

(
𝜑𝑠𝑇
− 2𝛼𝜏

)
(3.6)
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where 𝑠𝑧 and 𝑠𝑇 are the longitudinal and transverse spin components of the 𝜏, respectively, and 𝜑𝑠𝑇 is
the angle between 𝑠+𝑇 and 𝑠−𝑇 . The spin correlation information of the 𝜏+ and 𝜏− can be accessed from
the charged 𝜏 decay products by measuring their momentum. This simplifies Eq. (3.6) to

𝑑Γ(𝜙→ 𝜏
+
𝜏
−) ≈ 1 − 𝑏(𝐸+)𝑏(𝐸−)

𝜋
2

16
cos

(
𝜑
∗ − 2𝛼𝜏

)
(3.7)

where 𝜑∗ is now the angle between the two 𝜏 decay planes, spanned by the 𝜏 momentum and the charged
decay product momentum. 𝑏(𝐸+), 𝑏(𝐸−) ∈ [−1, 1] are spectral functions providing the spin analyzing
power of a specific 𝜏 decay product [181]. Charged pions have a maximal spin analyzing power of 1.
Limits on 𝛼𝜏 have been placed by ATLAS (CMS) to be 𝛼𝜏 ∈ [−7◦, 25◦] ( [−20◦, 18◦]) @ 1𝜎 [182, 183].

While bottom quarks in the 𝐻 → 𝑏𝑏̄ decay also follow the distribution in Eq. (3.6), the QCD radiation
and hadronization wash out the spin information before a measurement in the detector is possible.
An exception to this is the fragmentation of 𝑏 quarks into Λ𝑏 baryons, which keep the polarization
information and decay weakly [184]. However, the uncertainties of such a measurement are too high at
the LHC to put meaningful constraints on 𝛼𝑏 [57, 58]. Therefore, the only information about the CP
state of the bottom-Yukawa coupling can be obtained indirectly, for example via the total rate of the
decay [27].

For the top quark, Eq. (3.6) is not valid due to the heavily suppressed decay mode. While indirect
constraints on the CP state of the top-Yukawa coupling are obtainable from ggF and the 𝐻 → 𝛾𝛾

decay, as further discussed below, a direct probe is only possible using top-associated Higgs production.
Like in the 𝜏-Yukawa case, the top momentum and top polarization are needed to construct CP-odd
observables, which take the form of triple products (see e.g. [185–189]). In contrast to bottom quarks, top
quarks decay before hadronization, preserving the polarization information in the𝑊 bosons. However,
reconstructing and obtaining the polarization information of both top quarks is very challenging, and the
interference term in the 𝑡𝑡𝐻 cross section is small, making a measurement at the LHC very challenging
[190]. Instead, studies constraining 𝛼𝑡 make use of CP-sensitive but CP-even observables. Apart from
rate information, such observables are sensitive to the CP-even parts of Eq. (2.59) via their kinematics
but are insensitive to the interference term. The most sensitive study from ATLAS in the 𝐻 → 𝛾𝛾 decay
channel sets a limit of |𝛼𝑡 | < 43◦ at the 2𝜎 level, while a similar study from CMS reaches |𝛼𝑡 | < 59◦

[191, 192].
The sign of the top-Yukawa coupling is expected to be probed much more efficiently in the 𝑝𝑝 → 𝑡𝐻 𝑗

and 𝑝𝑝 → 𝑡𝐻𝑊 channels. These processes offer two advantages over 𝑡𝑡𝐻. First, there are large
interference effects between diagrams where the Higgs is emitted from a top quark and where it is
emitted from a𝑊 boson. Second, there is only one top quark that needs to be reconstructed. Still, the
low statistics of the 𝑡𝐻 𝑗 and 𝑡𝐻𝑊 processes and the difficulties of disentangling them from 𝑡𝑡𝐻 make a
CP-sensitive study in these channels alone not feasible at the moment [193].

Finally, CP violation can appear in the (effective) coupling of the Higgs boson to gluons and photons.
There are two possible ways of parameterizing this. The loop amplitudes of these processes can either be
described via the SM prediction with modified Yukawa- and 𝐻𝑉𝑉 couplings, or effective couplings, such
as the ones in Eqs. (2.61), (2.62) and (2.64). In the former case, the rate measurement of ggF provides
the most stringent bounds on the CP state of the top-Yukawa coupling, while the rate measurement of
𝐻 → 𝛾𝛾 gives sensitivity towards the sign of the top-Yukawa coupling modifier due to interference with
the𝑊 boson loop [174]. These results, however, assume that no further BSM physics runs in the loops.
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In the latter and more general case, limits on the top-Yukawa coupling are obtained solely from 𝑡𝑡𝐻, and
the CP-mixing in the effective Higgs-gluon and Higgs-photon couplings has to be tested independently.
Experimental constraints on an effective mixing angle 𝛼𝑔 are still relatively weak. The best current
results were obtained by CMS and constrain |𝛼𝑔 | ≲ 62◦ at the 2𝜎 level, while the most recent ATLAS
results are not competitive yet [39, 130].5 There are currently no limits on an effective mixing angle for
the Higgs-photon interaction 𝛼𝛾 available owing to the difficulties of measuring the photon polarization
at the LHC [56, 194].

3.3.3 The Simplified Template Cross Sections framework

Data taking during Run 1 of the LHC not only led to the discovery of the Higgs boson, but also to the
first measurements of production and decay channel signal strengths. For measurements starting from
Run 2, the so-called Simplified Template Cross Section (STXS) framework introduced in [172, 195] was
implemented. The concept of the STXS framework is to bin the Higgs production cross sections into
specific regions of the phase space. This allows for maximizing the sensitivity of the measurement as
well as minimizing the dependence on theoretical uncertainties in the following ways:

• The bins are defined for the specific SM production modes, reducing uncertainties in their fractions.
On top of that, it allows for a combination of all possible decay channels as well as a combination
of ATLAS and CMS results.

• Within a chosen bin, the theoretical uncertainties as well as drastic changes in the selection
efficiency and signal sensitivity are kept under control. For example, production modes can be
split into bins with an exclusive number of jets, avoiding uncertainties in the theoretical prediction
of other jet multiplicities.

• Phase space regions that are expected to have a high sensitivity towards BSM effects can be
isolated in a bin. An example of this is the 𝑝𝑇 shape of the Higgs boson or jets, where in the
high-𝑝𝑇 tail, a good signal-to-background ratio of BSM effects is expected. The low number of
SM events in this region also reduced the uncertainty of the SM distribution.

• Finally, the STXS framework aims to find the minimal number of bins for which the experimental
sensitivity is still maximal to avoid the need to combine a large number of low-statistical
measurements. The number of bins can grow with the available luminosity.

Over the years, the STXS framework has undergone multiple updates. Stage 0 refers to the bin-less
evaluation of signal strengths during Run 1 of the LHC. Stage 1.0 corresponds to the first introduction of
STXS bins in 2016 [172, 195]. During this stage, the ggF process was divided into bins corresponding
to jet multiplicity and 𝑝𝑇 of the Higgs boson. The joint VBF and hadronic 𝑉𝐻 process was mainly split
into low and high 𝑝𝑇 of the leading jet to isolate BSM effects. 𝑉𝐻 production with leptonic decays
was first divided according to the initial and final state, more precisely into 𝑞𝑞 → 𝑊𝐻, 𝑞𝑞 → 𝑍𝐻, and
𝑔𝑔 → 𝑍𝐻 events, and subsequently into 𝑝𝑇 bins of the vector boson. No binning was specified for 𝑡𝑡𝐻
or other production modes with lower cross sections, due to the low statistics in these channels at the
time.

The STXS framework was first revised in 2019 for Stage 1.1, which mainly included a different BSM

5 It should be noted that the constrain on 𝛼𝑔 assumes the parameterization of Eq. (2.62), where the top quark is integrated out.
This differs from the results provided in [130].
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Figure 3.8: Overview of the STXS bins defined in (a) ggF, (b) VBF and hadronic 𝑉𝐻, (c) leptonic 𝑉𝐻, and (d)
𝑡𝑡𝐻. Figures taken from [60].

isolation treatment in ggF, overall finer binnings in 𝑝𝑇 , and more precise splits in the jet multiplicity in
VBF and hadronic 𝑉𝐻 [196]. The current standard for LHC is Stage 1.2, which includes additional bins
at high 𝑝𝑇,𝐻 in ggF. The most important update, however, is a splitting of the 𝑡𝑡𝐻 process into 5 + 1 bins
in 𝑝𝑇,𝐻 , which follow the 𝑝𝑇,𝐻 bins in gluon fusion to allow the possibility of combining both channels
[59, 60]. The current bins for all major production channels are depicted in Fig. 3.8. An update to Stage
1.3 of the STXS framework for future analyses is currently being finalized.
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CHAPTER 4

Statistical learning in high energy physics

This chapter is based in parts on the discussions in [197]. For reviews, see [198–201].
The LHC is the biggest science experiment in the world and produces a massive amount of data from

particle collisions. CERN stores up to several tens of petabytes of data every year during LHC runs
[202]. During Run 2, it is estimated that about 8 · 106 Higgs bosons were produced [168]. However,
the statistics massively decrease when specific channels are considered. For example, in an analysis of
the 𝑡𝑡𝐻 (→ 𝛾𝛾) channel with a luminosity of L = 139 fb−1, the expected number of events amounts to
𝑁exp = 𝜎𝑡𝑡𝐻 · L · BR(𝐻 → 𝛾𝛾) ≈ 160. This number will further be reduced when taking into account
the selection efficiency of the analysis. This makes data analysis in such a channel a very challenging task.
A few signal events have to be sampled from a vast amount of data based on the kinematic information
obtained from the detectors.

To tackle such issues, huge progress has been made in the field of statistical learning, which also
resulted in the physics Nobel Prize of 2024 [203]. Today, many advanced machine learning (ML)
techniques are the standard for analyzing data from events at the LHC. This chapter provides a brief
introduction and overview of the techniques used. The general idea of supervised learning, along with
some simple algorithms, is presented in Section 4.1. Afterwards, decision trees and neural networks will
be discussed in Section 4.2 and Section 4.3, respectively. A special focus lies on the interpretability of
such models, especially using Symbolic Regression, for which two different approaches used in this
work are discussed in Section 4.4.

4.1 Supervised learning

In a supervised learning approach, the data is often divided into some input features 𝑋 and some known
output features 𝑌 . The goal is to develop a model that can learn to predict the correct value of 𝑌 from the
information provided in 𝑋 . Further discrimination is made between classification problems, where the
output takes on discrete values, most usually in the form of a one-hot encoded vector, and regression
tasks, where the output is continuous with a notion of closeness.

A very simple but famous problem for a regression task is linear regression, in which the target values
𝑦𝑖 of some data points 𝑥𝑖 are estimated using a linear function 𝑌 = 𝛽1𝑋 + 𝛽0. In a noisy experiment,
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there will be a residual
𝜖𝑖 = 𝑦𝑖 − 𝑦̂𝑖 (4.1)

that measures the error between the prediction and the true data. Noise in an experiment is usually well
approximated by a normal distribution, so that the likelihood function for 𝑁 independent data points is
given by

𝐿 =
𝑁∏
𝑖

1√︁
2𝜋𝜎2

exp

(
− (𝑦𝑖 − 𝑦̂𝑖)

2

2𝜎2

)
. (4.2)

The maximum likelihood estimator (MLE) is defined as the set of arguments that maximize the
(log-)likelihood function

𝜃 = arg max
𝜃

log 𝐿 (𝜃) . (4.3)

In the case of a normal distribution,

log 𝐿 = − 1
2𝜎2

𝑁∑︁
𝑖

(
𝑦𝑖 − 𝑦̂𝑖

)2 + const (4.4)

is maximized when

LS =
𝑁∑︁
𝑖

(
𝑦𝑖 − 𝑦̂𝑖

)2 (4.5)

is minimized (for fixed 𝜎). The minimization of Eq. (4.5) is known as the method of least squares (LS),
which provides the optimal statistical test for linear regression if the errors are normally distributed.

In classification tasks, a similar method can be used. For the simple task that an event 𝑥𝑖 can have two
outcomes 𝑦𝑖 = {0, 1}, the likelihood function is given by a Bernoulli distribution

𝐿 = 𝑦̂𝑦𝑖𝑖 (1 − 𝑦̂𝑖)1−𝑦𝑖 (4.6)

with the corresponding log-likelihood

log 𝐿 =
𝑁∑︁
𝑖

𝑦𝑖 log( 𝑦̂𝑖) + (1 − 𝑦𝑖) log(1 − 𝑦̂𝑖) . (4.7)

In the context of ML, discussed in the next sections, Eqs. (4.4) and (4.7) define the two most widely used
loss functions, the mean squared error (MSE) loss and the cross-entropy loss.

There are many different algorithms available to solve the minimization problems introduced above.
The least squares problem for 𝑁 data points and 𝑀 input features can be solved exactly by writing

LS = (y − X𝛽)𝑇 (y − X𝛽) (4.8)

where y and 𝛽 are now 𝑀-vectors and X is the 𝑁 × 𝑀 input matrix. The MLE can be found by
differentiating with respect to 𝛽 which results in

𝜃 ≡ 𝛽 = (X𝑇X)−1X𝑇y . (4.9)

This is known as a normal equation and it involves calculating the inverse of the input matrix (if it exists).
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(a) (b)

Figure 4.1: Sketch of (a) a two-dimensional parameter space alongside its decision points and boundaries and (b)
the corresponding binary decision tree.

Although it provides an exact solution, this method is not efficient for large datasets and in cases where a
least squares fit might not provide the best results. In such cases, iterative algorithms can be used. A
common example is stochastic gradient descent (SGD), which starts with randomly initialized values for
𝛽 and iteratively updates the parameters via

𝛽← 𝛽 + 𝜂 𝜕L
𝜕𝛽

. (4.10)

Here, L ∝ − log 𝐿 is the objective function to minimize and 𝜂 is the tunable learning rate.

4.2 Boosted decision trees

So far, only solutions to linear regression problems have been discussed. However, in many cases, the
dependence of the target labels on the input is not linear and can also not be modeled by a fit to a simple
function. Then, dedicated algorithms are needed that can introduce non-linearities into the model. A
very simple method for this is to build so-called (binary) decision trees. They split the parameter space
of the input variables X into regions where constant values ĉ are predicted for the output 𝑌 . This is
conceptually shown in Fig. 4.1, where the decision boundaries in a 2-dimensional parameter space are
depicted in Fig. 4.1(a) and the corresponding decision tree is shown in Fig. 4.1(b).

Binary decision trees are grown by making subsequent splits that are classified by the variable 𝑋𝑖 to
split and by the splitting point 𝑑𝑖 . In a regression problem, the optimal split corresponds to minimizing

𝜃 = arg min
𝜃

min
𝑐1

∑︁
𝑖∈𝑅1

(𝑦𝑖 − 𝑐1)2 +min
𝑐2

∑︁
𝑖∈𝑅2

(𝑦𝑖 − 𝑐2)2
 (4.11)
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Figure 4.2: Schematic overview of the Adaboost algorithm. Several decision trees are trained based on weighted
data from the previous tree. The final output is a weighted sum of the individual trees.

with 𝜃 = (𝑋𝑖 , 𝑑𝑖) for the exemplary case of two regions 𝑅1, 𝑅2. The best minimization of the constant
prediction 𝑐𝑖 in area 𝑅𝑖 corresponds to

𝑐𝑖 =
1
𝑛

𝑛∑︁
𝑗

(𝑦 𝑗 | 𝑥 𝑗 ∈ 𝑅𝑖) (4.12)

where 𝑛 is the number of data points in region 𝑅𝑖. Trees can also be built for classification problems,
in which the arguments of the sums in Eq. (4.11) are replaced by the cross-entropy and the 𝑐𝑖 from
Eq. (4.12) are taken as the majority value of all 𝑦 𝑗 instead. The total number of leaves (amount of regions
𝑅𝑖) a tree can acquire is either determined by applying a threshold for the amount of improvement a new
branch should give, or by building a large tree of fixed size and removing branches via a threshold. The
maximum number of decisions a tree can make before reaching its leaves is called the depth.

Apart from their simplicity, decision trees offer the advantage of being easily interpretable. Since
predictions for the output are made based on several classifications of the input variables, the ”physical
meaning” of the tree can be well understood. On the other hand, the training process of a single decision
tree can be unstable with respect to small changes in the data. This is mainly due to early splits having a
major influence on decisions at larger depths. Additionally, decision trees can have issues with modeling
parameter spaces that are best described by smooth functions or that are additive in nature.

To avoid the issues that regular decision trees encounter, more complex techniques that combine
multiple decision trees were invented. Arguably the most successful of these is the concept of boosting,
which was first demonstrated using the Adaboost algorithm in classification problems [204, 205]. The
concept of building a boosted decision tree (BDT) is visualized in Fig. 4.2 for the Adaboost algorithm.
First, a basic decision tree is trained on unweighted data samples. Afterwards, the data samples are
reweighted based on the error in their predictions, and a new tree is trained on these samples. After 𝑚
iterations, the final model is computed as a weighted sum of the individual trees, where the weights 𝛼𝑖
are proportional to the accuracy of the tree 𝑇𝑖 .

While the Adaboost algorithm was initially designed for classification tasks and used an exponential
loss function, it can be adapted to work for a wider range of statistical problems. For an arbitrary loss
function L the parameters of the current tree 𝑇𝑚 are determined by

𝜃𝑚 = arg min
𝜃

𝑁∑︁
𝑖=1
L ©­«𝑦𝑖 ,

𝑚−1∑︁
𝑗=1

𝑇𝑗 (𝑥𝑖) + 𝑇𝑚(𝑥𝑖 |𝜃)ª®¬ (4.13)
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which is based on the previous model. Eq. (4.13) can be solved by methods of gradient boosting [206].
The model 𝑓𝑚(𝑥) =

∑𝑚
𝑖 𝑇𝑖 at step 𝑚 is found as follows.

(1) 𝑔𝑖𝑚 =

[
𝜕L (

𝑦𝑖 , 𝑓 (𝑥𝑖)
)

𝜕 𝑓 (𝑥𝑖)

] ����
𝑓 = 𝑓𝑚−1

Compute the gradient 𝑔𝑖𝑚.

(2) 𝜃 = arg min
𝜃

𝑁∑︁
𝑖=1

( − 𝑔𝑖𝑚 − 𝑇𝑚(𝑥𝑖 |𝜃))2 Fit a tree 𝑇𝑚 to mimic 𝑔𝑖𝑚.

(3) 𝑓𝑚(𝑥) = 𝑓𝑚−1(𝑥) + 𝑇𝑚(𝑥 |𝜃) Update the model.

(4.14)

Step (2) includes finding the regions 𝑅𝑖 and constants 𝑐𝑖 of the tree so that it resembles the negative
gradient, which is the computationally most expensive step of the sequence. Gradient boosting works
with every differentiable loss function suited to the problem.

4.2.1 XGBoost

Among the most successful gradient boosting algorithms is XGBoost (eXtreme Gradient Boosting)
[207], which won the ”Higgs machine learning challenge” in 2014 [208]. Due to its high effectiveness
in tackling classification and regression tasks, as well as its acceleration of the training process thanks
to parallelization, it has already been implemented in experimental analyses, also in searches for CP
violation (see e.g. [191, 192]). XGBoost extends the generic gradient boosting algorithm by adding a
regularization term to the loss function

Ltot =
𝑁∑︁
𝑖

L(𝑦𝑖 , 𝑦̂𝑖) +
∑︁
𝑘

𝜔(𝑇𝑘), 𝜔(𝑇) = 𝛾𝑁leaves +
1
2
𝜆

𝑁leaves∑︁
𝑗=1

𝑐
2
𝑗 (4.15)

where 𝛾, 𝜆 are tunable parameters and 𝑐 𝑗 is the prediction of the leaf, also called the score. This prevents
the model from overfitting to the data during the training and is common among most statistical learning
models. Furthermore, alongside the gradient, updates to the model also take the Hessian of the loss
function into account. This is achieved by approximating the loss to second order in a Taylor expansion
and dropping constants

𝜃𝑚 = arg min
𝜃

𝑁∑︁
𝑖=1
L

(
𝑔𝑖𝑚𝑇𝑚(𝑥𝑖 |𝜃) +

1
2
ℎ𝑖𝑚𝑇𝑚(𝑥𝑖 |𝜃)2

)
+ 𝜔(𝑇𝑚),

ℎ𝑖𝑚 =

[
𝜕

2L (
𝑦𝑖 , 𝑓 (𝑥𝑖)

)
𝜕 𝑓 (𝑥𝑖)2

] ����
𝑓 = 𝑓𝑚−1

.

(4.16)

Again, like in Eq. (4.14), the minimization of the loss has to be captured by the decision tree 𝑇𝑚. A tree
can be defined as

𝑁∑︁
𝑖=1
𝑇𝑚(𝑥𝑖) =

𝑁leaves∑︁
𝑗=1

∑︁
𝑖∈𝑅 𝑗

𝑐 𝑗 (4.17)
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where 𝑅 𝑗 contains all data points that get mapped to leaf 𝑗 . Inserting Eq. (4.17) into Eq. (4.16) yields

𝜃𝑚 = arg min
𝜃

𝑁leaves∑︁
𝑗=1

[
𝐺 𝑗𝑚𝑐 𝑗 +

1
2
(𝐻 𝑗𝑚 + 𝜆)𝑐2

𝑗

]
+ 𝛾𝑁leaves (4.18)

with 𝐺 𝑗𝑚 =
∑

𝑖∈𝑅 𝑗
𝑔𝑖𝑚 and 𝐻 𝑗𝑚 =

∑
𝑖∈𝑅 𝑗

ℎ𝑖𝑚. Eq. (4.18) is a generalized form of Eq. (4.11). The
according generalization of Eq. (4.12) is

𝑐 𝑗 =
𝐺 𝑗

𝐻 𝑗 + 𝜆
. (4.19)

Finally, the structure of the tree that minimizes the loss function is determined by analyzing the gain of a
new split. The threshold criterion is already defined by the regularization term. In detail,

Gain =

(
𝐺

2
𝐿

𝐻𝐿 + 𝜆
+ 𝐺

2
𝑅

𝐻𝑅 + 𝜆
− 𝐺

2

𝐻 + 𝜆

)
− 𝛾 > 0 (4.20)

is required where the 𝐿 and 𝑅 indices label the two respective regions after the split.

4.3 Neural networks

Methods of machine learning are based on the idea of mimicking human decision-making by learning
from data and being able to make decisions based on that. Neural networks (NNs) represent a special
class of models within ML. Their name originates from the idea of artificially recreating the structure of
the human brain. The nodes and connections of an NN, as shown below, are inspired by the concept of
neurons and synapses. Neural networks come in a large variety of specialized structures based on their
usage. As such, they are utilized in a wide range of applications, some of which are mentioned below.

The most basic and well-known form of a neural network is a multi-layer perceptron (MLP), also
sometimes called a hidden-layer perceptron. It is based on the single-layer perceptron, which was first
introduced in 1958 and later extended to include non-linearities [209, 210]. The sketch of a simple
perceptron can be found in Fig. 4.3(a). Two input features 𝑋1 and 𝑋2 are linearly combined with weights
𝑤1 and 𝑤2, as well as an additional bias 𝑤0, and are passed to a non-linear activation function 𝑎. The
output is

𝑌 = 𝑎

(
𝑤0 +

∑︁
𝑖=1

𝑤𝑖𝑋𝑖

)
(4.21)

and 𝑎 is generally taken to be a function that maps to the range [0, 1]. Common examples are a sigmoid
function, a step function, or a rectified linear unit (ReLU) function.

A more complex MLP is depicted in Fig. 4.3(b) where each of the circles represents a node. A
collection of vertically stacked nodes forms a layer. The left- and rightmost layers are the input and
output layers, while the middle one is dubbed the hidden layer. It gets its name from the fact that each
hidden node is an internal representation of the input features that does not necessarily have a clear
interpretation. In principle, there is no limit to the number of hidden layers an NN can have. Here, for
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(a) (b)

Figure 4.3: (a) The concept scheme for a single basic perceptron, where for clarity the bias 𝑤0 has been included
as a node and 𝑎 is a non-linear activation function. (b) A multi-layer perceptron with one hidden layer 𝑍 , where
the weights and biases are included in the 𝑤 (𝑖) and the activation functions are included in each node.

one hidden layer 𝑍 , each node consists of a linear combination of the input layers, as well as a bias

𝑍𝑖 = 𝑎
(1) ©­«𝑤 (1)0,𝑖 +

𝑀∑︁
𝑗=1
𝑤
(1)
𝑗 ,𝑖 𝑋 𝑗

ª®¬ . (4.22)

The nodes of the hidden layers are then further processed to yield the output nodes

𝑌𝑖 = 𝑎
(2) ©­«𝑤 (2)0,𝑖 +

𝐻∑︁
𝑗=1
𝑤
(2)
𝑗 ,𝑖 𝑍 𝑗

ª®¬ . (4.23)

An NN with hidden layers is called a deep neural network (DNN). The layers of an MLP are called
fully-connected or dense because every incoming node is connected to every outgoing node.

The main challenge in training an NN is to tune the weights and biases so that Ŷ mimics the true
target. This is a very challenging task since the number of trainable parameters for one layer is

#(𝑤 (1) ) = 𝑀2 · (𝑀1 + 1) (4.24)

for the number of incoming (outgoing) nodes 𝑀1 (𝑀2). The weights and biases are usually trained using
gradient descent. Calculating each gradient of the loss function with respect to every single network
weight is costly. Therefore, they are calculated through backpropagation in which computations are
made for each layer going ”backward” through the NN, that is, from the output to the input layer [211].
Backpropagation makes use of the fact that the loss function is a composite function of the layers

L(Y, Ŷ) = L
(
Y, 𝑓 (𝑙)

(
𝑓
(𝑙−1) (... 𝑓 (1) (X)...)) ) . (4.25)
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To obtain the change in loss from a single weight, the chain rule can be applied by calculating

𝜕L
𝜕𝑤
(𝑙)
𝑗 ,𝑖

=
𝜕L
𝜕𝑧
(𝑙)
𝑗

·
𝜕𝑧
(𝑙)
𝑗

𝜕𝑤
(𝑙)
𝑗 ,𝑖

. (4.26)

The gradient of a single node can be obtained straightforwardly from the gradient of the activation
function and the nodes in the previous layer that influence the current node

𝜕𝑧
(𝑙)
𝑗

𝜕𝑤
(𝑙)
𝑗 ,𝑖

=
𝜕𝑎
(𝑙)

𝜕𝑤
(𝑙)
𝑗 ,𝑖

𝑧
(𝑙−1)
𝑖 . (4.27)

The first term on the right hand side of Eq. (4.26) can be solved making use of Eq. (4.25)

𝑔
(𝑙)
𝑗 =

𝜕L
𝜕𝑧
(𝑙)
𝑗

=
𝑀𝑘∑︁
𝑘=1

𝜕L
𝜕𝑧
(𝑙+1)
𝑘

· 𝜕𝑧
(𝑙+1)
𝑘

𝜕𝑧
(𝑙)
𝑗

=
𝑀𝑘∑︁
𝑘=1

𝑔
(𝑙+1)
𝑘

©­«𝜕𝑎
(𝑙+1)

𝜕𝑧
(𝑙)
𝑗

𝑤
(𝑙+1)
𝑗 ,𝑘

ª®¬ . (4.28)

Calculating the loss in the forward pass and using the gradients 𝑔 (𝑙+1)𝑘 in the computation of 𝑔 (𝑙)𝑗 in the
backward pass is the key concept of backpropagation.

The final step of the training process is to update the weights using gradient descent. A common
strategy for this is to distribute the training data into small batches and update

W←W − 𝜂 1
𝐵

𝐵∑︁
𝑖=0

𝜕L(𝑦𝑖 , 𝑦̂𝑖)
𝜕W

(4.29)

where 𝐵 is the number of batches, depending on the chosen batch size, and W includes all weights and
biases. Using a fixed batch size is a compromise between updating the weights for every single data point
independently, which can cause large fluctuations, and using the entire data set, which is computationally
costly. Small fluctuations in the training process are wanted to avoid getting stuck in local minima. Apart
from the batch size, a suitable learning rate 𝜂 has to be determined. This is a challenging task because the
parameter space of an NN is usually high-dimensional, and 𝜂 needs to be tuned to deal with local minima
or saddle points of the loss function. Furthermore, each weight may have a unique optimal learning
rate. Several techniques have become standard for solving this problem, the earliest one being SGD with
momentum [212] and more recent ones being Adagrad [213], Adadelta [214], and Adam [215].

In recent decades, a vast amount of novel NN techniques suited for specific problems have been devel-
oped. Notable examples include Convolutional Neural Networks (CNNs), used for image classification,
Graph Neural Networks (GNNs), used for connected data, Variational Autoencoders (VAEs), used for
anomaly detection, and Generative Adversarial Networks (GANs), used for data generation. NNs have
been increasingly used in all kinds of fields in recent years, and particle physics is no exception. Apart
from the previously mentioned 2014 ”Higgs machine learning challenge”, in 2020 the ”LHC Olympics”
were hosted, featuring a large number of weakly- or unsupervised algorithms for anomaly detection
[216]. An increasingly growing collection of studies employing machine learning techniques in particle
physics can be found in the ”HEPML Living Review” [201].
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4.4 Interpretability of machine learning models

Although gradient boosting techniques, deep neural networks, or other complex models significantly
outperform linear models and single decision trees, they come at the price of reduced interpretability.
While the general goal of a predictive model is to fit some function 𝑓 (𝑋) = 𝑌 , understanding what a
complex model does to approximate 𝑓 (𝑋) can be very challenging. DNNs are often associated with
”black boxes” for this reason. Not understanding the learning process of an ML algorithm can be a
considerable issue for further improving the model. Interpretability can also be helpful for answering
questions like whether the model ”understands” the physics behind a problem or whether it detects some
unknown structure within the data.

4.4.1 Shapley values

First insights into a model can be provided by examining the relative importance of the input parameters
𝑋 on the model output 𝑌 . One way of doing this is by classifying the input variables via so-called
Shapley values, which form the basis for the SHAP (SHapley Additive exPlanations) framework [217,
218]. Shapley values originate from game theory. The statistical model is interpreted as the ”game” in
which all input variables participate as ”players”. For a game with |𝑀 | players, the ”worth” (Shapley
value) of player 𝑥𝑖 is

𝜙𝑖 =
∑︁

𝑆⊆𝑀\{𝑖}

|𝑆 |! ( |𝑀 | − |𝑆 | − 1)!
|𝑀 |! [ 𝑓 (𝑆 ∪ {𝑖}) − 𝑓 (𝑆)] (4.30)

where 𝑀 is the set of all players and the sum runs over all subsets 𝑆 of 𝑀 not containing 𝑥𝑖 . The worth
is estimated by training two models 𝑓 with and without 𝑥𝑖 and comparing their scores for each subset.
The difference in the scores is multiplied by a binomial factor equivalent to the probability of the specific
subset appearing.

Summing over all possible subsets of the input features guarantees fairness in determining the worth
of all 𝑥𝑖 . However, for large |𝑀 | Eq. (4.30) becomes intractable as it requires training the model 2 |𝑀 | − 1
times. Therefore, the SHAP framework defines a linear explanation model

𝑓 (𝑥) = 𝑔(𝑥′) = 𝜙0 +
|𝑀 |∑︁
𝑖=1

𝜙𝑖 𝑥
′
𝑖 , 𝑥 = ℎ𝑥 (𝑥′) (4.31)

where 𝑥𝑖 ∈ {0, 1} are simplified input features that are mapped to the original input features by ℎ𝑥 . The
SHAP values are then the solutions to

𝜙𝑖 =
∑︁
𝑧′⊆𝑥′

|𝑧′ |! ( |𝑀 | − |𝑧′ | − 1)!
|𝑀 |!

[
𝑓 (ℎ𝑥 (𝑧′)) − 𝑓 (ℎ𝑥 (𝑧′ \ 𝑖))

]
. (4.32)

This allows them to be defined for a wide range of statistical models. The SHAP framework offers
several methods for approximating 𝑓 (ℎ𝑥) to evaluate 𝜙𝑖 efficiently.
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4.4.2 Symbolic regression

While the SHAP values allow assessing the relative importance of the input parameters, they are far from
providing a fully interpretable model. This can be achieved by symbolic regression (SR). The concept of
SR is similar to any other regression model in that it aims to find

𝑓 = arg min
𝑓 ∈F

L
(
𝑌, 𝑓 (X)

)
(4.33)

where F is the function space and 𝑓 is the mathematical expression that minimizes the objective function.
F is spanned by a set of functions S that can be arbitrarily defined. This gives a lot of power to SR
because it is possible to fit an expression to data without prior knowledge about its structure. Other
regression problems often require a fixed function and only fit its constants, greatly reducing the available
search space. However, minimizing an objective in an arbitrarily complex function space is a very
challenging and computationally expensive task. In fact, it has recently been shown to be an NP-hard
problem [219]. Therefore, prior knowledge about F can greatly benefit an SR algorithm.

Optimizing Eq. (4.33) can quickly result in overfitting when the predicted function becomes arbitrarily
complex. In the case of DNNs or BDTs, overfitting is usually controlled by adding a regularization
term to the loss function. In the case of SR, it can be handled by limiting the complexity of 𝑓 . This
approach allows, e.g., the discovery of the equation for the gravitational force or Kepler’s first law from
astrophysical data [220, 221]. In particle physics, SR has been used only sparsely so far. However, recent
studies show that there is a large number of possible applications (see e.g. [222–228]). The complexity
of SR requires advanced algorithms to obtain results efficiently. In this thesis, two of them will be used,
which are introduced below.

4.4.3 Symbolic regression with PySR

PySR [229] is an evolutionary (also called genetic) algorithm providing a Python implementation of
the Julia package SymbolicRegression.jl. Equations are built and displayed as binary trees. Two
examples of such trees can be seen in Fig. 4.4. The leaves of the trees consist of constants and variables,
which are connected via mathematical operators. In evolutionary algorithms, the performance of an
equation tree is called its fitness. A large number of trees are being built at the same time, being dubbed
a population. The population evolves via the Darwinian ”survival of the fittest” principle, hence the
name evolutionary algorithm. Precisely, updates to trees are performed via:

1. sample a subset 𝑛𝑠 of the population;
2. make a tournament selection by selecting the fittest tree in 𝑛𝑠 with probability 𝑝, else discard it

and try with the next fittest;
3. copy the selected tree and apply a simplification, constant optimization, mutation, or crossover

with the second fittest tree (see Fig. 4.5 for an example of a crossover);
4. replace the least fit tree with the new tree.

This sequence corresponds to the inner loop of PySR. It alternates between phases in which either
modifications, simplifications, or optimizations to trees are performed in step 3. This allows the algorithm
to explore the entire function space while keeping complexities low and therefore improving performance.
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Figure 4.4: Exemplary function trees displaying the functions 1.4 𝑥1 + sin 𝑥2 and 𝑥3
3 in PySR. Figure taken from

[230].

Figure 4.5: A crossover operation in which the red-dashed part of the original tree has been exchanged with the
black-dashed part of another tree. As a result the equations are modified to 𝑥3 + sin 𝑥2 and (1.4 𝑥1)3. Figure taken
from [230].

The outer loop involves training a set of populations, dubbed islands. Since islands evolve independently,
the inner loop can be parallelized. After a tunable number of epochs, trees can migrate between islands.
Furthermore, the fittest trees are stored in the so-called hall of fame. Trees can also migrate to islands
from the hall of fame.

In order to avoid overfitting and building arbitrarily large trees, PySR keeps track of the complexity
of the individual trees. The complexity corresponds to the number of nodes and can be limited via a
maximum complexity parameter. Additionally, PySR allows specifying a parsimony, which acts as a
regularization term and punishes the complexity of the expressions. Alternatively, an adaptive parsimony
can be used, which penalizes frequently appearing complexities and allows the algorithm to explore
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more of the function space. Finally, PySR allows the use of simulated annealing, where mutations of
trees can be rejected. In this work, a modified acceptance probability based on [222]

𝑝 = exp
𝐿 𝑓 − 𝐿𝑖
𝛼𝑇𝐿𝑖

(4.34)

is used, with the fitness 𝐿 𝑓 and 𝐿𝑖 after and before the mutation, the temperature 𝑇 ∈ [0, 1] and a
hyperparameter 𝛼. This modification prevents rejecting formulas that are better in shape but not yet
optimized.
PySR is highly customizable, allowing the specification of not only the default hyperparameters, but

also the implementation of custom operators and custom loss functions. It also allows for flexible
constraints on the form of the equation. After running for a fixed number of iterations, PySR returns the
hall of fame, where expressions are defined for each complexity.

4.4.4 Symbolic regression with SymbolNet

Genetic algorithms for SR can be very powerful, but they often struggle when the function space is too
large, especially in cases involving a high number of input variables or a very complex final equation.
An alternative approach to SR is to use a DNN-like structure, as employed by SymbolNet [231], which
is based on Tensorflow [232]. Mathematical expressions are built as follows. The typical activation
functions are replaced with operators specified via the set of functions S. During the training process of
the DNN, thresholds can be trained alongside the usual model weights, allowing for the pruning of input
features, operators, and connections between nodes. This is called sparsity training and serves as a form
of regularization. The use of backpropagation to update weights and thresholds enables fast SR, even for
a large number of input variables. SymbolNet therefore provides a strong contrast to PySR by starting
with the most general equation via fully connected layers and then reducing its complexity. An example
of a SymbolNet architecture with one symbolic layer and S𝑖 = {sin(·), cube(·),mult(·, ·)} can be seen
in Fig. 4.6.

The mathematical operators and the sparsity training are implemented in SymbolNet via an input
layer and symbolic layers. Both consist of weights and corresponding thresholds, which are listed in
Table 4.1 along with their dimension. For this work, SymbolNet has been modified compared to [231]
in several ways. First, the training process is split into three steps in the following order:

1. default training 𝐷, which corresponds to the usual training of a DNN without any thresholds;
2. mixed training 𝑀 , where both weights and thresholds are trainable, and which corresponds to the

implementation in [231];
3. sparsity training 𝑆, where only thresholds are trainable, and which serves as a simplification.

This change is made to stabilize the training. Furthermore, a vector dimension 𝑙 is added to SymbolNet
such that it supports 4-vectors of the form (𝐸, 𝑝𝑥 , 𝑝𝑦 , 𝑝𝑍 ). This can help preserve physical information,
although care has to be taken since certain operations can render the 4-vectors unphysical. It is also an
advantage compared to PySR, where (binary) trees sit at the core of the algorithm, and a modification
using vectors is not straightforward to implement. Adding the vector dimension gives rise to different
types of symbolic layers, as further discussed below. The modifications to SymbolNet are reflected in
the dimensions of the parameters and their trainability in Table 4.1.
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Figure 4.6: Exemplary structure of SymbolNet producing the function 1.4𝑥1+sin 𝑥2+𝑥3
3. First, linear combinations

of the input features are built. They are subsequently given to the predefined mathematical operators in the
symbolic layer. The output of the symbolic layer is passed through another linear transformation to reach the
output. Pruned weights and operators are depicted via gray dashed lines. Figure taken from [230].

Layer Description Label Dim. Values Trainable Dim. of trafo

Input layer
Input weights Win 𝑛in 1 × 𝑛in × 𝑙

→ 𝑛in × 𝑙Input thresholds Tin 𝑛in [0, 1] 𝑀, 𝑆

Linear trafo
in symbolic layer

Weights W 𝑛 × 𝑚 × 𝑙 R 𝐷, 𝑀

𝑛 × 𝑙
→ 𝑚 × 𝑙

Weight thresholds T𝑊 𝑛 × 𝑚 × 𝑙 R+ 𝑀, 𝑆

Biases B 𝑚 × 𝑙 R 𝐷, 𝑀

Bias thresholds T𝐵 𝑚 × 𝑙 R+ 𝑀, 𝑆

Symbolic trafo
in symbolic layer

Unary weights Wunary 𝑛 𝑓 1 ×
𝑚 × 𝑙
→ 𝑘 × 𝑙′

Unary thresholds Tunary 𝑛 𝑓 [0, 1] 𝑀, 𝑆

Binary weights Wbinary 𝑛𝑔 1 ×
Binary thresholds Tbinary 𝑛𝑔 [0, 1] 𝑀, 𝑆

Table 4.1: Definition of all weights and thresholds as used for the training of SymbolNet (see Chapter 7 and
[231]), split into the layers in which they appear. Also shown are their dimension, possible values, and the phases
they are trainable in. 𝑚 = 𝑛 𝑓 + 2𝑛𝑔 and 𝑘 = 𝑛 𝑓 + 𝑛𝑔 are defined via the numbers of unary and binary operators.
𝑙, 𝑙
′ = {(1, 3), 1} specify the vector dimension. 𝐷, 𝑀, and 𝑆 indicate the default, mixed, and sparsity training,

respectively. Table taken from [230].
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Figure 4.7: Schematic of the SymbolNet architecture consisting of one of each layer type and including the input
data and output. Figure taken from [230].

The input layer of SymbolNet serves as a means to prune input features that are not needed for training.
Each input feature is assigned an auxiliary weight fixed at 1. Furthermore, they are assigned a threshold
𝑡𝑖𝑛,𝑖 ∈ [0, 1]. Pruning of input features is performed via

Xin → Xin 𝜃 (1 − Tin) (4.35)

where 𝜃 is the step function. Consequently, if 𝑡𝑖𝑛,𝑖 = 1, the input feature 𝑥𝑖 is pruned.
As mentioned, the additional vector dimension leads to three types of symbolic layers, as the output of

SymbolNet must be scalar-valued:
• 𝑉 → 𝑉 layers, that transform the input according to R(𝑛,1,3) → R(𝑘,1,3) (where R(1,3) signals

the Minkowski space). The layer can contain scalar operators that are applied component-wise.
Furthermore, it can contain additional functions that are only defined for 4-vectors, such as a
Lorentz boost.

• 𝑉 → 𝑆 layers, that remove the vector dimension by applying functions that map R(𝑛,1,3) → R(𝑘,) .
Each network that takes 4-vectors as input must contain exactly one of these layers. The set of
functions that defines this layer is

S𝑉→𝑆 =
{
𝑝0, 𝑝𝑥 , 𝑝𝑦 , 𝑝𝑧 , ∥𝑝∥3, ∥𝑝∥4︸                            ︷︷                            ︸

unary operators

, ⟨𝑝𝑖 × 𝑝 𝑗⟩3, ⟨𝑝𝑖 × 𝑝 𝑗⟩4︸                      ︷︷                      ︸
binary operators

}
.

The 𝑝𝑖 are projection operators, ∥𝑝∥3 and ∥𝑝∥4 are the Euclidian and the Minkowskian norm, and
⟨𝑝𝑖 × 𝑝 𝑗⟩3 and ⟨𝑝𝑖 × 𝑝 𝑗⟩4 are vector products.

• 𝑆 → 𝑆 layers, that are the symbolic layers used in [231] and transform R(𝑛,) → R(𝑘,) .
A schematic of a SymbolNet setup using one of each type of symbolic layer is shown in Fig. 4.7.

Symbolic layers generally consist of two steps. First, the incoming features are linearly transformed,
and second, the operators are applied. The linear transformation is similar to other DNNs as it contains a
weight matrix W and a bias vector B. For the sparsity training, they are associated with weight and bias

51



Chapter 4 Statistical learning in high energy physics

thresholds TW and TB of the same dimension. Pruning works similarly to the input layer

W→W 𝜃 ( |W| − TW),
B→ B 𝜃 ( |B| − TB) . (4.36)

The mathematical operators replacing the activation functions are divided into unary operators 𝑓 (𝑝),
which transform a single feature, and binary operators 𝑔(𝑝𝑖 , 𝑝 𝑗), which combine two features. Again,
they are assigned a weight and threshold vector each, where the weight is fixed to 1 and the threshold is
clipped to [0, 1]. The pruning is defined as

𝑉 → 𝑉 & 𝑆 → 𝑆:
𝑓𝑖 (𝑎) → 𝑓𝑖 (𝑎) 𝜃 (1 − 𝑡unary,𝑖) + 𝑎

(
1 − 𝜃 (1 − 𝑡unary,𝑖)

)
𝑔𝑖 (𝑎, 𝑏) → 𝑔𝑖 (𝑎, 𝑏) 𝜃 (1 − 𝑡binary,𝑖) + (𝑎 + 𝑏)

(
1 − 𝜃 (1 − 𝑡binary,𝑖)

)
𝑉 → 𝑆:

𝑓𝑖 (𝑎) → 𝑓𝑖 (𝑎) 𝜃 (1 − 𝑡unary,𝑖)
𝑔𝑖 (𝑎, 𝑏) → 𝑔𝑖 (𝑎, 𝑏) 𝜃 (1 − 𝑡binary,𝑖)

(4.37)

for the different types of symbolic layers. In the 𝑉 → 𝑉 and 𝑆 → 𝑆 layers, a pruned unary operator
returns the identity, while a pruned binary operator returns an addition. Pruned operators in the 𝑉 → 𝑆

layer return zero.
To ensure a dynamic pruning in the backward pass of the training process, a smooth function is needed

instead of the step function. Here,
𝑑𝜃 (𝑥)
𝑑𝑥
≃ 𝜅𝑒

−𝜅𝑥

(1 + 𝑒−𝜅𝑥)2
(4.38)

is used with the default value of 𝜅 = 5.
The objective function consists of

L = Lbase + Lsparse (4.39)

where the MSE or cross-entropy loss is used as Lbase for regression or classification tasks, unless
mentioned otherwise. Lsparse controls the sparsity training by punishing equations of high complexity.
Specifically, Lsparse consists of

Lsparse =
∑︁
obj
Lobj

sparse obj ∈ {in,𝑊, 𝐵, unary, binary}

L𝐴
sparse = Lbase 𝑓 𝐷 (𝑆𝐴;𝛼𝐴, 𝑑)

1
𝑛𝐴

𝑛𝐴∑︁
𝑖=1

exp
(−𝑡𝐴,𝑖 ) 𝐴 ∈ {𝑊, 𝐵}

L𝐵
sparse = Lbase 𝑓 𝐷 (𝑆𝐵;𝛼𝐵, 𝑑) exp

(
− 1
𝑛𝐵

𝑛𝐵∑︁
𝑖=1

𝑡𝐵,𝑖

)
𝐵 ∈ {in, unary, binary}

(4.40)

where 𝑓 = 0.1 is a constant scaling factor, 𝑛obj counts the number of weights for a specific object, and
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𝑡obj,𝑖 are the thresholds. The term

𝐷 (𝑆;𝛼, 𝑑) = exp

[
−

(
𝛼

𝛼 −min(𝑆, 𝛼)

)𝑑
+ 1

]
(4.41)

represents a decay factor as a function of the sparsity 𝑆 ∈ [0, 1], which is defined as the ratio of pruned
objects to the total number of objects. 𝛼 ∈ [0, 1] is the target sparsity and 𝑑 is a decay rate which is set
to the default value of 𝑑 = 0.01. For 𝑆 ≥ 𝛼, the decay factor approaches zero and disables the sparsity
loss punishment.
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CHAPTER 5

Classifying the CP properties of the 𝒈𝒈𝑯
coupling in 𝑯 + 2 𝒋 production

This chapter is based on the work in [233] which was done in collaboration with Henning Bahl, Elina
Fuchs, and Marc Hannig. In comparison to [233], the evaluation of the confidence levels is slightly
different here (for details see Appendix C). Furthermore, a minor correction to the amplitude of the VBF
Higgs background has been applied. The qualitative results and conclusions remain unchanged. All
results taken from [233] have been produced by the author of this thesis unless stated otherwise.

The Higgs coupling to gluons is an interesting candidate for studies about the CP character of the
Higgs boson and its interactions, since gluon fusion is the primary Higgs production mode at the LHC. It
is related to the top-Yukawa coupling due to its loop-induced nature, which is important for CP studies
as well, because it is the only Yukawa coupling of order 1. A direct method to probe the top-Yukawa
coupling is via top-associated Higgs production [27, 43, 129, 174, 186–188, 190, 193, 234–260], which
will be further examined in this work in Chapters 6 and 7. However, the ggF process is also rich in
information about the top-Yukawa coupling, albeit some assumptions are necessary. Without additional
hard jets, ggF production is sensitive to the CP nature of the top-Yukawa interaction only via the total
rate of the process (see e.g. [174]). If ggF production in association with additional jets is considered,
kinematic variables can be exploited as well. In particular, CP-odd variables can be built already if
only one additional jet is considered; however, jet substructure information is needed in this case [261].
A more straightforward way is to consider gluon fusion in association with two jets (ggF2j), where a
CP-odd observable Δ𝜙 𝑗 𝑗 can be easily constructed by measuring the azimuthal angles of the two jets
[239, 260, 262–274].

As already mentioned in Section 3.3.2, the ggF2j production process only provides an indirect probe
of the CP state of the top-Yukawa coupling. Instead, it probes an effective coupling between the Higgs
boson and gluons. CP violation in this coupling can stem either from CP violation in the top-Yukawa
interaction or the interaction of the Higgs boson with unknown colored BSM particles. Candidates for
the latter are, for example, leptoquarks or supersymmetric particles, which can be searched for at the
LHC. However, no signs of such particles have been found so far (for overview plots see e.g. [275, 276]),
implying huge BSM masses or tiny couplings. Furthermore, the contribution of other quarks to the ggF
loop is negligible compared to the top quark contribution. Therefore, any sign of CP violation in an
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effective Higgs-gluon coupling measurable via ggF2j also hints towards CP violation in the Higgs-top
coupling. Consequently, the results in this chapter will not only be used to constrain the coupling
modifiers of an effective Higgs-gluon coupling but also to put limits on the top-Yukawa coupling.

Eq. (2.59) shows how parameterizing CP-violating effects with two coupling modifiers 𝑐𝑔 and 𝑐𝑔
will lead to three terms in the matrix element, two of which are CP-even. Most kinematic variables
measured at the LHC are CP-even, but are sensitive to CP violation due to changes in their shape.
Such variables can therefore be used to constrain the two CP-even terms. To gain sensitivity towards
the interference term, dedicated CP-odd variables, such as Δ𝜙 𝑗 𝑗 , have to be built. These offer the
additional advantage of providing a clear sign of CP-violation if a deviation from the (symmetric)
SM-distribution is measured. However, measuring a CP-odd observable for a Higgs coupling at the
LHC can be challenging since four independent momenta from the Higgs production or decay are needed
[179]. As stated in Section 3.3.2, such measurements in 𝑡𝑡𝐻 are not feasible with the current luminosity.
Therefore, CP-sensitive observables are either used primarily or to provide complementary information.

As discussed in Section 3.3.2, the existing constraints on 𝛼𝑔 from LHC measurements are currently
relatively weak, with the most sensitive study yielding |𝛼𝑔 | ≲ 62◦ [130]. Limits from EDM measurements
can yield similar results, but they rely on the assumption that other couplings are SM-like [277]. Therefore,
in this chapter, possible improvements of these limits are investigated. A special focus is put on the
comparison of two potential kinematic regions in which the CP state is tested (a VBF-like and a
ggF2j-like kinematic region). Furthermore, machine learning techniques are used first to identify the
Higgs production process and then to determine which part of the matrix element in Eq. (2.59) the events
originate from.

The chapter is organized as follows. First, the ggF2j process and its main backgrounds, as well as data
generation for each process, are discussed in Section 5.1. Next, the setup and results of the classifier
training are presented in Section 5.2. Based on these results, exclusion limits can be obtained that are
shown in Section 5.3. Section 5.4 deals with the possibility of additional CP violation in the 𝐻𝑉𝑉
coupling and examines the impact on the previous results. An interpretation of the obtained exclusion
limits in terms of the CP state of the top-Yukawa coupling is given in Section 5.5. Lastly, Section 5.6
presents the conclusions and describes the prospects for future work.

5.1 The topology and generation of 𝑯 + 2 𝒋 events

Fig. 3.3 demonstrates how gluon fusion is the dominant Higgs production channel at the LHC, with
a cross section that exceeds those of all other production modes by at least an order of magnitude at
the collision energies at the LHC. Even if an STXS-like cut of 𝑁jets ≥ 2 is placed on ggF events, the
cross section remains higher than for VBF, the second most likely production mode. More specifically,
𝜎

𝑗≥2
ggF = 7.88 pb and 𝜎VBF = 3.78 pb at

√
𝑠 = 13 TeV [172]. The topology of the ggF2j process differs

depending on its initial state, which can be divided into 𝑔𝑔, 𝑔𝑞, and 𝑞𝑞. Representative Feynman
diagrams for each initial state are shown in Fig. 5.1, with effective interactions represented by a red
dot. Initial states involving gluons contribute more significantly due to the higher gluon densities in
the proton’s parton distribution functions (PDFs). More precisely, in the SM case, the 𝑔𝑔 initial state
accounts for ∼ 72% of the total ggF2j events, followed by the 𝑔𝑞 initial state, which contributes ∼ 26.5%.
The smallest contribution with ∼ 1.5% is given by the 𝑞𝑞 initial state.

Due to the two additional jets, the background processes of ggF2j include other Higgs production
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(a) (b) (c)

Figure 5.1: Exemplary Feynman diagrams for Higgs production via ggF in association with two jets in the (a) 𝑔𝑔
initial state, (b) 𝑔𝑞 initial state, and (c) 𝑞𝑞 initial state. Effective couplings are marked by a red circle. Diagrams
modified from [233].

(a) (b)

Figure 5.2: Exemplary Feynman diagrams for the Higgs background processes of ggF2j, namely (a) VBF, and (b)
𝑉𝐻. Effective couplings are marked by a blue circle. Diagrams modified from [233].

processes, mainly VBF and 𝑉𝐻 production. While the corresponding non-Higgs background based on
the Higgs decay channel typically has a larger cross section, the Higgs background is interesting as it
may contain similar CP-violating effects as the ggF2j signal. Feynman diagrams for the background
considered, including a potential CP-violating coupling, are shown in Fig. 5.2. Although interference
between the 𝑞𝑞-induced ggF2j production and Higgs production via VBF exists, it was found to be
negligible and will therefore not be considered here [278, 279].

The parameterization of CP-violating effects in the 𝐻𝑔𝑔 and 𝐻𝑉𝑉 couplings follows Section 2.2.2.
First, only a modified 𝐻𝑔𝑔 coupling will be considered. To enable a comparison between the Higgs-top
and Higgs-gluon coupling later, Eq. (2.62) is defined such that there is a direct correspondence of the two
when no other particles besides the top quark are considered in the loop. While the absence of colored
BSM particles can only be assumed based on current experimental results, the infinite top mass limit
allows to ignore the effects of lighter quarks. Here, this is accounted for by fixing the total rate to the SM
and limiting the transverse momentum of the Higgs, as discussed in more detail below.

In addition to a modification of the Higgs-gluon interaction, Section 5.4 will consider CP violation
in the interaction between the Higgs boson and the weak vector bosons. This is parameterized using
the SMEFT operator OΦ𝑊 . Technically, non-zero values of the OΦ𝐵 and OΦ𝑊𝐵 SMEFT operators also
result in CP violation in the 𝐻𝑉𝑉 coupling (see e.g. [280]). However, the Lorentz structure of the
resulting CP-violating couplings from all three operators is equal, and they are expected to yield similar
results (see e.g. [281]).

Datasets are generated for the ggF2j, VBF, and 𝑉𝐻 Higgs production modes, with the Higgs decaying
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to a pair of photons in all three cases. The continuous background originating from the 𝑞𝑞 → 𝑞𝑞 process
with two photons emitted via final state radiation is not included here and is left for future investigations.
However, it can be assumed to be CP-even and would therefore not influence the classification of the
CP states, as detailed below. The analysis strategy presented here is adaptable to alternative Higgs
decay channels. Parton-level events are generated at LO with MadGraph5_aMC@NLO (version 3.4.0)
[143] for

√
𝑠 = 13 TeV. They are then scaled to NLO by using flat K-factors from [239] for ggF2j,

[282] for VBF, and [283] for 𝑉𝐻. The events are subsequently given to Pythia8 (version 8.306) [153]
and Delphes3 (version 3.4.2) [155] to simulate the effects of the parton showering, hadronization, and
limited detector resolution. For the latter, the ATLAS detector card was used, where the parameter for
the reconstructed jet radius has been set to Δ𝑅 = 0.4. This agrees with the definition commonly used
in experimental analyses. The reconstruction of the jets is done by employing the anti-𝑘𝑡 algorithm
[158]. Furthermore, a threshold is put on the minimal transverse momentum of the jets and photons by
requiring 𝑝𝑇, 𝑗 ≥ 20 GeV and 𝑝𝑇,𝛾 ≥ 0.5 GeV.

For ggF2j production, the events are categorized according to the terms in Eq. (2.59), resulting in
separate datasets for each of the three contributing components: the pure CP-even amplitude squared
(∝ 𝑐2

𝑔), the pure CP-odd amplitude squared (∝ 𝑐2
𝑔), and the interference term (∝ 𝑐𝑔𝑐𝑔). 1.5 · 106

(3 · 106) events were generated at parton level for the squared (interference) terms. Datasets for VBF
and 𝑉𝐻 are generated separately, both with and without CP violation from OΦ𝑊 , and consist of 1 · 106

parton-level events each. If not mentioned otherwise, the CP-even Higgs background events are used.
In total, five event classes are used for the analysis chain. The events are further split into training
and evaluation datasets, as detailed below. To ensure that the classifiers learn the CP state and not
exploit statistical fluctuations, all generated events are CP-flipped and added to the respective dataset.
Additional information about the event generation, including the MadGraph syntax used, is provided in
Appendix B.

To obtain a realistic selection of events, several cuts are applied to the events obtained at the detector
level. They are closely aligned to cuts set by ATLAS and CMS analyses in the same Higgs decay channel
(see e.g. [191, 284]). Table 5.1 shows the cuts in order of their application alongside the percentage of
surviving events at each step. The cutflow table is further divided into the five data classes. The initial
selection requires a minimum of two jets and two photons per event to perform the Higgs reconstruction
and identify ggF2j events. Events are kept only if the diphoton invariant mass lies within the window
110 GeV ≤ 𝑚𝛾𝛾 ≤ 140 GeV, which captures a majority of the Higgs events. Additional thresholds on
the transverse momenta of photons 𝑝𝑇,𝛾 and jets 𝑝𝑇, 𝑗 help eliminate contributions from objects not
originating from the hard scattering process. Finally, a cut on the pseudorapidity of both jets and photons
|𝜂 𝑗 | ≤ 2.5 and |𝜂𝛾 | ≤ 2.5 mimics the coverage of the inner detector of both ATLAS and CMS.

As previously stated, interpreting the effective Higgs-gluon coupling in terms of a modified top-Yukawa
coupling requires the infinite top quark mass limit. To ensure the validity of this assumption, an additional
cut is used that limits the transverse momentum of the Higgs boson to 𝑝𝑇,𝐻 ≤ 200 GeV (see [285–287]).
Here, the Higgs boson is taken as the diphoton system. The cut on 𝑝𝑇,𝐻 can be seen as conservative, as
studies on mass effects of the top quark suggest that relaxations of this cut are possible. For instance, an
approximation of the Full Theory (FTapprox) at NLO suggests that events up to 𝑝𝑇,𝐻 ≤ 300 GeV can be
used without deviating significantly from the results in the infinite top quark mass limit [288]. A more
detailed study of this effect could result in improved limits, but is left for future work.
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Fraction of accepted events

Applied cut ggF2j |Meven |2 ggF2j Interf. ggF2j |Modd |2 VBF 𝑉𝐻

Initial events 100% 100% 100% 100% 100%

𝑁 𝑗 ≥ 2; 𝑁𝛾 ≥ 2 48.1% 50.8% 48.1% 62.6% 49.8%

110 GeV ≤ 𝑚𝛾𝛾 47.8% 50.5% 47.9% 62.0% 49.4%
𝑚𝛾𝛾 ≤ 140 GeV

𝑝𝑇,𝛾1
/𝑚𝛾𝛾 ≥ 0.35

39.4% 40.9% 39.8% 50.0% 40.5%
𝑝𝑇,𝛾2

/𝑚𝛾𝛾 ≥ 0.25

𝑝𝑇, 𝑗1
≥ 30 GeV

38.6% 40.2% 38.6% 49.7% 39.9%
𝑝𝑇, 𝑗2

≥ 20 GeV

|𝜂 𝑗 | ≤ 2.5
22.9% 21.5% 22.7% 39.8% 31.2%

|𝜂𝛾 | ≤ 2.5

𝑝𝑇,𝐻 ≤ 200 GeV 18.6% 18.4% 18.3% 34.4% 26.8%

Table 5.1: List of cuts applied to select events at the detector level. For each cut, the percentage of events surviving
it is listed. Table taken from [233].

5.2 Analysis strategy

The outline of the analysis is shown as a flowchart in Fig. 5.3. In a first step, two binary classifiers are
trained on the samples for ggF2j, VBF, and 𝑉𝐻 production. One of the classifiers obtains events that
label ggF2j events as the signal and the rest as background. The trained classifier is then used to define a
so-called ggF2j signal region (ggF2j-SR). The other classifier is used to define a VBF-SR by labeling
the VBF events as signal instead. Although the ggF2j process is considered the ”true” signal in this
analysis, events originating from the 𝑞𝑞 initial state share a topology with the VBF events. The VBF-SR
is therefore used to filter out such events. An excess of 𝑞𝑞 gluon fusion events could result in a boosted
sensitivity, as such events have been shown to carry more CP information in a similar analysis [268].
On the other hand, the ggF2j-SR is expected to obtain a boost in sensitivity due to the much higher
number of signal events.1 Therefore, both signal regions are well motivated.

In a second step, two additional classifiers are trained to differentiate between the CP-states of the
1 The ggF2j-SR also has a higher number of expected non-Higgs background events, although these events are not considered

here.
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Figure 5.3: Flowchart demonstrating the analysis strategy employed. The datasets for the ggF2j, VBF, and 𝑉𝐻
processes are given to two separate classifiers to define two signal regions. Then, two additional classifiers are
trained in each signal region, learning a CP-even and a CP-odd observable, respectively. From these classifiers,
limits are obtained in the individual signal regions, as well as combined limits. Figure modified from [233].

events. Only ggF2j events are used for the training. One classifier learns a CP-even observable, while
the other one learns a CP-odd observable. For the final limits, a test dataset is used that first passes
through the signal-background separation and then through the CP classifiers. Four distributions are
obtained this way, which can be used to define the exclusion limits, either individually or combined
across the signal regions.

For training, validating, and testing the data are prepared in the following way: ggF2j events are split
into five sets with 25%, 5%, 40%, 10%, and 20% of the total data for the training and validation sets
of the signal-background and CP state classifiers, as well as one final test set. VBF and 𝑉𝐻 events
are split into three sets with 50%, 10%, and 40% of the events, respectively, since they are not needed
to train the CP classifiers. This results in approximately 6 · 105 (4 · 105) events used for training the
signal-background (CP) classifiers. The number of signal and background events in each dataset is
approximately equal to ensure that the classifiers are not biased.

5.2.1 Defining the signal regions

For the classification of the signal and background events in the two signal regions, two sequential
models are built using PyTorch [289]. They are multi-layer perceptrons with two hidden layers, each
having 100 nodes and 10 nodes, respectively. After each layer (apart from the output layer), a batch
normalization layer is inserted to keep all learned representations at order 1. The ReLU function is
used for activation. Between the two hidden layers, a dropout layer with 𝑝 = 0.3 is used to prevent
overtraining. For the VBF-classifier, an additional dropout layer with 𝑝 = 0.1 is inserted after the second
hidden layer. The default binary cross-entropy loss is used as the objective function in both cases.

The classifiers are trained with the following kinematic information obtained from the Delphes files:
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Figure 5.4: The commonly used features (a)𝑚 𝑗 𝑗 and (b) |𝜂 𝑗 𝑗 | to separate the Higgs production processes considered.

• The full 4-momenta of the Higgs boson and the two jets leading in 𝑝𝑇 , split into the energy 𝐸 ,
transverse momentum 𝑝𝑇 , pseudorapidity 𝜂 and azimuthal angle 𝜙.

• The invariant mass of the dĳet system 𝑚 𝑗 𝑗 , as well as the absolute pseudorapidity difference |𝜂 𝑗 𝑗 |,
and azimuthal angle difference Δ𝜙 𝑗 𝑗 = 𝜙 𝑗1 − 𝜙 𝑗2, 𝜂 𝑗1 > 𝜂 𝑗2. These are higher-level variables
which are known to separate well the Higgs production processes in association with two jets (see
e.g. [239]).

• The number of jets 𝑁 𝑗 present in the event file alongside the energy of all jets that were not already
accounted for.

All variables are taken in the laboratory frame. Two of the commonly used higher-level variables, 𝑚 𝑗 𝑗

and |𝜂 𝑗 𝑗 |, are shown in Fig. 5.4, while distributions for the other variables are provided in Appendix D.
As can be seen, the three signal processes can already be well separated by placing cuts on these two
variables. The separation of VBF from the other two processes is easier, since only one cut is needed
for each of the two variables to achieve good separation. This is also reflected in the performance of
the classifiers. The metrics from the ggF2j-classifier (VBF-classifier) training are shown in Fig. 5.5
(Fig. 5.6). Each model is trained for 200 epochs, and the model with the lowest validation loss is chosen
after training, indicated by the black arrows in the respective figures. The ggF2j-classifier reaches
Acc ≈ 71%, while the VBF-classifier reaches Acc ≈ 80%.

The distributions obtained from the test dataset after classification are shown in Fig. 5.7(a) for the
ggF2j-classifier and in Fig. 5.7(b) for the VBF-classifier. In both cases, the classifier successfully separates
the majority of events labeled as signal from the other contributions. For a score of 𝑃(ggF2j) ≳ 0.5,
or 𝑃(VBF) ≳ 0.5, the events labeled as signal make up the relative majority of events in each bin.
Therefore, a cut 𝑃(ggF2j) ≥ 0.5 (𝑃(VBF) ≥ 0.5) is used on the test dataset to define the ggF2j-SR
(VBF-SR). The ggF2j events in Fig. 5.7 are split into the three initial states. As previously discussed, the
𝑞𝑞 initial state ggF2j events share a topology with VBF and are expected to be enriched in the VBF-SR.
This is validated by the distributions obtained.

The same test dataset is given to both classifiers. Since their training is performed independently, the
two resulting datasets defining the ggF2j-SR and VBF-SR may contain events that are classified as both.
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Figure 5.5: (a) Loss per epoch, (b) Accuracy per epoch, and (c) ROC curve of the classifier used to define the
ggF2j-SR. The black arrow indicates the epoch, at which the final model is chosen.
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Figure 5.6: Same as Fig. 5.5 but for the VBF-SR.
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Figure 5.7: Scores for the (a) ggF2j-classifier and (b) VBF-classifier. The ggF2j events are split into three
distributions, showcasing how the different initial states are classified. Figure modified from [233].
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Figure 5.8: Differential cross section of the CP-odd variable Δ𝜙 𝑗 𝑗 obtained from signal events in (a) the ggF2j-SR
and (b) VBF-SR. Figure modified from [233].

Here, the amount of signal (ggF2j) events that end up in both signal regions is about 8%. Therefore, it
can be concluded that the two signal regions are approximately orthogonal to each other. About 11% of
the signal events do not pass either event selection from the classifiers and are therefore not used further.

5.2.2 Classification of the ggF2j CP states

After the two signal regions have been defined, the next task is to separate the different CP contributions
to the total ggF2j amplitude in Eq. (2.59). As discussed above, sensitivity to the squared terms can be
obtained from the total rate and shape differences in CP sensitive observables. For the interference term,
a CP-odd observable such as Δ𝜙 𝑗 𝑗 is needed. The differential cross section of Δ𝜙 𝑗 𝑗 in the two respective
signal regions is shown in Fig. 5.8, while other variables are shown in Appendix D. It can be seen that
the distributions vary across the signal regions. The shape differences are stronger in the VBF-SR and,
most importantly, the interference term is more pronounced. This agrees with the hypothesis that the 𝑞𝑞
initial state events carry more CP information. In the ggF2j-SR, two peaks can be seen in the CP-even
distributions close to Δ𝜙 𝑗 𝑗 = 0. These are the result of events with a low 𝑚 𝑗 𝑗 .

Two classifiers are trained in each signal region to gain sensitivity towards the CP state of the
Higgs-gluon coupling. Both classifiers use similar input data as the signal-background classifiers, that is,
the 4-vectors of the Higgs boson and the two jets, as well as 𝑚 𝑗 𝑗 , |𝜂 𝑗 𝑗 |, and Δ𝜙 𝑗 𝑗 . The total number
of jets and the energy of the subleading jets are not used here, because they carry no CP information.
It is evident from the distributions in Appendix D that the kinematic differences between the two
CP-even contributions to the ggF2j amplitude are very small. To better exploit these differences, the
GradientBoostingClassifier from the scikit-learn [290, 291] package is used. The classifiers
are given different training data to learn two observables:

• The first classifier is designed to build a CP-even observables by differentiating between the 𝑐2
𝑔

and 𝑐2
𝑔 distributions. It will be dubbed the CP-even classifier, and its output score is 𝑃(𝑐2

𝑔).
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Figure 5.9: Differential distributions of the individual contributions to the ggF2j cross section, as well as the
background, after running through the (a) CP-even classifier and (b) CP-odd classifier in the ggF2j-SR. Only the
classifier resulting in the best exclusion limits out of 100 trained classifiers is shown. Figure modified from [233].

• The second classifier is built to exploit information about the interference term. Specifically, it
learns to differentiate between positive and negative interference events and builds the observable
𝑃+ − 𝑃− . This approach to defining a CP-odd observable using a classifier is based on [292]. The
classifier is dubbed the CP-odd classifier.

Combining the output of the classifiers allows for building observables that are closely related to the
output of machine learning models used to approximate the parton-level optimal observable (see the
discussion in Section 7.1 and e.g. [293, 294]).

The results of the CP classification in the ggF2j-SR can be seen in Fig. 5.9. The test dataset is
split into the contributions originating from the three ggF2j terms and the background events. The
contributions are then given to the two classifiers individually. 100 classifiers were trained in total to
assess uncertainties due to the training process, but only the results for the best classifiers in terms of the
exclusion limits are shown here. The training uncertainty is discussed in more detail in Appendix E.
The left-hand plot shows the results of the CP-even classifier. Low values of 𝑃(𝑐2

𝑔) should correspond
to the |Modd |2 contribution after training and high values to the |Meven |2 one. As can be seen, some
separation is achieved by slight differences in the shape of the two distributions. Especially the left-most
bin shows an enrichment of events stemming from the distribution proportional to 𝑐2

𝑔. The background
events are strongly suppressed from the signal-background classifier, and the interference contribution
cancels out. The right-hand plot of Fig. 5.9 shows the output of the CP-odd classifier. The two CP-even
contributions of ggF2j, as well as the background, are approximately symmetric around zero, as expected.
The interference term shows a slight asymmetry but is very small in magnitude.

Fig. 5.10 shows the distributions obtained in the VBF-SR. Again, only the distributions of the best
classifiers are shown. For the CP-even classifier in the left-hand plot, the two squared contributions are
again separated via slight differences in their shape. The visual statistical fluctuations average out over
multiple training runs of the classifier, as further discussed in Appendix E. The background is much
more visible here compared to the ggF2j-SR due to the higher amount of VBF events. Interestingly,
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Figure 5.10: Same as Fig. 5.9 but in the VBF-SR. Figure modified from [233].

the background also exhibits a peak in the left-most bin. For the CP-odd classifiers, all CP-even
distributions are again symmetric around zero. However, the interference term is much more pronounced
here.

5.3 Sensitivity to the Higgs-gluon coupling

The distributions obtained in the previous section can be used to place limits on the Higgs-gluon coupling
modifiers 𝑐𝑔 and 𝑐𝑔, and correspondingly the mixing angle 𝛼𝑔. The exclusion limits are obtained by
comparing the BSM data to the SM prediction at each point in the parameter space. It is assumed that
the measured data corresponds to the SM unless stated otherwise. Details on the calculation of the
likelihood and the exclusion limits can be found in Appendix C.

5.3.1 Constraints in the ggF2j-SR

First, the limits on 𝑐𝑔 and 𝑐𝑔 in the ggF2j-SR will be discussed. The results can be found in Fig. 5.11,
where the 1𝜎, 2𝜎, and 3𝜎 levels are shown in the (𝑐𝑔, 𝑐𝑔) parameter plane. The limits are derived
with the SM as the truth, and therefore the best-fit point in all cases corresponds to the SM value of
𝑐𝑔 = 1, 𝑐𝑔 = 0. A luminosity of L = 139 fb−1 is assumed, which corresponds to the luminosity of the
full Run 2 dataset.

The first limits in Fig. 5.11(a) are shown for the Δ𝜙 𝑗 𝑗 variable, which has been used in previous CP
analyses and is CP-odd by definition. The limits are based on the distributions in Fig. 5.8(a) for the
ggF2j process, although the Higgs background processes are also taken into account for the calculation
of the Δ𝜒2 values. All 𝜎 levels have the form of a closed ellipse which contains the SM value and
the sign-flip 𝑐𝑔 = ±1, 𝑐𝑔 = 0, as well as the parameter points 𝑐𝑔 = 0, 𝑐𝑔 = ±2/3. This is a result of
the rate information, since Eq. (2.62) yields the same prefactors for the CP-even and CP-odd term
when comparing the parameter points listed above. Consequently, all parameter combinations within the
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Figure 5.11: Exclusion limits on the coupling modifiers 𝑐𝑔 and 𝑐𝑔 of the effective Higgs-gluon coupling. Limits
are shown for (a) Δ𝜙 𝑗 𝑗 , (b) the output of the CP-odd classifier, (c) the output of the CP-even classifier, and (d)
their combinations. The 1𝜎, 2𝜎, and 3𝜎 are depicted as white, light grey, and dark grey dashed lines, respectively.
The SM is shown as an orange cross, and the best-fit point as a red star. Figure modified from [233].
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ellipse also yield (approximately) the same rate.
The constraints in the lower left and upper right plots of Fig. 5.11 show the constraints obtained from

the CP-even and CP-odd classifier, which are based on Fig. 5.9(a) and Fig. 5.9(b), respectively. In
both cases, the constraints are stronger than the ones from using the Δ𝜙 𝑗 𝑗 variable alone. The 𝑃+ − 𝑃−
observable allows to split up the 1𝜎 level into two parts, which are constrained within the ellipse to
|𝑐𝑔 | > 0.6, |𝑐𝑔 | < 0.54. A slight tilt of the 1𝜎 level due to the suppressed interference term is noticeable.
However, the exclusion limits from the 𝑃(𝑐2

𝑔) observable are much stronger. In this case, even the 3𝜎
region is split up into two parts, which are mirrored at the 𝑐𝑔 = 0 line. The CP-odd part of the effective
Higgs gluon coupling is constrained to 𝑐𝑔 ∈ [−0.26, 0.26] at the 1𝜎 level.

Finally, in Fig. 5.11(d) the limits from the combination of the CP-even and CP-odd classifiers are
shown. They are based on a 2-dimensional binning of the distributions of the individual classifiers.
The constraints are dominated by the ones from the CP-even classifier in this case. Only a slight
improvement is noticeable, constraining 𝑐𝑔 ∈ [−0.25, 0.25] at the 1𝜎 level.

5.3.2 Constraints in the VBF-SR

Next, the same scenarios will be examined in the VBF-SR. Fig. 5.12 shows the limits obtained in this
kinematic region for the same variables as before. While in all cases the constraints again appear in
the form of an ellipse, this ellipse is much wider compared to the ggF2j-SR. This is a consequence
of the significantly lower statistics due to the signal-background separation. On the other hand, the
1𝜎 level for a measurement of Δ𝜙 𝑗 𝑗 is split up in contrast to the ggF2j-SR. Therefore, while the rate
information is lower, the shape information is better. This is evident by comparing the two distributions
in Fig. 5.8, where especially the two squared contributions show much larger differences in their shape
in the VBF-SR.

The limits obtained from the individual classifiers are worse than the ones obtained from Δ𝜙 𝑗 𝑗 . The
𝑃+ − 𝑃− observable does not manage to split up the ellipse that the 1𝜎 level forms. However, the impact
of the interference term is visible by looking at the regions where both 𝑐𝑔 and 𝑐𝑔 contribute with similar
strength. In the regions of the ellipse where 𝑐𝑔 · 𝑐𝑔 is negative, the constraints are tighter than in the
regions where the product is positive. No asymmetry is visible in the results from the 𝑃(𝑐2

𝑔) observable,
as is expected for a CP-even observable. The CP-odd part of the Higgs-gluon coupling is constrained
to 𝑐𝑔 ∈ [−0.6, 0.6] at the 1𝜎 level.

The fact that Δ𝜙 𝑗 𝑗 alone performs better than the two individual classifiers is not a contradiction,
as the limits from Δ𝜙 𝑗 𝑗 are obtained using all contributions to the ggF2j process, while the CP-even
and CP-odd classifiers are only trained on the squared distributions or the interference term. The full
information is included in the combined limits, which are shown in Fig. 5.12(d). Here, the constraints are
tighter compared to Δ𝜙 𝑗 𝑗 and yield 𝑐𝑔 ∈ [−0.42, 0.42] at the 1𝜎 level. However, comparing Fig. 5.12(a)
and Fig. 5.12(d) makes it clear that the classifiers do not achieve much improvement. This agrees
with previous findings, in which Δ𝜙 𝑗 𝑗 was shown to carry most of the CP sensitivity in VBF Higgs
production (see Chapter 7 and e.g. [222]).
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Figure 5.12: Same as Fig. 5.11 but in the VBF-SR. Figure modified from [233].
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5.3.3 Combination

After obtaining limits in the two individual signal regions, it is possible to combine the ggF2j-SR and
VBF-SR into one joint kinematic region due to their approximate orthogonality. The constraints obtained
from this combined signal region can be found in Fig. 5.13. Here, the 1𝜎 and 2𝜎 levels are shown for
the individual signal regions as well as their combinations. Fig. 5.13(a) depicts the limits obtained from
the CP-odd classifier. While the constraints from the ggF2j-SR are stronger than the ones from the
VBF-SR individually, their combination allows for setting much tighter constraints. The 2𝜎 level from
the combined signal region (dotted black) lies on top of the 1𝜎 region in the ggF2j-SR (dashed red).
Overall, the limits improve to 𝑐𝑔 ∈ [−0.36, 0.36] at the 1𝜎 level.

In the CP-even classifier and the combined classifier, the situation is different. The constraints from
the ggF2j-SR alone are already strong, and no improvement is achieved by adding the events from the
VBF-SR. Instead, the limits become slightly weaker from 𝑐𝑔 ∈ [−0.25, 0.25] to 𝑐𝑔 ∈ [−0.27, 0.27] at
the 1𝜎 level. These two opposite effects are explainable by looking at the types of events present in
the VBF-SR. The relative number of ggF2j interference events, as well as VBF background events, is
enhanced compared to the ggF2j-SR. The former leads to improved limits for the CP-odd classifier,
while the latter worsens the overall limits.

All previous plots were created under the assumption that SM-like data have been measured. Fig. 5.13(d)
shows the scenario in which the measured data corresponds to the 𝛼𝑔 = 45◦ hypothesis. In this case, the
VBF events lose some of their sensitivity, as neither the SM case, nor the 𝛼𝑔 = 90◦ case can be excluded
at the 2𝜎 level. However, they show a slight preference for a BSM scenario where 𝑐𝑔 = 0. The 1𝜎 level
from the ggF2j-SR splits into four regions and allows for the exclusion of the SM in this hypothetical
scenario. For the combination of both signal regions, these four regions are moved further away from the
SM point due to the added VBF events. In this case, the SM can be excluded even at the 2𝜎 level.

Finally, Fig. 5.14 shows the exclusion limits at the 2𝜎 level projected to different luminosities.
L = 139 fb−1 (black dashed) corresponds to the cases discussed above for the full Run 2 data.
L = 300 fb−1 and L = 3000 fb−1 correspond to the expected luminosity at the end of Run 3 of the
LHC and the HL-LHC, respectively. The limits are plotted using |𝑐𝑔 | since there is little to no sensitivity
towards the sign of the coupling modifiers. The limits shown are naive projections, as only the total
number of events is taken into account, while improvements in the reconstruction algorithms or detector
resolution are not considered. The improvement of the constraints scales slightly worse than 1/√L
because the shape information is reduced the closer a tested point in the parameter space is to the
SM. The limits at the 2𝜎 level show an improvement from 𝑐𝑔 ∈ [−0.39, 0.39] at L = 139 fb−1 to
𝑐𝑔 ∈ [−0.32, 0.32] at L = 300 fb−1 and 𝑐𝑔 ∈ [−0.17, 0.17] at L = 3000 fb−1. Loosened constraints
are expected for a full experimental analysis, where systematic uncertainties and especially the impact of
the non-Higgs background are taken into account.

5.3.4 Relative importance of the observables

In this section, the impact of the individual variables on the classifier output is studied to improve the
interpretability of the results. For this, the SHAP framework as introduced in Section 4.4.1 is used [217,
218]. Every variable 𝑥𝑖 is assigned a worth by calculating Eq. (4.30), which compares the performance
of the classifier in each subset of variables with and without 𝑥𝑖 .
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Figure 5.13: Exclusion limits obtained in the combined signal region for (a) the output of the CP-odd classifier,
(b) the output of the CP-even classifier, (c) their combination, and (d) their combination for a measurement of
𝛼𝑔 = 45◦. 1𝜎 and 2𝜎 levels are shown as dashed and dotted lines, respectively. Figure modified from [233].
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Figure 5.14: Projected 2𝜎 levels for the combined signal region at the expected luminosity after the end of Run 3
(L = 300 fb−1) and the HL-LHC (L = 3000 fb−1). Figure modified from [233].

The results are shown for the CP-odd classifiers in Fig. 5.15 and for the CP-even classifiers in
Fig. 5.16. The input variables on the left y-axis in each plot are ranked by their relative importance.
Variables that rank higher are more influential on the classifier score. The x-axis shows the respective
SHAP value of each variable, which is calculated for every single event in the dataset. The sign of the
SHAP value indicates the pull on the classifier score towards high or low values if the variable is included.
The importance of a feature corresponds to the mean of the absolute SHAP values. Finally, the colors of
the individual points correspond to the value of the respective feature, normalized over its entire range.

First, the results of the classifier separating positive and negative interference are discussed. In both
signal regions, Δ𝜙 𝑗 𝑗 reaches the highest SHAP values by far. This is expected because it is the only
dedicated CP-odd observable used in the classifier training. Since Δ𝜙 𝑗 𝑗 ∈ [−𝜋, 𝜋], red (blue) points
correspond to positive (negative) values of the angle. They show a clear distinction in their respective
SHAP values, indicating sensitivity to the sign via the CP angle. While all other features are CP-even,
they can still be combined with Δ𝜙 𝑗 𝑗 to boost the sensitivity of the classifiers. In the VBF-SR (see
Fig. 5.15(b)), the second and third highest impact features are 𝑝𝑇, 𝑗1 and 𝑝𝑇, 𝑗2 . Since many VBF-like
events are expected in this signal region, this compares well with previous findings, which determine
𝑝𝑇, 𝑗1

· 𝑝𝑇, 𝑗2 · sin(Δ𝜙 𝑗 𝑗) as a near-optimal observable for VBF [222]. The ggF2j-SR generally shows
much lower SHAP values. This is reflected in Figs. 5.11 and 5.12 where the interference classifier has
little to no importance in the ggF2j-SR but improves the constraints in the VBF-SR.

The classifiers separating the |Meven |2 and |Modd |2 contributions yield the SHAP values displayed in
Fig. 5.16. Overall, the SHAP values are lower than for the CP-odd classifiers, as indicated by the smaller
scale on the x-axis. This is not surprising, as the 𝑃(𝑐2

𝑔) variables in Figs. 5.9 and 5.10 do not show major
shape differences. Furthermore, there is no dominating observable, which means that the full kinematic
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(a) (b)

Figure 5.15: SHAP values for the variables used in the training of the CP-odd classifiers in the (a) ggF2j-SR and
(b) VBF-SR. Variables are ranked from top to bottom by their relative importance. The 9 best variables are shown
while the combined SHAP values of all other variables are grouped in ”Other”. Figure modified from [233].

(a) (b)

Figure 5.16: Same as Fig. 5.15 but for the CP-even classifiers. Figure modified from [233].
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Figure 5.17: Exclusion limits for the combination of both classifiers in the (a) ggF2j-SR and (b) VBF-SR when the
possibility of a CP-violating 𝐻𝑉𝑉 coupling is considered. Figure modified from [233].

information is needed to achieve a separation of the distributions. Still, the transverse momentum and
energy of all final-state particles are consistently identified as the most important features. Specifically,
𝑝𝑇, 𝑗1

and 𝑝𝑇, 𝑗2 rank as the two best variables in both signal regions. In the ggF2j-SR, they pull the
classifier output in different directions, suggesting an interplay between the two variables. This effect is
less pronounced in the VBF-SR.

5.4 Impact of CP violation in the 𝑯𝑽𝑽 coupling

Up to now, CP violation was only assumed to be present in the effective Higgs-gluon coupling. However,
the considered Higgs background could also contain CP-violating interactions from the 𝐻𝑉𝑉 couplings.
While it was discussed in Section 3.3.2 that the CP nature of this coupling is strongly constrained,
CP-violating effects could still appear and affect the limits obtained in the previous sections. Various
BSM scenarios introduce CP violation in more than one Higgs coupling, which would make the
assumption of CP-even Higgs background processes in the ggF2j channel invalid. As previously
mentioned, additional datasets are generated for the VBF and 𝑉𝐻 channels where the amount of CP
violation is controlled via the 𝑐Φ𝑊 Wilson coefficient in the SMEFT. Details on this are listed in
Appendix B.

To assess the robustness of the results in Section 5.3, the classifiers are not trained again with the
CP-violating Higgs background data. Instead, the newly created datasets are added to the test dataset
and passed through the pretrained signal-background and CP classifiers. For the subsequent evaluation
of the constraints on 𝑐𝑔 and 𝑐𝑔, the amount of CP violation in the 𝐻𝑉𝑉 coupling is allowed to vary.
This is done by freely floating 𝑐Φ𝑊 ∈ [−1, 1] during the fit, corresponding to the current experimental
constraints.

The results of the combined classifiers in the ggF2j-SR and the VBF-SR are shown in Fig. 5.17.
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Figure 5.18: Constraints on the CP-mixing angle 𝛼𝑔,𝑡 in the (a) ggF2j-SR and (b) VBF-SR obtained by profiling
over the rate modifier 𝑔𝑔,𝑡 . The 1𝜎 and 2𝜎 levels are shown as shaded green and red regions, if available.

For each point in the parameter plane, the limits are obtained by profiling over 𝑐Φ𝑊 . Comparing the
exclusion limits in Fig. 5.17(a) with the previously obtained limits in Fig. 5.11(d) for the ggF2j-SR
makes evident that the additional CP violation does not impact the results. Instead, the same limits as in
the 𝑐Φ𝑊 = 0 are recovered, indicating a good robustness of the results in this signal region. This is a
consequence of the strong suppression of the Higgs background.

For the VBF-SR, the picture is different. The VBF-SR shows a much higher relative number of CP-
violating VBF events than the ggF2j-SR. This means that the classifier still labels such events as signal,
even when trained only on SM-like data in this process. Comparing Fig. 5.17(b) to Fig. 5.12(d) yields
visibly weaker constraints at the 1𝜎 level. Specifically, the limits are loosened from 𝑐𝑔 ∈ [−0.42, 0.42]
to 𝑐𝑔 ∈ [−0.54, 0.54]. The weakening of the limits solely stems from the CP-odd 𝑃+ − 𝑃− variable,
while no changes are observed in the 𝑃(𝑐2

𝑔) variable. Therefore, it can be concluded that the additional
free parameter affects the results and has to be considered in an analysis of this signal region.

5.5 Evaluation in terms of the top-Yukawa coupling

As previously discussed, the parameterization of the effective Higgs-gluon coupling in Eq. (2.62)
allows for a direct relation between 𝑐𝑔, 𝑐𝑔 and 𝑐𝑡 , 𝑐𝑡 . Two additional assumptions are needed for this,
the first one being the infinite top-mass approximation. This is accounted for by excluding events
with 𝑝𝑇,𝐻 > 200 GeV throughout this chapter. Second, no colored heavy BSM state is allowed to
contribute to the ggF loop. Constraints on the energy scale of such states are constantly increasing, and
therefore, their potential impact is decreasing. For example, the impact of a new colored fermion with a
Yukawa-coupling strength similar to the top quark is suppressed by 𝑣2/Λ2 with Λ ≳ 1 TeV.

Limits on the coupling modifiers of the top-Yukawa coupling are obtained by replacing the respective
coupling modifiers of the Higgs-gluon coupling. Consequently, also the CP-mixing angle 𝛼𝑔,𝑡 and rate
modifier 𝑔𝑔,𝑡 can be evaluated via Eq. (2.55). The limits obtained on 𝛼𝑔,𝑡 are shown for both signal
regions in Fig. 5.18. The results are obtained by profiling the two-dimensional exclusion plots over 𝑔𝑔,𝑡 .
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Figure 5.19: Comparison of the limits obtained in the ggF2j-SR with the current limits obtained from a global fit
to LHC data using HiggsTools. The 1𝜎 and 2𝜎 levels are shown as dashed and dotted lines, respectively. The
best-fit point of the global fit is shown as a blue star. Figure modified from [233].

In the ggF2j-SR, the CP-mixing angle can be constrained to

𝛼
ggF2j−SR
𝑔,𝑡 ∈ [−15◦, 15◦] @ 1𝜎 CL ( [−25◦, 25◦] @ 2𝜎 CL) (5.1)

and the confidence levels are shown as green and red shaded regions in Fig. 5.18(a). For the VBF-SR,
only a limit at the 1𝜎 level is found. This is shown in Fig. 5.18(b) and yields

𝛼
VBF−SR
𝑔,𝑡 ∈ [−29◦, 29◦] @ 1𝜎 CL . (5.2)

Apart from the ggF2j process, the top-Yukawa coupling can also be probed by indirect rate mea-
surements from the ggF process without additional jets, the 𝐻 → 𝛾𝛾 decay, and top-associated Higgs
production processes. The information of these channels can be combined in global fits, as performed
in [27, 174]. To compare with the results obtained from the ggF2j analysis, an updated global fit is
performed using HiggsTools [295–297]. Constraints from both methods are shown for a luminosity
of L = 139 fb−1 in Fig. 5.19. The red dashed and dotted lines show the constraints of the ggF2j-SR
at the 1𝜎 and 2𝜎 level, while the respective black lines show the constraints from HiggsTools. The
dominant contribution to the constraints of the latter comes from indirect rate measurements. The shift
of the exclusion limits and the best-fit point to lower values of 𝑐𝑡 , compared to the ggF2j constraints, is
caused by experimental measurements in the ggF and 𝑡𝑡𝐻 processes [182, 298] (also visible in Figs. 3.6
and 3.7). In general, both methods yield a comparable sensitivity. However, for a full comparison, the
non-Higgs background should be taken into account in the ggF2j-SR, which would weaken the limits.
At the same time, the ggF2j channel offers the advantage of a more model-independent analysis.
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5.6 Conclusions

This chapter dealt with the question of how the CP character of the Higgs coupling to gluons can be
constrained optimally. So far, the most stringent constraints are indirect and stem from rate measurements
of the ggF process. This also allows for setting tight indirect constraints on the CP state of the top-Yukawa
coupling. Here, the ggF2j process was examined, which offers additional CP information via the
shape of CP sensitive observables. This can be used to set more model-independent bounds on the
effective Higgs-gluon coupling as well as the top-Yukawa coupling and assess whether improvements in
experimental analyses of this channel are possible.

Events were generated for ggF2j production with the Higgs boson decaying into two photons. In
addition, the relevant Higgs background processes, VBF and 𝑉𝐻, were simulated, while the non-Higgs
background was neglected in this study. Subsequently, two classifiers were trained to separate the three
Higgs production processes. They were used to define a ggF2j-SR and a VBF-SR by training them to
recognize either ggF2j- or VBF-like events. Both kinematic regions offer possible advantages: The
ggF2j-SR has a higher number of signal events, while the VBF-SR carries the events with the most CP
information.

Afterwards, two classifiers were trained in each signal region to separate the events into the CP
contributions to the ggF2j process. A CP-even observable, based on the squared contributions, and
a CP-odd observable, based on the interference term, were defined from the output of the classifiers.
Combining both observables allowed for placing limits on the CP-mixing angle of the Higgs-gluon
coupling. The ggF2j-SR gave stronger constraints with |𝛼𝑔 | < 15◦ while the VBF-SR yielded |𝛼𝑔 | < 29◦

(both at the 1𝜎 level and for a luminosity of L = 139 fb−1). These results are much stronger than
current experimental constraints, but neglect the non-Higgs background and systematic uncertainties,
which would degrade the constraints. Still, the superior constraints in the ggF2j-SR due to the higher
number of signal events indicate that improvements in the current experimental constraints may be
achievable. Further improvements to the obtained limits might also be possible by relaxing the cut on
𝑝𝑇,𝐻 , or by employing more powerful analysis techniques based on the matrix-element approach or
machine-learning based inference [129, 299–312].

To interpret the results of the classifiers, SHAP values were determined for each feature to rank their
relative importance. For the CP-odd classifier, it is not surprising that the CP-odd variable Δ𝜙 𝑗 𝑗 was
shown to be the most important. However, the findings also agree with [222] where it was shown that
the 𝑝𝑇 of the jets can help to boost the sensitivity in the VBF-SR. For the CP-even classifiers, there is
no dominant observable. Still, the transverse momenta of the jets were identified as the features that
most influenced the classifier output.

The two signal regions were then examined in terms of their model dependency. Concretely, CP
violation was introduced via a SMEFT operator in the Higgs background processes. The ggF2j-SR
showed good robustness against the CP-character of the Higgs background, as an additional free
parameter in the fit did not impact the results. Contrarily, the constraints in the VBF-SR were weakened
by this effect.

Finally, the results obtained for the effective Higgs-gluon coupling were reinterpreted in terms of the
top-Yukawa coupling, which assumes that no unknown BSM states affect the gluon fusion loop. It was
revealed that constraints on the CP state of the top-Yukawa coupling from a measurement of the ggF2j
channel might be competitive with the current constraints from global fits.
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CHAPTER 6

CP-sensitive simplified template cross-sections
for 𝒕 𝒕𝑯

This chapter is based on the work in [313] which was done in collaboration with Henning Bahl, Alberto
Carnelli, Frédéric Déliot, Elina Fuchs, Anastasia Kotsokechagia, Tanguy Lucas Marsault, Laurent
Schoeffel, and Matthias Saimpert. All results taken from [313] have been produced by the author of this
thesis unless stated otherwise.

In Chapter 5 it was shown how the top-Yukawa coupling can be constrained using the ggF2j process.
Specifically, Fig. 5.19 provided a comparison of the results using kinematic information in the ggF2j
channel to the results from pure rate information from the ggF production and 𝐻 → 𝛾𝛾 decay channel
without the association of additional jets. Using the results obtained from HiggsTools, the most
stringent constraints on the CP state of the top-Yukawa coupling are 𝛼𝑡 ≲ 28◦ at the 95% confidence
level (CL). Like in the case of the Higgs-gluon coupling, EDM measurements can also indicate the
amount of CP violation present in the top-Yukawa coupling. However, the effect is much more drastic
here, as current limits on the eEDM constrain 𝑐𝑡 < 10−3 at the 90% CL (𝛼𝑡 < 0.06◦ at the SM rate) when
assuming all other couplings to be SM-like [25, 42, 43]. As shown in [27], these stringent constraints
can completely vanish if the electron-Yukawa coupling deviates from its SM predictions.

While the ggF process via its rate information or its ggF2j subprocess, as well as measurements of the
eEDM, provide valuable information about the CP state of the top-Yukawa coupling, they do not provide
direct probes. In the ggF process, other unknown states could affect the loop and introduce CP violation.
In the EDM case, precise information about the Yukawa couplings of the first generations is needed,
but they are only very weakly constrained so far [44–55]. Therefore, a direct probe of the Higgs-top
quark coupling is required that does not rely on other couplings. This is possible via the measurement
of top-associated Higgs production at the LHC. Three channels are classified as such, consisting of
𝑡𝑡𝐻, 𝑡𝐻𝑞, and 𝑡𝑊𝐻, although only 𝑡𝑡𝐻 provides the necessary amount of data for precise differential
measurements. Such measurements are needed because constraints from the total rate of 𝑡𝑡𝐻 only yield
very weak constraints of 𝛼𝑡 ≲ 72◦ [174].

Like in the ggF2j process, kinematic information of the final state momenta can be exploited for CP
analyses. An unambiguous probe comes from defining CP-odd observables to probe the interference
term of 𝑡𝑡𝐻. However, as already discussed in Section 3.3.2, such studies are very challenging at the LHC.
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Instead, CP-sensitive observables are used to compromise between rate and CP-odd measurements. To
maximize the CP sensitivity, such observables can be constructed by using gradient boosting algorithms
or neural networks [250, 255, 256, 314]. ATLAS obtains the best current experimental constraints in the
𝐻 → 𝛾𝛾 channel with |𝛼𝑡 | < 43◦ [191], while CMS combines information from the 𝐻 → 𝛾𝛾, 𝐻 → 4𝑙
and multilepton decay channels, yielding |𝛼𝑡 | < 45◦ [36, 192, 284]. Weaker results are obtained in the
𝐻 → 𝑏𝑏̄ channel [315].

Generally, the combination of several decay channels and the combination of results across experiments
is a complex task, since each analysis depends on assumptions and optimization procedures that must
be considered in the combination. This includes the modeling of the signal and the background in the
specific channel, assumptions about other couplings or channels, theoretical uncertainties, and cuts that
are set to maximize the sensitivity towards the measured quantity. The STXS framework, which was
introduced in Section 3.3.3, was invented to prevent these difficulties. However, the current Stage 1.2 of
the framework only contains a binning of the 𝑡𝑡𝐻 process in 𝑝𝑇,𝐻 and is not optimized towards CP
measurements. Therefore, an extension of the STXS binning in a second dimension is examined in this
chapter, taking into account 30 CP-sensitive variables from the literature. A concrete proposal for an
STXS extension is made, focusing on the CP sensitivity.

This chapter is structured as follows. First, the event generation, as well as the definition of all
considered observables based on previous studies, is discussed in Section 6.1. Afterwards, Section 6.2
describes experimental considerations, such as detector resolution effects or channel efficiencies, and
how they affect the sensitivity of the observables towards CP measurements. The results are used to
study the sensitivities of 1- and 2-dimensional distributions in comparison with a multivariate analysis
in Section 6.3. The results are also presented as exclusion plots. Section 6.4 subsequently discusses a
possible extension of the STXS framework using the previous findings and complementing them with
information about background processes. Conclusions are presented in Section 6.5.

6.1 CP-sensitive observables in 𝒕 𝒕𝑯 events

The 𝑡𝑡𝐻 production process is not only challenging to study due to its comparably low cross section but
also due to the number of particles in the final state. The top quark has a leptonic and a hadronic decay
mode, depending on the subsequent 𝑊 boson decay, and ends up in a three-particle final state. This
results in a 𝑡𝑡𝐻 event consisting of 8 (or more) particles at the parton level at the LHC, of which up to
two can be neutrinos, escaping the detector. The complex final state provides the opportunity to define a
rich number of observables suited for CP analyses in this channel. A large number of observables have
been proposed in prior work [129, 187, 190, 234, 238, 239, 241–244, 246, 247, 253–256, 259]. Some
of them were already used successfully in experimental analysis [315]. However, it is not clear which
observable is optimally suited for CP-studies independent of the exact analysis, such as is needed for an
extension of the STXS framework.

6.1.1 The generation of 𝒕 𝒕𝑯 events

The events for the 𝑡𝑡𝐻 process are generated at LO using MadGraph5_aMC@NLO (version 3.3.2) [143]
with a COM energy of

√
𝑠 = 13 TeV. They are subsequently scaled to NLO in QCD by using flat

K-factors taken from [239]. Datasets are generated for two CP hypotheses corresponding to 𝛼𝑡 = 0◦
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(the SM) and 𝛼𝑡 = 90◦ (a full pseudoscalar Higgs coupling). In both cases, the SM rate 𝑔𝑡 = 1 is used.
The two datasets consist of 106 events each at the parton level.

Throughout this chapter, the sensitivities of the observables will be tested at two benchmark scenarios.
The first is 𝛼𝑡 = 45◦, which corresponds to the current experimental constraints as previously discussed.
The second is 𝛼𝑡 = 35◦, which is a realistic value to be probed by analyses using the full Run 3 data.
From the datasets at 0◦ and 90◦, signal yields for any CP hypothesis can be built via

𝑁 (𝑔𝑡 , 𝛼𝑡 ) = 𝑔2
𝑡

[
𝑁SM cos2

𝛼𝑡 + 𝑁odd sin2
𝛼𝑡

]
, (6.1)

assuming that the interference term cancels out. Consequently, 𝑁SM = 𝑁 (1, 0) and 𝑁odd = 𝑁 (1, 90) are
the signal yields for the two generated data samples, respectively. As a cross-check, two independent
datasets were generated with 𝛼𝑡 = 35◦ and 𝛼𝑡 = 45◦ and compared to the corresponding predictions
from Eq. (6.1). The distributions of the dedicated datasets agreed with the calculated yields within 1%,
indicating the correctness of the scaling.

To test the performance of observables across multiple channels, three decay modes are considered in
this chapter. The decays are not simulated using a decay routine such as MadSpin. Instead, their effect is
approximated by smearing the final state variables and applying efficiency cuts to emulate the detector
response and reconstruction process, as detailed in Section 6.2.1. Additional datasets are generated for
the common non-Higgs background in the three decay channels. This includes the 𝑡𝑡𝛾𝛾, the 𝑡𝑡𝑏𝑏̄, and the
𝑡𝑡𝑊 processes. 5 · 105 events are generated for each non-Higgs background process using a similar setup
as for the signal events. More details, such as the exact MadGraph syntax, are provided in Appendix B.

The cuts applied to events in the three decay channels can differ based on the analysis. Therefore, only
a cut on the pseudorapidity of the Higgs and the tops |𝜂𝐻 | ≤ 2 and |𝜂𝑡 | ≤ 2 is used. While this is tighter
than the pseudorapidity coverage of the ATLAS and CMS inner detectors of |𝜂 | ≤ 2.5, it accounts for
the decay products of heavy particles that escape the placed cuts. The selection efficiencies are taken
directly from experimental analyses in the respective decay channel, instead of imposing additional cuts.

6.1.2 Observable definitions

The observables defined in the literature for CP measurements of 𝑡𝑡𝐻 are defined in different rest frames.
Moreover, choosing a specific rest frame can be important because it simplifies the description of certain
effects. For example, polarization information about the top quark can best be obtained in its rest frame
by decaying it and measuring the angular distribution of the charged lepton. This motivates a study of
the observables in different rest frames in which they are defined.

In this work, the rest frame 𝑋 is reached by performing subsequent Lorentz transformations, as Fig. 6.1
shows. The upper left graphic shows the laboratory (lab) frame, which is the default frame in which the
events are generated. The interaction point (IP) of the colliding beams forms the origin of the coordinate
system, while the beams themselves travel along the 𝑧-axis. The 𝑥-and 𝑦-axes are defined as pointing
towards the center of the LHC and upwards, respectively. The first Lorentz transformation is a rotation
around the 𝑧-axis, where the angle is chosen such that 𝑝𝑦,𝑋 = 0 and 𝑝𝑇,𝑋 | | 𝑥 after the rotation. This is
shown in the lower left graphic of Fig. 6.1. The lower right sketch demonstrates the results of a Lorentz
boost to the rest frame of 𝑝𝑇,𝑋, where now 𝑝𝑋 is parallel to the 𝑧-axis. The proton momenta no longer
align with the 𝑧-axis in this case. The final step is the boost to the rest frame of 𝑝𝑋. This procedure
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Figure 6.1: The procedure for boosting events to a rest frame 𝑋 ∈ [𝐻, 𝑡𝑡, 𝑡𝑡𝐻]. Boosting happens via three
individual steps. Figure modified from [313], original figure created by Alberto Carnelli.

guarantees that the two proton momenta have the same angle with the 𝑧-axis, which is dubbed the new
beam axis. Here, three rest frames are considered besides the lab frame, specifically, 𝑋 ∈ [𝐻, 𝑡𝑡, 𝑡𝑡𝐻].
They are defined by ∑︁

𝑖

p𝑖 = 0, 𝑖 ∈ 𝑋 (6.2)

where p corresponds to the 3-momentum.
An overview of all the observables considered here is given in Table 6.1. First, some basic kinematic

observables are included. 𝑝𝑇,𝐻 is included because it corresponds to the current STXS binning in 𝑡𝑡𝐻,
if taken in the lab frame. It is also defined in the 𝑡𝑡 and 𝑡𝑡𝐻 rest frames. Next, angular information about
the tops is included via the differences |Δ𝜂𝑡𝑡 | and |Δ𝜙𝑡𝑡 |. |Δ𝜙𝑡𝑡 | is not defined in the 𝑡𝑡 frame, as it is
zero per definition. Furthermore, the Lorentz-invariant masses of the 𝑡𝑡 and 𝑡𝑡𝐻 systems are used.

Next, several higher-level observables are used, which are motivated by the literature. The first one is
the so-called Collins-Soper angle 𝜃∗, which was first defined in [316]. It is only defined in the 𝑡𝑡 frame
and describes the angle between the axis of the 𝑡𝑡 system and the beam axis. The variables 𝑏1, ..., 𝑏4 are
taken from [234] and exploit different kinematic regions of the top quarks, which are sensitive to CP
violation. Although they were initially defined in the lab frame, they are straightforwardly extended to
other frames (see e.g. [317]). Finally, the 𝜙𝐶 variable is motivated in [253] and is defined as the angular
difference between the planes spanned by the protons and top quarks in the Higgs rest frame. All of the
variables in Table 6.1 are CP-sensitive, but CP-even. Most importantly, all observables are invariant
under an exchange of the top and anti-top quark, avoiding the need to distinguish between them in an
analysis.
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Observable Definition Frame Reference

𝑝𝑇,𝐻 − lab, 𝑡𝑡, 𝑡𝑡𝐻 −

|Δ𝜂𝑡𝑡 | |𝜂𝑡 − 𝜂𝑡 | all −

|Δ𝜙𝑡𝑡 | |𝜙𝑡 − 𝜙𝑡 | lab, 𝐻, 𝑡𝑡𝐻 −

𝑚𝑡𝑡 (𝑝𝑡 + 𝑝𝑡 )2 frame-invariant −

𝑚𝑡𝑡𝐻 (𝑝𝑡 + 𝑝𝑡 + 𝑝𝐻)2 frame-invariant −

| cos 𝜃∗ | |p𝑡 ·n |
|p𝑡 | · |n | 𝑡𝑡 [247, 316]

𝑏1
(p𝑡×n) · (p𝑡×n)

𝑝𝑇,𝑡 𝑝𝑇,𝑡
all [234]

𝑏2
(p𝑡×n) · (p𝑡×n)
|p𝑡 | |p𝑡 | all [234]

𝑏3
𝑝𝑥
𝑡 𝑝𝑥

𝑡

𝑝𝑇,𝑡 𝑝𝑇,𝑡
all [234]

𝑏4
𝑝𝑧
𝑡 𝑝𝑧

𝑡

|p𝑡 | |p𝑡 | all [234]

𝜙𝐶 arccos
(
| (p𝑝1

×p𝑝2
) · (p𝑡×p𝑡 ) |���p𝑝1

×p𝑝2

��� |p𝑡×p𝑡 |

)
𝐻 [253]

Table 6.1: Definitions of all observables used for the analysis, including a list of frames they are defined in, as well
as references with further information about them. Table taken from [313].

6.1.3 Parton-level distributions

The events are generated at the parton level to avoid the need for channel-specific cuts, as motivated by
the STXS framework. Here, some selected observables are shown at the parton level. The distributions
of all other particles can be found in Appendix D. Selection efficiencies do not affect the distribution
since they are all normalized to unity, but the channel-specific resolution may impact the shape (see
Section 6.2 for a discussion).

In Fig. 6.2(a), the distribution of 𝑝𝑇,𝐻 is shown for the four different CP hypotheses 𝛼𝑡 ∈
[0◦, 35◦, 45◦, 90◦]. Additionally, the current STXS bins are depicted as dashed gray lines in the
plot. The bins with larger values of 𝑝𝑇,𝐻 are most sensitive to CP as they show an excess of events
over the SM hypothesis in a kinematic region where the number of background (SM) events is low.
Furthermore, Fig. 6.2 shows distributions for |Δ𝜂𝑡𝑡 |, |Δ𝜙𝑡𝑡 |,𝑚𝑡𝑡 , and𝑚𝑡𝑡𝐻 . The impact of the cut |𝜂𝑡 | ≤ 2
is best visible in the distribution of |Δ𝜂𝑡𝑡 | which is constrained to [0, 4]. |Δ𝜙𝑡𝑡 | shows potential for good
sensitivity towards lower values, while all other variables have excesses in the non-SM distributions at
higher values.

Next, the distributions of the variables 𝑏1, ..., 𝑏4 is shown in Fig. 6.3. The 𝑏1 variable exhibits an
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Figure 6.2: Parton-level distributions for (a) 𝑝𝑇,𝐻 , (b) |Δ𝜂𝑡𝑡 |, (c) |Δ𝜙𝑡𝑡 |, (d) 𝑚𝑡𝑡 , and (e) 𝑚𝑡𝑡𝐻 for four different
CP hypotheses. Figure modified from [313].
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Figure 6.3: Parton-level distributions for (a) 𝑏1, (b) 𝑏2, (c) 𝑏3, and (d) 𝑏4 for four different CP hypotheses. Figure
modified from [313].

interesting behavior, as most of the events are contained within a single bin near 𝑏1 = −1. This is
a consequence of the 𝑏1 variable capturing the angle between the transverse momenta of the top, or
equivalently 𝑏1 = cos(Δ𝜙𝑡𝑡 ). Finally, the 𝜙𝐶 and | cos 𝜃∗ | variables are depicted in Fig. 6.4. For larger
allowed values of |𝜂𝑡 |, they appear as very flat distributions. Here, the cut |𝜂𝑡 | < 2 introduces a drop in
the events towards one end of the distribution, depending on the CP angle.

6.2 Evaluation of the observable performance

With the observables defined, the next step is to assess their performance in separating a BSM CP
state from the SM prediction. Since the goal of this chapter is to provide suitable candidates for an
STXS extension, the observables have to be evaluated in multiple channels. Specifically, this requires
estimating the precision of reconstructing parton-level objects and separating background events, and
including these effects in the sensitivity assessment.
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Figure 6.4: Parton-level distributions for (a) 𝜙𝐶 and (b) | cos 𝜃∗ | for four different CP hypotheses. Figure modified
from [313].

6.2.1 Detector effects and selection efficiency

For the total estimation of the observable performance, three channels are considered here. These are the
𝑡𝑡𝐻 (→ 𝛾𝛾) channel, the 𝑡𝑡𝐻 (→ 𝑏𝑏̄) channel, and the 𝑡𝑡𝐻 (multilep.) channel. The first two channels
describe the respective Higgs boson decay, while the latter includes final states in which multiple leptons
appear. All of these channels have been explored experimentally by ATLAS or CMS already [36,
130, 191, 192, 284, 315]. For each channel, several effects have to be accounted for independently.
Specifically, the efficiency of both the event selection and reconstruction of the parton-level objects,
as well as the smearing of variables due to limited detector resolution, must be considered. These are
very challenging tasks that are beyond the scope of this work and are left for dedicated experimental
analyses. To still provide a first assessment of the importance of the three channels, a simplified approach
is taken here. The initial number of events in each channel is calculated from the production cross
section, luminosity, and branching ratio. Then, previous results from ATLAS and CMS in the respective
channels are used to obtain realistic acceptance factors of the event selection and efficiency factors of the
reconstruction algorithms. Therefore, the final yield is

𝑁 (𝑌, 𝛼𝑡 ) = 𝜎𝑡𝑡𝐻 (𝛼𝑡 ) · 𝐾NLO · L · BRSM(𝑌 ) · 𝐹 (𝑌, 𝛼𝑡 ) (6.3)

for the channel𝑌 at a CP-mixing angle 𝛼𝑡 . The scaling factors 𝐹 are listed in Table 6.2 and 𝐾NLO = 1.14
is used [239]. Additionally, observables are smeared to account for the limited detector resolution. This
is done by smearing the kinematics of the parton-level objects using a Gaussian distribution. The mean
of the distribution is the parton-level value, while the width is fixed and extracted from experimental
analyses. The smearing is then propagated to all considered observables.

Table 6.2 shows the branching ratios, scaling factors, smearing factors, and final event yields for
each channel. The 𝑡𝑡𝐻 (→ 𝛾𝛾) has by far the smallest BR of the channels considered here. However,
this is compensated for by two effects. First, the photons leave tracks in the inner detector, resulting
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𝑡𝑡𝐻 (→ 𝛾𝛾) 𝑡𝑡𝐻 (multilep.) 𝑡𝑡𝐻 (→ 𝑏𝑏̄)

BR 2.27 · 10−3 6.79 · 10−2 5.81 · 10−1

Acceptance/efficiency scaling factors

𝛼𝑡 = 0◦ 2.5 · 10−1 3.6 · 10−2 5.0 · 10−3

𝛼𝑡 = 35◦ 2.5 · 10−1 3.6 · 10−2 5.2 · 10−3

𝛼𝑡 = 45◦ 2.7 · 10−1 3.8 · 10−2 5.4 · 10−3

𝛼𝑡 = 90◦ 3.2 · 10−1 4.2 · 10−2 6.5 · 10−3

Smearing factors

Δ𝑝𝑇,𝐻 [GeV] 4 120 80

Δ𝑝𝑇,𝑡 [GeV] 40 70 70

Δ𝜂𝑡 0.5 0.8 0.8

Δ𝜙𝑡 [◦] −− 20 20

Final 𝑡𝑡𝐻 event yields at 300 fb−1

𝛼𝑡 = 0◦ 86 372 442

𝛼𝑡 = 35◦ 70 302 373

𝛼𝑡 = 45◦ 67 281 341

𝛼𝑡 = 90◦ 47 185 245

Table 6.2: The relevant factors that determine the final event yields expected for each channel. Displayed are the
branching ratios, acceptance factors at each CP angle, smearing factors for the parton-level kinematics, and final
event yields. The initial number of events is determined via the 𝑡𝑡𝐻 cross section at each CP angle times the
K-factor and the luminosity of L = 300 fb−1. Table taken from [313].
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in a very precise Higgs reconstruction. This also yields a good separation of the signal from the
non-Higgs background. Second, the photons from the Higgs decay cannot negatively influence the top
reconstruction. This leads to very good scaling factors, which are estimated from the signal regions in
[191]. In the SM case, 0.25 of all events end up in the signal region, and this value slightly improves
to 0.32 in the 𝛼𝑡 = 90◦ case. The improvement could be an effect of the Higgs being more boosted or
the top quarks being more separated. The smearing is applied to the 𝑝𝑇,𝐻 variable using a Gaussian
with a width of 4 GeV, which is obtained from the energy resolution for photons in ATLAS [318]. The
smearing for 𝑝𝑇,𝑡 and 𝜂𝑡 is again taken from [191] and corresponds to 40 GeV and 0.5, respectively.

In the 𝑡𝑡𝐻 (→ 𝑏𝑏̄) channel, the situation is quite different. With over 50%, it is the Higgs decay with
the largest branching ratio by far. However, this comes at the price of a much worse reconstruction of the
Higgs boson, since two 𝑏-jets have to be reconstructed from the detected objects. Combining this with
the large non-Higgs background containing top and bottom quarks makes the signal-to-background ratio
in this channel significantly worse than in the previous one. Furthermore, four 𝑏-jets are expected at the
final state, which allows for some combinatorics when reconstructing the Higgs boson and top quarks.
These effects are reflected in the much worse scaling and smearing factors. The scaling factors slightly
improve from 5 · 10−3 at 𝛼𝑡 = 0◦ to 6.5 · 10−3 at 𝛼𝑡 = 90◦ and are obtained from [315]. The transverse
momentum of the Higgs boson is smeared using a width of 80 GeV to match [298]. The top quarks are
smeared in 𝑝𝑇,𝑡 by 70 GeV, in 𝜂𝑡 by 0.8, and in 𝜙𝑡 by 20◦, based on the reconstruction performed in
[319, 320].

The 𝑡𝑡𝐻 (multilep.) channel combines several decay modes that yield multiple charged leptons in
the final state. Specifically, decay channels of the Higgs and tops with two leptons of the same sign
(2lSS) or at least three leptons (>3l) are considered, where 𝑙 = 𝑒, 𝜇. With about 7%, the sum of the
individual branching ratios forms a middle ground with the other two channels. The same is true for the
signal-background ratio and consequently the scaling factors, which are calculated from the event yields
in [192]. The scaling factors again exhibit the same trend of slightly improving when moving away
from the SM. Precisely, they are within 0.036 for 𝛼𝑡 = 0◦ and 0.042 for 𝛼𝑡 = 90◦. When it comes to the
reconstruction and detector effects, the 𝑡𝑡𝐻 (multilep.) channel has the disadvantage of containing a high
possible number of energetic neutrinos. These can stem from both the Higgs decays and leptonic top
quark decays. They are expected to complicate the reconstruction of 𝑝𝑇,𝐻 , which is therefore smeared
using a width of Δ𝑝𝑇,𝐻 = 120 GeV. The smearing of the top quarks is expected to be similar to the one
in the 𝑡𝑡𝐻 (→ 𝑏𝑏̄) channel, and therefore the same values are taken.

6.2.2 Evaluation of the sensitivity

Observables and their combinations are compared based on the significance with which they can exclude
a certain BSM hypothesis. For this, it is assumed that events have been measured in each channel that
follow the SM expectation. The resulting distributions are normalized to the final event yield in Table 6.2
for 𝛼𝑡 = 0◦. BSM expectations are obtained from the simulated samples and by normalizing them
according to Eq. (6.1) and Table 6.2. Details of the significance evaluation can be found in Appendix C.
The relevant equation is [321]

𝑆 =

√√√
−2

𝑁bins∑︁
𝑖=1

(
𝜆SM,𝑖 ln

[
𝜆BSM,𝑖 (𝜆SM,𝑖 + 𝜎2

𝑖 )
𝜆

2
SM,𝑖 + 𝜆BSM,𝑖𝜎

2
𝑖

]
− 𝜆

2
SM,𝑖

𝜎
2
𝑖

ln
[
1 + 𝜎

2
𝑖 (𝜆BSM,𝑖 − 𝜆SM,𝑖)
𝜆SM,𝑖 (𝜆SM,𝑖 + 𝜎2

𝑖 )

] )
(6.4)
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with the predicted number of SM (BSM) events per bin 𝜆SM,𝑖 (𝜆BSM,𝑖) and the uncertainty parameter 𝜎𝑖 .
Eq. (6.4) produces accurate results if the number of events in each bin is at least 2 [321]. To account

for this, a merging procedure is implemented when significances are calculated for binned variables. In
an iterative approach, if the number of events in a single bin is less than 2, it is merged with a neighboring
bin until each bin contains at least 2 events. In the case of 2-dimensional distributions, merging is
preferred in the first dimension, although the final results were found not to depend on which dimension
is preferred. The results are also stable with respect to the number of bins. Specifically, significances
only deviate by a few percent if at least 5 events are demanded in each bin.

The uncertainties 𝜎𝑖 that appear in Eq. (6.4) are heavily dependent on the channel considered. In a
real 𝑡𝑡𝐻 analysis, background events will enter the signal region and pollute the sensitivity. The amount
of background events that manage to escape the signal-background separation depends not only on how
well the background can be reduced via cuts, but also on uncertainties arising from the limited detector
resolution or theoretical predictions. The 𝜎𝑖 can be split into statistical and systematic uncertainties

𝜎𝑖 =
√︃
(𝜎stat

𝑖 )2 + (𝜎syst
𝑖 )2 (6.5)

and will be estimated for each channel as follows.
The statistical uncertainty 𝜎stat

𝑖 is based on the limited knowledge about the number of background
events 𝑛BG that mistakenly enter the signal region. Since the background events also follow a Poisson
distribution, the corresponding uncertainty is 𝜎stat

𝑖 =
√
𝑛BG. This can be estimated from the signal-to-

background ratios in the experimental analyses. Precisely

𝜎
stat
𝑖 =

√︄
𝜆SM,𝑖

(
𝑆

𝐵

)−1
(6.6)

where 𝑆/𝐵 is taken to be constant across bins for simplification.
The systematical uncertainty 𝜎syst

𝑖 contains two effects. First, there is an uncertainty in the shape
of the observable distributions, again stemming from uncertainties in the background events. This is
directly proportional to the number of events in each bin and defines the 𝜎syst

𝑖 parameter. Second, the
overall background rate is uncertain. This is a constant effect over all bins. In the 𝑡𝑡𝐻 (→ 𝑏𝑏̄) and
𝑡𝑡𝐻 (multilep.) channels, the background normalization uncertainty is expected to be larger than the rate
difference between 𝜆SM,𝑖 and 𝜆BSM,𝑖 . Therefore, in these two channels, the rate information is removed
by rescaling 𝜆BSM,𝑖 → 𝜆

∗
BSM,𝑖 , where

∑
𝜆
∗
BSM,𝑖 =

∑
𝜆SM,𝑖 .

In Table 6.3, the final statistical and systematic uncertainties are listed for each channel, alongside the
analyses they are based on. The uncertainties in the 𝑡𝑡𝐻 (→ 𝛾𝛾) channel are statistically dominated and
therefore 𝜎syst

𝑖 is set to zero. A value of 𝑆/𝐵 = 1 is assumed due to the excellent energy resolution of the
photons and the corresponding background suppression. The 𝑡𝑡𝐻 (multilep.) and 𝑡𝑡𝐻 (→ 𝑏𝑏̄) channels
have worse uncertainties. 𝑆/𝐵 values of 0.4 and 0.1 are taken for the statistical uncertainty, respectively.
Furthermore, the systematic uncertainty enters as 0.2 and 0.5 of the total events in each bin, respectively.
Additionally, the rate information for all bins is removed, as stated above.
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Channel 𝜎
stat
𝑖 𝜎

syst
𝑖 𝜎𝑖 Reference

𝑡𝑡𝐻 (→ 𝛾𝛾) √︁
𝜆SM,𝑖 0

√︁
𝜆SM,𝑖 [191]

𝑡𝑡𝐻 (multilep.) √︁
2.5 𝜆SM,𝑖 0.2 𝜆SM,𝑖

√︃
2.5 𝜆SM,𝑖 + 0.04𝜆2

SM,𝑖 [192]

𝑡𝑡𝐻 (→ 𝑏𝑏̄) √︁
10 𝜆SM,𝑖 0.5 𝜆SM,𝑖

√︃
10 𝜆SM,𝑖 + 0.25𝜆2

SM,𝑖 [315]

Table 6.3: The statistical and systematic uncertainties, as well as the total uncertainties entering Eq. (6.4) in the
respective channels.

6.3 Sensitivity to the top-Yukawa coupling

The current best experimental limit on the CP-mixing angle of the top-Yukawa coupling is 𝛼𝑡 = 43◦

[191], assuming the SM rate and using a luminosity of L = 139 fb−1. In this work, analyses are
targeted for the end of Run 3, where approximately L = 300 fb−1 of data will be available. With the
expected improvements, 𝛼𝑡 = 35◦ is chosen as a realistic benchmark scenario, for which the observables
are evaluated. For a first test, all observables listed in Table 6.1 as well as all possible 2-dimension
combinations are considered and their significances for excluding the 𝛼𝑡 = 35◦ hypothesis are evaluated.
Subsequently, the most promising variables are chosen and further examined, also in comparison to
results from a multivariate analysis.

6.3.1 Significance evaluation

The significances are evaluated by employing Eq. (6.4) with the uncertainties in each channel provided in
Table 6.3. 30 variables are considered in total. Their 1-dimensional significance is calculated using 14
evenly spaced bins. In addition, all possible 435 2-dimensional combinations (without permutations) of
these observables are evaluated using an evenly spaced 6 × 6 binning. While this binning is most likely
too fine for an experimental analysis, it is used here to capture the full shape information. Experimental
validity is ensured via the bin merging procedure detailed above. The full significance tables with all
465 significance estimations for each decay can be found in Appendix F.

For visual clarity, only a selected number of results are shown here. Specifically, the variables
𝑝𝑇,𝐻 and |Δ𝜙𝑡𝑡 | are chosen, as 𝑝𝑇,𝐻 forms the basis of the current STXS binning and 2-dimensional
combinations with |Δ𝜙𝑡𝑡 | yield the highest overall significances. The results for excluding the 𝛼𝑡 = 35◦

hypothesis are displayed in Fig. 6.5. The table shows the significances obtained from 1-dimensional
distributions (indicated by the black bordered columns) and 2-dimensional combinations of variables.
Only the combinations of 𝑝𝑇,𝐻 in Fig. 6.5(a) and |Δ𝜙𝑡𝑡 | in Fig. 6.5(b) with variables in the lab and 𝑡𝑡
frame are shown. Variables in the 𝐻 and 𝑡𝑡𝐻 rest frames are discarded here as they consistently yield
slightly lower significances.

Fig. 6.5 demonstrates that the by far highest significances are obtained in the 𝑡𝑡𝐻 (→ 𝛾𝛾) channel.
They show slight variations between 1.48 and 1.59 depending on the combination of variables. Therefore,
they are relatively stable, which is a consequence of the rate information dominating the significance. In
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pT,H |∆ηtt̄| |∆φtt̄| b1 b2 b3 b4 mtt̄ mtt̄H pT,H |∆ηtt̄||cos θ∗| b1 b2 b3

H → γγ

Multilep.

H → bb̄

Combined

1.51 1.56 1.54 1.56 1.55 1.52 1.55 1.48 1.5 1.51 1.58 1.59 1.5 1.58 1.51

0.53 0.69 0.9 0.89 0.87 0.73 0.69 0.54 0.52 0.45 0.77 0.8 0.48 0.82 0.56

0.35 0.43 0.52 0.52 0.51 0.45 0.44 0.38 0.36 0.29 0.47 0.49 0.3 0.5 0.38

1.64 1.76 1.86 1.87 1.85 1.75 1.75 1.62 1.63 1.61 1.82 1.84 1.6 1.85 1.65

lab frame indep. tt̄ frame

αt = 35◦ tt̄H @ L = 300 fb−1 14 (6× 6) bins for 1d (2d) dist. comb. w/ plab
T,H

(a)

pT,H |∆ηtt̄| |∆φtt̄| b1 b2 b3 b4 mtt̄ mtt̄H pT,H |∆ηtt̄||cos θ∗| b1 b2 b3

H → γγ

Multilep.

H → bb̄

Combined

1.54 1.57 1.54 1.53 1.54 1.53 1.56 1.54 1.56 1.55 1.56 1.56 1.53 1.56 1.53

0.9 0.93 0.84 0.8 0.83 0.85 0.95 0.9 0.91 0.75 0.88 0.93 0.78 0.93 0.85

0.52 0.52 0.47 0.44 0.46 0.48 0.54 0.51 0.52 0.44 0.49 0.52 0.42 0.52 0.48

1.86 1.9 1.81 1.79 1.81 1.82 1.91 1.85 1.89 1.78 1.86 1.89 1.77 1.89 1.82

lab frame indep. tt̄ frame

αt = 35◦ tt̄H @ L = 300 fb−1 14 (6× 6) bins for 1d (2d) dist. comb. w/ |∆φlab
tt̄
|

(b)

Figure 6.5: Significances for excluding the 𝛼𝑡 = 35◦ BSM hypothesis in the three decay channels and their
combination. Shown are combinations with (a) 𝑝𝑇,𝐻 and (b) Δ𝜙𝑡𝑡 , both in the lab frame. Significances from
1-dimensional distributions are indicated by black borders. Figure taken from [313].

the other two channels, where the rate information is removed due to the uncertainty in the background
normalization, the relative differences due to the shape information are much higher. The 𝑡𝑡𝐻 (multilep.)
channel is more sensitive than the 𝑡𝑡𝐻 (→ 𝑏𝑏̄) channel in all cases. The last column in both plots shows
the significance obtained for a combination of the three channels. The highest overall significance of
1.91 is reached when combining |Δ𝜙𝑡𝑡 | and 𝑏4, both in the lab frame. However, the best 2-dimensional
combinations involving 𝑝𝑇,𝐻 reach up to 𝑆 = 1.87. This shows that an extension of the STXS 𝑝𝑇,𝐻
binning in 𝑡𝑡𝐻 is well possible while retaining CP sensitivities that are nearly optimal for 2-dimensional
distributions.

In Fig. 6.6, the same combinations of variables are shown, but with calculated significances to exclude
the 𝛼𝑡 = 45◦ hypothesis. A comparison with Fig. 6.5 shows that, while overall significances are of course
higher, the ranking of the variable combinations is approximately the same. The highest significance is
still obtained from the ( |Δ𝜙𝑡𝑡 |, 𝑏4) pairing with 𝑆 = 2.8, while multiple combinations with 𝑝𝑇,𝐻 yield
𝑆 = 2.72. This shows that the results are robust to changes in the CP-mixing angles that can be probed
in the near future at the LHC. It also motivates the selection of a few candidates for an STXS extension
to examine more closely. Specifically, variables are chosen that yield the highest significance when
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pT,H |∆ηtt̄| |∆φtt̄| b1 b2 b3 b4 mtt̄ mtt̄H pT,H |∆ηtt̄||cos θ∗| b1 b2 b3

H → γγ

Multilep.

H → bb̄

Combined

2.06 2.17 2.13 2.16 2.15 2.08 2.14 2.03 2.04 2.06 2.2 2.22 2.03 2.21 2.06

0.9 1.15 1.46 1.44 1.43 1.21 1.16 0.91 0.87 0.77 1.28 1.32 0.79 1.35 0.94

0.59 0.71 0.83 0.83 0.82 0.73 0.74 0.62 0.59 0.5 0.77 0.8 0.49 0.81 0.63

2.32 2.55 2.72 2.72 2.71 2.51 2.55 2.3 2.3 2.26 2.66 2.7 2.24 2.72 2.35

lab frame indep. tt̄ frame

αt = 45◦ tt̄H @ L = 300 fb−1 14 (6× 6) bins for 1d (2d) dist. comb. w/ plab
T,H

(a)

pT,H |∆ηtt̄| |∆φtt̄| b1 b2 b3 b4 mtt̄ mtt̄H pT,H |∆ηtt̄||cos θ∗| b1 b2 b3

H → γγ

Multilep.

H → bb̄

Combined

2.13 2.18 2.11 2.1 2.11 2.1 2.17 2.0 2.17 2.14 2.16 2.16 2.1 2.17 2.08

1.46 1.51 1.37 1.3 1.36 1.38 1.54 1.45 1.48 1.23 1.43 1.52 1.25 1.5 1.39

0.83 0.84 0.75 0.7 0.74 0.77 0.87 0.82 0.84 0.72 0.8 0.85 0.66 0.84 0.79

2.72 2.78 2.62 2.57 2.62 2.63 2.8 2.6 2.76 2.57 2.71 2.77 2.53 2.77 2.62

lab frame indep. tt̄ frame

αt = 45◦ tt̄H @ L = 300 fb−1 14 (6× 6) bins for 1d (2d) dist. comb. w/ |∆φlab
tt̄
|

(b)

Figure 6.6: Same as Fig. 6.5 but for 𝛼𝑡 = 45◦.

paired with 𝑝𝑇,𝐻 . This results in |Δ𝜙𝑡𝑡 |, 𝑏1, and 𝑏2 in the lab frame being chosen, as well as |Δ𝜂𝑡𝑡 | and
| cos 𝜃∗ | in the 𝑡𝑡 frame. 𝑏2 in the 𝑡𝑡 frame is discarded because it is approximately equal in sensitivity to
𝑏2 in the more intuitive lab frame.

6.3.2 Binning optimization

To extend the STXS framework for 𝑡𝑡𝐻 in a second dimension, a fixed binning of the second variable
is needed. The 𝑝𝑇,𝐻 binning is adopted from the current STXS stage and is shown in the first row of
Table 6.4. The other five variables considered are also split into six bins. The bins are chosen such
that they all are expected to contain a reasonable number of events for all 𝛼𝑡 . Therefore, the bins in the
sparsely populated regions of the phase space are wider. The so-obtained binning for each variable is
dubbed the optimized binning and is presented in Table 6.4.

In Fig. 6.7, the normalized distributions with the optimized binning are shown for all lab frame
variables, while Fig. 6.8 shows the corresponding distributions for variables defined in the 𝑡𝑡 frame. In
all cases, the distributions are shown for 𝛼𝑡 = 0◦ (black solid lines) and 𝛼𝑡 = 35◦ (orange dashed lines).
Furthermore, the distributions are shown at the parton level and for each of the decays. Differences in
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Bin borders

Variable 1 2 3 4 5 6 7

𝑝𝑇,𝐻 [GeV] 0 60 120 200 300 450 +∞

|Δ𝜙lab
𝑡𝑡 | [rad.] 0 𝜋/4 𝜋/2 2𝜋/3 5𝜋/6 11𝜋/12 𝜋

𝑏
lab
1 −1 −0.95 −0.8 −0.2 0.3 0.8 1.0

𝑏
lab
2 −1 −0.6 −0.4 −0.2 0. 0.3 1.0

|Δ𝜂𝑡𝑡𝑡𝑡 | 0 0.5 1 1.5 2 3 5

| cos 𝜃∗ | 0 0.2 0.4 0.55 0.7 0.85 1

Table 6.4: Bin borders for each variable in the optimized binning. The binning in 𝑝𝑇,𝐻 corresponds to the one in
the current STXS framework.

the distributions are the result of the applied smearing.
From these normalized distributions, the significance for excluding the 𝛼𝑡 = 35◦ hypothesis is

calculated in the same way as above. The results are presented for combinations of variables with 𝑝𝑇,𝐻
and |Δ𝜙𝑡𝑡 | in Fig. 6.9(a) and Fig. 6.9(b), respectively. A comparison with the corresponding columns in
Fig. 6.5 shows that the significance of each 2-dimensional combination is either kept or improves slightly.
The 1-dimensional binning in only 𝑝𝑇,𝐻 or |Δ𝜙𝑡𝑡 | is less fine compared to Fig. 6.5 and therefore leads to
slightly reduced significances. Overall, the results are stable with respect to the different binning. In the
following, the optimized binning will be used exclusively.

6.3.3 Comparison to a multivariate analysis

So far, only combinations of two variables have been considered for calculating the CP sensitivity.
However, these do not capture the full kinematic information of the 𝑡𝑡𝐻 events. To achieve optimal
CP sensitivity, multivariate analysis techniques can be employed. Despite their better performance
in a specific analysis, common approaches are not well-suited for an STXS-like binning due to their
model dependency and difficulty in interpretability. Still, the loss in information when using a simple,
2-dimensional binning over a machine learning approach leveraging all kinematic variables should be
assessed. This is done in the following.
XGBoost is used to perform a multivariate analysis in the three 𝑡𝑡𝐻 channels with boosted decision

trees, as it has already been used in previous analyses [191, 192]. The training of XGBoost is performed
independently in each of the three decay channels with all variables listed in Table 6.1. Accordingly,
the 𝑡𝑡𝐻 data used for the training is smeared according to the resolution in each channel. The training
process is a classification task of differentiating between the SM at 𝛼𝑡 = 0◦, and the full CP-odd case at

90



Chapter 6 CP-sensitive simplified template cross-sections for 𝑡𝑡𝐻

αt = 0◦ αt = 35◦ Lab frame variables

0 400
0.0

0.2

tt̄H(parton)tt̄H(parton)

0 400

tt̄H(→ γγ)tt̄H(→ γγ)

0 400

tt̄H(multilep.)tt̄H(multilep.)

0 400

tt̄H(→ bb̄)tt̄H(→ bb̄)

pT,H [GeV]

E
ve

nt
s

(n
or

m
al

iz
ed

)

(a)

0.0 1.5
0.0

0.2

tt̄H(parton)tt̄H(parton)

0.0 1.5

tt̄H(→ γγ)tt̄H(→ γγ)

0.0 1.5

tt̄H(multilep.)tt̄H(multilep.)

0.0 1.5

tt̄H(→ bb̄)tt̄H(→ bb̄)

|∆φtt̄| [rad]

E
ve

nt
s

(n
or

m
al

iz
ed

)

(b)

−1 0
0.0

0.2

tt̄H(parton)tt̄H(parton)

−1 0

tt̄H(→ γγ)tt̄H(→ γγ)

−1 0

tt̄H(multilep.)tt̄H(multilep.)

−1 0

tt̄H(→ bb̄)tt̄H(→ bb̄)

b1

E
ve

nt
s

(n
or

m
al

iz
ed

)

(c)

−1 0
0.0

0.2

tt̄H(parton)tt̄H(parton)

−1 0

tt̄H(→ γγ)tt̄H(→ γγ)

−1 0

tt̄H(multilep.)tt̄H(multilep.)

−1 0

tt̄H(→ bb̄)tt̄H(→ bb̄)

b2

E
ve

nt
s

(n
or

m
al

iz
ed

)

(d)

Figure 6.7: Normalized distributions at 𝛼𝑡 = 0◦ and 𝛼𝑡 = 35◦ for (a) 𝑝𝑇,𝐻 , (b) |Δ𝜙𝑡𝑡 |, (c) 𝑏1, and (d) 𝑏2 (all in the
lab frame). For each variable, distributions are shown at the parton-level and for each of the three decay channels.
Figure taken from [313].
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Figure 6.8: Same as Fig. 6.7 but for (a) |Δ𝜂𝑡𝑡 | and (b) | cos 𝜃∗ | in the 𝑡𝑡 frame. Figure taken from [313].

pT,H |∆φtt̄| b1 b2 |∆ηtt̄| |cos θ∗|

H → γγ

Multilep.

H → bb̄

Combined

1.51 1.57 1.56 1.57 1.58 1.59

0.49 0.94 0.93 0.92 0.81 0.83

0.31 0.55 0.55 0.55 0.51 0.52

1.61 1.91 1.9 1.9 1.85 1.87

lab frame tt̄ frame

αt = 35◦ tt̄H @ L = 300 fb−1 comb. w/ plab
T,H

(a)

pT,H |∆φtt̄| b1 b2 |∆ηtt̄| |cos θ∗|

H → γγ

Multilep.

H → bb̄

Combined

1.57 1.53 1.54 1.54 1.56 1.57

0.94 0.77 0.82 0.84 0.91 0.94

0.55 0.4 0.44 0.46 0.51 0.53

1.91 1.76 1.8 1.81 1.88 1.9

lab frame tt̄ frame

αt = 35◦ tt̄H @ L = 300 fb−1 comb. w/ |∆φlab
tt̄
|

(b)

Figure 6.9: Same as Fig. 6.5 but for a subset of variables best performing in combination with 𝑝𝑇,𝐻 and including
optimized binning. Figure taken from [313].
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Figure 6.10: Distributions of the 𝛼𝑡 = 0◦ and 𝛼𝑡 = 35◦ events after passing through the trained XGBoost model
and merging bins in all three decay channels.

𝛼𝑡 = 90◦. Other CP angles can be extrapolated since sensitivity to the interference term is not expected.
The 𝛼𝑡 = 90◦ samples are used during training because the final results generalize better compared
to training with, e.g., the 𝛼𝑡 = 35◦ events. Furthermore, the performance at 𝛼𝑡 = 35◦ is not reduced
when training with the 𝛼𝑡 = 90◦ data. The 𝑘-fold cross validation is used with 𝑘 = 5, subsequently
splitting the training and validation data into 80% and 20% of the events and iterating over the 5 possible
permutations of the splitting (see e.g. [322]).

After training, pure test samples corresponding to 𝛼𝑡 = 0◦ and 𝛼𝑡 = 35◦ are given to XGBoost. The
resulting BDT score is first divided into 36 evenly spaced bins. Then, the distributions are normalized
to the expected events in the respective channel, and neighboring bins are merged according to the
procedure detailed in Section 6.2.2. The distributions with the merged bins are shown in Fig. 6.10,
normalized to unity for a better comparison between the three decay channels. The widest bins in each
case are found in the regions close to a BDT score of 0 and 1, indicating a low number of events in
these regions. However, after merging, the bins close to a BDT score of 1 are expected to drive the total
significance due to the suppressed SM-like 𝑡𝑡𝐻 events.

In Table 6.5, the significances obtained per channel from the BDT score are compared to the ones
obtained from the (𝑝𝑇,𝐻 , |Δ𝜙𝑡𝑡 |) combination. In the 𝑡𝑡𝐻 (→ 𝛾𝛾) channel, the significance due to the
BDT usage increases by ∼ 11%, whereas in the 𝑡𝑡𝐻 (multilep.) and 𝑡𝑡𝐻 (→ 𝑏𝑏̄) channels it increased
by ∼ 24% and ∼ 25%, respectively. The latter two channels see much larger improvements since the
rate information is not available, and the entire sensitivity stems from the shape of the distributions.
Furthermore, the higher statistics in these channels additionally boost the shape information. The usage
of the BDT boosts the significance from 𝑆 = 1.91 to 𝑆 = 2.21 compared to the 2-dimensional binning
and consequently indicates an improvement of ∼ 16%. Therefore, while not optimal in comparison to
a multivariate analysis, the 2-dimensional binning still captures most of the CP information. This is
ensured since the statistically limited 𝑡𝑡𝐻 (→ 𝛾𝛾) dominates the constraints, which is not expected to
change for future analyses using L = 300 fb−1 of data.
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Channel Significance (BDT) Significance (2d)

𝑡𝑡𝐻 (→ 𝛾𝛾) 1.75 1.57

𝑡𝑡𝐻 (multilep.) 1.17 0.94

𝑡𝑡𝐻 (→ 𝑏𝑏̄) 0.69 0.55

Combined 2.21 1.91

Table 6.5: Comparison of the significances for excluding 𝛼𝑡 = 35◦ obtained from the BDT score and from the
2-dimensional binning in 𝑝𝑇,𝐻 and |Δ𝜙𝑡𝑡 |. Table taken from [313].

6.3.4 Limits on the CP state of the top-Yukawa coupling

So far, only fixed values of the CP-mixing angle 𝛼𝑡 at the SM rate 𝑔𝑡 = 1 have been considered for the
significance evaluation. In Figs. 6.11 and 6.12, exclusion plots are shown for the full (𝛼𝑡 , 𝑔𝑡 ) parameter
plane. The dashed lines correspond to the 2𝜎 levels in each of the three decay channels, as well as their
combination. BSM samples at each parameter point are obtained via Eq. (6.1) and tested against the SM
hypothesis by assuming a SM-like measurement. Further details are provided in Appendix C.

In all plots, the limits from the 𝑡𝑡𝐻 (→ 𝛾𝛾) channel appear as closed contours, while the 𝑡𝑡𝐻 (multilep.)
and 𝑡𝑡𝐻 (→ 𝑏𝑏̄) channels show only slight variations in 𝛼𝑡 when 𝑔𝑡 is varied. This is a consequence of
the unavailable rate information in these channels, which results in almost vertical lines in the exclusion
plot. The deviation from a vertical line stems from the merging of the bins. The lower 𝑔𝑡 is, the more
bins are merged, which removes shape information and consequently results in less stringent limits on 𝛼𝑡 .

The exclusion limits coming from a 1-dimensional binning in 𝑝𝑇,𝐻 show that the constraints are mostly
dominated by the 𝑡𝑡𝐻 (→ 𝛾𝛾) channel. The 2𝜎 contour from the 𝑡𝑡𝐻 (→ 𝑏𝑏̄) channel is barely visible
and has only a minor impact on the combined results. At the SM rate, also the 𝑡𝑡𝐻 (multilep.) channel
has only minimal impact, as the constraints improve from |𝛼𝑡 | < 45◦ (for 𝐻 → 𝛾𝛾) to |𝛼𝑡 | < 43◦. On
the other hand, at higher 𝑔𝑡 the impact of the multi-lepton final state appears more clearly as the 𝐻 → 𝛾𝛾

channel constrains 𝑔𝑡 < 1.36, which improves to 𝑔𝑡 < 1.28 in the combined limit. For a 1-dimensional
binning in |Δ𝜙𝑡𝑡 | (see Fig. 6.11(b)), the improvements in the limits compared to 𝑝𝑇,𝐻 largely stem from
the higher sensitivity in the 𝑡𝑡𝐻 (multilep.) and 𝑡𝑡𝐻 (→ 𝑏𝑏̄) channels. Here, the constraints improve
from |𝛼𝑡 | < 45◦ to |𝛼𝑡 | < 39◦ at the 2𝜎 level and for a SM-like rate. The latter also improves from
𝑔𝑡 < 1.36 to 𝑔𝑡 < 1.26.

In Figs. 6.11(c) and 6.11(d), the binning in 𝑝𝑇,𝐻 and |Δ𝜙𝑡𝑡 | is extended by a binning in | cos 𝜃∗ | as
a second dimension. The exact choice of the second variable makes only a minor difference in the
exclusion limits. The constraints of all three channels get tighter compared to the 1-dimensional cases. A
comparison between the 2𝜎 contour of the 𝑡𝑡𝐻 (→ 𝛾𝛾) channel with the combination of channels yields
an improvement of |𝛼𝑡 | < 44◦ to |𝛼𝑡 | < 37◦ at 𝑔𝑡 = 1 for both variable combinations. The deviation
of the 𝑡𝑡𝐻 rate from the SM is allowed within 𝑔𝑡 ∈ [0.85, 1.33] before combining the channels and
𝑔𝑡 ∈ [0.85, 1.23] afterwards.
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Figure 6.11: Exclusion limits for the top-Yukawa coupling when binning in (a) only 𝑝𝑇,𝐻 , (b) only |Δ𝜙𝑡𝑡 |, (c)
𝑝𝑇,𝐻 and | cos 𝜃∗ |, and (d) |Δ𝜙𝑡𝑡 | and | cos 𝜃∗ |. The 𝑡𝑡𝐻 (→ 𝛾𝛾), 𝑡𝑡𝐻 (multilep.), and 𝑡𝑡𝐻 (→ 𝑏𝑏̄) channels are
shown as red, green, and blue dashed lines, respectively. Their combination is shown in black dashed lines. The
orange cross corresponds to the SM point. Figure modified from [313].
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Figure 6.12: Same as Fig. 6.11 but for the BDT score. Figure modified from [313].

As shown in Section 6.3.3, a multivariate analysis reaches a higher sensitivity towards the CP-state
of the top-Yukawa coupling in a specific channel. While XGBoost was trained independently in all
three channels, a naive combination can be made to compare its results with the 2-dimensional binning.
The corresponding exclusion limits are shown in Fig. 6.12. As expected, the constraints from all three
channels are tighter because the BDT has access to the full kinematic information. Here, already the
𝑡𝑡𝐻 (multilep.) allows to constrain |𝛼𝑡 | < 47◦ at the 2𝜎 level for 𝑔𝑡 = 1. The 𝑡𝑡𝐻 (→ 𝛾𝛾) channel yields
|𝛼𝑡 | < 40◦ and the combination |𝛼𝑡 | < 34◦. It should be noted here that (for the SM rate) the extension
of the STXS binning by a second variable already offers a potential improvement in the measurement of
𝛼𝑡 by about 6◦ compared to the current binning (at the 2𝜎 level). The further improvement from the
XGBoost score with full kinematic information is about 3◦.

6.4 Extending the STXS framework

In the previous section, five candidate observables have been identified to serve as an extension of the
𝑡𝑡𝐻 STXS binning. All of them show only minor differences in their sensitivity towards the CP-state of
the top-Yukawa coupling. However, so far, the effects of the Higgs-background processes were taken
into account only indirectly via the acceptance factors and uncertainties in Section 6.2. In the following,
the background will be studied in more detail to further restrict the variable choices.

6.4.1 Impact of the background distributions

Up to now, the signal-to-background ratios extracted from experimental measurements have been
assumed to be constant. For a more realistic scenario, the differential cross section of the background
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is taken into account. The shape of the background distributions can have strong implications for the
significance evaluation. For example, in 𝑝𝑇,𝐻 a constant 𝑆/𝐵 assumption yields only conservative values
for the significance because the high-𝑝𝑇 bins that are enriched in BSM events are simultaneously almost
free of background events. In contrast, if the background peaks in a kinematic region that was previously
expected to drive the sensitivity, the significance might be overestimated. Here, this behavior will be
studied for each of the five candidate variables.

Higgs background processes

The main Higgs background processes to 𝑡𝑡𝐻 are associated with a single top quark, namely 𝑡𝐻𝑞 and
𝑡𝐻𝑊 . The light quark or𝑊 boson can be wrongly reconstructed as an additional top quark. However, as
discussed in Section 3.3.1, the cross section of these processes is comparably low in the SM. Specifically,

𝜎
SM
𝑡𝐻𝑞

𝜎
SM
𝑡𝑡𝐻

≈ 0.15,
𝜎

SM
𝑡𝐻𝑊

𝜎
SM
𝑡𝑡𝐻

≈ 0.03 . (6.7)

Interestingly, while the cross section of 𝑡𝑡𝐻 decreases with increasing CP-mixing angle, the opposite is
true for the 𝑡𝐻 processes. At the benchmark point of 𝛼𝑡 = 35◦ the ratios become

𝜎
𝛼𝑡=35◦

𝑡𝐻𝑞

𝜎
𝛼𝑡=35◦

𝑡𝑡𝐻

≈ 0.24,
𝜎

𝛼𝑡=35◦

𝑡𝐻𝑊

𝜎
𝛼𝑡=35◦

𝑡𝑡𝐻

≈ 0.05 (6.8)

and therefore 𝑡𝐻 is still suppressed. Recent experimental studies have shown that the impact of 𝑡𝐻 for
constraining 𝛼𝑡 is small compared to 𝑡𝑡𝐻 due to the low yields and large uncertainties (see e.g. [315]).
With the additional reduction in 𝑡𝐻 events due to the signal selection, the Higgs background processes
are not expected to significantly influence the results. While CP-sensitivity might also be extracted
from these channels in future analyses, this is beyond the scope of this study.

Non-Higgs background processes

The picture changes for the non-Higgs background processes, as these have much higher cross sections.
The main background in each of the considered channels consists of a 𝑡𝑡 system and particles that can
be misidentified as a Higgs boson. For the 𝑡𝑡𝐻 (→ 𝛾𝛾) channel, two photons with 𝑚𝛾𝛾 ≈ 𝑚𝐻 may be
produced in the 𝑡𝑡𝛾𝛾 process via FSR. Similarly, the non-Higgs background to 𝑡𝑡𝐻 (→ 𝑏𝑏̄) is 𝑡𝑡𝑏𝑏̄, where
𝑚𝑏𝑏̄ ≈ 𝑚𝐻 could fake a Higgs boson. Finally, 𝑡𝑡𝑊 is the dominant background of the 𝑡𝑡𝐻 (multilep.)
channel due to the number of leptons in the final state. For all non-Higgs background channels, events
are generated as described in Section 6.1.1 with additional details provided in Appendix B. Distributions
for the variables are obtained by reconstructing a fake Higgs boson out of the respective parton-level
objects.

The results are shown in Fig. 6.13 for each of the five variables. Each plot showcases a single
variable and is split into two panels. The upper panel shows the distribution of the three main non-Higgs
background channels, while the lower panel illustrates the combined significance of the 𝑡𝑡𝐻 channel per
bin. This allows for estimating whether the constant 𝑆/𝐵 assumption holds and whether the sensitivity
estimation was conservative or too optimistic. The significances are presented for excluding the 𝛼𝑡 = 35◦

hypothesis at 𝑔𝑡 = 1 and L = 300 fb−1 given a measurement of SM-like data. For this, the non-Higgs
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Figure 6.13: Distributions of the relevant non-Higgs background processes for the three decay channels in (a)
|Δ𝜙𝑡𝑡 |, (b) 𝑏1, (c) 𝑏2, (d) |Δ𝜂𝑡𝑡 |, and (e) | cos 𝜃∗ |. Additionally, the significance of the combined decay channels
per bin is shown. Figure taken from [313].
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background is assumed to be SM-like.
In the upper row, the variables |Δ𝜙𝑡𝑡 | and 𝑏1 are shown, which are connected via the cosine.

Consequently, both exhibit a similar behavior. There is an outer bin that drives the overall sensitivity;
however, all three non-Higgs background processes also peak in that bin. Therefore, it must be assumed
that the sensitivity of this bin is washed out in an experimental measurement and that the initial estimation
of 𝑆 was too optimistic. The 𝑏2 variable shows a smaller peak of the background in the third bin, but
this is not the only bin that provides a high significance. For the |Δ𝜂𝑡𝑡 | and | cos 𝜃∗ | variables, the shape
of the background is similar to the shape of the significances, but without any distinct peak. Overall,
the constant 𝑆/𝐵 assumption appears to work best for the Collins-Soper angle. In conclusion, since 𝑏2,
|Δ𝜂𝑡𝑡 |, and | cos 𝜃∗ | do not show any sign of an overestimation of 𝑆 due to the background, they are
selected as the final candidate observables. On the other hand, |Δ𝜙𝑡𝑡 | and 𝑏1 are discarded.

6.4.2 Final 𝒕 𝒕𝑯 STXS extension proposal

As of now, the 2-dimensional variable combinations allow the usage of up to 36 bins. This can generally
lead to better shape information compared to the 6 bins from the 1-dimensional binning. For a fair
comparison, the option of extending the current STXS binning into a 1-dimensional one containing 36
𝑝𝑇,𝐻 bins needs to be tested. This is shown in Fig. 6.14 for L = 300 fb−1 and a naive but conservative
projection to L = 3000 fb−1 for the HL-LHC.1 The dotted lines show the current STXS binning, the
dashed lines a binning in 𝑝𝑇,𝐻 with 36 bins, and the solid lines the 2-dimensional binning in 𝑝𝑇,𝐻 and
| cos 𝜃∗ | with 6 × 6 bins. It is evident that the 2-dimensional combination of variables outperforms the
1-dimensional distribution with the same number of bins. This is true both for the luminosity after Run 3
has ended and at the HL-LHC.

Using all previous findings, a concrete proposal for extending the STXS framework in 𝑡𝑡𝐻, focusing
on the CP structure of the top-Yukawa coupling, can be made. The following findings of this study are
the most important for supporting the suggestion:

• For backwards compatibility, an extension of the STXS Stage 1.2 should be based on the current
binning in 𝑝𝑇,𝐻 . It was shown that combinations of a second variable with 𝑝𝑇,𝐻 yield close to
optimal sensitivity in comparison to all possible 2-dimensional combinations of variables.

• The variables that are best suited for a combination with 𝑝𝑇,𝐻 were shown to be |Δ𝜙𝑡𝑡 |, 𝑏1, and 𝑏2
in the lab frame, as well as |Δ𝜂𝑡𝑡 | and | cos 𝜃∗ | in the 𝑡𝑡 frame. They all yield similar constraints in
the (𝑔𝑡 , 𝛼𝑡 ) parameter plane and are robust with respect to the concrete choice of the binning.

• While multivariate analysis techniques will consistently outperform 2-dimensional variable
combinations, the gain in sensitivity going from the current STXS binning to a 2-dimensional one
is higher than from a 2-dimensional one to an analysis containing all kinematic variables with
XGBoost (at 𝑔𝑡 = 1). On the other hand, the gain from simply adding bins in the 1-dimensional
distribution is much smaller.

• Many non-Higgs background events are expected in the regions of the |Δ𝜙𝑡𝑡 | and 𝑏1 that are
projected to be the most important to differentiate between SM and BSM 𝑡𝑡𝐻 events. This makes
them not suitable for an STXS extension focusing on CP.

1 The projection to L = 3000 fb−1 only scales up the expected number of events but does not take into account improvements
from a higher detector resolution or better acceptance factors.
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Figure 6.14: Projected 2𝜎 exclusion limits for the combination of channels at (a) L = 300 fb−1 and (b)
L = 3000 fb−1. Dotted and dashed contours correspond to a binning in 𝑝𝑇,𝐻 with 6 and 36 bins, respectively,
while the solid contours show results from a 2-dimensional (𝑝𝑇,𝐻 , | cos 𝜃∗ |) binning. Figure modified from [313].

• The final selection of variables includes 𝑏2 in the lab frame, and |Δ𝜂𝑡𝑡 | and | cos 𝜃∗ | in the 𝑡𝑡 frame.
There is no clear preference for any of these variables based on the findings of this study.

The proposed extensions of the STXS framework for 𝑡𝑡𝐻 are depicted in Fig. 6.15. Each 𝑝𝑇,𝐻 bin is
split into six additional bins in one of the three candidate variables. The bin borders are determined by
the optimized binning detailed in Section 6.3.2.

The three candidate observables all depend on kinematic information about the top quarks. To ensure
that different decay channels and results across experiments can be combined, a common definition of
the top quark is needed. While a pseudo-top quark definition exists for the leptonic and semi-leptonic 𝑡𝑡
channel [323], it has not been studied whether a similar definition can be applied to 𝑡𝑡𝐻. Such a study is
left for future work.

6.5 Conclusions

In this chapter, the CP character of the top-Yukawa coupling was studied via the 𝑡𝑡𝐻 process to propose
an extension of the current STXS framework. Currently, the STXS binning in 𝑡𝑡𝐻 consists of six bins in
𝑝𝑇,𝐻 , which has been shown not to be optimal for future analyses with L = 300 fb−1. An extension of
the STXS framework must ensure backward compatibility and allow combinations of different channels
and across experiments. Therefore, while machine learning approaches yield the most sensitivity towards
the CP nature of the top-Yukawa coupling, extensions to a 2-dimensional STXS binning were considered.

30 different (CP-even) variables which have been shown in the literature to be CP-sensitive to the
top-Yukawa coupling were considered over four different rest frames. To evaluate their sensitivity, three
decay channels of the 𝑡𝑡𝐻 system were considered: the 𝑡𝑡𝐻 (→ 𝛾𝛾) channel, the 𝑡𝑡𝐻 (multilep.) channel,
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Figure 6.15: Three proposals for an extension of the 𝑡𝑡𝐻 STXS binning. 6 × 6 bins are suggested, combining 𝑝𝑇,𝐻
with either 𝑏2, |Δ𝜂𝑡𝑡 |, or | cos 𝜃∗ |. Figure modified from [313].

and the 𝑡𝑡𝐻 (→ 𝑏𝑏̄) channel. For each of them, realistic yields were obtained by investigating the
efficiency of the reconstruction and the acceptance of the event selection in former experimental analyses.
Additionally, channel-dependent resolution effects were taken into account via Gaussian smearing of the
kinematic variables.

It was shown that 2-dimensional combinations involving 𝑝𝑇,𝐻 can reach close to the highest significance
among all possible combinations of variables. Consequently, five variables were selected as candidates
for an STXS extension, and their binning was optimized so that each bin contains a minimum number of
events. The distribution of the non-Higgs background in each variable revealed that |Δ𝜙𝑡𝑡 | and 𝑏1 are
negatively impacted by the background shape. They were therefore discarded from the list of candidates.

The final selection of variables to be paired with 𝑝𝑇,𝐻 was 𝑏2, |Δ𝜂𝑡𝑡 |, and | cos 𝜃∗ |. The results
obtained showed no clear preference for any of the three. A comparison with a multivariate BDT
approach, trained with XGBoost, revealed that at 𝑔𝑡 = 1, the improvement in sensitivity on 𝛼𝑡 from
the 1-dimensional to the 2-dimensional STXS binning is higher than from the 2-dimensional STXS
binning to the BDT. On the other hand, more bins in 𝑝𝑇,𝐻 corresponding to the number of bins in the
2-dimensional binning showed less strong improvements. It can therefore be concluded that, once a
common top quark definition for 𝑡𝑡𝐻 has been agreed on, an extension of the STXS framework in a
second dimension by 𝑏2, |Δ𝜂𝑡𝑡 |, or | cos 𝜃∗ | is optimal for the CP sensitivity. This holds for analyses
after the end of Run 3 and is expected to hold also for the HL-LHC.
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CHAPTER 7

Symbolic regression for Higgs CP analyses

This chapter is based on the work in [230] which was done in collaboration with Henning Bahl, Elina
Fuchs, and Tilman Plehn. All results taken from [230] have been produced by the author of this thesis
unless stated otherwise.

The continuously growing luminosity of the data collected at the LHC allows testing the SM with
increasing precision, but also requires advanced techniques for the data analysis. Especially, the
algorithms used need to sample large amounts of data efficiently, but are also required to identify rare
processes from a few events against the statistically dominant background. A differential measurement,
as required for direct tests of CP violation via a CP-odd variable, is even more challenging. It is
necessary to achieve a good signal-to-background separation, as well as optimal sensitivity to the CP
state of the coupling under examination. For this, ML algorithms have been used with great success, as
shown in Chapter 5 and many other studies (see e.g. [179, 258, 292, 294, 324]).

While ML techniques are powerful tools for experimental analyses, it has also been established in
Chapter 6 that their usage can pose challenges, for example, when combining measurements across
experiments. In this case, binning the results in easily accessible observables is helpful, as done in
the STXS framework. Ideally, experiments should be able to combine the best of both worlds: obtain
optimal results by leveraging the full kinematic information available, and achieve high interpretability,
such that the results can be reused in other analyses.

Some interpretability of ML algorithms can be achieved using SHAP values, as introduced in
Section 4.4.1 and demonstrated in Section 5.3.4. However, this only allows for ordering the input
variables by their relative importance. Instead, a much better interpretability can be achieved by using
SR, as discussed in Section 4.4.2. SR approximates the result of an ML model in a single equation,
which can be used like any other observable. This is especially important in the context of CP violation,
where only dedicated CP-odd observables provide an unambiguous test for it. Whether the obtained
result is fully CP-odd or not can be directly read from the formula. Apart from interpretability, SR also
enables a fast implementation of results into experimental analyses.

Most common SR approaches can be split into two types of algorithms: genetic programs and
NN-based approaches. Two examples for this that will be used in this chapter are PySR [229] and
SymbolNet [231], which have been introduced in Sections 4.4.3 and 4.4.4. Other examples of genetic
programming can be found in [325–328], while DNN-like implementations of SR are found in [329–332].
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PySR has been shown to outperform many other algorithms for SR [229], while SymbolNetwas designed
to scale well in high-dimensional parameter spaces [231], motivating their use in this study.

The focus of this chapter is to learn observables that are optimal for measuring CP violation at the
detector level. Therefore, Section 7.1 first discusses the definition of optimal observables in the context
of an ML approach. This definition is then used in Sections 7.2 and 7.3 to learn CP-odd observables for
VBF and 𝑡𝑡𝐻 production. Since analyses in 𝑡𝑡𝐻 are usually performed using CP-sensitive, but CP-even
observables, a reconstruction of the Collins-Soper angle using SR is performed in Section 7.4. The
findings are concluded in Section 7.5.

7.1 Optimal CP-odd observables

The only strict proof of CP violation at the LHC is to measure an asymmetry in a dedicated CP-odd
observable. One possibility is to define

𝜖𝜇𝜈𝜌𝜎 𝑝
𝜇
1 𝑝

𝜈
2 𝑝

𝜌
3 𝑝

𝜎
4 (7.1)

where the 𝑝𝑖 can be momenta or polarization vectors.1 This variable can be defined for every process
where at least four independent 4-vectors are available. Sensitivity to the CP-odd part of the 𝐻VV
coupling is evident from the term proportional to 𝑎3 in Eq. (2.64).

In VBF, spin information is not accessible, and therefore, the momenta of the two partons and two
tagging jets are used. In 𝑡𝑡𝐻, spin information is preserved due to the short lifetime of the top quark
decay. Therefore, the two reconstructed top quarks, as well as the momenta of their decay products, can
be used. In all cases, Eq. (7.1) can be reduced to a triple product (TP) by choosing a fitting rest frame.
Taking the momenta in the lab frame for VBF production, Eq. (7.1) reduces to the commonly used Δ𝜙 𝑗 𝑗

(see Chapter 5 and [179, 262, 333]). For 𝑡𝑡𝐻, a similar observable obtained in the 𝑡𝑡 frame is

Δ𝜙𝑡𝑡
𝑙𝑙
= sgn

[ ®𝑝𝑡 ( ®𝑝𝑙+ × ®𝑝𝑙− )] arccos
[ ®𝑝𝑡 × ®𝑝𝑙+
| ®𝑝𝑡 × ®𝑝𝑙+ |

· ®𝑝𝑡 × ®𝑝𝑙−| ®𝑝𝑡 × ®𝑝𝑙− |

]
. (7.2)

This requires a fully leptonic decay of the 𝑡𝑡 system, which is often chosen, since leptons are easy to tag
and have a spin analyzing power of 1 [334, 335]. However, many more TPs can be defined that are often
used in analyses targeting the interference term of 𝑡𝑡𝐻 production [185–189, 193, 247, 252, 257].

While these observables are CP-odd by definition, they are in general not the optimal observables
(𝑂𝑂). These can be defined at the parton level via the matrix elements. Starting with either Eq. (2.59) or
Eq. (2.66), events can be sampled from

𝑝(𝑥 |𝜃) = 1
𝜎(𝜃)

𝑑
𝑑
𝜎(𝑥 |𝜃)
𝑑𝑥

𝑑
= 𝑝𝑒 (𝑥 |𝜃) + 𝑝𝑜 (𝑥 |𝜃), (7.3)

which can be split into a CP-even part 𝑝𝑒 (𝑥 |𝜃) and a CP-odd part 𝑝𝑜 (𝑥 |𝜃). 𝑥 is the phase space point,
and 𝜃 includes all parameters that affect the CP nature of the interaction. The Neyman-Pearson lemma

1 These observables are often defined with an additional sign factor to define a fixed direction for the momenta.
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[336] then yields [337]

𝜔CP−odd =
2 Re

(MCP−evenM∗CP−odd
)

|MCP−even |2 + |MCP−odd |2
=
𝑝𝑜

𝑝𝑒
(7.4)

for the 𝑂𝑂. However, when the effects of parton showering, hadronization, and the limited detector
resolution are taken into account, the 𝑂𝑂 cannot be written down analytically. Instead, it can be learned
by ML techniques as follows. If a classifier is trained on two samples 𝑝𝑒 + 𝑝𝑜 and 𝑝𝑒 − 𝑝𝑜, it will
approach (again via the Neyman-Pearson lemma)

𝑃(𝑥) = 𝑝𝑒 (𝑥 |𝜃) + 𝑝𝑜 (𝑥 |𝜃)
𝑝𝑒 (𝑥 |𝜃) + 𝑝𝑜 (𝑥 |𝜃) + 𝑝𝑒 (𝑥 |𝜃) − 𝑝𝑜 (𝑥 |𝜃)

=
1 + 𝜔CP−odd

2
. (7.5)

Therefore, the 𝑂𝑂 is easily obtained from the classifier score

𝜔CP−odd = 2𝑃(𝑥) − 1 . (7.6)

Using SR offers the possibility of obtaining an analytic equation for 𝜔CP−odd and confirming that it is
CP-odd.

The differential cross section for a CP-odd observable is antisymmetric in the presence of CP
violation, while a CP-even observable is symmetric by definition. This can be leveraged to define the
asymmetry

A𝑖 =
𝑁
+
𝑖 − 𝑁−𝑖
𝑁
+
𝑖 + 𝑁−𝑖

(7.7)

where 𝑁+𝑖 (𝑁−𝑖 ) are the number of events in bin 𝑖 for positive (negative) values of 𝜔CP−odd. While
not exploiting rate information, the asymmetry includes a statistical uncertainty. Therefore, a higher
luminosity increases the sensitivity of A. For the results presented here, L = 300 fb−1 is used,
corresponding to the end of Run 3. Details about the asymmetry can be found in Appendix C.

7.2 CP-odd observables in VBF

The first goal is to find the 𝑂𝑂 for the VBF production process. As discussed in Section 5.1, CP
violation in this channel can be introduced by the three Wilson coefficients 𝑐Φ𝑊 , 𝑐Φ𝐵, and 𝑐Φ𝑊𝐵. It has
also been justified that using a non-zero value for 𝑐Φ𝑊 is sufficient to cover the relevant effects [280,
281]. A simple analytic expression close to the optimal result near the SM 𝑐Φ𝑊 ≈ 0 is known from
previous studies [179, 222, 262, 338]

1
𝑚

2
𝐻

𝑝𝑇, 𝑗1
𝑝𝑇, 𝑗2

sinΔ𝜙 𝑗 𝑗 . (7.8)

7.2.1 Event generation and training

Datasets are generated at the detector level using MadGraph5_aMC@NLO [143], Pythia8 [153], and
Delphes3 [155]. In total, 11 datasets are generated using

𝑐Φ𝑊 ∈ {0,±0.1,±0.25,±0.5,±0.75,±1} (7.9)
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with 𝑐Φ𝑊 = 0 corresponding to the SM. The 𝐻 → 𝛾𝛾 decay is considered here, which is also influenced
by the choice of 𝑐Φ𝑊 . The Higgs boson is reconstructed from the diphoton system after applying the cuts

• 𝑚𝛾𝛾 ∈ [110 GeV, 140 GeV],
• 𝑝𝑇,𝛾1

/𝑚𝛾𝛾 > 0.35, and 𝑝𝑇,𝛾2
/𝑚𝛾𝛾 > 0.25.

Jets are clustered using FastJet [157] and are preselected using
• 𝑝𝑇, 𝑗 > 30 GeV,
• |𝜂 𝑗 | < 4.4, and
• Δ𝜂 𝑗 𝑗 > 2.

For the training of the PySR and SymbolNet, the following input variables are used:

• 𝑥 𝑗1,2 =
𝑝𝑇, 𝑗1,2
𝑚ℎ

, 𝜂 𝑗1
, and 𝜙 𝑗1

for variables depending on a single jet;

• 𝑥𝐻 =
𝑝𝑇,𝐻

𝑚𝐻
, 𝜂𝐻 , and 𝜙𝐻 for variables depending on the Higgs;

• Δ𝜂 𝑗 𝑗 , Δ𝜙 𝑗 𝑗 , and 𝑥 𝑗 𝑗 =
𝑚 𝑗 𝑗

𝑚𝐻
for higher-level variables of the dĳet system.

The momenta and masses are normalized via the Higgs boson mass 𝑚𝐻 = 125 GeV to obtain
dimensionless variables of order 1 and improve the training process. Only 𝜂 𝑗1

and 𝜙 𝑗1
are used because

𝜂 𝑗2
and 𝜙 𝑗2

are redundant when using Δ𝜂 𝑗 𝑗 and Δ𝜙 𝑗 𝑗 .
PySR is given the set of functions

S = {sin, cos, abs, exp, log, sinh, cosh︸                                   ︷︷                                   ︸
unary

, +, ∗, /︸︷︷︸
binary

} (7.10)

to build equations. 2.5 · 105 events are used for training for each value of 𝑐Φ𝑊 , and 1 · 105 events are
used for validation. The number of iterations is set to 500, and the maximum complexity of the equations
is set to 60. Simulated annealing is used with the modified acceptance probability defined in Eq. (4.34)
with 𝛼 = 100. Otherwise, the recommended settings for the hyperparameters of PySR are used. For the
objective function, a cross-entropy loss is used, but with an additional check for the CP-state of the
current equation. If an equation is proposed that is not CP-odd, it will be discarded during the training.
SymbolNet is trained in the default scalar setup because there are only 10 input variables. Therefore,

the model is only constructed from 𝑆 → 𝑆 layers. Two layers are used with the function sets

S1 = {sin, cos, abs, 2
,
√
, ∗, / }

S2 = {sin, cos, abs, 2
,
√
,︸                ︷︷                ︸

unary

∗, /︸︷︷︸
binary

} (7.11)

The training is performed over 2000 iterations in the mixed setup with a learning rate of 5 · 10−4 and
a batch size of 512. The target sparsities for the respective terms in Eq. (4.41) are set to 𝛼in = 0.6,
𝛼𝑊 = 0.6, and 𝛼unary = 𝛼binary = 0.3. The cross-entropy loss is used again, but this time without any
additional checks for the CP-state of the output. While this can be implemented, it complicates the
training process, since two separate contributions to the loss must be minimized. Still, SymbolNet is
able to learn CP-odd observables, as shown below.
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Figure 7.1: The (a) distributions and (b) asymmetries of the variable𝑚−2
𝐻 𝑝𝑇, 𝑗1

𝑝𝑇, 𝑗2
sinΔ𝜙 𝑗 𝑗 for 𝑐Φ𝑊 ∈ {−1, 0, +1}.

Figure modified from [230], original figure created by Henning Bahl.

7.2.2 Learned equations and sensitivities

The variable defined in Eq. (7.8) will be used as a benchmark to assess the performance of the classifiers.
The distribution of this variable for 𝑐Φ𝑊 ∈ {−1, 0, +1} and the corresponding asymmetry is shown
in Fig. 7.1. The plots show the expected behavior of a CP-odd observable. The SM distribution is
symmetric around zero, while the asymmetry is positive (negative) for a positive (negative) interference.
The asymmetry between the two CP-violating hypotheses increases towards the outer bins, where the
number of events becomes lower. Consequently, the statistical uncertainty of the asymmetry grows, as
visible in Fig. 7.1(b).

Next, Fig. 7.2 shows the distributions obtained from the formula found by PySR. In contrast to the
distribution in Fig. 7.1(a), the events for each value of 𝑐Φ𝑊 peak in the bins closest to zero. At the same
time, the number of events drops off less strongly towards higher absolute values of 𝜔CP−odd. The result
is a higher asymmetry in the outer bins compared to the variable 𝑚−2

𝐻 𝑝𝑇, 𝑗1
𝑝𝑇, 𝑗2

sinΔ𝜙 𝑗 𝑗 . Still, for the
outermost bins, the uncertainty of the SM distribution increases. The bins with the most separation
power are therefore expected to be those slightly before the end of the tails.

The equation found by PySR is [230]

𝑃
PySR =

1.857 sinΔ𝜙 𝑗 𝑗�����0.308𝑥 𝑗1 logΔ𝜂 𝑗 𝑗 + logΔ𝜂 𝑗 𝑗 sinh(𝑥 𝑗2 − 2.598) + 0.308 sinh 𝑥𝐻
𝑥 𝑗1

logΔ𝜂 𝑗 𝑗 + sinh 𝑥𝐻

����� + 0.605

(7.12)

where the CP-odd observable sinΔ𝜙 𝑗 𝑗 is colored in blue. As can be seen, it is the only observable in
the numerator and it is normalized by a CP-even term, validating that the learned equation is CP-odd.

The results obtained from SymbolNet can be found in Fig. 7.3. They are very similar to the results
from PySR, with the only visible difference being a slightly worse performance of the outermost bins, as
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Figure 7.2: Same as Fig. 7.1 but for the formula learned by PySR. Figure modified from [230], original figure
created by Henning Bahl.
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Figure 7.3: Same as Fig. 7.1 but for the formula learned by SymbolNet. Figure modified from [230], original
figure created by Henning Bahl.
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Classifier Trained on 𝜎(𝑐Φ𝑊 = 1 vs. SM) 𝜎(𝑐Φ𝑊 = 0.25 vs. SM)
𝑚
−2
𝐻 𝑝𝑇, 𝑗1

𝑝𝑇, 𝑗2
sinΔ𝜙 𝑗 𝑗 − 6.76 2.43

PySR

𝑐Φ𝑊 = ±1

6.98 2.47

SymbolNet 7.07 2.49

BDT 6.71 2.36

PySR

𝑐Φ𝑊 = ±0.1

7.07 2.43

SymbolNet 1.67 0.82

BDT 3.27 1.26

Table 7.1: 𝜎 levels for excluding the BSM hypotheses of 𝑐Φ𝑊 = 1 and 𝑐Φ𝑊 = 0.25 based on the classifiers and the
data they have been trained on. Table taken from [230], original table created by Henning Bahl.

the error bars of the asymmetry overlap. The corresponding formula is [230]

𝑃
SymbolNet = 0.715Δ𝜙 𝑗 𝑗

[
− 0.348(0.561𝑥 𝑗2 − 0.25Δ𝜂 𝑗 𝑗 + 0.032𝑥 𝑗 𝑗 + 0.746𝑥𝐻) − 0.27

]
·
[
0.049(0.603Δ𝜂 𝑗 𝑗 − 0.081𝑥 𝑗 𝑗 − 𝑥𝐻)2

− 0.654|0.463𝑥 𝑗2 + 0.477Δ𝜂 𝑗 𝑗 + 0.373𝑥𝐻 |0.5

− 0.134 sin(−0.555Δ𝜂 𝑗 𝑗 + 0.345𝑥 𝑗 𝑗 + 0.443𝑥𝐻)
− 1.82 cos(0.642Δ𝜙 𝑗 𝑗)

]
, (7.13)

where, again, Δ𝜙 𝑗 𝑗 is colored in blue. Despite being slightly more complex, the SymbolNet equation
shows the same behavior as the PySR equation, i.e., a simple CP-odd observable is multiplied by a purely
CP-even term. As mentioned above, SymbolNet does not contain a contribution to the loss term that
guarantees the output to be CP-odd. In some training runs, this led to observables that provided good
separation between 𝑐Φ𝑊 = 1 and 𝑐Φ𝑊 = −1, but were not purely CP-odd, emphasizing the importance
of interpretability.

An interesting question is how the classifiers, and consequently the significances of differentiating
between positive and negative interference, behave when dealing with data where |𝑐Φ𝑊 | < 1. The
significances are obtained from the asymmetries, and Table 7.1 shows the 𝜎 levels obtained for the
𝑚
−2
𝐻 𝑝𝑇, 𝑗1

𝑝𝑇, 𝑗2
sinΔ𝜙 𝑗 𝑗 observable, PySR, and SymbolNet. Additionally, as a comparison, a BDT is

trained with XGBoost [207] and using the default cross-entropy loss. The results are shown for two BSM
hypotheses of 𝑐Φ𝑊 = 1 and 𝑐Φ𝑊 = 0.25. Each of the three classifiers is trained with two different data
samples. One with 𝑐Φ𝑊 = ±1 and the other with 𝑐Φ𝑊 = ±0.1. As can be seen, for the classifiers trained
on the 𝑐Φ𝑊 = ±1 samples, PySR and SymbolNet perform slightly better than the simple observable and
the BDT. The hypothesis of 𝑐Φ𝑊 = 1 (𝑐Φ𝑊 = 0.25) can be excluded at the 7𝜎 (2.5𝜎) level. Training
on samples with 𝑐Φ𝑊 = ±0.1 is a lot harder because the difference in the distributions of positive

108



Chapter 7 Symbolic regression for Higgs CP analyses

0.0 0.2 0.4 0.6 0.8 1.0
c

ΦW̃

0

10

20

30

40

50

∆
χ

2

3 σ

5 σ

SymbolNet PySR

c
ΦW̃

= ±1
BDT
c

ΦW̃
= ±0.1Trained on:

Figure 7.4: Comparison of the significances obtained from SymbolNet, PySR, and a BDT when being trained on a
|𝑐Φ𝑊 | = ±1 and a |𝑐Φ𝑊 | = ±0.1 sample, and evaluated for various values of 𝑐Φ𝑊 . Figure modified from [230],
original figure created by Henning Bahl.

and negative interference events is much smaller. Consequently, SymbolNet and the BDT drastically
drop in performance and yield much lower significances. In contrast, PySR manages to reach the same
significance as before, indicating the robustness of its training.

These results are also visualized in Fig. 7.4, where the Δ𝜒2 values of PySR, SymbolNet, and the BDT
are shown for 𝑐Φ𝑊 =∈ {0.1, 0.25, 0.5, 0.75, 1}, again separated into training samples with 𝑐Φ𝑊 = ±1
(diamonds) and 𝑐Φ𝑊 = ±0.1 (crosses). When evaluating the classifiers on 𝑐Φ𝑊 > 0.25, a clear separation
between PySR and the others can be seen when training with 𝑐Φ𝑊 = ±0.1. For training on 𝑐Φ𝑊 = ±1
data, the BDT shows an overall slightly worse performance than SymbolNet and PySR. At 𝑐Φ𝑊 = 0.75,
an outlier can be seen where PySR achieved an exceptionally good result.

On top of the good performance of PySR for small differences in the training data, it also performs
well when training with a small number of events, as demonstrated in Fig. 7.5. Here, PySR needs about
103 to reach good results and only about 104 events to achieve its maximal separation power. This is most
likely a consequence of the ”bottom-up” approach from PySR, where it starts with a simple equation and
then makes it more complex. In contrast, the BDT struggles with lower amounts of training data. For
SymbolNet, including an additional loss term to guarantee a CP-odd output makes a large difference.
When this loss term is not included, SymbolNet achieves similar separation to PySR when using 104

events. If it is included, more events are needed in the training, as the objective is more complex to
minimize.
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Figure 7.5: Comparison of the significances obtained from PySR, SymbolNet, and a BDT when using different
amounts of training data. Additionally, the performance of PySR and SymbolNet is compared when using an
additional loss that forces the output to be CP-odd (indicated by CP). The curves show the average of four
training runs, and the shaded regions indicate the best and worst performance at each 𝑁train. Figure modified from
[230], original figure created by Henning Bahl.

7.3 CP-odd observables in 𝒕 𝒕𝑯

An optimal CP-odd observable can also be defined for the 𝑡𝑡𝐻 process, although CP-even observables
are usually used for analyses at the LHC, as discussed in Chapter 6. This is due to the suppression of
the interference term in 𝑡𝑡𝐻 [190, 255]. Still, it should be assessed how sensitive information from a
CP-odd observable can be. While Eq. (7.6) still holds, many potential TPs can be built out of the final
state particles, in contrast to the single TP Δ𝜙 𝑗 𝑗 in VBF.

7.3.1 Event generation and training

Events are generated analogously to Section 6.1.1 for three values of the CP-mixing angle 𝛼𝑡 ∈
{−45◦, 0◦, 45◦}. The top quarks decay via the di-leptonic channel, simulated with MadSpin [150]. For
the Higgs decay, the 𝐻 → 𝛾𝛾 channel is assumed and the corresponding smearing and efficiency factors
from Table 6.2 are applied. For each CP angle, 2 · 105 events are generated, of which half are used for
training. The rest are equally split into a validation and a test dataset.

To build TPs, the version of SymbolNetmodified to work with 4-vectors is used. However, it needs to
be modified further, as Eq. (7.1) is a function of four 4-vectors, and so far, only unary and binary operators
are defined. Consequently, the 𝜖-tensor is implemented as a special function usable in the 𝑉 → 𝑆 layer.
The setup then corresponds to the one shown in Fig. 7.6. Two instances of SymbolNet are created. One
contains only CP-even observables and therefore produces a CP-even observable 𝑃even(𝑥). The other
one contains a single 𝜖-tensor in its 𝑉 → 𝑆 layer and only odd functions in subsequent layers, so that the
score 𝑃odd(𝑥) is CP-odd by definition. The outputs are then multiplied so that 𝑃(𝑥) = 𝑃even(𝑥) · 𝑃odd(𝑥)
is again CP-odd. This avoids the need to define a (harder to train) CP-odd loss while also giving
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Figure 7.6: Schematic of SymbolNet as used in the training for finding a CP-odd observable for 𝑡𝑡𝐻. The network
is split into two independent parts, a CP-even and a CP-odd part, which are multiplied in a final layer to yield a
CP-odd variable.

SymbolNet the possibility to define TPs itself.
The input variables for SymbolNet are the 4-momenta of the Higgs boson, the bottom quarks, and the

leptons. SymbolNet is trained for 1000 epochs with a learning rate of 5 · 10−3 in the default setup, and
subsequently for 400 and 50 epochs with a learning rate of 5 · 10−4 in the mixed and sparsity setup. A
batch size of 256 is used, and the objective function is the cross-entropy loss. The target sparsities are
𝛼𝑊 = 0.9 and 𝛼unary = 𝛼binary = 0.5. No target sparsity is defined for the input variables and the 𝜖-tensor.
The function sets are

Seven
𝑉→𝑆 = {𝑝0, 𝑝𝑥 , 𝑝𝑦 , 𝑝𝑧 , ∥𝑝∥3, ⟨𝑝𝑖 × 𝑝 𝑗⟩3}

Seven
𝑆→𝑆 = {cos, 2

,
√
, ∗, /}

Sodd
𝑉→𝑆 = {𝜖𝜇𝜈𝜌𝜎 𝑝𝜇1 𝑝𝜈2 𝑝

𝜌
3 𝑝

𝜎
4 }

Sodd
𝑆→𝑆 = {sin, tanh, 3

,−} . (7.14)

PySR is not trained here, as the implementation of 4-vectors and the 𝜖-tensor into PySR is beyond the
scope of this work.

7.3.2 Learned equations and sensitivities

First, two benchmarks are defined in terms of simple TPs. At the parton level, the TP yielding the highest
sensitivity is

𝜖parton = 𝜖𝜇𝜈𝜌𝜎 (𝑝𝑡 + 𝑝𝑡 )𝜇 (𝑝𝑡 − 𝑝𝑡 )𝜈 (𝑝𝑙 + 𝑝𝑙)𝜌 (𝑝𝑙 − 𝑝𝑙)𝜎 . (7.15)

As previously discussed, this reduces to Eq. (7.2) in the 𝑡𝑡 frame. A similar TP

𝜖reco = 𝜖𝜇𝜈𝜌𝜎 (𝑝𝑏 + 𝑝𝑏̄)𝜇 (𝑝𝑏 − 𝑝𝑏̄)𝜈 (𝑝𝑙 + 𝑝𝑙)𝜌 (𝑝𝑙 − 𝑝𝑙)𝜎 (7.16)

yields the highest sensitivity at the detector level, but with the bottom quarks replacing the top quarks.
Fig. 7.7 shows the distributions obtained from these TPs. As can be seen, the TPs do not achieve a
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Figure 7.7: The TPs yielding the highest sensitivities for 𝑡𝑡𝐻 at (a) the parton level and (b) the detector level.
Figure taken from [230].
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Figure 7.8: Distribution from the equation predicted by SymbolNet with the modified setup including a TP. Figure
taken from [230].

high separation of the positive and negative interference terms. The innermost bins give the dominant
contribution to the sensitivity. The TP defined at the detector level provides a much lower sensitivity,
as expected. However, with Δ𝜒2 = 0.31, the TP defined at the parton level also does not yield enough
separation power for an experimental analysis.

The obtained distribution from SymbolNet can be found in Fig. 7.8. The corresponding CP-odd and
CP-even parts of the equation are [230]

𝑃odd(𝑥) =𝜖𝜇𝜈𝜌𝜎
(
0.32𝑝𝐻 + 0.622𝑝𝑏 − 0.164𝑝𝑙 + 0.634𝑝𝑙

)𝜇(
0.298𝑝𝐻 + 0.196𝑝𝑏 + 0.54𝑝𝑏̄ + 0.551𝑝𝑙 − 0.216𝑝𝑙

)𝜈(+0.259𝑝𝐻 + 0.448𝑝𝑏 − 0.319𝑝𝑙 + 0.761𝑝𝑙
)𝜌(

0.176𝑝𝐻 − 0.051𝑝𝑏 + 0.488𝑝𝑏̄ + 0.772𝑝𝑙 − 0.462𝑝𝑙
)𝜎 (7.17)
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and

𝑃even(𝑥) =Abs
(
(−0.123𝑝𝑦,𝐻 + 0.139𝑝𝑦,𝑏 + 0.159𝑝𝑦,𝑏̄ − 0.375𝑝𝑦,𝑙 + 0.394𝑝𝑧,𝐻

+ 1.405𝑝𝑧,𝑏 − 0.134𝑝𝑧,𝑏̄ − 0.627𝑝𝑧,𝑙 + 0.803𝑝𝑧,𝑙
+ 0.232




 − 2.715𝑝𝑏 − 4.855𝑝𝑏̄ − 2.711𝑝𝑙





3

+ 0.016
〈(

4.888𝑝𝐻 − 3.127𝑝𝑏 + 4.287𝑝𝑏̄ − 1.211𝑝𝑙 − 2.628𝑝𝑙
)

× ( − 2.516𝑝𝐻 + 0.7615𝑝𝑏 − 3.161𝑝𝑏̄ + 6.152𝑝𝑙 + 0.9251𝑝𝑙
)〉

3

)1/2
, (7.18)

which are multiplied to yield 𝑃(𝑥). This equation performs much better than the detector-level TP,
reaching 65% of the CP sensitivity at the parton level, compared to 36%. However, the sensitivities are
still very low in comparison to CP-even but CP-sensitive observables. Furthermore, all detector-level
TPs require differentiating between the bottom quark and its antiquark.

7.4 Reconstruction of the Collins-Soper angle for 𝒕 𝒕𝑯

The results above demonstrate that the sensitivity of CP-odd observables in the 𝑡𝑡𝐻 process is too low
to motivate an experimental study. However, SR can still be useful in this channel. A very powerful
CP-sensitive observable is the Collins-Soper angle 𝜃∗ [316]. It is one of the candidates for the STXS
extension proposed in Chapter 6 and has been shown in other studies to have good sensitivity to CP [247,
255, 259]. Additionally, it does not require distinguishing between the bottom quark and its antiquark.
As a reminder, it is defined in the 𝑡𝑡 frame as

cos 𝜃∗ =
®𝑝𝑡 · ®𝑛

∥ ®𝑝𝑡 ∥ · ∥®𝑛∥
(7.19)

where it forms the angle of the top quark axis with the beam axis. This requires a full reconstruction of
both top quarks, which is a challenging task. Here, SR will be used to learn an approximate equation for
cos 𝜃∗ from the kinematic information at the detector level.

7.4.1 Event generation and training

Generation of the parton-level events at LO proceeds in the same way as in the previous section. However,
the top quarks decay semi-leptonically here. Furthermore, additional datasets are generated for the 𝑡𝑡𝐻 𝑗
process and for 𝛼𝑡 ∈ {10◦, 25◦, 90◦}. The input variables for the training are

Xin = {𝑝𝐻 , 𝑝𝑏, 𝑝𝑙, 𝑝𝜈 or 𝑝miss
,︸                  ︷︷                  ︸

𝑝𝑡

𝑝𝑏̄, 𝑝𝑞, 𝑝𝑞̄︸      ︷︷      ︸
𝑝𝑡

} , (7.20)

where 𝑝miss is a 4-vector containing the accessible information about the neutrino momentum. It is
needed to train SymbolNet in the vectorized setup, while 𝐸miss

𝑇 is used for PySR. All 4-momenta are
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Scenario Frame 𝜈 Info QCD Radiation Smearing

1 𝑡𝑡 Full × ×
2 Lab Full × ×
3 Lab 𝐸

miss
𝑇 × ×

4 Lab 𝐸
miss
𝑇 ✓ ×

5 Lab 𝐸
miss
𝑇 × ✓

6 Lab 𝐸
miss
𝑇 ✓ ✓

Table 7.2: Definitions of the six benchmark scenarios for the classifier training. Table taken from [230].

Scenario 𝑁
default
epochs 𝑁

mixed
epochs 𝑁

sparsity
epochs 𝐿𝑅

default
𝐿𝑅

mixed
𝐿𝑅

sparsity
𝐵𝑆

1 200 100 20 0.01 0.005 0.001 128

2 500 100 20 0.01 0.005 0.001 128

3 & 4 1000 400 50 0.01 0.002 0.001 64

5 & 6 2000 500 50 0.02 0.002 0.001 64

Table 7.3: The hyperparameters used for SymbolNet in each scenario. Table taken from [230].

normalized by the top quark mass 𝑚𝑡 = 173 GeV, although not explicitly stated in the equations. The
bottom quarks are assumed to be correctly associated with the hadronic or the leptonic top quark decay.

The classifiers will be trained in six different scenarios, which are listed in Table 7.2. Going from
scenario 1 to scenario 6, reconstructing cos 𝜃∗ becomes increasingly difficult. In scenarios 1 and 2,
all information about the final-state particles is available without radiation or detector smearing. In
scenario 1, observables are provided in the 𝑡𝑡 frame, while in scenario 2, they are taken from the lab
frame. Starting from scenario 3, 𝐸miss

𝑇 is used instead of the full neutrino information. Scenarios 4 and 6
use the 𝑡𝑡𝐻 𝑗 sample, where an additional jet is radiated. Finally, all momenta are smeared in scenarios 5
and 6 to mimic the limited resolution of the detector.

The hyperparameters used for the training depend on the scenario investigated. PySR uses a maximum
size for the equation of 35 and trains for 200 iterations in scenario 1. For scenarios 2, 3, and 4, the
maximum size and training iterations increase to 50 and 2000, respectively. For scenarios 5 and 6, they
increase further to 60 and 3000, respectively. Like in Section 7.2, simulated annealing is used with
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Scenario Operators 𝑉 → 𝑉 layer 𝑉 → 𝑆 layer 𝑆 → 𝑆 layer 𝑆 → 𝑆 layer

1
S 𝑓 − {𝑝𝑧 , ∥𝑝∥3} {𝑖𝑑.} −
S𝑔 − {⟨𝑝𝑖 × 𝑝 𝑗⟩3} {/} −

2
S 𝑓 {𝑖𝑑.} {𝑝𝑧 , ∥𝑝∥3} {𝑖𝑑.} −
S𝑔 {boost} {⟨𝑝𝑖 × 𝑝 𝑗⟩3} {/} −

3 & 4
S 𝑓 {tanh} {𝑝𝑧 , ∥𝑝∥3} { 2

,
√
, sin, cos} −

S𝑔 {boost} {⟨𝑝𝑖 × 𝑝 𝑗⟩3} {∗, /} −

5 & 6
S 𝑓 {tanh} {𝑝0, 𝑝𝑥 , 𝑝𝑦 , 𝑝𝑧 , ∥𝑝∥3} { 2

,
√︁
} {sin, cos}

S𝑔 {boost} {⟨𝑝𝑖 × 𝑝 𝑗⟩3, ⟨𝑝𝑖 × 𝑝 𝑗⟩4} {∗, /} {+,−}

Table 7.4: The function sets S 𝑓 and S𝑔 of unary and binary functions, respectively, used for SymbolNet in each
scenario. Table taken from [230].

𝛼 = 100 and all other parameters correspond to the recommended settings. The set of functions is

S = { 2
,
√
, +, /} for scenario 1;

S = {sin, cos, sinh, 2
,
√
, +,−, ∗, /} else. (7.21)

For SymbolNet, the number of training iterations and the learning rate in each training step, as well as
the batch size, are summarized in Table 7.3. The target sparsities are set to

𝛼𝑊 = 0.5, 𝛼unary = 𝛼binary = 0.05 for scenarios 1 and 2;
𝛼𝑊 = 0.8, 𝛼unary = 𝛼binary = 0.3 else. (7.22)

The function sets used in the specific layers can be found in Table 7.4, where they are split into unary
(S 𝑓 ) and binary (S𝑔) sets.

Both PySR and SymbolNet use the same objective functions. In scenarios 1 and 2, the full kinematic
information is available, and the MSE loss is used. As discussed in Section 4.1, it is optimal for a
Gaussian smearing of the labels. However, in scenarios 3 to 6, this is not expected to be the case due
to the missing neutrino information, and the effects of the additional radiation and limited detector
resolution. Much better results were achieved using an ”Inverse Gaussian” loss

LInvGaussian = 1 − exp
©­­«−

(𝑦 − 𝑦̂)2

2
(

max(𝑦)
𝜎 − min(𝑦)

𝜎

)2

ª®®¬ . (7.23)

where 𝜎 = 8 is used. It approaches the MSE loss for 𝑦 ∼ 𝑦̂, and one for |𝑦 − 𝑦̂ | ≫ 0. Therefore, it is less
sensitive to outliers, which are present in scenarios 3 to 6.
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7.4.2 Predicted equations for the Collins-Soper angle

The distributions for the parton-level Collins-Soper angle, as well as the predictions from SymbolNet and
PySR, are shown for each of the six scenarios in Fig. 7.9. As can be seen, for the easiest reconstruction
task, corresponding to scenario 1, both SymbolNet and PySR match the true distribution. Therefore,
they are able to build Eq. (7.19) from the decayed particle momenta. Specifically, they find the equations
[230]

cos 𝜃∗PySR =
𝑝𝑧,𝑏 + 𝑝𝑧,𝑙 + 𝑝𝑧,𝜈√︂(

𝑝𝑥,𝑏 + 𝑝𝑥,𝑙 + 𝑝𝑥,𝜈
)2
+

(
𝑝𝑦,𝑏 + 𝑝𝑦,𝑙 + 𝑝𝑦,𝜈

)2
+

(
𝑝𝑧,𝑏 + 𝑝𝑧,𝑙 + 𝑝𝑧,𝜈

)2
, (7.24)

cos 𝜃∗SymbolNet =
1.006𝑝𝑧,𝑏 + 1.001𝑝𝑧,𝑙 + 1.002𝑝𝑧,𝜈 − 1.027𝑝𝑧,𝑏̄ − 1.027𝑝𝑧,𝑞 − 1.031𝑝𝑧,𝑞̄


1.034𝑝𝑏 + 1.022𝑝𝑙 + 1.024𝑝𝜈 − 𝑝𝑏̄ − 1.007𝑝𝑞 − 1.009𝑝𝑞̄





3

≈ 1
2

(
𝑝𝑧,𝑡

∥𝑝𝑡 ∥3
− 𝑝𝑧,𝑡

∥𝑝𝑡 ∥3

)
. (7.25)

In the case of PySR, this corresponds to the exact equation, while for SymbolNet, some of the numerical
constants slightly deviate from 1. However, the MSE loss of the SymbolNet equation is slightly lower,
which is a consequence of numerical instabilities induced by MadSpin. Furthermore, SymbolNet does
not exclude any of the input features, and therefore calculates cos 𝜃∗ from both the hadronic and the
leptonic top decay (which are equivalent up to a sign in the 𝑡𝑡 frame).

In scenario 2, where the full kinematic information is still available but variables are provided in the
lab frame, only SymbolNet matches the true cos 𝜃∗ distribution. This is a consequence of SymbolNet
being able to process 4-vectors and apply a Lorentz boost to them. PySR can only approximate the effect
of the boost and therefore shows slight deviations in its prediction.

Starting from scenario 3, the neutrino momentum is removed, and an analytic equation resembling the
parton-level cos 𝜃∗ is not available anymore. Consequently, SymbolNet and PySR show larger deviations
from the true distribution. Their performance is similar in scenarios 3 and 4. In scenarios 5 and 6,
where smearing is added, the overall performance decreases further, but SymbolNet shows better results
than PySR (as demonstrated in more detail below). An interesting observation is that both algorithms
consistently predict too few events in the outermost bins across all scenarios. However, SymbolNet
compensates for this by predicting values outside of the range [−1, 1]. Clipping its output to this range
improves the results. On the other hand, PySR always restricts itself to [−1, 1], which could be due to it
starting from a very simple equation.

The corresponding equations to the predictions in Fig. 7.9 are provided in Appendix G. Although
most equations are very complex, they still show some similarities. Across all scenarios, PySR predicts
equations of the form [230]

cos 𝜃∗PySR ∼ sin
∑

𝑖 𝑎𝑖 𝑝𝑖,𝑧∑
𝑖 𝑏𝑖 𝐸𝑖

. (7.26)

Interestingly, it favors the sin over the cos, despite having both functions available. For the normalization,
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Figure 7.9: Distributions of the parton level Collins-Soper angle (black), and the predictions from SymbolNet
(blue) and PySR (red). The distributions shown in (a) to (f) correspond to scenarios 1 to 6, respectively. Figure
taken from [230].

117



Chapter 7 Symbolic regression for Higgs CP analyses

2 jets 2 jets 2 jets 3 jets 2 jets 3 jets

0.1

0.2

0.3

M
S

E
L

os
s

lab Emiss
T smearing

Classical SymbolNet PySR

Figure 7.10: Comparison of the MSE losses obtained from a classical reconstruction method, and the predictions
from PySR and SymbolNet in scenarios 1 to 6. The error bars correspond to the standard deviation in 10 training
runs. It should be noted that for scenarios 3 to 6, the Inverse Gaussian loss was used for the training. Figure taken
from [230].

it chooses the energy of the particles 𝐸𝑖 as a proxy for the three-momentum norm. The equations learned
by SymbolNet have a higher complexity due to the different approach to SR. They can be approximated
via [230]

cos 𝜃∗SymbolNet ∼
boost

(∑
𝑖 𝑎𝑖 𝑝𝑖 |

∑
𝑗 𝑏 𝑗 𝑝 𝑗

) ����
𝑧



 boost

(∑
𝑖 𝑎𝑖 𝑝𝑖 |

∑
𝑗 𝑏 𝑗 𝑝 𝑗

) 




3

. (7.27)

This core structure of the equations is a generalized form of the parton-level formula of the Collins-Soper
angle. The results show that it can be used as a first proxy even at the detector level.

7.4.3 Performance and sensitivity of the equations

Fig. 7.10 shows the MSE loss calculated for SymbolNet and PySR for the different scenarios. Although
the objective function in scenarios without the full neutrino information is the Inverse Gaussian loss, the
MSE loss still allows for assessing the goodness of the fit. The SR results are compared to a classical
reconstruction method, which is used in [255]. In this method, the unknown neutrino momentum is
reconstructed using the𝑊 boson mass. The MSE loss shows that the classical reconstruction performs
slightly better in scenarios 3 and 4. However, it is heavily outperformed by SymbolNet and PySR once
detector effects are taken into account. Fig. 7.10 confirms the slightly better performance of SymbolNet
over PySR in all scenarios.

The most realistic scenario for an experimental analysis, scenario 6, is further examined in Fig. 7.11.
The plots in the upper row show again the prediction of SymbolNet and PySR. It is evident that the
prediction obtained from SymbolNet reflects the parton-level distribution much better. This can also be
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Figure 7.11: (a) + (b) binned predictions, (c) + (d) predictions of individual events, and (e) + (f) CP sensitivity for
𝛼𝑡 = 45◦ obtained from (left column) SymbolNet and (right column) PySR in scenario 6. Figure taken from [230].
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Figure 7.12: Same as Fig. 7.10, but instead of the MSE loss, the Δ𝜒2 value for excluding the 𝛼𝑡 = 45◦ hypothesis
is shown. Figure taken from [230].

shown by comparing the prediction of individual events to the true values in the middle row. For the
SymbolNet prediction, the events follow the diagonal line, although with some spread. For PySR, the
bulk of the predictions shows a small rotation away from the diagonal line. Furthermore, the spread
of the events is larger, and events do not reach predictions of 1 or −1. Finally, in the lower row, the
CP sensitivities for 𝛼𝑡 = 45◦ are shown. Again, SymbolNet shows slightly better results, reaching
Δ𝜒2 = 7.628, while the PySR prediction results in Δ𝜒2 = 7.491.

The CP sensitivity is further examined in Fig. 7.12, where it is shown for all six scenarios. Again, the
SR approaches are compared to the classical reconstruction algorithm. A similar behavior to that of
the MSE loss can be seen, as the classical algorithm is heavily outperformed in scenarios 5 and 6, and
SymbolNet performs slightly better than PySR. Overall, the Δ𝜒2 decreases with increasing scenario, as
expected. Still, SymbolNet and PySR manage to retain up to 85% of the parton-level CP sensitivity,
even in the most realistic scenario.

Finally, Fig. 7.13 shows a scan of the Δ𝜒2 values for testing the SM hypothesis against 𝛼𝑡 ∈
{10◦, 25◦, 45◦, 90◦} in scenario 6. Comparing 𝛼𝑡 = 45◦ with 𝛼𝑡 = 90◦ shows that the percentage of CP
information that is retained at the detector level stays approximately constant. For smaller CP-mixing
angles, the performance of all methods drops. This is most likely due to the smaller kinematic differences
between the BSM distributions and the SM, as well as the corresponding higher impact of the smearing.
SymbolNet and PySR outperform the classical reconstruction algorithms at all 𝛼𝑡 .

7.5 Conclusions

The goal of this chapter was to examine how SR can enhance the interpretability of Higgs CP analyses at
the LHC while maintaining optimal sensitivity. For this, two approaches to SR were considered. First, a
genetic algorithm implemented in PySR, and second, a DNN-like approach implemented in SymbolNet.
The performance of the two was tested in the VBF and 𝑡𝑡𝐻 production channels and compared to more
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Figure 7.13: Δ𝜒2 values for excluding different 𝛼𝑡 hypotheses in scenario 6, based on the predictions of the
classical reconstruction method, SymbolNet, and PySR. Figure taken from [230].

traditional methods. Furthermore, their data efficiency was assessed, i.e., their performance with few
training samples and small differences between the labels, as well as when dealing with high-dimensional
parameter spaces.

First, it was examined how optimal observables can be found for VBF. For this, the equations obtained
from PySR and SymbolNet were compared to the locally optimal observable 𝑚−2

𝐻 𝑝𝑇, 𝑗1
𝑝𝑇, 𝑗2

sinΔ𝜙 𝑗 𝑗 .
It was shown that both algorithms outperform this observable. Furthermore, they were also able to
outperform a BDT that was trained using XGBoost. The equations obtained were investigated, and it
was found that they were indeed CP-odd. They showed the same structure, i.e., Δ𝜙 𝑗 𝑗 was multiplied by
a complex CP-even term. Overall, PySR showed the best results and maintained high precision, even
with sparse training data.

Next, the optimal observables were investigated in 𝑡𝑡𝐻. For this, SymbolNet was adapted to construct
TPs from the final-state momenta. Furthermore, the network itself was constructed to be CP-odd.
However, due to the smallness of the interference term and the few statistics in 𝑡𝑡𝐻, the projected
sensitivities were too weak to motivate a study at the LHC in the near future.

Finally, the CP-sensitive Collins-Soper angle in 𝑡𝑡𝐻 was investigated. Specifically, it was tested
how well the parton-level variable can be approximated from the momenta at the detector level. Six
different scenarios were tested, becoming increasingly more complex. For the most realistic scenario
6, SymbolNet and PySR strongly outperformed a traditional method for top reconstruction. Overall,
SymbolNet performed slightly better than PySR but also yielded more complex equations. Both
approaches were able to retain more than 80% of the CP sensitivity of the parton-level variable.

SR can be concluded to be a powerful tool that is especially important when testing fundamental
symmetries. It was demonstrated how SR can be used to achieve optimal sensitivity while improving
interpretability. The two tools, PySR and SymbolNet, complement each other, with PySR being
more sensitive to small changes in the data and more data-efficient, and SymbolNet being better at
handling more complex parameter spaces. The equations obtained by the two approaches can be easily
implemented in an analysis and are fast to evaluate.
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CHAPTER 8

Conclusions

Finding CP violation in the Higgs interactions would be an explicit sign of BSM physics and could also
help understand where the observed baryon asymmetry of the Universe originated from. It is therefore
crucial to optimize collider analyses probing the CP state of the Higgs boson couplings. Hence, several
channels have been studied in this thesis. The gluon fusion process in association with two jets (ggF2j)
allows for constraining the CP state of an effective Higgs gluon coupling, while the 𝑡𝑡𝐻 channel yields
direct constraints on the top-Yukawa coupling. The VBF and 𝑉𝐻 channels assess possible CP violation
in the 𝐻𝑉𝑉 coupling. Additionally, the interplay of all these channels can have interesting effects on the
constraints.

The first part of this thesis examined the ggF2j process. As of now, experimental limits on the CP
state of the effective Higgs-gluon coupling are still relatively weak. Here, a neural network was trained
to separate the ggF2j process into two signal regions, the ggF2j-SR and the VBF-SR. Then, the CP
structure of the coupling was studied using a CP-even and a CP-odd classifier. The ggF2j-SR yielded
significantly stronger constraints than current experimental results for the Higgs-gluon CP-mixing angle
of |𝛼𝑔 | < 25◦ @ 2𝜎 CL for L = 139 fb−1, but without taking into account the non-Higgs background.
The CP-even classifier gave the dominant contribution to this result. The constraints in the ggF2j-SR
were shown to be robust when additional CP-violating effects in the 𝐻𝑉𝑉 coupling were taken into
account. Consequently, the ggF2j-SR performed significantly better overall. It should be considered in
experimental analyses targeting the Higgs-gluon coupling, despite the VBF-SR containing more of the
CP-sensitive 𝑞𝑞 initial state events. It can also yield competitive, albeit indirect, limits with a global fit
for the top-Yukawa coupling.

In the second part of the thesis, a possible STXS extension for the 𝑡𝑡𝐻 process was examined. In the
current STXS framework, the binning is 1-dimensional in the transverse momentum of the Higgs 𝑝𝑇,𝐻 ,
which was shown here not to be optimal. To find the best observable for a CP-sensitive extension, 30
different variables across multiple rest frames were evaluated. The 𝑡𝑡𝐻 (→ 𝛾𝛾), 𝑡𝑡𝐻 (multilep.), and
𝑡𝑡𝐻 (→ 𝑏𝑏̄) channels were taken into account and matched to recent experimental analyses, to obtain
realistic values for the efficiency of the event selection and the detector effects. Furthermore, statistical
and systematic uncertainties in the individual channels were considered, as well as the distribution of
the non-Higgs background. Three candidates were identified to be optimal for an STXS extension,
adding a second dimension to the 𝑝𝑇,𝐻 binning. These were the top quark-based variable 𝑏2 in the lab
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frame, and the pseudorapidity difference of the top quarks |Δ𝜂𝑡𝑡 | and the Collins-Soper angle | cos 𝜃∗ | in
the 𝑡𝑡 frame. Using the respective 2-dimensional binning allows to exclude |𝛼𝑡 | < 37◦ @ 2𝜎 CL for
L = 300 fb−1 and a SM-like rate. Although less sensitive than a multivariate approach, this offers much
higher sensitivity than the 1-dimensional binning and allows a straightforward combination of decay
channels and results from different experiments, as well as good interpretability.

Finally, symbolic regression (SR) was used in the last part of this thesis to find analytical equations for
optimal observables and for reconstructing parton-level observables, using information at the detector
level. For this, two different approaches to SR were considered. PySR is based on a genetic algorithm,
while SymbolNet implements SR in a deep neural network-like structure. SymbolNet was further
modified to support 4-vectors. For VBF, the SR approaches were able to outperform a BDT while
returning a formula that was easily recognizable as CP-odd. It showed a similar structure to the
previously known, locally optimal observable, as the azimuthal angle difference of the top quarks Δ𝜙 𝑗 𝑗

was multiplied by a purely CP-even term. Further modifying SymbolNet to be manifestly CP-odd
also yielded optimal observables for 𝑡𝑡𝐻. Although they performed better than a simple triple product,
the sensitivity of such an approach is too low to be measurable at the LHC in the near future. A
reconstruction of the Collins-Soper angle led to much more promising results, as SymbolNet and PySR
significantly outperformed a classical reconstruction algorithm and retained up to 85% of the parton-level
CP sensitivity. Overall, SymbolNet and PySR showed complementary results. While PySR performed
significantly better in scenarios with few data or tiny differences between the two hypotheses, SymbolNet
excelled in high-dimensional parameter spaces and when using large datasets.

The results presented in this thesis demonstrate how improvements in experimental Higgs CP studies
might be possible now and in the coming years. They mainly concentrated on the Higgs couplings to
top quarks, gluons, and weak vector bosons, utilizing the luminosities achievable with the full Run 2
data or after the completion of Run 3. Furthermore, the results demonstrated that the improvements still
hold in projections for the HL-LHC. The techniques utilized in this work are applicable to tests of other
symmetries and beyond the Higgs couplings.

Much more is to be explored in the future. First studies show that constraints on the Higgs couplings
will become significantly stronger at the proposed future circular collider (FCC) [339]. This also includes
the Higgs couplings to light fermions and their CP nature, which are not possible to measure with
high precision at the LHC. On top of that, low-energy and cosmological probes of the SM become
increasingly important. The upper limits of several EDMs are expected to be reduced by orders of
magnitude by upcoming experiments [340–343]. Such searches should be used complementarily to the
collider measurements, especially in the context of the baryon asymmetry of the Universe. The many
open questions guarantee that particle physics will remain an exciting field for many years to come.
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APPENDIX A

Symmetry groups

A concept that has been of great importance in building the theoretical foundation of the SM and continues
to be of great importance today is the idea of symmetries. Symmetries appear as invariances under a
set of transformations and can be described mathematically via symmetry groups. Some examples for
this are internal symmetries that act on the quantum numbers of fields, and external symmetries that
act on spacetime. The easiest non-trivial examples are discrete symmetries, e.g., invariance under a
parity flip (P), charge conjugation (C), or time reversal (T ), or their combinations, such as CP. They
are described by the 𝑍2 symmetry group, which consists of exactly two elements: the identity and the
element performing the reflection at the origin.1

Most of the symmetries needed for the construction of the SM are based on the concept of Lie groups
[345]. These are groups that depend on a continuous set of parameters 𝛼 with a notion of closeness. The
identity element can be defined as

𝑔(𝛼)
��
𝛼=0 = 𝑒, 𝐷 (𝛼)

��
𝛼=0 = 1 (A.1)

where 𝑔(𝛼) is an element of the group and 𝐷 (𝛼) its representation. An element close to the identity can
then be reached via an infinitesimal transformation

𝐷 (𝑑𝛼) = 1 + 𝑖𝑑𝛼𝑎𝑋𝑎 + O
(
𝑑𝛼

2
)
, 𝑋𝑎 = −𝑖 𝜕

𝜕𝛼𝑎
𝐷 (𝛼)

��
𝛼=0 (A.2)

where the 𝑋𝑎 are the so-called generators of the group. A group element far away from the identity is
reached by subsequently performing infinitesimal transformations, and therefore

𝐷 (𝛼) = exp 𝑖𝛼𝑎𝑋𝑎 . (A.3)

The generators in a Lie group fulfill commutator relations

[𝑋𝑎, 𝑋𝑏] = 𝑖 𝑓𝑎𝑏𝑐𝑋𝑐 (A.4)

1 This is true only for the conventional choices of discrete symmetries. If degenerate fields exist in a theory, it is possible to
generalize the symmetries to follow a 𝑍2𝑝 symmetry where 𝑝 > 1 is an integer. See e.g. [344].
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which is called the Lie algebra and is completely defined via the structure constants 𝑓𝑎𝑏𝑐.
Some Lie groups are of particular interest for the SM. The first and simplest one is 𝑈 (1), which

corresponds to the rotation on a circle. It is a 1-dimensional and therefore an abelian Lie group where 𝛼
corresponds to a rotation angle and 𝑋 is a real number. In the SM, the𝑈 (1) Lie group is identified with
the gauge symmetry of QED, where 𝑋 corresponds to the electric charge 𝑄. Due to the 𝑈 (1) group
being Abelian, there are no self-interactions of photons.

The second important Lie group is 𝑆𝑈 (2) which gives rise to three generators connected via the 𝑠𝑢(2)
algebra

[𝐽𝑖 , 𝐽 𝑗] = 𝑖𝜖𝑖 𝑗𝑘𝐽𝑘 . (A.5)

This group can be used to describe the spin of particles as the fundamental representation corresponds to
spin-1/2 (with states 𝑚 = ±1/2). In the spin-1/2 representation, the generators of the group that follow

𝐷 (𝛼) = exp 𝑖
3∑︁
𝑖=1

𝛼𝑖𝐽𝑖 (A.6)

can be identified with the Pauli matrices 𝜎𝑖 = 2𝐽𝑖. The trivial representation corresponds to spin-0
particles, which are unaffected by transformations under 𝑆𝑈 (2). Particles with higher spin can be
expressed by higher representations of 𝑆𝑈 (2) via tensor products of the spin-1/2 case, where for a spin
𝑙 the dimension of the representation is 2𝑙 + 1. Examples are fermions for 𝑙 = 1/2, massive vector
bosons for 𝑙 = 1, and Δ-baryons for 𝑙 = 3/2. In the SM, the 𝑆𝑈 (2) Lie group is also identified with the
symmetry of weak isospin, which is important for the electroweak interaction. In this case, the three
generators are identified with three gauge fields forming a weak isospin triplet, which mix into physical
gauge bosons after the electroweak symmetry breaking.

The final Lie group needed for the completion of the SM is 𝑆𝑈 (3), which is generated by the eight
Gell-Mann matrices 𝜆1 ... 𝜆8. The Gell-Mann matrices contain the three Pauli matrices acting on a
2-dimensional subspace (and therefore containing 𝑆𝑈 (2) as a subgroup). The 𝑆𝑈 (3) Lie group has been
of importance multiple times throughout the development of particle physics. Before the discovery of
the quark model, the 𝑆𝑈 (2) subgroup was first used to describe isospin by placing the proton and the
neutron in an isospin doublet. The discovery of additional particles historically led to the introduction of
the strangeness quantum number, from which on particles could be described much better under the full
𝑆𝑈 (3) symmetry with the proton, neutron, and Λ baryon forming a triplet. From a modern perspective,
this corresponds to the flavor symmetry of the light quarks. In the SM, 𝑆𝑈 (3) is realized in the quark
model where the fundamental representation describes the color of a particle with the three color states
red, green, and blue. The eight generators of 𝑆𝑈 (3) are associated with the gluons, which represent
color states themselves.

Lie algebras also allow the incorporation of the concept of special relativity into a theory. In a 1 + 3
dimensional Minkowskian spacetime, there are 10 symmetry transformations (generators) that leave the
description of physical processes under

𝑥
𝜇 → 𝑥

′𝜇 = Λ𝜇
𝜈𝑥

𝜈 + 𝑎𝜇 (A.7)

invariant. They consist of 4 translations, 3 rotations, and 3 boosts and are known as the Poincaré group,
which itself is therefore a 10 dimensional Lie group. The 3 rotations and 3 boosts with additional
requirements Λ0

0 ≥ 1 and detΛ = 1 form a 𝑆𝑂 (1, 3) subgroup which is referred to as the (proper
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orthochronous) Lorentz group. In contrast to the Lie groups specifying the internal symmetries of the SM,
both the Poincaré and Lorentz group are not compact. The algebra of the Lorentz group is isomorphic to
the complexified direct sum of two 𝑠𝑢(2) algebras. Therefore, there exist two 2-dimensional subspaces,
where the fundamental representation in the first (second) subspace is called a left (right) handed Weyl
spinor. The handedness consequently defines how a Weyl spinor transforms under the Lorentz group.
It is also called the chirality. A parity transformation flips the handedness of a Weyl spinor. This
concept is important for the weak interaction, in which only left-handed particles participate and which
is maximally parity-violating. In interactions independent of the chirality, Dirac spinors are used, which
are combinations of a left- and right-handed Weyl spinor.
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APPENDIX B

Details of the event generation

In this appendix, the event generation for Chapters 5 to 7 is discussed in more detail. Specifically, the
event syntax for MadGraph5_aMC@NLO is provided.

Event generation for Chapter 5

To filter out the effects from the effective Higgs-gluon coupling, a custom model file employing the
UFO format is used [346]. In this file, the two effective couplings in Eqs. (2.61) and (2.62) are added
to the SM. This allows for the generation of ggF2j events with the 𝐻 → 𝛾𝛾 decay on tree level. The
Higgs coupling to photons is assumed to be SM-like so that the constraints are not dominated by rate
information. In total, there are four new coupling parameters included in the file, which are called QGGH,
QGGA, QGAGAH, and QGAGAA. Enabling one of these parameters (by setting them to 1) forces MadGraph
to generate events with exactly one scalar or pseudoscalar Higgs boson coupling to gluons or photons.
The parameters are specified similarly to the QED and QCD orders during the event generation.

The ggF2j events are generated at LO with two exclusive hard QCD jets. The exact syntax is provided
below. Afterwards, events are scaled to NLO by using a constant K-factor that is added to the total cross
section. To verify that the approach taken here is valid, additional ggF2j datasets were created at NLO,
including two inclusive jets by employing the Higgs Characterization UFO model [128]. They
were generated for the SM point 𝛼𝑔 = 0◦ and a BSM benchmark point including a significant interference
contribution 𝛼𝑔 = 35◦. The inclusive NLO events were then given to the signal-background and CP
classifiers as detailed in Section 5.2 without retraining the classifiers. The selection efficiency of the
signal-background classifiers was found to be slightly worse in the NLO case, leading to a reduced value
of the Δ𝜒2 between the 𝛼𝑔 = 0◦ and 𝛼𝑔 = 35◦ hypotheses by about 10%. However, this is primarily an
effect of the signal-background classifiers being trained with LO samples. Using the same selection
efficiency for the NLO samples, the Δ𝜒2

LO and Δ𝜒2
NLO agree within 1%. This indicates that the CP

analysis is stable and that the errors obtained by using a flat K-factor and an exclusive jet generation are
small.

The syntax used for generating events at the parton level is listed in Table B.1. For the ggF2j processes,
the full custom UFO model file is used. For the SM events of the Higgs background processes, the
effective Higgs-gluon coupling is disabled in the model file. Finally, the events containing CP violation
in the 𝐻𝑉𝑉 coupling employ the SMEFTsim 3.0 package [146]. An additional diagram filter is used to
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Events Syntax

ggF2j
��Meven

��2 p p > a a j j QGGH==1 QGAGAH==1 QED=4 QCD=4

ggF2j
��Modd

��2 p p > a a j j QGGA==1 QGAGAH==1 QED=4 QCD=4

ggF2j Interf. p p > a a j j QGGH^2==1 QGGA^2==1 QGAGAH==1 QED=4 QCD=4

VBF SM p p > a a j j $$ w+ w- z QGAGAH==1

𝑉𝐻 SM
p p > z > a a j j QGAGAH==1

add process p p > w+ > a a j j QGAGAH==1

add process p p > w- > a a j j QGAGAH==1

VBF 𝑐Φ𝑊̃ = 1 TeV−1 p p > a a j j $$ w+ w- z /a QCD=0 NP=1 NP^2==1

𝑉𝐻 𝑐Φ𝑊̃ = 1 TeV−1
p p > z > a a j j /a NP=1 NP^2==1

add process p p > w+ > a a j j /a NP=1 NP^2==1

add process p p > w- > a a j j /a NP=1 NP^2==1

Table B.1: Syntax for the event generation of all datasets used in Chapter 5. The generate command is omitted.

remove any diagrams that do not correspond to VBF or 𝑉𝐻.

Event generation for Chapter 6

All events are generated using the Higgs Characterization UFO model [128]. This model file
replaces the SM Higgs boson with a particle x0 that acts as a Higgs boson with undefined CP properties.
Although event generation at NLO QCD is possible with the model file used, it introduces unwanted
effects. Specifically, in contrast to the ggF2j case, the top quark cannot be approximated via the infinite
top mass limit in 𝑡𝑡𝐻. This leads to the problem that an effective Higgs-gluon coupling, as detailed
above, cannot be generated. However, a gluon fusion loop that is mainly influenced by the top-quark
coupling places much stronger constraints on the CP character of this coupling via its rate than the
direct 𝑡𝑡𝐻 measurement itself. It is therefore not possible to disentangle the effects at NLO in this model
file. Luckily, scaling the events from LO to NLO via a constant K-factor has been shown to be a valid
approximation [174, 239] since the corrections to the differential cross sections are mostly independent
of the CP state.

The syntax used for generating both the signal events and all considered background events is shown
in Table B.2. The signal events at 𝛼𝑡 = 0◦ and 𝛼𝑡 = 90◦ are obtained by setting the cosa parameter to 1
or 0, respectively. Furthermore, the scalar and pseudoscalar top-Yukawa coupling parameters khtt and
katt are set to 1 in both cases, restoring the SM rate. The x0 does not appear in the s-channel for the
background diagrams and therefore does not have to be explicitly excluded in the syntax.
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Events Syntax

𝑡𝑡𝐻 p p > x0 t t~

𝑡𝑡𝛾𝛾 p p > t t~ a a

𝑡𝑡𝑏𝑏̄ p p > t t~ b b~

𝑡𝑡𝑊
p p > t t~ w+

add process p p > t t~ w-

Table B.2: Syntax for the event generation of all datasets used in Chapter 6. The generate command is omitted.

Event generation for Chapter 7

For the study of CP-odd observables in VBF, the events are generated using the same syntax as in
Table B.1. Again, the SMEFTsim 3.0 package is employed. The different amounts of CP violation in
the 𝐻𝑉𝑉 coupling are obtained by setting the 𝑐Φ𝑊 parameter to the respective value.

In the case of both CP-odd and CP-even observables in 𝑡𝑡𝐻, the events are generated using the Higgs
Characterization UFO model and the syntax in Table B.2. Additionally, 𝑡𝑡𝐻 events associated with
an additional hard jet are generated using p p > x0 t t~ j. The di-leptonic and semi-leptonic top
quark decays are handled by MadSpin. Different values for 𝛼𝑡 are obtained by modifying the cosa
parameter.
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APPENDIX C

Likelihood tests

This appendix discusses the details of statistical analyses in high-energy physics. The discussion is
mainly based on [347] and the review of statistics in [12]. Specifically, it is discussed how exclusion
plots can be obtained.

To test how well a certain BSM scenario, for example with some CP mixing angle 𝛼 ≠ 0◦, compares
to the measured data, a likelihood has to be defined. For this, the SM case of 𝛼 = 0◦ is considered the
null hypothesis 𝐻0 while the BSM state to be tested is associated with the alternative hypothesis 𝐻1.
When an analysis is conducted at the LHC, likelihood tests are typically performed by conducting a
counting experiment. This means that the events follow a Poisson distribution

𝑃(𝑛|𝜆) = 𝜆
𝑛

𝑛!
𝑒
−𝜆 (C.1)

with the expected number of events 𝜆 and the observed number 𝑛. In the corresponding likelihood
function, the measured bins factorize

𝐿 (𝜆) =
𝑁bins∏
𝑖=1

𝜆
𝑛𝑖
𝑖

𝑛𝑖!
𝑒
−𝜆𝑖 . (C.2)

According to the Neyman-Pearson lemma, the likelihood ratio provides the most powerful statistical test
of 𝐻1 against 𝐻0 [336]. For convenience, the test statistic

𝑡𝜆 = −2 ln
(
𝐿BSM
𝐿SM

)
(C.3)

is defined, containing the likelihood ratio. When 𝐻0 and 𝐻1 are tested via counting experiments, as done
in this work, Eq. (C.3) becomes

𝑡𝜆 = −2 ln

(
𝑁bins∏
𝑖=1

𝜆
𝑛𝑖
BSM,𝑖𝑒

−𝜆BSM,𝑖

𝜆
𝑛𝑖
SM,𝑖𝑒

−𝜆SM,𝑖

)
. (C.4)

The analyses in this thesis concentrate on the question of what BSM parameter space can be excluded
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given the measurements at the LHC, which have so far been in good agreement with the SM. For
phenomenological studies, this can be answered by assuming the observation of SM-like data 𝑛𝑖 = 𝜆SM,𝑖 .
Then, Eq. (C.4) becomes

𝑡𝜆 = −2
𝑁bins∑︁
𝑖=1

[
𝜆SM,𝑖 · ln

(
𝜆BSM,𝑖

𝜆SM,𝑖

)
− 𝜆BSM,𝑖 + 𝜆SM,𝑖

]
. (C.5)

According to Wilks’ theorem, the test statistic 𝑡𝜆 approaches a 𝜒2 distribution [348]. In the case of a
counting experiment, the relevant parameter to differentiate between 𝐻0 and 𝐻1 is the predicted number
of events 𝜆. Therefore, 𝑡𝜆 is approximately 𝜒2-distributed for one degree of freedom. In this special

case, the significance of the test is 𝑆 =
√︃
𝜒

2
𝑘=1 and subsequently

𝑆 =

√√√
−2

𝑁bins∑︁
𝑖=1

[
𝜆SM,𝑖 · ln

(
𝜆BSM,𝑖

𝜆SM,𝑖

)
− 𝜆BSM,𝑖 + 𝜆SM,𝑖

]
. (C.6)

𝑆 is a measurement for the confidence level of excluding the BSM hypothesis given a SM measurement.
Therefore, 𝑆 = 1 yields the 1𝜎 level, 𝑆 = 2 yields the 2𝜎 level, etc.

Chapter 5 includes a study of the Higgs-background processes VBF and 𝑉𝐻. Since these are
independent of the coupling modifiers 𝑐𝑔 and 𝑐𝑔, the events enter the SM and BSM distributions in the
same way. As a result, the expected events entering Eq. (C.6) are

𝜆SM = 𝜆BG + 𝜆 |Meven |2 (C.7)

and
𝜆BSM = 𝜆BG + 𝑐2

𝑔 𝜆 |Meven |2 + 𝑐𝑔𝑐𝑔𝜆Interf. + 𝑐2
𝑔 𝜆 |Modd |2 . (C.8)

The exclusion plots are obtained by performing a scan over 𝑐𝑔 and 𝑐𝑔 and using the prediction at each
parameter point as 𝐻1.

Eq. (C.6) does not take into account uncertainties in the distributions of the expected events. However,
if there is some uncertainty 𝜎 associated with them, the significance becomes [321]

𝑆 =

√√√
−2

𝑁bins∑︁
𝑖=1

(
𝜆SM,𝑖 ln

[
𝜆BSM,𝑖 (𝜆SM,𝑖 + 𝜎2

𝑖 )
𝜆

2
SM,𝑖 + 𝜆BSM,𝑖𝜎

2
𝑖

]
− 𝜆

2
SM,𝑖

𝜎
2
𝑖

ln
[
1 + 𝜎

2
𝑖 (𝜆BSM,𝑖 − 𝜆SM,𝑖)
𝜆SM,𝑖 (𝜆SM,𝑖 + 𝜎2

𝑖 )

] )
. (C.9)

This is used in Chapter 6 where the expected events for the SM case and the tested BSM scenarios are
obtained using Eq. (6.1). In the limit 𝜎𝑖 → 0, Eq. (C.6) is restored.

In the case of a CP-odd observable, the significances can be obtained in the same way, but it is often
more useful to define a bin-wise asymmetry

A𝑖 =
𝑁
+
𝑖 − 𝑁−𝑖
𝑁
+
𝑖 + 𝑁−𝑖

(C.10)

as used in Chapter 7. Such an asymmetry has the advantage that most systematic uncertainties cancel
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out. The statistical uncertainty of A𝑖 can be obtained by propagating the uncertainties of the bin counts
𝑁𝑖 . Specifically,

𝜎A𝑖
= 2

√√√√√(
𝑁
−
𝑖 𝜎𝑁+𝑖

)2
+

(
𝑁
+
𝑖 𝜎𝑁−𝑖

)2

(𝑁+𝑖 + 𝑁−𝑖 )4
= 2

√︄
𝑁
+
𝑖 · 𝑁−𝑖

(𝑁+𝑖 + 𝑁−𝑖 )3
. (C.11)

where 𝜎𝑁±𝑖 =
√︃
𝑁
±
𝑖 has been used, because the 𝑁±𝑖 are obtained via a counting experiment and therefore

follow a Poisson distribution.
The asymmetry A itself can be approximated as a Gaussian distribution

𝐿 (A) =
𝑁bins∏
𝑖=1

1√︃
2𝜋𝜎2

A,𝑖

exp

(
− (𝑥𝑖 −A𝑖)2

2𝜎2
A,𝑖

)
(C.12)

where 𝑥𝑖 = ASM,𝑖 for the observation of SM-like data. Consequently, the test statistic becomes

𝑡A =
𝑁bins∑︁
𝑖=1

©­«
(ABSM,𝑖 −ASM,𝑖

)2

𝜎
2
ABSM,𝑖

− 2 log
𝜎ASM,𝑖

𝜎ABSM,𝑖

ª®¬ . (C.13)
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APPENDIX D

Observable distributions

Additional 1-dimensional distributions of the variables used in Chapters 5 and 6 are provided here.

D.1 ggF2j distributions

First, some of the observables used for the training of the signal-background classifiers from Section 5.2.1
are shown in Fig. D.1. Specifically, the energy, 𝑝𝑇 , and pseudorapidity of the Higgs boson, and the two
leading-𝑝𝑇 jets are depicted. Furthermore, the higher level variables 𝑚 𝑗 𝑗 , Δ𝜙 𝑗 𝑗 , and |Δ𝜂 𝑗 𝑗 | are shown.
All variables are split into the three Higgs production processes ggF2j, VBF, and 𝑉𝐻. Other variables
that were used in the training are not shown here due to the limited information they provide.

The same variables are shown in Fig. D.2 but for different CP contributions to the ggF2j amplitude,
namely the |Meven |2, |Modd |2, and interference contributions. The interference events all enter with
positive weight in the plots, as they would otherwise cancel each other.
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Figure D.1: Distributions of the variables given to the signal-background classifiers in Section 5.2.1, split into the
ggF2j, VBF, and 𝑉𝐻 contributions. Figure taken from [233].
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Figure D.2: Distributions of the variables given to the CP classifiers in Section 5.2.2, split into the |Meven |2,
|Modd |2, and interference contributions. Figure taken from [233].
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D.2 𝒕 𝒕𝑯 distributions

In Chapter 6, 30 CP sensitive variables in 𝑡𝑡𝐻 are defined across 4 different rest frames. While the
distributions in the lab frame are already depicted in Section 6.1.3, the variables in the other rest frames
are presented here.

Higgs rest frame

Variables defined in the rest frame of the Higgs boson are shown in Fig. D.3.
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Figure D.3: Parton-level distributions for the variables defined in Section 6.1.2 in the Higgs rest frame at benchmark
values of 𝛼𝑡 . Figure taken from [313].
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𝒕 𝒕 rest frame

Variables defined in the rest frame of the 𝑡𝑡 are shown in Fig. D.4.
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Figure D.4: Same as Fig. D.3 but in the 𝑡𝑡 rest frame. Figure taken from [313].
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𝒕 𝒕𝑯 rest frame

Variables defined in the rest frame of the 𝑡𝑡𝐻 system are shown in Fig. D.5.
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Figure D.5: Same as Fig. D.3 but in the 𝑡𝑡𝐻 rest frame. Figure taken from [313].
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APPENDIX E

Training uncertainty

Here, the uncertainties in the training of the CP classifiers from Chapter 5 are discussed. The distributions
for the CP-even and the CP-odd classifiers in the ggF2j-SR are shown in Fig. E.1, while the distributions
in the VBF-SR are shown in Fig. E.2. For all figures, the classifiers have been trained 100 times with
the same input data and hyperparameters. The solid line and shaded region in a single bin correspond
to the mean and standard deviation of all runs in this bin, respectively. In the ggF2j-SR, the largest
uncertainties appear in the outermost bins of the 𝑃(𝑐2

𝑔) variable for the |Modd |2 contribution. The best
classifiers correspond to the ones with high (low) values in the bin around 𝑃(𝑐2

𝑔) = 0 (1). No uncertainty
is visible in the distributions of the 𝑃+ − 𝑃− variable, indicating very stable training.

For the VBF-SR, the training uncertainties are much larger. Especially in the CP-even case, every bin
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Figure E.1: Differential distributions of the individual contributions to the ggF2j cross section, as well as the
background, after running through the (a) CP-even classifier and (b) CP-odd classifier in the ggF2j-SR. 100
classifiers are trained in total. The mean and standard deviation in each bin are shown as a solid line and dashed
region, respectively.
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Figure E.2: Same as Fig. E.1 but in the VBF-SR.

of the |Modd |2 contribution has a visible standard deviation. Furthermore, the background distribution
has some uncertainty due to the training in the outermost bins. For the CP-odd classifier, the training
is more stable as uncertainties are only visible in 4 bins. However, in contrast to the classifier in the
ggF2j-SR, this still indicates some uncertainty in the training process. The reason for the VBF-SR
showing larger uncertainties is the lower number of ggF2j events in this signal region. This comes from
the fact that ggF2j events that were used for the training of the CP-classifiers were separated into the
two kinematic regions before the training. Generally, the CP-even observable shows larger deviations
across the runs than the CP-odd one. This is due to the tiny differences in the kinematic distributions
of the |Meven |2 and |Modd |2 contributions. The performance of an individual classifier is then mainly
decided by the amount of overtraining it exhibits.

The uncertainty of the classifier training process does not propagate to the exclusion limits for the
Higgs-gluon coupling. While it can be used to assess difficulties in the learning process, every individual
classifier corresponds to some observable after training. The best-performing classifier can therefore be
chosen to calculate the final limits without taking the other classifiers into account.
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APPENDIX F

Significance tables

This appendix shows the significances for all 1-dimensional distributions and all 2-dimensional variable
combinations considered in Chapter 6. The significances are obtained for testing the 𝑔𝑡 = 1 and 𝛼𝑡 = 35◦

hypothesis against the SM case when assuming SM data, as detailed in Appendix C. The entries on the
diagonal correspond to a 1-dimensional binning in the respective variable with 14 evenly distributed bins.
The 2-dimensional combinations have 6 × 6 evenly distributed bins. Permuting the variables has no
influence on the results; therefore, each combination is depicted only once, leaving the lower left half of
the matrix empty. Fig. F.1 shows the results in the 𝑡𝑡𝐻 (→ 𝛾𝛾) channel, while Fig. F.2 and Fig. F.3 depict
the 𝑡𝑡𝐻 (multilep.) and the 𝑡𝑡𝐻 (→ 𝑏𝑏̄) channel, respectively. The combination of all three channels is
shown in Fig. F.4.
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Figure F.1: Significances of all variable combinations for excluding the 𝑔𝑡 = 1, 𝛼𝑡 = 35◦ signal in the 𝑡𝑡𝐻 (→ 𝛾𝛾)
channel. Entries on the diagonal correspond to a 1-dimensional binning. Figure taken from [313].
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Appendix F Significance tables
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Figure F.2: Same as Fig. F.1 but in the 𝑡𝑡𝐻 (multilep.) channel. Figure taken from [313].
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Appendix F Significance tables
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Figure F.3: Same as Fig. F.1 but in the 𝑡𝑡𝐻 (→ 𝑏𝑏̄) channel. Figure taken from [313].
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Appendix F Significance tables
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Figure F.4: Same as Fig. F.1 but for the combination of channels. Figure taken from [313].
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APPENDIX G

Equations from PySR and SymbolNet

Here, the equations found by PySR and SymbolNet in Section 7.4 for scenarios 1 to 6 are shown. All
equations are taken from [230].

Scenario 1:

PySR:

cos 𝜃∗PySR =
𝑝𝑧,𝑏 + 𝑝𝑧,𝑙 + 𝑝𝑧,𝜈√︂(

𝑝𝑥,𝑏 + 𝑝𝑥,𝑙 + 𝑝𝑥,𝜈
)2
+

(
𝑝𝑦,𝑏 + 𝑝𝑦,𝑙 + 𝑝𝑦,𝜈

)2
+

(
𝑝𝑧,𝑏 + 𝑝𝑧,𝑙 + 𝑝𝑧,𝜈

)2

SymbolNet:

cos 𝜃∗SymbolNet =
1.006𝑝𝑧,𝑏 + 1.001𝑝𝑧,𝑙 + 1.002𝑝𝑧,𝜈 − 1.027𝑝𝑧,𝑏̄ − 1.027𝑝𝑧,𝑞 − 1.031𝑝𝑧,𝑞̄


1.034𝑝𝑏 + 1.022𝑝𝑙 + 1.024𝑝𝜈 − 𝑝𝑏̄ − 1.007𝑝𝑞 − 1.009𝑝𝑞̄





3

Scenario 2:

PySR:

cos 𝜃∗PySR = sin
[
1.41

(
𝑝𝑧,𝑏 + 1.41𝑝𝑧,𝑙 + 1.41𝑝𝑧,𝜈 − 1.41𝑝𝑧,𝑏̄ − 1.41𝑝𝑧,𝑞 − 1.41𝑝𝑧,𝑞̄

)/
(
𝐸𝑏 + 𝐸𝑙 + 𝐸𝜈 + 𝐸𝑏̄ + 𝐸𝑞 + 𝐸𝑞̄

+
√︂(
−𝑝𝑦,𝑏 − 𝑝𝑦,𝜈 + 𝑝𝑦,𝑏̄ + 𝑝𝑦,𝑞̄

)2
+

(
𝑝𝑥,𝑏 + 𝑝𝑥,𝑙 + 𝑝𝑥,𝜈 − 𝑝𝑥,𝑏̄ − 𝑝𝑥,𝑞̄

)2
− 1.70

)]

146



Appendix G Equations from PySR and SymbolNet

SymbolNet:

cos 𝜃∗SymbolNet =1.006
(

boost
[
− 2.793𝑝𝑏 − 2.811𝑝𝑙 − 2.793𝑝𝜈 + 2.806𝑝𝑏̄ + 2.835𝑝𝑞 + 2.815𝑝𝑞̄

���
− 2.443𝑝𝑏 − 2.434𝑝𝑙 − 2.456𝑝𝜈 − 2.45𝑝𝑏̄ − 2.429𝑝𝑞 − 2.398𝑝𝑞̄

] ) ����
𝑧

/




 boost

[
− 2.793𝑝𝑏 − 2.811𝑝𝑙 − 2.793𝑝𝜈 + 2.806𝑝𝑏̄ + 2.835𝑝𝑞 + 2.815𝑝𝑞̄

���
− 2.443𝑝𝑏 − 2.434𝑝𝑙 − 2.456𝑝𝜈 − 2.45𝑝𝑏̄ − 2.429𝑝𝑞 − 2.398𝑝𝑞̄

]




3

Scenario 3:

PySR:

cos 𝜃∗PySR = sin
[(
− 0.300

√︃
𝐸

miss
𝑇

(
𝑝𝑧,𝑏 + 2.22𝑝𝑧,𝑙

) (
𝑝𝑦,𝑙 + 𝑝𝑥,𝑏 + 𝑝𝑥,𝑙 − 1.99

)
+ 𝑝𝑧,𝑏 + 𝑝𝑧,𝑙 − 𝑝𝑧,𝑏̄ − 𝑝𝑧,𝑞 − 𝑝𝑧,𝑞̄

)/
(
𝐸

miss
𝑇 + 0.949𝐸𝑏 + 0.949𝐸𝑏̄ + 𝐸𝑙 + 𝐸𝑞 + 0.949𝐸𝑞̄ − 1.12

)]
SymbolNet:

cos 𝜃∗SymbolNet = −1.079
(

boost
[
− 4.831𝑝𝑏 − 4.919𝑝𝑙 − 0.2614𝑝miss

+ 4.752𝑝𝑏̄ + 4.827𝑝𝑞 + 4.711𝑝𝑞̄
���4.506𝑝𝑏 + 20.27𝑝𝑙 + 8.622𝑝𝑏̄ + 10.6𝑝𝑞 + 8.935𝑝𝑞̄

]
− 0.698 tanh

(
0.711𝑝𝑏 + 0.821𝑝𝑙 + 2.083𝑝miss − 0.717𝑝𝑏̄ − 0.575𝑝𝑞 − 0.672𝑝𝑞̄

)) ����
𝑧

/
(



 boost

[
− 4.831𝑝𝑏 − 4.919𝑝𝑙 − 0.2614𝑝miss + 4.752𝑝𝑏̄ + 4.827𝑝𝑞 + 4.711𝑝𝑞̄

���
4.506𝑝𝑏 + 20.27𝑝𝑙 + 8.622𝑝𝑏̄ + 10.6𝑝𝑞 + 8.935𝑝𝑞̄

]




3

+ 1.039




 tanh

(
0.711𝑝𝑏 + 0.821𝑝𝑙 + 2.083𝑝miss − 0.717𝑝𝑏̄ − 0.575𝑝𝑞 − 0.672𝑝𝑞̄

)



2

3
+ 0.089

)
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Appendix G Equations from PySR and SymbolNet

Scenario 4:

PySR:

cos 𝜃∗PySR = sin
[(
− 𝑝𝑧,𝑏̄ − 𝑝𝑧,𝑞 − 𝑝𝑧,𝑞̄ + 1.06

√︃
0.888𝐸miss

𝑇 + 1
(
𝑝𝑧,𝑏 + 1.24𝑝𝑧,𝑙

) )/
(
𝐸

miss
𝑇 + 0.968𝐸𝑏 + 0.826𝐸𝑏̄ + 𝐸𝑙 + 𝑝2

𝑦,𝑙
+ 𝐸𝑞 + 𝐸𝑞̄

+ 0.494
(
−𝑝𝑥,𝑏 − 𝑝𝑥,𝑙 + 𝑝𝑥,𝑏̄ + 𝑝𝑥,𝑞̄

)
− 1.48

)]
SymbolNet:

cos 𝜃∗SymbolNet = 1.074
(

boost
[
− 4.341𝑝𝑏 − 4.71𝑝𝑙 − 0.2542𝑝miss + 4.087𝑝𝑏̄ + 4.28𝑝𝑞 + 4.133𝑝𝑞̄

���
− 4.103𝑝𝑏 − 14.52𝑝𝑙 − 7.11𝑝𝑏̄ − 7.261𝑝𝑞 − 6.894𝑝𝑞̄ − 0.327

]
+ 0.668 tanh

(
0.672𝑝𝑏 + 0.723𝑝𝑙 + 1.949𝑝miss − 0.624𝑝𝑏̄ − 0.625𝑝𝑞 − 0.62𝑝𝑞̄

)) ����
𝑧

/
(



 boost

[
− 4.341𝑝𝑏 − 4.71𝑝𝑙 − 0.2542𝑝miss + 4.087𝑝𝑏̄ + 4.28𝑝𝑞 + 4.133𝑝𝑞̄

���
− 4.103𝑝𝑏 − 14.52𝑝𝑙 − 7.11𝑝𝑏̄ − 7.261𝑝𝑞 − 6.894𝑝𝑞̄ − 0.327

]
+ 0.162 tanh

(
0.672𝑝𝑏 + 0.723𝑝𝑙 + 1.949𝑝miss − 0.624𝑝𝑏̄ − 0.625𝑝𝑞 − 0.62𝑝𝑞̄

)




3

0.906




 tanh

(
0.672𝑝𝑏 + 0.723𝑝𝑙 + 1.949𝑝miss − 0.624𝑝𝑏̄ − 0.625𝑝𝑞 − 0.62𝑝𝑞̄

)



2

3
+ 0.154

)
Scenario 5:

PySR:

cos 𝜃∗PySR = sin
[(

1.156𝑝𝑧,𝑏 −
1.156𝑝𝑧,𝑏̄

𝐸
miss
𝑇

(
0.710𝑝𝑥,𝑏̄ + 𝑝𝑥,𝑞 + 𝑝𝑥,𝑞̄

)
+ 0.892

+ 2.06𝑝𝑧,𝑙 − 1.156𝑝𝑧,𝑞 − 1.312𝑝𝑧,𝑞̄
)/

(
𝐸𝑏 + 𝐸𝑏̄ −

√︁
𝐸𝑙 + 2𝐸𝑙 + 𝑝2

𝑥,𝑙
+ 𝐸𝑞 + 𝐸𝑞̄ + 𝑝2

𝑦,𝑞̄ +
(
−𝑝𝑦,𝑙 + 𝑝𝑦,𝑞

)
− 0.511

)]

148



Appendix G Equations from PySR and SymbolNet

SymbolNet:

cos 𝜃∗SymbolNet = − 0.928
(

boost
[
1.673𝑝𝑏 + 2.866𝑝𝑙 − 1.666𝑝𝑏̄ − 2.495𝑝𝑞 − 2.294𝑝𝑞̄

���
− 3.822𝑝𝑏 − 5.112𝑝𝑙 − 3.246𝑝𝑏̄ − 3.755𝑝𝑞 − 3.459𝑝𝑞̄

]
− 0.131 tanh

(
0.8275𝑝𝑙 − 0.3036𝑝𝑞̄

)) ����
𝑧

/




 boost

[
1.673𝑝𝑏 + 2.866𝑝𝑙 − 1.666𝑝𝑏̄ − 2.495𝑝𝑞 − 2.294𝑝𝑞̄

���
− 3.822𝑝𝑏 − 5.112𝑝𝑙 − 3.246𝑝𝑏̄ − 3.755𝑝𝑞 − 3.459𝑝𝑞̄

]




3

Scenario 6:

PySR:

cos 𝜃∗PySR = sin
[(

1.114𝑝𝑧,𝑏 + 2.143𝑝𝑧,𝑙 − 0.858𝑝𝑧,𝑏̄ − 0.426𝑝𝑧,𝑞 − 1.088𝑝𝑧,𝑞̄
)/

(
𝐸

miss
𝑇 𝐸𝑞 + 𝐸𝑏 + 𝐸𝑏̄ + 1.85𝐸𝑙 + 𝐸𝑞̄

−
(
𝑝𝑥,𝑏 + 𝑝𝑥,𝑙

) (
𝑝𝑥,𝑏̄ + 𝑝𝑥,𝑞 + 𝑝𝑥,𝑞̄

)
− 0.863 −

0.205𝑝𝑧,𝑞√︁
𝐸𝑞

)]
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Appendix G Equations from PySR and SymbolNet

SymbolNet:

cos 𝜃∗SymbolNet =0.971
(

boost
[
− 1.521𝑝𝑏 − 3.066𝑝𝑙 + 1.421𝑝𝑏̄ + 2.218𝑝𝑞 + 2.043𝑝𝑞̄

���
− 2.845𝑝𝑏 − 4.559𝑝𝑙 − 2.575𝑝𝑏̄ − 2.753𝑝𝑞 − 2.676𝑝𝑞̄

]
− 0.256 tanh

(
0.646𝑝𝑏̄ − 0.634𝑝𝑙 + 0.648𝑝𝑞

)) ����
𝑧

/
(



 boost

[
− 1.521𝑝𝑏 − 3.066𝑝𝑙 + 1.421𝑝𝑏̄ + 2.218𝑝𝑞 + 2.043𝑝𝑞̄

���
− 2.845𝑝𝑏 − 4.559𝑝𝑙 − 2.575𝑝𝑏̄ − 2.753𝑝𝑞 − 2.676𝑝𝑞̄

]




3

+ 0.774
〈
0.071 boost

[
− 1.521𝑝𝑏 − 3.066𝑝𝑙 + 1.421𝑝𝑏̄ + 2.218𝑝𝑞 + 2.043𝑝𝑞̄

���
− 2.845𝑝𝑏 − 4.559𝑝𝑙 − 2.575𝑝𝑏̄ − 2.753𝑝𝑞 − 2.676𝑝𝑞̄

]
+ tanh

(
0.646𝑝𝑏̄ − 0.634𝑝𝑙 + 0.648𝑝𝑞

)
×

tanh
(
0.646𝑝𝑏̄ − 0.634𝑝𝑙 + 0.648𝑝𝑞

)〉
3
− 0.223

)
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