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Abstract
In this study, we present a new static and conformally symmetric wormhole solution.We develop new
wormholemodel in ( )Lf R, m gravity. Shape function of conformally symmetric ( )Lf R, m

wormholes, provided by homothetic vector field is obtained regarding to conformal factor. It is
investigatedwhether the function provides a stable throat infrastructure that does not allow
collapsing. Anisotropic fluidmatterfilled the obtained conformally symmetric traversable wormholes
is discussed by examining the dynamical properties of thefluid. Constructed newwormholemodel
violates all energy conditions. Physical significance of the sources filled constructedwormholes is
discussed using volume quantifier. It is revealed that ( )Lf R, m theory allows traversable and
conformally symmetric wormholes if supported by phantom field.

1. Introduction

Studies on investigation of frequency shifts in galaxy spectra, whichwould inspire future theoretical studies,
dates back to early 1900s [1]. So, Friedmann [2] and Lemaitre [3] independently showed that their suggested
models, obtained fromEinstein field equations, expressed a non-static structure ofUniverse. Early consistent
observational evidences of the dynamical structure weremeasured by Lundmark [4] andHubble [5].
Movements of galaxies away from each otherwere interpreted asUniverse becoming larger and expanding.
With technological andmethodological developments in galaxy observations, expansion constraint is
continually renewed [6]. Independent analyzes of calibrated data fromdifferent galaxy clusters reveal that
constraint of expansion is surprisingly different from initially presented byHubble [5, 7, 8]. In other words,
Universe is not just expanding, it is expanding at an accelerating rate [9]. Local galaxy data fromWMAP
confirms thefindings [10]. An explanation for late-time expansion is interpreted as negative pressure offluid in a
model presented by Friedmann equations [11, 12]. This candidate, called as dark energy, stands for total energy
in vacuum state [13]. In the explanation, cosmological constant added tofield equations by Einstein to prevent
collapse andmakeUniverse static actually represents dark energy.However, particle physics experiments show
that observational results of cosmological constant have too different values from those predicted by theory to be
acceptable within error tolerance [14]. For this reason, new researches are being developed to replace both
Einstein’s Theory ofGeneral Relativity and dark energy-cosmological constant interpretations. Alternative
gravitational theories emerge as anothermethod to explain the expansion. In recent years, while alternative
theories and their validities withmodifications and/or improvements on Einstein-Hilbert action have been
derived. A new and consistent theory approaches, which eliminate problems encountered in Einstein’s General
Relativity such as not being able tomeet quantumnature, being inadequate at high energy limits,
incompatibilities ofMach’s Principle, normalization problems andnot being able to explain early expansion at
the same time, gave rise tomany exciting proposals. Recently,many studies on scalarfield supported scalar-
tensor theories [15–17], f(R)-class theories [18–21], k-essence type theories suitable for high energy structures
[22], and hybrid structures where these are considered together [23] have been put forward.
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A recent popular alternative gravitational theory is ( )Lf R, m gravity, proposed byHarko and Lobo [24]. In
this theory, not only Ricci scalar but also Lagrangian density originating frommatter, directly affects action
integral for geometry of space-time. Thus, extra forces acting onmassive test particles are orthogonal to four-
velocities [25].Massive test particles do notmove through the geodesics. This situation can be understood by
covariant divergence of energy-momentum tensor being different from zero. Therefore, equivalence principle
may not be satisfied in ( )Lf R, m theory [25]. The scope of the principle, whichmust be ensured in accordance
with solar system tests, is a research topic that has attracted attention in recent years. Some observation data
obtained recently fromoutside the solar systemhave indicated that the equivalence principlemay not bemet.
The absence ofmovement along geodesic curves can also explain dark energy, which is held responsible for the
expansion of theUniverse [25]. ( )Lf R, m gravity can be considered as a generalization of all alternative gravity
theories using Riemannian geometry.Within the scope of theory, cosmological constraints were calculated for
non-linearmodels and expansion scenarios were discussed using redshift data [26]. Also, it is shown that
constructedmodel has quintessence structure [26]. The compatibility of the theory with solar system tests and
the equivalence principle was investigated [27]. General energy conditionswere defined and also discussed
whether theyweremet or not [28]. The behavior of deceleration, Hubble and density parameters in the case of a
massive sourcewas revealed [29]. Radiation dominant period andnucleosynthesis researchwere given [30]. In
addition, traversability of static wormholes in linear and non-linear cases [31], shape function behavior of
Morris-Thornewormholes [32] and stability conditions of Lorentzianwormholes in anisotropic and isotropic
cases were examined [33].

As is known, a black hole has singularity at the center. To create amodel, free of the singularity, Einstein and
Rosen took transformation of reference frame into account in the Schwarzschild solution [34]. The resulting
model has a throat around z(r)→ 0 and two separatemouths on the edges of the throat, which are projected onto
two differentmanifolds [35]. Themodel structure is a tube-like structure that is narrow in the throat andwidens
in themouths [36]. Theoretically, themanifolds where themouths are located can be different regions of the
same space-time, or they can be different regions of different universes [37]. This structure connecting these
different regionswith the help of a throat is called the Einstein-Rosen bridge.However, the throat tends to
collapse and themodel is reduced to a black hole.Morris andThorne [38] showed that if effectivematter in the
throat is an exoticmatter with negative pressure, thewormhole could have a stable throat due to repulsive effects
of thematter.With this idea of a traversable and stable structure,many remarkable topics such as interuniverse
transition, time-machine, space-time travel are taken into consideration togetherwithwormholes [39]. The fact
that wormholes are bridges that allow travel in space, time or space-time causes this phenomenon to be
primarily investigated in bothGeneral Relativity and other alternative gravitation theories. On the other hand,
symmetries are away to simplifymathematical language used to describe and understand events and systems.
For example, axial symmetries, spherical symmetries, mirror symmetries and inheritance symmetries [40]. In
addition, the symmetries of space-time geometries contribute positively to the solvability of difficult-to-solve
systems such as Einstein field equations. Such systems can be described bymeans of isometries . Some useful
constraints can be applied to the space-time geometry bymeans of Killing vectors, and especially gauged
conformal Killing vectors [41]. Kuhfitting [42], proposed a traversable wormholemodel that allows the one-
parameter group of conformalmotionwith barotropic equation of state. In recent years, wormholemodels with
symmetry along conformal Killing vectors have beenwidely investigated in alternative gravitation theories.
Under the leadership of all these studies, ourmainmotivation in this study is to obtain conformal wormholes
fromperspective of ( )Lf R, m theory, to discuss stability conditions of constructedmodel in geometric and
dynamic aspects and to definematter and/or energyfield that could be source of suchwormholes.

The content of the study is as follows: Field equations and related connection of ( )Lf R, m theory, wormhole
geometry and geometrical stability conditions arementioned in section 2. In section 3, wormhole space-time
was reconstructed under conformal symmetry. Redshift function and shape function of thewormholes were
defined under the conformal symmetry. In the framework of ( )Lf R, m gravity,field equations and their
solutionswere obtained for conformal wormholes with anisotropic distribution. Geometric traversability and
stability conditions of the conformal wormholes were obtained in section 4. Traversability and stability
properties of conformal wormholes were revealed dynamically with the help of energy conditions in section 5.
Obtained results, literature comparisons and important findings are summarized and discussed in section 6.

2. ( )Lf R, m theory andwormholes

If it is desired to presentmatter-geometry relation under a functionwith an alternative approach directly in
Einstein-Hilbert action, and if thematter-geometry coupling and Lagrangian density ofmatter are accepted to
vary only according tometric potentials, such a gravitational theory is represented by an action integral as
follows:
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( ) ( )Lò= -S f R g d x, 1m
4

where ( )Lf R, m is determining function of the theory [24].R and Lm sign Ricci scalar and Lagrangian density of
matter, respectively [24]. In accordance with least action principle, field equations of the theory, which reveal
coupling ofmatter-geometry are obtained from variation of equation (1) as follows:

( ) ( ) ( ) LL L+ -  - - =f R g f f f g f T
1

2

1

2
2R ik ik i k R m ik ikm m

where = ¶
¶
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f

R
, L L

= ¶
¶

f
f

m m
and ( )L=f f R, m [24]. Also,∇i and, symbolize covariant derivative and

d’Alambertian operator, respectively.Tik characterizes stress-energy tensor ofmatter. The tensor is given as
depend on Lagrangian density ofmatter andmetric potentials by [43]:
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= -

-

-
T
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g

g

2
. 3ik

m

ik

By considering contraction offield equations given by equation (2), one gets trace of second rank tensors defined
on the right and left sides of the equation provides an additional equation fromwhich ( )Lf R, m can be isolated:

( ) ( ) LL L+ - - =Rf f f f f T3 2
1

2
. 4R R mm m

In addition, conservation of energy andmomentum in the theory are definedwith covariant derivative offield
equations byHarko and Lobo [24]:

( ) ( )L
L = 

¶
¶

T f
g

2 log . 5i ik i
m
ikm

Wormhole geometries appertain two serious functionswhich directly affect structural properties of the
formations: redshift functionΦ(r) and shape function b(r). They are defined by following line element as
Einstein-Rosen bridge on eliminating singularities of black holes [44]:

⎛
⎝

⎞
⎠

( ) ( )( ) q q= - - - - FF
-

ds e dt
b r

r
dr r d r d1 sin . 6r2 2

1
2 2 2 2 2 2

Wormholes provide infrastructure with openings to separatemanifolds. Therefore, in addition to associating
different space-time parts, it could also offer opportunity to transition between these regions. Awormhole can
be unstable and collapsing like a black hole, or it can be stable and traversable. Traversability properties of
wormholes are determined by boundary conditions of redshift and shape functions [38].

• Condition associatedwith redshift function limits coherentmotion of thewormhole with expanding universe
and limits its stable structure by avoiding singularities. The functionmust befinite along radial
coordinate [45].

• Since shape function directly determines throat radius of thewormhole (r0), the conditionswhich restrict
shape function of being traversable, ensure non-collapsing and singularity-free wormholes [45]:

(i) throat radius condition: b(r)= r0 at r= r0,

(ii) throat condition: b(r)< r at r0< r<∞ ,

(iii) flare-out condition: ( ) < 1db r

dr
at r0< r<∞ ,

(iv) asymptotically flatness condition: b(r)/r→ 0 at r→∞ ,

(v) proper distance condition: ∣ ∣
( )ò -

-
r r

r

r dr
0r b r

r
0

for all asymptotical regions.

3. Conformalwormholes in ( )Lf R, m theory

The geometrical structure commonly used in starmodels is spherical symmetry, and themost suitable effective
matter of star is considered to be anisotropic fluid due to its properties such as electromagnetic effects and
rotation.On the other hand, anisotropic distributions are at the forefront inmodeling phenomenawith high
mass density such as compact objects, black holes, exotic stars [46]. Although there are isotropic solutions at the
Planck scale level for the physical construction of wormholes, thismodel is not a geometric infrastructure that
can only be produced by gravity [47].Wormholes are taken into consideration not only from a quantum
perspective, but also from a simple anisotropic structure within the framework ofGeneral Relativity or
alternative gravity theories [48]. In order that wormhole throat tomeet traversability conditions, itmust first
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have an initial value other than zero. This geometrical result could only be achieved if effectivematter has
negative pressure and radial/tangential effects are observed. For this reason, source of thewormholes is
commonly considered to be an anisotropic fluid. Energy-momentum tensor is given by

( ) ( ) ( )r= + - + -T p u u p g p p x x 7ik t i k t ik r t i k

where ρ(r), pr(r) and pt(r) are energy density, radial and tangential pressure of the fluid, respectively. ui and xi sign
four-velocity and unit four-vector. By considering equations (2), (6) and (7),field equations forwormholes are
attained in ( )Lf R, m theory as follows:
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where prime symbolizes derivative with respect to radial coordinate. It is considered that four velocity is suitable
for co-movingmovement and unit four-vector is in the radial direction.

Static spherically symmetric space-times satisfy conformal symmetry throughout vector field such as

( ) ( )( )x x xº º y c, 0, 0, , 0, 0,a r r1 4
2 1 whereψ(r) represents conformal factor and c1 is integration constant [45].

Properties of conformal factor could be understood from solutions of ( )I y x xº º +xg x gik
a

ik i k k i; ; andfield
equation, which determine symmetry. Table 1 summarizes vector fields of the symmetry and function
properties of the conformal factor [49]:

Similarly, wormhole geometrywith conformal symmetry is obtained by subjecting themetric potentials
given in equation (6) to Lie derivative along the same ξ a vector field as follows:

( )( ) =Fe c r , 11r
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2 2
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Spherically symmetric space-timewhich has conformal symmetry can bewritten as

( )
( )

y
q q f= - + + +ds c r dt

c

r
dr r d r dsin 142

2
2 2 2 3

2

2
2 2 2 2 2 2

where c2 and c3 are integration constants [50].
According to nature of thefluid dynamics,matter Lagrangian Lm can be expressed depending on the

dynamic components of thefluid. This expression is ( )L L rº p,m m in general form [24].With equation of
state (p=ωρ), pressure of thefluid can be expressed as a function of its energy density such as p(ρ). Similarly,
with another preference, the energy density can be used as a function of pressure such as ρ(p). Therefore, the
matter Lagrangian can also be chosen as a function of pressure only ( )L pm or as a function of energy density
only ( )L rm . There aremany examples that try to clarify different cosmological and gravitational problems using
simple functions of both cases. The nature of these choices is discussed in detail in [24]. In this study, we prefer
the choice that allows us to compare with existing studies and is widely used in the literature [51–53]:

( ) ( )L r= r . 15m

Let us take into consideration Lm model, which can be easily reduced to Einstein gravity with cosmological
constant and is defined as directly responsible for gravitational field:

Table 1.Type of vector field of symmetry according to conformal
factor.

Vector field of conformal symmetry Conformal factor

KillingVectors ψ= 0

Homothetic KillingVectors ψ,i= 0 andψ≠ 0

Special Conformal KillingVectors ψ,ik= 0,ψ,i≠ 0 andψ≠ 0

non-Special Conformal Killing

Vectors

ψ,ik≠ 0,ψ,i≠ 0 andψ≠ 0
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( ) ( )L L b= + +af R
R

n,
2

16m m

where n,α andβ are constants relatedwith dimensional coupling, field contribution and expansional structure,
respectively [24, 54–58].

An exoticmatter sourcewith negative pressure is needed to prevent throat radius of wormholes from
approaching to zero. Inmodified gravity theories, extra contributions in Einstein-Hilbert action change effect of
matter. Therefore, it is clear that proportionality coefficient in equation of State (EoS) is negative for effective
matter, but can be either positive or negative forfluidmatter. Therefore, undermentioned considerations and
condition pr(r)=ωρ(r),field equations given by equations (8)–(10) are obtained as follows:
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From equations (17)–(19), we get exact solutions of the field equations in the following form:
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where c4 is arbitrary constant. Also, dimensional coupling constant n is unitized and selected as n= 1.
Within the framework of Lm theory, energy density obtained in equation (21) for anisotropic fluid that

creates obtainedwormhole geometry is given infigure 1. It can be seen that solution has a singularity in the case
of pr=−ρ. It is clear that energy density takes positive values in the range ofω<−1 orω>−1. Additionally, it is
seen to havemaximumvalues nearω→−1 neighborhoods around r→r0. However, when r→∞ , it
approaches ρ|r→∞→ 0. In the neighborhoods of r→ r0, ρ becomes zero forω=− 1 orω?− 1.

Change of radial pressure for the constructedmodel is given infigure 2. Singularity atω=− 1 is also clearly
seen in the change of pr function. Figure 2(a) is obtained for positiveω values andfigure 2(b) is obtained for
negativeω values. Since energy density is always positive, radial pressure can take positive or negative values in
accordancewith EoS. Therefore, constructed solution can be produced by both a normal sourcewith positive
density and pressure and/or an exotic sourcewith negative pressure. An interesting finding fromfigure 1 and
figure 2 is that the source distribution is very concentrated around throat of constructedmodel.While the source
effect is seen in neighborhoods smaller than throat radius, this effect disappears quickly as the radius increases.
Tangential pressure of the solution is given infigure 3. Although it appears to be different from radial pressure in
function, its changes with radial coordinates have a similar tendency for the region of negative radial pressure. It
can be seen that the tangential pressure is negative for all values ofω, without any EoS constraint.

In this study, the singularity of the EoS parameterω is discussed in detail for reasonable constant choices.
Another factor that can singularize dynamical components of the fluidwhich supports the traversable and
conformal wormhole structure given in equations (21) and (23) is the parameterα, which directly affects
contribution of ( )Lf R, m gravity. As is clear from equations (21) and (23), the valueα= 0 forms the asymptote
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for all dynamical components. As can be seen from equation (16),α= 0 value eliminates the dependence of the
matter Lagrangian on ( )Lf R, m model. In otherwords, it is not compatible with the nature of the ( )Lf R, m

gravity approach. On the other hand, it is seen in euqations (21) and (23) that depending on the EoS parameter,
separate singularities emerge atα1= n(1−ω)−1 andα2= 2n(5+ω)−1 values. For the selection of n= 1 and EoS
parameter atω=−1, repeated roots in the formofα1,2= 1/2 appear. Therefore, it is considered asα= 1/2 in

Figure 1.Energy density for the source of constructedwormholes (c3= 100, c4=−1000,α= 1/2,β= 1/1000).

Figure 2.Radial pressure for the source of constructedwormholes (c3= 100, c4=−1000,α= 1/2,β= 1/1000).

Figure 3.Tangential pressure for the source of constructedwormholes (c3= 100, c4=−1000,α= 1/2,β= 1/1000).
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this study. However, it is useful tomention the critical values of this parameter, which directly affects extra force
contribution of the ( )Lf R, m model. In caseα= 1, ( )Lf R, m model given in equation (16) reduces toGeneral
Relativity with cosmological constant. In theGeneral Relativity limit, it is necessary tomake adjustments to n
constant for the singularity atω=−1. So, n= 2 or n=−3.When these constant choices are not taken into
account, obtained energy density and radial pressure in equations (21) and(22) become negative. Ifα1=α2

whereω=−1, the parameter becomes depending on n constant such as ∣a =w-
n

1,2 1 2
. For physically

meaningfulmatter distribution and the search forwormhole effectivematter, it is useful tomake adjustments
based on the constant n and evaluate other parameters according to this coupling constant setting to be ρ� 0 or
to focus on the repeated roots case forα= n/2 as considered in the study.

4. Viability and stability inspections

In order to definewhether the obtained solution constructs wormhole geometry, it isfirstly necessary to
determine the shape function. From equations (12) and (20), shape function of constructedmodel is obtained as:

( ) ( )
( ( ) )
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( )
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a
a w

b
=

-
+ -

- - - a
w a
-

+ -b r r
r

c
r

2 2 1

5 2 3

1
. 24

3

3
2

3 2 1
1 1

Let’s obtain functions relatedwith the shape function in order to understandwhether obtained solution is
traversable wormhole geometry or not and to investigate its stability. By using derivative of equation (24), we get
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Other important relations are as follows:
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⎜ ⎟
⎛
⎝

⎞
⎠

( ) ( )
( )

( )
( )
( )

b a w
a w

- = - + +
+

+ -
a w
a w

- +
+ -b r r r

c

c
r

r

3
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2
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Shape function, which defines traversability conditions, for r> r0, is infigure 4(a), its derivative according to
radial coordinate is infigure 4(b), changewith radial coordinate of ( )b r

r
function is infigure 4(c) and b(r)−r

function is given infigure 4(d). It should be b(r0)= r0 as per throat radius condition. As seen in figure 4(a), for r
→ r0 it becomes b(r)→ r0. From equation (24), according to constant selections considered here, r0 value is
calculated approximately 0.999. As seen in figure 4(a), shape function increases faster in all radius larger than r0.
Therefore, throat stability condition ismet. On the other hand, it can be seen from figure 4(b) that derivative of
the function is decreasing and its initial value is ( )¢ @b r 0.10 . It tends to satisfy ( )¢ <b r 1 condition at all other

distances. As seen in figure 4(c), ( )b r

r
function is also decreasing. At the limit values of the radial coordinate and in

neighborhoods far from r0, this function also approaches to zero. Therefore, flare-out condition is also satisfied.
On the other hand, if throat radius condition is satisfied, this should be clearly understood from the b(r)−r
function. Infigure 4(d), it is clear that there is ( ) ∣- b r r 0r r0

and this function is negative at r> r0 values.
Since b(r)< r at r> r0 is satisfied, ( ) ∣- <>b r r 0r r0

is an expected condition and is provided for the obtained
wormhole geometry as seen infigure 4(d).

As can be seen, since obtained solutions supply required conditions, it is revealed that constructed
geometrical and dynamical structure is a traversable and conformally symmetric wormhole and that ( )Lf R, m

theory allows these structures.

5. Energy conditions and dynamical inspections

Types of energy bounds restrict cosmologicalmatters and/orfields. On the other hand, it also determines their
properties. These bounds are used to determine physical acceptability of wormholes [59]–[62]. In this study, we
take into account null, weak, dominant and strong energy conditions (NEC,WEC,DEC and SEC, respectively),
which are determining conditions in investigating effects ofmatter-geometry couplings on each other.NEC
leads that sumof the density and pressure cannot be negative, anywhere. The situation is related to the
gravitational effect of obtainedmatter distribution. From equations (21)–(23), we get
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In addition toNEC constraint, another condition ofWEC is defined from equation (21), which states that energy
density can never have negative values:
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DEC states thatmaximum interaction speed can be as fast as speed of light and that energy transfer cannot be
faster. This condition is obtained from equations (21)–(23) for constructedmodel as follows:
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Figure 4. (a) Shape function, (b)Derivative of shape function, (c) ( )b r

r
function, (d) b(r)−r function, (c3= 100, c4=−1000,α= 1/2,

β= 1/1000).
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SEC also requires that trace of diagonal energy-momentum tensor is non-negative for an anisotropicmatter
distribution in addition to satisfying equations (28)–(29). From equations (21)–(23), we get
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Behavior of energy conditions for cases where EoS parameter is free can be seen infigure 5 -figure 7. It is
clear that there is a singularity atω=−1 in energy conditions as well as inmatter distributions. As seen in
figure 5, sign of the values of functions changes before and afterω=−1 singularity, directly. ρ+ pr is negative
whenω<−1.However, it can be seen from figure 5(b) that ρ+ pt takes positive whenω<−1. This situation is
exactly opposite forω>−1 in both functions. Therefore, ρ+ pr violates when ρ+ pt satisfiesNEC, or ρ+ pt
violates when ρ+ pr satisfiesNEC. There is no at least one value ofω for whichNEC is satisfied.

It can be seen infigure 1 that energy density is positive everywhere, independent fromEoS parameter. Since
NEC is violated,WEC is also violated even though the density is positive.

Infigure 6(a), it can be seen thatDEC is provided only forω<−1 values. However, for the sameω values,
DEC regarding tangential pressure remains negative. Therefore, DEC is violated everywhere.

Infigure 7, we see that trace function is negative for SEC at allω values except singularity. So, SEC is violated
like other conditions.

It is clear that cosmicmatter and/orfield in the throat of conformally symmetric ( )Lf R, m wormholes,
which satisfies all conditions in terms of geometry, does notmeet the energy conditions. The fact that no energy

Figure 5. (a) ρ(r)+ pr(r) function, (b) ρ(r)+ pt(r) function, (c3= 100, c4=−1000,α= 1/2,β= 1/1000).
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conditions are satisfied can be explained by fact that averaged energy conditions are derived from line integral
and not fromvolume integral. At this point, the volume integral defining the averagedNEC is used. It is
proposed for static spherically symmetric space-time as follows [62]:

Figure 6. (a) ρ(r)−pr(r) function, (b) ρ(r)−pt(r) function, (c3= 100, c4=−1000,α= 1/2,β= 1/1000).

Figure 7. ρ(r)+ 2pt(r)+ pr(r) function, (c3= 100, c4=−1000,α= 1/2,β= 1/1000).

10

Phys. Scr. 99 (2024) 075049 DTasẹr et al
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Behavior of the volume integral for free EoS parameter from equation (34) and under arbitrary constant
choices used in all conditions is given infigure 8. As can be seen, volume integral gives negative and positive
results, with limit at singularityω=−1. This integral quantifiermust be positive for physicallymeaningful
matter distribution and energy conditions. Therefore,ω>−1 values should be abandoned for conformally
symmetric ( )Lf R, m wormholes to be physicallymeaningful and traversable. This situation shows us that in
order for conformally symmetric ( )Lf R, m wormholes to be traversable, effectivematter in the throat region
must be an exoticmatter such as phantom field.

In fact, if throat of constructedwormhole isfilledwith phantomfield andmeets traversability conditions as
shown in this study, embedding diagram and geometrical pattern of thismodel should present open tube at the
throat.With the help of cylindrical pattern relation used in proper distance condition, two-dimensional
embedding diagramof proposedwormhole is obtained from equation (24) as given infigure 9.

Infigure 9, z(r) function becomes zero for a non-zero value of the radial coordinate. This initial value r0 easily
indicates throat radius. Three-dimensional graphics of the diagram are given infigure 10. Infigure 10(a),
traversation regionwithout singularity, namely the throat, formed at radius r0, is clearly visible. Figure 10(b)
shows continuity and stable structure of the obtained conformally symmetric ( )Lf R, m wormholes.

Spherically symmetric structures, especially systems such as gas orfluid that are compressible and inwhich
some interactions occur due to compression, can create a balancing pressure in the opposite direction to effect of
gravitational attraction towards center. For star systems or spherically symmetric fluids, this is described by a
hydrostatic equilibrium equation or Tolman-Oppenheimer-Volkoff equation [62]. For anisotropic fluid, this
balance equation is defined as followswith the help of effective dynamical components:

( ) ( ) ( )r-
F¢

+ - + - =p
dp

dr r
p p

2

2
0. 35eff

r
eff r

eff

t
eff

r
eff

In this study,field equations for spherically symmetric anisotropic fluid are obtainedwithin the framework
of ( )Lf R, m theory as given in equations (17)–(19). The effective dynamical components are obtained from
equations (17) –(19) as follows:

( ) ( )r a r b= - +a2 1 , 36eff

( ) ( )a r ar b= - - + +a a-p p1 , 37
r
eff

t
1

( ) ( )a r ar b= - - + +a a-p p1 . 38
t
eff

r
1

By considering equation (35) together with equations (16)–(38), we obtain equilibrium equation for constructed
conformally symmetric ( )Lf R, m wormholes as follows:

Figure 8.Volume integral (c3= 100, c4=−1000,α= 1/2,β= 1/1000).
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where ( )r- +F ¢ pr2
represents gravitational force (Fg),-

dp

dr
r corresponds hydrostatical force (Fh) and ( )-p p

r t r
2

is anisotropic force (Fm). On the other hand, all other expressions on the left side of equation (39) are actually
extra effects (Fe) coming from ( )Lf R, m theory. Behavior of the forces for obtained conformally symmetric

( )Lf R, m wormholes is given infigure 11. Except for hydrostatic force, it is seen that these forces take positive
values, including force arising from extra contributions frommodified gravity theory. Positive values of the
forces express attractive effect that directs distribution towards center. Negative values indicate that force has
repulsive effect radially directed outward from the center. Therefore, in obtainedmodel, gravitational and
anisotropic forces appear as attractors in accordancewith stellar physics orfluid dynamics. In addition, extra
force coming frommodified gravity theory is also attractive. It is expected that alternative gravitational theories
proposed to take over and develop role and shortcomings of cosmological constant in Einstein’s theory of gravity
wouldmake an appropriate contribution to expansion ofUniverse. It is noteworthy that the extra contribution

Figure 9.Proper distance of conformal ( )Lf R, m wormholes (c3= 100, c4=−1000,α= 1/2,β= 1/1000).

Figure 10. 3-D embedding diagram, (c3= 100, c4=−1000,α= 1/2,β= 1/1000).
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obtained here exhibits attractive behavior. On the other hand, it is hydrostatic force that balances these attractive
forces. It is so dominantly repulsive that it absorbs impact of all other forces from center to outside.While
anisotropic factors that prevent collapse of thewormholes and ensure stability in the throat region, that is, the
contribution of radial and tangential pressures, are attractive, it is seen that the force that helps to exhibit this
stability is hydrostatic force. It has also been obtained fromdifferent gravitational theories that the hydrostatic
force dominates for conformal wormholes [53–62].

6. Conclusion

In this study, we construct wormholes with conformal symmetry in ( )Lf R, m theory.We investigate field
equations and their solutions by obtaining relationship ofmetric potentials with the conformal factor from
symmetry properties. Field equations of ( )Lf R, m theory give a static conformally symmetric solution for
anisotropic fluid distribution. From this solution, we determine shape function of thewormholes.

Dynamical components of anisotropic fluid distribution are obtained. Singularity is seen atω=−1. It is seen
that anisotropic fluid filled the obtainedwormholesmust be candidatematters and/orfields that complywith
pr(r)≠−ρ(r) inequality. Obtained energy density is positive everywhere. For all forms that would not fall into
singularity, a cosmicmatter and/orfield distributionwith positive energy density in all cases, regardless of EoS
parameter, supports constructed ( )Lf R, m wormholes with this symmetry. As expected, radial pressure takes
positive values for positive EoS parameter, while it has negative values forω<−1. It is understood that
tangential pressure is negative everywhere, regardless of theω parameter. The possible values of the EoS
parameterω are decisive in the formofmatter that fills space-time. For example,ω> 0 state describes normal
matter forms such as stifffluid, radiation or dust. On the other hand, the EoS parameter with a negative value
indicates exotic substances such as phantom energy, dark energy and quintessencematter. The inflation and
recent expansion of theUniverse are characterized by dark energy. As themost basic approach, there isω=−1,
which corresponds to the cosmological constant. However, this sharp value is invalid for the exponential scale
factor. Today’s observations indicate that the EoS parameter of the cosmological constantmay have a value
different from -1 but close to it. Therefore, instead of the actually invalid valueω=−1, dust-like dark energy
ω>−1 and phantom-like dark energyω<−1 can be source of inflation and recent expansions. Although a
staticmodel is taken into account in this study, as can be seen from the obtained graphs, the simple cosmological
constant approach acts as a barrier within the framework of ( )Lf R, m gravity. If potential energy is zero in the
fluid-scalarfield coupling, theω= 1 state occurs. On the other hand, in the absence of kinetic energy, the EoS
parameter is obtained asω=−1, which corresponds to the cosmological constant. Due to the dynamic structure
of conformal wormholes with anisotropic fluid obtained in this study, the kinetic energy of the distribution is
not expected to be zero. Theω=−1 singularity, encountered in this study, indicates that generalization of

( )Lf R, m gravity is compatible with observational results and expectations. On the other hand, the appearance

Figure 11. Forces of conformal symmetric ( )Lf R, m wormholes (c3= 100, c4=−1000,α= 1/2,β= 1/1000).
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of theω=−1 barrier even in a static space-timemodel implies the importance of considering the crossing
PhantomDivide Line (PDL) investigationswithin the framework of ( )Lf R, m gravity in appropriatemodels in
order to understand the evolution processes of dark energy fromdust-like to phantom-like.

It is seen that obtained shape functionmeets all required viability and stability conditions, independent of
EoS parameter. A real throat radius is defined. The behavior of shape function and related functions is consistent
with this initial value. Energy conditions are taken into account to examine stability of resultingwormhole
geometry andmatter distribution thatwould prevent collapse in the throat region. It is seen that dynamical
components of thematter distribution violate all energy conditions.

We investigate uncertainty that arises in energy conditions and physical significance of resultingmatter
distribution by calculating volume integral. Volume integration showed that obtained solutions are only
possible in the range ofω<−1. That is, in ( )Lf R, m theory, fluid filled the conformally symmetric wormholes
must be an exoticmatter such as a phantom field. This situationwas encountered similarly in studies of
wormholes with conformal symmetry obtainedwithin the framework of other alternative gravitational theories
[53–62].

Since all conditions aremet, it is clear that anisotropic fluid distribution such as a phantom field prevents
collapse in thewormhole throat. This situation is expected to be seen in embedding diagrams of the constructed
model. In the embedding diagrams in two and three dimensions, it is clearly seen that ( )Lf R, m wormholes with
conformal symmetry have a singularity-free throat and a continuous structure. In general, there are
interconnecting relationships between energy conditions [64]. For example, NEC is a sub-state ofWEC.WEC is
a sub-condition ofDEC. Independent ofWEC andDEC,NEC is also a subordinate requirementwithin the SEC
[64]. Therefore, in terms of the general classical approach, when theNEC is notmet, theWECmust be
automatically violated. SinceNEC andWECare not provided, DEC is also violated [64]. On the other hand, due
to the violation of theNEC, there is also a violation of the SEC [64]. In this study, it is found that all energy
conditions for the constructedmodel were violated. On the other hand, it is obtained thatω<−1 is the physical
significance of the constructedmodel. In otherwords, it can be seen that the effectivematter of the resulting
wormholemodel is the phantom field. It is frequently emphasized in the literature that wormholes can have
traversable properties if supported by phantom fields, bothwithin the framework of ( )Lf R, m gravity and/or
other gravity approaches [31, 32, 64]. However, in some of similar studies, energy conditions appear as examples
where theNEC is violated and all or some of the other conditions aremet or violated, without the relationships
between them.Under the exoticmatter approach, a phantomfieldwould require a violation of theNEC [64].
This study, inwhichwe obtained that all energy conditions are violated, shows that stable and traversable
conformal wormholes can be a successfulmodel that can provide the infrastructure for studies such aswarp-
drive or space-time travel, and supports the consistency of ( )Lf R, m gravity in this respect.

Another noteworthy issue is that obtainedmatter distribution is completely independent ofβ constant,
which is included in determining function of ( )Lf R, m theory.β constant in obtained solutions, it appears as a
parameter that affectsmetric potentials but does not contribute to dynamical components. Remarkable point
here is that the constantmatches cosmological constant in theGeneral Relativity limits of ( )Lf R, m theory. In
short, according to obtained results, exoticmatter, which is source of conformally symmetric wormholewithin
the framework of ( )Lf R, m theory, cannot be associatedwith contribution held responsible for expansion of
Universe.
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