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Abstract Lovelock gravity containing dimensionally con-
tinued Euler densities can be considered as a natural exten-
sion of Einstein’s theory of gravity in higher dimensions such
that the associated differential equations of motion are still
second order. In this paper, the Lovelock gravity is coupled
with a scalar field and dimensionally continued hairy black
holes in the presence of quintessential matter and cloud of
strings are analyzed. Thermodynamics of these black holes is
discussed as well. It is shown that the thermodynamic quanti-
ties satisfy the generalized first law. The generalized Smarr’s
relation is also derived and thermodynamic stability checked.
Finally, black holes of general Lovelock-scalar theory are
also briefly discussed.

1 Background

The inclusion of higher powers of curvature corrections in
Einstein’s theory of gravity (ETG) attracted a lot of attention
as it describes a new way for the quantization of gravitational
field. ETG comes out to be a non-renormalizable theory, how-
ever, it is possible to construct a renormalizable one [1] if
one makes higher power curvature corrections. In the case of
AdS/CFT correspondence, new couplings among the opera-
tors of the dual CFT are formed as a result of these corrections
and a more generalized class of dual CFTs is introduced [2–
4]. The most interesting modified theory containing higher
power of curvature corrections is the Lovelock gravity [5].
This theory possesses a remarkable property that it reduces to
ETG in four dimensions. It should be noted that this theory at
linear level is free of ghosts because the differential equations
of motion are still second order. The Einstein–Gauss–Bonnet
gravity theory can be formed by including only the first non-
trivial higher curvature term in the gravity Lagrangian along
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with the cosmological constant and ETG terms. The action
function describing the Einstein–Gauss–Bonnet gravity (or
Lovelock gravity of order two) can also be derived from the
low energy effective action of string theory [6–8].

Although the Lovelock gravity is truly a higher dimen-
sional generalization of ETG, it possesses some unwanted
features as well. First, for spacetime dimensions greater than
four, the time evolution of fields does not appear uniquely:
given a surface at some initial instant t = t0, the fields at val-
ues t greater than t0 cannot be completely specified from the
equations of motion. This is due to the involvement of higher
powers of velocities in the action functional [9,10]. Second,
along with cosmological and Newtonian constants, the action
contains [(d + 1)/2] arbitrary coupling parameters as well
[11]. This arbitrariness makes it difficult to investigate the
properties of black holes and construct explicit solutions for
the field equations. Apart from these problems, some phys-
ical consequences of these arbitrary parameters were also
reported. For example, (i) the field equations have at most
n − 1 different solutions, (ii) all of them possess horizons
corresponding to both signs of energy, and (iii) the entropy is
not monotonically increasing function of horizon radius, so
that violation of the second law of thermodynamics appears.
Due to these consequences, it is convenient to make a spe-
cial choice for the arbitrary Lovelock coupling parameters.
Therefore, Bañados, Teitelboim and Zanelli proposed a suit-
able choice for these parameters due to which an explicit
solution can easily be obtained. On the basis of this spe-
cific choice, a new special case of Lovelock gravity known
as dimensionally continued gravity (DCG) was constructed
[11]. Recently, many exact dimensionally continued black
hole solutions have been derived [11–14]. The thermody-
namic and physical properties associated with these black
holes have also been studied [11–18].

The most fascinating and exciting gravitating objects
which appear in any gravity theory are black holes whose
physical properties could provide new insights for the formu-
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lation of quantum gravity. Hence, it is important to investigate
black hole solutions and their thermodynamic behaviour in
different theories of gravity. In recent decades, physics of
black holes in diverse dimensions, in particular, the black
holes of Lovelock gravity got a lot of attention. For exam-
ple, solutions representing Lovelock black holes in the pres-
ence of different matter sources have been derived in litera-
ture [16,19–38]. In this paper, we are interested in studying
dimensionally continued Lovelock black holes with a cloud
of strings. We also study thermodynamics of such black holes
under the effects of one-dimensional strings. It is concluded
that the mass, temperature and specific heat associated with
DCG black holes could have exciting features in the presence
of string parameter, however the entropy remains unchanged.
It may be noted that black holes with a cloud of strings are
physically significant as the universe is assumed to be com-
posed of these one-dimensional objects which are consid-
ered to be fundamental objects in nature. Here, we study
the gravitational effects of matter which is in the form of
a configuration of strings. The relationship between count-
ing string states and black hole entropy was first described
by Strominger and Vafa in Ref. [39]. Letelier demonstrated
that the model of a configuration of strings can be consid-
ered as perfect fluids [40]. After this black hole solutions in
different theories were derived under this assumption. The
very first solution describing a generalized Schwarzschild
black hole surrounded by strings was determined by Letelier
[40]. He then generalized the string-cloud model by intro-
ducing the pressure that forms this cloud and obtained a
Petrov–Pirani type solution of the gravitational field equa-
tions [41,42]. The Gauss–Bonnet and Lovelock black holes
have also been investigated in a string-cloud model [43–46].
It was also shown that the spacetime contains string fluid mat-
ter around static spherically symmetric object when the mass
of the black hole is taken as a function of radial coordinate
[47,48]. Recently, a black hole solution of Rastall gravity in
a string-cloud model has also been found [49].

There is a significant evidence from recent astronomical
observations that our universe is expanding at an accelerat-
ing rate. Currently, it is believed that this acceleration is due
to the existence of an exotic thing known as dark energy.
According to recent cosmological observations, dark energy
fills all of space with negative pressure and almost 70 per-
cent of the energy density of universe is composed of it
[50–52]. A time evolving, spatially non-homogeneous com-
ponent having negative pressure called quintessence can be
taken as a candidate for dark energy [53,54]. It is defined
by the equation of state which relates the pressure pq and
density ρq by pq = ωqρq , where the parameter ωq has the
range −1 < ωq < −1/3 [55–57]. It is worthwhile to men-
tion here that it cannot be considered as the only candidate
which causes the acceleration. One among different other
contenders which can generate the accelerated expansion is

the cosmological constant [58,59]. In the presence of dark
energy and black holes in the universe it is significant to inves-
tigate the effects of quintessence on black holes. The presence
of quintessential dark energy in the black hole surrounding
could produce some consequences at astrophysical scales,
for instance, out-coming null rays from distant stars are more
deviated as compared to the situation when no quintessence
is present [60]. In the scenario of quintessence around grav-
itating objects, the first solution of the gravitational field
equations was computed by Kiselev [61]. Generalizations
of Kiselev solution have also been worked out, for example,
charged [62], Nariai [63,64] and higher dimensional black
holes [65]. Studies related to quasi-normal modes for these
black holes in the presence of quintessence [65,66], and their
thermodynamics [65,67–69] have also been undertaken. It is
shown that the thermodynamic quantities are modified by
quintessence, while black hole entropy remains unchanged.

The Event Horizon Telescope (EHT) [70] supports the
current theoretical analysis of black hole shadows based on
recent astronomical observations. It is also confirmed that
black hole shadows can now directly be observed through
EHT. The effect of accelerated expansion of the universe
on the shadow of a black hole has been studied [71]. Simi-
larly, the shadows of black holes influenced by quintessential
dark energy have also been considered [72,73]. The gen-
eralized form of Kiselev solutions with axially symmetric
background was also determined [74,75]. Recently, thermo-
dynamics and Hawking radiations of Lovelock black holes
in quintessence background have been studied [76]. Simi-
larly, uncharged and charged Lovelock black holes with both
quintessential dark energy and string-cloud matter have also
been analyzed [77–79]. The combined effects of the cloud
of strings and quintessence on thermodynamic criticality of
black holes have also been investigated [80,81]. Similarly,
the shadow and photon sphere of a black hole with both
quintessence and configuration of strings has been examined
[82].

The well known no-hair theorems say that it is impossi-
ble to obtain asymptotically flat conformal hairy black hole
solution in ETG [83,84]. However, when the cosmological
constant is zero, the existence of hairy black holes in (3 + 1)

dimensions is possible where the real scalar field is diver-
gent at the horizon [85]. For higher d-dimensional space-
times, such that d > 4, it is stated that these gravitating
objects simply do not exist [86]. Three- and four-dimensional
non-asymptotically flat black holes for which the conformal
scalar field is analytic everywhere were recently introduced
[87,88]. Until recently higher dimensional black holes with
scalar hair were not found which are subject to no-go results
[89]. Recently, gravitational field has been non-minimally
coupled to real scalar field for the investigation of such black
holes [90,91]. The action function in this regard can be writ-
ten as
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Is =
∫

dd x
√−g

pmax∑
p=0

×
(
bpψ

d−4pδ
μ1...μ2p
ν1...ν2p Sν1ν2

μ1μ2
. . . S

ν2p−1ν2p
μ2p−1μ2p

)
, (1.1)

where

Sγα
μν = ψ2Rγα

μν − 2δ
[γ
[μδ

α]
ν] ∇βψ∇βψ − 4ψδ

[γ
[μ∇ν]∇α]ψ

+ 8δ
[γ
[μ∇ν]ψ∇α]ψ.

(1.2)

Here pmax = [ d−1
2 ] such that the brackets represent the inte-

ger part of (d − 1)/2, δ
μ1...μ2p
ν1...ν2p is the generalized Kronecker

delta, g is the determinant of the metric tensor gμν , ψ is the
scalar field and Rα

μνγ represents components of the Riemann
tensor.

It should be noted that the theory generated by the above
action is also ghost-free since both the gravitational and
scalar field equations are of order two. When p = 1 or
in case of four dimensions, the conformal scalar field in
action (1.1) has a potential defined by V (ψ) = λ

4!ψ
4 so that

the non-minimal coupling term in the total action becomes
(−1/12)Rψ2 [91]. Several solutions of the field equations
describing black holes with scalar hair have been determined
in Refs. [91–95]. Note that, the scalar field configuration
gives finite values in the exterior geometry as well as on the
horizon. It is also concluded that these black holes are more
physical and thermodynamically stable as compared to those
with no conformal scalar hair [92,93]. The thermodynamic
properties of nonlinear electrically charged dimensionally
continued hairy black holes are deeply studied in Ref. [96].
In addition to this, nonlinear magnetically charged dimen-
sionally continued black holes have been studied in Ref. [97].
Motivated by the above background, in this paper, we study
dimensionally continued hairy black holes under the effects
of quintessence and a cloud of strings. It is important to note
that the black hole solutions derived in this paper general-
ize the pure Lovelock black holes [45,46,77] into the case of
dimensionally continued gravity coupled to conformal scalar
field.

We make the outline of this paper as follows: In Sect. 2,
the Lovelock gravity is non-minimally coupled to a scalar
field. The higher dimensional black holes in the presence of
quintessence and cloud of strings are also briefly reviewed.
Then the Lovelock field equations for the case of DCG are
solved and the effects of quintessence and cloud of strings
on the black holes with conformal scalar hair are studied. In
Sect. 3 we focus on thermodynamics of dimensionally con-
tinued black holes. Using thermodynamic quantities, valida-
tion of the extended first law and Smarr’s relation is exam-
ined. In Sect. 4, we briefly study black holes with a cloud of
strings and quintessence in general Lovelock-scalar gravity.
Finally, the concluding remarks are given in Sect. 5.

2 Dimensionally continued hairy black holes

The action describing the Lovelock-scalar gravity with mat-
ter sources is given by

I = 1

16πG

∫
dd x

√−g

[ pmax∑
p=0

1

2p
δ
μ1...μ2p
ν1...ν2p

×
(

αp R
ν1ν2
μ1μ2

. . . R
ν2p−1ν2p
μ2p−1μ2p + 16πGbpψ

d−4pSν1ν2
μ1μ2

. . . S
ν2p−1ν2p
μ2p−1μ2p

)
+ 4πGLM

]
, (2.1)

where G is Newton’s constant, LM stands for the Lagrangian
density of matter, Lovelock coefficients αp are arbitrary con-
stants and bp are conformal coupling constants. The compo-

nents Sαβ
μν defined by (1.2) transform homogeneously under

the conformal transformation defined by gμν → ω2gμν and

ψ → ω−1ψ as Sαβ
μν → ω−4Sαβ

μν . The action (2.1) will give
the description of DCG if the coefficients αp are defined as
[11,15]

αp =
(
n − 1
p

)
(d1 − 2p)!

d2!l−2(p+1−n)
, (2.2)

where for simplicity we used the notation dk = d−k and the
positive integer n corresponds to d = 2n + 1 in odd dimen-
sions while d = 2n + 2 in even dimensions. It is worthwhile
to note that DCG becomes Born–Infeld gravity in even criti-
cal dimensions and Chern–Simons gravity in odd spacetime
dimensions [11–13]. Varying the action (2.1) with respect to
the metric components, gμν , implies

pmax∑
p=0

αp

2p+1 δ
νλ1...λ2p
μρ1...ρ2p R

ρ1ρ2
λ1λ2

. . . R
ρ2p−1ρ2p
λ2p−1λ2p

= −16πGT (M)ν
μ

−16πGT (S)ν
μ , (2.3)

where T (M)ν
μ symbolizes the components of the energy–

momentum tensor such that

T (M)
μν = − 2√−g

δ IM
δgμν

, (2.4)

in which IM stands for the action representing the contribu-
tions of matter in the spacetime geometry whileT (S)ν

μ denotes
components of the energy–momentum tensor of the scalar
field such that

T (S)ν
μ =

pmax∑
p=0

bp
2p+1 ψd−4pδ

νλ1...λ2p
μρ1...ρ2p S

ρ1ρ2
λ1λ2

. . . S
ρ2p−1ρ2p
λ2p−1λ2p

.

(2.5)

123



  408 Page 4 of 14 Eur. Phys. J. C           (2022) 82:408 

By varying the action with respect to the scalar field, we can
get equations of motion as

pmax∑
p=0

(d − 2p)bpψ
d1−4pδ

σ1...σ2p
γ1...γ2p S

γ1γ2
σ1σ2

. . . S
γ2p−1γ2p
σ2p−1σ2p = 0.

(2.6)

The trace of the tensor (2.5) would be zero if one imposes Eq.
(2.6). This is consistent with the conformal invariance of the
theory. In order to include effects of the cloud of strings in
the background, we need to give a brief review of the theory
on the cloud of strings. The Nambu–Goto action of a string
evolving in a spacetime is written as

Ist =
∫




Lstdξ0dξ1, Lst = μ(−h)
1
2 , (2.7)

where μ is a positive constant related to the tension of the
string, and ξ0 and ξ1 are the timelike and spacelike coordi-
nates, respectively. These coordinates parametrize the world
sheet 
. Also, h denotes the determinant of the induced met-
ric associated with 
 given by

hab = gμν

∂xμ

∂ξa

∂xν

∂ξb
. (2.8)

Associated with the world sheet of string 
, we can define
the bivector as


αβ = εab
∂xα

∂ξa

∂xβ

∂ξa
, (2.9)

where εab refers to the two-dimensional Levi-Civita tensor.
Within this context, it is possible to write the Lagrangian
density for a string as

Lst = μ

(
− 1

2

αβ
αβ

) 1
2

, (2.10)

from which one can obtain the energy–momentum tensor for
one string as

T (st)αβ = μ

ασ 


β
σ√

−h
. (2.11)

Hence, associated with the cloud of strings, we can write the
energy–momentum tensor as

T (C)αβ = ρC

ασ 


β
σ√

−h
, (2.12)

where ρC denotes the proper density corresponding to the

cloud of strings while ρC/
√

−h is called the gauge invariant
density. Moreover, by employing the identities


μ[α
βγ ] = 0,∇μ
μ[α
βγ ] = 0, 
μα
αβ
βν = h
νμ,

(2.13)

one can show that ∂μ(
√−gρC
μν) = 0. So, the energy–

momentum tensor for the configuration of strings becomes

T (C)ν
μ = − a

r2 [1, 1, 0, 0]. (2.14)

The generalized Schwarzschild black hole with a cloud of
strings [40] has the line element

ds2 = −
(

1 − 2M

r
− a

)
+

(
1 − 2M

r
− a

)−1

+ r2dθ2

+r2 sin2 θdφ2. (2.15)

One can easily verify the above metric by solving Einstein’s
equations with (2.14). The generalized Schwarzschild–
Tangherlini solution within this setup is written as [44]

ds2 = −
(

1 − 16πM

d2
d2r
d3

− 2a

d2rd4

)
dt2

+
(

1 − 16πM

d2
d2r
d3

− 2a

d2rd4

)−1

dr2 + r2(hi j dx
i dx j ),

(2.16)

where


d2 = 2π
d1
2

�[ d1
2 ] , (2.17)

stands for the volume of d2-dimensional hyper-surface. The
components of the energy–momentum tensor needed for the
line element (2.16) are given by

T (C)ν
μ = − a

rd2
[1, 1, 0, 0, . . . , 0]. (2.18)

Note that, M signifies the black hole’s mass and the parameter
a is related to the strength of the cloud.

The line element of the four-dimensional black hole sur-
rounded by quintessence [61] can be expressed as

ds2 = −
(

1 − 2M

r
− q

r3ωq+1

)
+

(
1 − 2M

r
− q

r3ωq+1

)−1

+r2dθ2 + r2 sin2 θdφ2, (2.19)

where q refers to the parameter of the quintessential matter.
The energy density ρq corresponding to this case is given by

ρq = − 3qωq

2r3(ωq+1)
. (2.20)

The components of the energy–momentum tensor for the
quintessential matter are defined as

T (q)t
t = T (q)r

r = ρq , T (q)θ
θ = T (q)φ

φ = −1

2
ρq(3ωq + 1).

(2.21)
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Similarly, the generalized Schwarzschild–Tangherlini black
hole in the presence of quintessence [26] is defined by the
lime element

ds2 = −
(

1 − 16πM

d2
d2r
d3

− q

rd1ωq+d3

)
dt2

+
(

1 − 16πM

d2
d2r
d3

− q

rd1ωq+d3

)−1

dr2 + r2(hi j dx
i dx j ).

(2.22)

The components of the energy–momentum tensor required
for this solution are written as

T (q)t
t = T (q)r

r = ρq = − qωqd1d2

2rd1(ωq+1)
,

T (q)θk
θk

= − 1

d2
ρq(d1ωq + 1), (2.23)

where k = 1, 2, 3, . . . , d − 2.
Let us choose a static and spherically symmetric line ele-

ment as

ds2 = −g(r)dt2 + dr2

g(r)
+ r2d
2

d2
, (2.24)

where d
2
d2

refers to the line element of d2-dimensional
boundary surface whose curvature is equal to a constant value
d2d3κ . Here, κ is a constant such that the cases κ = 0, 1,−1,
correspond to flat, spherical and hyperbolic horizon topolo-
gies, respectively. This sub-manifold possesses a volume

d2 , whose value in the case of a spherical horizon topology
is given by (2.17). Choosing the scalar field configuration in
the form

ψ(r) = N

r
, (2.25)

the function ψ(r) will be the solution of equations of motion
(2.6) if N satisfies

pmax∑
p=1

pbp
d1!

(d1 − 2p)!N
2−2p = 0, (2.26)

and

pmax∑
p=1

bp
d1!(d2 − d + 4p2)

(d1 − 2p)! N−2p = 0. (2.27)

The above equations show that there is one unknown, N , so
one of the equations defines a constraint on constants bp.
Hence, by choosing values of the coefficients αp from (2.2),
using the line element (2.24), the energy–momentum tensor
components related to string-cloud (2.18) and quintessence
(2.23) along with Eqs. (2.5), (2.6) and (2.25)–(2.27) for scalar
field configuration, we have found the following solution for

DCG field equations (2.3)

g(r) = κ + r2

l2
− r2

[
16πGM


d2r
d1

+ δd,2n−1

rd1
+ 16πd2GHA

rd

− 8πGqd2

r1+d1ωq
− 16πGa

rd2

] 1
n−1

,

(2.28)

where

HA =
pmax∑
p=0

bp
d2!Nd−2p

(d2 − 2p)! . (2.29)

The constant M in the resulting metric function refers to
the mass of the object and the additive constant δd,2n−1 would
correspond to those values for which the condition M → 0
makes the gravitating object shrink. The behaviour of solu-
tion (2.28) for different values of spacetime dimensions is
shown in Fig. 1. The horizon’s locations are determined by
those values for which the curve meets the horizontal axis.
Similarly, Fig. 2 shows that the parameters a and q affect
the location of the event horizon and behaviour of the metric
function as well. Selecting bp = 0 or by using HA → 0, the
new family of dimensionally continued black holes with no
scalar hair in a quintessence and string-cloud background can
be described. Moreover, the hairy black hole solution in the
absence of any matter sources can be determined by choos-
ing q = 0 and a = 0. The metric function (2.28) shows that
the hairy black holes exist only for d ≥ 5 because in four-
dimensional geometry Eqs. (2.26)–(2.27) cannot be satisfied
when any of the conformal coupling constants bp is not equal
to zero. Hence, it is noted that dimensionally continued hairy
black holes with a cloud of strings and quintessence do not
exist in four dimensions. Thus, we should emphasize that the
metric function (2.28) has the same behaviour as determined
in Refs. [96,97].

The curvature invariants for the chosen ansatz (2.19) are
calculated as

R(r) =
[
d2d3

(
κ − g(r)

r2

)
− d2g

dr2 − 2d2

r

dg

dr

]
, (2.30)

and

K (r) =
[

2d2d3

(
κ − g(r)

r2

)2

−
(
d2g

dr2

)2

+ 2d2

r2

(
dg

dr

)2]
.

(2.31)

It is straightforward to verify that both the curvature scalars
associated with the metric function (2.28) are divergent in
the limit r → 0. This implies that there is a true curvature
singularity in the spacetime.
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Fig. 1 The plot of g(r) (Eq.
(2.28)) vs r for fixed values of
l = 1, M = 103, δd,2n−1 = 100,
ωq = −0.7, 
d−2 = 1, q = 0.2,
a = 0.05 and HA = 0.5

Fig. 2 The plot of g(r) (Eq.
(2.28)) vs r for fixed values of
l = 1, M = 103, δd,2n−1 = 100,
ωq = −0.7, 
d−2 = 1, n = 2,
d = 6 and HA = 0.5

3 Thermodynamics of black holes

In order to discuss thermodynamic properties of dimension-
ally continued hairy black holes with a cloud of strings
and quintessence backgrounds, we compute thermodynamic
quantities in terms of the horizon radius r+. Consider, for
simplicity, the case of spherical black holes, κ = 1. From the
condition g(r+) = 0, we are able to write the expression for
finite mass as

M = 
d2

16πG

[
rd1+

(
1

r2+
+ 1

l2

)n−1

− δd,2n−1 − 16πGHAd2

r+

+16πGar+ + 8πGqd2r
d1+

r
1+d1ωq
+

]
. (3.1)

Figures 3 and 4 show the behaviour of the black hole mass
in terms of r+ for different values of parameters d, q and a.
Note that, corresponding to all the positive values of M in
(3.1), there may exist one or more horizons. However, the
mass of the extremal black hole can be obtained from the

conditions g(r) = 0 and dg/dr = 0. So, we have

Me = 
d2

16πGd1

[
2rd3

e

(
1

r2
e

+ 1

l2

)−n

− δd,2n−1d1 − 16πGHAdd2

re

+16πGared2 + 8πGqd2(1 + d1ωq )r
d2
e

r
d1ωq
e

]
. (3.2)

The Hawking temperature [98] is defined as TH = κs/2π

where κs stands for surface gravity. Therefore, for the hairy
black hole structures described by Eq. (2.28), we obtain the
temperature as

TH = − 1

2πr+
+ r2n−2+ l2n−4

4π(n − 1)
(
l2 + r2+

)n−2

[
16πGHAd2

rd−1+

+16πGa(2d − 3)

rd1+
+ d1r

2n−3+ l2n−2

(
l2 + r2+

)n−1

+8πGqd2(d1(1 − ωq) − 1)

r
d1ωq+2
+

]
. (3.3)
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Fig. 3 The plot of mass M (Eq.
(3.1)) vs r+ for chosen values of
l = 1, δd,2n−1 = 100,
ωq = −0.5, 
d−2 = 1, q = 0.5,
a = 0.05 and HA = 1

Fig. 4 The plot of mass M (Eq.
(3.1)) vs r+ for chosen values of
l = 1, δd,2n−1 = 10,
ωq = −0.5, 
d−2 = 1, n = 2,
d = 5 and HA = 1

Fig. 5 The plot of temperature
TH (Eq. (3.3)) vs r+ for fixed
values of l = 1, δd,2n−1 = 100,
ωq = −0.7, 
d−2 = 1, q = 0.2,
a = 0.05 and HA = 0.5
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Fig. 6 The plot of temperature
TH (Eq. (3.3)) vs r+ for fixed
values of l = 1, δd,2n−1 = 100,
ωq = −0.7, 
d−2 = 1, n = 2,
d = 6 and HA = 0.5

The plot of temperature TH for different values of the
spacetime dimension is depicted in Fig. 5. Similarly, Fig. 6
describes the effects of quintessence and string-cloud on tem-
perature of the black hole. The positivity of temperature for
the values of r+ implies that black holes of such horizon
radii are physical. The entropy of the black hole (2.28) can
be obtained by employing Wald’s formulation [99,100], and
we can write

S = −2π

∮
dd2x

√
γ

∂L

∂Rabcd
εabεcd , (3.4)

in which L refers to Lovelock Lagrangian density, γ is the
determinant of the induced metric γ ab defined on the hori-
zon and εab stands for the binormal. Thus, the entropy cor-
responding to metric function (2.28) can be obtained as

S = 
d2

4G

pmax∑
p=1

pbpd2!Nd−2p

(d − 2p)! + (n − 1)
d2r
d+

4G(d − 2n + 2)

×
(

1

r2+
+ 1

l2

)n−1

F1

[
1,

d

2
,
d − 2n + 4

2
,
−r2+
l2

]
,

(3.5)

where F1 symbolizes the Guassian hypergeometric function.
It should be noted that the contribution of background mat-
ter i.e. quintessence and cloud of strings comes from terms
containing r+ through Eq. (3.1) in the above mathematical
expression of Wald entropy. Again, this behaviour is sim-
ilar to that obtained in Refs. [96,97] where effects of the
nonlinear electromagnetic field (matter sources considered
in [96,97]) comes from the value of r+ through the expres-
sion of black hole’s mass. The extended first law [26,67,94]
corresponding to the dimensionally continued hairy black
hole with quintessential dark energy in a string-cloud model
can be written as

dM = THdS + Aada + Wdq +
pmax∑
p=0

B
(p)

dbp. (3.6)

Note that, Aa and W are conjugate quantities associated with
the parameters of strings a and quintessential dark energy q,
respectively. These quantities are mathematically expressed
as

Aa = ∂M

∂a
= 
d2r+, (3.7)

and

W = ∂M

∂q
= d2
d2

2r
1+d1(ωq−1)

+
. (3.8)

Similarly, B’s are conjugated to conformal coupling con-
stants b’s and are determined as

B
(p) = −
d2

r+

pmax∑
p=0

4d2!
(d2 − 2p)!N 2p−d

. (3.9)

Similarly, the generalized Smarr’s relation [26,94,101] asso-
ciated with the above thermodynamic quantities takes the
form

d3M = d2TH S + d4Aaa + (d3 + ωqd1)Wq

+ d2

pmax∑
p=0

B
(p)

bp.
(3.10)

We have noted earlier that all the conformal coupling param-
eters b′s are not independent because of the two constraints
(2.26) and (2.27) on metric function (2.28). Therefore, it must
be emphasized here that variations of b′s in the generalized
first law (2.30) are not all independent.

The specific heat capacity [102] can be defined as

CH = TH
dS

dTH
. (3.11)
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Differentiating the expression of Hawking temperature (3.3)
with respect to r+ yields

∂TH
∂r+

= 1

2πr2+
− (n − 2)l2n−4r+G1(r+)

2π(n − 1)(l2 + r2+)n−1

+ l2n−4

4π(n − 1)(l2 + r2+)n−2

(
dG1

dr+

)
, (3.12)

where

G1(r+) = 16πGHAd2

rd−2n+3+
+ 16πGa(2d − 3)

rd−2n+1+
+ d1l2n−2r4n−5+

(l2 + r2+)n−1

+ 8πGqd2(d1(1 − ωq ) − 1)

r
d1ωq−2n+4
+

, (3.13)

and

dG1

dr+
= −16πGHAd2(d − 2n + 3)

rd−2n+4+

+ 8πGqd2(d1(1 − ωq) − 1)

(2n − 4 − d1ωq)−1r
d1ωq−2n+5
+

+ 16πGa(3 − 2d)(d − 2n + 1)

rd−2n+2+

+ d1l2n−2(4n − 5)r4n−6+
(l2 + r2+)n−1

− d1(2n − 2)l2n−2r4n−4+
(r2+ + l2)n

. (3.14)

Substitution of Wald entropy (3.5), temperature (3.11) and
Eq. (3.12) into (3.11) yields the expression for the specific
heat

CH = (n − 1)
d2r
d−2n+2+ (r2+ + l2)n−1Z1(r+)

(
r+l2n−4G1(r+) − 2(n − 1)(r2+ + l2)n−2

)
8Gl2n(d − 2n + 2)(d − 2n + 4)

× 1

(n − 1)(r2+ + l2)n−1 − l2n−4(n − 2)r3+G1(r+) + 2l2n−4r2+(r2+ + l2)dG1/dr+
, (3.15)

where

Z1(r+) = l2(d − 2n + 4)(r2+d + l2(d − 2n + 2))F1

×
[

1,
d

2
,
d − 2n + 4

2
,−r2+

l2

]

− 2r2+d(r2+ + l2)F1

[
2, 1 + d

2
, 3 − n + d

2
,−r2+

l2

]
.

(3.16)

The specific heat capacity is helpful for the investigation
of local thermodynamic stability. The behaviour of specific
heat (3.15) in different spacetime dimensions is shown in
Fig. 7. When CH becomes negative then the black hole does
not exist. However, the region in which it is positive implies
that there is local thermodynamic stability of the black hole.

The first order phase transition of the black hole corresponds
to those horizon radii for which the curve of specific heat CH

meets the r+-axis. The second order phase transitions take
place at those values for which the specific heat capacity is
not convergent. One can also check this type of phase tran-
sitions from Fig. 8. So, when Hawking temperature has an
extremum, dTH/dr+ = 0, the specific heat is singular and
the second order phase transitions take place. The effects
of quintessence and cloud of strings on the local thermody-
namic stability and phase transitions of black holes can also
be seen from Figs. 9 and 10. Gibb’s free energy density [102]
is defined by

G(r+)=M − TH S= 
d2

16πG

[
rd1+

(
1

r2+
+ 1

l2

)n−1

− δd,2n−1

− 16πGHAd2

r+
+ 16πGar+ + 8πGqd2r

d1+
r

1+d1ωq
+

]

−
[

− 1

2πr+
+ r2n−2+ l2n−4

4π(n − 1)
(
l2 + r2+

)n−2

×
(

16πGHAd2

rd+1+
+ 16πGa(2d − 3)

rd1+

+ 8πGqd2(d1(1 − ωq) − 1)

r
d1ωq+2
+

+ d1r
2n−3+ l2n−2

(
l2 + r2+

)n−1

)][
H1 + (n − 1)
d2r

d+
4G(d − 2n + 2)

×
(

1

r2+
+ 1

l2

)n−1

F1

[
1,

d

2
,
d − 2n + 4

2
,
−r2+
l2

]]
,

(3.17)

where

H1 = 
d2

4G

pmax∑
p=1

pbpd2!Nd−2p

(d − 2p)! . (3.18)

Note that in the above expression of Gibb’s free energy
density, F1 denotes the Guassian hypergeometric function.
The global stability of a black hole can be explored from the
negativity of this thermodynamic quantity. The behaviour of
Gibb’s free energy as a function of r+ for different values of
quintessence and string-cloud parameters is shown in Fig. 11.
One can clearly see the regions where the black holes are
enjoying global thermodynamic stability.
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Fig. 7 The plot of specific heat
CH (Eq. (3.15)) vs r+ for fixed
values of l = 1, G = 1,
δd,2n−1 = 10, ωq = −0.7,

d−2 = 100, q = 0.2, a = 0.05
and HA = 0.5

Fig. 8 The plot of dTH
dr+ (Eq.

(3.12)) vs r+ for fixed values of
l = 1, G = 1, δd,2n−1 = 100,
ωq = −0.7, 
d−2 = 1, q = 3.5,
a = 1.5 and HA = 0.5

Fig. 9 The plot of specific heat
CH (Eq. (3.15)) vs r+ for fixed
values of l = 1, G = 1,
δd,2n−1 = 100, ωq = −0.7,

d−2 = 1, n = 2, d = 5 and
HA = 0.5
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Fig. 10 The plot of dTH
dr+ (Eq.

(3.12)) vs r+ for fixed values of
l = 1, δd,2n−1 = 100,
ωq = −0.7, 
d−2 = 1, n = 3,
d = 8 and HA = 0.5

Fig. 11 The plot of Gibb’s
energy G (Eq. (3.17)) vs r+ for
fixed values of l = 0.9,
H1 = 100, δd,2n−1 = 10,
ωq = −0.5, 
d−2 = 1, d = 7
and H = 1

4 Lovelock hairy black holes

The polynomial equation generating solutions that describe
Lovelock hairy black holes with quintessence and string-
cloud background can be determined as

P
[κ − g(r)

r2

] =
pmax∑
p=0

α p

[
κ − g(r)

r2

]p

= 16πGM

d2
d2r
d1

− 8πGq

rd1(1+ωq )

− 16πGa

d2rd2
+ 16πGHA

rd
, (4.1)

where the contribution of scalar configuration (2.29) and
energy–momentum tensors corresponding to quintessence
(2.23) and cloud of strings (2.18) have been used in con-
struction of the above polynomial equation. Note that for
simplicity we have also used

α0 = α0

d1d2
, α1 = 1,

α p =
2p∏
i=3

diαp. (4.2)

It is worthwhile to mention here that the general expression
for α p in the above holds only in case of p > 1. Differ-
ent black hole solutions can be constructed from the above
polynomial equation.

The mass of black hole associated with Eq. (4.1) is written
as

M = d2
d2

16πG

[ pmax∑
p=o

α pκ
prd1−2p

+ + 8πGq

r
d1ωq
+

+ 16πGar+
d2

− 16πGHA

r+

]
. (4.3)

The Hawking temperature corresponding to the black hole
characterized by Eq. (4.1) can be expressed as

TH (r+) = 1

4π�(r+)

[ n−1∑
p=0

α pκ
p(d1 − 2p)

r2p+1
+

+ 16πGHA

rd+1+
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+ 16πGa

d2r
d1+

− 8πGqd1ωq

r
d1ωq+d
+

]
, (4.4)

where �(r+) is defined by

�(r+) =
pmax∑
p=0

pα pκ
p−1

r2p
+

. (4.5)

The entropy for these black holes can be calculated again by
Wald’s method as

S = (d − 2)
d−2

4G

pmax∑
p=1

pκ p−1
(

α p

d − 2p
rd−2p
+

+bp(d − 3)!Nd−2p

(d − 2p)!
)

. (4.6)

Using entropy (4.6) and temperature (4.4), it is straight-
forward to compute heat capacity as

CH =
�(r+)d2
d2

(∑pmax
p=0 pκ p−1α pr

d1−2p
+

)

4G

(
�1(r+)�(r+) − �2(r+)d�/dr+

)

×
[ pmax∑

p=0

α pκ
p(d1 − 2p)

r2p+1
+

+ 16πGa

d2r
d1+

− 8πGqωqd1

r
d+d1ωq
+

+ 16πGHA

rd+1+

]
, (4.7)

where

�1(r+) = 8πGqωqd1(d + d1ωq)

r
d+1+d1ωq
+

−
pmax∑
p=o

α pκ
p(2p + 1)(d1 − 2p)

r2p+2
+

− 16πGHA(d + 1)

rd+2+
− 16πGad1

d2rd+
, (4.8)

�2(r+) =
pmax∑
p=0

α pκ
p(d1 − 2p)

r2p+1
+

− 8πGqωqd1

r
d1ωq+d
+

+ 16πGa

d2r
d1+

+ 16πGHA

rd+1+
, (4.9)

and

d�

dr+
= −2

pmax∑
p=1

p2α pκ
p−1

r2p+1
+

. (4.10)

One can easily determine hairy black hole solutions in any
nth-order Lovelock gravity from the polynomial equation
(4.1). For example, the Gauss–Bonnet hairy black hole can
be illustrated by simply putting α2 �= 0 and α p = 0 for
p ≥ 3 in Eq. (4.1) as follows

f±(r) = κ + r2

2α2

[
1 ± √

ζ(r)

]
, (4.11)

where

ζ(r) = 1 − 4α2α0 + 4α2α0

(
16πGM

d2
d2r
d−1 − 8πGq

rd1(1+ωq )

− 16πGa

d2rd2
+ 16πGHA

rd

)
.

(4.12)

5 Summary and conclusion

In this work we focused on the new solutions of Lovelock-
scalar gravity in the background of quintessence and a con-
figuration of strings. The Lovelock gravity is non-minimally
coupled to a conformal scalar field, and the matter sources
for gravity were taken in the form of quintessence and a
cloud of strings. A specific choice of DCG for the Love-
lock coefficients is used and the gravitational field equations
are solved. The metric function (2.28) representing dimen-
sionally continued hairy black hole with quintessence and a
cloud of strings is calculated. Moreover, we also examined
thermodynamics of the hairy black holes. The finite mass of
black hole, Hawking temperature, specific heat capacity and
Gibb’s free energy are calculated in terms of the event hori-
zon radius. It is shown that the thermodynamic quantities are
significantly affected by the contributions of quintessence
and cloud of strings except for the Wald entropy which
remains unchanged. We considered the entropy S, parameter
of strings a, quintessence parameter q and conformal cou-
pling coefficients b′s as extensive thermodynamic variables
and computed their conjugate quantities as well. We used
these quantities for validation of the generalized first law and
Smarr’s relation. We also performed thermodynamic stabil-
ity analysis from both local and global points of views. The
results for Hawking temperature and heat capacity in differ-
ent spacetime dimensions have also been presented graphi-
cally. The region of positive heat capacity and Hawking tem-
perature shows that there is local thermodynamic stability
of the black holes. It is shown that larger DCG hairy black
holes are more stable than the smaller ones because as r+
increases both the heat capacity and Hawking temperature
also increase. The possibility of both the first and second
order phase transitions is also visible from the plots of spe-
cific heat capacity. Further, global thermodynamic stability
of black holes can be analysed from the plot of Gibb’s free
energy as a function of r+.

Finally, the hairy black holes of general Lovelock theory in
the presence of quintessential dark energy and string-cloud
model are also studied. In order to do this, we determined
the Lovelock polynomial equation which can generate d-
dimensional black hole solutions of any nth-order Lovelock
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theory. The thermodynamic quantities corresponding to this
polynomial equation have also been computed.

It is worthwhile to note that for HA = 0 or bp = 0,
the metric function (2.28) again describes a new class of
dimensionally continued non-hairy black holes surrounded
by quintessence and a cloud of strings. Similarly, topological
black holes obtained in Ref. [77] can also be recovered from
polynomial equation (4.1) for HA = 0. Moreover, by taking
q = a = 0, the metric function in each case describes neutral
black holes with scalar hair.

It might be very significant to study the phenomenon
of thermal fluctuations, Hawking radiations, quasi-normal
modes and greybody factors in the framework of a cloud
of strings and quintessence. Similarly, the study of charged
black holes, black branes and cylindrical black holes within
this setup could also be very interesting.
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