
P
o
S
(
Q
C
H
S
C
2
4
)
0
1
2

Complex potential and open system applications in
heavy-ions and cold atoms

Yukinao Akamatsu0,∗

0Department of Physics, Osaka University,
Toyonaka, Osaka 560-0043, Japan

E-mail: yukinao.a.phys@gmail.com

Since the discovery of the complex potential of quarkonium at high temperatures, quarkonium has
been regarded as an open quantum system in the quark-gluon plasma. Recently, a similar issue re-
garding in-medium bound states of impurities has also emerged in particle physics and cold atomic
physics. We will provide an overview of recent advancements in understanding key quantities such
as complex potential and transport coefficients for heavy impurities in finite temperature QCD and
cold atomic systems.

The XVIth Quark Confinement and the Hadron Spectrum Conference (QCHSC24)
19-24 August, 2024
Cairns Convention Centre, Cairns, Queensland, Australia

∗Speaker

© Copyright owned by the author(s) under the terms of the Creative Commons Attribution-NonCommercial-NoDerivatives
4.0 International License (CC BY-NC-ND 4.0) All rights for text and data mining, AI training, and similar technologies for
commercial purposes, are reserved. ISSN 1824-8039 . Published by SISSA Medialab. https://pos.sissa.it/

mailto:yukinao.a.phys@gmail.com
https://pos.sissa.it/


P
o
S
(
Q
C
H
S
C
2
4
)
0
1
2

Complex potential and open system applications in heavy-ions and cold atoms Yukinao Akamatsu

1. Introduction

There have been various advancements achieved in the study of heavy-ion collisions. Among
the various milestones, we have successfully created a deconfined state of matter known as the
quark-gluon plasma (QGP) and uncovered its unexpectedly strong coupling nature, characterized
by a remarkably low shear viscosity to entropy density ratio ([/B). Nevertheless, several significant
questions remain unresolved. For instance, the mechanisms underlying the rapid thermalization of
the system during its swift expansion are still not fully understood. Additionally, the phenomenon
of hydrodynamic collectivity observed in systems with a relatively small number of particles poses
an ongoing challenge to our understanding. Finally, our knowledge of the dynamical properties of
strongly coupled QGP remains limited.

Quarkonium, a bound state of a heavy quark and its antiquark, serves as an ideal probe to in-
vestigate the color dynamics in the QGP. As a localized object with color charge, quarkonium is
expected to reflect the modifications of the color force in the medium. In the deconfined phase, the
potential between quarks becomes screened and short-ranged due to the liberation of color degrees
of freedom, leading to the dissociation of bound states at sufficiently high temperatures. This phe-
nomenon forms the basis of the �/k suppression scenario [1], which suggests that the production
of �/k particles decreases when QGP is created in heavy-ion collisions.

Consider, for example, the experimental data of dimuons containing Υ peaks observed at the
LHC [2], which compares heavy-ion collision data with proton-proton (pp) collision data in Fig. 1.
The findings indicate that excited states are suppressed more strongly than the ground state. This
sequential melting can be qualitatively explained using the screening model. However, dynamical
effects, such as collisions and gluon absorptions or emissions, also play a significant role. Recent
theoretical studies suggest that, within the potential framework, these dynamical effects manifest in
the imaginary part of the potential [3], while static screening effects are represented in the real part.
Since the imaginary part of the potential should not lead to a reduction in the heavy quark number,
it is crucial to establish a theoretical framework that integrates both static and dynamical effects,
enabling a more comprehensive understanding of the QGP.

2. Complex potential for quarkonium

We review the key insights gained about the complex potential. Its definition is given in terms
of a static heavy quark pair.

〈Ψ(r, C)〉) = 〈&2 (0, C)&(r, C)&†(r, 0)&†
2 (0, 0)〉) −−−−→

C→∞
4−8+ (r )C . (1)

Here & (2) annihilates a heavy quark (antiquark) and &
†
(2) creates a heavy quark (antiquark). The

pair wave function Ψ(r, C) contains the information of potential energy in its phase. At the same
time, due to the thermal fluctuations, this potential energy possesses a stochastic nature. Taking the
medium average 〈Ψ(r, C)〉) , phase cancellation occurs and gives rise to the imaginary part of the
potential + (r). By integrating out the static quarks in the singlet state (by connecting between &

and &2 with a Wilson line), what remains is the real-time thermal Wilson loop, whose long-time
behavior defines the potential (Fig. 2).
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parameters of both CB functions for a given state are kept the 
same, as these are not affected by the detector resolution. The 
mass parameter of the ground state is left free to allow for possible 
shifts in the absolute momentum calibration of the reconstructed 
tracks. For the excited states (ϒ(2S) and ϒ(3S)), the yields can vary 
while all other fit parameters are fixed to be identical to those for 
the ground state except for the mean and width which are fixed 
to values found by multiplying those for ϒ(1S) by the ratio of the 
published masses of the states [41]. In the pp data fits, the two 
radiative-tail parameters and the parameter for the ratio of the 
two widths are allowed to vary within a Gaussian probability den-
sity function (PDF). The mean and the width of the constraining 
Gaussian function represent the average and its uncertainty, re-
spectively, from the fits in all the rapidity bins of the analysis with 
no fixed parameters. In the PbPb fits, in addition, the parameter 
for the fraction of the two CB functions is also constrained. In this 
case, the mean and the width of the constrained parameters rep-
resent the corresponding parameter values and their uncertainties 
from the pp fits for each kinematic region. The background PDF 
is an error function multiplied by an exponential, with the yield, 
the error function’s two parameters, and the decay parameter of 
the exponential all allowed to vary in the final fit. For bins with 
pT > 6 GeV, an exponential without the error function provides 
the best fit, and was used for the nominal result.

Fig. 1 shows the dimuon invariant mass distributions in pp 
and PbPb collisions along with the fits using the model described 
above, for the kinematic range pµ+µ−

T < 30 GeV and |yµ+µ− | <
2.4.

4.2. Corrections

In order to obtain the normalized cross sections, the yields ex-
tracted from the fits to the dimuon invariant mass spectra are cor-
rected for acceptance and efficiency, and scaled by the integrated 
luminosity. The acceptance corresponds to the fraction of dimuon 
events originating from ϒ mesons within the kinematic range of 
the analysis. The acceptance values for the considered kinematic 
region are 22.5% (ϒ(1S)), 27.8% (ϒ(2S)), and 31.0% (ϒ(3S)) for PbPb 
collisions and differ by <1% from the corresponding pp data val-
ues, with the small difference being due to a small residual differ-
ence in the kinematic spectra after weighting the MC to data.

The dimuon efficiency is defined as the probability that a muon 
pair within the acceptance is reconstructed offline, satisfies the 
trigger condition, and passes the analysis quality criteria described 
in Section 3. The dimuon efficiency is calculated using MC. The in-
dividual components of the efficiency (track reconstruction, muon 
identification and selection, and triggering) are also measured us-
ing single muons from J/ψ meson decays in both simulated and 
collision data, with the tag-and-probe (T&P) method [30]. For the 
muons used in this analysis, data and MC efficiencies are seen to 
differ only in the case of the trigger efficiency, and there only 
by !1%. For this case, scaling factors (SF), calculated as the ra-
tio of data over simulated efficiencies as function of pµ

T and ηµ , 
are applied to each dimuon on an event-by-event basis. The other 
components of the T&P efficiency are used only for the estima-
tion of systematic uncertainties. The average efficiencies integrated 
over the full kinematic range are 73.5% (ϒ(1S)), 74.4% (ϒ(2S)), and 
75.0% (ϒ(3S)) in PbPb collisions, and they are 8–9% higher for pp 
collisions.

The integrated luminosity of 28.0 pb−1 with an uncertainty of 
2.3% [42] is used to normalize the yields for pp data. For PbPb
collisions, the number of minimum bias collision events sampled 
by the trigger (NMB), together with the average nuclear overlap 
function (TAA), are used for the normalization. The overlap func-
tion TAA is given by the number of binary NN collisions divided 

Fig. 1. Invariant mass distribution of muon pairs in pp (top) and PbPb (bottom) 
collisions, for the kinematic range pµ+µ−

T < 30 GeV and |yµ+µ− | < 2.4. In both 
figures, the results of the fits to the data are shown as solid blue lines. The separate 
yields for each ϒ state in pp are shown as dashed red lines in the top panel. The 
dashed red lines in the bottom panel are derived from the fits to PbPb (blue solid 
line). In order to show the suppression of all three ϒ states, the amplitudes of the 
corresponding peaks are increased above those found in the fit by the inverse of 
the measured RAA for the corresponding ϒ meson.

by the inelastic NN cross section, and can be interpreted as the 
NN-equivalent integrated luminosity per heavy ion collision. Val-
ues of TAA are calculated with a Glauber model MC simulation [43,
44], which is also used to obtain the average number of partic-
ipating nucleons, ⟨Npart⟩. This latter number is highly correlated 
with the impact parameter of the collision, and is used as the 
abscissa when plotting results as a function of PbPb collision cen-
trality.

4.3. Systematic uncertainties

Point-to-point systematic uncertainties arise from the choices 
of signal and background PDFs and of the central value in the fit 
constraints, as well as from acceptance and efficiency corrections. 
Larger relative uncertainties are obtained when the background 
level is higher (at lower pT or more forward y regions), and, in 
particular for the ϒ(3S), when the absolute yield is small.

1S

2S

3S

Figure 1: Dimuon invariant mass spectrum around Υ masses from the CMS collaboration at the LHC. Data
show clear pattern of sequential suppression, where higher excited states aremore strongly suppressed. Figure
adapted from Ref. [2].

(a)

A

C , (C, A) ∝ 4−8+ (A )C

(b)

Figure 2: (a) Real-time Wilson loop , (C, A) at finite temperature. Its long time behavior determines the
complex potential between static heavy quark pair. (b) Leading order perturbative expansion of , (C, A) in
the soft regime A ∼ 1/6) . The gluon propagators are dressed with the Hard-Thermal-Loop self energies.

2.1 Complex potential in perturbation theory

In perturbation theory, the potential in the soft regime (A ∼ 1/6)) can be calculated using Hard-
Thermal-Loop resummed propagators. The resulting potential contains both real and imaginary
parts [3–5]:

+1LO(A) = −��6
2

4c

(
<� + 4−<DA

A

)
− 8��6

2)

∫
33:

(2c)3

c<2
D(1 − 48k ·r )

: (:2 + <2
D)2

, (2)

with the Debye mass <� = 6)

√
#2

3 + # 5

6 and �� = (#2
2 − 1)/2#2. The real part shows mass shift

and screening, while the imaginary part arises from the Landau damping due to the collisions. At
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There is one (four-dimensional) momentum variable that is
integrated over (which we call k), and the momentum
transfer is p ¼ ðp0; p⃗Þ. The energy transfer p0 is eventually
taken to zero to get the momentum space potential. Fourier
transforming the momentum space potential gives the
coordinate space potential. There are two relevant contri-
butions to the gluon self-energy Πret

BLO (first diagram in
Fig. 1). One comes from the power correction to the HTL
self-energy (k ∼ T), and one from the one-loop self-energy
diagram with the loop momentum semihard k ∼ p. The fact
that the semihard scale dominates the soft one (mD)
produces enormous simplifications. Both HTL vertices
and HTL propagators reduce to the corresponding bare
ones up to corrections of order m2

D=p
2. There are no

contributions to Πret
BLO from quark loops for k ∼ p because

at energies smaller than T they are Pauli blocked and,
hence, suppressed by p2=T2 with respect to the Bose-
enhanced gluonic contributions. Also, possible contribu-
tions from tadpole diagrams vanish. The last four graphs in
Fig. 1 are zero at zero temperature in Coulomb gauge
because they involve only the bare longitudinal gluon
propagator, which is energy independent. At finite temper-
ature they give a nonvanishing contribution that has not
previously been considered. The leading contribution from
the last four graphs in Fig. 1 arises when the internal
momentum k ∼mD and HTL propagators are used, because
the HTL longitudinal gluon propagator is energy
dependent.
The gluon self-energy bubble in Fig. 1(a) at next-to-

leading order in p=T is [40], for p0 → 0,

Πret
BLOðp0; p⃗Þ

¼−
g2T
4

!
Nc

!
pþ i

7

3

p0

π

"
− i

!
Nc−

Nf

2

"
p0p
2πT

"
: ð4Þ

The first contribution comes from the loop with k semihard
[41,42] (the real part was obtained earlier in [43]) and the
second piece is the power correction [44]. To find the
corresponding contribution to the potential, the result in (4)
is used in the time-ordered propagator. Note that the terms
in Eq. (4) proportional to the energy transfer p0 must be
kept, even though we take the limit p0 → 0 in the
calculation of the static potential, because they combine
with a Bose-enhancement factor ∼T=p0 in the time-ordered

propagator. The sizes of the contribution (4) to the real
[imaginary] part of the static potential are g4−3a=T2

[g4−4a=T2, g4−3a=T2], where the two terms in the square
bracket indicate, respectively, the semihard loop and the
power correction.
In the diagrams in Figs. 1(d) and 1(e) the loops are not

sensitive to the momentum transfer p. The contribution in
momentum space is [37]

VðdeÞ
2 ¼ ig4NcCFGð0; pÞ

Z
d4k
ð2πÞ4

Gðk0; kÞ
ðk0 þ iηÞ2

; ð5Þ

with η → 0þ. To do the momentum integral we use the time
ordered propagators in the HTL limit and expand the Bose
distribution since k ∼mD. This gives

VðdeÞ
2 ¼ g4NcCF

8π
Gð0; pÞ

!!
1 − 3π2

16

"
T
mD

"
: ð6Þ

The contribution from the graphs in Figs. 1(b) and 1(c) is

VðbcÞ
2 ¼ −

ig4NcCF

2

Z
d4k
ð2πÞ4

Gðk0; k⃗þ p⃗ÞGðk0; kÞ
ðk0 þ iηÞ2

: ð7Þ

Using p ≫ k; k0 we can write, under the integral sign,

Gðk0; k⃗þ p⃗Þ¼Gð0;pÞ
#
1−

k2

3
Gð0;pÞð1þ4m2

DGð0;pÞÞ
$

þO
!
m3

D

p5

"
: ð8Þ

We keep m2
D in the denominators even though it is

parametrically smaller than p2, and we call this the damped
approximation. The dominant term in (8) gives VðbcÞ

2 ðpÞ ¼
−VðdeÞ

2 ðpÞ=2. The subdominant term only contributes to the
real part of the potential. From Eq. (6) we see that the real
part of Figs. 1(b) and 1(c) is ∼g4T=ðmDp2Þ and is para-
metrically larger than the contribution from the self-energy
diagrams (4). We note that when the loop momentum is
k ∼ p it appears that we could get a contribution from
Figs. 1(b) and 1(c) of the same size as the self-energy
contribution, but in this case the HTL propagators
can be approximated by the corresponding bare ones
and therefore we get zero in Coulomb gauge. For
reference we give the result obtained from Eqs. (4), (6),
and (7), by expanding in mD=p and dropping terms of
order g4Tm2

D=p
5 in the real part and (g4T2m2

D=p
6, g4=p2)

in the imaginary part. This result reads

(e)(d)(c)(b)(a)

FIG. 1. One-loop contributions to the static potential in the
Coulomb gauge. All gluon lines correspond to longitudinal
gluons. The iteration of the LO potential must be subtracted.
Note that there is no diagram analogous to (d) with a three-gluon
vertex.

PHYSICAL REVIEW LETTERS 134, 011905 (2025)

011905-3

time

Figure 3: Diagrams for the complex potential in the next-to-leading order expansion. Figure adapted from
Ref. [6].

1/) � A � 1/<� , the binding energy is ∼ 62/A while the decay rate is ∼ 62)<2
�
A2. Therefore the

resonance peaks exist only when A . 1/62/3) .
Recently, next-to-leading order (NLO) calculation has been performed in a semi-hard regime

A ∼ 1/60) with 1/3 < 0 < 2/3 [6]. The NLO contribution stems from one-loop diagrams ((b)-(e)
in Fig. 3) and corrections to one-loop self-energy beyond the HTL approximation ((a) in Fig. 3). In
the ?-space, the NLO contribution reads

Δ+̃2,exp(?) = −64��#2)

16c<� ?2



[
1 − 3c2

16
+ 4c<�

?
+
<2

�

?2

(
5c2

24
− 4

3

)]
+ 8

c)<�

?2

[
56
3c

−
(
1 − 3c2

16

)
<�

?
−
(
1 −

# 5

2#2

)
4?
c)

]

, (3)

where expansion with respect to <�/? � 1 is performed. The NLO improved complex potential
can be used calculate the self-energy of bottomonia, which is compared with corresponding lattice
QCD simulations.

2.2 Complex potential by the lattice QCD simulations

The potential has also been calculated by lattice QCD simulations. A key challenge arises
because the Euclidean formalism does not provide direct access to real-time data. However, the
imaginary-time Wilson loop and the real-time Wilson loop are related through a common spectral
function via analytic continuation, from the Fourier transform to the Laplace transform:

, (C = −8g, A) =
∫

3l4−lgd(l, A), 0 ≤ g ≤ V. (4)

In lattice QCD simulations, a finite set of data points along imaginary time , (C = −8g=, A) (= =

1, 2, · · · , #g) is obtained, including statistical errors. The spectral function is then inferred using the
Bayesian reconstruction method. Once the spectral function d(l, A) is reconstructed, , (C, A) can
be obtained, from which the potential + (A) is extracted. A study conducted in 2015 [7] found that
the real part of the potential exhibits screening, while the imaginary part increases monotonically
with A . However, contrary to natural and conventional expectations, the latest study [8] reports no
screening in the real part of the potential. In this recent study, instead of using the Bayesian method,
the lattice data, (C = −8g=, A) is fitted using an ansatz spectral function:

d(l, A) = dlow(l, A) + dpeak(l, A) + dhigh(l, A). (5)
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Here, dhigh(l, A) is a temperature-independent component that dominates at large l. It is fixed by a
spectral function at) = 0 with d)=0(l, A) = �(A)X(l−+)=0(A))+dhigh(l, A). The term dpeak(l, A)
represents a temperature-dependent peak with a finite width, which determines the complex poten-
tial + (A) at finite temperature. Finally, dlow(l, A) corresponds to contributions well below the peak
and is interpreted as a heavy&&̄ state propagating forward in Euclidean time while interacting with
a backward propagating light state from the medium. These two studies present conflicting results
regarding the nature of screening in the deconfined phase of QCD matter. In particular, this dis-
crepancy raises the question of how screening should manifest in a nonperturbative and non-static
framework, where peak broadening occurs and the distinction between different peaks (such as dlow

and dpeak) becomes ambiguous.

3. Quarkonium as an open quantum system in QGP

The presence of an imaginary component in the potential indicates that quarkonium is not a
closed system but rather an open system in the quark-gluon plasma (QGP). We now introduce the
open-system approach to quarkonium in the QGP [9].

Open quantum systems are ubiquitous. Theoretically, we begin with a total closed system,
whose Hilbert space is a direct product of the system and its environment. Our primary interest lies
in system observables, which can be computed using the reduced density matrix d( . The master
equation governing the reduced densitymatrix follows the Lindblad formwhenwe impose positivity
(d( > 0) and trace conservation (Trd( = 1) of the density matrix:

3d(

3C
= −8[�′

( , d(] +
∑
:

!:d(!
†
:
− 1

2
!
†
:
!:d( − 1

2
d(!

†
:
!: (6)

= −8�effd( + 8d(�
†
eff +

∑
:

!:d(!
†
:
, �eff = �′

( − 8

2

∑
:

!
†
:
!: . (7)

The Lindblad equation can also be expressed differently as in (7), incorporating a non-Hermitian
Hamiltonian �eff and quantum jumps

∑
: !:d(!

†
:
. The complex potential can be interpreted as a

component of the non-Hermitian Hamiltonian. Thus, for a complete description, it is essential to
account for the quantum jumps dictated by the Lindblad operators !: .

A few remarks are in order. The Lindblad equation assumes initially uncorrelated states for the
total system dtot(0) = d( ⊗ d� , which may be a reasonable assumption for heavy quark pair pro-
duction in hard partonic processes. Additionally, its microscopic derivation presumes weak system-
environment coupling. However, this assumption may not hold for quarkonium in a strongly cou-
pled QGP. Nevertheless, studying quarkonium dynamics in an idealized scenario provides valuable
insights.

3.1 Lindblad equation for A ∼ 6) and 6 � 1

When quarkonium and the QGP interact perturbatively, the Lindblad equation can be derived
directly from the non-relativistic quantum mechanical Hamiltonian of heavy quarks (x) and anti-

5
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quarks (x2):

�� = 6
[
�0

0 (x) (C
0 ⊗ 1) − �0

0 (x2) (1 ⊗ C0∗)
]

(8)

=

∫
33:

(2c)3

[
48k ·x (C0 ⊗ 1) − 48k ·x2 (1 ⊗ C0∗)

]
⊗ 6�̃0

0 (k), (9)

which can also be expressed in Fourier space as in (9). For instance, at a distance of 1/6) , the
leading-order Lindblad operator in the recoilless limit takes a form similar to the Hamiltonian [10]:

!0
k =

√
W:

[
48k ·x (C0 ⊗ 1) − 48k ·x2 (1 ⊗ C0∗)

]
+ O( ¤x, ¤x2) (10)

Here, “recoil” refers to changes in the heavy quark states during collisions, implying an implicit
assumption that heavy quarks move slowly. In the Lindblad operators, : and 0 serve as labels,
while x and C0 are operators. The Lindblad operator describes scattering events with momentum
transfer k and color rotation in channel 0. The environmental effects are averaged out through the
two-point function, which determines the Lindblad operator’s coefficient W: :

W:X
01 (2c)3X(k − k′) = 62

∫
3C〈�̃0

0 (k, C) �̃
1
0 (−k

′, 0)〉),:∼6)

=
c62)<2

D

: (:2 + <2
D)2

X01 (2c)3X(k − k′). (11)

Notably, we assumed specific conditions for 6 � 1 and A ∼ 1/6) , allowing the Lindblad operators
to reproduce the imaginary part of the (singlet) potential (2) by −1

2
∑

0

∫
33:
(2c )3 !

0†
:
!0
:
.

3.2 Lindblad equation for quarkonium dipole

When the quarkonium size is small, the dipole approximation can be used without assuming
a small coupling constant 6. In this limit, an effective field theory known as potential NRQCD
(pNRQCD) is applicable, where the non-relativistic interaction Hamiltonian takes the following
form:

�� = −A8
[√ 1

2#2

( |0〉〈B | + |B〉〈0 |) + 1
2
3012 |1〉〈2 |

]
⊗ 6�0

8 (X) + ()0
�)12 |1〉〈2 | ⊗ 6�0

0 (X). (12)

The last term can be removed by field redefinition in the path integral formulation [11, 12]. In
addition to the standard electric dipole interaction, color dynamics also play a role. The interac-
tion consists of singlet-octet transitions and octet-octet processes, where 3 represents a symmetric
structure constant of the SU(3) color group. In the leading order of A, the Lindblad operator can be
inferred from this interaction Hamiltonian [11, 12]:

!0
8 =

√
WA8

[√ 1
2#2

( |0〉〈B | + |B〉〈0 |) + 1
2
3012 |1〉〈2 |

]
+ O( ¤A). (13)

Since the details of the octet space are not our primary concern, we trace it out to obtain independent
Lindblad operators for each transition: singlet-to-octet, octet-to-singlet, and octet-octet processes:

!>B
8 =

√
W>B

2#2

A8 |>〉〈B |, !B>
8 =

√
WB>

2#2

A8 |B〉〈> |, !>>
8 =

√
W>>

4
A8 |>〉〈> |. (14)
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Because this derivation depends on the smallness of the dipole size A rather than the coupling
strength 6, the coefficients of the Lindblad operators are defined non-perturbatively.

From the previous example, it is evident that the transport coefficients are defined in terms
of the two-point functions of the color electric fields. However, these two-point functions are not
gauge-invariant. To address this issue, one must carefully analyze field redefinitions, which we will
not elaborate on here. In essence, the field redefinition amounts to shifting the octet basis back
to the infinite past. To express the result in the original local basis, adjoint Wilson lines must be
inserted. For instance, in the singlet-to-octet transition rate, the electric fields are connected by an
adjoint Wilson line*�(C1, C2) representing the octet quarkonium [13]:

W>B =
62

3(#2
2 − 1)

∫
3C〈�0

8 (C)*01
� (C, 0)�1

8 (0)〉) = (#2
2 − 1)WB>, (15)

*�(C1, C2) = P exp
[
−8

∫ C2

C1

3C6�0 (X, C) ()0
�)
]
. (16)

This differs from the heavy quark momentum diffusion constant, where fundamental Wilson lines
appear between the electric fields [16, 17]:

^ =
62

3#2

∫
3C〈Tr*� (−∞, C)�8 (C)*� (C, 0)�8 (0)*� (0,−∞)〉) , (17)

*� (C1, C2) = P exp
[
−8

∫ C2

C1

3C6�0 (X, C) ()0
� )

]
. (18)

The octet-octet transition rate is more closely related to the heavy quark momentum diffusion con-
stant ^. The primary distinction is that the electric fields are connected via adjoint Wilson lines:

W>> =
62

3(#2
2 − 1)

∫
3C〈Tr*�(−∞, C)E8 (C)*�(C, 0)E8 (0)*�(0,−∞)〉) , (19)

3012�0
8 =: (E8)12 . (20)

This can be understood by comparing the interaction Hamiltonians of octet quarkonium and single
heavy quarks:

�>>
� = −1

2
r · 6K0 (X)3012 |1〉〈2 |, (21)

�
&

�
= −r · 6K0 (x) (C0)8 9 |8〉〈 9 |. (22)

Consequently, two transport coefficients (W>B and W>>) characterize the Lindblad equation in the
dipole limit, rather than just one, as was initially assumed in early open-system studies.

3.3 Thermalization of quarkonia

The dynamics of quarkonium in the QGP is a combination of quantum Brownian motion and
simultaneous color transitions. In heavy-ion collisions, this process is frequently simulated for Υ
mesons. Let us discuss our numerical results from a one-dimensional simulation at fixed temper-
atures [14, 15]. We solved the Lindblad equation using a stochastic unraveling method, in which
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Time evolution of eigenstate distributions
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(i
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.s
.

Ei/M
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         From IC 2
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T/M=0.3, From IC 1

Boltzmann

Steady state distribution

Figure 4: (a) Time evolution of the eigenmode distribution for the lowest two levels (i=0,1). For both initial
conditions (IC1 and IC2), the distribution reaches a steady state. (b) Eigenmode distributions at the steady
state. They are consistent with the Boltzmann distribution at the medium temperature () = 0.1" and 0.3").
Figures adapted from Ref. [15].

mixed-state wave functions are sampled:

d( (G, H, C) = lim
#→∞

1
#

#∑
8=1

k8 (G, C)k∗
8 (H, C). (23)

For further details, we refer to the original paper. Our simulations considered two distinct initial
conditions.

• Singlet Ground State Initialization (IC1): This scenario corresponds to a short formation
time for quarkonium. Initially, the singlet ground state undergoes dipole-induced excitations
to the octet state. Over time, comparable to the relaxation time, the density matrix approaches
a diagonal form and reaches a steady state.

• Octet Wave Packet Initialization (IC2): This scenario corresponds to a long formation time or
early thermalization of the QGP. Here, the singlet density matrix also exhibits a structure due
to dipole transitions. Again, over time, the density matrix diagonalizes and reaches a steady
state.

To assess quarkonium thermalization, we computed the eigenstate occupation numbers (Fig. 4).
Regardless of the initial conditions, the distribution converges to a steady state. At equilibrium, the
distribution aligns with the Boltzmann distribution at the environmental temperature.

Thermalization occurs when first-order recoil effects are included. A schematic explanation is
as follows. Consider a simple interaction Hamiltonian �� = +( ⊗ +� . From this, we derive the
corresponding Lindblad operator, as described earlier:

! =
√
W

(
+( + 8

4)
¤+( + · · ·

)
∝ +( − 1

4)
[�( , +(] + · · · . (24)

The recoil effect is incorporated via a derivative expansion in time. Using this Lindblad operator

8
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with first-order recoil, we calculate transition amplitudes between system eigenstates |n8〉:

〈n2 |! |n1〉 ∝ 〈n2 |+( |n1〉
(
1 − n2 − n1

4)

)
, (25)

Γ1→2
Γ2→1

=
|〈n2 |! |n1〉|2
|〈n1 |! |n2〉|2

=

(1 − n2−n1
4)

1 − n1−n2
4)

)2

' exp
(
−n2 − n1

)

)
, (26)

∵

(
1 + G/4
1 − G/4

)2
' 1 + G + 1

2
G2 + 3

16
G3 + · · · ' 4G . (27)

The ratio of forward and backward rates then satisfies an approximate detailed balance condition.
Without recoil, the forward and backward rates remain identical, preventing proper thermalization
and leading to excessive heating instead.

4. Complex potential for polarons in cold atoms

Finally, we explore a novel application of the open quantum system framework to polarons in
cold atomic gases. The concept of a polaron was first introduced by Landau and Pekar [18]. In
metals, a conduction electron polarizes the surrounding crystal lattice, forming a quasiparticle that
consists of both the electron and the phonons it excites. This quasiparticle is known as a polaron,
an effect typically neglected in band theory. In general, the effective mass of a polaron can differ
significantly from that of a free electron.

In the cold atom community, a polaron broadly refers to an impurity particle immersed in
a quantum gas. By selecting different atomic species, researchers can fine-tune mass ratios and
adjust interactions between the impurity and the surrounding gas particles, allowing the polaron to
exhibit either attractive or repulsive behavior. Due to the high degree of experimental controllability,
polarons in cold atomic gases provide an ideal platform for simulating quarkonium physics.

4.1 Scaling of the imaginary potential at long distance

Our recent work investigates the impurity potential in the superfluid phase of a cold atomic
gas. In this regime, low-energy excitations—phonons (i)—can be described using effective field
theory [19]:

Leff = ?(\) +Φ†
(
8mC +

1
2"

∇
2
)
Φ − 6=(\)Φ†Φ, (28)

\ = ` − mC ī − 1
2<

(∇ī)2, (29)

where we assume a contact interaction ∝ =(\)Φ†Φ between the impurity (Φ) and the gas particles.
Expanding the pressure ?(`) and the number density =(`) = ?′(`) at ) = 0 with respect to the
phonon field i ≡ √

jī, where j(`) = =′(`), the effective Lagrangian reads

Leff = Lph(i) + Lpol(Φ) + 6

[
√
jmCi + 1

2<
(∇i)2

]
Φ†Φ, (30)

Lph = ?(\) = 1
2
(mCi)2 − 1

2
22
B (∇i)2 + 1

2<√
j
(mCi) (∇i)2 + 1

8<2j
((∇i)2)2 + · · · , (31)

Lpol = Φ†
(
8mC +

∇2

2"
− 6=

)
Φ. (32)
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FIG. 2. (a) The imaginary part of the induced potential for Fermi polarons with T/TF = 0.1, 0.5, and 1.0 (blue, green, and red
curves), normalized by T . The dashed curve shows the zero-temperature limit of the imaginary potential. (b) The imaginary
part of the induced potential at long distances for Fermi polarons with T/TF = 0.1, 0.5, and 1.0 (blue, green, and red curves),
normalized by TF . The dashed curve shows the power-law decay r

�2, which matches those of the induced potential.

Considering the fluctuation on the top of the global
equilibrium, we expand n̂(x) = n̄ + �n̂(x) and expand
✏(n̂) at the quadratic order. As a result, the e↵ective
Hamiltonian turns into

Ĥe↵ '

Z
d3x


n̄

2m
(r'̂)2 +

1

2�
(�n̂)2 +

1

2m
�n̂(r'̂)2

+ gn̄�̂†�̂+ g�n̂�̂†�̂

�
, (36)

where we defined the inverse charge susceptibility ��1 =
✏00(n̄) and omit the constant term ✏(n̄) and the higher-
order term with more than three �n̂. Since we are in-
terested in the long-distance behavior, we can regard the
interaction term appearing in the first line of Eq. (36) as a
perturbation. We emphasize that this treatment follows
from the derivative expansion [63], and does not require a
small coupling constant among medium particles. Based
on this, we evaluate the retarded Green’s function for the
number density operator n̂(x).

Again, we employ the imaginary-time formalism, in
which we have a set of the Mastubara Green’s functions
given by

�''(k, i!
B

n
) =

k
=

��1

(!B
n
)2 + E2

k

,

�nn(k, i!
B

n
) =

k
=

�E2
k

(!B
n
)2 + E2

k

,

�'n(k, i!
B

n
) =

k
=

!B

n

(!B
n
)2 + E2

k

,

�n'(k, i!
B

n
) =

k
=

�!B

n

(!B
n
)2 + E2

k

, (37)

where we defined Ek ⌘ cs|k|. From Eq. (36), we also
read o↵ the following three-point interaction vertex join-

q k + q ' q k + q

FIG. 3. Feynman diagram representing the exchange of the
phonon (solid lines), which induces the potential between two
impurities (amputated bold solid lines) at O(g2). At low fre-
quencies, the left diagram can be e↵ectively reduced to the
right one (see the main text).

ing two phonon and one number density fluctuations:

qk =
1

2m
k · q. (38)

We now perform a perturbative expansion with respect
to the medium interaction term (38). In this expansion,
the leading one-loop diagram that contributes to the in-
medium potential is given in the left diagram of Fig. 3.
Recalling the zero-frequency limit in Eqs. (17) and (18),
it is su�cient to evaluate the low-frequency behavior of
the retarded Green’s function. At vanishing frequencies,
the propagation of the density fluctuation �n̂(x) is sup-
pressed as �nn(k, i!B

n
= 0) = �. Thereby, the Green’s

function of the number density fluctuation directly con-
nected to the impurity lines on the left diagram of Fig. 3
can be replaced with �nn(k, i!n) ' � at low frequencies.
As a result, the resulting Feynman diagram contributing
to the in-medium potential is shown on the left of Fig. 3,
which agrees with the diagram computed in Ref. [38] to
evaluate the real part of the potential.

Having identified the relevant one-loop diagram for the
in-medium potential, we now find the corresponding Mat-
subara Green’s function as

Figure 5: Two-phonon exchange diagram.

We calculate the induced potential between polarons and find that, since this potential arises
from zero-energy transfer processes, one-phonon exchange does not contribute due to the presence
of time derivatives. Instead, the leading contribution comes from two-phonon exchange (Fig. 5),
yielding the imaginary part of the potential as

+Im(r) = −2c62

<2

∫
33:

(2c)3
33@

(2c)3 4
8 (k−q) ·r (q · k)2

4�2
k

X(�k − �q) [1 + =� (�k )]=� (�k ), (33)

where �k = 2B |k | is the on-shell energy of phonon. Note that from here, the imaginary part of
the potential means +Im(A) − +Im(∞) in terms of the previous notation. Performing the angular
integration with 6 ' 2c0IM/<, we obtain the following result:

+Im(A) = −
02

IM)
7

2c<4210
B

ℎ(:)A), (34)

where we introduced a thermal phonon momentum scale :) ≡ )/2B and the function ℎ(H)

ℎ(H) ≡
∫ ∞

0
3B

B64B

(4B − 1)2

[
3 91(BH)2

(BH)2 − 2 91(BH) 92(BH)
BH

+ 92(BH)2
]
, (35)

with the spherical Bessel functions 9= (G). At long distances and finite temperatures, the real part
of the potential scales as 1/A6 due to the massless nature of phonons [20], while the imaginary part
scales as 1/A2 [21].

A key question arises: What is the underlying physical mechanism behind the scaling behavior
of the imaginary part? Our numerical results for the imaginary potential in a superfluid reveal the
same 1/A2 scaling (Fig. 6). It is tempting to attribute this behavior to the presence of gapless exci-
tations. Interestingly, a similar scaling is observed in a free Fermi gas, where gapless particle-hole
excitations are present. However, a crucial counterexample challenges this interpretation: quarko-
nium in the QGP. Despite the absence of massless excitations in the QGP, the imaginary potential
still exhibits the same 1/A2 scaling. This suggests that the observed behavior arises from a more
general mechanism, independent of the presence of gapless modes.

4.2 Scaling in the collisional regime

This universal behavior can be explained by a simple physical mechanism. In all these systems,
the imaginary potential originates primarily from two-body scattering processes:

+̃Im(k) ∝ −
∫
q
|Mk+q,q |2X(�k+q − �q)=(�q)

[
1 ± =(�k+q)

]
, (36)

where �q = 2B |q | for superfluid phonons, �q =
q2

2< for free fermi gas, and �q = |q | for QGP. To
obtain an instantaneous potential, energy conservation must be imposed in the collision kinematics.
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Figure 6: Scaling of the imaginary part of the potential ∝ 1/A2 at long distances. The systems considered
are superfluid (left), Fermi gas (middle), and QGP (right). Figures adapted from Ref. [21].

This introduces a delta function constraint X(�k+q − �q) → X(cos \kq)/Eq: (: → 0), which
contributes a 1/: factor at small momentum : , while other factors remain approximately constant.
Consequently, the imaginary potential scales as 1/: in momentum space, leading to a universal
1/A2 dependence in real space within the collisional regime. This fundamental insight provides a
unifying explanation for the observed universality of the imaginary potential across diverse physical
systems.

5. Summary

We explore the application of the open quantum system framework to quarkonium dynamics
in the quark-gluon plasma (QGP) and extend the discussion to polarons in cold atomic gases. We
begin by introducing the concept of open quantum systems, where quarkonium interacts with the
QGP as an environment. The Lindblad equation is used to describe this interaction, incorporating
a non-Hermitian Hamiltonian and quantum jumps. The complex potential emerges naturally from
this framework. We discuss different approximations, such as the weak coupling limit and dipole
limit, which allow a systematic treatment of quarkonium interactions. The transport coefficients in
the Lindblad equation for the latter are related to gauge-invariant correlation functions, and their
structure is analyzed with an emphasis on the octet sector. Next, we present numerical simulations
of quarkonium evolution using stochastic unraveling of the Lindblad equation. We consider different
initial conditions—starting from either a singlet ground state or an octet wave packet—and analyze
the thermalization process. The eigenstate occupation number confirms that the system reaches a
steady-state distribution consistent with a Boltzmann distribution at the environmental temperature.
The importance of recoil effects in achieving thermalization is also demonstrated. Finally, we extend
the discussion to polarons in cold atomic gases, highlighting their relevance as analog systems for
studying quarkonium physics. Using effective field theory, we calculate the impurity potential in a
superfluid and show that at long distances, the imaginary part scales universally as 1/A2. We explore
the origin of this scaling, initially linking it to the presence of gapless excitations. However, by
comparing with quarkonium in the QGP—where no massless excitations exist yet the same scaling
appears—we identify a deeper, more universal mechanism rooted in two-body scattering processes.
This study provides new insights into the dynamics of open quantum systems in high-energy and
condensed matter physics, bridging the gap between quarkonium evolution in the QGP and impurity
dynamics in ultracold atomic gases.
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