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Abstract
For a Seifert fibered homology sphere X, we show that

the g-series invariant Z,(X;q), introduced by Gukov-
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e?7i/k and in particular that the limit Z,(X; e27//) exists
and is equal to the Witten—-Reshetikhin-Turaev quan-
tum invariant 7, (X). We show that the poles of the Borel
transform of Z,(X) coincide with the classical complex
Chern-Simons values, which we further show classifies
the corresponding components of the moduli space of
flat SL(2, C)-connections.
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1 | INTRODUCTION

Let X be a closed and oriented 3-manifold and consider the positive integer level k Witten-
Reshetikhin-Turaev (WRT) quantum invariant [88, 89, 92]

T (X) € C. (11)

This extends to a full topological quantum field theory (TQFT) [15] and was motivated from
physics by Witten’s work [94] on quantum Chern-Simons and the Jones polynomial [68, 69].
Classical Chern-Simons theory is a gauge theory with a Lagrangian formulation [45], and for
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710 | ANDERSEN AND MISTEGARD

a SU(2)-connection a € Q1(X, 811(2)) we have the classical Chern-Simons action
Scs(@) = L / tr (oc da + 2a3> mod Z.
872 X 3

The classical solutions in the theory are given by the moduli space of flat connections, which we
denote by Mp,(X, SU(2))). The asymptotic expansion conjecture [1-3, 7, 9, 94] postulates that to
each classical Chern-Simons invariant

6 € CS(X) = Scs(Mp(X,SU(2))),

there exists a natural number 119, € Nand constantsdg ; € Q, j = 1, ..., 4g and (possible divergent)
formal power series with non-zero constant term Z,, ;(k) € C[[k=Y/2]]%,j = 1,..., up giving a large
level k Poincaré asymptotic expansion

TX) | ~ D eZ”’kGdesfz@ (k). 1.2)

QECS(X )

The Chern-Simons action have a holomorphic extension to the space of SL(2, C)-connections,
and this fact was used by Witten in his work on the analytic continuation of Chern-Simons theory
[95]. This is in accordance with recent developments in quantum field theory [18, 39, 54, 76] which
makes use of resurgence [38, 40, 41, 80] and Pham-Picard-Lefshetz theory [19, 20, 35, 66, 75, 85-87].
In particular, this motivates that the power series invariants (pertubative series) in the expansion
(1.2) should be resurgent, with poles in the Borel-plane equal to (up to a shift) the set of classical
complex Chern-Simons values

CSc(X) = Scs(Mpa(X, SL(2, ©))).

The work [48] by Garoufalidis used these ideas to pose a rich series of conjectures concerning
the resurgence properties of quantum invariants, and their connection to complex Chern-Simons
theory. More recently, the use of resurgence in connection to the Teichmdiller topological quantum
field theory (TQFT) of the first author and Kashaev [8], which is the mathematical model of the
partition function of complex Chern-Simons theory [52], has been initiated by Garoufalidis, Gu
and Marino in [49].

In [55], Gukov, Pei, Putrov and Vafa used arguments from string theory and 3d — 3d correspon-
dence to propose the existence of an invariant of (X, a), a € Spin®(X), which is an integer power
series convergent inside the unit disc

Z,(X;q) € 27°¢"Z[[q]]. 1.3)

The Gukov-Pei-Putrov-Vafa (GPPV) invariant was argued to be connected via resurgence to
Chern-Simons in the work of Gukov, Marino and Putrov [54]. In the case of certain Brieskorn
spheres X = 2(p,, p,, p3) the invariant Z,(X; q) was conceived as a Borel-Laplace resummation
of the large level k asymptotic expansion of the Witten-Reshetikhin-Turaev (WRT) invariant (1.1).
Subsequently, the contour integral formula for (1.3) for (negatively definite) plumbed 3-manifolds
from [55] was proven mathematically to be a topological invariant in [53]. Moreover; the radial
limit conjecture [28, 53, 55] postulates that if b,(X) = 0, then the following holds:
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Tk(x) - 2riklk(a,a) -1 . 5
e W S lim 7, (X;
T ExSH =@V > IWol™Sap , Jim (X5 Q)

a,beSpin‘(X)/z,

(see Conjecture 2, where the notation is introduced). The proof of this remarkable conjecture
would give an analytic extension of 7, (X) to the interior of the unit disc.

This paper concerns with WRT quantum invariants and their connection to Gukov-Pei-
Putrov-Vafa (GPPV) invariants via resurgence and the radial limit conjecture. We now summarize
our main results. Let p,, ..., p,, € N be pairwise coprime integers, and let for the rest of this paper
X denote the oriented Seifert fibered integral homology 3-sphere with n > 3 exceptional fibers:

X =2(pPys s Dy)-

Let Z,(X) denote the Ohtsuki series of X. This is known by the work [73] to give the series in (1.2)
attached to 0 € CS(X). Let B denote the Borel transform (see the Appendix).

(1) Theorem 1 computes CS.(X) and establishes that the Chern-Simons action Sg induces a
bijection between 7y(M(X, SL(2, C))) and CS(X).

(2) Theorem 2 establishes that CS(X) is equal to the set of poles of B(Z,(X)).

(3) Theorem 3 establishes that Z,(X; q) is a Borel-Laplace resummation of Z,(X).

(4) Theorem 4 establishes that Z,(X; q) admits an asymptotic expansion for g — >/, and that
the radial limit conjecture is true for X, that is, there are explicit constants u, § such that

7. (X) N
—Eo = 1im L2509
7. (S* xS qlexpazi/k) \/E

We stress that in this paper we work with the mathematical definition of Zy(X; q) given in [53].
We now present our results in full detail.
1.1 | Complex Chern-Simons theory

For a Lie group G, let M(G) = M(X, G) be the moduli space of flat G-connections on X. Set P =
H;lzl p;. For a rational number x € @, let[x] = x mod Z. We prove

Theorem 1. The Chern-Simons action Scg induces a bijection between my(M(SL(2, C))) and the
range of the Chern—Simons action, which is equal to

)
CSc(X) ={[0]} { [%] : m € Z is divisible by at most n — 3 of the integers p }

The natural inclusion
induces an isomorphism on the level of

To(M(SL(2, R)) L yy(ay) M(SU(2))) = 7o(M(SL(2, C))).
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1.2 | The Borel transform

For k € N* set g, = exp(27i/k) and let ¢ € C* and ¢ € Q be the constants introduced below in
(2.2). We consider the normalized quantum invariant

71(X)

SRSy (1.4)

_ ¢
Z;(X) =¢q;

Let CS{.(X) = CScs(X) \ {[0]}. Introduce the rational function

6()=]] <_ B _> (2" ==7")"" (L5)

j=1

In Theorem 2 we use the notion of a resurgent function and the Borel transform, which are recalled
in Definitions Al and A2, respectively. Let x = 4/27iP. Building on the work of Lawrence and
Rozansky' [73] and on our Theorem 1 we prove the following:

Theorem 2. There are uniquely determined polynomials Zy = Zo(X) for 6 € CSL(X) of degree at

1
most n — 3 and a formal power series Z, = Z,(X) € x~ 2 C[[x~1]] giving the full asymptotic expan-
sion in the Poincaré sense

ZX) ~ Y M7k, (1.6)
7 9eCS.(xX)

The series Z,, is a normalization of the Ohtsuki series of X (see Equation 2.6) whose Borel transform
B(Z,) is the resurgent function:

noo v
~ [I;_, sinh <—>
B(Zy)¢) = ——G (eXP <KP£>) = :—l ! il . (1.7)
/g ﬂﬁ(sinh(x\/f»
Furthermore; if Q is the set of poles of B(Z,), then
Q = =27 CS{(X) + 27iZ. (1.8)

Remark 1. In accordance with the asymptotic expansion conjecture we expect that the sum
in (1.6) should only range over the Chern-Simons values of flat SU(2)-connections. This is
known to be true for n = 3 [59] and in some cases for n = 4 [58]. However, we see from (1.8)
that the quantum invariants via resurgence determine all the Chern-Simons values of flat
SL(2, C)-connections.

* A comparison is given at the end of the introduction.
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1R

FIGURE 1 Theintegrationcontourl’ =T, +1I_

1.3 | Aresurgence formula for the GPPV invariant Z

Let A € Q be given by Equation (4.2). Let g denote a complex variable. Consider the GPPV invari-
ant [55] which (up to the pre-factor g=*) is given by a power series invariant (1.9) with integer
coefficients and radius of convergence equal to unity

Zy(X:q) € ¢ Z[[q]]. (1.9)

In this paper, we work with the mathematical definition of (1.9) given in [53] for a large class
of plumbed 3-manifolds which includes X. This definition is recalled below in Definition 1. Set
my=Pn—2-— Z;‘zl pj‘l) € Z. There exists a sequence of integers {x,,} . such that for all
z € Cwith |z] < 1

[e5]
m=m,

G(z) = (-1)" ) xmz" € Z[[z]].

m=my
Let j denote the upper half-plane. Let ¢ € } and set
q = exp(27it).

Let I'=T, +I'_ be the oriented unbounded contour depicted in Figure 1 and let 1=
(=" %(ZP)‘l/ 2. We show that the GPPV invariant ZO(X ;) is a Borel-Laplace resummation (see
the Appendix) of the Ohtsuki series Z,(X).

Theorem 3.

gP2y(X; ) = % [ exp-t/oBE XK =, xna (1.10)

m=m,

In this paper, we use the resurgence formula (1.10) to prove that the GPPV invariant Z,(X; q)
admits a full Poincaré asymptotic expansion when q tends to the kth root of unity equal to e27/k,
We further show that the constant term of this expansion is equal (up to a scaling factor) to the
Witten-Reshetikhin-Turaev quantum invariant, and thus we use resurgence to prove the radial
limit conjecture for X.

8519017 SUOWIWOD AT 3|qedt|dde ayy Aq peusenob ae sspnte YO ‘8sn Jo S9N Joj Arig1T8uljuUQ /8|1 UO (SUonIpuod-pue-SwWBILI0D A8 | 1M Ae.q 1 pUlUO//:SdNY) SUONIPUOD pUe WS | 8U1 89S “[7202/80/TT] U0 ARlIqi 8UlUO AB|IM ‘90SZT SW(ZTTT 0T/I0P/W00 A8 1M AReIq 1 PUIUO™D0SYRWPUO |//:SdNy WoJj pepeoiumoq ‘Z ‘2202 ‘0S.L69VT



714 | ANDERSEN AND MISTEGARD

1.4 | The asymptotic expansion of the GPPV invariant Z

We now present the asymptotic expansion theorem for Z,(X), which in particular implies the
radial limit conjecture for X [28, 53, 55]. This conjecture is recalled in Conjecture 2. Assume that
Piseven.Set§ = A — ¢ /4 and u = (2A¢)~L. For a positive parameter ¢ set

s = €Xp 27i
kit = _— .
' k—iZt

Theorem 4. Foreach© € CS{ (X)), there exists a unique polynomial (defined in (5.21)) in k of degree
at most n — 3 with coefficients in formal power series without constant terms

Zo(k,t) € t - Q[ri, k][[]] (1.11)

giving a full Poincaré asymptotic expansion for small t and fixed even k

VDt Zo(Xsqe) ~ 2+ Y 02k, ). (112)
’ =0 6eCs: (X)

In particular, for every even k we have

T (X)

T (2 xSY)’ (1)

Mo .
—= lim ¢°Zo(X: g4.)) =
k t—0
Thus, the radial limit conjecture (Conjecture 2) holds for X.

We remark that the existence of a full asymptotic expansion in terms of complex Chern-Simons
invariants and polynomials in the level as in (1.12) is a new phenomenon not observed in the
literature prior to this work (neither as a conjecture nor as a result). Thus the series (1.11) are new
topological invariants of X.

In combination with Lemma 14, our Theorem 4 yields a remarkable resummation formula for
the (normalized) Witten—-Reshetikhin-Turaev quantum invariant in terms of the (normalized)
Ohtsuki series Z,,. Recall that Q denotes the set of poles of the Borel transform B(Z,) of Z,. Let k
be even, let t be a small positive parameter and set

T, =k—i—
k.t ( T 27i

Corollary 5.

e ¢ ¢
Z,(X) = 11_{% l/o exp (—a > B(Zy)(¢)d¢ — agé Res;_, (exp <—a > B(ZO)(§)>] . (114)
Informally, the identity (1.14) can be rewritten as

200 = [ KBz K - T Reseey (KBEQ).

weQ

provided the right-hand side is interpreted as the limit on the right-hand side of (1.14).
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1.5 | Comparisons with the literature

We now give a brief comparison with the relevant works from the literature. The existence of an
asymptotic expansion

Z(X) ~ ) e Z,(h), (1.15)
k= GER(Y)

where R(Y) C Q/Z is a finite set which was proven in [73]. In this work, it was also shown that Z,,
is a normalization of the Ohtsuki series. Our contribution in regard to (1.15) is to compute CS(X)
and to show R(X) C CSc(X). In [73], the authors do not address the Borel transform.

The g-series from Theorem 3

W)= Y xng ¥ (L16)

m=m,

was considered in the study of 7, (Z(p;, p,, p3)) by Lawrence and Zagier [74], and further explored
by Hikami [58]. It is easy to show that for n = 3, the series (1.16) have periodic coefficients of mean
value equal to zero. These facts, which are not true for n > 3, were used by Lawrence and Zagier
to prove that when g — g, the series ¥(q) tends to the Witten-Reshetikhin-Turaev invariant. For
n > 4 Hikami in [59] considers a differently defined g-series. Our Theorem 4 generalizes the result
from [74] from n = 3 to any number of exceptional fibers n > 3. We remark that to go beyond the
case of n = 3, we use the resurgence formula (1.10).

The work [54] of Gukov, Marino and Putrov is one of the main inspirations for this paper. In
[54], the authors analyze 7, (X) for some examples with n = 3. The identity (1.8) was verified for
these examples. For 7 € §j set h = 27it so that g = exp(h). Consider again the integral

A 2mié
=2 /F exp <—T>B(Zo)(§) de. (L17)
In [54], identities of the form
1(h) = W(q) (1.18)

were discovered. In a sense, the series ¥(q) was taken as a definition for Z,(q) for Z(p;, p,» P3)s
and the GPPV formula (Definition 1) was only later introduced in [55]. Prior to this work, it was
not proven that the GPPV formula and the Borel-Laplace resummation (1.17) give the same result.

In the work [47] of Fuji, Iwaki, Murakami and Terashima, the g-series ¥(q) is also considered
for general n > 3, and they prove a radial limit theorem, which is analogous to (1.13). They also
prove an identity of the form (1.18). In [47], they do not however work with the definition of the
GPPV invariant Z,(q), although they conjecture that this is equal to ¥(g). They also consider the
case of the WRT invariant of a knot inside X and prove a difference equation for ¥(q).

Our Theorem 3 shows

q*Zy(q) = I(h) = ¥(q)

for all Seifert fibered integral homology 3-spheres X with n > 3 singular fibers, where Z,(q) is
independently defined via the GPPV formula. We remark that those of our results that overlap
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with [47] had been presented prior to their submission by the first author in the online seminar [5]
and by the second author at a seminar [79] at IST, Austria. The g-series ¥(q) was also conjectured
to be a normalization of Z,(g) in the second author’s thesis [78]. We also remark that our proof
of the radial limit formula (1.13) differs from theirs; our stronger Theorem 4 is derived using the
resurgence formula for Z,(q) from Theorem 3, while their proof of their radial limit theorem uses
Gaussian reciprocity directly on ¥(q). We warmly thank them for cordial coordination.

1.6 | Further perspectives

In a planned sequel to this paper, we give a resurgence analysis of Witten-Reshetikhin-Turaev
quantum invariants of hyperbolic surgeries on the figure-eight knot. These manifolds are more
complicated than Seifert fibered manifolds, and the resurgence analysis will fully use the Pham-
Picard-Lefshetz theory [19, 20, 35, 66, 75, 85-87] developed for Laplace integrals with holomorphic
phase (see the introduction to the second author’s thesis [78] for a brief summary of the relevant
results), as well as a detailed study of Faddeev’s quantum dilogarithm [42, 43]. In connection
hereto, we mention also the paper [50] on resurgence of Faddeev’s quantum dilogarithm and the
following work of the first author [4], which concerns resurgence of meromorphic transforms,
which is a class of functions that includes Faddeev’s quantum dilogarithm. To obtain our results,
we prove a conjecture due to the first author and Hansen [6]. A preliminary version of our results
in this direction, which assumed the conjecture of [6], featured in the PhD thesis of the second
author [78].

The resurgence analysis in this paper was derived from concrete formulae for quantum invari-
ants, obtained combinatorially from a surgery diagram of X. It is an important open problem
to generalize this work by deriving a similar resurgence analysis for more general and compli-
cated 3-manifolds using either the conformal field theory approach [11, 91], or the quantization
approach [17, 65] to the Witten-Reshetikhin-Turaev TQFT. By a large body of work culminating
in the works of the first author and Ueno [10-13], these approaches are equivalent to the combi-
natorial construction of 7.

Let us make a few more remarks in the quantization direction. For a closed oriented surface
2 (possible with labeled points), let V,(X) be the TQFT Hilbert space. By the works mentioned
above, this Hilbert space can be obtained by quantization of Mpy,;(Z, SU(n)) [17, 65] equipped with
the Atiyah-Bott-Goldman symplectic form [16, 51]. Consider a closed oriented 3-manifold Mj,
which contains X as an embedded surface. By cutting along X, we obtain a 3-manifold M’ gu‘ with
boundary M§"" ~ ¥ LI % and there is an associated boundary state vector 7, (M$™) € V, (T U
—X). The TQFT provides isomorphisms V; (Z L —X) ~ V() @ V, (—=Z) and V| (Z) ~ V;(Z)*, and
using these one can compute the Witten-Reshetikhin-Turaev invariant of M, as the trace

7, (M3) = tr T, (MS™). (1.19)

In our joint work [9], we prove the asymptotic expansion conjecture for the mapping tori M; (with
a special colored link) of a generic surface self-diffeomorphism ¢ : ¥ — X (preserving a point
P € Ewhich traces out the link in M;) using formula (1.19) and the quantization of moduli spaces
approach to V, (Z). This quantization approach to quantum invariants is also considered by other
authors in the works of [25-27, 67]. By building on the work of the first author [2] and Toeplitz
operator theory [70], the quantization approach allowed us in [9] to reduce the proof of the asymp-
totic conjecture to an application of stationary phase approximation applied to oscillatory integrals
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(1.20) over the moduli space My = My, (Z \ {P}, SU(n), e2™/" 1d) of flat connections on X \ {P}
with holonomomy around P conjugate to e27/" Id

Iq‘,(k)=/M exp(kcﬁ)-Q@. (1.20)

Such integrals are amenable to resurgence analysis by means of Pham-Picard-Lefshetz theory [19,
20, 35, 66, 75, 85-87]. Moreover, the phase function ¢ appearing in (1.20) admits a holomorphic
extensions to a suitable complexification of an open neighborhood of the fixed locus M;. This is
possible connected to Gukov and Witten’s theory of brane quantization [56], in which complexifi-
cation plays a central role, and where Hitchin’s moduli space of Higgs bundles [64] plays the role
of a complexification of My, (2, SU(n)). The moduli space of Higgs bundles is by non-abelian
Hodge theory [31, 37, 64] isomorphic to Mp,(Z, SL(n, C)), and thus there is an immediate con-
nection to complex Chern-Simons theory. In the future, we hope to use this approach to perform
a general resurgence analysis of quantum invariants.

1.7 | Organization

In Section 2, we prove Theorem 1 in several steps. Theorem 7 gives a decomposition of the moduli
space, Corollary 9 computes the Chern-Simons invariants and Theorem 10 proves that compo-
nents of this moduli space are classified by their Chern-Simons value. In Section 3, we prove
Theorem 2. Proposition 12 gives an exact formula for the generating function of Z, (X), verifying a
special case of a conjecture of Garoufalidis [48]. In Section 4 we prove Theorem 3 and in Section 5
we prove Theorem 4. In the Appendix, we present generalities on resurgence.

2 | COMPLEX CHERN-SIMONS THEORY ON X

Let X be the oriented Seifert fibered homology 3-sphere from the introduction. Choose q, ..., q,, €
Z such that (p;,q;) = 1 and

iﬂ_l
=p P

Then X has a surgery diagram as depicted in Figure 2. Without loss of generality, we can assume
that p,,..., p, are odd. The homeomorphism type of X is unaltered under a transformation

0o -6

pl/(h

pQ/qQ p3/q3 pn/Qn

FIGURE 2 Surgery link for X
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718 | ANDERSEN AND MISTEGARD

g; > q; +y; for any choice of integers y;, ..., y, such that (p;,q; + ;) = 1 and

iq z:qj+yj 1)
=P 3

Ifq; is odd for j > 1, we perform the transformation q; — q; + p;and g, = q; — (n — 1)p, which
does not change sum (2.1). Hence, we can assume without loss of generality that q,, ..., g, are all
even. Recall that under our assumptions 1 = P )’ j=1 %. Note that this implies that g, is odd.

We recall the computation of 7, (X) from [73]. Let S( -, - ) be the Dedekind sum. Introduce the
constants

g=_@exp<_”_i3>, ¢ = 3——+122 < A,p]> 2.2)

The quantity ¢ is related to the Casson-Walker invariant A(X) [93] (in Casson’s normalization) as
follows:

—240(X) = ¢ + P<n -2-) pj_2>.
j=1

Define the meromorphic function F € M(C) and g € C[y] explicitly as follows:

F(y) = (smh( )) Hsmh( )

£ 2
_ Y
9(y) = e

(2.3)

In [73], Lawrence and Rozansky show the following results. There exists a finite subset R*(X) C
Q*/Z and non-vanishing polynomials Z,(z) € C[z], 8 € R*(X) of degree at most n — 3 such that

2P-1
) F kg(y)
Z eZHIk@ Ze(k) = — Z Res(L’y = 27Z'lm>
6€R*(X) m=1 1=

for all non-negative integers k. Let y to be the contour from (—1 — i)oco to (1 + i)co. Observe that
y(H) is a steepest descent path for ¢. Introduce the following notation:

ZR(k) — Z p2mikd Ze(k)

6eR*(X)

Z'(k) = / F(y)e ) dy.
2711 ¥

Recalling the definition of the normalized quantum invariant Z, given in (1.4), Lawrence and
Rozansky proved that it can be decomposed into a sum of an integral part Z' and a residue part

ZR

Z,(X) = Z'(k) + ZR(k). (2.4)
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This is [73, Section 4.5, eq. 4.8]. We have used the same notation for F, g and ¢, whereas constant
B in their notation is equal to ¢~!. Thus, if we define

=20 (i nC(n+2
Zo(x) = %vpms ZBF (((;)r(ll)?m) <x”+ 2) e x2¢[x]

NI=

and set R(X) = R*(X) U {0} then we have an asymptotic expansion

ZiX) ~mo Y, €0 Z(k). (2.5)
6eR(X)

In the work [73], it was observed that Z, is in fact a normalization of the Ohtsuki-series [81-83].
Let Z, denote the Ohtsuki series (with the normalization used in [73]). Introduce the variable h =
qx — 1, where, as above, q; = exp(27i/k). In [74, Section 4.6], they show the following identity:

Zo(K) = Zoy(h). 26)

2.1 | The moduli space and complex Chern-Simons values

We now begin our investigation of M(X, SL(2, C)), which closely follows [44]. We have the fol-
lowing presentation of the fundamental group of X:

(X)) ~ <h, X1s s X | X1X5 -~-xn,xfjh_q-i,[xj,h],j = 1,...,n>.

Let us first recall a few of Fintushel and Stern’s results concerning the moduli space
M(X,SU(2)) established in [44]. As X is an integral homology sphere, the only reducible rep-
resentation into SU(2) is the trivial one. For an irreducible representation p : 7;(X) — SU(2) at
most n — 3 of the p(x;) are +I, and if exactly n — m of the p(x;) are equal to +I, then the compo-
nent of p in M(X, SU(2)) is of dimension 2(n — m) — 6.

Let L(py, ..., p,,) C N" be the set of n-tuples I = (I;, ..., ,,) which satisfies the following condi-
tion. We have 0 < [; < p; and 0 < lj < (pj —1)/2, for j =2,...,n and there exist at least three
distinct j; < j, < j; with [; #0 for t = 1,2, 3. The following proposition is an adaptation and
generalization of [21, Lemma 2; 44, Lemmas 2.1 and 2.2].

Proposition 6. Letl = (1;,1,,...,1,) € L(p;, ---, p,,)- Then there exist matrices Q; € SL(2,C)and a
representation p; : m;(X) — SL(2, C) with

ern 0 ~1 e ti 0 1
pi(x1) = Q; oy Q7 pi(x;) =Q; 2l Qj
0 e n 0 e P_;

for j =2,..n. In fact we can choose Q; = I for j # j,, j3.
Furthermore we can choose functions Q; such that

p; - m(X) - SL(2,R)
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720 ANDERSEN AND MISTEGARD

or
p; + m(X) = SU(2)
depending on properties of l. For any non-trivial representation p : 7,(X) — SL(2,C), there exists

' € N" such that pj divides l;. for at most n — 3 of the indices j = 1,2, 3, ...,n and such that p is of
the form

il 27il’,
1 4
enr 0 _ e i 0 _
p(x,) = S, " S px) =S; st |S] ! (2.7)
0 e 7 0 e P

forsome S, ..., S, € SL(2,C).
Finally, we have that the map which associates | € L(p;, ..., p,) to a non-trivial representation
p : m(X) — SL(2,C) via (2.7) induces an isomorphism

o(M*(X,SL(2,0))) = L(p;, - » Py)-

The family of Brieskorn integral homology spheres (n = 3) is very special because the moduli
space M(Z(p;, P,» P3), SL(2, ©)) is finite with cardinality given by the SL(2, C) Casson invariant
introduced by Curtis [33, 34]:

ASL(Z,C)(Z(pl’ D2, P3)) = (p1 — D(p, — D(p; — 1)/4.

This is shown by Boden and Curtis [21]. Prior to this and in relation to Floer homology, Fintuschel
and Stern [44] analyzed the SU(2) moduli space M (X, SU(2)) of the Seifert fibered 3-manifold X
considered in this paper and their work shows that the components are even-dimensional man-
ifolds with the top dimension 2n — 6. This is in stark contrast to the finiteness of the moduli
space M(Z(p;, P2, P3)> SL(2, ©)). In the three fibered case, Kitano and Yamaguchi [72] has given
a decomposition

M(Z,SL(2,C)) = M(Z,SL(2, R)) U M(Z, SU(2)),
M(Z,U(1))

where X = Z(p;, p,, P3)- Here we can observe the following generalization of this work as an
immediate corollary of Proposition 6.

Theorem 7. The natural inclusion
M(X, SL(2,R)) Upqx,uay MEX,SUQ2)) > M(X,SL(2, C))
induces an isomorphism on the level of

7o (MX, SL2, R)) Uy x w1y MX, SU2)) & o(M(X, SL(2, ©))).

By this corollary we can, in particular, conclude that all Chern-Simons values are real and they
only depend on I € L(p, ..., p,,)- In Proposition 8, we actually provide an explicit formula.
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Before commencing the proof let us introduce the following notation:

e

exon = (5 2.

which should not cause any ambiguities as long as the context shows that we are dealing with
a matrix.

Proof. We start with the construction of p;. Introduce matrices
X, = exp(zily/p,), X; = exp(2zil;/p;)
for j € {2,....,n} \ {j,, j3}. Rewrite the relation H]'Ll x; = 1as the equivalent relation

-1

x]3+1 oo xnxl coe Xo eee X e x]3_1 = xj3

1 J2

Assume that we can chose Q i,,Qj, € SL(2, C) such that
-1 — O-ly-1
X1 oo XXy oo X0 Q) X5, Q50+ X g = Q)X Q- 28
Taking Q; = I for j & {j,, j;}, we can define p : 7,(X) — SL(2, C) by the assignment
p(x)) = Q;X;Q;, p(h) = X"

To see this, observe that B := X f V= (-1 )l1 is central and as g, is odd whereas q i iseven for j > 2,
we also have X}l.)j = B%,Vj. The last relation in 7;(X) is ensured by (2.8). Observe that it will
suffice to choose Q i, € SL(2, C) such that

2ml;
—1 J3

tr <Xj3+1 XXy X QX Q) ---Xj3_1> = 2cos< : ) (2.9
Js

because this will ensure that there exists some Q;, € SL(2, C) with the property that

-1 -1 _
Qj3Xj3+1 XnXl X]l Q]ZXJZQ]2 XJ3_1Q13 _Xj

3?

since non-diagonalizable elements of SL(2, C) have trace +2, given that the unit determinant con-
dition implies that the unique eigenvalue with multiplicity two for such elements must be either

1 or —1 and we have that
27le-3
2|cos < 2.
bj,

For (2.9) we used our assumption on j;. Write

Xj o1 XX X

j X = exp(ia),

1

X;, = exp(ib),
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Xjp1Xja= exp(ic),
X, = exp(id).
We observe that by the conditions on (I i D jz) and (I i D js) we have that
b,d & nZ.

LetQ;, = O where

0=0u,v,w,z) = <Z) 2)

for u, v, w, z to be chosen below. Assume uz — vw = 1 so that Q € SL(2, C). We compute

Ay A-1
Kjprr e XXy oo Xy oo Xj) QX5 Q7 Xy X

(zuei(a+b+c) — woella—b+o) _ypeilatb—c) 4 uvell@a—b—c) )

Zvei(b+c—a) _ Zwei(c—a—b) _Uwe—i(a+b+c) + Zuei(b—a—c)

Thus we have that

Zuei(a+b+c) _ wvei(a—b+c) _uvei(a+b—c) + uvei(a—b—c)
tr . . . .
Zwel(b+c—a) _ Zwel(c—a—b) _vwe—l(a+b+c) + Zuel(b—a—c)

=2zucos(a + b + c) — 2wv cos(a + ¢ — b).

It follows that we must solve

<cos(a +b+c) cos(a+c— b)) < zZu ) _ (2 COS(d)> _ (2.10)
1 1 —wv 1

Using the trigonometric identity cos(x + y) — cos(x —y) = —2sin(x) sin(y) we get

det <cos(a +b+c) cos(a+c—b)

1 1 ) = cos((a +c) + b) —cos((a +c)—b)

= —2sin(a + ¢) sin(b).

Thusitremainstoarguea + ¢ ¢ mZ and b ¢ mZ. Assume toward a contradiction thata + ¢ = 7m
for some m € Z. Hence, we would have P(a + ¢) = Pmr for some integer m, which would imply

lj12€ Hp[ =0 mOd I)J1
1#]1

for e € {0, 1}, with € = 0 for j; = 1 and € = 0 otherwise. This is a contradiction, as 2° [],, j, P is
invertible in Z/p; Z and 1 < 1; < (p;, —1)/2°. We see that b ¢ 7Z directly from the conditions
onl iyt Thus we can solve (2.10), and hence find the needed u, v, w, z, which concludes the proof
of the first part of the proposition.
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Let us now prove that we can actually choose the functions Q; such that we obtain an SL(2, R)-
representation. We will denote this new choice of the Q ; by Q?{. We set Q? =Qforje{l,..j,—
1, j; +1,...,n}, where

which has the following property:

cos(a) — sin(a))

sin(a) cos(a)

Qexp(a)Q! = <

Introduce the notation X j=0X J-Q_1 and observe by the above computations that
tr(Xj3+l - XX, ...le "'Xjrloéij(QQ)_l) = tr(Xj3+] XXy X, "'XjrléijQ_l)
= 2zucos(a + b) — 2wv cos(a — b).

To understand which values, say ¢, this trace can take, we consider in analogy with (2.10) the

equation
<cos(a +b) cos(a— b)> ( zu ) — <t> ) (2.11)
1 1 —wv 1

The determinant is D = —2 sin(a) sin(b), which is non-vanishing since a, b ¢ 7Z. Then we have

that
< zu > _1 < t—cos(a—b))
—wv D \—t+cos(a+b)/’
For t € R we observe that zu € R and wv € R. Now we compute
QQX;, (QQ)™

3 ((uz —wv)cos(b) + (uv + wz)sin(b) (—(uz + wv) — i(uv — wz))sin(b) >

((uz + wv) — i(uv — wz)) sin(b) (uz — wv) cos(b) — (uv + wz) sin(b)
From which we see that
QQX;,(QQ)™" € SL(2,R)
if and only if
Im(uv + wz) =0, Re(uv —wz)=0
or equivalently

uv = wz
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whenever ¢t € R. But then this implies that

(t — cos(a + b))(t — cos(a — b))
D2

|ul?|v]? =

Which we can solve when ¢ > cos(a + b) by letting

\/t —cos(a + b) s cos(a — b)

D ’ D
and then
=/t —cos(a+b), w=+/t—cos(a—>b)

and when t < cos(a + b) then we can take

_ ycos(a +b) —t _ y/cos(a —b)—t

D ’ D
and then

= y/cos(a +b) —t, w=+/cos(a—b)—t.

This allows us to complete the construction as follows. First we assume that a,c ¢ 7 Z. For

Qi = Q(ui’ v, Wi, Z;)
fori = 1,2 we consider the equation
~ ~ | -1
[Xj3+1 XXy = QQ;X;,(QQy)” ] = [( jp41 X j,210Q:X 1, (QQy) ) ]
which is equivalent to
> A \—1) _ o o A A \—1
tr <Xj3+1 X Xl QQ] (QQl) ) - tr <Xj2+1 "'Xj3_1QQ2Xj3 (QQZ) ),

since these are certainly all SL(2, C) matrices. But now, using that we also have thatc,d ¢ 77, we
can choose ¢ bigger than cos(a + b) and cos(c + d) and fix Q; as above such that

tr (st o1 XXy X Q0. (QG,) >=t (2.12)
and
tr (XJ.ZH X 1Q0,X;, (QQZ)‘1> =t @13)
Thus, we can now conclude that there exists Q® € SL(2, R) such that
K)oy KoKy K, - QQX Q0D = QX 1 - X, 100:X,,@0)) (@)
—QRQQZX 1(QRQQ2) QRX _1(QR)_ -QRXj_ZlJrl(QR)_l-
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Thus if we further set
R __ 3 R __ R A
Q} =Q0Q;,QF =Q%QQ,
and
Q% =Q"Q

for je{j,+1,..,j; —1}, then we find the needed conjugation to obtain an SL(2,R)-
representation. Let us now consider the remaining cases. Suppose that a € 7Z butc ¢ 7Z. Then
the common trace t is by (2.12) forced to be ¢/® cos b, so we can solve (2.13) if and only if e!* cos b is
not contained in the interval spanned by the two values cos(c + d). If this is the case, we proceed
with the argument as above. If on the other hand e'® cos b is contained in the interval spanned
by cos(c + d), then it is well known that we can choose Q i € SU(2) so as to obtain an SU(2)-
representation. A similar argument of course works in the case where c € 7Z but a ¢ nZ. If we
have a,c € 77, then a + ¢ € nZ, but this we have already argued is impossible.

Now let p : 7;(X) — SL(2,C) be an arbitrary non-trivial representation. As remarked before
any non-trivial representation is irreducible since X is an integral homology 3-sphere. Since p(h)
commutes with the image of p, we see that p(h) = +I. Hence, the relation xf’ = h% implies that
p(xj)p!' = =1, and for j = 2,...,n we must have ,o(xj)pf =1, since q; is even. Hence, p must be
of the form (2.7) for some I’ € N", It only remains to argue that at most n — 3 of the p(x j) are
+I. If not, the relation x; x; -+ x,, = 1 implies that there is j,; < j, with p(x; )o(x;,) = +I. As p;,
and p;, are relatively coprime, this is only possible if p(x; ) = +I and p(x;,) = +I. This would
imply that p(7,(X)) C {1} = Z(SU(2)) which contradicts the fact that p is irreducible since it
was assumed non-trivial.

We describe the connected components of M*(X,SL(2,C)). First we assume that [; €
{1,..,py—1} and I, >0 for an le€L(p;,..,p,). We will now prove that the subset
MT(X ,SL(2,C)) of M*(X,SL(2,C)) consisting of conjugacy classes of representations p for
which

tr(p(x;)) = 2 cos(xly /py), tr(p(x;)) = Zcos(Zﬂlj/pj), j=2,..n

n 27rilj
=X ()]
j=3 bj

J

is connected. Let

It is obvious that T is connected. Let now m : T — SL(2, C) be the algebraic product map. Let
P C SL(2,C) be the set of non-diagonalizable elements in SL(2, C) and observe that P has com-
plex co-dimension one, thus so does m~'(P) C T, but then it follows that T/ = T — m~!(P) is also
connected. For any

M;,...,M,) €T,
we observe that the set of (Q,, Q) € SL(2, C) which solves
exp(l; /p)Q; exp2rl,/p)QT! = QM .. M'Q™! (2.14)

is non-empty and connected since it is acted transitively on by (C*)? x C*, where the first fac-
tor comes from the ambiguity from solving (2.11) and the second comes from the stabiliser of
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M ..M 3 ! under conjugation. But then we see that an open dense subset of M;‘(X ,SL(2,C)) is
connected, thus M;“(X ,SL(2, ©)) itself must be connected. If [; € {0, p;} or I, = 0, we proceed as
follows. Choose j;, j, € {1, ...,n — 2} such that

ll J1 l} J2 lj
a=nr—+27r ) —, b=2=x —
b = Pj j=p+1 Pj
has the property that a, b ¢ wZ. Now consider the equation
exp(a)Q, exp(b)Q;" = QM ! ...Mj—21+1Q—1. (2.15)
The connectedness is now argued in exactly the same way, with (2.15) in place of (2.14). O

For an SL(2, C)-connection a in the trivial SL(2, C)-bundle on X we recall that the Chern-
Simons action is given by

Scs(a) = 1 / tr (a da + 2a3> mod Z.
871'2 X 3
We now compute the Chern-Simons values of the representations constructed above.

Proposition 8. For any representation p : m;(X) — SL(2,C), definel = (14, ...,1,,) € L(py, ---» Pp)s
so that

tr(po(x,)) = 2cos(xzl; /p;), tr(p(xj)) = Zcos(2ﬂlj/pj), j=2,..,n

Then we have that

Scs (0) = —f;(— Y —’> mod Z. (2.16)

j=2 ]

Formula (2.16) was proven for SU(2) connections by Kirk and Klassen and it is stated in [71,
Theorem 5.2]. It is proven using the following general result. Let M be a closed oriented 3-manifold
containing a knot K. Let Y be the complement of a tubular neighborhood of K in M. With respect
to an identification M \ Y ~ D? x S!, choose simple closed curves u,1 on Y intersecting in a
single point such that u bounds a disc of the form D? x {1}. Let p, : 7;(Y) — SU(2) be a path
of representations such that p,(1) = p;(1) = 1, and for which there exist continuous piecewise
differentiable functions

a,f:1-R

with

e27ri0t(t) 0 eZ?Tiﬁ(l) 0
pr(p) = < 0 e—2m’a(t)> » pe(A) = < 0 e—zm[;’(z)) :
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Thinking of p;, o, as flat connections on M we have

1
Ses(Py) — Scs(p1) = —2 /0 B(t)e! (¢) dt mod Z. (2.17)

Note that formula (2.17) differs from the corresponding formula in [71] by a sign. This discrepancy
was already discussed by Freed and Gompfin [46] and is due to a sign convention; see the footnote
in [46, p. 98]. The formula (2.17) was also used in the work [6] by the first author and Hansen.

Proof of Proposition 8. Let K C X be the nth exceptional fiber. Let Y be the complement of a tubular
neighborhood of K in X. Removing K has the effect on 7, of removing the relation x2" = h=dn,
that is, we have a presentation

() = (R, Xy, e, Xy | XX oo xn,xflh“h,...,xﬁﬁlh_q”—l,Vj[xj,hD. (2.18)

As the meridian and longitude of Y we can take u = xﬁ" h9 and 1 = x;p 1"Pn-ipe respectively,
where ¢ = 25‘;11 (P1 - Pn—19;)/pj- These choices of meridian and longitude coincide with the
choices made in [44].

Let p: m(X)— SL(2,C) be any irreducible representation with its corresponding
l=(,..,1,) € L(p;, ... py)- Now p(h) = exp(riv) for some integer v € Z. Introduce the

two quantities,
n
Z _f
P1 = Pj

77=1—3-

and

The proof of (2.16) presented here consists analogously with [71, Proof of Theorem 5.2] of two
parts. In the first part, we find a path of SL(2, C) connections on X connecting p to an abelian
representation p,,. In fact p, will be an SU(2) connection on X. In the second part, we then find a
path from pj, to the trivial representation p"V and we then apply Kirk and Klassens formula (2.17).
The only difference from the proof in [71] is that we need to explicitly ensure that our paths stay
away from parabolic representations. The relevant paths are chosen such that 4, 4 are mapped to
the maximal C* torus of diagonal matrices.

After conjugating by S/ ! we have p(x,,) = exp( 27:[" ). Consider the subset

S € Hom(rm,(Y),SL(2,C))

of representations g satisfying

il
A(h) = p(h), [p(x))] = [exp <%>]

1

and

27n'lj
[6(x,)] = |ex ,for2<jg<n—1,
PLX; p D J

J
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where [Q] denotes the SL(2, C) conjugacy class of Q € SL(2, C). By considering the presentation
(2.18), we see that S is naturally homeomorphic to the product of the n — 1 conjugacy classes

s=[o ()] X b= ()]

J
Therefore, the connectedness of SL(2, C) implies that S is connected. Following a similar argu-
ment use in the proof of the previous proposition, we let

m: S — SL(2,C)

be the algebraic product map. Let P C SL(2,C) be the set of non-diagonalizable elements in
SL(2,C) and observe that P has complex co-dimension one, thus so does m~1(P) C S, but then
it follows that S’ = S — m~1(P) is also connected.

Write p = p; and observe that p; € S’. Choose a smooth path p, in S’ connecting p, to p, € S’
given by

il 27il ;
po(x;) = exp <——1> po(xj)=exp <— j), j=2,..,n—1
J 41 b

J
and py(x,,) = exp(mil, /p; + Z" L 2 ) By an overall conjugation, we can choose the arc p; such

that p;(x,,) = exp(2zif(t)) fora smooth function f(¢t). We have f(0) = ll + Z 4 and f(1) =

Il)i. Note that f(0) = (n/2) — f(1). As g, is even, we have the following two equahtles.

o () = p,(x,)Prp,(h)In =exp(2mip, f(1)),

p(A) = p,(x,,)"Pr"Pr1p, (h)* = exp (=27ip; -+ p,_1 f(t) + veri).

Write y = ve € Z. Define a,(t) = p,,f(¢t) and B,(t) = —pﬂf(t) + % We have that
1 1
2 [ qopwa=-2 [ pnf’(t)( L s+ ) at

=-2 /f(fo(l) (—Pu + p;y)du

u=r(1) (2.19)

e
2 2

=Pf(1)* — yp,f(Q) — Pf(0)* + yp,f(0)
=Pf(1)* — Pf(0)* + yp,f(0) mod Z.

u=f(0)

For the last identity we used that yp, f(1) = yl, € Z.
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For the second part, we use the fact that H,(Y) ~ Z with generator u to conclude that the
abelian SU(2) connection p, can be connected to the trivial representation oV by a path of SU(2)
representations o, with ql(y) = exp(2riter;(0)) and 0,(4) = exp(27if;(0)). Let ay(t) = ta;(0) and
By (1) = B1(0). As Scg(p™V) = 0, we can apply Kirk and Klassen’s formula (2.17) to obtain

) 1 1
— Ses(0) = Ses(P™) = Se(p) = —2 /0 o (0By(1) dt — 2 /0 (OB (1) dr.

We have

YDn
2

1
= /0 & (0Bo(1) dt = —2f(0)(—PS(0) + 221) = 2P £(0)? = yp,. f(0).

Comparing this with (2.19) we get that

—Scs(p) = P(f(1)* + £(0)*) mod Z
= P((f(1) + £(0))*> = 2f(0)f(1)) mod Z

2

= =— mod Z.
4P

For the last equality, we used that 2P f(0)f(1) € Z and that

_n_§
f(0)+f(1)—§—§-

This is what we wanted. O

For x € Qlet [x] = x mod Z. Introduce the set

2

W(pys . Pp) = { [jg ] : m € Z is divisible by at most n — 3 of the functions p; }

Recall that the classical complex Chern-Simons values CS{(X) is the range of the restriction of
Scs to M*(X,SL(2, C)). Thus we can compute CSZ (X) as a corollary of Proposition 8.

Corollary 9. We have that
CSL(X) = W(py, .. s Dp)-

Proof. 1t is clear that CS{.(X) C W(py, ..., p,). We must show that for any y € Z which is not
divisible by more than three of the pj we can findl =(,...,1,) € L(p;, ..., p,,) Which solves the

congruence equation
L - 21}' ’
y=(pl2+) = mod 4PZ. (2.20)
b j=2 p}
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For x € Z and d € N let [x]; denote the congruence class of x in the quotient ring Z/dZ. Since
pj is odd for j > 2, it follows that 4p,, p,, ..., p,, are also pairwise co-prime. Hence, the Chinese
remainder theorem applies and the natural ring homomorphism q : Z —» Z/4p,Z @;‘22 Z/p;z,
given by x — ([x] 4pys s [x] p,)> descends to an isomorphism of rings

n
g:2/4Pz7 > 7/4p,2 & @ z/p;z.
j=2

It follows that (2.20) is in fact equivalent to the following n congruence equations

[ n n 2
Wiy, = llHPj+2<lesz>] , (2.21)

j=2 =2t ap,

r 2
2 _ .
b1, = zlep[] V2
L F p;

The coprimality conditions ensures that 2 H[# jPyisan invertible element in Z/p;Z and therefore

solving the last n — 1 of the equations in (2.21) can indeed be done with 0 <[; < (p; —1)/2. It
remains only to consider the first of the equations in (2.21). To this end we first observe that

n n 2 n 2
<11HPj+2leHpj> =<11Hpj> mod 4p;.
j=2 j=2

=t

But then we can solve

for 0 < I; < 2p;. But we also have that

n
y* = (=l +2p,)* [ | p} mod 4p,.
j=2

Thus it follows that we can in fact solve (2.21) with [; € {0, ..., p;}. Thus we have shown that
CSL(X) = W(py, ..s Pp)- Ol

Our analysis of the components of the SL(2, C) moduli space and the Chern-Simons values
now allow us to prove the following.

Theorem 10. The Chern—Simons action
Scs : To(M(X,SL(2,C))) - R/Z
is injective and induces an isomorphism

mo(M(X,SL(2,C))) = W(py, ..., D) LI{0}.
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Proof. We use the inverse of the isomorphism
- n
q:z/4Pz - z/4p, 2@ z/p;z
j=2

to conclude that for each Chern-Simons value in W(py, ..., p,,), there is a unique [ € L(py, ..., p,))
with the given Chern-Simons value, concluding the proof by the last statement of Proposi-
tion 6. O

Theorem 1 is a summary of the main results obtained in this section.

Proof of Theorem 1. This follows from Theorem 7, Corollary 9 and Theorem 10. 1

3 | THE BOREL TRANSFORM AND COMPLEX CHERN-SIMONS

We now provide the proof of Theorem 2. The reader not familiar with the Borel transform /3 and
its relation to the Laplace transform is encouraged to read the Appendix, before reading the proof
of Theorem 2. For a measurable function g : R, — C of sufficient decay, we use the notation
Ly, (g) for the Laplace transform — see Equation (Al).

Proof of Theorem 2. We start by giving a characterization of which of the phases in (2.4) give a
non-zero contribution. Introduce for u € Q/Z the set

T(w)={m=1,..,2P—1: —m?*/4P = ;. mod 7}

=fm=1,..,2P -1 : gQ2wim) = 2xix mod 27iZ}.
The set of phases 27iR*(X) in (2.5) consists of the values g(27im) = # for which

F(y)ekg(y)

= , Yy = 2m'x> #0, (3.1

s
X€ET (—m?2 /4P)

for m =1,...,2P — 1. Thus, by Corollary 9, we must prove that if (3.1) holds, then there exists
W € T (—m? /4P) such that at most n — 3 of the functions p ; which divide .
We start by noting that the set of poles of F is given by

Pr ={2mim | m € Z and m is divisible by at most n — 3 of the functions p;}. 3.2)
It follows that if i is divisible by at least n — 2 of the p;, then F(y) does nothave a pole aty = 27im

and we get for integral k

F(y)eks»
Res(&
1—eky

,y = 2m'rr”1> = F(Zﬂim)ekg(zmm)Res<;,y = 2m'rfz>
1—eky

= FQrim)eksCrim 1,
k
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As we already noted above, Lawrence and Rozansky checked that all the k~! terms cancels, so it
follows that

F(v)eks®)
3 Res(L,y=2m’m> —0.

— p—ky
MET (—m? /4P), 1—e
and 1t is divisible by at least n — 2 of the p;

Therefore we see that if (3.1) holds, then there is some #i € T (—m? /4P) which is divisible by at
most n — 3 of the p ;- This establishes R*(X) C CS{ and we get (1.6). Observe that as a corollary
we obtain for each 6 € CS{. the formula

, F(y)eks®
o2ike Zo(k) = — z Res<1(y)——ky’y = 27'[1'}’71). (3.3)
MET (0) ¢

We now turn to B(Z,). The formal series Z is the asymptotic expansion of the Laplace integral

20 = 5 [ Fowiray.
2mi J,

Let G be the rational function introduced in (1.5) and introduce the multivalued function 5B,({)
given by

Bo(§) = —~ G<exP<M>> xi Hf:lsmh(ﬁ)
(&)=

7ive P R (sin (e1B))

With this notation, the equation for the Borel transform (1.7) which we want to prove, reads as
follows:

B(Z,) = B,.

The function B, is related to F as follows:

By($) =

i

ﬁF(W). (3.4)

Now as, F(—y) = F(y) we have a convergent power series expansion valid for y close to 0

0 F(Zm) (0) o

F(y)= @)

m=1

Therefore Equation (3.4) implies that if we set

1 F@m)(@)
B, = —\/87iP———=(87iP)™",
m = i VO 2m)! (87iP)
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then we have a convergent expansion valid for ¢ close to 0 of the form

By§)= Y By (3.5)
m=1
Introduce variable ¢ defined by
22
iy
= —_—.
I =<5
Thus
1 /8miP
dy == d
Y 2 t

We now rewrite Z'(k) as the Laplace transform of 53,

1 [ _ F
ZNk) = o / F(y)eksM dy = — = / e~k / @dt
g=t

14

\ / 87nP SmPt (3.6)
271'1

_ /0 e By(0) dt = Ly, (B)(K).

The existence of the asymptotic expansion (2.5)
Z'(k) = Ly, (By)(K) ~)—.o0 Zo(K)

can now be obtained by appealing to the first part of Lemma Al where we set B = /3,. Here we
use the existence of the expansion (3.5). Therefore the desired identity (1.7) B(Z,) = B, follows
from the second part of Lemma Al and the convergence of the expansion (3.5).

As F(—y) = F(y) we note that the factor

¢ > F(v/8riP? )

gives a well-defined meromorphic function. Thus B(Z,)(¢) is a multivalued meromorphic func-
tion with a square root singularity at 0 and with singularities for 1/87iP{ € Pr where Py is the
set of poles of F(y). This set was computed above (see Equation 3.2) and we conclude that the
poles of B(Z,)(¢) occur at

—mm* _ —m* 271

Sm=3p = ap 1

with m € Z being divisible by less than or equal to n — 3 of the functions p;. This concludes the
proof of (1.8). O
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It is of course expected that only a Chern-Simons invariant 0 of a flat SU(2) connection have a
non-vanishing polynomial Zg # 0, that is,

R*(X) = Scs(M*(X, SU(Z)))-

3.1 | Resummation of the WRT invariant

We now turn to the resummation of the normalized WRT invariant Z, (X). Recall that for u € Q/Z
we introduced the set

T(w)=fm=1,...,2P -1 : —m?/4P = u mod Z}.

We also introduce the residue operator 7,, which for a meromorphic function ¢ is given by

L@E =— ) Res

XET (1)

iy?
o Gﬁ) y oY = 27ix
(1—et) 4P \iszp )Y =)

Observe that by definition 7 (w) is empty for all but finitely many u € Q/Z and therefore 7, is 0
for all but these finitely many u.

Corollary 11. The polynomials Z, and the quantum invariant Z,(X) are determined by B(Z,) as
follows:

Zo(k) = e~ RO Lo(B(Zy))(K). (3.7)

Z(X) = Ly, (BZ)R) + Y, To(BEZ))K). (3.8)

fe--Q mod Z
2

The identity (3.8) of Corollary 11 is reminiscent of the typical resummation process from resur-
gence [14, 38]. The Ohtsuki series is known to determine 7,(X). The new insight provided by
resurgence is that it does so via resummation as stated in Corollary 11.

‘We now prove Corollary 11.

Proof. 1t easily follows from (1.7) that

2
F©) = B(zo><l.ggpﬂ> é (3.9)

Recall from (3.3) that

e 0 7(k)=— ) Res

meT (0)

gy ,y = 27rin”1>.

From this and Equation (3.9), one easily obtains (3.7).
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In the proof of Theorem 2 we obtained the following exact formula:

2(X) = Lo BYR)+ Y TR Z(k). (3.10)
0eCSL(X)
Thus, we see that (3.8) follows from this formula and (3.7). O
3.2 | Resurgence of the generating function

Let G be a simple, simply connected compact Lie group, and let 7; . be the level k Reshetikhin-
Turaev TQFT constructed from the quantum group U,(g), where g is the complexification of the
Lie algebra h of G. Let h be the dual Coxeter number of b, and set k = k + h. For a closed oriented
3-manifold M (possibly containing a colored framed link) we consider the normalized invariant

TG IE(M)
Zo (M) = — 37
Gk 76 (8 xS

Let z be a formal variable and consider the generating function

Zs(M;z) € C[[z]]

given by

[se]
ZoM;z) = ) Zg p(M)z".
k=0

By the work of Garoufalidis, Z;(M; z) is known to be convergent on the unit disc. Motivated by the
paradigm of analytic continuation and resurgence, Garoufalidis posed the following conjecture.

Conjecture 1 [48]. The generating function Z;(M; z) has an analytic continuation to C \ eA where
e is a finite set containing zero and the exponentials of the negatives of the complex classical Chern-
Simons values.

In other words, the conjecture is that the generating function Z;(M; z) determines the germ
at zero of a resurgent function. This conjecture is formally motivated from resurgence of Laplace
integrals and the (non-rigorous) path integral formula for the WRT invariant, as explained in [48].

We now specialize to the case of the Seifert fibered homology sphere X and G = SU(2). SetK =
k + 2 and consider the generating function for the normalized quantum invariant Z, (X) given by

2X;z) = ) Zxg(X)z* € C[[z]].
k=0

For s € C consider the polylogarithm

o0
. z"
Lij(z) = ) =. (3.11)
n=1 n

8519017 SUOWIWOD AT 3|qedt|dde ayy Aq peusenob ae sspnte YO ‘8sn Jo S9N Joj Arig1T8uljuUQ /8|1 UO (SUonIpuod-pue-SwWBILI0D A8 | 1M Ae.q 1 pUlUO//:SdNY) SUONIPUOD pUe WS | 8U1 89S “[7202/80/TT] U0 ARlIqi 8UlUO AB|IM ‘90SZT SW(ZTTT 0T/I0P/W00 A8 1M AReIq 1 PUIUO™D0SYRWPUO |//:SdNy WoJj pepeoiumoq ‘Z ‘2202 ‘0S.L69VT



736 | ANDERSEN AND MISTEGARD

For s = —m, m € N the polylogarithm is exact and in fact a rational function

Lin(2) = (Z%>m<1 iz)

We introduce the following notation for the exponentials of the negatives of the classical complex
Chern-Simons values:

eA = exp (—27i CS{.(X)).
We prove the following proposition.

Proposition 12. The generating function Z(X; z) is the germ at zero of a holomorphic function
Z € O(C \ eA) given by the following formula:

X o~ n-3 (J) j .
Z(X;Z)=/() ejy_LZZeo_)fy)dy-l' Z 47”62 6 ( )<2j+;)2j—l<‘;> Li_l (ZQZn'iQ)).

GeCSE(X)
(3.12)
Proof. From Equation (3.10), it follows that
2062 =Y 2 [ D)0y
k=0 0
(3.13)

[s]
+ Z Z ZK Zg(k + 2)e?7ik+20

6€CSc(X) k=0

The first term can be simplified by interchanging summation and integration and then using the
geometric series expansion

Z / e D B(Z,)(y) dy = / Z<ze Y B(Ze)(y)e ™ dy
(3.14)

1—ze?

* e B(Zy)(y)
= [ 2y
/ y

This can be justified by standard complex analysis arguments. To complete the proof, we can con-
sider separately each term in (3.13) corresponding to a complex Chern—-Simons value 8 € CS(X).
We get that

©
2 Zk Ze(k + 2)627Ti(k+2)9
k=0

n— 3 (GJ)( ) 9
47n@ Z Z(k+2)](e27rl@ )
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Z é”w)( $ - i o,
7Tl 2j+ 2j—<> 7Tl >

=0 =

n-3 (.l) J .
g6 Z % (zf + Y o ({ ) Li_l(ez”iez)) (3.15)
=0

In the last equality, we used the series expansion (3.11) of the polylogarithm. By substituting the
identities (3.14) and (3.15) into (3.13), we obtain the desired identity (3.12). O

4 | A RESURGENCE FORMULA FOR THE GPPV INVARIANT

We now turn to the g-series invariant Z,(X, q). We follow [53]. Let (T', m) be an ordered weighted
tree, thatis, I is a tree together with an ordering of its set of vertices V and misamapm : V — Z.
Set s = |V| and let M = M(T', m) be the s X s matrix with entries given by

ifv;,=v;=v,

m
M; ;=41 ifv; and v; are joined by an edge,
0

otherwise.

We say M is weakly negative definite if M is invertible and M ! is negative definite on the subspace
of Z* spanned by vertices of degree at most 3. Let Y = Y(I', m) be the oriented 3-manifold with
surgery data L = L(I', m) constructed as follows. For each vertex v the link L has an unknotted
component L, with framing m,, and L, is chained together with L if and only if v and w are
joined by an edge. We call Y a plumbed manifold with plumbing graph I'.

We recall that two plumbed 3-manifolds Y and Y’ are diffeomorphic if and only their plumbing
graphs are related by Neumann moves.

When Y is a plumbed manifold with weakly negative definite plumbing graph and Y is not
necessarily a homology 3-sphere, the g-series invariant Z,(Y, q) depend on a label a € Spin°(Y).
Originally, these labels were thought to be abelian or ‘almost abelian’ flat connections (see [29]).
For a 3-manifold with b, (Y) = 0, the set of abelian flat connections and Spin® can be identified. As
X = Z(py, ---» p,)isanintegral homology 3-sphere, we have a = 0, and need not go deeper into this
discussion. For the sake of completeness however, we recall the GPPV-formula definition as it is
stated in terms of Spin® structures. First, we recall how Spin® structures can be described in terms
of the adjacency matrix M. This is thoroughly explained in [53]. Let Y be a plumbed 3-manifold
with plumbing graph I'. Let s = |V|. Let m € Z° be the weight vector, that is, m i =m(v;). Let

8 € 7%, be the degree vector, that is, §; = deg(v;). We have isomorphisms
Spin®(Y) = (Z° + m)/2MZ° ~ (Z* + 8)/2MZ°.

These isomorphisms are compatible with Neumann moves as explained in [53]. We now recall
the GPPV formula (4.1).

Definition 1 [55]. Let Y be a plumbed 3-manifold with weakly definite plumbing graph T.
Let ¢ denote the number of positive eigenvalues of M and let o denote the signature of M.
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738 | ANDERSEN AND MISTEGARD

Leta = [d] € (Z° +6) /2M7° ~ Spin®(Y). The Z-invariant of (Y, a) is given by

5 EZum dz, 1\
2,Y;q) =(-1)%q 2 -U.p.jl{ - <z - —) e " (@), (4.1)
a 12, 1=1 UI;I/ 2mizy Yz, a

where v - p- denotes the principal value and

VN YD) I
@aM(z)= Z q @ sz.

leaM75+d vev

Remark 2. The invariance of (4.1) under Neumann moves is proved by Gukov and Manulescu in
[53].

We recall that the principal value v.p. is defined such that for every sufficiently small € > 0 we

haVe
° p %Z = <%z = %z = >‘
| | | | +€ I I —€

4.1 | Proofof Theorem 3

N

We now consider X = X(py, ..., p,) in more detail. Choose g, ...,q,, € N such that for each j =
1,...,n we have (pj,qj) =1,p;<gqj and

-1 g
bo =75 =25 €%«
j:lpj

Then e = —1/P < 01is the Seifert Euler number. Choose a continued fraction expansion of g;/p;
foreachj=1,..,n

As explained in [53], X has a negative definite plumbing graph I' defined as follows. The graph T
is star-shaped with n arms and central vertex v, with weight p,. For each j = 1, ..., n the jth arm
has s; vertices. If these are ordered (v; ;, ..., v j,sj) with v; ; being closest to the central vertex v,
then v; ; have weight —k; ;. This graph is illustrated for n = 3 in Figure 3.

Before proving Theorem 3, we first give a formula for the rational exponent A € Q. For each
J=1,..,nletX; be the plumbed manifold whose graph I'; is identical to I" except that on the jth
arm, we delete the terminal vertex v st Define h; € N as
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FIGURE 3 Plumbing graph for X in the case n = 3

Observe that the total number of vertices of I is given bys = 1 + Define A € Q by

n
j=1 Sj'

n n Sj
1 P
A:_Z<zhj_3s_p0+z<__2+zkj,i>>. 42)
i=1 =i\ Pi" =

We now prove Theorem 3.

Proof. Recall that g = exp(27it) where 7 € }. For the sake of notational simplicity, we also intro-
duce the paramter h = 27it so that g = exp(h). We start by proving that

I(h) = ¥(q), (4.3)

where ¥(q) is the series introduced in (1.16) and I(h) is the contour integral introduced in (1.17)
(with h = 27it). Observe that for the purpose of proving (4.3) we can and will assume that

T € iR,
because if the identity (4.3) holds true on this half-line, it has to hold on the entire upper half-plane

b, since both functions are holomorphic in §.
Set

1 ¢
B(¢) = ﬁB(ZO)<2_m'>' (4.4)

For all t € C with \/; € {z € C | Re(z) < 0} the normalized Borel transform 73 satisfies by Theo-

rem 2
B(t) = é m;% Cpn EXP (m 1%) = éG(exp( %)) 4.5)

where for all m € N we have that

Cp =Dy,
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iR

FIGURE 4 The contour A,

Foreachm € Z,,, introduce the polynomial

This is a Morse function with a unique saddle point at w,,, = hm and we have that

2P

nm

Pm(Wp,) = 4P’

Let D(R) be the closed ball centered at the origin with radius R > |m;|. We can deform iR slightly
to a contour A, C {z € C : Re(z) < 0} U D(R), which passes through the saddle point w,, and
such that the function given by

w = exp(p,,(w))

has exponential decay along A,,,. The orientation of A,, is as depicted in Figure 4. We remark that
Figure 4 depicts the situation where m,, > 0. Recall that if T is a steepest descent contour through
the unique saddle point of a degree two polynomial p(z) = —az? + fz, then we have the following
exact formula known as Gaussian integration

2
/rexp(p(z)) dz = \/gexp (f_oc>

Applying Gaussian integration to the polymonials p,, gives us the following identity:

Q= Y g = Y = [ exp(puw)dw. (46)

m=my, m=m, \rh /iR
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R
Ao

FIGURE 5 ThecontoursY and A,

Choose a small positive parameter § > 0 and introduce the contour
Ay = e"‘si[R+ Ue @iR_c{zeC : Re(z) <0}

LetY C {z € C : R(z) < 0} be the Hankel contour which encloses R_ and satisfies \/S_( = A,.The
orientation of these contours are given in Figure 5. We let

Y,=Yn{zeC:Im(z) € R}

sothat \/Y, = e%iR, and —/Y_ = e""®iR_ where /- denotes the principal branch of the square
root. Introduce the variable

w” =v.

As A, is a small deformation of A, for eachm € Z,,, , we obtain

C had c €Xp < Bter \/_>
— | exp(p,(w))dw -
Sno Vth '/”R m=zmg e;_;1 Vah Jye e24/v
1 exp(—3) & @ eml (4.7)

= Z Z C e VP dv
ShovrhJexe Ao wsm,

= Z 1 exp (—%)B(v)dv.

e=+1 2V wh JeY(e)

In the second equality of (4.7) we used that e\/a e€f{zeC : Rez<0}forall veY(e), and the
contour —Y(—1) denotes Y(—1) but oriented in the direction from the origin and toward infinity.
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742 | ANDERSEN AND MISTEGARD

In the third equality of (4.7) we used Equation (4.5) and the identity

1
0@ =6(Z).
which follows directly from the definition of G. Now introduce the variable
v
£ = i

This identifies (up to a small deformation) the v contour Y, — Y_ with the & contour I introduced

in Figure 1.
We have
Z 1 exp (—E>B(v) dv
=1 2/mh Jex e h
. i
= 27 . exp <— 71'_1%’ > BQri&)dé
e=+1 2V mh exp(e%)iRJr h
27i 27l 27
-y 2mLY e (—T§> B(Zo)(E) dE. (48)
e=+12Vmh 8k exp(e iR,

In the last equality of (4.8) we used Equation (4.4), which relates 3 and B(Z;). Now recall that
x = \/27iP, since H = 1 and recognize the pre-factor in the last line of (4.8) as

27i 1 =(_1)ni’

2V/h VP2 Ve

where 1 is the scalar introduced in the statement of Theorem 3. By combining Equations (4.6),
(4.7) and (4.8), we see that Equation (4.3) holds.
Write Z,(X; q) = Z,(q). We now show that

¥(q) = q"Zo(q), (4.9)

where A € Qisthe scalar introduced in (4.2). This will establish (1.10) and thereby finish the proof.
We start with Z(q). By Definition 1 and since in this case ¢ = 0, we have that

. 30-%p My IR0 dz 1 2—deg(v) :
2@=a 1+ Y [Ise <ZU-Z_> 2 410
leaMzs 1zy1=1 pev v

Here it is understood that we have taken the principal value of the integral as explained above.
Recall that for a Laurent series a(z) = )] jez @ jzj we have that
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For our star-shaped plumbing graph I, the non-zero contributions to (4.10) comes from le2Mmz
with [, = 0 for all of the entries corresponding to an internal vertex w of an arm, and [, = +1
if v is a terminal vertex of an arm and then from the central vertex v,, which we will now
consider.

In comparing Z,(q) with W(q) it is useful to introduce the integer sequence {a j };’;0 determined

by

[+ 2itn—2 .
ijoajt Jtn=2 iflt] <1

(t—t1) " = (4.11)
Z;';O(—l)”ajt‘zj_”“, if [t] > 1.

The functions a; can be explicitly evaluated: By the formula for the geometric series (1 — =
Z;io t/ and Cauchy multiplication of power series, we see that

oo oo
1 _ i J+m—=1Y\ ;
(1—t)m_z< )y 1>ﬂ_z< j >H’
720 \ji+-Fim=i j=0

and therefore one sees that
i+n—3
%= (J J )

However for the comparison of Z,(q) and ¥(q) given below, we do not need the closed form for
a;, but rather Equation (4.11).
Write z, =z and [l =1, . We obtain

1

Eal—r;rz 1f2—n—l€22+,

dz _1\2-n_| 1 .
v"% miz 2 2 z =95(=D"axns ifl-n+2€2z7,,
P z|=1 27Tiz( ) 2( )0221 i n+ N

a ifl=0,n=2.

We know that the adjacency matrix M is unimodular, and so MZ* = Z5. Define a mapf {1} x
N x {+1}" — Z° as follows: For the central vertex v, we have

lq(f:,j,e)v0 =¢e(=2j+2-n).
For m = 1, ..., n and the terminal vertex v of the mth arm, we have
l(£aj7€)v = €mo

and for every internal vertex w of the arms, we have

T(E,j,e)w =0

5L SUOWWOD aAIIeaID a|geal|dde ay Aq peutonod ake saonJe YO ‘asn Jo Sa|nJ 104 ArIq 1T auljuQ AS|IAN UO (SUOIIPUOD-pUR-SWLLB)0Y" A3 [ IM Afeiq 1 pUUO//:Sd1Y) SUOIIIPUOD pue SWd | 8L 39S *[7202/80/TT] Uo ARiqiauljuQ AB1M ‘90SZT SW|(/ZTTT OT/IOP/W0d A3 [IM Afe.d 1 pul[UO"d0SYIWPUO /ANy Wo.) papeoumoq ‘Z ‘2202 ‘0S.L697T



744 | ANDERSEN AND MISTEGARD

With this notation, the above considerations show that

; BrEomy o002 @, _{leramicro,)
Zo=q > 2 > D (He;)q g :
e=+1r=0ce{+1}? j=1
If we apply the symmetry that simultaneously changes the sign of all €; and ¢, then we obtain
. 3stZymy 0 n _ <f(—1,r‘,s),M_17(—1,r,5),>
Z@=CDg v Y Y ar<H€j>q .

j=1

r=0 ee{x1}"

The quadratic form

-

[ (I, M) /4
was computed for n = 3 in [53] in their proof of Proposition 4.8. The size of the matrix M~ is

irrevelant to their computation, and their formula can be generalized to our case to give the for-
mula

2
zo(q) — (_1)nq—A Z Z ar(H €j>q§ <2r+(n—2)+z;[=1 eijj> '
=1

r=0ee{+1}"

We now compute W(q). For |z| < 1 we have

It follows that

(2Pr+P(n 2)+2] 1 J}i)z
v)=1rY Y a (H >q kLt
Jj=1

r=0ce{+1}"

This shows (4.9). O
‘We obtain the following corollary.

Corollary 13. LetZ, € x~1/2C[[x~1]] be the normalization of the Ohtsuki series from Theorem 2.
We have an asymptotic expansion

A 74(1/0).

24
g—1 \/?

q*Zy(X;q) ~
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Proof. This is a consequence of the integral formula (1.10) from Theorem 3

°7,(X: ) = % /F exp(—¢ J)BZ)E) A

T

=\iﬁ Y L (BE)A/D)
ee{+1}

and Borel-Laplace resummation, which is stated as Theorem A2. O

Let us now recall previous work on the g-series W. We start with the case n = 3, for which more
is known. As already mentioned in the introduction, Lawrence and Zagier have shown in [74] that
the quantum invariant 7, (X) can be recovered as the radial limit of ¥(q), as q tends to exp(27i/k).
This was generalized to n = 4 by Hikami in [59] but with corrections terms appearing. The series
W have interesting arithmetic properties; the coefficients y(m) are periodic functions of period 2P
and V¥ is the so-called Eichler integral of a mock modular form with weight 3/2. As mentioned
in the introduction the connection between quantum invariants and number theory was further
pursued by Hikami in a number of articles [57-61, 63]. For general n > 3 we mention again the
work [47] of Fuji, Iwaki, Murakami and Terashima, which was discussed in the introduction.

Let us now discuss what was previously known about the g-series invariant Z,(X). In [53] it
was shown that when X is a Brieskorn sphere (p;, p,, ps), (that is, n = 3) then Z,(X) is a linear
combination of so-called false theta functions. The g-series invariant Z, was also considered for
certain Seifert fibered manifolds (with up to n = 4 singular fibers) in the work [30], as well as a
proposed analog of Z, for higher rank gauge group — see also [84] for further developments in
this direction. In this paper, we work exclusively with G = SU(2)).

In connection with the work [74], Zagier invented the notion of a quantum modular form. This
notion was generalized by Bringmann et al. in [22], where they introduce the notion of a higher
depth quantum modular form. For any n > 3, it is known, that ¥ is a linear combination of deriva-
tives of quantum modular forms [23, 24]. It is interesting to observe that ¥ is obtained from the
Borel transform through a resummation process reminiscent of the median resummation of [32].
Moreover, as explained in [28] it is expected that for a general 3-manifold M, mock/false modu-
lar form duality is related to 2a(M ;q), that is, there exists an associated pair of a so-called Mock
modular form and a so-called false modular form, and these are related by a g — q~! transforma-
tion and have the same transseries expression near ¢ — 1. This is quite possibly connected to [48,
Conjecture 2] (called the symmetry conjecture). Let us also mention the work [36] by Dimofte-
Garoufalidis, which connects modularity in quantum topology with complex Chern-Simons the-

ory.

5 | THE ASYMPTOTIC EXPANSION OF THE GPPV INVARIANT

The invention of Z was party motivated by an attempt to generalize the following discovery of
Lawrence and Zagier. Set g, = exp(27i/k). For n = 3 they proved in [74] the identity (for some
oceEQ)

Py, P2 PG — Vg, = ——qlgg Z 2.
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For a closed oriented 3-manifold Y consider the normalized WRT invariant

Conjecture 2 (The radial limit conjecture [53]). Let Y be a closed oriented 3-manifold with
b, (Y) = 0. Set T = Spin°(Y)/Z,. For every a € T, there exists invariants

A, €Q, ceZ,, Z,(q) €2°¢"Z[[q]],

with the following properties. The series Z,,(q) is convergent inside the unit disc{q : |q| < 1}, and for
infinitely many k € N the radial limits im g eypori /i) Z.,(q) exists and we have that

Zes(Y3k) = (iV2k)™ ) M Keawy17ls, o dim - Z,(g).
aber ™ qtexp(27i/k)

Here W, is the Z,-stabilizer of x and
S B ezmkl(a,b) + e—27rikl(a,b)
a,b — .
IWalVIH(Y; 2)]

Remark 3. Conjecture 2 appeared in slightly different form in [28, 54, 55].

The level k WRT invariant 7, (M) of a closed oriented 3-manifold M can be seen as a function of
the k-root of unity q;, = exp(27i/k), and as such it is a function of a certain subset of the boundary
of the unit disc D = {q : |q| < 1}. Assume b, (M) = 0 and define the k-dependent g-series

2,(M;q) = (iV2k)™ ) ek KaD )y, 17ls 17 (g).

a,beT
Then Z,(M; q) is convergent for ¢ € D and the radial limit conjecture states

lim Z,(M; q) = 7,(M).
qTqy

Thus Z,(M; q) can be seen as an analytic extension of 7, (M) to the interior of the unit disc as
illustrated in Figure 6.

ax = exp (%)

qe

2 WRT invariant: 7(M): N — C
Q24

1 GPPV invariant: Z,(M):D — C

D={q:lgl <1}

Radial limit: Z;(M;q,) = 7 (M)

FIGURE 6 Analytic extension of 7, (M)
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5.1 | Proofof Theorem 4

To simplify notation, we write
2o(X;q) = Z(g)-

Recall the decomposition (2.4) of the normalized quantum invariant Z; (X) into an integral part
Z! and a residue part ZX. In Lemma 14, we prove the existence of an analogous decomposition for
Z,(q) into a Laplace integral part £ and a residue part R

q°2y(q) = L(7) + R(0), (5.1)

where we recall that g = 27, We present in Proposition 15 a standard result in complex analysis
[74], which asserts that a g-series with periodic coefficients of mean value zero has an asymp-
totic expansion, as g tends to a root of unity. We then show in Proposition 16 that R satisfy this
hypothesis. Finally, we apply Proposition 15 to prove Theorem 4.

51.1 | The decomposition of the GPPV invariant

Recall that g = exp(27it) with 7 € ) where }) denotes the upper half-plane, and recall the defini-
tions of F € M(C) and g € C[x] given in (2.3). Let T, = e,

Lemma 14. Introduce the holomorphic functions L,R € O(Yy) given by

— ﬂ —Xx/T d
L(7) \/_/ e B(Zy)(x)dx,

tJr,

R(7) = —\2/—/1_ i Res <exp <%§)>F(§),§ = 27rim>.

T m=0
Then we have that
q*Zy(q) = L(7) + R(D). (5.2)

For T in the first quadrant h, = {z € § | R(z) > 0} we have that

=24 / " e/ B(Z,)(x) dx. (53)
TJO

Proof of Lemma 14. Recall the contour formula from Theorem 3

7o) = 1) = % /F exp(—1/T)B(Zo)(x) dx.
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Under the coordinate change

the contour I" corresponds to the contour
1/g in3 R irt R
=¢e 8 + + e 8 +
Therefore we have that

4*2y(q) = % /W exp(=y2/)B(Zo)(y)2y dy.

Introduce the meromorphic function B € M(C) given for all y € C by

B(y) = 2yB(Zy)(»"). (54)
By Theorem 2 we have that
_ 2% V)= Zp(e
By = m,G(exp( P )) B m’F< 2 ) (55

From (5.5) we see that B is periodic with period x, that is, for all m € Z we have that
B(y + xm) = B(y). (5.6)

Let P be the set of poles of B. It follows from Theorem 2 that P is a subset of the axis e”//*R and
that

{—w? | @ € P} = 27i CS¢(X) + 27iZ.
Write
Y, = ei”(iié)ﬂh.

We will now apply Cauchy’s residue theorem to move ¥_ across /4R + to ¥, in order to obtain
the formula (5.2). Deform ¥, on the complement of a neighborhood around the origin to two
curves L, , which are parallel to eim/AR + outside this neighborhood of the origin, as indicated in
Figure 7. Set

L=L,UL_.

We first show that

/ exp(=y*/T)B(y)dy = / exp(-y*/T)B() dy, (5.7)
qf L
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L_ F\ZR+ L +
Krm
Ly,

m m
L LT
'

e Pm,
'
s K
A v,

FIGURE 7 Thecontours L, LT and ¥, and the subset of poles ,, drawn rotated, such that xR, points
straight up

and then we show that the right-hand side of (5.7) can be rewritten as a sum of residues. Let R > 0
be a positive constant, and let R, be the arc segment of the circle of radius R, which connects
¥, and L, . Because L, is parallel to xR, outside a neighborhood of the origin, there exists a real
positive constant b, > 0 such that every y € R, is of the form

y=xa+b,(a,b) € R, X[by, +)

and therefore exists a positive real constant A > 0 independent of R, which gives an upper bound

1
=A>0
S T=exp(—RGoby)

1
1—e®

forall y € R, . It follows that we obtain a uniform estimate

n . xy
B(y) = 2122 T

i (exy/Z(l _ e—yk))

= O(e‘y"/2 H sinh (%)) = 0(e™®)

j=1 j

n—2
(5.8)

forall y € R, for areal constant A;. For fixed 7, there exists a positive real constant A, > 0 giving
a uniform bound on R

eV /T = (e 4R, (5.9)
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By combining the estimates (5.8) and (5.9), and using that the arc length of R, is proportional to
R, we obtain the estimate

/ exp(—y?/T)B(y)dy = O(Re—A2R2+A1R)‘
R+

By similar reasoning, there exist constants B, > 0, B; € R giving the estimate
_ 2
/ exp(=y*/D)B(y) dy = O(Re™ K +5iK),
R_

Thus we obtain that

lim ) /R exp(—y?/T)B(y)dy =0, (5.10)

—00
ee{+1}

which gives the desired identity (5.7).
We now turn to the computation of fL exp(—y?/7)B(y) dy. For each m € N, let L,, be a small
line segment with

L, ne™/*R, = {mx},

and which meets /4R, in a right angle. We can arrange that L,, is of fixed length and that L,,
meet L, in a point. Thus we have

L, =Ly+ mx.

Let L be the bounded component of L, \ L,,, and let P, C P be the set of poles of B that lie
within the bounded component of the complement of the contour

¥, =L"UL,UL”

(see Figure 7). Equip ¥,, with the counter clockwise orientation. An application of Cauchy’s
residue theorem now gives

27i Z Res(e_yz/fB(y),y =w)= / exp(—y*/7)B(y) dy

w€EP,, Y
= / exp(—y* /DBy dy + ) € / exp(=y*/T)B(y) dy. (5.11)
L celx1} YL

Because B is x periodic as stated in (5.6) and L,, = L, + mx, we see that that there exists C > 0
giving a uniform bound

C > sup{|BO)| | ¥ € UpenLn}-
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Because of this universal bound, it is easy to see that
lim / exp(—yz/r)B(y) dy =0.
m-—oo Lm
It follows that the right-hand side of (5.11) converges to

> /L exp(—y? /DB dy = ) € / exp(—y*/T)B(y) dy.

ee{x1} eef+1} 7 ¥

This also implies that the sum of residues is convergent.

Let us now recall a simple transformation law for residues. Let z, € C and let f € M, (C)
be the germ of a meromorphic function with a pole at z,. Assume w, € C and that z € O, (C)
satisfies z(w,) = z,, z(w,) # 0. If either z, is a simple pole, or z(w) is linear in w, then we have
that

_ Res(f(2), z = z(wy))

Res(f(z(w)), w = wy) = 2w (5.12)
o

Introduce the variable

Using the relation (5.5) between B and F, the relation (5.4) between B and B(Z,,) and the transfor-
mation law (5.12) we obtain

57(q) =2 a
2@ =2 [ e (-2 )p0)ay

2 2
= %(LJr €exp <—y?>B()")dy —2rmi 2 Res(e_y /TB()’),y = CU))

weP

- %( /F exp (-2) Bz dx — Y, Res(e O/ F(E), ¢ = 2mm)>

T m=1

= L(1) + R(7).

Finally, we prove (5.3) for r € §, . First observe that for x and 7 in the upper right half-plane we
have

R(x/7) > 0. (5.13)

Push the contour I, to R, . If the integral is invariant under this deformation of the contour, we
obtain the desired identity. To see that the integral is invariant under this deformation of the con-
tour, we apply a limiting argument, together with Cauchy’s residue formula. To that end, letR > 0
be a positive parameter, and let Cy, be the arc segment of the circle of radius R, which connects R to

.3
Re'™ 4 and stays in the upper half-plane. As we are not moving the contour across any singularities
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of B(Z,)), the only difficulty is to show that

lim e /" B(Z,)(x)dx = 0. (5.14)
R—+o00 Cr

As C remain at least a fixed distance away from the axis of poles of B(Z,)(x), limit (5.14) follows
by (5.13) together with arguments similar to the arguments giving limit (5.10). O

5.1.2 | Asymptotic expansions of g-series with periodic coefficients

Let B,,(x) denote the mth Bernoulli polynomial, that is,

= 2 '"(x) (5.15)

-1
We recall the following result.

Proposition 15 [62, 74]. Let C : Z — C be a periodic function with period M and mean value equal
to zero

Consider the L-series L(s, C), which for R(s) > 1 is defined by

0= Y S

m=1

This L-series admits an analytic extension to all of C and forr € N
M’ < m

L(-r,C) = —_Y c(m)B (—) 516

(rO =77 X CmBra(yy (5.16)

For any polynomial Q of degree d

d
Q) = Y qux" € Clx]
u=0

the following asymptotic expansions hold for real and positive t
Z e_""ZC(m)Q(m) Z Z q,L(=2r —u, C)( ) (5.17)
m=1 u— r=l

Proof. The existence of the analytic extension of the L-series of C, as well as the explicit evaluation
(5.16) are proven in [74].
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In [62, 74] the following asymptotic expansions are proven

o)

Cme™  ~ EL(—ZV o=
=0 ’ rl
m=1 r=0
(5.18)
© ) © (—t)r
Z mC(m)e™ "™ ~ ZL(—zr -1,0)—=~.
=0 r!
m=1 r=0
‘We have
< —tm? < o/ S —tm?
2 eI = ¥, === ¥ (@jam+ e
m=1 j=0 (=0 m=0

where it is understood that q; = 0 for [ > d. The expansion (5.17) follows formally from differ-
entiating the expansions given in (5.18). This differentiation is valid because Poincaré asymptotic
expansions of analytic functions which are valid on suitable sectors can be termwise differentiated.
Clearly, t — me C(m)Q(m) exp(—tm?) is an analytic function of ¢ in a small tubular neighbor-
hood of (0,1], and from the proof given in [74] it is clear that the asymptotic expansions (5.18) are
valid on such a small sector. O

Recall the definition of the meromorphic function F given in (2.3). Next we prove that the
coefficients of the principal part of F at poles are periodic functions with mean value equal to
zZero.

Proposition 16. For j = 1,2,...,n — 2define f; : Z — C as the coefficients of the principal part of
F at2mim for m € Z, for example, for y near 2mim
n—-2
F(y) = ) f(m)(y — 2mim) ™/ + reg.

j=1

Then each f ; is 2P-periodic and if P is even, then we have for each even k € Z

2 ekg(Zﬂ'im)fj(m) =0. (5.19)

Proof. The periodicity of the functions f, j = 1, ...,n — 3 follow directly from the 47iP-periodicity
of F.

We now prove (5.19) assuming P is even - which is equivalent to exactly one the p; being even.
Using the definition (2.3) of F we obtain

n
F(y + 27miP) = % sinh(y/2 4+ wiP)*™ H sinh(y/p; + 7iP/p;)
j=1

= (C)"P(—1)P 7 F(y) = —F(y).
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This implies that foreach j = 1,...,n —3and m =1, ..., P we have

fim+P)=—f;(m).
On the other hand, we have for integral m

iQmi(P +m))?  —igm? i inP

2ri(P = p— ==
9@mi(P +m)) 87P 2P meE=

= gQ27i(P ¥ m)) mod 7iZ.

It follows that for even k we have a pairwise cancellation:

2P P
Z ekg(zmm)fj(m) — Z ekg(Zm‘m)fj(m) + ekg(27ri(m+P))fj(m +P)

m=1
P
— Z ekg(Zﬂim)fj(m) _ ekg(Z?Tim)fj(m) =0
m=1

This concludes the proof. ]

5.1.3 | The asymptotic expansion of the GPPV invariant

Recall the definition the functions F and g given in (2.3). Let m € N. For y close to 27im we use
the notation of Proposition 16 and write

n—2

F(y)= Y f;(m)(y — 2mim)™ + reg,,
j=1

where each f; 1 Z — Cis 2P-periodic. For each | € N there exists a uniquely determined polyno-
mial
Pi(x,y) € Qlxi, x,y]

such that
1 dlesW/t

Qrim) = eICTM/Tp (71 m). (5.20)
I oyl

There exist uniquely determined complex coefficients p;,, , with
-1 —
PI(T ,m) = Z Pruu® m"
u,v

Recall that B,,(x) denotes the mth Bernoulli polynomial and is defined by (5.15). Define for each
0 € CSc(X) the following polynomials with coefficients in power series

2r+v —t)
CCURNED YD WA = L ()

|
m=toe2p, o 2r+uv+1 r!
grim)=27i6
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. Z Z i (2P)2F+U m (_t)r
Zo(k,t) = £.(mkp;_ =) (—)— (5.21)
’ J j—Lu,v 2r+v+1 1
m=1,m2P, jav = 2r+v+1 2P r!
g(2rim)=27i6
Observe

Z@(ks t) = R@(k, t) - R@(k, 0)7

that is, Z is equal to Ry minus the constant in the parameter .
‘We can now prove Theorem 4.

Proof of Theorem 4. Recall the decompsition

%qAZ = L(t) + R(7)

given in Equation (5.2) in Lemma 14. Recall the decomposition of the normalized quantum invari-
ant

Z(X) = Z1(k) + ZR (k)

given in (2.4). This decomposition together with Equation (1.4), which relates the normalized
quantum invariant Z; (X) to the WRT invariant 7, (X), shows the radial limit identity can be proved
by proving the following two limits:

VT VT
Z'(k) = lim ——L(1), ZR(k) = lim , ——R().
() ﬁllr?k 21 @ (k) TTIP/lk 21 @
Observe that as X is an integral homology sphere, the only Spin® structure is a = 0, and therefore
the radial limit conjecture reduces (up to a scalar factor) to Equation (1.13). We first focus on the
integral part £(7). For every k € N* the integral part £(7) extends continuously to 7 = 1/k and it

follows from Equations (2.4), (3.6) and (5.3) that

VKL /K) = Ly (BZ)K) = Z'(K).

Now recalling that 7 , = (k — iz?m)‘l, we see that the non-trivial parts left in order to prove the

asymptotic expansion (1.12) stated in Theorem 4 are the asymptotic expansion

V Tkt

27ik6
T R@) Y @R, (5.22)
0eCS(X)
and the identity
Y e Ry (K, 0) = ZF (k). (5.23)
6eCSc(X)
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We start with the expansion (5.22). To ease notation we set

gQmim) = 6,,.
We have
n-3
Res(F(»)e?Y/ 27im) = m/T Z fj(m)Pj_l(‘L'_l, m).
j=1

and accordingly

\/1_—

o0 n-3
JR(T) =— mz=0 eonl? J; fim)P;_y (™", m).

Note that 7, , € § for ¢ € (0, 1). The function g has the following transformation property

i(y + 4wimP)?

= — my — 27wim>P.
5P g(y) —my

g(y + 4mimP) =

Because of this, and the 2P periodicity of the functions f;, we can write

\/;

o0 n—3
ER(T) - _ Z e—lmzekg(Znim) Z fj(m)Pj—l(T_17 m)
m=0 j=1

n—2 0
—tm? —
- _ 2 Z e tm ekemfj(m)pj—l,u,vf Uy
j=1

u,v m=0

Now for each j,u =0, ...,n — 3 we can apply Proposition 15 to the 2P-periodic function of mean
value zero given by

Cj(m) = e n f(m)
and the polynomial

Qj,u(m) = Z pj—l,u,vmv'
v

The fact that each C; is of mean value equal to zero follows from Proposition 16. The result of
applying Proposition 15 is

\/‘L_' ) (=)
u
ST R@ 2= X PR D uel(-2r = v,C)
Jsu,v r=0
. 2P
(2P)?r+v m\ (—t)
— u - i PY>) 0
- Z Z‘ P o Z_ CJ(m)BZHUH(ZP) r!
Jjsu,vr=0 m=1
2P oo 2r+v r
_ k6, u —(ZP) n (_t)
B Z 2 e {mKEPj 1 Z‘ 2r+uv+ 1B2’+"+1<§> rt
m=1 ju,v r=0

This establishes the asymptotic expansion (5.22).
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We now turn to the identity (5.23). Set

RO= 3 PRG0S onr kB ().

0eCSc(X) m=1 j,u,v v+l 2P

Let x be a complex coordinate near O and set y,, = x + 2wim for m = 1, 2, ..., 2P. Recall that
2P—1
F k
ZR(k) — Z Res <M,y = 27-[lm>
= 1 —exp(—ky)
We have that

. 2 . 2
—l(x + 27im) = gQ2mim) + g(x) — xm

= 2 i = _—,
90 = gCx + 2mim) = =8 i

and accordingly
exp(kg(yy)) = exp (K8, + kg(x) - exp (k37 ). (5.25)

Recall that the polynomials P, defined in (5.20) as the coefficients of the Taylor series of k90"
Therefore it follows from Cauchy’s formula for multiplication of power series, the formula for the
Taylor expansion of the exponential and the identity (5.25) that the following holds for all k, m:

—mk
P(k,m)= ) Pk, 0)< - > o
a+b=c
Writing this out in terms of coefficients gives
(-1
Z pc,u,uku Z ZquO( b! ks+bmb'
c,u,L a+b=c s ’

This is equivalent to the identities

—1\" 1
pj,u,O(E) U' pj+vu+vu (5'26)

Recall the definition (5.15) of the Bernoulli polynomials B,,,. Write

—kxm
exp
_ FQm)exp(kg(yy)) _ — F(y,) exp (k(g(x) +9m) < 2P )
1 —exp(—ky,,)

S Yo $ e |52
= (z fim)x= + reg)(ek@m Zpa(k’ O)xa> Z - (—kx)P1 |
Jj=1 a=0 b :
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By comparing with Equation (5.24) and using the facts that F has a multiple order zero at multiples
of 47iP and that we know that the k! term cancels in ZR(k), we obtain the desired identity

2P n-2 B (ﬂ)
ZRy= Y D Y e fi(m)P,(k, 0)—~—(=k)"!

m=1 j=1 a+b=j,
a=0,b>1

2P n-2

—1\b-1 b1 (2p)b—1
X X mpo0)(3;) G-D b By(35)

m=1 j=1 a+b=j,
a=0,b>1

b1 pes+b—1 (2p)b 1 -
) Zekemfl(m)paso<zp> b-1! b Bb(ﬁ)

m=1 j=1 a+b=j, S

b-1
Z Z > ekemfj(m)pa+b—1,s+b—1,b—1ks+b_1%Bb <ﬂ) (5.27)

m=1 j=1 +b =j, s
0,b>1

2P n-2

L (@P)
=D 2 XS imp_y ok i " IBU+1(;) (5.28)

m=1 j=1 u,v

In (5.27) we used the identity (5.26), and in (5.28) we setu = s + b — 1 and v = b — 1. This finishes
the proof. O

APPENDIX: RESURGENCE AND RESUMMATION

A.1 | Resurgent functions and the Borel transform

The theory of resurgence was originally developed by Ecalle in [40, 41]. See [80] for an introduction
to the mathematical theory of resurgence and see [39] for an introduction to the general use of
resurgence in quantum field theory. Garoufalidis [48] and Witten [95] were the pioneers of the
use of resurgence in quantum Chern-Simons theory.

Definition Al. For a Riemann surface C with universal covering space
7:C->C
the group of resurgent functions is R(C) = M(C).

One source of resurgent functions are the Borel transforms of Laplace integrals. We now intro-
duce the Borel transform. Let ' € M(C) be the Gamma function, which for z € C with Re(z) > 0

is defined by
I(z) = / e 't7lde.
0
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Definition A2. Let {a j}}”;o be an increasing sequence of positive real numbers, {; ;’;0 asequence
of non-negative integers and {c; };?‘;0 a sequence of complex numbers. Consider the formal series

GA) = ) ¢;A"% log(A)).
Jj=0

The Borel transform of @(4) is given by the formal series

- _ S (=1)Pi o (&
B(@)($) Z(,)CJ( 1) aajﬁj<l“(ocj)>'

A2 | Borel-Laplace resummation

We now discuss in more detail the relation between the Borel transform 3 and the Laplace trans-
form, which we now introduce. Let ¥ C C be an oriented contour. Let g be a measurable function
defined in a neighborhood of . Denote by £, (¢) the Laplace transform given by

£,()R) = / exp(—1 - 2)9(2) dz, (A1)
Y

for all ¢ € C such that the integral is absolutely convergent. Here we think of A € C* as a large
modulus asymptotics parameter. For any a € C* we let the contour aR be oriented in the direc-
tion of o unless we state otherwise.

That the transforms B and Ly are formally inverses of each other should be understood as
follows. If o € C satisfies Re(a) > —1 and [ € N then

l
Ly, (¢*10g0)) = i(%)

da!
We may introduce a polynomial Q, ; € C[x] of degree [ such that
Lq, (¢%log(0)!) = 27971Q, (log(A)). (A2)
Let z € C with Re(z) > 0 and let m € N. We then have that
£R+OB(/1_Z log(1)™) = A% log(A)™,

BoLy ($77 log($)™) = 7 log(§)™.

(A3)

Lemma Al LetB : R, — Cbeameasurable function and assume the integral defining L (B)(41)
is absolutely convergent for Re(1) > 0. Assume that there exists an increasing sequence {a j};?';o of real
numbers strictly greater than —1 and a sequence {B; ;io of positive integers giving an asymptotic
expansion

[e5]

B(t) ~g Y, bjt* log(t)P.

Jj=0
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Then the following hold:

(i) there exists for large A an asymptotic expansion (1) of the form

£R+ (B)(/l) ~ -0 ¢(/‘l),

where

$() = Y\ b;aA™7Qq, 5 (log(d)
apB

and roj,ﬁ’j € C[x] is the degree 8; polynomial introduced in (A2);
(ii) the Borel transform of ¢ is equal to the expansion of B

B@)(t) = Y bt log(t)°s.
Jj=0

Proof. The lemma is an elementary consequence of Equations (A2) and (A3). O

The following theorem explains Borel-Laplace resummation. The content of Theorem A2 is
standard in resurgence, and a proof can be found in, for example, [90].

Theorem A2. Let

FA) = ) ¢;A"% log(A)i (A4)
Jj=0

be a formal series as in Definition A2. Assume that

* there exists a sector S C C, such that for all { € S of sufficiently small modulus the Borel trans-
form B(g)(¢) converges to a holomorphic function $(¢) (possibly upon choosing a branch of log(¢{)
defined on S), and that

* the function ¢ extends by analytic continuation along a half axis T(6) = e*™°R + C S (for some
6 €[0,1] say) and there exists a constant C > 0 such that in a neighborhood of T'(6) we have

¢(z) = O(exp(C|z|)).
Then the following hold.

(i) The Laplace transform Lr)($) is holomorphic on the open unbounded set {1 € C | 1| >
C, Vs € S\ {0} Re(1s) > 0}.
(i) The Laplace transform Lrg)($) has ¢ as its large A asymptotic expansion

Ly (@)A) ~1500 ).

One of the goals of Ecalle’s theory [40, 41] is to consider the case where the formal series @
(A4) is obtained as a formal solution to some dynamical problem, which can be for instance an
ODE or a difference equation (with a singularity at 1=! = 0). In such situations, the function
Lo B(@) will be a holomorphic solution, and resurgence is developed as a tool to analyze the
monodromy (known as Stokes phenomena), which occur upon varying the choice of direction 6 in
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which the Laplace transform is performed. For future studies related to the radial limit conjecture
(Conjecture 2), we also mention the work of Marmi and Sauzin [77].
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