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Abstract: We investigate the kinetic model of the relativistic Vlasov-Maxwell-Chern-Simons sys-
tem, which originates from gauge theory. This system can be seen as an electromagnetic fields
(i.e., Maxwell-Chern-Simons fields) perturbation for the classical Vlasov equation. By virtue of a
nondecreasing function and an iteration method, the uniqueness and existence of the global solutions
for the 1.5D case are obtained.
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1. Introduction

El;)et;::tf:; In this paper, we focus on the relativistic Vlasov-Maxwell-Chern-Simons (RVMCS)
o o system [1,2]
Citation: Chen, J.; Bazighifan, O.;

Luo, C.; Song, Y. Global Classical atf + ?913wf + (E1 + ﬁZB/ EZ _ ZA)IB) . V‘(}f =0, (1)

Solutions of the 1.5D Relativistic

Vlasov-Maxwell-Chern-Simons atEl =—E— ] 1, awEl =B+ O, (2)
System. Axioms 2023, 12, 627. 0tEy = —0ywB + Eq — j2/ 0tB = —dyEy, 3)
https://doi.org/10.3390/ B(O, w) — BO (w)/ E(O, w) — EO (w)/ f(O, w, v) _ fO (ZU, ZJ), (4)
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on the whole space (w,v) € R x R? (all physical constants are normalized to unity), where
at position w € R and time t > 0, f(t, w,v) is the density of the particles, moving with
Received: 27 April 2023 velocity v = (v1,v2) € R2. The functions B(t,w) and E(t,w) = (E1(t,w), Ex(t,w)) stand
Revised: 17 June 2023 for the magnetic and electric fields by the Chern-Simons theory, respectively. In addition,
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In fact, the RVMCS system is derived from gauge theory and can be described as the
interaction between Vlasov matter and Maxwell-Chern-Simons fields. The Chern-Simons
theory could explain many interesting phenomena, such as high-T; superconductivity [3]
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and the quantum Hall effect [4]. If there is no Chern-Simons term, the corresponding
system is known as the relativistic Vlasov—-Maxwell system, i.e., the RVM system, which
has received a lot of attention in the past decades (see, e.g., Refs. [5-9] and the refer-
ences therein).

Although a great deal of mathematical results for the Chern-Simons theory (such
as [10,11]) have been established, as the authors know, there are few results for the RVMCS
system. In two dimensions, [12] obtained global classical solutions for the RVMCS system
and deduced that the RVMCS system converges to the Vlasov-Yukawa equations by
using the similar method of [8,13]. By virtue of the moment estimate and inhomogeneous
Strichartz estimates (see [14]), ref. [2] established the global existence of a classical solution
for the RVMCS system without compact momentum support.

Our main interest in this paper concerns the one-and-one-half-dimensional RVMCS
system. A pioneer result by Glassey and Schaeffer [6] showed the global existence of
the one-and-one-half-dimensional RVM system. When considering a fixed background
n(w) € C}(R) which is neutralizing in the way

| _pwidw= [ ([ folp,o)do—n(p))dp =0,
from 0,E; = p, ref. [6] proved that E;(f,w) has compact support; thus, it is clear to
deduce that
sup |Ei(t,w)| < oo,
te[0,T],weR
which is the key point to obtain the existence result.

However, for the RVMCS system, we could not obtain the formula of E; (¢, w) directly
from 0,E; = B + p. It is well-known that Maxwell fields can be considered as wave
equations, while the Maxwell-Chern-Simons fields may be supposed to be Klein—-Gordon-
type equations. Therefore, we briefly review the solution of the one-dimensional Klein—
Gordon equations [15]:

Optit — Oytt + u = g(t, w),
u(0,w) = u®(w), u(0) = ud(w).

The fundamental solution of the above equations could be written as

1 /
E]O( 2 — |w|2)/

where | is the second kind of modified Bessel function of order zero. The interested readers
are referred to [16] for a more detailed discussion about Bessel functions. In the present
paper, we only give the following properties and asymptotic estimate:

]n(z):{ \/%cos(z—%—%), z>1,

Zﬁ’:’l!’ z K 1.
and
(Jo(2))' = =Nz, ('h(z) =-2"h), J0)=1 J(0)=0. ®)
Combining function J,(z) and (5), one can show that
J J
e, (B2 |22 <c. ©

Using the fundamental solution Jy(z), one can easily write the solution of the one-
dimensional classical Klein-Gordon equation as follows:
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1 w+t ’ 0 ) w+-t 2 0
ubw) = ([ (/P o —pRud )+ 5 [ (/P w0 - pR)u (p)ap)
1t pwt(t—s)
Z |y — wl2 _ )2
ba s Ly O/ Pl s = 1)s(s, phdsap. @)

Moreover, as for the Vlasov Equation (1), similarly with the RVM system, we can
denote characteristic equations:

V(s) = (E1(s, X(s)) + Va(s)B(s, X(s)), Ea(s, X(s)) — Vi(s)B(s, X(5))), ®)

wherein X(s) = X(s,t,w,v), V(s) = V(s,t,w,v). Along the characteristic curves, f(t,w,v)
is a constant, i.e.,

f(t,w,0) = fo(X(0), V(0)).

In the rest of this paper, C shows a positive scalar that varies from line to line and only
depends on the initial inputs. C(t) stands for a positive nondecreasing function, which may
vary from line to line. For the sake of simplicity, [, fdv will be written as | fdv. Moreover,
Ilf(t)|| and || B(t)]| are, respectively, denoted by

IfOl = sup  {|f(t,w o)},

(w,0) ERXR2
1B = Oiugt{HB(S)ll}/ [B(t)[| = sup{|B(t,w)|}.

weR

Now, we summarize the major results of this work.

Theorem 1. Let fo(w,v) be a nonnegative C function with compact support. E®(w) and B®(w)
are two C? functions and satisfy

ouE) = B + /fo(w,v)dv,
and the initial data satisfy
V8o foll + IVEEY] + VBB <o, (la| <1, |B] <2).

Then, with the RVMCS system exists a unique global classical solution f(t,w,v), (t,w,v) €
[0, +00) x R x R2. Furthermore, f, E, B € C', having initial data fy, E°, B satisfy

f(t,w,v)=0 forC(t) < |7,

and
175, 0 F O+ 198 EO + [V, 0B < C(8),  (lal <1),

wherein C(t) is a nondecreasing function.

The outline of the remainder of this work is structured as comes next. In Section 2,
we give the representation of E(t, w) and B(t, w). By view of the Bessel function and the
Gronwall inequality, the derivatives of E(t, w) and B(t, w) are controlled by V f. In Section 3,
we obtain our main results by constructing the iteration scheme and estimating the fields
more precisely.
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2. Estimates of the Fields B(t, w) and E(t, w)

In this section, combining the method given in [6,17] with the solution of Klein-Gordon
Equation (7), we deduce the representations of E(t, w) and B(t, w) firstly.

Lemma 1. Assume (f,E, B) is a classical resolution of the system RVMCS in (1)—(4). Assume
that f(t,w,v) has compact support in (w,v) for each t. Then, the fields E(t,w) and B(t, w) have

representations (k = 1,2):

Ex=E)+Ef + E; + EM + EY,
B=B"+BT +B5+BM4 BN,

where
~0 1 w+t ) ’ 0 o w—+t ) 2\ 10
B = ([0 /1= prapaeea 5 [ /R 1= pr o) E )
w2 [ [T aR) 1+ o) fo(p, o,
~0 1 w+t 0 0 w+t 0
B = ([0 G/ prapaesea 5 [ /R pr o) E )
w+t 610
—27r/ /]0 —|—p—|—w|2) a Z)zélfo(lﬂ,v)dvdp,
< 1 wt . > 0 9 [uwtt 5 20
B = Z( [, (/e —1—p+wp)as W”*&/w_t Jo(\/£2 = | = p+ w)B(p)dp
w+t
2 [ [ (P~ = p o wP) 52 fo(p, v)dedy,
E§ 0,
P P w+(—g+t) ) ) by
B = B :zn// /Io —6+ 12 = | = p+ wP) Vo (— 75 ) (Ff) (s, p,0)dodpde,
—¢+t) %
w( €+f +t)2—[—pt+w? R
A N 2'>[<fg+t>f<fp+w>1<1+v1>f<g,p,v>dvdpdg,
—6+t) g+t 2| —p+u
w+(—¢+t) —|—t _ | = +w2
o= [ ME=IEE Hiep+w) = (ce+ 012 (e, po)dodpi,
—6+t) g+t 2—|—p+u
wH(cH) h —c+ 2 [—prup) 0,
BT 27'(// / —p+w)—(—c+t ~ ,p,0)dvdpdc.
e g+t ESETETE [(=p+w) = (=¢ + B35 f(c p,v)dvdpdg

Furthermore, the others are defined by
t
EM = —471/0 /(1 + 1) f (g, w + (—¢ + t),v)dvdg,

t A A
EM = 471/ /fivz flg,w+ (—¢+t),v)dvdg,
0 01

t A
BM = 471/ /102A flg,w+ (—¢+t),v)dvdg,

N w+(—¢+t) A
B = an [ [T [/ (me 02— o= pP)oaf, po)dudpdc,

—¢+t)
N W+( G+t) A
B2 = —27r// et / (—¢+ 12— |w— p)o1f(c, p,v)dvdpdc,
N W+( G+t) S

where F = (E1 + 0B, E; — 01B).
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Proof. Asin [6], we define two operators as comes next:
S =0;+ ﬁlaw, T = 0; + 9y.
Applying the calculations of [7,8,17], we can rewrite time and spatial derivatives below:

S—o,T T-S
o = . O = .
S YT,

)
From (2) and (3), we obtain that

91tE1 — duwwEr + E1 = —0uwp + j2 — 0tj1,
OntEy — duwwEx + E2 = —j1 — 92,
4B — dywB+ B = —p+ aij-
Because of the calculation process of the representation of E1, E; and B are almost

similar, we just only calculate E;.
Actually, using (7), the E, field could be written as follows:

w+t W+t N
B2 =56t Juy 1l t2_|_p+w|2)Eg(p)dp+/wft Jo(y/ 2 = | = p +wl?)3:E3 (p)dp) + Ea, (10)
where
~ 1 w+ g+t . '
:E/ / ( ¢+ 12— lw—p2)(—j1 — 9cj2) (¢, p)dpde,
. —(= <;+t)
and in view of (9), Ez can be rewritten as
~ —c+t) A
B2 = / / (ett) /fo —¢+1)2 = | = p+w?) (=270 f)(g, p,v)dvdpdg

w+(—¢+t)
// ) / \/( ¢+1)2—|—p+wl?)(—2mh0.f) (g, p,v)dvdpdg

w+(—¢+t)  S_ 4T

= B - 2”/ / / \/( ¢+ 12— | = p+w2)dr(=———)f(c, p,v)dodpdg
—c+) 1-— 01

w+( G+t) by

= Eé\l 27'[/ / ) /]O _|_p+w‘2)7sf(g,p,v)dvdpdg
w+( g+t
+27T/ / / \/< cHO?—|-p+ WIZ)%U(Q p, v)dodpdg

—g+t) o

= EY+ES+ EZT. a

By virtue of (1), we obtain
Sf = _F . va = _VU(Ff)'

It is now deduced that
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E>S

E,T

—g+t) (i
= o[ / [ 1o/ (=6+ 12— | = p+ 02) 25 Vo(Ef) (s, p,o)dodpdg
—G+t) -
w+ —¢+t) @2
= zn/ Lo /Io ¢+ 1P = | = p+wP) Vo5 ) (Ef) (e, p,0)dvdpdg
- (12)
For the EZT term, using the definition of T, we obtain
w+(—¢+t) D
= 27r/ / e /]0 ) —|—p—|—w]2) ! 2 (8 + ) f (¢, p,v)dvdpdg.
Sete € (0,1), by invoking integration by parts and (5), and we obtain
w+(1—¢)(—¢+t)
/ / Cern /Io( =6+ 12— [w = pl?)(9; +9p)f (¢, p, v)dvdpdg
w+(1 s( ¢+t) ] €+t w— pl2
SN e 0P 00— p) — (g + ) (s, po)vdpdg
—c+t) g—i—t —|w—p|
d w+(1 e)( g+t)
+/ - / +1)2 2 d)
O dg( W*(HHH) I(\/( ¢+ 12— |w— pl2)fdp
t
=] / (/22 =) (=g + 1) f (6w + (1 - &) (=5 + 1), v)dodg
—¢ [ [ I(yfe@=e) ¢ + D)6, w— (1= &) (~¢ + 1), 0)dodc. (13)
As e — 0, it is easy to deduce that
w+t 10 T M
ET=-2r | [1(/?—|-ptwk) 22 folpododp + E + B ()

Inserting inequalities (11)—(14) into (10), we obtain the representation of E;. [

Remark 1. Because of the different fundamental function between the Klein—-Gordon equations with
wave equations, the representations of fields E and B for the RVMCS system have some different
points from the RVM system [6]. For example, we have additional terms E3, El, BS and BT.
Nevertheless, these additional terms can be controlled by (5) and (6).

Now, we are devoted to estimating the fields E(t, w) and B(t, w).
Lemma 2. Suppose that (f(t,w,v), E(t,w), B(t,w)) satisfy the same conditions as in Lemma 1 and
foll, I1E?IL, 1IB°N, [19wE°]l, [19B°]l
are finite. If there is a nondecreasing function C(t) yielding
fltwo) =0 if C(t) < o],

then

B+ IEM < C().
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Proof. Because of |[v| < C(t) when f # 0, it is easy to show that

0107 010, _ vt (V[vP+1+01)
1-7 V0o +1-10 1+ |02]?
< 2[op]y/1+ Jof? (15)
< C(1),
132 (%)
d = ;) = 1 2
w125 = PG/ bR o )|
v2(01 +1)
= | ==X <2, 16
P | 1o
5 ( () ) . 1+|01|2 B ﬁllﬁz‘z
v z5 - A
S Sl A+ o)1 —0) (1—01)2/]oF+1

\/1+ |02+ 2|ovq] (17)

<
< C(t),

where we have used \/1+ |v|2 —v; > 9. Hence, for 0 < t < T, using (6) and in
consideration of Lemma 1, we obtain that

IEWI+IBOI < C+c) [ B+ B e
o(m)+C(r) [ AEQ) + 1B s

IN

The Gronwall’s inequality implies that ||E(t)|| + || B(¢)|| < C(T), for 0 < t < T. This is
the desired result. [

Next, we show that the derivatives of the fields are also bounded.

Lemma 3. Assume that (f,E, B) are as in Lemma 1, and ||V (y, o, foll, | VEE° || and || V3,B°|| are
finite. Then,
IIVaBOI + VW E@ < CH) A+ [[Vaf O]I)-

Proof. Firstly, we calculate every term of d, E;. For dy, Eg , using the definition of operators
S and T, together with (1) and (9), we have

—¢+t) 5
J EZ _277/ / /IO —G+1)2—| —P+W|2)V0(—1 Z_ )V (Ff)(g, p,v)dvdpdg
(=¢+t) — 9
w+ g+t A F
= // /IO ¢+ 12— | = prw)Vo( Vo(-—2) - ——— ) - Ffdudpdg
—c+t) 1-917 1-9;
w+(—g+t) by Tf
_|— 2 . )
+2n// et / \/( ¢+t —[—p+w?)Vo( 1—@1) Py dvdpde
w+(—g+t) by
+27T/ / /]0 —|—p+w\2)vv( —) - 0pF - fdvdpdg
g+t 5
On the set {v : |v| < C(t)}, by an elementary computation as well as Lemma 1, this
yields that
Vo (Vo(—22y. ) pfl <
v A B, 1— 2 >
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Consequently, we obtain

w+(— g+t
0L ES!| < C(t // e (—c+1)2—| — p+w2)dpdc < C(t). (19)

Similar to the estimate of (13), we have

A

t rwt(—g+t)
us? =am [ [ "7 ooy (=6 + 02 = | = p+ wP)F) Vel - 250 L dudpd

G+t)

w+(—¢+t) ” f
_ 2 | 2 2
+27‘c// e / ]0(\/( G+t == p+wP)F) V(-1 )1_ﬁldvdpdg

_'Ul

w+t — | = 2 )
+27T/ /]O Eolptal )Vv(*lvizA)'(*Ff)lg:OdvdP

w—t 1—-17; — 01

: 0 Ef
+47T/0 / vv(il _ ﬁl) ’ 1—0, \(g,wﬂ,gﬂ)/v)dvdg.

By (2) and (3) and Lemma 1, for 0 < ¢ < f, we have
19 F| < C(t) + [VwE() | + [ VwB(g) -

Then, combining the properties of Bessel functions (5) and (6) with the support of f,
we observe that

a2 < () (1+ [ (IVWE@] + [VuB(o) e ). )

Similarly, we have

PuES| < C(0) [ (IVaB©)ll + IVuB(e))ds

Finally, by virtue of the above inequality and (18)-(20), we obtain

Puts] < )1+ [ (ITLE@ + IVuble) e ).

Next, using equality (9), we can estimate 0y, EzT ,

(/g2 —ptw) d1,
8E—27T// / —p+w)—(—¢+t -0 ,p,v)dvdpd
2 w g+t g+t _|_p+w|2 [( p ) ( ¢ )]1701 Pf(gp ) pag
wrery h —c+1H2—[—p+wf) 0102
:_2// / —p+w) — (—¢+ D] 22 Sfdvdpd
—ctt) g+t 2= p+uwp (=p+w) = (=e+ O] 72 Sfdvdpds
ey h —c+1H)2—[—p+wp) 010,
+2”// / —p+w) — (—¢+ t)]—2_Tfdvdpde,
—ct) g+t 2= p+uwp (=p+w) = (e + O] g5 2 Tfdvdpde
—9,ETS + 9, EIT

Then, we estimate each term in the above equality separately. For d,,E] S, using (1),
Lemma 2 and |v| < C(t), we show that

w+(—g+t)
2n// /| —r+w)— g+t)|V7,<0102) Ffdvdpdg
—g+t) (1—191)2

w+( g+t
c) / / (—¢ + tdpde < C(1).
—g+t)

‘aszTS|

IN

IN
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For 8wE2T T, similar to the estimate of (13), in view of (5), (6) and (9), we have

w+(—¢+t) ]2 )—|—p+w\2) 5 771232
9 EIT| <2 // / - IR TR
o = —¢+t) ‘ €+t 2—|—p+wf? [(=p+w) = (=g +1)] (1_61)2f'vp
Wt Ja( - | —p+ ZU|2) 10
w—t /‘ —|—p+w|2 (t—( p"'w))m Odvdp‘

w(— g—l—t) ) w+t
|// L, (et iPapds+ [ (—p))apl <€)

Hence, combining the above estimate, we obtain |9, EJ | < C(#).
For awEé\A, we could compute it directly:

t 010
00 EM| < 47|V f ()] /0 / 12| dvde < () IVt (O]

Then, for 9y Eé\’ , similar to the estimates of aszT , it is easy to show

|0, EN| < C(¢t).

Lastly, for Bwfg, we can obtain yawEg| < C(t) by integration by parts. Thus, from the

above estimates and Lemma 1, we have

Puts] <€) (1+ 119uf O]+ [ (IVEQ)] + [VuB(e) e )

Again, in the same way, we can estimate d,,E; and 0, B. Consequently, for0 <t < T,

we have

Putl +BuBl < (14 11Tur 011+ [ (IVEQ)] + V0B

IN

This, together with Gronwall’s inequality, completes the proof. [

o) (1+11Tuf (D + [ (1) + [ VuB(e) e

Lemma 4. Assume that (f(t,w,v), E(t,w), B(t,w)) are as in Lemmas 1-3 and the conditions of

Lemmas 1-3 hold. Then,

AN +IE@] + BN+ Y o) f (O + [ VRE@ [+ [[VoB(E) [ < C(H).

Proof. It is similar to [7] (Theorem 4) and [12] (Lemma 3.2), so we omit it.

3. Proof of the Main Results

This section is furnished to investigate the existence and uniqueness of classical solu-
tions for the RVMCS system. First of all, we will give a conditional existence proposition.

Proposition 1. Let fo(w,v) be nonnegative C' functions. Suppose that E°(w) and B%(w) are two

C? functions, such that
BWE? =BY —|—47T/ fo(w,v)dv.

If the data satisfy

IV, o foll + IVEEY] + [ VEB <o, (la| <1, |8 <2),
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and furthermore, if there is a non-decreasing function C(t) such that
f(t,w,v) =0 for|v| > C(¢).
Then, there exists a unique C' global classical solution for the RVMCS system.

Proof. In this work, we use a well-known iteration scheme method ([6,7,12,17,18]) which may
be well used to prove the existence theorem. Denote {f(”) (t,w,v), EM(t,w), B¢, w)}
the iteration functions. We also take smooth initial data

FO(t,w,0) = folw,v) € C?, EO(t,w) = Eg(w) € C3, BO(t,w) = By(w) € C°.

After the (n — 1) iteration, we set that f(") is the solution of the following
Vlasov problem:

af) 40,0, F) + (E§"71) + z?zB("fl),Eg'*l) — 5By v, 1) = (21)

Hence, f (1) is a C2 function if E™=1 and B("~1) are C? functions. By the theory of
ordinary differential equations, along the characteristics equations in (21)

W=7, U= (Ei”fl) + 623(”*1),E§”*1) — 9;B(""1)

) (t,w,v) is a constant. Therefore, f(") (¢, w, v) also has compact support in v. In addition,
o (t,w) = 4 /f(”)(t, w,v)dv e C?,  j"(t,w) = 4n / of " (t,w,v)dv € C?
are well-defined. Then, we obtain E(") and B(") by solving the following equations

attEYl) — awwE§n) + E;n) = —awp(n) +j£n) — 8t]§n>,
ES — S + B = M — gy,
3B — B! + B = —p() 43, ("
with initial data E®(w), B(w). Furthermore, with Lemma 4, we can prove easily that

these sequences are Cauchy in the C!-norm and obtain the existence from Proposition 1 as
in[17]. O

To prove Theorem 1, we will show that the nondecreasing function in Proposition 1
exists on [O, o0). To this end, we establish a lemma for energy conservation.

Lemma 5. Suppose (f(t,w,v), E(t,w), B(t,w)) are the solutions stated in Proposition 1. Then,
the energy identity

e+ Vi (47r / o1 fdo + E23> —0 22)

holds, where
e = 47'[/ 1+ [o2fdo + %|E|2 + %|B|2.
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Moreover,

w+(—g+t)
/ elc,p)dp < C, 3)
w—(—¢+t)

oo
+ (=g +1t),v)dvdg < C, (24)
|w<C+t0<t<T// 1+ ‘2
—G+t)

sup 03 (¢, p)dp < C(—¢+1), (25)
[w|<C+t 70— (=¢+t)

su

o 3 C 26
< t).
|w<g+t/ —g+t) (/ V1+ 0] ) p<C(-g+1t) (26)

Proof. The energy identity (22) is similar to [12] (Lemma 3.3), and its certification process
is omitted (see [12] for details). It is obvious that f(t,w,v) = 0if |w| > C + t because
of w = 9 and |6| < 1. So, we have the total energy identity by (22), i.e., (23). Similar
with [8] (Lemma 1), we can obtain (24).

To prove (25), note that for each R > 0, we use the usual manner,

e

< d +/ do < C(R% + %),
p= |v\ngU |v\>RfU_ ( R)

Taking R = ¢!/3, we have p/? < Ce and hence

+H(—¢+t) 3
sup/ p2(g,p)dp < C(—g+1).
weR Jw—(—¢+t)

Similarly, we can prove (26). O

Next, our goal is to deduce that P(t) < C(t) where
P(t) =1+ sup{|v| : f(¢,w,v) #0 forsome (g,w) € [0,t] x R}.

As the similar method in [6-8,12], by virtue of the estimate of P(t), Proposition 1 can be
extended to Theorem 1.

To this end, following from Lemma 5, we give more precise estimates of the fields
than Lemma 2.

Lemma 6. Let (f,E, B) be the solution furnished in Proposition 1, 0 < T < T, and then
the estimate

IE@I+ B < C(T)(1+ PX(T))
holds for t € [0, T).
Proof. Combining (16) with (17), we obtain
0

FVol—g=)| < CUEI+ BN+ (1+ o)),

Then, using (6) and (15) and Lemma 1, we obtain
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IN

(>

IE) -+ IB(t) ]l
w t)
H+c( //w o /|E|+|B|)(1+|v| )b fdvdpdg+/ / H :t odpdc

w+(—g+t)
// . +)/\E|+|B|)fdvdpdg~|—// / 1+ |02 fdodpdg
(9

[ [l 14 0B (6w + (~¢+ 1), )dode)

CHH+h+hL+I+I+Is. (27)

Then, we calculate I; (1 < i < 5), respectively. For I;, using the Holder inequality,
(22) and (26), we have

1

_ t w+(—g¢+t) 2 —G+t) ? ’
i<y ([0 ) (/w (- </ VIR ) ) *

snn e ([ (k) o) (L)'

SCOPD) +1) [ (- +1)kde < CT)PAHT) +1),

|13

IN

IN

By (25) and the Holder inequality again, it gives that

—G+t) 5 5 w4 (—¢+t) 3 t _
|| <C/ (/ 2dp> (/ dp) dg < C/ (=g +t)dg < CT~.
—G+t) w—(—¢+t) 0

With the above inequality, it is easy to deduce that

w+(—g+t)
¢ @i+ s ([ ey )ds < € [ (e +00E@ -+ 1B(6) g
o [((EQ) |+ Bl de

Similar to the estimate of I;, we also obtain
Is] < C(T)(1+ PX(T)).
For I5, by (24), it yields that
[Is| < C(1+ PX(T)).

Combining the above inequalities with (27), we obtain
IE@)I + 1B < C(T) (1 + P*(T) CT/ (IE@I +11B(e)I)dg

Thus, by the inequality of the Gronwall, it implies that

IE@)] + Bl < C(T)(1 + PA(T)) exp{CTt} < C(T)(1+ P(T)).
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Employing the characteristic curves (8) and Lemma 6, we have

VO tw,0)] <ol +C [(IEQ]+ B < C+ [ o)1+ P ()i
It follows that
Py < CHC() [ (14 Pe)de < C+ () [ (14 P(e))d
wherein P(t) is bounded via Q(t) on [0, T], and also Q(t) satisfies
Q(t) = tan(C(T)t 4 arctan C).
So, choosing t = T,foreach T € (0, T), one obtains
P(T) < tan(C(T)T + arctan C) = C(T).
This completes the proof of the theorem.

4. Conclusions

In this manuscript, we have considered the relativistic Vlasov—-Maxwell-Chern-Simons
system in the 1.5D case. Different from the well-known Vlasov-Maxwell equations,
the RVMCS system could be seen as a set of the Klein-Gordon-type equations and Vlasov
equation. However, the Vlasov—-Maxwell system could be considered as a system of the
linear wave equation. The fundamental solution of the one-dimensional Klein-Gordon
PDE has some decaying and bounded properties; hence, we can control B(t, w) and E(t, w).
By view of the iteration method and a nondecreasing function condition, we establish the
global uniqueness and existence of the RVMCS system. In a forthcoming work, inspired
by the work of [19-23], we may study two questions. On the one hand, we will consider
establishing the well-posedness of the RVMCS system in Besov space with large Maxwell
fields. On the other hand, we will consider the behavior of the RVMCS system, when the
speed of light tends to infinity.

Author Contributions: Conceptualization, J.C.; data curation, O.B.; funding acquisition, J.C.; Soft-
ware, Y.S.; writing—original draft preparation, ].C. and C.L.; writing—review and editing, J.C. and
O.B. All authors have read and agreed to the published version of the manuscript.

Funding: This work was supported by the Training Plan for Young Teachers in Colleges and Univer-
sities of Henan Province (Grant No. 2020GGJS142) and the Natural Science Foundation of Zhongyuan
University of Technology (No. K2023MS001).

Data Availability Statement: Not applicable.

Acknowledgments: The authors would like to thank reviewers and the editor for valuable comments
for improving the original manuscript.

Conflicts of Interest: The authors declare no conflict of interest.

1. Dunne, G. Self-Dual Chern-Simons Theories; Springer: New York, NY, USA, 1995.

2. Yuan, ]. Global solution of the relativeistic Vlasov-Maxwell-Chern-Simons system. |. Math. Phys. 2015, 56, 111504. [CrossRef]

3. Polyakov, A.M. Fermi-Bose transmutations induced by gauge fields. Mod. Phys. Lett. 1988, 3, 325-328. [CrossRef]

4. Zhang, S.C.; Hansson, T.H.; Kivelson, S. Effective-field-theory model for the fractional quantum hall effect. Phys. Rev. Lett. 1989,

62, 82-85. [CrossRef]
DiPerna, R; Lions, P. Global weak solutions of Vlasov-Maxwell systems. Commun. Pure Appl. Math. 1989, 42, 729-757. [CrossRef]

o

6. Glassey, R.; Schaeffer, . On the ‘one and one-half dimensional’ relativistic Vlasov-Maxwell system. Math. Methods Appl. Sci. 1990,

13,169-179. [CrossRef]

7. Glassey, R.; Schaeffer, J. The ‘two and one-half dimensional’ relativistic Vlasov-Maxwell system. Commun. Math. Phys. 1997, 185,

257-284. [CrossRef]


http://doi.org/10.1063/1.4935472
http://dx.doi.org/10.1142/S0217732388000398
http://dx.doi.org/10.1103/PhysRevLett.62.82
http://dx.doi.org/10.1002/cpa.3160420603
http://dx.doi.org/10.1002/mma.1670130207
http://dx.doi.org/10.1007/s002200050090

Axioms 2023, 12, 627 14 of 14

10.

11.

12.

13.

14.

15.

16.
17.

18.

19.

20.

21.

22.

23.

Glassey, R.; Schaeffer, J. The relativistic Vlasov-Maxwell system in two space dimensions: Part II. Arch. Ration. Mech. Anal. 1998,
141, 355-374. [CrossRef]

Rein, G. Generic global solutions of the relativistic Vlasov-Maxwell system of plasma physics. Commun. Math. Phys. 1990, 135,
41-78. [CrossRef]

Chae, D.; Chae, M. The global existence in the Cauchy problem of the Maxwell-Chern-Simons-Higgs system. ]. Math. Phys. 2002,
43, 5470-5482. [CrossRef]

Han, J.; Song, K. Existence and asymptotics of topological solutions in the self-dual Maxwell-Chern-Simons O(3) sigma model.
J. Differ. Equ. 2011, 250, 204-222. [CrossRef]

Huh, H.; Lee, H. Global existence and nonrelativistic limit for the Vlasov-Maxwell-Chern-Simons system. |. Math. Phys. 2012,
53, 103306. [CrossRef]

Lee, H. The classical limit of the relativistic Vlasov-Maxwell system in two space dimensions. Math. Methods Appl. Sci. 2004, 27,
249-287. [CrossRef]

Luk, J.; Strain, R. Strichartz estimates and moment bounds for the relativistic Vlasov-Maxwell system. Arch. Ration. Mech. Anal.
2016, 219, 445-552. [CrossRef]

Nunes, R.; Bastos, W. Analyticity and near optimal time boundary controllability for the linear Klein-Gordon equation. J. Math.
Anal. Appl. 2017, 445, 394-406. [CrossRef]

Watson, G.N. A Treatise on the Theory of Bessel Functions; Cambridge University Press: London, UK, 2008.

Glassey, R.; Strauss, W. Singularity formation in a collisionless plasma could occur only at high velocities. Arch. Ration. Mech. Anal.
1986, 92, 59-90. [CrossRef]

Glassey, R.; Strauss, W. Absence of shocks in an initially dilute collisionless plasma. Commun. Math. Phys. 1987, 113, 191-208.
[CrossRef]

Zhang, D.Y.; Yang, S.W. On the 3D Relativistic Vlasov-Maxwell System with Large Maxwell Field. Commun. Math. Phys. 2021, 383,
2275-2307.

Schaeffer, J.; Wu, L. The nonrelativistic limit of relativistic Vlasov-Maxwell system. Math. Methods Appl. Sci. 2017, 40, 3784-3798.
[CrossRef]

Ghanim, F; Al-Janaby, H.E; Bazighifan, O. Some new extensions on fractional differential and integral properties for Mittag-Leffler
confluent hypergeometric function. Fractal Fract. 2021, 5, 143. [CrossRef]

Song, Y.L.; Ullah, M. On a sparse and stable solver on graded meshes for solving high-dimensional parabolic pricing PDEs. Comput.
Math. Appl. 2023, 143, 224-233. [CrossRef]

Song, Y.L. An efficient radial basis function generated finite difference meshfree scheme to price multi-dimensional PDEs in
financial options. J. Comput. Appl. Math. 2023, 436, 115382. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1007/s002050050080
http://dx.doi.org/10.1007/BF02097656
http://dx.doi.org/10.1063/1.1507609
http://dx.doi.org/10.1016/j.jde.2010.08.003
http://dx.doi.org/10.1063/1.4759129
http://dx.doi.org/10.1002/mma.424
http://dx.doi.org/10.1007/s00205-015-0899-1
http://dx.doi.org/10.1016/j.jmaa.2016.08.001
http://dx.doi.org/10.1007/BF00250732
http://dx.doi.org/10.1007/BF01223511
http://dx.doi.org/10.1002/mma.4263
http://dx.doi.org/10.3390/fractalfract5040143
http://dx.doi.org/10.1016/j.camwa.2023.05.008
http://dx.doi.org/10.1016/j.cam.2023.115382

	Introduction
	Estimates of the Fields bold0mu mumu B(t,w)B(t,w)sectionB(t,w)B(t,w)B(t,w)B(t,w) and bold0mu mumu E(t,w)E(t,w)sectionE(t,w)E(t,w)E(t,w)E(t,w)
	Proof of the Main Results
	Conclusions
	References

