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This study investigates the thermodynamic behavior of a two-qubit quantum system, where each 
qubit is coupled to an independent thermal reservoir, either bosonic or fermionic. Using a master 
equation approach, we analyze both steady-state and time-dependent ergotropy to understand how 
different reservoir statistics affect work extraction. In bosonic environments, ergotropy consistently 
declines with increasing temperature due to thermal noise. In contrast, fermionic reservoirs exhibit 
more complex behavior, with ergotropy enhanced by particle transport under non-equilibrium 
conditions. Our results reveal a threshold-like sensitivity to the chemical potential configuration, 
leading to qualitatively distinct regimes of energy storage performance. Time-resolved analyses show 
that the system’s approach to steady state varies depending on the type of reservoir and the coupling 
strength between qubits. These insights highlight how carefully engineered reservoir properties and 
non-equilibrium driving can be leveraged to optimize quantum battery performance.
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Historically, thermodynamics has been associated with systems composed of a vast number of particles. 
Thermodynamics is a fundamental component of our current understanding of the physical world. It has stayed 
the same even through major revolutions in physics, such as relativity and quantum theory. Thermodynamics 
was initially introduced to study thermal systems on a macroscopic scale, before the advent of quantum 
mechanics at the microscopic level. However, with the advent of quantum mechanics, clear differences are 
observed in dealing with microscopic thermal systems compared to macroscopic systems. In the quantum 
regime, the behavior of systems is governed by quantum mechanics, where the principles of superposition, 
entanglement, and quantization come into play1–7. The laws of traditional thermodynamics, when applied 
within the realm of quantum mechanics, have led to the emergence of a new field in quantum theory known as 
quantum thermodynamics8–13. In quantum thermodynamics, efficient work extraction from quantum systems is 
a fundamental goal in studying quantum biological systems and modern nanoscale technologies. To determine 
the amount of extractable work from a quantum system, the concept of “ergotropy” is commonly used. Ergotropy 
refers to the maximum amount of work that can be extracted from a quantum system through employing cyclic 
unitary operations14.

In practical scenarios, a quantum system unavoidably engages with its surrounding reservoirs. So, study of 
open quantum systems has attracted significant interest in quantum information theory15. The convergence of 
the concepts of open quantum systems and quantum thermodynamics has led to the expansion of operational 
quantum devices, such as quantum heat engines16, quantum refrigerators17, and quantum batteries18–68. It is 
thus critical to study work extraction in the context of open quantum systems. In recent years, there has been 
an increasing fascination with exploring open quantum systems in non-equilibrium settings69–72. The reservoirs 
remain out of equilibrium due to a steady temperature difference or chemical potential difference. This causes 
energy or matter flow through the quantum system and reservoirs, continuously keeping them away from 
thermodynamic equilibrium73–76.

The simplest model imaginable for studying extractable work in non-equilibrium steady states is likely 
a two-qubit system coupled with two reservoirs77,78. In this work, we revisit such a system by analyzing the 
steady-state and dynamical ergotropy of two coupled qubits interacting with either bosonic or fermionic thermal 
reservoirs79. Our analysis reveals that bosonic and fermionic statistics induce fundamentally different behaviors 
in ergotropy under both equilibrium and non-equilibrium conditions. In bosonic reservoirs, ergotropy decreases 
monotonically with temperature, and is further suppressed by increased qubit coupling. In contrast, fermionic 
reservoirs exhibit a more intricate dependence: ergotropy increases with chemical potential bias ∆µ, showing 
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saturation behavior, and displays threshold-like sensitivity to the base chemical potential µ1 in relation to the 
qubit transition frequency. The study also highlights that coherent dynamics and non-equilibrium driving—
via temperature gradients or chemical potential differences—can dynamically generate ergotropy, even from 
initially passive states. Moreover, it shows that the extractable work from asymmetric qubits is highly sensitive 
to reservoir asymmetries, with maximum ergotropy achieved under symmetric conditions and equilibrium 
reservoirs.

Models and methods
The schematic diagram of the model is shown in Fig. 1. The model consists of two qubits that are coupled to 
each other, with each qubit interacting with its own reservoir. The reservoirs follow either fermionic or bosonic 
statistics. The total Hamiltonian of the system, which includes the coupled qubits and their respective reservoirs, 
can be written as H = HS + HR + Hint, where HS , HR, and Hint represent the system, reservoir, and 
interaction Hamiltonians, respectively. These components are defined as follows
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Here, ω1 and ω2 are the transition frequencies of the qubits, and λ denotes the coupling strength between 
the qubits. The operators bk  (b†

k) and ck  (c†
k) are the annihilation (creation) operators for the kth mode of the 

reservoirs, with mode frequencies ω1k  and ω2k , which are in contact with qubits 1 and 2, respectively. The 
parameters g1k  and g2k  represent the coupling strengths between the reservoirs and qubits 1 and 2, respectively. 
The eigenvalues and the corresponding eigenvectors of the coupled qubit Hamiltonian are given by
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Here, δ = ω1 + ω2, and Ω =
√

∆2 + λ2 is the Rabi frequency, where ∆ = ω1 − ω2. The mixing angle 
θ ∈ [0, π] is defined as θ = arctan(λ/∆).

In the case of symmetric qubits, i.e., when ∆ = 0, the mixing angle becomes θ = π/2. For asymmetric qubits, 
i.e., ω1 ̸= ω2, the mixing angle is given by θ = arctan(λ/∆) when ω1 > ω2, and by θ = π + arctan(λ/∆) 
when ω1 < ω2.

To ensure the validity of the rotating wave approximation in the qubit-reservoir interaction Hamiltonian, the 
condition λ < 2√

ω1ω2 must be satisfied. This requirement ensures that δ > Ω, which allows the eigenenergies 
to be ordered as ε1 < ε2 < ε3 < ε4.

Figure  2 shows the schematic diagram of the eigenenergies and the corresponding eigenstates of the 
Hamiltonian for the coupled qubit system.

The unitary transformation between the energy eigenbasis {|ε1⟩, |ε2⟩, |ε3⟩, |ε4⟩} and the standard eigenbasis 
{|ee⟩, |eg⟩, |ge⟩, |gg⟩} is defined as follows

Fig. 1.  The schematic diagram of the considered model includes two interacting qubits in two separate 
reservoirs. λ represents the inter-qubit coupling strength, and ω1 and ω2 are the energy level differences 
between the ground and excited states for the qubits.
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The interaction term of the total Hamiltonian in energy eigenbasis can be rewritten as
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Considering free Hamiltonian H0 = HS + HR and using interaction picture we have
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In the interaction picture, the quantum master equation under the Born-Markov approximation is given by15

	

dρI(t)
dt

= −
∫ ∞

0
dsT rB [Hint(t), [Hint(t − s), ρI(t) ⊗ (t)ρB ]] ,� (7)

here, ρI(t) and ρB  denote the reduced density operator of the two-qubit system in the interaction picture, and 
the density operator of the reservoirs at equilibrium, respectively. At this stage, by returning to the Schrödinger 
picture and avoiding the secular approximation, one ultimately obtains the master equation known as the Bloch–
Redfield equation for the system’s density matrix

	
dρ

dt
= −i[HS , ρ] + D1[ρ] + D2[ρ],� (8)

where D1[ρ] =
∑2

j=1 Nj(ρ) and D2[ρ] =
∑2

j=1 Si(ρ) with

Fig. 2.  The schematic diagram of eigenenergies εi and the corresponding eigenstates |εi⟩ of the Hamiltonian 
for the coupled qubit system with i = 1, 2, 3, 4.
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where γ± ≡ γi(δ/2 ± Ω/2) and Γ± ≡ Γi(δ/2 ± Ω/2). In boson reservoir we have

	 γi(ω) = Ji(ω)Ni(ω), Γi(ω)[Ni(ω) + 1],� (11)

while for fermion reservoirs we have

	 γi(ω) = Ji(ω)Ni(ω), Γi(ω)[1 − Ni(ω)].� (12)

In the above equations, Ji(ω) = π
∑

k
g2

ikδ(ω − ωik) is the spectral density of the ith reservoir 79. The average 

particle number at a given frequency ω in the ith reservoir is described by Ni(ω) =
(

e
ω−µi

Ti ± 1
)−1

, where the 

minus sign corresponds to bosonic reservoirs (following Bose–Einstein statistics) and the plus sign to fermionic 
reservoirs (following Fermi–Dirac statistics). Here, µi denotes the chemical potential, and Ti is the temperature 
of the ith reservoir.

In practical scenarios involving bosonic reservoirs, such as photon or phonon baths, the number of particles 
is generally not conserved, so the chemical potential becomes zero. This simplifies the expression for the bosonic 
case to Ni(ω) =

(
eω/Ti − 1

)−1
. In contrast, fermionic reservoirs maintain a well-defined chemical potential, 

i.e., µi ̸= 0, allowing the system to exchange particles with the reservoir during the process.
At this stage, we assume balanced and frequency-independent spectral densities, such that 

J1(δ/2 ± Ω/2) = J2(δ/2 ± Ω/2) = J . To gain a clearer understanding of the physical processes described by 
the quantum master equation, we note that the structure of the interaction Hamiltonian Hint in Eq. (6) implies 
that the interaction between the two-qubit system and the reservoirs induces two distinct sets of energy-level 
transitions, as illustrated in Fig. 2.

One set includes the transitions |ε1⟩ ↔ |ε2⟩ and |ε3⟩ ↔ |ε4⟩, with transition frequency (δ − Ω)/2, shown 
as green arrows. The other set includes the transitions |ε2⟩ ↔ |ε4⟩ and |ε1⟩ ↔ |ε3⟩, with transition frequency 
(δ + Ω)/2, shown as red arrows. The dissipator term D0[ρ] characterizes processes in which energy emitted to 
the reservoir from a transition is reabsorbed by another transition within the same frequency group. Meanwhile, 
the dissipator term D1[ρ] describes processes involving emission and reabsorption between transitions belonging 
to different frequency groups.

The process associated with D2[ρ] is typically regarded as a rapidly oscillating process and is eliminated 
using the secular approximation. The secular approximation works well at equilibrium situations. (T1 = T2) 
and (µ1 = µ2, T1 = T2) are the equilibrium situations for boson and fermion reservoirs respectively. Under 
these circumstances, the diagonal components of the density matrix become independent of the off-diagonal 
ones. The density matrix in the equilibrium steady state is diagonal, devoid of any remaining coherence in the 
energy eigenstate depiction. However, the non-equilibrium situation for boson reservoirs is T1 ̸= T2 and for 
fermion reservoir is µ1 ̸= µ2 and T1 ̸= T2. Here, we aim to study the maximum extractable work from the 
dynamical system and steady state system under different reservoiral situations. Therefore, before anything else, 
we will briefly review the concept of ergotropy. Ergotropy is defined as the highest amount of energy that can 
be obtained from a quantum system via a cyclic unitary operation with unitary operation U14. So, the ergotropy 
can be given by E (ρ) = U (ρ) − minU T r(HsUρU†), where U (ρ) = T r(ρHs) is the internal energy of the 
system and H is the Hamiltonian of the considered system. In mentioned ergotropy formula the optimization is 
taken over the all set of the unitary operations U. It has been demonstrated that for any arbitrary state ρ, there is 
a unique state Pρ that maximizes the given equation. The state Pρ is called passive state. Hence, the ergotropy 
can be rewritten as E (ρ) = U (ρ) − T r(PρHs). Now, let’s consider the spectral decomposition of the density 
matrix ρ and the system Hamiltonian Hs as follows

	

ρ =
∑

n

rn|rn⟩⟨rn|, rn ≥ rn+1,

Hs =
∑

m

εm|εm⟩⟨εm|, εm ≤ εm+1.
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From above the passive state can be given by Pρ =
∑

n
rn|εn⟩⟨εn|, where rn (|rn⟩) and εm (|εm⟩) are 

eigenvalues (eigenstates) of the density matrix ρ and Hamiltonian Hs respectively. So, the close form for 
ergotropy E (ρ) can be obtained as

	
E (ρ) =

∑
n,m

rnεm

(
|⟨rn|εm⟩|2 − δm,n

)
,� (14)

where δm,n is the Kronecker delta function.

Time-dependent ergotropy
Before addressing the steady-state thermodynamics of the system, we investigate the transient dynamics of 
ergotropy, which quantifies the amount of extractable work under unitary operations. Ergotropy serves as a 
powerful tool to assess how far a quantum system is from thermodynamic equilibrium and reveals non-passive 
features of quantum states that are not captured by internal energy alone. To explore these nonequilibrium 
aspects, we solve the full time-dependent master equation derived previously—without invoking the secular 
approximation—within the Schrödinger picture. The numerical simulations are carried out using the QuTiP 
library (Quantum Toolbox in Python), which provides a robust framework for modeling the dynamics of open 
quantum systems via the Bloch-Redfield formalism 80. We assume that the initial state of the two-qubit system 
is the ground state, ρ(0) = |g⟩⟨g| ⊗ |g⟩⟨g|, where both qubits are prepared in their respective lowest energy 
levels. Physically, this configuration corresponds to a fully passive state, from which no work can initially be 
extracted. As the system interacts with nonequilibrium fermionic or bosonic reservoirs, quantum coherences 
and populations are dynamically generated. The emergence of ergotropy during evolution thus reflects the ability 
of the reservoirs to temporarily drive the system into active, work-extractable states—even when starting from 
a thermodynamically inert configuration. This highlights how quantum reservoirs and coherence can play a 
crucial role in dynamical work resources, offering insights into quantum thermodynamic cycles beyond steady-
state analysis.

Time-dependent ergotropy in the presence of equilibrium and non-equilibrium bosonic 
reservoirs
To elucidate the influence of the environmental configuration on work extraction in our quantum system, Here, 
we investigate the dynamics of ergotropy under both equilibrium and non-equilibrium bosonic reservoirs. In 
the equilibrium case, both qubits are locally coupled to identical bosonic thermal reservoirs at temperature T 
and with vanishing chemical potential. The dissipative interactions are governed by Bose-Einstein statistics, 
with the occupation number given by N(ω) = 1/(eω/T − 1). Although the reservoirs are thermodynamically 
balanced and no net energy flow is expected at the steady state, transient ergotropy can still emerge during the 
evolution due to the interplay of quantum coherence and non-secular effects. This is especially relevant when 
the inter-qubit coupling λ is finite, enabling coherent energy exchange and population mixing. Even starting 
from a passive initial state, such as the joint ground state ρ(0) = |g⟩⟨g| ⊗ |g⟩⟨g|, the system temporarily departs 
from thermodynamic equilibrium, exhibiting non-zero ergotropy. This reveals that equilibrium environments 
are capable of activating work resources dynamically, without requiring temperature gradients.In contrast, for 
the non-equilibrium configuration, the two qubits are coupled to separate bosonic reservoirs held at distinct 
temperatures T1 ̸= T2. This thermal imbalance leads to directional energy flow across the system and breaks 
detailed balance. As a result, both the populations and coherences evolve asymmetrically, and the system is 
driven further away from equilibrium.

To illustrate the impact of temperature and temperature gradients on work extraction, we present in Fig. 3 
the time evolution of the ergotropy E (ρ) for a two-qubit system coupled to bosonic reservoirs. In Fig. 3a, we 
consider the case of equilibrium reservoirs where both qubits are coupled to baths at the same temperature T, 
and explore several values ranging from T = 0.2 to T = 0.8. As can be seen, ergotropy initially rises from 
zero, reflecting the fact that the system begins in its ground state, and then saturates to a steady value. Notably, 
lower reservoir temperatures support the work extraction, which is attributed to the suppression of thermal 
noise and the enhanced preservation of quantum coherence. In equilibrium bosonic reservoirs, increasing the 
temperature enhances the rate of both absorption and emission processes, driving the system rapidly toward a 
thermal (passive) state. Since ergotropy quantifies the extractable work from non-passive states, thermalization 
at higher temperatures reduces population inversion and coherence, thereby diminishing the system’s ergotropy. 
In contrast, panel (b) depicts the nonequilibrium case, where the two qubits are each coupled to bosonic 
reservoirs with different temperatures T1 and T2, creating a finite temperature bias ∆T = T2 − T1. Here, T1 is 
held fixed while ∆T  is varied from 0 (equilibrium) to 2.0. The results clearly show that the presence of a thermal 
gradient boosts the transient and long-time values of the ergotropy. Even for moderate values of ∆T , the system 
is driven further from equilibrium, enabling the development of coherence and population imbalances that are 
inaccessible under thermal symmetry. This demonstrates that nonequilibrium bosonic environments can act as 
dynamical work resources, generating ergotropy even when starting from a fully passive initial configuration. 
Together, these two configurations highlight how both coherent system dynamics and reservoir engineering—
via temperature control—play vital roles in regulating ergotropy. They further demonstrate that ergotropy is a 
sensitive probe of non-equilibrium behavior, capable of revealing transient quantum thermodynamic resources 
even in the absence of classical driving or steady-state currents.
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Time-dependent ergotropy in the presence of equilibrium and non-equilibrium fermionic 
reservoirs
We now consider the dynamics of ergotropy when the two-qubit system is coupled to fermionic reservoirs. 
In fermionic systems, particle exchange occurs according to the Fermi-Dirac distribution, which is strongly 
influenced by the chemical potential µ. This allows us to explore the role of electronic reservoirs in generating or 
suppressing ergotropy through both equilibrium and non-equilibrium configurations.

In the equilibrium case, both qubits are coupled to identical fermionic baths characterized by the same 
temperature and chemical potential. In contrast, under non-equilibrium conditions—where the chemical 
potentials of the two fermionic reservoirs are different and the system experiences asymmetric particle exchange. 
This chemical potential gradient drives the system away from equilibrium.

In Fig.  4a, the time-dependent dynamics of ergotropy are illustrated for various values of the chemical 
potential µ under equilibrium conditions, where both fermionic reservoirs are set to the same µ. The plot reveals 
complex and nontrivial behavior in the ergotropy evolution that varies significantly depending on the chemical 
potential. Specifically, two distinct dynamical regimes emerge, separated by the condition µ = ω. For µ < ω, the 
ergotropy initially increases rapidly, reaching a relative maximum, followed by a transient decrease toward zero. 
Interestingly, at this stage a sudden revival occurs, after which the ergotropy increases again and asymptotically 
approaches a steady-state value. Notably, within this regime, increasing the chemical potential leads to a decrease 
in the asymptotic value of the ergotropy, indicating suppression of work-extractable features. Conversely, in the 
regime µ > ω, the ergotropy also exhibits an initial growth and a subsequent peak; however, it then decreases 
smoothly and monotonically toward a steady value without any sudden revivals or fluctuations. Notably, within 
this regime, increasing the chemical potential leads to an increase in the asymptotic value of the ergotropy. This 
qualitative change in the dynamical pattern emphasizes the critical role of the chemical potential not only in 
determining the long-time value of the ergotropy, but also in shaping the transient behavior of the system.

This qualitative change in the ergotropy dynamics across the boundary µ = ω arises from the way the 
chemical potential controls the population of energy eigenstates in fermionic reservoirs79.

Fig. 4.  Time evolution of ergotropy for a two-qubit system coupled to fermionic reservoirs. (a) Dynamics 
under equilibrium conditions for various values of the chemical potential µ. (b) Nonequilibrium dynamics for 
µ1 = 0.5 < ω and varying ∆µ. (c) Nonequilibrium dynamics for µ1 = 3 > ω. The parameters are T = 1.5, 
λ = 0.2, J = 0.1, ω1 = ω2 = 1.

 

Fig. 3.  (a) Time evolution of ergotropy E (ρ) for a two-qubit system coupled to an equilibrium bosonic 
reservoir at different temperatures T = 0.2, 0.4, 0.6, 0.8. (b) Ergotropy dynamics for a system coupled 
to a non-equilibrium bosonic reservoir with fixed T1 = 0.2 and varying temperature differences 
∆T = T2 − T1 = 0.0, 0.5, 0.75, 1.0. In both panels, the system parameters are ω1 = ω2 = 1, J = 0.1, and 
λ = 0.2.
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Figure 4b presents the time evolution of ergotropy for various values of the chemical potential difference ∆µ, 
with the baseline potential fixed at µ1 = 0.5. The results show that the maximum ergotropy is achieved under 
equilibrium conditions, where both fermionic reservoirs share the same chemical potential. Additionally, due to 
the condition µ1 < ω, the dynamics exhibit sudden transitions, reflecting nontrivial transient behavior in the 
system’s ability to store extractable work.

Figure 4c presents the time evolution of ergotropy for various values of the chemical potential difference 
∆µ, with the baseline chemical potential set to µ1 > ω. As shown, the maximum ergotropy is again attained 
under equilibrium conditions, where µ1 = µ2. In this high-µ regime, the dynamics exhibit smooth, monotonic 
behavior without sudden transitions. Notably, increasing the chemical potential difference ∆µ results in a 
systematic reduction of the ergotropy, indicating that chemical imbalance suppresses the system’s ability to 
generate and sustain extractable work over time.

Steady-state ergotropy
The steady state density matrix can be obtain by solving dρ/dt = 0. Here, we just present the general form of 
the steady-state density matrix that results from the solution of dρ/dt = 0. For more details on solving this 
equation, refer to Ref.79. In the absence of the secular approximation, the diagonal elements of the steady-state 
density matrix are coupled with the diagonal elements of the density matrix. Hence, the steady state density 
matrix in energy eigenstate ρε can be obtained as

	

ρε =




ρ11 0 0 0
0 ρ22 ρ23 0
0 ρ32 ρ33 0
0 0 0 ρ44


 .� (15)

Using Eq. (3), the steady state density matrix in general basis {|ee⟩, |eg⟩, |ge⟩, |gg⟩} can be obtained as

	

ρ =




η11 0 0 0
0 η22 η23 0
0 η32 η33 0
0 0 0 η44


 .� (16)

where the element of the density matrix ρ are

	

η11 =ρ11, η44 = ρ44,

η22 =1
2 ((ρ23 + ρ32) sin θ + ρ22(cos θ + 1) − ρ33(cos θ − 1)) ,

η33 =1
2 (ρ33(cos θ + 1) − (ρ23 + ρ32) sin θ − ρ22(cos θ + 1)) ,

η23 =1
2 ((ρ33 − ρ22) sin θ + ρ23(cos θ + 1) + ρ32(cos θ − 1)) ,

� (17)

Equilibrium bosonic and fermionic reservoir
In equilibrium, both reservoirs have the same temperature and chemical potential i.e. T1 = T2 and µ1 = µ2. 
Here, the symmetric case is considered for the coupled qubits pair. So, we have ω1 = ω2 = ω and the mixing 
angle θ is equal to π/2. In this section, we aim to enhance the physical understanding of work extraction in 
equilibrium settings, areas that have been less explored in previous researches. At the the equilibrium steady 
state the off-diagonal element of density matrix will be vanished. The diagonal element can be obtained as81

	

ρ11 =(Γ+
1 + Γ+

2 )(γ−
1 + γ−

2 )
Z

,

ρ22 =(γ−
1 + γ−

2 )(γ+
1 + γ+

2 )
Z

,

ρ33 =(Γ−
1 + Γ−

2 )(γ+
1 + γ+

2 )
Z

,

ρ44 =(Γ−
1 + Γ−

2 )(Γ+
1 + Γ+

2 )
Z

,

� (18)

where Z  is normalization factor which can be written as

	 Z = (γ−
1 + γ−

2 + Γ−
1 + Γ−

2 )(γ+
1 + γ+

2 + Γ+
1 + Γ+

2 ).� (19)

To evaluate the steady-state properties of the system, it is essential to specify the explicit forms of the transition 
rates γ±

1,2 and Γ±
1,2, which characterize the excitation and relaxation processes induced by the reservoirs. These 

rates depend on the nature of the environment (bosonic or fermionic) as well as the reservoir temperature T  
and chemical potential µ. Using Eq. 11, the transition rates for the system interacting with equilibrium bosonic 
reservoirs (with equal temperatures T1 = T2 = T ) are given by the following expressions:
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γ+
1 =γ+

2 = J

eω+/T − 1
, Γ+

1 = Γ+
2 = Jeω+/T

eω+/T − 1
,

γ−
1 =γ−

2 = J

eω−/T − 1
, Γ−

1 = Γ−
2 = Jeω−/T

eω−/T − 1
,

� (20)

Here, J  represents the system-reservoir coupling strength, and the dressed transition frequencies are defined 
as ω± = ω ± λ/2, where λ is the interqubit coupling strength. These rates reflect the bosonic nature of the 
environment, governed by the Bose-Einstein distribution. Due to the detrimental effects of thermal noise 
in equilibrium bosonic reservoirs on the maximum extractable work from coupled qubits, we now turn to 
fermionic reservoirs where particle exchange plays a crucial role. Specifically, we consider an equilibrium setup 
where the two fermionic reservoirs share the same temperature and chemical potential, i.e., T1 = T2 = T  and 
µ1 = µ2 = µ.

In analogy with the bosonic case, and using Eq. (12), the transition rates are given by:

	

γ+
1 =γ+

2 = J

eωf+/T + 1
, Γ+

1 = Γ+
2 = Jeωf+/T

eωf+/T + 1
,

γ−
1 =γ−

2 = J

eωf−/T + 1
, Γ−

1 = Γ−
2 = Jeωf−/T

eωf−/T + 1
,

� (21)

where the fermionic transition frequencies are defined as

	
ωf± = ω − µ ± λ

2 ,

with ω the bare qubit transition frequency and λ the interqubit coupling strength. These rates reflect the Fermi-
Dirac statistical nature of the reservoirs, and their dependence on the chemical potential µ allows for tunable 
energy exchange dynamics.

Non-equilibrium bosonic and fermionic resevoirs
In the previous section, we derived and analyzed the steady-state density matrix for both equilibrium bosonic 
and fermionic reservoirs, where the reservoirs shared identical temperatures and chemical potentials. Under 
such equilibrium conditions, the system approaches a thermal-like steady state, characterized by vanishing off-
diagonal coherences in the energy eigenbasis.

We now turn to the non-equilibrium regime, where the reservoirs possess different thermodynamic 
properties. This includes scenarios where the bosonic reservoirs have unequal temperatures (T1 ̸= T2) or 
where fermionic reservoirs are distinguished by different chemical potentials (µ1 ̸= µ2). Such non-equilibrium 
settings induce persistent energy or particle currents through the system and lead to steady states that deviate 
from thermal equilibrium. Importantly, these nonequilibrium steady states may preserve quantum coherence 
and population imbalances, enabling the extraction of useful work. In what follows, we present the analytical 
structure of the steady-state density matrix for non-equilibrium bosonic and fermionic reservoirs, following the 
formalism introduced in Ref. 79.

We consider the symmetric configuration for the coupled qubits with ω1 = ω2 = ω, implying a mixing angle 
θ = π/2, detuning δ = 2ω, and effective coupling Ω = λ. According to Ref.  79, the nonequilibrium density 
matrix can be written using the following notation:

	

L+ =1
2(N+

1 + N+
2 ), L− = 1

2(N−
1 + N−

2 ),

M+ =1
2(N+

1 − N+
2 ), M− = 1

2(N−
1 − N−

2 ),
� (22)

where N±
i = Ni(δ/2 ± Ω/2) and Ni(ω) denotes the average particle number in the i-th reservoir at frequency 

ω. In this representation, M± encapsulate the non-equilibrium nature of the reservoirs: they vanish under 
equilibrium conditions and become nonzero otherwise. In contrast, L± represent the mean particle occupation 
and reflect the average equilibrium influence of the reservoirs.

Now, we focus on the case where the coupled qubits are embedded in individual bosonic reservoirs at 
different temperatures, i.e., T1 ̸= T2, giving rise to a temperature gradient ∆T = T2 − T1. The elements of the 
steady-state density matrix in the energy eigenbasis can be written as:
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ρ11 = 1
N

[(1 + L+)(1 + L−) − s1s2R] ,

ρ22 = 1
N

[L−(1 + L+) + s2z1R] ,

ρ33 = 1
N

[L+(1 + L−) + s1z2R] ,

ρ44 = 1
N

[L+L− − z1z2R] ,

ρ23 = 1
N

[
M+(1 + 2L−) + M−(1 + 2L+)

2(1 + L+ + L−) + i Ω
J

]
,

� (23)

where the auxiliary functions are defined as:

	

s1 =M+ − M−(3 + 2L+ + 2L−),
s2 =M− − M+(3 + 2L+ + 2L−),
z1 =M+ + M−(1 + 2L+ + 2L−),
z2 =M− + M+(1 + 2L+ + 2L−),

R = 1
4(1 + L+ + L−)2 +

(
Ω
J

)2 .

� (24)

The normalization factor N  ensuring Tr(ρ) = 1 is given by:

	

N =(1 + 2L+)(1 + 2L−)
−16M+M−(1 + L+ + L−)2R.

� (25)

Let us consider a system of coupled qubits, where each qubit is individually embedded in a Fermionic reservoir. 
In this configuration, both reservoirs are maintained at the same temperature, T1 = T2, while having different 
chemical potentials, µ1 ̸= µ2. Consequently, a chemical potential difference ∆µ = µ2 − µ1 exists between the 
reservoirs.

In this non-equilibrium setting, the elements of the steady-state density matrix can be obtained analytically, 
as shown in Ref. 79. The expressions for the population and coherence terms in the energy eigenbasis are given 
by:

	

ρ11 =(1 − L+)(1 − L−) − R,

ρ22 =L−(1 − L+) + R,

ρ33 =L+(1 − L−) + R,

ρ44 =L+L− − R,

ρ23 = − M+ + M−

2 + i Ω
J

,

� (26)

where the non-equilibrium correction term R is defined as

	
R = (M+ + M−)2

4 +
(

Ω
J

)2 .� (27)

Steady-state ergotropy in equilibrium and non-equilibrium bosonic reservoirs
In this section, we study the steady-state work extraction in a scenario where the coupled qubits are influenced 
by bosonic equilibrium reservoirs with identical temperatures T1 = T2.

Figure 5a shows the steady-state ergotropy of the two-qubit system as a function of the reservoir temperature 
in the case of an equilibrium bosonic environment. The results reveal that ergotropy decreases monotonically 
with increasing temperature, indicating that thermal fluctuations reduce the amount of extractable work from 
the system. Additionally, the effect of interqubit coupling strength λ is illustrated, showing that stronger coupling 
leads to lower steady-state ergotropy. This suggests that stronger interaction between the qubits suppresses 
the coherence and population imbalance required for maintaining work-extractable states. Figure 5b further 
supports these findings by depicting the steady-state ergotropy as a function of temperature bias ∆T  in the non-
equilibrium case. Similar qualitative trends are observed, with ergotropy decreasing both with increasing ∆T  
and with increasing  λ, confirming the detrimental effect of thermal and interaction-induced noise on the 
energetic performance of the system.

The results in Fig. 5 reveal that both thermal effects and interqubit coupling reduce the steady state work 
extraction from coupled qubit system in both equilibrium and non-equilibrium reservoirs. In the equilibrium 
bosonic case (Fig. 5a), increasing temperature leads to reduced ergotropy due to enhanced thermal fluctuations, 
which suppress coherence and population imbalance. Similarly, stronger interqubit coupling  λ decreases 
ergotropy by mixing energy levels and disrupting optimal work-extractable states. In the non-equilibrium case 
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(Fig. 5b), increasing the temperature bias ∆T  also diminishes ergotropy, indicating that thermal noise—whether 
symmetric or asymmetric—has a detrimental effect on the energetic performance of the system. Figure 6 presents 
the steady-state ergotropy E (ρ) as a function of the temperature bias ∆T = T2 − T1 for several fixed values of 
the base temperature T1. As shown in the plot, the ergotropy decreases monotonically with increasing ∆T  for 
all values of T1. This behavior indicates that the presence of a thermal gradient—although it drives the system 
out of equilibrium—does not necessarily enhance the system’s ability to store extractable work in the steady state. 
Physically, this decline can be attributed to the detrimental effects of thermal noise introduced by the hotter 
reservoir (with temperature T2 = T1 + ∆T ). As ∆T  increases, the second reservoir becomes significantly 
hotter, promoting random thermal excitations and decoherence, which wash out quantum coherences and 
population imbalances—key ingredients for non-passive, work-extractable states. Additionally, the plot reveals 
that for a fixed ∆T , the steady-state ergotropy is higher when T1 is lower. This implies that the colder the 
base reservoir, the more favorable the thermodynamic conditions are for maintaining coherence and population 
inversion within the two-qubit system. In contrast, increasing T1 shifts the overall thermal environment to a 
higher average temperature, where thermal excitations from both reservoirs jointly suppress ergotropy. Overall, 
these results emphasize the importance of reservoir temperature management in quantum thermodynamic 
devices. While non-equilibrium conditions are necessary for energy transport, excessively high temperature 
gradients or average temperatures can degrade the energetic performance of the system. This highlights a subtle 
trade-off in engineering quantum batteries or heat engines: driving the system far from equilibrium must be 
balanced against the detrimental effects of thermal noise.

Fig.  7 shows the steady-state ergotropy of a two-qubit system coupled to fermionic reservoirs under 
various conditions. Figure 7a displays the ergotropy E (ρ) as a function of the chemical potential µ when both 
reservoirs are in equilibrium with the same chemical potential. The ergotropy initially increases with µ, reaches 
a maximum, and then gradually decreases as µ becomes large. This behavior indicates the existence of an 
optimal chemical potential at which the imbalance and coherence between the qubits are maximized, leading to 

Fig. 6.  Steady-state ergotropy as a function of temperature bias ∆T = T2 − T1 for various values of T1. The 
other parameters are fixed as ω1 = ω2 = 1, λ = 0.5, and J = 0.1.

 

Fig. 5.  (a) Time evolution of ergotropy E (ρ) for a two-qubit system coupled to an equilibrium bosonic 
reservoir at different temperatures T = 0.2, 0.4, 0.6, 0.8. (b) Ergotropy dynamics for a system coupled 
to a non-equilibrium bosonic reservoir with fixed T1 = 0.2 and varying temperature differences 
∆T = T2 − T1 = 0.0, 0.5, 0.75, 1.0. In both panels, the system parameters are ω1 = ω2 = 1, J = 0.1, and 
λ = 0.2.

 

Scientific Reports |        (2025) 15:31740 10| https://doi.org/10.1038/s41598-025-17601-1

www.nature.com/scientificreports/

http://www.nature.com/scientificreports


maximum extractable work. For higher values of the coupling strength λ, the peak occurs at a lower µ and with 
slightly higher ergotropy, reflecting the role of stronger qubit-qubit interaction in facilitating energy exchange 
and coherence buildup.

Figure  7b shows the ergotropy as a function of chemical potential difference ∆µ = µ2 − µ1, for a fixed 
µ1 = 0.5, representing a non-equilibrium scenario. In this regime, the chemical potentials lie below the system’s 
transition frequencies (µ < ω = 1), placing the reservoirs in a low-occupation regime. As ∆µ increases, the 
ergotropy increases and eventually saturates, indicating that larger chemical potential gradients provide greater 
energetic imbalance that can be harvested as useful work. The behavior in this low-µ regime is qualitatively 
distinct from that near or above µ = ω, where reservoir-induced excitations dominate. In the present case, the 
ergotropy builds up primarily due to the imbalance and coherence driven by the chemical potential difference, 
rather than by direct excitation. Notably, stronger interqubit coupling λ enhances the maximum achievable 
ergotropy, underscoring its critical role in mediating energy exchange and coherence, and thus in amplifying 
the system’s capacity to extract work from non-equilibrium chemical resources. Here, the sudden change of 
ergotropy can be seen.

Figure 7c presents a similar plot to panel (b), but with a higher initial chemical potential µ1 = 1.5. In this 
case, the ergotropy at ∆µ = 0 is already non-zero and higher than in Fig.7b, due to increased occupation of 
fermionic modes. However, the saturation value of the ergotropy for large ∆µ is slightly lower, suggesting that 
starting from a more populated state reduces the relative gain from increasing ∆µ. This reflects a trade-off: 
while higher µ1 leads to higher initial ergotropy, it limits the capacity for further enhancement via chemical bias. 
Additionally, no sharp transition is observed at the margin where µ2 crosses the system frequency ω, indicating 
a smooth and continuous evolution of ergotropy across this point. This contrasts with possible threshold-like 
behaviors and highlights that the system responds gradually to the chemical potential gradient.

Overall, the results demonstrate that the ergotropy is significantly affected by both the chemical potential 
configuration of the reservoirs and the interqubit coupling strength. Increasing ∆µ enables greater work 
extraction due to stronger non-equilibrium driving, while increasing λ boosts the system’s ability to exploit this 
driving by generating coherence and facilitating energy redistribution between the qubits.

Figure  8 presents the steady-state ergotropy E (ρ) as a function of the chemical potential difference 
∆µ = µ2 − µ1, for several fixed values of the base chemical potential µ1, in the context of fermionic reservoirs. 
The system parameters are set as ω1 = ω2 = 1, λ = 0.1, J = 0.1, and T = 0.15. The results reveal two distinct 
dynamical regimes depending on whether µ1 is smaller or larger than the qubit transition frequency ω. When 
µ1 < ω (e.g., µ1 = 0.25 and 0.5), the ergotropy exhibits a pronounced dip at intermediate ∆µ values, leading 
to a non-monotonic behavior. This sudden change suggests strong sensitivity to chemical potential imbalances, 
likely due to resonance effects that significantly alter the population distribution and coherence in the system. 
On the other hand, for µ1 > ω (e.g., µ1 = 1.5, 2, and 2.5), the ergotropy shows a much smoother and more 
gradual increase with ∆µ, eventually reaching a nearly saturated value. In this high-µ regime, the fermionic 
modes are already substantially populated, so further increases in ∆µ have a limited effect on the system’s 
energetic configuration.

Overall, the figure highlights a crossover around µ1 ≈ ω that separates two qualitatively different behaviors: 
a sharp, resonance-sensitive response for µ1 < ω, and a smoother, saturation-like response for µ1 > ω. This 
transition point is important for understanding how to optimize ergotropy generation in fermionic quantum 
thermal machines.

Extracting work from asymmetric qubits
So far, we have studied the maximum extractable work from the coupled symmetric qubits with ω1 = ω2 at both 
boson and fermion reservoirs, with equilibrium and non-equilibrium scenario. Now, we intend to investigate the 
maximum extractable work from the coupled asymmetric qubits ω1 ̸= ω2 at both fermion and boson reservoirs. 
To understand more details about how to obtain the elements of the steady-state density matrix, see Ref.79. The 
elements of the density matrix are introduced using the following formulation

Fig. 7.  (a) Steady-state ergotropy E (ρ) as a function of chemical potential µ for different values of the 
coupling strength λ, with temperature T = 1.5. (b) Ergotropy as a function of chemical potential difference 
∆µ = µ2 − µ1 for various λ, with fixed T = 1.5 and µ1 = 0.5. (c) Same as (b), but with µ1 = 1.5. In all 
panels, the other parameters are J = 0.1, ω1 = ω2 = 1.
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	 L± = L± ± M± cos θ, M± = M± sin θ.� (28)

The elements of the density matrix in the antisymmetric situation will be obtained by substituting L± and M± 
instead of L± and M± in the symmetric case. So, the elements of the density matrix for asymmetric qubits 
coupled to boson reservoir are given by

	

ρ11 = 1
G

[(1 + L+)(1 + L−) − s1s2R] ,

ρ22 = 1
G

[L−(1 + L+) + s2z1R] ,

ρ33 = 1
G

[L+(1 + L−) + s1z2R] ,

ρ44 = 1
G

[L+L− − z1z2R] ,

ρ23 = 1
G

[
M+(1 + 2L−) + M−(1 + 2L+)

2(1 + L+ + L−) + i Ω
J

]
,

� (29)

with

	

s1 =M+ − M−(3 + 2L+ + 2L−),
s2 =M− − M+(3 + 2L+ + 2L−),
z1 =M+ + M−(1 + 2L+ + 2L−),
z2 =M− + M+(1 + 2L+ + 2L−),

R = 1
4(1 + L+ + L−)2 + ( Ω

J
)2

.

� (30)

where G  is the normalization factor and is given by

	 G = (1 + 2L+)(1 + 2L−) − 16M+M−(1 + L+ + L−)2R.� (31)

Similarly, the elements of the density matrix for an asymmetric qubit coupled to the fermion reservoir will be 
obtained as follows

	

ρ11 =(1 − L+)(1 − L−) − R,

ρ22 =L−(1 − L+) + R,

ρ33 =L+(1 − L−) + R,

ρ44 =L + L−R,

ρ23 = − M+ + M−

2 + i Ω
J

,

� (32)

Fig. 8.  Steady-state ergotropy as a function of the chemical potential bias ∆µ = µ2 − µ1 for various values 
of the initial chemical potential µ1. The other parameters are fixed as ω1 = ω2 = 1, λ = 0.1, J = 0.1, and 
T = 0.15.
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where

	
R = (M+ + M−)2

4 + ( Ω
J

)2
.� (33)

Our results about the maximum work extraction of the asymmetric coupled qubits inside boson and fermion 
reservoirs have been shown in Fig. 9a and b, respectively. Figure 9, is the counter plot of the steady state 
maximum work extraction, decribed by ergotropy, as a function of the non-equilibrium parameter ∆T  and ∆µ 
for boson and fermion reservoirs, respectively and the detuning between transition frequency of the coupled 
qubits ∆ = ω1 − ω2 of the coupled qubits.

As shown in Fig. 9a, ergotropy is at its maximum value in the center of the phase diagram, i.e., under 
conditions where the boson reservoirs are in equilibrium situation and the qubits are symmetric. Therefore, 
it can be concluded that the maximum work will be extracted under conditions where the coupled qubits are 
symmetric and situated in the equilibrium reservoirs. It is also observed that the ergotropy has its minimum 
values at the top right and bottom left corners of the phase diagram. In the top right corner we have ∆ > 0 
and ∆T > 0 which are associated with ω1 > ω2 and T1 < T2, respectively, while in the bottom left corner 
ω1 < ω2 and T1 > T2. So, it can be concluded that putting the qubit with a higher transition frequency in a 
boson reservoir at a lower temperature does not lead to an optimal work extraction. From Fig. 9a, it can be seen 
the the ergotropy has its maximum value in the center of the phase diagram, i.e., under conditions where the 
fermion reservoirs are in equilibrium situation and the qubits are symmetric. Therefore, it can be concluded that 
the maximum work will be extracted under conditions where the coupled qubits are symmetric and situated in 
the equilibrium fermion reservoirs. It is also observed that the ergotropy has its minimum values at the top right 
and bottom left corners of the phase diagram. In the top right corner we have ∆ > 0 and ∆µ > 0 which are 
associated with ω1 > ω2 and µ1 < µ2, respectively, while in the bottom left corner ω1 < ω2 and µ1 > µ2. So, 
it can be concluded that putting the qubit with a higher transition frequency in a fermion reservoir at a lower 
chemical potential does not lead to an optimal work extraction.

Summary and results
In this study, we have systematically explored the thermodynamic properties of a two-qubit quantum system 
in contact with thermal reservoirs, focusing on the behavior of ergotropy under both equilibrium and non-
equilibrium conditions. Each qubit was coupled to a local reservoir, which could be either bosonic or fermionic 
in nature. By employing the Lindblad master equation framework, we analyzed the system steady-state and 
time-dependent dynamics, with particular emphasis on how temperature, chemical potential, and inter-qubit 
coupling influence the amount of extractable work.

For bosonic reservoirs, our results reveal that the steady-state ergotropy decreases monotonically with 
increasing temperature. This is physically intuitive, as thermal fluctuations in a bosonic bath tend to drive the 
system toward a passive, high-entropy state where population differences and coherences—key ingredients for 
ergotropy—are suppressed. Additionally, we observed that increasing the inter-qubit coupling strength λ further 
reduces the steady-state ergotropy, indicating that stronger coupling inhibits the generation of useful energetic 
imbalance in the presence of bosonic noise. These results suggest that in bosonic environments, both thermal 
noise and interaction-induced decoherence play destructive roles in the work extraction process.

In stark contrast, fermionic reservoirs exhibit more intricate and nontrivial behavior. In the equilibrium 
scenario (equal temperature and chemical potential), the ergotropy displays a threshold-like dependence on 

Fig. 9.  (a) The steady-state ergotropy of coupled qubits embedded in boson reservoir as a function of 
temperature difference ∆T  and detuning ∆ with T̄ = T1+T2

2 = 0.3. (b) The steady-state ergotropy of coupled 
qubits embedded in fermion reservoir as a function of chemical potential difference ∆µ and detuning ∆ 
with µ̄ = µ1+µ2

2 = 0.4, T1 = T2 = 0.15. The other parameters are set as J1 = J2 = 0.1, λ = 0.6 and 
ω̄ = ω1+ω2

2 = 1 for both panels.

 

Scientific Reports |        (2025) 15:31740 13| https://doi.org/10.1038/s41598-025-17601-1

www.nature.com/scientificreports/

http://www.nature.com/scientificreports


the base chemical potential µ. When µ < ω, the ergotropy remains low and increases slowly with µ. However, 
once µ exceeds the qubit transition frequency ω, the system becomes significantly populated due to Fermi-
Dirac statistics, and the ergotropy rises sharply before eventually saturating. This threshold behavior highlights 
the importance of aligning chemical potential with the system’s energy levels to optimize energy storage and 
retrieval.

In the non-equilibrium fermionic case, where a chemical potential difference ∆µ = µ2 − µ1 is introduced, 
we observed that ergotropy can be significantly enhanced through particle transport. However, the nature of this 
enhancement depends crucially on the base value of µ1. For µ1 < ω, the ergotropy exhibits a non-monotonic 
dependence on ∆µ, characterized by a sharp dip and then recovery—indicating a sensitive interplay between 
resonant energy exchange and the redistribution of populations across energy levels. For µ1 > ω, this behavior 
becomes smooth and monotonic, with ergotropy gradually increasing and eventually saturating. This transition 
from sharp to smooth behavior around µ1 ≈ ω suggests the existence of a resonance-like crossover regime that 
governs the efficiency of work extraction.

Moreover, unlike the bosonic case, increasing the inter-qubit coupling λ in fermionic reservoirs tends to 
enhance the ergotropy. This counterintuitive result can be attributed to the role of coherent energy exchange 
in the fermionic setting, where strong coupling helps maintain energetic asymmetries and coherences that 
contribute positively to the ergotropy.

Our time-dependent analysis further supports these observations. We demonstrate how the ergotropy evolves 
dynamically, approaching its steady-state value over time. The rate and nature of this convergence vary between 
bosonic and fermionic reservoirs, and are modulated by λ. In bosonic environments, the system relaxes toward 
a passive state, whereas in fermionic baths, persistent population imbalances allow for nontrivial ergotropy 
dynamics and richer energetic features.

In summary, this work provides a comprehensive understanding of the role of reservoir statistics in the 
thermodynamic performance of quantum batteries. It shows that by carefully tuning the temperature, chemical 
potential, and interaction strength, one can manipulate the ergotropy landscape and thereby optimize work 
extraction. Our results offer valuable guidelines for the practical implementation of quantum batteries, 
particularly in scenarios where fermionic reservoirs or non-equilibrium particle transport mechanisms are 
available. These insights may pave the way for designing next-generation energy-harvesting quantum devices 
that exploit statistical properties of their environments for maximal efficiency.

Data availability
Data sets generated during the current study are available from the corresponding author on reasonable request.
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