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Many promising quantum applications depend on the efficient quantum sim-
ulation of an exponentially large sparse Hamiltonian, a task known as sparse
Hamiltonian simulation, which is fundamentally important in quantum compu-
tation. Although several theoretically appealing quantum algorithms have been
proposed for this task, they typically require a black-box query model of the
sparse Hamiltonian, rendering them impractical for near-term implementation
on quantum devices.

In this paper, we propose a technique named Hamiltonian embedding. This
technique simulates a desired sparse Hamiltonian by embedding it into the
evolution of a larger and more structured quantum system, allowing for more
efficient simulation through hardware-efficient operations. We conduct a sys-
tematic study of this new technique and demonstrate significant savings in
computational resources for implementing prominent quantum applications.
As a result, we can now experimentally realize quantum walks on compli-
cated graphs (e.g., binary trees, glued-tree graphs), quantum spatial search,
and the simulation of real-space Schrödinger equations on current trapped-ion
and neutral-atom platforms. Given the fundamental role of Hamiltonian evo-
lution in the design of quantum algorithms, our technique markedly expands
the horizon of implementable quantum advantages in the NISQ era.
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1 Introduction
Quantum technology has achieved significant milestones, notably demonstrating quantum
advantage over classical computers [1, 2], and the realization of error-corrected digital
qubits [3]. Meanwhile, various quantum algorithms targeting practical applications have
emerged, including solving large-scale linear systems [4], simulating linear and nonlinear
dynamics [5, 6], and finding optimal solutions for mathematical optimization problems [7].
At the core of these quantum applications lies a fundamental subroutine named sparse
Hamiltonian simulation, i.e., to compute the matrix function f(A) = e−iAt for a given
sparse Hermitian matrix A. Over the past few decades, sparse Hamiltonian simulation
has been a central topic in quantum computation research, and a rich variety of quantum
algorithms (e.g., [8, 9, 10, 11, 12, 13]) have been developed for this task. While these
algorithms achieve exponential quantum speedups over known classical ones, their imple-
mentation requires executing deep quantum circuits. The absence of fault tolerance in
near-term devices hinders our ability to utilize these advanced quantum algorithms for
solving classically intractable computational tasks in science and business [14].

Delving into the low-level implementation of quantum simulation algorithms reveals
two prominent factors that contribute to the depth of quantum circuits. First, almost all
sparse Hamiltonian simulation algorithms require a sophisticated quantum input model for
the sparse matrix A, such as quantum oracles for sparse matrices [15, 8, 16], QRAM [17], or
block-encodings [18, 13]. Implementing these input models usually introduces a significant
gate count, even in relatively simple cases [19]. Second, in mapping a quantum algorithm
to executable quantum gates, typical circuit compilation routines begin with representing
the algorithm using standardized gates, such as CNOT and Toffoli. The gate sequence is
further decomposed into native 1- and 2-qubit gates [20, 21, 22]. Failing to fully leverage
the native programmability of the target quantum hardware, this compilation workflow
often leads to significant practical overheads.

In this paper, we would like to explore an alternative approach to sparse Hamiltonian
simulation that exploits both the sparsity structure of the input data and the resource
efficiency within the underlying quantum hardware. To this end, we first introduce a
Hamiltonian-based model of quantum algorithms that encompass all hardware-efficient
operations in a specific quantum computer. Unlike quantum circuits, which act as a math-
ematical model agnostic to the underlying hardware, our new Hamiltonian model integrates
low-level machine information to minimize the cost of end-to-end implementation. Based
on this new model, we have developed a technique named Hamiltonian embedding, which
enables us to simulate a sparse Hamiltonian as part of a larger quantum evolution that can
be efficiently simulated on quantum hardware. With this technique, we can build input
models directly with quantum Hamiltonians and perform sparse Hamiltonian simulations
with extremely limited quantum resources.

Our Hamiltonian model of quantum computers is motivated by the low-level control
logic of quantum hardware. In general, physically realizable quantum platforms, such as
transmon qubits [23, 24], trapped ions [25, 26], neutral atoms [27], are described as quantum
systems whose evolution is governed by a quantum Hamiltonian involving 1- and 2-body
interactions. For example, the emulation of analog quantum simulators, such as quantum
annealers [28, 29] and Rydberg atom arrays [30, 31], is governed by a system Hamiltonian
composed of 1- and 2-local Pauli operators. In the case of digital quantum computers, their
native continuously parameterized 1- and 2-qubit gates are typically specified by effective
generating Hamiltonians.1 We propose to use the following quantum Hamiltonian to model

1For example, the arbitrary angle Mølmer-Sørenson gate MS(θ) = e−i(θ/2)XX in trapped-ion devices
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hardware-efficient quantum operations:

H(t) =
∑

j

αj(t)Hj +
∑
j,k

βj,k(t)Hj,k, (1.1)

where Hj (or Hj,k) is a Hamiltonian on qubit j (or j and k) that corresponds to a na-
tive operation in specific hardware, αj(t) and βj,k(t) are time-dependent functions. This
Hamiltonian model can represent any implementable quantum circuits through piecewise-
constant αj and βj,k.2 On the other hand, any unitary operations generated by the Hamil-
tonian H(t) with smooth time dependence can be readily implemented by a sequence of
native gates via product formulas [34].

To illustrate the idea of Hamiltonian embedding, we consider a simple example. Sup-
pose that we have two (time-independent) Hamiltonian operators A and H, and H con-
tains A as a diagonal block such that H = diag(A, ∗), where ∗ represents another (possibly
different) Hamiltonian block that evolves independently within its own subspace and is
therefore irrelevant to the simulation of A. Then, the time evolution generated by H is
also block-diagonal,

e−iHt =
[
e−iAt 0

0 ∗

]
, (1.2)

where the upper left block is the time evolution of A. In other words, we can simulate a
target Hamiltonian A by embedding it into a larger block-diagonal Hamiltonian H. Gen-
eralizing this intuition to “approximately” block-diagonal Hamiltonians, we have developed
a formalism of Hamiltonian embedding with rigorous error analysis, see Theorem 1. Now,
if the parameters in the Hamiltonian model H(t) are programmed in a way such that
H(t) embeds A, we end up with a de facto input model that allows efficient quantum
simulation.3

In theory, a Hamiltonian embedding can be constructed for any sparse matrix, as
detailed in Section 2.3. For a general n-dimensional sparse matrix without specific struc-
tures, an embedding may require n qubits and O(n2) local interaction terms. In this
case, Hamiltonian embedding could still offer polynomial speedups, although the actual
advantage depends heavily on the problem class and requires case-by-case investigation.
Fortunately, we managed to identify various scenarios, including high-dimensional graphs
created through graph product operations and specific linear differential operators, where
the Hamiltonian embedding can be constructed using quantum resources that scale log-
arithmically in the input size n. This leads to exponential quantum speedups using our
methodology. When certain algebraic structures, such as addition, multiplication, com-
position, and tensor product, emerge in a sparse Hamiltonian A, we can decompose its
Hamiltonian embedding into a small number of basic building blocks (see Theorem 2).
We then provide six embedding schemes that can be employed to construct elementary
building blocks of the full Hamiltonian embedding. These embedding schemes work for
matrices with particular sparsity patterns (e.g., band, banded circulant, s-sparse), as de-
tailed in Section 2.3. It’s important to note that many of these embedding schemes are

are realized by engineering the effective Hamiltonian XX in the physical device for a variable time [32, 33].
2An implementable quantum circuit is composed of a sequence of native 1- and 2-qubit gates. Each

execution of a native gate can be represented as a rectangular control signal in the time-dependent func-
tions.

3An n-qubit Hamiltonian model has at most O(n2) 1- and 2-local component Hamiltonians, where each
component Hamiltonian can be natively simulated in the associated quantum hardware. Then, we can use
product formulas to simulate the time evolution generated by H(t) with poly(n) quantum resources.
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already documented in existing literature, albeit under different names. Our contribution
lies in developing a unifying formalism, which facilitates the systematic application of these
schemes specifically for simulating large sparse Hamiltonian.

A key feature of Hamiltonian embedding is that it directly harnesses hardware-efficient
operations to build the input model, which significantly reduces the quantum resources
needed in Hamiltonian simulation tasks and quantum algorithms based on these. This
technique enables us to implement several experiments on existing open-access cloud-based
quantum computers, showcasing interesting quantum applications (see Section 3). In con-
trast, Hamiltonian simulation methods using traditional query models (such as quantum
oracles or block-encodings) are impractical on these quantum computers. Even a single
implementation of the query model would deplete the available quantum resources [19].
A detailed discussion on different quantum input models is provided in Section 1.1. It is
worth noting that our Hamiltonian embedding technique can also be adapted for analog
quantum simulators,4 unlike existing sparse Hamiltonian simulation methods which are
tailored exclusively for gate-based quantum computers. This adaptability broadens the
possibilities for analog quantum computation.

In the experiments, we also provide comprehensive resource analyses (in terms of na-
tive gate count) to better understand the empirical scaling of Hamiltonian embeddings
regarding various problem sizes. For comparison, we also estimate the quantum resources
needed to perform the same Hamiltonian simulation tasks using the basic Pauli access
model, which directly represents sparse Hamiltonians as a sum of Pauli operators, with-
out embedding (see Section 1.1 for details). While both Hamiltonian embedding and the
Pauli access model use the Hamiltonian as inputs, the latter is unaware of the machine
programmability and it utilizes the full Hilbert space to represent the sparse data.5 Due
to these differences, we use the Pauli access model as a baseline to investigate the resource
efficiency of our technique. It turns out that there always exists at least one Hamilto-
nian embedding that is more resource-efficient than the baseline in both asymptotic (i.e.,
scaling in system size) and non-asymptotic (i.e., actual gate count) metrics, as detailed
in the panel B of Figure 2, 3, and 4. Our findings indicate that Hamiltonian embedding,
despite increasing the size of the global Hilbert space, provides a means to expand the
hardware-efficiently manipulable Hilbert space. This leads to quantum simulations that
are more resource-efficient compared to traditional hardware-agnostic approaches.

Contribution. Our main contributions are threefold. First, we propose to use the quan-
tum Hamiltonian to model native operations in a quantum computer. This new model
enables efficient Hamiltonian simulations without going through a hardware-agnostic com-
pilation process. Second, we develop a new technique named Hamiltonian embedding for
hardware-efficient sparse Hamiltonian simulation. We provide a general framework with
rigorous error analysis and a flexible construction approach with concrete instances. Given
some special structures in the sparse Hamiltonian simulation tasks, Hamiltonian embedding
allows us to achieve up to exponential quantum speedups on a small fault-tolerant quan-
tum computer. Last but not least, we showcase our technique to realize some interesting
quantum applications that are almost infeasible with traditional Hamiltonian simulation
methods. Comprehensive resource analysis shows that our methodology demonstrates both
empirical and asymptotic advantages compared to the baseline method.

4An experimental demonstration with Rydberg atom arrays is provided in Section 3.4.
5We remark that obtaining the Pauli access model for sparse matrices could require exponential classical

pre-processing time. In the resource analysis, we assume the Pauli access model of a given A is already
known.
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Code Availability. The source codes of the real-machine experiments and resource anal-
ysis are available at https://github.com/jiaqileng/hamiltonian-embedding.

1.1 Review: quantum input models
In this subsection, we briefly review three commonly used quantum input models for Hamil-
tonian simulation and numerical linear algebra.

Sparse-input oracle. Let A be a matrix that is s-sparse, i.e., every row or column of
A has at most s nonzero elements. The sparse-input oracles of A refer to a procedure
(implemented by quantum circuits) that can perform the following mappings:

Or : |i⟩ |k⟩ → |i⟩ |rik⟩ , Oc : |ℓ⟩ |j⟩ → |cℓj⟩ |j⟩ ,

OA : |i⟩ |j⟩ |0⟩⊗b → |i⟩ |j⟩ |aij⟩ ,

where rik is the index for the k-th nonzero entry of the i-th row of A, cℓj is the index for
the ℓ-th nonzero entry of the j-th column of A, and aij is a b-bit binary description of the
(i, j)-matrix element of A. This black-box query model was first considered by Aharonov
and Ta-Shma [15], then has been widely assumed in quantum algorithms for Hamiltonian
simulation [8, 9, 16, 12] and numerical linear algebra [35, 13]. However, even for sparse ma-
trices with regular sparsity patterns and a small number of nonzero elements, implementing
sparse-input oracles by efficient quantum circuits is a highly nontrivial task [19].

Block-encoding. A unitary UA is a block-encoding of a matrix A if∥∥∥A− α(⟨0|⊗a ⊗ I)UA(|0⟩⊗a ⊗ I)
∥∥∥ ≤ ϵ,

where α is a normalization factor, a is the number of ancilla qubits, and ϵ is an error param-
eter. Block-encoding arises naturally as an input model for algorithms based on quantum
signal processing (QSP) [12] and the quantum singular value transformation (QSVT) [13].
However, it is not possible to construct circuits for block-encoding arbitrary sparse matrices
with space and time complexity both logarithmic in the matrix dimension [36]. Efficient
circuit constructions for block-encoding have only been studied for certain structured ma-
trices [19, 37], but these constructions require sequences of multi-qubit controlled gates
which are impractical for implementation on current devices. While the first steps to-
wards implementing QSP have been demonstrated for a small-scale problem [38], due to
the high cost of implementing a block-encoding, it is generally expected that the scalable
implementation of QSP-based algorithms will only be possible in the deep fault-tolerant
regime.

Pauli access model. The Pauli access model of an n-qubit Hamiltonian A assumes that
A can be specified as a linear combination of Pauli operators Qs,

A =
∑

s

asQs, (1.3)

where {Qs} is the set of all n-qubit Pauli operators, and the coefficients as can be computed
by as = 1

2n Tr[AQs]. In the literature, the representation (1.3) is sometimes referred to
as the standard binary encoding of A, e.g., see [39, 40]. This input model has been
considered in some variational quantum algorithms [41, 42] and randomized algorithms for
linear algebra [43, 44]. Unlike sparse-input oracles and block-encodings, the Pauli access
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model does not require a coherent quantum circuit implementation. However, for general
sparse Hamiltonians, computing its Pauli operator decomposition is not scalable because
the coefficient element as in (1.3) requires evaluation of the trace Tr[AQs], which could run
for an exponentially long time on classical computers. Also, evolving a Pauli operator that
involves more than 2-site interactions (e.g., XYX) is expensive on gate-based quantum
computers since the resulting unitary operators need to be decomposed to native 1- and
2-qubit gates. As a comparison, the construction of Hamiltonian embedding is scalable
since it does not require computing the trace of large matrices. When the matrix A has
certain sparsity patterns (e.g., band, banded circulant, etc.), the resulting Hamiltonian
embedding only involves 2-site interactions and thus is readily implementable on physical
hardware without further decomposition.

1.2 Relevant work
Hamming encoding in Quantum Hamiltonian Descent. Recently, Leng et al. [7]
proposed a quantum optimization algorithm named Quantum Hamiltonian Descent (QHD).
QHD addresses continuous optimization problems by simulating quantum evolution. In
addition to providing a theoretical analysis of the quantum algorithm, the authors also
developed an analog implementation of QHD, which they termed Hamming encoding. The
Hamming encoding method can be seen as the initial instance of Hamiltonian embedding,
in which the quantum algorithm is directly executed with a quantum Hamiltonian, rather
than any existing quantum input models. Our current work expands this concept into a
formalized approach, encompassing more constructions and a wider range of applications.

Encodings of quantum operators. Specific constructions of Hamiltonian embedding
similar to our own have been extensively studied in different contexts. The facilitation or
antiblockade phenomenon has been investigated via quantum dynamics confined to cer-
tain subspaces in arrays of Rydberg atoms [45, 46, 47]. The encoding of d-level quantum
systems (i.e., qudits) within a multi-qubit Hamiltonian has also been explored for various
encodings [39, 48, 49, 50], such as the standard binary, Gray, and one-hot codes. A software
package named mat2qubit [40] automates the compilation of these encoding schemes, and
in the case of the one-hot code, yields encoded operators identical to our (penalty-free)
construction. Compared to our construction, these schemes generally lead to more com-
plicated encoding operators because they completely disallow leakage to the orthogonal
complement. The XY model has long been observed to give rise to quantum walk via the
one-hot code [51], and restrictions to higher excitation subspaces have also been studied
for the task of permuting a quantum state [52]. In the context of quantum adiabatic opti-
mization [53, 54], the unary and one-hot codes have been studied to encode combinatorial
optimization problems in the ground-energy subspace of certain penalty operators. While
these optimization works do not consider the task of Hamiltonian simulation, a similar
penalty operator is utilized in our constructions of Hamiltonian embeddings. From this
perspective, Hamiltonian embedding can be viewed as a unifying framework that encom-
passes several well-studied encodings both with and without penalty.

Explicit construction of block-encodings for sparse matrices. The framework of
quantum signal processing (QSP) has been shown to give an optimal algorithm for sparse
Hamiltonian simulation [12]. In general, QSP-based algorithms require a block-encoding
oracle of the Hamiltonian which is nontrivial to construct in general. Explicit circuit con-
structions of block-encodings have only been obtained for specific matrices [13, 19, 37].
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In particular, [19] constructs circuits for block-encoding tri-diagonal and banded circulant
matrices, for which we also consider Hamiltonian embeddings in this paper. Nevertheless,
the circuits for block-encoding are constructed using multi-qubit controlled gates which
require further decomposition into elementary one- and two-qubit gates. While the over-
all gate complexities are polylogarithmic in the matrix dimension (and thus considered
efficient), the actual gate counts required even for a single oracle call are prohibitively ex-
pensive in practice. For instance, the circuit for block-encoding an 8× 8 banded circulant
matrix requires roughly 171 one-qubit gates and 114 two-qubit gates when compiling to
Pauli-X, Pauli-Y , and XX rotations. On the other hand, Hamiltonian embedding pro-
vides an alternative approach that avoids such oracle constructions and enables near-term
implementation on noisy quantum computers.

2 Hamiltonian embedding
2.1 General formulation
Let A be an n-dimensional Hermitian operator and H be a q-qubit operator.

Definition 1 (Hamiltonian embedding). Let η, ϵ > 0 be positive scalars. We say H is
a (q, η, ϵ)-embedding of A if there exists a subspace S ⊂ C2q and a unitary operator U
such that

1. PS(U †HU)PS⊥ = 0, i.e., U †HU is block-diagonal in S and S⊥,

2. ∥I − U∥ ≤ η, where I is the identity operator in C2q ,

3. ∥(U †HU)|S −A∥ ≤ ϵ, where (·)|S := PS(·)PS .

We call the subspace S as the embedding subspace.

By the definition, the operator H is approximately block-diagonal (up to a minor basis
change U) with respect to the embedding subspace S and its orthogonal complement S⊥.
The target Hamiltonian A is embedded in the upper left block of U †HU up to an additive
error ϵ. Clearly, a q-qubit Hamiltonian H is a (q, 0, 0)-embedding of itself. For sufficiently
small η and ϵ, we show that the embedding Hamiltonian H simulates the time evolution
generated by the target Hamiltonian A. The proof is given in Appendix A.1.

Theorem 1 (Hamiltonian simulation with Hamiltonian embedding). Suppose that H is
a (q, η, ϵ)-embedding of A. Then, for a fixed evolution time t ≥ 0, we have that∥∥∥∥(e−iHt

) ∣∣∣
S
− e−iAt

∥∥∥∥ ≤ (2η∥H∥+ ϵ)t. (2.1)

In addition, we find that a complicated Hamiltonian embedding can be built from
simpler ones through the four composing rules, including addition, multiplication, compo-
sition, and tensor product. In what follows, we give an informal version of these rules. See
Appendix A.2 for a formal restatement and proof.

Theorem 2 (Rules for building Hamiltonian embeddings; informal).

1. (Addition) For j = 1, 2, let Hj be a (q, η, ϵj)-embedding of Aj, then H1 + H2 is a
(q, η, ϵ1 + ϵ2)-embedding of A1 +A2.

2. (Multiplication) Let H be a (q, η, ϵj)-embedding of A, then for a real scalar α, αH
is a (q, η, |α|ϵ)-embedding of αA.
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3. (Composition) For j = 1, 2, let Hj be a (qj , ηj , ϵj)-embedding of Aj, then H1 ⊗ I +
I ⊗H2 is a (q1 + q2, η1 + η2, ϵ1 + ϵ2)-embedding of A1 ⊗ I + I ⊗A2.

4. (Tensor product) For j = 1, 2, let Hj be a (qj , ηj , ϵj)-embedding of Aj, then H1⊗H2
is a (q1 + q2, η1 + η2, ∥A1∥ϵ2 + ∥A2∥ϵ1 + ϵ1ϵ2)-embedding of A1 ⊗A2.

2.2 Perturbative Hamiltonian embedding
As we have seen, a target Hamiltonian A can be simulated with a block-diagonal embedding
Hamiltonian. However, identifying such a corresponding block-diagonal embedding could
be non-trivial for many sparse Hamiltonians A arising from real-world applications. Here
we give an explicit construction of Hamiltonian embedding based on perturbation theory.

First, we assume there is a q-qubit quantum operator Q and a subspace S such that
Q|S = A. We express the operator Q in a block-matrix form by projecting it down to the
subspaces S and S⊥, respectively,

Q =
[
A R†

R B

]
, (2.2)

where A = PSQPS , R = PS⊥QPS , B = PS⊥QPS⊥ . Since the off-diagonal block R is not
necessarily zero, we can not directly simulate A by evolving the Hamiltonian Q because in
general PSe

−iQtPS ̸= e−iAt. This means that a quantum state initialized in the subspace
S could be driven out of this subspace in the course of quantum evolution.

To suppress the leakage from the embedding subspace S, we introduce another q-qubit
operator Hpen as the penalty Hamiltonian. We assume Hpen has an n-fold degenerate
ground-energy subspace S with the ground energy being zero, i.e., the least eigenvalue of
Hpen is zero. For a fixed positive number g > 0, we define the following quantum operator,

H = gHpen +Q. (2.3)

Similarly, this new operator H can be expressed in a block-matrix form (we denote C =
PS⊥HpenPS⊥ and G = B + gC):

H =
[
A R†

R B + gC

]
=
[
A 0
0 G

]
︸ ︷︷ ︸
diagonal

+
[

0 R†

R 0

]
︸ ︷︷ ︸
off-diagonal

, (2.4)

The Hamiltonian H decomposes into an off-diagonal part and a diagonal part. For suffi-
ciently large g > 0, there is a gap between the spectrum of A and that of G and the width
of this gap is proportional to g, i.e.,

∆ = λmin(G)− λmax(A) > 0, ∆ ∼ g. (2.5)

When g is large enough such that ∥R∥/g ≪ 1, the off-diagonal part in (2.4) can be treated
as a perturbative term. In this case, we prove that H is an embedding of A, as shown in
the following theorem. A formal statement and the proof are provided in Appendix A.3.

Theorem 3 (Perturbative Hamiltonian embedding; informal version of Theorem 8). Let
the operators H, A, and R be the same as above. For sufficiently large g > 0, the Hamil-
tonian H is a (q, η, ϵ)-embedding of A, where η ∼ ∥R∥/g, ϵ ∼ ∥R∥2/g.
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Given that ∥R∥ ≤ ∥H∥, this result immediately implies that the simulation error using
perturbative Hamiltonian embedding is of the order O(∥R∥∥H∥t/g), where the error bound
follows from Theorem 1. This error bound can be improved to O(∥R∥2t/g) by leveraging
the particular operator splitting structure as shown in (2.4), see Theorem 10. In practice,
the embedding subspace S is often much smaller than the full Hilbert space; consequently,
it is often sufficient to assume ∥R∥ = O(1). Therefore, to achieve a simulation error
δ > 0, we need to choose a penalty coefficient g = O(t/δ). However, this choice of
g would incur a poly(1/δ) overhead in the overall gate complexity when we implement
the Hamiltonian simulation on gate-based quantum computers using standard product
formulas. Fortunately, the penalty Hamiltonian Hpen is usually fast-forwardable, i.e., the
time-evolution operator e−iHpent can be simulated using quantum resources that scale sub-
linear in t. In this case, we find the unfavorable poly(1/δ) overhead can be mitigated by
utilizing interaction-picture quantum simulation algorithms like continuous qDRIFT [55].
See Appendix A.3.3 for a detailed discussion.
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Figure 1: Hamiltonian embedding. A. Illustration of perturbative Hamiltonian embedding. The
dynamics of a target Hamiltonian A are embedded within a subspace S in a larger hardware Hilbert
space. With respect to S and S⊥, H is block-diagonal with A being the upper-left block located
by the projector PS . B. Graphical illustration of Hamiltonian embedding for the case of a chain (i.e.
tridiagonal matrix) using the unary embedding. From a graph theoretic perspective, a path graph
is located as a subgraph of a hypercube graph. Red vertices indicate basis states in the embedding
subspace S, while pink vertices indicate basis states in S⊥. C. Visualization of composition and tensor
product rules for constructing Hamiltonian embeddings. When considering the graph of nonzero entries
of a Hamiltonian, these rules are analogous to two different notions of graph products (see Remark 1
in the appendix for more details).

2.3 Hamiltonian embedding of sparse matrices
For Hermitian matrices with certain special sparsity structures, we can construct explicit
Hamiltonian embeddings for them. In what follows, we provide 6 different Hamiltonian
embedding schemes for 3 types of sparse Hermitian matrices:

1. Band matrix: an n-by-n matrix A is a band matrix of bandwidth d if Ai,j = 0 for
any i, j = 1, . . . , n such that |i− j| > d.

2. Banded circulant matrix: an n-by-n matrix A is a banded circulant matrix of band-
width d if (i) in the first row, A1,j = 0 for any j = d + 2, . . . , n − d, and (ii) all
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row vectors are composed of the same elements and each row vector is rotated one
element to the right relative to the preceding row vector.

3. s-sparse matrices: an n-by-n matrix A is s-sparse if each row/column of A has at
most s non-zero elements.

In Table 1, we list all the embedding schemes discussed in this paper that can be applied
to simulate at least one type of sparse Hermitian matrices. Among our embedding schemes,
the unary and one-hot encodings are well-known [53, 54, 39, 40, 51], while the others have
not been systematically studied in the existing literature. Note that, except for the last
item (“Penalty-free one-hot”), all embeddings are perturbative Hamiltonian embeddings
and thus require a penalty Hamiltonian.6 The “Max. weight” column shows the maximal
weight of the Pauli operators involved in the corresponding embedding Hamiltonian (d
represents the bandwidth of the target Hamiltonian A). Full details of these embedding
schemes can be found in Appendix B.

Embedding scheme Applications Max. weight Details
Unary band max(d, 2) Appendix B.1.1
Antiferromagnetic band max(d, 2) Appendix B.1.2
Circulant unary banded circulant max(d, 2) Appendix B.2.1
Circulant antiferromag-
netic

banded circulant max(d, 2) Appendix B.2.2

One-hot band, banded circulant,
s-sparse

2 Appendix B.3.1

Penalty-free one-hot band, banded circulant,
s-sparse

2 Appendix B.3.2

Table 1: Six Hamiltonian embeddings for sparse Hamiltonian simulation

A notable feature of these embedding schemes is that their maximal weight depends
on the special sparsity pattern of the target Hamiltonian A. In particular, for band matrices
(or banded circulant matrices) with bandwidth d ≤ 2, the corresponding unary/antiferromagnetic
(or circulant unary/circulant antiferromagnetic) embeddings have a maximal weight of 2,
which means these embedding Hamiltonians can be directly simulated using native gates.
This is also true for one-hot/penalty-free one-hot embeddings that encode arbitrary s-
sparse matrices.

We also note that all these schemes utilize only an exponentially small subspace of
the full Hilbert space for embedding. Therefore, direct use of these schemes to build
Hamiltonian embeddings does not lead to meaningful quantum speedups in Hamiltonian
simulation. To achieve exponential quantum speedups, one strategy is to first decompose
the target sparse Hamiltonian using the composition and tensor product rules in Theo-
rem 2, and then use the embedding schemes listed in Table 1 to construct elementary
building blocks of size O(1). Using this strategy, we can build Hamiltonian embeddings for
symmetric/Hermitian matrices arising from graph theory and differential equations with
logarithmic quantum resources, as detailed in Section 3.

Now, we provide some concrete examples of the embedding of a small sparse matrix.

6For perturbative Hamiltonian embedding, the simulation error can be made arbitrarily small by in-
creasing the penalty coefficient g. Thus, for simplicity, we do not explicitly specify the tuple (q, η, ϵ) for
each Hamiltonian embedding listed in the table.
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We consider a 5-by-5 tridiagonal matrix A given by

A =


−1 1 0 0 0
1 −2 1 0 0
0 1 −2 1 0
0 0 1 −2 1
0 0 0 1 −1

 , (2.6)

which is the Laplacian matrix of a 5-node chain graph. In Table 2, we list the operators Q
and Hpen for embedding A using various embedding schemes (with more details available
in Appendix D). In this paper, we use little-endian ordering, meaning that we enumerate

the bit of a string from right to left. Here, X =
[
0 1
1 0

]
and Z =

[
1 0
0 −1

]
are the

Pauli-X and Pauli-Z matrices, and n̂ = 1
2(I − Z). The overall embedding Hamiltonian is

H = gHpen + Q, where g > 0 is a sufficiently large penalty coefficient. The embedding
subspace S depends on the embedding scheme. For sufficiently large g > 0, Theorem 3
implies that e−iAt ≈ PSe

−iHAtPS .

Embedding scheme Q Hpen

Unary −n̂1 + n̂4 +∑4
j=1Xj −

∑3
j=1 Zj+1Zj + Z1 −

Z4
Antiferromagnetic −n̂1 − n̂4 +∑4

j=1Xj
∑3

j=1 Zj+1Zj + Z1 + Z4

One-hot
(
−n̂1 − n̂5 − 2∑4

j=2 n̂j

)
+∑4

j=1Xj+1Xj

(∑5
j=1 n̂j − 1

)2

Penalty-free one-hot
(
−n̂1 − n̂5 − 2∑4

j=2 n̂j

)
+1

2
∑4

j=1 (Xj+1Xj + Yj+1Yj)
0

Table 2: Hamiltonian embeddings of the tridiagonal matrix A in (2.6).

While there could be several possible Hamiltonian embedding schemes for a fixed target
Hamiltonian A, we remark that there is no single criterion to determine which one would
perform the best. We provide a few aspects to compare various Hamiltonian embeddings
in practice. First, the Hamiltonian embedding must match the hardware programmabil-
ity. For example, the antiferromagnetic embedding scheme fits well with Rydberg atom
arrays, see Appendix F.2.2 for details. Second, we want to use the Hamiltonian embedding
with minimal simulation error. The simulation error could come from the perturbative
construction of an embedding and/or a specific Hamiltonian simulation algorithm (e.g., a
Trotter formula, continuous qDRIFT, etc.).

2.4 Connection to quantum Hamiltonian complexity
Hamiltonian embedding is closely related to previously studied notions of simulating one
Hamiltonian by another Hamiltonian, including the isometry-based definition of simulation
in [56] used to study the complexity of 2-local stoquastic Hamiltonians, and Hamiltonian
encodings used to show the universality of certain spin-lattice models [57, 58].

The simulation introduced in [56] quantifies how close are two quantum Hamiltonians
in terms of their low-energy spectrum. It is defined as an isometry transformation and its
application has been limited to stoquastic local Hamiltonians [59], while our Hamiltonian
embedding applies to a broader class of sparse matrices.
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A Hamiltonian encoding (aka, encoding transformation) is a map that encodes a Hamil-
tonian H into some other Hamiltonian H ′. Specifically, this map needs to fulfill a few
basic requirements, including the preservation of locality, spectrum, and real-linearity [57].
Hamiltonian encoding is more general than simulation since an encoding does not need to
be an isometry. The construction of Hamiltonian encodings heavily utilizes perturbative
gadgets [60, 61, 62], a theoretical tool originally developed to prove hardness results in
Hamiltonian complexity theory.

Compared to [57], our definition of Hamiltonian embedding (Definition 1) more closely
resembles the simulation defined in [56], in the sense that both do not impose any locality-
related restriction on the encoding/embedding maps. Technically speaking, our pertur-
bative Hamiltonian embedding can be viewed as an explicit construction of perturbative
gadgets, but two major differences distinguish our work from prior arts. First, existing
techniques are almost exclusively applied to (local) quantum Hamiltonians arising from
many-body physics (i.e., bosons, fermions, and local spin/qudit Hamiltonians), while our
focus is on the simulation of sparse matrices. Second, Hamiltonian encodings often involve
complicated basis change, while our Hamiltonian embedding preserves the energy spec-
trum and dynamical evolution without introducing a nontrivial basis change. This allows
us to measure the embedded system using a subset of computational basis. However, this
favorable feature is achieved at a cost of universality. The construction technique in [57]
can be applied to arbitrary local Hamiltonians, while we only provide explicit constructions
of Hamiltonian embedding for certain families of sparse Hermitian matrices.

3 Real-machine experiments
We conduct experiments to demonstrate the use of Hamiltonian embeddings for compu-
tational tasks, including (continuous-time) quantum walk on graphs, spatial search, and
simulating real-space quantum dynamics. We construct Hamiltonian embeddings for each
task and deploy them on current digital and analog quantum computers, including IonQ’s
ion trap systems [63] and QuEra’s neutral atom systems [64]. We also exhibit the effi-
ciency and scalability of our approach over the conventional Pauli access approach (i.e.,
the standard binary encoding) through a detailed resource analysis. If given the Pauli de-
composition of a Hamiltonian, the Pauli access model enables a straightforward approach
to Hamiltonian simulation via product formulas. On the other hand, the sparse-input and
block-encoding input models require coherent circuit implementations of oracles which are
highly nontrivial even for structured matrices. While there has been recent progress for
constructing block-encodings [19, 37], the overhead associated with these schemes make
them applicable only in the fault-tolerant regime. Consequently, we compare our em-
bedding schemes with the standard binary encoding, which serves as a more reasonable
baseline. More details on resource analysis are available in Appendix C.

3.1 Hardware-efficient Hamiltonian models of quantum computers
In this subsection, we give the hardware-efficient Hamiltonian models for the IonQ and
QuEra quantum computers. For both devices, their Hamiltonian models can be formulated
as

H(t) =
∑

j

αj(t)Hj +
∑
j,k

βj,k(t)Hj,k,

but with different native 1- and 2-qubit component Hamiltonians.
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The IonQ Aria-1 quantum computer natively supports the GPi gate, GPi2 gate [65],
virtual-Z gate, and arbitrary angle MS (Mølmer-Sørenson) gate [66]. The hardware-efficient
Hamiltonian model for the IonQ Aria-1 device is composed of the following 1- and 2-qubit
components:

Hj : aX + bY + cZ, Hj,k : (cos(ϕ1)Xj + sin(ϕ1)Yj)⊗ (cos(ϕ2)Xk + sin(ϕ2)Yk), (3.1)

where a, b, c, ϕ1, ϕ2 can be any real-valued scalars.
The QuEra Aquila quantum computer is an analog quantum simulator. It allows

users to program certain parameters, including the Rabi frequency, local detuning, and
atom-atom distance, in the effective Hamiltonian describing the Rydberg atom arrays.
More details on the QuEra device are provided in Appendix F.2.2. We can formulate the
abstract model for the QuEra Aquila device using the following 1- and 2-qubit component
Hamiltonians:

Hj : aX + bY + cZ, Hj,k : αZ ⊗ Z, (3.2)

where a, b, c are real-valued scalars. The parameter α is engineered by Rydberg interactions
and thus must be non-negative.

3.2 Traversing the glued trees graph
We first demonstrate the simulation of continuous-time quantum walk (CTQW) on undi-
rected graphs [67]. In this section, we focus on the simulation of quantum walk on a glued
trees graph, but the embedding and simulation of CTQW for other graphs are presented
in Appendix D. The problem of traversing the glued trees graph is proven to be efficiently
solvable for quantum computers while computationally hard for classical computers in the
oracle setting [68]. Although our experiment simulates the desired quantum dynamics,
this result itself does not imply achieving exponential quantum speedup on NISQ devices
because the Hamiltonian embedding is not built using logarithmic quantum resources.

In the existing literature, CTQW on glued trees has been experimentally realized only
in very limited settings. [69] used a photonic chip to simulate a one-dimensional quantum
walk reduced from the CTQW on glued trees. An earlier photonic implementation [70]
realizes quantum walk on a hexagonal variant of the glued trees graph. Implementations
of CTQW have been explored more extensively for other graphs on various experimental
platforms, such as NMR [71], neutral atoms [72, 73], superconducting qubits [74], and
photonic processors [75]. However, these implementations are hardware-specific and gen-
erally require qubits proportional to the order (i.e. number of vertices) of the graph, thus
unable to accommodate other families of graphs. The work in [76, 77] simulates CTQW
in a photon interference experiment, but the desired evolution operators are calculated
classically to configure linear optical circuits. Discrete-time quantum walks have also been
realized on a trapped-ion quantum processor [78], which uses a dense encoding (thus being
space-efficient) but is essentially hard-coded for a specific choice of the initial state.

In Figure 2A, we illustrate a 14-node glued trees graph G = (V,E) containing two
balanced binary trees. Here, V is the set of vertices, and E is the set of all edges. The
CTQW on this graph is described by the time-evolution operator e−itA, where t is the
evolution time, and A is a 14-by-14 real symmetric matrix representing the adjacency
matrix of the graph:

Ajk =
{

1, j ̸= k, (j, k) ∈ E,
0, j ̸= k, (j, k) ̸∈ E.

(3.3)
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C Quantum Walk (numerical simulation) Quantum Walk (IonQ, one-hot)

B
A 6-layer Glued Trees Graph

1 2 3 4 5 6

A

Figure 2: Quantum walk on glued trees graphs. A. A 6-layer glued trees graph with 14 vertices. B.
Gate counts of simulating CTQW on N -vertex glued trees graphs using standard binary encoding and
one-hot embedding. Both the theoretical (worst-case) upper bound and the empirical data suggest that
the one-hot embedding has better asymptotic scaling. C. Propagation of the quantum wave packet on
the 6-layer glued trees graph. Wave packet clustered on each layer. Left: numerical simulation; Right:
real-machine results.

To simulate the Hamiltonian A, we construct the following 14-qubit penalty-free one-
hot embedding (details in Appendix D.2),

H =
∑

(j,k)∈E

1
2(XjXk + YjYk), (3.4)

where the embedding subspace S is spanned by the one-hot codewords {|0..01⟩ , |0..10⟩ , . . . , |10..0⟩}.
In other words, S is the single-excitation subspace in the 14-qubit Hilbert space. It is read-
ily verified that S is an invariant subspace of H and H|S = A, so the simulation of A is
embedded within the dynamics of H.

Figure 2B shows the total gate counts for the circuit implementation via standard
binary encoding and Hamiltonian embedding (i.e., penalty-free one-hot). The total gate
counts (represented by solid dots) are estimated such that the simulation error is sup-
pressed to a fixed accuracy. The results from extrapolation indicate that in terms of both
exact and asymptotic measures, Hamiltonian embedding outperforms standard binary en-
coding. A detailed discussion on the resource analysis for this experiment is available in
Appendix D.2.4.
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Encoding/embedding # of qubits # of 1-qubit gates # of 2-qubit gates
Standard binary 4 6088 932

Penalty-free one-hot 14 1 160

Table 3: 1- and 2-qubit gate counts for simulating CTQW on a 14-node glued trees graph. The accuracy
is chosen to correspond to the Trotter number r = 4 for the one-hot code as used in the real-machine
experiment.

We implement the Hamiltonian embedding as shown in (3.4) on the IonQ Aria-1 pro-
cessor to simulate the CTQW on the 14-node glued trees graph, where we employ the ran-
domized first-order Trotter formula to decompose the simulation into circuits with IonQ’s
native gate set. We initialize the quantum state with a single walker (starting from the
entrance node in layer 1) at time t = 0 and simulate the propagation of the quantum
wave function through the layers over time. The real-machine and numerical simulation
results are illustrated in Figure 2C. In both subplots, a clear pattern of population mi-
gration over time is observed. The real-machine result depicts a strong similarity to the
numerical simulation, while a slightly shifted population distribution is witnessed near the
end time T = 2, possibly caused by the accumulated device noise. In Table 3, we list the
empirical resource usage (qubit and gate counts) for traversing the glued trees graph using
the one-hot code as well as an estimate of the resources required by the standard binary
code. While the standard binary code uses fewer qubits, the gate counts needed are an
order of magnitude larger. The savings in gate count for the penalty-free one-hot embed-
ding enables the simulation of sparse Hamiltonians which would otherwise be infeasible on
current devices.

3.3 Spatial search on square grids
Another prominent application for quantum computers is to find a target entry in a
database, a task known as quantum search. The famous Grover’s algorithm [79] tack-
les the quantum search task with O(

√
M) queries to entries in a database of size M ,

while classical algorithms require at least Ω(M) queries, showcasing a quadratic quantum
speedup. In this section, we implement a quantum search algorithm proposed by Childs
and Goldstone [80] for a structured database (i.e., spatial search). The search spaces are
two-dimensional square grids with N2 entries. By the composition rule of Hamiltonian
embedding, we can implement the aforementioned spatial search algorithm using only 2N
qubits. In general, spatial search over a d-dimensional grid (with Nd entries) can be im-
plemented using dN qubits by composing Hamiltonian embeddings (see Appendix A.2).

There are only a few experimental demonstrations of spatial search documented in
the literature. Some photonic-based implementations have been shown in [81, 82], while
these proposals only work for specific graphs and thereby lack programmability. A proof-
of-principle demonstration of two-dimensional spatial search was performed using neutral
atoms [73], where N2 atoms were used to represent all entries in the search space. In this
regard, our implementation of spatial search serves as the first demonstration of spatial
search on a lattice that effectively exploits the matrix structure of the Hamiltonian. The
use of Hamiltonian embedding significantly reduces the required qubit and gate counts,
thereby enabling a digital implementation of 2-dimensional spatial search that has not
been demonstrated in any previous literature.

In 2004, Childs and Goldstone [80] proposed a quantum search algorithm via quantum
walk. Given a search space represented by a graph G = (V,E) and a marked entry v ∈ V ,
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Figure 3: Spatial search by quantum walk. A. Illustration of a spatial search problem on a 4-
by-4 grid. B. Gate counts of implementing spatial search on N -by-N grids. The penalty-free one-hot
embedding has the best asymptotic scaling in both the worst-case estimate and empirical extrapolation.
C. Quantum distribution at T = 2, 4, 6 shows the algorithm solves the 4-by-4 spatial search problem.
Top: numerical simulation; Bottom: results obtained on IonQ Aria-1 with unary embedding. D.
Quantum distribution at T = 2, 4, 6 shows the algorithm solves the 5-by-5 spatial search problem. Top:
numerical simulation; Bottom: results obtained on IonQ Aria-1 with penalty-free one-hot embedding.

their quantum algorithm requires simulating the following Hamiltonian,

H = −γL−Hv, (3.5)

where L is the Laplacian of the graph G, Hv = |v⟩ ⟨v| is a projector onto the marked entry
v (known as the oracle Hamiltonian), and γ > 0 is a parameter minimizing the spectral
gap in H. When the search space is a two-dimensional grid graph (with N2 entries (j, k)
for j, k = 1, . . . , N) and the marked entry is v = (vx, vy), the graph Laplacian reads

L = L1 ⊗ IN + IN ⊗ L1, (3.6)

where L1 is the graph Laplacian of a N -node one-dimensional chain graph (an example for
N = 5 is given in (2.6)), and IN is the N -by-N identity operator. Meanwhile, the oracle
Hamiltonian is given by

Hv = |vx, vy⟩ ⟨vx, vy| = |vx⟩ ⟨vx| ⊗ |vy⟩ ⟨vy| . (3.7)
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In Figure 3A, we illustrate a spatial search problem on a 4-by-4 grid with the marked
entry at the upper left corner. By indexing the entries from the lower left corner, the
oracle Hamiltonian for the marked entry is Hv = |1, 4⟩ ⟨1, 4|.

To implement the quantum algorithm by Childs and Goldstone to solve the two-
dimensional spatial search problem, we need to simulate the target Hamiltonian H given
in (3.5), which is of dimension N2. Since H is a sparse Hamiltonian, we could in principle
construct a one-hot embedding using N2 qubits. However, the decomposition structure in
the graph Laplacian (3.6) and the tensor product structure in the oracle Hamiltonian (3.7)
allow us to build a more compact Hamiltonian embedding using Hamiltonian embeddings
of L1, |vx⟩ ⟨vx|, and |vy⟩ ⟨vy|. Notably, for both the unary and one-hot Hamiltonian em-
beddings, we only require O(N) qubits and O(N) 2-local Pauli operators. More details
of the construction for spatial search (including the case of periodic boundaries) may be
found in Appendix E.

Figure 3B shows the total gate counts in the circuit implementation via standard binary
encoding and Hamiltonian embeddings (i.e., unary, penalty-free one-hot). The extrapola-
tion results suggest that the penalty-free one-hot embedding (both worst-case and empirical
estimates) outperforms the standard binary encoding in both exact and asymptotic per-
formance measures. However, the unary embedding appears to use more elementary gates
than the standard binary encoding, potentially due to the large penalty coefficient. More
discussions on the resource analysis for this experiment can be found in Appendix E.2.2.

Experimental results for two-dimensional spatial search on 4-by-4 and 5-by-5 grids are
shown in panels C and D in Figure 3. We choose the unary embedding for the 4-by-
4 experiment and the penalty-free one-hot embedding for the 5-by-5 experiment. More
details of the experiment setup, including the state preparation procedure, are provided
in Appendix E.2. The results show that our implementations via Hamiltonian embedding
on the IonQ device are in good agreement with the expected quantum dynamics described
in the algorithm. In Table 4 and Table 5, we list the empirical resource usage for

Encoding/embedding # of qubits # of 1-qubit gates # of 2-qubit gates
Standard binary 4 831 123

Unary 6 132 114

Table 4: Resource counts for simulating spatial search on a 4× 4 lattice.

Encoding/embedding # of qubits # of 1-qubit gates # of 2-qubit gates
Standard binary 6 26100 4464

Penalty-free one-hot 10 22 181

Table 5: Resource counts for simulating spatial search on a 5× 5 lattice.

spatial search on 4 × 4 and 5 × 5 lattices, respectively. Compared to our embedding
schemes, the standard binary encoding requires orders of magnitude more gates for the
same target accuracy. Consequently, Hamiltonian embedding demonstrates a significant
resource savings that enables the implementation of quantum search on current quantum
computers.
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Figure 4: Simulating real-space quantum dynamics. A. The potential field and initial state in the
IonQ experiment. B. Resource count of simulating real-space quantum dynamics using an N -level
truncated Hamiltonian. The empirical data suggests that one-hot embedding has a better asymptotic
scaling than the standard binary encoding. C. Expectation value of the position observable x̂ depicted
as a function of evolution time t. Experiment data obtained from IonQ Aria-1. D. Locations of the 12
Rydberg atoms in the experiment of simulating quantum dynamics in a 2D space. E. Measuring the
2D real-space quantum dynamics at T = 1, 1.5, 2. Top: numerical simulation; Bottom: experiment
results obtained on QuEra Aquila.

3.4 Simulating real-space quantum dynamics
The real-space quantum dynamics are governed by the time-dependent Schrödinger equa-
tion over the d-dimensional Euclidean space,

i
∂

∂t
Ψ(t, x) =

[
−1

2∇
2 + f(x)

]
Ψ(t, x), (3.8)

subject to Ψ(0, x) = Ψ0(x), (3.9)

where Ψ(t, x) : [0, T ] × Rd → C is the quantum wave function, f : Rd → R is a potential
field, and the initial state is given by Ψ0(x).

Although physically relevant systems are of dimension 3, high-dimensional Schrödinger
equations find ubiquitous applications for simulating multi-particle systems in condensed
matter physics [83] and quantum chemistry [84, 85]. Also, some quantum algorithms for
numerical optimization require the simulation of Schrödinger equations in high-dimensional
Euclidean spaces [86, 87, 7]. Several quantum algorithms for real-space quantum simulation
have been proposed, e.g., [88, 89, 90, 91, 92, 93, 94], while most of them require fully fault-
tolerant quantum computers that are currently out of reach. Recently, Chang et al. [95]
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utilize variants of Gray code to reformulate the continuous-space Schrödinger equation as
spin Hamiltonians, leading to exponentially better space complexity over classical methods.
However, the spin operators in [95] involve 3-body interaction terms and thus require
further decomposition in the implementation. In our experiment, the different choices of
embedding schemes allow us to represent the Schrödinger equation using 1- and 2-body
spin operators, eliminating the Pauli compilation overhead.

We showcase the flexibility and versatility of the Hamiltonian embedding technique
by implementing the real-space quantum simulation task on two different experimental
platforms: a trapped-ion quantum processor (IonQ Aria-1) and a programmable Rydberg
atom array (QuEra Aquila).

On the trapped-ion processor, we simulate a 1-dimensional Schrödinger equation with
a quadratic potential field and a Gaussian initial state,

f(x) = x2 − 1
2x, Ψ0(x) =

( 1
2π

)1/4
e− x2

4 ,

as illustrated in Figure 4A. We use a truncated Fock space method with N = 5 levels to
discretize the Hamiltonian operator and obtain a finite-dimensional sparse Hamiltonian.
Next, we employ the penalty-free one-hot embedding to build the corresponding embedding
Hamiltonian

Hreal−space = 1
2Q

one−hot
p̂2 − 1

2Q
one−hot
x̂2 + 1

2Q
one−hot
x̂ , (3.10)

where Qone−hot
p̂2 , Qone−hot

x̂2 , and Qone−hot
x̂ are all 2-local Hamiltonians. More details of the

truncation method and embedding are discussed in Appendix F.1.2.
In Figure 4B, we estimate and compare the gate counts required in the circuit imple-

mentation for the standard binary encoding and the penalty-free one-hot embedding. The
extrapolation based on empirical data shows that our Hamiltonian embedding implemen-
tation uses fewer elementary gates and has slightly better asymptotic scaling in terms of
system size, while the theoretical (i.e., worst-case) asymptotic scaling of our embedding
does not show an advantage.

We simulate the embedding Hamiltonian Hreal−space on the IonQ Aria-1 processor and
compute the expectation value of the position observable x̂ as a function of time as shown
Figure 4C. Notably, computing x̂ only requires measurements in the x-basis when using
Hamiltonian embedding. The same measurements using the standard binary code would
require performing measurements in several different bases corresponding to the Pauli
decomposition of x̂, which demonstrates another advantage of Hamiltonian embedding.
The experimental data matches the closed-form solution and we observe a full oscillation
from t = 0 to t = 5. More details regarding the experiment setup and results are provided in
Appendix F.1.3. Furthermore, we list in Table 6 the empirical resource usage for simulating
the real-space Schrödinger equation with the one-hot code as well as an estimate of the
resources required by the standard binary code. Although we consider only a 1-dimensional
case in this example, the one-hot code demonstrates a significant advantage in gate count.
In particular, the one-hot code only requires a single 1-qubit gate (for state preparation),
while the standard binary code requires over 1800 single-qubit gates, which would not be
feasible on current quantum hardware.

We also use programmable Rydberg atom arrays to simulate a 2-dimensional Schrödinger
equation. First, we apply the finite difference method to discretize the Hamiltonian oper-
ator, yielding a finite-dimensional Hamiltonian,

Ĥ = −1
2(D ⊗ I + I ⊗D) + U, (3.11)
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Encoding/embedding # of qubits # of 1-qubit gates # of 2-qubit gates
Standard binary 3 1826 220

Penalty-free one-hot 5 1 154

Table 6: 1- and 2-qubit gate counts for simulating the real-space Schrödinger equation with N = 5
levels. The accuracy is chosen to correspond to the Trotter number r = 11 for the one-hot code as
used in the real-machine experiment.

where D is an N -by-N tridiagonal matrix representing the finite-difference discretization of
the second-order differential operator ∂2

∂x2 , I is the N -by-N identity matrix and U is a N2-
by-N2 diagonal matrix corresponding to the potential field f(x, y). The native Hamiltonian
of Rydberg atom arrays allows us to form a Hamiltonian embedding of (3.11) using the
antiferromagnetic scheme, while other schemes (such as unary) are not possible because
the Rydberg interaction coefficients must be positive (see Appendix F.2.2 for details). The
desired Hamiltonian embedding can be realized by arranging the atoms into two chains
as shown in Figure 4D, where each chain represents an individual continuous variable
(x for chain 1, y for chain 2). Note that the lack of local detuning in QuEra Aquila
poses a significant restriction on the shape of the potential field. In our experiment, the
effective potential field U and the penalty Hamiltonian are both engineered by the pairwise
Rydberg interactions between atoms. As shown in Figure 4E, the QuEra-implemented
quantum simulation results have good agreement with the numerical simulation. The
quantum distributions are obtained using 1000 shots/measurements per time step (for T =
0.5, 1, 2). The details of the finite difference discretization, together with the construction
and implementation of Hamiltonian embedding, are presented in Appendix F.2.

4 Open questions and discussion
In this work, we propose the Hamiltonian embedding technique for hardware-efficient sparse
Hamiltonian simulation. This approach has the potential to achieve exponential quantum
speedups when a large sparse Hamiltonian can be efficiently decomposed using the rules
as described in Theorem 2. We then identify several instances from graph theory, com-
binatorial optimization, and differential equations where Hamiltonian embeddings can be
constructed in poly-logarithmic time. It remains an interesting question whether Hamil-
tonian embeddings can be efficiently constructed for practical problems with less regular
structures, potentially leading to practical quantum advantages even with limited quantum
resources.

Our analysis of the perturbative Hamiltonian embedding (see Theorem 3) indicates a
non-negligible simulation error for a large evolution time, which can only be suppressed by
a large penalty coefficient. This is because we only utilize the first-order Schrieffer–Wolff
theory to craft perturbative Hamiltonian embedding. It is of interest to explore if higher-
order Schrieffer–Wolff theories could lead to more efficient Hamiltonian embeddings.

In the resource analysis, the empirical scalings of Hamiltonian embedding are usually
much better than the results suggested by the theoretical (worst-case) analysis. This may
suggest that we need new analytical tools to better understand the resource efficiency of
Hamiltonian embedding.

Our real-machine demonstrations of Hamiltonian embedding are limited to small-scale
toy model problems, and the on-device experiment results do not fully match the ideal
numerical simulation. This could be caused by the accumulated machine noise. With the
evolution of quantum hardware in the next few years, we are excited about the opportunity
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to further explore the practical quantum advantages that Hamiltonian embedding can offer
in broad application domains, such as simulating non-quantum linear dynamics or even
nonlinear dynamics at a large scale.

Last but not least, while the primary focus of this work is to expand the implementable
quantum advantages for near-term (NISQ) devices, the Hamiltonian embedding technique
also opens new possibilities for quantum input models and could be highly relevant even
for fault-tolerant quantum computation. For example, the construction of Hamiltonian
embeddings relies on the Pauli input model, which can be naturally leveraged by quantum
algorithms such as quantum signal processing or quantum singular value transformation
without the need to explicitly construct block encodings [96]. Moreover, Hamiltonian
embedding appears to offer a trade-off between system connectivity (local interactions) and
space complexity, an active area of research in quantum compilation and circuit routing.
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Appendices

A Quantum simulation using Hamiltonian embedding
Notation. Let H be a Hilbert space, and A : H → H be a linear operator over H. Let
S be a subspace of H, and S⊥ be the orthogonal complement of S such that H = S ⊕S⊥.
We denote PS (or PS⊥) as the projection onto S (or S⊥). We write A|S := PSAPS as the
restriction of A in the subspace S. Herm(Cn) represents the space of all n-by-n complex
Hermitian matrices.

A.1 Proof of Theorem 1
Theorem 1 (Hamiltonian simulation with Hamiltonian embedding). Suppose that H is
a (q, η, ϵ)-embedding of A. Then, for a fixed evolution time t ≥ 0, we have that∥∥∥∥(e−iHt

) ∣∣∣
S
− e−iAt

∥∥∥∥ ≤ (2η∥H∥+ ϵ)t. (2.1)

Proof. We define E (t) := e−iHt − U †e−iHtU , and it follows that

Ė (t) = (−iH)e−iHt − U †(−iH)e−iHtU = (−iH)E (t)− i
[
H − H̃

]
U †e−iHtU, (A.1)

where H̃ = U †HU . By the variation-of-parameter formula, we have

E (t) = −i
∫ t

0
e−iH(t−τ)

[
H − H̃

]
e−iH̃τ dτ, (A.2)

and it follows that

∥PSE (t)PS∥ ≤ ∥(H − H̃)PS∥t = ∥[H,U ]PS∥t.

We denote H0 = PSH̃PS . By the definition of Hamiltonian embedding, H̃ is block-
diagonal and ∥H0 −A∥ ≤ ϵ. Then, we have

∥PSU
†e−iHtUPS − e−iAt∥ = ∥e−iH0t − e−iAt∥ ≤ ∥H0 −A∥t ≤ ϵt.

It follows from the triangle inequality that

∥
(
e−iHt

) ∣∣∣
S
− e−iAt∥ ≤ ∥PSE (t)PS∥+ ∥PSU

†e−iHtUPS − e−iAt∥ ≤ (∥[H,U ]PS∥+ ϵ) t.
(A.3)

Note that ∥[H,U ]∥ = ∥[H, I] − [H, (I − U)]∥ ≤ 2η∥H∥, which implies the error bound
(2.1).

A.2 Rules for building Hamiltonian embeddings
In this section, we introduce several basic rules for building more sophisticated Hamiltonian
embeddings from existing ones.

Lemma 4 (Addition). Let A1, A2 ∈ Herm(Cn). For j = 1, 2, we suppose that Hj is
a (q, η, ϵj)-embedding of Aj with unitary transformation U and embedding subspace S.
Then, H = H1 +H2 is a (q, η, ϵ1 + ϵ2)-embedding of A = A1 + A2 with the same unitary
transformation U and embedding subspace S.
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Proof. Since the unitary U block-diagonalizes both H1 and H2, it also block-diagonalizes
the H = H1 + H2. Moreover, by the triangle inequality, ∥(U †HU)S − (A1 + A2)∥ ≤
∥(U †H1U)S −A1∥+ ∥(U †H2U)S −A2∥ ≤ ϵ1 + ϵ2.

Lemma 5 (Multiplication). Let H be a (q, η, ϵ)-embedding of A with unitary transfor-
mation U and embedding subspace S. Then, for any real number α, αH is a (q, η, |α|ϵ)-
embedding of αA with the same unitary transformation U and embedding subspace S.

Proof. Due to the linearity of matrix multiplication, we have that

∥(U †αHU)S − αA∥ = |α|∥(U †HU)S −A∥ ≤ |α|ϵ.

Lemma 6 (Composition). For j = 1, 2, let Hj be a (qj , ηj , ϵj)-embedding of Aj with
unitary transformation Uj and embedding subspace Sj, respectively. Then, H = H1 ⊗ I +
I ⊗ H2 is a (q1 + q2, η1 + η2, ϵ1 + ϵ2)-embedding of A = A1 ⊗ I + I ⊗ A2 with unitary
transformation U = U1 ⊗ U2 and embedding subspace S = S1 ⊗ S2.

Proof. In the full Hilbert spaceH′ = C2q1+q2 , we have the embedding subspace S = S1⊗S2,
so its orthogonal complement is

S⊥ = (S⊥
1 ⊗ S2)⊕ (S1 ⊗ S⊥

2 )⊕ (S⊥
1 ⊗ S⊥

2 ).

First, we check the rotated Hamiltonian H̃ := U †HU is block-diagonal in S and S⊥. We
observe that PS⊥ = PS⊥

1 ⊗S2
+ PS1⊗S⊥

2
+ PS⊥

1 ⊗S⊥
2

. It is readily verified that

PS⊥
1 ⊗S2

(
U †HU

)
PS1⊗S2 =

(
PS⊥

1
H̃1PS1

)
⊗ I +

(
PS⊥

1
PS1

)
⊗
(
PS2H̃2PS2

)
= 0.

Similarly, we can show that

PS1⊗S⊥
2

(
U †HU

)
PS1⊗S2 = 0, PS⊥

1 ⊗S⊥
2

(
U †HU

)
PS1⊗S2 = 0,

which implies PS⊥H̃PS = 0, i.e., H̃ is block-diagonal. Also, for the unitary U = U1 ⊗ U2,
we have

∥I − U1 ⊗ U2∥ ≤ ∥(I − U1)⊗ I∥+ ∥U1 ⊗ (I − U2)∥ ≤ η1 + η2.

Finally, we check the approximation error,

∥PSU
†
1 ⊗ U

†
2(H1 ⊗ I + I ⊗H2)U1 ⊗ U2PS − (A1 ⊗ I + I ⊗A2)∥

=
∥∥∥ [(U †

1H1U1)|S1 −A1
]
⊗ IS2 + IS1 ⊗

[
(U †

2H2U2)|S2 −A2
] ∥∥∥ ≤ ϵ1 + ϵ2.

Lemma 7 (Tensor product). For j = 1, 2, let Hj be a (qj , ηj , ϵj)-embedding of Aj with
unitary transformation Uj and embedding subspace Sj, respectively. Then, H = H1 ⊗H2
is a (q1 + q2, η1 + η2, ∥A1∥ϵ2 + ∥A2∥ϵ1 + ϵ1ϵ2)-embedding of H = A1 ⊗ A2 with unitary
transformation U = U1 ⊗ U2 and embedding subspace S = S1 ⊗ S2.
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Proof. Similar to Rule 3, we can check that PS⊥(U †H1⊗H2U)PS = 0 and ∥I−U1⊗U2∥ ≤
η1 + η2. For j = 1, 2, we have that ∥(U †

jHjUj)|Sj∥ ≤ ∥Aj∥ + ϵj . Using this fact, we can
estimate the approximation error:

∥PSU
†
1 ⊗ U

†
2(H1 ⊗H2)U1 ⊗ U2PS − (A1 ⊗A2)∥ = ∥(U †

1H1U1)|S1 ⊗ (U †
2H2U2)|S2 −A1 ⊗A2∥

≤ ∥[A1 − (U †
1H1U1)|S1 ]⊗A2∥+ ∥(U †

1H1U1)|S1 ⊗ [A2 − (U †
2H2U2)|S2 ]∥

≤ ∥A2∥ϵ1 + ∥A1∥ϵ2 + ϵ1ϵ2.

Remark 1. The nonzero entries of a Hamiltonian give rise to the adjacency matrix of a
graph (ignoring diagonal entries for simplicity). As a result, the composition and tensor
product rules can be visualized as two different notions of graph products. For graphs
G1 = (V1, E1) and G2 = (V2, E2), the Cartesian product of G1 and G2 is the graph G1□G2
with vertex set V1×V2 such that vertices (u1, v1) and (u2, v2) are adjacent iff either u1 = u2
and v1 is adjacent to v2, or v1 = v2 and u1 is adjacent to u2. The tensor product of G1
and G2 is the graph G1×G2 with vertex set V1×V2 such that vertices (u1, v2) and (u2, v2)
are adjacent iff both u1 is adjacent to u2 and v1 is adjacent to v2. From the definitions,
it follows that the adjacency matrix of G1□G2 is A1 ⊗ I + I ⊗ A2, while the adjacency
matrix of G1 × G2 is A1 ⊗ A2. Therefore, the composition and tensor product rules can
be visualized as taking the graph Cartesian and tensor products, respectively.

A.3 Perturbative Hamiltonian embedding
A.3.1 Schrieffer-Wolff theory

We consider the q-qubit operator given in (2.3), i.e., H = gHpen +Q, where Q and Hpen

can be expressed in block-matrix forms (w.r.t. subspaces S and S⊥):

Q =
[
A R†

R B

]
, Hpen =

[
0 0
0 C

]
.

Therefore, the operator H =
[
A R†

R G

]
, where G = B + gC.

We define ∆0 := λmin(B)− λmax(A) as the spectral distance between the two diagonal
blocks in Q, and ∆ := λmin(G) − λmax(A) being the spectral distance between the two
diagonal blocks in H. Note that the spectral gaps ∆0 and ∆ are not necessarily positive.
By Weyl’s inequality, we have

∆ ≥ gλ1 + ∆0,

where λ1 > 0 is the minimum eigenvalue of C (recall that S is the ground-energy subspace
of Hpen).

By choosing sufficiently large g > 0, we can make ∆ > 0 and ∆ ∼ g. For large ∆ such
that ∥R∥/∆≪ 1, the off-diagonal part in H can be regarded as a perturbation and we can
invoke the Schrieffer-Wolff transformation [97, 98].

Theorem 8 (Schrieffer-Wolff transformation). Define κ := ∥R∥/∆. We assume that ∆ >
0 and κ < 1/2. Then, there exists a unitary transformation U such that ∥I − U∥ ≤ 2

√
2κ

and U †HU is block-diagonal. Moreover, if κ < 1/16, there exists an absolute constant
c > 0 such that ∥∥∥(U †HU

)
S
−A

∥∥∥ ≤ c∥R∥κ. (A.4)

In other words, H is a (q, 2
√

2κ, c∥R∥κ)-embedding of A if κ < 16.
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Proof. We define H0 =
[
A 0
0 G

]
and V =

[
0 R
R† 0

]
, so H = H0+V . Note that ∥V ∥ = ∥R∥.

When κ = ∥V ∥/∆ < 1/2, there is a unique Schrieffer-Wolff transformation U such that
U(H0 +V )U † is block-diagonal (see [98] for detailed discussions). By [97, Section 1], there
exists an angle operator Θ such that ∥I − U∥ = 2∥ sin 1

2Θ∥. Let T = US be the rotated
subspace, we also have that ∥PS − PT ∥ = ∥ sin Θ∥. On the other hand, by [98, Lemma
3.1], we can estimate the distance between S and T :

∥PS − PT ∥ ≤ 2κ.

Since we have κ < 1/2, the angle operator is bounded by π/2 [97]. Note that for any
angle |θ| < π/2, we have∣∣∣∣sin 1

2θ
∣∣∣∣ =

√
1
2(1− cos θ) =

√
1
2(1−

√
1− sin2 θ) ≤

√
2

2 | sin θ|,

which implies that ∥ sin 1
2Θ∥ ≤

√
2

2 ∥ sin Θ∥. It turns out that

∥I − U∥ ≤
√

2∥PS − PT ∥ ≤ 2
√

2κ.

We define the effective low-energy Hamiltonian Heff := PSU
†HUPS . The effective

Hamiltonian Heff allows a Taylor series expansion [98, 56]:

Heff =
∞∑

j=1
Heff,j . (A.5)

We define Heff(k) = ∑k
j=1Heff,j . When κ < 1/16, the series (A.5) converge absolutely

and there exists an absolute constant c > 0 such that

∥Heff −Heff(k)∥ ≤ c∥V ∥
k+1

∆k
= c∥R∥κk.

Note that Heff(1) = A. Therefore, we prove that ∥Heff −A∥ ≤ c∥R∥κ.

By Theorem 8, a bigger g implies a more accurate Hamiltonian embedding H. The
idea is that a large parameter g suppresses the leakage of the quantum evolution from the
embedding subspace S to its orthogonal complement S⊥. Based on this intuition, we refer
to g as the penalty coefficient and the operator Hpen as the penalty Hamiltonian.

Remark 2. In a perturbative Hamiltonian embedding with penalty coefficient g > 0, the
error characterization parameters are η ≤ 2

√
2κ ∼ 1

g , ϵ ≤ c∥R∥κ ∼ ∥R∥
g . By choosing

a large enough g, the error parameters η and ϵ can be made arbitrarily small. On the
other hand, whenHpen is fast-forwardable (which is always the case for embedding schemes
discussed in this paper, see Appendix B), there exist quantum algorithms (e.g., continuous
qDRIFT, see Appendix A.3.3) that can efficiently simulate the Hamiltonian embedding
even for large g. Therefore, for simplicity, we will not explicitly specify η and ϵ when
discussing a perturbative Hamiltonian embedding in the rest of this paper.

All the basic rules of constructing Hamiltonian embeddings can be reformulated for
perturbative Hamiltonian embedding. The proof is similar to Appendix A.2.

Proposition 9.
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1. (Addition) For j = 1, 2, suppose Hj = gHpen + Qj is an embedding of Aj with
the same embedding subspace S. Then, H = gHpen + Q1 + Q2 is an embedding of
A = A1 +A2 with embedding subspace S.

2. (Multiplication) Suppose H = gHpen + Q is an embedding of A with embedding
subspace S. Then, for any real number α, H ′ = gHpen + αQ is an embedding of
A′ = αA.

3. (Composition) For j = 1, 2, suppose that the qj-qubit operator Hj = gHpen
j + Qj is

an embedding of Aj with the embedding subspace Sj being the ground-energy subspace
of Hpen

j . Then, H = gHpen +Q with

Hpen = Hpen
1 ⊗ I + I ⊗Hpen

2 , Q = Q1 ⊗ I + I ⊗Q2 (A.6)

is an embedding of A = A1 ⊗ I + I ⊗A2 with embedding subspace S = S1 ⊗ S2.

4. (Tensor product) For j = 1, 2, suppose that Hj = gHpen
j + Qj is an embedding of

Aj with the embedding subspace Sj being the ground-energy subspace of Hpen
j . Then,

H = gHpen +Q1 ⊗Q2 with

Hpen = Hpen
1 ⊗ I + I ⊗Hpen

2 (A.7)

is an embedding of H = A1 ⊗A2 with embedding subspace S = S1 ⊗ S2.

A.3.2 Improved simulation error analysis

Theorem 10 (Quantum simulation with perturbative embedding). Let all the notations
be the same as above. We assume ∆ > 0 and κ < 1/2. Then, for any fixed t > 0, we have

∥PSe
−iHtPS − e−iAt∥ ≤ 4

√
2κ∥R∥t. (A.8)

Proof. Let H0 = PSHPS = diag(A, 0), and we define:

A (t) = PSe
−iHtPS , B(t) = PSe

−iH0tPS . (A.9)

We also define the E (t) := A (t)−B(t). Note that E (0) = 0. We find that

d
dtA (t) = PS (−iH) (PS + PS⊥) e−iHtPS = −iH0A (t)− iRe−iHtPS ,

d
dtB(t) = PS (−iH0) e−iH0tPS = −iH0B(t).

Therefore, we have Ė (t) = ˙A (t) − Ḃ(t) = −iH0E (t) − iRe−iHtPS . By the variation-of-
parameter formula [99, Theorem 4.9], we represent the function E (t) as the time integral:

E (t) = −i
∫ t

0
exp(−iH0(t− τ))R exp(−iHτ)PS dτ, (A.10)

so we can estimate the error (recall that R = PSHPS⊥):

∥E (t)∥ ≤
∫ t

0
∥PSHPS⊥ exp(−iHτ)PS∥ dτ ≤

∫ t

0
∥RPS⊥ exp(−iHτ)PS∥ dτ

≤
∫ t

0
∥R∥

(
4
√

2κ
)

dτ = 4
√

2κ∥R∥t.

In the second step, we use PS⊥ = P 2
S⊥ . In the second to last step, we invoke Lemma 11.
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Lemma 11. Assume that κ < 1/2 and let τ ≥ 0 be an arbitrary real number. Then, we
have

∥PS⊥ exp(−iHτ)PS∥ ≤ 4
√

2κ. (A.11)

Proof. By Theorem 8, there exists a Schrieffer-Wolff transformation U such that

U †HU =
[
Heff 0

0 ∗

]
,

where Heff = PSU
†HUPS . We remark that PS⊥U † exp(−iHτ)UPS = 0. To see this, note

that U block-diagonalizes H, so does exp
(
−iUHU †τ

)
:

PS⊥U exp(−iHτ)U †PS = PS⊥ exp
(
−iUHU †τ

)
PS = 0.

Now, we bound the cross term PS⊥ exp(−iHτ)PS by,

∥PS⊥ exp(−iHτ)PS∥ = ∥PS⊥ exp(−iHτ)PS − PS⊥U † exp(−iHτ)UPS∥
≤ ∥ exp(−iHτ)− U † exp(−iHτ)U∥ = ∥U exp(−iHτ)− exp(−iHτ)U∥.

Then, by Theorem 8, we conclude that

∥PS⊥ exp(−iHτ)PS∥ ≤ ∥(U − I) exp(−iHτ)− exp(−iHτ)(U − I)∥ ≤ 2∥U − I∥ ≤ 4
√

2κ.

A.3.3 Quantum simulation of perturbative embedding

The perturbative Hamiltonian embedding Hebd = gHpen + Q often comes with a large
penalty coefficient g. This could lead to significant simulation error if one uses a standard
quantum algorithm (e.g., a product formula) to simulate Hebd. In this section, we discuss
two types of quantum simulation protocols (product formulas and qDRIFT) for perturbative
Hamiltonian embedding. It turns out that qDRIFT is friendly to near-term devices with
minimal overheads in terms of g.

First, we consider the standard first-order Trotter formula:

e−iHebdt ≈ U1(t) :=
r∏

k=1
e−iQt/re−igHpent/r. (A.12)

By [34], the Trotter error scales like

∥e−iHebdt − U1(t)∥ ≤ O
(
g[Hpen, Q]t2

r

)
. (A.13)

To simulate the embedding Hamiltonian up to an additive error ϵ, we need to choose the
Trotter number

r = O

(
g[Hpen, Q]t2

ϵ

)
. (A.14)

Similarly, the second-order Trotter-Suzuki formula requires the Trotter number

r = O

(
Γt3/2

ϵ1/2

)
, (A.15)
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where Γ =
(

g
12∥[Q, [Q,Hpen]]∥+ g2

24∥[Hpen, [Hpen, Q]]∥
)1/2

.
We can improve the first-order Trotter formula by randomization [100], which turns

out to be effectively a second-order product formula:

∥e−iHebdt − U1,rand(t)∥ ≤ O
(

Λ3t3

r2

)
, (A.16)

where U1,rand(t) is the randomized first-order Trotter formula, and Λ = max{g∥Hpen∥, ∥Q∥}.
It follows that we need the Trotter number

r = O

(
Λ3/2t3/2

ϵ1/2

)
(A.17)

in order to achieve an ϵ-accurate simulation of H ′. A second-order (deterministic) Trotter
formula will require that r = O(gt3/2ϵ−1/2), but potentially have a better pre-factor in
terms of the commutators of Hpen and Q [34].

A major drawback of the aforementioned quantum simulation protocols we discussed
above is that their simulation error has explicit dependence on the penalty coefficient g,
which could be very huge in practice. To address this issue, we consider quantum simulation
in the interaction picture. For a Hamiltonian H = A+B, we transform it to the interaction
picture:

HI(t) = eiAtBe−iAt, (A.18)

and consider the Schrödinger equation

i
d
dt |ψI(t)⟩ = HI(t) |ψI(t)⟩ , (A.19)

subject to |ψI(0)⟩ = |ψ0⟩. One can easily verify that the state vector |ψ(t)⟩ = e−iHt |ψ0⟩
can be recovered by

|ψ(t)⟩ = e−iAt |ψI(t)⟩ . (A.20)

Based on this observation, digital quantum simulation protocols for time-dependent Hamil-
tonian that has L1-norm scaling can be used to simulate HI(t) to achieve an error scaling
only depends on ∥B∥, given that A can be fast-forwardable.

In our construction of Hamiltonian embedding, Hpen is often fast-forwardable, so we
can leverage the interaction-picture quantum simulation protocols to simulate

Hebd
I (t) = eigHpentQe−igHpent (A.21)

and achieve g-independent error scaling. There are a handful of quantum algorithms that
can achieve l1-norm scaling for interaction picture Hamiltonian, e.g., truncated Dyson
series [18, 55], continuous qDRIFT [55], qHOP [92], etc. Unfortunately, the truncated
Dyson series method and the qHOP method require complicated control flows and advanced
input models (e.g., block-encodings) that are infeasible for near-term quantum computers.
On the other hand, continuous qDRIFT relies on a simple product formula and a classical
stochastic sampling protocol, which is possible to implement on near-term devices. The
details of qDRIFT are presented in Algorithm 1.

We can prove that when M,K are large enough,

⟨ψ0| eiHebdTOe−iHebdT |ψ0⟩ ≈ Ẽ. (A.22)
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Algorithm 1: Quantum simulation by qDRIFT.
input : An initial state |ψ0⟩, number of samples M , Trotter number K, total

evolution time T .
output: An estimate of the measurement result Ẽ.

1 Let ∆t = T/K;
2 for j ← 1 to M do
3 for k ← 1 to K do
4 Sample a uniformly random number ξk ∈ [(k − 1)∆t, k∆t];
5 Propagate the quantum state

|ψk⟩ = e−iHebd
I (ξk)∆t |ψk−1⟩ = eigHpenξke−iQ∆te−igHpenξk |ψk−1⟩ .

6 Measure the quantum state |ψK⟩ with the observable
MI = eigHpenTOe−igHpenT and compute mj = ⟨ψK |MI |ψK⟩;

7 Compute the sample mean Ẽ = 1
M

∑M
j=1mj .

More precisely, by [55], the Trotter number required by continuous qDRIFT to simulate
the interaction-picture Hamiltonian H ′

I(t) is

r = O

(
∥Q∥2t2

ϵ

)
. (A.23)

Notably, the error bound in (A.23) is independent of the penalty coefficient g, which allows
us to simulate the embedding Hamiltonian Hebd with large g.

B Hamiltonian embedding of sparse matrices
In this section, we construct several Hamiltonian embeddings whose locality has explicit
dependence on the sparsity structure of the target matrix. Such embeddings are advanta-
geous for special sparse matrices, e.g., tridiagonal matrices.

B.1 Band matrix
A band matrix is a sparse matrix whose non-zero entries are confined to a diagonal band.
We say a matrix A has bandwidth d if Ai,j = 0 for any i, j = 1, . . . , n such that |i− j| >
d. For example, a tri-diagonal matrix is of bandwidth 1. Clearly, a band matrix with
bandwidth d is (2d+ 1)-sparse.

In this section, we discuss the Hamiltonian embedding of Hermitian band matrices. We
will introduce two types of embeddings whose locality explicitly depends on the bandwidth
of a target matrix.

B.1.1 Unary embedding

Definition 2 (Unary code). Given an integer j ∈ {1, . . . , n}, the unary coding of j,
denoted by uj , is the (n− 1)-bit string whose first7 (j− 1) bits are 1’s and the last (n− j)
bits are 0’s.

7In this paper, we use little-endian ordering, i.e., we enumerate the bit of a string from right to left.
For example, in the string 100, we refer the first bit to be 0, and the last bit to be 1.
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In Table 7, we list the unary code for integers 1 ≤ j ≤ 8.

Unary code (n = 8)
Basis index Codeword Basis index Codeword
1 0000000 5 0001111
2 0000001 6 0011111
3 0000011 7 0111111
4 0000111 8 1111111

Table 7: 7-bit unary code representing integers {1, 2, . . . , 8}.

The unary embedding of an n-by-n Hermitian matrix A is an (n−1)-qubit quantum op-
erator with the embedding subspace spanned by the unary code, i.e., S = span{|u1⟩ , . . . , |un⟩}.
It is easily verified that S is the ground-energy subspace of the following quantum operator:

Hpen
unary = −

n−2∑
j=1

Zj+1Zj + Z1 − Zn−1. (B.1)

Example 1. For n = 4, the penalty Hamiltonian Hpen
unary has 2 degenerate eigenspaces:

E0 = −2 : |000⟩ , |001⟩ , |011⟩ , |111⟩ , (B.2)
E1 = 2 : |010⟩ , |100⟩ , |101⟩ , |110⟩ , (B.3)

and the energy gap between the two eigenspaces is 4. In fact, for any n ≥ 3, the spectral
gap between the ground and the first-excited energy levels of Hpen

unary is always 4.
For 1 ≤ j < k ≤ n, we find that

⟨uj | (Xk−1 ⊗ · · · ⊗Xj+1 ⊗Xj) |uk⟩ = 1, ⟨uk| (Xk−1 ⊗ · · · ⊗Xj+1 ⊗Xj) |uj⟩ = 1, (B.4)
⟨uj | (Xk−1 ⊗ · · · ⊗Xj+1 ⊗ Yj) |uk⟩ = −i, ⟨uk| (Xk−1 ⊗ · · · ⊗Xj+1 ⊗ Yj) |uj⟩ = i. (B.5)

We denote n̂j as the number operator at site j:

n̂j := 1
2 (I − Zj) . (B.6)

Proposition 12 (Unary embedding). Given an n-dimensional Hermitian matrix A, we
define the following (n− 1)-qubit quantum operator:

QA =

α1I +
∑

2≤j≤n

(αj − αj−1)n̂j−1

+
∑

1≤j<k≤n

Xk−1 ⊗ · · · ⊗Xj+1 ⊗ (αj,kXj − βj,kYj),

(B.7)

where αj is the j-th diagonal entry of A, αj,k and βj,k are the real and imaginary part of
the (j, k)-th entry of A. Then, the quantum operator

Hebd
A = gHpen

unary +QA (B.8)

is an embedding of A. Moreover, the embedding Hamiltonian Hebd
A is max(d, 2)-local if A

has band width d.
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Proof. For any k = 1, . . . , n,

⟨uk|

α1I +
∑

2≤j≤n

(αj − αj−1)n̂j−1

 |uk⟩ = α1 +
∑

2≤j≤k

(αj − αj−1) = αk. (B.9)

For any ℓ,m ∈ {1, . . . , n},

⟨uℓ|QA |um⟩ = ⟨uℓ|

 ∑
1≤j<k≤n

Xk−1 ⊗ · · · ⊗Xj+1 ⊗ (αj,kXj − βj,kYj)

 |um⟩ (B.10)

= ⟨uℓ| (Xm−1 ⊗ · · · ⊗Xℓ+1 ⊗ (αℓ,mXℓ − βℓ,mYℓ)) |um⟩ (B.11)
= αℓ,m + βℓ,mi. (B.12)

Letting PS = ∑n
k=1 |uk⟩⟨uk|, it follows that PSQAPS = A and thus Hebd

A is an embedding
of A. If A has bandwidth d, then αj,k = βj,k = 0 for |j−k| > d, making QA d-local. Since
Hpen

unary is 2-local, Hebd
A is max(d, 2)-local.

B.1.2 Antiferromagnetic embedding

Definition 3 (Antiferromagnetic code). Given an integer j ∈ {1, . . . , n}, the antiferro-
magnetic coding of j, denoted by aj , is an (n− 1)-bit string defined as follows:

1. when j = 1, aj is the 0-1 alternating string starting with 0;

2. when j = 2, . . . , n, aj is generated by flipping the (j − 1)-th bit in the previous
codeword aj−1.

In Table 8, we list the antiferromagnetic code for integers 1 ≤ j ≤ 8.

Antiferromagnetic code (n = 8)
Basis index Codeword Basis index Codeword
1 0101010 5 0100101
2 0101011 6 0110101
3 0101001 7 0010101
4 0101101 8 1010101

Table 8: 7-bit antiferromagnetic code representing integers {1, 2, . . . , 8}.

The antiferromagnetic embedding of an n-by-n Hermitian matrix A is an (n− 1)-qubit
quantum operator with the embedding subspace spanned by the antiferromagnetic code,
i.e., S = span{|a1⟩ , . . . , |an⟩}. It is easily verified that S is the ground-energy subspace of
the following quantum operator:

Hpen
antiferro =

n−2∑
j=1

Zj+1Zj + Z1 + (−1)n−1Zn−1. (B.13)

Example 2. For n = 4, the penalty Hamiltonian Hpen
antiferro has 2 degenerate eigenspaces:

E0 = −2 : |001⟩ , |010⟩ , |011⟩ , |101⟩ , (B.14)
E1 = 2 : |000⟩ , |100⟩ , |110⟩ , |111⟩ , (B.15)

and the energy gap between the two eigenspaces is 4. In fact, for any n ≥ 3, the spectral
gap between the ground and the first-excited energy levels of Hpen

antiferro is always 4.
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For any 1 ≤ j < k ≤ n, we find that

⟨aj | (Xk−1 ⊗ · · · ⊗Xj+1 ⊗Xj) |ak⟩ = 1, ⟨ak| (Xk−1 ⊗ · · · ⊗Xj+1 ⊗Xj) |aj⟩ = 1, (B.16)
⟨aj | (Xk−1 ⊗ · · · ⊗Xj+1 ⊗ Yj) |ak⟩ = −i, ⟨ak| (Xk−1 ⊗ · · · ⊗Xj+1 ⊗ Yj) |aj⟩ = i. (B.17)

Proposition 13 (Antiferromagnetic embedding). Given an n-dimensional Hermitian ma-
trix A, we define the following (n− 1)-qubit quantum operator:

QA =

γI +
∑

2≤j≤n

(−1)j(αj − αj−1)n̂j−1

+
∑

1≤j<k≤n

Xk−1 ⊗ · · · ⊗Xj+1 ⊗ (αj,kXj − βj,kYj),

(B.18)

where αj is the j-th diagonal entry of A, αj,k and βj,k are the real and imaginary part of
the (j, k)-th entry of A, and

γ :=
n∑

j=1
(−1)j+1αj . (B.19)

Then, the quantum operator

Hebd
A = gHpen

antiferro +QA (B.20)

is an embedding of A. Moreover, the embedding Hamiltonian Hebd
A is max(d, 2)-local if A

has band width d.

Proof. Note thatγI +
∑

2≤j≤n

(−1)j(αj − αj−1)n̂j−1

 = α1 +
∑

2≤j≤n

(αj−αj−1)
(
I − (−1)jZj−1

2

)
. (B.21)

Then for any k = 1, . . . , n,

⟨ak|

α1 +
∑

2≤j≤n

(αj − αj−1)
(
I − (−1)jZj−1

2

) |ak⟩ = α1 +
∑

2≤j≤k

(αj − αj−1) = αk.

(B.22)
For 1 ≤ ℓ < m ≤ n,

⟨aℓ|QA |am⟩ = ⟨aℓ|

 ∑
1≤j<k≤n

Xk−1 ⊗ · · · ⊗Xj+1 ⊗ (αj,kXj − βj,kYj)

 |am⟩ (B.23)

= ⟨aℓ| (Xm−1 ⊗ · · · ⊗Xℓ+1 ⊗ (αℓ,mXℓ − βℓ,mYℓ)) |am⟩ (B.24)
= αℓ,m + βℓ,mi. (B.25)

Letting PS = ∑n
k=1 |ak⟩⟨ak|, it follows that PSQAPS = A and thus Hebd

A is an embedding
of A. If A has bandwidth d, then αj,k = βj,k = 0 for |j−k| > d, making QA d-local. Since
Hpen

unary is 2-local, Hebd
A is max(d, 2)-local.
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B.2 Banded circulant matrix
In this section, we discuss how to embed (real) symmetric circulant matrices of band-
width 1 (i.e., tridiagonal) into 2-local quantum operators. Our construction can be readily
generalized to circulant matrices of bandwidth d. It is worth noting that the embedding
discussed in this section only applies to circulant matrices of even dimensions.

Given an even number n, we consider the following n-by-n circulant matrix:

C =


0 1 0 . . . 1
1 0 1 . . . 0
. . . . . . . . . . . . . . .
0 . . . 1 0 1
1 . . . 0 1 0

 . (B.26)

The matrix C is precisely the adjacency matrix of the (unweighted) n-node cycle graph.
We introduce two types of embeddings for the matrix C.

B.2.1 Circulant unary embedding

Definition 4 (Circulant unary code). Given an integer j ∈ {1, . . . , n}, the circulant unary
coding of j, denoted by cj , is an n

2 -bit string defined as follows:

1. when j = 1, . . . , n/2, the first (j−1) bits of cj are 1’s and the remaining (n/2+1−j)
bits are 0’s;

2. when j = n/2 + 1, . . . , n, the codeword cj is the negation of cj−n/2.

In Table 9, we list the circulant unary code for integers 1 ≤ j ≤ 8.

Circulant unary code (n = 8)
Basis index Codeword Basis index Codeword
1 0000 5 1111
2 0001 6 1110
3 0011 7 1100
4 0111 8 1000

Table 9: 4-bit circulant unary code representing integers {1, 2, . . . , 8}.

The circulant unary embedding of the matrix C is an n
2 -qubit quantum operator with

the embedding subspace spanned by the circulant unary code, i.e., S = span{|c1⟩ , . . . , |cn⟩}.
It is easily verified that S is the ground-energy subspace of the following quantum operator:

Hpen
circ−unary = −

n/2−1∑
j=1

Zj+1Zj + Zn/2Z1. (B.27)

Example 3. For n = 8, the penalty Hamiltonian Hpen
circ−unary has 2 degenerate eigenspaces:

E0 = −2 : |0000⟩ , |0001⟩ , |0011⟩ , |0111⟩ , |1000⟩ , |1100⟩ , |1110⟩ , |1111⟩ , (B.28)
E1 = 2 : |0010⟩ , |0100⟩ , |0101⟩ , |0110⟩ , |1001⟩ , |1010⟩ , |1011⟩ , |1101⟩ , (B.29)

and the energy gap between the two eigenspaces is 4. In fact, for any n ≥ 4, the spectral
gap between the ground and the first-excited energy levels of Hpen

circ−unary is always 4.
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Proposition 14 (Circulant unary embedding). We define the following n
2 -qubit quantum

operator:

QC =
n/2∑
j=1

Xj . (B.30)

Then, the quantum operator

Hebd
C = gHpen

circ−unary +QC (B.31)

is an embedding of the circulant matrix C as in (B.26).

Proof. Observe that QC is the adjacency matrix of the (n/2)-dimensional hypercube,
containing edges between bitstrings with Hamming distance 1. Therefore, for any 1 ≤ k <
ℓ ≤ n,

⟨ck|Qc |cℓ⟩ =
{

1 if |k − ℓ| = 1,
0 otherwise.

(B.32)

B.2.2 Circulant antiferromagnetic embedding

Definition 5 (Circulant antiferromagnetic code). Given an integer j ∈ {1, . . . , n}, the
circulant antiferromagnetic coding of j, denoted by fj , is an n

2 -bit string defined as follows:

1. when j = 1, the first codeword f1 is the 0-1 alternating string starting with 0;

2. when j = 2, . . . , n/2, fj is generated by flipping the (j − 1)-th bit in the previous
codeword fj−1;

3. when j = n/2 + 1, . . . , n, the codeword fj is the negation of fj−n/2.

In Table 10, we list the circulant antiferromagnetic code for integers 1 ≤ j ≤ 8.

Circulant antiferromagnetic code (n = 8)
Basis index Codeword Basis index Codeword
1 1010 5 0101
2 1011 6 0100
3 1001 7 0110
4 1101 8 0010

Table 10: 4-bit circulant antiferromagnetic code representing integers {1, 2, . . . , 8}.

The circulant antiferromagnetic embedding of the matrix C is an n
2 -qubit quantum

operator with the embedding subspace spanned by the circulant antiferromagnetic code,
i.e., S = {|f1⟩ , . . . , |fn⟩}. It is easily verified that S is the ground-energy subspace of the
following quantum operator:

Hpen
circ−antiferro =

n/2−1∑
j=1

Zj+1Zj − (−1)n/2Zn/2Z1. (B.33)
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Example 4. For n = 8, the penalty Hamiltonian Hpen
circ−antiferro has 2 degenerate eigenspaces:

E0 = −2 : |0010⟩ , |0100⟩ , |0101⟩ , |0110⟩ , |1001⟩ , |1010⟩ , |1011⟩ , |1101⟩ , (B.34)
E1 = 2 : |0000⟩ , |0001⟩ , |0011⟩ , |0111⟩ , |1000⟩ , |1100⟩ , |1110⟩ , |1111⟩ , (B.35)

and the energy gap between the two eigenspaces is 4. In fact, for any n ≥ 4, the spectral
gap between the ground and the first-excited energy levels of Hpen

circ−antiferro is always 4.

Proposition 15 (Circulant antiferromagnetic embedding). We define the following n
2 -

qubit quantum operator:

QC =
n/2∑
j=1

Xj . (B.36)

Then, the quantum operator

Hebd
C = gHpen

circ−antiferro +QC (B.37)

is an embedding of the circulant matrix C as in (B.26).

Proof. Observe that QC is the adjacency matrix of the (n/2)-dimensional hypercube,
containing edges between bitstrings with Hamming distance 1. Therefore, for any 1 ≤ k <
ℓ ≤ n,

⟨fk|Qc |fℓ⟩ =
{

1 if |k − ℓ| = 1,
0 otherwise.

(B.38)

B.3 Arbitrary sparse matrices: one-hot embedding
For arbitrary Hermitian matrix H, the bandwidth of H could be huge even if it is sparse.
For such target matrices, the unary or antiferromagnetic embedding protocol will lead to a
Hamiltonian embedding with a high locality (depending on the bandwidth of H). In this
section, we introduce a new type of Hamiltonian embedding based on the one-hot code
that has a constant locality.

Definition 6 (One-hot code). Given an integer j ∈ {1, . . . , n}, the one-hot coding of j,
denoted by hj , is an n-bit string whose all but the j-th bit are 0’s.

In Table 11, we list the one-hot code for integers 1 ≤ j ≤ 8.

One-hot code (n = 8)
Basis index Codeword Basis index Codeword
1 00000001 5 00010000
2 00000010 6 00100000
3 00000100 7 01000000
4 00001000 8 10000000

Table 11: 8-bit antiferromagnetic code representing integers {1, 2, . . . , 8}.
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B.3.1 One-hot embedding with penalty

We remark that the edit distance between any two codewords in the one-hot code is 2.
This nice property allows us to embed any matrix element with a 2-local operator. Indeed,
for 1 ≤ j < k ≤ n, we find that

⟨hj | (Xk ⊗Xj) |hk⟩ = 1, ⟨hk| (Xk ⊗Xj) |hj⟩ = 1, (B.39)
⟨hj | (Xk ⊗ Yj) |hk⟩ = i, ⟨hk| (Xk ⊗ Yj) |hj⟩ = −i. (B.40)

Meanwhile, the matrix elements on the main diagonal of the target Hamiltonian can
be embedded into the number operator. For 1 ≤ j, k ≤ n, we observe that (note that the
number operator n̂j is defined in (B.6))

⟨hj | n̂j |hj⟩ =
{

0 (j ̸= k)
1 (j = k).

(B.41)

Denote S as the embedding subspace spanned by the one-hot code states. Unfortu-
nately, neither Xk ⊗ Xj nor Xk ⊗ Yj is block-diagonalized by S and S⊥. Therefore, we
need a penalty Hamiltonian in the full embedding Hamiltonian.

The one-hot code are n-bit strings with Hamming weight 1, so they span the (n− 2)-
eigenspace of the “sum-of-Z” operator:

Hpen
one−hot =

n∑
j=1

Zj . (B.42)

We also note that the one-hot code spans the ground-energy subspace of the following
operator:

Hpen
one−hot,g =

 n∑
j=1

n̂j − 1

2

. (B.43)

Example 5. For n = 3, the penalty HamiltonianHpen
one−hot has 4 eigenspaces that correspond

to computational basis with Hamming weight 3, 2, 1, 0, respectively:

E0 = −3 : |111⟩ , (B.44)
E1 = −1 : |011⟩ , |101⟩ , |110⟩ , (B.45)
E2 = 1 : |001⟩ , |010⟩ , |100⟩ , (B.46)
E3 = 3 : |000⟩ . (B.47)

Clearly, the one-hot code spans the 1-eigenspace. Meanwhile, the penalty Hamiltonian
Hpen

one−hot,g has 3 eigenspaces:

E0 = 0 : |011⟩ , |101⟩ , |110⟩ , (B.48)
E1 = 1 : |000⟩ , |011⟩ , |101⟩ , |110⟩ , (B.49)
E2 = 4 : |111⟩ , (B.50)

(B.51)

and the one-hot code spans the ground-energy subspace.
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Proposition 16 (One-hot embedding with penalty). Given an n-dimensional Hermitian
matrix A, we define the following n-qubit quantum operator:

QA =

 n∑
j=1

αjn̂j

+

 ∑
1≤j<k≤n

αj,kXk ⊗Xj + βj,kXk ⊗ Yj

 , (B.52)

where αj is the j-th diagonal entry of A, αj,k and βj,k are the real and imaginary part of
the (j, k)-th entry of A, respectively. Then, the 2-local quantum operator

Hebd
A = gHpen

one−hot +QA (B.53)

is an embedding of A.

Proof. For any j = 1, . . . , n,

⟨hj |Hebd
A |hj⟩ = ⟨hj |

 n∑
j=1

αjn̂j

 |hj⟩ = αj . (B.54)

For 1 ≤ ℓ < m ≤ n,

⟨hℓ|Hebd
A |hm⟩ = 1

2 ⟨hℓ|

 ∑
1≤j<k≤n

αj,k(Xk ⊗Xj) + βj,k(Xk ⊗ Yj)

 |hm⟩ (B.55)

= ⟨hℓ| (αℓ,m(Xm ⊗Xℓ + βℓ,m(Xm ⊗ Yℓ)) |hm⟩ (B.56)
= αℓ,m + βℓ,mi (B.57)

Thus, Hebd
A is an embedding of A.

B.3.2 Penalty-free one-hot embedding

The one-hot code allows one to design the perturbation Hamiltonian to be block-diagonal,
thereby eliminating the need for a penalty term. In physics, the one-hot code is known
as the single-excitation subspace, and the leakage can be fully eliminated by considering
excitation-preserving Hamiltonians. In the digital setting, this corresponds to excitation-
preserving gates, which often arise in simulations of fermionic systems [101].

There are two parameterized gates which are particularly relevant to the one-hot code.
The first is the fSim gate [102] which acts as a Pauli-X rotation in the {|01⟩ , |10⟩} subspace.
The other is the RBS gate [103, 104], which acts as a Pauli-Y rotation in the {|01⟩ , |10⟩}
subspace. For both of these gates, we can ignore the local phase in the {|00⟩ , |11⟩} subspace.
Based on these observations, we consider the following two Hamiltonians:

X̂ :=


0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0

 = 1
2(X ⊗X + Y ⊗ Y ) = |10⟩ ⟨01|+ |01⟩ ⟨10| , (B.58)

Ŷ :=


0 0 0 0
0 0 −i 0
0 i 0 0
0 0 0 0

 = 1
2(Y ⊗X −X ⊗ Y ) = i |10⟩ ⟨01| − i |01⟩ ⟨10| . (B.59)

Note that [X ⊗X,Y ⊗ Y ] = [X ⊗ Y, Y ⊗X] = 0, giving rise to a straightforward imple-
mentation of e−iX̂ and e−iŶ each using two parameterized two-qubit gates.
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In particular, the subspace spanned by the one-hot code is an invariant subspace of X̂
and Ŷ . That is, for 1 ≤ j < k ≤ n,

1
2 (Xk ⊗Xj + Yk ⊗ Yj) |hj⟩ = |hk⟩ ,

1
2 (Xk ⊗Xj + Yk ⊗ Yj) |hk⟩ = |hj⟩ , (B.60)

1
2 (Xk ⊗ Yj − Yk ⊗Xj) |hj⟩ = i |hk⟩ ,

1
2 (Xk ⊗Xj − Yk ⊗ Yj) |hk⟩ = −i |hj⟩ . (B.61)

Similar to the one-hot embedding with penalty, any matrix element is embedded with
a 2-local operator. Indeed, for 1 ≤ j < k ≤ n,

⟨hj |
(Xk ⊗Xj + Yk ⊗ Yj)

2 |hk⟩ = 1, ⟨hk|
(Xk ⊗Xj + Yk ⊗ Yj)

2 |hj⟩ = 1, (B.62)

⟨hj |
(Xk ⊗ Yj − Yk ⊗Xj)

2 |hk⟩ = i, ⟨hk|
(Xk ⊗ Yj − Yk ⊗Xj)

2 |hj⟩ = −i. (B.63)

Meanwhile, for 1 ≤ j, k ≤ n, we observe that

⟨hj |nj |hj⟩ =
{

0 (j ̸= k)
1 (j = k).

(B.64)

Proposition 17 (One-hot embedding without penalty). Given an n-dimensional Hermi-
tian matrix A, we define the following n-qubit quantum operator:

Hebd
A =

 n∑
j=1

αjn̂j

+ 1
2

 ∑
1≤j<k≤n

αj,k(Xk ⊗Xj + Yk ⊗ Yj) + βj,k(Xk ⊗ Yj − Yk ⊗Xj)

 ,
(B.65)

where αj is the j-th diagonal entry of A, αj,k and βj,k are the real and imaginary part
of the (j, k)-th entry of A, respectively. Then, the 2-local quantum operator Hebd

A is an
embedding of A.

Proof. For any j = 1, . . . , n,

⟨hj |Hebd
A |hj⟩ = ⟨hj |

 n∑
j=1

αjn̂j

 |hj⟩ = αj . (B.66)

For 1 ≤ ℓ < m ≤ n,

⟨hℓ|Hebd
A |hm⟩ = 1

2 ⟨hℓ|

 ∑
1≤j<k≤n

αj,k(Xk ⊗Xj + Yk ⊗ Yj) + βj,k(Xk ⊗ Yj − Yk ⊗Xj)

 |hm⟩

(B.67)

= 1
2 ⟨hℓ| (αℓ,m(Xm ⊗Xℓ + Ym ⊗ Yℓ) + βℓ,m(Xm ⊗ Yℓ − Ym ⊗Xℓ)) |hm⟩

(B.68)
= αℓ,m + βℓ,mi (B.69)

Since the encoding subspace for the one-hot code is an invariant subspace of Hebd
A , no

penalty Hamiltonian is needed. Thus, Hebd
A is an embedding of A.
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C Methodology of resource analysis
For each of the quantum simulation tasks considered, we formulate a target goal which
corresponds to simulating the Hamiltonian for some time T , typically depending on the
system size. We numerically compute an estimate of the resources (i.e. total gate count)
required to perform each target task using Hamiltonian embedding. In all of the resource
estimates considered, we do not consider any hardware specific error or additional overheads
that may come from error correction.

As a baseline, we consider the naive approach of computing the Pauli decomposition of
a Hamiltonian and performing simulation by Trotter-Suzuki product formulas. The Pauli
decomposition of a Hamiltonian implicitly assumes the use of standard binary encoding
to represent each computational basis state. The standard binary encoding is also the
typical approach used extensively in quantum algorithms (for example, in the commonly
used circuit for the quantum Fourier transform). When the system size N is not a power of
2, we start from the problem Hamiltonian to a larger one of dimension 2⌈lg N⌉×2⌈lg N⌉ and
remove any off-diagonal terms corresponding to edges between the target subgraph and
the unused component. When the problem Hamiltonian has nontrivial diagonal terms, we
additionally modify the diagonal terms to ensure a correct encoding of the desired problem
Hamiltonian.

For each task experimentally demonstrated on the IonQ processor, we compare the
estimated gate count of the standard binary encoding with other Hamiltonian embedding
schemes. For a fair comparison, we fix the same Hamiltonian simulation method (i.e. the
choice of product formula) and the desired precision across the different embedding meth-
ods. For the standard binary encoding, we use Qiskit [20] to compute the Pauli decompo-
sition of the (possibly modified) problem Hamiltonian and compile the circuit to one- and
two-qubit gates. In addition to optimizing the circuit using the Qiskit transpiler, we further
optimize the circuit using TKET [105]. The basis gate set is chosen to include parame-
terized single-qubit Pauli rotations and XX-rotation gates: {Rx(θ), Ry(θ), Rz(θ), Rxx(θ)}.
The additive Trotter error is estimated by Monte Carlo sampling. In all resource estimates
performed, we use binary search to numerically compute the Trotter number to achieve
error within ϵ = 5× 10−2. For reference, we also include theoretical estimates of the gate
count, computed using the worst-case Trotter error bound for the unary and one-hot em-
beddings [100, 34]. We fit the data to power laws to obtain estimates of the asymptotic
gate complexity.

For the experiments on QuEra, we do not perform a resource comparison between the
standard binary encoding and the use of Hamiltonian embedding for simulating real-space
dynamics. The programmability of analog quantum simulators naturally forbids the use
of dense encodings (such as the standard binary encoding and the Gray code) to simulate
the desired problem Hamiltonian directly. For the standard binary code, adjacent vertices
in the graph of the problem Hamiltonian may have Hamming distance larger than 1 (for
instance, bitstrings 0111 and 1000 representing 7 and 8, respectively). On the other hand,
the Gray code suffers from the issue of having unwanted interactions, even if the Hamming
distance is small (for instance, bitstrings 0111 and 1111 representing 7 and 15, respectively).
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D Quantum walk on graphs
Given a graph G = (V,E), the continuous-time quantum walk on the graph G is described
by the Schrödinger equation,

i
d
dt |ψ⟩ = L |ψ⟩ , (D.1)

where L is the graph Laplacian defined by:

(L)j,k =


0 (j, k) /∈ E
1 (j, k) ∈ E
− deg(j) j = k

(D.2)

In this section, we construct Hamiltonian embeddings of the graph Laplacian L for
several important families of graphs, including finite-dimensional lattices and trees.

D.1 Lattice graphs
In this section, we discuss the embedding of d-dimensional Lattice graphs with two types
of boundary conditions: the regular lattice graphs are grids with open boundaries, and
the periodic lattice graphs have periodic boundary conditions (i.e., torus-like shape). For
both types of graphs, the size of the graph Laplacian L scales exponentially in dimension
d. By leveraging a tensor-product decomposition of L, we construct 2-local Hamiltonian
embeddings of the graph Laplacian with O(d) qubits.

D.1.1 Regular lattice graphs

Definition 7 (Regular lattice graphs). Fix an integer N ≥ 1, the d-dimensional regular
lattice graph Greg = (Vreg, Ereg) has Nd vertices:

Vreg = {v = (v1, v2, . . . , vd) : v1, . . . , vd ∈ {1, . . . , N}}, (D.3)

and there is an edge between u and v if and only if their coordinates differ by 1 at a
single site. In other words, (u,v) ∈ Ereg if there exists an index k ∈ {1, . . . , d} such that
|vk − uk| = 1 and vj = uj for all j ̸= k.

Regular lattice graphs are sometimes referred to as grid graphs. The graph Laplacian
of the d-dimensional regular lattice graph is given by

Lreg =
d∑

k=1
I ⊗ · · · ⊗ Lchain︸ ︷︷ ︸

the k-th operator

⊗ · · · ⊗ I, (D.4)

where Lchain is the graph Laplacian of the 1D chain graph (with N nodes):

Lchain =


−1 1
1 −2 1
... ... ... ...

1 −2 1
1 −1

 (D.5)

From (D.4), it is clear that the graph Laplacian Lreg is the composition of d independent
copies of Lchain. Since the Laplacian of the 1D chain graph is a tridiagonal matrix, we can
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use an embedding scheme in Appendix B.1 or the one-hot embedding8 (see Appendix B.3)
to construct an embedding of Lchain.

1. Unary embedding of Lchain:

Hpen = −
N−2∑
j=1

Zj+1Zj + Z1 − ZN−1, Q = (−I − n̂1 + n̂N−1) +
N−1∑
j=1

Xj .

2. Antiferromagnetic embedding of Lchain:

Hpen =
N−2∑
j=1

Zj+1Zj+Z1+(−1)N−1ZN−1, Q = −2(N−1)I−n̂1+(−1)N n̂N−1+
N−1∑
j=1

Xj .

3. One-hot embedding of Lchain (with penalty):

Hpen =

 N∑
j=1

n̂j − 1

2

, Q =

−n̂1 − n̂N − 2
N−1∑
j=2

n̂j

+
N−1∑
j=1

Xj+1Xj .

4. Penalty-free one-hot embedding of Lchain:

Hebd =

−n̂1 − n̂N − 2
N−1∑
j=2

n̂j

+
N−1∑
j=1

(Xj+1Xj + Yj+1Yj) .

Next, we use Lemma 6 to construct an embedding of Lreg using d independent embed-
dings of Lchain. In Table 12, we summarize the resources required in different Hamiltonian
embeddings of Lreg.

Embedding scheme # of qubits # of 2-local operators Max. weight
Unary d(N − 1) d(N − 2) 2
Antiferromagnetic d(N − 1) d(N − 2) 2
One-hot w/ penalty dN d(N − 1)(N + 2)/2 2
Penalty-free one-hot dN 2d(N − 1) 2

Table 12: Resource count for various Hamiltonian embeddings of Lreg.

D.1.2 Periodic lattice graphs

Definition 8 (Periodic lattice graphs). Fix an integer N ≥ 1, the d-dimensional periodic
lattice graph Gprd = (Vprd, Eprd) has Nd vertices:

Vprd = {v = (v1, v2, . . . , vd) : v1, . . . , vd ∈ ZN}, (D.6)

and there is an edge between u and v if and only if there exists and index k ∈ {1, . . . , d}
such that vk = uk ± 1 and vj = uj for all j ̸= k.

8It is worth noting that we must use the penalty Hamiltonian defined in (B.43) because Lemma 6
requires the embedding subspace to be the ground-energy subspace of Hpen.
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The graph Laplacian of the d-dimensional periodic lattice graph is given by

Lprd =
d∑

k=1
I ⊗ · · · ⊗ Lcycle︸ ︷︷ ︸

the k-th operator

⊗ · · · ⊗ I, (D.7)

where Lcycle is the graph Laplacian of the 1D cycle graph (with N nodes):

Lcycle =


−2 1 1
1 −2 1
... ... ... ...

1 −2 1
1 1 −2

 (D.8)

Similarly, the graph Laplacian Lprd is the composition of d independent copies of Lcycle.
We observe that Lcycle is a tridiagonal circulant matrix, so we can use an embedding scheme
in Appendix B.2 or the one-hot embedding to construct an embedding of Lcycle. Note that
we omit the −2 global phase in the following embeddings.

1. Circulant unary embedding of Lcycle (N must be an even number):

Hpen = −
N/2−1∑

j=1
Zj+1Zj + ZN/2Z1, Q =

N/2∑
j=1

Xj .

2. Circulant antiferromagnetic embedding of Lcycle (N must be an even number):

Hpen =
N/2−1∑

j=1
Zj+1Zj − (−1)N/2ZN/2Z1, Q =

N/2∑
j=1

Xj .

3. One-hot embedding of Lcycle (with penalty, N can be even or odd):

Hpen =

 N∑
j=1

n̂j − 1

2

, Q =
N−1∑
j=1

Xj+1Xj +XNX1.

4. Penalty-free one-hot embedding of Lcycle:

Hebd =
N−1∑
j=1

(Xj+1Xj + Yj+1Yj) +XNX1 + YNY1.

An embedding of Lprd can be obtained by Lemma 6. In Table 13, we summarize the
resources required in different Hamiltonian embeddings of Lprd.

D.1.3 Experiments on IonQ

We conduct experiments for quantum walk on both the 1D chain and 1D cycle graphs on
the IonQ Aria-1 processor.

For both the 1D chain and 1D cycle, we demonstrate quantum walk on N = 15 vertices
with the penalty-free one-hot embedding. The initial state is taken to be the middle vertex
in the case of the regular lattice, prepared using a single one-qubit gate. Due to symmetry,
the choice of the vertex does not matter for quantum walk on a periodic lattice. The

Accepted in Quantum 2025-08-22, click title to verify. Published under CC-BY 4.0. 50



Embedding scheme # of qubits # of 2-local operators Max. weight
Circ-Unary dN/2 dN/2 2
Circ-Antiferromagnetic dN/2 dN/2 2
One-hot w/ penalty dN dN(N + 1)/2 2
Penalty-free one-hot dN 2dN 2

Table 13: Resource count for various Hamiltonian embeddings of Lprd.

maximum evolution time is taken to be T = 4.0 with r = 5 Trotter steps using the
randomized first-order Trotter-Suzuki formula. The two-qubit gate counts correspond to
the number of 2-local operators, as shown in Table 12. For each circuit, the two-qubit gate
counts are 140 and 150 for the 1D chain and 1D cycle, respectively.

For the experimental demonstrations of quantum walk on lattices, we adopt the defi-
nition of continuous time quantum walk using the adjacency matrix of the graph, rather
than the graph Laplacian. The choice of using the adjacency matrix is merely for simplic-
ity, as it avoids introducing additional Pauli-Z rotations. Since the lattice graph without
periodic boundary conditions is not a regular graph, this gives rise to different dynamics.
For the periodic lattice, the adjacency matrix differs from the Laplacian by a constant, so
the dynamics are equivalent.

In panels A, B, D, and E of Figure 5, we show experimental results simulating quan-
tum walk on the 1D chain and cycle, each with 15 vertices. Due to the initial state, the
dynamics are qualitatively similar between the chain and lattice. Experimentally, we ob-
serve the expected propagation distance increases linearly with time, closely matching the
numerically predicted result.

Quantum walk on 1D chain (numerical) Quantum walk on 1D chain (IonQ) Quantum walk on 1D chain

Quantum walk on 1D cycle (numerical) Quantum walk on 1D cycle (IonQ) Quantum walk on 1D cycle

A B C

D E F

Figure 5: Quantum walk on 1-dimensional regular lattice graph (chain) and periodic lattice graph
(cycle) of order N = 15.
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D.1.4 Resource analysis

We conduct a resource comparison between the standard binary code and Hamiltonian
embedding to perform quantum walk on one-dimensional lattice graphs. We assume the
initial state is the first vertex v1 on the chain or cycle and define the task as follows.

We define the expected propagation distance observable as

Oprop =
N∑

j=1
d(v1, vj) |vj⟩ ⟨vj | , (D.9)

where d(v1, vj) is the distance between v1 and vj in the graph, and |vj⟩ denotes the encoded
state for vertex vj . The task is then to evolve the system for time TN such that the
propagation distance is at least N/4, i.e.

TN = min
t>0
{t | ⟨ψ(t)|Oprop |ψ(t)⟩ > N/4} , (D.10)

where |ψ(t)⟩ is the wave function at time t as defined in (D.1). In panels C and F of
Figure 5, we show estimates of the total gate count required to simulate quantum walk on
regular and periodic lattice graphs of order N for evolution time TN using standard binary
and the penalty-free one-hot embedding. As in the experiments, we use the randomized
first-order Trotter formula to simulate the Hamiltonian. In both cases, the empirical data
suggests that the penalty-free one-hot embedding has better constant factors as well as
slightly better asymptotic scaling.

D.2 Binary tree and glued trees graph
A binary tree is a graph in which each node has at most two children. A glued trees graph
consists of two copies of binary trees in which leaf nodes are “glued” together randomly to
form a cycle. Binary tree and the glued trees graph are important structures in computer
science. In particular, the glued trees graph is of significant theoretical interest because
the problem of traversing the graph has been shown to exhibit an exponential separation
between classical and quantum algorithms [68]. In this section, we discuss the embedding
of perfect binary trees and glued trees graphs.

AA B

Figure 6: A. A height-2 perfect binary tree. B. A glued trees graph consisting of two height-2 binary
trees.
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D.2.1 Binary tree

A perfect height-h binary tree has 2h+1 − 1 nodes. In Figure 6A, we illustrate a binary
tree of height 2. The adjacency matrix of this tree is of dimension 7,

Atree =



1 1
1 1 1
1 1 1

1
1

1
1


(D.11)

The adjacency matrix Atree does not have a band or circulant structure. We use the one-
hot embedding (see Appendix B.3) to construct an embedding of Atree. To simplify the no-
tation, we define the set of edges of the binary treeEtree = {(1, 2), (1, 3), (2, 4), (2, 5), (3, 6), (3, 7)}.

1. One-hot embedding (with penalty) of Atree: Hpen = ∑7
j=1 Zj , Q = ∑

(j,k)∈E XjXk.

2. Penalty-free one-hot embedding of Atree: Hebd = 1
2

(∑
(j,k)∈E XjXk + YjYk

)
.

In Table 14, we summarize the resources required in different Hamiltonian embeddings
of Atree.

Embedding scheme # of qubits # of 2-local operators Max. weight
One-hot w/ penalty 2h+1 − 1 2h+1 − 2 2
Penalty-free one-hot 2h+1 − 1 2h+2 − 4 2

Table 14: Resource count for one-hot embeddings of height-h binary trees.

D.2.2 Glued trees graph

In Figure 6B, we show a 6-level glued trees graph (consisting of 2 height-2 binary trees).

The adjacency matrix of the glued trees graph is Aglued =
[
Atree W
W † Atree

]
, where W is a

7-by-7 matrix representing the connectivity pattern between the two trees,

W =


1 1
1 1

1 1
1 1


Since the full adjacency matrix Aglued is a 14-by-14 sparse matrix, we can construct

Hamiltonian embeddings of Aglued using one-hot embedding. In the standard one-hot
embedding (with penalty), we need to use 14 qubits and 20 two-qubit operators (all XX
rotations). In the penalty-free one-hot embedding, we need 14 qubits and 40 two-qubit
operators (20 XX plus 20 Y Y rotations).
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D.2.3 Experiments on IonQ

We experimentally demonstrate quantum walk on the binary tree and glued trees graph
using the IonQ Aria-1 processor. In both cases, we use the penalty-free one-hot embedding
and we choose to embed the adjacency matrix rather than the Laplacian. This choice
of Hamiltonian avoids the need for additional Pauli-Z rotations required to embed the
diagonal terms of the Laplacian. In both cases, we demonstrate traversal through the
graphs by choosing the initial state to be the root node (in the case of the binary tree) or
the entrance node (in the case of the glued trees graph).

The binary tree is chosen to be a perfect binary tree with height 3, i.e. N = 15 nodes.
The maximum evolution time is T = 3.0 with r = 6 Trotter steps. Each circuit consists
of 168 two-qubit gates and a single one-qubit gate for preparing the root node state. In
Figure 7A, we plot the propagation of the wavefunction across the levels of the binary tree,
starting from the root (denoted as level 1).

For quantum walk on the glued trees graph, we use two binary trees each of height 2,
resulting in a 14-node glued trees graph as shown in Figure 6. The maximum evolution
time is taken to be T = 2.0 with r = 4 Trotter steps. Each circuit consists of 120 two-qubit
gates and a single one-qubit gate for preparing the entrance node state. In both cases, we
use the randomized first-order Trotter-Suzuki formula to simulate the Hamiltonian.

Quantum walk on binary tree (numerical)

Quantum walk on binary tree (IonQ)

Quantum walk on binary treeA B

Figure 7: Quantum walk on a binary tree of height 3. A. Heatmap of the quantum walk evolution
(clustered on each layer of the binary tree). B. Estimated total gate count for quantum walk on binary
trees with N nodes. For standard binary, we estimate the gate count for all integers N ranging from 3
to 63, but only a selection of points are plotted for visualization.

D.2.4 Resource analysis

In this section, we perform a resource analysis for the task of traversing the binary tree
and glued trees graph.

For the binary tree, we are interested in the propagation Oprop defined in exactly the
same manner as in Appendix D.1.4. Here, we set the target distance to be equal to half of
the height of the binary tree, so that

TN = min
t>0

{
t | ⟨ψ(t)|Oprop |ψ(t)⟩ > ⌊lgN⌋2

}
. (D.12)
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For the glued tree, we are primarily interested in the traversal from the entrance node
to the exit node, which we define as follows. Let Gh be a glued trees graph with 2(h+ 1)
layers (h being the height of each of the binary trees), and let Ah be the adjacency matrix.
As defined in [68], let |col j⟩ be the uniform superposition over vertices in the j-th layer,
i.e.

|col j⟩ = 1√
Nj

∑
a∈layer j

|a⟩ , (D.13)

where

Nj =
{

2j 0 ≤ j ≤ h,
22h+1−j h+ 1 ≤ j ≤ 2h+ 1.

(D.14)

for j = 0, 1, . . . , 2h+ 1. For a constant s ∈ (0, 1), let Th,s be the evolution time needed for
the probability on the exit node to be at least s, i.e.,

Th,s = min
t>0

{
t :
∣∣∣⟨col 0| e−itAh |col 2h+ 1⟩

∣∣∣2 ≥ s} , (D.15)

where the initial state is the entrance node |col 0⟩.
In Figure 7B, we show estimated total gate counts for quantum walk on the binary

tree and glued trees graphs. The target evolution time is set to Th,s with s = 0.4. As
in the experimental demonstrations, we use the randomized first-order product formula to
simulate the Hamiltonian. Empirical estimates suggest that one-hot embedding requires
significantly fewer gates than the standard binary code, with a slightly better asymptotic
scaling.

E Spatial search on regular lattices
The spatial search problem is to find a marked item in a structured database. Precisely,
given an unweighted graph G = (V, E) without self loops, and an oracle function f : V →
{0, 1} that returns 1 if the input vertex x is marked and 0 otherwise. For simplicity, we
assume there is only one marked vertex v, and the oracle function f is given by

f(x) =
{

0 (x ̸= v)
1 (x = v).

(E.1)

The spatial search problem requires finding the marked vertex v by querying the oracle f .
While no classical algorithms can do better than exhaustive search, quantum algo-

rithms can provide speedups for this problem [106, 80, 107]. Childs and Goldstone [80]
proposed a quantum search algorithm by continuous-time quantum walk, which demon-
strates quantum speedups for spatial search on various graphs. This quantum algorithm
is formulated as a continuous-time quantum walk:

Hsearch = −γL−Hv, (E.2)

where L is the graph Laplacian of G (for details, see Appendix D), and the oracle Hamil-
tonian is defined as

Hv = |v⟩ ⟨v| . (E.3)

The parameter γ > 0 is chosen to minimize the spectral gap of H.
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To simulate the Hamiltonian Hsearch on quantum computers, we need to build a Hamil-
tonian embedding for it. In this section, we consider the spatial search problem on a d-
dimensional regular lattice graph, whose graph Laplacian Lreg in can be embedded using
a Hamiltonian embedding scheme proposed in Appendix D.1.1. In what follows, we focus
on the embedding of the oracle Hamiltonian Hv.

E.1 Embedding of the oracle Hamiltonian
We exemplify the embedding of the oracle Hamiltonian Hv using the unary embedding
scheme. The same idea can be readily generalized to antiferromagnetic embedding and
one-hot embedding.

First, we discuss how to embed the oracle Hamiltonian for a 1D chain graph with N
vertices {v1, . . . , vN}:

1. If the marked vertex is v1, the unary codeword for v1 is the (N−1)-bit all-zero string
|0 . . . 0⟩. This is the only unary codeword with the first bit 0, so we can construct an
embedding of Hv1 by marking the first qubit: Hebd

v1 = I − n̂1.

2. Similarly, if the marked vertex is vN , the unary codeword for vN is the (N − 1)-bit
all-one string |1 . . . 1⟩. This is the only unary codeword with the last bit 1, so we can
construct an embedding of Hv1 by marking the last qubit: Hebd

vN
= n̂N−1.

3. If the marked vertex is among {v2, . . . , vN−1}, i.e., in the interior of the chain, we can
distinguish this vertex from others by its (N − 1)-th and N -th bits. In particular, vj

is the only unary codeword whose (N − 1)-th bit is 1 and N -th bit is 0. Therefore,
we can construct an embedding of Hvj by marking its (N − 1)-th and N -th bits:
Hebd

vj
= (I − n̂j)⊗ n̂j−1.

In summary, the oracle Hamiltonian for the spatial search on the 1D chain is at most
2-local. Based on the embedding of the oracle Hamiltonian for 1D chain, we can construct
embeddings of the oracle Hamiltonian for any d-dimensional regular lattice:

Hebd
x = Hebd

x1 ⊗H
ebd
x2 ⊗ · · · ⊗H

ebd
xd

, (E.4)

where the vertex x = (x1, . . . , xd), each xk ∈ {v1, . . . , vN}, and we define

Hebd
xk

=


I − n̂1 (xk = v1)
n̂N−1 (xk = vN )
(I − n̂j)⊗ n̂j−1 (xk = vj)

(E.5)

It turns out that the embedding of the oracle Hamiltonian Hx is at least d-local and
at most 2d-local.

Remark 3. Similar ideas can be used to mark vertices on the edge and interior of a 2D
lattice graph. However, we need a 3- or 4-tensor operator to realize the oracle Hamiltonian
because we need 3 qubits to unambiguously distinguish an edge vertex, and 4 qubits
for an interior vertex. For example, on a 4-by-4 lattice, the operator that marks the
vertex v = (2, 4) is H ′ = n̂1n̂2n̂6, and the operator that marks the vertex v = (3, 3) is
H ′ = (I − n̂2)(I − n̂3)(I − n̂5)(I − n̂6).
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Node 1 2 3 4 5 6
Code word g1 = 010 g2 = 110 g3 = 100 g4 = 101 g5 = 001 g6 = 011

Table 15: Code words for the 4-node cycle graph.

Generalization to periodic lattices. Similarly, a marked vertex on the periodic lattice
can be perfectly distinguished by a few bits. Consider the codewords for the cycle graph
CW-cycle(n) with n = 3, we have: There are no “endpoints” on the cycle graph, and each
vertex codeword is distinguished from the others by exactly 2 bits. For example, g1 is the
only codeword with the first and last bit being 0, and g2 is the only codeword with the
first and second bit being 1, etc. This implies that we need a 4-tensor to encode the oracle
Hamiltonian Hv for any vertex v on the 2D periodic lattice. Again, such operators can
not be engineered on neutral-atom quantum computers.

E.2 Experiments on IonQ
E.2.1 Experiment setup

We perform experimental demonstrations of spatial search by continuous time quantum
walk using Hamiltonian embedding. We present two spatial search experiments: the first
being on a 4×4 regular lattice with the unary embedding, and the second being on a 5×5
regular lattice with the penalty-free one-hot embedding.

The algorithm for spatial search by continuous time quantum walk requires the initial
state to be in a uniform superposition. For the standard binary encoding, this is triv-
ially done using a layer of Hadamard gates. However, initial state preparation becomes
nontrivial when considering alternate encodings such as unary and one-hot.

We design state preparation circuits for both the unary and one-hot codes. In Algo-
rithm 2 and Algorithm 3, we show the construction of state preparation circuits for the
unary and one-hot encodings, assuming real-valued amplitudes. The idea behind these cir-
cuits is to start from the first encoded state and sequentially rotate probability amplitude
using two-qubit gates on consecutive qubits. In the case of complex-valued amplitudes,
one may introduce local phases by an additional sequence of diagonal gates, such as single
Z rotations or ZZ rotations.

Algorithm 2: 1D state preparation with unary encoding
Input: Real amplitudes a1, . . . , an+1, input state |00 . . . 0⟩
Output: Quantum state ∑n+1

k=1 ak |wk⟩
1 Apply Ry(2 arccos(a1)) to qubit 1.
2 for k = 1, . . . , n do
3 Let αk+1 = ak+1

(∑n+1
j=k+1 |aj |2

)−1/2
.

4 Apply Ry (2 arccos(αk+1)) to qubit k + 1 controlled on qubit k.

We note that a version of the state preparation circuit for the one-hot code has appeared
in [104], referred to as a “diagonal unary loader” in the context of quantum neural networks.
For the one-hot code specifically, the circuit can additionally be parallelized to achieve
O(logn) circuit depth. In practice, we implement the parallel version involving the partial
swap gate by using two arbitrary-angle MS gates, resulting in fewer gates.

For both the unary and one-hot embeddings, we mark the corner vertex x = (N, 1)
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Algorithm 3: 1D state preparation with one-hot encoding, sequential version
Input: Real amplitudes a1, . . . , an, input state |10 . . . 0⟩
Output: Quantum state ∑n

k=1 ak |wk⟩
1 Apply Ry(2 arccos(a1)) to qubit 2.
2 Apply CNOT to qubit 1 controlled on qubit 2.
3 for k = 1, . . . , n− 1 do
4 Let αk+1 = ak+1

(∑n
j=k+1 |aj |2

)−1/2
.

5 Apply Ry (2 arccos(αk+1)) to qubit k + 1 controlled on qubit k.
6 Apply CNOT to qubit k controlled on qubit k + 1.

when constructing the embedding of the oracle Hamiltonian. This results in a single
n̂N−1 ⊗ (I − n̂1) term for the unary embedding and a n̂N ⊗ n̂1 term for the one-hot
embedding.

For spatial search with the unary embedding, we set N = 4, for a total of 6 qubits. For
the unary embedding, the embedding Hamiltonian is given by

Hebd
unary = −γHebd

L −Hebd
x + gHpen, (E.6)

where Hebd
L and Hebd

x are embeddings of the graph Laplacian and oracle Hamiltonian,
respectively, and Hpen is the penalty Hamiltonian for the unary embedding. For the real-
machine experiment, we set the penalty parameter to g = 2. The embedding Hamiltonian
consists of two-qubit ZZ terms, as well as additional single-qubit X and Z terms.

For the one-hot embedding, the embedding Hamiltonian is given by

Hebd
one−hot = −γHebd

L −Hebd
x , (E.7)

where Hebd
L and Hebd

x are embeddings of the graph Laplacian and oracle Hamiltonian. No
penalty term is needed due to the use of the penalty-free embedding. Here, the embedding
Hamiltonian consists of two-qubit XX, Y Y , and ZZ terms as well as additional single-
qubit Z terms to encode the diagonal entries of the graph Laplacian.

In both cases, we simulate the Hamiltonian using the second-order Trotter-Suzuki for-
mula. For spatial search on a 4×4 lattice with the unary encoding, we perform simulation
for unitless time up to T ≈ 4.894 with r = 12 Trotter steps. The largest resulting cir-
cuit consists of 6 qubits, 116 one-qubit gates, and 112 two-qubit gates. For the 5 × 5
lattice with the penalty-free one-hot embedding, we perform simulation for unitless time
T ≈ 6.569 with r = 5 Trotter steps. Each circuit consists of 10 qubits, 22 one-qubit gates
and 181 two-qubit gates. The evolution times are chosen to achieve a desired threshold
success probability and is described in more detail in Appendix E.2.2 as part of the resource
analysis.

E.2.2 Resource analysis

We conduct a resource analysis comparing the standard binary encoding with the unary
and penalty-free one-hot embeddings. In all cases, we consider spatial search on a d-
dimensional lattice with N vertices along each axis. Starting from a uniform initial state,
we define the success probability to be | ⟨ψ(t)|v⟩ |2. The spatial search task is to evolve the
initial state according to the Hamiltonian Hsearch for time

Tp = min
t>0
{t : | ⟨ψ(t)|v⟩ |2 ≥ p}, (E.8)
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such that the success probability is at least p. Note that for dimension d = 2, the success
probability is bounded by O((log(N)/N)2) [80], so we choose p = 4(log(N)/N)2. For
reference, Tp ≈ 4.89 for N = 4 and Tp ≈ 6.57 for N = 5. The parameter γ is numerically
computed by minimizing the spectral gap using the Nelder-Mead method.

For the standard binary encoding, we start with the spatial search Hamiltonian for
2⌈lg N⌉ vertices, where N is the desired number of vertices along a single axis and d is the
dimension of the lattice. To properly encode the Laplacian of the d-dimensional lattice
with Nd vertices, we isolate the subgraph with Nd vertices, removing all off-diagonal terms
that contribute to interactions between the subgraph and the remaining component of the
graph. The diagonal terms of the target submatrix are modified to match the spatial
search Hamiltonian. This procedure helps preserve the tensor product structure of the
target Hamiltonian.

For the unary embedding, we choose the penalty parameter g = γndTp, where γ is the
parameter for the oracle Hamiltonian. This choice of penalty parameter yields a unitary
fidelity of over 0.99 for all system sizes tested. Here, we define the unitary fidelity restricted
to the encoding subspace by

f = 1
Nd

∥∥∥tr [U †
search(PSUebdPS)

]∥∥∥ , (E.9)

where Usearch and Uebd are the evolution operators for Hsearch and Hebd, respectively.
For both the unary and one-hot embedding, we apply the second-order Trotter-Suzuki

product formula and use Monte Carlo sampling to evaluate the additive Trotter error.
In Figure 3B we show the estimated gate counts for performing spatial search on N×N

lattices. The marked vertex is x = (N, 1), so the embedded oracle Hamiltonian is n̂N−1 ⊗
(I − n̂1). We test system sizes up to N = 11 for standard binary and up to N = 6 for the
unary and penalty-free one-hot embeddings. While the unary embedding requires fewer
gates empirically than standard binary for the system sizes tested, the asymptotic scaling is
slightly worse. On the other hand, the penalty-free one-hot embedding shows a significant
advantage both in the empirically estimated gate counts and the asympotic scaling.

We additionally show resource estimates on 3D lattices in Figure 8. In this case, the
marked vertex is set to x = (N,N,N), resulting in the embedded oracle Hamiltonian to be
n̂N ⊗ n̂N ⊗ n̂N . We observe advantages for the unary and penalty-free one-hot embeddings
in both the constant factor and asymptotic scaling, according to the empirical estimates.

F Simulating quantum dynamics in the real space
In this section, we consider the simulation of quantum dynamics in the real space. The
quantum dynamics is described by the Schrödinger equation over Rd:

i
∂

∂t
Ψ =

[
−1

2∇
2 + f(x)

]
Ψ(t, x), (F.1)

where Ψ(t, x) : [0, T ] × Rd → C is the quantum wave function. The Schrödinger equation
is subject to an initial condition Ψ(0, x) = Ψ0(x).
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Figure 8: Estimated total gate count for spatial search on 3D lattice.

F.1 Experiments on IonQ
F.1.1 Problem formulation

Lemma 18. Consider the 1D Schrödinger equation with quadratic potential field (a > 0):

i
∂

∂t
Ψ(t, x) =

[
−1

2
∂2

∂x2 +
(1

2ax
2 + bx

)]
Ψ(t, x), (F.2)

subject to a Gaussian initial state

Ψ(0, x) =
( 1

2πσ2

)1/4
e− x2

4σ2 . (F.3)

Then, the expectation value of the position observable x̂ is given by

⟨x̂⟩t = b

a

(
cos
(√
at
)
− 1

)
. (F.4)

Proof. Since the potential field is quadratic, we invoke the Ehrenfest theorem to obtain
the following Hamilton’s equation for ⟨x̂⟩t and ⟨p̂⟩t:

d
dt⟨x̂⟩t = ⟨p̂⟩t, (F.5)
d
dt⟨p̂⟩t = −⟨f⟩t = −a⟨x̂⟩t − b, (F.6)

where the initial data are given by

⟨x̂⟩0 = ⟨p̂⟩0 = 0. (F.7)

Therefore, the closed-form formula of ⟨x̂⟩t is obtained by solving the system of ODEs.
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F.1.2 Fock space truncation method

We can rewrite the real-space Schrödinger operator using the position operator x̂ and the
momentum operator p̂ = −i ∂

∂x :

H = 1
2

d∑
j=1

p̂2
j + f(x̂1, . . . , x̂d). (F.8)

We define two operators:

â = 1√
2

(ip̂+ x̂), â† = 1√
2

(−ip̂+ x̂). (F.9)

The operator â† is the raising/creation operator, and â is the lowering/annihilation oper-
ator. They are infinite-dimensional quantum operators with eigenstates being the number
basis (corresponding to the eigenstates of quantum harmonic oscillators):

â |0⟩ = 0, â |n⟩ =
√
n |n− 1⟩ (for n ≥ 1), (F.10)

â† |n⟩ =
√
n+ 1 |n+ 1⟩ (for n ≥ 0). (F.11)

We can express the creation and annihilation operators in the standard matrix form,

â† =


0
1 0√

2 0√
3 0

... ...

 , â =


0 1

0
√

2
0
√

3
0 2
... ...

 . (F.12)

Using the ladder operators, we can rewrite the position and momentum operators:

x̂ = 1√
2

(
â† + â

)
, p̂ = i√

2

(
â† − â

)
. (F.13)

In the matrix form, the two operators are infinite-dimensional tri-diagonal matrices.

x̂ = 1√
2

∞∑
j=0

√
j + 1 (|j⟩ ⟨j + 1|+ |j + 1⟩ ⟨j|) , (F.14)

p̂ = i√
2

∞∑
j=0

√
j + 1 (− |j⟩ ⟨j + 1|+ |j + 1⟩ ⟨j|) . (F.15)

Similarly, we can compute the quadratic operators:

p̂2 = 1
2

∞∑
j=0

(2j + 1) |j⟩ ⟨j| − 1
2

∞∑
j=0

√
(j + 1)(j + 2) (|j⟩ ⟨j + 2|+ |j + 2⟩ ⟨j|) , (F.16)

x̂2 = 1
2

∞∑
j=0

(2j + 1) |j⟩ ⟨j|+ 1
2

∞∑
j=0

√
(j + 1)(j + 2) (|j⟩ ⟨j + 2|+ |j + 2⟩ ⟨j|) , (F.17)

which are infinite-dimensional matrices with bandwidth 2.

To simulate the real-space quantum operator (F.8) on a quantum computer, we need to
truncate the Fock space (spanned by the number basis) up to finite dimension N . Then, we
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can construct Hamiltonian embeddings of the truncated quantum operator for real-machine
implementation.

By truncating Fock space up to N levels, we have the truncated operators,

x̂ = 1√
2

N−2∑
j=0

√
j + 1 (|j⟩ ⟨j + 1|+ |j + 1⟩ ⟨j|) , (F.18)

p̂2 = 1
2

N−1∑
j=0

(2j + 1) |j⟩ ⟨j| − 1
2

N−3∑
j=0

√
(j + 1)(j + 2) (|j⟩ ⟨j + 2|+ |j + 2⟩ ⟨j|) , (F.19)

x̂2 = 1
2

N−1∑
j=0

(2j + 1) |j⟩ ⟨j|+ 1
2

N−3∑
j=0

√
(j + 1)(j + 2) (|j⟩ ⟨j + 2|+ |j + 2⟩ ⟨j|) . (F.20)

Therefore, if we use the unary embedding, the encoding Hamiltonians are (N−1)-qubit
operators:

Qunary
x̂ = 1√

2

N−1∑
j=1

√
jXj , (F.21)

Qunary
p̂2 =

N−1∑
j=1

n̂j −
1
2

N−2∑
j=1

√
j(j + 1)Xj+1Xj , (F.22)

Qunary
x̂2 =

N−1∑
j=1

n̂j + 1
2

N−2∑
j=1

√
j(j + 1)Xj+1Xj . (F.23)

It is worth noting that we already discard the global phase in the embedding operators.
Similarly, if we choose the one-hot embedding, the encoding Hamiltonians are N -qubit

operators:

Qone−hot
x̂ = 1√

2

N−1∑
j=1

√
jXj+1Xj , (F.24)

Qone−hot
p̂2 =

N∑
j=1

(j − 1
2)n̂j −

1
2

N−2∑
j=1

√
j(j + 1)(Xj+2Xj + Yj+2Yj)

2 , (F.25)

Qone−hot
x̂2 =

N∑
j=1

(j − 1
2)n̂j + 1

2

N−2∑
j=1

√
j(j + 1)(Xj+2Xj + Yj+2Yj)

2 . (F.26)

Again, the global phase is discarded.
With these embedding operators, we can use the rules in Appendix A.2 to construct

an embedding of the real-space Schrödinger operator with a quadratic potential field.
To simulate the N -level truncated Hamiltonian, we require a large penalty coefficient

g. With a large g, the norm of the embedding Hamiltonian becomes so huge that the
standard product formula requires a significant number of Trotter steps that is infeasible
for near-term devices. To address this issue, we transform the embedding operators to
the interaction picture and use the quantum simulation algorithm qDRIFT (for details, see
Appendix A.3.3).

F.1.3 Experiment setup and result

We perform experiments of the Schrödinger equation in one-dimensional real space using
the IonQ Aria-1 processor. We use the penalty-free one-hot embedding to simulate the
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real-space Schrödinger equation with quadratic potential f(x) = x2− 1
2x. The embedding

Hamiltonian is then given by

Hreal−space = 1
2Q

one−hot
p̂2 − 1

2Q
one−hot
x̂2 + 1

2Q
one−hot
x̂ , (F.27)

as described in Appendix F.1.2.
We truncate the Hamiltonian to N = 5 levels, corresponding to 5 qubits using the one-

hot embedding. The initial state is the first encoded state of the one-hot code, prepared
using a single X rotation gate. We perform quantum simulation using the randomized
first-order Trotter-Suzuki formula for evolution times up to T = 5 with r = 11 Trotter
steps. For each circuit, the total gate count is 154 two-qubit gates in addition to a single
one-qubit gate for preparing the initial state. To compute the expected position observable
x̂, we measure in x-basis using 1500 shots. For computing the expected kinetic energy 1

2 p̂
2,

we also measure in the computational basis using 500 shots.
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2〈p̂2〉t

Experiment on IonQ (one-hot embedding)

Figure 9: Expectation value of kinetic energy 1
2 p̂

2 depicted as a function of evolution time t. The
violet curve denotes the analytically computed expected kinetic energy with squares drawn at the same
evolution times as the experiment data for comparison. Blue dots denote experimental results obtained
from the IonQ Aria-1 processor using 1500 shots for x-basis measurements and 500 shots for z-basis
measurements for each data point. Error bars denote standard error.

In Figure 4C, we plot the expected value of the position observable. In violet, we plot
the closed form solution, given by ⟨x̂⟩t = 1

4(1 − cos
(√

2t
)
). In blue, we plot the real-

machine data obtained from the IonQ processor. The experimentally observed values show
a sinusoidal trend consistent with the analytically predicted values.

In addition, we present the expected kinetic energy 1
2⟨p

2⟩ in Figure 9. The analytical

solution, shown in violet, is evaluated as 1
2⟨p

2⟩ = − 5
16 cos

(√
2t
)2

+ 9
16 . The experimental

data is depicted by blue dots, showing a sinusoial trend consistent with the analytically
predicted solution.

F.1.4 Resource analysis

We conduct a resource analysis for performing a simulation of the real-space Schrödinger
equation via the truncated Fock space method. The task is to perform quantum simulation
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for a fixed evolution time T . To be consistent with the real-machine experiment, we fix
the evolution time to be T = 5 and the potential function is f(x) = 1

2ax
2 + bx with a = 2

and b = −1/2. For this task, we apply the randomized first-order Trotter-Suzuki product
formula.

For the standard binary encoding, we start with the desired quantum operator with
2⌈lg N⌉ levels, in order to preserve the structure of the problem. To simulate the operator
with N levels, we only use the first N basis states as the encoding subspace. To this end,
we remove all matrix entries that contribute to interactions between the encoding subspace
and the orthogonal complement. We use Qiskit to compute the Pauli decomposition of the
resulting matrix and convert the circuit to single-qubit Pauli rotations and XX-rotation
gates.

In Figure 4B, we plot estimates of the total gate count required for the standard binary
code and the penalty-free one-hot embedding. For standard binary, we observe an asymp-
totic gate complexity of O(n3.16). For the one-hot embedding, the complexity is estimated
as O(n2.67), showing a modest advantage in the asymptotic scaling. In addition, we observe
an order of magnitude advantage in the constant factor for the one-hot embedding.

F.2 Experiments on QuEra
F.2.1 Finite difference method

We now discuss how to simulate two-dimensional Schrödinger equations on the QuEra
machine. Consider the following partial differential equation defined on the unit square
Ω = [0, 1]2,

i
∂

∂t
Ψ(t,x) =

(
−1

2∇
2 + V (x)

)
Ψ(t,x), (F.28)

where Ψ(t,x) : [0, t] × Ω → C is the quantum wave function with Dirichlet boundary
conditions (i.e., Ψ(t,x) = 0 for x ∈ ∂Ω). ∇2 = ∂2

∂x2 + ∂2

∂y2 is the Laplacian operator, and
V (x) : Ω→ R is the potential field.

In our QuEra experiment, we simulate the Schrödinger equation (F.28) using the finite
difference method. Suppose that we discretize the unit interval [0, 1] into N pieces with
grid points {zk = k/(N − 1) : k = 0, . . . , N − 1}. For any function u(x) defined on [0, 1]
with vanishing boundary condition u(0) = u(1) = 0, we can discretize u on the mesh {zk}
and represent it as an N -dimensional vector:

u⃗ = [u(z0), . . . , u(zN−1)]⊤.

Using the central finite difference approximation, i.e., u′′(x) ≈ u(x+h)−2u(x)+u(x−h)
h2 , we can

approximate the function u′′ by a new N -dimensional vector Du⃗ (with h = 1/(N − 1)),
where the matrix D is given by

D = 1
h2


−2 1
1 −2 1
... ... ... ...

1 −2 1
1 −2

 . (F.29)

The matrix D is often called the finite difference discretization of the differential oper-
ator ∂2

∂x2 . Note that the matrix D is tri-diagonal. We can use either unary embedding or
antiferromagnetic embedding for the matrix D (see Appendix B.1).
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Similarly, the finite difference method can be applied to the 2D Schrödinger equation
(F.28). The discretized quantum Hamiltonian reads,

Ĥ = −1
2(D ⊗ I) + I ⊗D) + U, (F.30)

where I is the N -by-N identity matrix and U is a N2-by-N2 diagonal matrix such that

U |zj⟩ |zk⟩ = V (zj , zk) |zj⟩ |zk⟩ .

F.2.2 Neutral-atom simulator and antiferromagnetic embedding

The QuEra quantum simulator is based on neutral atoms. The atoms are placed individ-
ually and deterministically on a two-dimensional plane by optical tweezers [108, 109]. On
the QuEra quantum simulator, a qubit is realized by an atom with an internal ground state
|0⟩ and an excited Rydberg state |1⟩. The Rydberg atoms are long-lived and can be coher-
ently controlled by external laser pulses. The evolution of the neutral atoms is described
by the Schrödinger equation iℏ d

dt |ψ(t)⟩ = Ĥ(t) |ψ(t)⟩, where the system Hamiltonian is
given by

Ĥ(t)
ℏ

=
∑

j

(Ωj(t)
2 X̂j −∆j(t)n̂j

)
+
∑
j<k

C6
|rj − rk|6

n̂jn̂k. (F.31)

In the Hamiltonian, X̂j =
[
0 1
1 0

]
and n̂j =

[
0 0
0 1

]
are the Pauli-X operator and the

number operator acting on the j-th qubit, respectively. Ωj(t), ∆j(t) denotes the Rabi
frequency and local detuning of the driving laser field on qubit j. C6 is the Rydberg
interaction constant that depends on the particular Rydberg atom used. rj denotes the
position vector of the j-th qubit. In our experiment, we use the neutral-atom analog
quantum computer fabricated by QuEra Computing Inc. In each simulation, we can initiate
no more than 256 atoms, and the Rydberg interaction constant is C6 = 862690×2π MHz ·
µm6.

In the system Hamiltonian (F.31), we have the atom-atom interactions n̂jn̂k with
positive coefficients. This structure is very suitable for antiferromagnetic embedding.
In Lemma 19, we show how to engineer a penalty Hamiltonian for antiferromagnetic em-
bedding by tuning the local detuning of neutral atoms.

Lemma 19. Given an integer N > 1, let n = N − 1. Define the penalty Hamiltonian:

Ĥpen =
∑

1≤j<k≤n

C6
|rj − rk|6

n̂jn̂k −
n∑

j=1
∆jn̂j , (F.32)

where the atoms are placed on a straight line with equal distance r > 0, i.e., rj = (0, (j −
1)r), and the local detuning values are:

∆j =


C6
r6

(∑⌊(n+1−j)/2⌋
m=1

1
(2m−1)6 +∑⌊j/2⌋ 1

(2m)6

)
, (for odd j)

C6
r6

(∑⌊(n−j)/2⌋
m=1

1
(2m−1)6 +∑⌊(j−1)/2⌋ 1

(2m)6

)
. (for even j)

(F.33)

Then, the penalty Hamiltonian (F.32) has an N -fold degenerate ground-energy subspace
S which is spanned by all the n-bit antiferromagnetic code (see Table 8).
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Proof. We use |wk⟩ to denote the antiferromagnetic code for k = 1, . . . , N . Define the
following two operators

H ′
Z =

∑
1≤j<k≤n

C6
|rj − rk|6

n̂jn̂k, H ′′
Z = −

n∑
j=1

∆jn̂j ,

where rj = (0, (j − 1)r), and we consider an ansatz

Ĥpen = H ′
Z +H ′′

Z .

Since the Hamiltonian H ′
Z is in antiferromagnetic ordering, its low-energy subspace is

spanned by antiferromagnetic code. However, these low-energy states are not degenerate.
To get the N -degenerate ground-energy subspace, we solve a linear system to compute ∆j

in Ĥpen.
First, we try to match the energy of |w1⟩ and |w2⟩. This requires the following identity

holds:

⟨w1| Ĥpen |w1⟩ = ⟨w2| Ĥpen |w2⟩ . (F.34)

Note that w1 = 0101 . . . and w2 = 1101 . . . , and the 2-tensor n̂jn̂k = |11⟩jk ⟨11|jk is visible
only when the atoms j and k are simultaneously excited, so we have that,

⟨w2|H ′
Z |w2⟩ − ⟨w1|H ′

Z |w1⟩ =
⌊n/2⌋∑
m=1

C6
r6(2m− 1)6 .

Meanwhile, we have ⟨w2|H ′′
Z |w2⟩ − ⟨w1|H ′′

Z |w1⟩ = −∆1. To have the identity (F.34),
we must have

∆1 = C6
r6

⌊n/2⌋∑
m=1

1
(2m− 1)6 .

Similarly, we can compute ∆2. Comparing w2 = 1101 . . . and w3 = 1001 . . . , we have

⟨w2|H(1)
Z |w2⟩ − ⟨w3|H(1)

Z |w3⟩ = C6
r6 +

⌊n/2⌋−1∑
m=1

C6
r6(2m)6 .

Also, we have ⟨w2|H ′′
Z |w2⟩ − ⟨w3|H ′′

Z |w3⟩ = −∆2, it follows that

∆2 = C6
r6

 1
16 +

⌊n/2⌋−1∑
m=1

1
(2m)6

 .
We can compute all local detuning ∆j following the same procedure. It turns out that

if we choose ∆j as in (F.33), the ground-energy subspace of Ĥpen is indeed spanned by
the codeword states |wj⟩ for j = 1, . . . , N .

F.2.3 Experiment setup and result

We perform experiments of simulating the 2D Schrödinger equation using the QuEra Aquila
processor. The programmable quantum Hamiltonian on QuEra Aquila reads [110],

Ĥ(t)
ℏ

= Ω(t)
2

∑
j

eiϕ(t) |0⟩ ⟨1|j + e−iϕ(t) |1⟩ ⟨0|j

−∆(t)

∑
j

n̂j

+
∑
j<k

C6
|rj − rk|6

n̂jn̂k,

(F.35)
where Ω(t), ϕ(t), and ∆(t) denote the Rabi frequency, laser phase, and the detuning of
the driving laser field on atom (qubit) j coupling the two states |0⟩ (ground state) and |1⟩
(Rydberg state). It is worth noting that all programmable control parameters are global.
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Hamiltonian embedding and the engineering of the potential field. We use the
antiferromagnetic embedding the simulate the quantum dynamics. Ideally, we want to use
Lemma 19 to engineer a perfect antiferromagnetic embedding of the discretized Laplacian
operator −1

2 (D ⊗ I + I ⊗D) (see (F.30)). However, currently (as of the fall of 2023), the
QuEra Aquila processor does not support user-specified local detuning (see (F.35)). The
lack of local detuning poses a significant restriction on the Hamiltonian we can engineer
on the QuEra Aquila processor.

In our QuEra experiment, we follow the intuition of Lemma 19 and arrange 12 neutral
atoms as in Figure 4D. The 12 neutral atoms are grouped into 2 vertical chains. Each
chain has 6 atoms. The (sub-)system Hamiltonian for each chain reads

H0 =
∑

1≤j<k≤6

C6
(k − j)6r6 n̂jn̂k −∆

6∑
j=1

n̂j , (F.36)

where r = 5.9 µm is the distance between two adjacent atoms, and ∆ is a global detuning.
It is clear that the actual Hamiltonian (F.36) is similar to the penalty Hamiltonian

specified in (F.32), except that we can not specify individual detuning ∆j for each atom.
In this case, the codeword subspace of antiferromagnetic embedding

S = {|010101⟩ , |010100⟩ , |010110⟩ , |010010⟩ , |011010⟩ , |001010⟩ , |101010⟩}

coincide with the low-energy subspace of H0 but not exactly the ground-energy subspace.
This non-degeneracy can be realized as an effective potential field. Namely, we may regard
the operator (F.32) as the desired penalty Hamiltonian (as in (F.32)) plus an operator
that embeds a potential field (although this potential field is not very smooth and it does
not correspond to a familiar closed-form function). Similarly, the system Hamiltonian
of the two atom chains (Figure 4D) can be regarded as the penalty Hamiltonian for 2D
antiferromagnetic embedding plus an effective potential operator. In Figure 10A, we plot
the effective 2D potential function at ∆ = 5 × 107 rad/s. The potential is shown as a
discretized function on the 2D mesh {(zj , zk) : j, k = 1, . . . , N}.

Initial state preparation. The QuEra Aquila machine is initialized to the all-zeros
state. This default initial state is not in the embedding subspace of the antiferromagnetic
embedding. In our experiment, we use a 3-stage state preparation subroutine [31] to
prepare an initial state that has a significant overlap (around 73%) with the embedding
subspace. Since the initial all-zeros state is the ground state when Ω = 0 MHz and ∆ <
0 MHz, this state preparation pulse is quasi-adiabatic and prepares a state with high overlap
with the antiferromagnetic encoding subspace. In our pulse, we use a trapezoidal pulse for
the Rabi frequency with maximum frequency Ωmax = 15.8 MHz and a linear ramp for the
detuning from −50 MHz to 50 MHz. The duration of initial state preparation is 0.5 µs.
The initial state preparation pulses are shown in Figure 10C (see the first 0.5 µs). The
engineered initial state (e.g., the quantum state at t = 0.5 µs) is shown in Figure 10B.

Time-rescaling and parameters for analog quantum simulation. On the QuEra
Aquila device, all parameters are specified with a physical unit. We conducted our exper-
iments through Amazon Braket, where the unit of the Rabi frequency Ω is radians per
second (rad/s) and the evolution is in the unit of second (s) [64, Section 1.3]. Note that
1 rad/s = 1

2π Hz.
We can establish a relation between these QuEra physical parameters with the ab-

stract unitless model Hamiltonian (F.30) via time-rescaling. We assume the quantum
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Figure 10: Simulating real-space dynamics on QuEra Aquila. A. The effective potential field engineered
by Rydberg interactions. The unit of the potential is MHz. The potential field is normalized such that
the minimal potential is 0.

simulation is restricted to the unit square [0, 1]2 (with Dirichlet boundary conditions), and
each dimension is discretized into 8 pieces. Therefore, the discretized differential operator
is D in (F.29) with h = 1/8. Therefore, simulating a physical Hamiltonian (on QuEra
Aquila) Q = −Ω(t)

2
∑

j Xj for time T (seconds) is equivalent to simulating the Hamiltonian
Q = −φ(t) 1

2h2
∑

j Xj (i.e., the antiferromagnetic embedding of the discretized Laplacian
φ(t)D/2h2) for (unitless) time

Teff = 106 · T,

where φ(t) = h2Ω(t)
2π·106 . In our experiments, we run the simulation on QuEra Aquila for

T = 0.5, 1, 1.5 µs (plus an initial state preparation duration of 0.5 µs). Effectively, we are
simulating the real-space quantum dynamics for Teff = 0.5, 1, 1.5.

Post-selection. The global Rabi frequency corresponds to the time-dependent function
(i.e., φ(t)) in the kinetic energy. We gradually decrease the global Rabi frequency (see
Figure 10B for the control pulses with total evolution time T = 2.0 µs) so the quantum
state will eventually find the low-energy configuration regarding the effective potential field.
We consider a measured sample legit if it is in the embedding subspace. In our experiment
on QuEra Aquila, approximately half of the samples in the measurement are legit. In
Figure 4E, we plot the distribution of the legit samples for evolution time T = 0.5, 1, 1.5
(corresponding to total physical evolution time T = 1, 1.5, 2 µs).
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