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Abstract
The overall focus of this thesis is the calculation of observables such as Wilson loops using
string theory. In the first part of the thesis, Wilson loops are introduced. Then, the quark-
antiquark potential in an AdS5 ×S5 background is calculated using string theory, reproducing
the result by Juan Maldacena in 1998. Then, the vacuum expectation value (vev) of a circular
Wilson loop is calculated in the same ten-dimensional background. The second part of the
project investigates bosonic fluctuations over a classical string solution in a general curved
background and interprets them in terms of intrinsic and extrinsic geometric invariants. The
objective is to extend the results of the 2015 paper by Forini et al. to the action involving
the antisymmetric 2-tensor. An expression for the bosonic mass matrix is obtained. The
second-order fluctuations thus obtained can be used to precisely calculate the expectation
value of observables such as the Wilson loop and the free energy beyond the classical order.
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Ágrip
Efni þessarar ritgerðar snýst um að reikna mælistærðir svo sem Wilson lykkjur með hjálp
strengjafræðinnar. Í fyrsta hluta ritgerðarinnar kynnum við Wilson lykkjur til sögunnar og
tengjum það við mættið á milli tveggja kvarka. Við rifjum upp reikning á þessu mætti sem Juan
Maldacena framkvæmdi árið 1998 með því að nota hina þekktu AdS5×S5 lausn strengjafræð-
innar. Því næst reiknum við væntigildi Wilson lykkja í nokkrum 10-víðum tímarúmslausnum.
Í öðrum hluta ritgerðarinnar einbeitum við okkur að truflunarreikning fyrir streng í almennri
tímarúmslausn. Við útvíkkum fyrri niðurstöður frá 2015 með því að taka andsamhverfa
B-þininn með í reikninginn og reiknum massafylki truflananna. Niðurstöður þessarar ritgerðar
má meðal annars nota til þess að reikna væntigildi Wilson lykkja í söðulpunktsnálgun.
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1 Introduction and Motivation
According to the (AdS/CFT) correspondence [1, 2, 3] (see, for example, [4] and [5]), an
n-dimensional conformal field theory (CFT) or a quantum field theory (QFT) is dual to a
gravity theory in n+ 1 dimensions which is asymptotically anti-de Sitter (AdS) or has a
constant negative curvature at infinity. The best-understood example of this duality, first
proposed by Maldacena in 1998 [1], is the AdS5 ×S5 space-time and 4-dimensional N = 4
U(N) Super Yang-Mills at large N [6]. Basically, the bulk is a region of dynamic gravity
whereas the boundary is a conformal field theory without gravity. A very important of this
holographic duality is that when the gauge theory is strongly coupled and cannot be studied
using perturbation theory, the gravitational side is described by essentially a classical theory
and vice versa.

What does it mean to have a duality? Two theories are said to have a duality if we can find
a map between all parameters and observables of the corresponding theories, and if we can
develop a precise computational framework for dynamical computations on both sides. These
observables should naturally be independent of the chosen gauge. Since the discovery of
this correspondence, efforts have been put to develop an AdS/CFT dictionary that relates
observables on both sides. The parameters are found to have the following matching:

g2
Y M = 4πgs, R = (4πgsN)1/4ls, λ = g2

Y MN,

where, gY M is the gauge theory coupling, gs is the string coupling, R is the radius of the
AdS5 and S5, and λ is the ’t Hooft coupling. In AdS/CFT correspondence, we concern
ourselves with the limit N → ∞ while keeping λ finite but large (≫ 1) and look at expansions
around it. The AdS/CFT correspondence can be generalized to a general duality, called
the gauge/gravity duality or holography, between quantum field theories in n-dimensions
which are not necessarily conformal or supersymmetric, and gravitational theories on AdS
spacetimes in n+1-dimensions.

One such observable that we can study is the Wilson loop operator which is manifestly gauge
invariant. It was first proposed by Kenneth G Wilson [7]. The calculation for the Wilson loop
vev was initially proposed holographically in [8]. The Wilson loop operator corresponds to
an open string living in an AdS spacetime with certain boundary conditions, and its vacuum
expectation value (vev) at the leading order is given by the area of minimal two-dimensional
surface swept by the dual open string in AdS. What makes Wilson Loops an excellent
candidate for studying holography or comparing it with gravitational predictions is that we
can calculate its vev exactly on the field theory side using the methods of supersymmetric
localization [9, 10, 11].

The natural next step would be to calculate the vev of these operators next to the leading order.
The attempts to study this duality beyond the leading order were initiated for N = 4 in [12,
13, 14, 15] and the matching between the QFT and the string theory calculation was finally
achieved in [16, 17, 18, 19, 20] when a ratio of observables is considered. Recently, attempts
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have also been made to study holography for cases where the field theory is not conformal.
Thus, making the gravitational dual a bit more complicated and the calculations of vevs a bit
more involved. For examples, see [21, 22] where Free energy and Wilson loop vev calculations
are done beyond the leading order for Dp-branes and 5D maximally supersymmetric Yang-
Mills, respectively, using string theory and found to match the supersymmetric localization
results present in the literature. An important step in calculating the next-to-leading order
contribution, on the gravity side, is to calculate the quadratic fluctuations around a classical
string background. These fluctuations can be expressed in terms of the geometric invariants
of the theory as shown in [16]. In this thesis, we will see how we can calculate the vev of
observables like the Wilson loop operator (partition function, free energy, etc.) at the leading
and then beyond the leading order in a general string background extending the results of [16]
to the string action with the antisymmetric tensor, that is, where the string action is given by:

S =
1

4πα ′

∫
d2

σ
√

γ

(
γ

αβ gmn + ε
αβ Bmn

)
∂αXm

∂β Xn. (1.1)

The thesis is divided into two broad parts: In the first part, we calculate the vev of the Wilson
loop operators on the gravity side using string theory and reproduce established results; In the
second part, we take a general string action (1.1) as mentioned above and calculate the bosonic
fluctuations and express them in terms of the intrinsic and extrinsic geometric invariants of the
theory. We will also see how these fluctuations can be used to calculate the vev of observables
such as the Wilson loop to the next to the leading order on the gravity side.

The structure of the thesis is as follows: We will first review gauge invariance, the field
derivative in a gauge theory, and the construction of Wilson lines/Wilson loops in the context
of abelian and non-abelian gauge theories. Then, we look at the conserved currents in a
non-abelian gauge theory and find that the global symmetry does not correspond to a gauge-
invariant conserved current and thus, cannot be used to define a potential. To circumvent this
problem, we propose that the vev of the Wilson loop operator provides a useful definition for
the potential. We also prove that this is indeed the case for Quantum Electrodynamics (QED).
We then see how we can calculate the vev of the Wilson Loop operator to the leading order
on the gravity side and reproduce existing results. First among these is the quark-antiquark
potential separated by a distance L first calculated in [1] by Maldacena. Then, we calculate
the vev of the Circular Wilson loop [23] which argues that this vev is given by an appropriate
Legendre transform of the area of the minimal surface. We then see how this method is
applicable, not just to AdS5 ×S5, and apply it to find the counter-term in the calculation of
vev of a Wilson loop for a general Dp-brane metric.

We want to calculate the vev of observables beyond the leading order for a general string
background. We start with reviewing the Polyakov path integral and the Faddeev Popov
method. Then, we use the background field method [24] to obtain a manifestly covariant form
for the coefficients in the expansion of the field around a classical background as a local power
series in spacetime vectors. Then, we decompose our quadratic fluctuations into tangential
and normal directions to the worldsheet and finally prove that the quadratic Lagrangian can
be written as a sum of longitudinal and transverse quadratic Lagrangians. Then we see how
these quadratic fluctuations can be used to calculate the expectation value of the Wilson loop
operator to the next-to-leading order.
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2 Gauge Invariance and Wilson lines/loops
In this section, we revisit gauge invariance and discuss the construction and motivation behind
the Wilson line, define a derivative, and a connection, and then construct the Wilson loop in
the context of abelian and non-abelian gauge theories. We will also see that the conserved
currents in non-abelian gauge theories are not gauge invariant, meaning, we now need a new
definition for the potential. We then show how the vev of the manifestly gauge invariant
quantity, the Wilson loop, can be used as potential and prove that this definition works really
well for QED. References [25] and [26] are used for the analysis that follows.

2.1 Abelian gauge theories
Let us start by considering a complex scalar field φ(x) that transforms as follows:

φ(x)−→ eiα
φ(x).

We can construct Lagrangians that are invariant under this transformation and have terms
such as

∂µφ(x)∂ µ
φ̄(x), mφ(x)φ̄(x), . . .

Let us see what happens if we push this to be a local symmetry instead. Say

φ(x)−→ eiα(x)
φ(x).

where α(x) is a function of x. The term ∂µφ∂ µφ will not be invariant under the transformation
above. We can immediately see a problem. It lies in the transformation of the derivative. To
see how the derivatives transform, let us first try to compare fields at two distinct points xµ

and yµ . Since our theory is local, the phase convention α(x) should be independent of α(y).
Let us see how the difference φ(y)−φ(x) transforms under this transformation:

φ(y)−φ(x)−→ eiα(y)
φ(y)− eiα(x)

φ(x).

We can see that |φ(y)−φ(x)| depends on the local choice of our phase. Hence, we cannot
compare fields at different points in a convention-independent way. Since we cannot calculate
field differences that transform nicely, we cannot obviously calculate the derivative ∂µφ(x)
because this transformation will depend on the choice of phase, too. To compare field values
at different points xµ and yµ , we define a new bilocal field W (x,y) called a Wilson-line that
depends on both x and y. We demand this field transforms as follows:

W (x,y)−→ eiα(x)W (x,y)e−iα(y).

We now define the difference between the field values at xµ and yµ as W (x,y)φ(y)−φ(x).
This field must satisfy W (x,x) = 1. We see that it transforms as follows:

W (x,y)φ(y)−φ(x)−→ eiα(x)W (x,y)e−iα(y)eiα(y)
φ(y)− eiα(x)

φ(x)

= eiα(x)[W (x,y)φ(y)−φ(x)].
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Now, as we can see, W (x,y)φ(y)− φ(x) is independent of our choice of a local phase
convention. Consider two points xµ and xµ +δxµ , where δxµ is very small. From the first
principle and using our definition of differences, we define the field derivative at xµ as follows:

Dµφ(x) = lim
δxµ→0

W (x,x+δx)φ(x+δx)−φ(x)
δxµ

.

For small δxµ , we can expand W (x,x+δx) as

W (x,x+δx) = 1− igδxµAµ(x)+O(δx2),

for some Aµ(x). Here, we have taken out a factor of −ig. Using the transformation of W (x,y),
the transformation of Aµ(x) will be

Aµ(x)−→ Aµ(x)+
1
g

∂µα(x).

Plugging into the expression for our derivative, we can write

Dµφ(x) = ∂µφ(x)− igAµφ(x).

We can see that the derivative, now called the covariant derivative, transforms as

Dµφ(x)−→ eiα(x)Dµφ(x).

Now, we have introduced a gauge field Aµ(x) as a connection that allows us to compare field
values at different points despite their arbitrary local phases. We can write a closed-form
expression for the Wilson-line W (x,y) as follows:

WP(x,y) = exp
(

ig
∫ x

y
Aµ(z)dzµ

)
. (2.1)

This is a line integral along the path P connecting yµ to xµ . Since the transformation of the
Wilson line is independent of the path and just depends on the endpoints, if we set x = y, we
get a contour integral:

W loop
P = exp

(
ig
∮

P
Aµdxµ

)
. (2.2)

This is known as a Wilson loop. Wilson loops are manifestly gauge invariant. Using Stokes’
theorem, we can write the above integral as

W loop
P = exp

(
i
g
2

∫
Σ

Fµνdσ
µν

)
= 1+ i

g
2

∫
Σ

Fµνdσ
µν +O(g2),

(2.3)

over the surface Σ with surface element dσ µν bounded by the path P. So, the Wilson loop
only depends on the gauge invariant field Fµν = ∂µAν −∂νAµ . Also, we notice

[Dµ ,Dν ]φ(x) = ([∂µ ,∂ν ]− ig[∂µ ,Aν ]+ ig[∂ν ,Aµ ])φ(x)
=−igFµνφ(x).
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The operator [Dµ ,Dν ] turns out to just be a function. We can define the field strength as

Fµν =
i
g
[Dµ ,Dν ].

We also see that this operator is gauge invariant.

[Dµ ,Dν ]φ(x)−→ eiα(x)[Dµ ,Dν ]φ(x).

Geometric Interpretation: We can think of the field Fµν as the difference between the
derivative of the field in the ν direction followed by the derivative in the µ direction (DµDν )
and vice versa (DνDµ ). Equivalently, we can say that its value is obtained as the result of
comparing fields around an infinitesimal closed loop in the µ −ν plane. We can see that this
is nothing but the value of the Wilson loop around a rectangular path.

Figure 2.1. Field strength from commutator of covariant derivatives

2.2 Non-Abelian gauge theories
Let us now consider non-abelian gauge theories. Consider the kinetic Lagrangian with N
Dirac fermions:

L =
N

∑
j=1

ψ̄ j(i/∂ −m)ψ j.

The Lagrangian is invariant under a global SU(N) symmetry where the fields transform as

ψi −→ (eiαaT a
)i jψ j.

Here, T a are the SU(N) generators in the fundamental representation. This is a global
symmetry because αa does not depend on x. Here, we want to make a well-defined derivative
to compare field values at different points but we have an issue because the generators do not
commute. We construct the Wilson line the same way as before:

WP(x,y) = P
{

exp
(

ig
∫ x

y
Aa

µ(z)T
adzµ

)}
. (2.4)
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Here, the P outside the curly brackets {. . .} implies path ordering. Taylor expanding this and
applying path ordering to all terms, we get:

WP(x,y) = 1+ ig
∫ 1

0

dzµ(λ )

dλ
Aa

µ(z(λ ))T
adλ

− 1
2

g2
∫ 1

0
dλ

∫ 1

0
dτ

dzµ(λ )

dλ

dzµ(τ)

dτ

×Aa
µ(z(λ ))A

b
ν(z(τ))[T

aT b
θ(λ − τ)−T bT a

θ(τ −λ )]+ . . . ,

where we have defined the integral in terms of parameters λ ,τ ∈ [0,1]. Let us see what
happens under a gauge transformation:

WP(x,y)−→ eiαa(x)T a
WP(x,y)e−iαa(y)T a

.

Using T a† = T a for SU(N). We will represent the gauge field as a Lie-algebra-valued field
given by

Aµ ≡ Aa
µT a.

Then, we can write the Wilson line as

WP(x,y) = P
{

exp
(

ig
∫ x

y
Aµ(z)dzµ

)}
.

This looks very similar to the Wilson line in the Abelian case. Here, Aa
µ are the components

of Lie-Algebra-valued one-form A = Aµdxµ . Expanding the Wilson line infinitesimally gives

W (xµ ,xµ +δxµ) = 1− igAµδxµ .

Let us now look at local transformations. A local transformation can be expressed in terms of

U(x) = eiαa(x)T a
∈ SU(N).

This is the group element for the transformation at point x. Then

ψ⃗(x)−→U(x) · ψ⃗(x),

And
W (x,y) =U(x)W (x,y)U†(y),

using U†(y) = U−1(y) in SU(N). We expand the transformation of W to determine the
transformation of Aa

µ . We find

A′
µ =UAµU−1 − i

g
(∂µU)U−1.

In terms of components, we can write

Aa
µ(x)−→ Aa

µ(x)+
1
g

∂µα
a(x)− f abc

α
b(x)Ac

µ(x)+O(α2).

Let us now see how the commutators of the derivatives Dµ transform:

[Dµ ,Dν ]ψ = (−ig(∂µAν −∂νAµ)−g2[Aµ ,Aν ])ψ.
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We can see that there are no derivatives acting on ψ⃗(x). Then, the field strength is then given
by

Fµν =
i
g
[Dµ ,Dν ] = (∂µAν −∂νAµ)− ig[Aµ ,Aν ],

where the components of Fµν = Fa
µνT a can be written as

Fa
µν = ∂µAa

ν −∂νAa
µ +g f abcAb

µAc
ν .

In the abelian case, f abc = 0. Additionally, Fa
µν is antisymmetric and its transformation law is

given by
Fa

µν −→ Fa
µν − f abc

α
bFc

µν ,

regardless of whether α is local or global. Now, we can write a locally SU(N) invariant
Lagrangian:

L =−1
4
(Fa

µν)
2 +

N

∑
i, j=1

ψ̄i(δi ji/∂ +g/AaT a
i j −mδi j)ψ j. (2.5)

Let us now see what the conserved quantities are for this Lagrangian.

2.3 Conserved Currents
The equation of motion corresponding to the above Lagrangian is

∂µFaµν +g f abcAb
µFcµν =−gψ̄iγ

νT a
i jψ j,

for the gauge fields and
(i/∂ −m)ψi =−g/AaT a

i jψ j,

for the spinors. Here, repeated indices are summed over regardless of where they appear.
Since the Lagrangian has gauge symmetry, it will also have a global symmetry such that

ψi −→ ψi + iαaT a
i jψ j,

and
Aa

µ −→ Aa
µ − f abc

α
bAc

µ ,

for an infinitesimal α . Since there is a global symmetry, there will be a conserved current
given by

Jµ = ∑
n

∂L

∂ (∂µφn)

δφn

δα
.

In the non-abelian case, there will be a current for each symmetry direction αa thus giving a
total of N2 −1. Summing over all matter fields and gauge fields (φn = ψi, Aa

µ ), we get

Jaµ =−ψ̄iγ
µT a

i jψ j + f abcAb
νFcµν .

We can see that this current is neither gauge invariant nor covariant. Thus making it unphysical.
This means there is not a well-defined charge that can be measured. But the quantities

Qa =
∫

d3xJa
0 ,

7



are conserved, that is ∂tQa = 0. The problem, however, is that these charges depend on the
choice of gauge. Thus, in non-abelian gauge theory, for example, Quantum Chromodynamics
(QCD), we do not have a classical current as we do in QED. Unlike QED, the gauge fields in
QCD are bound up with the matter field in an intricate and nonlinear way. The matter current
only constructed out of fermions can be defined as

ja
µ =−ψ̄iγµT a

i jψ j.

This, as we can see, is gauge invariant. It satisfies

Dµ jaµ = ∂µ jaµ +g f abcAb
µ jcµ = 0.

Thus, the matter current is not conserved (since ∂µ ja
ν ̸= 0) and hence, there is no associated

conserved charge. These observations and results also follow from the Weinberg-Witten
Theorem [27]: A theory with a global non-abelian symmetry under which massless spin-1
particles are charged does not admit a gauge-invariant conserved current.

But now we run into a problem. We can see that ⟨Ω|T{Ja
µ(r)J

b
ν(0)}|Ω⟩ is not gauge invariant

in QCD and therefore does not provide a useful definition of a potential. How do we define
potential for non-abelian gauge theories? Wilson loops come to the rescue.

2.4 Potential from Wilson Loops
Having run into problems with the usual definition of potential in the case of non-abelian
gauge theories, we now propose the expectation value of a Wilson loop for the definition of
potential:

V (r) = lim
T→∞

1
iT

ln⟨Ω|tr {W loop
P }|Ω⟩, (2.6)

where

W loop
P = P

{
exp
[

ig
∮

P
Aa

µT a
i jdxµ

]}
.

The trace here is a color trace (trace over indices i and j) for SU(N). Here, P{. . .} denotes
path ordering and P denotes the path of the loop. We take this path to be a large rectangle
in the t − z plane as given in figure 2.2. What is special about this definition is that it is

Figure 2.2. Wilson loop rectangle

manifestly gauge invariant. But the question we still have not answered is why does this
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work? For example, let us consider modifying the pure QED action by adding an gAµJµ term
with

J0(x) = δ (x)δ (y)δ (z−R)−δ (x)δ (y)δ (z),

This represents two charges separated by a distance of R. We want to adiabatically turn on

this current at time t =−T
2

and then turn it off at t =
T
2

with T ≫ R such that, at T → ∞, the
vacuum is unchanged. Since we are adding this term to the Lagrangian, it adds directly to the
Hamiltonian density. Then, the vacuum in the background has non-zero energy E for time T .
As T → ∞, transient fluctuations drop out and we have

e−iET = ⟨Ω|e−iHT |Ω⟩ (2.7)

=

∫
DA exp

[
i
∫

d4x
(
−1

4
F2

µν +gAµJµ

)]
∫

DA exp
[

i
∫

d4x
(
−1

4
F2

µν

)] . (2.8)

If we identify E =V (r) as the energy of the two charges separated by a distance R, we seem
to have justified our proposition for the definition of the potential for the Abelian case. Let us
see it by evaluating this path integral. We find

e−iET = exp
[

i
∫

d4x
∫

d4y
g2

2
Jµ(x)Dµν(x,y)Jν(y)

]
. (2.9)

Here, iDµν(x,y) is the gauge boson propagator in position space given by

iDµν(x,y) = ⟨Ω|T{Aµ(x)Aν(y)}|Ω⟩= 1
4π2

gµν

(x− y)2 − iε
, (2.10)

where the second integral is evaluated in the Feynman gauge. These integrals diverge if both
the currents are at z = R or both at z = 0. But these contributions give no R dependence. It
comes from x and y on the opposite sides of the loop. That is

−iET =− g2

4π2

∫ T/2

−T/2
dx0

∫
∞

−∞

dy0 1
(x0 − y0)2 −R2 − iε

(2.11)

=
ig2

4πR

∫ T/2

−T/2
dx0 (2.12)

=
ig2T
4πR

(2.13)

⇒ E =− g2

4πR
=V (R). (2.14)

In the y0 integral, we have taken T to infinity to extract the leading T behavior. Our result
confirms the result for QED. Thus, we can see that the expectation value of the Wilson loop
provides us with a good definition of the potential and is also gauge invariant by construction.
How can this help us with QCD? This can help us prove confinement in QCD. If the QCD
potential grows linearly with distance, that is, if

ln⟨Wloop⟩ ∼ T R, (2.15)
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then, it would take an infinite amount of energy to separate quarks asymptotically and would
explain why we have never seen free quarks. From a lattice perspective, ln⟨Wloop⟩ scales as
the area (T R) of the loop at strong coupling. Confinement has been confirmed in a lattice
gauge theory setting using numerical simulations and holds well in any gauge theory but it is
yet to be proved in the continuum limit.

2.5 Holographic Wilson Loop
Consider a p-dimensional spacetime with Xm as its embedding coordinates (m = 0,1, . . . , p)
and gmn as its metric. The Nambu-Goto action for a relativistic string with worldsheet
coordinates σα (α = 1,2) is given by (in Euclidean signature)

SNG =
1

2πα ′

∫
d2

σ
√

h, (2.16)

where h = dethµν and hµν is the induced metric, given by the pullback of the target space
metric (gmn):

hµν =
∂Xm

∂σα

∂Xn

∂σβ
gmn. (2.17)

This is nothing but the area of the string worldsheet which we need to minimize for the
classical solution. The Nambu-Goto action has 2 symmetries, Poincare invariance, and
reparametrization invariance. The equations of motion are

∂α(
√

hhαβ
∂β Xm) = 0. (2.18)

Now, we want to quantize it. But the square root makes it rather difficult to calculate the
path integral. So, we use another string action which is equivalent to the Nambu-Goto action,
called the Polyakov String action (in Euclidean signature) [28, 29]:

SP =
1

4πα ′

∫
d2

σ
√

γγ
αβ gmn∂αXm

∂β Xn. (2.19)

Here, γαβ (α,β = 0,1) is a dynamical 2-dimensional metric on the string worldsheet,
gmn (m,n = 0,1, . . . ,9) is the ten-dimensional metric on the target space, Xms are the embed-
ding coordinates, and γ = detγαβ .

The vev of the Wilson loop using string theory was first calculated by Maldacena [8]. He
proposed that the vev be given by the string partition function of a string with its worldsheet
ending along the loop on the boundary of space as we can see in the figure 2.3 This is given
by

⟨W (C)⟩ ∼ e−Sstring, (2.20)

where C is the loop on the boundary that the string worldsheet encloses, and Sstring is the
string action. Classically, the vev of the Wilson loop operator is determined by a minimal
surface. In [8] and [30], the Nambu-Goto action is assumed, and the vacuum expectation
value (vev) of the Wilson loop operator is given as the area (A) of the minimal surface in the
large N limit:

⟨W (C)⟩ ∼ e−A. (2.21)

But this does not, however, specify the vev of the Wilson loop completely. As we move close
to the boundary of the metric, divergences in the classical action show up in the result. Now,
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Figure 2.3. Holographic Wilson loop: The shaded region is the boundary of the space and the
circular dome is the worldsheet of the string

the question is how do we get rid of these? One option is to isolate the divergent piece by
regularization and shove it under the rug. But soon we will run into other issues. Since there
can be many different actions having the same equation of motion differing by only a surface
term or total derivatives. We can also find a way to systematically determine the counterterm
to be added to the String action so our calculations do not blow up. Following this, [23]
argues that the vev of the Wilson loop instead of the area of the minimal surface should be
given by an appropriate Legendre transform of it.

We will now consider a few examples, starting with Maldacena’s result for the quark-antiquark
potential. Then, we will look at the vev of the circular Wilson loop.
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3 Calculated Examples
Here, we discuss some examples to see how the calculation for the expectation value of
Wilson lines and loops is performed on the gravity side.

3.1 Quark-Antiquark Potential Using Supergravity
We want to calculate the Quark-Antiquark potential kept at L distance apart on the boundary
of the spacetime. This result was first obtained by Juan Maldacena in 1998 [8]. We start with
the AdS5 ×S5 metric in Poincaré coordinates:

ds2 = R2
[

dU2

U2 +U2dxµdxµ

]
+R2dΩ

2
5. (3.1)

We can see that, as U → ∞, the metric diverges but is conformally flat. This is going to be our
boundary. Identifying the string coordinates such that:

t = τ,x = σ ,U =U(σ) =U(x). (3.2)

Now, we can calculate the pullback on the string world sheet as follows:

gττ = R2U2 (3.3)

gσσ = R2
(

U2 +
(∂xU)2

U2

)
. (3.4)

Now, we write the string action using the Nambu-Goto action (2.16):

SNG =
1

2πα ′

∫
dtdx

√
P[gµν ] (3.5)

=
R2

2πα ′

∫
dtdx

√
U4 +(∂xU)2. (3.6)

We place a quark at x =−L
2

and an anti-quark at x =+
L
2

as shown in Figure 3.1. The string
connecting the two extends all the way to U → 0 where gravity is weak. And this string moves
in time. Now, the tension in this string will correspond to the energy of the pair. Essentially,
we need to minimize the area of the string worldsheet. Our string action now looks like this:

SNG =
R2

2πα ′

∫ T

0
dt
∫ L/2

−L/2
dx
√

U4 +(∂xU)2 (3.7)

=
T R2

2πα ′

∫ L/2

−L/2
dx
√

U4 +(∂xU)2. (3.8)
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Figure 3.1. Pair of W-bosons with their coupling to the U(N) gauge theory a) turned off b)
turned on. The configuration in b) minimizes the action and the vev of the Wilson line is then
given by the difference of the two configurations.

Since the Lagrangian does no explicitly depend on x or t, the following quantity is conserved:

C =
∂L

∂ (∂xU)
(∂xU)−L (3.9)

=− T R2

2πα ′
U4√

U4 +(∂xU)2
. (3.10)

Now, when U → 0, the metric blows up, so, we will take it to be some finite value U = ε and
then take the limit ε → 0. From symmetry, we can see that the string turns around at x = 0
and we have, U(0) = ε , and U ′(0) = 0, where U ′(x) = ∂xU . Using this in the above equation,

we get C =−ε2 T R2

2πα ′ . Now, we solve the following differential equation for U :

ε
2 =

U4√
U4 +(∂xU)2

(3.11)

⇒ 1+
(∂xU)2

U4 =
U4

ε4 (3.12)

⇒ ∂xU =±U2

√
U4

ε4 −1 (3.13)

⇒
∫ U

ε

dU

U2
√

U4

ε4 −1
=
∫

dx (3.14)

⇒ x =
1
ε

∫ U/ε

1

dy

y2
√

y4 −1
. (3.15)

Here, in the last step, we have made the substitution y =U/ε . In the limit U → ∞, we evaluate
the above integral to obtain ε:

L
2

ε =

√
πΓ(3/4)
Γ(1/4)

. (3.16)
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This gives us the value of ε =
2
√

πΓ(3/4)
LΓ(1/4)

. We can see that the string will approach x =
L
2

quickly for large U . Plugging (3.11) into (3.7), we evaluate the area to be

S =
T R2

2πα ′ ×2ε

∫ U/ε

1

y2dy√
y4 −1

. (3.17)

We can see that the integral is linearly divergent. If we subtract the self-energy contribution
of the pair of quarks, we should have a finite result. To estimate the energy of a quark, we
need only consider a long linear string from U → ∞ to U = 0. Alternatively, we can identify
the divergent part of the above integral and subtract it from the total potential. We find,

S =
T R2

πα ′ × ε

∫ U/ε

1

y2dy√
y4 −1

(3.18)

=
T R2ε

πα ′ ×
(
−
√

πΓ(3/4)
Γ(1/4)

+
A
ε

)
. (3.19)

Here, A is some quantity linearly divergent with U . Ignoring the divergent quantity, we are
now left with the energy of the quark-antiquark pair:

E =V (L)∼ S
T

=
R2

πα ′
2
√

πΓ(3/4)
LΓ(1/4)

×−
√

πΓ(3/4)
Γ(1/4)

(3.20)

=−R2

α ′
2Γ(3/4)2

Γ(1/4)2
1
L
. (3.21)

Using Γ(z)Γ(1− z) =
π

sinπz
, we get Γ(3/4)Γ(1/4) =

√
2π . This gives the energy as

E =V (L) =−R2

α ′
4π2

Γ(1/4)4
1
L
. (3.22)

Identifying R2 =
√

2g2
Y MNα ′, we get

V (L) =−
4π2
√

2g2
Y MN

Γ(1/4)4
1
L
. (3.23)

Thus reproducing Maldacena’s result.

3.2 Circular Wilson Loop

We start with the global metric for AdS5 ×S5:

ds2 = R2(−coshρ
2dt2 +dρ

2 + sinhρ
2dΩ

2
3 +dΩ

2
5). (3.24)

Here,
dΩ

2
3 = dθ

2
1 + sinθ1

2dθ
2
2 + sinθ1

2 sinθ2
2dθ

2
3 . (3.25)
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We have our boundary when ρ → ∞. We wrap our string around the sphere dΩ2
3 at the equator

(θ1 = θ2 =
π

2
). Taking τ = θ3 and σ = ρ , we find the pullback on the string to be

gττ = R2 sinhρ
2 (3.26)

gρρ = R2 (3.27)

⇒ g = R4 sinhρ
2. (3.28)

The Nambu Goto action is then given by

SNG =
1

2πα ′

∫
dτ

∫
dρ

√
g (3.29)

=
R2

α ′

∫
∞

0
dρ sinhρ (3.30)

=
R2

α ′

[
eρ + e−ρ

2

∣∣∣
ρ→∞

−1
]
. (3.31)

We can see the first term is divergent, so, we will ignore it. Now, we have the expectation
value of the Wilson loop as

⟨W ⟩= e−S = eR2/α ′
= e

√
2g2

Y MN . (3.32)

if we identify R2 =
√

2g2
Y MNα ′.

Let us see what happens when θ1 ≡ θ1(σ) and θ2 ≡ θ2(σ) depend on σ . The pullback is
given by

gττ = R2 sinhρ
2(sinθ1

2 sinθ2
2) (3.33)

gρρ = R2[1+ sinhρ
2((∂ρθ1)

2 + sinθ1
2(∂ρθ2)

2)] (3.34)

⇒ g = R4 sinhρ
2(sinθ1

2 sinθ2
2)[1+ sinhρ

2((∂ρθ1)
2 + sinθ1

2(∂ρθ2)
2)]. (3.35)

The Nambu-Goto action is then given by

SNG =
R2

α ′

∫
dρ sinhρ sinθ1 sinθ2

√
1+ sinhρ2[(∂ρθ1)2 + sinθ1

2(∂ρθ2)2]. (3.36)

The terms sinhρ2[(∂ρθ1)
2 + sinθ1

2(∂ρθ2)
2] is positive. To minimize the above, we can take

θ1 and θ2 to be constant. Then, we have ∂ρθ1 = ∂ρθ2 = 0, and the above equation becomes

SNG =
R2 sinθ1 sinθ2

α ′

∫
dρ sinhρ (3.37)

=
R2 sinθ1 sinθ2

α ′

[
eρ + e−ρ

2
−1
]
. (3.38)

Range of θ1 and θ2 is (0,π).
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3.2.1 An alternative method

Starting with the metric:

ds2 =
R2

Z2 (dZ2 +dX2
µ)+R2dΩ

2
5, (3.39)

the minimal surface is parametrized by τ ∈ [0,2π] as follows [23, 31]:

X µ = (
√

a2 −Z2 cosτ,
√

a2 −Z2 sinτ,0,0), (3.40)

and the rest of the coordinates be given as:

θ
i = (Z,0,0,0,0,0). (3.41)

Assuming the S5 sphere to just be a point. We can write the pullback as

gττ =
R2

Z2 (a
2 −Z2) (3.42)

gZZ =
R2

Z2 ×
a2

a2 −Z2 (3.43)

⇒ g =
R4

Z4 a2. (3.44)

Here, Z goes from 0 to a. The Nambu-Goto action will then be

SNG =
R2

α ′

∫ a

ε

a
Z2 (3.45)

=
R2a
α ′

[
− 1

Z

]a

ε

(3.46)

=
R2a
α ′

[
−1

a
+

1
ε

]
(3.47)

=−R2

α ′ +
R2a
α ′

1
ε
. (3.48)

We can see that the last term diverges. Hence, the expectation value of Wilson Loop is given
by

⟨W ⟩= e−S = eR2/α ′
= e

√
2g2

Y MN , (3.49)

if we identify R2 =
√

2g2
Y MNα ′. This also matches our previous result 3.32.

3.2.2 Legendre transformation method

Starting with the metric for AdS5 ×S5:

ds2 =
R2

Z2 (dZ2 +dXµdX µ)+R2dΩ
2
5. (3.50)

Let us combine the Z coordinate with the 5-sphere metric and write

ds2 =
R2

Z2 (dXµdX µ +dYidY i), (3.51)
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where Y i = Zθ i. The boundary of the AdS is at Z = 0. !e choose the string worldsheet
coordinates to be σα (α = 1,2) such that the boundary of the worldsheet is at σ2 = 0. Let
our string coordinates be

σ
1 = τ, σ

2 = Z, (3.52)

with τ = [0,2π]. Since Xs form the CFT coordinates, we impose Dirichlet boundary conditions
on X µ :

X µ(σ1,0) = xµ(σ1), (3.53)

Say the minimal surface is given as

X µ = (x1(τ,Z),x2(τ,Z),0,0), (3.54)

and the rest of the coordinates are

Y i = (Z,0,0,0,0,0). (3.55)

We can write the pullback as follows:

gττ =
R2

Z2 (ẋ
2) (3.56)

gZZ =
R2

Z2 (3.57)

⇒ g =
R4

Z4 ẋ2 (3.58)

⇒√
g =

R2

Z2 |ẋ|, (3.59)

(3.60)

where ẋ =
∂x
∂τ

and Neumann boundary conditions on Y i

1√
h

h1β ε
βα

∂αY i(σ1,0) = ẏi(σ1) = Pi(σ1,0). (3.61)

We want to write our Lagrangian in terms of coordinate X µ and the conjugate moment Pi of
coordinates Y i. So, we Legendre transform it

L̃ = L−∂2(PiY i), (3.62)

or
Ã = A−

∮
dσ

1PiY i. (3.63)

This gives, for us

Ã = A−R2
∮

dσ
1 ẏ1

Z2Y 1 (3.64)

= A−R2
∮

dσ
1 |ẏ|

Z
(3.65)

= A−R2 1
ε

∮
dσ

1|ẏ|. (3.66)
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In the last step, we have put Z = ε . This gives

Ã = R2
∫

dτdZ
|ẋ|
Z2 −

R2

ε

∮
dτ(|ẏ|) (3.67)

=
R2

ε

∫
dτ(|ẋ|−|ẏ|)+finite term. (3.68)

We see that this works when the constraint ẋ2 = ẏ2 is satisfied. We can also see the application
of this method in a general Dp-brane setting and find the counter-term to find the renormalized
area to calculate the Wilson loop vev.

3.3 D-p Branes
The discussion that follows is a study of the paper [21].

3.3.1 Details of the metric

The metric for a general Dp-brane is given by

ds2
10 =

eη

√
Q

ds2
p+2 +

e
2(p−3)

6−p η

g2

(
dθ

2 +Pcos2
θdΩ̃

2
2 +Qsin2

θdΩ
2
5−p
) . (3.69)

g is the gauge coupling of the (p+2)-dimensional supergravity theory. We can relate it to the
ten-dimensional string theory parameters as follows:

(2πlsg)p−7 =
gsN

2πV6−p
. (3.70)

Here,

N = number of Dp−branes,
gs = string coupling,
ls = string length,

Vn =
2π(n+1)/2

Γ

(
n+1

2

) , volume of the unit radius n− sphere

dΩ2
5−p is the metric on the 5− p-sphere of unit radius, dΩ̃2

2 is the metric on the 2-dimensional
de Sitter space of unit radius given by

dΩ̃
2
2 =−dt2 + cosh2 tdψ

2, (3.71)

and ds2
p+2 is given by

ds2
p+2 = dr2 + e2A(r)dΩ

2
p+1. (3.72)

The function A(r), can be determined in terms of scalars η(r), X(r), and Y (r). P and Q are
given by

P =

{
X(X sin2

θ +(X2 −Y 2)cos2 θ)−1 for p < 3
X(cos2 θ +X sin2

θ)−1 for p > 3
, (3.73)

Q =

{
X(sin2

θ +X cos2 θ)−1 for p > 3
X(X cos2 θ +(X2 −Y 2)sin2

θ)−1 for p < 3
. (3.74)
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3.3.2 Holographic Wilson Loop

To compute the vev of the supersymmetric Wilson loop holographically, we use the Maldacena
conjecture [8]. It is given by

ln⟨W ⟩=−Sstring. (3.75)

Here, Sstring is the on-shell action that is given by the Nambu-Goto string action

Sstring =
1

2πα ′

∫
Σ

d2
σ

√
detP[gµν ], (3.76)

in general, where gµν is the 10 dimensional metric and is given by (3.69). Let us now
parametrize the worldsheet by σ1 = r and σ2 = ζ ∈ [0,2π]. The pullback on the metric (3.69)
becomes

P[ds2
10] =

eη

√
Q

[(
1+gi j

∂Θi

∂ r
∂Θ j

∂ r

)
dr2 + e2Adζ

2
]
, (3.77)

where the functions Θi(r) describe the coordinates in the internal directions. The determinant
is given by

detP[ds2
10] =

e2η+2A

Q

(
1+gi j

∂Θi

∂ r
∂Θ j

∂ r

)
. (3.78)

Now, in the Euclidean signature, all gi js are positive definite. Thus, the quantity in brackets,(
1+gi j

∂Θi

∂ r
∂Θ j

∂ r

)
is naturally positive. Now, to minimize the string action, we just minimize

the determinant, which can be done by considering constant Θi(r)s. We now have

detP[ds2
10] =

e2η+2A

Q
(3.79)

=

{
e2η+2A

X (sin2
θ +X cos2 θ) for p < 3,

e2η(r)+2A(r)

X (X cos2 θ +(X2 −Y 2)sin2
θ) for p > 3.

. (3.80)

We can see that the above function will have extrema at θ =
nπ

2
for n ∈ Z. As explained in

[21], only θ = 0 corresponds to a Wilson loop that we are interested in. So, we find the string
action to be

Sstring =
1

2πα ′

∫
drdζ

√
detP[ds2

10] (3.81)

=
1
α ′

∫
dreη+A. (3.82)

In the last step, we have integrated over ζ . Now, this diverges close to the UV boundary (r →
∞) and we need to renormalize it which can either be done using the Legendre transformation
method discussed above using which, the counterterm is found to be [21]

Sstring,counterterm =
1

gα ′ e
A+ 3

6−p η
∣∣∣
r→∞

, (3.83)

or one can isolate the divergent piece and drop it.
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4 Strings and the Polyakov Path Integral
The discussion that follows is from [32, 33, 34].

For the purpose of this discussion and calculations thereafter, we will be using the Polyakov
string action. According to Feynman’s path integral formulation, the amplitude of going from
an initial state to a final state is given by summing over all the possible paths that can lead to
the final state weighted by e

i
h̄ S[x]. This notion can be extended to String theory as well. We

will basically sum over all the allowed worldsheet configurations given initial and final curves.
Examples of allowed interactions are given in Figure 4.1 Examples of interactions that are not

Figure 4.1. The first figure is an open string breaking into two and rejoining. The second
figure is a closed string breaking into two closed strings

allowed are given in Figure 4.2 These are not allowed since they cannot be added without

(a) (b)

Figure 4.2. Two closed loops interacting in a) close contact or b) long-range

breaking symmetries. The allowed interactions are implicit in the worldsheets or their sums
and can be seen as quantum corrections involving intermediate states.

4.1 Symmetries of the Polyakov Action
The Polyakov String action is given by (in Euclidean signature) [28, 29]:

SP =
1

4πα ′

∫
d2

σ
√

γγ
αβ gmn∂αXm

∂β Xn. (4.1)

Here, γαβ (α,β = 0,1) is a dynamical 2-dimensional metric on the string worldsheet,
gmn (m,n = 0,1, . . . ,9) is the ten-dimensional metric on the target space, Xms are the embed-
ding coordinates, and γ = detγαβ . The Polyakov action enjoys the following symmetries:
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1. Poincaré invariance. The action is invariant under the following transformation:

Xm → Λ
m
nXn + cm,

where Λm
n is the Lorentz transformation matrix and cm is a translation. This is a global

symmetry.

2. Reparametrization invariance, also called diffeomorphism invariance. If we redefine
the coordinates on the worldsheet as σα → σ̃α(σ), the fields Xms and the worldsheet
metric γαβ will transform as follows:

Xm(σ)→ X̃m(σ̃) = Xm(σ),

γαβ (σ)→ γ̃αβ (σ̃) =
∂σλ

∂ σ̃α

∂σρ

∂ σ̃β
γλρ(σ).

The action remains invariant under this local transformation.

3. Weyl Invariance. The action is invariant under a rescaling transformation:

γαβ (σ)→ Ω
2(σ)γαβ (σ).

This transformation preserves angles. But it is special to 2 dimensions. Weyl invariance,
even in two dimensions, gets broken if we add a potential term (

∫
d2σ

√
γV (x)) or a

cosmological constant term (µ
∫

d2σ
√

γ).

4.2 The Path Integral
We will now try to write the path integral for the Euclidean Polyakov action given in 4.1. We
integrate over all Euclidean worldsheet metrics γαβ and the fields Xm(σ)s. In general, we can
write the path integral as follows:

Z =
1

Vol

∫
DXDγe−SP[X ,γ].

Now, the Vol term accounts for the overcounting because as we know, the configurations
related by Weyl transformation or diffeomorphism represent the same physical state. We thus
need to divide by the volume of this local symmetry group or the gauge action on fields. That
is, we want to find out

Z =
∫

DXDγ

Voldiff.×Weyl
e−SP[X ,γ]. (4.2)

To achieve this, we will integrate over a slice (gauge slice) that cuts through each gauge
equivalence class with the appropriate Jacobian. Each equivalence class represents a physically
distinct state. The gauge orbits represent families of equivalent configurations. This Jacobian
for the change of variables is nothing but the Faddeev-Popov determinant.

4.2.1 Fixing the metric

Both Reparametrization invariance and Weyl invariance are local symmetries. These are also
gauge symmetries. Thus, two metrics related by Weyl transformation or diffeomorphism must
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Figure 4.3. A schematic of how we pass through each gauge orbit once

be considered the same physical state. These symmetries will allow us to fix a gauge. We
know that the worldsheet metric has three independent components. The reparametrization
invariance allows us to choose two of them. Using this, we bring our worldsheet to a
conformally flat form (this is locally true unless we are operating on surfaces with genus zero:
a cylinder, or a sphere). Let us call this the fiducial metric:

γ̂αβ = e2φ(σ)
ηαβ . (4.3)

Here, ηαβ is Minkowski metric, and φ(σ) is some function on the worldsheet. We can use
Weyl invariance to set φ(σ) = 0 and get γ̂αβ = ηαβ locally.

4.2.2 The Faddeev-Popov Determinant

We use the Faddeev-Popov method to obtain the correct measure. As mentioned earlier, we
plan to separate the path integral into an integral over the gauge group times an integral along
the gauge slice and then divide out the former. The Faddeev-Popov determinant is essentially
the Jacobian for this change of variables. Let us denote by ζ the combined coordinate and
Weyl transformation. So, we write

γαβ (σ)−→ γ
ζ

αβ
(σ ′) = e2φ(σ) ∂σ µ

∂σα ′
∂σν

∂σβ ′ γµν(σ).

Consider the integral over the gauge orbit of our fiducial metric, γ̂ . Now, for a certain
transformation ζ , the configuration γ̂ζ will coincide with our worldsheet metric γ . Thus, we
define the Faddeev-Popov measure as follows:

1 = ∆FP(γ)
∫

Dζ δ (γ − γ̂
ζ ). (4.4)

We now show that this measure is gauge invariant:

∆FP(γ
ζ )−1 =

∫
Dζ

′
δ (γζ − γ̂

ζ ′
) (4.5)

=
∫

Dζ
′
δ (γ − γ̂

ζ−1.ζ ′
) (4.6)

=
∫

Dζ
′′

δ (γ − γ̂
ζ ′′
) (4.7)

= ∆FP(γ)
−1. (4.8)
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Here, ζ ′′ = ζ−1.ζ ′. In the second step, we used the invariance of the delta function, and in the
penultimate step, we used the invariance of the measure. Plugging (4.4) into our expression
(4.2), we get

Z[γ̂] =
∫

DζDXDγ

Voldiff.×Weyl
∆FP(γ) δ (γ − γ̂

ζ ) e−SP[X ,γ] (4.9)

=
∫

DζDX
Voldiff.×Weyl

∆FP(γ̂
ζ ) e−SP[X ,γ̂ζ ]. (4.10)

We write Z[γ̂] since our path integral here depends on the choice of the fiducial metric. In the
second step, we have integrated over γ making use of the delta function. Now, if our theory is
truly Weyl invariant, we could write

Z[γ̂] =
∫

DζDX
Voldiff.×Weyl

∆FP(γ̂) e−SP[X ,γ̂].

We see that in this case, nothing on the right-hand side depends on ζ and thus, the integral
over ζ gives us the gauge-group volume exactly canceling the denominator. This gives

Z[γ̂] =
∫

DX ∆FP(γ̂) e−SP[X ,γ̂]. (4.11)

We see that ∆FP is indeed the Jacobian associated with this transformation and thus gives
the correct measure. Now, we calculate the value of ∆FP. Let us go back to (4.4). Recall
that for exactly one value of ζ , that is, for ζ = 0, the value of the delta function δ (γ − γ̂ζ )
is non-zero. Consider an infinitesimal Weyl transformation parametrized by φ(σ) and an
infinitesimal diffeomorphism σα → σα + vα(σ). We can write the change in metric under
this transformation as:

δγαβ = 2φγαβ −∇αvβ −∇β vα .

We define a differential operator P as follows:

[Pv]αβ = ∇αvβ +∇β vα −∇σ vσ
γαβ . (4.12)

The change in the metric then becomes

δγαβ = (2φ −∇σ vσ )γαβ − [Pv]αβ .

We can see that P generates traceless symmetric tensors since left hand side is a tensor and
the first term on the right hand side contains the trace and is symmetric. Plugging all this back
into (4.4), we get

1 = ∆FP(γ̂)
∫

DφDv δ (−(2φ − ∇̂σ vσ )γ̂αβ +[P̂v]αβ ). (4.13)

Here, we have replaced Dζ by DφDv. A hat on the operators implies that they contain the
fiducial metric γ̂ . Now, Fourier transforming the delta-functional in the integral, we get

∆
−1
FP(γ̂) =

∫
DφDvDβ exp

[
2π

∫
d2

σ
√

γ̂ β
αβ (−(2φ − ∇̂σ vσ )γ̂αβ +[P̂v]αβ )

]
,
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where β αβ is a symmetric tensor field on the worldsheet. Now, let us perform the Dφ integral.
It produces a delta functional forcing β αβ to be traceless. That is

β
αβ

γ̂αβ = 0.

Then, we are finally left with

∆
−1
FP(γ̂) =

∫
DvDβ exp

[
2π

∫
d2

σ
√

γ̂ β
αβ [P̂v]αβ

]
.

Now, we have the value of the inverse determinant. We want to be able to invert it to get ∆FP.
Now, we recall from the path integrals in fermionic field theories that the determinant can be
written as a path integral over Grassmanian or anti-commuting fields. We are going to do the
same here. We replace each bosonic field with a corresponding Grassmann field (We will call
them ghost fields):

βαβ −→ bαβ , (4.14)

vα −→ cα , (4.15)

where bαβ is traceless, just like βαβ . Our final expression for the Faddeev-Popov determinant
becomes (we have carried out the Wick rotation)

∆FP(γ̂) =
∫

DbDc exp
[
−Sghost

]
,

where the ghost action Sghost is defined as

Sghost =
1

2π

∫
d2

σ
√

γ̂bαβ [P̂c]αβ , (4.16)

where
[Pc]αβ = ∇αcβ +∇β cα − γαβ ∇σ cσ .

Plugging our expression into the path integral (4.11), we get

Z[γ̂] =
∫

DXDbDc e−SP[X ,γ̂]−Sghost[b,c,γ̂].

Since the action is quadratic in the field, we can perform a Gaussian integral over X and the
ghost fields b and c, and write the final result as

Z[γ̂] = (det ∇̂
2)−D/2 det P̂. (4.17)
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5 Calculation of Bosonic Fluctuations
In this section, we generalize the calculations in [16] to the string action involving the
antisymmetric tensor. We first derive the equations of motion for the background fields. Then,
we find the quadratic action for fluctuations along the worldsheet and transverse to it, and find
an expression for the bosonic mass matrix.

5.1 Equations of motion
The first order of business is to find out the equations of motion in the presence of a general
B-field. We start with the action

S =
1

4πα ′

∫
d2

σ
√

γγ
αβ gmn∂αXm

∂β Xn +
1

4πα ′

∫
d2

σ
√

γε
αβ Bmn∂αXm

∂β Xn. (5.1)

Here, γαβ (α,β = 0,1) is the metric on the string worldsheet, gmn (m,n = 0,1, . . . ,d −1) is
the target space metric, Xm are the embedding functions Bmn is the antisymmetric background

field in the target space, and εαβ is the Levi-Civita tensor (εαβ =
εαβ

√
γ

where εαβ is the tensor

density). Solving the Euler-Lagrange equation for the Embedding functions Xm(σ1,σ2),

∂L

∂X p −∂γ

(
∂L

∂ (∂γX p)

)
= 0,

we get

□X l + γ
αβ

Γ
l
mn∂αXm

∂β Xn =
εαβ

2
H l

mn∂αXm
∂β Xn, (5.2)

Here, □=
1
√

γ
∂α(

√
γγαβ ∂β ) is the covariant Laplacian on the worldsheet metric, and

Γ
l
mn =

gpl

2
[∂mgpn +∂ngmp −∂pgmn], (5.3)

H l
mn = gpl[∂pBmn +∂nBpm +∂mBnp]. (5.4)

The calculations are explicitly done in Appendix A. Expanding the covariant derivative in
terms of the worldsheet metric γαβ and related Christoffel symbols Λ

ρ

αβ
, we write,

γ
αβ (∂α∂β X l −Λ

ρ

αβ
∂ρX l +Γ

l
mn∂αXm

∂β Xn) =
εαβ

2
H l

mn∂αXm
∂β Xn (5.5)

⇒ γ
αβ Kl

αβ
=

εαβ

2
H l

mn∂αXm
∂β Xn (5.6)

⇒ Kl ≡ γ
αβ Kl

αβ
=

εαβ

2
H l

mn∂αXm
∂β Xn. (5.7)
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Here, we introduce the second fundamental form, the extrinsic curvature, Kl
αβ

, and Kl , the
mean curvature. Also, we have

gl p∂σ X pKl
αβ

=
ε

ρ

α

2
H l

mn∂ρXm
∂β Xngl p∂σ X p (5.8)

=
ε

ρ

α

2
Hpmn∂ρXm

∂β Xn
∂σ X p = 0. (5.9)

Thus, the extrinsic curvature is orthogonal to the vectors tm
α = ∂αXm. This means that among

the equations of motion (5.5), only d−2 are independent. These are the transverse degrees of
freedom.

5.2 Bosonic Fluctuations
In this section, we will discuss the second-order quantum fluctuations around the classical
background (5.1). To calculate these fluctuations, we use the background field method [24]
for non-linear sigma models and expand in Riemann normal coordinates. Then we will write
these fluctuations in terms of the intrinsic and extrinsic geometric invariants of the classical
solution. We will start with our action for fields X̃m,

S =
1

4πα ′

∫
d2

σ
√

γ

[
γ

αβ gmn(X̃)+ ε
αβ Bmn(X̃)

]
(∂α X̃m

∂β X̃n), (5.10)

Xm will be our classical solution, and we express δXm = X̃m −Xm will be our fluctuations
around this classical solution. As discussed in [24], the fluctuations if written as a power
series do not produce a manifestly covariant expression for the series coefficients. To obtain
a manifestly covariant expression, we use Riemann normal coordinates and express the
fluctuations as a local power series in spacetime vectors tangent to the spacetime geodesic
connecting Xm and Xm +δXm. We parametrize a geodesic Xm(t) with parameter t as follows:

Xm(0) = Xm, Xm(1) = X̃m. (5.11)

The geodesic equation for Xm(t) is given by

Ẍm(t)+Γ
m
npẊn(t)Ẋ p(t) = 0. (5.12)

Writing ζ m ≡ Ẋm(0) and Taylor expanding Xm(t) around t = 0, we get

Xm(t) = Xm(0)+ tẊm(0)− 1
2

t2
Γ

m
npẊm(0)Ẋn(0)+O(t3). (5.13)

Here, we have used (5.12) to write Ẍm(0) =−Γm
npẊn(0)Ẋ p(0). This gives, for t = 1,

X̃m = Xm +ζ
m − 1

2
Γ

m
npζ

m
ζ

n +O(t3). (5.14)

Differentiating the above with respect to the worldsheet coordinates, we have

∂α X̃m = ∂αXm +∇αζ
m −Γ

m
np∂αXn

ζ
p

− 1
2

∂αX r(∂rΓ
m
np −2Γ

m
nlΓ

l
rp)ζ

n
ζ

p −Γ
m
npζ

n
∇αζ

p +O(ζ 3).
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where ∇αζ m ≡ ∂αζ m+Γm
np∂αXnζ p. Similarly, we expand our target metric and the antisym-

metric 2-form as follows:

gmn(X̃) = gmn(X)+ζ
r
∂rgmn −

1
2

Γ
r
pqζ

p
ζ

q
∂rgmn +

1
2

ζ
r
ζ

s
∂r∂sgmn +O(ζ 3), (5.15)

Bmn(X̃) = Bmn(X)+ζ
r
∂rBmn −

1
2

Γ
r
pqζ

p
ζ

q
∂rBmn +

1
2

ζ
r
ζ

s
∂r∂sBmn +O(ζ 3). (5.16)

We can write the action given in (5.10) as

S = S(0)+S(2)g +S(2)B +O(ζ 3),

where, S(0) denotes the classical action (5.1), S(2)g and S(2)B denote the contributions to the
quadratic fluctuations coming from the target space metric and the antisymmetric tensor
respectively, and are calculated as follows:

S(2)g =
1

4πα ′

∫
d2

σ
√

γγ
αβ [∇αζ

m
∇β ζ

ngmn −Rrmsnζ
r
ζ

s
∂αXm

∂β Xn], (5.17)

and

S(2)B =
1

4πα ′

∫
d2

σ
√

γε
αβ

[
Bmn∇αζ

m
∇β ζ

n +2∂rBmn∂αXm
∇β ζ

n
ζ

r (5.18)

+
1
2
(∂r∂sBmn +BmpRp

rsn +BpnRp
rsm)∂αXm

∂β Xn
ζ

r
ζ

s
]

(5.19)

=
1

4πα ′

∫
d2

σ
√

γε
αβ

[
Hmnr∂αXm

∇β ζ
n
ζ

r +
1
2

∇sHmnr∂αXm
∂β Xn

ζ
r
ζ

s
]
. (5.20)

To have a canonically normalized kinetic term, we introduce a set of vielbein EA
m (A,B, · · ·=

0, . . . ,d −1) for the target metric, given by

gmn = ηABEA
mEB

n = EA
mEAn, (5.21)

with inverse Em
A such that

EA
mEm

B = δ
A
B , (5.22)

and a set of zweibein ea
α (a,b = 0,1) for the worldsheet metric, given by

γαβ = ηabea
αeb

β
= ea

αeaβ , (5.23)

with inverse eα
a such that

ea
αeα

b = δ
a
b . (5.24)

Here, ηAB and ηab are the d dimensional and 2 dimensional flat metrics. We redefine the
fluctuation fields as follows:

ξ
A = EA

mζ
m. (5.25)

Equation (5.17) becomes

S(2)g =
1

4πα ′

∫
d2

σ
√

γ[γαβ Dαξ
ADβ ξA −RAMBNtaMtN

a ξ
A
ξ

B]. (5.26)

Here,
Dαξ

A = ∂αξ
A +Ω

A
nBξ

B
∂αXn, tA

a = EA
meα

a ∂αXm, (5.27)
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where ΩA
nB is the spin connection that replaces the usual Christoffel symbols. Also, we have,

tA
a tB

b ηAB = ηab. (5.28)

Equation (5.18) becomes

S(2)B =
1

4πα ′

∫
d2

σ
√

γε
αβ

[
HmAB∂αXmDβ ξ

A
ξ

B +
1
2

∇AHmnB∂αXm
∂β Xn

ξ
A
ξ

B
]
. (5.29)

See Appendix B for explicit calculations that lead to the results (5.26) and (5.29). Combining
equations (5.26) and (5.29), we get

S(2) =
1

4πα ′

∫
d2

σ
√

γ

[
γ

αβ Dαξ
ADβ ξA −RAMBNtaMtN

a ξ
A
ξ

B

+ ε
αβ HmAB∂αXmDβ ξ

A
ξ

B + ε
αβ 1

2
∇AHmnB∂αXm

∂β Xn
ξ

A
ξ

B
]
.

or

S(2) =
1

4πα ′

∫
d2

σ
√

γ

[
γ

αβ Dαξ
ADβ ξA + ε

αβ HmAB∂αXmDβ ξ
A
ξ

B −MABξ
A
ξ

B
]
. (5.30)

Here,

MAB = RAMBNtaMtN
a − εαβ

2
∇AHmnB∂αXm

∂β Xn. (5.31)

We introduce (d −2) orthonormal vector fields NA
i orthogonal to the worldsheet, satisfying

NA
i NB

j ηAB = δi j, (5.32)

tA
a NB

i ηAB = 0, (5.33)

tA
a tB

b η
ab +NA

i NB
j δ

i j = η
AB, (5.34)

and decompose the redefined fluctuation field ξ A tangential (xa) and orthogonal (yi) to the
worldsheet. We can now write ξ A as

ξ
A = xat A

a + yiN A
i . (5.35)

Here, a,b = 0,1, and i, j = 2, . . . ,d −1. Carrying over this decomposition to the covariant
derivatives, one finds

ta
ADαξ

A = Dαxa −Ka
AαN A

i yi, (5.36)

Ni
ADαξ

A = Dαyi + xaNi
AKA

aβ
. (5.37)

Here, Ka
Aα

= EAmeaβ Km
αβ

is the extrinsic curvature in mixed basis. Since, xa belongs to the
tangent bundle and yi belongs to the normal bundle, Dα acts on xa and yi differently and as
follows:

Dαxa ≡ ∂αxa +ω
a
bαxb, (5.38)

Dαyi ≡ ∂αyi +Ai
jαy j. (5.39)
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The connection Ai
jα on the normal bundle is given by

Ai
jα ≡ Ni

BDαN B
j = Ni

B(∂αN B
j +N C

j Ω
B
Cα), (5.40)

and the connection ωa
bα

on the tangent bundle is given by

ω
a
bα ≡ ta

ADαt A
b = ta

A(∂αt A
b + t B

b Ω
A
Bα). (5.41)

Using Gauss-Codazzi equation [35]

RACBDt A
α t C

ρ t B
β

t D
σ =(2) Rαρβσ +ηABKA

ρβ
KB

σα −ηABKA
ρσ KB

βα
, (5.42)

and the Codazzi-Mainardi equation [35]

DαKi
βγ

−Dβ Ki
αγ = RMNRSt M

α t N
β

t S
γ NRi, (5.43)

where Ki
αβ

≡ KA
αβ

Ni
A = Km

αβ
EA

mNi
A, along with the equation of motion (5.5), we find the

quadratic Lagrangian (5.30) to be

L (2) = L
(2)

g +L
(2)

B .

where,

L
(2)

g =
√

γ

[
γ

αβ DαxaDβ xa −(2) Rabxaxb + γ
αβ DαyiDβ yi

−2γ
αβ (DαxaKi,aβ yi −DαyixaKi,aβ )+2γ

αβ
∇αKi,aβ xayi

− (RAMBNtcMtN
c NA

i NB
j − γ

αβ
γ

ρσ Ki,αρK j,βσ )y
iy j
]
. (5.44)

and

L
(2)

B =
√

γε
αβ

[1
2

∇iHαβ jy
iy j +Hαi jDβ yiy j +Hαλ i(Dβ xλ yi −Dβ yixλ )

]
. (5.45)

Here,

∇iHαβ j = ∇rHmnsEr
ANA

i Es
BNB

j tm
α tn

β
, (5.46)

Hmi j = Hmnstm
α En

ANA
i Es

BNB
j , (5.47)

Hαλ i = Hmnstm
α tn

λ
Es

ANA
i . (5.48)

Combining the two, we get

L (2) =
√

γ

[
γ

αβ DαxσDβ xσ + γ
αβ DαyiDβ yi −Rλσ xλ xσ

−

(
RAMBNtcMtN

c NA
i NB

j − γ
αβ

γ
ρσ Ki,αρK j,βσ − εαβ

2
∇iHαβ j

)
yiy j

+2
(

γ
αβ

∇αKi,λβ

)
xλ yi + ε

αβ Hαi jDβ yiy j

−2

[
γ

αβ Ki,λα − εαβ

2
Hαλ i

]
(Dβ xλ yi −Dβ yixλ )

]
. (5.49)
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Now, we shall introduce a new quantity K l
αβ

as follows:

K l
αβ

≡ Kl
αβ

− ε
ρ

α

2
H l

mn∂ρXm
∂β Xn = Kl

αβ
− ε

ρ

α

2
H l

mntm
ρ tn

β
. (5.50)

Our equation of motion (5.5) thus becomes:

γ
αβ K l

αβ
= K l = 0. (5.51)

with the mean modified curvature (K l) being zero. Plugging this into our results, we get

L (2) =
√

γ

[
γ

αβ DαxσDβ xσ + γ
αβ DαyiDβ yi −Rλσ xλ xσ

−
(

RAMBNtcMtN
c NA

i NB
j − γ

αβ
γ

ρσKi,αρK j,βσ

+
1
4

γ
ρσ

γ
ελ HiερH jλσ − εαβ

2
(∇AHmnB)NA

i NB
j tm

α tn
β

)
yiy j

+2
(

γ
αβ

∇αKi,βλ

)
xλ yi + ε

αβ Hαi jDβ yiy j

−2γ
αβ Ki,αλ (Dβ xλ yi −Dβ yixλ )

]
. (5.52)

To decouple the longitudinal fluctuations (xσ ) from the transverse ones (yi), we derive the
equation of motion from (5.52) for xσ [36]:

∂L

∂xµ
= Dν

(
∂L

∂ (Dνxµ)

)
.

This gives

γ
αβ Dβ Dαxσ +Rασ xα = Dβ

[
2Ki,σβ yi] . (5.53)

Now, we see that

γ
αβ
(
yiKi,αβ

)
= yi

γ
αβ Ki,αβ (5.54)

= 0. (5.55)

using equations of motion (5.51). This implies Cαβ ≡ 2yiKi,αβ is traceless. The equations of
motion for the fluctuations parallel to the worldsheet can also be written as

□xα +Rαβ xβ = DβCαβ . (5.56)

We can also write this equation as

P1(x)αβ = Dβ xα +Dαxβ − γαβ Dρxρ =Cαβ , (5.57)
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since the operator P1 generates traceless symmetric tensors. We make the shift x → x̄+x with
x̄ satisfying (5.56) and (5.57) in the Lagrangian (5.52) and find

L (2) =
√

γ

[
γ

αβ DαxσDβ xσ −Rαβ xαxβ + γ
αβ DαyiDβ yi

−
(

RAMBNtcMtN
c NA

i NB
j − γ

αβ
γ

ρσKi,αρK j,βσ

+
1
4

γ
ρσ

γ
ελ HiερH jλσ − εαβ

2
(∇AHmnB)NA

i NB
j tm

α tn
β

)
yiy j

+ γ
αβ Dα(2yiKiσβ )x̄

σ

]
. (5.58)

We see that the longitudinal and the transverse fluctuations decouple except for the last term.
Now it can be written as

γ
αβ Dα(2yiKiσβ )x̄

σ = γ
αβ Dα(Cσβ )x̄

σ (5.59)

= Dβ (Cσβ x̄σ )−Cσβ Dβ x̄σ . (5.60)

The first term being a surface term will vanish. Looking at the second term, we do the
following:

−Cσβ Dβ x̄σ =−1
2

Cσβ (D
β x̄σ +Dσ x̄β ) (5.61)

=−1
2

Cσβ (C
βσ + γ

σβ Dρ x̄ρ) (5.62)

=−1
2

CσβCβσ =−2yiy jKi,σβ K βσ

j . (5.63)

using (5.57) and the tracelessness of Cαβ . Plugging back into (5.52), we get

L (2) =
√

γ

[
γ

αβ DαxσDβ xσ −Rαβ xαxβ + γ
αβ DαyiDβ yi

−
(

RAMBNtcMtN
c NA

i NB
j + γ

αβ
γ

ρσKi,αρK j,βσ

+
1
4

γ
ρσ

γ
ελ HiερH jλσ − εαβ

2
(∇AHmnB)NA

i NB
j tm

α tn
β

)
yiy j

]
. (5.64)

We can thus write the quadratic Lagrangian as a sum of transverse and longitudinal La-
grangians as follows:

L (2) = Llong +Ltrans, (5.65)

with
Llong =

√
γ[γαβ DαxaDβ xa − (2)Rabxaxb], (5.66)

and
Ltrans =

√
γ[γαβ DαyiDβ yi −M 2

i jy
iy j], (5.67)

where

Dαyi = Dαyi +
ε

β

α

2
H i

β j, (5.68)
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and

M 2
i j =

(
RAMBNtcMtN

c NA
i NB

j + γ
αβ

γ
ρσKi,αρK j,βσ

+
1
4

γ
αβ

(
γ

ελ HiεαH jλβ +δ
klHiαlH jβk

)
− εαβ

2
(∇AHmnB)NA

i NB
j tm

α tn
β

)
. (5.69)
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6 Results and Conclusions
We have successfully shown the usefulness of the vev of the Wilson loop operator as field
potential and found the potential of a quark-antiquark pair separated by a distance L on the
gravity side, reproducing the result in [8]. We have also calculated the vev of a circular Wilson
loop reproducing the result in [23]. We see that this vev needs to be normalized. In this
process of renormalization, we have also seen how instead of using the area of the minimal
surface for the vev of the Wilson loop operator, one should use an appropriate Legendre
transform of it [23]. We saw how the Legendre transforms can help in obtaining a finite value
of vev of Wilson loop in AdS5 ×S5 metric and can be applied to calculate the vev of Wilson
loops in a general Dp brane metric as shown in [21].

Then we discussed how one can calculate observables like the Wilson loop operator beyond
the leading order using geometrical properties of the underlying geometry of the spacetime in
which the string moves. Extending the work in [16], we considered a general string action
involving the antisymmetric 2-tensor

S =
1

4πα ′

∫
d2

σ
√

γ

(
γ

αβ gmn + ε
αβ Bmn

)
∂αXm

∂β Xn.

We calculated the net quadratic Lagrangian for this case expanding the fields (Xms) around
their classical values using the background field method and found it to be

L =
√

γ

[
γ

αβ DαxσDβ xσ −Rαβ xαxβ + γ
αβ DαyiDβ yi

−
(

RAMBNtcMtN
c NA

i NB
j + γ

αβ
γ

ρσKi,αρK j,βσ

+
1
4

γ
ρσ

γ
ελ HiερH jλσ − εαβ

2
(∇AHmnB)NA

i NB
j tm

α tn
β

)
yiy j

]
.

We showed the tangential fluctuations (xa) and the transverse fluctuations (yi) to the string
worldsheet can be considered separately and we can write the net quadratic Lagrangian as a
sum of these contributions:

L (2) = Llong +Ltrans,

where, Llong and Ltrans are given by (5.66) and (5.67), respectively. We have also obtained a
general expression for the bosonic mass matrix Mi j given by

M 2
i j =

(
RAMBNtcMtN

c NA
i NB

j + γ
αβ

γ
ρσKi,αρK j,βσ

+
1
4

γ
αβ

(
γ

ελ HiεαH jλβ +δ
klHiαlH jβk

)
− εαβ

2
(∇AHmnB)NA

i NB
j tm

α tn
β

)
,
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which now gets contributions from the antisymmetric 2-tensor, Bmn. For the case Bmn = 0,
our results reduce to the results in [16]. Explicit examples of calculation of the vev of the
Wilson loop operator beyond the leading order can be seen in [12, 16, 22].

For future work, we also want to look at the fermionic fluctuations and obtain a general
expression for the fermionic Lagrangian and mass matrix and check against known examples.
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A Equations of motion
To calculate the equations of motion, we vary the action (5.1) with respect to the embedding
functions X p on the target space. The left-hand side of Euler-Lagrange equations is

∂L

∂X p =

√
γ

4πα ′ [γ
αβ

∂pgmn + ε
αβ

∂pBmn](∂αXm
∂β Xn), (A.1)

and the right-hand side is

∂σ

(
∂L

∂ (∂σ X p)

)
=

1
4πα ′∂σ [

√
γ(γσβ gpn + ε

σβ Bpn)∂β Xn

√
γ(γασ gmp + ε

ασ Bmp)∂αXm]

=
1

4πα ′

[
(∂rgpn)(

√
γγ

σβ
∂β Xn)

+(∂rgmp)(
√

γγ
ασ

∂αXm)

+gpn∂σ (
√

γγ
σβ

∂β Xn)

+gmp∂σ (
√

γγ
ασ

∂αXm)

+∂σ [
√

γε
σβ Bpn∂β Xn +

√
γε

ασ Bmp∂αXm]
]
.
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Multiplying and dividing by
√

γ , rewriting □=
1
√

γ
∂α(

√
γγαβ ∂β ), and combining both, we

get

[γαβ
∂pgmn + ε

αβ
∂pBmn](∂αXm

∂β Xn) = [∂σ Xm
∂mgpnγ

σβ
∂β Xn

∂σ Xn
∂ngmpγ

ασ
∂αXm

2□Xp + ε
σβ

∂mBpn∂σ Xm
∂β Xn

∂
ασ

∂nBmp∂σ Xn
∂αXm]

⇒2□Xp +∂σ Xm
∂mgpnγ

σβ
∂β Xn +∂σ Xn

∂ngmpγ
ασ

∂αXm − γ
αβ

∂pgmn∂αXm
∂β Xn

= [−ε
σβ

∂mBpn∂σ Xm
∂β Xn − ε

ασ
∂nBmp∂σ Xn

∂αXm + ε
αβ

∂pBmn∂αXm
∂β Xn]

⇒2□Xp + γ
αβ [∂mgpn +∂ngmp −∂pgmn]∂αXm

∂β Xn

= ε
αβ [∂pBmn −∂nBmp −∂mBpn]∂αXm

∂β Xn

⇒□X l + γ
αβ

Γ
l
mn∂αXm

∂β Xn =
εαβ

2
H l

mn∂αXm
∂β Xn,

with

Γ
l
mn =

gpl

2
[∂mgpn +∂ngmp −∂pgmn],

H l
mn = gpl[∂pBmn +∂nBpm +∂mBnp].

The covariant laplacian can also be written as

□X l =
1
√

γ
∂α(

√
γγ

αβ
∂β X l) = γ

αβ (∂α∂β X l −Λ
σ

αβ
∂σ X l). (A.2)

The equations of motion become

γ
αβ (∂α∂β X l −λ

σ

αβ
∂σ X l +Γ

l
mn∂αXm

∂β Xn) =
εαβ

2
H l

mn∂αXm
∂β Xn (A.3)

⇒ γ
αβ Kl

αβ
=

εαβ

2
H l

mn∂αXm
∂β Xn (A.4)

⇒ Kl =
εαβ

2
H l

mn∂αXm
∂β Xn. (A.5)

Here, Kl
αβ

= ∂α∂β X l − λ σ

αβ
∂σ X l + Γl

mn∂αXm∂β Xn is the extrinsic curvature and Kl =

γαβ Kl
αβ

is the mean curvature.
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B Bosonic Fluctuations
Starting equation (5.30), we have 3 types of terms to calculate:

I = Dαξ
ADβ ξA, (B.1)

II = Dαξ
A
ξ

B, (B.2)

and
III = ξ

A
ξ

B. (B.3)

Also, using Dαξ A = ∂αξ A +ΩA
Bmξ B∂αXm and the decomposition of ξ A into longitudinal

(xa) and transverse (yi) fluctuations:

ξ
A = xatA

a + yiNA
i . (B.4)

The covariant derivatives of the vectors tangent (tA
a ) and orthogonal (NA

i ) to the worldsheet
are given by

DαtA
a = ∂αtA

a +Ω
A
BmtB

a ∂αXm, (B.5)

and
DαNA

i = ∂αNA
i +Ω

A
BmNB

i ∂αXm. (B.6)

We can write Dαξ A as

Dαξ
A = Dα(xatA

a + yiNA
i )

= ∂α(xatA
a + yiNA

i )+Ω
A
Bm∂αXm(xatB

a + yiNB
i )

= (∂αxa)tA
a + xa(∂αtA

a )+(∂αyi)NA
i + yi(∂αNA

i )

Ω
A
Bm∂αXmxatB

a +Ω
A
Bm∂αXmyiNB

i

= (∂αxa)tA
a +(∂αyi)NA

i + xa(∂αtA
a +Ω

A
Bm∂αXmtB

a )

yi(∂αNA
i +Ω

A
Bm∂αXmNB

i )

= (∂αxa)tA
a +(∂αyi)NA

i + xa(DαtA
a )+ yi(DαNA

i ).

Obtaining
Dαξ

A = (∂αxa)tA
a +(∂αyi)NA

i + xa(DαtA
a )+ yi(DαNA

i ) . (B.7)

Now, the covariant derivative acts differently on the longitudinal (xa) and the transverse (yi)
components:

Dαxa = ∂αxa +ω
a
bαxb, (B.8)

and
Dαyi = ∂αyi +Ai

jαy j. (B.9)
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Equation (B.7) becomes

Dαξ
A = (Dαxa −ω

a
bαxb)tA

a +(Dαyi −Ai
jαy j)NA

i + xa(DαtA
a )+ yi(DαNA

i )

= tA
a Dαxa −ω

a
bαxbtA

a +NA
i Dαyi −Ai

jαy jNA
i + xa(DαtA

a )+ yi(DαNA
i ).

Calculating type I term:

γ
αβ Dαξ

ADβ ξA = γ
αβ

[
tA
a Dαxa −ω

a
bαxbtA

a +NA
i Dαyi

−Ai
jαy jNA

i + xa(DαtA
a )+ yi(DαNA

i )
]

×
[
tbADβ xb −ω

b
cβ

xctbA +N jADβ y j

−A j
kβ

ykN jA + xb(Dβ tbA)+ y j(Dβ N jA)
]
. (B.10)

We have the following terms:

• DxDx :

= γ
αβ (tA

a Dαxa)(tbADβ xb)

= γ
αβ DαxaDβ xa.

• DxDy :

= γ
αβ [tA

a DαxaN jADβ yi +NA
i DαyitbADβxb]

= 0.

• DyDy :

= γ
αβ (NA

i Dαyi)(N jADβ y j)

= γ
αβ DαyiDβ yi.

• Dx.x :

= γ
αβ

[
tA
a Dαxa(−ω

b
cβ

xctbA + xb(Dβ tbA))−ω
a
cαxctA

a tbADβ xb + xa(DαtA
a )tbADβ xb

]
= γ

αβ

[
−Dαxa

ωacβ xc +(Dαxa)xb(tA
a Dβ tbA)−ω

a
cαxcDβ xa + xa(DαtA

a )tbADβ xb
]

=−(Dαxa)ωacαxc +(Dαxa)xbtA
a DαtbA −ωacαxc(Dαxa)+ xb(DαtbA)tA

a (D
αxa)

= 2(Dαxa)xb[tA
a DαtbA −ωabα ] = 0.

• Dy.y :

= γ
αβ [NA

i Dαyi(−A j
kβ

ykN jA + y j(Dβ N jA))−Ai
jαy jNA

i N jADβ y j + yi(DαNA
i )N jADβ y j]

= γ
αβ [−DαyiAi

kβ
yk +Dαyiy jNA

i (Dβ N jA)−Ai
jαy jDβ yi + yi(DαNA

i )N jADβ y j]

=−DαyiAi
jαy j +Dαyiy jNi

ADαNA
j −DαyiAi

jαy j +Dαyiy jNi
ADαNA

j

= 2(Dαyi)y j[−Ai
jα +Ni

ADαNA
j ] = 0.
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• xx:

= γ
αβ [−ω

a
bαxbtA

a + xa(DαtA
a )][−ω

b
cβ

xctbA + xb(Dβ tbA)]

= γ
αβ [ωa

bαωacβ xbxc−ω
a
bαxbtA

a xc(Dβ tcA)− xa(DαtA
a )ω

b
cβ

xctbA + xaDαtA
a xbDβ tbA]

= γ
αβ [−xa(DαtA

a )ω
b
cβ

xctbA + xaDαtA
a xbDβ tbA].

• yy :

= γ
αβ [−Ai

jαy jNA
i + yi(DαNA

i )]× [−A j
kβ

ykN jA + y j(Dβ N jA)]

= γ
αβ [Ai

jαAikβ y jyk −Ai
jαy jNA

i ykDβ NkA − yiDαNA
i A j

kβ
ykN jA + yiy jDαNA

i Dβ N jA].

• x.y :

= γ
αβ [(−ω

a
bαxbtA

a + xaDαtA
a )(−A j

kβ
ykN jA + y jDβ N jA)

+(−Ai
jαy jNA

i + yiDαNA
i )(−ω

b
cβ

xctbA + xbDβ tbA)]

= γ
αβ [−ω

a
bαxbtA

a y jDβ N jA−xaDαtA
a A j

kβ
ykN jA + xay jDαtA

a Dβ N jA

−Ai
jαy jNA

i xbDβ tbA−yiDαNA
i ω

b
cβ

xctbA + xbyiDαNA
i Dβ tbA]

= 2γ
αβ xayiDαNA

i Dβ taA.

• Dx.y :

= γ
αβ [tA

a Dαxa(−A j
kβ

ykN jA + y jDβ N jA)+(−Ai
jαNA

i + yiDαNA
i )tbADβ xb]

= γ
αβ [DαxayitA

a Dβ NiA +Dβ xayitA
a DαNiA]

= 2γ
αβ DαxayitA

a Dβ NiA.

• Dy.x :

= γ
αβ [NA

i Dαyi(−ω
b
cβ

xctbA + xbDβ tbA)+(−ω
a
bαxbtA

a + xaDαtA
a )N jADβ y j]

= 2γ
αβ DαyixaNA

i Dβ taA

=−2γ
αβ DαyixatA

a Dβ NiA.

Calculating type II term:

Dβ ξ
A
ξ

B =
[
tA
a Dβ xa −ω

a
bβ

xbtA
a +NA

i Dβ yi −Ai
jβ y jNA

i + xa(Dβ tA
a )

+ yi(Dβ NA
i )
]
×
[
xbtB

b + y jNB
j

]
. (B.11)

We have the following terms:

• Dx.x :

= tA
a Dβ xaxbtB

b .
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• Dx.y :

= tA
a Dβ xay jNB

j .

• Dy.x :

= NA
i Dβ yixbtB

b .

• Dy.y :

= NA
i Dβ yiy jNB

j .

• x.x :

= (−ω
a
bβ

xbtA
a + xa(DαtA

a ))x
ctB

c

= xaxbtB
b Dβ tA

a −ω
a
bβ

tA
a tB

c xbxc.

• y.y :

= (−Ai
jβ y jNA

i + yiDβ NA
i )y

jNB
j

= yiy jNB
j Dβ NA

i −Ai
jβ y jykNA

i NB
k .

• x.y :

= (−ω
a
bβ

xbtA
a + xa(DαtA

a ))y
jNB

j +(−Ai
jβ y jNA

i + yiDβ NA
i )x

ctB
c

=−ω
a
bβ

xbtA
a y jNB

j + xa(DαtA
a )y

jNB
j −Ai

jβ y jNA
i xctB

c + yiDβ NA
i xctB

c .

Calculating type III term:

ξ
A
ξ

B = (xatA
a + yiNA

i )(x
btB

b + y jNB
j ). (B.12)

We get the following terms:

• x.x :

= xaxbtA
a tB

b .

• y.y :

= yiy jNA
i NB

j .

• x.y :

= xay jtA
a NB

j + yixbtB
b NA

i .

Going back to equation 5.30, we can now find the following terms:
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1. Term 1 can be calculated as follows: γαβ Dαξ ADβ ξA

γ
αβ Dαξ

ADβ ξA = γ
αβ DαxaDβ xa + γ

αβ DαyiDβ yi

+ γ
αβ [−xa(DαtA

a )ω
b
cβ

xctbA + xaDαtA
a xbDβ taA]

+ γ
αβ [−yiDαNA

i A j
kβ

ykN jA + yiy jDαNA
i Dβ N jA]

+2γ
αβ xayiDαNA

i Dβ tbA +2γ
αβ DαxayitA

a Dβ NiA

−2γ
αβ DαyixatA

a Dβ NiA. (B.13)

2. Now we calculate the first term in the equation 5.31, we get

RAMBNtcMtN
c ξ

A
ξ

B = RAMBNtaMtN
a (x

axbtA
a tB

b + yiy jNA
i NB

j

+ xay jtA
a NB

j + yixbtB
b NA

i )

= RAMBNtcMtN
c tA

a tB
b xaxb

+RAMBNtcMtN
c NA

i NB
j yiy j

+RAMBNtcMtN
c tA

a NB
j xay j

+RAMBNtcMtN
c tB

b NA
i yixb

=
(

RAMBNtA
αtM

ρ tB
β

tN
σ

)
ecρeσ

c eα
a eβ

b xaxb

+RAMBNtcMtN
c NA

i NB
j yiy j

+(RAMBNtA
αtM

ρ tN
σ NBi)ecρeσ

c eα
a xayi

+(RAMBNtB
β

tM
ρ tN

σ NAi)ecρeσ
c eβ

b xbyi.

(a) Looking at the first term:(
RAMBNtA

αtM
ρ tB

β
tN
σ

)
ecρeσ

c eα
a eβ

b xaxb = ((2)Rαρβσ +ηABKA
ρβ

KB
σα

−ηABKA
ρσ KB

βα
)ecρeσ

c eα
a eβ

b xaxb

= ((2)Rρασβ +ηABKA
ρβ

KB
σα

−ηABKA
ρσ KB

βα
)ecρeσ

c eα
a eβ

b xaxb

=(2) Rc
acbxaxb +ηAB(KA

ρβ
KB

σα

−KA
ρσ KB

βα
)ecρeσ

c eα
a eβ

b xaxb

=(2) Rabxaxb +ηAB(KA
ρβ

KB
σα

−KA
ρσ KB

βα
)ecρeσ

c eα
a eβ

b xaxb.

(b) The third and fourth terms become:

(RAMBNtA
αtM

ρ tN
σ NBi)ecρeσ

c eα
a xayi +RAMBNtB

β
tM
ρ tN

σ NAi)ecρeσ
c eβ

b xbyi

= (RAMBNtA
αtM

ρ tN
σ NBi +RBNAMtB

αtM
ρ tN

σ NAi)ecρeσ
c eα

a xayi

= [DαKi
ρσ −DρKi

ασ +DαKi
σρ −Dσ Ki

αρ ]e
cρeσ

c eα
a xayi

= [DαKi
ρσ −DρKi

ασ +DαKi
σρ −Dσ Ki

αρ ]γ
ρσ eα

a xayi

= 2[DαKi
ρσ −DρKi

αρ ]γ
ρσ eα

a xayi.
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Combining our recent results, we get

γ
αβ Dαξ

ADβ ξA −RAMBNtaMtN
a ξ

A
ξ

B = γ
αβ DαxaDβ xa + γ

αβ DαyiDβ yi

+ γ
αβ [−xa(DαtA

a )ω
b
cβ

xctbA + xaDαtA
a xbDβ tbA]

+ γ
αβ [−yiDαNA

i A j
kβ

ykN jA + yiy jDαNA
i Dβ N jA]

+2γ
αβ xayiDαNA

i Dβ taA +2γ
αβ DαxayitA

a Dβ NiA

−2γ
αβ DαyixatA

a Dβ NiA − (2)Rabxaxb

−ηAB(KA
ρβ

KB
σα −KA

ρσ KB
βα

)ecρeσ
c eα

a eβ

b xaxb

−2[DαKi
ρσ −DρKi

αρ ]γ
ρσ eα

a xayi

−RAMBNtcMtN
c NA

i NB
j yiy j. (B.14)

Combining like terms, we find

γ
αβ Dαξ

ADβ ξA −RAMBNtaMtN
a ξ

A
ξ

B = γ
αβ DαxaDβ xa + γ

αβ DαyiDβ yi −(2) Rabxaxb

+2γ
αβ [DαxayitA

a Dβ NiA −DαyixatA
a Dβ NiA]

+2γ
αβ

∇αKi,aβ xayi − (RAMBNtcMtN
c NA

i NB
j

− γ
αβ

γ
ρσ Ki,αρK j,βσ )y

iy j.

This can also be written as

γ
αβ Dαξ

ADβ ξA −RAMBNtaMtN
a ξ

A
ξ

B = γ
αβ DαxaDβ xa + γ

αβ DαyiDβ yi −(2) Rabxaxb

−2γ
αβ Ki,aα [Dβ xayi −Dβ yixa]

+2γ
αβ

∇αKi,aβ xayi − (RAMBNtcMtN
c NA

i NB
j

− γ
αβ

γ
ρσ Ki,αρK j,βσ )y

iy j,

or

γ
αβ Dαξ

ADβ ξA −RAMBNtaMtN
a ξ

A
ξ

B = γ
αβ DαxσDβ xσ + γ

αβ DαyiDβ yi

−(2) Rσλ xσ xλ −2γ
αβ Ki,λα [Dβ xλ yi −Dβ yixλ ]+2γ

αβ
∇αKi,λβ xλ yi

− (RAMBNtcMtN
c NA

i NB
j − γ

αβ
γ

ρσ Ki,αρK j,βσ )y
iy j. (B.15)

Here,
xσ = xaeσ

a

Now, we calculate the remaining terms of equation 5.30, that is, we now find

ε
αβ

[
HmAB∂αXmDβ ξ

A
ξ

B +
1
2

∇AHmnB∂αXm
∂β Xn

ξ
A
ξ

B
]
. (B.16)
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The first term gives:

HmAB∂αXmDβ ξ
A
ξ

B = HmAB∂αXm[tA
a Dβ xaxbtB

b + tA
a Dβ xay jNB

j

NA
i Dβ yiy jNB

j +NA
i Dβ yixbtB

b

xaxbtB
b Dβ tA

a −ω
a
bβ

tA
a tB

c xbxc

yiy jNB
j Dβ NA

i −Ai
jβ y jykNA

i NB
k

−ω
a
bβ

xbtA
a y jNB

j + xa(Dβ tA
a )y

jNB
j

−Ai
jβ y jNA

i xctB
c + yiDβ NA

i xctB
c ]. (B.17)

This gives

Hmab∂αXmDβ xaxb +Hmi j∂αXmDβ yiy j +Hma j∂αXm(Dβ xay j −Dβ y jxa)

+HmAB∂αXmxaxb(tB
b Dβ tA

a −ω
c
bβ

tA
c tB

a )

+HmAB∂αXmyiy j(NB
j Dβ NA

i −Ak
jβ NA

k NB
i )

+HmAB∂αXmxayi(−ω
b
aβ

tA
b NB

i +(Dβ tA
a )N

B
i

−A j
iβ NA

j tB
a +Dβ NA

i tB
a ), (B.18)

or

Hmpqtm
α t p

λ
tq
σDαxλ xσ +Hmnrtm

α En
AEr

BNA
i NB

j Dβ yiy j

+Hmprtm
α ∂

p
λ

Er
ANA

i [Dβ xλ yi −Dβ yixλ ].

The second term gives:

1
2

∇AHmnB∂αXm
∂β Xn

ξ
A
ξ

B =
1
2

∇AHmnB∂αXm
∂β Xn[xaxbtA

a tB
b + yiy jNA

i NB
j

+ xay jtA
a NB

j + yixbtB
b NA

i ]. (B.19)

This gives

1
2

∇rHmnsEr
AEs

B∂αXm
∂β XnxaxbtA

a tB
b

+
1
2

∇rHmnsEr
AEs

BNA
i NB

j ∂αXm
∂β Xnyiy j

+∇rHmnsEr
AEs

B∂αXm
∂β XnxbyitB

b NA
i ,

or

∇rHmnstm
α tn

β

(
1
2

tr
λ

ts
σ xλ xσ +

1
2

Er
ANA

i Es
BNB

j yiy j + ts
λ

NA
i Er

Ayixλ

)
. (B.20)

Combining the results from the previous two equations, we get

ε
αβ

[
∇rHmnstm

α tn
β

(
1
2

tr
λ

ts
σ xλ xσ +

1
2

Er
ANA

i Es
BNB

j yiy j + ts
λ

NA
i Er

Ayixλ

)
Hmpqtm

α t p
λ

tq
σDαxλ xσ +Hmnrtm

α En
AEr

BNA
i NB

j Dβ yiy j

+Hmprtm
α t p

λ
Er

ANA
i [Dβ xλ yi −Dβ yixλ ]

]
. (B.21)

Now, we combine our results. We have:
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• x.x :(
−Rλσ +

εαβ

2
∇rHmnstm

α tn
β

tr
λ

ts
σ

)
xλ xσ =−

(
Rλσ − εαβ

2
∇λ Hαβσ

)
xλ xσ =−Rλσ xλ xσ .

Here,
∇λ Hαβσ = ∇rHmnstm

α tn
β

tr
λ

ts
σ .

• y.y : (
−mi j +

εαβ

2
∇iHmn jtm

α tn
β

)
yiy j =−

(
mi j −

εαβ

2
∇iHαβ j

)
yiy j.

Here,
∇iHαβ j = ∇rHmnsEr

ANA
i Es

BNB
j tm

α tn
β
,

and
mi j = RAMBNtcMtN

c NA
i NB

j − γ
αβ

γ
ρσ Ki,αρK j,βσ .

• x.y :(
2γ

αβ
∇αKi,λβ + ε

αβ
∇iHmnstm

α tn
β

ts
λ

)
xλ yi

= 2

(
γ

αβ
∇αKi,λβ +

εαβ

2
∇iHαβλ

)
xλ yi = 2γ

αβ
∇αKi,λβ xλ yi.

Here,
∇iHαβλ = ∇rHmnsEr

ANA
i tm

α tn
β

ts
λ
.

• Dx.x :
ε

αβ Hmnstm
α tn

λ
ts
σDβ xλ xσ = ε

αβ HαλσDβ xλ xσ .

Here,
Hαλσ = Hmnstm

α tn
λ

ts
σ .

• Dy.y :
ε

αβ Hmi jtm
α Dβ yiy j = ε

αβ Hαi jDβ yiy j

Here,
Hαi j = Hmnstm

α En
ANA

i Es
BNB

j .

• Dx.y :

−2

[
γ

αβ Ki,λα − εαβ

2
Hmnitm

α tn
λ

]
(Dβ xλ yi −Dβ yixλ )

=−2

[
γ

αβ Ki,λα − εαβ

2
Hαλ i

]
(Dβ xλ yi −Dβ yixλ ).

Here,
Ki,λα = Km,αλ Em

A NA
i .

and
Hαλ i = Hmnstm

α tn
λ

Es
ANA

i
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• Dx.Dx+Dy.Dy :
γ

αβ (DαxσDβ xσ +DαyiDβ yi).

The quadratic Lagrangian looks like

√
γ

[
γ

αβ DαxσDβ xσ + γ
αβ DαyiDβ yi −

(
Rλσ − εαβ

2
∇λ Hαβσ

)
xλ xσ

−

(
RAMBNtcMtN

c NA
i NB

j − γ
αβ

γ
ρσ Ki,αρK j,βσ − εαβ

2
∇iHαβ j

)
yiy j

+2

(
γ

αβ
∇αKi,λβ +

εαβ

2
∇iHαβλ

)
xλ yi

+ ε
αβ HαλσDβ xλ xσ + ε

αβ Hαi jDβ yiy j

−2

[
γ

αβ Ki,λα − εαβ

2
Hαλ i

]
(Dβ xλ yi −Dβ yixλ )

]
. (B.22)

After making the modification 5.50, the terms involving the modified curvature become the
following:

• y.y :

− γ
αβ

γ
ρσ Ki,αρK j,βσ yiy j =−γ

αβ
γ

ρσ

[
Ki,αρ +

εε
α

2
Himntm

ε tn
ρ

]
×[

K j,βσ +
ελ

β

2
H jpqt p

λ
tq
σ

]
yiy j

=−γ
αβ

γ
ρσ

[
Ki,αρK j,βσ +

ελ

β

2
Ki,αρH jpqt p

λ
tq
σ +

εε
α

2
K j,βσ Himntm

ε tn
ρ

+
εε

α

2

ελ

β

2
HimnH jpqtm

ε tn
ρt p

λ
tq
σ

]
yiy j

=−γ
αβ

γ
ρσKi,αρK j,βσ yiy j − γ

ρσ
ε

λαKi,αρH jmntm
λ

tn
σ yiy j

+
1
4

γ
ρσ

γ
ελ HimnH jpqtm

ε tn
ρt p

λ
tq
σ yiy j.

• Dx.y : [
γ

αβ Ki,λα − εαβ

2
Hαλ i

]
= γ

αβ Ki,αλ .
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• x.y :(
γ

αβ
∇αKi,λβ +

εαβ

2
∇iHαβλ

)
xλ yi = γ

αβ
∇αKi,βλ xλ yi

+ γ
αβ

εσ

β

2
∇αHimntm

σ tn
λ

xλ yi + γ
αβ

εσ

β

2
Himn∇αtm

σ tn
λ

xλ yi

+ γ
αβ

εσ

β

2
Himntm

σ ∇αtn
λ

xλ yi

= γ
αβ

∇αKi,βλ xλ yi − εασ

2
∇iHασλ xλ yi

+
εσα

2
Himn∇αtm

σ tn
λ

xλ yi +
εσα

2
Himntm

σ ∇αtn
λ

xλ yi

+
εαβ

2
∇iHαβλ xλ yi

= γ
αβ

∇αKi,βλ xλ yi +
εσα

2
HimnKm

ασ tn
λ

xλ yi

+
εσα

2
Himntm

σ Kn
αλ

xλ yi

=

(
γ

αβ
∇αKi,βλ +

εαβ

2
Himntm

α Kn
βλ

)
xλ yi

=

(
γ

αβ
∇αKi,βλ +

εαβ

2
Himntm

α K n
βλ

+
εαβ

2
Himntm

α

εσ

β

2
Hn

σλ

)
xλ yi

=

(
γ

αβ
∇αKi,βλ +

εαβ

2
Himntm

α K n
βλ

− γασ

4
HimnHn

pqtm
α t p

σ tq
λ

)
xλ yi.

where
εσα

2
HimnKm

ασ tn
λ
= 0 for symmetry reasons. Plugging these into the 5.49, we get

√
γ

[
γ

αβ DαxσDβ xσ + γ
αβ DαyiDβ yi − (Rλσ )x

λ xσ

−
(

RAMBNtcMtN
c NA

i NB
j − γ

αβ
γ

ρσKi,αρK j,βσ

+
1
4

γ
ρσ

γ
ελ HiερH jλσ − εαβ

2
∇iHαβ j

)
yiy j

+2

(
γ

αβ
∇αKi,βλ +

εαβ

2
Himntm

α K n
βλ

− γασ

4
HimnHn

pqtm
α t p

σ tq
λ

)
xλ yi

+ ε
αβ Hαi jDβ yiy j −2γ

αβ Ki,αλ (Dβ xλ yi −Dβ yixλ )

]
. (B.23)

We propose that the covariant derivative on the tangential and transverse fluctuations will also
get modified in the presence of the antisymmetric tensor. Let us assume it gets modified to

Dαyi = Dαyi +Mi
jαy j. (B.24)
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We want to find out what this Mi
jα is. So, let’s find out. We are hoping to get a term that

looks like DαyiDβ yi, so, let’s just start with that

γ
αβ DαyiDβ yi = γ

αβ (Dαyi +Mi
kαyk)(Dβ yi −M j

iβ y j)

= γ
αβ

(
DαyiDβ yi +2Dβ yiMi jαy j −Mi

kαM j
iβ yky j

)
.

Comparing with B.23, we find

2γ
αβ Dβ yiy jMi jα = ε

αβ Hαi jDβ yiy j

⇒ Mi jα =
ε

β

α

2
Hβ i j.

Thus, we find that we can replace γαβ DαyiDβ yi + εαβ Hαi jDβ yiy j by

γ
αβ DαyiDβ yi +

γαβ

4
H k

αi Hβ jkyiy j

Plugging into B.23, we get

√
γ

[
γ

αβ DαxσDβ xσ + γ
αβ DαyiDβ yi − (Rλσ )x

λ xσ

−
(

RAMBNtcMtN
c NA

i NB
j − γ

αβ
γ

ρσKi,αρK j,βσ

+
1
4

γ
ρσ

γ
ελ HiερH jλσ +

εαβ

2
(∇AHmnB)NA

i NB
j tm

α tn
β
+

1
4

γ
αβ H k

αi Hβ jk

)
yiy j

+2
(

γ
αβ

∇αKi,βλ

)
xλ yi −2γ

αβ Ki,αλ (Dβ xλ yi −Dβ yixλ )

]
. (B.25)
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